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If G is a finite group and p is a prime number, we investigate the relationship
between the p-modular decomposition numbers of characters of height zero
in the principal p-block of G and the p-local structure of G. In particular we
prove that, under certain conditions on the nonabelian composition factors
of G, dy1,; # 0 for all irreducible characters x of degree prime to p in the
principal p-block of G if, and only if, the normaliser of a Sylow p-subgroup
of G has a normal p-complement.

1. Introduction

Let G be a finite group, p a prime number, Irr(G) the set of irreducible ordinary
characters of G and IBr(G) the set of irreducible p-Brauer characters of G. Then
the restriction x° of any x € Irr(G) to the set of p-regular elements of G can be

written as
X o = Z dX (p(p .
@elBr(G)

where the d,, are uniquely determined nonnegative integers. These are called the
p-modular decomposition numbers of G, and a great deal of literature is devoted to
understanding them.

Navarro and Tiep [2020; 2022] initiated the investigation on relations between
p-decomposition numbers and properties of Sylow p-normalisers, considering two
different settings. In [Navarro and Tiep 2020] they conjectured that if p > 3 then
dy1; #0forall x €Irr,y (G), that is, for all irreducible characters of G of degree
prime to p, if and only if G has self-normalising Sylow p-subgroups, and that this
happens if and only if d, 1, = 1 for all x € Irr,,(G). Note that irreducible characters
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of degree prime to p lie in p-blocks of maximal defect, so this situation can only
happen when the principal block is the only Brauer p-block of maximal defect
of G. It is then natural to wonder what can be said when this is not the case and
one restricts attention to the principal p-block By(G). In this sense, in [Navarro
and Tiep 2022] they conjectured that d, 1, # 0 for all x € Irr(By(G)) if and only
if G has a normal p-complement. In this paper we consider the intersection of the
two conditions in [Navarro and Tiep 2020] and [2022], namely what happens if
dy1; =1 just for all x € Irr,/(Bp(G)). Our main result is:

Theorem A. Let G be a finite group and p > 3 be a prime. Assume that all non-
abelian simple composition factors of G of order divisible by p satisfy Property (x)
below. The following are equivalent:

(i) Forevery x €Ity (Bo(G)) we have dy; # 0.

(i) For every x € Ity (Bo(G)) we have dy1,; = 1.
(iii) For P € Sylp(G) we have Ng(P) = P x K for some K < G.
Moreover, if G is p-solvable, this equivalence holds for every prime p.

Notice that, as pointed out in [Navarro and Tiep 2020], all irreducible characters of
odd degree of the alternating group 25 contain the trivial character in their 2-modular
reduction, and similarly, all irreducible characters of the Ree group >G,(27) of
nonzero 3-defect contain the trivial character in their 3-modular reduction, while the
respective Sylow p-normalisers have no normal p-complement, so the equivalence
in Theorem A fails for nonsolvable groups with p < 3.

Theorem A involves the following property that a finite nonabelian simple group
might, or might not, satisfy:

Property («). Let S be nonabelian simple and p > 3 a prime dividing |S|. Then
for all almost simple groups H with socle S and |H : S| a p-power, there exists
x €Irry (Bo(H)) such that dyq,, =0.

We prove Property () does hold for many simple groups: for sporadic groups,
alternating groups, and simple groups of Lie type in characteristic different from p.
We also show it for some groups of Lie type in characteristic p. (The general case
of groups of Lie type in their defining characteristic was also left open in [Navarro
and Tiep 2020; 2022].) As the knowledge on p-decomposition numbers for groups
of Lie type in their own characteristic is too weak at present we refrain from making
a general conjecture and just leave it as a question as to whether Property () holds
for all nonabelian finite simple groups.

Structure of the paper. In Section 2 we prove Property () for S a sporadic simple
group, an alternating group, a simple group of Lie type in characteristic different
from p as well as for some groups of Lie type in characteristic p. In Section 3 we
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show that Theorem A holds for p-solvable groups and in Theorem 3.4 we reduce the
general case to the validity of Property (x) on composition factors, thus completing
the proof of Theorem A.

2. Almost simple groups

In this section, we discuss instances of Property () from the introduction.

Alternating and sporadic groups. We start out with simple groups not of Lie type.
Proposition 2.1. Property (x) holds for S a sporadic simple group or the Tits group.

Proof. Let S be as in the assumption and H > S as in Property (). Since p > 2
this means H = S. By [Navarro and Tiep 2022, Proposition 3.2] there exists
x € Irr(Bo(H)) such that d, 1, = 0. If § has abelian Sylow p-subgroups, by one
direction of Brauer’s height zero conjecture [Kessar and Malle 2013], we then have
x € Irry (Bo(H)) as required. Now assume Sylow p-subgroups are nonabelian. By
[Navarro and Tiep 2020, Lemma 3.2], there is x € Irr, (H) = Irry (Bo(H)) with
dy1, =0, and again we are done since by inspection in [GAP 2020], S has just one
p-block of maximal defect. ([

Proposition 2.2. Property (x) holds for S an alternating group.

