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D4-TYPE SUBGROUPS OF F4(q)

R. LAWTHER

We treat the action of the simple group F4(q) on the cosets of subgroups
D4(q), 2D4(q) and 3D4(q) and their extensions by graph automorphisms. We
obtain the ranks and decompose the corresponding permutation characters;
we show that, even allowing for the application of field automorphisms, the
only two primitive multiplicity-free actions arising are those of F4(2) on
cosets of D4(2).S3 and 3D4(2).3. For these two actions, we calculate the
subdegrees; we find that all suborbits are self-paired, but that the action
gives rise to no distance-transitive graph.

1. Introduction

This paper represents a further contribution to the programs described in [15],
namely the classification of finite primitive permutation groups with the property
that the action is on the vertices of a distance-transitive graph, or (more generally)
all suborbits are self-paired, or (more generally still) the permutation character is
multiplicity-free. Results of [1; 23] essentially reduce these classifications to the
consideration of almost simple groups; many cases have already been studied and
resolved. In [15] the case of the action of F4(q) on cosets of B4(q) was treated; in
this paper, which in many ways may be seen as a continuation of [15], we consider
two further actions of F4(q), on cosets of D4(q).S3 and of 3D4(q).3. In conjunction
with [17] (about which we shall say more later), we shall show that each of these
actions is only multiplicity-free if q = 2 (and, moreover, that if q > 2 the application
of field automorphisms never makes the action multiplicity-free); in these two cases
we shall calculate the subdegrees, and show that all suborbits are self-paired, but
that the action gives rise to no distance-transitive graph.

In fact, we shall consider other subgroups beside the two just mentioned. We shall
say that a subgroup of F4(q) is a D4-type subgroup if it is of the form mD4(q).0,
where m ∈ {1, 2, 3} (interpreting 1D4(q) to mean simply D4(q)), and 0 is a group
of graph automorphisms of mD4(q). For completeness, we shall decompose the
permutation characters of the actions of F4(q) on cosets of all D4-type subgroups.
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We let G be a simple algebraic group of type F4 over k, the algebraic closure of Fp,
where p is a prime. We let T0 be a maximal torus of G, and8 be the set of roots of G
relative to T0; we choose a Borel subgroup B of G containing T0, and let 8+ and
6 be the sets of positive and simple roots determined by B. As in [24; 25], we let

6 =
{
ϵ2 − ϵ3, ϵ3 − ϵ4, ϵ4,

1
2(ϵ1 − ϵ2 − ϵ3 − ϵ4)

}
,

where ϵ1, ϵ2, ϵ3, ϵ4 form an orthonormal basis of a 4-dimensional Euclidean space;
then

8+
= {ϵi ± ϵ j : 1 ≤ i < j ≤ 4} ∪ {ϵi : 1 ≤ i ≤ 4} ∪

{ 1
2(ϵ1 ± ϵ2 ± ϵ3 ± ϵ4)

}
,

and 8=8+
∪−8+. For convenience, where there is no danger of confusion, we

shall write ±i ± j for ±ϵi ± ϵ j , ±i for ±ϵi , and +−−− for 1
2(ϵ1 − ϵ2 − ϵ3 − ϵ4), etc.

in what follows. We write N = NG(T0), and W = N/T0 for the Weyl group of G.
Given a root α ∈ 8, we let Uα be the corresponding root subgroup of G; we

write U =
∏
α∈8+ Uα. For each α there is an isomorphism xα : k → Uα such that

for all λ∈ k and t ∈ T0 we have txα(λ)= xα(α(t)λ) (where as usual a group element
as superscript denotes conjugation on the appropriate side). We assume that the
isomorphisms xα are chosen as in [4, Section 1.9] such that if for all λ ∈ k∗ we set

nα(λ)= xα(λ)x−α(−λ
−1)xα(λ), hα(λ)= nα(λ)nα(−1),

then as in [3, Lemma 6.4.4] for all λ ∈ k∗ we have nα(λ) ∈ N and hα(λ) ∈ T0; the
maps hα : k∗

→ T0 are the coroots. For all λ,µ ∈ k we also have the Chevalley
commutator relations

[xα(λ), xβ(µ)] =
1 if α+β /∈8,

xα+β(Nα,βλµ) if α+β ∈8, 2α+β,α+2β /∈8,
xα+β(Nα,βλµ)x2α+β

(
−

1
2 Nα,βNα,α+βλ

2µ
)

if α+β,2α+β ∈8,

xα+β(Nα,βλµ)xα+2β
(1

2 Nα,βNα+β,βλµ
2
)

if α+β,α+2β ∈8,

where we assume that the structure constants Nα,β are as given in [25]. For each α
we write nα = nα(1), and wα = nαT0 ∈ W .

Much as in [24], we shall write elements of T0 in the form (µ1, µ2, µ3, µ4; ν)

with µ1, µ2, µ3, µ4, ν ∈ k∗ and ν2
= µ1µ2µ3µ4, where for λ ∈ k∗ we set

h2−3(λ)= (1, λ, λ−1, 1; 1),

h3−4(λ)= (1, 1, λ, λ−1
; 1),

h4(λ)= (1, 1, 1, λ2
; λ),

h+−−−(λ)= (λ, λ−1, λ−1, λ−1
; λ−1).
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The action of W on T0 is then determined by

w2−3(µ1, µ2, µ3, µ4; ν)= (µ1, µ3, µ2, µ4; ν),

w3−4(µ1, µ2, µ3, µ4; ν)= (µ1, µ2, µ4, µ3; ν),

w4(µ1, µ2, µ3, µ4; ν)= (µ1, µ2, µ3, µ4
−1

; νµ4
−1),

w+−−−(µ1, µ2, µ3, µ4; ν)= (ν, νµ3
−1µ4

−1, νµ2
−1µ4

−1, νµ2
−1µ3

−1
;µ1).

We let
H = ⟨Uα : α ∈8(H)⟩,

C = ⟨Uα : α ∈8(C)⟩,

A = ⟨Uα : α ∈8(A)⟩,
where

8(H)= {±ϵi ± ϵ j : 1 ≤ i < j ≤ 4},

8(C)=
{
±(ϵ1 − ϵ2),±(ϵ3 ± ϵ4),±ϵ3,±ϵ4,±

1
2(ϵ1 − ϵ2 ± ϵ3 ± ϵ4)

}
,

8(A)=
{
±ϵ4,±

1
2(ϵ1 − ϵ2 − ϵ3 ± ϵ4)

}
;

then H , C and A are simple algebraic groups over k of types D4, C3 and Ã2,
respectively, where as usual a tilde denotes a root system comprising short roots,
and each is simply connected, as it is easy to see that the Z-linear span of the
relevant coroots equals the group of cocharacters of the relevant torus. We let

WH = ⟨w1−2, w2−3, w3−4, w3+4⟩,

WC = ⟨w3−4, w4, w+−−−⟩,

WA = ⟨w4, w+−−−⟩,

so that WH , WC and WA are the Weyl groups of H , C and A, respectively.
We write

τ1 = 1, τ2 = h+−−−(−1)n4, τ3 = n4n+−−−.

For m ∈ {1, 2, 3} the element τm is of order m and acts on H as a graph automor-
phism; moreover τm ∈ A, and C A(τm) is connected (if p ̸= m then τm is semisimple,
so the connectedness of C A(τm) follows from the simple connectedness of A and [4,
Theorem 3.5.6]; if instead p = m then τm is unipotent, and an easy calculation shows
the connectedness of C A(τm)). If p ̸= 2, as in [13] we may set y2 = x4(1)n4x4

( 1
2

)
;

then τ2
y2 = h+−−−(−1)= (−1,−1,−1,−1; −1). If instead p = 2 we may set y2 =

x−4(1); then τ2
y2 = x4(1). Likewise, if p ̸= 3 we may take ω ∈ k∗ with ω3

= 1 ̸=ω,
and set y3 = x+−−+(ω

2)x+−−−(−ω)x4(1)n4n+−−−n4x4
( 1

3

)
x+−−−

( 1−ω
3

)
x+−−+

( 1+2ω
3

)
;

then τ3
y3 = h4(ω) = (1, 1, 1, ω2

;ω). If instead p = 3 we may set y3 = x−++−(1)
x−4(1)x−+++(−1); then τ3

y3 = x4(1)x+−−−(1).
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We let q be a power of p, and let F : G → G be the Frobenius map determined
by xα(λ)F

= xα(λq) for all λ ∈ k and α ∈8. As in [15; 25] we set x = (4, q − 1),
y = (3, q − 1) and z = (3, q + 1). We take d ∈ {0, 1} and e ∈ {0,±1} such that
q ≡ d (mod 2) and q ≡ e (mod 3). For m ∈ {1, 2, 3} we set

f =


3 if m = 1,
1 if m = 2,
0 if m = 3;

the element τm commutes with F , and as τm ∈ C A(τm), by the Lang–Steinberg
theorem we may take gm ∈ C A(τm) with gm

F .gm
−1

= τm (choosing g1 = 1), and
let Hm = Hgm .

For any F-stable subset X of G we write X F for the set of points of X fixed
by F . We set G = GF , T0 = T0

F , B = BF , Uα = UαF for α ∈ 8, U = U F ,
N = N F , A = AF , C = C F and Hm = (Hm)

F for m ∈ {1, 2, 3}; then G = F4(q)
and Hm =

mD4(q) with Hm < G, and we have

|G| = q24(q2
− 1)(q6

− 1)(q8
− 1)(q12

− 1),

|H1| = q12(q2
− 1)(q6

− 1)(q4
− 1)2,

|H2| = q12(q2
− 1)(q6

− 1)(q8
− 1),

|H3| = q12(q2
− 1)(q6

− 1)(q8
+ q4

+ 1).

For m ∈ {1, 2, 3} we define the map Fm = Fτm : G → G by gFm = (gF )τm for
g ∈ G, and set Ĥm =

gmHm = H Fm (where we extend the superscript notation to
mean the set of points fixed by Fm).

Now as g1 = τ1 = 1, and for m ∈ {2, 3} we have chosen gm to commute with τm ,
given m, r ∈ {1, 2, 3} with {m, r} ̸= {2, 3} we have τr

gm = τr . It follows that, up to
conjugacy, the D4-type subgroups of G are H1, H2 and H3; H1.2 and H2.2, where
Hm .2 = Hm⟨τ2⟩; H1.3 and H3.3, where Hm .3 = Hm⟨τ3⟩; and H1.S3 = H1⟨τ2, τ3⟩.
Of these, only H1.S3 and H3.3 are maximal subgroups of G, since H2.2 lies inside
B4(q)= ⟨U±(1−2),U±(2−3),U±(3−4),U±4⟩.

The structure of the rest of the paper is as follows. In Section 2 we develop a
method for decomposing the permutation characters which occur here. In Section 3
we apply this to the cases where the D4-type subgroup is Hm for m ∈ {1, 2, 3}; in
Section 4 we do the same for the other D4-type subgroups. Finally in Section 5 we
consider the contributions of the actions treated here to the classification programs
mentioned above.

2. Decomposing permutation characters

In this section we begin by giving information about conjugacy classes, and then
explain a method for calculating scalar products of characters which uses it; this
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will allow us to decompose the permutation characters of interest here. After some
preliminary results we prove the claim on which the method is based.

In what follows we shall make several statements to the effect that a certain
expression is a ‘polynomial in q’. By this we shall mean that, for a stated set of
zero or more parameters which may take only finitely many possible values, if we
fix their values there is a polynomial with rational coefficients such that, for any
appropriate q , the expression equals the evaluation of the polynomial at q .

2.1. Conjugacy classes in D4-type subgroups. We begin by providing information
concerning conjugacy classes in D4-type subgroups of G, which will be needed
in much of the rest of the paper. We shall see that, for m, r ∈ {1, 2, 3} with
{m, r} ̸= {2, 3}, it suffices to consider the Hm-classes in the coset Hmτr ; equivalently
we may consider the Ĥm-classes in the coset Ĥmτr and then conjugate by gm (note
that Ĥ1 = H1 as g1 = 1, and that Ĥmτr =

gm(Hmτr ) as gm commutes with τr ).
Of fundamental importance is Jordan decomposition, but the way in which this

is applied will depend on whether or not r equals p. We define

r̄ =
r

(r, p)
=

{
r if r ̸= p,
1 if r = p;

given an element of the coset Ĥmτr , its semisimple part lies in the coset Ĥmτr̄ ,
and indeed all semisimple elements of H⟨τr ⟩ lie in H⟨τr̄ ⟩. If r̄ = r we begin with
semisimple classes in Ĥmτr and then take unipotent classes in Ĥm lying in central-
izers of semisimple elements; if however r̄ ̸= r we instead begin with unipotent
classes in Ĥmτr and then take semisimple classes in Ĥm lying in centralizers of
unipotent elements. In the former case, for each unipotent class in the Ĥm-centralizer
we shall need information concerning which unipotent class in the G-centralizer
contains it (sometimes partial information is sufficient for our purposes); frequently
inspection allows us to determine the class precisely, but if necessary we can always
calculate Jordan structure on an appropriate module (the natural module for groups
of classical type, the 26-dimensional module for F4 itself) and use results from
either [18] or [14].

First take r = 1, so that our concern is with the Ĥm-classes in Ĥm itself. We
start with semisimple Ĥm-classes in Ĥm . Recall that any semisimple element of
Ĥm = H Fm lies in an Fm-stable maximal torus of H , and that there is a bijection
between the H Fm -classes of Fm-stable maximal tori of H and the Fm-conjugacy
classes of WH ; as Fm = Fτm , and F acts trivially on W while τm corresponds to the
Weyl group element 1, w4 or w4w+−−− according as m = 1, 2 or 3, we see that the
Fm-conjugacy classes of WH correspond to the WH -classes in the coset WH , WHw4

or WHw+−−−w4, respectively. In fact the semisimple classes of B4(q) are listed in
the Appendix of [15], from which it is straightforward to deduce the semisimple
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Ĥm-classes in Ĥm for m = 1 and m = 2, while those for m = 3 are given in [5,
Table 2.1]. The G-centralizer of a semisimple element is determined by the roots
with respect to a maximal torus containing it which take the value 1 at it, and so may
easily be determined by inspection (in fact for m = 1 and m = 2 this information is
given in the Appendix of [15]).

Next consider Ĥm-classes in Ĥm which are not semisimple. Given a semisimple
element of Ĥm , the unipotent classes lying in its centralizer in either Ĥm or G may
usually be obtained from the various results and tables in [18] (see Theorems 3.1, 7.1
and Tables 8.1a, 8.2a, 8.4a, 8.5a, 22.2.4); the exceptions are that no table is given
for B4(q) (which here appears as the centralizer of a semisimple element only in
odd characteristic) but it may be constructed using the results given in Chapters 3–7
therein (alternatively a list is given in [25], which of course also gives the unipotent
classes of F4(q)), and that 3D4(q) is not treated but results are given in [5]. In this
way we obtain a complete set of representatives of the Ĥm-classes in Ĥm ; conjugation
by gm then gives a complete set of representatives of the Hm-classes in Hm .

Now take r ∈ {2, 3}, so that m ∈ {1, r}. We note that for given r the Ĥm-classes
in Ĥmτr for the two values of m are closely related by Shintani descent (see [6,
I.7.2; 22, Proposition 5]): there is a bijection between the sets of Ĥ1-classes in Ĥ1τr

and Ĥr -classes in Ĥrτr which preserves centralizer orders. Indeed, we may proceed
as follows: given an H1-class in H1τr (i.e., an Ĥ1-class in Ĥ1τr ), we may take
a class representative hτr and use the Lang–Steinberg theorem to write h in the
form x̄ Fr .x̄−1 for some x̄ ∈ H ; Shintani descent gives the corresponding Ĥr -class
in Ĥrτr as that containing h†τr where h†

= x̄−1.x̄ F1 ; conjugating by gr then gives
the corresponding Hr -class in Hrτr as that containing h′τr , where h′

= (h†)gr .
First assume r ̸= p; then τr = τr̄ is a semisimple element of G. Here we begin

by observing that τr̄ is a quasisemisimple automorphism of H (recall from [28,
Section 9] that this means that it stabilizes both a Borel subgroup and a maximal
torus therein). We make use of [20, 1.14]: we write Tr̄ = T0 ∩ CH(τr̄ ), so that Tr̄

is a maximal torus of CH(τr̄ ); we let Nr̄ = {n ∈ H :
n(Tr̄τr̄ )= Tr̄τr̄ }, and then its

identity component Nr̄
◦ is equal to Tr̄ , so that Nr̄/Tr̄ is finite; any quasisemisimple

element lying in Hτr̄ is H-conjugate to an element of Tr̄τr̄ ; any two elements
of Tr̄τr̄ which are H-conjugate are in fact conjugate by an element of Nr̄ , and thus
lie in the same orbit under the action of the finite group Nr̄/Tr̄ . Using this we may
prove the following.

Lemma 2.1. Any semisimple element of Ĥmτr̄ is Ĥm-conjugate to an element (sτr̄ )
x ′

where s ∈ Tr̄ and x ′
∈ H with x ′Fm .x ′−1

∈ Nr̄ .

Proof. Suppose š ∈ Ĥm with šτr̄ semisimple; then š is quasisemisimple, so there
exist h ∈ H and s ∈ Tr̄ such that šτr̄ = (sτr̄ )

h . As both š and τr̄ are Fm-stable we
have (sτr̄ )

h
= (s Fm .τr̄ )

hFm , so sτr̄ = (s Fm .τr̄ )
hFm .h−1

; as Tr̄ is also Fm-stable, both
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sτr̄ and s Fm .τr̄ lie in Tr̄τr̄ , so there exists n ∈ Nr̄ such that sτr̄ = (s Fm .τr̄ )
n . Using

the Lang–Steinberg theorem we may write n = x ′Fm .x ′−1 for some x ′
∈ H ; then

((sτr̄ )
x ′

)Fm = (s Fm .τr̄ )
x ′ Fm

= (s Fm .τr̄ )
nx ′

= (sτr̄ )
x ′

,

so that (sτr̄ )
x ′

is Fm-stable, and

(šτr̄ )
h−1n−1

= (sτr̄ )
n−1

= s Fm .τr̄ = (šτr̄ )
(hFm )−1

,

so that h−1n−1hFm ∈ CH(šτr̄ ). As H is simply connected and šτr̄ is a quasisemisim-
ple automorphism of H , by [28, Theorem 8.2] CH(šτr̄ ) is connected, so we may
again use the Lang–Steinberg theorem to write h−1n−1hFm = c−1cFm for some
c ∈ CH(šτr̄ ); then as h−1x ′(x ′Fm )−1hFm = c−1cFm we see that ch−1x ′

∈ H is Fm-
stable and thus lies in Ĥm , and (šτr̄ )

ch−1x ′

= (šτr̄ )
h−1x ′

= (sτr̄ )
x ′

, so that šτr̄ is
Ĥm-conjugate to (sτr̄ )

x ′

as required. □

Thus Tr̄ and Nr̄/Tr̄ play the roles of ‘maximal torus’ and ‘Weyl group’ for the
coset Ĥmτr̄ . We find that they are as follows: for r̄ = 2 we have

T2 =

{(
λ,µ,

ν2

λµ
, 1; ν

)
: λ,µ, ν ∈ k∗

}
,

N2/T2 = ⟨n1−2T2, n2−3T2, n3−4n3+4T2, (−1,−1,−1,−1; −1)T2⟩;

for r̄ = 3 we have

T3 =

{(
λ,µ,

λ

µ
, 1; λ

)
: λ,µ ∈ k∗

}
,

N3/T3 = ⟨n2−3T3, n1−2n3−4n3+4T3, (ω
2, ω, ω, ω2

; 1)T3⟩.

In each case we see that |Nr̄/Tr̄ | = |CW (τr̄ T0)|. For r̄ = 2 we in fact have
N2/T2 ∼= CW (τ2T0) = CW (w4) = ⟨w1−2, w2−3, w3−4w3+4⟩ × ⟨w4⟩ = W (B3)× 2;
however for r̄ = 3 we have N3/T3 ∼= S3 × S3 but CW (τ3T0) = CW (w4w+−−−) =

⟨w2−3, w1−2w3−4w3+4⟩ × ⟨w4w+−−−⟩ = W (G2)× 3. Write

n0 = n1−2n1+2n3−4n3+4, h0 =

{
(−1,−1,−1,−1; −1) if r = 2,
(ω2, ω, ω, ω2

; 1) if r = 3.

In Nr̄/Tr̄ we then have conjugacy class representatives nTr̄ as follows: if r̄ = 2 we
may take n = n′n′′, where

n′
∈ {1, n0, h0, h0n0}, n′′

∈ {1, n3−4n3+4, n1−2, n1−2n2−4n2+4, n1−2n2−3};

if r̄ = 3 we may take n = n′n′′, where

n′
∈ {1, n0, h0}, n′′

∈ {1, n2−3, n1+3n2−3}.

For each such element n, using the Lang–Steinberg theorem we may write
n = x ′Fm .x ′−1 for some x ′

∈ H ; by Lemma 2.1 the various Fm-stable elements (sτr̄ )
x ′
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with s ∈ Tr̄ between them represent all semisimple Ĥm-classes in Ĥmτr̄ . Note that
the condition for Fm-stability of (sτr̄ )

x ′

is sτr̄ = (s Fm .τr̄ )
n; as s ∈ Tr̄ we have

s Fr̄ = s F1 , so that there is a natural correspondence between the semisimple Ĥ1-
classes in Ĥ1τr̄ and the semisimple Ĥr̄ -classes in Ĥr̄τr̄ , as we expect from Shintani
descent.

Observe that Tr̄ commutes with the element yr̄ defined above, and we have
seen that τr̄

yr̄ = h+−−−(−1) or h4(ω) according as r̄ = 2 or 3, so for all s ∈ Tr̄

we have (sτr̄ )
yr̄ = sτr̄

yr̄ ∈ T0; moreover a straightforward calculation shows that
T0 ∩ H yr̄ = Tr̄ , so that T0 ∩ (H⟨τr̄ ⟩)

yr̄ = Tr̄ ⟨τr̄
yr̄ ⟩. Write

ϒ2 = ⟨ϵ4⟩, ϒ3 =
〈
ϵ4,

1
2(ϵ1 − ϵ2 − ϵ3 − ϵ4)

〉
;

then ϒr̄ is a root subsystem of 8 of type Ãr̄−1 such that Tr̄ =
⋂
β∈ϒr̄

kerβ. Indeed,
given a root subsystem ϒ of 8 of type Ãr̄−1, we define

kerr̄ ϒ =
⋂
β∈ϒ

kerβ ∪
⋂
β∈ϒ

(ker r̄β \ kerβ)

(if r̄ = 2 and β ∈ϒ then kerr̄ ϒ = ker 2β; if however r̄ = 3 and {β1, β2} is a simple
system of ϒ then kerr̄ ϒ = {s ′

∈ T0 : β1(s ′)= β2(s ′) ∈ {1, ω±1
}} because if s ′

∈ T0

and β1(s ′), β2(s ′) ∈ {1, ω±1
} with β1(s ′) ̸= β2(s ′) then exactly one of β1, β2 and

β1 + β2 takes the value 1 at s ′); from the expression above for τr̄
yr̄ we see that

Tr̄ ⟨τr̄
yr̄ ⟩ = kerr̄ ϒr̄ .

Note that if we set T1 = T0, N1 = N ∩ H , y1 = 1 and ϒ1 = ∅, then the above
(apart from the comment about Shintani descent) also holds for r̄ = 1.

For each semisimple Ĥm-class representative (sτr̄ )
x ′

we may then take a set of
representatives of the unipotent conjugacy classes in the Ĥm-centralizer, and form
products in the usual way, to obtain a complete set of representatives of the Ĥm-
classes in Ĥmτr̄ ; finally, conjugation by gm gives a complete set of representatives
of the Hm-classes in Hmτr̄ = Hmτr . Indeed, as a check we find that the sum of the
sizes of the classes so obtained is |Hm |.

Now assume r = p; then τr is a unipotent element of G. Here we refer to [21,
Tables X and VIII], which list representatives and centralizer orders for the unipotent
H1-classes lying in H1τr for r = 2 and r = 3; the elements are given as uiτr for
1 ≤ i ≤ 10 and 1 ≤ i ≤ 7, respectively. Using Shintani descent as described above
it is straightforward to obtain representatives ui

†τr for the unipotent Ĥr -classes
lying in Ĥrτr . Using the expression for τr

yr given above, we may also identify the
unipotent G-classes containing the elements uiτr and ui

†τr , either by inspection
or by computing Jordan blocks on the 26-dimensional module for G and referring
to [14] (whose notation we use), as described above; we find that for each i the
elements uiτr and ui

†τr lie in the same G-class, which we give in Table 1.



D4-TYPE SUBGROUPS OF F4(q) 257

i (uiτ2)
G

= (ui
†τ2)

G

1 Ã1

2 A1 Ã1

3, 4 B2

5 C3(a1)

6 A2 Ã1

7 C3(a1)
(2)

8, 9 B3

10 F4(a1)

i (uiτ3)
G

= (ui
†τ3)

G

1 Ã2

2 Ã2 A1

3 C3

4, 5, 6 F4(a2)

7 F4

Table 1. Unipotent G-classes meeting Ĥmτr for r = 2 and r = 3.

For each unipotent H1-class representative uiτr , we may then identify its central-
izer CH1(uiτr ); we take representatives s of the semisimple classes therein and form
products suiτr . Combining the results for the various values of i gives a complete
set of representatives of the H1-classes in H1τr ; again, as a check we find that the
sum of the sizes of the classes so obtained is |H1|. In fact in almost all cases the
elements s commute with both ui

† and τr , so as they are stable under F1 they are
also stable under Fr = F1τr and hence lie in C Ĥr

(ui
†τr ); in the exceptional cases

we must replace the elements s by conjugates of them. In this way we also obtain a
complete set of representatives of the Ĥr -classes in Ĥrτr ; conjugation by gr then
gives a complete set of representatives of the Hr -classes in Hrτr .

Before concluding this section we note that the semisimple G-classes in G are
listed in [25] for p ̸= 2 and in [24] for p = 2, each of which groups together
classes containing elements with equal centralizers. These groupings, which we
shall call types, may be described combinatorially, in terms of Weyl group elements
by which maximal tori are twisted and root systems of centralizers; the finitely
many possibilities for the type are the same for all q (and p), although for a given q
not all need occur, either because p is a bad prime for G or because q is small.
For each type, both [25] and [24] use a single notation for varying q (although the
notations used by [25] and [24] are different).

Here we shall similarly say that a type of Hm-class in Hmτr is a collection of
such Hm-classes all of which contain elements with equal G-centralizers whose
semisimple parts also have equal G-centralizers. The finitely many possibilities for
the type of such a semisimple Hm-class are again the same for all q (although once
more not all occur for all q); for each type we may likewise use a single notation
for varying q. Classes which are not semisimple are however more complicated,
because the behavior of unipotent classes in bad characteristic differs from that in
good characteristic; nevertheless we may do the following.
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Note that the triple (d, e, x) must be one of

(0, 1, 1), (0,−1, 1), (1, 0, 2), (1, 0, 4), (1, 1, 2), (1, 1, 4), (1,−1, 2), (1,−1, 4)

(the first two cover the cases where p = 2, the second two those where p = 3, and
the last four those where p > 3). Fix one such triple (d, e, x) and restrict attention
to the prime powers q associated to it, of which there are infinitely many. We then
find that there are finitely many possibilities for the type of Hm-class in Hmτr , that
they are the same for all such q , and that for a given type of Hm-class in Hmτr the
order of the Hm-centralizer is a polynomial in q: if p = r then for each unipotent
class appearing in Table 1 we have obtained a collection of semisimple elements
lying in the centralizer, and after forming products to obtain class representatives the
statements follow by inspection; if instead p ̸= r then for a given type of semisimple
Hm-class in Hmτr inspection of tables of unipotent classes in the various simple
factors appearing in the centralizer (see, for example, [18] as mentioned above)
shows that the parametrization of such unipotent classes is the same for all q , and
that for a given unipotent class the centralizer order is a polynomial in q, from
which the statements follow.

Indeed from the above we see that more is true: for a fixed triple (d, e, x) and
type of Hm-class in Hmτr , if we take one such Hm-class and let s be the semisimple
part of an element thereof, then the number of Hm-classes of the type concerned
which contain elements with semisimple part s is the same for all q .

Thus for a fixed triple (d, e, x) we may extend the notion of ‘type of Hm-class
in Hmτr ’ to cover all prime powers q associated to it, and Hm-centralizer orders
are polynomials in q. This will be crucial to the approach to calculating character
scalar products which we now describe.

2.2. Character scalar products. Recall that, for any subgroup H of G, when G
acts on the cosets of H the value at g ∈ G of the permutation character 1H

G is the
number of cosets g′H for g′

∈ G with gg′H = g′H . For any generalized character χ
of G we have by Frobenius reciprocity

(1H
G, χ)G = (1H , χ |H )H =

1
|H |

∑
g∈H

χ(g)=

∑
[g]⊂H

χ(g)
|CH (g)|

,

where the final sum is over all conjugacy classes [g] in H .
We shall be interested in the cases where H = Hm⟨τr ⟩, for m, r ∈ {1, 2, 3} with

{m, r} ̸= {2, 3}; by taking first r =1, and then r ∈{2, 3} (and considering the inverses
of classes if r = 3), in the final sum it will suffice to treat the Hm⟨τr ⟩-classes which
lie in Hmτr , which are of course simply the Hm-classes lying in Hmτr . We may
then see the scalar product as a sum of contributions from the different types of
Hm-class in Hmτr , with each contribution being the fraction with numerator given
by the sum of the character values concerned and denominator equal to the common
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order of the Hm⟨τr ⟩-centralizer (which is r times the order of the Hm-centralizer).
Now take χ to be a generalized Deligne–Lusztig character RT ,θ , where T is an

F-stable maximal torus of G and θ is a linear character of T F , and consider the
contribution to the scalar product (1Hm⟨τr ⟩

G, RT ,θ )G from a given type of Hm-class
in Hmτr . At the end of Section 2.1 we observed that, for a fixed triple (d, e, x), the
order of the Hm-centralizer appearing in the denominator is a polynomial in q , and
we shall see that the same is true of the number of Hm-classes of the type concerned.
We wish to show that the same is also true of the numerator; in order to make such
a statement, we first need to say a little more about the characters RT ,θ .

To begin with, an F-stable maximal torus T of G may be written as gT0 for
some g ∈ G, and then we have g−1gF

∈ N; if we write w = g−1gF T0 ∈ W , we
say that T is obtained from T0 by twisting with w— although different choices
for g may give different elements w of W , the F-conjugacy class [w] of w in W is
uniquely determined by T , and indeed there is a bijection between F-conjugacy
classes in W and G-classes of F-stable maximal tori of G. (All of this is well
known; see, for example, [4, Section 3.3].) In the present case F acts trivially on W ,
so that F-conjugacy in W is simply conjugacy.

Next, if T =
gT0 as above the finite group T F is equal to g(T0

(Fw−1)), where
we write T0

(Fw−1)
= {s0 ∈ T0 : s0 =

w(s0
F )}. Thus given a linear character θ of T F ,

we may write θ =
gθ0, where θ0 is the linear character of T0

(Fw−1) defined by
θ0(s0)=

gθ0(
gs0). We may then define 8θ0 = {α ∈8 : kerα ≥ ker θ0} to be the root

subsystem of 8 comprising those roots whose kernel contains ker θ0; for fixed T
and θ , different choices for g may give different root subsystems 8θ0 , but it is
straightforward to see that the set of possible 8θ0 forms a single orbit under the
action of W . Moreover, in the present case it is easy to see that two root subsystems
of 8 lie in the same W -orbit if and only if they are isomorphic (where we require
an isomorphism to preserve root lengths).

We may therefore associate to each generalized Deligne–Lusztig character RT ,θ
a pair ([w], [8′

]) consisting of an F-conjugacy class [w] in W and an isomorphism
class [8′

] of root subsystems of 8. There are finitely many such pairs, and they
are the same for all q, although for a given q not all pairs may be associated
to a character RT ,θ . We are now in a position to state our claim concerning the
numerator in the contribution to the scalar product (1Hm⟨τr ⟩

G, RT ,θ )G from a given
type of Hm-class in Hmτr .

