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If p and g are two primes, G is a finite group, and B,(G) is the set of
complex irreducible characters in the principal p-block of G, we study
| B,(G) N B;(G)| and its possible relation with some local subgroup.

1. Introduction

It is not often the case that one finds interactions between the representation theory
of finite groups with respect to different primes p and ¢g. If G is a finite group
and B,(G) is the set of the complex irreducible characters of G in the principal
p-block of G, the p-block containing the principal character 1, relations between
the sets B, (G) and B, (G) are an exception. For instance, it was proved in [Bessen-
rodt et al. 2007] that B,(G) = B,;(G) implies that p = g (following pioneering
work in [Navarro and Willems 1997]). The study of the other end case, when
B,(G)N B,;(G) = {1}, has led to the main conjecture in [Liu et al. 2020] (and its
strengthening in [Navarro et al. 2022]): G should have a Sylow p-subgroup P and
a Sylow g-subgroup Q such that xy = yx for all x € P and y € Q (in other words,
[P, O] =1). This conjecture, which in turn would generalize the main theorem in
[Bessenrodt and Zhang 2008], has been reduced to almost simple groups in [Liu
et al. 2020] but, as surprising as it may seem, the values of the characters of the
almost simple groups are not yet understood well enough in order to solve this
problem. The local condition [P, Q] =1 is not isolated in character theory and has
already appeared in the so-called Brauer’s height zero conjecture for two primes,
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formulated in [Malle and Navarro 2020], and solved recently in [Liu et al. 2024].
(See also [Beltran et al. 2016].) The global condition B,(G) N B,(G) = {15} is
definitely less transparent. (For a recent group-theoretical characterization of this
condition, see [Robinson 2024].)

Our aim is to propose a new counting global/local conjecture which at the same
time implies a characterization of the trivial intersection block property.

Conjecture A. Let p and q be primes, and let G be a finite group.

(a) Assume that there exist P € Sylp (G)and Q € Squ(G) such that [P, Q] =1,
and let N = Ng(PQ). Then

|Bp(G) N By(G)| = |Bp(N) N By(N)|.

(b) We have that B,(G) N B,(G) = {1¢} if and only if there exist P € Sylp(G)
and Q € Squ(G) such that [P, Q] =1 and B,(N) N B,(N) = {1y}, where
N = Ng(PQ).

As we will prove below (see Lemma 2.2(ii)), we have that B,(N)NB,(N) ={1y}
(for N = Ng(PQ)) if and only if N = KL, where K and L are normal subgroups
of N of order not divisible by p and ¢, respectively. This would give, together with
Conjecture A(b), another purely group-theoretical characterization of the trivial
intersection block property.

We will give solid evidence that Conjecture A is true, but we cannot be optimistic
about a general proof of it at the present time. As we have already mentioned, the
“only if” implication of Conjecture A(b) seems out of reach. On the other hand,
notice that Conjecture A(a) for p = g implies the Alperin—-McKay conjecture for
principal blocks and abelian Sylow p-subgroups, a conjecture which is still open
(for odd primes) in its full generality. Interestingly enough, Conjecture A(a) does
not seem implied by it or by the inductive Alperin-McKay condition [Spith 2013].
A reduction theorem of Conjecture A along the lines of the global/local inductive
conditions will appear elsewhere.

The main result is the following.

Theorem B. Conjecture A is true for quasisimple groups, symmetric groups and
p-solvable groups.

We also prove Conjecture A for several almost (quasi)simple groups, including
GL, (go) and GU,,(go) for any prime power gg. (See Theorem 4.2 and Corollary 4.3.)

2. Preliminaries

Our notation for blocks follows [Navarro 1998], and for characters [Navarro 2018].
To simplify notation, we have chosen to write B,(G) for what we usually write
Irr(B,(G)). Also, when there is no possible confusion, we write 1 = 1x to be the
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principal character of any finite group X, and we write B,(X) N B,(X) = 1x when
B,(X)N B, (X) = {1x}.

As usual, we identify the irreducible characters of G/N with the irreducible
characters of G having N in their kernel. Although the following is well-known, it
seems convenient to write it down.

Lemma 2.1. Let G be a finite group, N Q G, and suppose that x € Irr(G) has N
in its kernel. Let ¥ € Irr(G/N) be the character of G/N naturally associated to x.

(i) If x € B,(G/N), then x € B,(G). Therefore B,(G/N) € B,(G).
(ii) If N is a central p-subgroup of G, then x € B,(G) ifand only if X € B,(G/N).