Proof. Let S =2, withn > 5. As p > 2 again we have H = S. Set G := G,,.
Recall that the irreducible characters of &,, are naturally labelled by partitions of .
If p divides n, then let y = X(”_Z’lz) € Irr(By(G)), as in [Navarro and Tiep 2022,
Proposition 3.1]. Then x° is the sum of two irreducible Brauer characters of degrees
n—2 and %(n —2)(n —3) and hence it is of degree prime to p and does not contain
any irreducible Brauer character of degree 1. Now, any 6 € Irr(S) under x lies in
Irr, (Bo(S)) and dp; = 0, as wanted.

So we may assume that p does not divide n. Let n = agp* +- - - +ay p +ag be
the p-adic expansion of n. Since p does not divide n, we have ag > 0. Suppose
first that g > 1. Consider x = x @ "), By Peel’s theorem (see [James 1978,
Theorem 24.1]), x° € IBr(G). Hence, it is enough to show that x (1) # 1, x(1)
is p’, and x € Irr(By(G)). By the hook length formula, x has degree

(1) = n! _(n—l)
= o= Dln—ag) \n—ay)

Then x (1) # 1 since 1 < ag < n. Moreover

n—l=ap+-- +aip+(a—1
and

”—Clo=akpk+"‘+alpa
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so by Lucas’ theorem we have

n—1 _k ai\(ao—1\ _
X(1)=<n_a0)=g(ai)( 0 ):l(modp).

Thus, x (1) is not divisible by p. Finally since the p-core of A = (ag, 1"7%) is (ay),
we have that x lies in the principal p-block by the Nakayama conjecture, as desired.
Now take 6 € Irr(S) under x, so 6 € Irr,/ (By(S)) and dg1; = 0.

Finally, suppose that ayp = 1, so p divides n — 1. In this case consider y =
x =321 50 x lies in By(G). This is the character in the proof of [Navarro and
Tiep 2020, Lemma 3.1(ii)], so we are done in this case as well. O

Groups of Lie type in nondefining characteristic. For groups of Lie type in cross
characteristic we consider the following setup. Let G be a simple linear algebraic
group of adjoint type over an algebraically closed field of characteristic » and
F : G — G a Steinberg map, with group of fixed points G := G*. It is well
known that any simple group of Lie type can be obtained as S =[G, G] for G, F
chosen suitably. Moreover, if G denotes a simply connected covering of G, with
corresponding Steinberg map also denoted F, then S = GE /Z(GE), if S is not the
Tits simple group, which was already discussed in Proposition 2.1. Let (G*, F) be
dual to (G, F) and G* := G*F.

We let B < G denote an F-stable Borel subgroup of G, and set B := B,

We recall that outer automorphisms of prime order p > 5 of simple groups of
Lie type are either field automorphisms, or diagonal automorphisms for groups of
types PSL, (eq), with € € {£1}.

Proposition 2.3. Property (x) holds for S as above if | B| is prime to p.

Proof. By assumption p divides |S|, hence also |G| = |G*|. Let 1 # s € G*
be a (semisimple) p-element in the centre of a Sylow p-subgroup of G*, and let
x €Irr(G) be the semisimple character in the Lusztig series £(G, s), unique since G
has connected centre, see [Geck and Malle 2020, Definition 2.6.9]. By the degree
formula for Jordan decomposition [Geck and Malle 2020, Corollary 2.6.6], x (1) is
then prime to p, and also x (1) > 1 as p does not divide | Z(G*)| and so Cg+(s) < G*.
Furthermore, by [Hiss 1990b, Corollary 3.4], the semisimple character x lies in the
same p-block of G as the semisimple character in £(G, 1), i.e., the trivial character,
so in the principal p-block. Since p does not divide | B|, the permutation module
lg is projective, and thus contains the projective cover of the trivial module. But
all constituents of lg are unipotent, so lie in £(G, 1); see [Geck and Malle 2020,
Example 3.2.6]. Hence, by Brauer reciprocity, 1¢; does not occur as a constituent
of x°. Taking for 6 any character of S below x we see that 6 € Irr,/(Bo(S)) and
do1, =0.
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Next observe that the order of any outer diagonal automorphism of S divides the
order of B. Thus, H is an extension of S by a p-power order field automorphism y .
Note that any such automorphism of S extends to G and then also induces a dual
automorphism on G*, which we denote y*; see, e.g., [Taylor 2018, §5.6]. Now
choose s more precisely to be also y*-invariant (which is possible as y* is a p-
element, so necessarily has nontrivial fixed points on the centre of a y*-stable Sylow
p-subgroup of G*). Then y is also y-invariant by [Taylor 2018, Proposition 7.2].
Since the index |G : S| is a divisor of | B|, hence prime to p, there exists a y-invariant
0 € Irr, (Bo(S)) below yx, with dg1; = 0. Let 6 be an extension of 6 to H = S{y)
in Byo(H). Then 6 is as desired. U

Proposition 2.4. Property (x) holds for S as above if F is a Frobenius map with
respect to an [F,-structure and p divides g — 1.