Claim 1. For a fixed triple (d, e, x), pair ([w], [8′
]) and type of Hm-class in Hmτr ,

the sum over the corresponding Hm-classes [su], where s and u are commuting
semisimple and unipotent elements, respectively, of the character values RT ,θ (su)
is a polynomial in q. Moreover the degree of this polynomial is at most d1 + d2,
where d1 = dim

(
Z(CG(s)) ∩ Hm⟨τr̄ ⟩

)
is the degree of the polynomial giving the

number of Hm-classes of the type concerned, and d2 =
1
2(dim CG(su)− dim T ).
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We shall prove Claim 1 in Section 2.4, following some preliminary results
in Section 2.3. Once this has been done it will follow that, for a fixed triple
(d, e, x), pair ([w], [8′

]) and type of Hm-class, the contribution to the scalar product
(1Hm⟨τr ⟩

G, RT ,θ )G from the type of Hm-class is a ratio of two polynomials in q.
Since this scalar product is an integer, it will suffice to determine the nonnegligible
part of the contribution, where given two polynomials p1 and p2 with p2 ̸= 0 we
let p3 be the unique polynomial such that p1 − p2 p3 is of strictly smaller degree
than p2, and say that the nonnegligible part of p1(q)/p2(q) is p3(q). The scalar
product will then be the sum of the nonnegligible parts of the contributions from the
finitely many different types of Hm-class, and will therefore be a polynomial in q;
by taking linear combinations of Deligne–Lusztig characters it will in fact follow
that the same is true of all multiplicities of irreducible characters in the permutation
character 1Hm⟨τr ⟩

G .
Note that the degree bound in Claim 1 depends only on the type of Hm-class; we

call the type of Hm-class relevant if this bound is greater than or equal to the degree
in q of the order of the Hm-centralizer, and irrelevant otherwise. Nonnegligible
parts of contributions from irrelevant types of Hm-class are then zero for all RT ,θ ;
it therefore suffices to consider relevant types of Hm-class, and our calculations
in subsequent sections will begin by identifying these. We shall see that this
significantly reduces the number of classes requiring consideration.

We conclude this section by observing that the decompositions we shall obtain
will of necessity be more complicated than was the case in the action of G on cosets
of B4(q) treated in [15]. On one level this is simply because the subgroups Hm

are considerably smaller than B4(q) (the ratio of orders is approximately q8);
however, there is a more fundamental difference between the actions here and that
of [15]. In [16] a criterion was established for certain subgroups H of algebraic
groups G to be spherical (i.e., to have finitely many orbits on the flag variety G/B);
the proof proceeded by taking fixed points under Frobenius morphisms F and
considering scalar products of permutation characters 1H F

GF
and principal series

characters 1BF
GF

. It was shown that if H is of the form ⟨T0,Uα : α ∈9⟩ for some
subsystem 9 of 8, then H is spherical if 9 satisfies the following condition: there
do not exist α, β ∈ 8 \9 with α+ β ∈ 8 \9. (Although it is not stated in [16]
that this condition is also necessary for sphericality, it is nevertheless clear from the
proof that if it is not met then the scalar product (1H F

GF
, 1BF

GF
) grows with q.)

In the case of B4, the condition is satisfied; correspondingly, the multiplicities
in 1B4(q)

F4(q) of unipotent characters lying in the principal series are forced to be
constants rather than polynomials in q of positive degree (and indeed they are all
0 or 1). In the case of D4, however, the condition is not satisfied (as we may take
α and β to be the two short simple roots of G); thus some multiplicities in 1Hm⟨τr ⟩

G

must turn out to be polynomials in q of positive degree.
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8(T )s p Z(CG(s))/Z(CG(s))◦

A3 Ã1 ̸= 2 Z4

A2 Ã2 ̸= 3 Z3

B4, A1C3, A3, A1 B2, A1
2 Ã1, A1

2
̸= 2 Z2

F4, B3,C3, A2 Ã1, A1 Ã2, any 1
B2, A2, Ã2, A1 Ã1, A1, Ã1,∅

Table 2. Root subsystems 8(T )s of 8(T ).

2.3. Preliminary results. We begin with some results concerning root subsystems.
Let T be any maximal torus of G. Write 8(T )⊂ Hom(T , k∗) for the root system
of G with respect to the maximal torus T ; for a root subsystem 9 of 8(T ) define

ker9 =
⋂
α∈9

kerα.

For s ∈ T define 8(T )s to be the root subsystem {α ∈8(T ) : α(s)= 1} of 8(T );
by [4, Theorems 3.5.6, 3.5.3] CG(s) is generated by T and the root groups relative
to T corresponding to the roots in 8(T )s , so Z(CG(s))= ker8(T )s .

Lemma 2.2. Up to the action of the Weyl group of T , the possibilities for the root
subsystem 8(T )s and the component group Z(CG(s))/Z(CG(s))◦ are listed in
Table 2.

Proof. The root subsystems 8(T )s may be obtained using [9, Construction 4.1],
which also gives the restrictions on the characteristic p: for example, the subsystem
A1

2 Ã1 is formed from the extended Dynkin diagram by removing the nodes corre-
sponding to the first and third simple roots, whose coefficients in the highest root
are 2 and 4, respectively, so the order of any element s of T having8(T )s = A1

2 Ã1

must be a positive integer linear combination of 2 and 4 and thus must be even,
whence p cannot be 2. A simple calculation in each case then gives the component
group Z(CG(s))/Z(CG(s))◦. □

Given a root subsystem 9 of 8(T ), we define

9(p)
= {β ∈8(T ) : piβ ∈ Z9 for some i ∈ N};

clearly 9(p) is a root subsystem of 8(T ) containing 9, and we call it the p-closure
of 9. We say that 9 is p-closed if 9(p)

= 9; certainly (9(p))(p) = 9(p), i.e.,
9(p) is p-closed. Observe that the eight instances of pairs (9, p) missing from
Table 2 are not p-closed; indeed a simple calculation in each case shows that these
p-closures are as given in Table 3.

Lemma 2.3. Given a root subsystem 9 of 8(T ), the following are true:

(i) ker9 = ker9(p);
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9 p 9(p)

A2 Ã2 3 F4

B4, A3 Ã1, A1C3 2 F4

A3, A1
2 Ã1 2 B3

A1 B2 2 C3

A1
2 2 B2

Table 3. p-closures of root subsystems 9 of 8(T ).

(ii) there exists s ∈ ker9 such that 9(p)
=8(T )s ;

(iii) 9(p)
=

⋂
{8(T )s : s ∈ T , 8(T )s ⊇9}; and

(iv) 9 is not p-closed if and only if 9 is listed in Table 3.

Proof. As the only p-th root of unity in k is 1, for i ∈ N we have ker piβ = kerβ.
Thus if β ∈9(p) so that piβ ∈ Z9, we have ker9 ⊆ ker piβ = kerβ, proving (i).
Since the only root subsystems of 8(T ) which are not of the form 8(T )s for some
s ∈ T are the eight listed in Table 3, which are not p-closed, they cannot be9(p); thus
9(p)

=8(T )s for some s ∈ T , and then for all α ∈9 we have α(s)= 1, proving (ii).
Given s ∈ T with8(T )s ⊇9, for all α ∈8(T )s we have α(s)= 1; if β ∈9(p) then
for some i ∈ N we have piβ ∈ Z9, so s ∈ ker piβ = kerβ, whence 9(p)

⊆8(T )s .
Thus9(p) is contained in all the root subsystems of8(T ) of the form8(T )s which
contain9, and by (ii) it is one such root subsystem, proving (iii). Finally (iii) implies
that every root subsystem of 8(T ) of the form 8(T )s is p-closed, proving (iv). □

Write W (T )= NG(T )/T for the Weyl group of T ; given a root subsystem 9

of 8(T ), let 9⊥ be the root subsystem of 8(T ) consisting of the roots orthogonal
to those in 9, and write W (9) and W (9⊥) for the subgroups of W (T ) generated
by reflections in the roots lying in 9 and 9⊥, respectively.

Lemma 2.4. Given a root subsystem 9 of 8(T ), the index of W (9)W (9⊥) in
NW (T )(W (9)) is 1 or 2 according as the group of graph automorphisms of 9
afforded by W (T ) is trivial or not; if it is nontrivial, then the coset NW (T )(W (9)) \

W (9)W (9⊥) contains the long word of W (T ), unless 9 = A1
2 or A1

2 Ã1, in
which case it contains the reflection in a short root in 8(T ) which is half the sum
or difference of two long roots in 9.

Proof. This is an easy calculation; note that 9 has a nontrivial graph automorphism
if and only if 9 = A3 Ã1, A3, A2 Ã2, A2 Ã1, A1 Ã2, A2, Ã2, A1

2 Ã1 or A1
2, and all

graph automorphisms are afforded by elements of W (T ), unless9= A2 Ã2 in which
case the only such graph automorphism acts nontrivially on each simple factor. □
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For each root subsystem 9 of 8(T ) set

Z9 = {s ∈ T ∩ Hm⟨τr̄ ⟩ :8(T )s ⊇9}, Z̃9 = {s ∈ T ∩ Hm⟨τr̄ ⟩ :8(T )s =9}.

Then Z9 = ker9 ∩ Hm⟨τr̄ ⟩, so for all s ∈ T ∩ Hm⟨τr̄ ⟩ we have

Z8(T )s = Z(CG(s))∩ Hm⟨τr̄ ⟩.

For a subset X of T ∩ Hm⟨τr̄ ⟩, let 1X denote the indicator function of X .

Lemma 2.5. There exist integers n9,9 ′ for root subsystems 9,9 ′ of 8(T ), with
n9,9 = 1, and n9,9 ′ = 0 if 9 ′

̸⊇9, such that 1Z̃9 =
∑

9 ′ n9,9 ′1Z9′
.

Proof. For each root subsystem 9 of 8(T ), the set Z9 is the disjoint union
of the sets Z̃9 ′ as 9 ′ runs over the root subsystems of 8(T ) which contain 9,
so 1Z9 =

∑
9 ′⊇9 1Z̃9′

. We may now use downward induction on subsystem size:
for 9 =8(T ) we have 1Z̃9 = 1Z9 , while for a proper subsystem 9 of 8(T ) we
have 1Z̃9 = 1Z9 −

∑
9 ′⊃9 1Z̃9′

, and by induction we may assume each term 1Z̃9′

with 9 ′
⊃9 is an integer linear combination of terms 1Z9′′

with 9 ′′
⊇9 ′

⊃9.
The result follows. □

The next result concerns commuting elements of N . For convenience we confine
our attention to elements of the group ⟨nα : α ∈ 8⟩, which we call N ′; note that
elements of N ′ are F-stable, and N ′ has the normal subgroup {s ∈ T0 : s2

= 1} =

⟨hα(−1) : α ∈8⟩ ∼= Zd+1
4, with the quotient being naturally isomorphic to W . As

in Section 2.1, write n0 = n1−2n1+2n3−4n3+4 ∈ N ′, so that n0T0 is the long word w0

of W , which is central in W .

Lemma 2.6. For each w ∈ W there exists n ∈ N ′ with nT0 = w such that for all
w′

∈ CW (w) there exists n′
∈ CN ′(n) with n′T0 = w′.

Proof. It suffices to treat representatives w of the 25 conjugacy classes in W ; in
Table 4 we list 25 corresponding elements n lying in N ′, and for each we give
elements n′ of N ′ such that the elements w′

= n′T0 of W generate CW (w). It is
in each case a straightforward calculation to check that n commutes with each
element n′ listed. □

Now suppose T is F-stable, and θ is a linear character of T F . We recall that the
generalized Deligne–Lusztig character RT ,θ takes values as follows: given s, u ∈ G
commuting semisimple and unipotent elements, respectively, by [4, Theorem 7.2.8]
we have

RT ,θ (su)=
1

|CG(s)|

∑
x ′

∈G
sx ′

∈T

θ(sx ′

)QCG(s)
x ′ T

(u)

(as already observed, because G is simply connected the centralizer CG(s) is
connected). Here QCG(s)

x ′ T
is the appropriate Green function; it is defined to be the
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n n′
∈ CN ′(n)

1 n2−3, n3−4, n4, n+−−−

n3−4 n3−4, n2, n+−−−, n3+4
n4 n4, n1−2, n2−3, n3h3−4(−1)

n3−4n3+4 n3−4, n4, n1−2, n2
n1−2n4 n1−2, n4, n1+2, n3h3−4(−1)

n2−3n3−4 n2−3n3−4, n1, n+−−−, n0
n+−−−n4 n+−−−n4, n2−3, n1+2, n0
n3−4n4 n3−4n4, n1−2, n2h3−4(−1)

n3−4n1−2n1+2 n3+4, n2, n+−−+, n3−4
n3−4n3+4n2h1−2(−1) n1, n2−3, n3−4, n4h1−2(−1)

n1−2n2−3n3−4 n1−2n2−3n3−4, n++++, n0
n1−2n3−4n4 n3−4n4, n1−2, n1+2

n+−−+n3−4n4 n+−−+n3−4n4, n1+2
n2−3n3−4n4 n2−3n3−4n4, n1h+−−+(−1)

n++−−n4n1−2 n++−−n4n1−2, n0
n2−3n3−4n1 n2−3n3−4n1, n0

n0 n2−3, n3−4, n4, n+−−−

n++++n1n2−3n3−4 n++++n1, n2−3n3−4, n1−4n3+4, n0
n1−2n1+2n3−4n4 n3−4n4, n1−2, n2h3−4(−1)

n+−+−n1n2n4 n+−+−n3h2−3(−1), n2−4, n1+2, n0
n1−2n2−3n3n4h+−−−(−1) n1−2n2−3n3, n4, n+−+−

n1−2n2n3−4n4h3−4(−1) n1−2n2h3−4(−1), n3−4n4, n1−3n2−4, n2+3n+−−−

n1−2n2−3n3−4n4 n1−2n2−3n3−4n4
n+−−−n3−4n2−3n2 n+−−−n3−4n2−3n2

n+−−−n3+4n2−3n3h1−2(−1) n++++n1, n2−3n3−4, n1−4n3+4, n0

Table 4. Commuting elements of N ′.

restriction of the generalized Deligne–Lusztig character Rx ′ T ,1 for the group CG(s)
to the set of unipotent elements therein.

Some of the values taken by Green functions are given in [4]: if the unipotent
element is the identity then by [4, Theorem 7.5.1] the value is, up to sign, the
p-part of the index of the maximal torus concerned (and in particular, if the torus is
maximally split the sign is ‘+’, as may be seen by comparing the statement of [4,
Theorem 7.5.1] with the definitions on [4, pp. 197, 199]); at the other extreme, if
the unipotent element is regular then by [4, Proposition 8.4.1] the value is 1. Using
[4, Proposition 3.3.5] for the first of these we see that both are polynomials in q
(for all q , not just those for a fixed triple (d, e, x)).

For the purposes of this paper we are interested in Green functions for groups
which occur as centralizers of semisimple elements of G; an easy application of [4,
Property 7.1.9] reduces to the consideration of simple groups appearing as factors
in these centralizers. For these groups Green functions have been known for some
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time: for groups of type A, see Green’s original paper [8]; for other groups of
classical type, see [11] for p > 2 and [27] for p = 2; for the group F4, see [26]
for p> 3, [7] for p = 3 and [22] for p = 2. It follows that for a fixed triple (d, e, x)
all Green function values are polynomials in q .

(It is in fact known that Green function values in general are polynomials in q,
provided one restricts to those q lying in a given residue class modulo an appropriate
modulus; the term ‘polynomial on residue classes’ has been used to describe this
phenomenon. Frank Lübeck has in fact recently completed the determination of all
(ordinary) Green functions for simple groups by computing those for E8(q) in bad
characteristic in [19], the introduction to which contains a useful summary of the
position; the author, who is far from being an expert on these matters, is grateful to
him for his helpful comments.)

We end this discussion of Green functions with two lemmas. The first uses the
orthogonality of Green functions to give a bound on degrees.

Lemma 2.7. Given an F-stable maximal torus T of G, s ∈ T F and u ∈ CG(s)
unipotent, for a fixed triple (d, e, x) the degree as a polynomial in q of the Green
function value QCG(s)

T (u) is at most 1
2(dim CG(su)− dim T ).

Proof. By [4, Proposition 7.6.2] we have∑
u′∈CG(s) unipotent

QCG(s)
T (u′)2 =

|CG(s)| · |NG(T )|
|T F |2

;

restricting to the class uCG(s) we have

|uCG(s)| · QCG(s)
T (u)2 ≤

|CG(s)| · |NG(T )|
|T F |2

,

whence

QCG(s)
T (u)≤

|CCG(s)(u)|
1/2

· |NG(T )|1/2

|T F |

=

(
|CG(su)|

|T F |

)1/2

· |NG(T ) : T F
|
1/2.

As this is true for all q concerned, the result follows. □

The second concerns the effect on a Green function QCG(s)
T of conjugating by an

element of G which normalizes CG(s).

Lemma 2.8. Given an F-stable maximal torus T of G, s ∈ T F and u ∈ CG(s)
unipotent, if x ′

∈ G normalizes CG(s) then QCG(s)
T (u)= QCG(s)

x ′T
(x

′

u).

Proof. As in [4, Section 7.2] we have Lang’s map L : CG(s) → CG(s) defined
by L(g) = g−1gF . Take a Borel subgroup B′ of CG(s) containing T , let U ′ be
its unipotent radical and write X̃ = L−1(U ′). It is then shown in the proof of
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[4, Theorem 7.2.8] that QCG(s)
T (u) = (1/|T F

|)L (u, X̃), where L (u, X̃) is the
Lefschetz number of u on X̃ . Conjugating everything by x ′, and noting that
x ′X̃ = L−1(x

′U ′), we have

QCG(s)
x ′T

(x
′

u)=
1

|(x
′T )F

|

L (x
′

u, x ′

X̃).

As x ′ is F-stable we have (x
′T )F

=
x ′T F ; and if we take the map f : X̃ →

x ′X̃ given
by conjugation by x ′ and apply [4, Property 7.1.5] we obtain L (u, X̃)=L (x

′

u, x ′X̃).
Thus QCG(s)

T (u)= QCG(s)
x ′T

(x
′

u) as required. □

2.4. Proof of Claim 1. Take a triple (d, e, x), a pair ([w], [8′
]) and a type of

Hm-class in Hmτr ; take a representative w of the (F-)conjugacy class [w] in W ,
and take n ∈ N with nT0 =w as in Lemma 2.6. All of these will be fixed throughout
this section; the statement that an expression is ‘a polynomial in q’ or that a set or
number is ‘independent of q’ will always make this assumption.

Take a prime power q associated to (d, e, x), and let F be the corresponding
Frobenius map. Take g ∈ G satisfying g−1gF

= n; write T =
gT0, so that T is an F-

stable maximal torus of G twisted by w, and T = T F . Take a linear character θ of T
such that, if as in Section 2.2 we write θ =

gθ0 and8θ0 ={α∈8 : kerα≥ ker θ0}, the
root subsystem 8θ0 of 8 lies in the isomorphism class [8′

]. Take an Hm-class [su]

in Hmτr of the type concerned, where s and u are commuting semisimple and
unipotent elements, respectively, such that s ∈ T ∩ Hmτr̄ and u ∈ Hmτr/r̄ ; write
s =

gs0 with s0 ∈ T0, and 8s0 =8(T0)s0 .
Our first result links w and s0.

Lemma 2.9. We have s0
F

= s0
w, and the element w normalizes CW (s0).

Proof. As gs0 = (gs0)
F

=
gF

s0
F we have s0

F
= s0

g−1gF
= s0

w. If c ∈ CW (s0), as F
acts trivially on W we have s0

wcw−1
= (s0

F )cw
−1

= (s0
F )(c

F )w−1
= ((s0

c)F )w
−1

=

(s0
F )w

−1
= s0, whence wcw−1

∈ CW (s0) as required. □

Note that Lemma 2.9 implies that w acts by conjugation on the set of right
cosets of CW (s0); let the number of fixed points in this action be l, and choose
w(1) = 1, . . . , w(l) ∈ W such that the fixed points are CW (s0)w(i) for i ≤ l.

Lemma 2.10. The distinct G-conjugates of s lying in T are g(s0
w(i)) for i ≤ l.

Moreover, for each i ≤ l, if we take n(i) ∈ N with n(i)T0 = w(i), there exists
y(i) ∈ CG(s) such that if we set xi = y(i).gn(i) then xi ∈ G and sxi =

g(s0
w(i)).

Proof. Any G-conjugate of s =
gs0 lying in T =

gT0 is of the form s
gn′

=

g(s0
n′

) for some n′
∈ N; if it is also F-stable and we write w′

= n′T0 then
g(s0

n′

) =
gF
((s0

F )(n
′)F
) =

gF
(s0

n(n′)F
), so n(n′)F (gF )−1gn′−1

∈ CG(s0), whence
ww′w−1w′−1

∈ CW (s0), i.e., ww′w−1
∈ CW (s0)w

′. Thus for some i ≤ l the
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conjugate is g(s0
w(i)); as distinct values i give distinct conjugates, the first state-

ment follows. Given n(i) ∈ N with n(i)T0 = w(i), we have s
gn(i) = (s F )(

gn(i))F
=

s(
gn(i))F

, so gn(i)((gn(i))F )−1
∈ CG(s); by [4, Theorem 3.5.6] CG(s) is connected,

so by the Lang–Steinberg theorem there exists y(i) ∈ CG(s) with y(i)−1 y(i)F
=

gn(i)((gn(i))F )−1. Set xi = y(i).gn(i); then xi ∈ G and sxi =
g(s0

w(i)) as required. □

In Lemma 2.10 we shall assume that n(1) = y(1) = x1 = 1. Now set

Z = Z8(T )s = Z(CG(s))∩ Hm⟨τr̄ ⟩, Z̃ = Z̃8(T )s = {s̃ ∈ Z : CG(s̃)= CG(s)}.

Note that as s ∈ T we have T ≤ CG(s), so Z(CG(s)) ≤ CG(T ) = T and hence
Z ≤ T . Write Z = ZF , so that Z ≤ T ∩ Hm⟨τr̄ ⟩, and Z̃ = Z̃F ; for each root
subsystem 9 of 8(T ) write Z9 = Z9 F and Z̃9 = Z̃9 F .

Our next result indicates that the elements of Z̃ all behave similarly when it
comes to taking conjugates in T .

Lemma 2.11. If s̃ ∈ Z̃ , the distinct G-conjugates of s̃ lying in T are s̃xi for i ≤ l.

Proof. Take s̃ ∈ Z̃ . For i ≤ l we have s̃xi ∈ G, and as y(i) ∈ CG(s) = CG(s̃) and
gn(i) ∈

gN = NG(T ) we have s̃xi = s̃ y(i).gn(i) = s̃
gn(i) ∈ T , so s̃xi ∈ T . For i, i ′

≤ l
with i ̸= i ′, the elements s̃xi and s̃xi ′ are distinct since xi and xi ′ lie in distinct right
cosets of CG(s)= CG(s̃). Interchanging the roles of s and s̃ we see that the distinct
G-conjugates of s̃ lying in T are s̃xi for i ≤ l as required. □

It is useful to characterize the set Z in terms of root subsystems of 8.

Lemma 2.12. The following are true:

(i) there is a root subsystem ϒ of 8 of type Ãr̄−1 with s0 ∈ kerr̄ ϒ \ kerϒ ;

(ii) if ϒ ′ is another such root subsystem then ⟨8s0, ϒ⟩ = ⟨8s0, ϒ
′
⟩;

(iii) for any such root subsystem ϒ we have Z =
g(ker8s0 ∩ kerr̄ ϒ).

Proof. As s ∈ Hmτr̄ we have gms ∈ Hτr̄ ; because gms is a quasisemisimple element
of Hτr̄ , as in Section 2.1 there exists h ∈ H such that hgms ∈ Tr̄τr̄ . Set g′

= yr̄
−1hgm ;

then g′

s ∈ (Tr̄τr̄ )
yr̄ = Tr̄τr̄

yr̄ ⊂ T0, so Z(CG(
g′

s))≤ T0. As g′gs0 =
g′

s is a conjugate
of s0 lying in T0, there exists n′

∈ N such that g′gs0 = s0
n′

, and then if we write
c = n′g′g we have c ∈ CG(s0); set w′

= n′T0 ∈ W and ϒ =
w′

ϒr̄ , then we have
s0
w′

=
g′gs0 ∈ kerr̄ ϒr̄ \ kerϒr̄ so that s0 ∈ kerr̄ ϒ \ kerϒ , proving (i).

To prove (ii), suppose ϒ ′ is also a root subsystem of 8 of type Ãr̄−1 with
s0 ∈ kerr̄ ϒ

′
\ kerϒ ′. The result is immediate if r̄ = 1; we shall treat separately the

cases r̄ = 2 and r̄ = 3.
First suppose r̄ = 2; write ϒ = ⟨β⟩ and ϒ ′

= ⟨β ′
⟩, so that β(s0)= β ′(s0)= −1.

There are 12 possibilities for a root subsystem of 8 of type Ã1. If ϒ ′
=ϒ the result

is immediate. If not, then according as β ′ is or is not orthogonal to β, either both
β+β ′ and β−β ′ are long roots, or exactly one of β+β ′ and β−β ′ is a short root;
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thus we may take a root γ ∈8∩{β±β ′
}, and then as β(s0)= β

′(s0)= −1 we have
γ (s0)= 1, so γ ∈8s0 , and hence β ′

∈ ⟨8s0, ϒ⟩ and β ∈ ⟨8s0, ϒ
′
⟩, proving (ii) in

the case where r̄ = 2.
Now suppose instead r̄ = 3; write ϒ = ⟨β1, β2⟩ and ϒ ′

= ⟨β1
′, β2

′
⟩, so that

β1(s0), β2(s0), β1
′(s0), β2

′(s0) ∈ {ω±1
}. There are 16 possibilities for a root sub-

system of 8 of type Ã2 (the 12 positive short roots fall into three sets of 4
mutually orthogonal roots, namely {1, 2, 3, 4}, {+−−−,+−++,++−+,+++−} and
{+−−+,+−+−,++−−,++++}, and such a subsystem must contain exactly one root
from each set, with the choices in any two sets determining that in the third). If
ϒ ′

= ϒ the result is immediate. If not, then in at least two of the three sets of 4
mutually orthogonal short roots the root β ′ which lies in ϒ ′ is different from the
root β which lies in ϒ , and then both β + β ′ and β − β ′ are long roots. Since in
each case β(s0), β

′(s0) ∈ {ω±1
}, for one of the two long roots (say γ ) we have

γ (s0)= 1, so γ ∈8s0 , and hence β ′
∈ ⟨8s0, ϒ⟩ and β ∈ ⟨8s0, ϒ

′
⟩, proving (ii) in

the case where r̄ = 3.
Finally, given š ∈ Z(CG(s)), write š =

gš0 with š0 ∈ Z(CG(s0)); then as c∈CG(s0)

we have cš0 = š0, so

g′

š =
g′gš0 =

n′−1cš0 = š0
n′

= š0
w′

.

Since g′

š ∈ Z(CG(
g′

s))≤ T0, we have

š ∈ Hm⟨τr̄ ⟩ ⇐⇒
gm š ∈ H⟨τr̄ ⟩

⇐⇒
hgm š ∈ H⟨τr̄ ⟩

⇐⇒
g′

š ∈ (H⟨τr̄ ⟩)
yr̄

⇐⇒ š0
w′

=
g′

š ∈ T0 ∩ (H⟨τr̄ ⟩)
yr̄ = Tr̄ ⟨τr̄

yr̄ ⟩ = kerr̄ ϒr̄

⇐⇒ šg
= š0 ∈ kerr̄

w′

ϒr̄ = kerr̄ ϒ.

Thus

Z = Z(CG(s))∩ Hm⟨τr̄ ⟩ =
g(Z(CG(s0))∩ kerr̄ ϒ

)
=

g(ker8s0 ∩ kerr̄ ϒ),

proving (iii). □

Define
I = {i ≤ l : sxi ∈ Z};

this set will be of some importance. Using Lemma 2.12 we may characterize I in
terms of the Weyl group elements w(i).

Lemma 2.13. We have

I = {i ≤ l : w(i) preserves both 8s0 and ⟨8s0, ϒ⟩},

where the root subsystem ϒ is as in Lemma 2.12.
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Proof. Take i ≤ l. As sxi = s
gn(i) =

g(s0
n(i))=

g(s0
w(i)), and |8s0

w(i) | = |8s0 |, using
the characterization of Z given in Lemma 2.12(iii) we have

sxi ∈ Z ⇐⇒ s0
w(i) ∈ ker8s0 ∩ kerr̄ ϒ

⇐⇒ s0
w(i) ∈ ker8s0 ∩ (kerr̄ ϒ \ kerϒ)

⇐⇒ s0 ∈ ker w(i)8s0 ∩ (kerr̄
w(i)ϒ \ ker w(i)ϒ)

⇐⇒
w(i)8s0 =8s0 and w(i)⟨8s0, ϒ⟩ = ⟨8s0,

w(i)ϒ⟩ = ⟨8s0, ϒ⟩

by Lemma 2.12(ii). □

Thus the set I is independent of q . Our next result shows that membership of I
has consequences.

Lemma 2.14. If i ∈ I , conjugation by xi preserves the algebraic groups CG(s)
and Z, the finite groups CG(s) and Z , and the set Z̃ ; in particular sxi ∈ Z̃ .

Proof. Take i ∈ I , so sxi ∈ Z. As dim CG(s)= dim CG(sxi ), both centralizers are
connected, and G-centralizers of elements of Z contain CG(s), we have CG(s)=

CG(sxi )= CG(s)xi . In addition, by Lemma 2.13 w(i) preserves 8s0 and ⟨8s0, ϒ⟩,
so n(i) normalizes ker8s0 ∩ kerr̄ ϒ ; thus by Lemma 2.12(iii) gn(i) normalizes Z,
and as y(i) ∈ CG(s) commutes with Z we see that xi normalizes Z. As xi lies
in G it also normalizes CG(s) and Z ; thus given s̃ ∈ Z̃ we have s̃xi ∈ Z , and
CG(s̃xi )= CG(s̃)xi = CG(s)xi = CG(s), so s̃xi ∈ Z̃ as required. □

We now show that the elements of I give rise to permutations.

Lemma 2.15. Given i ∈ I , there exists a permutation πi of {1, . . . , l} such that for
all i ′

≤ l and s̃ ∈ Z̃ we have xπi (i ′) ∈ CG(s)xi xi ′ and s̃xπi (i ′) = (s̃xi )xi ′ .

Proof. Take i ∈ I . By Lemma 2.14 we have sxi ∈ Z̃ , so by Lemma 2.11

{(sxi )x1, . . . , (sxi )xl } = {sx1, . . . , sxl };

thus there exists a permutation πi of {1, . . . , l} such that for all i ′
≤ l we have

sxπi (i ′) = (sxi )xi ′ , whence xπi (i ′) ∈ CG(s)xi xi ′ . For all s̃ ∈ Z̃ we have CG(s̃)= CG(s),
so s̃xπi (i ′) = (s̃xi )xi ′ as required. □

Define 5= {πi : i ∈ I }; as may be expected, this is a group.

Lemma 2.16. The set 5 is a group which preserves I and acts without fixed points
on {1, . . . , l}.

Proof. Take i, i ′
∈ I . Lemmas 2.14 and 2.15 give sxπi (i ′) = (sxi )xi ′ ∈ Z, so πi (i ′)∈ I ;

thus πi preserves I . For all i ′′
≤ l we have sxπi (πi ′ (i

′′))
= (sxi )

xπi ′ (i
′′)

= ((sxi )xi ′ )xi ′′ =

(sxπi (i ′))xi ′′ = s
xπ
πi (i ′)

(i ′′) , so πi (πi ′(i ′′))=ππi (i ′)(i ′′); therefore πi ◦πi ′ =ππi (i ′). Since
π1 = 1 because x1 = 1, and πi ◦ ππi −1(1) = π1, we see that 5 is a group, with
πi

−1
= ππi −1(1). Also if i ̸= i ′ then for all i ′′

≤ l we have sxπi (i ′′) = (sxi )xi ′′ ̸=

(sxi ′ )xi ′′ = sxπi ′ (i
′′) , so πi (i ′′) ̸= πi ′(i ′′) as required. □
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Our next result concerns root subsystems 9 of 8(T ) which contain 8(T )s .

Lemma 2.17. Given a root subsystem9 of8(T ) containing8(T )s , the order |Z9 |

is a polynomial in q.

Proof. Write 9 =
g90, so that 90 is a root subsystem of 8 containing 8s0 . As

Z9 = ker9 ∩ Hm⟨τr̄ ⟩ and Z = Z8(T )s = ker8(T )s ∩ Hm⟨τr̄ ⟩, if we take a root
subsystem ϒ as in Lemma 2.12 we have

Z9 = Z ∩ ker9 =
g(ker8s0 ∩ kerr̄ ϒ)∩

gker90 =
g(ker90 ∩ kerr̄ ϒ)

by Lemma 2.12(iii). Now

|
g(ker90 ∩ kerr̄ ϒ) :

gker⟨90, ϒ⟩| = |(ker90 ∩ kerr̄ ϒ) : ker⟨90, ϒ⟩|

=

{
1 if 90 ⊇ ⟨8s0, ϒ⟩,

r̄ if 90 ̸⊇ ⟨8s0, ϒ⟩.

