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ON GAMMA FACTORS OF GENERIC
REPRESENTATIONS OF U2n+1 X ResE/F GLr

YAO CHENG AND CHIAN-JEN WANG

We develop fundamental properties of the Rankin-Selberg gamma factors
for generic representations of Uy,1 x Resg;r GL, over local fields under a
natural assumption on the Archimedean local integrals. In particular, the
gamma factors defined by the Rankin-Selberg method are shown to coincide
with those defined by the Langlands—Shahidi method.

1. Introduction

Let F be a local field of characteristic zero, E be an étale F-algebra of rank 2
and i be a nontrivial additive character of F. Let Uy, 1 (n > 0) be the quasisplit
unitary group of 2n + 1 variables over F' and G, = Resg,r GL, (with r > 1) be
the Weil restriction of GL, from E to F. Let w and 7 be irreducible admissible
generic (complex) representations of Uy,41(F) and G, (F), respectively. Then one
can define the gamma factor

y(s,m X1,Y)

through the local Rankin—Selberg integrals (see Section 3) studied in [4; 28]. The
aim of this article is to develop fundamental properties of y (s, m X 7, ¥) under a
natural assumption (see Assumption 3.2) on the Archimedean local integrals. The
properties that we develop in this article are some of the “ten commandments” given
in [25]. In particular, our main result can be stated as follows (see Theorem 4.1 for
the precise formulation):

Theorem A. The gamma factor y (s, T X T, ¥) satisfies a collection of fundamental
properties that uniquely characterize it. These properties include behavior in
unramified cases, dependence on r, multiplicativity, behavior in minimal cases, the
Archimedean property and global identity.

To the best of our knowledge, the definition of gamma factors via local Rankin—
Selberg integrals first appeared in Zhang’s work (see [41, Proposition 1.1]). The
definition presented in this article differs slightly from Zhang’s. While it is standard
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that gamma factors emerge as proportionality factors in local integrals, identifying
the “correct” gamma factors from these proportionality factors is nontrivial. A key
subtlety lies in determining the appropriate normalization of certain intertwining
operators between induced representations. In this article, we provide a suitable
normalization to ensure that the gamma factor satisfies the expected properties.

Some properties of the gamma factor, such as its behavior in the unramified cases
and the global identity, are available in the literature. However, a key property —
the multiplicativity of the gamma factor —is notably absent. A significant portion
of this article is devoted to establishing this property.

In addition to the Rankin—Selberg method, the gamma factor attached to w x
and ¥ can also be defined using the Langlands—Shahidi method (see [29; 32]). For
applications, it is important to know whether these two definitions coincide, or at
least differ only by exponential factors. This alignment is useful, for instance, in
computing the Rankin—Selberg integrals attached to newforms of generic represen-
tations of Up,41 [11] and in proving the irreducibility of certain local descents [37].
As a consequence of Theorem A, we obtain the following corollary:

Corollary A. The gamma factor y (s, w X T, ¥) coincides with the one defined by
Shahidi in [32] for 7 x t and .

Remark 1.1. In [2; 19], it is shown that, for split classical groups, the gamma
factors defined by the Langlands—Shahidi method coincide with those defined
by the local Langlands correspondence. Similar arguments can be adapted to
the case of quasisplit unitary groups, and together with Corollary A, we see that
the gamma factors associated to generic representations of Up,11 x Resg,r GL,
defined through these three different approaches are in fact all identical: the method
of Rankin—Selberg integrals, the method of Langlands—Shahidi, and the local
Langlands correspondence.

The global Rankin—Selberg integrals for Uy, x Resg,/r GL, were first con-
structed by Gelbart and Piatetski-Shapiro in the case n =r = 1 in [15]. Their results
for local integrals were later refined by Baruch in [3]. In [38], Tamir extended the
global constructions and results to arbitrary n =r > 1, following the methods in [16,
Part B]. For general n > r > 1, a basic theory of the global integrals was developed
by Ben-Artzi and Soudry in [4]. On the other hand, the global constructions forn < r
first appeared in a work of Wambach [40] when n =1 and r = 2. For any n < r, the
global constructions were due to Ginzburg, Rallis, and Soudry [18]; while the basic
properties of the local integrals were established by Morimoto and Soudry in [28].

Similar constructions of Rankin—Selberg integrals for other classical groups can
be found in [16, Part B; 17; 18; 34]. Analogous results to Theorem A were obtained
by Morimoto in [27] for even unitary groups, and by Soudry [36] and Kaplan [24]
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for odd orthogonal groups and other classical groups. Our proof of multiplicativity
of gamma factors closely resembles the approach presented by Soudry in [34; 36].

This article is organized as follows. In Section 2, we introduce the notation used
throughout the article. The gamma factors are defined in Section 3. Specifically,
we first introduce the induced representations involved in the definition of the local
Rankin-Selberg integrals in Section 3.2. Next, we define the normalized intertwining
operators among these induced representations in Section 3.3. The local Rankin—
Selberg integrals are presented in Section 3.5, followed by the definition of the
gamma factors in Section 3.6.

In Section 4, we introduce the main result of this article, namely, Theorem 4.1.
Some assertions of the main result, specifically the functional equation for the
gamma factors and their dependence on v, are proved in this section. We prepare the
groundwork for proving the multiplicativity of the gamma factors in Section 5. The
multiplicativity of the gamma factors is addressed in Sections 6 and 7. Specifically,
we prove multiplicativity with respect to the first variable (resp. second variable) in
Section 6 (resp. Section 7), which comprise a large part of this article. Finally, we
address the minimal case in Section 8.

2. General notation

We present a list of the most frequently used notation in this article.

2.1. Fields. Throughout, F' will always be a local field of characteristic zero, and
E an étale F-algebra of rank 2. Thus E is either a quadratic field extension of F
or E = F x F. In the latter case, we always identify F as a subfield of E via the
diagonal embedding. We set & = E if E is a field, and & = F otherwise.

Denote by z > z the action of the generator of Autg(E) = {£1}. Let

E'={z€E|z4+2=0} and E'={zeE*|zz=1}.

Fix an element § € E* with § = —§, and put A = 8> € F*. We have E® = F - §
and § = (89, —&¢) for some 8§y € F* when E=F x F.

Let | - | be the normalized absolute value on F. Then |z|g := |zZ|F gives rise
to an absolute value on E. Fix a nontrivial additive character ¢ of F and put
YE(Z) =y (z+7) forz € E. If « € F*, then we define ¥, to be the character of F
given by ¥y (x) = ¥ (ax).

2.2. Matrices. Let R be a ring with identity. The notation Mat,, ; (R) represents
the ring of m by k matrices with entries in R. For A € Mat,, 1 (R), A;; denotes the
(i, j)-entry of A, and ’A is the transpose of A. The identity element of Mat, ,(R)
is denoted as 1,,.
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When R = E, the automorphism z — z and its notation extend naturally to
an involution on Mat,, x(E), specifically, (A)ij = Aij. If E=F x F, we iden-
tify Mat,, x (F) as a subring of Mat,, x(E) = Mat,, x(F) x Mat,,  (F) through the
diagonal embedding.

2.3. Groups. Let N be a positive integer. Denote by Gy = Resg,/r GLy the Weil
restriction of GLy from E to F. Then Gy (F) = GLy(E) when E is a field, and
we have Gy (F) =GLy(F) x GLy(F) when E = F x F.

Let Uy C Gy be a quasisplit unitary group over F of N variables. When
E = F x F, we identify Uy (F) with GLy(F) via the projection onto the first
component. On the other hand, if E is a field, we use the following realization
of Uy (F) within GLy (E). Define Sy = Jy if N is even and

Jn
Sy = —2
In

if N =2n+ 1. Then we set
Un(F)={g €GLN(E) | 'gSng = Sn}.

Let G = GLy, Uy or Gy (over F). We denote by Bg = Tg Vs C G the upper
triangular Borel subgroup of G, where T¢ is the diagonal torus, and Vg is the
unipotent radical of Bg. If E is a field and a € GLy (E), we define a* = Jy ta=1Jy,
where Jy € GLy (F) is the antidiagonal matrix whose entries on the antidiagonal
are all equal to 1.

2.4. Generic characters. Let G = GLy, Uy or Gy, and z € Vg (F). Fix a unique
(up to conjugate by elements in T (F)) generic character g of Vi (F) as follows.
First, suppose that G = GLy. Then we define

YLy (2) =¥ (2 + 203+ +2Zn-1.8)-
Next, suppose that G = Uy with N =2n 4 1. Then we define
YUsy @) = VE@12+ 223+ Znmtn 27 Znng1)
when E is a field, and
YUy @ =V @2+ 23+ 20 1a 27 Zont 1 FZnt L nt2 — Znd2n03 = — 22020 41)

when E = F x F. We emphasis that when £ = F x F, the characters yry,,,, and
YGL,,,, are different, although the groups Uy, 1 (F) and GL;,, 1 (F) are isomorphic.
We hope this will not cause a serious confusion.
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Finally, suppose that G = Gy. Then we define

Yoy () =YE@in+ 23+ -+ 2nv-1.N)

when E is a field, and ¥, (z, ') = Y¥oLy (Z)t//éLlN (Z)when E=F x F.

2.5. Representations. If G is a connected reductive algebraic group over F, a
representation of G (F) in this article refers to a complex representation of finite
length that is smooth. The term smooth carries its usual meaning when F is non-
Archimedean (see [5]). When F is Archimedean, it means a smooth admissible
Fréchet representation of moderate growth in the sense of Casselman and Wallach
(see [9]).

If r is a representation of G (F'), we usually write V;, for its representation space,
wy for its central character (if it exists) and 7 for the contragredient representation.
In the Archimedean case, 7 is defined as the Casselman—Wallach completion of
the contragredient of the Harish-Chandra module underlying .

If G’ is another group over F and (7', Vy/) is a representation of G’(F), then
7 X 7’ represents the external tensor product representation of G(F) x G'(F)
on V; ® V;» when F is non-Archimedean. In the Archimedean case, it denotes the
representation of G (F) x G'(F) on the completed projective tensor product V,; ® V.

If G is quasisplit, ¥ is a generic character of the unipotent radical of a fixed
Borel subgroup (over F) of G, and 7 is an irreducible y;-generic representation
of G, we denote by W(r, ¥) the Whittaker model of 7 with respect to ¥g. If G
admits a unique' generic character, then we simply say that 7 is generic.

If (n, V,) is a representation of GLy (E), then n* is the representation of GLy (E)
on V, with the action n*(a) = n(a*). On the other hand, if s € C, then 5, stands
forn® |det|2_1/ % and we understand that ny=n"® |det|2_l/ 2. Similar definition
and notation work for representations of GLy (F).

2.6. GL, x GLj gamma factors. Let K be a local field of characteristic zero, and
let ¥k be a nontrivial additive character of K. If ¥ and o are irreducible generic
representations of GL, (K') and GL;(K), respectively, we denote by y (s, ¥ X 0, ¥g)
the GL, x GL; gamma factors as defined by Jacquet, Piatetski-Shapiro, and Sha-
lika [22] and Jacquet [20].

3. Rankin-Selberg gamma factors

In this section, we define the Rankin—Selberg gamma factors, the main focus of
this article. The primary references of this section are [4; 28].

1Up to conjugate by torus elements in the fixed Borel subgroup that normalize the unipotent radical.
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3.1. Embeddings. We have two embeddings
Jn,r - Uy (F) — U2n+1(F) and Jn,r U1 (F) = Up(F)

depending on the relative sizes of n and r, defined as follows.

If n > r, then
n,r - 2(n—r)+1 s
cd c d

where a, b, ¢, d € Mat, . (&). If instead n < r, then
I,

a b
ab 1 0 1 ! !
J"’r<<c d)) =0 I Q™. where Q= Dr—n—1)
00 2(r—n—1) 4 1 —1

I

with a € Mat,, (&), b € Mat, ,4+1(&), c € Mat, 41 ,(&) and d € Mat, | ,+1(&).
Note that the image of ;" is precisely the subgroup of Uy, (F) fixing the vector

e="0,...,0,1,0,...,0,1,0,...,0) € F,

where 1 appears in the (n+1)-th and (2r—n)-th entries of e. This explains the
occurrence of —2 in Sy when E is a field and N is odd.

3.2. Induced representations. Let Q> = Mg, Ng, be the parabolic subgroup
of Uy, whose Levi subgroup My, is isomorphic to G,. Here Ny, is the unipotent
radical of Q,,. We have

Mg, (F) = {mr(a) — (a a*) ‘ ac G,(F)}
when E is a field, and

Mo, (F) = [m @by = (" ) | @b e G.(P)]

when E = F x F.

Let 7 be an irreducible generic representation of G, (F). When E = F x F, T is
of the form t; X 7, for some irreducible generic representations t, 7y of GL, (F).
In this case, we set 7, = 71 s X 72*,17s- Now let

Uy, (F
Prs = IndQZZr((F)) (Ts)

be a normalized induced representation of U, (F'), whose underlying space VIQJZ (ty)
consists of smooth functions &; : Uy, (F) — V; satisfying

g, (muh) = 53, (m)t,(m)&,(h) for (m, u, h) € Mgy (F) x Ny (F) x U, (F).