(iii) If N is a p'-subgroup of G, then x € B,(G) if and only if ¥ € B,(G/N).
Therefore B,(G/N) = B,(G).

(iv) G is a p'-group if and only if B,(G) = 1.

Proof. By the comments in pages 198 and 199 of [Navarro 1998], we have that
B = B,(G/N) is contained in a unique block B of G. Also, B is contained
in B if and only if Irr(B) NIrr(B) # @. Since the principal character 1 belongs
to Irr(B) N Irr(B,(G)), then (i) is done. For the second part, recall that the map
G°— (G/N)° given by x — x N is abijection. Then > ;0 X (XN) =" 50 X (X).
The proof is complete using Corollary 3.25 of [Navarro 1998]. The third part follows
from Theorem 9.9(c) of [Navarro 1998].

If G is a p’-group, then B,(G) = 1 by part (iii). For the converse, apply, for
instance, weak block orthogonality Corollary 3.7 of [Navarro 1998]. (]

Of course, the converse of Lemma 2.1(i) does not hold: if x € Irr(B,(G)) and
N Cker(x), itis not true that ¥ € B,,(G/N). (For instance, the sign character in S3
for p = 3.) In what follows, O ,/(G) denotes the largest normal subgroup of G of
order not divisible by p.

Lemma 2.2. Let G be a finite group, and let p and q be primes.

(i) If B,(G)N B,(G) =1 and N < G, then B,(G/N)N B,(G/N) = 1.

(i) If 0,(G)04(G) = G, then B,(G) N B4,(G) = 1. If G is p-solvable and
q-solvable, then the converse holds.

(ii1) Let Q € Squ (G), NG, andlet M = NCg(QNN). Then B,(G) is the only
block covering B;(M), and Irt(G /M) € B,(G). Therefore, if B,(G) N B,(G) =1,
then B,(M)N By(M) =1 and G/M is a p'-group.

(iv) Suppose that N < G, and that |N| is not divisible by p nor q. Then

B,(G)N B,(G) = B,(G/N)N B,(G/N).
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(v) Suppose that Z is a central subgroup of G and p # q. Then
B,(G)NB,(G)=B,(G/Z)NB,(G/Z).

If p # q and Conjecture A(a) holds for G/ Z, then it also holds for G, and similarly
for Conjecture A(D).

Proof. Part (i) follows from Lemma 2.1(i).

We prove (ii). Recall that if N, M < G and G = NM, then the only irreducible
character of G lying over 1y and 1y is 1. If x € B,(G), then 0 ,(G) C ker(x)
by Lemma 2.1(iii), and the first part easily follows. For the second, recall that
B,(G) =Irr(G/0,(G)) if G is p-solvable, by Theorem 10.20 of [Navarro 1998].
Let L = 0,(G)04(G). Hence, Irr(G/L) € B,(G) N B,(G), and (ii) is easily
completed.

For (iii), notice that M < G, using the Frattini argument. We have that QNN C
ONM, and therefore Cc(QNM) € M. Then the first part follows from Lemma 9.20
and Theorem 9.19 of [Navarro 1998]. Now assume that B,(G) N B,(G) = 1. Let
T € B,(M)NB,(M). Since B,(G) covers B, (M), there is some x € B,(G) over t
(by Theorem 9.4 of [Navarro 1998]). Now x lies in some g-block that covers B, (M),
by Theorem 9.2 of [Navarro 1998]. By the previous part, x € B,(G), and then
x = 1. Thus T = 1. Finally, let y € B,(G/M) C B,(G). Then y lies over 1), and
therefore the g-block of y covers the g-block of M. It follows that y lies in the
principal g-block of G, and therefore y = 1, by hypothesis. Thus G/M is a group
with B,(G/M) = 1, and this implies that G/M is a p’-group by Lemma 2.1(iv).
This finishes (ii1).

Part (iv) is obvious since B,(G) = B,(G/N) if |N| is not divisible by p.

Now, we prove part (v). Arguing by induction on |G : Z|, we may assume that | Z|
is a prime. Using part (iv), we may assume that |Z| = p. Let x € B,(G) N B,(G).
Since g # p and x € B,(G), we have that Z C ker(x). Also, x € B,(G/Z), by
Lemma 2.1(iii). By Lemma 2.1(ii), we have that x € B,(G/Z). This finishes the
proof of the first statement.