Proof. Let W be the Weyl group of G, that is, the F-fixed points of the Weyl
group of G. As p divides g — 1, the p-decomposition matrix of the group algebra
of W embeds into the p-modular decomposition matrix of G; see [Dipper 1990,
Corollary 4.10]. Let € € Irr,, (W) be the (linear) sign character. Then €° # 17, since
p > 2, whence d¢1,, = 0. Now € corresponds to the Steinberg character St of G.
Then dst1, = de1,, = 0, St lies in the principal p-block of G (e.g., by [Enguehard
2000, Theorem A]) and its degree is a power of the defining characteristic, so prime
to p. Now note that any p-automorphism of S is realised inside the extension of G
(which induces all diagonal automorphisms) by a generator y of the cyclic group
of p-power order field automorphisms, so we may assume H < G:= G(y). By
[Geck and Malle 2020, Theorem 4.5.11], St is invariant under y. Let St be an
extension of St to G in BO(G), SO dSNtlé = 0. Then §t|H is irreducible, since St
restricts irreducibly to S, hence lies in Bo(H) and so is as required. U

Theorem 2.5. Property (x) holds for S of Lie type when p is not the defining
characteristic.

Proof. By Proposition 2.3 we may assume that p divides the order of a Borel
subgroup B of G. If F is a Frobenius map with respect to an [F,-structure and p
divides g — 1, we are done by Proposition 2.4. If G is a Suzuki or Ree group and p
divides | B|, then p|(g? — 1) where F? defines an F,2-structure, and the exact same
arguments as in the proof of Proposition 2.4 apply.

We are reduced to the case that F is a Frobenius map with respect to an [,-
structure and p divides |B| but not ¢ — 1. Since p is not the defining prime, this
implies that G is a twisted group of Lie type 2A,,_1, 2D,, or ’Eg and p divides g + 1,
respectively of type 3Dy and p divides g% 4+ ¢ + 1. Let d = 2, 3 in the respective
cases. Then the centraliser of a Sylow d-torus of G is a maximal torus, so has a
unique d-cuspidal unipotent character. Thus, by [Enguehard 2000, Theorem A]
there is a unique unipotent block of G of maximal defect, the principal block, which
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hence contains the Steinberg character St of G. By [Hiss 1990a, Theorem B] we
have ds;1,, = 0 in our case unless G = PGU3(q). Except for that latter case, we can
now argue as in the proof of Proposition 2.4 to conclude. For G = PGU3(q) let x
be the cuspidal unipotent character of degree g(q — 1), prime to p. By [Geck 1990,
Theorem 4.3(a)] it lies in By(G) and satisfies d, 1, =0. Again, x restricts irreducibly
to S and is invariant under all automorphisms, so we can argue as before. O

Groups of Lie type in defining characteristic. We do not see how to approach
Property (x) for groups of Lie type in their defining characteristic in general. All
characters of positive defect lie in the principal block and decomposition numbers
tend to be large and little is known.

Proposition 2.6 (Navarro and Tiep). Property (x) holds if S = PSp,,(p),n > 1,
with either p > 3 or p =3 and n even.

Proof. In this case the principal block of § is the only p-block of positive defect. Let
H be almost simple with H/S a p-group. By [Navarro 1998, Corollary 9.6] there
is just one p-block of H covering By(S), necessarily the principal block By(H).
Now the irreducible character x € Irr, (H) with d,,, = 0 constructed in [Navarro
and Tiep 2020, Proposition 3.11] lies above a character of S of positive defect,
hence in the principal p-block of H and we are done. ]

Observe that this does not extend to p = 3 and n odd: the group H = PSp,(3%).3
has no irreducible character x € Irry (H) with d,,, =0.

[Navarro and Tiep 2022] also contains results for special linear and unitary
groups but these are not applicable here as the considered characters are not of
p’-degree. Nevertheless, we can follow their general approach.

For G = SL,(q) we let 7j, j = 1,...,9 — 2 denote the nonunipotent Weil
characters of degree (¢" —1)/(q — 1), ordered so that 7; is trivial on the centre
Z(SL,(q)) of order z := gcd(n,q — 1) if and only if z| j.