Here 8¢, stands for the modulus character of Q»,.
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Let A, y-1 be a nonzero Whittaker functional of 7 with respect to the generic
character Wé,l (see Sectiop] 2.4). For a given & € V[QJZ (1), define the associated
scalar-valued function fgﬁ’ (h; a) by

—1
(3-1 fg (h;a) = Ay y-1(t(@)és(h))  for (h,a) € Uy (F) X G (F).
Note that for each h € Uy, (F), the function a — fgjﬁ1 (h; a) belongs to W(r, w&rl ).

3.3. Intertwining operators. We introduce an intertwining operator on Vgif (t5),
which is essential in defining the Rankin—Selberg gamma factors. As pointed out in
the introduction, we have to normalize this operator carefully so that the gamma fac-
tors satisfy expected properties. The basic references of this subsection are [29; 32].

Let
I,
Wy = I € Uy (F)
r

and set 7* = 7, W 7 when E = F x F. Then we have the intertwining map
Ay (Wrr, T,8) VR (1) = Vo2 (Ti)
w Firs s ! Q2r § QZr 1—s

defined by the integral

Ay (wrr, 7,9 (h) = f & (wy uh) du
Ny, (F)
for Re(s) > 0, and by the meromorphic continuation in general.

The Haar measure du on Ny, (F) is defined as the product measure through
its root groups. More precisely, when E = F x F, each root group is isomorphic
to F, and we take the measure on F that is self-dual with respect to the pairing
FxF—C*; (x,y)— ¥(2xy). Next, assume that F is a field. Then the root groups
of Ng,, are isomorphic to either E or E. In the first case, we take the measure
on E that is self-dual with respect to the pairing £ x E — C*; (x, ¥) — ¥p(xy);
while in the second case, the measure is chosen to be self-dual with respect to the
pairing E® x E® — C*; (x, y) — ¥ (2xy). This explains the dependence of the
intertwining map on .

We need a normalized version Ay (w,.,, T, s) of Ay (w,,, T, s). By the works in
[9; 10; 29; 31], there exists a nonzero meromorphic function (the so-called local
coefficient) Cy s(wy., T, s) such that

-1
6 [ R s [0 ) d
NQZr(F)

-1
= Ci/f,s(wr,m 7,5) f,;l;(w”,f’s)gs (wyru; Ir/)‘///(ur,r-i-l) du
No,, (F) 1
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for & € V[QE: (7). Here I] € G,(F) is the matrix given inductively via

/ ’ I
(3'3) 1] = (1) and Ir = ( ! (_1)1‘1)

and V' (U, r+1) = ¥ (28u, 1) if E is a field, whereas ¢/ (u, r+1) = ¥ 280ty 1) if
E = F x F. The choice of the Haar measure du (on both sides) in (3-2) clearly
does not affect Cy s(wy,, T, 5).

Now we define

_ _1
G4) Ay t.8) = O] TV Cpsrrs T ) Ay (Wi T 5),

where w;(8) = wr, (§o)w,,(—80) if E = F x F. As the notation suggested, the
normalized one does not depend on the choice of §. This fact may be found in the
literature, but it can also be verified by applying Corollary 8.2, the multiplicativity
of local coefficients and intertwining operators, and the standard global argument.

3.4. Local Gelfand-Graev models. We introduce specific Hom-spaces, the dimen-
sions of which are at most one.? This property is instrumental both in defining the
gamma factors and in proving their multiplicativity.

Assume first that n > r. Let Z; and Y, . be subgroups of Uy, given by

I,
2
Z, (F)=17= 1 € Upy1 |21, 22 € Vo,
22
I,
and
I. 0 0 b O
a I,_, x ¢ b
Y, (F)=1y = 1 x 0| €Uy
L., 0
a I

Then Y, , := Z,’“Y,/lj is a subgroup of Uy, 11, and we define a character vy, , of
Yur(F) by

VG, , @)VEQR X1 uy) if E is a field,
VG, , (21, 2% 27 X ey +x) fE=FxF.

Observe that Y, ,(F) is normalized by j, ,(Ua.(F)), and

Yy, G (WY Juy D7 = Yy, ()

vy, @'y = {

2These models are also known in the literature as Bessel models; here, we adopt the terminology
of Ginzburg, Rallis, and Soudry as used in [18].
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for every h € Uy, (F) and y € Y, ,(F). Thus ¥y, extends to a character of

.]n,r(UZr(F)) X Yn,r(F) C UZVH—](F)’

which we again denote by vy, ..
Assume next that n < r. Let Z”" and Y""" be subgroups of Uy, given by

IIH—I
zZm(Fy= 17 = “ . eUy |z1,22€ Var,,
I
and
Iy c 0 0
yrrpy={y=| 9 " 00 ey,

a b I_,_1 ¢
O a/ 0 Il’lJrl

Then Y™" := Z™"Y"™" is a subgroup of U,,, and we define the character ¥y
of Y™"(F) by

Ve @DVE@atirn1) if E is a field,
ve' (@2 +¢ ) ifE=FxF.

Similarly, Y™ (F) is normalized by ;" (Uy,+1(F)), and

vy, (@'y) = {

Yynr (3" (@)y)" (@)™ = Yyne ()
for every g € Up,+1(F) and y € Y™"(F). Thus {y»- extends to a character of
]n’r(UZn-H(F)) X an(F) C UZr(F)a

which we again denote by ryn.r.

Let 7 and o be irreducible representations of Uy, 41 (F) and Uy, (F), respectively.
If n > r, we denote by 7|y, xy,, the restriction of 7 to j, ,(Uz (F)) X Y, - (F).
Also, we extend o trivially to an irreducible representation of Uy, (F) x Y, ,(F).

If n <r, the roles of 7 and o are reversed. Specifically, we denote by o |y, xyn
the restriction of o to the subgroup ;™" (Up,+1(F)) X Y™"(F). Similarly, 7 is
extended trivially to an irreducible representation of Uy, (F) X Y™ (F).

Now we can state the following important result:

Theorem 3.1 [1; 13; 23]. Let @ and o be irreducible representations of Uy, 41 (F)
and Uy, (F), respectively. If n > r, then the dimension of the Hom-space

(3-5) Homu,, (Fyxy,, (7)) (T Uy <, 0)
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is at most one. If n < r, then the dimension of the Hom-space

(3-6) Homu,,,,(Fywxynr(r) (7T, 0 [Uy, 4 wynr)

is also at most one.

Remark. The embeddings j, ,, j™", and the subgroups Y, ., Y"*" differ from those
commonly found in the literature. However, these differences are merely the result
of conjugation by certain Weyl elements in Uy, or Uy,, depending on the relative
sizes of n and r. A similar remark applies to the local Rankin—Selberg integrals
defined in the next subsection.

3.5. Local Rankin—Selberg integrals. In this subsection, we introduce the local
Rankin—Selberg integrals as presented in [4; 28].
For n > r, let X,,, C Ua, 41 be the unipotent subgroup given by

I
A In—r

X, (F)=qi=[0 0 1 € Uzup1 (F)
o 0 01,
0O 0 0 B I

For n < r, define X" C U,, as the unipotent subgroup

In+1

vi,r _ - 0 Ir—n—l
X"Fy=qa=1 , g € Uz (F)

0o C 0 I

The group X™" (F) is equipped with a character Yz defined by

YE(An+1.r—n—1) if E is a field,

wfnvr (’/_t) = { .
X Y (Anstrn-1—C11) if E=FxF.

Now let 7 and t be irreducible generic representations of Uy,41(F) and G, (F),
respectively. If v € V,, denote by W;// the associated Whittaker function (with
respect to Yu,,,,). The local Rankin—Selberg integral attached to v € V, and
& € Vgi: (1) is given by

R LTSRS [ WG £ i 1) dadn
Vi, (F\\Ua, (F) J X, (F) ‘

if n >r, and

(3'8) \pn,r(v ®$s)

—1 _ _ _ _
[ WL @™ (@ 1Y), @) diddg
VUy, o1 (FN\Uz2ny1 (F) S X7 (F) ’

ifn<r.
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By the results of [4] (for n > r) and [28] (for n < r), these integrals converge
absolutely for Re(s) > 0, and there exist v and & such that ¥, . (v ® &) = 1 when
F is non-Archimedean, and such that ¥, . (v ® &) is holomorphic and is nonzero
at a given so when F is Archimedean. Furthermore, for non-Archimedean F,
W, (v ® &) has a meromorphic continuation to an element in C(g "), and defines
an element in the Hom-spaces (3-5) or (3-6), according to the relative sizes of n
and r. Here ¢ is the cardinality of the residue field of F.

For Archimedean F, however, it is unclear whether the integrals admit mero-
morphic continuation to the entire complex plane, though this property is expected.
Therefore, we make the following assumption:

Assumption 3.2. When F is Archimedean, every integral we consider admits a
meromorphic continuation to the entire complex plane. Furthermore, each such
integral defines an element in the Hom-spaces (3-5) or (3-6), depending on the
relative sizes of n and r.

Note that we not only assume that the integral admits a meromorphic continuation,
but also that it defines an element in the Hom-spaces (3-5) or (3-6). This requirement
is significant: while it is straightforward to verify that the integral satisfies the
equivariant property associated with that Hom-space, demonstrating the continuity
of the integral on V, @Vgg (ty), which is also a defining property of the Hom-space,
is more challenging. Our interest in these Hom-spaces arises from the necessity of
utilizing them to define and establish the multiplicativity of the gamma factors, as
will be demonstrated in the following sections.

Soudry addressed the aforementioned issues regarding local Rankin—Selberg
integrals of SO, x GL, in [35]. We expect that his arguments can also be adapted
to the case where E is a field and n > r. However, for other cases, it remains unclear
how to verify the assumption; new ideas may be necessary.

3.6. Gamma factors. We are now ready to define the Rankin—Selberg gamma
factors. By Theorem 3.1 and Assumption 3.2 for Archimedean F, we deduce
that, for almost all s, the local Rankin—Selberg integral defines an element in the
Hom-spaces (3-5) or (3-6), each of which has dimension at most one. This leads to
the functional equation

(3-9) \'Ijn,r(v ®AW(wr’ 7,8)&)=I(s, m x 1, llf)"pn,r(v ® &),

where I'(s, m X 7, ¥) is a nonzero meromorphic function.
Now the Rankin—Selberg gamma factor attached to &, T and i is defined to be

(3-10)  y(s5, 7 X T, ¥) = @ (—1) 0o (= 1)" A r (W) PV T(s, 7w x T, 9),

where A g/ r () is the Langlands’ A-constant (see [21, Lemma 1.2]) and w; = @y, @, .
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Remark. Compared to the normalization of the gamma factors used by Kaplan [24]
and Morimoto [27], our normalization includes an extra factor of Ag,r(y) " +Dr,
This difference arises from our result in the minimal case, as will be seen in the
next section. We also note that the gamma factors defined by Kaplan and Morimoto
coincide with those defined by Shahidi.

4. Main result

In this section, we provide a precise formulation of the main result. To do so, we
introduce the following notation.

4.1. First, let 7 be an irreducible representation of Uy, 1 (F). If E is a field, denote
by BC(r) the irreducible representation of GL,, 41 (E) with an L-parameter given
by the standard base change (see [26, Section 2.2]) of the L-parameter of 7.

Next, let T be an irreducible generic representation of G, (F), so that 7 is of the
form 7) X7, when E = F x F. Let 59 be a complex number, and let t |det|§§ be
the representation of G, (F) on the same space, with the action

r(a)ldet(a)l‘jg if E is a field,

T |det|SE°(a) = { 5 50 _ _
‘L’1(Cl])|det(a1)|F ® rz(az)ldet(a2)|F if E=FxFanda= (611, az).

Finally, let o be an irreducible generic representation of GL,, (&) (recall that
& = E or F according to whether E is a field or not). We define

Ag/r(W)™y(s,0 xT,%g)  if Eis afield,

) XT, =
v(s.o ¥ {y(s,oxrl,w)y(s,oxrz,w) ifE=FxF,

and (when E = F x F)

y(s,txo,¥)=y(s, 11 X0, Y)y(s, 2 x 0, ¥).

Note that in ¥ (s, o X 7, ¥g) (so that E is a field), T is viewed as a representation
of the E-group GL, (E).

It is well known that the GL, x GL; gamma factors coincide with those defined
from the associated Weil-Deligne representations under the local Langlands cor-
respondence for general linear groups. In particular, if E is a field and we regard
o as a representation of the F-group G,,(F), then y (s, o x t, ) is precisely the
gamma factor associated with the tensor product of the Weil-Deligne representations
corresponding to o and t under the local Langlands correspondences for the F'-
groups G, (F) and G, (F), respectively.

Theorem 4.1. Let w and t be irreducible generic representations of Uy, 1 (F) and
G, (F), respectively, with T = 11X 1, for some irreducible generic representations Ty,
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7 of GL,(F) when E = F x F. The gamma factor y(s, w X T, {) satisfies the
following properties:

(1) Unramified twisting:

y(s,m x t|det]d, ¥) =y (s +s0, 7 X T,9%).

Here s¢ is any complex number.

(2) Multiplicativity: Let 01X - - - Ko, Mg and 01X - - - K gy, be irreducible generic
representations of Gy, (F) X -+ - X Gy, (F) xUpy+1(F) and G, (F) x - - - x G, (F),
respectively, withmy +---+my+no=nandry +---+r, =r. Assume that w
(resp. T) is the irreducible generic quotient of the representation of Uy, +1(F) (resp.
G, (F)) that is parabolically induced from o1 X - - - WMoy, K g (resp. 01 X - - - K op).
Then

k
Yy, mxt, )=y, moxt,¥) [[ y(s, 00 x 11, ¥)y (s, 6; X 12, %)
i=1
and

h
)/(S,JT X T, W)= Hly(svn XstW)
j=

Here we understand that T = 1) = 1t when E is a field.