Set 90 = ⟨90, ϒ⟩ and 9 =
g90; then we have gker90 = ker9 = ker9

(p)
by

Lemma 2.3(i), and it suffices to prove that the order |Z9 | is a polynomial in q .
By Lemma 2.3(ii) there exists š ∈ ker9 such that 9

(p)
= 8(T )š , so Z9 =

Z(CG(š)). The connected reductive group CG(š) has derived group CG(š)′ and
F-stable maximal torus T ; thus as in [4, Section 3.3] T ∩ CG(š)′ is an F-stable
maximal torus of CG(š)′. Applying [4, Proposition 3.3.5] to G and CG(š) shows
that the orders |T F

| and
∣∣(T ∩ CG(š)′)F

∣∣ are both polynomials in q; by [4, Propo-
sition 3.3.7] the order

∣∣(Z(CG(š))◦
)F ∣∣ is their ratio, so as it is an integer for all q

it must itself be a polynomial in q. The possibilities for the component group
Z(CG(š))/Z(CG(š))◦ are given in Table 2: in all but the first two cases F must act
trivially on Z(CG(š))/Z(CG(š))◦; consideration of these two cases shows that the
action of F on Z(CG(š))/Z(CG(š))◦ is independent of q (as the triple (d, e, x) is
fixed), so the order |Z9 | =

∣∣Z(CG(š))F
∣∣ is also a polynomial in q as required. □

As a consequence, certain sums of values taken by θ are polynomials in q .

Lemma 2.18. Given i ′
≤ l and s ′

∈ Z , the sums∑
š∈Z8(T )s′

θ(šxi ′ ) and
∑

š∈Z̃8(T )s′

θ(šxi ′ )

are polynomials in q.

Proof. Given s ′
∈ Z , as8(T )s′ ⊇8(T )s Lemma 2.17 shows that the order |Z8(T )s′ |

is a polynomial in q. The sum over a finite group of the values taken by a linear
character is either 0 or the group order (as can be seen by considering the scalar
product of the character with the trivial character). Applying this for i ′

≤ l to the
group Z8(T )s′ and its linear character whose value at the element š =

gš0 is θ(šxi ′ )=
gθ0((

gš0)
gn(i ′))= θ0(š0

w(i ′)), where θ =
gθ0, shows that the first sum is a polynomial

in q; Lemmas 2.5 and 2.17 then show that the same is true of the second sum. □
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So far we have considered only semisimple elements. Recall that we have the
Hm-class [su]; write u1 = u and let [su1], . . . , [sua] be the distinct Hm-classes
in Hmτr of the type concerned containing elements with semisimple part s, where
for j ≤ a the element u j is unipotent, commutes with s and lies in Hmτr/r̄ . For
any s̃ ∈ Z̃ , likewise [s̃u1], . . . , [s̃ua] are then the distinct Hm-classes in Hmτr of
the type concerned containing elements with semisimple part s̃. As explained at
the end of Section 2.1, the number a of these classes is independent of q .

Take j ≤ a. If i ∈ I , then as u j ∈ CG(s)= CG(sxi ) by Lemma 2.14, the element
sxi u j has semisimple part sxi and unipotent part u j . For sxi u j to lie in the G-class
(su j )

G there must exist g′
∈ G with sg′

= sxi and u j
g′

= u j ; the first condition gives
g′

∈ CG(s)xi , and then the second forces xi to preserve the CG(s)-class u j
CG(s).

We therefore set
I j = {i ∈ I : xi preserves u j

CG(s)}.

Lemma 2.19. For j ≤ a the set I j is independent of q.

Proof. Take i ∈ I ; then xi normalizes CG(s) by Lemma 2.14. We seek to show that
the action of xi on the unipotent classes in CG(s) is the same for all q associated to
the triple (d, e, x); the result will then follow.

We have s =
gs0. Since we know by [4, Theorem 3.5.6] that CG(s0) is connected,

by [4, Theorem 3.5.3] we have CG(s0)= ⟨T0,Uα : α(s0)= 1⟩ = ⟨T0,Uα : α ∈8s0⟩;
thus unipotent classes in CG(s) lie in ⟨

gUα :α∈8s0⟩, and CW (s0)=⟨wα :α∈8s0⟩=

W (8s0). By Lemma 2.9 we know that w normalizes CW (s0); by Lemma 2.13 we
know that w(i) preserves 8s0 and so normalizes W (8s0). Thus both w and w(i) lie
in NW (CW (s0))= NW (W (8s0)).

By Lemma 2.4 we see that the index of W (8s0)W (8s0
⊥) in NW (W (8s0)) is 1

or 2. We shall say that we are in case (i) if the index is 1, case (ii) if the index is 2
and 8s0 /∈ {A1

2, A1
2 Ã1}, and case (iii) if the index is 2 and 8s0 ∈ {A1

2, A1
2 Ã1}.

In case (ii) we then have NW (W (8s0)) = W (8s0)W (8s0
⊥)⟨w0⟩, where w0 =

w1−2w1+2w3−4w3+4 is the long word of W ; in case (iii) we may assume the long
roots in 8s0 are ±ϵ3 ±ϵ4 (and if there are short roots in 8s0 they are ±ϵ2), and then
we have NW (W (8s0))= W (8s0)W (8s0

⊥)⟨w4⟩. Set

W ∗
=


W (8s0) in case (i),
W (8s0) in case (ii),

W (8s0)⟨w4⟩ in case (iii),
W †

=


W (8s0

⊥) in case (i),
W (8s0

⊥)⟨w0⟩ in case (ii),
W (8s0

⊥) in case (iii);

then NW (W (8s0))= W ∗
×W †. Asw,w(i)∈ NW (W (8s0))we may writew=w∗w†

and w(i) =w(i)
∗w(i)

† with w∗, w(i)
∗
∈ W ∗ and w†, w(i)

†
∈ W †. Moreover the right

coset W (8s0)w(i) is fixed under conjugation by w, so we have ww(i) ∈ W (8s0)w(i)

and therefore [w,w(i)] ∈ W (8s0)≤ W ∗; as [w,w(i)] = [w∗, w(i)
∗
].[w†, w(i)

†
] we

must have [w†, w(i)
†
] = 1, whence [w,w(i)] = [w∗, w(i)

∗
].
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Note that we may choose w(i) to be any representative of the appropriate
right coset of W (8s0). In cases (i) and (ii) we may choose w(i)∗ = 1, and then
[w∗, w(i)

∗
] = 1. In case (iii) the fact that W (8s0) is a proper subgroup of W ∗ makes

the situation rather more complicated. Write w∗
= w∗∗w4

b and w(i)∗ = w(i)
∗∗w4

c

with w∗∗, w(i)
∗∗

∈ W (8s0) and b, c ∈ {0, 1}. If c = 0 we may choose w(i)∗∗
= 1;

if c = b = 1 we may choose w(i)∗∗
=w∗∗; if c = 1, b = 0 and w∗∗ involves an even

number of reflections in long roots we may choose w(i)∗∗
= 1 — in each of these

instances we then have [w∗, w(i)
∗
] = 1. If however c = 1, b = 0 and w∗∗ involves

an odd number of reflections in long roots then for any choice of w(i)∗∗ we have
[w∗, w(i)

∗
] =w3−4w3+4. Thus overall the commutator [w,w(i)] is 1, unless we are

in the particular situation in case (iii) where it is w3−4w3+4.
Suppose [w,w(i)] = 1; then w commutes with w(i), and as the element n was

chosen as in Lemma 2.6, we may assume that in Lemma 2.10 the element n(i) with
n(i)T0 = w(i) was chosen to lie in CN ′(n). It follows that (gn(i))F

=
g.g−1gF

n(i)F
=

g(nn(i))= gn(i), so that gn(i) ∈ G; we may therefore assume that in Lemma 2.10 the
element y(i) was chosen to be 1, whence xi =

gn(i). Thus xi is an F-stable element
of NG(T ) corresponding to a fixed element of W (T )= NG(T )/T ; any two such
elements act identically on the set of unipotent classes in CG(s), because they differ
by an F-stable element of T , which thus lies in CG(s). As the element of W (T ) is
fixed, we see that the action of xi on the set of unipotent classes in CG(s) is the
same for all q associated to the triple (d, e, x).

Now suppose instead that we are in the particular situation in case (iii) where
[w,w(i)] = w3−4w3+4. Observe that, if w(i) and w(i ′) represent two different
right cosets of W (8s0) and both involve w4, the action of xi on unipotent classes
in CG(s) determines that of xi ′ , since the quotient corresponds to a right coset
representative w(i ′′) which commutes with w and therefore by the above its action
is known; we may thus choose the right coset representative w(i) to be w4. By
conjugating w by w4 if necessary we may assume that w = w3−4w

† for some
w†

∈W †
=W (8s0

⊥)≤⟨w1−2, w2⟩. Again we have the element n. Write n =n3−4n†,
where inspection of Table 4 shows that we may take n†

∈ ⟨n1−2, n2⟩; by taking
n(i) = n4h1−2(−1) we may ensure that n(i) commutes with n†. We then have

n(i)(nn(i))−1
= n(i)n3−4n†n(i)−1(n†)−1n3−4

−1

= n(i)n3−4n(i)−1n3−4
−1

= n4h1−2(−1)n3−4h1−2(−1)n4
−1n3−4

−1

= n4n3−4n4
−1n3−4

−1

= n3+4n3−4
−1.

Take λ,µ ∈ k∗ satisfying λq2
−1

= −1 and µq
−µ= λq+1, and set

y(i) = g(x3+4(µ)h3+4(λ)n3+4x3+4(−λ
1−q)x3−4(λ

1−q)h3−4(λ)n3−4x3−4(−µ));
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then y(i) ∈ CG(s) and calculation shows that y(i)−1 y(i)F
=

g(n3+4n3−4
−1) =

g(n(i)(nn(i))−1) =
gn(i).gnn(i)−1

=
gn(i)((gn(i))F )−1 as required in Lemma 2.10,

while the square of the F-stable element xi = y(i).gn(i) fixes g
⟨U±3±4⟩ pointwise.

Assume 8s0 = A1
2. If p > 2 and we write the nontrivial unipotent classes of

(g⟨U±(3−4)⟩)
F as C1 and C2, then those of (g⟨U±(3+4)⟩)

F are C1
xi and C2

xi ; the ele-
ment xi then acts on the unipotent classes in CG(s) by fixing {1}, C1C1

xi and C2C2
xi ,

and interchanging C1 with C1
xi , C2 with C2

xi , and C1C2
xi with C2C1

xi . If instead
p = 2 and we write the nontrivial unipotent class of (g⟨U±(3−4)⟩)

F as C, then that
of (g⟨U±(3+4)⟩)

F is Cxi ; the element xi then acts on the unipotent classes in CG(s)
by fixing {1} and CCxi , and interchanging C with Cxi . Thus in all characteristics the
action of xi on the unipotent classes in CG(s) is the same for all q associated to the
triple (d, e, x).

Now assume instead 8s0 = A1
2 Ã1. The action of xi on the unipotent classes

in (g⟨U±2⟩)
F is determined as in the cases above where w commutes with w(i);

combined with the previous paragraph this now determines the action of xi on the
unipotent classes in CG(s), which again therefore is the same for all q associated
to the triple (d, e, x). □

Take j ≤ a. Define 5 j = {πi : i ∈ I j }; clearly 5 j is a subgroup of 5 which pre-
serves I j . Let I j

′ be a set of orbit representatives for the action of 5 j on {1, . . . , l};
by Lemma 2.19 we may choose I j

′ to be independent of q , and as by Lemma 2.16
each orbit has size |I j | we have |I j | · |I j

′
| = l. Our final lemma in this section gives,

for s̃ ∈ Z̃ , the value taken by the generalized Deligne–Lusztig character RT ,θ at s̃u j .

Lemma 2.20. Given j ≤ a and s̃ ∈ Z̃ , we have

RT ,θ (s̃u j )=

∑
i ′∈I j

′

QCG(s)
xi ′ T (u j )

∑
i∈I j

θ((s̃xi )xi ′ ).

Proof. Take j ≤ a and s̃ ∈ Z̃ . Since CG(s̃) = CG(s), by Lemma 2.11 the set
{x ′

∈ G : s̃x ′

∈ T } is the disjoint union of the right cosets CG(s)x1, . . . ,CG(s)xl ;
each element of this set is thus of the form cxπi (i ′) for unique c ∈ CG(s), i ∈ I j

and i ′
∈ I j

′. By Lemma 2.15 we have xπi (i ′) = c′xi xi ′ for some c′
∈ CG(s), and

s̃cxπi (i ′) = s̃xπi (i ′) = (s̃xi )xi ′ ; then

QCG(s)
cx
πi (i ′)T

(u j )= QCG(s)
cc′xi xi ′ T

(cc′

u j )

= QCG(s)
xi ′ T (u j

xi )

= QCG(s)
xi ′ T (u j ),

where we obtain the first equality because QCG(s)
cc′xi xi ′ T

is a CG(s)-class function, the
second by Lemma 2.8 and the third because xi preserves u j

CG(s).
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The formula of [4, Theorem 7.2.8] quoted before Lemma 2.7 now gives

RT ,θ (s̃u j )=
1

|CG(s)|

∑
c∈CG(s)

i∈I j
i ′
∈I j

′

θ(s̃cxπi (i ′))QCG(s)
cx
πi (i ′)T

(u j )

=

∑
i∈I j

i ′
∈I j

′

θ((s̃xi )xi ′ )QCG(s)
xi ′ T (u j )=

∑
i ′∈I j

′

QCG(s)
xi ′ T (u j )

∑
i∈I j

θ((s̃xi )xi ′ )

as required. □

We may now prove our claim.

Proposition 2.21. Claim 1 is true.

Proof. Take j ≤ a. By Lemma 2.14, for all i ∈ I j and s̃ ∈ Z̃ the element s̃xi u j has
semisimple part s̃xi ∈ Z̃ and unipotent part u j , and lies in the G-class containing s̃u j ;
thus (s̃u j )

G
∩ Z̃u j = {s̃xi u j : i ∈ I j }. Choose a subset Z̃ j of Z̃ such that each

element of Z̃ lies in the set {s̃xi : i ∈ I j } for precisely one element s̃ of Z̃ j ; then for
distinct elements s̃ ∈ Z̃ j the classes (s̃u j )

G are distinct, and by Lemma 2.20 we have∑
s̃∈Z̃ j

RT ,θ (s̃u j )=

∑
i ′∈I j

′

QCG(s)
xi ′ T (u j )

∑
s̃∈Z̃ j

∑
i∈I j

θ((s̃xi )xi ′ )

=

∑
i ′∈I j

′

QCG(s)
xi ′ T (u j )

∑
s̃∈Z̃

θ(s̃xi ′ ).

For each i ′
∈ I j

′, by Lemma 2.18 the sum
∑

s̃∈Z̃ θ(s̃
xi ′ ) is a polynomial in q;

since I j
′ is independent of q , and as stated in Section 2.3 we know that the Green

functions here are also polynomials in q , we see that
∑

s̃∈Z̃ j
RT ,θ (s̃u j ) is likewise a

polynomial in q . Summing over j (and recalling that a is independent of q) we see
that the sum of the values taken by RT ,θ over the Hm-classes of the type concerned
is a polynomial in q as required.

Finally we consider degrees. Fix j ≤ a and i ′
∈ I j

′. The degree of the polynomial∑
s̃∈Z̃ θ(s̃

xi ′ ) is at most dim Z = dim
(
Z(CG(s))∩ Hm⟨τr̄ ⟩

)
= d1; moreover taking

θ = 1 and observing that |Z̃ | = |I j | · |Z̃ j | we see that d1 equals the degree of the
polynomial giving the number of Hm-classes of the given type. Since by Lemma 2.7
the degree of QCG(s)

xi ′ T (u j ) is at most d2, it follows that the degree of each polynomial∑
s̃∈Z̃ j

RT ,θ (s̃u j ) is at most d1 + d2, whence the same is true of the polynomial at
the end of the previous paragraph. □

To conclude this section we observe that if s ∈ Hm is a regular semisimple
element of G, so that 8(T )s = ∅ and Z = CG(s) = T , and we take j ≤ a and
i ′

∈ I j
′, then if θ ̸= 1 the degree of the polynomial

∑
s̃∈Z̃ θ(s̃

xi ′ ) is strictly less
than dim T (whereas if θ = 1 it equals dim T ): this follows from Lemmas 2.5
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and 2.18, because if θ ̸= 1 then
∑

š∈Z θ(š
xi ′ ) = 0, while for each nonempty root

subsystem9 ′ the sum
∑

š∈Z9′
θ(šxi ′ ) is a polynomial in q of degree less than dim T .

It follows that if s ∈ Hm is regular, the bound d1 + d2 (which then equals dim T ) is
not achieved if θ ̸= 1.

3. The permutation characters 1Hm
G

In this section we employ the method of Section 2 to decompose the permutation
characters 1Hm

G . In Section 3.1 we identify the relevant types of Hm-class in Hm ,
and give information about them and the notation for them which we will use
throughout. In Section 3.2 we treat the geometric conjugacy class of unipotent
characters; in Section 3.3 we deal with the other geometric conjugacy classes; finally
in Section 3.4 we combine the results to obtain the full decomposition of 1Hm

G .

3.1. Relevant types of Hm-class in Hm. As explained in Section 2.2, in calculating
scalar products of 1Hm

G with generalized Deligne–Lusztig characters it suffices to
consider contributions from types of Hm-class in Hm which are relevant, meaning
that the degree bound given in Claim 1 is greater than or equal to the degree in q
of the order of the Hm-centralizer. We find that most types of Hm-class in Hm are
irrelevant.

We take as an example the type of semisimple Hm-class [s] for m ∈{1, 2} denoted
by t15 in [15]; according as p ̸= 2 or p = 2 such Hm-classes lie in ones called h37

in [25] or h6 in [24], and they contain elements
(
1, 1, λµ, λ

µ
; λ

)
for λ,µ ∈ k∗

satisfying λq−1
=µq−1

= 1 and λ2, µ2, λµ±1
̸= 1. The number of such Hm-classes

is 1
8(q −3)(q −5) if p ̸= 2 and 1

8(q −2)(q −4) if p = 2, so that dim Z(CG(s))= 2;
the Hm-centralizer is ⟨T0,U±(1−2),U±(1+2)⟩, of type A1

2, while the G-centralizer
is ⟨T0,U±(1−2),U±2⟩ of type C2. Write ϵ = 1 or −1 according as m = 1 or 2.
There are four types of Hm-class [su], depending on whether the projection of u
on each A1 factor of CHm (s) is trivial or not. If both are trivial then u = 1, and
so dim CG(su)= 12 while |CHm (su)| = q2(q2

− 1)2(q − 1)(q − ϵ). If exactly one
is trivial then it is clear that u lies in the C2-class labeled W (1)+ V (2) in [18,
Table 8.1a] (this is the class with Bala–Carter label A1), and so dim CG(su) = 8
while |CHm (su)| = q2(q2

− 1)(q − 1)(q − ϵ). Finally if neither is trivial then
consideration of Jordan blocks on the natural C2-module shows that u lies in
the C2-class labeled W (2) (if p ̸= 2) or V (2)2 (if p = 2) in [18, Table 8.1a],
and so dim CG(su) = 6 while |CHm (su)| = q2(q − 1)(q − ϵ). Thus the bound
d1 + d2 = dim

(
Z(CG(s))∩ Hm⟨τr̄ ⟩

)
+

1
2(dim CG(su)− dim T ) given in Claim 1

is 6, 4 or 3, respectively, while the degree of the order of the Hm-centralizer is 8, 6
or 4, respectively.

Treating all types of Hm-class in this manner, we find that for a type of Hm-class
to be relevant the root system of the G-centralizer of the semisimple part of an
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element in one of the classes concerned must be C3, A1 Ã2, Ã2, Ã1 or ∅; moreover,
if it is Ã2 the nonnegligible part of the contribution can be of degree 1 in q , but in
the remaining cases it can only be a constant. We shall deal with each of these five
possibilities in turn.

In order to do so we require some further notation. Firstly, there are 25 conjugacy
classes in W ; in [15, Section 4] the following representatives w(1), . . . , w(25) are
listed.

w(1) = 1 w(10) = w2w3w4 w(18) = w1w3−4w2−3w++++

w(2) = w3−4 w(11) = w3−4w2−3w1−2 w(19) = w1w2w4w3−4

w(3) = w4 w(12) = w1−2w4w3−4 w(20) = w1w2w4w+−+−

w(4) = w3w4 w(13) = w4w3−4w+−−+ w(21) = w3w2−3w1−2w4

w(5) = w1−2w4 w(14) = w4w3−4w2−3 w(22) = w2w1−2w4w3−4

w(6) = w3−4w2−3 w(15) = w1−2w4w++−− w(23) = w4w3−4w2−3w1−2

w(7) = w4w+−−− w(16) = w1w3−4w2−3 w(24) = w2w2−3w3−4w+−−−

w(8) = w4w3−4 w(17) = w1w2w3w4 w(25) = w3w2−3w3+4w+−−−

w(9) = w1w2w3−4

Next, forw∈ W we write Tw={s ∈ T0 : (s F )w= s}; moreover we write T(n) for Tw(n) .
The tori T(1), . . . , T(25) are also given in [15, Section 4]; for reasons of space we shall
not reproduce them here. For each n ∈ {1, . . . , 25} we may choose g ∈ G satisfying
(gF )−1g ∈ N and (gF )−1gT0 =w(n), and define T(n) = gT0; then T(n) is an F-stable
maximal torus of G, and we have T(n)F

=
gT(n). The T(n) are representatives of

the G-classes of F-stable maximal tori of G, with T(n) being obtained from T0 by
twisting with w(n). (In fact as things stand the twisting element is w(n)−1, but this
is only defined up to F-conjugacy in W , which is simply conjugacy because the
map F fixes each element of W , and all conjugacy classes in W are self-inverse, as is
evident from the fact that the character table of W given in [10] has only real entries.)

Now for each of the five possibilities mentioned above, we shall concentrate on
the semisimple classes. We shall give the notation used in [25] (for p ̸= 2) and [24]
(for p = 2) for the semisimple G-classes (and shall hereafter employ the former,
which is of the form ‘hℓ’ for some ℓ); we shall give the form of elements within
them (where instead of an actual G-class representative we will provide an element
of T0 lying in the appropriate G-class, as is customary); we shall state how such
a G-class meets Hm , giving the notation used in [15] for the corresponding class
in B4(q) in the cases of H1 and H2, and that used in [5] in the case of H3; we shall
specify the centralizers in G and Hm ; we shall give as much information as we
shall need on the number of Hm-classes (as noted in Section 2.4, this number is a
polynomial in q , and we shall give the leading one or two terms as appropriate, with
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[25] [24] [15] [5] ϵ # Hm-classes n

h7 h2 t10 s3 1 1
2 q + · · · 1 2 3 4 5 7 8 9 12 13

h8 h14 t37 s7 −1 1
2 q + · · · 17 9 10 4 5 20 19 2 12 15

Table 5. Semisimple G-classes with G-centralizer having root system C3.

‘ + · · · ’ denoting the presence of lower-degree terms which may be ignored); and
we shall indicate the tori T(n) which meet the classes (again, up to G-conjugacy).
Finally, for each such type of semisimple Hm-class we shall specify (if this is not
obvious) the corresponding types of Hm-class which are relevant.

In what follows we often write ϵ = ±1; we set A1
2(q) = A2(q) and A−1

2 (q) =

2A2(q), and we write T ϵ
m for a maximal torus of Aϵ2(q) of order (q − ϵ)2, q2

− 1 or
q2

+ ϵq + 1 according as m = 1, 2 or 3.
There are two types of semisimple G-class whose G-centralizer has root sys-

tem C3; they contain elements
(
1, λ, 1

λ
, 1; 1

)
for appropriate λ. Each such class

meets Hm in a single class. The centralizers in G and Hm are C3(q).T1 and
A1(qm).A1(q)3−m .T1, respectively, where T1 is a torus of order q −ϵ. The notation
used for the type of class in [25], [24], [15] and [5], the value of ϵ, the leading term
in the number of Hm-classes, and the ten values of n such that the class meets the
torus T(n) are given in Table 5. For each such hℓ, there are two types of relevant
Hm-class: the Hm-classes concerned are the semisimple classes themselves, and the
classes of regular elements of Hm whose semisimple parts are of type hℓ, in which
the unipotent part lies in the class in C3(q) labeled W (2)+V (2) in [18, Table 8.2a].

There are two types of semisimple G-class whose G-centralizer has root system
A1 Ã2; they contain elements

(
λ, 1

λ
, λ2, 1; λ

)
for appropriate λ. Each such class

meets Hm in a single class. The centralizers in G and Hm are A1(q).Aϵ2(q).T1 and
A1(q).T ϵ

m .T1, respectively, where T1 is a torus of order q − ϵ. The notation used
for the type of class in [25], [24], [15] and [5], the value of ϵ, the leading term
in the number of Hm-classes, and the six values of n such that the class meets
the torus T(n) are given in Table 6. For each such hℓ, there is only one type of
relevant Hm-class: the Hm-classes concerned contain regular elements of Hm with
semisimple parts of type hℓ, in which the unipotent part projects nontrivially on the
A1(q) factor and trivially on the Aϵ2(q) factor.

[25] [24] [15] [5] ϵ # Hm-classes n

h9 h5 t23 s5 1 1
2 q + · · · 1 2 3 5 7 15

h10 h17 t50 s10 −1 1
2 q + · · · 17 9 10 5 20 13

Table 6. Semisimple G-classes with G-centralizer having root system A1 Ã2.



278 R. LAWTHER

[25] [24] [15] [5] ϵ |T | # Hm-classes n

h31 h9 t27 s6 1 (q − 1)2 1
12 q2

−
2
3 q + · · · 1 3 7

h32 h21 t54 s15 −1 (q + 1)2 1
12 q2

−
1
3 q + · · · 17 10 20

h33 h28 t86 s8 1 q2
− 1 1

4 q2
−

1
2 q + · · · 2 5 15

h34 h42 t92 s11 −1 q2
− 1 1

4 q2
−

1
2 q + · · · 9 5 13

h35 h45 t108 s12 1 q2
+ q + 1 1

6 q2
+

1
6 q + · · · 6 16 18

h36 h48 t112 s13 −1 q2
− q + 1 1

6 q2
−

1
6 q + · · · 21 14 25

Table 7. Semisimple G-classes with G-centralizer having root system Ã2.

For each of the remaining three possibilities, the semisimple elements concerned
are regular in Hm ; thus the centralizer in Hm is a maximal torus, and for each hℓ
the only Hm-classes containing elements with semisimple parts of type hℓ are the
semisimple Hm-classes themselves.

There are six types of semisimple G-class whose G-centralizer has root sys-
tem Ã2; they contain elements

(
λ,µ, λ

µ
, 1; λ

)
for appropriate λ and µ. Each such

class meets Hm in a single class. The centralizers in G and Hm are Aϵ2(q).T
and T ϵ

m .T , respectively, where T is a torus. The notation used for the type of class
in [25], [24], [15] and [5], the values of ϵ and |T |, the leading terms in the number
of Hm-classes, and the three values of n such that the class meets the torus T(n) are
given in Table 7.

There are ten types of semisimple G-class whose G-centralizer has root sys-
tem Ã1; they contain elements

(
λ,µ, ν

2

λµ
, 1; ν

)
for appropriate λ, µ and ν. Each

such class fails to meet H3, but meets B4(q) in two classes, one of which is regular
in B4(q); this regular class in B4(q) fails to meet H2, but meets H1 in two classes,
while the other class in B4(q) meets both H1 and H2 in a single class. The number
of classes of a given type in Hm is thus f times the number of such classes in H2.
The centralizers in G and Hm are A1(q).T and T1.T , respectively, where T is a
torus and T1 is a torus of order q −ϵ. The notation used for the type of class in [25],
[24] and [15], the values of ϵ and |T |, the leading term in the number of Hm-classes,
and the two values of n such that the class meets the torus T(n) are given in Table 8;
in each case the first t j listed in the third column meets both H1 and H2, while the
second meets just H1.

Finally, there are 25 types of semisimple G-class whose G-centralizer has root
system ∅; they contain elements

(
λ,µ, ν2

λµπ
, π; ν

)
for appropriate λ, µ, ν and π .

Each such class meets Hm for exactly one value of m, and does so in six Hm-classes;
this is because WH is normal in W , with quotient ⟨WHw4,WHw+−−−⟩ ∼= S3, so that
each class in W meets exactly one of the cosets WH , WHw4 and WHw4w+−−−. The
centralizer in both G and H of such an element is a torus T . The notation used for
the type of class in [25], [24] and either [15] or [5], the value of m such that the class
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[25] [24] [15] ϵ |T | # Hm-classes n

h66 h10 t28, t29 1 (q − 1)3 1
48 f q3

+ · · · 1 3
h67 h22 t55, t56 −1 (q + 1)3 1

48 f q3
+ · · · 17 10

h68 h33 t67, t122 1 (q2
− 1)(q − 1) 1

16 f q3
+ · · · 4 3

h69 h37 t74, t123 −1 (q2
− 1)(q + 1) 1

16 f q3
+ · · · 4 10

h70 h29 t87, t88 1 (q2
− 1)(q − 1) 1

8 f q3
+ · · · 2 5

h71 h43 t93, t94 −1 (q2
− 1)(q + 1) 1

8 f q3
+ · · · 9 5

h72 h54 t99, t129 1 (q2
+ 1)(q − 1) 1

8 f q3
+ · · · 11 8

h73 h59 t102, t130 −1 (q2
+ 1)(q + 1) 1

8 f q3
+ · · · 11 19

h74 h46 t109, t110 1 q3
− 1 1

6 f q3
+ · · · 6 16

h75 h49 t113, t114 −1 q3
+ 1 1

6 f q3
+ · · · 21 14

Table 8. Semisimple G-classes with G-centralizer having root system Ã1.

meets Hm , the value of |T |, the leading term in the number of Hm-classes, and the
single value of n such that the class meets the torus T(n) are given in Table 9. (Note
that the W -classes containing w(4) and w(11) each split into two W (B4)-classes, so
that there are two types of semisimple class given in [15]; in each case the second
of the two W (B4)-classes splits further into two WH -classes, so that there are in
fact three types of semisimple class in H1 in these cases.)

As stated above, from now on we shall refer to the types of semisimple class
described above by the notation of [25]. Thus we have h7 and h8; h9 and h10;
h31, . . . , h36; h66, . . . , h75; and h76, . . . , h100. Of these five collections, for the first
three each semisimple G-class meets each Hm in a single class; in the fourth, each
G-class meets Hm in f classes; in the fifth, each G-class meets just one Hm and
does so in 6 classes. In all cases, in the calculations to follow we shall need to
consider the classes of regular elements of Hm whose semisimple parts are of the
types concerned; for h7 and h8 we must also treat the semisimple classes themselves.

3.2. Unipotent characters. We first consider the geometric conjugacy class of
unipotent characters of G; the RT ,θ lying in this class are those with θ = 1. We
write R(n) for RT(n),1.