For the second statement, let P € Sylp(G) and Q € Squ (G),sothat PZ/Z €
Syl,(G/Z) and QZ/Z € Syl,(G/Z). Observe that [P, Q] = 1 if and only if
[PZ/Z,0Z/Z] = 1. (Indeed, if x € P and y € Q commute modulo Z, then
xyx'y"l=ze Z. Now xyx~! = yzis a g-element, and so z is a g-element. Sim-
ilarly, z is a p-element, and thus [x, y] =1.) If [P, Q] =1 then Ng,z(PQZ/Z) =
N/Z for N = Ng(PQ). (Indeed, writing Z = O,(Z) x O,(Z) x Z; and Z| =
Op.qy(Z), we have PQZ = PQ x Zy and PQ = Oy, ,,(PQZ). Hence if h € G
normalizes PQZ, then it normalizes PQ.) Now apply the first statement. U

Remark 2.3. Suppose that G is a finite group and N J G. If B,(N) N B,(N) =1
and B,(G/N)N B,(G/N) = 1, then it is false in general that B,,(G) N B,(G) =1,
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as shown by A4, with p =2 and g = 3. Also, if B,(G)N B,(G) = 1, then it is false
in general that B,(N)N B,(N) =1, as shown by G =D x S3 for p=3 and g =5.

We will use the Alperin—Dade theorem on isomorphic blocks several times.

Theorem 2.4. (Alperin—Dade) Let p be a prime. Suppose that S is a normal
subgroup of a finite group G such that p does not divide |G /S|, and let P € Syl ,(S).
If G = SCg(P), then restriction from G to S defines a bijection B,(G) — B,(S).

Proof. See Theorem 2.4 of [Navarro et al. 2022], for instance. O
Now we work towards proving that Conjecture A holds if G is p-solvable.

Lemma 2.5. Suppose that G has a normal p'-subgroup K containing Q € Syl, (G).
Then restriction of characters defines a natural bijection

B,(G) N By(G) = Bp(NGg(Q)) N By(Ng(Q)).
Also,
B,(G)N By(G) =Ir(G/KCs(Q)),
and therefore B,,(G) N B,(G) =1 if and only if G = KC;(Q).
Proof. Let H = Ng(Q). By the Frattini argument, we have that G = K H. Thus
restriction defines a bijection Irr(G/K) — Irr(H/Nk (Q)).

Let M = KC(Q) 9 G. Let V =0y (H) € C;(Q). Since Q € Syl (G), we
have that C;(Q) = Z(Q) x V, using the Schur—Zassenhaus theorem. Since H is
g-solvable, we have that B, (H) =1Irr(H/ V), by Theorem 10.20 of [Navarro 1998].
Also, M = K'V. By Alperin—Dade Theorem 2.4, we have that restriction defines a
bijection B, (M) — B, (K).

We claim that B,(G) N B,(G) = Irr(G/M). Let x € B,(G) N By(G). Then
x € Irr(G/K) by Lemma 2.1(iii). Let n € Irr(M) be under x. Then n € B,(M) and
since 7 lies over 1, we have that = 1, by Alperin—Dade. Hence x € Irr(G/M).
Conversely, if x € Irr(G/M), then x € B,(G) N B,(G), using Lemma 2.2(iii) and
Lemma 2.1(iii). This proves the claim. The claim, applied now in H (with respect
to its normal subgroup Nk (Q)), proves that

B,(H) N By(H) =Tre(H/Nk (Q)V).
The proof of the lemma now easily follows. (]

Lemma 2.6. Suppose that P € Syl ,(G) is normal in G. Let q be any prime.
(1) Suppose that Q € Squ (G) centralizes P. Then

|B,(G) N By (G)| = |B,(NG(Q)) N By(NG(Q))|-

(ii) We have that B,(G) N B,(G) = 1 if and only if there is Q € Squ (G) such that
[P, Ql=1and B,(NG(Q)) N B;(Ng(Q)) = 1.
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Proof. Both parts of the lemma are trivial if p = ¢. So we may assume that p # g.
Let C=Cg(P),Z=Z(P)and K = 0,(G). Then C =Z x K.

If we assume that [Q, P] =1, then Q C K and (i) follows from Lemma 2.5.
So we prove (ii). Now, we assume that B,(G) N B,(G) = 1 and we prove that
there exists Q € Squ(G) such that [P, Q] = 1 by induction on |G|. Since G
is p-solvable, we know that B,(G) = Irr(G/K). Assume that K > 1. Then
B,(G/K) N B;(G/K) =1 and we have that there is Q € Sylp(G) such that
[P,O] C K. Since P < G, [P, Q] € P, and thus [P, O] = 1. Hence, we may
assume that K = 1. Therefore B,(G) = Irr(G) and therefore B,(G) = 1. Thus
g does not divide |G| by Lemma 2.1(iv). Hence, in (ii), we may assume that
[P, Q] =1, where Q € Syl (G). Then Q € K, and we apply Lemma 2.5. (]

Theorem 2.7. Suppose that G is p-solvable.