(3) Unramified case: If all data are unramified, then

_ L5 7x)
y(s,mxt, )= Lo 2 xD)
when E is a field, and
(s, 7 x 7, ) = LU=$ AXT)LA =s, 7 XTT)

L(s,mxt)L(s,mxt")

when E = F x F. Here, the L-factors are defined from the associated Weil—
Deligne representations under the local Langlands correspondence for unramified
representations.

(4) Functional equation:

yG, wx T, )yl —s, 7 x T, ¥ =wp/r(=1)".

Here wg r is the quadratic character (possibly trivial) associated to E/F by the
local classical field theory.

(5) Dependence on r: Let @ € F*. Then

r(s—1
Y (5.7 X T, ) = 0 (@2 o @) (6 oz w0,

where w; = wr,wy, when E=F X F.
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(6) Minimal case: Assume thatn =0 andr = 1. Then
Y@, wxt, ) =y(s,BC(w) x 1, ¥) =Ag/r(¥)y (s, BC(7) X 7, YE)
if E is a field, and

Y, T XT, ) =y (s, T X1, Y)Y (s, T X 10, %)
ifE=F xF.

(7) Archimedean property: Assume that F is Archimedean. Then

y(s,m X T, %) =y (s, BC(w) x T, ¥) = Ag/r () # D"y (s, BC(7) x T, ¥E)

if E is a field, and

y(s, m xT,¥)=y(s, w X1, ¥)y(s, T X 12, ¥)
ifE=F x F.

(8) Global property: Let E | F be a quadratic extension of number fields with the
adeles Ay /Ap. Let I1 and Y be irreducible cuspidal automorphic globally generic
representations of Uz,11(Ap) and G, (A), respectively. Let ¥ be a nontrivial
additive character of A/ F. Then

LT@JixT)z(rlﬂ&nvxrmwwyfu—mJﬁx?y
veT
Here T is a finite set of places of F such that for v ¢ T, all data are unramified, and
LT(s,TIxY) = Hv¢s L(s, IT, x Yy) denotes the partial L-function with respect
to T, and similarly for LT (s, I x T).

Remark. Clearly, properties (1), (2), (3) and (5) are independent of Assumption 3.2
when F is non-Archimedean. Property (6) also does not rely on the assumption,
even if F is Archimedean, because in the minimal case, the local integrals essentially
reduce to local Tate integrals (see [39]). In contrast, property (4) does depend on the
assumption, even for non-Archimedean F, as its proof involves a global argument
(see Section 4.2).

By the standard global argument (see [25, Section 9; 32, Sections 5, 6]), proper-
ties (2), (3), (6), (7) and (8) uniquely determine y (s, w x 7, ¥ ). Since the Langlands—
Shahidi gamma factors also satisfy these properties, Corollary A follows directly.

We now discuss the proofs of these properties. Property (1) follows directly from
the definition of the local Rankin—Selberg integrals. Property (3) is established
through the unramified computations found in [4, Section 8] (for n > r) and [28,
Section 7] (for n < r). Note that when all data are unramified and |§|g = 1, we have

Cé,lﬁ(wr,r’ T, S) = )/(25 - 1’ AS(T)’ w)
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when E is a field (see [33, Proposition 2.3.1]), where As(t) denotes the Asai
transfer of t (see [4, Section 1]), and

C(S,W(wr,iﬂ T, S) = y(2s - 17 Tl X TZ; W)

when £ = F x F (see [30]).

The Archimedean property (7) follows from properties (2), (6) and Casselman’s
subrepresentation theorem. The global property (8) is derived from the functional
equation of the Eisenstein series (see, e.g., [17, (1.6)]), and the product formula

@1) Az, 6 (o) =1,

where v runs over all places of F.
In the remainder of this section, we will prove properties (4) and (5). The proofs
of properties (2) and (6), however, will be addressed in the subsequent sections.

4.2. Proof of Theorem 4.1(4). We follow Kaplan’s approach, as presented in [24,
Section 5], which relies on a global argument.
Since
Ae () = op F(=1),
we obtain

v, o x T, ¥)y(1—s,6 x &, %) =g/ () = wp/p(=1DF,

where o is any irreducible generic representation of Gy (F'). This result, along with
properties (2) and (6), implies that if both 7 and t are generic quotients of some
principal series representations, then property (4) holds. In particular, property (4)
is thus valid in the Archimedean case. Given this and the multiplicativity of the
gamma factors, we see that to establish property (4), it suffices to consider the case
where both 7 and t are supercuspidal.

Let E/F be a quadratic extension of number fields such that Ey/ FUO =E/F
for some place vy of F.Let Uy, bea quasisplit unitary group over F such that
Uz,,Jr 1(Fv0) = Uy,+1(F). Then by [32, Proposition 5.1], there exist irreducible
cuspidal automorphic globally generic representations I and Y of Us, 41 (A ;) and
G, (Ap), respectively, such that

(1) Iy, =m and Y, = 7;

(ii) for all finite places v # vy, the representations I1, and Y, have nonzero vectors
fixed by the corresponding Iwahori subgroups.

By (ii) and a result of Borel (see [7]), the representations IT, and Y, for all finite
v # Vg, are generic quotients of some unramified principal series representations.
We thus conclude that property (4) holds for all places v # vg.
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Fix a nontrivial additive character W of A/ F. By the global property (8),

LT(s, TIxY)
S, My x Yy, V) = —>2 -2~ 7
UDTV( v X Lo, o) LT(1—s, [Ix7T)
~ < LT(1—s5,TIxY)
l—s, Iy x Y, ¥ =252 %)
Ul;[TV( Sv UX Vo v ) LT(S,HXT) 3

where T is a finite set of places of F such that for v ¢ T, all data are unramified.
Particularly, vy € T, and we have

[Ty, Ty x Yo, W)y (1 —s, T, x Ty, W) =1.

veT

Since property (4) holds for all v # vy, we deduce that

y.mxt, W)y(l—s, 7 x T, ¥, =[] wg ;D
voFveT

=[] og,,p, (=" =wg/r(=1)".
Vo F£V

Finally, since W¥,, = v, for some o € F*, we can apply property (5) to obtain
the desired identity. U

4.3. Proof of Theorem 4.1(5). We divide the proof into two cases, depending on
whether E is a field.

4.3.1. E is a field. Assume first that E is a field. Define

dy =diag(1,a7 !, ..., 0™ e G, (F).

We claim
4-2) Cypod Wi, T, 8) = ¢y |det(d)| > Cyas(Wrr, T, 5),
where cg is the constant (arising from the choice of measures) such that
Ay, (W, T,58) =co Ay (Wry,, T, ).
To see this, observe that
flehia) = £ (h: dya)  for (h,a) € Up(F) x G, (F),

where & is an element in VIQJZ (t5). From the above observation, we can write (3-2)
(with ¢ replaced by ) as

[ R s d)9 Casi 1) d
Moy (P &

-1
=qCo Cl//a,ﬁ(wr,rv T,5) fl;bl[/(w T s)g’:,(wr,ru; dalr/)w(zagur,r—i-l) du.
Ner(F) rrsTs s
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Using the identities

-1 1 1 -1
£ s do ) = 852 (m(da))|det(@o) |2 FY aenye, (Wr it 1))

and
-1 —1 s—1 -1
IRy uny eosre, Wrortt: do 1)) =8 (m(da))|det(dy) | * f, fw(wn,.,r,s)pf,s (e Wrrtt' 1)),

where u’ ;= m(d}) um(d})~", and noting that u’ r41 = Urr+1, We obtain

y! o
/NQZr(F)fPr.s(m(d:;))Ss(wr,ruy IDY ™ Qaduyry1) du

=0 Cy, 5(wyy, T, 5)|det(dy) 3!

v ]
' /NQZ, oy A e g, (Wrr s 1)V 28Uy 1) du

after changing the variable u’ + u. From this, (4-2) follows immediately.
Now, by applying (4-2) to (3-4), we get
(4_3) Alﬁa (wr,l’a T, S)
r(s—1
= o7 @181 TV Cy s T ) Ay, (W T 5)

r(s—1 0, PR —r(s—1
= wr @l det(@o) |5 - w7 (@) as|; )

“Cyas(Wryr, T, 8)Ay (W, T, )
_1
— wr @)l det(da) |52 Ay (wrs T, 5),

where we use the fact that the normalization given in (3-4) is independent of §.
To proceed, we put

dy =diag@”, ..., a, 1, a7l ... a™) € Ugyp1(F).
Then as above, we have for v € V;,
Wle(g) = W) (dgg) for g € Uy (F).

In the following, we denote the local Rankin—Selberg integral defined using ¥,
by W, (v ®§;) for clarity. Suppose that n > r. Then since

il :=dgid;' € X, (F)
forii € X, (F),

do ]n,r(h) d(;l = ]n,r(mr(anda) hm, (anda)_l)
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for h € Uy, (F), and

Ady LY s ade) = 557 (@ dy)ldet@ d) 2 £ mi@td)h: 1),
we find that

vy (&)

-1
- [ WG, ) £ (s 1) diidh
Vu,, (F\Ua, (F) J X,y (F) :

- _] -
=)™ [ R /. W Gt ) f s ") di
Uy, 2r n,r

= 1 (@) 8,7 (m(@"dy)) det(@"do) 7 Wy (T (de)V ® pr,s (m (0" de) )£y )

after changing the variables i’ — & and m, (" dy) h m,(2"dy) ™' +— h, where c; is
the constant such that dit = ¢ du’.
By (4-3) and a similar calculation, we also derive

"I"g,r(v ® Axp(wr,r, T, 5)&s)

r S—l _1 S—l —25
— 1 w: (@) ally 2852 (m(@"dy))|det(@"dy) [y 1det(dy)| 2

X lI;ylil,r(ﬂ: (do)v® AI// (wr,r’ T,5) 05 (m(anda))és)

Together, we obtain

@n+1yr(s—1)

Y (s, T X T, Yo) = wr (@) el y(s. T X T, %),

which proves property (5) when E is a field and n > r.
Suppose that n < r. In this case, we have

IV de g dy ) =me(@"dy) J"(g) my(ady) !
for g € Uy41(F), and
i =m (" dy) iim, (o"dy) "' € X (F)
for it € X" (F). Note that
(W) nr (i) = Yrgnr (i0).

Using these, along with (4-4) and (4-3), we obtain, by a similar computation as in
the case n > r, that

(2n+1)r(s7%)

Y(s, T X T, Yo) = wr (@) | y(s, 7T X T, %)

when E isa field and n < r.
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4.3.2. E=F x F. Assume that £ = F x F. Define
dy, =diag(1l,a !, ..., @) e GL,(F)
as above. Note that in this case,

v Yl *
fe* (hiar,a) = f; (hidyar, dyas)
for (h,ay, ay) € GLy, (F) x GL,(F) x GL,(F).

Then a similar argument to that used in the case where E is a field shows that
-1 1-2
Cwa,s(wr,r’ T,5) = Co |det(doz)|E S Cw,aS(wr,r, 7,5),
where cg is the constant (arising from the choice of measures) such that

Ay, (W, T,8) =co Ay (W, T, 5).
We thus obtain
_ r(s—3) 1-2s
Ay, (Wrp, T, 8) = (@) || g 2 |det(de)| Ay (wyr, T, 5)

as before. Here w; = w, wr,.
Put

dy =diag(@”, ..., a, 1, a7 !, ..., a™) € GLoyy (F).

Then, for v € V,,
Wl (g) = WY (dag).

where g € GLy, 11 (F).
As in the case where F is a field, we have

i =dyitd;' € X, (F)
forii € X, (F),

da Jur (1) dg ' = Jur (my(@"de) oy (@ de) ™)
for h € GL,,(F) if n > r, and
I da g dg ) = mp (@ dy) )" (8) my (o do) ™!
for g € GLy,+1(F), and
i i=m,(@"dy) im,(&"dy)"" € X" (F)
for it € X" (F) if n < r. Note that when n < r, we again have

(Ve) gnr () = Y (@)
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Using these, we can perform similar computations to obtain

(2n+l)r(5—%)

2n+l|a|E

Y (s, T X T, Yo) = 0 (@) y(s, T X T, %).

This completes the proof for the case E = F x F, and thus the proof of (5). ]

5. Multiplicativity: preliminaries

In this section, we prepare the groundwork for proving the multiplicativity of the
gamma factors. Using induction in stages, we reduce the proof to the following
propositions:

Proposition 5.1. Let w and t be irreducible generic representations of Uy, 11 (F)
and G, (F), respectively. Suppose that 1 is the generic quotient of a representation
of Upny1(F) parabolically induced from an irreducible generic representation
o Mg of Gy (F) x Upy41(F) for some integers k > 1 and no > 0 with k +no = n.
Then

Here 11, Ty are irreducible generic representations of GL,(F) such thatt =1, X1,
when E = F x F, and we understand that 1) = 1) = © when E is a field.

Proposition 5.2. Let w and t be irreducible generic representations of Uy, 11 (F)
and G, (F), respectively. Suppose that t is the generic quotient of a induced
representation of G, (F) parabolically induced from an irreducible generic repre-
sentation T X t” of G,/(F) x G (F) for some integers r' > 0 and r"” > 0 with
r'+r” =r. Then

vy, mxt, )=y, mxt, )y, mxt’, ).

