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D4-TYPE SUBGROUPS OF F4(q)

R. LAWTHER

We treat the action of the simple group F,(q) on the cosets of subgroups
Dy4(q),*D4(q) and 3D4(g) and their extensions by graph automorphisms. We
obtain the ranks and decompose the corresponding permutation characters;
we show that, even allowing for the application of field automorphisms, the
only two primitive multiplicity-free actions arising are those of F,4(2) on
cosets of D4(2).S; and 3D4(2).3. For these two actions, we calculate the
subdegrees; we find that all suborbits are self-paired, but that the action
gives rise to no distance-transitive graph.

1. Introduction

This paper represents a further contribution to the programs described in [15],
namely the classification of finite primitive permutation groups with the property
that the action is on the vertices of a distance-transitive graph, or (more generally)
all suborbits are self-paired, or (more generally still) the permutation character is
multiplicity-free. Results of [1; 23] essentially reduce these classifications to the
consideration of almost simple groups; many cases have already been studied and
resolved. In [15] the case of the action of Fy4(g) on cosets of B4(g) was treated; in
this paper, which in many ways may be seen as a continuation of [15], we consider
two further actions of Fy4(g), on cosets of D4(g).S3 and of 3D4(q).3. In conjunction
with [17] (about which we shall say more later), we shall show that each of these
actions is only multiplicity-free if ¢ =2 (and, moreover, that if ¢ > 2 the application
of field automorphisms never makes the action multiplicity-free); in these two cases
we shall calculate the subdegrees, and show that all suborbits are self-paired, but
that the action gives rise to no distance-transitive graph.

In fact, we shall consider other subgroups beside the two just mentioned. We shall
say that a subgroup of F4(q) is a Dy-type subgroup if it is of the form "Dy(q).T",
where m € {1, 2, 3} (interpreting 'D4(g) to mean simply D4(q)), and T is a group
of graph automorphisms of ”D4(q). For completeness, we shall decompose the
permutation characters of the actions of Fy4(g) on cosets of all D4-type subgroups.
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We let G be a simple algebraic group of type F4 over k, the algebraic closure of [,
where p is a prime. We let Ty be a maximal torus of G, and & be the set of roots of G
relative to Tp; we choose a Borel subgroup B of G containing Tp, and let ®* and
Y be the sets of positive and simple roots determined by B. As in [24; 25], we let

1
L=l —ee3—€s €, 5061 —2—€e3—€x)},

where €1, €3, €3, €4 form an orthonormal basis of a 4-dimensional Euclidean space;
then

Pt ={gte:1<i<j<d}Ule:1<i<4jU{ e teata)l],

and ® = &+ U —d*. For convenience, where there is no danger of confusion, we
shall write +i & j for d=¢; €, &i for +¢;, and +——— for %(61 —€) —€3—€4), etc.
in what follows. We write N = Ng(Ty), and W = N /T for the Weyl group of G.

Given a root @ € ¢, we let U, be the corresponding root subgroup of G; we
write U =[], co+ Uq. For each a there is an isomorphism x, : k — U, such that
for all A € k and ¢ € Ty we have “x, () = x4 ((¢)1) (Where as usual a group element
as superscript denotes conjugation on the appropriate side). We assume that the
isomorphisms x, are chosen as in [4, Section 1.9] such that if for all A € k* we set

Ny ()“) = Xa ()\)x—a(_)"il)xa ()‘)» ha ()\) =Ny ()\)noc(_ 1)’

then as in [3, Lemma 6.4.4] for all A € k* we have ny,(1) € N and hy (1) € Tpy; the
maps hy : k* — T are the coroots. For all A, u € k we also have the Chevalley
commutator relations

[xa (X)), xp ()] =
1 ifat+pB ¢,
Xo+8(No, gAt) ifa+ped® 20+6,a+28 ¢ D,
Xa+B(No, pA ) X206+ (_%Na,ﬁNa,a-‘rﬂ)‘zM) ifa+p,2a+B€®,
X+ (N phi)Xa128 (3 NapNaipphn?)  if a+B,a+2B €@,
where we assume that the structure constants Ny g are as given in [25]. For each o
we write ng, = ny (1), and wy =no Ty e W.
Much as in [24], we shall write elements of T in the form (w1, wa, u3, (4; v)
with o1, 2, 13, na, v € k* and v2 = 1 ous s, where for A € k* we set

hyos(W) = (1, 4,271 1 D,
hy_a() = (1,1, 4,271 1),

ha(l) = (1,1,1, 2% 0),
he )=, 2~ amhah.
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The action of W on Tj is then determined by

23w, o, U3, 4y V) = (1, 13, U2, L4 V),
(e, o, w3, i V) = (1, 12, 4, 135 V),

Wiy, s (3, a3 V) = (1, oy (U3, a5 oY),

W (s s U3y las V) = (0o g v T T v T s T ).

We let
H={U,:axaecd(H)),

C=(U,;:aed(C)),
A={(Uy:aed(A)),

where
OH)={xe; te;:1<i<j=<4}
D(C) = {£(e) — €2), (€3 L €4), 3, tey, 1 (61 —e2 L a3 L),
D(A) = {tes, e —ea—aten));

then H, C and A are simple algebraic groups over k of types D4, C3 and As,
respectively, where as usual a tilde denotes a root system comprising short roots,
and each is simply connected, as it is easy to see that the Z-linear span of the
relevant coroots equals the group of cocharacters of the relevant torus. We let

Wh = (wi—2, w23, W3_4, W344),
We = (w3_4, wg, wy___),

WA = <w4’ w+———>a

so that Wy, W¢ and W4 are the Weyl groups of H, C and A, respectively.
We write

T = 1, T = h+,,,(—1)n4, T3 =nNn4n,___.

For m € {1, 2, 3} the element 7, is of order m and acts on H as a graph automor-
phism; moreover t,, € A, and C4(1,,) is connected (if p # m then 7, is semisimple,
so the connectedness of C 4 (t,,,) follows from the simple connectedness of A and [4,
Theorem 3.5.6]; if instead p =m then 7, is unipotent, and an easy calculation shows
the connectedness of C4(7,;,)). If p £ 2, as in [13] we may set y, = x4(1)n4x4(%);
then ;2 =h,___(—1)=(—1,—1,—1, —1; —1). If instead p =2 we may set y, =
x_4(1); then 772 = x4(1). Likewise, if p # 3 we may take w € k* with =1 # w,
and set y3 = x,  (@")x, (—)xa(Dnan, naxa(§)x.(52)x, . (F52);
then 73 = hy(w) = (1, 1, 1, 0?; w). If instead p = 3 we may set y3 =x_,,_(1)
x—4(Dx_ i (=1); then 1373 = xa(D)x,___(1).
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We let g be a power of p, and let F' : G — G be the Frobenius map determined
by xo (W) = x4 (A9) forall A € k and o € ®. Asin [15;25] we set x = (4, ¢ — 1),
y=0B,g—1and z= 3,9+ 1). Wetake d € {0, 1} and e € {0, =1} such that
g =d (mod2) and g = e (mod 3). For m € {1, 2, 3} we set

3 ifm=1,
=11 ifm=2,
0 ifm=3;

the element 7,, commutes with F, and as t,, € C4(7,), by the Lang—Steinberg
theorem we may take g, € C4(t,,) with g,,*.g,~! = 1,, (choosing g; = 1), and
let H,, = H3".

For any F-stable subset X of G we write X’ for the set of points of X fixed
by F. Weset G = GF, Ty = T,)¥', B=B", U, = U, fora € &, U = UF,
N=NI,A=AF, C=CF and H, = (H,)" for m € {1, 2, 3}; then G = F4(q)
and H,, ="D4(q) with H,, < G, and we have

IGl=q"(q> = D(g° - D)(¢* - 1)(g"* - D,
|Hi| =q"(g*> — D(q® — D(g* — 1),

|Hy| =q"(g*> = D(g®° — (g - 1),

|Hs| =q"*(q> — 1)(¢° — D(g* +4* +1).

For m € {1, 2, 3} we define the map F,, = F1,, : G — G by gf'" = (g¥')™ for
g € G, and set H, = gnH,, = H» (where we extend the superscript notation to
mean the set of points fixed by F,,).

Now as g1 = t; = 1, and for m € {2, 3} we have chosen g,, to commute with t,,,
given m, r € {1, 2, 3} with {m, r} # {2, 3} we have 7,8 = t,.. It follows that, up to
conjugacy, the D4-type subgroups of G are Hy, H, and H3; H;.2 and H,.2, where
H,2=H,(r); H.3 and H3.3, where H,,.3 = H,,(t3); and H,.53 = H| (1, 173).
Of these, only H;.S3 and H3.3 are maximal subgroups of G, since H».2 lies inside
Bi(q) = (U+-2), U+-3), U+3—4), Uxs).

The structure of the rest of the paper is as follows. In Section 2 we develop a
method for decomposing the permutation characters which occur here. In Section 3
we apply this to the cases where the D4-type subgroup is H,, for m € {1, 2, 3}; in
Section 4 we do the same for the other D4-type subgroups. Finally in Section 5 we
consider the contributions of the actions treated here to the classification programs
mentioned above.

2. Decomposing permutation characters

In this section we begin by giving information about conjugacy classes, and then
explain a method for calculating scalar products of characters which uses it; this
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will allow us to decompose the permutation characters of interest here. After some
preliminary results we prove the claim on which the method is based.

In what follows we shall make several statements to the effect that a certain
expression is a ‘polynomial in ¢g’. By this we shall mean that, for a stated set of
zero or more parameters which may take only finitely many possible values, if we
fix their values there is a polynomial with rational coefficients such that, for any
appropriate ¢, the expression equals the evaluation of the polynomial at g.

2.1. Conjugacy classes in D4-type subgroups. We begin by providing information
concerning conjugacy classes in D4-type subgroups of G, which will be needed
in much of the rest of the paper. We shall see that, for m,r € {1, 2, 3} with
{m, r}#{2, 3}, it suffices to consider the H,,-classes in the coset H,,t,; equivalently
we may consider the H,,-classes in the coset H,,7, and then conjugate by g, (note
that H1 H; as g; = 1, and that H T, = $(H,1,) as g, commutes with t,).

Of fundamental importance is Jordan decomposition, but the way in which this
is applied will depend on whether or not r equals p. We define

_r_[r ifr#p,
_(r,p)_ 1 ifr=p;

|

given an element of the coset ﬁmr,, its semisimple part lies in the coset I:I,n 7,
and indeed all semisimple elements of H(t,) lie in H(t;). If r = r we begin with
semisimple classes in H,,7, and then take unipotent classes in H,, lying in central-
izers of sennslmple elements; if however 7 # r we instead begin with unipotent
classes in H,, 7, and then take semisimple classes in Hy, lying in centralizers of
unipotent elements. In the former case, for each unipotent class in the H,,-centralizer
we shall need information concerning which unipotent class in the G-centralizer
contains it (sometimes partial information is sufficient for our purposes); frequently
inspection allows us to determine the class precisely, but if necessary we can always
calculate Jordan structure on an appropriate module (the natural module for groups
of classical type, the 26-dimensional module for Fj itself) and use results from
either [18] or [14].

First take r = 1, so that our concern is with the ﬁm—classes in ﬁm itself. We
start with semisimple ﬁm—classes in ﬁm. Recall that any semisimple element of
ﬁm = H " lies in an F,,-stable maximal torus of H, and that there is a bijection
between the H " -classes of F,,-stable maximal tori of H and the F,,-conjugacy
classes of Wg; as F,, = F't,,, and F acts trivially on W while t,, corresponds to the
Weyl group element 1, w4 or waw,___ according as m = 1, 2 or 3, we see that the
F,,-conjugacy classes of Wg correspond to the Wg-classes in the coset Wy, Wy w4
or Wgw,___wy, respectively. In fact the semisimple classes of B4(q) are listed in
the Appendix of [15], from which it is straightforward to deduce the semisimple
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ﬁm—classes in ﬁm for m = 1 and m = 2, while those for m = 3 are given in [5,
Table 2.1]. The G-centralizer of a semisimple element is determined by the roots
with respect to a maximal torus containing it which take the value 1 at it, and so may
easily be determined by inspection (in fact for m = 1 and m = 2 this information is
given in the Appendlx of [15]).

Next consider H,,-classes in H,, which are not semisimple. Given a semisimple
element of H,,, the unipotent classes lying in its centralizer in either H, or G may
usually be obtained from the various results and tables in [18] (see Theorems 3.1, 7.1
and Tables 8.1a, 8.2a, 8.4a, 8.5a, 22.2.4); the exceptions are that no table is given
for B4(g) (which here appears as the centralizer of a semisimple element only in
odd characteristic) but it may be constructed using the results given in Chapters 3—7
therein (alternatively a list is given in [25], which of course also gives the unipotent
classes of F4(q)), and that 3Dy (g) 1is not treated but results are glven in [5]. In this
way we obtain a complete set of representatives of the H,,-classes in H,; conjugation
by g, then gives a complete set of representatives of the H,,-classes in H,,.

Now take r € {2, 3}, so that m € {1, r}. We note that for given r the PAI -classes
in Hmrr for the two values of m are closely related by Shintani descent (see [6,
1.7.2; 22, Proposmon 5]): there is a bijection between the sets of H1 _classes in H 1Ty
and H,-classes in H, 7, which preserves centralizer orders. Indeed, we may proceed
as follows: given an Hj-class in H;t, (i.e., an H1 -class in H1 7,), we may take
a class representative 47, and use the Lang—Steinberg theorem to write 4 in the
form x.x~! for some X € H; Shintani descent gives the corresponding H,-class
in H,7, as that containing 4", where A" = x~!.x1; conjugating by g, then gives
the corresponding H,-class in H,t, as that containing /'t,, where h’ = (hTsr.

First assume r # p; then 7, = 77 is a semisimple element of G. Here we begin
by observing that ;7 is a quasisemisimple automorphism of H (recall from [28,
Section 9] that this means that it stabilizes both a Borel subgroup and a maximal
torus therein). We make use of [20, 1.14]: we write T; = To N Cy (77), so that T
is a maximal torus of Cy(77); we let Nf = {n € H :"(T;t7) = Trt7}, and then its
identity component N;° is equal to T7, so that N;/T5 is finite; any quasisemisimple
element lying in Ht; is H-conjugate to an element of T7t7; any two elements
of Tr7z which are H-conjugate are in fact conjugate by an element of Ny, and thus
lie in the same orbit under the action of the finite group N;/T;. Using this we may
prove the following.

Lemma 2.1. Any semisimple element of H, 17 is Hy, -conjugate to an element (st7)"
where s € Ty and x' € H with x'™ x'~! € N-.

Proof. Suppose § € H,, with §77 semisimple; then § is quasisemisimple, so there

exist 1 € H and s € T; such that 577 = (s77)". As both § and 77 are F,,-stable we
Fl‘l‘l 71 .

have (s77)" = (s™.7; )h so st7 = (sTm. ;)" as T; is also F,,-stable, both
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s7; and s©7.7; lie in T: 77, so there exists n € N; such that stz = (s77.77)". Using
the Lang—Steinberg theorem we may write n = x'* x'~" for some x’ € H; then

/ 1Fm / ’
(st ) = (s )™ " = (" .10)™ = (s79)",
so that (sr;)x/ is F;,-stable, and

. 1,1 -1 . Fny—1
G = (sr)" =5t = G,

sothat h~'n='hfn € Cy (7). As H is simply connected and 577 is a quasisemisim-
ple automorphism of H, by [28, Theorem 8.2] Cy (St7) is connected, so we may
again use the Lang—Steinberg theorem to write A~ 'n~'hf» = c¢=1c¢F» for some
c € Cy(t7); then as h=1x/(x' Ty~ 1hFn = c=1cFn we see that ch'x’ € H is F,-
stable and thus lies in H,,, and (Er;)”’flx/ = (Er;)hilx' = (st7)", so that 577 is
Flm—conjugate to (s77)* as required. ([

Thus 77 and N;/T; play the roles of ‘maximal torus’ and ‘Weyl group’ for the
coset ﬁm 77. We find that they are as follows: for ¥ = 2 we have

U2
T2= )"a/-’L9_71;v :)\"/’L!vek* s
Al

Ny /T = (n12Tr, ny_ 315, n3_4nz4To, (=1, -1, =1, —1; —=1)T7);

for r =3 we have

A
T3=i(k,u,—,1;k) :k,uek*},
n

N3/Ts = (n2-3Ts, n1—on3_anzaTs, (0%, 0, 0, 0% DT3).
In each case we see that |N;/T;| = |Cw(t:Tp)|. For r = 2 we in fact have
No/Tr = Cw(12Th) = Cw(wg) = (w12, wa—3, W3_4w344) X (wg) = W(B3) x 2;
however for ¥ = 3 we have N3/T3 = §3 x S3 but Cw(13Ty) = Cyw(waw,___) =
(wa-3, wi2w3qw314) X (waw,___) = W(G3) x 3. Write
(=1, =1, —1,—1; —1) ifr=2,
0 = P1-2014273 47344, ho = { (0%, , 0, % 1) if r =3.

In N;/T; we then have conjugacy class representatives nT; as follows: if ¥ =2 we
may take n = n'n”, where

/ 1
n' € {1, no, ho, hono}, n" €{l,n3_4n344,n1-2,n1_2N2_4N244, N1_2N2_3};
if ¥ =3 we may take n = n'n”, where
/ 1
n" €{l,ng, ho}, n €{l,ny_3,ni3n2_3}.

For each such element n, using the Lang—Steinberg theorem we may write

F,

n=x"" x"""forsome x' € H; by Lemma 2.1 the various F,-stable elements (s 7)Y
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with s € T; between them represent all semisimple ﬁ,n—classes in ﬁm 77. Note that
the condition for F),-stability of (srr)x/ is st = (sfm.1;)"; as s € T; we have
Fr = 1, so that there is a natural correspondence between the semisimple H-
classes in H 177 and the semisimple H -classes in H 77, as we expect from Shintani
descent.

Observe that T; commutes with the element y; defined above, and we have
seen that ;7" = h,___(—1) or h4(w) according as ¥ = 2 or 3, so for all s € T;
we have (st7)" = 517”7 € Tp; moreover a straightforward calculation shows that
ToN HY = T;, so that Ty N (H (t7))”" = T (t7’7). Write

s

To=(es), Y3=[es 3(€1—€2—€3—€1));

then Y7 is a root subsystem of & of type A, 1 such that T; =) pex, Ker B. Indeed,
given a root subsystem Y of ® of type A;_;, we define

ker; Y = () kerfU ﬂ (ker 7B \ ker B)
BeY

(if r =2 and B € Y then ker; T = ker2; if however r =3 and {8, B} is a simple
system of Y then ker; Y = {s’ € Ty : B1(s") = Ba(s') € {1, w*!}} because if s' € Ty
and B1(s"), B2(s") € {1, T} with B1(s") # B2(s’) then exactly one of B, B, and
B1 + B2 takes the value 1 at s”); from the expression above for 77’7 we see that
T7 (777) = kery Y5

Note that if we set Ty =Ty, Ny = NN H, y; =1 and Y| = &, then the above
(apart from the comment about Shintani descent) also holds for 7 = 1.

For each semisimple I:Im -class representative (s ‘E;)x/ we may then take a set of
representatives of the unipotent conjugacy classes in the H,-centralizer, and form
products in the usual way, to obtain a complete set of representatives of the ﬁm-
classes in H,, 77 finally, conjugation by g, gives a complete set of representatives
of the H,,-classes in H,,7; = H,,t,. Indeed, as a check we find that the sum of the
sizes of the classes so obtained is |H,;,|.

Now assume r = p; then 7, is a unipotent element of G. Here we refer to [21,
Tables X and VIII], which list representatives and centralizer orders for the unipotent
H,-classes lying in H;t, for r =2 and r = 3; the elements are given as u;t, for
1 <i<10and 1 <i <7, respectively. Using Shintani descent as described above
it is straightforward to obtain representatives u; 7, for the unipotent H,-classes
lying in H,1,. Using the expression for 7,” given above, we may also identify the
unipotent G-classes containing the elements u; 7, and u;7,, either by inspection
or by computing Jordan blocks on the 26-dimensional module for G and referring
to [14] (whose notation we use), as described above; we find that for each i the
elements u; 7, and u; "7, lie in the same G-class, which we give in Table 1.
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i uit)% = (u;" )¢
1 Ay i) = (T )©
2 ALA | i
3,4 B, 2 ArA
5 Cs(ar) 2
6 AA 3 G
A 4,5,6 Fy(az)
7 Ci(an®
7 F,
8,9 B;
10 Fa(ay)

Table 1. Unipotent G-classes meeting H,, forr =2 and r =3.

For each unipotent H;-class representative u; ., we may then identify its central-
izer Cg, (u;7,); we take representatives s of the semisimple classes therein and form
products su; 7. Combining the results for the various values of i gives a complete
set of representatives of the H;-classes in H,7,; again, as a check we find that the
sum of the sizes of the classes so obtained is |H1|. In fact in almost all cases the
elements s commute with both «; and 7., so as they are stable under Fj they are
also stable under F, = Ft, and hence lie in C A (u;Tz,); in the exceptional cases
we must replace the elements s by conjugates of them. In this way we also obtain a
complete set of representatives of the H,-classes in H,7,; conjugation by g, then
gives a complete set of representatives of the H,.-classes in H,t;.

Before concluding this section we note that the semisimple G-classes in G are
listed in [25] for p # 2 and in [24] for p = 2, each of which groups together
classes containing elements with equal centralizers. These groupings, which we
shall call types, may be described combinatorially, in terms of Weyl group elements
by which maximal tori are twisted and root systems of centralizers; the finitely
many possibilities for the type are the same for all g (and p), although for a given ¢
not all need occur, either because p is a bad prime for G or because ¢ is small.
For each type, both [25] and [24] use a single notation for varying g (although the
notations used by [25] and [24] are different).

Here we shall similarly say that a type of H,,-class in H,,t, is a collection of
such H,,-classes all of which contain elements with equal G-centralizers whose
semisimple parts also have equal G-centralizers. The finitely many possibilities for
the type of such a semisimple H,,-class are again the same for all g (although once
more not all occur for all ¢); for each type we may likewise use a single notation
for varying g. Classes which are not semisimple are however more complicated,
because the behavior of unipotent classes in bad characteristic differs from that in
good characteristic; nevertheless we may do the following.
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Note that the triple (d, e, x) must be one of
(01 17 1)7 (07 _17 1)7 (1v 07 2)9 (19 07 4)’ (11 17 2)7 (17 174)7 (19 _17 2)9 (19 _174)

(the first two cover the cases where p = 2, the second two those where p = 3, and
the last four those where p > 3). Fix one such triple (d, e, x) and restrict attention
to the prime powers g associated to it, of which there are infinitely many. We then
find that there are finitely many possibilities for the type of H,,-class in H,,t,, that
they are the same for all such ¢, and that for a given type of H,,-class in H,, 1, the
order of the H,,-centralizer is a polynomial in ¢g: if p = r then for each unipotent
class appearing in Table 1 we have obtained a collection of semisimple elements
lying in the centralizer, and after forming products to obtain class representatives the
statements follow by inspection; if instead p # r then for a given type of semisimple
H,,-class in H,,t, inspection of tables of unipotent classes in the various simple
factors appearing in the centralizer (see, for example, [18] as mentioned above)
shows that the parametrization of such unipotent classes is the same for all ¢, and
that for a given unipotent class the centralizer order is a polynomial in ¢, from
which the statements follow.

Indeed from the above we see that more is true: for a fixed triple (d, e, x) and
type of Hy,-class in H,,t,, if we take one such H,,-class and let s be the semisimple
part of an element thereof, then the number of H,,-classes of the type concerned
which contain elements with semisimple part s is the same for all g.

Thus for a fixed triple (d, e, x) we may extend the notion of ‘type of H,,-class
in H,, 7, to cover all prime powers ¢ associated to it, and H,,-centralizer orders
are polynomials in g. This will be crucial to the approach to calculating character
scalar products which we now describe.

2.2. Character scalar products. Recall that, for any subgroup H of G, when G
acts on the cosets of H the value at g € G of the permutation character 15 is the
number of cosets g’ H for g’ € G with gg’H = g’ H. For any generalized character x
of G we have by Frobenius reciprocity

14° = (1 =L - _x(8)_
™, )6 =Uu, xl0)H H] Zx(g) Z Cr(2)]’
geH [elcH

where the final sum is over all conjugacy classes [g] in H.

We shall be interested in the cases where H = H,,,(t,), for m, r € {1, 2, 3} with
{m, r} #{2, 3}; by taking first » = 1, and then r € {2, 3} (and considering the inverses
of classes if » = 3), in the final sum it will suffice to treat the H,,(t,)-classes which
lie in H,,7,, which are of course simply the H,,-classes lying in H,,t,. We may
then see the scalar product as a sum of contributions from the different types of
H,,-class in H,,1,, with each contribution being the fraction with numerator given
by the sum of the character values concerned and denominator equal to the common
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order of the H,,(t,)-centralizer (which is r times the order of the H,,-centralizer).

Now take x to be a generalized Deligne-Lusztig character Rt o, where T is an
F-stable maximal torus of G and @ is a linear character of T, and consider the
contribution to the scalar product (1 Hm(,r)c, Rt )¢ from a given type of H,,-class
in H, .. At the end of Section 2.1 we observed that, for a fixed triple (d, e, x), the
order of the H,,-centralizer appearing in the denominator is a polynomial in ¢, and
we shall see that the same is true of the number of H,,-classes of the type concerned.
We wish to show that the same is also true of the numerator; in order to make such
a statement, we first need to say a little more about the characters R g.

To begin with, an F-stable maximal torus 7' of G may be written as 7y for
some g € G, and then we have g~ !'g" € N; if we write w = g~ 'gF'Ty € W, we
say that T is obtained from Ty by twisting with w — although different choices
for g may give different elements w of W, the F-conjugacy class [w] of w in W is
uniquely determined by 7', and indeed there is a bijection between F-conjugacy
classes in W and G-classes of F-stable maximal tori of G. (All of this is well
known; see, for example, [4, Section 3.3].) In the present case F acts trivially on W,
so that F'-conjugacy in W is simply conjugacy.

Next, if T = 8T, as above the finite group T is equal to ¢(Tp" w_])), where
we write ToF*™) = {sg € Ty : so = “(so¥)}. Thus given a linear character @ of T¥,
we may write 6 = 86y, where 6 is the linear character of To'F w™) defined by
Bo(s0) = %6p(%s0). We may then define @y, = {a € ® : kera > ker 6} to be the root
subsystem of ® comprising those roots whose kernel contains ker 6; for fixed T
and 6, different choices for g may give different root subsystems ®g,, but it is
straightforward to see that the set of possible ®y, forms a single orbit under the
action of W. Moreover, in the present case it is easy to see that two root subsystems
of ® lie in the same W-orbit if and only if they are isomorphic (where we require
an isomorphism to preserve root lengths).