(1) Suppose that there are P € Sylp(G), Qe Squ (G) such that [P, Q] = 1. Then
|B,(G)N By(G)| = |By(N)NBy(N)|, where N = NG (PQ).

(ii) We have that B,(G) N B,(G) =1 if and only if there are P € Sylp(G), 0 e
Squ(G) such that [P, Q] =1and B,(N) N B,(N) =1, where N = Ng(PQ).

Proof. Suppose first that p = g. In this case, the second part is trivial, using
Lemma 2.1(iv). For the first part, this is the Alperin—-McKay conjecture for p-
solvable groups with abelian Sylow p-subgroups, which is nearly trivial. (By the
Hall-Higman 1.2.3 lemma, we have that KP < G, where K = O,/ (G). Since we
may also assume that K = 1 by Lemma 2.1(iii), the result easily follows.)

We may assume that p # g. We start with the first part, which we argue by
induction on |G|. Let K = O,/ (G). Since [P, Q] = 1, then we have that Q C K
by the Hall-Higman 1.2.3 lemma. Let H = Ng(Q). By Lemma 2.5, we have that
|B,(G)NB,(G)|=|B,(H)NB,(H)|. Since Ng(PQ) = Ng(P)NH, by induction,
we may assume that 0 < G. By Lemma 2.6, we conclude that

|Bp(G) N By(G)| = |Bp(Ng(P)) N By(NG(P))|

and this proves (ii).

Finally we prove (ii). The “if” part is immediate from (i). Assume now that G is
p-solvable and that B,(G) N B,(G) = 1. By Theorem 1.4 of [Liu et al. 2020] we
know that there exists P € Sylp(G) and Q € Squ(G) such that [P, Q] = 1. Then
we apply part (i). U

3. (Quasi)simple groups

For a finite group G and a prime p, continue to let B,(G) denote the irreducible
complex characters in the principal p-block of G. The goal of this section is to
show that for quasisimple groups, the following holds:
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Theorem 3.1. Let p and q be two primes (not necessarily distinct) and let S be a
finite quasisimple group. Let P € Syl ,(S) and Q € Syl (S). Assume that [P, Q]=1.
Then

|Bp(S) N By (S)| =[Bp(N)N By(N)|,

where N := Ng(PQ).

We remark that when p = ¢, the statement is the Alperin—-McKay conjecture
together with Brauer’s height zero conjecture for principal blocks of quasisimple
groups with abelian Sylow p-subgroups.

As a corollary, we obtain Theorem B for quasisimple groups:

Corollary 3.2. Conjecture A holds for finite quasisimple groups.

Proof. Thanks to Theorem 3.1, it remains to show that if S is a quasisimple
group such that B,(S) N B,(S) = 1, then [P, Q] = 1 for some P € Sylp(S) and
Qe Squ (S). We assume p # g, as otherwise this is trivially true. Let S=S/Z(S) be
the corresponding simple group, and note that B, (S) € B,(S) and B, (S) € B,(S).
Then |B,(S) N B,(S)| = 1, which implies (S, p, g) is one of very few possibilities
thanks to [Brough et al. 2021], and these satisfy [P, Q] =1 for some P € Syl p(§)
and Q € Squ(S) (see the discussion after Conjecture 1.3 in [Liu et al. 2020]).
Hence by [Malle and Navarro 2020, Lemma 3.1] (or Lemma 2.2(v)), we also have
[P, Q] =1 for some P € Syl ,(S) and Q € Syl (S), completing the proof. ]

Given a connected reductive group G and Steinberg endomorphism F: G — G,
we write G for the corresponding finite group of Lie type obtained as the fixed
points under F. If p is a prime and n an integer prime to p, we write d,, (n) for the
order of n modulo p if p is odd and modulo 4 if p = 2.