Recall that the meaning of the gamma factors on the right-hand sides is provided
in Section 4.1. The proof of Propositions 5.1 and 5.2 will be given in Sections 6
and 7, respectively. The following simple lemma allows us to reduce the proof of
Proposition 5.1 to the case n > r.

Lemma 5.3. Assume Proposition 5.2. If Proposition 5.1 holds for n > r, then it
also holds forn <r.

Proof. We apply a trick from Soudry (see [36, Section 0]). Assume that n > r. Let
o be any irreducible generic representation of G,, (F) with m > n such that the
normalized induced representation

T =Indy, 7} (r Ko)
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of G, 4, (F) is irreducible. Here P, ,, is the standard parabolic subgroup of G,
whose Levi subgroup is isomorphic to G, x Gy,.
On one hand, we have

Y@, m x Y, ) =y, mox T, ¥)y(s, o x T, P)y(s, 0 x T, %)
=y (s, w0 X T, )y (s, mo X 0, Y)Yy (s,0 X T, )
y(s,0 x0,Y)y(s, 0 X1, Y)y(s,0 x 0, ¥)
=y, o X T, Y)Y (s,0 X T, Y)y(s,0 X T, ¥) - y(s, 7w X0, ¥)

by the multiplicativity of the GL, x GL; gamma factors and the fact that m > n.
On the other hand, since

Yy, x T, )=y, axt, ¥y, mxo, )
and gamma factors are never zero, we obtain the desired factorization. ([

In the remainder, we prepare for the proofs of Propositions 5.1 and 5.2 in
Sections 5.1 and 5.2, respectively. Note that Sections 5.1 and 5.2 are logically
independent. Readers primarily interested in the proof of Proposition 5.1 (resp.
Proposition 5.2) can therefore safely skip Section 5.2 (resp. Section 5.1).

As in [27], we choose to prove Propositions 5.1 and 5.2 only when E = F x F.
This is motivated by two main reasons: the calculations for these two cases are
quite similar; and when E is a field, the computations closely follow, almost word
for word, the calculations in [34, Section 11]. Actually, our guideline for the proof
of Propositions 5.1 and 5.2 when E is a field is that of Soudry in [34, Section 11].
For the case E = F x F, we expect that the computations are similar to the case E
is a field. This is the idea behind our proofs.

To simplify the notation, references to the field F are omitted from the notation
in the remainder and the next two sections; thus, for instance, GL, means GL, (F).
We hope this will not cause a serious confusion.

5.1. Preliminaries for Proposition 5.1 when E = F x F. We start with recalling
the functional equations of the local Rankin—Selberg integrals developed in [20; 22].

5.1.1. Let 7 and o be irreducible generic representations of GL, and GLy, respec-
tively, with r > k. Let ng, £ be nonnegative integers satisfying no+£¢ =r —k—1. Let
W e W(z, Yg,) and W' € W(o, wG_le). Then the local Rankin—Selberg integral
attached to W, W', np and a complex number s is given by

a
/ / Wil x 1,
VGLk \GL4 Matno,k

)) W'(a)|det(a)|’~"7" dx da.

/2|
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This integral converges absolutely when Re(s) > 0, admits the meromorphic
continuation to whole complex plane and satisfies the functional equation

InoJrl
(5-1) w, (=) / w I
VGLk \GLy JMaty ¢ a X

W' (@)|det(a)| DT dx da

a
=y(s, T X0,V%) f WL x I
Var, \GLr JMaty i Ity

W/ (a)|det(@)|*~7 dx da.

We also record

(5-2) y(s, T X0, w)y(l—s,fxé*,w_]):l
and
(5-3) v, txo, v =0 (=)o, (=) y (s, T x 0, %),

which will be used in the proofs.

5.1.2. Let  be an irreducible generic representation of GL,,+;. We assume that
7 is the generic quotient of the (normalized) induced representation
Ind>""*! (o K )
where
e o (resp. 0 = o1 W o2) is an irreducible generic representation of GLyy, 1
(resp. Gg) with k 4+ ng = n; and
e P=M 5N is the parabolic subgroup of GLy,41 with the Levi subgroup

M13 = Gk X GL2n0+1
and the unipotent radical N5 consisting of lower triangular matrices.

Since the local Rankin—Selberg integrals are defined in terms of the Whittaker
functions of 7, we may actually assume that 7 is the full induced representation,
instead of merely the generic quotient.

We realize g (resp. o) in 1ts Whittaker model W (g, 1//U2n0 +1) (resp. W(o, ¥g,))-
Then the underlying space V, Lontt (r, ¥r) of  consists of smooth functions

Q: GL2n+1 XGk X GL2n0+1 —C

3Note that we use YU,, 4 here instead of ‘/’GLGO +1» as these two characters differ according to
our convention (see Section 2.4), despite the groups being isomorphic. A similar remark applies to
the character Yy, ,, below.
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satisfying:

 For a fixed (go, a) € GLy,+1 X Gy, the function

go— ¢(g; a; go)
belongs to W(mo, Yu,,..1)-
« For a fixed (g, g0) € GLay+1 % GL2j,,+1. the function

ar— ¢(g; a; &)
belongs to W(o, ¥g,).

o For (g, h) € GLG_H(F) X ﬁ, £0, /’lo € GLZno-H and a, be Gk,

1
@(hg; a; go) = d5(M)e(g: ab; goho),
where (b, ho) is the “Levi part” of 4 under the Levi decomposition of P,and 8 518

the modulus function of P.

GL2, +1

The Whittaker function W, attached to ¢ € Vﬁ

Jacquet integral

(7, ) can be realized by the

(5-4) Wole) = [ p0g: B BV 00 .
Np

where Np is the unipotent radical of the parabolic subgroup P of GLj,; that is
opposite to P, and ¥y, is the restriction of Y, ,, to Np. Formally, we have

Wy (ug) =y, )Wy(g) for (u, g) € Vgr,,,, X GLopy1 .

This integral may not converge absolutely; to rectify this, let ¢ be a complex
number and replace o by o, = o ® |det|~¢. The resulting induced representation
is ; and we take a holomorphic section ¢; instead of ¢ in (5-4). Now the integral
defining W, , which converges absolutely for Re(¢) > 0, admits a continuation
to the holomorphic function on the whole complex plane. Moreover, for a given
W e W(rm, Yu,,,,), there is a standard section ¢, of 7, such that W, = W (see [6]).

5.2. Preliminaries for Proposition 5.2 when E = F x F. We begin with some
notation.

5.2.1. For positive integers i, j, we define

Wi j = (Ii Ij) EGLH_]‘ and N,'JI{(I[ ;}) ‘XEMati,]‘}.

Note that wl_]1 =wj;.
If H is a subgroup of GL,, we define

O [ s (A
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On the other hand, if H is a subgroup of GLy,~, we define

1
H<>=[< h )‘heH}.
I

These are subgroups of GL,,.

In this subsection and Section 7, if ¢ is a representation of GL,j forj=1,...,h,
we denote by o1 x - - - X g, the normalized induced representation of GL;, ...y,
inducing from the representation o; X - - - X g;, of the standard parabolic subgroup
of GL,,+...+, whose Levi subgroup is isomorphic to GL,, x --- x GL,,.

5.2.2. Let T = t; X 1, be an irreducible generic representation of G, = GL, x GL,.
We assume that 7; is the irreducible generic quotient of 7} x 7}’ for j =1, 2, where
7| and 7} (resp. 7{ and 7)) are irreducible generic representations of GL,~ (resp.
GL,~) for some integers r’ > 0 and r” > 0 such that »' +r” = r. Since t; and
T; x T} have the same Whittaker model for j = 1, 2, we may actually assume that

=t xt and =T xT.
Then by induction in stages,

~

* / /% ~ / 1 VES /%
Prs =Tls X Ty g =T ¢ X Prrs X Ty g = (T] ¢ X T o) X (T 1y X Ty ),

where t” := 7' X ¢}’ is an irreducible generic representation of G,.

We now describe elements in the underlying spaces of these induced representa-
tions. Let P = Mp Np be parabolic subgroup of GL,, consisting of block upper
triangular matrices with the Levi subgroup

Mp =GL,» x GL,» x GL,» x GL,~
and the unipotent radical Np. Let
YT=1 Kt K K"
be an irreducible generic representation of Mp, and v, be a character of M p given by
vy(a, b, ¢, d) = |det(a)|~? |det(b)[*~ 2 |det(c)| >~ |det(d) |2
Define a generic character ¥/, of Vg, by
YL, (@) =V @12+ +Zr—1r — 2Zrr 41 — Zralrg2 — 00— 22r—12r)

and let 1//1’% be its restriction to Mp N VgL, .
The underlying space of rl/ ¢ X Prr s X ‘L’é*l_s consists of the smooth functions

¢s : GLy, x GLyy» xMp — C
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such that for 4 € GL,,, ', h"" € GLyy», a,b € GL,/, ¢c,d € GL,» and m € Mp,

a *x k . a
o oy (( n *)h; h”; m> = |det(ab™")| 2 ¢ (h; h'h'"; m( Ly ))
b b

1.
. ¢s(h; (C 2>h/; m) = Idet(cd_l)l_rzl% h; 'y m J ; and
I

o for each fixed (h, h") € GL,, x GLy,~, the function m > ¢;(h, h”, m) belongs
to W(Y, WJ/VL})’ the Whittaker model of Y with respect to wz/v;:

For each such ¢y, define the smooth function

& =&y :GLy xG, x Mp — C
by

(5-5) & (hs; ar, ax; m) 2853 ((al az))d)s ((a1 aZ)h; Dy m)

for h € GLy,, a1,a; € GL, and m € Mp. Therefore the underlying space of

(71, x 7)) x (t3% _, x 15% _,) consists of the functions & as ¢, varies, and (5-5)

K

defines an intertwining isomorphism.

5.2.3. In the following, we choose Haar measures on various unipotent subgroups
of GLy by defining them as product measures, where each root group is naturally
isomorphic to F. Then on F, we use the measure that is self-dual with respect to
the character ;.

Recall the intertwining operator Ay (w;,,, 71 ¥ 12, 5) and its normalized version
Ay (wy,r, 11 ¥ 12, 5) from Section 3.3. Since 71 and 7, are induced representations,
the normalized intertwining operator can be expressed as a composition of certain
(normalized) intertwining maps.

To describe this decomposition, let ¢; be an element in the underlying space of
T s X P X ‘52’?]7 , as above. Define an intertwining operator

4 " / /% / /%
Ay (w1 W1y, 8) € HomGLgﬁ(tl’s X Prrs X Ty g Ty g X Prre 1—s X Ty )
r

by the integral

" " I —1 /A 7| ~
AW(wr”,r”» T X1, S)¢s(h; h'; m) = ¢S(h; W, r”uh ; I2r”wr” r”mwr”»r”) du
Nr”.r” ’ ’

for Re(s) > 0, and by the meromorphic continuation in general. Here h € GL,,,
h e GLy»,m e Mp,

I I
~ 77
wr//’r// = Wyt 1 and Izr// == 12/’,// .
Ir/ Ir/
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Recall that 1], € GL;, is given by (3-3). The normalization Ay (w,» ,», T/’ K}, )
of Ay (wyr,», 7/ W7}, s) is defined to satisfy

bs(h; uh's Ty )Wy prir) du
Nr//'r//

" 1 —
= w8872 Ay (W pr, T/ RTY, )y (hs ult’s Iy )5 Wpr 1) dut.
Nr//,r//

Next, let & be an element in the underlying space of (7] . x7)%_ ) x(t

We define

4

%
1,s XTZ,lfx)'

Ay(w, (11X 1), 1/ K 1)), 5)

€ HOI’IIMQZr ((Tl/,s X Té/j—s) X (Tl//,s X TZ/TI—S)’ (rl//j—s X Tl/,s) X (T;,kl—s X Tlﬁ,s))
by the integral
Ay (w, (tj Ry, t{ W 13), )&/ (h; ai, ay; m)

, -1 1 -1
Z/ / E(h,w, uiar; w, uxay; o, mop ) duy dus
Lt Ny o ’ ’ ’

for Re(s) > 0 and by the meromorphic continuation in general. Here & € GL,,,
ay,ap; € GL,, m € Mp, and

(5-6) w = (w )
wr//,r/

The normalized intertwining operator Ay (w, (t] X 7', 7/ K 1)), 5) satisfies

‘/r/.r”‘/r”,

=/ Ay (w, (1 X1y, tf K 13), )&, (h; wr_,,lr,,ul; wr_,,fr,uz; Inp)
Nr/ r// Nr// r/

—1 -1
Eg(hy w s wo s Ip) Y () g — (2)r 1) duy duy

r

X Y (W) g1 — U2)pr prg1) duy dus.
Now we have (see [29])

S-7) Ay (wy,r, 11X 12, 5)
= Ay (wy, 115, ) Ay (w, (1] ¥y, 7' K1)), ) Ay (wpr o, 7' W), 8),

where 7’ :=7; X}, and
/ / 1% 1 /1% 7
Ay (w11 X 15,5) € HomGLg/(rz’l_s X Pris X Ty g» Ty g X Prrx 1-sXT] )
T

is defined analogously to Ay (w, ., 7/ K 7, 5).
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5.3. Conventions. We adopt the following conventions for the proofs of Proposi-
tions 5.1 and 5.2 in the following two sections.