Proposition 2.7. Let S = PSL,(¢) withq = p/, p #2 and n > 3.

(a) If either ged(p — 1, (g — 1)/ ged(n, g — 1)) > 1 or 2/ < (g —1)/z — 1 then
there is x € Irr, (Bo(S)) such that dy 3 = 0.

(b) Write f = p° f' with gcd(p, f') =1 and set ¢' := p!". If
a=0 or 2/ <(q' —1)/ged(¢g'—1,n)—1
then Property (x) holds for S = PSL, (q).

Proof. Let G := SL,(¢g) and set z = gcd(n, g — 1). We are interested in the
characters 7; of G that are trivial on Z(G), that is, for which j = zj’ for some
integer 1 < j' < (¢ — 1 —z)/z. By [Zalesski and Suprunenko 1990, Theorem 1.11]
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the decomposition number dtjl - €quals the number of solutions x; € {0, 1} of the

congruence
f-1
n(p—1)Y xp'=j (mod (g — 1))
s=0
Dividing by z, we need to count solutions to
n i
_— xsp* =j' (mod (g —1)/z).
Z(p_l)g 0’ =" (mod (g —1)/2)
If there is a prime £ dividing p — 1 and (¢ — 1)/z, then reducing modulo £ we
see there is no solution for j* = 1. Also, the left hand side can take at most
2/ distinct values. Since there are (¢ — 1)/z — 1 admissible values for j', there
is j/ with no solutions whenever 2/ < (¢ — 1)/z — 1. Thus, under either of our
assumptions we find j’ with 7; = 7;j» € Irr;y (G) with dr;1, = 0. Since G has a
single p-block of positive defect, 7; lies in the principal block. Furthermore, by
construction Z(SL,(g)) lies in the kernel of 7; and hence t; deflates to a character
of S =PSL,(q). Thus we get (a).

(b) Since p > 2 does not divide g — 1, the p-power order automorphisms of S are
field automorphisms, of order dividing p® where f = p“ f’ is as in the statement.
If a =0, Property (%) follows from (a) since necessarily H = S. For a > 0 let y be
a field automorphism of G (and hence of S) of order p®. There are exactly ¢’ — 2
Weil characters of G invariant under y, which hence extend to G(y). Of these,
(¢" — 1)/ ged(g” — 1, n) — 1 are trivial on Z(G), so define characters in Irr, (S)
invariant under y. By the argument above, if this number is bigger than 2/ then
there exists such a character y with d, 1, = 0. Hence any character of H in By(H)
lying above it verifies Property (x). O

Note that the case n =2 is addressed in Proposition 2.6. Observe that the condition
in Proposition 2.7(a) is satisfied if gcd(n, g — 1) = 1, for example. It also holds when
p>n+1 (since p—1 always divides ¢ —1), or if ¢ > n(2/ 41). Thus, Proposition 2.7
extends and complements [Navarro and Tiep 2022, Proposition 3.3(ii)].

Corollary 2.8. Let S =PSL,(q) withq = p/, p #2 and 3 <n <9. Then there is
x € Irr, (Bo(S)) with dy1 = 0 unless possibly S is one of

PSL4(5), PSLs(3), PSLs(7), PSLg(3), PSLg(9), PSLg(5), PSLg(25).

Proof. For the groups PSL,(¢), n < 9, considered here, either the conditions
in Proposition 2.7(a) are satisfied, or if not, a direct checking with the Zalesski—
Suprunenko formula shows the claim, except for the groups listed in the conclusion
and for PSL4(3). The decomposition matrix of PSL4(3) is available in [GAP 2020]
from which the claim can be verified for that group. (]



374 GUNTER MALLE AND NOELIA RIZO

For G=SU,(q) welett;, j=1,..., g, denote the nonunipotent Weil characters,
constructed by Seitz [1975], of degree (¢" — (—1)")/(q + 1), again ordered so that
7; is trivial on the centre Z(SU,(q)) of order z := gcd(n, g + 1) if and only if z| ;.

Proposition 2.9. Let S =PSU,(q) withq = p/, p #2 and n > 3.
(@) If2/ <(q+1)/z— 1 then there is x € Irr (Bo(S)) such that dy1; = 0.
(b) Write f = p° f' with ged(p, f') =1 and set ¢’ = p?". If
a=0 or 2/ <(¢'+1)/ged(¢’+1,n)—1
then Property (x) holds for S = PSU, (q).