The main results of [Malle and Navarro 2020, Section 3] yield:

Proposition 3.3 (Malle—Navarro). Let G be a finite quasisimple group and p # q
two primes dividing |G|. Assume that there are P € Syl (G) and Q € Sy, (G) such
that [P, Q] = 1. Then one of the following holds:

(i) G=Jiand{p,q}={3,5}
(i) G=Jygand{p,q}=1{5,7}.
(iii) S = G/Z(G) is a simple group of Lie type defined in characteristic r distinct
from p and q. In this case, if G = G¥ is a quasisimple group of Lie type, then:
. dp(rf) =d, (rf) =:d, where G is defined over T, s.
e pand q are odd.
o P and Q are abelian, and PQ < S for an (F-stable) Sylow d-torus S of G.

e pand q are good for G, larger than 3 if G is of type *Dy, and do not divide
|Z(G)F - (Z(G)°)F|-|Z(G*)T : (Z(G*)°)F|, where (G*, F) is dual to (G, F).
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Proof. This is [Malle and Navarro 2020, Propositions 3.2-3.5]. The last item of (iii)
follows from [Malle 2014, Lemma 2.1 and Proposition 2.2]. O

Before working on simple groups of Lie type, we settle Conjecture A (when
p # q) for sporadic groups:

Lemma 3.4. If p #~ q, then Conjecture A holds for sporadic quasisimple groups.

Proof. By Lemma 2.2(v), we need only consider sporadic simple groups G.

On the one hand, by [Brough et al. 2021, Theorem 1.2], B,(G) N B,(G) =1
precisely when (G, p, ¢) occurs in Proposition 3.3(i) and (ii). On the other hand,
assume G admits commuting Sylow p- and g-subgroups P and Q. Then we are in
(i) or (i1) of Proposition 3.3. Using the information in [GAP 2018] on centralizer
size and power fusion of elements of order p, ¢, and pq in G, one can show that
N =Ng(PQ) = PQ x Oy 4y(N) is S3 x Dy in the case of Proposition 3.3(i), and
(CsxCyq) x (C7 xC3) in the case of Proposition 3.3(ii). It follows from Lemma 2.2(ii)
that B,(N) N B,(N) = 1. ([

Proposition 3.5. Ler G be a simple, simply connected algebraic group such that
G = G' is a quasisimple group of Lie type. Assume P & Syl,(G) and Q €
Syl, (G) for primes p and g (not necessarily distinct) satisfying assertion (iii) of
Proposition 3.3 and let L := Cg(S). Then L = Cg(P) = Cg(Q) and Ng(PQ) =
NG(Q) = NG(P) = NG (L). Further, L¥ = P x OP(L¥) = Q x 04(L").

Proof. Note that Ng(PQ) < Ng(P) N Ng(Q). Then the statements follow from
[Malle 2014, Propositions 2.3 and 2.4]. O

Lemma 3.6. Keep the situation of Proposition 3.5. Write N := Ng(PQ) and
L:=L" aQN. Then B, (N) is the unique q-block of N covering B, (L) and B,(N)
is the unique p-block of N covering B, (L).

Proof. This follows from Proposition 3.5 and [Navarro 1998, Corollary (9.21)]. [

For G = G* a finite reductive group, let (G*, F*) be dual to (G, F) and write
G*:=(G*)F". Then Irr(G) is partitioned into rational Lusztig series £(G, s), where
s ranges over semisimple elements of G*, up to G*-conjugacy. (See, for example,
[Cabanes and Enguehard 2004, Theorem 8.24].) We will write UCh(G) :=£(G, 1)
for the set of unipotent characters, and will similarly denote by UCh(B,(G)) the
set £(G, 1) N B,(G) of unipotent characters in the principal p-block for a given
prime p.

Proposition 3.7. Keep the situation of Proposition 3.5, but now assume p # q are
distinct primes. Then we have a bijection between the sets B,(G) N B,(G) and
Irr(N /L) and between the sets B,,(N) N B;(N) and Irt(N /L).

In particular, we have

|Bp(G) N By(G)| = |Bp(N) N By(N)|.
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Proof. First, by [Cabanes and Enguehard 2004, Theorem 9.12], and using that
neither p nor g is the defining prime for G, we have B,,(G) contains only characters
in rational series £(G, s) with [s| a power of p. Similarly, B,(G) is comprised
only of characters in series with s a power of ¢. This means that B,,(G) N B,(G) =
UCh(B,(G)) N"UCh(B,(G)) contains only unipotent characters.