First, similar to [24; 27], we prove them using formal arguments,* neglecting the
convergence issues. The convergence can be confirmed through standard methods,
as demonstrated in [4, Section 4; 28, Section 4]. Indeed, by applying the Iwasawa
decompositions, the problem is typically reduced to estimating Whittaker functions
evaluated on torus elements, possibly multiplied by certain unipotent elements.
These estimates are provided in [4, Lemmas 4.1, 4.3, and 4.6]. Similarly, we
also require estimates of sections evaluated on torus elements, possibly multiplied
by certain unipotent elements. These estimates are given in [28, pages 92-94].
Consequently, in the proof of Proposition 5.1, when considering the Whittaker
function for ¢ € V(ir, 1), we omit ¢ and pretend that (5-4) converges absolutely.

Next, in the proofs, we often need to show that one integral equals another,
even when their domains of absolute convergence may be disjoint. To establish
their equality, we proceed as follows: Since both integrals admit meromorphic
continuation to the entire complex plane, their equality can be understood in the
sense of their meromorphic continuations. Furthermore, as these integrals define
an element in the Hom-spaces (3-5) or (3-6), each of which is one-dimensional,
the equality follows from the uniqueness of such elements. Because this argument
is central to the proof, we will provide at least a brief explanation of it during the
proof of Proposition 5.1 (see Section 6.1.4).

6. Multiplicativity: the first variable

In this section, we focus on proving Proposition 5.1. The preliminaries relevant to
the proof are provided in Section 5.1. In particular, it suffices to consider the case
where n > r by Lemma 5.3. For convenience, let us define

L=r—n-—1
and v(a) = |det(a)| for a € GLy.
6.1. Proof of Proposition 5.1 when n > r. Let
peVE () and & e V¥ ().

Recall that

\Ijn,r((p ®&) = /

WY (@©) fe @) (@) I, 1)V, (@) did dg.
VGL2n+1 \GL2n+l xmr

4For the rigorous arguments regarding the establishment of the multiplicativity of the gamma
factors involving ¢, we refer to [34, Section 11].
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The goal is to establish

6-1) wo (=D 'y(s,01 x T, ¥y (5,62 X 1, ¥ HW, (9 ®E)

2/ NS / / f @(8; Ii, Ii; 8o)
NpVe GLy, 41\ GLantt Mate IMatee J VoL, o \GLang+1

X/ e, (ﬁJ”O”(go) (X y)J””(g); Ir,Ir)w;nlo_,.(ﬁ)dﬁdgodxdydg-

X0’

Here ng and GL{ | are the subgroups of GL;, 41 given by

2no+

. 21 0 b

Ve, = Dy 41 21,22 € Vo, (- Gy, 1= go
2 ik

and for x € Maty ¢ and y € Matyyx, we put

In0+1 Iy
(6-2) X = Iy and y =\ I y ]
I x Lyt

Note that for fixed g and x, y, the dudgp-integrations in (6-1) correspond pre-
cisely to the local Rankin—Selberg integral attached to mg and t. Using (6-1), we
can follow the arguments in [34, Sections 11.1-11.4] to establish Proposition 5.1
for the case n < r. Specifically, from (6-1), we derive

80 € GLoj 11 ]

T (s, 7 X T, ¥) = 0o (— 1) 0o (= 1DFT (s, mo x T, Y)y (5, 0 X 11, Y)Y (5,6 X 12, ¥),

from which Proposition 5.1 for n < r follows. Here w, := @, @, .
We remark that when 7 and t are unramified, a similar identity was obtained by
Morimoto and Soudry in [28, Theorem 7.5].

6.1.1. Substituting (5-4) in ¥, (¢ ® &) (see (3-8) with v instead of ¢), we obtain

(6-3) 08 Iis I ong DYy, ()

VGL2)1+1\GL2”+1 /;VP
X / fe, g™ (@); I, IV, (@) dii dy dg
xXnr

:/ / ©(yg; Ik, Ir; Iongr1)
Vaiy, 41 \GLont1 Y Np
X / fe, @)™ (v8); I, 1)V, (i) dit dy dg
Xn.r

=/A 9(g: Ik,lk;lzn0+1)/ Fe @™ (@); I, 1)V, () dit dg
xn.r

o
Ve, VGLGO " \GL2;+1
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0 e
VGL2n0+1 = <0 I
k

Fo @)™ (v8): I I @ di =9y () / fo g™ (9): I IV S), (@) di

where

20 € VGL2n0+| }

Here we have used

an
for y € Np.

6.1.2. To proceed, we need the integration formula:

/ F(g)dg
VG VaLy, 1 \GLan+1
/I; ’VG<>L2 \GLan /;/GLk \GLy /‘;GL;( \GL /Mdtk o /I;/Idtno k
Ino X Il‘lo
F 1 1 gldxdydadbdg,
L, L,
b y Ik
where P’ C P is the subgroup given by
a
_ x Iy,
P = 1 a,beGLy, x € Mat,,o,k, y € Matk,no
I,
y b

The integral (5 V&, \Glas . involves a slight abuse of notation; it should
be interpreted in terans of the Iwasawa decomposition of GL;,4; (see also [34,

page 69]):

/ F(g)dg= / / / F(pbk) dp db dk,
ﬁ/V(?L \GL2n+1 GL2u41(0) Y By i VGk\ﬁ’
2n0+l

where B,  C GLy,41 is the subgroup

1 |1, 12 € Ta,,

o o

Y™ e R O
c\
(b\
(e
~
;;
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Next, observe that for

a
x Iy,
[3 = 1 S I_)/
I,
by b
we have
oit’ := )" (p) Ly (p) € X, Yrgus (') = Vg (@) and dit = v(ab~ )~ dit';

2n+1—k

c0(pg; Ir, I; Iong+1) =v(ab™") "2 ¢(g; a,b; Lyy+1); and

a Ity
- — Clas—1=L -
'f&(u]"’r(pg)§ I.,I,)=v(ab 1)‘ 2 fgs<u/]n,r(g); (x I, ),( Iy, ))
s by b

These, together with integration formula, (6-3) becomes

CEN VN )
P GL2n0+l\GL2’l+1 X"

X/ f / / @(g; a,b; hygt1)
Vi, \GLi J Vo, \GLi J Maty , J Maty

_ a Iy
X fe N )" (@); | x L ; In
Ipyq y b

r—

X v(a)s_Tk 1)(17)_S+r;2k_”0 dxdydadbdudg
after changing the variable by — y.

6.1.3. Since
Ipy Ity Ii
]n() = ]n() [Z+1
y b b y In()

we can multiply (6-4) by

0o (=D y (s, o1 x T, Y Dy (L=s, 00 x B, )
and apply the functional equation (5-1) for GL, x GLy to obtain

6-5 (7
©> /ﬁ/VO \GLan+1 erwxn,r(u)

GL2n0+

X/ / / / @(g; a,b; hyyt1)
Voo, \GLk J Var, \GLk /' Mat x J Maty ¢

IrloJrl b Ik
X fe, \ug"" (8); L) |y L I,
a x In()‘i’1 Ino

x v(a)*~ Tty (b) =+ dx dy da db di dg.
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Now because

b Iy b Iy b
y I Ly =y L I =\ L y
In0+l Ino In0+l 1n0+1 In0+l

the above integral can be written as

6-6) f vl (@)
ﬁ/v@ \GL2n+1 xn.r X

GLlong+1

X/ / / / @(g; a, b; Lyyt1)
VGLk\GLk VGLk\GLk Mat, x J Maty ¢
In0+l b
X fe, | ug""(8); L|; | I by
a X Il’l0+1

x v(a) = ) T dx dy da db dii dg

after changing the variable y — by.
In summary, we have shown that

wo (1) "y (s, 01 x T, YTy (s, 00 X B YT (0 ®E)
is equal to (6-6), by taking (5-2) into account.

6.1.4. We pause here to explain the derivation from (6-4) to (6-5). First, it can be
formally verified that the integrals (6-4) and (6-5) satisfy the equivariant property
required in the definition of the Hom-space (3-6).

Next, by analyzing the asymptotic behaviors of Whittaker functions, one can
verify that the integrals (6-4) and (6-5) are absolutely convergent in certain regions
of the complex plane. Furthermore, when F is non-Archimedean, these integrals
admit meromorphic continuations to the entire complex plane. Together with
Assumption 3.2, this ensures that the integrals (6-4) and (6-5) define elements in
the Hom-space (3-6), for almost all s.

Note that the regions of convergence for the integrals (6-4) and (6-5) may not
overlap. However, since both integrals are elements of the Hom-space (3-6), whose
dimension is at most one, they must differ by a nonzero meromorphic function.

The final task is to identify this meromorphic function explicitly as

wo (=) ly(s,o1 x T, ¥y Dy —s,00 x T2, )7

To achieve this, one computes the integrals (6-4) and (6-5) using carefully chosen
test functions.

For further discussions about this type of argument, we refer the readers to [34,
Section 11].
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6.1.5. To continue, we write

~_[a T Irfk
a_< Ir—k> and b_( b)

for a, b € GL;, so that

Lyt b ;
I[ = x& and Ie by = yb,
a X Lg+1

where X and y are given by (6-2).
Note that for

we have

o ifii € X" and i’ := ciic™!, then i’ € X", Yrgu, (') = Yga, (1) and dit =
v(ab—YYdi';

2n+1
2

—k
e 9(g: a,b; Iyyp1) =v(ab™") @(cg; Ix, Ixs Tang+1)s
_ AP Cly_s_r=l TN
o fe (@) (g); %a; ¥b) =v(ab™)T T fi ((* 5)d'y(cg); I, ).
All together, the integral (6-6) becomes

6-7) f 0(g: T, s Tongs1)
P//VQ

GL
GL2”0+| \ 2n+1

Xf / f f&((’e ..)ﬁj””(g); Ir,lr):/ij,(ﬁ)dxdydﬁdg,
Xn.r Mat, x JMaty ¢ y ’

where P” C P’ is the subgroup given by

21
x 1

_ no
P’ = 1 71,22 € GLg, x € Matno,k, y € Matk,no R
I,

0

Yy 22

and we have applied the integration formula

Iy,
/ F(ﬁ)dﬁ:/ / F 1 v(ab™ )" da db.
P\ P’ Var, \GL« v Vo, \GLk Ly,
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6.1.6. The next step is to factor the dg-integral in (6-7) through the rest of the
unipotent subgroup N, namely, through the subgroup N ;3 C Np of elements

I
0 I,
u=\|d 0 1
d 0 0 I,
e o i 0 I
This gives
/ (g Ik, It Dngt1)

x/ / f / f&(()’c ..)ﬁ]"’r(u/g); Ir,Ir>1/fxn1,(12)dxdydﬁdu/dg.
% xn.r Maty , /Maty ¢ y ’

We proceed to compute i ;™" (u"). To do so, write

nroeo N L I,
o=t ) ()

with
Iy I 0
|0 1, o 1 -4 0
(6-8) L= d 0 1 - W=10 o Ly, » Z= d 0 0 ’
0 0 01 0 —3fi 0 I ¢ £ in0

where ¢/ = ¢ — %fldl.
On the other hand, every u € X™" can be written as

_ I ) (A B
(6-9) u:(D Ir) with D_(O C)’

where A € Mat; 11, B € Maty; and C € Mat,, 11 4.
Now a simple calculation gives

e (L I, I , (AL B
uj (u)_( W)(D/ I,)(Z L), WhereD_(0 W"C)'

Since (AL)ny1,6 = Any1,6, (W'C)1 1 =C1j and NS P" = Np VG, we find that
(6-7) is equal to

(6-10) (g I, Ix; Dny+1)

_V o
Np VGk VGL2n0+1 \GL2n+l

i L \.(L .
x f;) /n.f /N[atgvk x/ll/[atklfgs (( y) ( W) ! (Z Ir) ! (g)’ Ir’ Ir)

X Yo, (@) dx dy dii du' dg
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after changing the variables
AL+~ A and W 'Cw C.

Here we understand that du’ =dLdW dZ.

6.1.7. Next we compute

(x y) (L W) (x 'y‘)_l - <m_l ywr‘)

with
In0+1 —dx d I 0 f
xLi ' = I, 0] and yWy~!l= L yf |,
Ik In0+1
where

0
d= (d1> €Maty41 4 and f=(—3f1 0) € Mat 41.

