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We establish a connection between constructible representations (arising in
the study of left cells in Weyl groups) and Catalan numbers.

0. Introduction

0.1. The sequence of Catalan numbers is the sequence Cat,, n =1, 2, 3, ..., where
Cat, = 2n)!/(n!(n 4 1)!). According to [3], Catalan numbers first appeared in the
work of Ming Antu (1692—-1763). They were rediscovered by Euler (1707-1783).
See also [13].

In this paper we give a new way in which Catalan numbers appear in connection
with Lie theory.

0.2. Let G be a connected reductive algebraic group of adjoint type over C whose
Weyl group W is assumed to be irreducible. Let W be the set of (isomorphism
classes of) irreducible representations (over () of W.

In [4], a partition of W into subsets called families was defined and in [6]
a class of not necessarily irreducible representations (later called constructible
representations, see [9]) of W with all components in a family ¢ (which we now
fix) was defined by an inductive procedure. Let Con(c) be the set of constructible
representations (up to isomorphism) attached to c¢. In [6] it was conjectured that
the representations in Con(c) are precisely the representations associated in [2] to
the various left cells of W contained in the two-sided cell of W defined by c; this
conjecture was proved in [7]. It is known that [c| = 1 if W is of type A, |c| = (ll);/rzl)
(with D € 2N) if W is of type B, C or D, and |c| isone of 1,2,3,4,5, 11, 17if W
is of exceptional type.

0.3. We would like to find an explicit formula for |Con(c)|.
If |c]isone of 1,2,3,4,5,11, 17 then |Con(c)| is 1, 1, 2, 2, 3, 5, 7 respectively.
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In the remainder of this paper we assume that:

D41y .
(a) |c|:(D/2)w1thD=2dezN.

In Section 1 we prove the following result.
Theorem 0.4. We have |Con(c)| = Catyy.

It is known (see [12, §2.13]) that if W is of type D then |Con(c)| = |Con(c")|
for some family ¢’ in a Weyl group of type B or C. We will therefore assume in
the rest of the paper that W is of type B or C.

0.5. According to [1, Corollary 4], we have

(a) Cat, =) N(n, p)

p=1
v =),

We denote by F the field with two elements.

In [8] a bijection between Con(c) and a certain collection X, of subgroups of F d
is described. For each p, 1 < p <d+1, let X, , be the set of subgroups of cardinal
2P~1in X.. The following refinement of Theorem 0.4 is proved in Section 2.

where

are the Narayana numbers.

Theorem 0.6. We have |X. ,| = Nyi1,p.

0.7. In Section 3 we state a conjecture according to which Catalan numbers appear
in connection with the study of Springer fibers for G.

0.8. Foranyi <jinZweset[i, jl={heZ;i <h<j}.

1. Proof of Theorem 0.4

1.1. Let D € 2N. Let Vp be an F-vector space with a nondegenerate symplectic
form (-, -): Vp x Vp — F and with a given subset {e}, e, e3, ..., ep} such that
(ei,ej) =11f i — j = =1 and (e;, ¢;) = 0 otherwise.

Assuming that D > 2 and i € [1, D], we define a linear (injective) map 7; :
VD,Q — VD by:

e es>e ifa<i—1.

cei1>e-_1te t+eiyr.

e eyt>eqnifa>i.

(We regard Vp_, as a subspace of Vp in an obvious way.)
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Let F(Vp) be the family of isotropic subspaces associated in [11, §1.17] to
Vp and its basis {ey, ez, ..., ep}. (The characteristic functions of these subspaces
form a basis of the C-vector space of functions Vp — C.) We have a partition
F(Vp) = Lli=o F5(Vp). We will only give here the definition of F %(Vp) and
FY(Vp). The definition is by induction on D. When D =0, F 9(Vp) consists of
0 and F!(Vp) is empty. Assume now that D > 2. A subspace E of Vp is said
to be in FO(Vp) if either E = 0 or if there exists i € [1, D] and E’' € FO(Vp_»)
such that E = T;(E’) + Fe; (this is a direct sum). A subspace E of Vp is said to
be in F!(Vp) if either E = F(e; + ey + - - -+ ep) or if there exists i € [1, D] and
E' € F'(Vp_5) such that E = T;(E') + Fe;.