Proof. The argument is very similar to the one for the special linear groups. Let
G =SU,(q) and set z = gcd(n, g +1) = |Z(G)|. Again, we consider characters t;
trivial on Z(G), that is, for which j = zj’ for some integer 1 < j' < (¢ +1—2)/z.
By [Zalesski 1990, Main Theorem] the decomposition number dtjla equals the
number of solutions x; € {0, 1} of the congruence

-1
n((p —1DY xp' - 1) = j (mod (g + 1)).

s=0
(In fact, [Zalesski 1990] has an additional summand of %(q + 1) on the right-hand
side, but this disappears here due to a different numbering of the 7;, see [Navarro
and Tiep 2022, p. 612]; in any case, this difference will not matter for our argument
here.) Since the left-hand side can take at most 2/ distinct values, while there are
(g +1)/z — 1 admissible values for j’ the assertion in (a) follows. For (b) we can
argue exactly as in the proof of Proposition 2.7. (|

As in [Navarro and Tiep 2020; 2022] we have no general results for orthogonal
or exceptional type groups in their defining characteristic.

3. The reduction

In this section we prove Theorem A. We will need the following results, which we
collect here for the reader’s convenience.

Lemma 3.1 [Murai 1994, Lemma 4.3]. Let N<G and let 0 € Irr, (By(N)). Suppose
that 0 extends to PN, where P € Sylp(G). Then there exists x € Irr, (Bo(G))

satisfying [0°, x1# 0.
The following argument is inside the proof of [Navarro and Tiep 2020, Theo-
rem 2.6].

Lemma 3.2. Let G be a finite group and suppose that d, 1, # 0 for every x €
Irr, (Bo(G)). Let M <« G and let P € Sylp(G). Then dy,,, # 0 for every ¢ €
Irr, (Bo(MP)).
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Proof. Since MP /M is a p-group, we have that ¥y = v € Irr,y (Bo(M)). By
Lemma 3.1 there exists x € Irr,/(Bo(G)) lying over 7. By hypothesis, d, 1, # 0,
and then y, contains 1y, so d1,, # 0. Since MP /M is a p-group, we have that
(MP)° = M° and then dy,,, # 0, as wanted. |

We next prove Theorem A for p-solvable groups.
Theorem 3.3. Let G be a p-solvable group. Then the following are equivalent:

(i) Forevery x € Irry (Bo(G)) we have dy1; # 0.
(i) For every x € Irr,y (Bo(G)) we have dy1,; = 1.
(iii) For P € Sylp(G) we have Ng(P) = P x K for some K < G.

Proof. We first prove (iii) implies (ii). By [Navarro et al. 2014, Theorem 3.2] we
have K C 0,/(G) =: X. Now, let G =G/X and P = PX/X, then (iii) implies
that Ng(]s) ~ P. Since Irr, (Bo(G)) = Irry (Bo(G/ X)) we know by [Navarro and
Tiep 2020, Theorem B] that (i) and (ii) hold.

Since (ii) implies (i) trivially, we just need to show that (i) implies (iii). We
proceed by induction on |G|. Let N = O,/(G) and use the bar notation. Since
Irr, (Bo(G)) = Irrp/(Bo((_})), if N > 1, we have by induEtion thatiVé(IS) = 13_>< K.
By [Navarro et al. 2014, Theorem 3.2] we have that K C 0, (G) =1s0 K =1
and hence Ng(P) = P. This implies that Ng(P) = P x Cy(P) and we are done.
So we may assume that N = 1. But in this case the principal p-block is the only
p-block of G, and we are done by [Navarro and Tiep 2020, Theorem B]. ([

We finally prove Theorem A.

Theorem 3.4. Let G be a finite group. Assume that p > 3 and all nonabelian
composition factors of G of order divisible by p satisfy Property (x). Then the
following are equivalent:

(i) For every x € Irr;y (Bo(G)) we have dy,, # 0.
(ii) For every x € Ity (Bo(G)) we have dy1; = 1.
(iii) For P € Syl ,(G) we have Ng(P) = P x K for some K < G.

Proof. Since [Navarro et al. 2014, Theorem 3.2] holds for odd primes, we can argue
as in the first part of the proof of Theorem 3.3 to show that (iii)) = (ii)) = (i)
(notice that, as happens in [Navarro and Tiep 2020], (iii) = (ii) = (i) is always
true if p > 3, with no extra conditions on the composition factors of G). So we
just need to prove that (i) implies (iii). We work by induction on |G|. Arguing
as in the second paragraph of the proof of Theorem 3.3 we may then assume that
0,(G)=1.

Let M <G be the largest p-solvable normal subgroup of G. We claim that M =1.
Let G = G/M and use the bar notation. Suppose M > 1. Since Irrp/(Bo((_})) is
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contained in Irr, (Bo(G)) we have by induction that N, 5(15) =PxK. By [Navarro
and Tiep 2020, Theorem 3.2] this implies that K C Op’((_;)- Since M is the largest
normal p-solvable subgroup of G, OP/((_}) is trivial and hence NG(IS) = P. By
[Guralnick et al. 2004, Theorem 1.1] this forces G to be solvable. Hence G is
p-solvable and we are done by Theorem 3.3.