We begin with types h7 and h8; we must treat the semisimple classes and those
containing regular elements of Hm . We shall take as an example the contribution
from elements with semisimple part s of type hℓ to the scalar product of 1Hm

G

with R(n) in the case (ℓ, n)= (7, 1). The number of classes is 1
2q + · · · ; there are

1152
48 = 24 distinct conjugates of s lying in T(1). For the semisimple classes, the

Green function value is

(q2
− 1)(q4

− 1)(q6
− 1)

(q − 1)3
= (q4

+ q2
+ 1)(q2

+ 1)(q + 1)3,
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[25] [24] [15] or [5] m |T | # Hm-classes n

h76 h12 t30 1 (q − 1)4 1
192 q4

+ · · · 1
h77 h24 t57 1 (q + 1)4 1

192 q4
+ · · · 17

h78 h30 t89 1 (q2
− 1)(q − 1)2 1

16 q4
+ · · · 2

h79 h36 t68 2 (q2
− 1)(q − 1)2 1

48 q4
+ · · · 3

h80 h39 t81, t124 1 (q2
− 1)2 3

32 q4
+ · · · 4

h81 h44 t105 2 (q2
− 1)2 1

8 q4
+ · · · 5

h82 h47 t111 1 (q3
− 1)(q − 1) 1

6 q4
+ · · · 6

h83 h68 s6 3 (q3
− 1)(q − 1) 1

12 q4
+ · · · 7

h84 h56 t100 2 (q2
+ 1)(q − 1)2 1

16 q4
+ · · · 8

h85 h57 t95 1 (q2
− 1)(q + 1)2 1

16 q4
+ · · · 9

h86 h58 t75 2 (q2
− 1)(q + 1)2 1

48 q4
+ · · · 10

h87 h60 t107, t131 1 q4
− 1 3

8 q4
+ · · · 11

h88 h62 t125 2 q4
− 1 1

8 q4
+ · · · 12

h89 h72 s11 3 (q3
+ 1)(q − 1) 1

4 q4
+ · · · 13

h90 h51 t117 2 (q3
+ 1)(q − 1) 1

6 q4
+ · · · 14

h91 h73 s8 3 (q3
− 1)(q + 1) 1

4 q4
+ · · · 15

h92 h52 t116 2 (q3
− 1)(q + 1) 1

6 q4
+ · · · 16

h93 h74 s12 3 (q2
+ q + 1)2 1

24 q4
+ · · · 18

h94 h64 t103 2 (q2
+ 1)(q + 1)2 1

16 q4
+ · · · 19

h95 h71 s15 3 (q3
+ 1)(q + 1) 1

12 q4
+ · · · 20

h96 h50 t115 1 (q3
+ 1)(q + 1) 1

6 q4
+ · · · 21

h97 h63 t128 1 (q2
+ 1)2 1

16 q4
+ · · · 22

h98 h65 t132 2 q4
+ 1 1

4 q4
+ · · · 23

h99 h76 s14 3 q4
− q2

+ 1 1
4 q4

+ · · · 24
h100 h75 s13 3 (q2

− q + 1)2 1
24 q4

+ · · · 25

Table 9. Semisimple G-classes with G-centralizer having root system ∅.

while the order of the centralizer in Hm is a polynomial in q with leading term q10;
thus the contribution here is

24 · (q4
+ q2

+ 1)(q2
+ 1)(q + 1)3 ·

( 1
2q + · · ·

)
q10 + · · ·

,

whose nonnegligible part is 12. For the classes of regular elements of Hm , the Green
function value is a polynomial in q with leading term 3q3 (as may be seen from
[11; 22]), while the order of the centralizer in Hm is q4

+· · · ; thus the contribution
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here is
24 · (3q3

+ · · · ) ·
( 1

2q + · · ·
)

q4 + · · ·
,

with nonnegligible part 36. Treating the other cases (ℓ, n) similarly gives the
following, in which the two values listed in each case correspond to the semisimple
and regular classes of Hm , respectively.

h7 h8

R(1) 12 36 R(17) −12 −36
R(2) −3 3 R(9) 3 −3
R(3) −6 −6 R(10) 6 6
R(4) 2 −2 R(4) −2 2
R(5) 1 1 R(5) −1 −1
R(7) 3 0 R(20) −3 0
R(8) 2 −2 R(19) −2 2
R(9) −1 −3 R(2) 1 3
R(12) −1 1 R(12) 1 −1
R(13) −1 0 R(15) 1 0

Next we consider types h9 and h10; here we treat only the classes of regular
elements of Hm . As an example, take the contribution from such elements su with s
of type hℓ to the scalar product of 1Hm

G with R(n) in the case (ℓ, n)= (9, 1). The
number of classes is 1

2q + · · · ; there are 1152
12 = 96 distinct conjugates of s lying

in T(1). Since the projections of u in the A1(q) and A2(q) factors of CG(s) are
regular and trivial, respectively, the Green function value at u is

1 · (q2
− 1)(q3

− 1)
(q − 1)2

= (q2
+ q + 1)(q + 1);

and |CHm (su)| is a polynomial in q with leading term q4. Thus the contribution is

96 · (q2
+ q + 1)(q + 1) ·

( 1
2q + · · ·

)
q4 + · · ·

,

whose nonnegligible part is 48. Dealing similarly with the other pairs (ℓ, n) gives
the following.

h9 :
R(1) R(2) R(3) R(5) R(7) R(15)

48 4 −12 −2 3 1

h10 :
R(17) R(9) R(10) R(5) R(20) R(13)

−48 −4 12 2 −3 −1
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For types h31, . . . , h36 the calculations are a little more delicate; consideration
of leading terms alone is insufficient, since here nonnegligible parts of contributions
are linear polynomials in q rather than merely constants. As an example, take the
contribution from semisimple elements s of type hℓ to the scalar product of 1Hm

G

with R(n) in the case (ℓ, n)= (31, 1). The number of classes is 1
12q2

−
2
3q + · · · ;

there are 1152
6 = 192 distinct conjugates of s lying in T(1). The Green function

value is
(q2

− 1)(q3
− 1)

(q − 1)2
= (q2

+ q + 1)(q + 1);

and
|CHm (s)| = (q − 1)2|T 1

m | = q4
− ( f + 1)q3

+ · · · .

Thus the contribution is

192 · (q3
+ 2q2

+ · · · ) · 1
12(q

2
− 8q + · · · )

q4 − ( f + 1)q3 + · · ·
= 16(q + ( f − 5)+ · · · ).

Dealing similarly with the other pairs (ℓ, n) gives the following.

h31 R(1) 16q +16 f −80 R(3) −4q −4 f +28 R(7) q + f −8

h32 R(17) −16q +16 f +112 R(10) 4q −4 f −20 R(20) −q + f +4

h33 R(2) 4q +4 f −4 R(5) −2q −2 f +6 R(15) q + f −4

h34 R(9) −4q +4 f +12 R(5) 2q −2 f −2 R(13) −q + f

h35 R(6) q + f +1 R(16) −q − f +1 R(18) 4q +4 f −8

h36 R(21) −q + f +1 R(14) q − f +1 R(25) −4q +4 f −8

The remaining types hℓ are more easily handled. For types h66, . . . , h75 the
Green function value concerned is always ±q + 1. Proceeding as above we obtain
the following.

h66 R(1) 12 f R(3) − f

h67 R(17) −12 f R(10) f

h68 R(4) −2 f R(3) 3 f

h69 R(4) 2 f R(10) −3 f

h70 R(2) 6 f R(5) − f

h71 R(9) −6 f R(5) f

h72 R(11) − f R(8) 2 f

h73 R(11) f R(19) −2 f

h74 R(6) 3 f R(16) − f

h75 R(21) −3 f R(14) f

Finally, the types h76, . . . , h100 contain regular semisimple elements of G, so
that the Green function value is just 1. For each such type hℓ, the classes meet T(n)
for just one value of n, and Hm for just one value of m. It follows that for this
choice of n and m the nonnegligible part of the contribution from classes of type hℓ
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H1 H2 H3

R(1) 16q + 106 16q + 44 16q + 16
R(2) 4q + 40 4q + 14 4q + 4
R(3) −4q − 2 −4q + 4 −4q + 4
R(4) 6 0 0
R(5) −8 2 4
R(6) q + 19 q + 5 q + 1
R(7) q + 1 q − 1 q + 1
R(8) 6 4 0
R(9) −4q + 4 −4q + 2 −4q + 4
R(10) 4q − 14 4q 4q + 4
R(11) 6 0 0
R(12) 0 2 0
R(13) −q + 1 −q − 1 −q + 1
R(14) q + 1 q + 3 q + 1
R(15) q + 1 q − 1 q + 1
R(16) −q − 5 −q + 1 −q + 1
R(17) −16q + 34 −16q + 20 −16q + 16
R(18) 4q + 4 4q − 4 4q − 5
R(19) −6 0 0
R(20) −q + 1 −q − 1 −q + 1
R(21) −q + 1 −q − 1 −q + 1
R(22) 6 0 0
R(23) 0 2 0
R(24) 0 0 3
R(25) −4q + 4 −4q − 4 −4q − 5

Table 10. Scalar products (1Hm
G, R(n))G .

to the scalar product of 1Hm
G with R(n) is simply |CW (w(n))| times the coefficient

of q4 in the number of such classes, as given above; this value is always 6, 2 or 3
according as m = 1, 2 or 3.

Summing all of the above nonnegligible parts gives the values in Table 10 for
the scalar products (1Hm

G, R(n))G .
There are now two steps in forming the irreducible unipotent characters of G

from the Deligne–Lusztig generalized characters R(n). Firstly, for each irreducible
character φ of W we form

Rφ =

25∑
n=1

φ(w(n))R(n)
|CW (w(n))|

.
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The class functions obtained in this way are among the set of almost characters. The
second step is to transform the almost characters by nonabelian Fourier transform
matrices to obtain the irreducible characters.

For the first of these steps, the character table of W is given in [10], and we have

(1Hm
G, Rφ)G =

25∑
n=1

φ(w(n))

|CW (w(n))|
(1Hm

G, R(n))G;

it is therefore straightforward to calculate the scalar products of 1Hm
G with those

almost characters of the form Rφ . We find that the only such scalar products which
are nonzero for some m are as follows.

φ (1Hm
G, Rφ)G

φ1,0, φ9,2, φ12,4 1
φ′′

8,3 q + f
φ′′

8,9 q
φ4,1, φ

′′

2,4, φ
′′

9,6 f
φ′′

6,6 f − 1
φ′′

1,12 3,−1, 0 according as m = 1, 2, 3

The second step is complicated by the fact that not all almost characters are of the
form Rφ; however, it turns out that it is still possible to deduce the scalar products
of 1Hm

G with all irreducible unipotent characters. The almost characters Rφ for
φ = φ1,0, φ9,2, φ′′

8,3 and φ′′

8,9 all lie in families of size one, and are thus themselves
irreducible characters χφ; they therefore appear in 1Hm

G with multiplicities 1, 1,
q + f and q , respectively. The almost characters Rφ for φ = φ4,1 and φ′′

2,4 lie in a
family of size four, whose other members are Rφ′

2,4
and a class function Y0, say; the

corresponding unipotent characters are χφ4,1 , χφ′′

2,4
, χφ′

2,4
and χB2,1 (in the notation

of [4, 13.9]), and we have

χφ4,1 =
1
2(Rφ4,1 + Rφ′′

2,4
+ Rφ′

2,4
+ Y0),

χφ′′

2,4
=

1
2(Rφ4,1 + Rφ′′

2,4
− Rφ′

2,4
− Y0),

χφ′

2,4
=

1
2(Rφ4,1 − Rφ′′

2,4
+ Rφ′

2,4
− Y0),

χB2,1 =
1
2(Rφ4,1 − Rφ′′

2,4
− Rφ′

2,4
+ Y0).

If we let (1Hm
G, Y0)G = y0, then the values above imply that the scalar products

of 1Hm
G with the four irreducible characters are

f +
1
2 y0, f −

1
2 y0, −

1
2 y0,

1
2 y0;

as these must all be nonnegative, it follows that y0 = 0 and the scalar products are
f , f , 0, 0.
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The remaining almost characters Rφ listed above, those for which φ=φ12,4, φ′′

9,6,
φ′′

6,6 and φ′′

1,12, all lie in a single family of size 21; of the other 17 almost characters
in this family, only 7 are also of the form Rφ . The corresponding nonabelian Fourier
transform matrix is given in [4, p. 456] and repeated in the Appendix of [12]. We
shall use an analysis similar to that employed in [12] to determine the scalar products
with irreducible characters. We number the rows and columns of the 21×21 matrix
in the order in which they appear in [4, p. 456]; for 1 ≤ i, j ≤ 21 let mi and n j

be the scalar products of 1Hm
G with the i-th almost character and j-th irreducible

character in the family, respectively. Each n j is therefore the linear combination
of the mi with coefficients given by the j-th column of the matrix. The values
calculated above imply that mi = 0 for i = 2, 3, 6, 9, 13, 15, 18. In addition, there
are two pairs of irreducible characters, and correspondingly two pairs of almost
characters, which are complex conjugates of each other; since the values taken
by 1Hm

G are all real, it follows that the scalar products concerned must be equal, so
that m16 = m17, m20 = m21, n16 = n17 and n20 = n21. Note that the scalar product
with Rφ′′

1,12
means that the cases with m = 1, 2 and 3 must be handled separately.

First assume that m = 1; we thus have m1 = 1, m5 = 2, and m10 = m12 = 3. By
adding together the appropriate columns of the matrix we see that

n15 + n16 + n17 = −1 + m4,

n18 + n19 + n20 + n21 = 1 − m4;

thus m4 = 1, and n15 = · · · = n21 = 0. Since we then have n20 = −
1
4 m11 and

n16 =
1
3 m16, it follows that m11 = m16 = 0. Next,

n6 = −
1
2 m7 and n7 =

1
2 m7,

so that m7 = n6 = n7 = 0. Similarly,

n8 =
1
2 m8 and n9 = −

1
2 m8,

so that m8 = n8 = n9 = 0;

n18 = −
1
2 m19 and n19 =

1
2 m19,

so that m19 = n18 = n19 = 0;

n14 =
1
2 m14 and n2 + n3 = −

1
2 m14,

so that m14 = n14 = n2 = n3 = 0; and

n11 = −
1
2 m20 and n13 =

1
2 m20,

so that m20 = n11 = n13 = 0. All the mi having now been determined, the remaining
n j may be found; we obtain n1 = n4 = 1, n5 = 2, n10 = n12 = 3. It follows that the



286 R. LAWTHER

irreducible constituents of 1H1
G lying in this family are χφ12,4 , χφ′′

9,6
, χφ′′

1,12
, χφ′′

6,6
,

χF II
4 [1]

, with multiplicities 1, 3, 3, 2, 1, respectively.
The analyses for m = 2 and m = 3 are very similar. In both cases we find that

the irreducible constituents of 1Hm
G lying in the family all have multiplicity 1;

for m = 2 they are χφ′′

4,7
, χφ16,5 , χB2,ϵ′ and χF4[−1], while for m = 3 they are χφ′

6,6
,

χF4[θ ] and χF4[θ2]. This completes the treatment of the geometric conjugacy class
of unipotent characters of G.

3.3. Other geometric conjugacy classes. We now turn to the other geometric
conjugacy classes, which contain the RT ,θ with θ ̸= 1. In most such instances, the
contribution to the scalar product (1Hm

G, RT ,θ )G from a relevant type of Hm-class
will have zero nonnegligible part; this is because adding together the roots of
unity θ(s), as s runs through the elements of T lying in Hm-classes of the type
concerned, usually results in a cancellation of terms. In fact, this is exactly what
happens for all θ ̸= 1 in the case of types of Hm-class containing regular semisimple
elements of G, as noted at the end of Section 2.4; we shall therefore not need to
consider types h76, . . . , h100 any further here.

We shall use notation akin to that of [15] for the geometric conjugacy classes of
characters of G. Recall that there is a bijective correspondence between geometric
conjugacy classes of G and semisimple classes of the dual group, which in this
case is isomorphic to G itself; in [15] we have provided for each n an explicit
correspondence, involving certain roots of unity ξi in k∗ and ζi in C∗, between the
linear characters of the torus T(n) and the elements of the dual torus. We shall say
that a geometric conjugacy class is of type κc if the corresponding semisimple class
is termed hc in [25]. Writing Zn for the integers modulo n for appropriate n ∈ N,
we shall define a set Sc, and an equivalence relation ∼ on it, such that the set Sc

of equivalence classes [i] for i ∈ Sc parametrizes the semisimple classes of type hc;
accordingly an individual geometric conjugacy class of type κc will be denoted by
κc,[i]. (This notation differs slightly from that employed in [15], where such geomet-
ric conjugacy classes were indexed by the element i of Sc rather than the equivalence
class [i]. The only such equivalence relation required there was that defined by
i ∼ −i , so that the list of all such geometric conjugacy classes could be obtained as
κc,i as i ran through the first half of the set Sc; here by contrast more complicated
equivalence relations will be needed, so that it will be clearer to index geometric
conjugacy classes explicitly by equivalence classes.) The irreducible characters lying
in a given geometric conjugacy class are parametrized by the unipotent characters of
the centralizer of an element of the corresponding semisimple class; an irreducible
character lying in the geometric conjugacy class κc,[i] will be written in the form
χ∗
κc,[i]

, where the superscript indicates the corresponding unipotent character.
We shall refrain from giving full details, because there are several types requiring

consideration, and the calculation for each is fairly involved (as may be surmised
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from the treatment of the unipotent geometric conjugacy class above). Instead we
shall deal at some length with two types of geometric conjugacy class, κ31 and κ7,
and indicate briefly how the behavior for other classes is related to one or other of
these. Note that it was only in handling semisimple classes of types h76, . . . , h100

that H1, H2 and H3 had to be treated separately in the calculations above; since
these classes play no further role, at all stages it will be possible to work with all
three permutation characters 1Hm

G simultaneously.
For convenience we repeat from [15] the notation used for roots of unity, as

this will be needed in much of what follows. We let ξ ∈ k∗ be a primitive
(q4

+1)(q12
−1)-st root of unity, and for s = 1, . . . , 15 we set ξs = ξ rs , where rs

and (q4
+1)(q12

−1)/rs = o(ξs) (the order of ξs in the multiplicative group k∗) are

r1 = (q + 1)(q2
+ 1)(q4

+ 1)(q8
+ q4

+ 1), o(ξ1)= q − 1,

r2 = (q − 1)(q2
+ 1)(q4

+ 1)(q8
+ q4

+ 1), o(ξ2)= q + 1,

r3 = (q2
+ 1)(q4

+ 1)(q8
+ q4

+ 1), o(ξ3)= q2
− 1,

r4 = (q2
− 1)(q4

+ 1)(q8
+ q4

+ 1), o(ξ4)= q2
+ 1,

r5 = (q − 1)(q3
+ 1)(q4

+ 1)(q6
+ 1), o(ξ5)= q2

+ q + 1,

r6 = (q + 1)(q3
− 1)(q4

+ 1)(q6
+ 1), o(ξ6)= q2

− q + 1,

r7 = (q3
+ 1)(q4

+ 1)(q6
+ 1), o(ξ7)= q3

− 1,

r8 = (q3
− 1)(q4

+ 1)(q6
+ 1), o(ξ8)= q3

+ 1,

r9 = (q + 1)(q4
+ 1)(q8

+ q4
+ 1), o(ξ9)= (q2

+ 1)(q − 1),

r10 = (q − 1)(q4
+ 1)(q8

+ q4
+ 1), o(ξ10)= (q2

+ 1)(q + 1),

r11 = (q4
+ 1)(q8

+ q4
+ 1), o(ξ11)= q4

− 1,

r12 = q12
− 1, o(ξ12)= q4

+ 1,

r13 = (q2
− q + 1)(q4

+ 1)(q6
+ 1), o(ξ13)= (q3

− 1)(q + 1),

r14 = (q2
+ q + 1)(q4

+ 1)(q6
+ 1), o(ξ14)= (q3

+ 1)(q − 1),

r15 = (q4
+ q2

+ 1)(q8
− 1), o(ξ15)= q4

− q2
+ 1.

Likewise we write

ζ = e2π i/(q4
+1)(q12

−1)
∈ C∗,

and for s = 1, . . . , 15 we set ζs = ζ rs .

3.3.1. Geometric conjugacy classes of type κ31. The geometric conjugacy classes
of type κ31 correspond to semisimple classes in G containing elements

(ξ1
i+ j , ξ1

i , ξ1
j , 1; ξ1

i+ j ) with ξ1
i , ξ1

j , ξ1
i± j , ξ1

2i+ j , ξ1
i+2 j

̸= 1.
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The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 7; the number of classes is 1

12(q
2
− 8q + 10 + 3d + 2y). To

parametrize these geometric conjugacy classes, we set

S31 = {(i, j) ∈ Zq−1
2
: i, j, i ± j, 2i + j, i + 2 j ̸= 0},

so that (i, j) ∈ S31 corresponds to the element given; we define an equivalence
relation on S31 by

(i, j)∼ ( j, i)∼ (−i,− j)∼ (i + j,− j),

and let S31 be the set of equivalence classes [(i, j)]. The geometric conjugacy
classes of type κ31 are in bijective correspondence with S31; we shall write κ31,[(i, j)]

for the class corresponding to [(i, j)] ∈ S31.
There are three distinct characters RT ,θ lying in κ31,[(i, j)]; in the notation of [15]

we may take the pairs (T , θ) as

(T(1), θ
(1)
i00 j ), (T(2), θ

(2)
i0 j ), (T(6), θ

(6)
−(q2+q+1)i,2i+ j ).

For convenience of reference, we repeat the definition of the characters θ here:

θ
(1)
i00 j (ξ1

a, ξ1
b, ξ1

c, ξ1
2d−a−b−c

; ξ1
d)= ζ1

ia+ jd ,

θ
(2)
i0 j (ξ1

a, ξ1
2c−a−b, ξ3

b, ξ3
qb

; ξ1
c)= ζ1

ia+ jc,

θ
(6)
−(q2+q+1)i,2i+ j (ξ1

2b−a, ξ7
a, ξ7

qa, ξ7
q2a

; ξ1
b)= ζ1

−ia+(2i+ j)b.

We shall take each character RT ,θ in turn, and find the scalar product with 1Hm
G ;

to do this we shall take each type of class handled above containing elements with
semisimple parts lying in the torus concerned, and calculate the nonnegligible part
of its contribution. We begin with the pair (T(1), θ

(1)
i00 j ).

The semisimple classes of type h7 contain elements (1, ξ1
a, ξ1

−a, 1; 1) with
ξ1

2a
̸= 1; each such element has 24 distinct conjugates in T(1). Of these, 6 are

of the form (1, ∗, ∗, ∗; 1), and are thus sent to 1 by θ (1)i00 j ; the remaining 18 are
sent to various other powers of ζ1. On summing over the 1

2(q − 2 − d) classes of
such elements, the values obtained from the conjugates of the form (1, ∗, ∗, ∗; 1)
combine to give a sum of 3(q − 2 − d); on the other hand the values obtained
from the conjugates not of the form (1, ∗, ∗, ∗; 1) cancel each other out to give a
sum of 9(d − 1), which is too small to affect the rest of the calculation. We may
now proceed as in the unipotent case already treated, multiplying by the Green
function value and dividing by the order of the centralizer in Hm ; since the leading
term is obtained from only 6 of the 24 values taken by θ (1)i00 j on each class, each
nonnegligible part is one quarter of the corresponding value in the unipotent case.
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Thus the nonnegligible part of the contribution from the semisimple classes is 3,
while that from the regular classes is 9.

The classes with semisimple part of type h9 behave in a very similar fashion.
The semisimple elements here are (ξ1

a, ξ1
−a, ξ1

2a, 1; ξ1
a) with ξ1

2a, ξ1
3a

̸= 1; each
such element has 96 distinct conjugates in T(1). Again, 6 of these are of the form
(1, ∗, ∗, ∗; 1), and are thus sent to 1 by θ (1)i00 j , while the remainder are sent to various
other powers of ζ1. Only the former need be considered, because summing over the
1
2(q − 1 − d − y) classes of such elements produces cancellation among the latter.
Since the proportion of roots of unity which are 1 is 6

96 , multiplying by the Green
function value and dividing by the order of the centralizer in Hm gives a rational
polynomial whose leading term is one sixteenth of that obtained in the unipotent
case; thus the nonnegligible part of the contribution from the classes of regular
elements of Hm with semisimple part of type h9 is 3.

The semisimple classes of type h31 require somewhat more care. The elements
are (ξ1

a+b, ξ1
a, ξ1

b, 1; ξ1
a+b) with ξ1

a, ξ1
b, ξ1

a±b, ξ1
2a+b, ξ1

a+2b
̸= 1 (as above);

each such element has 192 distinct conjugates in T(1). However, it is not sufficient
here simply to count how many are sent to 1 by θ (1)i00 j ; because the calculation will
involve not just the leading term, but the next term as well, we must consider the sum
of roots of unity more carefully than was necessary in the previous two paragraphs.

Let s be the element given. The 192 distinct conjugates of s in T(1) are ob-
tained as sw

′w′′w′′′

, where w′
∈ ⟨w1, w2, w3⟩, w′′

∈ {1, w1−2, w1−3, w1−4} and
w′′′

∈ ⟨w2−3, w3−4⟩. Since the effect of w′′′ is simply to permute the second,
third and fourth coefficients, we have

θ
(1)
i00 j (s

w′w′′w′′′

)= θ
(1)
i00 j (s

w′w′′

);

moreover, conjugation by w2w3w4 inverts s. Thus the sum of the values taken by
θ
(1)
i00 j on the conjugates of s is∑

w′,w′′

6(θ (1)i00 j (s
w′w′′

)+ θ
(1)
i00 j (s

w′w′′

)−1),

where w′ is restricted to run over {1, w1, w2, w3}. For each of the 16 possibilities
for the pair (w′, w′′), we consider the sum of the values over the different classes of
type h31. There are 1

12(q
2
−8q +10+3d +2y) such classes; the conditions which a

and b must satisfy mean that we must sum over the square 0 ≤ a, b ≤ q −2, subtract
the sums over the six lines a =0, b =0, a−b =0, a+b =0, 2a+b =0 and a+2b =0
(where all equalities are of course taken modulo q−1), and then divide by 12 to allow
for the fact that the points (a, b), (b, a), (−a,−b) and (a, a − b) all give the same
class (for points (a, b) lying on more than one such line a further compensation is re-
ally required, but this is too small to affect the nonnegligible part of the contribution).

If (w′, w′′)= (w1, w1−4) then θ (1)i00 j (s
w′w′′

)= 1; thus the sum over the different
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classes here is q2
− 8q + · · · (note that we require only the terms of positive

degree in q here, since any remaining terms are small enough to be ignored).
If (w′, w′′) = (w1, w1−2) we have θ (1)i00 j (s

w′w′′

) = ζ1
ia; the sum of these values

over the square and five of the lines is zero, but the sum over the line a = 0
is q − 1, so that the sum over the classes is −q + · · · . If (w′, w′′) = (w3, w1−4)

or (w3, w1−2) we have θ (1)i00 j (s
w′w′′

)= ζ1
ja or ζ1

(i+ j)a , respectively, which behave
entirely similarly. Likewise if (w′, w′′)= (w1, w1−3), (w2, w1−4) or (w2, w1−3) we
have θ (1)i00 j (s

w′w′′

)= ζ1
ib, ζ1

jb or ζ1
(i+ j)b, respectively, while if (w′, w′′)= (w1, 1),

(1, w1−4) or (1, 1) we have θ (1)i00 j (s
w′w′′

) = ζ1
−i(a+b), ζ1

j (a+b) or ζ1
(i+ j)(a+b), re-

spectively; thus there are nine pairs (w′, w′′) giving a sum −q + · · · . If however
(w′, w′′)= (w2, w1−2) then θ (1)i00 j (s

w′w′′

)= ζ1
−ia+ jb; the sum of these values over

the square and all six of the lines is zero. The remaining five pairs behave similarly.
We therefore obtain a total sum of q2

− 17q + · · · . Multiplying by the Green
function value and dividing by the order of the centralizer in Hm gives q + f −14 as
the nonnegligible part of the contribution from the semisimple classes of type h31.

Finally, we treat the semisimple classes of type h66, which contain elements
(ξ1

a+b, ξ1
a+c, ξ1

b+c, 1; ξ1
a+b+c) with both ξ1

a, ξ1
b, ξ1

c, ξ1
a±b, ξ1

a±c, ξ1
b±c

̸= 1
and ξ1

a+b+c
̸= 1, ξ1

−a, ξ1
−b, ξ1

−c. Each such element has 576 distinct conjugates in
T(1), but none of these is of the form (1, ∗, ∗, ∗; 1). In this case, therefore, summing
over all classes of such elements produces cancellation in all instances; accordingly,
the nonnegligible part of the contribution from these classes is 0. This completes
the consideration of the pair (T(1), θ

(1)
i00 j ).

We turn to the pair (T(2), θ
(2)
i0 j ). The semisimple classes of type h7 are as

above; the elements lying in T(2) are (1, 1, ξ1
a, ξ1

a
; ξ1

a), (ξ1
a, ξ1

a, 1, 1; ξ1
a) and

(ξ1
a, ξ1

−a, 1, 1; 1), together with their inverses. None is of the form (1, ∗, ∗, ∗; 1),
so that the values taken by θ (2)i0 j are all roots of unity other than 1. Summing over
the classes therefore produces cancellation as above, and so the nonnegligible part
of the contribution from both the semisimple classes and the regular classes is 0.

The semisimple classes of type h8 contain elements (1, ξ2
a, ξ2

−a, 1; 1) with
ξ2

2a
̸= 1; the elements lying in T(2) are (1, 1, ξ2

a, ξ2
−a

; 1) and its inverse. Since
each of these is sent to 1 by θ (2)i0 j , the contributions here are the same as in the
unipotent case: the nonnegligible parts are 1 from the semisimple classes and 3
from the regular classes.

The semisimple classes of type h9 are again as above. The element given has
8 conjugates lying in T(2), of which only (1, ξ1

−2a, ξ1
a, ξ1

a
; 1) and its inverse are

of the form (1, ∗, ∗, ∗; 1); thus the nonnegligible part of the contribution from the
classes of regular elements of Hm with semisimple part of type h9 is one quarter of
that in the unipotent case, and therefore is 1.

The semisimple classes of type h33 contain elements (ξ1
a, ξ3

a, ξ3
qa, 1; ξ1

a) with
ξ1

a, ξ2
a
̸= 1; there are 1

4(q
2
−2q +d) such classes. As with type h31 above, simply
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counting the number of roots of unity equal to 1 is insufficient here. If we let s
be the element given, then to cover all classes we must sum from a = 0 to q2

− 2,
subtract the sums of the terms in which a is a multiple of q + 1 or q − 1, and
divide by 4 (again, an adjustment should really be made for terms with a = 0 or
a =

1
2(q

2
− 1), but this is too small to affect the final nonnegligible parts). There

are 16 conjugates of s in T(2). Of these, 4 are of the form (1, ∗, ∗, ∗; 1), so that
the value taken by θ (2)i0 j is 1; summing over the classes here gives q2

− 2q + d . For
the remaining 12 conjugates, the value taken by θ (2)i0 j is ζ1

±ia , ζ1
± ja or ζ1

±(i+ j)a;
summing from a = 0 to q2

− 2 gives zero, as does the sum of the terms with a a
multiple of q+1, but the terms with a a multiple of q−1 sum to q+1. Thus the total
sum is q2

− 5q + · · · ; multiplying by the Green function value and dividing by the
order of the centralizer in Hm gives a contribution with nonnegligible part q + f −4.

Finally, we treat the semisimple classes of type h70, which contain elements
(ξ1

2b−a, ξ3
a, ξ3

qa, 1; ξ1
b)with ξ3

(q±1)a, ξ1
b, ξ1

a−b, ξ1
a−2b

̸=1. No conjugate in T(2)
is of the form (1, ∗, ∗, ∗; 1), so that summing over all classes of such elements pro-
duces cancellation in all instances; accordingly, the nonnegligible part of the contri-
bution from these classes is 0. This completes consideration of the pair (T(2), θ

(2)
i0 j ).

The third and final pair is (T(6), θ
(6)
−(q2+q+1)i,2i+ j ); there are only two types of

class requiring consideration. For the semisimple classes of type h35, the elements
are (ξ5

a, ξ5
−qa, ξ5

(q+1)a, 1; ξ5
a) with ξ5

3a
̸= 1; all 6 conjugates lying in T(6) are

sent to 1 by θ (6)
−(q2

+q+1)i,2i+ j , so the contribution is the same as in the unipotent
case, with nonnegligible part q + f + 1. For the semisimple classes of type h74,
the elements are (ξ7

(q+1)a, ξ7
(q2

+q)a, ξ7
(q2

+1)a, 1; ξ7
(q2

+q+1)a) with ξ5
a, ξ1

a
̸= 1;

here none of the conjugates is sent to 1 by θ (6)
−(q2+q+1)i,2i+ j , so the contribution has

nonnegligible part 0.
Table 11 lists these nonnegligible parts of contributions to scalar products with

the RT ,θ lying in κ31,[(i, j)], where for types h7 and h8 the first row relates to the
semisimple classes and the second row to the classes of regular elements of Hm .
It follows that the scalar product of 1Hm

G with each of the three characters RT ,θ
treated here is q + f + 1. Taking linear combinations given by the character table
of the Weyl group of type A2, we see that the only constituent of 1Hm

G lying in the
geometric conjugacy class κ31,[(i, j)] is the semisimple character, whose multiplicity
is q + f + 1; we shall call this character χ1

κ31,[(i, j)]
.

3.3.2. Geometric conjugacy classes of types κ32, κ33, κ34, κ35 and κ36. The geomet-
ric conjugacy classes of types κ32, κ33, κ34, κ35 and κ36 correspond to semisimple
classes in G containing elements as follows:

κ32 : (ξ2
i+ j , ξ2

i , ξ2
j , 1; ξ2

i+ j ) with ξ2
i , ξ2

j , ξ2
i± j , ξ2

2i+ j , ξ2
i+2 j

̸= 1;

κ33 : (ξ1
i , ξ3

i , ξ3
qi , 1; ξ1

i ) with ξ1
i , ξ2

i
̸= 1;
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T(1) T(2) T(6)

h7 3 0 −

9 0 −

h8 − 1 −

− 3 −

h9 3 1 −

h31 q + f − 14 − −

h33 − q + f − 4 −

h35 − − q + f + 1

h66 0 − −

h70 − 0 −

h74 − − 0

q + f + 1 q + f + 1 q + f + 1

Table 11. Contributions to scalar products (1Hm
G, RT ,θ )G for RT ,θ in κ31,[(i, j)].