Recall that P is abelian, so every character in B,(G) has degree prime to p
by the “if”” direction of Brauer’s height zero conjecture [Kessar and Malle 2013].
Further, note that the last item of Proposition 3.3 implies that both p and g satisfy
the necessary hypotheses for [Cabanes and Enguehard 1994, Theorem]. Now,
by [Cabanes and Enguehard 1994, Theorem], UCh(B,(G)) = UCh(B,(G)) is
comprised of those characters y € Irr(G) in the d-Harish—Chandra series of (L, 1),
with L as in Proposition 3.5 and L := L. Note that L is as stated due to [Malle
2007, Corollary 6.6].

Then we have B,(G) N B,(G) =UCh(B,(G)) = UCh(B,(G)). Further, this set
is in bijection with the irreducible characters of the so-called relative Weyl group
Wg(L) = N/L by [Broué et al. 1993, Theorem 3.2], completing the claim for G.

Now, note that every character in B,(N) N B,(N) lies above some character
in B,(L) N B;(L). Recall from Proposition 3.5 that L = P x X = Q x Y for
some p’, respectively ¢’, subgroups X, Y < L, so Irr(B,(L)) =1Irr(P) ® {1x} and
similar for g. Then this forces B,(L) N B,(L) = {1.}, and hence every character
of B,(N)N B,(N) lies above the trivial character of L.

Conversely, by Lemma 3.6, B,(N), respectively B, (N), is the unique block
above B, (L), respectively B, (L). Hence, the characters of N above 1, are exactly
the members of B,(N) N B,(N). By Gallagher’s theorem, this set is in bijection
with Irr(N /L), completing the proof. U

We can now complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Let S = G/Z with Z < Z(G), where G is the Schur cover
of the simple group S := S/Z(S), and write P, Q as P = PZ/Z and Q = QZ/Z
for P € Syl (G) and Q € Syl (G).

First, assume that p # ¢. Then [Malle and Navarro 2020, Lemma 3.1] yields
that [P, Q] = 1 implies [13\, @] = 1. It follows that G is of one of the forms in
Proposition 3.3. In cases (i) and (ii), the result is Lemma 3.4. In case (iii), we may
apply Lemma 2.2(v) to replace the Schur cover with a group of Lie type G of the
form in Proposition 3.5. Then every character in B (N(;(P Q)) N By (Ng(P Q)) is
trivial on Z(G) < L by the second-to-last paragraph of the proof of Proposmon 3.7.
Further, we have N = Ng(PQ) = Ng (ﬁ@)/Z. Using, e.g., [Cabanes and Enguehard
2004, Lemma 17.2], we have B, (N) is the set of characters in B), (Ng(ﬁé)) lying
above 17 and similar for g. Then we have, by Proposition 3.7,

|Bp(G) N By(G)| = |Bp(N) N By(N)I.
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For the same reason, we have B,(S) is the set of characters in B,(G) lying
above 17 and similar for B, (S). But recall from the proof of Proposition 3.7 that
B,(G)N B,;(G) =UCh(B,(G)). Since unipotent characters are trivial on Z(G),

|Bp(S) N By(S)| = |Bp(G) N By(G)| = |By(N)N By(N)|,

which completes the proof when p # q.

Now let p =g and assume that P € Syl ,(S) is abelian. Since the Alperin-McKay
conjecture is known when p = 2 by [Ruhstorfer > 2025] (alternatively, we can use
Walter’s classification of simple groups with abelian Sylow 2-subgroups [1969]),
we assume p is odd. By [Koshitani and Spith 2016], we may further assume that
P is not cyclic.

If S is a covering group of an alternating group A,, then the Alperin-McKay
conjecture holds for S by the main result of [Michler and Olsson 1990]. If S is
a sporadic simple group or the Tits group, the Alperin—-McKay conjecture has
been checked by T. Breuer [> 2025]. In the cases where a Sylow p-subgroup
of § is abelian, we note that the Schur multiplier is a p’-group, so we are done by
Lemma 2.1(iii). Similarly, when S is a group of Lie type with an exceptional Schur
multiplier and an abelian noncyclic Sylow p-subgroup, we have that the Schur
multiplier has size not divisible by p, except for the case PSL4(3), which can be
checked in [GAP 2018]. Hence in these cases, we may work with a quasisimple
group of Lie type G such that G/Z(G) = S, rather than the full Schur multiplier.

So we now assume G = G is a quasisimple group of Lie type and S = S/Z(S) =
G/Z(G) is not isomorphic to any A,. If p is the defining prime for G, then the
assumption that P is abelian yields that S = PSL,(p®) for some positive integer a.
In this case, | Z(G)| is prime to p, and B,(S) = B,,(S) = Irr, (S) = Irr(S) \ {Sts}
and the result follows from the considerations in [Isaacs et al. 2007, Section (15F)]
(see also the proof of [Spith 2013, Theorem 8.4]). Hence, we may assume that p is
not the defining characteristic for G.