Let N be a minimal normal subgroup of G; thus N = §; x- - - x S; where S; = Sisa
nonabelian simple group of order divisible by p and the S; are transitively permuted
by G. Let X/N = 0,/ (G/N) and let H =) Ng(S;). We claim that G = (HNX)P.
Write Y = (HNX) P. We first show that O,/(Y) =1. Indeed, since O, (G), we have
that O, (Y)N(HNX)C 0, (HNX)=1. Now, O, (Y)=(HNX)0,(Y)/(HNX)
is a p-group, so O,/ (Y) =1 as wanted. By Lemma 3.2 applied to H N X in place
of M, we have that Y satisfies (i). Since the nonabelian composition factors of Y
are composition factors of G, if Y < G, by induction this gives Ny (P) = P x K for
some K. But then K C O,/(Y) by [Navarro et al. 2014, Theorem 3.2], so K = 1.
This means that Ny (P) = P and then by [Guralnick et al. 2004, Theorem 1.1] the
group Y is solvable. But then N is solvable, a contradiction. Hence ¥ = G, as
wanted.

Since G = (HNX)P and H acts trivially on {S1, ..., S;}, P must act transitively
on the set {S;,...,S;}. Write S = §; and, fori =2, ...,¢, write §; = S* with
x; € P. We proceed now as in the proof of [Navarro and Tiep 2020, Theorem 2.6].
Let R=Np(S). If SR =G, then S = N and Cs(S) is a normal p-subgroup of G.
Since there are no nontrivial p-solvable normal subgroups of G, we conclude that
C;(S) =1 and hence G is almost simple with socle S and |G : S| is a power of p.
Since § satisfies Property (x) by assumption, we have a contradiction. Hence we
may assume that SR < G.

Let 0 =PNNandlet R =RNS=0NS = PﬂSESylp(S). Let y €
Irr, (Bo(SR)) and notice that ys = ¢ € Irry (Bo(S)) since SR/S is a p-group. For
i=2,...,tlety; =y €lrr, (Bo(S;)) and let n = x o x- - - XY €Irr (Bo(N)),
which is P-invariant by [Navarro et al. 2007, Lemma 4.1(ii)]. Then 5 extends to
PN. By Lemma 3.1 and hypothesis we have d,;, # 0. By [Navarro and Tiep
2020, Lemma 2.3] we have that dy, |, # 0 and then, since SR/S is a p-group, we
conclude that d, 15, # 0. Since SR < G and S is a composition factor of G, this
implies Nsg(R) = R x K for some K. Then K € O, (SR). Arguing as before, we
have that 0, (SR) =1, so K =1 and then Ngz(R) = R. Now by [Guralnick et al.
2004, Theorem 1.1], SR is solvable, and hence S is solvable, which is our final
contradiction. O

Acknowledgements

Rizo would like to thank Gabriel Navarro for bringing this topic to her attention.



DECOMPOSITION NUMBERS AND SYLOW NORMALISERS 371

References

[Dipper 1990] R. Dipper, “On quotients of Hom-functors and representations of finite general linear
groups, I, J. Algebra 130:1 (1990), 235-259. MR Zbl

[Enguehard 2000] M. Enguehard, “Sur les /-blocs unipotents des groupes réductifs finis quand / est
mauvais”, J. Algebra 230:2 (2000), 334-377. MR Zbl

[GAP 2020] The GAP Group, “GAP: groups, algorithms, and programming”, 2020, available at
http://www.gap-system.org. Version 4.11.0.

[Geck 1990] M. Geck, “Irreducible Brauer characters of the 3-dimensional special unitary groups in
nondefining characteristic”’, Comm. Algebra 18:2 (1990), 563-584. MR Zbl

[Geck and Malle 2020] M. Geck and G. Malle, The character theory of finite groups of Lie type: a
guided tour, Cambridge Stud. Adv. Math. 187, Cambridge Univ. Press, 2020. MR Zbl

[Guralnick et al. 2004] R. M. Guralnick, G. Malle, and G. Navarro, “Self-normalizing Sylow sub-
groups”, Proc. Amer. Math. Soc. 132:4 (2004), 973-979. MR Zbl

[Hiss 1990a] G. Hiss, “The number of trivial composition factors of the Steinberg module”, Arch.
Math. (Basel) 54:3 (1990), 247-251. MR Zbl

[Hiss 1990b] G. Hiss, “Regular and semisimple blocks of finite reductive groups”, J. Lond. Math.
Soc. (2) 41:1 (1990), 63-68. MR Zbl

[James 1978] G. D. James, The representation theory of the symmetric groups, Lecture Notes in Math.
682, Springer, 1978. MR Zbl