κ34 : (ξ2
i , ξ3

−i , ξ3
qi , 1; ξ2

i ) with ξ1
i , ξ2

i
̸= 1;

κ35 : (ξ5
i , ξ5

−qi , ξ5
(q+1)i , 1; ξ5

i ) with ξ5
3i

̸= 1;

κ36 : (ξ6
i , ξ6

qi , ξ6
−(q−1)i , 1; ξ6

i ) with ξ6
3i

̸= 1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 7; the number of classes is 1

12(q
2
−4q−2+3d+2z), 1

4(q
2
−2q+d),

1
4(q

2
−2q +d), 1

6(q
2
+q +1− y) or 1

6(q
2
−q +1− z), respectively. To parametrize

these geometric conjugacy classes, we set

S32 = {(i, j) ∈ Zq+1
2
: i, j, i ± j, 2i + j, i + 2 j ̸= 0},

S33 = S34 = {i ∈ Zq2−1 : (q ± 1)i ̸= 0},

S35 = {i ∈ Zq2+q+1 : 3i ̸= 0},

S36 = {i ∈ Zq2−q+1 : 3i ̸= 0},

so that (i, j) ∈ S32 or i ∈ Sc for c = 33, . . . , 36 corresponds to the element given;
define an equivalence relation on the set S32 by

(i, j)∼ ( j, i)∼ (−i,− j)∼ (i + j,− j),

and similarly define equivalence relations on S33, S34, S35 and S36 by

i ∼ −i ∼ qi.
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Let S32 denote the set of equivalence classes [(i, j)] of S32, and Sc denote the set of
equivalence classes [i] of Sc for c = 33, . . . , 36. The geometric conjugacy classes
of type κc are then in bijective correspondence with the set Sc for c = 32, . . . , 36;
we shall write κ32,[(i, j)] for the class corresponding to [(i, j)] ∈ S32, and κc,[i] for
the class corresponding to [i] ∈ Sc for c = 33, . . . , 36.

We shall give less detail for these types, as the behavior in each case is very similar
to κ31. For each κc there are three characters RT ,θ in each geometric conjugacy
class; in the notation of [15] we may take the pairs (T , θ) as follows:

κ32,[(i, j)] : (T(17), θ
(17)
i00 j ), (T(9), θ

(9)
−i j0), (T(21), θ

(21)
−(q2−q+1)i,2i+ j );

κ33,[i] : (T(3), θ
(3)
00i ), (T(5), θ

(5)
0i ), (T(16), θ

(16)
(q2+q+1)i );

κ34,[i] : (T(10), θ
(10)
00i ), (T(5), θ

(5)
−i i ), (T(14), θ

(14)
(q2−q+1)i );

κ35,[i] : (T(7), θ
(7)
(q−1)i0), (T(15), θ

(15)
(q2−1)i ), (T(18), θ

(18)
i0 );

κ36,[i] : (T(20), θ
(20)
(q+1)i0), (T(13), θ

(13)
(q2−1)i ), (T(25), θ

(25)
i0 ).

In each case, we find as with κ31 that the scalar product with 1Hm
G is the same for

all three; thus the only constituent of 1Hm
G lying in each such geometric conjugacy

class is the semisimple character, which we call χ1
κ32,[(i, j)] or χ1

κc,[i] for c = 33, . . . , 36.
The multiplicities of these constituents are q − f − 1 for κ32,[(i, j)]; q + f − 1 for
κ33,[i]; q − f + 1 for κ34,[i]; q + f − 1 for κ35,[i]; and q − f + 2 for κ36,[i].

3.3.3. Geometric conjugacy classes of types κ9 and κ10. The geometric conjugacy
classes of types κ9 and κ10 correspond to semisimple classes in G containing
elements as follows:

κ9 : (ξ1
i , ξ1

−i , ξ1
2i , 1; ξ1

i ) with ξ1
2i , ξ1

3i
̸= 1,

κ10 : (ξ2
i , ξ2

−i , ξ2
2i , 1; ξ2

i ) with ξ2
2i , ξ2

3i
̸= 1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 6; the number of classes is 1

2(q − 1 − d − y) or 1
2(q + 1 − d − z),

respectively. To parametrize these geometric conjugacy classes, we write ϵ = 1
for κ9 and ϵ = −1 for κ10, and for c = 9, 10 we set

Sc = {i ∈ Zq−ϵ : 2i, 3i ̸= 0},

so that i ∈ Sc corresponds to the element given; we define an equivalence relation
on Sc by

i ∼ −i,

and let Sc be the set of equivalence classes [i]. The geometric conjugacy classes of
type κc are in bijective correspondence with Sc; we shall write κc,[i] for the class
corresponding to [i] ∈ Sc. There are six distinct characters RT ,θ lying in κc,[i]; by
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a temporary abuse of notation we may say that κ9,[i] is the union of κ31,[(i,i)] and
κ33,[(q+1)i], while κ10,[i] is the union of κ32,[(i,i)] and κ34,[(q−1)i] (by which we mean
that the characters RT ,θ lying in κ9,[i] are obtained from those lying in κ31,[(i, j)] and
κ33,[i] by setting j = i in the former and replacing i by (q + 1)i in the latter, and
similarly for κ10,[i]).

We find that the calculations to find nonnegligible parts of contributions proceed
almost exactly as for types κ31 and κ33, or κ32 and κ34; the only differences occur
with semisimple classes of types h9 and h31 for κ9, or h10 and h32 for κ10. For
type h9, it was found in the treatment of κ31 above that only 6 of the 96 conjugates
of (ξ1

a, ξ1
−a, ξ1

2a, 1; ξ1
a) were sent to 1 by θ (1)i00 j ; here we find that setting j = i

means that an extra 12 conjugates of the form (ξ1
−a, ∗, ∗, ∗; ξ1

a)±1 are sent to 1,
and thus the nonnegligible part of the contribution from these classes increases by 6
from 3 to 9. For type h31, on the other hand, the treatment above divided into a
consideration of 16 cases, in 6 of which the sum of the roots of unity concerned
was too small to affect matters; here we find that these 6 behave in the same
manner as the other 9 where the root of unity is not simply 1, and accordingly
the nonnegligible part of the contribution from these classes decreases by 6 from
q + f − 14 to q + f − 20. Since these two changes cancel each other out (and
the same is true for κ10 with types h10 and h32), the scalar products with 1Hm

G of
the RT ,θ are the same as above: for κ9,[i] we have

q + f + 1 for (T(1), θ
(1)
i00i ), (T(2), θ

(2)
i0i ), (T(6), θ

(6)
−(q2+q+1)i,3i ),

−q − f + 1 for (T(3), θ
(3)
00(q+1)i ), (T(5), θ

(5)
0(q+1)i ), (T(16), θ

(16)
(q2+q+1)(q+1)i ),

while for κ10,[i] we have

−q + f + 1 for (T(17), θ
(17)
i00i ), (T(9), θ

(9)
−i i0), (T(21), θ

(21)
−(q2−q+1)i,3i ),

q − f + 1 for (T(10), θ
(10)
00(q−1)i ), (T(5), θ

(5)
−(q−1)i,(q−1)i ), (T(14), θ

(14)
(q2−q+1)(q−1)i ).

Taking linear combinations given by the character table of the Weyl group of
type A2 A1, we see that there are two constituents of 1Hm

G lying in each such
geometric conjugacy class. The first constituent, which has multiplicity 1, is the
semisimple character. The second constituent, which has multiplicity q + ϵ f ,
corresponds to the unipotent character of the centralizer A1(q).Aϵ2(q).T1 whose
restrictions to the A1(q) and Aϵ2(q) factors are the Steinberg and the trivial characters,
respectively. We shall call these characters χ1,1

κc,[i]
and χSt,1

κc,[i]
.

3.3.4. Geometric conjugacy classes of types κ3 and κ4. The geometric conjugacy
classes of types κ3 and κ4 correspond to semisimple classes in G containing elements
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as follows:

κ3 : (ξ1
i , ξ1

−i , ξ1
−i , 1; ξ1

i ) with ξ1
i
̸= 1 = ξ1

3i ,

κ4 : (ξ2
i , ξ2

−i , ξ2
−i , 1; ξ2

i ) with ξ2
i
̸= 1 = ξ2

3i .

If we write ϵ = 1 for κ3 and ϵ = −1 for κ4, the centralizer in G is a product of two
groups Aϵ2(q) (one factor involving long root groups and the other short), while the
number of such classes is 1

2(y −1) for κ3 and 1
2(z −1) for κ4. Since there is at most

one such class, we shall simply call it κc for c = 3, 4, with the understanding that
the class does not exist unless q is congruent to ϵ modulo 3. There are nine distinct
characters RT ,θ lying in κc; by a temporary abuse of notation similar to that above
we may say that κ3 is the union of κ9,[(q−1)/3] and κ35,[(q2+q+1)/3], while κ4 is the
union of κ10,[(q+1)/3] and κ36,[(q2−q+1)/3].

We find that the calculations to find nonnegligible parts of contributions proceed
exactly as for types κ9, κ10, κ35 and κ36 above. Thus the scalar products with 1Hm

G

of the RT ,θ are the same as above: for κ3, writing q+

i for (q i
− 1)/3 we have

q + f + 1 for (T(1), θ
(1)
q+

1 00q+

1
), (T(2), θ

(2)
q+

1 0q+

1
), (T(6), θ

(6)
q+

3 0
),

−q − f + 1 for (T(3), θ
(3)
00q+

2
), (T(5), θ

(5)
0q+

2
), (T(16), θ

(16)
(q+1)q+

3
),

q + f − 2 for (T(7), θ
(7)
q+

3 0
), (T(15), θ

(15)
(q+1)q+

3
), (T(18), θ

(18)
(q2+q+1)/3,0),

while for κ4, writing q−

i for (q i
− (−1)i )/3 we have

−q + f + 1 for (T(17), θ
(17)
q−

1 00q−

1
), (T(9), θ

(9)
−q−

1 q−

1 0
), (T(21), θ

(21)
q−

3 0
),

q − f + 1 for (T(10), θ
(10)
00q−

2
), (T(5), θ

(5)
−q−

2 q−

2 )
), (T(14), θ

(14)
(q−1)q−

3
),

−q + f − 2 for (T(20), θ
(20)
q−

3 0
), (T(13), θ

(13)
(q−1)q−

3
), (T(25), θ

(25)
(q2−q+1)/3,0).

Taking linear combinations given by the character table of the Weyl group of
type A2 A2, we see that there are again two constituents of 1Hm

G lying in each such
geometric conjugacy class. To describe them, we shall say that the Aϵ2(q) factors of
the centralizer involving long and short root groups are the long and short factors,
respectively. The first constituent, which has multiplicity 1, corresponds to the
unipotent character of the centralizer whose restrictions to the long and short factors
are ρ and the trivial character, respectively (where ρ is the third unipotent character
of the long factor after the trivial and Steinberg characters). The second constituent,
which has multiplicity q + ϵ( f − 1), corresponds to the unipotent character of the
centralizer whose restrictions to the long and short factors are the Steinberg and the
trivial characters, respectively. We shall call these characters χρ,1κc and χSt,1

κc
.



296 R. LAWTHER

3.3.5. Geometric conjugacy classes of type κ7. The geometric conjugacy classes
of type κ7 correspond to semisimple classes in G containing elements

(1, ξ1
i , ξ1

−i , 1; 1) with ξ1
2i

̸= 1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 5; the number of classes is 1

2(q − 2 − d). To parametrize these
geometric conjugacy classes, we set

S7 = {i ∈ Zq−1 : 2i ̸= 0},

so that i ∈ S7 corresponds to the element given; we define an equivalence relation
on S7 by

i ∼ −i,

and let S7 be the set of equivalence classes [i]. The geometric conjugacy classes of
type κ7 are in bijective correspondence with S7; we shall write κ7,[i] for the class
corresponding to [i] ∈ S7.

There are ten distinct characters RT ,θ lying in κ7,[i]; in the notation of [15] we
may take the pairs (T , θ) as

(T(1), θ
(1)
i000), (T(2), θ

(2)
i00), (T(3), θ

(3)
i00), (T(4), θ

(4)
i00),

(T(5), θ
(5)
−(q+1)i,(q+1)i ), (T(6), θ

(6)
0i ), (T(8), θ

(8)
i0 ),

(T(10), θ
(10)
00(q+1)i ), (T(11), θ

(11)
q(q2+1)(q+1)i/2,i ), (T(14), θ

(14)
(q3+1)i ).

We shall give rather less detail here than for κ31, both to save space and because
the calculations are similar to those that have already been seen; we shall therefore
not bother to repeat from [15] the definitions of the characters θ here.

To begin with, in all instances involving semisimple classes of types other than
h31, . . . , h36 the nonnegligible part of the contribution is a constant; as was seen in
the treatment of κ31, the value concerned is then determined by the proportion of con-
jugates sent to 1. As an example, take the pair (T(1), θ

(1)
i000) and semisimple classes

of type h7; as has been stated, the elements are (1, ξ1
a, ξ1

−a, 1; 1) with ξ1
2a

̸= 1. Of
the 24 conjugates of such an element in T(1), there are 12 of the form (1, ∗, ∗, ∗; ∗),
which are therefore sent to 1 by θ (1)i000. Thus the nonnegligible part of the contribution
from classes with semisimple part of type h7 is one half of the value in the unipotent
case, and is therefore 6 for the semisimple classes and 18 for the regular classes. All
other such cases are similar; we thus need say no more about these contributions.

We must therefore consider the semisimple classes of types h31, . . . , h36. For
some of the instances where the classes of such a type hℓ meet one of the T(n)
involved here, the character θ is such that all conjugates are taken to 1; as a result
the contribution is the same as in the unipotent case. This occurs when the pair



D4-TYPE SUBGROUPS OF F4(q) 297

(ℓ, n) is (32, 10), (34, 5), (35, 6) or (36, 14); the pairs left to be considered are
(31, 1), (31, 3), (33, 2) and (33, 5).

We begin with (ℓ, n)= (31, 1). When dealing with this instance in the treatment
of κ31, we divided into 16 cases. Of these, we find that 4 are such that the conjugates
are sent to 1 by θ (1)i000, giving a sum over the different classes of 4q2

−32q +· · · ; the
remaining 12 each give a sum −q +· · · . The total sum is therefore 4q2

−44q +· · · ;
multiplying by the Green function value and dividing by the order of the centralizer
in Hm gives a contribution with nonnegligible part 4q + 4 f − 32.

The instance where (ℓ, n) = (31, 3) is a little different. As before, we let
s = (ξ1

a+b, ξ1
a, ξ1

b, 1; ξ1
a+b); there are then 48 conjugates of s in T(3). None of

these is of the form (1, ∗, ∗, ∗; ∗) to be sent to 1 by θ (3)i00; instead, the sum over the
conjugates of the values taken by θ (3)i00 is

8(ζ1
ia

+ ζ1
−ia

+ ζ1
ib

+ ζ1
−ib

+ ζ1
i(a+b)

+ ζ1
−i(a+b)).

As before, we sum over the square 0 ≤ a, b ≤ q − 2, subtract the sums over the six
lines a = 0, b = 0, a − b = 0, a + b = 0, 2a + b = 0 and a + 2b = 0 (where all
equalities are once more taken modulo q − 1), and then divide by 12. For each of
the six powers of ζ1, the sums over the square and five of the lines are zero, but the
sum over the other line is q − 1. Thus the total sum is −4q + · · · ; proceeding as
usual then gives a contribution with nonnegligible part 4.

Next we take (ℓ, n)= (33, 2). Of the 16 conjugates lying in T(2) mentioned in the
treatment of κ31, we find that 8 are sent to 1 by θ (2)i00, giving a sum of 2q2

−4q +2d;
the remaining 8 give a sum −2q − 2. The total sum is therefore 2q2

− 6q + · · · ;
multiplying by the Green function value and dividing by the order of the centralizer
in Hm gives a contribution with nonnegligible part 2q + 2 f − 4.

Lastly we turn to (ℓ, n)= (33, 5). As before, we let s = (ξ1
a, ξ3

a, ξ3
qa, 1; ξ1

a);
there are 8 conjugates of s in T(5). None of these is sent to 1 by θ (5)

−(q+1)i,(q+1)i ;
instead, the sum over the conjugates of the values taken by θ (5)

−(q+1)i,(q+1)i is

4(ζ1
ia

+ ζ1
−ia).

As before, we then sum from a = 0 to q2
− 2, subtract the sums of the terms in

which a is a multiple of q + 1 or q − 1, and then divide by 4; this gives a total sum
of −2q +· · · , and proceeding as usual then gives a contribution with nonnegligible
part 2.

Table 12 lists all nonnegligible parts of contributions to scalar products with
the RT ,θ lying in κ7,[i]; again, for types h7 and h8 the first row relates to the
semisimple classes and the second to classes of regular elements of Hm . We have
therefore found the scalar products of 1Hm

G with the RT ,θ lying in κ7,[i]. On taking
linear combinations given by the character table of the Weyl group C3, we obtain
nonzero scalar products with four of the resulting characters. Two of these are
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T(1) T(2) T(3) T(4) T(5) T(6) T(8) T(10) T(11) T(14)

h7 6 −1 −2 0 1 − − − − −

18 1 −2 0 1 − − − − −

h8 − 1 − −2 −1 − − 6 − −

− 3 − 2 −1 − − 6 − −

h9 12 2 0 − 0 − − − − −

h10 − − − − 2 − − 12 − −

h31 4q+4 f −32 − 4 − − − − − − −

h32 − − − − − − − 4q−4 f −20 − −

h33 − 2q+2 f −4 − − 2 − − − − −

h34 − − − − 2q−2 f −2 − − − − −

h35 − − − − − q+ f +1 − − − −

h36 − − − − − − − − − q− f +1

h66 f − 0 − − − − − − −

h67 − − − − − − − f − −

h68 − − f 0 − − − − − −

h69 − − − f − − − 0 − −

h70 − f − − 0 − − − − −

h71 − − − − f − − − − −

h72 − − − − − − f − 0 −

h73 − − − − − − − − f −

h74 − − − − − f − − − −

h75 − − − − − − − − − f

4q+5 f +4 2q+3 f +2 f f 2q− f +2 q+2 f +1 f 4q−3 f +4 f q+1

Table 12. Contributions to scalar products (1Hm
G, RT ,θ )G for RT ,θ in κ7,[i].

irreducible characters: they correspond to the trivial character and the unipotent
character χ1,2, and the multiplicities are q + f + 1 and q + 1, respectively. (Here
for a pair of partitions (α, β) with |α|+|β| = 3 we write χα,β for the corresponding
unipotent character of C3(q) lying in the principal series, as in [4, Section 13.8].)
The remaining two lie in a family of size four, and the scalar products are both f ;
an analysis using the nonabelian Fourier transform matrix which is entirely similar
to that employed with the unipotent characters χφ4,1 and χφ′′

2,4
above shows that

there are two other constituents, each with multiplicity f , corresponding to the
unipotent characters χ2,1 and χ−,3. We shall call these four characters χ1

κ7,[i]
, χχ1,2

κ7,[i] ,
χ
χ2,1
κ7,[i] and χχ−,3

κ7,[i] .
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3.3.6. Geometric conjugacy classes of type κ8. The geometric conjugacy classes
of type κ8 correspond to semisimple classes in G containing elements

(1, ξ2
i , ξ2

−i , 1; 1) with ξ2
2i

̸= 1.

The centralizer in G of these elements is given in the paragraph of Section 3.1
relating to Table 5; the number of classes is 1

2(q−d). To parametrize these geometric
conjugacy classes, we set

S8 = {i ∈ Zq+1 : 2i ̸= 0},

so that i ∈ S8 corresponds to the element given; we define an equivalence relation
on S8 by

i ∼ −i,

and let S8 be the set of equivalence classes [i]. The geometric conjugacy classes of
type κ8 are in bijective correspondence with S8; we shall write κ8,[i] for the class
corresponding to [i] ∈ S8.

There are ten distinct characters RT ,θ lying in κ8,i ; in the notation of [15] we
may take the pairs (T , θ) as

(T(17), θ
(17)
i000), (T(9), θ

(9)
i00), (T(10), θ

(10)
i00 ), (T(4), θ

(4)
0i0), (T(5), θ

(5)
0(q−1)i ), (T(21), θ

(21)
0i ),

(T(19), θ
(19)
i0 ), (T(3), θ

(3)
00(q−1)i ), (T(11), θ

(11)
q(q2+1)(q−1)i/2,i ), (T(16), θ

(16)
(q3−1)i ).

The working is very similar to that of κ7; we again find that there are four constituents
of 1Hm

G in each such geometric conjugacy class. They correspond to the trivial
character and the unipotent characters χ1,2, χ2,1 and χ−,3 of the centralizer, and the
multiplicities are q + f − 1, q − 1, f and f , respectively. We shall call these four
characters χ1

κ8,[i]
, χχ1,2

κ8,[i] , χ
χ2,1
κ8,[i] and χχ−,3

κ8,[i] .

3.3.7. The geometric conjugacy class of type κ1. The geometric conjugacy class of
type κ1 occurs only in odd characteristic, when it corresponds to the semisimple
class in G containing the involution

(1,−1,−1, 1; 1).

The centralizer in G is the product of groups C3(q) and A1(q). Since there is at
most one such class, we shall simply call it κ1, with the understanding that the class
does not exist unless q is odd. There are twenty distinct characters RT ,θ lying in κ1;
by a temporary abuse of notation similar to those employed previously we may say
that κ1 is the union of κ7,[(q−1)/2] and κ8,[(q+1)/2].

As before, the calculations to find nonnegligible parts of contributions proceed
exactly as for types κ7 and κ8. We find that there are six constituents of 1Hm

G . In two
cases, the restriction to the A1(q) factor of the corresponding unipotent character
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of the centralizer is the trivial character; the restrictions to the C3(q) factor are the
trivial character and the unipotent character χ1,2, and both multiplicities are 1. In
the other four cases, the restriction to the A1(q) factor is the Steinberg character; the
restrictions to the C3(q) factor are the trivial character and the unipotent characters
χ1,2, χ2,1 and χ−,3, and the multiplicities are q + f , q , f and f , respectively. We
shall call these six characters χ1,1

κ1
, χχ1,2,1

κ1 , χ1,St
κ1

, χχ1,2,St
κ1 , χχ2,1,St

κ1 and χχ−,3,St
κ1 .

3.4. The complete decomposition of 1Hm
G . If we now add together the degrees of

the constituents of 1Hm
G found so far, taken with multiplicity, we obtain

q12(q8
+ q4

+ 1)(q4
+ 1) if m = 1,

q12(q12
− 1) if m = 2,

q12(q8
− 1)(q4

− 1) if m = 3,

which in each case is equal to |G : Hm |. We have therefore proved the following.

Proposition 3.1. If G = F4(q) and Hm =
mD4(q), the decomposition of 1Hm

G into
irreducible characters is

χφ1,0 +χφ9,2 + (q + f )χφ′′

8,3
+ qχφ′′

8,9
+ f χφ4,1 + f χφ′′

2,4

+


χφ12,4 + 3χφ′′

9,6
+ 3χφ′′

1,12
+ 2χφ′′

6,6
+χF4

II
[1]

if m = 1
χφ′′

4,7
+χφ16,5 +χB2,ϵ′ +χF4[−1] if m = 2
χφ′

6,6
+χF4[θ ] +χF4[θ2] if m = 3


+χ1,1

κ1
+χ

χ1,2,1
κ1 + (q + f )χ1,St

κ1
+ qχχ1,2,St

κ1 + f χχ2,1,St
κ1 + f χχ−,3,St

κ1

+ (q + f − 1)χSt,1
κ3

+χρ,1κ3
+ (q − f + 1)χSt,1

κ4
+χρ,1κ4

+

∑
[i]∈S7

((q + f + 1)χ1
κ7,[i]

+ (q + 1)χχ1,2
κ7,[i] + f χχ2,1

κ7,[i] + f χχ−,3
κ7,[i] )

+

∑
[i]∈S8

((q + f − 1)χ1
κ8,[i]

+ (q − 1)χχ1,2
κ8,[i] + f χχ2,1

κ8,[i] + f χχ−,3
κ8,[i] )

+

∑
[i]∈S9

(χ1,1
κ9,[i]

+ (q + f )χSt,1
κ9,[i]

)+
∑

[i]∈S10

(χ1,1
κ10,[i]

+ (q − f )χSt,1
κ10,[i]

)

+

∑
[(i, j)]∈S31

(q + f + 1)χ1
κ31,[(i, j)]

+

∑
[(i, j)]∈S32

(q − f − 1)χ1
κ32,[(i, j)]

+

∑
[i]∈S33

(q + f − 1)χ1
κ33,[i]

+

∑
[i]∈S34

(q − f + 1)χ1
κ34,[i]

+

∑
[i]∈S35

(q + f − 2)χ1
κ35,[i]

+

∑
[i]∈S36

(q − f + 2)χ1
κ36,[i]

.

It is now straightforward to calculate the ranks of the three actions as the sums
of the squares of the multiplicities of the constituents; we obtain the following.
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Corollary 3.2. The rank of the action of G = F4(q) on cosets of Hm =
mD4(q) is

q4
+ q3

+ 9q2
+ 17q + 24 if m = 1,

q4
+ q3

+ q2
+ q + 4 if m = 2,

q4
+ q3

− q + 3 if m = 3.

Indeed, this is confirmed by a separate calculation of (1Hm
G, 1Hm

G)G , which does
not require Deligne–Lusztig theory. If H is any subgroup of G, then, for g ∈ G,

1H
G(g)=

∑
[h]⊆[g]

|CG(h)|
|CH (h)|

,

where the sum is over the H -classes [h] lying in the G-class [g]; thus

(1H
G, 1H

G)G =

∑
[g]⊂G

1H
G(g)2

|CG(g)|
=

∑
[g]⊂G

|CG(g)|
( ∑

[h]⊆[g]

1
|CH (h)|

)2

.

Knowledge of the fusion of classes from H into G enables this to be calculated;
applying this to each Hm gives the values above.

Before concluding this section we note that the three permutation characters
1H1

G , 1H2
G and 1H3

G are given by a formula which, outside a single family of
unipotent characters, is linear in the parameter f . As the values taken by f are 3, 1
and 0, respectively, another way of saying this is that if we define the generalized
character

ψ(G; H)= 1H1
G

− 3.1H2
G

+ 2.1H3
G,

then the coefficient in ψ(G; H) of any irreducible character lying outside this
family is zero.

The reason for this may be traced back to the contributions to scalar products
(1Hm

G, RT ,θ ) from regular semisimple classes of types h76, . . . , h100 (these were
the only contributions whose nonnegligible parts could not be expressed as linear
polynomials in f ): for each such type hℓ, the nonnegligible part was nonzero only
when θ = 1, so that RT ,θ = R(n) for some n, and only for one value of m, when its
value was 6, 2 or 3 according as m = 1, 2 or 3. From this we see that for all n we
have (ψ(G; H), R(n))G = 6(−1)m−1 where the regular semisimple elements in the
torus T(n) lie in Hm ; it follows that ψ(G; H)= 6Rφ′′

1,12
, where Rφ′′

1,12
is an almost

character of degree q12, after which applying the appropriate nonabelian Fourier
transform matrix produces the observed linear combination of irreducible unipotent
characters.

If we successively remove long simple roots to reduce from G to C and then to A,
in each case replacing H by its intersection with the reduced group (first a group A1

3,
then a 2-dimensional torus), the behavior is very similar. The groups (H ∩ C)m
are A1(q)3, A1(q2)A1(q) and A1(q3), respectively, while the groups (H ∩ A)m are
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tori of order (q − 1)2, q2
− 1 and q2

+ q + 1, respectively. Using the notation of
[4, Section 13.8], we find that ψ(C; H ∩ C)= 6Rφ111,− , where Rφ111,− is an almost
character of degree q6; the family here is of size 4, and applying the appropriate
nonabelian Fourier transform matrix gives

6Rφ111,− = 3χφ111,− + 3χφ1,11 − 3χφ−,21 − 3χB2,ϵ .

Likewise ψ(A; H ∩ A)= 6Rφ111 , where Rφ111 is an almost character of degree q3;
this time the family is of size 1, so 6Rφ111 = 6χφ111 . (In fact in this last case the
unipotent character χφ111 is the Steinberg character St; indeed it follows from [4,
Proposition 7.5.4, Corollary 7.6.5] that ψ(A; H ∩ A)= 6 St.)

4. Extensions of Hm by graph automorphisms

In this section we shall decompose the permutation characters 1Hm .0
G , where 0

is a nontrivial group of graph automorphisms of Hm . Recall that the cases to
be considered are as follows: Hm .2 = Hm⟨τ2⟩ for m = 1, 2; Hm .3 = Hm⟨τ3⟩

for m = 1, 3; and H1.S3 = H1⟨τ2, τ3⟩. Note that each constituent of 1Hm .0
G is also

one of 1Hm
G , so we need only consider the types of geometric conjugacy class

treated in Section 3.
For convenience, writing r = |0| we shall define an integer qr which is close to q

r ,
and express multiplicities in 1Hm .0

G in terms of qr . Although the details of the calcu-
lations to follow will depend upon whether or not the characteristic p divides r , the
use of the notation qr means that in each case it will still be possible to give a single
expression for the decomposition of 1Hm .0

G which is valid for all characteristics.
In contrast to the results obtained in Section 3, we shall see that the multiplicity

of a constituent may depend upon the particular geometric conjugacy class in which
it lies, rather than simply being determined by the type of the geometric conjugacy
class. We shall therefore require some further notation: we set

ϵ2
i, j =

{
1 if 2 | (q − 1) and either 2∤i or 2∤ j (or both),
0 otherwise;

ϵ2
i = ϵ2

i,i =

{
1 if 2 | (q − 1) and 2∤i ,
0 otherwise;

ϵ
3,+
i =

{
1 if 3 | (q − 1) and 3∤i ,
0 otherwise;

ϵ
3,−
i =

{
1 if 3 | (q + 1) and 3∤i ,
0 otherwise;

ϵ4
=

{
1 if 4 | (q − 1),
0 otherwise.
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We shall again use the method described in Section 2 to determine scalar products
(1Hm⟨τr ⟩

G, RT ,θ ) as sums of contributions from types of Hm-class. For those classes
lying in Hm the value is that obtained in Section 3, multiplied by a factor of
|Hm |/|Hm⟨τr ⟩| = 1/r ; we therefore consider types of Hm-class lying in Hmτr .
Much as in Section 3, we begin in Section 4.1 by determining the relevant types of
Hm-class in Hmτr ; we then decompose the permutation characters 1Hm .0

G , firstly
in Section 4.2 where 0 = ⟨τ2⟩ and m ∈ {1, 2}, and secondly in Section 4.3 where
0=⟨τ3⟩ and m ∈{1, 3}; finally in Section 4.4 we combine these results to decompose
the permutation character 1Hm .0

G where 0 = ⟨τ2, τ3⟩ and m = 1.

4.1. Relevant types of Hm-class in Hmτr for r ∈ {2, 3}. Using the information on
Hm-classes in Hmτr described in Section 2.1, as in Section 3.1 we treat all types of
Hm-class in Hmτr to determine those which are relevant. We find that the number
of such types is small; we describe them here.

In each case the elements concerned are simply of the form sτr , and the nonnegli-
gible parts of contributions are simply constants; as we shall explain, the Hm-classes
are related to those of types h31, . . . , h36 or h66, . . . , h75, and we shall refer to the
information given in Tables 7 and 8 of Section 3.1 concerning numbers of Hm-
classes and the tori T(n) which meet them. In particular we note the following
concerning what is stated there. For all these types we may take s of the form(
λ,µ, ν

2

λµ
, 1; ν

)
. For types hℓ with ℓ ∈ {31, . . . , 36} (which here occur for both

r = 2 and r = 3), we have ν = λ so that the G-centralizer has root system Ã2,
with Weyl group ⟨w4, w+−−−⟩; there exists w[ℓ] ∈ ⟨w2−3, w1−2w3−4w3+4⟩ such that
s Fm =

w[ℓ]s, so that s lies in the three tori Tw[ℓ]
, Tw[ℓ]w4 and Tw[ℓ]w4w+−−−

, and up to
conjugacy they are listed in that order in Table 7. For types hℓ with ℓ∈ {66, . . . , 75}

(which here occur only for r = 2), we have ν ̸= λ so that the G-centralizer has root
system Ã1, with Weyl group ⟨w4⟩; there existsw[ℓ] ∈ ⟨w1−2, w2−3, w3−4w3+4⟩ such
that s Fm =

w[ℓ]s, so that s lies in the two tori Tw[ℓ]
and Tw[ℓ]w4 , and up to conjugacy

they are listed in that order in Table 8.
If p = r , the expression for τr

yr given in Section 1 shows that τr lies in the
unipotent class Ã1 or Ã2 according as r = 2 or 3. If the type of the Hm-class
containing s is hℓ, we shall denote the type of the Hm-class containing sτr by hℓτr ;
in each case the number of Hm-classes and the tori containing s are as given in
Tables 7 and 8 (if we replace f by 1 in the latter table).