If p > 5, we have that P is also abelian (see the discussion after [Malle 2014,
Proposition 2.2]), and we are again in the situation of Proposition 3.3(iii). As
Pt1Z(G)|, we then have B,(G) = B,(S) and B (Ng(ﬁ)) = B,(N), by [Navarro
1998, Theorem 9. 9] Recall that B, (L) = Irr(P)®{1X} where X is the p’-group such
that L=C G(P) =PxX guaranteed by Proposition 3.5. Note that every ¢ € Irr(P)
extends to its inertia group in N(;(P) = N (L) by [Isaacs 2006, Theorem (6.26)].
Then [Malle 2014, Theorem 2.9] yields a bijection between B,(G) and B), (NG(i’\)),
and hence between B, (S) and B,(N), as long as p > 5.

Suppose p = 3. Then the assumption that P is abelian implies that § = PSL;(go),
S= PSL{ (q0) with3 <n <5and € € {£1}, or S= PSp,(qo), considering the order
polynomials and using [Malle 2014, Proposition 2.2] and the discussion after. If
P is abelian, then the same considerations from before hold, noting that in this
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situation for the principal blocks, the conclusions of [Malle 2014, Proposition 2.7
and Theorem 2.8] continue to hold. That is, B,(G) and B,,(Ng(ﬁ)) are both in
bijection with pairs (¥, ¢) with ¥ € Irr(P) and ¢ € Irr(Ng (L) /L).

Then we assume P is nonabelian, and hence S = PSL5(qo) with (go —€)3 = 3.
Recall that by the “if” direction of BHZ [Kessar and Malle 2013], we have B3(S)
and B3(N) consist only of 3’-characters. From here, the proof of [Malle 2008,
Corollary 3.9 and Theorem 3.12] yields the result. Indeed, note that the group N is
described in loc. cit., and its construction in GAP shows that it contains a unique
block of maximal defect. On the other hand, the six members of Irr,(S) are the defla-
tions of three unipotent characters of G and the three irreducible constituents of the
restriction to G of a semisimple character of GL5(go) corresponding to a semisimple
element with eigenvalues {w, w~', 1}, where |w| = 3. The three unipotent characters
of GL5(qo) and the stated semisimple character all lie in B3(GL5(qo)), using [Fong
and Srinivasan 1982, Theorem 7A]. Hence these six characters all lie in B3(S). [

4. Almost simple groups

Proposition 4.1. (a) Let p # q be primes. Then Conjecture A holds for any finite
group G with a central subgroup Z such that G/Z = A, or S, withn > 5.

(b) Let p = g be any prime. Then Conjecture A holds for covering groups G of A,
and S, withn > 5.

Proof. (a) By Lemma 2.2(v), we may assume that G = A, or S,;, and that n > p > q.
By [Beltrdn et al. 2016, Lemma 2.4], see also Proposition 3.3, G has no Hall
{p, q}-subgroup if g > 2. Furthermore, by [Beltran et al. 2016, Theorem 2.2], A,
contains a p-element x such that Ca, (x) contains no Sylow 2-subgroup of A,. It
follows that G has no Hall {p, 2}-subgroup. Thus G does not admit any pair (P, Q)
of commuting Sylow p-subgroup P and Sylow g-subgroup Q. Finally, [Bessenrodt
and Zhang 2008, Proposition 3.2] and its proof show that B,(G) N B,(G) # 1¢.

(b) If p # 2 then the statement follows from [Michler and Olsson 1990]. If p =2,
then B,(G) # 15, and G can have abelian Sylow 2-subgroups P only when G = As,
in which case |B,(G)| =4 = |B,(Ng(P))|. O
Our next result proves Conjecture A for almost simple Lie-type groups of adjoint
type.
Theorem 4.2. Let p and q be (not necessarily distinct) primes, and let G,q be a
simple algebraic group of adjoint type over a field of positive characteristic, with
a Steinberg endomorphism F such that Gfd is almost simple. Then Conjecture A
holds for any G with [G‘fd, Gfd] 4G < Gii.
Proof. Since Conjecture A holds trivially if p or g does not divide |G|, we will
assume p and ¢ both divide |G|. Now, as shown in the proof of [Brough et al. 2021,
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Lemma 5.4], B,(G) N B,(G) # 1 if p #q. If p=gq, then B,(G) # 15 because
p G

It remains to show that if G admits P € Sylp(G) and Q € Squ(G) with
[P, O] =1, then

(4-1) |Bp(G) N By(G)| =B, (N) N By(N)|.