We may therefore associate to each generalized Deligne—Lusztig character Ry ¢

a pair ([w], [®']) consisting of an F'-conjugacy class [w] in W and an isomorphism
class [®'] of root subsystems of ®. There are finitely many such pairs, and they
are the same for all ¢, although for a given g not all pairs may be associated
to a character R g. We are now in a position to state our claim concerning the
numerator in the contribution to the scalar product (1 Hm<fr>G, R79)c from a given
type of H,,-class in H,, 7.
Claim 1. For a fixed triple (d, e, x), pair ((w], [®']) and type of H,,-class in Hy,,1,,
the sum over the corresponding Hy-classes [su], where s and u are commuting
semisimple and unipotent elements, respectively, of the character values Rt g(su)
is a polynomial in q. Moreover the degree of this polynomial is at most d| + d,
where d = dim(Z(CG (s))N Hm('c;)) is the degree of the polynomial giving the
number of H,,-classes of the type concerned, and dy = %(dim Cg(su)—dimT).
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We shall prove Claim 1 in Section 2.4, following some preliminary results
in Section 2.3. Once this has been done it will follow that, for a fixed triple
(d, e, x), pair ((w], [®']) and type of H,,-class, the contribution to the scalar product
(le(mG, Rt ¢)G from the type of H,,-class is a ratio of two polynomials in q.
Since this scalar product is an integer, it will suffice to determine the nonnegligible
part of the contribution, where given two polynomials p; and p> with py # 0 we
let p3 be the unique polynomial such that p; — p, p3 is of strictly smaller degree
than p,, and say that the nonnegligible part of p;(q)/p2(q) is p3(g). The scalar
product will then be the sum of the nonnegligible parts of the contributions from the
finitely many different types of H,,-class, and will therefore be a polynomial in g;
by taking linear combinations of Deligne—Lusztig characters it will in fact follow
that the same is true of all multiplicities of irreducible characters in the permutation
character 1g, (mG.

Note that the degree bound in Claim 1 depends only on the type of H,,-class; we
call the type of H,,-class relevant if this bound is greater than or equal to the degree
in g of the order of the H,,-centralizer, and irrelevant otherwise. Nonnegligible
parts of contributions from irrelevant types of H,,-class are then zero for all R7 g;
it therefore suffices to consider relevant types of H,,-class, and our calculations
in subsequent sections will begin by identifying these. We shall see that this
significantly reduces the number of classes requiring consideration.

We conclude this section by observing that the decompositions we shall obtain
will of necessity be more complicated than was the case in the action of G on cosets
of B4(q) treated in [15]. On one level this is simply because the subgroups H,,
are considerably smaller than B4(g) (the ratio of orders is approximately ¢®);
however, there is a more fundamental difference between the actions here and that
of [15]. In [16] a criterion was established for certain subgroups H of algebraic
groups G to be spherical (i.e., to have finitely many orbits on the flag variety G/B);
the proof proceeded by taking fixed points under Frobenius morphisms F and
considering scalar products of permutation characters 1 HFGF and principal series
characters 1 BFGF. It was shown that if H is of the form (Ty, U, : @ € W) for some
subsystem W of &, then H is spherical if W satisfies the following condition: there
do not exist a, B € ®\ ¥ with @ + 8 € &\ V. (Although it is not stated in [16]
that this condition is also necessary for sphericality, it is nevertheless clear from the
proof that if it is not met then the scalar product (1 HFGF, 1 BFGF) grows with g.)
In the case of By, the condition is satisfied; correspondingly, the multiplicities
in 1, F+@ of unipotent characters lying in the principal series are forced to be
constants rather than polynomials in g of positive degree (and indeed they are all
0 or 1). In the case of D4, however, the condition is not satisfied (as we may take
« and B to be the two short simple roots of G); thus some multiplicities in 1, (,\°
must turn out to be polynomials in g of positive degree.



D4-TYPE SUBGROUPS OF Fy(q) 261

(1), P Z(Cg(5))/ Z(Cg(5))°
A3A, #£2 74
AzAz 753 Z3

By, A1C3, A3, A\ By, APALL A | #£2 7

Fy, B3, C3, AyA|, A1 Ay,

. p ~ any 1
By, Ay, Ay, A1Ay, AL, AL D

Table 2. Root subsystems ®(T'); of ®(T).

2.3. Preliminary results. We begin with some results concerning root subsystems.
Let T be any maximal torus of G. Write ®(T) C Hom(T', k*) for the root system
of G with respect to the maximal torus T'; for a root subsystem W of & (T') define

ker W = () kera.
aeV
For s € T define ®(T ), to be the root subsystem {o € ®(T') : a(s) = 1} of ®(T);
by [4, Theorems 3.5.6, 3.5.3] Cg(s) is generated by T and the root groups relative
to T corresponding to the roots in ®(T')y, so Z(Cg(s)) = ker ®(T);.

Lemma 2.2. Up to the action of the Weyl group of T, the possibilities for the root
subsystem ®(T); and the component group Z(Cg(s))/Z(Cg(s))° are listed in
Table 2.

Proof. The root subsystems ®(7"); may be obtained using [9, Construction 4.1],
which also gives the restrictions on the characteristic p: for example, the subsystem
A1%A, is formed from the extended Dynkin diagram by removing the nodes corre-
sponding to the first and third simple roots, whose coefficients in the highest root
are 2 and 4, respectively, so the order of any element s of T having ®(T); = A;2A,
must be a positive integer linear combination of 2 and 4 and thus must be even,
whence p cannot be 2. A simple calculation in each case then gives the component
group Z(Cg(s))/Z(Cg(5))°. g

Given a root subsystem W of ®(T'), we define
WP ={(Bed(T): p'BeZV¥ for some i € N};

clearly W(P) is a root subsystem of ®(7') containing W, and we call it the p-closure
of W. We say that W is p-closed if W(») = W; certainly (¥ )P = ¢ je,
W) js p-closed. Observe that the eight instances of pairs (¥, p) missing from
Table 2 are not p-closed; indeed a simple calculation in each case shows that these
p-closures are as given in Table 3.

Lemma 2.3. Given a root subsystem W of ®(T), the following are true:
(i) ker W = ker W?);
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7] p W (p)

AsrA, 3 Fy

Ba, A3A, A1C3 | 2 | Fu
Az, A%A, 2 | B
A1B, 2| G

A2 2| B

Table 3. p-closures of root subsystems W of & (T').

(i) there exists s € ker W such that WP) = &(T);;
(i) P = {®(T)s:s €T, ®(T); 2 V}; and
(iv) W is not p-closed if and only if \V is listed in Table 3.

Proof. As the only p-th root of unity in k is 1, for i € N we have ker p' 8 = ker S.
Thus if B € WP so that p' B € ZW, we have ker W C ker p' B = ker 8, proving (i).
Since the only root subsystems of ®(7") which are not of the form & (T"), for some
s € T are the eight listed in Table 3, which are not p-closed, they cannot be ¥ (”); thus
W) = @ (T), for some s € T, and then for all & € ¥ we have a(s) = 1, proving (ii).
Given s € T with ®(T); 2 W, for all « € ®(T), we have a(s) = 1; if B € WP then
for some i € N we have p' € ZW, so s € ker p' 8 = ker B, whence P C ®(T);.
Thus W (P is contained in all the root subsystems of ®(T') of the form ®(7T'); which
contain W, and by (ii) it is one such root subsystem, proving (iii). Finally (iii) implies
that every root subsystem of ®(7') of the form & (T), is p-closed, proving (iv). [J

Write W(T') = Ng(T)/T for the Weyl group of T'; given a root subsystem W
of ®(T), let W be the root subsystem of ®(T') consisting of the roots orthogonal
to those in W, and write W (¥) and W (W) for the subgroups of W(T') generated
by reflections in the roots lying in W and W+, respectively.

Lemma 2.4. Given a root subsystem W of ®(T), the index of WHW (WL in
Nway(WW)) is 1 or 2 according as the group of graph automorphisms of W
afforded by W (T') is trivial or not; if it is nontrivial, then the coset Ny ry(W (¥)) \
W ()W (UL) contains the long word of W(T), unless ¥ = A% or A12A~], in
which case it contains the reflection in a short root in ® (T') which is half the sum
or difference of two long roots in V.

Proof. This is an easy calculation; note that ¥ has a nontrivial graph automorphism
if and only if = A3A1, A3, AzAz, Azz&l, AIAZ, Ag, Az, A12A1 or A12, and all
graph automorphisms are afforded by elements of W (T), unless ¥ = A, A5 in which
case the only such graph automorphism acts nontrivially on each simple factor. []
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For each root subsystem W of ®(T') set
Zy={seTNH,(t7): ®(T); DV}, Zy={seTNH,(t;): &), = U}.
Then Zy =ker ¥ N H,,(t7), so for all s € T N H,,(t7) we have
Zo ), = Z(Cg(s)) N Hy, (77).
For a subset X of T N H,,{(t;7), let 1x denote the indicator function of X.

Lemma 2.5. There exist integers ny y for root subsystems W, V' of ®(T), with
nyy=1,andng yw =0if V' 2V, such that 1;, = dow nq/’q//lzw/.

Proof. For each root subsystem W of ®(T'), the set Zy is the disjoint union
of the sets Zy as W’ runs over the root subsystems of ®(7') which contain W,
sol, =>yoel 7,- We may now use downward induction on subsystem size:
for ¥ = ®(T) we have 1Z\y = 1Z\v’ while for a proper subsystem W of ®(T') we
have1; =1, —3% 4oy 1;,,- and by induction we may assume each term 1;
with W/ D W is an integer linear combination of terms 1Z\p” with U/ D W' D W,
The result follows. (]

The next result concerns commuting elements of N. For convenience we confine
our attention to elements of the group (ny : @ € ®), which we call N’; note that
elements of N’ are F-stable, and N’ has the normal subgroup {s € Ty : s> = 1} =
(ho(—1) 1 € ®) = Z 441, with the quotient being naturally isomorphic to W. As
in Section 2.1, write ng =n_n142n3_4n3414 € N, so that noTy is the long word wy
of W, which is central in W.

Lemma 2.6. For each w € W there exists n € N' with nTy = w such that for all
w’ € Cw(w) there existsn’ € Cy'(n) withn'Ty = w'.

Proof. 1t suffices to treat representatives w of the 25 conjugacy classes in W; in
Table 4 we list 25 corresponding elements n lying in N’, and for each we give
elements n’ of N’ such that the elements w’ = n'Ty of W generate Cy (w). It is
in each case a straightforward calculation to check that » commutes with each
element n’ listed. O

Now suppose T is F-stable, and @ is a linear character of T'¥'. We recall that the
generalized Deligne-Lusztig character Ry ¢ takes values as follows: given s, u € G
commuting semisimple and unipotent elements, respectively, by [4, Theorem 7.2.8]
we have |

Rra(su) = ——— > 6(s") Q05" W)
1Ca(s)] Z T
x'eG
s eT
(as already observed, because G is simply connected the centralizer Cg(s) is
connected). Here Qxc,‘;(s) is the appropriate Green function; it is defined to be the
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n n’ € Cy/(n)
1 Ny_3,M3_4, N4, Ny __
n3_4 n3—4,N2, N4 __,N344
4 ng, N2, N2_3, n3h3_4(=1)
N3_4N344 n3_4, N4, N1_2, N2
ni_on4 ni_2, N4, Ni42, n3h3_4(=1)
Nny_3Nn3_4 npy_3n3_4,ny,n,___,nNo
ny __ng ny___n4,n3_3,n142, o
N3_4n4 n3_4n4, N1_2, noh3_4(—1)
n3_4ni—2ni42 N344, N2, Ny, N34
n3_4n3qanshy_o(—1) ni, na_3, N3_4, ngh1_2(=1)
ni—2n2_3n3_4 n1-—2N2-3N3-4, N4y, No
ny1—2n3—4ng N3_4N4, N1-2, N142
Ny__4N3_4n4 Ny __ N3 _4N4,N142
Ny_3N3_4N4 ny_3nz_gqng, nih,__,(=1)
Ny, _N4ni_ Ny, _N4ny_z,no
ny_3n3_4711 n2-_3N3-411, Ny
no N2_3, M3_4, N4, Ny __
Ny NN _3N3_4 Ny Ny, Np_3N3_4, N _4N344, N
2N 2N3_4N4 n3_4n4, Ni_, na2h3_4(=1)
Ny _y NiANY Ni_y_n3zhy 3(=1),n3_4,n142, ng
ni_onp_3nzngh,___(—1) NNy _3N3, N4, Ny_y_
ni_ohonz_g4nghz_4(—1) ni—onoh3_4(—1), n3_ang, ni_3no_4, Roy3n,___
ni_2No 3NM3_4N4 ni_2No_3N3_4N4
n,___Nn3_4nj _3np n,___n3_4njp 3np
ny___n3yahn 3nzhy_a(=1) Ny N1, N2303-4, N1_4N344, N

Table 4. Commuting elements of N’.

restriction of the generalized Deligne-Lusztig character R. ;| for the group Cg(s)
to the set of unipotent elements therein.

Some of the values taken by Green functions are given in [4]: if the unipotent
element is the identity then by [4, Theorem 7.5.1] the value is, up to sign, the
p-part of the index of the maximal torus concerned (and in particular, if the torus is
maximally split the sign is ‘4, as may be seen by comparing the statement of [4,
Theorem 7.5.1] with the definitions on [4, pp. 197, 199]); at the other extreme, if
the unipotent element is regular then by [4, Proposition 8.4.1] the value is 1. Using
[4, Proposition 3.3.5] for the first of these we see that both are polynomials in g
(for all g, not just those for a fixed triple (d, e, x)).

For the purposes of this paper we are interested in Green functions for groups
which occur as centralizers of semisimple elements of G; an easy application of [4,
Property 7.1.9] reduces to the consideration of simple groups appearing as factors
in these centralizers. For these groups Green functions have been known for some
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time: for groups of type A, see Green’s original paper [8]; for other groups of
classical type, see [11] for p > 2 and [27] for p = 2; for the group Fy, see [26]
for p > 3, [7] for p =3 and [22] for p = 2. It follows that for a fixed triple (d, e, x)
all Green function values are polynomials in q.

(It is in fact known that Green function values in general are polynomials in g,
provided one restricts to those ¢ lying in a given residue class modulo an appropriate
modulus; the term ‘polynomial on residue classes’ has been used to describe this
phenomenon. Frank Liibeck has in fact recently completed the determination of all
(ordinary) Green functions for simple groups by computing those for Eg(g) in bad
characteristic in [19], the introduction to which contains a useful summary of the
position; the author, who is far from being an expert on these matters, is grateful to
him for his helpful comments.)

We end this discussion of Green functions with two lemmas. The first uses the
orthogonality of Green functions to give a bound on degrees.

Lemma 2.7. Given an F-stable maximal torus T of G, s € TY and u € Cg(s)
unipotent, for a fixed triple (d, e, x) the degree as a polynomial in q of the Green
function value Q?G(S)(u) is at most %(dim Cg(su) —dimT).

Proof. By [4, Proposition 7.6.2] we have

B e

u'eCg(s) unipotent
restricting to the class u¢¢®) we have

|ICc ()| [N (T)]

C
|MCG(S)| . QTG(S)(u)Z S

T2 ’
whence U U
C6(s) |Ccgisy )|+ INg(T)|
QT () < |TF|
|CG(SM)| 172 Fi1/2
=|—2==) -INg(T):TF|'2
( ) WNe@: T
As this is true for all g concerned, the result follows. [l

The second concerns the effect on a Green function QgG ®)

element of G which normalizes Cg(s).

of conjugating by an

Lemma 2.8. Given an F-stable maximal torus T of G, s € T Fand u € Cg(s)
unipotent, if x' € G normalizes Cg(s) then Q;G(S)(u) = Qg;(s)(xlu).

Proof. As in [4, Section 7.2] we have Lang’s map L : Cg(s) — Cg(s) defined
by L(g) = g~ 'g¥. Take a Borel subgroup B’ of Cg(s) containing T, let U’ be
its unipotent radical and write X = L~!(U’). It is then shown in the proof of
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[4, Theorem 7.2.8] that Q5 (u) = (1/|TF )L (u, X), where Z(u, X) is the
Lefschetz number of u on X. Conjugating everything by x’, and noting that
¥X = L' (*U’), we have

’ ’

2(u,*X).

008 (“u) = —
r 'T)"|

As x' is F-stable we have (X/T)F =*TF, and if we take the map f : X — *X given

by conjugation by x’ and apply [4, Property 7.1.5] we obtain £ (u, X) = £ (*u, *X).

Thus QgG(S)(u) = QS;(S)(X/M) as required. O

2.4. Proof of Claim 1. Take a triple (d, e, x), a pair ([w], [®']) and a type of
H,-class in H,,t,; take a representative w of the (F-)conjugacy class [w] in W,
and take n € N with nTy = w as in Lemma 2.6. All of these will be fixed throughout
this section; the statement that an expression is ‘a polynomial in ¢’ or that a set or
number is ‘independent of ¢’ will always make this assumption.

Take a prime power g associated to (d, e, x), and let F' be the corresponding
Frobenius map. Take g € G satisfying g~ 'g¥ =n; write T =#Ty, so that T is an F-
stable maximal torus of G twisted by w, and T = T'¥'. Take a linear character 6 of T
such that, if as in Section 2.2 we write 6 =£6, and ®g, = {o € @ : ker o > ker 6}, the
root subsystem @y, of @ lies in the isomorphism class [®']. Take an H,,-class [su]
in H,,7, of the type concerned, where s and # are commuting semisimple and
unipotent elements, respectively, such that s € T N H, 77 and u € Hy, 7, /7; write
s = 8so with 59 € Tp, and @y, = O (Tp)s,.

Our first result links w and sg.

Lemma 2.9. We have so" = 5%, and the element w normalizes Cyy (so).

-1

Proof. As 8so = (%s0) = ggoF we have sof" = 508 g = so”. If c € Cy(sp), as F
.. o =1 Fy, - . -

acts trivially on W we have so* " = (soHv = (soF)Hv™ = ((s©) ¥ L=

—1 .
(50" =59, whence wew ™! € Cy (s0) as required. [l

Note that Lemma 2.9 implies that w acts by conjugation on the set of right
cosets of Cy (sp); let the number of fixed points in this action be /, and choose
wiy =1,..., wg € W such that the fixed points are Cy (so)w(;) fori <1.

Lemma 2.10. The distinct G-conjugates of s lying in T are 8(sq"'®) fori <.
Moreover, for each i < I, if we take n;y € N with nTy = w), there exists
Yi) € Cg(s) such that if we set x; = yy.8n() then x; € G and s* = 8(so"®).

Proof. Any G-conjugate of s = &5y lying in T = 87T is of the form s =
8(so") for some n’ € N; if it is also F-stable and we write w’ = n'Ty then
8(s0") = £ (50" = £(50"™)"), s0 n(n)F (g7 ' gn'™! € C(s0), whence

ww'ww' ! e Cw(so), i.e., ww'w™' € Cy(so)w’. Thus for some i < [ the
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conjugate is 8(so”®); as distinct values i give distinct conjugates, the first state-
ment follows. Given ngy € N with n¢) Ty = wg), we have 5”0 = (s¥)n0)" =
s’ so Sniy ((Cngy) )~ € Cg(s); by [4, Theorem 3.5.6] C(s) is connected,
so by the Lang—Steinberg theorem there exists y;) € Cg(s) with yi) ~lyy)f =
gn(i)((gn(i))F)_l. Set x; = y(i).8n(y; then x; € G and s* = 8(s59" ) as required. [

In Lemma 2.10 we shall assume that n(y = y(1) = x1 = 1. Now set
Z="Zor), =2(Ce(s) NHy(t7), Z=Zow), =1{5€Z:Cc() =Cg)}

Note that as s € T we have T < Cg(s), so Z(Cg(s)) < Cg(T) = T and hence
Z <T. Write Z = ZF, so that Z < T N H,,(t;), and 7 = ZF; for each root
subsystem W of & (T) write Zy = Zy" and Zy = Zy*.

Our next result indicates that the elements of Z all behave similarly when it
comes to taking conjugates in 7.

Lemma 2.11. If § € Z, the distinct G-conjugates of § lying in T are §% fori <.

Proof. Take s € Z. Fori <[ we have §% € G, and as Yi) € Cg(s) = Cg(5) and
8n¢y € SN = Ng(T) we have §% = §Yofno =50 e T,s0§% e T. Fori,i’' <l
with i # i/, the elements §* and 5% are distinct since x; and x;/ lie in distinct right
cosets of C(s) = Cg(5). Interchanging the roles of s and § we see that the distinct
G-conjugates of § lying in T are §* for i </ as required. U

It is useful to characterize the set Z in terms of root subsystems of ®.
Lemma 2.12. The following are true:
(1) there is a root subsystem Y of ® of type Az_y with sy € kery T \ ker T
(ii) if Y’ is another such root subsystem then (®g,, T) = (Py), Y');
(iii) for any such root subsystem [ we have Z = 8(ker @4, N ker; ).

Proof. As s € H,,t; we have é7s € H t;; because é”s is a quasisemisimple element
of Ht;, as in Section 2.1 there exists # € H such that "$»s € T-t;. Set g = y;_lhgm;
then &'s € (Trt7)" = Tit" C Tp, so Z(C(;(g/s)) <Tp. As g/gso =¢&5isa conjugate
of 5o lying in Tj, there exists n’ € N such that 8'859 = 50", and then if we write
c=n'g'g we have ¢ € Cg(so); set w' = n'Ty € W and T = Y5, then we have
so’ = 885 € ker; Y7 \ ker Y so that sy € ker; YT \ ker Y, proving (i).

To prove (ii), suppose Y’ is also a root subsystem of ® of type Aj_; with
so € ker; X"\ ker Y'. The result is immediate if 7 = 1; we shall treat separately the
cases ¥ =2 and r = 3.

First suppose 7 = 2; write Y = (8) and Y’ = ('), so that B(so) = B'(so) = —1.
There are 12 possibilities for a root subsystem of & of type A If Y = the result
is immediate. If not, then according as B’ is or is not orthogonal to B, either both
B+ B and B — B’ are long roots, or exactly one of 8+ 8" and B — ' is a short root;
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thus we may take a root y € ®N{B =+ '}, and then as B(sg) = B'(s9) = —1 we have
v (s0) =1, s0 y € &, and hence ' € (Py,, T) and B € (Dy,, Y’), proving (ii) in
the case where r = 2.

Now suppose instead ¥ = 3; write Y = (B, B2) and Y’ = (B1/, B2’), so that
B1(50), B2(s0), B1'(50), B2 (s0) € {w*!}. There are 16 possibilities for a root sub-
system of @ of type A, (the 12 positive short roots fall into three sets of 4
mutually orthogonal roots, namely {1, 2, 3, 4}, {+———, +—++, ++—+, +++-} and
{+——+, +—+—, ++——, ++++}, and such a subsystem must contain exactly one root
from each set, with the choices in any two sets determining that in the third). If
Y’ =Y the result is immediate. If not, then in at least two of the three sets of 4
mutually orthogonal short roots the root 8’ which lies in Y’ is different from the
root B which lies in Y, and then both 8+ 8’ and 8 — 8’ are long roots. Since in
each case B(sg), B'(sg) € {wt'}, for one of the two long roots (say y) we have
y(s0) =1, s0 y € @y, and hence B’ € (P, T) and B € (P, Y’), proving (ii) in
the case where r = 3.

Finally, given § € Z(Cg(s)), write § =385y with 5o € Z(Cg (s0)); then as ¢ € Cg (o)
we have ¢Sy = 59, so

I~ I o~ =1 « v ’
85 =8850=" C59=50" =59

Since 8’5 € Z(Cg(%s)) < Tp, we have
§ € Hy(t7) <= "5 € H(t7)
> "&n§ e H ()
= 85 e (H(w)"
= 50" =¢§ e TyN (H (7)) = T:(177) = kers Y5
= §8 =35 e kers VY7 = ker; Y.
Thus
Z =Z(Cg(s)) NHy(t7) = #(Z(Cg(s0)) Nkerz Y) = 8(ker ®, N kerz 1),
proving (iii). ([
Define
I={i<l:s"eZ};
this set will be of some importance. Using Lemma 2.12 we may characterize / in
terms of the Weyl group elements w;).

Lemma 2.13. We have
I ={i <I:w) preserves both Oy, and (Py,, T)},

where the root subsystem Y is as in Lemma 2.12.
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Proof Take i <1. As 5% = s = &(50"0) = &(59¥®), and | D) | = | Py, |, using
the characterization of Z given in Lemma 2.12(iii) we have
seZ < 50" eker &y, Nker; Y
< 50" € ker &y, N (ker; Y \ ker T)
< 50 € ker "0 P, N (kers YO \ ker YY)
= Y0P = Dy and YO (Dy,, T) = (P, YOT) = (D, 1)
by Lemma 2.12(ii). U

Thus the set [ is independent of ¢g. Our next result shows that membership of /
has consequences.

Lemma 2.14. Ifi € I, conjugation by x; preserves the algebraic groups Cg(s)
and Z, the finite groups C(s) and Z, and the set Z; in particular s* € Z.

Proof. Take i € I, s0 s* € Z. As dim Cg(s) = dim Cg (s*), both centralizers are
connected, and G-centralizers of elements of Z contain Cg(s), we have Cg(s) =
Cg(s*) = Cg(s)*. In addition, by Lemma 2.13 w; preserves ®,, and (P, 1),
so n(;) normalizes ker @y, N ker; Y'; thus by Lemma 2.12(iii) n(;) normalizes Z,
and as y() € Cg(s) commutes with Z we see that x; normalizes Z. As x; lies
in G it also normalizes Cg(s) and Z; thus given § € Z we have §% € Z, and
Ce(5)=Cg(5)'" =Cg(s) = Cg(s), so ¥ € Z as required. U
We now show that the elements of I give rise to permutations.
Lemma 2.15. Given i € I, there exists a permutation ww; of {1, ..., 1} such that for
SXiX;/
l) i’

alli’ <1 and § € Z we have X,y € Cg(s)x;xy and §70) = (§

Proof. Take i € I. By Lemma 2.14 we have s% € Z, so by Lemma 2.11

{7, L, DY =M, L, s

thus there exists a permutation 7; of {1, ...,[} such that for all i’ <[ we have
s = (s%)%', whence xn, i € Ci(s)x;x;. For all § € Z we have C (5) = Cg(s),
$0 §'m") = (§%1)* as required. O

Define IT = {m; : i € I'}; as may be expected, this is a group.

Lemma 2.16. The set I1 is a group which preserves I and acts without fixed points
on{l,... I}.

Proof. Take i, i’ € I. Lemmas 2.14 and 2.15 give s*%() = (s*)*" € Z, so m; (i") € I;

thus 7; preserves I. For all i” <1 we have s i7" = (s%)"7 (") = ((s¥)% )" =
(5™ )Xir = s i " 5o (i) = 7T, iry(i"); therefore 7; oty = 77, jr). Since
w1 = 1 because x; = 1, and 7; o 7w, -1(1) = 71, we see that IT is a group, with
il =m, 1. Alsoif i # i’ then for all i” <[ we have s™i(") = (s%)%" #

(s¥)%" = s so (i) # mi(i”) as required. g
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Our next result concerns root subsystems W of @ (7") which contain ®(7');.

Lemma 2.17. Given a root subsystem \V of ®(T') containing ® (T )y, the order | Zy|
is a polynomial in q.