[Kessar and Malle 2013] R. Kessar and G. Malle, “Quasi-isolated blocks and Brauer’s height zero
conjecture”, Ann. of Math. (2) 178:1 (2013), 321-384. MR Zbl

[Murai 1994] M. Murai, “Block induction, normal subgroups and characters of height zero”, Osaka J.
Math. 31:1 (1994), 9-25. MR Zbl

[Navarro 1998] G. Navarro, Characters and blocks of finite groups, Lond. Math. Soc. Lect. Note Ser.
250, Cambridge Univ. Press, 1998. MR Zbl

[Navarro and Tiep 2020] G. Navarro and P. H. Tiep, “Decomposition numbers and local properties”,
J. Algebra 558 (2020), 620-639. MR Zbl

[Navarro and Tiep 2022] G. Navarro and P. H. Tiep, “Decomposition numbers and global properties”,
J. Algebra 607 (2022), 607-617. MR Zbl

[Navarro et al. 2007] G. Navarro, P. H. Tiep, and A. Turull, “p-rational characters and self-normalizing
Sylow p-subgroups”, Represent. Theory 11 (2007), 84-94. MR Zbl

[Navarro et al. 2014] G. Navarro, P. H. Tiep, and C. Vallejo, “McKay natural correspondences on
characters”, Algebra Number Theory 8:8 (2014), 1839-1856. MR Zbl

[Seitz 1975] G. M. Seitz, “Some representations of classical groups”, J. Lond. Math. Soc. (2) 10
(1975), 115-120. MR Zbl

[Taylor 2018] J. Taylor, “Action of automorphisms on irreducible characters of symplectic groups”,
J. Algebra 505 (2018), 211-246. MR Zbl

[Zalesski 1990] A. E. Zalesskili, “A fragment of the decomposition matrix of the special unitary group
over a finite field”, Izv. Akad. Nauk SSSR Ser. Mat. 54:1 (1990), 26—41. In Russian; translated in
Math. USSR-Izv. 36 (1991), 23-39. MR Zbl

[Zalesski and Suprunenko 1990] A. E. Zalesskii and I. D. Suprunenko, “Permutation representations
and a fragment of the decomposition matrix of symplectic and special linear groups over a finite
field”, Sibirsk. Mat. Zh. 31:5 (1990), 46—60. In Russian; translated in Siberian Math. J. 31:5 (1990),
744-755. MR Zbl


https://doi.org/10.1016/0021-8693(90)90111-Z
https://doi.org/10.1016/0021-8693(90)90111-Z
http://msp.org/idx/mr/1045747
http://msp.org/idx/zbl/0698.20005
https://doi.org/10.1006/jabr.2000.8318
https://doi.org/10.1006/jabr.2000.8318
http://msp.org/idx/mr/1775796
http://msp.org/idx/zbl/0964.20020
http://www.gap-system.org
https://doi.org/10.1080/00927879008823932
https://doi.org/10.1080/00927879008823932
http://msp.org/idx/mr/1047328
http://msp.org/idx/zbl/0696.20011
https://doi.org/10.1017/9781108779081
https://doi.org/10.1017/9781108779081
http://msp.org/idx/mr/4211779
http://msp.org/idx/zbl/1536.20002
https://doi.org/10.1090/S0002-9939-03-07161-2
https://doi.org/10.1090/S0002-9939-03-07161-2
http://msp.org/idx/mr/2045411
http://msp.org/idx/zbl/1049.20010
https://doi.org/10.1007/BF01188519
http://msp.org/idx/mr/1037613
http://msp.org/idx/zbl/0669.20036
https://doi.org/10.1112/jlms/s2-41.1.63
http://msp.org/idx/mr/1063543
http://msp.org/idx/zbl/0661.20030
https://doi.org/10.1007/BFb0067708
http://msp.org/idx/mr/513828
http://msp.org/idx/zbl/0393.20009
https://doi.org/10.4007/annals.2013.178.1.6
https://doi.org/10.4007/annals.2013.178.1.6
http://msp.org/idx/mr/3043583
http://msp.org/idx/zbl/1317.20006
http://projecteuclid.org/euclid.ojm/1200785085
http://msp.org/idx/mr/1262786
http://msp.org/idx/zbl/0830.20008
https://doi.org/10.1017/CBO9780511526015
http://msp.org/idx/mr/1632299
http://msp.org/idx/zbl/0903.20004
https://doi.org/10.1016/j.jalgebra.2019.03.022
http://msp.org/idx/mr/4102105
http://msp.org/idx/zbl/1455.20014
https://doi.org/10.1016/j.jalgebra.2021.02.028
http://msp.org/idx/mr/4441342
http://msp.org/idx/zbl/1511.20052
https://doi.org/10.1090/S1088-4165-07-00263-4
https://doi.org/10.1090/S1088-4165-07-00263-4
http://msp.org/idx/mr/2306612
http://msp.org/idx/zbl/0861.20013
https://doi.org/10.2140/ant.2014.8.1839
https://doi.org/10.2140/ant.2014.8.1839
http://msp.org/idx/mr/3285617
http://msp.org/idx/zbl/1320.20010
https://doi.org/10.1112/jlms/s2-10.1.115
http://msp.org/idx/mr/369556
http://msp.org/idx/zbl/0333.20039
https://doi.org/10.1016/j.jalgebra.2018.03.008
http://msp.org/idx/mr/3789911
http://msp.org/idx/zbl/1436.20084
https://doi.org/10.1070/IM1991v036n01ABEH001944
http://msp.org/idx/mr/1044046
http://msp.org/idx/zbl/0760.20013
https://www.mathnet.ru/eng/smj3508
https://www.mathnet.ru/eng/smj3508
https://www.mathnet.ru/eng/smj3508
https://doi.org/10.1007/BF00974487
https://doi.org/10.1007/BF00974487
http://msp.org/idx/mr/1088915
http://msp.org/idx/zbl/0761.20018