It follows that

g L = (1 n,r .
fa(( y)( W)”(Z L)J (9); I,,[,)

. 7 Ir n,r
:w(dlxl_%yffl)ffx((x y>u<Z Ir).] " (8); I, Ir>y

where x; is the first column of x and yy is the last row of y.
From this, we see that (6-10) can be written as

e [ ot [ [ [ plan=byn)
NpVGngLZHOH\GLGJrl 5 J X JMatg , JMaty ¢

X = Ir n,r -1 /= — /
X fe, (( y)u<Z Ir>J (8),1r)1llxn,r(u)dxdydudu dg.
6.1.8. We continue to deal with the product

with i € X™" given by (6-9).
A direct computation shows

-1

i = (Z ; ) where H =%(D+ Z)x ' =yDx ' +yzx~".
r
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We now compute H term by term. For the first one, let

A" A B
D=0 0 C|].
0 0C

where A" € Mat;x, A € Maty 41, B € Mat; 4, C € Mat,,1; ¢ and C' € Maty .
Then we have

0C 0
yDi'=|A B" A’|, where B'=B—A'x+yC.
0C O

For the second, recall that Z is given by (6-8). We have

flo—ex €
jEZ)'c_lz yf' —ye'x ye' |,
0 —dx d

where

, —d
d = ( d;) €Matyp1 e and  f'=(f2 3f1) € Mat ot

It follows that
I f C'=ex e
i = (P; 1) with H = | A+yf’ B'—ye'x A'+ye
" 0 C—d'x d’

Now the observation is that, as # and u’ vary, the subgroup of GL,, consisting
of the elements u’, with x and y fixed, is exactly Xnor,

6.1.9. By changing the variables B’ +> B, ¢’ — e, and then
A+vyf'+—A, A'+yer—~> A", B—yex+>B, C—dx'—C, C'—ex—C’
in H, and noting that

(A+ 3 Vemor1 = Aengr1 +3ye /i and  (C—d'x)11 = Ciy —dix)

so that w;r (#) changes to

¥ (—dixi + 3y fi) Y gy, @),
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the integral (6-11) becomes

(6-12) (g I, Ix; Dyy+1)

Y %
NpV6 VL, 1y \Olant

s )
X"0-" JMaty x JMatg ¢ y

X Y, (@) dx dy dii’ dg.

To complete the proof, it remains to factor the dg-integration in (6-12) through
the subgroup GLY Let go € GL2yy+1. Then since

2np+1°
X I X
(D (( s )t
y I y
k
we get from (6-12) the right-hand side of (6-1). This finishes the proof. U

7. Multiplicativity: the second variable

In this section, we aim to prove Proposition 5.2. The preliminaries relevant to the
proof are provided in Section 5.2.

7.1. Proof of Proposition 5.2. Let ¢ be an element in the underlying space of
rl’,s X Prr.g X TZ/TI—S’ and & = &4 be given by (5-5). The goal is to establish

(7-1) (s, m x T//’ W)\Pn,r(l)@g‘_s) = \Ijn,r(v®§s/)’
where & = &4 is the one associated to ¢; by the formula similar to (5-5), where
Ay (wyr p, 1 K T3, 8)ps = L.

Note that it suffices to prove Proposition 5.2. Indeed, if ¢; (resp, ¢.") is the

element in the underlying space of rz” i X Prrg X rf , (resp. ré/ i X P g X r{/ J)

such that
Ay (w, (1] X1y, 1] K 1y), $)6p = &gy (resp. Ay (wy v, 71 K 1y, )y = @),
then (7-1) (with r” replaced by r’) gives
(s, m X T/, Y)W, (0@ Ep) =Wy, (V@ Egrm).
Since Ay (wy.r, 11 W 12, 5)&p, = &y by (5-7), we find that

s, xt, )T, x ", Y)W, (v Q&)
=T (s, T, Y)W, ,(V®Ey) =W, ,(VREyr) =W, , (VO Ay (W, 11K, 5)&p,)

and Proposition 5.2 follows.
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The above argument has already been employed in [24, Section 8] to establish
the multiplicativity of the gamma factors for other classical groups. Additionally,
note that we have implicitly used the fact that the Rankin—Selberg integrals and their

associated analytic properties can be defined and hold for the induced representation

!/ " 1% 1% s s / "
(Ty.5 X 71 ) X (1] X 75 _,), despite the fact that the representation 7; ; X 7y

,8

(resp. 755 _; x 3% _,) is not of the form 7, (resp. ni_,), for some representation 7

of GL,.
7.1.1. To prove (7-1), let
(7-2) fe(h; a1, a2)
2/ / E(h; w yurar wy usar; In,)

X W((Ml)r’,r’+l - (”2)r”,r”+1) duyduy

-3 (a1 1 f{a ~1
= §,° N h; I s 1 N
/Np/ d (( a2>>¢ (w ( aZ)u 2 MP)WN’”»” () du

for h € GLy, and ay, a; € GL,, where w is given by (5-6),
A ul
(7-3) Nr”,r/ = {( UZ) ‘ up € Nr”,r’a U € Nr/,r”}

and ¥ is the character of ]\A],//’ » defined by

W}\}r,,’r, (u) = v/(_ur’,r’+l + Z’tr—',-r”,r—',-r”—i—l)~

We note that f here is the same as the one given by (3-1) when E = F x F.
The proof of (7-1) is divided into three cases depending on the sizes of n, r and r”.

7.2. The case: n <r”. We put " =r" —n—1=> 0. Note that n < r” implies
b=r—n—1=r+20">r".

7.2.1. Recall that the integral ¥, (v ® &;) in this case is given by

v, 085 = WY (@) fe, @)™ (2); 1, IVWS), @) dit dg.

Vi, 41 \GLant1 J X"

By (3-8) and (7-2), it becomes

a4 [ W [ gl @
V6Ly, 11 \GLan 1 xmr

< | poCwTluity" (9): hers Inp)¥rg, (w) dudiidg.
Nr”,r/ !
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One checks directly that
W =uiu"' € X" and Vg, (@) = Yy (i)

foru € Nrw,r/ and i € X"™". Since dii' = dii, we can switch the order of u and i to
obtain

(7-5) / Wu(g) / Vo, (@)
VGLG_H \GL2j+1 Xn.r

x | s idugm(g); Iy IM,,)%{, (W) diidudg.
Nr”,r’ reLr

7.2.2. At this point, let N be the unipotent radical of the parabolic subgroup P
of GL;, that is opposite to P, and vy, be the character of Np given by

d/ (l’_l) { w(_ﬁr,l +ﬁ2r,r+1) if ¢ > 07
N5 () = _ _ _ _ .
g w(_nr,l +n2r,r+l +n2r,r _nr—i-l,]) if ¢ =0.
We now compute w liuw foru € X" and u € ]Q’r/gr/. Write
1 L x 0 O
_ o 1 and = I, 0 0
“=14 B I = Iy
D C 0 Ir’ Ir”

for some D € Mat,» ,», A, y € Mat,» ,», B € Mat,» ,» and C, x € Mat,» ,». We have

I Iy I
-1~ _ =/ x L _ =/ ~
W uuw = u = i n,
; c 0 I ;
r B A y I r

Ib" / ”) € X" and B’ = B + Ax. Note that 71 € Np. Then since

Ygor @DV, (W) =Yg @)Yy ()

the integral (7-5) can be written as

where u’ = (

/ Wu(g) / Yo @ f G5 (w1 (9); W' Tu, )Wy () dindid' dg.
VGL2)1+1 \GL2n+l xXnr Nl;

7.2.3. To proceed, observe that
e w T (gw = """ (g) for g € GLayyi;
e Njp is normalized by 7" (9);
e dit' =dit where i’ = ;""" (g)"'7i;™"" (g); and
o YN, () = Y, (R).
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From these, the above integral further becomes
f Uy, (@) Wi (2) / s w @ " (), )W, (@) dil’ dg dii
Np oLy, \GLant1 xmr

after changing the variable 7’ — 7.
As the inner integral is the Rankin—Selberg integral attached to 7 and t” for
each fixed n € Np, the functional equation implies that

I(s,m x TH» w)\pn,r(v ® &)

can be transformed into
/ Yyl ) Wy(s) / AT @ (9): I W, @) dil dgdii,
Np VGLy, 1 \GLlan i Xxmr

which is W, . (v ® &!) by the above derivations (with ¢, replaced by ¢;). Note that
here we also employ the argument in Section 6.1.4 to establish the equality. This
verifies (7-1) when n < r”.

7.3. The case: r"”” <n < r. Note that in this case, we have
b=r—n—1=r+0¢"-n-1<r.

To simplify the notation, we write n”’ =n —r”.
Let VC’ILZH+l be the subgroup of VgL,,,, consisting of the matrices of the form

z1 0 0 % =%
L 0 0 =x
1 00 with z1, 22 € VoL,
I,y 0
22

Also, let Nr’,, ~ and Nr’f, be the subgroups of I\A/,//,r/ consisting of matrices of

%

the form
I 0 * 0 0 0 Ly * 00 O 0
ILyyp 00 0 O L4y 00 0 O
I, 0 0 O I, 0 0 O
L, o « | 2d L o o]
Lirgy O Ly %
Ir// Ir//

respectively. Recall that I\A/rw,r/ is defined in (7-3).
The proof of (7-1) when r” < n < r is actually quite lengthy, and we divide it
into three steps.
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Step 1. As in the previous case, the Rankin—Selberg integral ¥, (v ® &;) is given
by (7-4). The first step is to show that ¥, (v ® &) can be written as

a6 [ Woe) [ vl @

V, GL. xmn.r
GLoj 41 GLZn”+1\ 2n+1

X f bs(w it )" (g); Ly Iyg,)du' dindg.
N/

!

The idea is to eliminate ]Q’r/i, .~ using a technique known as “root exchange”.
. . . . > V4 .
Roughly speaking, this involves replacing Ny, , with a subgroup of Vgr,,,, con-
sisting of elements of the form

To do so, let u € J\A]rw,r/ in (7-4) be given by

L. 0 x"0 0 0 L. x" 00 0 O
L,y 00 0 O Lnyy 00 0 O
_ I, 0 0 O Lo o o/} _ ,,
-7 u= I 0 L o0 o |4
In”+1 0 In”+1 y”
I I

with u’ € N), ., andu” € N, ..
We note that &' := u”iiu”~! is contained in X™”. Indeed, if

I
0 In”+l
i 0o 0 1
(7'8) u= A A" B I,
0 0 C" 0 Ly
0 0 C 0 0 I
then
I
0 In”-‘rl
7= 0 0 Iy
A/ A/// B Il ’
0 0 C” 0 Lny

0 0 C 0 0 I

where A” = A” — A’x" and C"" = C" +y"C’.
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Now if we write

(79  x"=] x), y”=(y},), A/=(§}>, C'=(C] €y,
Y2 2

where A}, (resp. x7) is the last row (resp. last column) of A’ (resp. x”), and C|
(resp. y{) is the first column (resp. first row) of C’ (resp. y”), then (7-4) becomes

(7-10) Wy (g)

VGLz,,_H \GL2p+1
< [ @ [ [ e Wy (9): B Ly)
Xn,r Nr”,r’ N’.//yr/
x Yo @y (A + ¥ C) du’ du” dii dg

after changing the variable i’ — .
Here we use the facts that du’ = du and Y. (it) changes to

Ypnr @)Y (Ax3 +y{CY)
after changing the variable, as well as that 1//1%”1/ w) =1y Sy .

7.3.1. To proceed, let

Lo x] 2xf 0 0
Le 0 0 0

= Z(xi/, xé/v )’i/, yé/) = 1 0 _yi, € VGL2n+1
In// yé/
Ir//
with x/’, y}/ (j =1,2)as in (7-9).
We have
Ly x{ x§ 00 —xJ 0 O
L, 000 0 O 0
100 0 0 —y
e I, 0 0 O 0 (L Z\
)= L o o0 o~ L )"
1 0
In” yé,
Ir//
where u” € N ", . is as before (see (7-7)), and
0 —xi 0 xjyy
0O 0 0 0
Z=25 =g o o _y | €Mt
0 0 0 0

with lower left corner 0 € Maty ;.
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Since
_ —1 Vi Il _n,r _ Ir —Z n,r
YUy @)=V (@) and u’j™(g) = ;)7 (ze8)
! r

the integral (7-10) can be written as

(-11) WG [ vl

VoL, 11 \GL2n+1

—1-(1 —Z n,r . .
X / / / / / s (w wu ( I )J (z8); Iy IMp)
Nr/”.r’ Matr”,n” Matn”,r” Matr/ﬁl Matl.r” r

x T (AQx) +y)Cy) dyy dxb dyy dx| du' dindg.

7.3.2. We continue to compute (with u € xXnr given by (7-8))

i1 ¢ Iyt
L z\.(1 -z\ _ I 0 I -
< 1,)”( 1,) = I, a A B I =bu,
In+1 0 c o0 In+1

where
o —x} 0 gy
A= (A" A, C:(C,> and B =B+ A 00 0 |C
00 —yf

with center 0 € Mat,,» ,,». Note that ii”” € X"
To explain ¢ and a, we further denote

A" = (A} A}) and c”:(%},),
2

where A7 is the last column of A”, and CY is the first row of C”. Then

_xé/cf_i_xé/yi/ci/
c= 0 and a=(A'x) 0 Alx{—A'x]y]),
_yi/c/
where the center zeros of ¢ and a belong to Mat,» , and Mat, ,~, respectively.
Now we write

L, 0 0c 00 0 O L 000 0 0 0 O
Ly, 00 00 0 O Ly 000 0 0 O
1000 0 O 1¢70 0 0 O

I, 00 0 O I, 00 0 O I

b= Iz 0 0 da [g a 0 0 _bb ’
1 0 O 1 0 O
Ly 0 Ly O

Ir” Ir”
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where
C/ — _xé/cl +xgyilcl/’ C// — _yi/ /’ a/ — Alzlxi/ _ A/xé/yi/’ a// — A/xé/
so that

(I, —Z . I, -7 110 =11
u( Ir>_( Ir)bbu.