Proof. Write ¥ = 8, so that W is a root subsystem of ® containing ®,,. As
Zy =kerV N Hy,(t7) and Z = Zg(1), = ker &(T'); N H, (77), if we take a root
subsystem Y as in Lemma 2.12 we have

Zy = ZNker ¥ = é(ker @, N ker; T) N fker Wy = & (ker ¥p N kery T)
by Lemma 2.12(iii). Now
|8 (ker Wo N kerz 1) : Eker(Wy, Y| = |(ker Wo N kery Y1) : ker(Wy, T)|

1 if W 2 (Dy,, T),
CF o if Wy 2 (D, ).

Set Wy = (¥, T) and ¥ = $W; then we have $ker W = ker ¥ = ker (A by
Lemma 2.3(i), and it suffices to prove that the order | Zg| is a polynomial in g.
By Lemma 2.3(ii) there exists § € ker U such that W(p = ®(T);, s0 Zg =
Z(Cg(5)). The connected reductive group Cg(s) has derived group Cg($)" and
F-stable maximal torus T'; thus as in [4, Section 3.3] T N Cg(s) is an F-stable
maximal torus of Cg(s)'. Applying [4, Proposition 3.3.5] to G and Cg(s) shows
that the orders |T*| and |(T N Cg(5))F| are both polynomials in ¢; by [4, Propo-
sition 3.3.7] the order |(Z(Cg (5))°)F| is their ratio, so as it is an integer for all g
it must itself be a polynomial in g. The possibilities for the component group
Z(Cg(5))/Z(Cg(s5))° are given in Table 2: in all but the first two cases F must act
trivially on Z(Cg(5))/Z(Cg(5))°; consideration of these two cases shows that the
action of F on Z(Cg(5))/Z(Cg(5))° is independent of ¢ (as the triple (d, e, x) is
fixed), so the order | Zg| = ’Z (Ce(NHF | is also a polynomial in ¢ as required. [J

As a consequence, certain sums of values taken by 6 are polynomials in g.

Lemma 2.18. Giveni’ <l and s’ € Z, the sums

> 0@ and Y. 0GEY)

g‘EZd)(T)S, EEZq)(T)S,
are polynomials in q.

Proof. Given s’ € Z, as ®(T)y D ®(T); Lemma 2.17 shows that the order | Zo (1), |
is a polynomial in ¢. The sum over a finite group of the values taken by a linear
character is either O or the group order (as can be seen by considering the scalar
product of the character with the trivial character). Applying this for i’ <[ to the
group Ze(r), and its linear character whose value at the element § = £5 is 6 (s*) =
800((850) ) = By (5o™), where 8 = £6y, shows that the first sum is a polynomial
in ¢; Lemmas 2.5 and 2.17 then show that the same is true of the second sum. [J
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So far we have considered only semisimple elements. Recall that we have the
H,,-class [su]; write u; = u and let [su], ..., [su,] be the distinct H,,-classes
in H, 1, of the type concerned containing elements with semisimple part s, where
for j < a the element u; is unipotent, commutes with s and lies in H,,t, /7. For
any § € Z, likewise [Suil, ..., [Su,] are then the distinct H,,-classes in H,,1, of
the type concerned containing elements with semisimple part 5. As explained at
the end of Section 2.1, the number a of these classes is independent of g.

Take j <a.Ifiel,thenasu; € Cg(s) = Cg(s*) by Lemma 2.14, the element
s*u ; has semisimple part s* and unipotent part u ;. For s*'u; to lie in the G-class
(su;)C there must exist g’ € G with s8 =s* and u ;8 = u; the first condition gives
g’ € C(s)x;, and then the second forces x; to preserve the Cg (s)-class u ;€6
We therefore set

I; ={i eI: x; preserves ujCG(S)}.

Lemma 2.19. For j < a the set I; is independent of q.

Proof. Take i € I; then x; normalizes C¢ (s) by Lemma 2.14. We seek to show that
the action of x; on the unipotent classes in C¢ (s) is the same for all g associated to
the triple (d, e, x); the result will then follow.

We have s = 8sg. Since we know by [4, Theorem 3.5.6] that Cg (sg) is connected,
by [4, Theorem 3.5.3] we have Cg (so) = (To, Uy : at(s0) = 1) = (Tp, Uy : 0 € Dy);
thus unipotent classes in Cg (s) liein ($U, 1o € @), and Cyy (sp) = (wy 1o € Py)) =
W(®,,). By Lemma 2.9 we know that w normalizes Cy (so); by Lemma 2.13 we
know that w(;) preserves ®g, and so normalizes W (®Py,). Thus both w and wy; lie
in Ny (Cw (s0)) = Nw (W (D).

By Lemma 2.4 we see that the index of W(CDSO)W(QDSOL) in Ny (W(dy,)) is 1
or 2. We shall say that we are in case (i) if the index is 1, case (ii) if the index is 2
and g, ¢ {A;%, A;?A}}, and case (iii) if the index is 2 and @y, € {A|%, A|2A;).
In case (ii) we then have Nw (W (®y)) = W(CIDSO)W(QDSOL)(U)O), where wy =
W1_2W142W3_4W344 is the long word of W; in case (iii) we may assume the long
roots in @y, are +e3 + €4 (and if there are short roots in @y, they are t¢;), and then
we have Ny (W (dy,)) = W(dDXO)W(CDXOL)(wél). Set

W(dy,) in case (i), W(d>SOL) in case (i),
W* = W(dy,) in case (ii), wh= W(dDSOL)(wO) in case (ii),
W (®y,)(ws) in case (iii), W(QDSOL) in case (iii);

then Ny (W (®y,)) =W* x WT. Asw, w(y € Nw (W (Dy,)) we may write w = w*w’
and w) = wg)*we " with w*, wi* € W* and w', wiy " € W, Moreover the right
coset W(®y,)wy;) is fixed under conjugation by w, so we have “wgy € W(dy)w()
and therefore [w, w)] € W(Dy,) < W*; as [w, w)] = [w*, w(i)*].[wT, w(i)J'] we
must have [wT, w(i)T] =1, whence [w, w(,')] = [w*, w(,')*].



272 R. LAWTHER

Note that we may choose w(;) to be any representative of the appropriate
right coset of W(®y,). In cases (i) and (ii) we may choose w(;)* = 1, and then
[w*, wy*] = 1. In case (iii) the fact that W (®y,) is a proper subgroup of W* makes
the situation rather more complicated. Write w* = w**w4” and wg;)* = w)* w4
with w**, w;)* € W(®y) and b, ¢ € {0, 1}. If ¢ = 0 we may choose w(;)** = 1;
if c =b =1 we may choose w;™ = w**;if c =1, b =0 and w** involves an even
number of reflections in long roots we may choose w;,** = 1 —in each of these
instances we then have [w*, w;)*] = 1. If however ¢ = 1, b = 0 and w** involves
an odd number of reflections in long roots then for any choice of w(;)** we have
[w*, wi)*] = w3_sw344. Thus overall the commutator [w, w;] is 1, unless we are
in the particular situation in case (iii) where it iS wW3_4W3.44.

Suppose [w, w(;)] = 1; then w commutes with w;, and as the element n was
chosen as in Lemma 2.6, we may assume that in Lemma 2.10 the element n(;y with
n)To = wy was chosen to lie in Cyr(n). It follows that (gn(,-))F = g-g_lan(i)F =
§("ny) =%n(), so that 8n(;y € G; we may therefore assume that in Lemma 2.10 the
element y;y was chosen to be 1, whence x; = $n(;). Thus x; is an F-stable element
of Ng(T) corresponding to a fixed element of W(T) = Ng(T)/T; any two such
elements act identically on the set of unipotent classes in Cg (s), because they differ
by an F'-stable element of T, which thus lies in C(s). As the element of W (T') is
fixed, we see that the action of x; on the set of unipotent classes in Cg(s) is the
same for all ¢ associated to the triple (d, e, x).

Now suppose instead that we are in the particular situation in case (iii) where
[w, wi)] = wi—sw344. Observe that, if wy) and w(;) represent two different
right cosets of W (®,) and both involve wy, the action of x; on unipotent classes
in Cg(s) determines that of x;/, since the quotient corresponds to a right coset
representative w(;» which commutes with w and therefore by the above its action
is known; we may thus choose the right coset representative w(;) to be ws. By
conjugating w by wy if necessary we may assume that w = w3_4w’ for some
whew = W(CDSOL) <{(wi_3, wy). Again we have the element n. Write n =ns_an’,
where inspection of Table 4 shows that we may take n' e (ni_s, m); by taking
ngy = nah1_o(—1) we may ensure that n;, commutes with n7. We then have

nay('ngy) " = n@nz_an’ng T ) iy !

-1 -1
=n@Hn3z—4ng) N3—4

= ngh1_2(—Dns_ghi_o(—=Dng " 'n3_y™
1

1

—1 —

=N4n3_4n4 N3_4
-1

=N344N3-4 .

Take A, p € k* satisfying A9° 1 = —1 and 9 — p = 29!, and set

Yy = $(0344 (03443 1ax344 (A D34 A "D h3_a(Mn3_axs_a(—1));
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then y;) € Cg(s) and calculation shows that y(i)_ly(i)F = 8(n3qpunz_y ") =
g(n(i)(”n(i))’l) = gl’l(,‘).gnl’l(i)fl = gl’l(,’)((gn(,‘))F)fl as required in Lemma 2.10,
while the square of the F-stable element x; = y(;).8n(;) fixes §(U+3+4) pointwise.

Assume @ = A2, If p > 2 and we write the nontrivial unipotent classes of
($(Ux;-2y))T as Cy and Cy, then those of (8(U+344))) are C;* and C*'; the ele-
ment x; then acts on the unipotent classes in C(s) by fixing {1}, C;C;* and C,Cp",
and interchanging C; with C;*, C; with C;*, and C;C" with C,Ci%. If instead
p =2 and we write the nontrivial unipotent class of (¢ (Ui(3,4)))F as C, then that
of (8 (Ui(3+4)))F is C*; the element x; then acts on the unipotent classes in Cg(s)
by fixing {1} and CC*, and interchanging C with C*. Thus in all characteristics the
action of x; on the unipotent classes in C (s) is the same for all g associated to the
triple (d, e, x).

Now assume instead &y, = A;2A,. The action of x; on the unipotent classes
in (8(Ux,))F is determined as in the cases above where w commutes with wei);
combined with the previous paragraph this now determines the action of x; on the
unipotent classes in C¢ (s), which again therefore is the same for all g associated
to the triple (d, e, x). [l

Take j < a. Define I1; = {m; : i € I;}; clearly I1; is a subgroup of IT which pre-
serves I;. Let 1 J-’ be a set of orbit representatives for the action of IT; on {1, ..., [};
by Lemma 2.19 we may choose ;' to be independent of ¢, and as by Lemma 2.16
each orbit has size |I;| we have |I;]-|] j/ | = 1. Our final lemma in this section gives,
for § € Z, the value taken by the generalized Deligne—Lusztig character Rt atsu;.

Lemma 2.20. Given j <aands € Z, we have

RroGuj) =Y Q5w Y 0(G)™).

i'el}’ iel;

Proof. Take j < a and 5 € Z. Since Cg(5) = Cg(s), by Lemma 2.11 the set

x'eG: 5 e T} is the disjoint union of the right cosets Cg(s)xy, ..., Cg(s)x;;

each element of this set is thus of the form cxy, ) for unique ¢ € Cg(s), i € I;

and i’ € I;/. By Lemma 2.15 we have x, i = ¢'x;x; for some ¢’ € Cg(s), and
i) = §'m6") = (§%)%'; then

QEEl) () = Q5 (“uy)

T[I(l)T (CXI.X/T

C s
=055 (u)),

where we obtain the first equality because Qccfi(f)/T is a Cg(s)-class function, the

second by Lemma 2.8 and the third because x; preserves u ; Ca),
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The formula of [4, Theorem 7.2.8] quoted before Lemma 2.7 now gives

< < C(s)
RroGuj)=——— " 0G0 (u))
’ ;1 T
ICa)l o
iEIj
i/EIj/
~ XX C C ~ ’
=Y 0GE O W =Y 055 W) Y 0(E) )
iel; i’elj’ iel;
l'/EIj/
as required. U

We may now prove our claim.
Proposition 2.21. Claim 1 is true.

Proof. Take j < a. By Lemma 2.14, for all i € I; and § € Z the element 5%u; has
semisimple part ; §% € Z and unipotent part u ; j»and lies in the G-class containing 5u ;;
thus (suj) N Zuj = {§"u; :i € I;}. Choose a subset Z of Z such that each
element of Z lies in the set {§% :i € I;} for precisely one element §of Z;; ;5 then for
distinct elements § € Z ; the classes (su.,) are distinct, and by Lemma 2.20 we have

Z RroGuj) =Y 005wy Y D 0(GE))

i'el;’ 5ez;i€l;
Cq(s) ~
=2 047 <u]>29< )
i/EIj/

For each i’ € I;’, by Lemma 2.18 the sum } ._56(5"") is a polynomial in g;
since /;” is independent of ¢, and as stated in Section 2.3 we know that the Green
functions here are also polynomials in g, we see that Z; ez Rr,9(5u;) is likewise a
polynomial in g. Summing over j (and recalling that a is independent of g) we see
that the sum of the values taken by Rr ¢ over the H,,-classes of the type concerned
is a polynomial in ¢ as required.

Finally we consider degrees. Fix j <a and i’ € I;. The degree of the polynomial
Y :c7 0() is at most dim Z = dlm(Z(CG (s)) N Hy, (17)) = dy; moreover taking
6 =1 and observing that |Z| = |1;]-1Z;| we see that d; equals the degree of the
polynomial giving the number of H,,-classes of the given type. Since by Lemma 2.7
the degree of QXC,.,GT(S) (u ) is at most dy, it follows that the degree of each polynomial
Z§er Rt,9(5u;) is at most d| + d», whence the same is true of the polynomial at
the end of the previous paragraph. U

To conclude this section we observe that if s € H,, is a regular semisimple
element of G, so that ®(T); = & and Z = Cg(s) = T, and we take j < a and
i’ € I}, then if 0 # 1 the degree of the polynomial ) ._5 6(5*") is strictly less
than dim 7' (whereas if & = 1 it equals dim T'): this follows from Lemmas 2.5
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and 2.18, because if 6 # 1 then ) ;_, 6(s*") = 0, while for each nonempty root
subsystem W’ the sum ) Zo 0(s*") is a polynomial in g of degree less than dim 7.
It follows that if s € H,, is regular, the bound d; 4+ d, (which then equals dim T') is
not achieved if 6 # 1.

3. The permutation characters 15,¢

In this section we employ the method of Section 2 to decompose the permutation
characters 1y, In Section 3.1 we identify the relevant types of Hy,-class in H,,
and give information about them and the notation for them which we will use
throughout. In Section 3.2 we treat the geometric conjugacy class of unipotent
characters; in Section 3.3 we deal with the other geometric conjugacy classes; finally
in Section 3.4 we combine the results to obtain the full decomposition of 15 ©.

3.1. Relevant types of Hy,-class in Hy,. As explained in Section 2.2, in calculating
scalar products of 1 HmG with generalized Deligne—Lusztig characters it suffices to
consider contributions from types of H,,-class in H,, which are relevant, meaning
that the degree bound given in Claim 1 is greater than or equal to the degree in ¢
of the order of the H,,-centralizer. We find that most types of H,,-class in H,, are
irrelevant.

We take as an example the type of semisimple H,,-class [s] for m € {1, 2} denoted
by #15 in [15]; according as p # 2 or p = 2 such H,,-classes lie in ones called /37
in [25] or hg in [24], and they contain elements (1, 1, Au, ﬁ; A) for A, u € k*
satisfying A9~! = 197! =1 and A2, u?, Au™! % 1. The number of such H,,-classes
is (g —3)(¢g—5) if p#2and (g —2)(g —4) if p =2, so that diim Z(Cg(s)) =2;
the H,,-centralizer is (To, U+(1-2), U+(142)), of type A2, while the G-centralizer
is (T, U+(1—2), U+2) of type Cp. Write € = 1 or —1 according as m = 1 or 2.
There are four types of H,,-class [su], depending on whether the projection of u
on each A factor of Cp,, (s) is trivial or not. If both are trivial then ¥ = 1, and
so dim Cg(su) = 12 while |Cp, (su)| = g>(g*> — 1)*(g — 1)(g — €). If exactly one
is trivial then it is clear that u lies in the C,-class labeled W (1) + V(2) in [18,
Table 8.1a] (this is the class with Bala—Carter label A;), and so dim Cg(su) = 8
while [Cy, (su)| = q*(g*> — 1)(g — 1)(¢ — €). Finally if neither is trivial then
consideration of Jordan blocks on the natural C,-module shows that u lies in
the Cp-class labeled W (2) (if p # 2) or V(2)? (if p = 2) in [18, Table 8.1a],
and so dim Cg(su) = 6 while |Cy, (su)| = g*(q — 1)(¢ — €). Thus the bound
di+dr, = dim(Z(Cg(s)) N Hm(f;)) + %(dim Cg(su) —dim T) given in Claim 1
is 6, 4 or 3, respectively, while the degree of the order of the H,,-centralizer is 8, 6
or 4, respectively.

Treating all types of H,,-class in this manner, we find that for a type of H,,-class
to be relevant the root system of the G-centralizer of the semisimple part of an
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element in one of the classes concerned must be C3, Alﬁz, Az, Al or J; moreover,
if it is A, the nonnegligible part of the contribution can be of degree 1 in ¢, but in
the remaining cases it can only be a constant. We shall deal with each of these five
possibilities in turn.

In order to do so we require some further notation. Firstly, there are 25 conjugacy

classes in W3 in [15, Section 4] the following representatives wi), . .., W(25) are
listed.
wy =1 W(10) = W2W3W4 W(1g) = WIW3-4W2_3 Wiy
W) = W3—4 W(l]) = W34W23W]—2 W(9) = WW2W4W3—4
W3y = w4 W(12) = W1-2W4W3—4 W20) = WW2WAW 44—
W(4) = W3W4 W(13) = WaW3—4Wy . W21) = W3W2-_3W1—2W4
W) = Wij—2W4 W(l4) = W4W3_4W2_3 W(22) = W W] -2W4W3—4
We) = W3—4W2-3  W(15) = W1 2W4W 44— W(23) = W4W3_4W2_3W]-2
W7) = W4W,y___ W(e) = W1W3-4W2-3 W24) = WW2-3W34W,4___
W) = W4W3—4 W(17) = W1 W2 W3W4 W2s5) = W3W2 - 3W344Wy___

W) = W1waw3—4

Next, for w € W we write T, = {s € Ty : (s¥)¥ = s}; moreover we write Ty for Ty,
The tori T(y), . .., T(25) are also given in [15, Section 4]; for reasons of space we shall
not reproduce them here. For each n € {1, ..., 25} we may choose g € G satisfying
(g")'ge N and (gF)~'gTy = w, and define T, = £Ty; then T, is an F-stable
maximal torus of G, and we have T, = ¢T,). The T, are representatives of
the G-classes of F-stable maximal tori of G, with T{,) being obtained from T by
twisting with w(,). (In fact as things stand the twisting element is w,)~!, but this
is only defined up to F-conjugacy in W, which is simply conjugacy because the
map F fixes each element of W, and all conjugacy classes in W are self-inverse, as is
evident from the fact that the character table of W given in [10] has only real entries.)

Now for each of the five possibilities mentioned above, we shall concentrate on
the semisimple classes. We shall give the notation used in [25] (for p # 2) and [24]
(for p = 2) for the semisimple G-classes (and shall hereafter employ the former,
which is of the form ‘h,’ for some £); we shall give the form of elements within
them (where instead of an actual G-class representative we will provide an element
of Ty lying in the appropriate G-class, as is customary); we shall state how such
a G-class meets H,,, giving the notation used in [15] for the corresponding class
in B4(q) in the cases of H| and H,, and that used in [5] in the case of H3; we shall
specify the centralizers in G and H,,; we shall give as much information as we
shall need on the number of H,,-classes (as noted in Section 2.4, this number is a
polynomial in g, and we shall give the leading one or two terms as appropriate, with
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[25] | [24] | [15] | [5] | € | # H,,-classes n
hy | hy | to | 53| 1| Lg+-- 1 23 457 8 91213
hs | hiu | 7 | s7 | =1 ] g+ |17 910 4 52019 21215

Table 5. Semisimple G-classes with G-centralizer having root system Cj.

¢+ ...’ denoting the presence of lower-degree terms which may be ignored); and
we shall indicate the tori 7,) which meet the classes (again, up to G-conjugacy).
Finally, for each such type of semisimple H,,-class we shall specify (if this is not
obvious) the corresponding types of H,,-class which are relevant.

In what follows we often write € = £1; we set Aé(q) = As(q) and A;l(q) =
A5(q), and we write T, for a maximal torus of A5(q) of order (g — €)?,q*—1or
g>+e€q + 1 according as m =1, 2 or 3.

There are two types of semisimple G-class whose G-centralizer has root sys-
tem C3; they contain elements (1, A, %, 1; 1) for appropriate A. Each such class
meets H,, in a single class. The centralizers in G and H,, are C3(q).T; and
A1(g™).A1(q)>~™ Ty, respectively, where T is a torus of order ¢ — €. The notation
used for the type of class in [25], [24], [15] and [5], the value of ¢, the leading term
in the number of H,,-classes, and the ten values of n such that the class meets the
torus T{,) are given in Table 5. For each such A, there are two types of relevant
H,,-class: the H,,-classes concerned are the semisimple classes themselves, and the
classes of regular elements of H,, whose semisimple parts are of type /., in which
the unipotent part lies in the class in C3(g) labeled W (2) 4+ V (2) in [18, Table 8.2a].

There are two types of semisimple G-class whose G-centralizer has root system
Alﬁz; they contain elements (A, % A2 1 A) for appropriate A. Each such class
meets H,, in a single class. The centralizers in G and H,, are A(q).A5(g).T; and
A1(q).T,,. Ty, respectively, where T is a torus of order g — €. The notation used
for the type of class in [25], [24], [15] and [5], the value of €, the leading term
in the number of H,-classes, and the six values of n such that the class meets
the torus T{,) are given in Table 6. For each such &y, there is only one type of
relevant H,,-class: the H,,-classes concerned contain regular elements of H,, with
semisimple parts of type &, in which the unipotent part projects nontrivially on the
A1 (g) factor and trivially on the A5(g) factor.

[25] | [24] | [15] | [5] | € | #H,-classes n
ho | hs | t3 | ss 1 g+ 1235 715
ho | 7 | tso | s | —1 g+ 17 910 520 13

Table 6. Semisimple G-classes with G-centralizer having root system A; A,.
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[25] | [24] | [15] | [5] € IT| # H,,-classes n

h3) hy ty7 S6 1 (g — 1)2 %qz — %6] 4+ 1 3 7
hy | ha | tsa | sis | =1 | (@+D? | 47— §q+..- 17 10 20
h33 hag Ig6 58 1 g’ —1 iqz - 1q +- 2 515
hss | ha tp | s | —1 q*—1 1P —1q+- 9 513
h3s has | tis | S12 1| ¢*+qg+1 6q +6q+ 6 16 18
hse | has | tip | si3 | =1 | ¢>—q+1 | 1*>—iq+-- 21 14 25

Table 7. Semisimple G-classes with G-centralizer having root system A,.

For each of the remaining three possibilities, the semisimple elements concerned
are regular in H,,; thus the centralizer in H,, is a maximal torus, and for each &,
the only H,,-classes containing elements with semisimple parts of type /i, are the
semisimple H,,-classes themselves.

There are six types of semlslmple G-class whose G-centralizer has root sys-
tem A»,; they contain elements (A ,u, = 1; k) for appropriate A and u. Each such
class meets H,, in a single class. The centralizers in G and H,, are A5(q).T
and 7,;,.T, respectively, where T is a torus. The notation used for the type of class
in [25], [24], [15] and [5], the values of € and |T|, the leading terms in the number
of H,,-classes, and the three values of n such that the class meets the torus 7}, are
given in Table 7.

There are ten types of semisimple G-class whose G-centralizer has root sys-
tem A,; they contain elements (k, U, % 1; v) for appropriate A, u and v. Each
such class fails to meet H3, but meets B4(g) in two classes, one of which is regular
in B4(q); this regular class in B4(q) fails to meet H,, but meets H; in two classes,
while the other class in B4(g) meets both H; and H, in a single class. The number
of classes of a given type in H,, is thus f times the number of such classes in H,.
The centralizers in G and H,, are A1(g).T and T,.T, respectively, where T is a
torus and 71 is a torus of order g — €. The notation used for the type of class in [25],
[24] and [15], the values of € and |T|, the leading term in the number of H,,-classes,
and the two values of n such that the class meets the torus T{, are given in Table 8;
in each case the first #; listed in the third column meets both H; and H>, while the
second meets just H;.

Finally, there are 25 types of semisimple G-class whose G-centralizer has root
system &; they contain elements (A, ", A‘;—Zﬂ, T v) for appropriate A, i, v and 7.
Each such class meets H,, for exactly one value of m, and does so in six H,,-classes;
this is because Wp is normal in W, with quotient (W w4, Wgw,___) = §3, so that
each class in W meets exactly one of the cosets Wy, Wg w4 and Wgwaw,___. The
centralizer in both G and H of such an element is a torus 7. The notation used for
the type of class in [25], [24] and either [15] or [5], the value of m such that the class
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[25] | [24] [15] € |T| # H,,-classes n

hes | hio t2g, ta9 1 (g—1)?° wfa@+ 1 3
her has 155, 156 -1 (g+1)? wfa@+- | 17 10
hes | hsz | fe7,tim 1| @=-D@-1 | &fa*+- 4 3
heo | hy | tutis | =1 | (@®=D@+D | %fg*+-- 4 10
h7o hag 137, 188 1| (¢*—D@-1 %fc]3 + .- 2 5
h71 has to3, to4 -1 | @-D@+D | §f¢>+- 9 5
hay | hss | 199, t129 1| @+D@-1 | 3f*+-- | 11 8
his | hso | fiozstizo | =1 | (@*+D(q+1) | §fg*+- 11 19
has | has | oo, 110 1 q°>—1 e+ 6 16
his | ha | tiz tig | —1 @ +1 LfeP+- | 21 14

Table 8. Semisimple G-classes with G-centralizer having root system A.

meets H,,, the value of |T|, the leading term in the number of H,,-classes, and the
single value of n such that the class meets the torus 7, are given in Table 9. (Note
that the W-classes containing w4y and w1y each split into two W (B4)-classes, so
that there are two types of semisimple class given in [15]; in each case the second
of the two W (By)-classes splits further into two Wg-classes, so that there are in
fact three types of semisimple class in H| in these cases.)

As stated above, from now on we shall refer to the types of semisimple class
described above by the notation of [25]. Thus we have A7 and hg; hg and hyg;
h3i, ..., hse; heo, - .., hrs; and kg, . . ., hygo. Of these five collections, for the first
three each semisimple G-class meets each H,, in a single class; in the fourth, each
G-class meets H,, in f classes; in the fifth, each G-class meets just one H,, and
does so in 6 classes. In all cases, in the calculations to follow we shall need to
consider the classes of regular elements of H,, whose semisimple parts are of the
types concerned; for 47 and hg we must also treat the semisimple classes themselves.

3.2. Unipotent characters. We first consider the geometric conjugacy class of
unipotent characters of G; the Rt ¢ lying in this class are those with 6 = 1. We
write R, for Ry, 1.