378 GUNTER MALLE AND NOELIA RIZO

Received May 21, 2024. Revised July 19, 2024.

GUNTER MALLE
FACHBEREICH MATHEMATIK
RPTU KAISERSLAUTERN
KAISERSLAUTERN
GERMANY

malle @mathematik.uni-kl.de

NOELIA Ri1zO

DEPARTAMENT DE MATEMATIQUES
UNIVERSITAT DE VALENCIA
BURJASSOT

SPAIN

noelia.rizo@uv.es


mailto:malle@mathematik.uni-kl.de
mailto:noelia.rizo@uv.es

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari Atsushi Ichino
Fakultit fiir Mathematik Department of Mathematics Department of Mathematics
Universitit Wien University of California Kyoto University
Vienna, Austria Riverside, CA 92521-0135 Kyoto 606-8502, Japan
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu atsushi.ichino@gmail.com
Robert Lipshitz Kefeng Liu Sucharit Sarkar
Department of Mathematics School of Sciences Department of Mathematics
University of Oregon Chongging University of Technology University of California
Eugene, OR 97403 Chongging 400054, China Los Angeles, CA 90095-1555
lipshitz@uoregon.edu liu@math.ucla.edu sucharit@math.ucla.edu
Dimitri Shlyakhtenko Ruixiang Zhang
Department of Mathematics Department of Mathematics
University of California University of California
Los Angeles, CA 90095-1555 Berkeley, CA 94720-3840
shlyakht@ipam.ucla.edu ruixiang @berkeley.edu
PRODUCTION

Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2025 is US $677/year for the electronic version, and $917/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2025 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:sucharit@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

NicK GILL, PIERRE GUILLOT and MARTIN W. LIEBECK
Finite simple groups have many classes of p-elements
MICHAEL GIUDICI, LUKE MORGAN and CHERYL E. PRAEGER

Monogamous subvarieties of the nilpotent cone

SIMON M. GOODWIN, RACHEL PENGELLY, DAVID I. STEWART and ADAM R. THOMAS

An extension of Gow’s theorem
ROBERT M. GURALNICK and PHAM HUU TIEP
On dimensions of RoCK blocks of cyclotomic quiver Hecke superalgebras
ALEXANDER KLESHCHEV
Representation growth of Fuchsian groups and modular forms
MICHAEL J. LARSEN, JAY TAYLOR and PHAM HUU TIEP
Dy-type subgroups of F4(q)
R. LAWTHER
Constructible representations and Catalan numbers
GEORGE LUSZTIG and ERIC SOMMERS
A reduction theorem for simple groups with e(G) =3
RICHARD LYONS and RONALD SOLOMON
Decomposition numbers in the principal block and Sylow normalisers
GUNTER MALLE and NOELIA R1ZO
Levi decompositions of linear algebraic groups and nonabelian cohomology
GEORGE J. MCNINCH
On the intersection of principal blocks
GABRIEL NAVARRO, A. A. SCHAEFFER FRY and PHAM HUU TIEP
Hesselink strata in small characteristic and Lusztig—Xue pieces
ALEXANDER PREMET

Multiplicity-free representations of the principal A-subgroup in a simple algebraic group

ALUNA R1ZZOLI and DONNA TESTERMAN

137

161

181

191

217

249

339

351

367

379

399

415

433



	1. Introduction
	2. Almost simple groups
	Alternating and sporadic groups
	Groups of Lie type in nondefining characteristic
	Groups of Lie type in defining characteristic

	3. The reduction
	Acknowledgements
	References
	
	