For example, if D =2, F O(Vp) consists of 0, Fe;, Fe, and F!'(Vp) consists of
F(e;+e). If D=4, FO(Vp) consists of

0, Fey, Fey, Fe3, Fey, Fei+Fe3, Fey+Fey, Fey+Fey, F(e+ey+e3)+Fea,
F(ey+e3+eq)+ Fes

and F'(Vp) consists of

F(er+ext+e3+eq), Fleirt+ertestes)+ Fey, Fleg+er+esz+es)+ Fes,
F(ey+ey))+ Fes, Fei + F(ez+e4).
We have
FOVp) = Fpn(Vp)UFLp ,(Vp)
where
Fp,2(Vp) ={E € F*(Vp): dim(E) = 5 D},
F2p(Vp) ={E € FO(Vp): dim(E) < 3 D}.
1.2. Let gg (resp. Q})) be the set of lines in Vp of the form F (e, +e,+1+---+ep)
where a < b in [1, D] satisfy b —a = 1 (mod 2) (resp. b —a = 0 (mod 2)). Let

Gp =Gy uGl. For E € F(Vp) let B = {L € Gp; L C E}. According to [12,
§1.2(e), (), (9)]. if E € F(Vp) then

(a) E=EBL;

LeBg

moreover we have E € FO(Vp) if and only if Bg C g}); we have E € F1(Vp) if
and only if Bg contains a unique line Lg in gg.
It follows that if E € F'(Vp) we can write

(b) E =Ey® Lg where Eg = GBLGBE;L#LE L.
We show:
(¢) Eg € FO(Vp).
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We argue by induction on D. If D =0 then F 11) = & and there is nothing to prove.
Assume now that D >2. If E = F(e;+e+- - -+ep), then Eg =0 and (c) is obvious.
If E is not of this form then there exists i € [1, D] and E’ € .7-"11)_2 such that £ =
T;(E')+ Fe;. By the induction hypothesis we have E' = E{® Lg where E € ]-'872.
We have E = T;(E()+ Fe; +Ti (L) = Eo+ L where Eg=T;(E})+ Fe; € F(Vp)
and L = T;(Lg) € gg (from the definition of 7;). Since L C E we must have
L =Lg. Wehave Bg = B U{L} (the union s disjoint since Bz C GJ,, Lr €G).
Thus B; = Bg —{Lg}. Since Eg = ZLEBEO = ZLGBE_{LE} L = E, we see that
Eo= Ey € F°(Vp). This proves (c).

Note that in (c) we have dim(E) < %D, dim(Lg) = 1, hence dim(Ey) < %D.
Thus we can define a map Ep : FY(vp) — .FgD/z(VD) by E — Ej (notation
of (¢)).

We show:

(d) The map Ep is surjective.

We argue by induction on D. If D = 0 then ]:2 p2(Vb) is empty and there
is nothing to prove. Assume now that D > 2. Let Ej € ]-"SD/Z(VD). If Eg=0
then £ = F(e;j +ex+---+ep) is as required. Now assume that Eg = 0. Then
there exists i € [1, D] and E € FO(Vp_,) such that Ey = Ti(E)) @ Fe;. We
see that dim(E)) = dim(7;(E()) = dim(E¢) — 1 < $D — 1 = (D —2) so that
E(’) € ]-"<0( D-2) /Z(VD_Q). By the induction hypothesis there exists L € g?)_z such
that Ej, + L € F'(Vp_»). Let E = T;(E, + L) + Fe;. We have E € F'(Vp) and
E=Ey+T;(L). Note that T; (L) € gg and is contained in E, hence it is equal to
L (see (b)). It follows that Eg = Ep(E). This proves (d).

We show:

(e) Ep is injective.

Assume that E, E' in F'(Vp) satisfy Ep(E) = Ep(E’). We must show that
E=F.