We begin with types #7 and hg; we must treat the semisimple classes and those
containing regular elements of H,,. We shall take as an example the contribution
from elements with semisimple part s of type h, to the scalar product of leG
with Ry in the case (¢, n) = (7, 1). The number of classes is %q + .. ; there are
% = 24 distinct conjugates of s lying in 7(j). For the semisimple classes, the
Green function value is

(@>—D(g* - D@’ -1
(@17

= @*+q*+ D) (g>+ D(g+ 1),
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[25] | [24] | [15]or[S] | m |T| # H,-classes | n
hae hia t30 1 (g—D* @q“ 4 1
hyr | o t57 1 (g+D* at+ 17
his | hso 139 1| (@*=D@-1*| &q*+-- )
hyo | h3e fos 2 | (@*-D@-D* | £q*+-- 3
hso h39 fg1, f124 1 (g>—=1)? %q“ I 4
hgy m o5 2 (q2 — 1)2 %514 R 3
hsy haz Hii 1 (@>—D@-1 %q“ +--- 6
hes | hes 6 3 (@P=D@-D | Ha*+ 7
hgy | hse 1100 2 | @+D@-D* | &q*+ 8
hss | hsy 1os 1| @=D@+D> | Lg*+- 9
hse | hss 75 2 | @-D@+D* | xa*+ 10
hgr | heo 1107, 1131 1 g*—1 gt 4 11
hgs | he 1125 2 g*—1 Lot 4. 12
hso | hn s1 3 @+D@-1 | ig*+--- | 13
hoo | hsi 7 2 | @+D@-1 | g+ | 14
hot | h1s 58 3| @=D@+D) | i¢*+- |15
hoy | hs hie 2 | @-D@+D sat - 16
ho3 h74 S12 3 (@*+q+1)? 3qt 18
hoa | hea 103 2 | (@P+D@+D? | qt+- 19
hos | s1s 3] @+D@+D | Het+ |20
hog hso t1s 1 (q3+1)(q+1) é‘]4+" 21
hor | hes f128 1 (g>+1)? S VAREE o)
hog hes i3 2 q4 +1 %q“ +... 23
hgg h7e S14 3 g*—q>+1 %q“ I 24
hio | hzs 513 3 (¢*—q+1)? Lqt+ |25

Table 9. Semisimple G-classes with G-centralizer having root system &.

while the order of the centralizer in H,, is a polynomial in ¢ with leading term ¢'°;
thus the contribution here is
24"+’ + D@+ D@+ 1)’ (54 + )
qlo + N

’

whose nonnegligible part is 12. For the classes of regular elements of H,,, the Green
function value is a polynomial in ¢ with leading term 3¢> (as may be seen from
[11; 22]), while the order of the centralizer in H,, is q4 + - - - ; thus the contribution
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here is
24.(3q3+...).(%q+...)
q4 4+ ...
with nonnegligible part 36. Treating the other cases (¢, n) similarly gives the
following, in which the two values listed in each case correspond to the semisimple
and regular classes of H,,, respectively.

El

Next we consider types hg and hg; here we treat only the classes of regular
elements of H,,. As an example, take the contribution from such elements su with s
of type hy to the scalar product of 1 HmG with R, in the case (¢, n) = (9, 1). The
number of classes is %q + - -; there are % = 96 distinct conjugates of s lying
in T(1). Since the projections of u in the A(g) and A>(g) factors of Cg(s) are
regular and trivial, respectively, the Green function value at u is

1-(¢*—D(@*-1 5
= 1 1);
G—1? (@ +q+D@+1D

and |Cp,, (su)| is a polynomial in ¢ with leading term q4. Thus the contribution is
9 (4> +q+ D@+ (30+ )
q4 + e
whose nonnegligible part is 48. Dealing similarly with the other pairs (¢, n) gives
the following.

’

he:| Bo Ro Re Rs Raoy Ras)
48 4 —-12 =2 3 1

ho: | Ran Ro Rao Ry Roo Ras
48 -4 12 2 -3 -]
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For types hsy, ..., h3e the calculations are a little more delicate; consideration
of leading terms alone is insufficient, since here nonnegligible parts of contributions
are linear polynomials in ¢ rather than merely constants. As an example, take the
contribution from semisimple elements s of type %, to the scalar product of 1 HmG
with R, in the case (¢, n) = (31, 1). The number of classes is 11—2q2 — %q + -
there are % = 192 distinct conjugates of s lying in 7(j). The Green function

value is
(@* =D =1

PR (@ +q+ g+

and
Ca, )= (q = DT, =¢" = (f+ g’ +--- .
Thus the contribution is
192 (¢* +2¢°+--) - 15(g* —8q +--+)
¢ = (f+ D+
Dealing similarly with the other pairs (¢, n) gives the following.

=16(q+(f =5 +--).

h3y Ray 16g+16f—80 Rz —49g—-4f+28 R g+ f—8
hy | Razy —16g+16f+112 Ruo 4q—4f—20 Rpo —q+f+4
hss | Roy  4q+4f—4 Rsy —2¢q—2f+6 Rasy q+f—4
hs | Roy —49+4f+12  Rs 29-2f-2 Rusy —q+f

h3s | R g+ f+1 Ruey —q—f+1  Ras) 4q9+4f—8
h3s | R —q+f+1 Rusy qg—f+1 Rps)y —4g+4f—8
The remaining types h, are more easily handled. For types hgg, ..., 75 the

Green function value concerned is always +¢ + 1. Proceeding as above we obtain
the following.

hes | Ray 12f Ra —f hii | Roy —6f R  f
her | Ran —12f Raoy f h72 | Ray —f Rg 2f
hes | Ray —2f Rz 3f h73 | Ra f Ragy —2f
heo | R 2f Rao —3f hua | Rey 3f Rae —f
h7o | R 6f Rs —f his | Reny —3f Rasy f
Finally, the types k7, ..., hioo contain regular semisimple elements of G, so

that the Green function value is just 1. For each such type /,, the classes meet T{;
for just one value of n, and H,, for just one value of m. It follows that for this
choice of n and m the nonnegligible part of the contribution from classes of type &,
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H H, Hj
Rq) 16q + 106 16g + 44 16g + 16
R 4g 4+ 40 4q + 14 4g+4
Ra | —4g-2 | —4g+4 | —4g+4
Ru 6 0 0
R -8 2 4
R qg+19 q+5 q+1
Ry q+1 q—1 qg+1
Res) 6 4 0
R —4q +4 —4q 42 —4q +4
R(]O) 46[ —14 4q 4q +4
R 6 0 0
R(12) 0 2 0
Ra3) —q+1 —q—1 —q+1
R4 q+1 q+3 qg+1
Rs) q+1 q—1 q+1
Rae) —q =35 —q+1 —q+1
Rap | —16g+34 | —16g+20 | —16g+16
R1s) 4q +4 4qg —4 4q -5
R(19) —6 0 0
R0 —q+1 —q—1 —q+1
Ran —q+1 —q—1 —q+1
Ry 6 0 0
R23) 0 2 0
Ros 0 0 3
Ros) | —4q+4 —4q -4 —4q -5

Table 10. Scalar products (15,%, R)e-

283

to the scalar product of 1 HmG with Ry is simply |Cw (w(,))| times the coefficient
of ¢* in the number of such classes, as given above; this value is always 6, 2 or 3
according as m =1, 2 or 3.

Summing all of the above nonnegligible parts gives the values in Table 10 for
the scalar products (1 HmG, Rwy)ac.
There are now two steps in forming the irreducible unipotent characters of G

from the Deligne-Lusztig generalized characters Ry,). Firstly, for each irreducible

character ¢ of W we form
25
Ry = Z ¢(w(n))R(n).
ICw (W)l

n=1
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The class functions obtained in this way are among the set of almost characters. The
second step is to transform the almost characters by nonabelian Fourier transform
matrices to obtain the irreducible characters.

For the first of these steps, the character table of W is given in [10], and we have

25
(1g,° Rd))G—Z ¢ (W) (15, Ruw)a;
m - m 0 n )
|Cw (W(n))|

n=1

it is therefore straightforward to calculate the scalar products of 15, ¢ with those
almost characters of the form Ry. We find that the only such scalar products which
are nonzero for some m are as follows.

¢ (14,%, Rp)g
$1,0, 99,2, 12,4 1
P55 q+f
¢é/,9 q
P41, 5 4 P56 f
P66 f=1
12 3, —1,0 accordingasm =1,2,3

The second step is complicated by the fact that not all almost characters are of the
form Rg; however, it turns out that it is still possible to deduce the scalar products
of 14,% with all irreducible unipotent characters. The almost characters Ry, for
¢ = 1.0, $o.2, P 5 and ¢y 4 all lie in families of size one, and are thus themselves
irreducible characters xg; they therefore appear in 1 HmG with multiplicities 1, 1,
g + f and g, respectively. The almost characters Ry for ¢ = ¢4 1 and qﬁé” 4 lieina
family of size four, whose other members are R¢§,4 and a class function Y, say; the
corresponding unipotent characters are xg, ,, Xoy 4> Xeh and xp,,1 (in the notation
of [4, 13.9]), and we have

1
Xpay = §(R¢4,1 + R¢§f4 + R¢§,4 + Yo).
1
Xy, = 3 (Royy + Ry, — Ryt — Y0,
1
X¢§,4 = E(R‘z"“ o R%/A + R¢§,4 B YO)’
XBs1 = 5(Rgy, — Ry, — Ryy  + Yo).
If we let (1 HmG, Yo)Gc = yo, then the values above imply that the scalar products
of 1z7,¢ with the four irreducible characters are
f+3y. f—3¥0. —3Y0. 3)0;
as these must all be nonnegative, it follows that yo = 0 and the scalar products are

/. f.0,0.
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The remaining almost characters Ry listed above, those for which ¢ = ¢12 4, qb& 6
¢g’ ¢ and ¢f’12, all lie in a single family of size 21; of the other 17 almost characters
in this family, only 7 are also of the form R. The corresponding nonabelian Fourier
transform matrix is given in [4, p.456] and repeated in the Appendix of [12]. We
shall use an analysis similar to that employed in [12] to determine the scalar products
with irreducible characters. We number the rows and columns of the 21 x21 matrix
in the order in which they appear in [4, p.456]; for 1 < i, j <21 let m; and n;
be the scalar products of 1z, with the i-th almost character and j-th irreducible
character in the family, respectively. Each n; is therefore the linear combination
of the m; with coefficients given by the j-th column of the matrix. The values
calculated above imply that m; =0 fori =2, 3, 6,9, 13, 15, 18. In addition, there
are two pairs of irreducible characters, and correspondingly two pairs of almost
characters, which are complex conjugates of each other; since the values taken
by 1 HmG are all real, it follows that the scalar products concerned must be equal, so
that m ¢ = m7, mao = myy, n1g = n17 and nyo = ny|. Note that the scalar product
with R¢i/‘12 means that the cases with m = 1, 2 and 3 must be handled separately.

First assume that m = 1; we thus have m; = 1, m5 =2, and mo =m > = 3. By
adding together the appropriate columns of the matrix we see that

nis+nie+ny7 =—1+my,
nig+nig+ny+ny= 1-—my;
thus my = 1, and nj5 = --- = ny; = 0. Since we then have nyy = —}Lmn and

nie = %mlé, it follows that m; = m = 0. Next,
_ _1
ne=—5m7 and n7;=smz,
so that m7 = ng = n7 = 0. Similarly,
_1 d _ 1
ng = Emg an ng = —§mg,
so that mg =ng =ng9 =0,
_ 1 d _ 1
nig=—3mi9 and njg9 = 5mjo,
sothat mig =njg =nj9 =0;
_ 1 d _ 1
ni4 = 3mi4 and np +n3z = —5mis,
so that m4 =ni4 =n, = n3 = 0; and

1 1
nyp=—5my and nj3= 5my,

so that mpg =n1; =n13 =0. All the m; having now been determined, the remaining
n; may be found; we obtain ny =n4 =1, ns =2, njg =np = 3. It follows that the
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. . . G . . . .
irreducible constituents of 1g,~ lying in this family are x4,,,, Xglr Xol1pr Xl
XFis with multiplicities 1, 3, 3, 2, 1, respectively.

The analyses for m = 2 and m = 3 are very similar. In both cases we find that
the irreducible constituents of 1 HmG lying in the family all have multiplicity 1;
for m = 2 they are Xl 1> Xiss> XBae' and xp,[—1], while for m = 3 they are X}
XF61 and X g,g27- This completes the treatment of the geometric conjugacy class
of unipotent characters of G.

3.3. Other geometric conjugacy classes. We now turn to the other geometric
conjugacy classes, which contain the Ry o with 6 # 1. In most such instances, the
contribution to the scalar product (15,
will have zero nonnegligible part; this is because adding together the roots of
unity 6(s), as s runs through the elements of T lying in H,,-classes of the type
concerned, usually results in a cancellation of terms. In fact, this is exactly what
happens for all 6 #~ 1 in the case of types of H,,-class containing regular semisimple
elements of G, as noted at the end of Section 2.4; we shall therefore not need to
consider types h7g, ..., higo any further here.

We shall use notation akin to that of [15] for the geometric conjugacy classes of
characters of G. Recall that there is a bijective correspondence between geometric

G R ¢)G from a relevant type of H,,-class

conjugacy classes of G and semisimple classes of the dual group, which in this
case is isomorphic to G itself; in [15] we have provided for each n an explicit
correspondence, involving certain roots of unity & in k* and ¢; in C*, between the
linear characters of the torus 7(,) and the elements of the dual torus. We shall say
that a geometric conjugacy class is of type «. if the corresponding semisimple class
is termed A, in [25]. Writing Z,, for the integers modulo n for appropriate n € N,
we shall define a set S, and an equivalence relation ~ on it, such that the set S,
of equivalence classes [i] for i € S, parametrizes the semisimple classes of type A;
accordingly an individual geometric conjugacy class of type k. will be denoted by
k¢ 1i1- (This notation differs slightly from that employed in [15], where such geomet-
ric conjugacy classes were indexed by the element i of S, rather than the equivalence
class [i]. The only such equivalence relation required there was that defined by
i ~ —i, so that the list of all such geometric conjugacy classes could be obtained as
ke i as i ran through the first half of the set S.; here by contrast more complicated
equivalence relations will be needed, so that it will be clearer to index geometric
conjugacy classes explicitly by equivalence classes.) The irreducible characters lying
in a given geometric conjugacy class are parametrized by the unipotent characters of
the centralizer of an element of the corresponding semisimple class; an irreducible
character lying in the geometric conjugacy class «. ;; will be written in the form
X, o where the superscript indicates the corresponding unipotent character.

We shall refrain from giving full details, because there are several types requiring
consideration, and the calculation for each is fairly involved (as may be surmised
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from the treatment of the unipotent geometric conjugacy class above). Instead we
shall deal at some length with two types of geometric conjugacy class, k3; and k7,
and indicate briefly how the behavior for other classes is related to one or other of
these. Note that it was only in handling semisimple classes of types &7, ..., h100
that H, H> and H3 had to be treated separately in the calculations above; since
these classes play no further role, at all stages it will be possible to work with all
three permutation characters 1 HmG simultaneously.

For convenience we repeat from [15] the notation used for roots of unity, as
this will be needed in much of what follows. We let £ € k* be a primitive
(g*+1)(g'>=1)-st root of unity, and for s = 1, ..., 15 we set & = &, where r,
and (¢* +1)(¢"> = 1)/ry = 0(&,) (the order of & in the multiplicative group k*) are

ri=@+D@+D@*+ D@ +q¢*+1), oE)=q—1,
rn=q-D@*+D@*+ D@ +¢*+1), o&E)=q+1,

r3=@ + D"+ D@ +q* +1), o) =q"—1,
ra=(q" ="+ D@*+4*+1), o) =q"+1,
rs=(q— D@+ D@+ D@+ 1), o&s)=q"+q+1.
re=(g+ 1)@ —D@*+D(g°+ 1), o) =q"—q+1,
r1=(q>+1(g*+ D(@°+ D), oEN=q>—1,
rs=(q° — 1(g*+ D(@®+ D), oE) =q° +1,
ro=(q+ D"+ D@*+4*+1), 0(&) = (g°+ 1)(g — 1),
rio=(q— D"+ D(@*+4*+1), 0(€10) = (¢° + D)(g + 1),
rm =+ D@ +q*+ D, o) =¢"—1,
rn=q"%—1, o) =q"+1,
rz=(@ —qg+ D@ + D@+ D, 0E13) = (¢’ = D(g + 1),
ru=(@ +q+D@* +D@°+D, o€14) = (g + (g — 1),
rs=(q*+q*+ D(g* - 1), oE15)=q"—q*+1.

Likewise we write
¢ = 2/ @ D@ =) o C*,
and fors=1,...,15 we set {g = ¢'s.

3.3.1. Geometric conjugacy classes of type k31. The geometric conjugacy classes
of type k31 correspond to semisimple classes in G containing elements

@™ e E LE™) with & 67, 65, 67, 6T £
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The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 7; the number of classes is %(q2 — 8¢ +10+3d +2y). To
parametrize these geometric conjugacy classes, we set

Sy ={(i, ) €Zy1? i, j i £ j,2i +j,i+2j #0},

so that (i, j) € S3; corresponds to the element given; we define an equivalence
relation on S3; by

@ J)~ (o i)~ (=i, =)~ A+ j, =]),

and let S3; be the set of equivalence classes [(i, j)]. The geometric conjugacy
classes of type k3; are in bijective correspondence with S31; we shall write K31,[G, )]
for the class corresponding to [(i, j)] € S31.

There are three distinct characters Ry ¢ lying in k31, j)); in the notation of [15]
we may take the pairs (7', 0) as

(1) () (6)
(T, 91'00]‘)» (T, 91‘0]‘)’ (T(6) 9_(q2+q+1)i,2i+j)'
For convenience of reference, we repeat the definition of the characters 6 here:

1 o
91.(0())]»(51“,511’,51°£1 dma=bme, g dy = gyfatid,
2 Qe—a— . T
B (61 61270 83 5101 £1) = gy e,

0% oty & B &I G B = g TG,

We shall take each character Ry g in turn, and find the scalar product with 1 ©;
to do this we shall take each type of class handled above containing elements with
semisimple parts lying in the torus concerned, and calculate the nonnegligible part
of its contribution. We begin with the pair (1), 91%3 i)

The semisimple classes of type /7 contain elements (1, &%, &%, 1; 1) with
£1%4 = 1; each such element has 24 distinct conjugates in T(jy. Of these, 6 are
of the form (1, *, %, %; 1), and are thus sent to 1 by 91%())].; the remaining 18 are
sent to various other powers of ¢;. On summing over the %(q — 2 —d) classes of
such elements, the values obtained from the conjugates of the form (1, %, *, %; 1)
combine to give a sum of 3(¢ — 2 — d); on the other hand the values obtained
from the conjugates not of the form (1, %, *, *; 1) cancel each other out to give a
sum of 9(d — 1), which is too small to affect the rest of the calculation. We may
now proceed as in the unipotent case already treated, multiplying by the Green
function value and dividing by the order of the centralizer in H,,; since the leading
term is obtained from only 6 of the 24 values taken by 91%8 jon each class, each
nonnegligible part is one quarter of the corresponding value in the unipotent case.
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Thus the nonnegligible part of the contribution from the semisimple classes is 3,
while that from the regular classes is 9.

The classes with semisimple part of type h9 behave in a very similar fashion.
The semisimple elements here are (£;7, & ¢, 512“, 1; £9) with é}lz", 513“ # 1; each
such element has 96 distinct conjugates in 7(j). Again, 6 of these are of the form
(1, *, *, *; 1), and are thus sent to 1 by 91.(33 i while the remainder are sent to various
other powers of ¢;. Only the former need be considered, because summing over the
%(q — 1 —d —y) classes of such elements produces cancellation among the latter.
Since the proportion of roots of unity which are 1 is %, multiplying by the Green
function value and dividing by the order of the centralizer in H,, gives a rational
polynomial whose leading term is one sixteenth of that obtained in the unipotent
case; thus the nonnegligible part of the contribution from the classes of regular
elements of H,, with semisimple part of type hg is 3.

The semisimple classes of type k3| require somewhat more care. The elements
are (£1°70, &7, &%, 1 £7) with £, &°, &0, 62070 9420 £ 1 (as above);
each such element has 192 distinct conjugates in 7(;). However, it is not sufficient
here simply to count how many are sent to 1 by 91%8 i because the calculation will
involve not just the leading term, but the next term as well, we must consider the sum
of roots of unity more carefully than was necessary in the previous two paragraphs.

Let s be the element given. The 192 distinct conjugates of s in Ty are ob-
tained as s**"*" where w’' € (wy, wa, w3), w” € {1, wi_a, wi_3, wi_s} and
w” € (wp_3, w3z_4). Since the effect of w””
third and fourth coefficients, we have

is simply to permute the second,

(1) w/w”w”’ _ (1> w’ " .
B;00, (5 ) =0;00;(s Rk

moreover, conjugation by wywsw, inverts s. Thus the sum of the values taken by
91.(&3 jon the conjugates of s is

(1) / " (1) ’ " _1
Z//6(9,'()()j(sww )+9i00j(sww ) ),
w,w

where w’ is restricted to run over {1, wy, wy, ws}. For each of the 16 possibilities
for the pair (w’, w”), we consider the sum of the values over the different classes of
type h3;. There are %(q2 — 8¢ +10+3d +2y) such classes; the conditions which a
and b must satisfy mean that we must sum over the square 0 <a, b < g —2, subtract
the sums over the six linesa =0,b=0,a—b=0,a+b=0,2a+b=0and a+2b=0
(where all equalities are of course taken modulo g —1), and then divide by 12 to allow
for the fact that the points (a, b), (b, a), (—a, —b) and (a, a — b) all give the same
class (for points (a, b) lying on more than one such line a further compensation is re-
ally required, but this is too small to affect the nonnegligible part of the contribution).

If (w, w”) = (w;, wi—4) then 91%())]. (s*"*") = 1; thus the sum over the different
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classes here is g — 8q + --- (note that we require only the terms of positive
degree in g here, since any remaining terms are small enough to be ignored).
If (w',w”) = (w, wi—y) we have Gi((;éj(sw/w”) = £1'“; the sum of these values
over the square and five of the lines is zero, but the sum over the line a = 0
is g — 1, so that the sum over the classes is —g + - --. If (w’, w”) = (w3, wi_4)
or (w3, wi_) we have 91.%3 i (s“’/w”) =1/ or §l(i+j )a, respectively, which behave
entirely similarly. Likewise if (w’, w”) = (w1, wi—3), (w2, wi_4) or (wz, wi_3) we
have 91.((;())]. (s¥"y = 1%, 1P or £ UHDP | respectively, while if (w’, w”) = (wy, 1),
(1 wi—g) or (1, 1) we have 6)(s¥"") = gy 1@+, £ @D) op g (T re.
spectively; thus there are nine pairs (w’, w”) giving a sum —¢q + - - -. If however
(w', w") = (wy, wi_,) then 91.(01())1. (s@'v"y = ¢, ~1+il; the sum of these values over
the square and all six of the lines is zero. The remaining five pairs behave similarly.
We therefore obtain a total sum of g?> — 17g + ---. Multiplying by the Green
function value and dividing by the order of the centralizer in H,, gives g+ f —14 as
the nonnegligible part of the contribution from the semisimple classes of type /3.

Finally, we treat the semisimple classes of type hgg, which contain elements
(%-laer, §1a+c, SlerC’ 1; $1a+b+6) with both Sla, $1b, slc’ %-la:tb’ %-la:l:c, Slbic 75 1
and & 9b+e £ 1, £,7¢ 70 £,7°. Each such element has 576 distinct conjugates in
T(1), but none of these is of the form (1, *, *, *; 1). In this case, therefore, summing
over all classes of such elements produces cancellation in all instances; accordingly,
the nonnegligible part of the contribution from these classes is 0. This completes
the consideration of the pair (71(j), 91.((}3 i)

We turn to the pair (T(y), 9,‘((3)- The semisimple classes of type h; are as
above; the elements lying in Ty are (1, 1, &%, £1“; 1), (51, &%, 1, 1; £1%) and
(&14,&6,79, 1, 1; 1), together with their inverses. None is of the form (1, %, %, *; 1),
so that the values taken by Gi(gj). are all roots of unity other than 1. Summing over
the classes therefore produces cancellation as above, and so the nonnegligible part
of the contribution from both the semisimple classes and the regular classes is 0.

The semisimple classes of type hg contain elements (1, &%, & 7%, 1; 1) with
£,2¢ # 1; the elements lying in 75 are (1, 1, &, & 7“; 1) and its inverse. Since
each of these is sent to 1 by 91.(5;, the contributions here are the same as in the
unipotent case: the nonnegligible parts are 1 from the semisimple classes and 3
from the regular classes.

The semisimple classes of type hg are again as above. The element given has
8 conjugates lying in 72y, of which only (1, & —2a &%, £, 1) and its inverse are
of the form (1, *, *, x; 1); thus the nonnegligible part of the contribution from the
classes of regular elements of H,, with semisimple part of type /g is one quarter of
that in the unipotent case, and therefore is 1.

The semisimple classes of type /33 contain elements (§;¢, &3¢, £399, 1; £,9) with
£19, &% #£ 1; there are %(q2 —2q +d) such classes. As with type h3; above, simply
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counting the number of roots of unity equal to 1 is insufficient here. If we let s
be the element given, then to cover all classes we must sum from a = 0 to g% — 2,
subtract the sums of the terms in which a is a multiple of ¢ + 1 or ¢ — 1, and
divide by 4 (again, an adjustment should really be made for terms with a = 0 or
a= %(q2 — 1), but this is too small to affect the final nonnegligible parts). There
are 16 conjugates of s in T(2). Of these, 4 are of the form (1, *, * *; 1), so that
the value taken by 9% )is 1; summing over the classes here gives g2 — 2q +d. For
the remaining 12 conjugates the value taken by 910 s g Hia g Eia op g F+Da,

summing from a = 0 to g> — 2 gives zero, as does the sum of the terms with a a
multiple of g+ 1, but the terms with a a multiple of ¢ — 1 sum to g+ 1. Thus the total
sum is g2 — 5¢ + - - - ; multiplying by the Green function value and dividing by the
order of the centralizer in H,, gives a contribution with nonnegligible part g + f —4.

Finally, we treat the semisimple classes of type /79, which contain elements
(1207, 639, 839, 1; &) with £9FD9, &P, &40 £,9720 £ 1. No conjugate in T
is of the form (1, %, *, *; 1), so that summing over all classes of such elements pro-
duces cancellation in all instances; accordingly, the nonnegligible part of the contri-
bution from these classes is 0. This completes consideration of the pair (T(2), 91(0]))

The third and final pair is (T(g), 6 (q2 gD +]) there are only two types of
class requiring consideration. For the semisimple classes of type /35, the elements
are (£5%, £579%, £5TD4 1; £5%) with £53¢ # 1; all 6 conjugates lying in T are
sent to 1 by 6© g+ 1i2itjr SO the contribution is the same as in the unipotent
case, with nonnegligible part ¢ + f 4 1. For the semisimple classes of type /74,
the elements are (&9 D4 & @ +Da g @ +Da |, £@+a+Day with g4 £,9 £ 1
here none of the conjugates is sent to 1 by QE(’()qz g tDizitj? SO the contribution has
nonnegligible part 0.