If p ̸= r , the classes all consist of semisimple elements whose H-centralizer is a
torus, of dimension 5−r . This time the expression for τr

yr given in Section 1 shows
that sτr

yr = s(−1,−1,−1,−1; −1) or s(1, 1, 1, ω2
;ω) according as r =2 or 3. The

situation here is however somewhat more complicated than in the above paragraph.
First suppose r =2, and s lies in an Hm-class of type hℓ for some ℓ∈{31, . . . , 36}.

Here things are simple: we shall denote the type of the Hm-class containing sτ2
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by hℓτ2; the corresponding element sτ2
y2 is of the form

(
−λ,−µ,− λ

µ
,−1; −λ

)
,

its G-centralizer has root system Ã1, up to conjugacy it lies in the first and second
tori given in Table 7, and the number of Hm-classes is as given there.

Next suppose r =2, and s lies in an Hm-class of type hℓ for some ℓ∈{66, . . . , 75}.
We have ((τ2

y2)Fm )w[ℓ] = τ2
y2 ; thus ((sτ2

y2)Fm )w[ℓ] = sτ2
y2 so that sτ2

y2 ∈ Tw[ℓ]
, and

we obtain a type of Hm-class in Hmτ2 which we may call hℓτ2; however, the
number of Hm-classes is one half of that given in Table 8 (replacing f by 1),
because conjugation by w4 multiplies sτ2

y2 by (1, 1, 1, 1; −1) which lies in the
torus Tw[ℓ]

. To compensate for this we may take s∗
∈ T2 satisfying

((s∗)Fm )w[ℓ] = s∗(1, 1, 1, 1; −1)

(so that s∗ depends only on ℓ and not on s), and then ((s∗sτ2
y2)Fm )w[ℓ]w4 = s∗sτ2

y2 ,
so that s∗sτ2

y2 ∈ Tw[ℓ]w4 , and we obtain another type of Hm-class in Hmτ2 which
we may call hℓ′τ2; again the number of Hm-classes is one half of that given
in Table 8 (replacing f by 1). The elements sτ2

y2 and s∗sτ2
y2 are of the form(

−λ,−µ,− ν2

λµ
,−1; −ν

)
, their G-centralizer has root system ∅, and up to conju-

gacy they lie in the first and second tori, respectively, given in Table 8.
Finally suppose r = 3, and s lies in an Hm-class of type hℓ for some ℓ ∈

{31, . . . , 36}. Recall that we take e ∈ {0,±1} such that q ≡ e (mod 3) (so here
e = ±1 since p ̸= 3); temporarily take ℓ′ ∈ {0, 1} such that ℓ ≡ ℓ′ (mod 2). The
details from now on depend on the pair (e, ℓ′). The element τ3

y3 is fixed or inverted
by Fm according as e = 1 or −1, and is fixed or inverted by w[ℓ] according as
ℓ′ = 1 or 0; and it is inverted by w4. First assume (e, ℓ′)= (1, 0) or (−1, 1). Then
((τ3

y3)Fm )w[ℓ] = (τ3
y3)−1, so ((τ3

y3)Fm )w[ℓ]w4 = τ3
y3 ; thus ((sτ3

y3)Fm )w[ℓ]w4 = sτ3
y3

so that sτ3
y3 ∈ Tw[ℓ]w4 , and we obtain a type of Hm-class in Hmτ3 which we may

call hℓτ3, whose elements lie in the second torus given in Table 7, with the number
of Hm-classes being as given there. Now assume (e, ℓ′)= (1, 1) or (−1, 0). Then
((τ3

y3)Fm )w[ℓ] = τ3
y3 ; thus ((sτ3

y3)Fm )w[ℓ] = sτ3
y3 so that sτ3

y3 ∈ Tw[ℓ]
, and we

obtain a type of Hm-class in Hmτ3 which we may call hℓτ3; however, the number of
Hm-classes is one third of that given in Table 7, because conjugation by w4w+−−−

multiplies sτ3
y3 by (ω2, ω, ω, 1;ω2) which lies in the torus Tw[ℓ]

. To compensate
for this we may take s∗

∈ T3 satisfying

((s∗)Fm )w[ℓ] = s∗(ω, ω2, ω2, 1;ω)

(so that s∗ depends only on ℓ and not on s), and then

((s∗sτ3
y3)Fm )w[ℓ]w4w+−−− = s∗sτ3

y3,

so that s∗sτ3
y3 ∈ Tw[ℓ]w4w+−−−

, and we obtain another type of Hm-class in Hmτ3

which we may call hℓ′τ3; this time the number of Hm-classes is two thirds of that
given in Table 7, because replacing w4w+−−− by its inverse w+−−−w4 gives another
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type # Hm-classes n

h31τ2
1
12 q2

+ · · · 1 3 7

h32τ2
1
12 q2

+ · · · 17 10 20

h33τ2
1
4 q2

+ · · · 2 5 15

h34τ2
1
4 q2

+ · · · 9 5 13

h35τ2
1
6 q2

+ · · · 6 16 18

h36τ2
1
6 q2

+ · · · 21 14 25

Table 13. Hm-classes in Hmτ2 related to those of types h31, . . . , h36.

collection of Hm-classes and the maximal tori Tw[ℓ]w4w+−−−
and Tw[ℓ]w+−−−w4 are

conjugate. The elements sτ3
y3 and s∗sτ3

y3 are of the form
(
λ,µ, λ

µ
, ω2

;ωλ
)
, their

G-centralizer has root system ∅, and up to conjugacy they lie in the first and third
tori, respectively, given in Table 7.

We conclude this section by summarizing the notation and the information about
numbers of Hm-classes and the tori T(n) containing the semisimple parts of elements
therein. Recall that we take d ∈ {0, 1} with q ≡ d mod 2, as well as e ∈ {0,±1}

with q ≡ e mod 3 as in the previous paragraph. We observe that, for fixed ℓ and r ,
the number of Hm-classes of type hℓτr , combined with those of type hℓ′τr if they
exist, is given by the same polynomial in q for both values of d (if r = 2) or for
all three values of e (if r = 3). If r = 2 we have Hm-classes as given in Table 13,
where the last entries in the final column are to be ignored if d = 1, and Table 14;
if r = 3 we have Hm-classes as given in Table 15.

4.2. The characters 1Hm.2
G for m = 1, 2. Recall that we take d ∈ {0, 1} with

q ≡ d mod 2. We define

q2 =
1
2(q + d), f2 =

1
2( f + 1)=

{
2 if m = 1,
1 if m = 2.

We proceed as in Section 3, determining nonnegligible parts of contributions to
the scalar product (1Hm .2

G, RT ,θ ) from the various types of class. Contributions
from classes lying in Hm are of course exactly as already calculated, except for a
factor of 1

2 ; it remains to consider the classes in Hmτ2.

4.2.1. Unipotent characters. We begin with the classes of type hℓτ2 with ℓ ∈

{31, . . . , 36}; for example, we take ℓ= 31, in which case the elements concerned
have semisimple parts lying in tori T(n) for n = 1, 3 and 7 (the last of which is
absent if d = 1). If d = 0, we see from the Appendix of [8] that the Green function
value is 2q + 1, 1 or −q + 1 according as n = 1, 3 or 7; thus the contributions to
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d = 0 d = 1

type # Hm-classes n # Hm-classes n

h66τ2
1
48 q3

+ · · · 1 3 1
96 q3

+ · · · 1
h66

′τ2
1

96 q3
+ · · · 3

h67τ2
1
48 q3

+ · · · 17 10 1
96 q3

+ · · · 17
h67

′τ2
1

96 q3
+ · · · 10

h68τ2
1
16 q3

+ · · · 4 3 1
32 q3

+ · · · 4
h68

′τ2
1

32 q3
+ · · · 3

h69τ2
1
16 q3

+ · · · 4 10 1
32 q3

+ · · · 4
h69

′τ2
1

32 q3
+ · · · 10

h70τ2
1
8 q3

+ · · · 2 5 1
16 q3

+ · · · 2
h70

′τ2
1

16 q3
+ · · · 5

h71τ2
1
8 q3

+ · · · 9 5 1
16 q3

+ · · · 9
h71

′τ2
1

16 q3
+ · · · 5

h72τ2
1
8 q3

+ · · · 11 8 1
16 q3

+ · · · 11
h72

′τ2
1

16 q3
+ · · · 8

h73τ2
1
8 q3

+ · · · 11 19 1
16 q3

+ · · · 11
h73

′τ2
1

16 q3
+ · · · 19

h74τ2
1
6 q3

+ · · · 6 16 1
12 q3

+ · · · 6
h74

′τ2
1

12 q3
+ · · · 16

h75τ2
1
6 q3

+ · · · 21 14 1
12 q3

+ · · · 21
h75

′τ2
1

12 q3
+ · · · 14

Table 14. Hm-classes in Hmτ2 related to those of types h66, . . . , h75.

the scalar product with R(n) are

192 · (2q +1) ·
( 1

12q2
+· · ·

)
2(q3 +· · · )

,
48 ·1 ·

( 1
12q2

+· · ·
)

2(q3 +· · · )
,

12 · (−q +1) ·
( 1

12q2
+· · ·

)
2(q3 +· · · )

,

having nonnegligible parts 16, 0 and −
1
2 , respectively. If however d = 1, the Green

function value is q + 1 or −q + 1 according as n = 1 or 3; thus the contributions to
the scalar product with R(n) are

576 · (q + 1) ·
( 1

12q2
+ · · ·

)
2(q3 + · · · )

,
48 · (−q + 1) ·

( 1
12q2

+ · · ·
)

2(q3 + · · · )
,

having nonnegligible parts 24 and −2, respectively. The other instances may be
dealt with similarly.
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e = 0 e = 1 e = −1

type # Hm-classes n # Hm-classes n # Hm-classes n

h31τ3
1
12 q2

+ · · · 1 3 7 1
36 q2

+ · · · 1 1
12 q2

+ · · · 3

h31
′τ3

1
18 q2

+ · · · 7

h32τ3
1
12 q2

+ · · · 17 10 20 1
12 q2

+ · · · 10 1
36 q2

+ · · · 17

h32
′τ3

1
18 q2

+ · · · 20

h33τ3
1
4 q2

+ · · · 2 5 15 1
12 q2

+ · · · 2 1
4 q2

+ · · · 5

h33
′τ3

1
6 q2

+ · · · 15

h34τ3
1
4 q2

+ · · · 9 5 13 1
4 q2

+ · · · 5 1
12 q2

+ · · · 9

h34
′τ3

1
6 q2

+ · · · 13

h35τ3
1
6 q2

+ · · · 6 16 18 1
18 q2

+ · · · 6 1
6 q2

+ · · · 16

h35
′τ3

1
9 q2

+ · · · 18

h36τ3
1
6 q2

+ · · · 21 14 25 1
6 q2

+ · · · 14 1
18 q2

+ · · · 21

h36
′τ3

1
9 q2

+ · · · 25

Table 15. Hm-classes in Hmτ3 related to those of types h31, . . . , h36.

Combining the two cases, we obtain the following table of nonnegligible parts.

h31τ2 R(1) 8(d + 2) R(3) −2d R(7) 1
2(d − 1)

h32τ2 R(17) −8(d + 2) R(10) 2d R(20) −
1
2(d − 1)

h33τ2 R(2) 2(d + 2) R(5) −d R(15)
1
2(d − 1)

h34τ2 R(9) −2(d + 2) R(5) d R(13) −
1
2(d − 1)

h35τ2 R(6) 1
2(d + 2) R(16) −

1
2 d R(18) 2(d − 1)

h36τ2 R(21) −
1
2(d + 2) R(14)

1
2 d R(25) −2(d − 1)

Note that the coefficients of d above are precisely the same, apart from the factor of 1
2

already mentioned, as those of q obtained from consideration of types h31, . . . , h36

in Section 3.2. This means that when the sets of contributions are added and q is
replaced by 2q2 − d , the terms in d cancel to leave linear polynomials in q2.

We now consider the classes of type hℓτ2 or hℓ′τ2 with ℓ ∈ {66, . . . , 75}; for
example, we take ℓ= 66, in which case the elements concerned have semisimple
parts lying in tori T(n) for n = 1 and 3. In all cases the element is regular in Hm ,
so the Green function value is 1. If d = 0 the contributions to the scalar product
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with R(n) are

576 · 1 ·
( 1

48q3
+ · · ·

)
2(q3 + · · · )

,
48 · 1 ·

( 1
48q3

+ · · ·
)

2(q3 + · · · )
,

having nonnegligible parts 6 and 1
2 , respectively. If however d = 1, the contributions

to the scalar product with R(n) are

1152 · 1 ·
( 1

96q3
+ · · ·

)
2(q3 + · · · )

,
96 · 1 ·

( 1
96q3

+ · · ·
)

2(q3 + · · · )

(the former from h66τ2 and the latter from h66
′τ2), having nonnegligible parts 6

and 1
2 , respectively. Once more, the other instances may be dealt with similarly, to

produce the following table of nonnegligible parts.

h66τ2 or h66
′τ2 R(1) 6 R(3) 1

2

h67τ2 or h67
′τ2 R(17) 6 R(10)

1
2

h68τ2 or h68
′τ2 R(4) 1 R(3) 3

2

h69τ2 or h69
′τ2 R(4) 1 R(10)

3
2

h70τ2 or h70
′τ2 R(2) 3 R(5) 1

2

h71τ2 or h71
′τ2 R(9) 3 R(5) 1

2

h72τ2 or h72
′τ2 R(11)

1
2 R(8) 1

h73τ2 or h73
′τ2 R(11)

1
2 R(19) 1

h74τ2 or h74
′τ2 R(6) 3

2 R(16)
1
2

h75τ2 or h75
′τ2 R(21)

3
2 R(14)

1
2

Summing the nonnegligible parts gives the values in Table 16 for the scalar
products (1Hm .2

G, R(n))G .

H1 H2

R(1) 16q2 + 75 16q2 + 44
R(2) 4q2 + 27 4q2 + 14
R(3) −4q2 + 1 −4q2 + 4
R(4) 5 2
R(5) −3 2
R(6) q2 + 12 q2 + 5
R(7) q2 q2 − 1
R(8) 4 3
R(9) −4q2 + 1 −4q2

R(10) 4q2 − 5 4q2 + 2
R(11) 4 1
R(12) 0 1
R(13) −q2 + 1 −q2

H1 H2

R(14) q2 + 1 q2 + 2
R(15) q2 q2 − 1
R(16) −q2 − 2 −q2 + 1
R(17) −16q2 + 7 −16q2

R(18) 4q2 4q2 − 4
R(19) −2 1
R(20) −q2 + 1 −q2

R(21) −q2 + 1 −q2

R(22) 3 0
R(23) 0 1
R(24) 0 0
R(25) −4q2 + 4 −4q2

Table 16. Scalar products (1Hm .2
G, R(n))G .
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We may now proceed as before to find the scalar products of 1Hm .2
G with irre-

ducible unipotent characters. On taking linear combinations given by the character
table of W , we find that the only scalar products of 1Hm .2

G with almost characters Rφ
which are nonzero for some m are as follows.

φ (1Hm .2
G, Rφ)G

φ1,0, φ9,2 1
φ′′

8,3 q2 + f2

φ′′

8,9 q2

φ4,1, φ
′′

2,4 f2

φ12,4, φ
′′

4,7, φ16,5
1
2

φ′′

6,6 f2 − 1
φ′′

9,6 f2 −
1
2

φ′′

1,12 2 f2 −
5
2

For φ = φ1,0, φ9,2, φ′′

8,3 and φ′′

8,9 we again have irreducible characters χφ , appearing
in 1Hm .2

G with multiplicities 1, 1, q2+ f2 and q2, respectively. For φ=φ4,1 and φ′′

2,4,
in the family of size four, as in Section 3.2 we obtain two irreducible characters χφ4,1

and χφ′′

2,4
, each appearing with multiplicity f2. Separate analyses of the family of

size 21 for the two values of m lead to the following: if m = 1 we have constituents
χφ12,4 , χφ′′

9,6
, χφ′′

1,12
and χφ′′

6,6
, with multiplicities 1, 2, 1 and 1, respectively; if m = 2

we have constituents χφ′′

4,7
and χφ16,5 , each with multiplicity 1. This completes the

treatment of unipotent characters.

4.2.2. Other geometric conjugacy classes. We begin with the geometric conjugacy
classes of type κ31; here the only types of Hm-class we need consider are hℓτ2 for
ℓ ∈ {31, 33, 35}. We briefly deal with type h31τ2, containing elements sτ2 with
s = (ξ1

a+b, ξ1
a, ξ1

b, 1; ξ1
a+b); the other types are very similar. The calculations are

in some ways simpler than those in Section 3.3.1, because the nonnegligible parts
are constants and it therefore suffices to consider leading terms of polynomials; on
the other hand, some of the details depend on the precise geometric conjugacy class
rather than just its type. Recall that there are three distinct characters RT ,θ lying in
the geometric conjugacy class κ31,[(i, j)], and the one with T = T(1) (in which s lies)
has θ = θ

(1)
i00 j .

If d = 0, we saw in Section 3.3.1 that of the 192 conjugates of s lying in T(1),
only 12 were of the form (1, ∗, ∗, ∗; 1) and thus sent to 1 by θ (1)i00 j , with the values
taken at other elements producing cancellation. Since the Green function value at
τ2 is 2q + 1, the contribution to the scalar product from these elements is
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12 · (2q + 1) ·
( 1

12q2
+ · · ·

)
2(q3 + · · · )

= 1 + · · · .

If instead d = 1, we have (sτ2)
y2 = (−ξ1

a+b,−ξ1
a,−ξ1

b,−1; −ξ1
a+b); of the

conjugates of this element in T(1), we need only consider those of the form
(±1, ∗, ∗, ∗; ±1), since the values obtained from the others will again produce
cancellation. There are 12 conjugates of the form (−1, ∗, ∗, ∗; 1), where the value
taken by θ (1)i00 j is (−1)i ; likewise there are 12 each of the forms (1, ∗, ∗, ∗; −1)
and (−1, ∗, ∗, ∗; −1), where the value is (−1) j or (−1)i+ j , respectively. Since
(−1)i + (−1) j

+ (−1)i+ j
= 3 − 4ϵ2

i, j , and the Green function value here is q + 1,
we obtain a contribution to the scalar product of

12(3 − 4ϵ2
i, j ) · (q + 1) ·

( 1
12q2

+ · · ·
)

2(q3 + · · · )
=

3
2 − 2ϵ2

i, j + · · · .

Thus for both values of d the extra nonnegligible part is 1 +
1
2 d − 2ϵ2

i, j . We saw
in Section 3.3.1 that the scalar product of 1Hm

G with the appropriate RT ,θ with
T = T(1) is q + f + 1; halving and adding the nonnegligible part just found gives
q2 + f2 + 1 − 2ϵ2

i, j .
We find that the additional contributions from Hm-classes of type h33τ2 and h35τ2

to the scalar product with the appropriate RT ,θ with T = T(2) and T(6), respectively,
are the same as those just calculated; thus the scalar product of 1Hm .2

G with each
of the three characters RT ,θ treated here is q2 + f2 +1−2ϵ2

i, j , which is therefore
the multiplicity of the semisimple character χ1

κ31,[(i, j)]
in 1Hm .2

G .
The geometric conjugacy classes of types κ32, . . . , κ36 behave very similarly.

For κ33 and κ35 the types of class requiring attention are as for κ31; for κ32, κ34

and κ36 they are hℓτ2 for ℓ∈{32, 34, 36}. For κ35 and κ36, the additional contribution
is in fact 0 if d = 1, because the elements (sτ2)

y2 do not lie in the tori concerned;
if however d = 0, the extra nonnegligible part is ±

1
2 . On the other hand, for κ33

and κ34 the nonnegligible part of the additional contribution is 0 if d = 0, because
the Green function in each case is merely 1 and is thus too small to affect matters;
however if d = 1 we have an extra term ±

1
2(−1)i . Upon combining these terms

with those already found, and taking linear combinations as before, we obtain the
following multiplicities in 1Hm .2

G :

χ1
κ32,[(i, j)]

: q2 − f2 + 1 − 2ϵ2
i, j ,

χ1
κ33,[i]

: q2 + f2 − 1 − ϵ2
i ,

χ1
κ34,[i]

: q2 − f2 + 1 − ϵ2
i ,

χ1
κ35,[i]

: q2 + f2 − 2,

χ1
κ36,[i]

: q2 − f2 + 1.
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Next we turn to the geometric conjugacy classes of types κ9, κ10, κ3 and κ4. As
described in Sections 3.3.3 and 3.3.4, these may loosely be regarded as the unions
of certain of those of types κ31, . . . , κ36 just considered, for appropriate values of
the parameters. The details of the calculations of additional nonnegligible parts
are just as above; note that if d = 1 then ϵ2

(q±1)i and ϵ2
(q±1)/3 are both zero because

the subscripts are even. Upon taking linear combinations to obtain the irreducible
characters, we obtain the following multiplicities in 1Hm .2

G :

χSt,1
κ9,[i]

: q2 + f2 − ϵ2
i , χ1,1

κ9,[i]
: 1 − ϵ2

i ,

χSt,1
κ10,[i]

: q2 − f2 + 1 − ϵ2
i , χ1,1

κ10,[i]
: ϵ2

i ,

χSt,1
κ3

: q2 + f2 − 1, χρ,1κ3
: 1,

χSt,1
κ4

: q2 − f2 + 1, χρ,1κ4
: 0.

We now treat the geometric conjugacy classes of type κ7, where there are ten
distinct characters RT ,θ lying in the geometric conjugacy class κ7,[i]; the one with
T = T(1) has θ = θ

(1)
i000, and we must consider Hm-classes of types h31τ2 and h66τ2.

For the former we may again take s = (ξ1
a+b, ξ1

a, ξ1
b, 1; ξ1

a+b) and argue much
as above. If d = 0 there are 48 conjugates of s of the form (1, ∗, ∗, ∗; ∗), so the
contribution to the scalar product is

48 · (2q + 1) ·
( 1

12q2
+ · · ·

)
2(q3 + · · · )

= 4 + · · · .

If instead d = 1, there are 48 conjugates of (sτ2)
y2 of the form (1, ∗, ∗, ∗; ∗) and

96 of the form (−1, ∗, ∗, ∗; ∗), so the contribution is

(48 + 96(−1)i ) · (q + 1) ·
( 1

12q2
+ · · ·

)
2(q3 + · · · )

= 2 + 4(−1)i + · · · .

For Hm-classes of type h66τ2 we may take s = (ξ1
a+b, ξ1

a+c, ξ1
b+c, 1; ξ1

a+b+c); as
the element is regular the Green function value is 1. If d = 0, there are again 48
conjugates of s of the form (1, ∗, ∗, ∗; ∗), so the contribution is

48 · 1 ·
( 1

48q3
+ · · ·

)
2(q3 + · · · )

=
1
2 + · · · .

If instead d = 1, there are 96 conjugates of (sτ2)
y2 of the form (−1, ∗, ∗, ∗; ∗)

(and none of the form (1, ∗, ∗, ∗; ∗)), so the contribution is

96(−1)i · 1 ·
( 1

96q3
+ · · ·

)
2(q3 + · · · )

=
1
2(−1)i + · · · .
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Thus for both values of d the extra nonnegligible part is 2d +
9
2 − 9ϵ2

i . We saw
in Section 3.3.5 that the scalar product of 1Hm

G with the appropriate RT ,θ with
T = T(1) is 4q +5 f +4; halving and adding the nonnegligible part just found gives
4q2 + 5 f2 + 4 − 9ϵ2

i .
For each of the nine other characters RT ,θ lying in κ7,[i], there is precisely one

type hℓτ2 or hℓ′τ2 with ℓ ∈ {66, . . . , 75} giving a contribution with nonnegligible
part 1

2 or 1
2(−1)i according as d = 0 or 1. In addition, for the character with T = T(2)

we obtain a contribution from type h33τ2 with nonnegligible part 2 or 1 + 2(−1)i

according as d = 0 or 1; likewise for the character with T = T(6) we obtain a
contribution from type h35τ2 with nonnegligible part 1 or 1

2 + (−1)i according as
d = 0 or 1. (There are also various other types where the contribution has zero
nonnegligible part.) Combining with the values found in Section 3.3.5 we obtain
the following scalar products of 1Hm .2

G with the RT ,θ lying in κ7,[i]:

T = T(1) : 4q2 + 5 f2 + 4 − 9ϵ2
i ,

T = T(10) : 4q2 − 3 f2 + 4 − ϵ2
i ,

T = T(2) : 2q2 + 3 f2 + 2 − 5ϵ2
i ,

T = T(5) : 2q2 − f2 + 2 − ϵ2
i ,

T = T(6) : q2 + 2 f2 + 2 − 3ϵ2
i ,

T = T(14) : q2 + 1 − ϵ2
i ,

T = T(3), T(4), T(8), T(11) : f2 − ϵ2
i .

Using the character table of the Weyl group C3 and the appropriate nonabelian
Fourier transform matrix as in Section 3.3.5 shows that the irreducible characters
χ1
κ7,[i]

and χχ1,2
κ7,[i] have multiplicities in 1Hm .2

G equal to q2+ f2+1−2ϵ2
i and q2+1−ϵ2

i ,
respectively, while both χχ2,1

κ7,[i] and χχ−,3
κ7,[i] have multiplicity f2 − ϵ2

i .
The geometric conjugacy classes of type κ8 behave entirely similarly; here we

find that the irreducible characters χ1
κ8,[i]

and χχ1,2
κ8,[i] have multiplicities in 1Hm .2

G

equal to q2 + f2 − 1 and q2 − ϵ2
i , respectively, while both χχ2,1

κ8,[i] and χχ−,3
κ8,[i] have

multiplicity f2 − 1 + ϵ2
i .

The geometric conjugacy class κ1 may again be treated in similar fashion; we find
that the irreducible characters χ1,1

κ1
and χχ1,2,1

κ1 both have multiplicity ϵ4 in 1Hm .2
G ,

while χ1,St
κ1

, χχ1,2,St
κ1 , χχ2,1,St

κ1 and χχ−,3,St
κ1 have multiplicities q2 + f2 − 1 + ϵ4, q2,

f2 − 1 + ϵ4 and f2 − 1 + ϵ4, respectively.

4.2.3. The complete decomposition of 1Hm .2
G for m = 1, 2. Combining the multi-

plicities obtained above gives the complete decomposition of 1Hm .2
G for m = 1, 2

as follows.
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Proposition 4.1. If G = F4(q) and Hm =
mD4(q) for m = 1, 2, the decomposition

of 1Hm .2
G into irreducible characters is

χφ1,0 +χφ9,2 + (q2 + f2)χφ′′

8,3
+ q2χφ′′

8,9
+ f2χφ4,1 + f2χφ′′

2,4

+

{
χφ12,4 + 2χφ′′

9,6
+χφ′′

1,12
+χφ′′

6,6
if m = 1

χφ′′

4,7
+χφ16,5 if m = 2

}
+ ϵ4χ1,1

κ1
+ ϵ4χ

χ1,2,1
κ1 + (q2 + f2 − 1 + ϵ4)χ1,St

κ1
+ q2χ

χ1,2,St
κ1

+ ( f2 − 1 + ϵ4)χ
χ2,1,St
κ1 + ( f2 − 1 + ϵ4)χ

χ−,3,St
κ1

+ (q2 + f2 − 1)χSt,1
κ3

+χρ,1κ3
+ (q2 − f2 + 1)χSt,1

κ4

+

∑
[i]∈S7

(
(q2 + f2 + 1 − 2ϵ2

i )χ
1
κ7,[i]

+ (q2 + 1 − ϵ2
i )χ

χ1,2
κ7,[i]

+ ( f2 − ϵ2
i )χ

χ2,1
κ7,[i] + ( f2 − ϵ2

i )χ
χ−,3
κ7,[i]

)
+

∑
[i]∈S8

(
(q2 + f2 − 1)χ1

κ8,[i]
+ (q2 − ϵ2

i )χ
χ1,2
κ8,[i]

+ ( f2 − 1 + ϵ2
i )χ

χ2,1
κ8,[i] + ( f2 − 1 + ϵ2

i )χ
χ−,3
κ8,[i]

)
+

∑
[i]∈S9

((1 − ϵ2
i )χ

1,1
κ9,[i]

+ (q2 + f2 − ϵ2
i )χ

St,1
κ9,[i]

)

+

∑
[i]∈S10

(ϵ2
i χ

1,1
κ10,[i]

+ (q2 − f2 + 1 − ϵ2
i )χ

St,1
κ10,[i]

)

+

∑
[(i, j)]∈S31

(q2 + f2 + 1 − 2ϵ2
i, j )χ

1
κ31,[(i, j)]

+

∑
[(i, j)]∈S32

(q2 − f2 + 1 − 2ϵ2
i, j )χ

1
κ32,[(i, j)]

+

∑
[i]∈S33

(q2 + f2 − 1 − ϵ2
i )χ

1
κ33,[i]

+

∑
[i]∈S34

(q2 − f2 + 1 − ϵ2
i )χ

1
κ34,[i]

+

∑
[i]∈S35

(q2 + f2 − 2)χ1
κ35,[i]

+

∑
[i]∈S36

(q2 − f2 + 1)χ1
κ36,[i]

.

Again we may now calculate the ranks of the actions; we obtain the following.

Corollary 4.2. The rank of the action of G = F4(q) on cosets of Hm .2 =
mD4(q).2

for m = 1, 2 is

1
4(q

4
+ q3

+ 12q2
+ 20q + 28) if m = 1 and d = 0,

1
4(q

4
+ q3

+ 12q2
+ 27q + 39) if m = 1 and d = 1,

1
4(q

4
+ q3

+ 4q2
+ 4q + 8) if m = 2 and d = 0,

1
4(q

4
+ q3

+ 4q2
+ 7q + 11) if m = 2 and d = 1.
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4.3. The characters 1Hm.3
G for m = 1, 3. Recall that we take e ∈ {0,±1} with

q ≡ e mod 3. We define

q3 =
1
3(q + 2e), f3 =

1
3 f =

{
1 if m = 1,
0 if m = 3.

Again we proceed as in Section 3. This time contributions from classes lying
in Hm are as already calculated, except for a factor of 1

3 ; it remains to consider the
classes in Hmτ3 and Hmτ3

2 (clearly the contributions from the two outer cosets will
be complex conjugates of each other).

4.3.1. Unipotent characters. We must consider the Hm-classes of type hℓτ3 or hℓ′τ3

with ℓ ∈ {31, . . . , 36}; for example, we again take ℓ = 31, so that the elements
concerned have semisimple parts lying in tori T(n) for n = 1, 3 and 7. In all cases the
elements are regular, so the Green function value is 1. Thus if e = 0 the contributions
to the scalar product with R(n) are

192 · 1 ·
( 1

12q2
+ · · ·

)
3(q2 + · · · )

,
48 · 1 ·

( 1
12q2

+ · · ·
)

3(q2 + · · · )
,

12 · 1 ·
( 1

12q2
+ · · ·

)
3(q2 + · · · )

,

having nonnegligible parts 16
3 , 4

3 and 1
3 , respectively; if e = 1 the contributions to

the scalar product with R(1) and R(7) are

1152 · 1 ·
( 1

36q2
+ · · ·

)
3(q2 + · · · )

,
36 · 1 ·

( 1
18q2

+ · · ·
)

3(q2 + · · · )

(the latter from h31
′τ3), having nonnegligible parts 32

3 and 2
3 , respectively; if e = −1

the contribution to the scalar product with R(3) is

96 · 1 ·
1
12(q

2
− · · · )

3(q2 + · · · )
,

having nonnegligible part 8
3 . The other instances are precisely similar.

Combining the three possibilities for e gives the following table of nonnegligible
parts.

h31τ3 or h31
′τ3 R(1) 16

3 (1 + e) R(3) 4
3(1 − e) R(7) 1

3(1 + e)

h32τ3 or h32
′τ3 R(17)

16
3 (1 − e) R(10)

4
3(1 + e) R(20)

1
3(1 − e)

h33τ3 or h33
′τ3 R(2) 4

3(1 + e) R(5) 2
3(1 − e) R(15)

1
3(1 + e)

h34τ3 or h34
′τ3 R(9) 4

3(1 − e) R(5) 2
3(1 + e) R(13)

1
3(1 − e)

h35τ3 or h35
′τ3 R(6) 1

3(1 + e) R(16)
1
3(1 − e) R(18)

4
3(1 + e)

h36τ3 or h36
′τ3 R(21)

1
3(1 − e) R(14)

1
3(1 + e) R(25)

4
3(1 − e)
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H1 H3

R(1) 16q3 + 46 16q3 + 16

R(2) 4q3 + 16 4q3 + 4

R(3) −4q3 + 2 −4q3 + 4

R(4) 2 0

R(5) 0 4

R(6) q3 + 7 q3 + 1

R(7) q3 + 1 q3 + 1

R(8) 2 0

R(9) −4q3 + 4 −4q3 + 4

R(10) 4q3 − 2 4q3 + 4

R(11) 2 0

R(12) 0 0

R(13) −q3 + 1 −q3 + 1

H1 H3

R(14) q3 + 1 q3 + 1

R(15) q3 + 1 q3 + 1

R(16) −q3 − 1 −q3 + 1

R(17) −16q3 + 22 −16q3 + 16

R(18) 4q3 + 4 4q3 + 1

R(19) −2 0

R(20) −q3 + 1 −q3 + 1

R(21) −q3 + 1 −q3 + 1

R(22) 2 0

R(23) 0 0

R(24) 0 1

R(25) −4q3 + 4 −4q3 + 1

Table 17. Scalar products (1Hm .3
G, R(n))G .