We have E = Eg@® L, E' = Eg® L’ where Eg € FO(Vp) and L = F (e, +eq41 +
coo+ep), L'=F(ey+eyi1+---+ep), where a <b and a’ < b’ in [1, D] satisfy
b—a=1(mod2), b’ —a =1 (mod?2). (In fact, from [11, §1.3(e), see (P,)]
we have that a = 1 (mod 2), b =0 (mod2), a’ =1 (mod?2), b’ =0 (mod2).)
Assume first that a < a’ so that a < a’ — 2. From [11, §1.3(e), see (P»)] we
see that there exist 1 < ¢ < ¢’ < D such that ¢ < a < ¢’ and such that the line
L=F(e,+ect+1+---+er)is contained in Eg, hence also in G }3. But then the pair
of distinct lines £, L would violate [11, §1.3(e), see (Py)]. We see that we must
have a > a’. Similarly we have a’ > a, hence @’ = a.

Assume next that b < b’ so that b+2 < b’. From [11, §1.3(e), see (P)] we
see that there exist 1 < ¢ < ¢’ < D such that ¢ < b’ < ¢’ and such that the line
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L=F(e.+ecr1+---+ey)is contained in Ey hence also in Q]D. But then the pair
of distinct lines £, L’ would violate [11, §1.3(e), see (Py)]. We see that we must
have b > b’. Similarly we have b’ > b, hence b’ = b.

We see that L = L', hence E = E’. This proves (e).

1.3. From §1.2(c), (d), (e) we see that |]-'2D/2(VD)| = |F'(Vp)[; hence
IFO (V) = 1Fp 2 (VD) = |F' (Vi),
that is, |fg/2(VD)| = |FO%(Vp)| — |F(Vp)|. According to [11, §1.27] we have

D+1 D+1
|f°<vD>|=(D72), |f1<vD>|=((D_+2)/2).
It follows that

D+1)_< D+1 ) 2d +2)! —Cpi.

0 _ _
501 = (o2 )~ ((ponyy2) = d+Did12)!
where D = 2d.

1.4. In [5] the set c is identified with a subset of Vp. Now any object in Con(c) is
multiplicity-free, hence may be identified with a subset of ¢, hence with a subset
of Vp. This subset is a Lagrangian subspace of V. Thus Con(c) is identified
with a subset of the set of Lagrangian subspaces of Vp. This subset is the same as
]—"g/z(VD) (see [10, §2.8(iii)]). We see that |Con(c)| = Cy441 and Theorem 0.4 is
proved.

1.5. An alternative proof of Theorem 0.4 can be given using the parametrization of
Con(c) in terms of “admissible arrangements” in [6, p. 220].

2. Proof of Theorem 0.6

2.1. We preserve the notation of V. We have V, = V) @ V) where V) has basis
{er, eq4,...,ep} and VLI) has basis {ej, e3,...,ep—_1}. Assuming that D > 2 we
define for any i € [1, D] a linear map 7; : Vll)f2 — V[l) by:

e ept>epifk<i—2.

o ep > epyn if k>,

e ¢_1+—e_1+e4ifiiseven.
Following [10, §2.3] we define a collection C(Vé) of subspaces of Vg by induction
onD. If D=0, C(Vll)) consists of {0}. Assume now that D > 2. A subspace
£ of V1£ is said to be in C(Vll)) if either £ = {0} or there exists i € [1, D] and
&' e C(V}_,) such that:

e £E=T/(E)+ Fe; if i is odd.

e £=T;(&) if i is even.
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For example, C(Vzl) consists of two subspaces: 0, Fey; C(V4]) consists of five
subspaces:
0, Fey, Fes, F(ei+e3), Fej+ Fes;

C (V61) consists of 14 subspaces:

0, Fey, Fes, Fes, F(e1+e3), F(es+es), F(ei+e3+es), Fer+ Fes,

Fei+Fes, Fest+Fes, F(ei+e3)+Fes, Fei+F(estes), F(ei+estes)+Fes,
Fe| + Fesz+ Fes.