Table 11 lists these nonnegligible parts of contributions to scalar products with
the Rr ¢ lying in k31 [, j))» Where for types h7 and hg the first row relates to the
semisimple classes and the second row to the classes of regular elements of H,,.
It follows that the scalar product of 15 © with each of the three characters Ry g
treated here is ¢ + f + 1. Taking linear combinations given by the character table
of the Weyl group of type A;, we see that the only constituent of IHmG lying in the
geometric conjugacy class «31,((, )] 1S the sem1s1mple character, whose multiplicity
is g + f + 1; we shall call this character )(K31 i

3.3.2. Geometric conjugacy classes of types k33, k33, K34, k35 and k36. The geomet-
ric conjugacy classes of types k3p, k33, k34, k35 and k3¢ correspond to semisimple
classes in G containing elements as follows:

(&M, &L &, 6™ with &', 67,6, 6% & £ 1
K3zt (&1L &L &Y, 16 with &, &' £ 1;
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Ty T Ts)

hy 3 0 —

9 0 —

hg — 1 _

_ 3 —

ho 3 1 —

hs | g+ f—14 - -

h33 - g+ f—4 -
h3s - - g+ f+1

hes 0 — —

h7 — 0 —

ha | - - 0
q+f+1 |g+f+1 g+ f+1

Table 11. Contributions to scalar products (leG, Rt 0)g for Ry o in k31 (G, j))-

K (&L 6L &Y, 16D with &%, &' #1;
K35t (Es', &5, &5 1 EsT)  with £57 # 1
K360 (&6 &6 6 UV 158" with & # 1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 7; the number of classes is % (g2 —4q—243d+2z), %(q2 —2g+d),
1@*=2q+d), t(¢>+q+1—y) or :(¢* —q+1—2z), respectively. To parametrize
these geometric conjugacy classes, we set

Sao = {(i, ) € Zyq1? i, joi £ j, 2+ j, i +2j #0},
Sy3=Su={i €Z; 1 :(q£Di#0},

Sss={i € Z,p g4y :3i #0},

S36 ={i € Zyp2_yy1:31 #0},

so that (i, j) € S3p ori € S, for c =33, ..., 36 corresponds to the element given;
define an equivalence relation on the set S3; by

G~ D)~ (=i, =) ~0+j,—)),
and similarly define equivalence relations on S33, S34, S35 and S3g by

i~—i~qi.
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Let S3, denote the set of equivalence classes [(i, j)] of 37, and S, denote the set of
equivalence classes [i] of S, for ¢ =33, ..., 36. The geometric conjugacy classes
of type k. are then in bijective correspondence with the set S. for ¢ =32, ..., 36;
we shall write k37 [(;, jy; for the class corresponding to [(i, j)] € S3,, and ke 1] for
the class corresponding to [i] € S, forc=233,...,36.

We shall give less detail for these types, as the behavior in each case is very similar
to k31. For each k. there are three characters Rt ¢ in each geometric conjugacy
class; in the notation of [15] we may take the pairs (T, 8) as follows:

] (17 © @1 )
32,1691+ (Tamys Gioo;)s (T, 07550), (Tan, 07 2 4 yyi0ig )3

. 3) ) (16) _
K311 * (T3)5 Opoi)s (T(5)5 0 ) (T16)5 0,2y 1))

10 5 14
k34,11 - (T(10)s 950,-)), (T(S),Gfi)i), (T4, 9((q2)_q+1)i)§

7 15 18
K35.[i] - (T(7),9((q)_1)i0), (Tas), 9((qz)_1)i), (Tas)s 91'(0 M

20 13 25
36111 (T, Ogsrio)s (Tans b 1)s (Tas), 657,

In each case, we find as with «3; that the scalar product with 1 HmG is the same for
all three; thus the only constituent of leG lying in each such geometric conjugacy
class is the semisimple character, which we call X,émy iy or X,}C,U , forc=33, ..., 36.
The multiplicities of these constituents are g — f — 1 for k32 ¢, j); ¢ + f — 1 for
k33,(i1; ¢ —  + 1 for k34,1113 ¢ + f — 1 for k35 ;); and g — f + 2 for k36,13

3.3.3. Geometric conjugacy classes of types k9 and k19. The geometric conjugacy
classes of types kg and kg correspond to semisimple classes in G containing
elements as follows:

kot (& &L EY 16 with 7,57 £1,

ko (&, 57 &Y, 1LE)  with &7, 6% #1.
The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 6; the number of classes is %(q —1—d—-y)or %(q +1—d-—2),

respectively. To parametrize these geometric conjugacy classes, we write € = 1
for k9 and € = —1 for k9, and for ¢ =9, 10 we set

Se=1{i €Z, ¢ :2i,3i £0},

so that i € S, corresponds to the element given; we define an equivalence relation
on S, by

i~ —i,

and let S, be the set of equivalence classes [i]. The geometric conjugacy classes of
type k. are in bijective correspondence with S.; we shall write k. ;] for the class
corresponding to [i] € S.. There are six distinct characters Rt ¢ lying in k. j;1; by



294 R. LAWTHER

a temporary abuse of notation we may say that ko [;] is the union of «31 ¢, ;); and
K33,[(g+Di]> while K10,[i] is the union of K32 1(i,i)] and K34,[(g—1)i] (by which we mean
that the characters Rt ¢ lying in k9 [;] are obtained from those lying in 31, j); and
k33,1i] by setting j =i in the former and replacing i by (g + 1)i in the latter, and
similarly for k9,[;}).

We find that the calculations to find nonnegligible parts of contributions proceed
almost exactly as for types «3; and k33, or k33 and «34; the only differences occur
with semisimple classes of types hg and h3; for x9, or hjg and h3, for k1g9. For
type ho, it was found in the treatment of «3; above that only 6 of the 96 conjugates
of (1, &7¢, 512“, 1; £1%) were sent to 1 by 91((}())1 here we find that setting j =i
means that an extra 12 conjugates of the form (&;7¢, *, %, *; £ are sent to 1,
and thus the nonnegligible part of the contribution from these classes increases by 6
from 3 to 9. For type h3;, on the other hand, the treatment above divided into a
consideration of 16 cases, in 6 of which the sum of the roots of unity concerned
was too small to affect matters; here we find that these 6 behave in the same
manner as the other 9 where the root of unity is not simply 1, and accordingly
the nonnegligible part of the contribution from these classes decreases by 6 from
qg+ f—14to g+ f —20. Since these two changes cancel each other out (and
the same is true for k19 with types /o and h3y), the scalar products with 1 HmG of
the Rr g are the same as above: for k9 ;7 we have

g+ f+1 for (Tuy, 600, (Tey, 60, (T, 600,413

16)
—q—f+1 for (Tey. Og000.1,,)+ (T Oy (T06 02y 104100

while for k19, ;; we have

—qg+ f+1 for (Tay, 100,) (T, ,,,0) T2y, E(q) g+ Disi)

5) 4)
g—f+1 for (Taoy, 0oy 1> (Tis), 0%, 1y q1)> Taaay, (qz—q-i-l)(q—l)i)'

Taking linear combinations given by the character table of the Weyl group of
type A;A;, we see that there are two constituents of IHWG lying in each such
geometric conjugacy class. The first constituent, which has multiplicity 1, is the
semisimple character. The second constituent, which has multiplicity g + €f,
corresponds to the unipotent character of the centralizer A1(q).A5(q).T1 whose
restrictions to the A1 (q) and A5 (q) factors are the Steinberg and the trivial characters,
respectively. We shall call these characters X;Lf,[ and XSt !

3.3.4. Geometric conjugacy classes of types k3 and k4. The geometric conjugacy
classes of types k3 and k4 correspond to semisimple classes in G containing elements
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as follows:
3 ELETLETLULED with & #£1=87,
a8 6T ET LG with & #£1=8.
If we write € = 1 for x3 and € = —1 for «4, the centralizer in G is a product of two

groups A5(q) (one factor involving long root groups and the other short), while the
number of such classes is %(y — 1) for x5 and %(z — 1) for k4. Since there is at most
one such class, we shall simply call it «. for ¢ = 3, 4, with the understanding that
the class does not exist unless ¢ is congruent to € modulo 3. There are nine distinct
characters R ¢ lying in «.; by a temporary abuse of notation similar to that above
we may say that «3 is the union of k9 [;—1)/3) and k35 [(4244+1)/3]> While k4 is the
union of K10,[(g+1)/3] and K36,[(g2—q+1)/3]"

We find that the calculations to find nonnegligible parts of contributions proceed
exactly as for types ko, k10, k35 and k3¢ above. Thus the scalar products with 1 HmG
of the R y are the same as above: for «3, writing ql.+ for (¢' —1)/3 we have

1 2 6
q+ f+1 for (T(1)7 Q(Er)ooqr)a (T(2)7 Qérr)oq;r), (T(G)a 9;;)0),

3) o) (16)
—g—f+1 for (T(3),000q2+), (T(s),90q2+), (T(16)’9(q+1)q3+),

(7N (15) (18)
g+ f—2 for (I, quo)’ (Tas), 9(q+1)q3+), (T18)5 0,24 411y /3.0)°
while for 4, writing g;~ for (g' — (=1)")/3 we have

an ()] 2n
—q+f+1 for (T(17),9q1700qr), (T(9),9_q;qr0), (T(21),9q;0),
_ (10) (O] 14
q—f+1 for (Tuo). 0y, -), (T, 07 ). (Tawy. 0,7, ),
20) (13) (25)
—q+f =2 for (Tao.0-p). Taz. 0,7 ). (Tes) 02y 11 30)-

Taking linear combinations given by the character table of the Weyl group of
type A2 A;, we see that there are again two constituents of 1 HmG lying in each such
geometric conjugacy class. To describe them, we shall say that the A5(q) factors of
the centralizer involving long and short root groups are the long and short factors,
respectively. The first constituent, which has multiplicity 1, corresponds to the
unipotent character of the centralizer whose restrictions to the long and short factors
are p and the trivial character, respectively (where p is the third unipotent character
of the long factor after the trivial and Steinberg characters). The second constituent,
which has multiplicity g + €(f — 1), corresponds to the unipotent character of the
centralizer whose restrictions to the long and short factors are the Steinberg and the

trivial characters, respectively. We shall call these characters X,fc’l and X,fc"l.
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3.3.5. Geometric conjugacy classes of type k7. The geometric conjugacy classes
of type «7 correspond to semisimple classes in G containing elements

(L&' &~ LD with &% #1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 5; the number of classes is %(q — 2 —d). To parametrize these
geometric conjugacy classes, we set

S;={i €Z,_1:2i #0},

so that i € Sy corresponds to the element given; we define an equivalence relation
on §7 by

i~ —i,

and let S; be the set of equivalence classes [i]. The geometric conjugacy classes of
type k7 are in bijective correspondence with S7; we shall write «7 ;) for the class
corresponding to [i] € S.

There are ten distinct characters Rr ¢ lying in «7 [;1; in the notation of [15] we
may take the pairs (T, 6) as

(1) (2) (3) “4)
Ty, 9,'000)’ (T2, 9;'00)’ (T3, 91'00)! (T4), 91'00)’
©) (6) ®
(T(S)a 9—(q+l)i,(q+1)i)’ (T(G)’ 9()1' )» (T(g), 61'() )a
(10) (11) (14)
(Twoy: Opog11yi):  Tans Qq(qu)(qH)i/z,i), (T4, 9(q3+1)l-)-

We shall give rather less detail here than for «3;, both to save space and because
the calculations are similar to those that have already been seen; we shall therefore
not bother to repeat from [15] the definitions of the characters 0 here.

To begin with, in all instances involving semisimple classes of types other than
hsi, ..., h3g the nonnegligible part of the contribution is a constant; as was seen in
the treatment of «31, the value concerned is then determined by the proportion of con-
jugates sent to 1. As an example, take the pair (1), 01.((;())0) and semisimple classes
of type h7; as has been stated, the elements are (1, &%, £ 7%, 1; 1) with &4 % 1. Of
the 24 conjugates of such an element in 71y, there are 12 of the form (1, *, *, *; *),
which are therefore sent to 1 by 9[%30. Thus the nonnegligible part of the contribution
from classes with semisimple part of type /7 is one half of the value in the unipotent
case, and is therefore 6 for the semisimple classes and 18 for the regular classes. All
other such cases are similar; we thus need say no more about these contributions.

We must therefore consider the semisimple classes of types A3y, ..., h3s. For
some of the instances where the classes of such a type s, meet one of the T,
involved here, the character 6 is such that all conjugates are taken to 1; as a result
the contribution is the same as in the unipotent case. This occurs when the pair
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(€, n) is (32, 10), (34, 5), (35, 6) or (36, 14); the pairs left to be considered are
(31, 1), (31, 3), (33,2) and (33, 5).

We begin with (£, n) = (31, 1). When dealing with this instance in the treatment
of x31, we divided into 16 cases. Of these, we find that 4 are such that the conjugates
are sent to 1 by 91.(0180, giving a sum over the different classes of 4g> —32¢ +- - - ; the
remaining 12 each give a sum —q +- - - . The total sum is therefore 4> —44q +- - -;
multiplying by the Green function value and dividing by the order of the centralizer
in H,, gives a contribution with nonnegligible part 4g +4 f — 32.

The instance where (£,n) = (31, 3) is a little different. As before, we let
s = (51970, 9, £,%, 1; £,91P); there are then 48 conjugates of s in T(3). None of
these is of the form (1, %, *, *; %) to be sent to 1 by (9[(3()); instead, the sum over the
conjugates of the values taken by INE

i0l
8(§1ia _{_é_lfia +§1ib+§17ib+§li(a+b) _{_é_lfi(aer))‘

As before, we sum over the square 0 < a, b < g — 2, subtract the sums over the six
linesa=0,b=0,a—b=0,a+b=0,2a+b=0and a + 2b = 0 (where all
equalities are once more taken modulo ¢ — 1), and then divide by 12. For each of
the six powers of {1, the sums over the square and five of the lines are zero, but the
sum over the other line is ¢ — 1. Thus the total sum is —4q + - - - ; proceeding as
usual then gives a contribution with nonnegligible part 4.

Next we take (¢, n) = (33, 2). Of the 16 conjugates lying in 7(2) mentioned in the
treatment of k3, we find that 8 are sent to 1 by 91.(53, giving a sum of 2¢% —4q +2d,;
the remaining 8 give a sum —2¢g — 2. The total sum is therefore 2g> —6g + - - - ;
multiplying by the Green function value and dividing by the order of the centralizer
in H,, gives a contribution with nonnegligible part 2¢g +2 f — 4.

Lastly we turn to (¢, n) = (33, 5). As before, we let s = (£1¢, &3¢, &394, 1; £1%);
there are 8 conjugates of s in 7(s5). None of these is sent to 1 by 055()(] i (gD
instead, the sum over the conjugates of the values taken by 0% i

—(g+Di,(g+Di 18
40"+ 0.

As before, we then sum from a = 0 to q2 — 2, subtract the sums of the terms in
which a is a multiple of g + 1 or ¢ — 1, and then divide by 4; this gives a total sum
of —2g + - - -, and proceeding as usual then gives a contribution with nonnegligible
part 2.

Table 12 lists all nonnegligible parts of contributions to scalar products with
the Ry lying in «7;); again, for types h7 and hg the first row relates to the
semisimple classes and the second to classes of regular elements of H,,. We have
therefore found the scalar products of 1 HmG with the Rt ¢ lying in k7 ;7. On taking
linear combinations given by the character table of the Weyl group C3, we obtain
nonzero scalar products with four of the resulting characters. Two of these are



298 R. LAWTHER

Tq) To)y |To)|Tw| T Ty |Tey| Taoy |[Tan| Tas

he 6 -1 =210 1 - - - - -
18 1 |-21]o0 1 - - - - -

hg - 1 — =2 | -1 - - 6 - -
- 3 — 2] -1 - - 6 - -

ho 12 2 0| - 0 — - - - -
h1o - - - | - 2 - - 12 - -
hyp |4g+4f—32|  — 4| - - - - - - -
3 - - N - - — |ag—4af—20| — -
h33 - 2q+2f—4| — | — 2 - - - - -
hy| - - | =1 = |g-2r—2| - |- - - -
his| - - |- - e -] - -] -

hi| - - [-]-] - - |- - |-
hes| f - o] - - |- - -1 -
he| - - [-]-] - - |- 5 -1 -
heg| - - |rlo| - - |- - -1 -
heo| - - |- - - |- o -] -
ho| - fol-1-] o - |- - -1 -
| - - |-]1- 7 - |- - -1 -
hn| - - [-]-] - - |fl - o] -
h3| - - [-]-] - - |- - 1r] -
ha| - - [-]-] - fFl-1 - -] -
his| - - [-]-] - - |- - -1z
4q45F+4 [2q43F42| f | f | 2g—f+2 |q+2f+1| f |4g=3F+4 | f | q+1

Table 12. Contributions to scalar products (1 HmG, Rr,0)c for Rr g in k7.

irreducible characters: they correspond to the trivial character and the unipotent
character i », and the multiplicities are ¢ + f 4 1 and g + 1, respectively. (Here
for a pair of partitions (o, 8) with || +|B| = 3 we write x,, g for the corresponding
unipotent character of C3(q) lying in the principal series, as in [4, Section 13.8].)
The remaining two lie in a family of size four, and the scalar products are both f;
an analysis using the nonabelian Fourier transform matrix which is entirely similar
to that employed with the unipotent characters x4, , and Xy, above shows that
there are two other constituents, each with multiplicity f, corresponding to the

unipotent characters y» 1 and y_ 3. We shall call these four characters XK17 i’ X,ﬁgﬁ,

X2.1 X3
Xier iy and Xker iy -
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3.3.6. Geometric conjugacy classes of type kg. The geometric conjugacy classes
of type «g correspond to semisimple classes in G containing elements

(&, &7, 1; 1) with % £1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 5; the number of classes is %(q —d). To parametrize these geometric
conjugacy classes, we set

Sy =1{i € Zyy1 :2i #0),

so that i € Sg corresponds to the element given; we define an equivalence relation
on Sg by

i~ —I,

and let Sg be the set of equivalence classes [i]. The geometric conjugacy classes of
type kg are in bijective correspondence with Sg; we shall write kg,pi] for the class
corresponding to [i] € Ss.

There are ten distinct characters Rr ¢ lying in kg ;; in the notation of [15] we
may take the pairs (T, 6) as

a7 ©) (10) “) (5) 2y
(Tam): 6i000), (T09): 00)» (T10): 009 )» Ty, Opi)» (1(5): Opg—1yi)» (Teany» O )
19) 3 an (16)
(T(lg)a 91‘0 )a (T(3)’ 000((1—1)1')’ (T(11)7 eq(q2+l)(q—l)l'/2,i)’ (T(16)7 9((13—1)1')'

The working is very similar to that of k7; we again find that there are four constituents
of 1 HmG in each such geometric conjugacy class. They correspond to the trivial
character and the unipotent characters xi 2, x2.1 and x_ 3 of the centralizer, and the
multiplicities are ¢ + f — 1, ¢ — 1, f and f, respectively. We shall call these four

1 X1,2 X2.1 X-3
characters X, - Xisji> Xis.y a0 X gy -

3.3.7. The geometric conjugacy class of type k1. The geometric conjugacy class of
type «1 occurs only in odd characteristic, when it corresponds to the semisimple
class in G containing the involution

(1, —1,—1, 1; 1).

The centralizer in G is the product of groups C3(g) and A;(g). Since there is at
most one such class, we shall simply call it x, with the understanding that the class
does not exist unless ¢ is odd. There are twenty distinct characters Rt g lying in «1;
by a temporary abuse of notation similar to those employed previously we may say
that « is the union of K7,[(g—1)/2] and K8,[(g+1)/2]

As before, the calculations to find nonnegligible parts of contributions proceed
exactly as for types k7 and kg. We find that there are six constituents of leG. In two
cases, the restriction to the A(g) factor of the corresponding unipotent character
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of the centralizer is the trivial character; the restrictions to the C3(gq) factor are the
trivial character and the unipotent character xi », and both multiplicities are 1. In
the other four cases, the restriction to the A;(q) factor is the Steinberg character; the
restrictions to the C3(q) factor are the trivial character and the unipotent characters

X1.2, x2,1 and x_ 3, and the multlphcmes areq+ f,q, f and f respectlvely We

st 3.
shall call these six characters x,', XKXJ 20 xS, x2S 1 and X

3.4. The complete decomposition of 1 HmG. If we now add together the degrees of
the constituents of 1y © found so far, taken with multiplicity, we obtain
0%+t + D@t + 1) ifm=1,
2@ -1 if m=2,
¢"%(q* = D(q* =1 if m =3,
which in each case is equal to |G : H,,|. We have therefore proved the following.

Proposition 3.1. If G = F4(q) and H,, ="D4(q), the decomposition of 1 HmG into
irreducible characters is

Xpro T Xpoo T (@ + Xy, +aXey, + F Xpsr + ey,
Xproa +3Xg5, T 3Xoy, T 2Xey + ARy Fm=1

+ Xy, T Xpios T XBre' + XEil-1) ifm=2
Xy o T XEsl6) + XFif02) ifm=3
.S .S S
o ! +(q+f)x‘ S gxE T T
@+ =D + a2 + @ fH DX+ X!
+ ) g+ f+ 1>xK7,m + (g + Dxdli + &+ Falih)
[i1eS7
+ > g+ f = DXl + @@= DX+ &+ FxdeD
[t]eSg
+ 2 ey T @+ D)+ D Utior @ = Ny
[i1€So [i1eS1o
1 1
+ Z g+ f+ I)Xm.m,m + Z (¢—f— I)X'm,m.j)l
[, )11 [, j)1eSs
+ Z g+ /- I)Xlgsam + Z (¢—f+ DXK]W:‘]
[i1€S33 [i1€S34
+ @ =Dt D @ DAL
[i1€S3s [i1eS36

It is now straightforward to calculate the ranks of the three actions as the sums
of the squares of the multiplicities of the constituents; we obtain the following.
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Corollary 3.2. The rank of the action of G = F4(q) on cosets of Hy, ="D4(q) is

¢ +q>+99>+17g+24 if m=1,
¢*+¢*+q’+q+4 ifm=2,
q*+q’—q+3 if m=3.

Indeed, this is confirmed by a separate calculation of (1 HmG, IHmG)G, which does
not require Deligne—Lusztig theory. If H is any subgroup of G, then, for g € G,

|Cg (h)]
%)= Y ——=,
[hIClg] Cr ()]

where the sum is over the H-classes [/] lying in the G-class [g]; thus

RPCRIY VA o ICG(g)l( > )2.
’ Co (@] Cuh)

[glcG [glcG [n]1<]g]

Knowledge of the fusion of classes from H into G enables this to be calculated;
applying this to each H,, gives the values above.

Before concluding this section we note that the three permutation characters
1g, G 1 HZG and 1 H3G are given by a formula which, outside a single family of
unipotent characters, is linear in the parameter f. As the values taken by f are 3, 1
and 0, respectively, another way of saying this is that if we define the generalized
character

Y (G: H) =15, =3.15,% +2.15,°,

then the coefficient in ¢ (G; H) of any irreducible character lying outside this
family is zero.

The reason for this may be traced back to the contributions to scalar products
(1 HmG, Rt ) from regular semisimple classes of types h7g, ..., hioo (these were
the only contributions whose nonnegligible parts could not be expressed as linear
polynomials in f): for each such type /i, the nonnegligible part was nonzero only
when 6 = 1, so that Rt ¢ = R, for some n, and only for one value of m, when its
value was 6, 2 or 3 according as m = 1, 2 or 3. From this we see that for all n we
have (Y (G; H), Rn))g = 6(—1)""1 where the regular semisimple elements in the
torus T(y) lie in H,,; it follows that ¢ (G; H) = 6R¢,i/12, where R¢’i/,1z is an almost
character of degree ¢'2, after which applying the appropriate nonabelian Fourier
transform matrix produces the observed linear combination of irreducible unipotent
characters.

If we successively remove long simple roots to reduce from G to C and then to A,
in each case replacing H by its intersection with the reduced group (first a group A,
then a 2-dimensional torus), the behavior is very similar. The groups (H N C),,
are Al(q)3, Al(qz)Al(q) and Al(q3), respectively, while the groups (H N A),, are
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tori of order (g — 1)2, g> — 1 and ¢> 4 ¢ + 1, respectively. Using the notation of
[4, Section 13.8], we find that ¥ (C; H N C) = 6Ry,,, _, where Ry, _ is an almost
character of degree ¢°; the family here is of size 4, and applying the appropriate
nonabelian Fourier transform matrix gives

6R¢7111,7 = 3X¢111,7 + 3X<l51,11 - 3X¢7.21 - 3X32,€'

Likewise ¥ (A; H N A) = 6Ry,,,, where Ry,,, is an almost character of degree ¢°;
this time the family is of size 1, so 6Ry,,, = 6xg4,,,- (In fact in this last case the
unipotent character xg,,, is the Steinberg character St; indeed it follows from [4,
Proposition 7.5.4, Corollary 7.6.5] that 1/ (A; H N A) =6 St.)

4. Extensions of H,, by graph automorphisms

In this section we shall decompose the permutation characters 1 Hm.rG, where T’
is a nontrivial group of graph automorphisms of H,,. Recall that the cases to
be considered are as follows: H,,.2 = H,, (1) for m = 1,2; H,.3 = H,(t3)
form =1, 3; and H,.S3 = H| (12, 13). Note that each constituent of 1Hm.1“G is also
one of 1 HmG, so we need only consider the types of geometric conjugacy class
treated in Section 3.

For convenience, writing r = |I"| we shall define an integer ¢, which is close to %,
and express multiplicities in 1 Hm.r‘G in terms of g,. Although the details of the calcu-
lations to follow will depend upon whether or not the characteristic p divides r, the
use of the notation ¢, means that in each case it will still be possible to give a single
expression for the decomposition of 1, ¢ which is valid for all characteristics.

In contrast to the results obtained in Section 3, we shall see that the multiplicity
of a constituent may depend upon the particular geometric conjugacy class in which
it lies, rather than simply being determined by the type of the geometric conjugacy
class. We shall therefore require some further notation: we set

2 1 if 2| (g — 1) and either 2{i or 2¢j (or both),

b 0 otherwise;
22 | if2l(g—1) and2fi,

b 0 otherwise;
et 1 if 3] (g — 1) and 314,

l 0 otherwise;
S-_ 1 if3lg+1D) and 3ti,

' 0 otherwise;

et = 1 if4](g—1),
0 otherwise.
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We shall again use the method described in Section 2 to determine scalar products
(1 Hmm)G, Rt ) as sums of contributions from types of H,,-class. For those classes
lying in H,, the value is that obtained in Section 3, multiplied by a factor of
|Hy| /| Hy(tr)| = 1/r; we therefore consider types of H,,-class lying in H,,t,.
Much as in Section 3, we begin in Section 4.1 by determining the relevant types of
H,,-class in H,,t,; we then decompose the permutation characters 1 Hm.FG, firstly
in Section 4.2 where I' = (13) and m € {1, 2}, and secondly in Section 4.3 where
['=(r3) and m € {1, 3}; finally in Section 4.4 we combine these results to decompose

the permutation character le_pG where I' = (1p, 73) and m = 1.