Much as before, note that the coefficients of e above are precisely the same, apart
from the factor of 1

3 already mentioned, as those of q obtained from consideration
of types h31, . . . , h36 in Section 3.2. This means that when the sets of contributions
are added and q is replaced by 3q3 − 2e, the terms in e cancel to leave linear
polynomials in q3.

Summing the nonnegligible parts gives the values in Table 17 for the scalar
products (1Hm .3

G, R(n))G .
We may now proceed as before to find the scalar products of 1Hm .3

G with irre-
ducible unipotent characters. On taking linear combinations given by the character
table of W , we find that the only scalar products of 1Hm .3

G with almost characters Rφ
which are nonzero for some m are as follows.

φ (1Hm .3
G, Rφ)G

φ1,0, φ9,2 1
φ′′

8,3 q3 + f3

φ′′

8,9 q3

φ4,1, φ
′′

2,4, φ
′′

9,6, φ
′′

1,12 f3

φ12,4
1
3

φ′′

6,6 f3 −
1
3

φ′

6,6
2
3
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For φ = φ1,0, φ9,2, φ′′

8,3 and φ′′

8,9 we again have irreducible characters χφ , appearing
in 1Hm .3

G with multiplicities 1, 1, q3 + f3 and q3, respectively. For φ = φ4,1

and φ′′

2,4, in the family of size four, as in Section 3.2 we obtain two irreducible
characters χφ4,1 and χφ′′

2,4
, each appearing with multiplicity f3. Separate analyses

of the family of size 21 for the two values of m lead to the following: if m = 1 we
have constituents χφ12,4 , χφ′′

9,6
, χφ′′

1,12
and χF4

II
[1]

, each with multiplicity 1; if m = 3
we have a constituent χφ′

6,6
with multiplicity 1. This completes the treatment of

unipotent characters.

4.3.2. Other geometric conjugacy classes. We begin again with geometric conju-
gacy classes of type κ31; we consider Hm-classes of type h31τ3, containing elements
sτ3 with s = (ξ1

a+b, ξ1
a, ξ1

b, 1; ξ1
a+b). These contribute if e = 0 or 1, but not if

e = −1. As in Section 4.2.2 we recall that there are three distinct characters RT ,θ
lying in the geometric conjugacy class κ31,[(i, j)], and the one with T = T(1) (in
which s lies) has θ = θ

(1)
i00 j .

If e = 0, we saw in Section 3.3.1 that 12 of the conjugates of s lying in T(1) were
of the form (1, ∗, ∗, ∗; 1) and thus sent to 1 by θ (1)i00 j , with the values taken at other
elements producing cancellation. Thus the contribution to the scalar product from
these elements is

12 · 1 ·
( 1

12q2
+ · · ·

)
3(q2 + · · · )

=
1
3 + · · · .

If e = 1, we have (sτ2)
y2 = (ξ1

a+b, ξ1
a, ξ1

b, ω2
;ωξ1

a+b); of the conjugates of this
element in T(1), we need only consider those of the form (ω±1, ∗, ∗, ∗;ω±1), since
the values obtained from the others will again produce cancellation. If we write ζ̄
for the cube root of unity in C corresponding to ω in k, there are 36 conjugates
of the form (ω2, ∗, ∗, ∗;ω), where the value taken by θ (1)i00 j is ζ̄−i+ j , and 36 of the
form (ω, ∗, ∗, ∗;ω2), where the value taken is ζ̄ i− j . Since

ζ̄−i+ j
+ ζ̄ i− j

= 2 − 3ϵ3,+
i− j ,

we obtain a contribution to the scalar product of

36(2 − 3ϵ3,+
i− j ) · 1 ·

( 1
36q2

+ · · ·
)

3(q2 + · · · )
=

2
3 − ϵ

3,+
i− j + · · · .

Thus for all three values of e the extra nonnegligible part is 1
3(1 + e)− ϵ3,+

i− j . We
saw in Section 3.3.1 that the scalar product of 1Hm

G with the appropriate RT ,θ with
T = T(1) is q + f + 1; dividing by three and adding twice the nonnegligible part
just found gives q3 + f3 + 1 − 2ϵ3,+

i− j .
We find that the additional contributions from Hm-classes of type h33τ3 and h35τ3

to the scalar product with the appropriate RT ,θ with T = T(2) and T(6), respectively,
are the same as those just calculated; thus the scalar product of 1Hm .3

G with each
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of the three characters RT ,θ treated here is q3+ f3+1−2ϵ3,+
i− j , which is therefore

the multiplicity of the semisimple character χ1
κ31,[(i, j)]

in 1Hm .3
G .

The geometric conjugacy classes of types κ32, . . . , κ36 behave very similarly; we
obtain the following multiplicities in 1Hm .3

G :

χ1
κ32,[(i, j)]

: q3 − f3 − 1 + 2ϵ3,−
i− j ,

χ1
κ33,[i]

: q3 + f3 − 1 + 2ϵ3,−
i ,

χ1
κ34,[i]

: q3 − f3 + 1 − 2ϵ3,+
i ,

χ1
κ35,[i]

: q3 + f3 − 2ϵ3,+
i ,

χ1
κ36,[i]

: q3 − f3 + 2ϵ3,−
i .

Next we turn to the geometric conjugacy classes of types κ9, κ10, κ3 and κ4. As
before, these may loosely be regarded as the unions of certain of those of types
κ31, . . . , κ36 just considered, for appropriate values of the parameters. The details
of the calculations of additional nonnegligible parts are just as above; we obtain
the following multiplicities in 1Hm .3

G :

χSt,1
κ9,[i]

: q3 + f3, χ1,1
κ9,[i]

: 1,

χSt,1
κ10,[i]

: q3 − f3, χ1,1
κ10,[i]

: 1,

χSt,1
κ3

: q3 + f3 − 1, χρ,1κ3
: 1,

χSt,1
κ4

: q3 − f3 + 1, χρ,1κ4
: 1.

For the geometric conjugacy classes of type κ7, we again treat Hm-classes of
type h31τ3, containing elements sτ2 with s = (ξ1

a+b, ξ1
a, ξ1

b, 1; ξ1
a+b). These

contribute if e = 0 or 1, but not if e = −1; the appropriate RT ,θ with T = T(1) has
θ = θ

(1)
i000.

If e = 0, we saw in Section 3.3.5 that 48 of the conjugates of s lying in T(1) were
of the form (1, ∗, ∗, ∗; ∗) and thus sent to 1 by θ (1)i000, with the values taken at other
elements producing cancellation. Thus the contribution to the scalar product from
these elements is

48 · 1 ·
( 1

12q2
+ · · ·

)
3(q2 + · · · )

=
4
3 + · · · .

If instead e = 1, we have (sτ2)
y2 = (ξ1

a+b, ξ1
a, ξ1

b, ω2
;ωξ1

a+b); there are 144
conjugates of the form (ω2, ∗, ∗, ∗; ∗), where the value taken by θ (1)i000 is ζ̄−i , and
144 of the form (ω, ∗, ∗, ∗; ∗), where the value taken is ζ̄ i . Since

ζ̄−i
+ ζ̄ i

= 2 − 3ϵ3,+
i ,
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we obtain a contribution to the scalar product of

144(2 − 3ϵ3,+
i ) · 1 ·

( 1
36q2

+ · · ·
)

3(q2 + · · · )
=

8
3 − 4ϵ3,+

i + · · · .

Thus for all three values of e the extra nonnegligible part is 4
3(1 + e)− 4ϵ3,+

i . We
saw in Section 3.3.5 that the scalar product of 1Hm

G with the appropriate RT ,θ with
T = T(1) is 4q + 5 f + 4; dividing by three and adding twice the nonnegligible part
just found gives 4q3 + 5 f3 + 4 − 8ϵ3,+

i .
There are seven other pairs (ℓ, n) such that the geometric conjugacy class contains

a character RT ,θ with T = T(n) and the classes of type hℓτ3 contain elements whose
semisimple parts lie in the torus T(n). For (ℓ, n)= (31, 3) or (33, 5) we find that all
roots of unity concerned produce cancellation, so the nonnegligible part is 0 (these
are the two pairs where the classes meet the torus if e = −1). For the other five
pairs the calculations are very similar to the above: the extra nonnegligible part is
1
3(1 + e)− ϵ3,+

i times the coefficient of q + 1 in the value obtained in Section 3.3.5,
and it follows that the scalar product of 1Hm .3

G with the appropriate RT ,θ is obtained
from that value by replacing q + 1 by q3 + 1 − 2ϵ3,+

i and f by f3. Accordingly
the irreducible characters χ1

κ7,[i]
and χχ1,2

κ7,[i] have multiplicities in 1Hm .3
G equal to

q3 + f3 + 1 − 2ϵ3,+
i and q3 + 1 − 2ϵ3,+

i , respectively, while both χχ2,1
κ7,[i] and χχ−,3

κ7,[i]

have multiplicity f3.
Again the geometric conjugacy classes of type κ8 behave entirely similarly; here

we find that the irreducible characters χ1
κ8,[i]

and χχ1,2
κ8,[i] have multiplicities in 1Hm .3

G

equal to q3 + f3 − 1 + 2ϵ3,−
i and q3 − 1 + 2ϵ3,−

i , respectively, while both χχ2,1
κ8,[i]

and χχ−,3
κ8,[i] have multiplicity f3.

Finally the geometric conjugacy class κ1 may again be treated in similar fashion;
we find that the irreducible characters χ1,1

κ1
and χχ1,2,1

κ1 both have multiplicity 1
in 1Hm .3

G , while χ1,St
κ1

, χχ1,2,St
κ1 , χχ2,1,St

κ1 and χχ−,3,St
κ1 have multiplicities q3 + f3, q3,

f3 and f3, respectively.

4.3.3. The complete decomposition of 1Hm .3
G for m = 1, 3. Combining the multi-

plicities obtained above gives the complete decomposition of 1Hm .3
G for m = 1, 3

as follows.

Proposition 4.3. If G = F4(q) and Hm =
mD4(q) for m = 1, 3, the decomposition

of 1Hm .3
G into irreducible characters is

χφ1,0 +χφ9,2 +(q3 + f3)χφ′′

8,3
+q3χφ′′

8,9
+ f3χφ4,1 + f3χφ′′

2,4

+

{
χφ12,4 +χφ′′

9,6
+χφ′′

1,12
+χF4

II
[1]

if m = 1
χφ′

6,6
if m = 3

}
+χ1,1

κ1
+χ

χ1,2,1
κ1 +(q3+ f3)χ

1,St
κ1

+q3χ
χ1,2,St
κ1 + f3χ

χ2,1,St
κ1 + f3χ

χ−,3,St
κ1 (continues)
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+ (q3 + f3 −1)χSt,1
κ3

+χρ,1κ3
+(q3− f3+1)χSt,1

κ4
+χρ,1κ4

+

∑
[i]∈S7

(
(q3 + f3 +1−2ϵ3,+

i )χ1
κ7,[i]

+(q3 +1−2ϵ3,+
i )χ

χ1,2
κ7,[i] + f3χ

χ2,1
κ7,[i] + f3χ

χ−,3
κ7,[i]

)
+

∑
[i]∈S8

(
(q3 + f3 −1+2ϵ3,−

i )χ1
κ8,[i]

+(q3 −1+2ϵ3,−
i )χ

χ1,2
κ8,[i] + f3χ

χ2,1
κ8,[i] + f3χ

χ−,3
κ8,[i]

)
+

∑
[i]∈S9

(χ1,1
κ9,[i]

+(q3 + f3)χ
St,1
κ9,[i]

)+
∑

[i]∈S10

(χ1,1
κ10,[i]

+(q3 − f3)χ
St,1
κ10,[i]

)

+

∑
[(i, j)]∈S31

(q3 + f3 +1−2ϵ3,+
i− j )χ

1
κ31,[(i, j)]

+

∑
[(i, j)]∈S32

(q3 − f3 −1+2ϵ3,−
i− j )χ

1
κ32,[(i, j)]

+

∑
[i]∈S33

(q3 + f3 −1+2ϵ3,−
i )χ1

κ33,[i]
+

∑
[i]∈S34

(q3 − f3 +1−2ϵ3,+
i )χ1

κ34,[i]

+

∑
[i]∈S35

(q3 + f3 −2ϵ3,+
i )χ1

κ35,[i]
+

∑
[i]∈S36

(q3 − f3 +2ϵ3,−
i )χ1

κ36,[i]
.

Again we may now calculate the ranks of the actions; we obtain the following.

Corollary 4.4. The rank of the action of G = F4(q) on cosets of Hm .3 =
mD4(q).3

for m = 1, 3 is

1
9(q

4
+ q3

+ 13q2
+ 21q + 36) if m = 1 and e = 0 or 1,

1
9(q

4
+ q3

+ 13q2
+ 21q + 44) if m = 1 and e = −1,

1
9(q

4
+ q3

+ 4q2
+ 3q + 9) if m = 3 and e = 0 or 1,

1
9(q

4
+ q3

+ 4q2
+ 3q + 17) if m = 3 and e = −1.

4.4. The character 1H1.S3
G . We define

q6 =
1
6(q + 3d + 2e)=

1
3(q2 + d + e)=

1
2(q3 + d).

If we write 1H1
H1.S3 = 1 + ϵ + 2ρ where ϵ is linear and ρ has dimension 2, then

1H1.2
H1.S3 = 1 + ρ and 1H1.3

H1.S3 = 1 + ϵ, whence

1H1.S3
H1.S3 = 1H1.2

H1.S3 −
1
2(1H1

H1.S3 − 1H1.3
H1.S3);

inducing up from H1.S3 to G gives

1H1.S3
G

= 1H1.2
G

−
1
2(1H1

G
− 1H1.3

G).

It is therefore now easy to calculate the decomposition of 1H1.S3
G to be as follows.
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Proposition 4.5. If G = F4(q) and H1 = D4(q), the decomposition of 1H1.S3
G into

irreducible characters is

χφ1,0 +χφ9,2 + (q6 + 1)χφ′′

8,3
+ q6χφ′′

8,9
+χφ4,1 +χφ′′

2,4
+χφ12,4 +χφ′′

9,6

+ ϵ4χ1,1
κ1

+ ϵ4χ
χ1,2,1
κ1 + (q6 + ϵ4)χ1,St

κ1
+ q6χ

χ1,2,St
κ1 + ϵ4χ

χ2,1,St
κ1 + ϵ4χ

χ−,3,St
κ1

+ q6χ
St,1
κ3

+χρ,1κ3
+ q6χ

St,1
κ4

+

∑
[i]∈S7

(
(q6 + 2 − ϵ

3,+
i − 2ϵ2

i )χ
1
κ7,[i]

+ (q6 + 1 − ϵ
3,+
i − ϵ2

i )χ
χ1,2
κ7,[i]

+ (1 − ϵ2
i )χ

χ2,1
κ7,[i] + (1 − ϵ2

i )χ
χ−,3
κ7,[i]

)
+

∑
[i]∈S8

((q6 + ϵ
3,−
i )χ1

κ8,[i]
+ (q6 + ϵ

3,−
i − ϵ2

i )χ
χ1,2
κ8,[i] + ϵ

2
i χ

χ2,1
κ8,[i] + ϵ

2
i χ

χ−,3
κ8,[i] )

+

∑
[i]∈S9

((1 − ϵ2
i )χ

1,1
κ9,[i]

+ (q6 + 1 − ϵ2
i )χ

St,1
κ9,[i]

)+
∑

[i]∈S10

(ϵ2
i χ

1,1
κ10,[i]

+ (q6 − ϵ2
i )χ

St,1
κ10,[i]

)

+

∑
[(i, j)]∈S31

(q6 + 2 − ϵ
3,+
i− j − 2ϵ2

i, j )χ
1
κ31,[(i, j)]

+

∑
[(i, j)]∈S32

(q6 + ϵ
3,−
i− j − 2ϵ2

i, j )χ
1
κ32,[(i, j)]

+

∑
[i]∈S33

(q6 + ϵ
3,−
i − ϵ2

i )χ
1
κ33,[i]

+

∑
[i]∈S34

(q6 − ϵ
3,+
i − ϵ2

i )χ
1
κ34,[i]

+

∑
[i]∈S35

(q6 − ϵ
3,+
i )χ1

κ35,[i]
+

∑
[i]∈S36

(q6 − 1 + ϵ
3,−
i )χ1

κ36,[i]
.

Yet again we may now calculate the rank of the action; we obtain the following.

Corollary 4.6. The rank of the action of G = F4(q) on cosets of H1.S3 = D4(q).S3 is

1
36(q

4
+ q3

+ 28q2
+ 48q + 84) if d = 0 and e = 1,

1
36(q

4
+ q3

+ 28q2
+ 48q + 92) if d = 0 and e = −1,

1
36(q

4
+ q3

+ 28q2
+ 75q + 99) if d = 1 and e = 0,

1
36(q

4
+ q3

+ 28q2
+ 75q + 111) if d = 1 and e = 1,

1
36(q

4
+ q3

+ 28q2
+ 75q + 119) if d = 1 and e = −1.

5. Contribution to classification programs

In this final section we consider the part played by D4-type subgroups of F4(q)
in the classification programs mentioned in Section 1, namely those of primitive
actions which are multiplicity-free, or have all suborbits self-paired, or arise from
a distance-transitive graph. Recall that the primitive actions (in which the action
is on the cosets of a subgroup which is maximal) are those where the subgroup is
either D4(q).S3 or 3D4(q).3.
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5.1. Primitive multiplicity-free actions. From the decompositions of Section 4
we can see that the permutation character 1H

F4(q), where H is either D4(q).S3

or 3D4(q).3, is multiplicity-free if and only if q = 2. Indeed, the multiplicity of the
constituent χφ′′

8,3
in the former case is q6 + 1, which is greater than 1 for all q apart

from 2, and in the latter case is q3, which is greater than 1 for all q apart from 2, 3
and 5; if q is 3 or 5 the multiplicity of the constituent χ1

κ34,[1]
in the latter case is

q3 + 1, which is greater than 1.
However, if q = pa for some a> 1, the possibility arises of extending both F4(q)

and H by field automorphisms. Write φ for the field automorphism which for each
α ∈ 8 and λ ∈ k sends xα(λ) to xα(λp); then F4(q).⟨φ⟩ acts on cosets of H.⟨φ⟩,
and we have the corresponding permutation character 1H.⟨φ⟩

F4(q).⟨φ⟩. Given an
irreducible character χ of F4(q), there exist a′, a′′

≥ 1 with a = a′a′′ such that
applying φ fuses together a′ irreducible characters of F4(q) including χ and the
resulting character extends to a′′ distinct characters of the group F4(q).⟨φ⟩. If the
multiplicity of χ as a constituent of the permutation character 1H

F4(q) is greater
than a′′ (which in particular is true if it is greater than a), then at least one of the
extensions to F4(q).⟨φ⟩ must have multiplicity greater than 1 in 1H.⟨φ⟩

F4(q).⟨φ⟩.
We claim that, if q = pa with a > 1, then 1H.⟨φ⟩

F4(q).⟨φ⟩ is not multiplicity-free.
For most such values of q we may see this by again considering the multiplicity of
the constituent χφ′′

8,3
. Indeed, if H = D4(q).S3 we have q6 + 1> a for all q apart

from 4, 8 and 16, while if H =
3D4(q).3 we have q3 > a for all q apart from 4

and 8. We are therefore left with five pairs (H, q) to treat.
Two of these five pairs may be settled by considering a single constituent. If

H = D4(q).S3 and q = 16, the multiplicity in 1H
F4(q) of the constituent χ1

κ7,[3]
is

equal to q6 + 2 = 5> 4 = a. Likewise if H =
3D4(q).3 and q = 8, the multiplicity

in 1H
F4(q) of the constituent χ1

κ36,[1]
is equal to q3 + 2 = 4> 3 = a. Thus in neither

case is 1H.⟨φ⟩
F4(q).⟨φ⟩ multiplicity-free.

Another two may be settled by considering how φ fuses geometric conjugacy
classes. Suppose H = D4(q).S3 and q = 8; here the constituents χ1

κ8,[i]
for i =

1, 2, 4 all have multiplicity q6 + 1 = 2. However, these three characters are fused
by φ, because the semisimple classes corresponding to the geometric conjugacy
classes κ8,[i] for i = 1, 2, 4 contain elements (1, ξ2

i , ξ2
−i , 1; 1), and as φ squares

entries in root elements xα(λ), and therefore in torus elements (µ1, µ2, µ3, µ4; ν),
it fuses these semisimple classes; so a′

=3 and hence a′′
=1. Likewise suppose H =

3D4(q).3 and q = 4; here the constituents χ1
κ36,[i]

for i = 1, 2 both have multiplicity
q3 =2. However, these two characters are fused by φ, because the semisimple classes
corresponding to the geometric conjugacy classes κ36,[i] for i =1, 2 contain elements
(ξ6

i , ξ6
qi , ξ6

−(q−1)i , 1; ξ6
i ), and φ similarly fuses these semisimple classes; so a′

=2
and hence a′′

= 1. Thus in each case the single extension of the fused character has
multiplicity 2 in the permutation character 1H.⟨φ⟩

F4(q).⟨φ⟩.
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This leaves the pair where H = D4(q).S3 and q = 4. Here the rank is 29; there
are two constituents of multiplicity 2, namely χφ′′

8,3
and χ1

κ7,[1]
, and all other con-

stituents have multiplicity 1. There is therefore no fusion among the constituents of
multiplicity greater than 1; consequently the methods used until now are insufficient
to determine whether or not either multiplicity persists in 1H.⟨φ⟩

F4(q).⟨φ⟩. In this case
we refer to [17], which calculates (P, D4(q))-double cosets in F4(q) (where P is
the maximal parabolic subgroup whose Levi subgroup has derived group B3(q)),
and in fact concludes that if q> 2 then the action of F4(q) on the cosets of D4(q).S3

is never multiplicity-free, even if field automorphisms are applied.
(A word is in order regarding the relationship of the current article to [17]. As

stated in the very first paragraph here, the project on D4-type subgroups of F4(q)
is essentially a continuation of [15], which was published at the end of the previous
millennium. Almost all of the work on D4-type subgroups was completed more
than twenty years ago; in particular it became clear that something beyond the
character decompositions presented here was required to settle the case of the
preceding paragraph, and the double coset calculations of [17] were performed
to do this. However, some issues remained unresolved and the material ended up
being set aside. A few years ago the opportunity arose of publishing the double
coset material as a paper in its own right; but there seemed no prospect of applying
similar methods to treat the action on cosets of 3D4(q).3. More recently the issues
which had prevented publication of the work as a whole were finally resolved, and
the present article is the result; but [17] should really be regarded as an addendum
to it. The author apologizes for the inordinate delay in completing the project,
especially to those who have waited patiently for decades to see the results appear.)

Thus the only two primitive multiplicity-free actions here are those of F4(2) on
cosets of D4(2).S3 and 3D4(2).3. The first permutation character has rank 9 and
decomposition

χφ1,0 +χφ9,2 +χφ′′

8,3
+χφ4,1 +χφ′′

2,4
+χφ12,4 +χφ′′

9,6
+χ1

κ8,[1]
+χ

χ1,2
κ8,[1]

;

the constituents have degrees 1, 22932, 44200, 1377, 1105, 584766, 541450, 23205
and 1949220, respectively. The second has rank 7 and decomposition

χφ1,0 +χφ9,2 +χφ′

6,6
+χSt,1

κ4
+χρ,1κ4

+ +χ1
κ8,[1]

+χ
χ1,2
κ8,[1]

;

the constituents have degrees 1, 22932, 519792, 2165800, 541450, 23205 and
1949220, respectively.

For the remainder of the paper we take q = 2; we have G = F4(2), and we write
H = D4(2).S3 or 3D4(2).3. As T0 = {1} we may identify W with N .

5.2. Subdegrees and pairing of suborbits. We recall that in the action of G on
the left cosets of H , the suborbit containing the left coset gH is its orbit under the
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stabilizer H , and thus is the set of left cosets whose union is the (H, H)-double
coset HgH . The size of the suborbit is called the subdegree, and is equal to
|HgH |/|H | = |H |/|H ∩

gH |; the subgroup H ∩
gH consists of the elements of G

fixing both H and gH , and is known as the 2-point stabilizer. The sum of the
subdegrees is the index |G : H |. For any double coset HgH , the set of the inverses
of its elements is the double coset Hg−1 H ; the corresponding suborbits are said to
be paired, and if they are equal the suborbit is called self-paired.

Our goal here is to compute the subdegrees and show that all suborbits are
self-paired (for which the multiplicity-freeness of the permutation character is a
necessary condition).

As we shall be performing explicit calculations here, we need to know the exact
location of the subgroup H of G. In the case where H = D4(2).S3 this is immediate,
but in the other case where H =

3D4(2).3 it depends on the choice of the element g3,
which we recall was chosen to lie in A, commute with τ3 = n4n+−−− and satisfy
g3

F .g3
−1

= τ3. We begin with some comments which apply for any such choice
of g3, and in fact for all values of q .

Label the simple roots of G as

α1 = ϵ2 − ϵ3, α2 = ϵ3 − ϵ4, α3 = ϵ4, α4 =
1
2(ϵ1 − ϵ2 − ϵ3 − ϵ4);

then any root in 8 has the form
∑4

i=1 ciαi with all ci ∈ Z. We may partition 8
according to the pair of values (c1, c2), and write the corresponding equivalence
class as [c1c2]. Roots in the equivalence class [00] lie in the Ã2 subsystem 8(A).
There are two other types of equivalence class containing positive roots: each
of [10], [13] and [23] is a singleton class containing a long root; by contrast each
of [01], [11] and [12] is of size six, containing three short roots and three long
roots, with the union of the class with 8(A)∩8+ being the set of positive roots
of a C3 subsystem (and the corresponding six root subgroups of G all commute
with each other) — indeed in the case of [01] the C3 subsystem is 8(C). Taking
similarly negative roots (and writing −[c1c2] for [(−c1)(−c2)]), we see that the
‘nonzero’ equivalence classes effectively form a root system 8 of type G2, with
positive roots a = [01], b = [10], a+ b = [11], 2a+ b = [12], 3a+ b = [13] and
3a+ 2b = [23]. For each such r = [c1c2] ∈8 there is a root subgroup Ur in 3D4(q),
of order q3 or q according as r is short or long.

Now return to the case where q = 2. Take λ∈ F8 satisfying λ3
=λ+1. We choose

g3 = x4(λ)x+−−−(λ
6)x+−−+(λ

5)h4(λ
2)h+−−−(λ)n4n+−−−n4x4(λ

6)x+−−−(λ)x+−−+(λ
5);

a straightforward calculation in A shows that

g3
F

= τ3g3 = g3τ3,
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so that g3 commutes with τ3 and satisfies g3
F .g3

−1
= τ3. We then have

3D4(2)= (Hg3)F
= (H Fτ3)g3,

and the group H is obtained by adjoining ⟨τ3⟩ to 3D4(2).
For each short root r ∈ 8̄, we see that τ3 cycles both the three short roots and the

three long roots in r; if α ∈8 is one of the long roots, the corresponding elements
of H Fτ3 are xα(µ)xτ32(α)(µ

2)xτ3(α)(µ
4) for µ ∈ F8. Conjugation by g3 gives the

root subgroup Ur = {xr(t1, t2, t3) : t1, t2, t3 ∈ F2} in 3D4(q), where

xa(t1, t2, t3)= x3−4(t1)x3+4(t2)x1−2(t3)x+−+−(t1 + t2)x+−++(t1 + t3)x3(t2 + t3),

xa+b(t1, t2, t3)= x2−4(t1)x2+4(t2)x1−3(t3)x++−−(t1 + t2)x++−+(t1 + t3)x2(t2 + t3),

x2a+b(t1, t2, t3)= x1+4(t1)x1−4(t2)x2+3(t3)x++++(t1 + t2)x+++−(t1 + t3)x1(t2 + t3),

and x−r(t1, t2, t3) is obtained from xr(t1, t2, t3) by negating all roots. For each long
root r ∈8, the corresponding root α ∈8 is orthogonal to 8(A), whence the root
subgroup Uα < H commutes with both g3 and τ3; we therefore have the root
subgroup Ur = {xr(t) : t ∈ F2} in 3D4(q), where

xb(t)= x2−3(t), x3a+b(t)= x1+3(t), x3a+2b(t)= x1+2(t),

and x−r(t) is obtained from xr(t) by negating the root.
We may proceed as usual to obtain elements of the maximal torus of 3D4(2).

This is a cyclic subgroup ⟨s⟩ of A of order 7, where

s = x4(1)x+−−+(1)n+−−−n4x4(1),

s2
= x+−−−(1)x4(1)n4n+−−−n4,

s3
= x+−−−(1)x+−−+(1)n+−−−n4x+−−+(1),

s4
= x+−−+(1)n4n+−−−x+−−−(1)x+−−+(1),

s5
= n4n+−−−n4x4(1)x+−−−(1),

s6
= x4(1)n4n+−−−x4(1)x+−−+(1);

according as r ∈8 is short or long, the A1 subgroup ⟨Ur,U−r⟩ either contains ⟨s⟩
or intersects it trivially, and either

sxr(t1, t2, t3)= xr(t1 + t2, t1 + t2 + t3, t2) or sxr(t)= xr(t).

We also obtain elements nr ∈
3D4(q) for r ∈8, where

na = n3−4n3+4n1−2, nb = n2−3,

na+b = n2−4n2+4n1−3, n3a+b = n1+3,

n2a+b = n1+4n1−4n2+3, n3a+2b = n1+2;
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the subgroup N †
= ⟨nr : r ∈8⟩ = ⟨na, nb⟩ of N is dihedral of order 12 and is the

Weyl group of 3D4(q), and according as r ∈8 is short or long we have

nrs = s−1 or nrs = s.

Finally the effect of τ3 on all of these elements of 3D4(q) is as follows: it
commutes with each nr, and with xr(t) if r ∈8 is long; if r ∈8 is short then

τ3xr(t1, t2, t3)= xr(t3, t1, t2);

and
τ3s = s2.

5.2.1. The action of F4(2) on cosets of D4(2).S3. Here we take H = D4(2).S3.
There are 9 subdegrees |HgH |/|H |, and they sum to |G : H | = 3168256; we shall
prove the following.

Proposition 5.1. In the action of G = F4(2) on cosets of H = D4(2).S3, the
subdegrees are as given in Table 18, and all suborbits are self-paired.

In the calculations in this section we shall frequently use Bruhat decomposition
(see [3, Corollary 8.4.4]). Given n ∈ N , write Un =

∏
{Uα : α ∈8+, n(α) /∈8+

}

(recall that we identify W with N ). Then each element of G has a unique expression
in the form unv, where u ∈ U , n ∈ N and v ∈ Un; and unv ∈ H ⇐⇒ u, v ∈ H .

We shall work through the rows of Table 18 in turn. Taking g = 1 clearly gives
the suborbit HgH = H , and the subdegree is 1.