Since ' commutes with (1’ _,Zr ) and

( Ly 00 0 0 0 0 0\
100 y 0 0 0
I, 0 0 0 0 0
(1, —Z N Lo —xJyy 0 —x5 0O
w ( 1,)’”— L 0 0 0
I, 0 0
1 0

\ )

we find that
A -1 —Z\ ., —1 1yt =1 n,r
¢S (w u u( I ).} ’ (Zg)9 12)‘”7 IMp) =¢S(w u bb u .] ’ (Zg)’ IZ}’”a IMp)

Asb e Nr’, .» we can change the variables u” — u and u’b’ — u’ in the integral
(7-11) to obtain

(7-12) Wozg) | v, @)
VaL,, 1 \GL2ut1 xmr

=1 /1y =_n, ) )
Xf / / f / ds(w u'b"ug"" (zg); Lyrs ITmp)
r/” o Matr//_n/r Matn//,r// Matqul Matl,ru

x N (ALY + ¥ C) dyy dx} dyl dx| du' didg.

7.3.3. To accomplish the first step, observe that u’ also commutes with »”, and

I, 0 0 0O 0 0 O 0
1 —y/C"' 0 00 0 0
I, 0 0 O O 0
Y L 0 0 O 0
Wb w = L» 0 0 0
I, A'x) 0
1 0
In//
These imply

ds W Wb iy (28); s Iygp) ¥~ (ASx) + Y CY)
= ¢ (w™ Wi )" (28); Ioyr; Iu,).
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Therefore, (7-12) can be further changed into (7-6). This finishes the first step.
Step 2. The second step is show that the integral (7-6) can be further written as

(7-13) W) | v @)

’ O =
VGLG_H VGLGqul Xn,r”\GLZnJrl Xn.r” xnr

x | s Wiy (g), by, In,) du’ dii dx dg.
N/// r/
Here the dg-integration is understood in the sense of the Iwasawa decomposition,

as previously explained.
We first factor the dg-integration in (7-6) through X n.r to obtain

’ O nr
Vg Ve, » s X

(7-14) ) | wio [ uila
X, \GLon 1
+1
% / by (w0 ()" (2), Doy Dy, i dii d dig.
N///r/

At this point, we claim that &' := ;™" (%)~ liy""(¥) € X"" and ¥rg., (@) =
Vi (it). Indeed, if

1
X1 In” _
)E = 0 0 1 (= Xn "
0O 0 O Ly
0 0 0 xp I»
then
X : Lo 1
JP(x) = ¢ I , where X;=| x; L» and X, = [0 I, .
¢
X, 0 0 1 0 x3 1
Since
In+l
o 1
=1 4 B
0 C 0 Iy

with Y., (1) = ¥ (Ag 41 — Cy,1), a simple computation shows

In+1
ﬁ/ _ 0 IZ
“lax, B I

0 X,'C 0 Iy,

with (AX1)¢n+1 = Agny1 and (XZ_IC)M = Cy,1. These prove the claim.
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Now the integral (7-14) can be altered to

(7-15) | wio [ vl
Xn,r” Xnr

/ O =
VGLZnJrl VGLZH// Xn,r” \GL2n+1

+1
Xf bs (™ j (X)) (), Ty, Iny) du' dit dX dg
N///r/

after changing the variable " — i, and employing the fact that dit’ = du.

7.3.4. To proceed, let u’ € I\A/;,,’r, be given by (7-7). We have

u/]n,r(i) — ]n,r()z) (Zl Zz) I/t/,

where
Ir// 00 0 Ig 0 y/xz 0
1= I"N(l) xlox and zp = ! IS// 8
I I
Since
1,1”00x10000\
10 0 0 00 O
I, 0O 0 00 O
—1 n,r/ = _ Ir// 0O 00 O
w T Ew = L 00 x
I, 0 0
1 0
Ly
and
(1,1” 0 —x;x’ 0 000 0
1 0O 0 0 00 O
I, 0 0 O0O0 O
1 {21 . L 0 00 O
W 2y Ly 00 0
Iy 0 y'x;
1 0
In”
we find that

22

b5 (w ™ J"T ()i (g), Dy, Iny) = s (w“ (“ )u/a 7)), Iy, IM,,)
= ps(w™ Wity (g), Ly, Iny).

From these, we see that (7-15) becomes (7-13). This verifies the second step.
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Step 3. The last step is to establish (7-1). We first factor the dg-integration in (7-13)
through j, ,»(GLp,~) to obtain

(7-16) _ WX nr(h)g)

<> X /
Vet r VLo o, X dn s Gloy\GLanir J Vary,, \GLoyn J X,

x [ _w;nl,,(ﬁ)/A, b5 (W i) (o (h) @), Iopr, Ing,) du’ ditd dh dg.
Xn,) Nr”.r,

” , . .
Here VLo denotes the subgroup of V6L,,,, consisting of matrices of the form

L 0 0 % O
L, 0 0 =%
1 0 0
0

Ir”
and the dg-integration in (7-16) should be understood in the sense of the Iwasawa

decomposition.
To continue, let u” and & be given by (7-7) and (7-8), respectively. We have

Lyt
0o I
A= 0 x' Ln
(7-17) wonuw = 0 ¢ 0 L ,

A’ B A y/ IZ
0 C" 0 0 0 Iy
where B’ = B+ y'C’.

Let Y be the subgroup of GL,, consisting of the matrices similar to those given
by (7-17), but with B’ replaced by arbitrary matrices B € Mat, ;. We adapt /5.,
to be the character ¥y of Y. More concretely, if j € Y is given by (7-17) (with B’
replaced by B), then

Yy(3) = (A ) wg1,6 — (C)H10).

With these, we see that (7-16) becomes

(7-18) '3

% ve X, Jy o (GLy)\GLo, 1/171//7
GLy; 41 GLG/,Jrl n,r’"Jn,r 2r n+

<), WG g QG (W™ " (), Ty, Tty ) dE dR d dg.
VGL2r” \GL,,» S X, o

7.3.5. To finish the proof of the case r’ <n <r, let h = (¢%) € GLy» with
a,b,c,d e Mat,» ,». We have

1
w_ljn’r(.]n,r”(h))w = ( h )
I
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Now the key observation is that the subgroup Y, the character Yy and the Haar
measure dy are invariant under the conjugation of w=! ;™" (;, .~ (h))w. It follows
that

(f)s (yw_l,]n’r(]n,r”(h)g)’ 12r”a IMP) = ¢s()7w—1]"’r(g), h, IMp)

Consequently, the integral (7-18) can be changed to

—-1,-
(7-19) L [v'o
V(/}L2n+l VGLG//+1 Xn,r” -]n,r” (GLZr“)\GL2n+1 Y

y / WG Wb G (g) e Iy, dE dR 5 d.
VGLZr” \GL,,» J X, .1

Since the inner integral in (7-19) represents the Rankin—Selberg integral attached
to w and t” for every fixed g € GL;,4 and j € Y, we conclude that (7-1) holds
when r” < n < r by the same argument as in the proof for the case n < r”.

7.4. The case: r <n. By (3-7) and (7-2), the Rankin—Selberg integral ¥, , (v ®&;)
is equal to

(7-20) f / Wo(E gn.r (W) s (w ™ uh, Lopr, Iy )5 () dudzdh.
VGLzr\GLZr Xn,r Nr” » Nr”,r’

Since Ji,- () € Vory,., for u € Nyr,r and Yoy, (s ) =¥ 5! (u), we find
that ’

WoCnr (0h) = Y Unr @) Wolh) =Yg )Wy (w).

As a result, the integral (7-20) can be written as
(7-21) f f Wy G R i, (1)) s (w ™ uh, Loy, Ty, du d dh.
VGL2r \GLzr Yn r Nr” »

We claim that " := j,, ()X j,., ()" € X,,., and dx’ = dx. For this, define

I L, x 0 0 0 0 O
0 I L, 0 0 0 0 O
Ay Ay I, IL,.,0 0 0 O
(7-22) x=]10 0 0 1 , U= 1 0 0 O
0O 0 0 01, I, 0 0
0O 0 0 0 B Ir I,y
0O 0 0 0 By 0 In I
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Then

Iy
0 Ir/
Ay A I,

=10 0 0 1
0 0 0 01,
0 0 0 0 B, Iy
0 0 0 0 B, 0 In

with A}, = Ay — Ayx and B} = B, + yB;. This verifies the claim.
From this, we see that the integral (7-21) can be altered to

(7-23) Wy (% Jn.r wh)) s (w™ uh, Doy, Iy,)dudxdh

VGLQ, \GLo, /Xn.r 1\7,//',/

= / / Wv(ijn,r(h))(ps(wilh, Ly, Iy,)dx dh
VMP’NQZr\Gsz Xn.r

after changing the variable X" — X.

Here P’ C GL,, stands for the parabolic subgroup of block upper triangular
matrices whose Levi subgroup Mp' is isomorphic to GL,» x GL,» x GL,» x GL,~,
and we put Vi, = Mp N Vg, .

7.4.1. Let I\V/,//’ ~ be the subgroup of GL,, consisting of the matrices of the form

I

* [,/

0 0 I

0 0 x IL»

We factor the dh-integration in (7-23) through I\V/rn,rr to obtain

(7-24) Wy (% jur Gh) @5 (w ™' 5h, Lo, Iy, ) dy d dh.

Vi Nog, Ny 1 \GLa, /XW Nyt

As before, the dh-integration should be understood in the sense of the Iwasawa

decomposition.
Now if
1 Ly yi 00
- Y1 L N7 1= _ 0 5, 0 0
=19 o 1 € Ny then w™ yw= Loy |
0 0 Y2 Ir” Ir”

which implies

s (W Sh, Dy, Ingy) = ¢ (W h, Lyr, Inyg,).
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We thus conclude that (7-24) becomes

(7-25) Wy (& Jnr (Fh)) s (w ™" h, Iopr, Iy, ) dy dX dhr.

Vit Noy, Ny 1 \GLa, ./X,,,, Ny

7.4.2. We proceed to compute X j, - (y). Let x € X nrbeasin(7-22)and y € ]\V/rn,,r
be as above. We have

(v
i Iy
0 0 I,
=10 0 0 1
0 0 0 01,
0O 0 0 0 0 I.
KO 0 0 0 0 y L
so that
(i
i Iy
Al AZ Iy
i]n,r()_})= 0 O 0 1 s
0O 0 0 01,
0 0 0 0 By Iy
0 0 0 0 By y I

where B| = B| + y2 B>.
We can decompose x j, -(y) as

L L

Y1 Ir’ 0 Ir’

A 0 I, 0 Ay I,

00 0 1 00 0 1 =7y
0 0 0 01 0 0 0 017,

00 0 0 0 I 0 0 0 0 B Iy

00 0 0 By y I 0 0 0 0 0 0 I»

Observe that ¥ € X, ». On the other hand, let ](7;,,’,, be the subgroup of GLy,+1
consisting of the matrices y’ (as A, B, vary).
Then the integral (7-25) can be written as

/V _ Wv(j//y/]n,r(h))qbs(w_lh, Dy, Inyp) dx" df/dh
Ny X

n,r

/;/MP, Ng,, N, ,/\GLy,

r
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7.4.3. The last step is to factor the dh-integration in the previous display through
Lyr (GLZr”):

(7-26) v / /
Vig Ny Mot gt 15, (Gl \GLa, I N, I Ve, , \GLy,

MP’ Qo

X/ Wy ()E”yljn,r(lr,r” (h/)h))¢s (willr,r” (h/)h, Iy, IMp) dx” dh/d)_]/dh
X

n,r!”

Here VJ(/I,)/ (resp. N /er) is the subgroup of V), (resp. Ng,,) consisting of the
matrices of the form

Ir// Ir// 0 k 0
Z Iy % x

. resp. L0
Ir” Ir//

forz,7 € V6L, and 1,7 : GLy,» <> GLo, is the embedding given by

a b
b
h/ = (j d) = 12r/ ’
c d
where a, b, ¢, d € Mat, ..
Since
I
w g (hyw = W
I
we see that

bs (W e (B, Do, Ing,) = s (w™ R, B, Iyg,).

Moreover, since J, (1,7 (h")) = ju. 7 (h) and ¥’ g, v (h') = jn»(R')Y’, the integral
(7-26) becomes

(7-27)

V}(/[P’ N,QZr Nr”,r’tr,r” (GL,,7)\GLa, »/1‘\/;,/1, /‘;GLZr” \GL,,

X | WoG g (BT gur (W)™ R 1 Iy,) dX" dI' d dh.
Xn.r//

As the inner integral in (7-27) represents the Rankin—Selberg integral attached
to v and t” for every fixed h € GL,, and y’ € Nr’,,’r,, we conclude that (7-1) holds
when r < n using the same argument as in the proof for the case n < r”. This
conclude the proof of (7-1), and also the proof of Proposition 5.2. U
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8. Minimal case

In this final section, we prove Theorem 4.1(6). We mention that when E is a field,
Kaplan also did similar computations in [24, Section 6.1].

8.1. Preliminaries. Recall that § € E* is an element such that § = —§, and we
have put A = 8% € F*. Moreover, when E = F x F, § = (89, —80) for some
50 e F*.

8.1.1. Suppose that E is a field. We have an isomorphism

-1

SLz(F) - SUz(F); h] —> <8 l)hl (8 1)

It then follows from the Hilbert’s Satz 90 that every & € U(F) can be written as

o () )

for some @ € E* and iy € SL,(F). Note that det(h) = aa~".

-1

8.1.2. Let 7 be an irreducible representation of £*. Therefore, T = x is a character
of EX if E is a field, and 7 is of the form x; X yx, for some characters i, x2
of F* when E = F x F. We denote by yq the restriction of x to F*. Note that
t*(a) = x(@ "if Eisafield, and t* = x, 'Ky, ' if E=F x F.