4.1. Relevant types of Hy,-class in Hy, T, for r € {2, 3}). Using the information on
H,,-classes in H,,t, described in Section 2.1, as in Section 3.1 we treat all types of
H,,-class in H,, 7, to determine those which are relevant. We find that the number
of such types is small; we describe them here.

In each case the elements concerned are simply of the form s7,, and the nonnegli-
gible parts of contributions are simply constants; as we shall explain, the H,,-classes
are related to those of types A3y, ..., h3g or hgg, . . ., hys, and we shall refer to the
information given in Tables 7 and 8 of Section 3.1 concerning numbers of H,,-
classes and the tori 7,y which meet them. In particular we note the following
concerning what is stated there. For all these types we may take s of the form
(A, w, %, 1; v). For types h, with £ € {31, ..., 36} (which here occur for b0~th
r =2 and r = 3), we have v = X so that the G-centralizer has root system Aj,
with Weyl group (w4, w,___); there exists wy, € (wz—3, wi—2w3_4W344) such that
stm =Wig o that s lies in the three tori Twyyy> Twyyyws and Toyppuwyw,___» and up to
conjugacy they are listed in that order in Table 7. For types h, with £ € {66, ..., 75}
(which here occur only for = 2), we have v # A so that the G-centralizer has root
system A~], with Weyl group (w4); there exists wyy) € (wi—2, wa—3, W3_4W344) such
that s© = "ig, so that s lies in the two tori Ty, and Ty, > and up to conjugacy
they are listed in that order in Table 8.

If p = r, the expression for 7,” given in Section 1 shows that 7, lies in the
unipotent class A; or A, according as r = 2 or 3. If the type of the H,,-class
containing s is /¢, we shall denote the type of the H,,-class containing s7, by h¢t,;
in each case the number of H,,-classes and the tori containing s are as given in
Tables 7 and 8 (if we replace f by 1 in the latter table).

If p # r, the classes all consist of semisimple elements whose H -centralizer is a
torus, of dimension 5 —r. This time the expression for 7,7 given in Section 1 shows
thatst,” =s(—1, -1, —1,—-1; =1 ors(1, 1, 1, w?; w) according asr =2 or 3. The
situation here is however somewhat more complicated than in the above paragraph.

First suppose r =2, and s lies in an H,,-class of type /i, for some £ € {31, ..., 36}.
Here things are simple: we shall denote the type of the H,,-class containing st

[e1
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by h¢7o; the corresponding element 57" is of the form (=A, —u, —%, —1; —1),
its G-centralizer has root system Ay, up to conjugacy it lies in the first and second
tori given in Table 7, and the number of H,,-classes is as given there.

Next suppose r =2, and s lies in an H,,-class of type &, for some € € {66, . .., 75}.
We have ((1272) )% = 1592; thus ((s7222) )10 = 51,72 s0 that s7272 € Ty, and
we obtain a type of H,-class in H,, 7, which we may call /,7;; however, the
number of H,,-classes is one half of that given in Table 8 (replacing f by 1),
because conjugation by w4 multiplies st”2 by (1, 1, 1, 1; —1) which lies in the
torus Ty,,,. To compensate for this we may take s* € T, satisfying

((s)Fmy™in = *(1, 1, 1, 1; —1)

(so that s* depends only on £ and not on s), and then ((s*s7p72)Fm)Wiaws = g*g7,72,
so that s*s7” € Ty, uw,, and we obtain another type of H,,-class in H,t, which
we may call hy'1p; again the number of H,,-classes is one half of that given
in Table 8 (replacing f by 1). The elements 57,2 and s*s1,”? are of the form
(—A, — U, —%, —1; —v), their G-centralizer has root system &, and up to conju-
gacy they lie in the first and second tori, respectively, given in Table 8.

Finally suppose r = 3, and s lies in an H,,-class of type h; for some ¢ €
{31, ...,36}. Recall that we take e € {0, =1} such that g = e (mod 3) (so here
e = *1 since p # 3); temporarily take ¢’ € {0, 1} such that £ = ¢’ (mod 2). The
details from now on depend on the pair (e, £'). The element 7373 is fixed or inverted
by F,, according as e = 1 or —1, and is fixed or inverted by wp, according as
¢ =1 or 0; and it is inverted by wy. First assume (e, £') = (1, 0) or (—1, 1). Then
((-C3y3)Fm)w[IfJ = (T3ys)—1’ SO ((135‘3)Fm)wuw4 = 1373; thus ((s-[3y3)Fm)w[(Jw4 = 5733
so that s73”* € Ty, u,, and we obtain a type of Hy-class in H,,t3 which we may
call 4,73, whose elements lie in the second torus given in Table 7, with the number
of H,,-classes being as given there. Now assume (e, £') = (1, 1) or (—1, 0). Then
((r37)Fmyin = 7373; thus ((s73”%) )"0 = 57373 so that 73”3 € Ty, and we
obtain a type of H,,-class in H,, 73 which we may call /,73; however, the number of
H,,-classes is one third of that given in Table 7, because conjugation by wqw,___
multiplies s73”? by (w?, w, w, 1; ®?) which lies in the torus Ty,,,. To compensate
for this we may take s* € T3 satisfying

rer:

(5" = 5*(@, 0*, @, 1; w)
(so that s* depends only on ¢ and not on s), and then
((S*S-L-3Y3)Fm)w[“w4w+——— = s*s13”3,

so that s*st3”3 € Ty ywsw,___» and we obtain another type of Hy-class in Hy 3
which we may call /;'73; this time the number of H,,-classes is two thirds of that
given in Table 7, because replacing wsw,___ by its inverse w,___w4 gives another
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type | # H,-classes n

hat | g’ +- 1 3 7
haoty | 1547+ 17 10 20
hysTs g+ 2 515
huty | 4%+ 9 513
/’1351'2 éqz—i- 6 16 18
hity | ¢q*+-- 21 14 25

Table 13. H,-classes in H,, 1, related to those of types A3y, ..., h3.

collection of H,,-classes and the maximal tori Ty, wyw,___ and Ty w, __w, are
conjugate. The elements st3”* and s*s73”* are of the form (A, W, ﬁ, w?*: wk), their
G-centralizer has root system &, and up to conjugacy they lie in the first and third
tori, respectively, given in Table 7.

We conclude this section by summarizing the notation and the information about
numbers of H,,-classes and the tori 7, containing the semisimple parts of elements
therein. Recall that we take d € {0, 1} with ¢ = d mod 2, as well as e € {0, =1}
with ¢ = ¢ mod 3 as in the previous paragraph. We observe that, for fixed £ and r,
the number of H,,-classes of type h,t,, combined with those of type h;'z, if they
exist, is given by the same polynomial in g for both values of d (if r = 2) or for
all three values of e (if r = 3). If r =2 we have H,,-classes as given in Table 13,
where the last entries in the final column are to be ignored if d = 1, and Table 14;
if r =3 we have H,,-classes as given in Table 15.

4.2. The characters 1 Hm,zG for m =1, 2. Recall that we take d € {0, 1} with
g = d mod 2. We define

2 ifm=1,
1

2= 3(q+d). f2=%<f+1>={ I

We proceed as in Section 3, determining nonnegligible parts of contributions to
the scalar product (1 Hm_zc, Rt ) from the various types of class. Contributions
from classes lying in H,, are of course exactly as already calculated, except for a
factor of %; it remains to consider the classes in H,, ;.

4.2.1. Unipotent characters. We begin with the classes of type h,t2 with £ €
{31, ..., 36}; for example, we take £ = 31, in which case the elements concerned
have semisimple parts lying in tori T,y for n = 1, 3 and 7 (the last of which is
absent if d = 1). If d =0, we see from the Appendix of [8] that the Green function
value is 2¢ 4+ 1, 1 or —g 4 1 according as n = 1, 3 or 7; thus the contributions to
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d=0 d=1

type # H,,-classes n # H,,-classes n
h66772 %q3+~-~ 1 3 %6]34'"'

hes' T2 56d°+ - 3
hats | @+ 1710 | geq®+--- 17
her' 2 91—6(]3 +--- 10
hesTo 1—16q3+"' 4 3 3%6]34'"'

hes' 2 59+ 3
heoTo 1—16q3+-~- 4 10 3%6134'"'

heo' T 540+ 10
hy0Ts s>+ 2 5| L+ 2
o't 164° + 5
hnty | 347+ 9 5| L+ 9
h7i't YA 5
hnt | g4+ 11 8 | &g*+ 11
h7't %613 + 8
hnt | ogq+- 1119 | g+ | 11
h73't 11—6613 + 19
huty | ¢+ 6 16 | g+ 6
/’l74/1’2 11—26]3 + 16
hsTs P+ 21 14 | LS+ 21
I’l75/7,'2 11—26]3 + 14

Table 14. H,,-classes in H,, 1, related to those of types kg, . . . , h7s.

the scalar product with R, are

192-2q+ 1D (5q>+++) 48-1-(5g>+-+) 12:(—q+1D-(5q*++)
247 +--) VR 247 +---) ’

having nonnegligible parts 16, O and —%, respectively. If however d = 1, the Green
function value is ¢ + 1 or —g + 1 according as n = 1 or 3; thus the contributions to
the scalar product with R, are

576-(q+ 1) - (15> +--+) 48 (—g+1D-(Hg*+-)
23 +--) ’ 2q°+-++) ’

having nonnegligible parts 24 and —2, respectively. The other instances may be
dealt with similarly.
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e=0 e=1 e=—1

type # H,,-classes n # H,-classes n # H,,-classes n
h31 73 1—12q2+~~~ 1 3 7 3—16q2+ 1 1—12q2+~~~ 3
h3i't3 l—lng + 7

h3r 73 g7+ 1710 20 | 54>+ 10 | %¢*+ 17
h3't3 wa*+ 20
h3313 19+ 2 515 Sa*+ 2 1g%+ 5
h33'ts 12+ 15

h3473 Zqz—i- 9 513 %qz—i- 5 %q2+.. 9
h3y't3 g+ 13
hsst3 g+ 6 16 18 | 5q*+-- 6 lg 4. 16
his't3 59%+ - 18

hts | 47+ 21 1425 | g2+ 14| Lo+ 21
h36't3 1g*+-- 25

Table 15. H,-classes in H,, 13 related to those of types A3y, ..., h3.

Combining the two cases, we obtain the following table of nonnegligible parts.

h3ita | Ray 8(d+2) Rs —2d Ry 3d—1)
hxt | Razy —8(d+2) Rao) 2d  Raoo —3(d—1)
hs3ta | Ray 2d+2) Rsy —d  Rasy 3(d—1)
hut, | Ro —2(d+2) Rs d  Raz —3d—1)
h3sta | R %(d +2)  Rqe —%d Ragy 2(d—-1)
hit | Reiy —3(d+2) Ras 3d  Resy —2(d—1)

Note that the coefficients of d above are precisely the same, apart from the factor of %
s h3e
in Section 3.2. This means that when the sets of contributions are added and ¢ is

already mentioned, as those of ¢ obtained from consideration of types A3, . . .

replaced by 2¢g> — d, the terms in d cancel to leave linear polynomials in g;.

We now consider the classes of type hyt or hy't, with £ € {66, ..., 75}; for
example, we take £ = 66, in which case the elements concerned have semisimple
parts lying in tori 7(,) for n = 1 and 3. In all cases the element is regular in H,,,
so the Green function value is 1. If d = 0 the contributions to the scalar product
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with R(n) are

5761 (jg®+--+)
23 +)

48'1'(ﬁ6]3+"')
23+ )

having nonnegligible parts 6 and %, respectively. If however d = 1, the contributions
to the scalar product with R, are

11521 (geq® +--)  96-1-(geq®>+-+)
2g3+--) 2¢°+-)
(the former from hgg7, and the latter from /e’ 72), having nonnegligible parts 6

and %, respectively. Once more, the other instances may be dealt with similarly, to
produce the following table of nonnegligible parts.

heetr or hes'ta | Ry 6 R % hnitoorhs'ty | Roy 3 R %
he7t2 or he7'T2 | Ra7) 6 R % h7tor hy'ty | Ranyy % Rg) 1
hego or heg'ts | Ruay 1 R % h73t or h3'ty | Ry % Rqogy 1
heoTr or heo'y | Ry 1 Raoy 3 || huraorhu'ts | R 3 Rae 3
hpomorhig'ts | Rpy 3 R % h7st or hys'ty | Re % R4 %

Summing the nonnegligible parts gives the values in Table 16 for the scalar
products (IHW,ZG, Rwy)ac.

H, H, H, H,
R 16, + 75 16g, + 44 R(14 g+ 1 q»+2
Roy | 492+27 4g, + 14 R q2 g—1
R@) —4q,+1 | —4q,+4 R16) —q2—2 —q+1
R(4) 5 2 R(17) _16612 +7 —166]2
R -3 2 R 4q> 4q, — 4
R g +12 a@+5 R19) -2 1
R) 175 g —1 R20) —q+1 —q2
R 4 3 Ry —q+1 —q2
Ro) | —4gq2+1 —4q> R22) 3 0
R(l()) 4q2 -5 46]2 +2 R(23) 0 1
Ray 4 1 R4y 0 0
R(]g) 0 1 R(25) —46]2 +4 —46]2
R3) —q>+1 -

Table 16. Scalar products (lelzG, Rwy)a-
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We may now proceed as before to find the scalar products of 1 HmlzG with irre-
ducible unipotent characters. On taking linear combinations given by the character
table of W, we find that the only scalar products of 1 Hm,zG with almost characters Ry
which are nonzero for some m are as follows.

® (1#,2%, Ry)c
$1.0, $9.2 1
g 3 @+
#5 o 92
Pa1, 93 4 S
G124, 9y 7, $16.5 !
P66 fa—1
P56 Hr=3
i/,lz 2fa— %

For ¢ = 1.0, $9.2, ¢y 3 and ¢g o we again have irreducible characters x4, appearing
in 1 H,,,,zG with multiplicities 1, 1, g2+ f> and gy, respectively. For ¢ = ¢4 | and ¢>§/, 4
in the family of size four, as in Section 3.2 we obtain two irreducible characters xg, |
and Xy, each appearing with multiplicity f,. Separate analyses of the family of
size 21 for the two values of m lead to the following: if m = 1 we have constituents
Xpioa> Xgll o> X! 1 and Xl s with multiplicities 1, 2, 1 and 1, respectively; if m = 2
we have constituents x,,_ and xg,, 5, each with multiplicity 1. This completes the
treatment of unipotent characters.

4.2.2. Other geometric conjugacy classes. We begin with the geometric conjugacy
classes of type «31; here the only types of H,,-class we need consider are /7, for
¢ € {31, 33, 35}. We briefly deal with type /312, containing elements st with
s = (51“+b , &9, 51" , 1; 51‘”” ); the other types are very similar. The calculations are
in some ways simpler than those in Section 3.3.1, because the nonnegligible parts
are constants and it therefore suffices to consider leading terms of polynomials; on
the other hand, some of the details depend on the precise geometric conjugacy class
rather than just its type. Recall that there are three distinct characters Rt ¢ lying in
the geometric conjugacy class k31,[(, j)}, and the one with T = Ty, (in which s lies)
has 6 = 6, .

If d =0, we saw in Section 3.3.1 that of the 192 conjugates of s lying in 7{j),
only 12 were of the form (1, %, *, %; 1) and thus sent to 1 by 01%81., with the values
taken at other elements producing cancellation. Since the Green function value at
75 is 2¢g + 1, the contribution to the scalar product from these elements is
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12-2¢+ 1) (H4%+)
2q3+--)

If instead d = 1, we have (s1)”? = (—&%T?, —&1%, —£/°, —1; —£,%TP); of the
conjugates of this element in 7{;), we need only consider those of the form
(£1, %, %, *; 1), since the values obtained from the others will again produce
cancellation. There are 12 conjugates of the form (—1, %, %, *; 1), where the value
taken by Qi(oléj is (—1)%; likewise there are 12 each of the forms (1, *, %, %; —1)
and (—1, %, %, x; —1), where the value is (—1)7 or (—1)/*/, respectively. Since
(=D + (=D + (=Dt =3— 4652’1., and the Green function value here is ¢ + 1,
we obtain a contribution to the scalar product of

=14

126 -4€2) (g + 1) (Hg>+-) -
=3 —2¢

2+ A

Thus for both values of d the extra nonnegligible part is 1 + %d — 26% ;- We saw
in Section 3.3.1 that the scalar product of 1 HWG with the appropriate 'RT,g with
T =Tqyis g+ f + 1; halving and adding the nonnegligible part just found gives
@+ frt+1-2€ .

We find that the additional contributions from H,,-classes of type /331, and h351T>
to the scalar product with the appropriate Rt ¢ with T = T3y and T s, respectively,
are the same as those just calculated; thus the scalar product of 1 Hm,zG with each
of the three characters Rr ¢ treated here is g2+ fo+ 1 — 261-% I which is therefore
the multiplicity of the semisimple character X,(13 L) in 1 Hm,zc.

The geometric conjugacy classes of types k32, ..., k36 behave very similarly.
For k33 and k35 the types of class requiring attention are as for «31; for «3, k34
and k3¢ they are hy 1y for £ € {32, 34, 36}. For k35 and k36, the additional contribution
is in fact 0 if d = 1, because the elements (s73)”? do not lie in the tori concerned;
if however d = 0, the extra nonnegligible part is j:%. On the other hand, for k33
and «34 the nonnegligible part of the additional contribution is 0 if d = 0, because
the Green function in each case is merely 1 and is thus too small to affect matters;
however if d = 1 we have an extra term :I:%(— 1)!. Upon combining these terms
with those already found, and taking linear combinations as before, we obtain the

following multiplicities in 1 Hm‘gG:

X'(lsz,w.m 2= a1 2612»]"
XKIB‘M g+ - 1—¢f,
Xewp i@2— 4 1—€,
X,<135’[,.] g+ f2—2,

X,}%,m tqx— f+ 1
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Next we turn to the geometric conjugacy classes of types ko, k10, k3 and k4. As
described in Sections 3.3.3 and 3.3.4, these may loosely be regarded as the unions
of certain of those of types k3, . .., k3¢ just considered, for appropriate values of
the parameters. The details of the calculations of additional nonnegligible parts
are just as above; note that if d = 1 then e(zq L1y and e(zq 413 are both zero because
the subscripts are even. Upon taking linear combinations to obtain the irreducible

characters, we obtain the following multiplicities in 1z, ,¢:
St,1 . 2 L1, 2
XK9,UJ ‘q2+f2_6i ) XK9,UJ . 1 _Ei )
St . 2 L2
XK]()_[,'] ‘g2 — f2 +1- € XK]()y[;] "€
St,1 . 1
Yoy @2+ fa—1, XL,
N A
Xey ‘@2— fa+1, X 0.

We now treat the geometric conjugacy classes of type k7, where there are ten
distinct characters Rt ¢ lying in the geometric conjugacy class k7 j;}; the one with
T=Tghas6 = 91.((;80, and we must consider H,,-classes of types /317, and heeTs.
For the former we may again take s = (£,%*?, £,%, £,°, 1; £*?) and argue much
as above. If d = 0O there are 48 conjugates of s of the form (1, %, %, *; *), so the
contribution to the scalar product is

48-2q+1)- (4% +- )

=44+....
2q3+--)

If instead d = 1, there are 48 conjugates of (s12)*? of the form (1, *, *, *; %) and
96 of the form (—1, *, %, x; %), so the contribution is

(484+96(=1)) - (g+ 1) - (54> + )

=24 4(=1)4....
@) +4(=1"+

For H,,-classes of type hesT» we may take s = (£,91?, £,97¢, £, 1; £9707¢); as
the element is regular the Green function value is 1. If d = 0, there are again 48
conjugates of s of the form (1, *, %, *; %), so the contribution is

48.1.(ﬁq3+...)
23 +--)

1

If instead d = 1, there are 96 conjugates of (s72)”? of the form (—1, *, %, %; %)
(and none of the form (1, %, %, *; %)), so the contribution is

96(=1)" -1+ (geq° +--)
2(¢3+--+)

=3(=D"+---.
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Thus for both values of d the extra nonneghgrble part is 2d + 5 — 96 We saw
in Section 3.3.5 that the scalar product of 15 ¢ with the approprrate Rt ¢ with
T =T, is 49 +5 f +4; halving and adding the nonnegligible part just found gives
Ago+5fH+4— 961'2'

For each of the nine other characters Rt ¢ lying in «7 [;}, there is precisely one
type hety or hy't, with € € {66, ..., 75} giving a contribution with nonnegligible
part % or %(— 1)! according as d =0 or 1. In addition, for the character with T = T,
we obtain a contribution from type /3372 with nonnegligible part 2 or 1 +2(—1)’
according as d = 0 or 1; likewise for the character with T' = T(s, we obtain a
contribution from type h357, with nonnegligible part 1 or % + (=1)" according as
d =0 or 1. (There are also various other types where the contribution has zero
nonnegligible part.) Combining with the values found in Section 3.3.5 we obtain
the following scalar products of 1 Hm.zc with the Rt g lying in «7 [}

T=T,: 42 +5f +4—9€2,
T =Ty Ay —3fr+4—é?
T=Ty: 2g2+ 3o +2— 562,
T="Tgs: 22— f2+2—¢€
T=Tg': Q2+2f2+2—36,-2,
T=Tus: g +1—¢€

T =Tg), Tu), Ts), Tan :  fo—€}

Using the character table of the Weyl group C3 and the appropriate nonabelian
Fourier transform matrix as in Section 3. 3 5 shows that the irreducible characters
XK7 . and X:q 0 > have multiplicities in 1 H P equal togr+ fot+1— 26 and go+1— 6
respectively, while both x> and x.& - have multiplicity f> — €?.

The geometric conjugacy classes of type kg behave entirely s1m11arly; here we
find that the irreducible characters XKg[ and X have multiplicities in 1 Hm.zG
equal to0 ¢2 + f> — 1 and g — €7, respectively, Whrle both /51 and x& ) have
multiplicity fo — 1+ 61 .

The geometric conjugacy class K | may agam be treated in similar fashlon we find
that the irreducible characters . and XXl " both have multiplicity €* in 1 ty 29,
while x- St, x 525 215 and " have multiplicities g2 + f> — 1 + €%, g,
fr—1+€*and fr — 1 +€*, respectively.

4.2.3. The complete decomposition of 1y, 26 form=1,2. Combrnmg the multi-

plicities obtained above gives the complete decomposition of 15, » Cform=1,2
as follows.
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Proposition 4.1. If G = F4(q) and H,, ="D4(q) for m = 1, 2, the decomposition
of 1 Hm.zG into irreducible characters is

Xpro T Xgoo (@2 + DXy, + 020, + 2 Xgun + f2Xey,
+ {X"”“ +2Xeg, F Xol T Xy, Hm=1 }

”7+X¢165 fm=2
S
Fex M e (ot o 1+ xS qoxd
X—,3,5¢

+<fz—1+e4>x"“ (-1
+(@+ = Dx + x5+ (@ — fa+ D!
+ ) (@2 + fat+1 —2el-)xK7,m g+ 1—€eHxdly,
lileS,
+(f2— G,Z)Xléz[h +(f2— 2)ch7 m)
+ 3 @+ o= D, + (@ — €Dy,
[i]eSs 12,1
+(fa— 1+ e xigh + (L —1+eDxi)
+ Y (A= + @+ h—eDxerd)

[i1eSo
+ ) (X @@= =it )
[i1eSio
+ Z (@2+ o+ 1= 261'2’1'))('331‘[«,1')] + Z (@2— fot+1- 2€i2wj)xf<lsz,[(i‘j)]
[, /)]1eS31 [, ))]1eS
+ ) (@t h-l=Dxl,+ D @—fht+1—edxl,,
[i1eS33 [i1€S34
+ ) @FH=Dh D @=L DX
[i1€S3s [i1€S36

Again we may now calculate the ranks of the actions; we obtain the following.

Corollary 4.2. The rank of the action of G = F4(q) on cosets of H,;,.2 ="D4(q).2
form=1,2is
Lg*+¢® +12¢> +20q +28) if m=1andd =0,
et P +1242+279+39) ifm=1landd=1,
la*+¢>+4¢> +49+8)  ifm=2andd =0,
Yt + P +4q* +7g+11)  ifm=2andd = 1.
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4.3. The characters 1 Hm,3G for m =1, 3. Recall that we take e € {0, £1} with
g = e mod 3. We define

1 ifm=1,

1 1
= L(g +2e), =1lr=
q3 = 3(q +2e) fi=3f {0 . 3.

Again we proceed as in Section 3. This time contributions from classes lying
in H,, are as already calculated, except for a factor of 1; it remains to consider the
classes in H,,t3 and H,,13> (clearly the contributions from the two outer cosets will
be complex conjugates of each other).

4.3.1. Unipotent characters. We must consider the H,,-classes of type h,t3 or b, 3
with £ € {31, ..., 36}; for example, we again take £ = 31, so that the elements
concerned have semisimple parts lying in tori 7(,) forn =1, 3 and 7. In all cases the
elements are regular, so the Green function value is 1. Thus if e =0 the contributions
to the scalar product with R, are

192.1.(1_12q2+...) 48-1-(%q2+~--) 12.1.(1_12q2+...)
3g*+-) 3g2+-) 3(g%+---)

having nonnegligible parts %6, ;—‘ and %, respectively; if e = 1 the contributions to

the scalar product with R(jy and R(7) are
1152-1- (%> +--+)  36-1-(f5q*+--+)
3g+-) 3g*+--)

(the latter from h3;'t3), having nonnegligible parts %2 and %, respectively; if e = —1
the contribution to the scalar product with R 3 is
96-1-%(5]2—-‘-)
3(g%+--+)

’

having nonnegligible part %. The other instances are precisely similar.
Combining the three possibilities for e gives the following table of nonnegligible
parts.

hytsorhy'ts | Ray 2(1+e) Raz 3(1—e) Ra i(l+e)

hxntsorhy'ts | Rapy $(1—e) Rao 3(1+e) Rpoy z(1—e)

h33t3 or h3s'ts | Ry %(1+6’) Rs) %(1—6) Ras) z(1+e)

hautsorhs'ts | Roy 3(1—e) Ry 2(14+e) Raz 3(1—e)

hsstsorhas'ts | Re 3(1+e) Ras 3(1—e) Ras) 3(1+e)

hset3 or h3e'ts | Roy 3(1—e) Ras z(1+e) Res) %(1—6)




D4-TYPE SUBGROUPS OF Fj(q) 315

H H; H, H;
Ray | 16g3+46 | 16g5+ 16 R14 g3 +1 q3+1
R 4g3+ 16 4g; +4 Ras) g +1 g3 +1
Rz | —4q3+2 | —4q3+4 R16) —q3—1 —q3+1
R 2 0 Ra7 | —16g3+22 | —16g3+ 16
Rs) 0 4 Ras) 4g3+4 4g3+1
R q+7 g +1 R19) -2 0
R@) g3+ 1 g3 +1 R0 —q3+1 —q3+1
R 2 0 Ra —gq3+1 —q3+1
R —4q3+4 | —4q3+4 Ry 2 0
Rao) 4q3 —2 43+ 4 R@3) 0 0
Ray 2 0 Ros 0 1
R2) 0 0 R(2s) —4q5+4 —4q5+1
Ra3) —qs+1 —gq3+1

Table 17. Scalar products (1Hm_3G, Rw)c-

Much as before, note that the coefficients of e above are precisely the same, apart
from the factor of % already mentioned, as those of g obtained from consideration
of types hsy, ..., hag in Section 3.2. This means that when the sets of contributions
are added and ¢ is replaced by 3g3 — 2e, the terms in e cancel to leave linear
polynomials in g3.