Inspecting the orders of G and the simple subgroup S = [G, G], we see that p and
g both divide |S].

(a) Here we consider the case p # ¢g. As S admits the Hall {p, g}-subgroup
(PN S)(QNS), we can apply Proposition 3.3 and Theorem 3.1 to S. In particular,
G ,q is defined over a field of characteristic r # p, g.

Assume first that

G =GE,.

To work on the local side, we identify G, = G/Z where G is a simple, simply con-
nected algebraic group and Z a finite central subgroup, and S = G* Z/Z = G /zF
for a suitable Steinberg endomorphism F : G — G. As in the proof of Lemma 2.2(v),
PNS=PZ/Z and QNS = QZ/Z for some P; € Sylp(GF) and Q; € Squ(GF)
with [Py, Q1] = 1. By Proposition 3.3, we have p,q > 2 and P; Q| < T* for an
F-stable maximal torus 7' of G. We also observe that

4-2) ged(pg, |G/S|) = 1.

Indeed, since p, g > 2, the claim follows unless G = PGLS, (o) or G = E¢(q0)ad
with € = +. In the former case, it was shown in the proof of [Beltrin et al. 2016,
Proposition 2.7] that the existence of the commuting pair (P;, Q1) in G = SL; (qo)
in the case gcd(pq, go — €) > 1 implies that n < min(p, ¢g), and so (4-2) follows as
|G /S| = gcd(n, go — €). In the latter case, [Beltran et al. 2016, Proposition 2.12(a)]
shows that p, ¢ > 3, and so (4-2) follows as |G /S| = gcd(3, go — €).

Thus P, Q < S,andso P, Q < T :=(T/Z)F. Next we note that

(4-3) G=S5T.

(Indeed, suppose gZ € G=(G/Z)* forge G. Then g~ ' F(g) € Z. Since Z < T, by
the Lang—Steinberg theorem, there is ¢ € T' such that t7'F(t)=g ' F(g). It follows
that 1 Z € (T/Z)F, gt ' € G, and gZ = (gt7'2)(tZ) e (GFZ/Z)(T ) Z)F ) Let

N:=Ng(PQ), C:=Cs(PQ)=P0Ox 04y (C), Ni:=Ns(PQ).
As T centralizes PQ, (4-3) shows that G = SC and N = N|C; in particular,

(4-4) G=8Cs(P)=5C5(Q), N =N Cy(P)=NCy(Q).
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It therefore follows from Theorem 2.4 that
|Bp(G)N By (G)| = |Bp(S)NBy(S), |Bp(N)NBy(N)| =|Bp(N1) N By(Ny)l.

Together with Theorem 3.1 applied to S, these equalities yield (4-1).
In the general case S <G < Gf , note that (4-2) and (4-4) still hold for any
such G, and hence we are again done by using Theorems 2.4 and 3.1.

(b) Now we consider the case p = ¢g. Arguing as in the proof of Theorem 3.1, we
may assume that p > 2 and that G ,q is defined over a field of characteristic r # p, q.
Suppose in addition that both assertion (iii) of Proposition 3.3 (with p = ¢) and
(4-2) hold. (Note that |G| = |G| for G| = GF', so p1|G1]/|S] in this case as well.)
Then the arguments in (a) apply to show that (4-4) holds, and so we are done again
by using Theorems 2.4 and 3.1.

The same considerations as in the proof of Theorem 3.1 show that the only re-
maining case is when p =3, S =PSL5(q0), G =PGL5(q), € ==, and (go—¢€)3 =3.
In this case, H = O3 (Z(H)) x G for H := GL5(qo). Hence, by Lemma 2.1(iii),
(4-1) follows from the main result of [Michler and Olsson 1983] applied to H. [

Corollary 4.3. Conjecture A holds for GL,(go) and GU,(qo), for any n > 2 and
any prime power qq.

Proof. 1t suffices to consider the case G = GL; (go) is nonsolvable. In this case,
G/Z(G) = PGL,(qo) satisfies Conjecture A by Theorem 4.2 when p # q. Hence
we are done using Lemma 2.2(v) if p # ¢, and by the main results of [Michler and
Olsson 1983], which prove the Alperin—-McKay conjecture for these groups, when

p=q. O
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