22. If £ € C(V[I)) we set &' = {x € VY; (x, £) = 0}. The following result appears
in [10, §2.4].

(a) £ EPE' defines a bijection C(Vé) = ]-'8 /Z(VD). The inverse bijection is
givenby E+— EN Vé.

2.3. Let Zj; be the set of all elements of Vé of the form
eap=¢€;tesotesat--+ep

for various numbers a < b in{1,3,..., D —1}.
For any s > 0, let Zj, be the set of all finite unordered sequences

€ay,bys €ay,bys - -+ > €ay by
in Z7, such that for any n #m in {1, 2, ..., s} we have either
ap <b, <ay <b, or ay<b, <a, <b,,
or a,<a,<b,<b, or a,<a,<b, <b,.

Let Zp = ;¢ 2} (a disjoint union).
For example, Z; consists of the two sequences &, {e1}; Z4 consists of the five
sequences &, {e1}, {e3}, {e1 +e3}, {e1, e3}; and Z consists of 14 sequences:

2, {e1}, {es}, {esh, {e1+es}, {es+es), {e1+e3+es),
{e1, e}, {e1, es), {e3, es), {e1tes, es), {e1, estes), {e1+estes, es}, {ei, e3, es}.
Theorem 2.4. The assignment
Op : (€aybys Cagbys -+ -5 Cayby) > Fea by +Fegypy+- -+ Feg, p,
defines a bijection Zp — C (VDl).

When D < 6 this follows from §2.1, §2.3. Note that Theorem 2.4 gives an
order-preserving bijection between the set of noncrossing partitions (see [13]) and
C (V})) (with the order given by inclusion).

2.5. Assuming that D > 2 we define for any i € [1, D] amap o; : Z},_, — ZJ, by:
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® Cub > a2 b2 ifi <a.
e espt>eqppifa<i <b41.
ceapt>eapifi>b+1.

Note that
e oi(eqp) = Tileqp) if i is even.
e gi(eqp) =Ti(eqp) ifiisevenandi <aori > b.
e 0i(eqp) =Ti(eqp)+eiifiisoddanda <i <b.

2.6. Assume that D > 2 and i € [1, D]. Let ey, ¢4 bein 2}, and lete; ; =
(o]} (ea,b), e&/’];/ = 0j (eg/’b’). We ShOW:

(i) Ifb<a' thenb <d'.

(i) Ifa <a' and b’ < b then d <@ and b’ < b.
(i) Ifiisodd and a < <bthena <i <b.
In the setup of (i) assume that a’ < b. Then we have ¢’ < b ora' +2 < b or
a’ +2<b+2ora <b+2. The first three cases are clearly impossible; in the 4th
case wehave b+2=a' (sinceb+2<a <b+2),b+1<iandb+1>1i,so0
that b > b’ > a’, a contradiction.

In the setup of (ii) assume that @ > a’. Then we have a >a’ ora+2>a'+2
ora>a' +2ora+2>ad'. The first three cases are clearly impossible; in the 4th
case we havea+2=a’ (sincea+2<da <a+2),a <ianda >i,sothata > a’,
a contradiction. Thus, a < a’.

Again, in the setup of (ii) assume that 5’ > b. Then we have b’ > b or b'+2 > b+2
or b’ >b+2orb +2=>b. The first three cases are clearly impossible. In the 4th
case we have b’ +2 =b (since b>b'+2>b),b+1 <i and b’ + 1 > i so that
b’ > b, a contradiction. Thus, b’ < b'.

In the setup of (iii) assume thata =i. Wehavea =aora=a+2. lfa=a
we have a =i and b < i, hence b < b so that b = b + 2; this implies i < b, a
contradiction. If a = a +2 we have a +2 =i, i <a, a contradiction. Thus a < i.

In the setup of (iii) assume that b =i. We havea =borb=b+2.If b=b we
have b =i and b < i, a contradiction. If b = b+ 2 we have b+ 2 = i and either
a>iora<i <b. In the first case we have a > b + 2 > b, a contradiction; in the
second case we have b + 2 < b, a contradiction. Thus, i < b.