Since Q> = By,, the intertwining map (see Section 3.3)

Ay(wii,T.9) Ve (1) = Vil (7))

is given by

Ayttt = [ s lun du.
Vu, (F)
Given that Vy, (F) = F, the Haar measure du is self-dual with respect to v, when
E = F x F. On the other hand, when E is a field and we identify F with E°
through the mapping x — §x, the Haar measure becomes |§ |}E/2 times the self-dual
measure with respect to ;.

The normalized one Ay (wy 1, 7, 5) is defined to satisfy

(8-2) f E, (wnauh)Y () du
Vi, (F)

= T(5)|5|S57% / Ay (wi 1, T, )& (i uh) Y (1 2) du.

2(
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Here v/’ is the character of E given by ¥'(x) = ¥ (8x) when E is a field, and
V' = Y5, when E = F x F. As pointed out before, the Haar measures du in both
sides of the identity above can be chosen arbitrarily, provided they are consistence.

8.1.3. Let ¢ € S(F?) be a Bruhat—Schwartz function, s € C and & € U»(F). We
define the Godement section fy (h; T) attached to ¢ and T by

(8-3) fE ) = x@lal} [ 9. 0h)xo0li[F d*1
if E is a field and & is written as (8-1), and
®-4)  fl(h; T) = xi(det(h))|det(h)| /FX @0, DR X1 x2 (Dt | d ™t

iftE=FxF.

Since the integrals (8-3) and (8-4) are essentially the Tate integrals (see [39]),
they converge absolutely for Re(s) >> 0 and admit the meromorphic continuation
to the whole complex plane. Moreover, it is not hard to check that f(—; 1) is
well defined when E is a field, i.e., independent of the decomposition (8-1) (see [3,
Lemma 2.5]), and that

fE(=7) € Vg (1)

provided that the integral is defined at s (see [3; 21]).
To describe the action of the intertwining map Ay, (w1, 7, s) on ff(—; T), we
define the Fourier transform ¢ of ¢ by

o) = [ [ oG wwaey—wo)dzdu,
where dz, dw are the Haar measures on F that are self-dual with respect to ;.
The following lemma plays a pivotal role in our computation.
Lemma 8.1. We have
s+l o

X OIS A (=) ifE s afield,

xi(=Dff (=) ifE=FxF.
Proof. Assume first that E = F x F. Then by (5-2), (5-3) and [8, Proposition 4.5.9],

we have

/ & (wr uh) ' (uy.2) du
Vu, (F)

Ay, T, 9) fH(= 1) = {

1
= x2(=1) 180l 7 v 2s—1, x1x2, ¥25,) /V (F)Aw(wl,l, T, $)&s (w1, 1uh) Y’ (u12) du.
U

for & € Vg{i (ty). Since

25—32
Y (2s — 1, x1x2, ¥2s,) = x1x2(0) ISOIFS SyQ2s—1, x1x2. ¥2)
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we find that

Ay (w1, 7,8) =y2s =1, x1x2, ¥2) Ay (w11, T, 5)

by comparing with (8-2).
On the other hand, if & = f;, then

(8-5) X1 (=Dy@s =1, x1x2, ¥2) Ay (wy 1, T, 8) [ (hs ) = f_ (h; T°)
by the results in [14, Section 4.B]. Together, we conclude that
Ay (w1, T, 9) (=) =xi(=Df (=),

which verifies the case where £ = F x F.
Next, assume that E is a field. Let 7o = 1 X xg be an irreducible representation
of F* x F*, where 1 stands for the trivial character of F*. We have

fE ) = x(@)lalg ff (hi; 10)

provided that £ is of the form (8-1). In particular, we can reduce the computation
to the previous case.
Since

1\ /1 8x 51 5 N /1 x\ /s
wo ()= L)C)E D)
where x € F, we find that

_1 ~
x =081, 2y 2s — 1, xo, Y2) Ay (w1, T, 8) fE (T2 T) = fL (s T5)
by (8-5). It follows that

87 x =88l 2y @2s — 1, x0. Y2 Ay (i1, T, ) fE(hs T) = f (h; T%)

for every h € Uy (F). Note that the term |8|‘1€/ 2 arises due to the choice of measures.
In the remaining computations, let dx be the measure on F that is self-dual with
respect to ¥r». We apply (8-6) to compute

f FEwru; )Y (w1 2) du
Vu, (F)

L) () )pssan
= x (6 OI8 Lf;"((_l 1) (1 f);ro)wzlmx)dx

T /F /F x0T Y (A ) ¥ d

It is clear that the above integral converges absolutely for every s.
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By replacing ¢, x and s with ¢, x* and 1 — s, respectively, and by applying the
Fourier inversion formula, we compute

f £2 s T ) du
Vi, (F)
— X ® f / Bt 00X Ol 295 (A %) 1 dx
F JFX*
=x(8)|5|§;1/f (A7 )% Ot Z oy H(ex) d*t dx
F X
=0l [ [ gt ol s o ads

= x(=1) FE i qu; Y Nuy ) du.
VUz(F)

From this and (8-7), we deduce
Ay (wi1,7,8) =y 2s — 1, xo0, ¥2)Ay (w11, T, 5)

by comparing with (8-2). Therefore,

_ —s+3 ;¢
Agin, T ) f(= 0 = x T Ol (= ).
This finishes the proof. ([l
We record the following corollary from the proof of Lemma 8.1:

Corollary 8.2. We have

y(2s =1, x0, ¥2)Ay (w11, T, 5) if E is a field,
y@2s — 1, x1x2, ¥2) Ay (w11, T, 5) IfE=FXF.

8.2. Proof of the case where E is a field. Note that in this case,

Aw(wl,uf,S):{

U(F)=E':={ac EX||a|lg=1}.

On the other hand, the Hilbert’s Satz 90 induces the exact sequence

- F*3S px S Bl
Here id stands for the identity map and t(a) = aa~! for a € E*. We can therefore
identity U (F) with EX/F*.

The representation 7 of U; (F) is now a character n; of E'. By pulling back, we
obtain a character n of E* that is trivial on F*. Note that 7 is the standard base
change of n; to GL|(E) = E*. The representation 7 is also a character of £*, and
we denote it by yx as before.
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8.2.1. Our aim is to prove

(8-3) C(s,m X x, ¥) =m(=Dy(s,nx, VE).

To achieve this, we establish a connection between the local Rankin—Selberg inte-
grals and the local Tate integrals by invoking the Godement sections introduced in
Section 8.1.3.

LetveV, and & € v},ﬂgz (xs)- The local Rankin—Selberg integral Wy | (v ® &)
is of the form

(8-9) f n(@)& (" (@) da = / n(@)& (" @a™")) d*a,
Ui(F) EX/Fx

where the embedding ;%! : Uj(F) < U,(F) is given by
0,1 . l 1+Ol ) Y
sm@=3 (l—a 1+a>
fora € U (F).

By [12, Lemma 3.1], we may assume that & = f; (—; x) for some ¢ € S(F?).
Then by letting @ = aa~' with a € E* and the decomposition

01, N_ 01, =—1\_ (@ ) 1 (a " +a "' s Ya"'-a")\ /(6
= aah=(" ) 1)5(8<a—a) i+a |

we get that (see (8-3))

-1

8-10) &G (@) = £ @a"; x) = x@lal}; /F x<I>(ta)XO(t)lt|%“' d*t.

Here for a € E, we have put

o) :¢<5(&—a) Zz—i—a),

2 2
which is a Bruhat—Schwartz function on E.

Now (8-9) and (8-10) imply

(8-11) ‘Po,l(v®§s)=/ d(a)nx(@lal’ d”a,
EX

which is exactly the local Tate integral attached to ® and ny.

8.2.2. Next, we compute Wy 1 (v® Ay (wi, 1, x, 5)&) with & = f. By Lemma 8.1
and the above calculations (with y, ¢ and s replaced by x*, ¢ and 1—s, respectively),
we find that

) i / —5 gX
(8-12) wo,uv@Aw(wl,l,x,s>ss>=x—1<—5)|6|5*2/ ' (@)nx*(a)laly* d*a,
E><
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where

o' (a) = @(5(&2_“), ay;)

forae E.
To complete the proof, we claim

TN
(8-13) @' (a) = 18|} - P(—da),
where & is for the Fourier transform of ® with respect to ¥ g given by
da) = / ® (b)Y i (ab) db
E

and the Haar measure db on E is chosen to be self-dual with respect to ¥g.
Assuming the claim for a moment, we see from (8-11), (8-12) and the functional
equations for the local Tate integrals (see [8, Section 3.1]) that

o (0@ Ay (w1 X, 9)8) = x =SB [ S(=samx*@laly d*a
_ _ 3 -1 1—s gx
=mD [ d@e0 " @laly d*a

=mDyGnxve) [ e@nx@lald*a

=m =Dy, nx, ve)Wo1(v®E;s).
From this, (8-8) follows.

8.2.3. It remains to verify the claim. We note

[r®av=1s1; [ [ fe+sw)dzdu

forevery f € L'(E). Here db is the Haar measure on E that is self-dual with respect
to ¥ g, and du, dv are the Haar measures on F that are self-dual with respect to .
Now, write @ = x + 8y for some x, y € F'; we have

A 1
b(—sa) = 81} [ [ @@+swia(-AxwtAyz)dzdu
1
- |8|1%:/F/F¢(—Aw,z)wz(—Axw—I—Ayz) dzdw
_1
=85> /F/Fgo(v,u)wz(xw+Ayz) dzdw
_1
= [8]z° @' (a).

This proves the claim, and thus completes the proof of the case where E is a
field. (]
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8.3. Proof of the case where E = F x F. In this case, the representation 7 of
GL,(F) = F* is acharacter n of F*, and the representation t of G;(F) = F* x F'*
is of the form x{ X x, as before.

Our aim is to prove

(8-14) L(s,n x 7, 9) = n(=Dy (s, nx1, ¥y (s, 1~ x2, ¥).

The idea is again to connect the local Rankin—Selberg integrals to the local Tate
integrals by using the Godement sections.

LetveV,and&; € V%L 22 (ty). Then the local Rankin-Selberg integral Wy | (v®&;)
is of the form

Yo (V@ E,) = fF @& @) d*a,

where the embedding jO’l :GL;(F) «— GL,(F) is given by

o1 . 1(1 1\[1 11
P-4 )06

As before, we may assume that & = £ (—; 7) for some ¢ € S(F?). For the ease
of notation, we put

11 1 ;L
ho—§<1 _1) and ¢ = p(ho)e,

where p stands for the right translation of GL,(F) on S(F 2). Note that hy I = 2hy.
At this point, we further assume that

@' (x, ¥) = p1(x)p2(y)
for some Bruhat—Schwartz functions ¢, ¢ € S(F).

8.3.1. Using (8-4), we compute
(8-15) Wo1(v®§&;)
- / 1@E () (@) d*a
F><

:/ n(a)f;ﬂ(hg‘ (1 )ho; r)dxa
Fx a

=f / 0 @lals @', —tay O d*t da
F* JFX*

:nX1(—1)(fowz(a)nm(a)lal}a’xa>(/wal(t)n_lxz(t)ltl}dxt),

which is essentially a product of two local Tate integrals.
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8.3.2. We continue to deal with W (v ® Ay (w11, 7, 5)&). By Lemma 8.1 and
the above calculations (with 7, ¢ and s replaced by 7*, ¢ and 1 — s, respectively),
we obtain

(8_16) lyo,l(v@Alll(wlvl’ X’S)ES)
=m0 [ [ o @l o ) Ol dda,

where we put ¢’ = p(ho)@.
Now, we claim

(8-17) 90y =127 (-2, =2) = 2061 ().
Here for f € S(F), we define the Fourier transform f of f by
for= [ ronwaydy,

where dy is the Haar measure on F that is self-dual with respect to .
Assuming the claim for a moment, we derive from (8-15), (8-16) and the func-
tional equations of the Tate integrals (see [8, Section 3.1]) that

Yo, 1(v® Ay (wi 1, X, $)&s)
=nxix2(=1) /FX /FX o't a)nxy N@lal T Ol d¥td a
= 0D [ eOn ) Ol ) ([ i@ @lalg d*a
F* Fx

=n(=Dy (s, nx1, ¥)y (s, 0 x2, ¥)Wo.1 (v Q).
From this, (8-14) follows.

8.3.3. It remains to verify the claim. We begin with verifying the first equality
in (8-17), which is a special case of

p()$ = |det(h)|5' p(h)
for h € GL,(F) and ¢ € S(F?), where

w=( ) ()

In fact, a simple calculation shows

pdx ) = [ [ o wma(@w (1) () dzdw

=1detlz' [ [ o wpvs(u(_y ) (}))dzdw
= |det(h) |7 p (W) (x, y).
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To establish the second equality in (8-17), we note that if dpz (resp. dz) is the
Haar measure on F' that is self-dual with respect to ¥, (resp. V), then drz = |2|1F/2dz.
Now, we compute

o~ Xy 1 , Zy  wx
27 -5 -5 ) =12 : —2 4 = ) dozd
12| ¢ (0( ) 2) 12| 7 /F/F‘/’(Z w)lﬁz( 2+ 2) 22 daw

=/frpl(z)wz(w)W(—zerwx)dzdw
FJF
=02 (x)P1(—y).

This verifies the claim, and we have completed the proof of Theorem 4.1.
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