Take g = x1(1), x++++(1)x1(1) or x+++−(1)x++++(1)x1(1); then g2
= 1, so the sub-

orbit is self-paired. As g centralizes U ∩ H , given h = unv ∈ H we have h ∈
gH ⇐⇒

(unv)g ∈ H ⇐⇒ng
∈ H ⇐⇒ g−1.ng ∈ H . We have ng = xn(1)(1), xn(++++)(1)xn(1)(1)

g |H ∩
gH |

|HgH |

|H |

1 1045094400 1
x1(1) 2580480 405

x++++(1)x1(1) 172032 6075
x+++−(1)x++++(1)x1(1) 73728 14175

x++−−(1)x+−++(1) 10752 97200
x++−−(1)x+−++(1)x2(1) 1536 680400

x3(1)x++−−(1)x+−++(1)x2(1) 1536 680400
x4(1)x+−−+(1)n+−−+x4(1)x+−−−(1) 672 1555200

x3+4(1)x+−−−(1)x4(1)x3(1)x+−+−(1) 7776 134400
× n3+4n+−−+x4(1)x+−−+(1)x3+4(1)

3168256

Table 18. Suborbits and subdegrees for the action of F4(2) on cosets of D4(2).S3.
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or xn(+++−)(1)xn(++++)(1)xn(1)(1), respectively; thus g−1.ng ∈ H ⇐⇒
ng = g ⇐⇒

n preserves the set {1}, {++++, 1} or {+++−,++++, 1}, respectively. In the first case
this gives n ∈ ⟨n2−3, n3−4, n4⟩; so

H ∩
gH = ⟨U1±2,U1±3,U1±4⟩⟨U±(2−3),U±(3−4),U±(3+4)⟩⟨n4⟩,

of order 2q12(q2
− 1)(q3

− 1)(q4
− 1)= 2580480, and the subdegree is 405. In the

second case it gives n ∈ ⟨n2−3, n3−4, n+−−−⟩; so

H ∩
gH = ⟨U1±2,U1±3,U1±4,U2+3,U2+4,U3+4⟩⟨U±(2−3),U±(3−4)⟩⟨n+−−−⟩,

of order 2q12(q2
− 1)(q3

− 1)= 172032, and the subdegree is 6075. In the third
case it gives n ∈ ⟨n2−3, n4, n+−−−⟩; so

H ∩
gH = ⟨U1±2,U1±3,U1±4,U2±4,U3±4,U2+3⟩⟨U±(2−3)⟩⟨n4, n+−−−⟩,

of order 6q12(q2
− 1)= 73728, and the subdegree is 14175.

In the next few cases we shall find it helpful to define a symmetric relation on
the set of short roots in 8+: given such roots α and β, we say that α is related to β,
and write α ∼ β, if α+β is another short root in 8+.

Now take g = x++−−(1)x+−++(1); then g−1
= gn2−3n4 , so the suborbit is self-paired.

Given h = unv ∈ H we have h ∈
gH ⇐⇒ (unv)g ∈ H ⇐⇒ (gu)−1.n(vg) ∈ H . Here

g centralizes the root groups U1±2, U1±3, U1±4, U2+3, U2+4, U3−4; so conjugating
g by an element of U ∩ H gives an element of

x++−−(1)x+−++(1)U++−+U+++−U++++U1+4U1+3U1+2.

Thus if we write

S = {++−−,+−++,++−+,+++−,++++},

the condition (gu)−1.n(vg)∈ H forces n(++−−), n(+−++)∈ S. As the only instance
of roots in S being related is

++−− ∼ +−++,

we see that n must either fix or interchange ++−− and +−++; but if it interchanged
them then (gu)−1.n(vg) would involve x1(1) which is not in H , so n must fix them,
whence n ∈ ⟨n3−4, n2+4⟩. As v ∈ Un , any short root elements appearing in n(vg)
apart from those in g must lie in root subgroups Uα for α of height less than that of
++−− or +−++, whereas any short root elements appearing in (gu)−1 apart from
those in g must lie in root subgroups Uα for α of height greater than that of ++−−

or +−++; so both u and v must centralize g. Therefore we have

H ∩
gH = ⟨U1±2,U1±3,U1±4⟩⟨U±(3−4),U±(2+4)⟩,

of order q9(q2
− 1)(q3

− 1)= 10752, and the subdegree is 97200.
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Now take g = x++−−(1)x+−++(1)x2(1); then g−1
= gn+−−− , so the suborbit is

self-paired. Given h = unv ∈ H we again have h ∈
gH ⇐⇒ (unv)g ∈ H ⇐⇒

(gu)−1.n(vg) ∈ H . Here g centralizes the root groups U1+2, U1±3, U1±4, U2+3,
U2+4, U3−4; so conjugating g by an element of U ∩ H gives an element of

x++−−(1)x+−++(1)x2(1)U++−+U+++−U++++U1U1+4U1+3U1+2.

Thus if we write

S = {++−−,+−++, 2,++−+,+++−,++++, 1},

the condition (gu)−1.n(vg) ∈ H forces n(++−−), n(+−++), n(2) ∈ S. As the only
instances of roots in S being related are

++−− ∼ +−++ ∼ 2,

we see that n must fix +−++, and either fix or interchange ++−− and 2; thus
n ∈ ⟨n3−4, n+−−−⟩, and as v ∈ Un ∩ H we must have v ∈ U3−4 so that v centralizes g.
If n ∈⟨n3−4⟩ then n also centralizes g, as then must u; if instead n ∈n+−−−⟨n3−4⟩ then
as x1−2(1)x3+4(1)n+−−− centralizes g we see that x1−2(1)x3+4(1)u must. Therefore
we have

H ∩
gH = ⟨U1+2,U1±3,U1±4,U2+3,U2+4, x1−2(1)x3+4(1)n+−−−⟩⟨U±(3−4)⟩,

of order q9(q2
− 1)= 1536, and the subdegree is 680400.

Now take g = x3(1)x++−−(1)x+−++(1)x2(1); then g−1
= gn2−3n4 , so the suborbit

is self-paired. Given h = unv ∈ H we again have h ∈
gH ⇐⇒ (unv)g ∈ H ⇐⇒

(gu)−1.n(vg) ∈ H . Here g centralizes the root groups U1+2, U1+3, U1±4, U2+3,
U2+4, U3−4, while its commutator with x1−2(1)x1−3(1) is x1+3(1)x1+2(1); so con-
jugating g by an element of U ∩ H gives an element of

x3(1)x++−−(1)x+−++(1)x2(1 + t)x++−+(t)U+++−U++++U1U2+3U1+4U1+3U1+2,

where the projection of the element of U ∩ H on the root group U2−3 is x2−3(t).
Thus if we write

S = {3,++−−,+−++, 2,++−+,+++−,++++, 1},

the condition (gu)−1.n(vg) ∈ H forces n(3), n(++−−), n(+−++), n(α) ∈ S, where
α is 2 or ++−+ according as the projection of v on the root group U2−3 is trivial or
not. As the only instances of roots in S being related are

++−+ ∼ 3 ∼ ++−− ∼ +−++ ∼ 2,

if α is 2 the chain n(3), n(++−−), n(+−++), n(2) must be 3,++−−,+−++, 2 or
its reverse, or ++−+, 3,++−−,+−++ or its reverse, while if α is ++−+ the same
must be true of the chain n(++−+), n(3), n(++−−), n(+−++). In each case this
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uniquely determines n, which we find lies in ⟨n2−3, n4, n+−−−⟩; as v ∈ Un this
forces v ∈ U2−3. If α is 2 we must then have v = 1; if however α is ++−+ we must
then have v = x2−3(1), which eliminates two of the four possibilities since they
have n ∈ ⟨n4, n+−−−⟩. There are therefore six possibilities for n, and for each we
may find an element u giving (gu)−1.n(vg) ∈ H : for example, if n = n2−3n4 then
v = 1 and we may take u = x1−3(1)x2−4(1)x3+4(1), while if n = n2−3n+−−−n4 then
v = x2−3(1) and we may take u = 1. Therefore we have

H ∩
gH = ⟨U1+2,U1+3,U1±4,U2+3,U2+4,U3−4, x1−2(1)x1−3(1)⟩

.⟨x1−3(1)x2−4(1)x3+4(1)n2−3n4, n2−3n+−−−n4x2−3(1)⟩,

of order 6q8
= 1536, and the subdegree is 680400. Note that the center of the

2-point stabilizer here is trivial, while that of the 2-point stabilizer in the previous
case is U1+2; so the two suborbits must be distinct.

At this point we note that the remaining two subdegrees sum to 1689600, and
of course each divides |H | = 21336527. It is now a simple matter to determine
the pairs of factors of |H | with the correct sum (the larger must lie in the range
[844800, 1689600), so given each of the 42 possibilities for the powers of 3, 5
and 7 there is at most one for the power of 2): we find they are (1658880, 30720),
(1382400, 307200), (1555200, 134400), (860160, 829440), (1075200, 614400)
and (1612800, 76800). (In fact by using [29, Theorem 30.1(C)] we could reduce
this list of six pairs to the third and fifth, but we shall see that this is unnecessary.)

Now take g = x4(1)x+−−+(1)n+−−+x4(1)x+−−−(1); then g−1
= gn4, so the suborbit

is self-paired. Since g ∈ A it is immediate that g commutes with ⟨U±(2−3),U±(1+3)⟩,
and it certainly commutes with its square n4; moreover calculation in C shows that
(n1−2n3−4n3+4)

g
= n1−2n3. Thus we have

H ∩
gH ≥ ⟨U±(2−3),U±(1+3)⟩⟨n1−2n3−4n3+4, n4⟩,

of order 4q3(q2
−1)(q3

−1)= 672, and the subdegree divides 1555200. Since none
of the (nontrivial) 2-point stabilizers found to date contains a group A2(q) with a
graph automorphism, the suborbit is one of the remaining two; as the only one of the
twelve possible subdegrees given in the previous paragraph which divides 1555200
is 1555200 itself, we have equality in the previous sentence in both the 2-point
stabilizer and the subdegree; moreover the remaining subdegree must be 134400,
so the 2-point stabilizer must be of order 7776.

For the final suborbit take

g = x3+4(1)x+−−−(1)x4(1)x3(1)x+−+−(1)n3+4n+−−+x4(1)x+−−+(1)x3+4(1);

then g2
= 1, so the suborbit is self-paired. Clearly g commutes with ⟨U±(1+2)⟩;

calculation shows that g also commutes with n4, and that conjugation by g multiplies
x1−2(1)x3−4(1)x3+4(1) by n4, and it sends n+−−− to x3−4(1)n3−4n3+4x3+4(1), and
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x2−3(1)x2−4(1)x2+4(1)x1−3(1)x1+3(1) to x2−3(1)x2+3(1)x1−4(1)x1+4(1)x1+3(1).
As g has order 2, it follows that each of these elements lies in H∩

gH . The last two of
them generate a quaternion group of order 8 with center U1+2; adding n1+2 extends
it to a group PSU3(2) of order 72. The group generated by x3−4(1)n3−4n3+4x3+4(1)
and its images under ⟨n4, n+−−−⟩ is Z3×Z3 of order 9; adding x1−2(1)x3−4(1)x3+4(1)
extends it to (Z3 × Z3).2 of order 18, and this group normalizes PSU3(2). The
group ⟨n4, n+−−−⟩ commutes with PSU3(2) and normalizes (Z3 ×Z3).2, so we have
a group of order 72 ·18 ·6 = 7776. Since none of the (nontrivial) 2-point stabilizers
found to date has order divisible by 7776, the suborbit is indeed the remaining one.
As conjugation by x1−2(1)x3−4(1)x3+4(1) takes the first generator of the quaternion
group to the inverse of the second, we have

H ∩
gH = ⟨x2−3(1)x2−4(1)x2+4(1)x1−3(1)x1+3(1), n1+2,

x3−4(1)n3−4n3+4x3+4(1), x1−2(1)x3−4(1)x3+4(1), n4, n+−−−⟩,

of order 7776, and the subdegree is 134400.
This concludes the proof of Proposition 5.1.

5.2.2. The action of F4(2) on cosets of 3D4(2).3. Here we take H =
3D4(2).3.

There are 7 subdegrees |HgH |/|H |, and they sum to |G : H | = 5222400; we shall
prove the following.

Proposition 5.2. In the action of G = F4(2) on cosets of H =
3D4(2).3, the

subdegrees are as given in Table 19, and all suborbits are self-paired.

In the calculations in this section we shall again use Bruhat decomposition, but
here we shall require a slightly different form. First set

UA = U ∩ A =
∏

{Uα : α ∈8+
∩8(A)}, U ′

=
∏

{Uα : α ∈8+
\8(A)};

then U = UAU ′
= U ′UA and UA ∩ U ′

= {1}. Next recall that we have the Weyl
groups WA and WH , with W = WAWH = WH WA and WA ∩WH = {1}. Now given

g |H ∩
gH |

|HgH |

|H |

1 634023936 1
x+++−(1)x++++(1)x1(1) 36864 17199

n+−−+ 36288 17472
x+++−(1)x++++(1)x1(1)n+−−+ 576 1100736

x++−−(1)x+−++(1) 768 825552
x4(1)n3−4 216 2935296

x1−2(1)x4(1)n3−4 1944 326144

5222400

Table 19. Suborbits and subdegrees for the action of F4(2) on cosets of 3D4(2).S3.
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an element of N = W we may write it uniquely as n An with n A ∈ WA, n ∈ WH ; as
before we have Un An =

∏
{Uα : α ∈8+, n An(α) /∈8+

}. Set

(Un An)A =
∏

{Uα : α ∈8+, n An(α) /∈8+, n(α) ∈8(A)},

(Un)
′
=

∏
{Uα : α ∈8+, n An(α) /∈8+, n(α) /∈8(A)}

=
∏

{Uα : α ∈8+, n(α) /∈8+
∪8(A)}

(where the final line justifies the notation (Un)
′); then Un An = (Un An)A(Un)

′
=

(Un)
′(Un An)A and (Un An)A ∩ (Un)

′
= {1}. Standard Bruhat decomposition now

shows that any element of G may be uniquely written as (uu A)(n An)(vAv) with
u ∈ U ′, u A ∈ UA, n A ∈ WA, n ∈ WH , vA ∈ (Un An)A and v ∈ (Un)

′; setting a =

u An A
nvA ∈ A we see that the element may be written as uanv with u ∈ U ′, a ∈ A,

n ∈ WH and v ∈ (Un)
′.

To see that this last expression is unique, suppose we have uanv = ûân̂v̂ with
u, û ∈ U ′, a, â ∈ A, n, n̂ ∈ WH and v, v̂ ∈ (Un)

′. Writing the left side in standard
Bruhat decomposition gives an expression (uu A)(n An)(vAv), where u A ∈ U ∩ A,
n A ∈ WA and vA ∈ Un An; doing the same with the right side and using uniqueness
of standard Bruhat decomposition we see that uu A = ûû A ∈ U and n An = n̂ An̂ ∈ N ,
and then the factorizations of the previous paragraph give u = û and n = n̂.
Therefore anv = ânv̂, so â−1a = nv̂v−1n−1; the left side here is in A and the
right side is in n(Un)

′, which is a product of negative root subgroups each lying
outside A, so both sides must be the identity, whence a = â and v= v̂. We therefore
have uniqueness in the expression uanv. Since by [3, Proposition 13.5.3] each
element of H may be written in the form u1si n1v1τ3

j
= u1siτ3

j n1v1
τ3

j
, where

u1 ∈ U ∩ H < U ′, siτ3
j
∈ A ∩ H , n1 ∈ N † < WH and v1

τ3
j
∈ Un1 ∩ H < (Un1)

′,
we see that uanv ∈ H ⇐⇒ u, a, n, v ∈ H .

In some cases our approach will require the following. We have the Weyl
group WC of C , and |W : WC |= 24. Recall from [3, Theorem 2.5.8, Corollary 2.5.9]
that there is a set of right coset representatives of WC in W , each of which is of
minimal length in its coset; we shall call these n(1), . . . , n(24). (Note that [3] uses
left cosets instead of right cosets, so our elements are the inverses of those there.)
Likewise we have |WH : WH ∩ WC | = 24, where WH ∩ WC is the Weyl group
of H ∩ C , which is a Levi subgroup of H of type A1

3; if we regard ϵ1 −ϵ2, ϵ2 −ϵ3,
ϵ3 − ϵ4, ϵ3 + ϵ4 as simple roots of H then again we have coset representatives
of WH ∩ WC in WH of minimal length, which we shall call n(1)′, . . . , n(24)

′. We
choose notation such that for all j we have n( j)

′
∈ WCn( j).

Now as N †
∩ WC = ⟨na⟩ we have |N †

: N †
∩ WC | = 6, so that just six of the

cosets WCn( j) contain elements of N †; write J = { j ≤ 24 : N †
∩WCn( j) ̸=∅}. The

elements n( j)
′ for j ∈ J are 1, nb, nbna, na+b, na+bna, n3a+2b, each of which in fact

lies in N †; we have n( j)
′
= n( j) in the first, second, fifth and sixth of these cases
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and n( j)
′
= n+−−+n( j) in the third and fourth. As roots in 8(A) are either fixed or

negated by elements of N †, we see that for j ∈ J we have either Un( j) ′ = Un( j) or
Un( j) ′ = UAUn( j) , whence in either case (Un( j) ′)

′
= Un( j) .

Write P = UC , so that P is a maximal parabolic subgroup of G. For each j ≤ 24
we have Pn( j) = Pn( j)

′; moreover G is the disjoint union of the double cosets
Pn( j)U for j ≤ 24, and for fixed j the double coset Pn( j)U is the disjoint union of
the cosets Pn( j)v as v runs through Un( j) . Given such a coset Pn( j)v, if j ∈ J and
v ∈ H then evidently the coset meets H ; we claim that the converse is also true.

Thus suppose we have h ∈ Pn( j)v ∩ H , and as above write h = uanv0 with
u ∈ U ′

∩ H , a ∈ A ∩ H , n ∈ N † and v0 ∈ (Un)
′
∩ H ; then Pn( j)v = Ph = Pnv0,

so n ∈ WCn( j) = WCn( j)
′, whence j ∈ J and n is either n( j)

′ or nan( j)
′. In the

former case we have v0 ∈ (Un( j) ′)
′
= Un( j) , so as Pn( j)v = Pn( j)

′v0 = Pn( j)v0

we must have v = v0 ∈ H as required. In the latter case we have v0 ∈ (Unan( j) ′)
′,

and we may write nv0 = nan( j)
′v0 = nav1.n( j)

′v2, where v1 ∈
∏
α∈[01]

Uα < P and
v2 ∈ (Un( j) ′)

′
= Un( j) ; as v1

n( j)
′

.v2 = v0 ∈ H and the sets of roots involved in v1
n( j)

′

and v2 are disjoint, both v1 and v2 must lie in H . Thus

Pn( j)v = Pnv0 = Pn( j)
′v2 = Pn( j)v2

with v2 ∈ Un( j) , so we must have v = v2 ∈ H as required. We have thus shown
that the converse is indeed true; we shall use this in some of the arguments in this
section.

We shall work through the rows of Table 19 in turn. Taking g = 1 clearly gives
the suborbit HgH = H , and the subdegree is 1.

Take g = x+++−(1)x++++(1)x1(1); then g2
= 1, so the suborbit is self-paired. As g

centralizes U ∩ H , given h = uanv ∈ H we have h ∈
gH ⇐⇒ (uanv)g ∈ H ⇐⇒

(an)g ∈ H ⇐⇒ (ga)−1.ng ∈ H . We have ng = xn(+++−)(1)xn(++++)(1)xn(1)(1),
while τ3 and g commute and ⟨s⟩ acts simply transitively on U+++−U++++U1 \ {1};
thus (ga)−1.ng ∈ H ⇐⇒ ga

=
ng = g ⇐⇒ a ∈ ⟨τ3⟩ and n preserves the set

{+++−,++++, 1}, which forces n ∈ ⟨nb⟩. So

H ∩
gH = ⟨U ∩ H, nb⟩⟨τ3⟩,

of order 3q12(q2
− 1)= 36864, and the subdegree is 17199.

Take g = n+−−+; then g2
= 1, so the suborbit is self-paired. As g preserves U ′, A

and N †, given h = uanv ∈ H we have h ∈
gH ⇐⇒ (uanv)g = ugagngvg

∈ H ⇐⇒

ug, ag, ng, vg
∈ H . For all n ∈ N † we have ng

= n; calculation shows that sg /∈ H ,
while (τ3)

g
= τ3

−1; and given r ∈8, if r is long then g commutes with Ur, while if r
is short then g preserves the set of roots α lying in r, and Ur

g
∩ H = ⟨xr(1, 1, 1)⟩. So

H ∩
gH = ⟨Ub,U−b, xa(1, 1, 1), x−a(1, 1, 1)⟩⟨τ3⟩,

of order 3q6(q2
− 1)(q6

− 1)= 36288, and the subdegree is 17472.
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Now take g = x+++−(1)x++++(1)x1(1)n+−−+; then g2
= 1, so the suborbit is self-

paired. Write g′
= x+++−(1)x++++(1)x1(1); using the comments of the previous

two paragraphs about g′ and n+−−+ centralizing and inverting certain elements,
we see that given h = uanv ∈ H we have h ∈

gH ⇐⇒ (uanv)g ∈ H ⇐⇒

(un+−−+)g′(an+−−+)ng′vn+−−+ ∈ H , with (un+−−+)g′
∈ U ′ and an+−−+ ∈ A. If

n(1) /∈ 8+ then as n ∈ N † and g′vn+−−+ ∈ (Un)
′ the expression is in the desired

form; if instead n(1) ∈8+ we rewrite it as

(un+−−+)g′(xn(+++−)(1)xn(++++)(1)xn(1)(1))a
n+−−+

.an+−−+ .n.vn+−−+ .

In either case the element of A is an+−−+ ; for this to be in H we require a ∈ ⟨τ3⟩,
so an+−−+ ∈ ⟨τ3⟩. Now observe that if r ∈8 is a short root, then in each element
of Ur the sum of the coefficients in the three short root subgroups is 0, and n+−−+

permutes these coefficients. Thus g′vn+−−+ cannot lie in H , so if n(1) /∈ 8+

we cannot have (uanv)g ∈ H ; assuming n(1) ∈ 8+ we have (uanv)g ∈ H ⇐⇒

un+−−+ g′(xn(+++−)(1)xn(++++)(1)xn(1)(1))a
n+−−+

, vn+−−+ ∈ H , and the first of these
implies that n preserves the set {+++−,++++, 1}, which forces n ∈ ⟨nb⟩. It now
follows that

H ∩
gH = ⟨xa(1, 1, 1), xa+b(1, 1, 1), x2a+b(1, 1, 1)⟩U3a+bU3a+2b⟨U±a⟩⟨τ3⟩,

of order 3q6(q2
− 1)= 576, and the subdegree is 1100736.

Now take g = x++−−(1)x+−++(1); then g−1
= gxa+b(0,1,1), so the suborbit is self-

paired. Given h =uanv∈ H we have h ∈
gH ⇐⇒ (uanv)g ∈ H ⇐⇒ (gua)−1(n(vg))∈

H . Here g centralizes the root groups U2a+b,U3a+b,U3a+2b; so conjugating g by
an element of U ∩ H gives an element of

x++−−(1)x+−++(1)U++−+U+++−U++++U1U1+4U1+3U1+2.

Thus the projection of vg on the product of the root groups Uα for α ∈ a or for
α ∈ a+ b involves short root elements but no long root elements; so the condition
(gua)−1(n(vg)) ∈ H forces n ∈ N † to send both a and a+ b to positive roots in
8, whence n ∈ ⟨nb⟩ and so v ∈ Ub. A straightforward calculation shows that
h′

= xa+b(1, 0, 1)xb(1)nbs2τ3 ∈ H ∩
gH . Thus if n = nb, according as v = 1 or

v = xb(1) we may multiply h on the right by h′−1 or h′ to reduce to the case where
n = 1; so we may assume (gua)−1g ∈ H . The projection of gu on the product of
the root groups whose roots lie in a is x+−++(1), which thus must be centralized
by a; this forces a ∈ {1, s3τ3, s2τ3

2
}. Likewise the projection of gu on the product

of the root groups whose roots lie in a+ b is either x++−−(1) or x++−−(1)x++−+(1);
since conjugating each of these by either s3τ3 or s2τ3

2 gives a term x2(1), we must
have a = 1, so (gu)−1g ∈ H . After calculation in U ∩ H it now follows that

H ∩
gH = {xa(t1, t2, t3)xa+b(t2 + t3, t1 + t2, t1) : ti ∈ F2}U2a+bU3a+bU3a+2b

.⟨xa+b(1, 0, 1)xb(1)nbs2τ3⟩,
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of order 3q8
= 768, and the subdegree is 825552.

Finally take g = x4(1)n3−4 or x1−2(1)x4(1)n3−4; then g−1
= gxa(0,0,1), so the

suborbit is self-paired. Here we shall use the approach involving cosets of P . Take
h = uanv ∈ H as usual and consider (uanv)g ∈ (Pnv)g = Pnvn3−4x3(1)x1−2(δ)

where δ = 0 or 1. If v involves the term x3−4(1) we must have either n ∈ ⟨na⟩nbna

or n ∈ ⟨na⟩na+bna. In the former possibility we have v = xa(1, t2, t3)x3a+b(t4) for
some ti ∈ F2: conjugating each term in v other than x3−4(1) by n3−4 and using the
relation n3−4x3−4(1)n3−4 = x3−4(1)n3−4x3−4(1) gives the coset

Pn2−3n1−2n3+4x3−4(1)n3−4x3−4(1)x3+4(t2)x1−2(t3)

× x+−−+(1 + t2)x+−++(1 + t3)x4(t2 + t3)x1+4(t4)x3(1)x1−2(δ);

now moving all possible terms to the left gives

Pn2−3n1−2n3+4n3−4x3−4(1)x3+4(t3)x1−2(1 + t2 + t3 + δ)

× x+−+−(1 + t2)x+−++(1 + t2t3)x3(1 + t2 + t3)x1+3(t4).

The sum of the coefficients in the three short root subgroups is 1 + t2t3 + t3, which
is 0 only when t3 = 1 and t2 = 0; but then the sum of the coefficients in the three root
subgroups U3−4, U3+4 and U+−+− is not 0. Thus the product of the root elements with
roots in a does not lie in H , so the coset Pnvn3−4x3(1) contains no elements of H .
In the latter possibility we have v = xa(1, t2, t3)x2a+b(t4, t5, t6)x3a+b(t7)x3a+2b(t8)
for some ti ∈ F2; although the expression is more complicated, the above approach
gives on the right the same root elements with roots in a, and thus yields the same con-
clusion. Thus we may assume that v does not involve the term x3−4(1), so the coset
is Pnn3−4(v

n3−4)x3(1)x1−2(δ). Unless n ∈ ⟨na⟩ or ⟨na⟩n3a+2b we see that nn3−4

is an element n( j)
′ for some j /∈ J , so again the coset contains no elements of H ;

we have therefore reduced to the possibilities where n ∈ {1, na, n3a+2b, nan3a+2b}.
From now on we treat the two cases δ = 0 and δ = 1 separately, although we shall
see that there are considerable similarities between them.

First assume δ = 0, so that g = x4(1)n3−4. If n = 1 then v = 1; a straightforward
calculation shows that {ua : (ua)g ∈ H} is

Q = ⟨xb(1)xa+b(1, 1, 1)x2a+b(0, 0, 1), xa+b(1, 0, 0)x2a+b(1, 0, 1)x3a+b(1)⟩,

a quaternion group with center U3a+2b. If n = na we obtain two further cosets of Q,
containing the element h0 = xa(1, 1, 1)snaxa(0, 1, 1) and its inverse (note that h0

has order 3, and centralizes Q). If n = n3a+2b then as g ∈ C it commutes with n, so
we obtain all elements q1nq2 with q1, q2 ∈ Q. Finally if n = nan3a+2b we obtain
all elements h0

±1q1nq2. Thus

H ∩
gH =

〈
xb(1)xa+b(1, 1, 1)x2a+b(0, 0, 1), xa+b(1, 0, 0)x2a+b(1, 0, 1)x3a+b(1),

xa(1, 1, 1)snaxa(0, 1, 1), n3a+2b

〉
,
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of order q3(q2
− 1)(q3

+ 1)= 216, and the subdegree is 2935296.
Now assume δ = 1, so that g = x1−2(1)x4(1)n3−4. Here we first note that

(xa(0, 1, 1)s3τ3)
g

= s3τ3, so it suffices to work in 3D4(2). If n = 1 then v = 1; a
straightforward calculation shows that {usi

: (usi )g ∈ H} is

Q = ⟨xb(1)xa+b(0, 0, 1)x2a+b(0, 0, 1), xa+b(1, 1, 0)x2a+b(0, 1, 0)x3a+b(1)⟩,

a quaternion group with center U3a+2b. If n = na we obtain eight further cosets
of Q, containing the element h0 = xa(1, 0, 0)naxa(0, 1, 0) and its powers (note
that h0 has order 9, and normalizes Q). If n = n3a+2b then as g ∈ C it commutes
with n, so we obtain all elements q1nq2 with q1, q2 ∈ Q. Finally if n = nan3a+2b

we obtain all elements h0
i q1nq2 for 1 ≤ i ≤ 8. Thus

H ∩
gH =

〈
xb(1)xa+b(0, 0, 1)x2a+b(0, 0, 1), xa+b(1, 1, 0)x2a+b(0, 1, 0)x3a+b(1),

xa(1, 0, 0)naxa(0, 1, 0), n3a+2b

〉
⟨xa(0, 1, 1)s3τ3⟩,

of order 9q3(q2
− 1)(q3

+ 1)= 1944, and the subdegree is 326144.
This concludes the proof of Proposition 5.2.

5.3. Distance-transitive graphs. We recall further that in the action of G on the
left cosets of a maximal subgroup H , given a self-paired suborbit corresponding
to a double coset HgH which is not simply H itself, we may obtain a graph as
follows: the vertices are the left cosets g′H for g′

∈ G, and there is an edge between
the vertices g′H and g′′H if and only if g′−1g′′

∈ HgH (note that this makes sense
because the suborbit is self-paired). The graph is regular, of valency |HgH |/|H |;
it is connected as H is a maximal subgroup of G; and G acts transitively on it.

If we consider the vertex H itself, the vertices at distance 1 from H are the cosets
lying in HgH , those at distance 2 from H are those lying in HgHgH which are
not at distance 0 or 1, and so on. Writing r for the rank of the action, the graph
is distance-transitive if, for each i < r , the left cosets at distance i from H form a
single suborbit; in this case we may order the subdegrees k0, k1, . . . , kr−1 so that the
number of left cosets at distance i from H is ki (so that k0 =1, and k1 =|HgH |/|H |).

Our goal here is to show that for no choice of suborbit HgH the graph is distance-
transitive. To do this we shall make use of [2, Proposition 5.1.1], which among other
things implies the following: if the graph as above is distance-transitive with r ≥ 4,

(i) there exist h, l with 1 ≤ h ≤ l ≤ r − 1 such that 1 < k1 < · · · < kh = · · · =

kl > · · ·> kr−1, and

(ii) if i < j and i + j ≤ r − 1 then ki ≤ k j .

5.3.1. The action of F4(2) on cosets of D4(2).S3. Here we take H = D4(2).S3. We
have r = 9; our result is the following.
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Proposition 5.3. The action of G = F4(2) on cosets of H = D4(2).S3 gives rise to
no distance-transitive graph.

Proof. Suppose the statement is false. The smallest nontrivial subdegree is 405,
corresponding to the suborbit HgH where g = x1(1). If we had k1 = 405 then
HgHgH would contain only one double coset other than H or HgH ; but we have

x1(1)x++++(1)= g.n+−−−.g.n+−−− ∈ HgHgH
and

x++−−(1)x+−++(1)= n+−++.g.n+−++n++−−.g.n++−− ∈ HgHgH,

and the two left-hand sides lie in the double cosets corresponding to subdegrees 6075
and 97200. Thus by (i) above we must have k8 = 405. The next smallest subdegree
is 6075, corresponding to the suborbit HgH where g = x1(1)x++++(1). By (ii)
above we cannot have k7 = 6075 as this would force k1 > k7, so by (i) above we
must have k1 = 6075; but

x1(1)= n+−++x−3−4(1).g.x−3−4(1).g.x1+2(1)n+−++ ∈ HgHgH,

so that x1(1)H would be at distance 2 from H instead of 8. This contradiction
proves the result. □

5.3.2. The action of F4(2) on cosets of 3D4(2).3. Here we take 3D4(2).3. We have
r = 7; our result is the following.

Proposition 5.4. The action of G = F4(2) on cosets of H =
3D4(2).3 gives rise to

no distance-transitive graph.

Proof. Suppose the statement is false. The smallest nontrivial subdegree is 17199,
corresponding to the suborbit HgH where g = x+++−(1)x++++(1)x1(1); as al-
ready mentioned, ⟨s⟩ acts simply transitively on U+++−U++++U1 \ {1}, and indeed
gs2

= x1(1). We have x3(1)= x1(1)nanb ∈ HgH , and then

n3−4 = x−a(1, 1, 1)s.x3(1).xa(1, 1, 1)nasxa(1, 1, 1) ∈ HgH ;

thus n4(1)n3−4 = n3−4n3(1) ∈ HgHgH . It follows that if we had k1 = 17199
then we would have k2 = 2935296; but this is the largest subdegree, so we would
have k2 > k3, contrary to (ii) above. Thus by (i) above we must have k6 = 17199.
The next smallest subdegree is 17472, corresponding to the suborbit HgH where
g = n+−−+. By (ii) above we cannot have k5 = 17472 as this would force k1 > k5,
so by (i) above we must have k1 = 17472; but

x+++−(1)x++++(1)x1(1)= s5τ3.g.x2a+b(0, 0, 1).g.x2a+b(1, 0, 0)τ3
2s2

∈ HgHgH,

so that x+++−(1)x++++(1)x1(1)H would be at distance 2 from H instead of 6. This
contradiction proves the result. □
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