2.7. From §2.6(1)—(iii) we see that when D >2 and i €[1, D], there is a well-defined
map X; : Zp_p — Zp given by

(oi(eq;.,), 0i(€ar.br)s - - - Oileq, b,), €i) if i is odd,

(eal,blaeaz,bzv"'aea-,b)H{ AP
o (07 (€ay b)) Ti(Carb)s - - - i (€a, ) if i is even.
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28. Lete € Zp, € # . Let e, € € be such that b — a is minimum. If b —a =0
weseti =a=>b;wehavei €[l,D]andi isodd. If b—a > 0 we define i € [1, D]
bya=i—1<i+1<b;theni is even. We will show that

(a) € is in the image of %; : Zp_» — Zp.

If i 1s odd we can write € = (ea1 by €. 52 ... e&_hl;s, e;).

If i is even we can write € = (ea1 byo Canbyr o eés,l%)’ where a;, = a, b; = b for
some .

To €50 1= 1,2, ..., s, we associate the element

€arb =€ 252 ifi <a;, —2,
€arb = €5 j—2 ifa, <i<b;—1,

Carby = €5, j, if by < i.

(Note that we cannot have i = a, ori = l;,. Moreover when i is even we see from
the definitions that we cannot have i = a, — 1.) This element is in Z7,_,.
Consider n #m in {1, 2, ..., s}. We set

(@n, Byy @, b)) = (@, b,a’,0'),  (an, by, am, by) = (a, b, a’, b').
We show:
(i) Ifb<a', thenb <a'.
(i) Ifa’ <a<b<b,thena <a<b<b.
In the setup of (i) assume that a’ < b. Then we have a’ < bora —2<bor
@' —2<b—2ora <b—2. The first three cases are clearly impossible. In the 4th

case we have b < a’ < b —2, hence b < b — 2, a contradiction. Thus b < a’.
In the setup of (ii), a’, a, b, b’ are as follows:
ed —2,a-2,b-2,b0-2ifi <a —2.
ed,a—-2,b-2,0—-2ifd <i<a—2(sothatd <a—?2).
ed,a,b—2 b —2ifa<i<b—1(sothata <b—2).
. a’, a, b, b —2ifb<i<b —2 (sothat b < b —2).
e d,a, b, bifb <i.
Since i is distinct from each of @, @ — 1, @, a—1, b, b', b’ — 1 we see that we
must be in one of the five cases above. Note that a’ < a < b < b’ in each case.
From (i), (ii) we see that €’ := (eq, b, €ay.5y5 - - - » €a,.b,) elongs to Zp_,. From
the definitions we see that € = ¥;(¢’). Hence (a) holds.

2.9. We define a subset Z}, of Zp by induction on D. If D =0, Z}, consists of
the empty sequence. Assume now that D > 2. A sequence € € Zp is said to be
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in Z), if either € is the empty sequence or if there exists i € [1, D] and €' € Z}, ,
such that € = 3; (¢"). (Note that X;(¢’) is well defined.) Using §2.8(a) we see by
induction on D that

(@) Zp = Z,.

2.10. Assume that D > 2 and i € [1, D]. For € € Zp_, we show:
(a) Op(Xi(€) =Ti(Op_re’) + Fe; if i is odd.

(b) Op(X;(€")) =T (O®p_se’) if i is even.

We can write €' = (e4,,5,+ €ay.by» - - - » €ay,b,)- Then

Foi(eq p,) + Foi(eqpn,) ++ -+ Foj(eq )+ Fe; if i is odd,

Op(Zi(e) = { o
Foi(eq p,) + Foi(eqp,) + -+ Foi(eq, p,) if i is even.

Using the definitions we see that
Op(Zi(€) = FTi(ea . n,) + FTi(eary) +- - -+ FTi(eq, p,) + Fe;
=Ti(Feq b, + Feap, + -+ Feq ) + Fe; = Ti(Xp-1(€)) + Fe,

if i is odd,

Op(Si(€") = FTi(eayn) + FTi €arpy) + -+ FTi(ea,.5,)

=Ti(Fea b, + Feaypy +---+ Feqp,) = Ti(Xp-1(€"))

if i is even. This proves (a), (b).
2.11. We prove the following part of Theorem 2.4.