Summing the nonnegligible parts gives the values in Table 17 for the scalar
products (le,gG, Rwy)ac.

We may now proceed as before to find the scalar products of 1, 36 with irre-
ducible unipotent characters. On taking linear combinations given by the character
table of W, we find that the only scalar products of 1z, 3¢ with almost characters Ry
which are nonzero for some m are as follows.

¢ (1,3% Ry)g

$1.0, $9.2 1

b4 5 g3+ f3
5.9 a3
P41, B3 40 95,6 D1 12 /3
12,4 3

¢g,6 f3— %
Bes 3
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For ¢ = qbl 0, 99,2, ¢8 5 and (;5 we again have irreducible characters x4, appearing
in 15 3% with multlphcltles 1 1, g3 + f3 and g3, respectively. For ¢ = ¢4
and ¢2’ 4> in the family of size four, as in Section 3.2 we obtain two irreducible
characters yg,, and x4 , each appearing with multiplicity f3. Separate analyses
of the family of size 21 for the two values of m lead to the following: if m =1 we
have constituents x¢,, ;. Xy » Xg;,, a0d X ,npy;, €ach with multiplicity 1; if m =3
we have a constituent X, with multiplicity 1. This completes the treatment of
unipotent characters.

4.3.2. Other geometric conjugacy classes. We begin again with geometric conju-
gacy classes of type k3;; we consider H,,-classes of type &3 13, containing elements
sty with s = (£1972, £,%, &%, 1; £,%T). These contribute if e = 0 or 1, but not if
e = —1. As in Section 4.2.2 we recall that there are three distinct characters Ry g
lying in the geometric conjugacy class k31 [, j), and the one with T = T(j) (in
which s lies) has 6 = 91(8()) i
If e =0, we saw in Section 3.3.1 that 12 of the conjugates of s lying in 7(;) were
of the form (1, *, %, *; 1) and thus sent to 1 by 91((}3 i with the values taken at other
elements producing cancellation. Thus the contribution to the scalar product from
these elements is |
12'1'(Eq2+"’)
32+

If e = 1, we have (s12)"2 = (§1977, £,%, £/, w?; w&“T?); of the conjugates of this
element in 7{j), we need only consider those of the form (a)il, %, %, % wil), since
the values obtained from the others will again produce cancellation. If we write ¢
for the cube root of unity in C corresponding to w in k there are 36 conjugates
of the form (w?, *, *, *; ), where the value taken by 9 jis ¢ and 36 of the
form (w, *, *, *; ?), where the value taken is =/, Slnce

1
=3+

e
EH 4 p =2 -3¢0,

we obtain a contribution to the scalar product of
3,
362 -3¢ 1- (360> +--)  , 5,
3 — § — Ei—j _|_ e
3(g*+---)

Thus for all three values of e the extra nonnegligible part is 3 1 +e) - e . We
saw in Section 3.3.1 that the scalar product of 1 HmG with the appropriate RTyg with
T =Tq)is g+ f + 1; dividing by three and adding twice the nonnegligible part
just found gives g3+ f3+ 1 — 26?’_er..

We find that the additional contributions from H,,-classes of type /3373 and h3513
to the scalar product with the appropriate Rt ¢ with T = T2y and T, respectively,
are the same as those just calculated; thus the scalar product of 15 3 with each

m-



D4-TYPE SUBGROUPS OF Fy(q) 317

of the three characters Ry g treated here is g3+ f3+1 —26,-3’_-5, which is therefore
the multiplicity of the semisimple character X;<13 Ly 11,37
The geometric conjugacy classes of types k33, . . ., k36 behave very similarly; we

obtain the following multiplicities in 1 Hm.3G:

3,—
i—j

X’<133,m 3+ f3—1+ 2el,3v*’
X,334,m g3 — fa+1— 26?,+’
X':.%s.m tq3+ f3— 26[.3"",
XK136.UJ tq3— f3+ 261.3’_,

1 .
XK}Z,[(,’,J')] “q3 — f3 —142€¢

Next we turn to the geometric conjugacy classes of types ko, k10, k3 and k4. As
before, these may loosely be regarded as the unions of certain of those of types
K31, - - . , k36 just considered, for appropriate values of the parameters. The details
of the calculations of additional nonnegligible parts are just as above; we obtain
the following multiplicities in 14, 3¢

St, 1 ., 1,1 .
XK9.[i] rq3+ 3 XK9,[i] t1L

St,1 . 1,1 .
X - 43— /35 Xeewo - 1>

g -1 x0T,
xS igs— i+l xSt L

For the geometric conjugacy classes of type k7, we again treat H,,-classes of
type h3 13, containing elements st, with s = (£,“1?, £4, &, 1; 7). These
contribute if e =0 or 1, but not if e = —1; the appropriate Rt o with T = T{j) has
0 = bjo0p.

If e =0, we saw in Section 3.3.5 that 48 of the conjugates of s lying in 7y were
of the form (1, *, *, *; %) and thus sent to 1 by 91%80, with the values taken at other
elements producing cancellation. Thus the contribution to the scalar product from
these elements is

48-1-(%q2—|—---)

4
=4+
3(g*+-) ’

If instead e = 1, we have (s1)”? = (£,“1?, £,%, £,°, w?; w&“T?); there are 144
conjugates of the form (a)z, *, %, %; %), where the value taken by «91.((}80 is E‘i, and
144 of the form (w, *, *, *; %), where the value taken is ¢. Since

Foig g =233,

1
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we obtain a contribution to the scalar product of

1442 =36) 1 (Lq> +---) LS gt
3(q2+...) o3 i

Thus for all three values of e the extra nonneghglble part is —(1 +e)— 463 * We
saw in Section 3.3.5 that the scalar product of 15, G with the appropriate Rt g with
T =T is 4q +5 f +4; dividing by three and adding twice the nonnegligible part
just found gives 4g3 +5 f3 +4 — 86? o+

There are seven other pairs (¢, n) such that the geometric conjugacy class contains
a character R ¢ with T = T{,,) and the classes of type h,73 contain elements whose
semisimple parts lie in the torus (). For (¢, n) = (31, 3) or (33, 5) we find that all
roots of unity concerned produce cancellation, so the nonnegligible part is O (these
are the two pairs where the classes meet the torus if e = —1). For the other five
pairs the calculations are very similar to the above: the extra nonnegligible part is
%(1 +e)— 61'3 "t times the coefficient of q + 1 in the value obtained in Section 3.3.5,
and it follows that the scalar product of 1 Hm_3G with the appropriate Rt ¢ is obtained
from that value by replacing g+1bygs+1— 263’+ and f by f3. Accordingly
the irreducible characters qu and XI(71 2 have multlphcmes in 1y 3¢ equal to
G+ fr+1— 263 *and g3 + 1 - 26 respectlvely, while both szl and Xm
have multiplicity f3.

Again the geometric conjugacy classes of type Kg behave entirely similarly; here

l]

we find that the irreducible Characters XKg . and Xxg i > have multiplicities in 1 H,, 30
equal to a3 + f3— 142" and g3 — 1 +2¢°7, respectively, while both Xear,
and XKW have mu1t1p1101ty f-

Finally the geometric conjugacy class K] may again be treated in similar fashion;
we find that the irreducible characters x: and XXI " both have multiplicity 1
in 15,39, while x5t &' St Xt Stand x5 have multiplicities g3 + f3, g3,

f3 and f3, respectively.

4.3.3. The complete decomposition of 1g,,. 39 for m =1, 3. Combining the multi-

plicities obtained above gives the complete decomposition of 1 Hm.3G form=1,3
as follows.

Proposition 4.3. If G = F4(q) and H,, = "D4(q) for m = 1, 3, the decomposition
of 1 Hm.3G into irreducible characters is

XproF Xgoo T (@34 f3) Xgy, T a3Xey, + 3001+ f3Xgy,

+ :de o5t Xop ARy =1 }
Xepg. ifm=3
X2.1,5t

X1,2,St

1 _13,S .
Fx TR @ XSS @G E T+ il fE ! (continues)
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+ @+ = DS+ x0 + (@— DX + XL

+ > (@t fi+1- 2e?’+>x;7,m (g3 +1 =26 8+ Fxdinh + fixdsi)

[i1€S7
+ Y @3+ = 1426 xd oy + (@3 — 1426 X80+ faxdenh + Fixde)
[i1€Ss
O b @t xe D+ D Gl @ — xS
[1]6S9 [l]ES[()
3.4
+ Y (@t AEI=260 F Y @— =126 Dxk
[, )]1€S3 [, 7)1€S3
+ Z (@3+f3-1 +2Ei3y_)xlclsa.[f] + Z (g3—f3+1- 261‘3y+)X/<134.[i]
[i1€833 [i1€S34
+ Z g3+ f3 —261-3’_._))(,(135'[1.] + Z (@3- f3 +2€i3’_)X,(136,[l_].
[i1€835 [i1€S36

Again we may now calculate the ranks of the actions; we obtain the following.

Corollary 4.4. The rank of the action of G = F4(q) on cosets of H,,.3 ="D4(q).3
form=1,3is

é(q4+q3+13q2+21q+36) ifm=1ande=0or1,
Y+ + 132 421 +44) ifm=1lande=—1,
é(fl4+q3+4q2+3q+9) ifm=3ande=0or1,
L'+ +44°+3¢+17)  ifm=3ande=—1.

4.4. The character 1 Hl.ssG- We define
=1(q+3d+2¢)=1(q2+d +e)=3(g3+4d).

If we write 1p, M8 — 1 4 e+ 20 where € is linear and p has dimension 2, then
1H1.2H"S3 =1+ p and 1H1,3H1'S3 =1+¢, whence

Hy.S H.S3 _ 1 H.S H,.S3y.
1H1.S3 13 :1H1.2 ! g_j(lHl ! 3_1f11.3 ! 3)a
inducing up from H;.S3 to G gives

G G 1 G G
1H1.S3 =1H1.2 _§(1H1 _1H1.3 )

It is therefore now easy to calculate the decomposition of 15, 5.° to be as follows.
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Proposition 4.5. If G = F4(q) and H) = D4(q), the decomposition of 1 H1,53G into
irreducible characters is
Xoro + Xooo + (g6 + 1)X¢{{,3 + q6X¢y o + Xpuy T+ X¢3 4 + Xpioa T X4 6
1 2.8 .S _3.8
+E4XK11,1 +€4X,£(11,2 +(q6+€4)XKII,St+q6X,?(112 t+€4X’3(12,1 t+e4x,§1 3,0t
+aoxt + x5+ gex St
3, 3, ,
+ D (s +2—€ " =2eHx)  + (@s+1—€ T —eHxdly,
[ileS _
! + (1 _éiz)Xlggz,iilJ + _Eiz)Xlé,fj)
3,— 3,— _ , _3
+ Z ((g6 +€; )X,cl&[i] + (g6 +€ — Eiz)Xlg(gl,[?] + 61'2)(/3(82,[1'1] + EiZXIg(s,[i;)

[i1eSs
+ > (A =eDxsl + @+ 1—€edxee )+ D (€ xh, + @ —eDxes
[i]€So li1eSho
3,4 251 3,— 24,1
+ Z (qo+2—¢€;— 261',J')XK31,[<1‘./>] + Z (96 +€2; — 26i,j)Xxsz,[<i.j>]
[G.)]eSs [G.))]eSn
3,— 241 34+ 21
+ Z (g6 + € —€ )X,m’[,-] + Z (96 — € T )XK34,[1']
[i1eS33 [i1€S34
3,41 3,1
+ Z (g6 — €; )X,c}s’m + Z (g6 — 1 +¢; )ch}(),[i]'
[i1€S35 [i1€S36

Yet again we may now calculate the rank of the action; we obtain the following.
Corollary 4.6. The rank of the action of G = F4(q) on cosets of H|.S3= D4(q).S3 is

%(q4+¢13+285]2+4861+84) ifd=0ande =1,
L@ +q+284>+48¢+92)  ifd=0ande=—1,
L@+ +28¢>+75¢+99)  ifd=1ande=0,
L@ 7 +2842+75¢+111) ifd=1lande=1,
L@+ 4> +28¢>+75q+119) ifd=1ande=—1.

5. Contribution to classification programs

In this final section we consider the part played by D4-type subgroups of F4(g)
in the classification programs mentioned in Section 1, namely those of primitive
actions which are multiplicity-free, or have all suborbits self-paired, or arise from
a distance-transitive graph. Recall that the primitive actions (in which the action
is on the cosets of a subgroup which is maximal) are those where the subgroup is
either D4(g).S3 or *D4(q).3.
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5.1. Primitive multiplicity-free actions. From the decompositions of Section 4

we can see that the permutation character 159 where H is either Dy(q).S3

or °D4(q).3, is multiplicity-free if and only if ¢ = 2. Indeed, the multiplicity of the

constituent Xoy, in the former case is g¢ + 1, which is greater than 1 for all g apart

from 2, and in the latter case is g3, which is greater than 1 for all ¢ apart from 2, 3

and 5; if g is 3 or 5 the multiplicity of the constituent XK 1n the latter case is
g3 + 1, which is greater than 1.

However, if g = p® for some a > 1, the possibility arises of extending both F4(g)
and H by field automorphisms. Write ¢ for the field automorphism which for each
o € ® and A € k sends x4, (1) to x,(AP); then F4(g).(¢) acts on cosets of H.{¢p),
and we have the corresponding permutation character 1z, 4@ ® . Given an
irreducible character y of Fy(q), there exist a’, a” > 1 with a = a’a” such that
applying ¢ fuses together a’ irreducible characters of F4(g) including x and the
resulting character extends to a” distinct characters of the group F4(q).(¢). If the
multiplicity of x as a constituent of the permutation character 1@ is greater
than a” (which in particular is true if it is greater than a), then at least one of the
extensions to F4(g).{¢) must have multiplicity greater than 1 in 1 HM,)F 4(9)-(9)

We claim that, if ¢ = p® witha > 1, then 1 H_<¢)F @) is not multiplicity-free.
For most such values of ¢ we may see this by again considering the multiplicity of
the constituent Xy, Indeed, if H = D4(q).S3 we have gg + 1 > a for all g apart
from 4, 8 and 16, whlle if H =3D4(q).3 we have g3 > a for all ¢ apart from 4
and 8. We are therefore left with five pairs (H, ¢g) to treat.

Two of these five pairs may be settled by considering a single constituent. If
H = D4(q).S3 and g = 16, the multiplicity in 1 5@ of the constituent Xm
equal to g¢ +2 =5 > 4 = a. Likewise if H =3D4(g).3 and ¢ = 8, the multlph(:lty
in 1@ of the constituent X,q 6.0 is equal to g3 +2 =4 > 3 = a. Thus in neither
case is 1.4y @19 multiplicity-free.

Another two may be settled by considering how ¢ fuses geometric conjugacy
classes. Suppose H = D4(g).S3 and ¢ = 8; here the constituents X,(l&[,-] for i =
1, 2, 4 all have multiplicity gs + 1 = 2. However, these three characters are fused
by ¢, because the semisimple classes corresponding to the geometric conjugacy
classes kg ;) for i =1, 2, 4 contain elements (1, ézi, éz_i, 1; 1), and as ¢ squares
entries in root elements x,(A), and therefore in torus elements (w1, U2, 13, 4; V),
it fuses these semisimple classes; so a’ =3 and hence a” = 1. Likewise suppose H =
3D4(¢).3 and g = 4; here the constituents XK13 - for i =1, 2 both have multiplicity
g3 =2. However, these two characters are fused by ¢, because the semisimple classes
corresponding to the geometric conjugacy classes k3¢ [;] for i =1, 2 contain elements
(&', E69", £6~ D1 1; &), and ¢ similarly fuses these semisimple classes; so a’ =2
and hence a” = 1. Thus in each case the single extension of the fused character has
multiplicity 2 in the permutation character 14 () Fa@)-(9)
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This leaves the pair where H = D4(g).S3 and ¢ = 4. Here the rank is 29; there
are two constituents of multiplicity 2, namely Xl and XKlw]’ and all other con-
stituents have multiplicity 1. There is therefore no fusion among the constituents of
multiplicity greater than 1; consequently the methods used until now are insufficient
to determine whether or not either multiplicity persists in 1 () Fa@-(#) 1n this case
we refer to [17], which calculates (P, D4(q))-double cosets in F4(q) (where P is
the maximal parabolic subgroup whose Levi subgroup has derived group B3(q)),
and in fact concludes that if g > 2 then the action of F4(g) on the cosets of D4(q).S3
is never multiplicity-free, even if field automorphisms are applied.

(A word is in order regarding the relationship of the current article to [17]. As
stated in the very first paragraph here, the project on D4-type subgroups of Fy(q)
is essentially a continuation of [15], which was published at the end of the previous
millennium. Almost all of the work on Dy4-type subgroups was completed more
than twenty years ago; in particular it became clear that something beyond the
character decompositions presented here was required to settle the case of the
preceding paragraph, and the double coset calculations of [17] were performed
to do this. However, some issues remained unresolved and the material ended up
being set aside. A few years ago the opportunity arose of publishing the double
coset material as a paper in its own right; but there seemed no prospect of applying
similar methods to treat the action on cosets of >Dy4(g).3. More recently the issues
which had prevented publication of the work as a whole were finally resolved, and
the present article is the result; but [17] should really be regarded as an addendum
to it. The author apologizes for the inordinate delay in completing the project,
especially to those who have waited patiently for decades to see the results appear.)

Thus the only two primitive multiplicity-free actions here are those of F4(2) on
cosets of D4(2).S3 and °D4(2).3. The first permutation character has rank 9 and
decomposition

1 X2,
Xoro T Xgpoo + X¢§’,3 + Xpuy T+ Xy, t Xpioa T Xy + Xicg. 11y + XKSI,[T] >

the constituents have degrees 1, 22932, 44200, 1377, 1105, 584766, 541450, 23205
and 1949220, respectively. The second has rank 7 and decomposition

St, 1 ,1 1 X112,
Xoi0 + X¢o» + X¢é16 + XK4t + X/Z + +XK8,UJ + XKSI,[?J >

the constituents have degrees 1, 22932, 519792, 2165800, 541450, 23205 and
1949220, respectively.

For the remainder of the paper we take ¢ = 2; we have G = F4(2), and we write
H = D4(2).53 or °D4(2).3. As Ty = {1} we may identify W with N.

5.2. Subdegrees and pairing of suborbits. We recall that in the action of G on
the left cosets of H, the suborbit containing the left coset g H is its orbit under the
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stabilizer H, and thus is the set of left cosets whose union is the (H, H)-double
coset HgH. The size of the suborbit is called the subdegree, and is equal to
|HgH|/|H| = |H|/|H N8H|; the subgroup H N8H consists of the elements of G
fixing both H and gH, and is known as the 2-point stabilizer. The sum of the
subdegrees is the index |G : H|. For any double coset Hg H, the set of the inverses
of its elements is the double coset Hg~! H; the corresponding suborbits are said to
be paired, and if they are equal the suborbit is called self-paired.

Our goal here is to compute the subdegrees and show that all suborbits are
self-paired (for which the multiplicity-freeness of the permutation character is a
necessary condition).

As we shall be performing explicit calculations here, we need to know the exact
location of the subgroup H of G. In the case where H = D4(2).S3 this is immediate,
but in the other case where H =3D4(2).3 it depends on the choice of the element g3,
which we recall was chosen to lie in A, commute with 73 = n4n,___ and satisfy
g3 .g37! = 13. We begin with some comments which apply for any such choice
of g3, and in fact for all values of g.

Label the simple roots of G as

1 )
ap =€ —€3, ar=€—€4, Q3=¢€4, 04=5(€]—€—€3—€4);

then any root in ¢ has the form Z?: | cio; with all ¢; € Z. We may partition ®
according to the pair of values (cy, ¢2), and write the corresponding equivalence
class as [c1c2]. Roots in the equivalence class [00] lie in the Az subsystem ®(A).
There are two other types of equivalence class containing positive roots: each
of [10], [13] and [23] is a singleton class containing a long root; by contrast each
of [01], [11] and [12] is of size six, containing three short roots and three long
roots, with the union of the class with ®(A) N ®* being the set of positive roots
of a C3 subsystem (and the corresponding six root subgroups of G all commute
with each other) —indeed in the case of [01] the C3 subsystem is ®(C). Taking
similarly negative roots (and writing —[ccz] for [(—c1)(—c2)]), we see that the
‘nonzero’ equivalence classes effectively form a root system @ of type G, with
positive roots a = [01], b=[10], a4+ b =[11], 2a+b =[12], 3a+b =[13] and
3a+ 2b = [23]. For each such r = [¢j¢3] € ® there is a root subgroup U, in SD4(q),
of order ¢> or g according as r is short or long.

Now return to the case where g =2. Take A € Fg satisfying A3 = A+ 1. We choose

g3 =xa()x 0Ox ODhaOHh, Gonan, naxa(QO)x,(Q)x ()
a straightforward calculation in A shows that

F
83 = 1383 = 43713,
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1

so that g3 commutes with 73 and satisfies g3F .23~ = 13. We then have

3D4(2) = (H®)F = (HF™)%,

and the group H is obtained by adjoining (z3) to *D4(2).

For each short root r € ®, we see that 73 cycles both the three short roots and the
three long roots in r; if & € ® is one of the long roots, the corresponding elements
of HF ™ are Xo (U)X 2(q) (Mz)xr3(a)(u4) for 1 € Fg. Conjugation by g3 gives the
root subgroup U, = {x,(t1, 1, 13) : t1, t2, t3 € F2} in 3D4(q), where

Xa(t1, 12, 13) = x34(t1)x314(82) X1 2(53) x4 (1 +12)x 1, (11 +13)x3(02 + 13),
Xatb(t1, 12, 13) = X24(t1)X244(02) X1 3(13) X () +12) X4y (11 +13)X2(02 + 13),
Xoatb (11, 12, 13) = X144(11)X1-4(12) X243 (13) X4 (11 + 1) Xy (11 +13)X1 (12 + 13),

and x_.(t1, f, t3) is obtained from x,(#1, t2, t3) by negating all roots. For each long
root r € ®, the corresponding root & € ® is orthogonal to ®(A), whence the root
subgroup U, < H commutes with both g3 and t3; we therefore have the root
subgroup U, = {x,(t) : t € F»} in 3D4(g), where

xXp (1) =x2-3(1),  X3a1b(H)=x143(), X3a42b(t) = x142(1),

and x_,(¢) is obtained from x,(¢) by negating the root.
We may proceed as usual to obtain elements of the maximal torus of 3Dy4(2).
This is a cyclic subgroup (s) of A of order 7, where

s =x4(1)x__ (Dn,___nqx4(1),

s? =x,__()xs(Dnan,___na,

s =, __(Dxy__,(Dny___ngx,__ (1),

st=x (D, x, (Dx,__.(1),

5% =nan,___ngxs(Dx,___(1),

s =xa(Wnan,___xg(V)x,__, (1);

according as r € & is short or long, the A subgroup (U,, U_,) either contains (s)
or intersects it trivially, and either

Xt t, 3) =x(t1 +to, 1+ +13,10)  or Cx (1) = x.(1).
We also obtain elements n, € D4 (q) forre ®, where
Ny = N3_4N344N1-2, np =na_3,

Nat+b = N2—-4N2441N1-3, N3a4+b = N1+3,

Noatb = N144N1-4N243, N3342b =N142;
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the subgroup NT = (n,:re ®) = (n,, np) of N is dihedral of order 12 and is the
Weyl group of *D4(g), and according as r € ® is short or long we have

myg=s"1 or "s=s.
Finally the effect of 73 on all of these elements of *D4(g) is as follows: it
commutes with each n,, and with x,(¢) if r € ® is long; if r € & is short then

Bxp (11, 2, 13) = X, (83, 11, 12);
and
Uy = g2
5.2.1. The action of F4(2) on cosets of D4(2).S3. Here we take H = D4(2).S3.
There are 9 subdegrees |HgH|/|H|, and they sum to |G : H| = 3168256; we shall
prove the following.

Proposition 5.1. In the action of G = F4(2) on cosets of H = D4(2).S3, the
subdegrees are as given in Table 18, and all suborbits are self-paired.

In the calculations in this section we shall frequently use Bruhat decomposition
(see [3, Corollary 8.4.4]). Given n € N, write U, = [[{Uy : @ € ®T, n(a) ¢ ®*}
(recall that we identify W with N). Then each element of G has a unique expression
in the form unv, whereu e U,n € N and v e U,;; and unv e H < u,v € H.

We shall work through the rows of Table 18 in turn. Taking g = 1 clearly gives
the suborbit HgH = H, and the subdegree is 1.

Take g =x1 (1), x . (Dx (D or x, - (Dx, o (1)x1(1); then g2 =1, so the sub-
orbit is self-paired. As g centralizes U N H, given h =unv € H we have h € $H <=
(unv)¢ e H<=né e H<=g g H. We have"g =X1) (1), Xn(re0) (DX (1)

|HgH|

g Hos| |
1 1045094400 1
xi1 (1) 2580480 405
Xy (Dx (1) 172032 6075
X (Dxye, (Dxp (1) 73728 14175
oo (Dxs o (1) 10752 97200
oo (Dxy oy (Dxa(1) 1536 | 680400
a(xy s (Dxy . (Dxa(1) 1536 | 680400
(s (Dneoxa(Dxe_ (1) 672 | 1555200
)C3+4(1).X+,,,(1)x4(1)x3(1)X+,+,(1) 7776 134400

X nzpan Xg(Dx,  (Dx3pa(1)

3168256

Table 18. Suborbits and subdegrees for the action of F4(2) on cosets of D4(2).S3.
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O Xp(441-) (1D Xp(1 14 (1xn(1y (1), respectively; thus g g e H="g =g

n preserves the set {1}, {++++, 1} or {+++—, ++++, 1}, respectively. In the first case
this gives n € (np—3, n3_4, n4); SO

HN8H = (U142, U143, U144) (U+2—3), U+3-4), U+314)) (n4),

of order 2¢'% (g% — 1)(¢> — 1)(g* — 1) = 2580480, and the subdegree is 405. In the
second case it gives n € (ny_3, n3_4,n,___); SO

HN8H = (Ui2, U143, Ui 44, Uzy3, Usya, Usa) (Ur2—3), Us—4)) (n—__),

of order 2¢'%(¢*> — 1)(¢® — 1) = 172032, and the subdegree is 6075. In the third
case it gives n € (np_3,n4, n___); SO

HN*H = (U142, U123, Ui 44, Upsa, Usa, Uzy3) (Ur—3)) (na, ny ),

of order 6¢'2(q% — 1) = 73728, and the subdegree is 14175.

In the next few cases we shall find it helpful to define a symmetric relation on
the set of short roots in ®*: given such roots « and 8, we say that « is related to S,
and write o ~ B, if o + B is another short root in ®+.