(a) The map ®p in Theorem 2.4 is well defined (it has image contained in C (Vll,)).
We argue by induction on D. When D = 0, (a) is obvious. Assume now that
D>2 Lete € Zp. If e = then Op(e) =0 € Fp. Assume now that € # @.
Using §2.8, we can find i € [1, D] and €' € Zp_; such that € = %;(¢’) so that
Op(e) = Op(Z;(€)). By the induction hypothesis we have ®p_¢" € C(Vé_z).
By the definition of C(Vé) we then have

Ti(Op_s€')+ Fe; €C(V})) ifi is odd;

Ti(®p_2€’) € C(Vp) if i is even.
Using §2.10, we can rewrite this as ®p(e) € C (Vll)). This proves (a).
2.12. We prove the following part of Theorem 2.4.
(a) The map ®p in Theorem 2.4 (see §2.11(a)) is surjective.

We argue by induction on D. When D =0, (a) is obvious. Assume now that D > 2.
Let € € C(Vll)). If £ =0 then £ = ©®p (). Assume now that £ = 0. We can find
ie€[l,D]and & € C(V[l,_z) such that £ = T;(£') + Fe; if i is odd and € = T; (&) if
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i is even. By the induction hypothesis we have &' = ®p_;(¢’) for some €' € Zp_».
Thus we have £ =T;(®p_»¢)+ Fe; ifi is odd, £ = T;(®p_s¢€’) if i is even. Using
§2.10 we can rewrite this as £ = @ p(¢) where € = ¥;(¢') € Zp. This proves (a).

2.13. We have C(V}}) = | ;0.4 C* (V) where C*(V}}) ={€ € C(V}); dim € =s}.
Clearly, the map ® in Theorem 2.4 restricts to a map ©° : 2}, — C‘V(VLI)) for any
s € [0, d]. From §2.12(a) it follows that ®° is surjective for any s € [0, d]. In [1] it
is shown that | Z},| = Ng41,541 (see §0.5) for any s € [0, d]. Using this and §0.5(a)
we see that

Catypr= ) N@+Ls+D)= ) |Zp/=|2pl.
s€[0,d] s€[0,d]

We see that ®p is a surjective map from a set with cardinal |Zp| = Caty4 to a
set with the same cardinal |C( V5)| = |]-"g /2(VD)| = Caty4 1 (the first equality holds
by §2.2(a); the second equality follows from Theorem 0.4). It follows that ® is a
bijection and Theorem 2.4 is proved.

This implies that ®° : Z}, — Cs(Vé) is a bijection for any s € [0, d]. We see that
Theorem 0.6 holds. (We use that X, in §0.5 is the same as CS(V})) if we identify
v)=F%)

3. A conjecture

3.1. In this section we fix a unipotent element # € G. We assume that either

e Gisof type Cy+1), d > 1 and u has Jordan blocks of sizes 2d, 2d, 2d — 2,
2d —2,...,2,2 or that

o G is of type By+1), d > 1 and u has Jordan blocks of sizes 2d + 1, 2d — 1,
2d —1,...,1,1.

Let B, be the variety of Borel subgroups of G that contain u and let [B,] be the
set of irreducible components of B,. Let A(u) be the group of components of the
centralizer of u in G. Note that A(u) acts naturally by permutations on [5,]. For
each & € [B,] we denote by A(u)¢ the stabilizer of & in A(u). Let A, be the set of
subgroups of A(u) of the form A(u)g for some & € [B,].

We assume that c¢ is the family containing the Springer representation of W
associated to # and to the unit representation of A(u). We conjecture that

(a) there exists an isomorphism A(u) — VY D = 2d which carries A, to the
collection C(Vll,) (see §2.1) of subspaces of Vl‘l).

(This would imply that |A,| is a Catalan number.)
We have verified that (a) is true when d =1, 2, 3.
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