Now take g =x,,__(1)x,_,,(1); then g~! = g">-3"4 50 the suborbit is self-paired.
Given h = unv € H we have h € 8H <= (unv)8 € H <= (g")~'."(Yg) € H. Here
g centralizes the root groups Uy1o, Uj43, Uita, Uzy3, Uzta, Us_4; sO conjugating
g by an element of U N H gives an element of

Xoo (Dxy (DU Uy Uy Ur4aUr43U0142.
Thus if we write
S = {++——, +—++, ++—+, +++—, ++++},

the condition (g*)~!."(Yg) € H forces n(++--), n(+—++) € S. As the only instance
of roots in S being related is

FH—— Y+t

we see that n must either fix or interchange ++-— and +-+4+; but if it interchanged
them then (g*)~!.”(Yg) would involve x; (1) which is not in H, so n must fix them,
whence n € (n3_4, no44). As v € Uy, any short root elements appearing in ”('g)
apart from those in g must lie in root subgroups U, for o of height less than that of
++4—— Of +—++, whereas any short root elements appearing in (g*)~! apart from
those in g must lie in root subgroups U, for @ of height greater than that of ++—-
or +—++; so both u and v must centralize g. Therefore we have

HN8H = (Ujx2, U143, U124) (U+3-4), Ux2+44)),

of order ¢°(¢*> — 1)(¢> — 1) = 10752, and the subdegree is 97200.



D4-TYPE SUBGROUPS OF Fy(q) 327

Now take g = x,.__(1)x,_,(1D)x2(1); then g‘1 = g"+-—-, so the suborbit is

self-paired. Given h = unv € H we again have h € 8H <= (unv)8 € H <
(g“)*l."(”g) € H. Here g centralizes the root groups Uj4o, Ui+3, Uita, Urys,
Us+4, Us_y4; so conjugating g by an element of U N H gives an element of

Xy (D (Dx2(DU Uy Uy U Ur4aU 43U 420
Thus if we write
S = {++—— +—++, 2, ++—+, +++—, ++++, 1},

the condition (g*)~!."(%g) € H forces n(++--), n(+—++), n(2) € S. As the only
instances of roots in S being related are

=~ ~ 2,

we see that n must fix +—++, and either fix or interchange ++-- and 2; thus
ne{ny_q4,n,___),and as v € U, N H we must have v € U3_4 so that v centralizes g.
If n € (n3_4) then n also centralizes g, as then must u; if instead n e n,___(n3_4) then
as x1—2(1)x344(1)n,___ centralizes g we see that x;_5(1)x344(1)u must. Therefore
we have

HN®H = (Uiy2, Uiz, Ui, Usyz, Usga, xi—o(Dxzpa(Dny Y (Uxri—s)),

of order ¢° (g% — 1) = 1536, and the subdegree is 680400.

Now take g = x3(1)x,__(1)x,_ . (1)x2(1); then g_1 = g"?3"4 50 the suborbit
is self-paired. Given h = unv € H we again have h € 8H < (unv)? €¢ H <=
(g”)_l."(“g) € H. Here g centralizes the root groups Ui42, U143, Uita, Urys,
Uj4, Us_g4, while its commutator with x1_o(1)x;_3(1) is x14+3(1)x142(1); so con-
jugating g by an element of U N H gives an element of

x3(Dxy (Dxy (Do +0)xy (DU Uy UrUa43U144U143U142,

where the projection of the element of U N H on the root group U,_3 is xo_3(t).
Thus if we write

S={3, ++——, +—++, 2, ++—+, +++—, ++++, 1},

the condition (g*)~!."(Yg) € H forces n(3), n(++--), n(+—++), n(a) € S, where
o is 2 or ++—+ according as the projection of v on the root group U,_3 is trivial or
not. As the only instances of roots in S being related are

Ft—t I~~~ 2,

if a is 2 the chain n(3), n(++—-), n(+—++), n(2) must be 3, ++——, +—++,2 or
its reverse, or ++—+, 3, ++——, +—++ or its reverse, while if « is ++—+ the same
must be true of the chain n(++-+), n(3), n(++--), n(+—++). In each case this
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uniquely determines n, which we find lies in (ny_3,n4,n,.___); as v € U, this
forces v € Up_3. If @ is 2 we must then have v = 1; if however « is ++—+ we must
then have v = xp_3(1), which eliminates two of the four possibilities since they
have n € (n4,n,___). There are therefore six possibilities for n, and for each we
may find an element u giving (g")~1."(Yg) € H: for example, if n = n,_3n4 then
v =1 and we may take u = x1_3(1)x2_4(1)x344(1), while if n =n,_3n,___n4 then
v = x2_3(1) and we may take u = 1. Therefore we have

HNSH = (U142, U143, Urza, U3, Uzga, Us_4, x1-2(1)x1-3(1))
Ax1-3(Dx2—4(D)x344(1)n2-3n4, n2_3n,___ngxz_3(1)),

of order 6¢% = 1536, and the subdegree is 680400. Note that the center of the
2-point stabilizer here is trivial, while that of the 2-point stabilizer in the previous
case is U]3; so the two suborbits must be distinct.

At this point we note that the remaining two subdegrees sum to 1689600, and
of course each divides |H| = 2'3365%7. It is now a simple matter to determine
the pairs of factors of |H| with the correct sum (the larger must lie in the range
[844800, 1689600), so given each of the 42 possibilities for the powers of 3, 5
and 7 there is at most one for the power of 2): we find they are (1658880, 30720),
(1382400, 307200), (1555200, 134400), (860160, 829440), (1075200, 614400)
and (1612800, 76800). (In fact by using [29, Theorem 30.1(C)] we could reduce
this list of six pairs to the third and fifth, but we shall see that this is unnecessary.)

Now take g =x4(1)x,__ (Dn,__,x4(1)x,___(1); then g‘1 = gny, so the suborbit
is self-paired. Since g € A it is immediate that g commutes with (U+2—3), U+(143)),
and it certainly commutes with its square n4; moreover calculation in C shows that
(n1—yn3—_4n314)8 = nj_n3. Thus we have

HNEH > (Us-3), Us(143)) (n1-2n3_4n344, n4),

of order 4¢3 (¢ —1)(g> — 1) = 672, and the subdegree divides 1555200. Since none
of the (nontrivial) 2-point stabilizers found to date contains a group A,(g) with a
graph automorphism, the suborbit is one of the remaining two; as the only one of the
twelve possible subdegrees given in the previous paragraph which divides 1555200
is 1555200 itself, we have equality in the previous sentence in both the 2-point
stabilizer and the subdegree; moreover the remaining subdegree must be 134400,
so the 2-point stabilizer must be of order 7776.
For the final suborbit take

g = x314(Dxo__(Dxg(Dxz(Dx o (Dnzpan,__ xa(Dx,__ (Dxzpa(D);

then g2 = 1, so the suborbit is self-paired. Clearly ¢ commutes with (Uxa+2));
calculation shows that g also commutes with 74, and that conjugation by g multiplies
x1-2(1)x3-4(1)x314(1) by n4, and it sends n,___ to x3_4(1)n3_4n344x314(1), and
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x2-3(D)x2—a(Dx24a(Dx1-3(1)x143(1) to x2—3(Dxa43(1)x1—a(Dxya(Dx143(1).
As g has order 2, it follows that each of these elements lies in HNéH . The last two of
them generate a quaternion group of order 8 with center U;;; adding n14, extends
it to a group PSU3(2) of order 72. The group generated by x3_4(1)n3_4n314x34+4(1)
and its images under (ng4, n,___) is Z3xZ3 of order 9; adding x;_»(1)x3_4(1)x344(1)
extends it to (Z3 x Z3).2 of order 18, and this group normalizes PSU3(2). The
group (n4, n,___) commutes with PSU3(2) and normalizes (Z3 x Z3).2, so we have
a group of order 72 - 18- 6 =7776. Since none of the (nontrivial) 2-point stabilizers
found to date has order divisible by 7776, the suborbit is indeed the remaining one.
As conjugation by x1_»(1)x3_4(1)x344(1) takes the first generator of the quaternion
group to the inverse of the second, we have

HNEH = (x2_3(1)x2-_4(D)x244(Dx1-3(Dx143(1), ni42,
x3-4(1)n3—4nzpax314(1), x12(Dx3—4(Dx314(1), ng, n___),
of order 7776, and the subdegree is 134400.

This concludes the proof of Proposition 5.1.

5.2.2. The action of F4(2) on cosets of D4(2).3. Here we take H = D4 (2).3.
There are 7 subdegrees |HgH|/|H |, and they sum to |G : H| = 5222400; we shall
prove the following.

Proposition 5.2. In the action of G = F4(2) on cosets of H = 3D4(2).3, the
subdegrees are as given in Table 19, and all suborbits are self-paired.

In the calculations in this section we shall again use Bruhat decomposition, but
here we shall require a slightly different form. First set

Ur=UNA=J[{Uy:a e ® " NdA)}, U =[[{Us:aecd"\ DA}

then U = UpU’' = U'U4 and Ux N U’ = {1}. Next recall that we have the Weyl
groups W4 and Wy, with W = Wy Wy = Wg W4 and W4 N Wg = {1}. Now given

|HgH|
1 634023936 1
Xorr (Dxey s (D (1) 36864 17199
ne . 36288 17472
X (D (D (D, 576 | 1100736
Xppo—(Dxp_i 4 (1) 768 825552
x4(1)nz_y4 216 | 2935296
x1a(Dxa(Dns_g 1944 | 326144
5222400

Table 19. Suborbits and subdegrees for the action of F4(2) on cosets of 3D4(2).85;5.
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an element of N = W we may write it uniquely as ngn withny € Wy, n € Wgy; as
before we have U, ,, = [[{Uy : @ € @, nan(a) ¢ ©*}. Set

(Unan)a = [1{Us 1@ € @, nan(a) ¢ @7, n(a) € ®(A)},

U, =[{Uy : a0 € @, nan(a) ¢ @1, n(a) ¢ ®(A)}
=[[{Us:a € ®T, n(a) ¢ @+ UD(A)}

(where the final line justifies the notation (U,)"); then U, ,, = (U, ,n)a(U,) =
(Un)' (Upn)a and (Uy,n)a N (Uy) = {1}. Standard Bruhat decomposition now
shows that any element of G may be uniquely written as (uu4)(man)(vav) with
ueUlU,us€Up ng €Wy, neWg,va € (Uypa and v € (U,)'; setting a =
uana"va € A we see that the element may be written as uanv withu € U', a € A,
ne€ Wgandv e (U,).

To see that this last expression is unique, suppose we have uanv = aant with
u,uelU’,a,ac A, n,ne Wy and v, 0 € (Uy,)’. Writing the left side in standard
Bruhat decomposition gives an expression (uu4)(nan)(vav), where ug € U N A,
na € Wy and vy € U, ,; doing the same with the right side and using uniqueness
of standard Bruhat decomposition we see that uus =ity € U andnan =nsn € N,
and then the factorizations of the previous paragraph give u = & and n = 7.
Therefore anv = and, so a_'a = ndv—'n~'; the left side here is in A and the
right side is in "(U,)’, which is a product of negative root subgroups each lying
outside A, so both sides must be the identity, whence a = a and v = 0. We therefore
have uniqueness in the expression uanv. Since by [3, Proposition 13.5.3] each
element of H may be written in the form u;s'njvi73/ = u1s't3/n1v;™’, where
weUNH<U',s't3/ e ANH, ny € N' < Wy and v®' € Uy, N H < (Uy,),
we see that uanv € H <= u,a,n,v € H.

In some cases our approach will require the following. We have the Weyl
group W¢ of C, and |W : W¢| =24. Recall from [3, Theorem 2.5.8, Corollary 2.5.9]
that there is a set of right coset representatives of W¢ in W, each of which is of
minimal length in its coset; we shall call these nyy, ..., no4y. (Note that [3] uses
left cosets instead of right cosets, so our elements are the inverses of those there.)
Likewise we have |Wg : Wg N We| = 24, where Wy N W is the Weyl group
of HN C, which is a Levi subgroup of H of type A;>; if we regard €] — €3, €2 — €3,
€3 — €4, €3 + €4 as simple roots of H then again we have coset representatives
of Wg N W¢ in Wy of minimal length, which we shall call n(yy/, ..., noe). We
choose notation such that for all j we have n(;)’ € Wenyj).

Now as NTN W¢ = (n,) we have |[NT: NTN We¢| = 6, so that just six of the
cosets Wcnjy contain elements of N; write J = {j <24: NN Wcn(;) # 2}. The
elements n(j)’ for j € J are 1, np, npna, Ratb, NatbMa, H3a42h, €ach of which in fact
lies in N7; we have n(;)’ = n;) in the first, second, fifth and sixth of these cases



D4-TYPE SUBGROUPS OF Fy(q) 331

and n(j)’ = n,__,n¢j) in the third and fourth. As roots in ®(A) are either fixed or
negated by elements of N', we see that for j € J we have either Ung;y = Uy, or
Uny = UaUy . whence in either case (U, ;)" = Uy,

Write P = UC, so that P is a maximal parabolic subgroup of G. For each j <24
we have Pn(jy = Pn(j)’; moreover G is the disjoint union of the double cosets
Pn ;U for j <24, and for fixed j the double coset Pn(; U is the disjoint union of
the cosets Pn;yv as v runs through Uy, . Given such a coset Pn;v, if j € J and
v € H then evidently the coset meets H; we claim that the converse is also true.

Thus suppose we have h € Pn¢jv N H, and as above write h = uanvy with
ueUNH,aec ANH,ne N'and vy € (U,)' N H; then Pn(j,v = Ph = Pnu,
son € Wen(jy = Wengjy', whence j € J and n is either n¢;)’ or nan(;)’. In the
former case we have vy € (Un(/.)r)/ = Un>
we must have v = vg € H as required. In the latter case we have vy € (U,za,,(j)r)/ ,
and we may write nvy = nan(jy'vo = navi.ng)'va, where vy € ]_[ae[m] U, < P and
v € (Un(j)/)’ = Uy as v1”<-f>/.v2 = vg € H and the sets of roots involved in vl”(i)/
and v, are disjoint, both v; and v, must lie in H. Thus

s0 as Pnjv = Pn(j'vo = Pnjvo

Pn(j)v = ano = Pn(j)’vz = Pl’l(j)vz

with v, € Uy;,» s0 we must have v = v, € H as required. We have thus shown
that the converse is indeed true; we shall use this in some of the arguments in this
section.

We shall work through the rows of Table 19 in turn. Taking g = 1 clearly gives
the suborbit HgH = H, and the subdegree is 1.

Take g =x, . (1)x,,., (1)x1(1); then g% = 1, so the suborbit is self-paired. As g
centralizes U N H, given h = uanv € H we have h € 8H <= (uanv)8 € H <=
(an)® € H < (ga)il-ng € H. We have "g = X4 (DXn(p g ) (DXn(1y (1),
while 73 and g commute and (s) acts simply transitively on U, ., U, .. U\ {1};
thus (g9)"!"g € H <= g% ="g = g <= a € (13) and n preserves the set
{+++—, ++++, 1}, which forces n € (ny). So

HNSH = (UNH, np)(t3),

of order 3¢'%(q%> — 1) = 36864, and the subdegree is 17199.

Take g =n,__.; then g% = 1, so the suborbit is self-paired. As g preserves U’, A
and N7, given h = uanv € H we have h € $H <= (uanv)® = udaénévé € H <
us,ad,n,v8 € H. For all n € N we have n% = n; calculation shows that s8 ¢ H,
while (3)¢ = 137!; and given r € ®, if r is long then g commutes with U,, while if r
is short then g preserves the set of roots « lying in r, and U,$ N H = (x,(1, 1, 1)). So

ngH = <Ub7 U—b5 xa(lv 1’ 1)5 x—a(l, 17 1)>(T3>s
of order 3¢%(g? — 1)(¢® — 1) = 36288, and the subdegree is 17472.
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Now take g = x,,._(Dx, . (Dx;(1)n,__,; then g% = 1, so the suborbit is self-
paired. Write g’ = x,,,_(1)x .. (1)x1(1); using the comments of the previous
two paragraphs about g’ and n,__, centralizing and inverting certain elements,
we see that given h = uanv € H we have h € 8H < (uanv)8 € H <
W"+—+)g' (a"+—+)ng'v'+—+ € H, with (u"+-+)g’ € U’ and a"+—+ € A. If
n(l) ¢ ®* then as n € N' and g'v"+—+ e (U,)’ the expression is in the desired
form; if instead n(1) € ®* we rewrite it as

(u"****)g/(xn(+++7) (DXn (o0 (DX 1y (1))an+__+ a'tt ottt

In either case the element of A is a+——+; for this to be in H we require a € (13),
so a"++ € (13). Now observe that if r € ® is a short root, then in each element
of U, the sum of the coefficients in the three short root subgroups is 0, and n,__,
permutes these coefficients. Thus g’v"+-—+ cannot lie in H, so if n(1) ¢ &*
we cannot have (uanv)® € H; assuming n(1) € ®* we have (uanv)$ € H <
U+ 8" (n(rimy (DX (o) (DX 1) (D)7 0"+ € H, and the first of these
implies that n preserves the set {+++—, ++++, 1}, which forces n € (n). It now
follows that

HNSH = (x5(1,1, 1), xayu (1, 1, 1), x2046(L, 1, 1)) UsaybUsatop(Usa) (13),

of order 3¢%(g? — 1) = 576, and the subdegree is 1100736.

Now take g = x,,__(1)x,_,,(1); then g~ = g%+ (O-1.D 5o the suborbit is self-
paired. Given h =uanv € H we have h € $H <= (uanv)® € H <= (")~ ("(Yg)) €
H. Here g centralizes the root groups Uza b, Usatb, Usat2b; SO conjugating g by
an element of U N H gives an element of

X (Dxy (DU Uy Uy Uy UppaUg 43U 40

Thus the projection of g on the product of the root groups U, for « € a or for
o € a+ b involves short root elements but no long root elements; so the condition
(g““)_l(”(”g)) € H forces n € N' to send both a and a+b to positive roots in
®, whence n € (np) and so v € U,. A straightforward calculation shows that
h = xa1(1, 0, Dxp(Dnps?t3 € HNEH. Thus if n = np, according as v =1 or
v = xp(1) we may multiply % on the right by A’ ~!or i to reduce to the case where
n = 1; so we may assume (g““)~'g € H. The projection of g" on the product of
the root groups whose roots lie in a is x,_,, (1), which thus must be centralized
by a; this forces a € {1, s313, s>73%}. Likewise the projection of g on the product
of the root groups whose roots lie in a+ b is either x,,__ (1) or x,,__(1)x,.,_,(1);
since conjugating each of these by either 5313 or s%732 gives a term x,(1), we must
have a = 1, so (g“)~'g € H. After calculation in U N H it now follows that

HNSH = {x,(t1, 1, 3)Xaqp(t2 + 13, t1 + 12, 1) 1 t; € F2}UratbUzasbU3a12b

Axarb(1,0, Dxp(Dnps?ts),
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of order 3¢® = 768, and the subdegree is 825552.

Finally take g = x4(1)n3_4 or x1_o(1)x4(1)n3_4; then g=! = g*=(©.0.D 5o the
suborbit is self-paired. Here we shall use the approach involving cosets of P. Take
h =uanv € H as usual and consider (uanv)8 € (Pnv)® = Pnvns_sx3(1)x1_2(5)
where § =0 or 1. If v involves the term x3_4(1) we must have either n € (n,)npn,
or n € (n,)naypn,. In the former possibility we have v = x,(1, f2, 13) X324+ (1) for
some t; € [F>: conjugating each term in v other than x3_4(1) by n3_4 and using the
relation n3_4x3_4(1)n3_4 = x3_4(1)n3_4x3_4(1) gives the coset

Pny_3nyon3yax3—4(1)n3_4x3-4(1)x344(t2)x1-2(23)
X X (T +1)x oy (1 +13)x4(t2 + 13) X114 (t4) x3(1) X1 -2(8);

now moving all possible terms to the left gives

Pny 3ny_on3ypan3 ax3—4(1)x314(3)x12(1 + 12 +13+6)
X X (I +0)x, o (1 +0t3)x3(1 + 12 +13)x143(14).

The sum of the coefficients in the three short root subgroups is 1 + ,¢3 + t3, which
is 0 only when #3 = 1 and #, = 0; but then the sum of the coefficients in the three root
subgroups Us_4, Us14 and U, _, _ is not 0. Thus the product of the root elements with
roots in a does not lie in H, so the coset Pnvns_4x3(1) contains no elements of H.
In the latter possibility we have v = x,(1, 2, 3)X2a+b (24, 5, 16)X32+b(#7) X334-2b(f8)
for some #; € [;; although the expression is more complicated, the above approach
gives on the right the same root elements with roots in a, and thus yields the same con-
clusion. Thus we may assume that v does not involve the term x3_4(1), so the coset
is Pnn3_4(v"*)x3(1)x1-2(8). Unless n € (n,) or (na)n3a+op We see that nn3_4
is an element n;)’ for some j ¢ J, so again the coset contains no elements of H;
we have therefore reduced to the possibilities where n € {1, n,, n3a212b, 7al32+2b}-
From now on we treat the two cases 6 = 0 and § = 1 separately, although we shall
see that there are considerable similarities between them.

First assume § =0, so that g = x4(1)n3_4. If n =1 then v = 1; a straightforward
calculation shows that {ua : (ua)$ € H} is

Q = (xp(Dxatb(1, 1, Dx2a45(0, 0, 1), xatb(1, 0, 0)x2a45(1, 0, Dxzays (1)),

a quaternion group with center Usz,10p. If n = n, we obtain two further cosets of Q,
containing the element hg = x,(1, 1, 1)sn,x,(0, 1, 1) and its inverse (note that /g
has order 3, and centralizes Q). If n = n3,49, then as g € C it commutes with n, so
we obtain all elements gjngy with g1, g2 € Q. Finally if n = nyns,42, we obtain

all elements hoilqlnqz. Thus

H N EH = (xp(Dxagb(1, 1, Dx2a45(0, 0, 1), Xa45(1, 0, 0)x2015(1, 0, D)x3atb(1),

xa(lv 1’ l)snaxa(oa 17 1)’ n3a+2b>a
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of order ¢>(¢%> — 1)(¢> + 1) = 216, and the subdegree is 2935296.

Now assume 6 = 1, so that g = x1_»(1)x4(1)n3_4. Here we first note that
(x2(0, 1, 1)s313)8 = 5313, so it suffices to work in 3Dy(2). If n =1 thenv=1;a
straightforward calculation shows that {us’ : (us’)¢ € H} is

Q = (xb(l)xa+b(0a 07 1)x23+b(0s 07 1)7 xa+b(1s 1’ 0)x23+b(07 17 O)X3a+b(l)>,

a quaternion group with center Usz,1op. If n = n, we obtain eight further cosets
of O, containing the element ig = x,(1, 0, 0)n,x,(0, 1, 0) and its powers (note
that ig has order 9, and normalizes Q). If n = ns3,40p then as g € C it commutes
with n, so we obtain all elements g1ng, with g1, g> € Q. Finally if n = nansa40p
we obtain all elements /(' qing, for 1 <i < 8. Thus

H mgH = (xb(l)xa-‘rb(oa 0’ 1)x23+b(0, Ov 1)7 xa+b(1’ 1’ 0)x23+b(0, 17 0)x3a+b(1),
xa(l, 07 O)naxa(O, 15 0)’ n3a+2b><xa(0, 19 1)S3T3>,

of order 9¢° (g — 1)(g> + 1) = 1944, and the subdegree is 326144.
This concludes the proof of Proposition 5.2.

5.3. Distance-transitive graphs. We recall further that in the action of G on the
left cosets of a maximal subgroup H, given a self-paired suborbit corresponding
to a double coset HgH which is not simply H itself, we may obtain a graph as
follows: the vertices are the left cosets g’ H for g’ € G, and there is an edge between
the vertices ¢’ H and g” H if and only if g’ ~l¢” € HgH (note that this makes sense
because the suborbit is self-paired). The graph is regular, of valency |HgH|/|H]|;
it is connected as H is a maximal subgroup of G; and G acts transitively on it.

If we consider the vertex H itself, the vertices at distance 1 from H are the cosets
lying in Hg H, those at distance 2 from H are those lying in Hg HgH which are
not at distance O or 1, and so on. Writing r for the rank of the action, the graph
is distance-transitive if, for each i < r, the left cosets at distance i from H form a
single suborbit; in this case we may order the subdegrees ko, ki, . . ., k,—1 so that the
number of left cosets at distance i from H is k; (sothatkg=1,andk;=|HgH|/|H|).

Our goal here is to show that for no choice of suborbit H g H the graph is distance-
transitive. To do this we shall make use of [2, Proposition 5.1.1], which among other
things implies the following: if the graph as above is distance-transitive with r > 4,

(1) there exist h,l with 1 <h <[ <r—1suchthatl <k <---<kp=---=
kl>-~>k,_1,and
(i) ifi < jandi+ j <r—1thenk; <k;.

5.3.1. The action of F4(2) on cosets of D4(2).S3. Here we take H = D4(2).53. We
have r = 9; our result is the following.
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Proposition 5.3. The action of G = F4(2) on cosets of H = D4(2).53 gives rise to
no distance-transitive graph.

Proof. Suppose the statement is false. The smallest nontrivial subdegree is 405,
corresponding to the suborbit HgH where g = x;(1). If we had k; = 405 then
HgHgH would contain only one double coset other than H or Hg H; but we have

xi(Dxyyp (1)=gn,_.gn, € HgHgH
and
Yoo (Dxyp(H)=n, g0, ,n,, gn, €HgHZH,

and the two left-hand sides lie in the double cosets corresponding to subdegrees 6075
and 97200. Thus by (i) above we must have kg = 405. The next smallest subdegree
is 6075, corresponding to the suborbit HgH where g = x;(1)x,,,,(1). By (i)
above we cannot have k7 = 6075 as this would force k; > k7, so by (i) above we
must have k; = 6075; but

xi(D)=n,_ . x 3-4(1).g.x3-4(1).g.x142(Dn,_, € HgHgH,

so that x;(1)H would be at distance 2 from H instead of 8. This contradiction
proves the result. ([

5.3.2. The action of F4(2) on cosets of 3D4(2).3. Here we take *D4(2).3. We have
r = 7; our result is the following.

Proposition 5.4. The action of G = F4(2) on cosets of H =3D4(2).3 gives rise to
no distance-transitive graph.

Proof. Suppose the statement is false. The smallest nontrivial subdegree is 17199,
corresponding to the suborbit HgH where ¢ = x ., (1)x .. (1)x;(1); as al-
ready mentioned, (s) acts simply transitively on U, ., _U,, ., U; \ {1}, and indeed
gs2 =x1(1). We have x3(1) = x;(1)*" € HgH, and then

n3—4 =x_(1, 1, Ds.x3(1).xa(1, 1, Dnasxa(1, 1, 1) € HgH;

thus nq4(1)n3_4 = n3_4n3(1) € HgHgH. It follows that if we had k; = 17199
then we would have k, = 2935296; but this is the largest subdegree, so we would
have k, > k3, contrary to (ii) above. Thus by (i) above we must have kg = 17199.
The next smallest subdegree is 17472, corresponding to the suborbit HgH where
g =n,__,. By (ii) above we cannot have ks = 17472 as this would force k; > ks,
so by (i) above we must have k; = 17472; but

X (DX (Dx1(1) = 5°73.8.%2245(0, 0, 1).g.x2245(1, 0, 0)73%s> € HgHgH,

so that x,. . (1)x,.,.,(1)x;(1)H would be at distance 2 from H instead of 6. This
contradiction proves the result. U
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