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DAVID BRADLEY-WILLIAMS, PABLO CUBIDES KOVACSICS

AND IMMANUEL HALUPCZOK

If a reduced bivariate polynomial is quasihomogeneous, then its discriminant
is a monomial. Over fields of characteristic 0, we show that if one adds
another simple condition, this becomes an equivalence. We also give a third
equivalent condition that is stated geometrically.

1. Introduction

Recall that a bivariate polynomial f ∈ C[x, y] is called quasihomogeneous if
there are integers w, α, β with α, β not both equal to 0 such that every nonzero
monomial ci j x i y j of f satisfies

w = αi + β j.

In other words, f is quasihomogeneous if the nodes of its Newton polytope [2] lie
on a line. One calls α and β the weights of x and y, respectively, and (w; α, β)

the type of f . Note that we do admit negative weights, so, for example, the
polynomial 1 + xy + x2 y2 is quasihomogeneous of type (0; 1, −1). Be aware
that quasihomogeneity with strictly positive weights is usually called weighted
homogeneity; this has also other equivalent characterizations; see, e.g., [10].

The purpose of this note is to provide, for reduced bivariate polynomials f ,
a characterization of quasihomogeneity which is local geometric, in the sense
that it suffices to verify given conditions at every point of the Zariski closure
in P1

× P1 of the variety defined by f . Here and also in the remainder of this note,
P1

= P1(C) = C ∪ {∞} is the one-dimensional projective space over C, and we
more generally identify varieties with their C-valued points. Varieties do not need
to be irreducible.
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Our main result also states yet another equivalent condition about f in terms
of the discriminant of f with respect to one of the variables; this condition is an
explicit algebraic reformulation of the geometric characterization.

Before stating the main result, let us recall the definition of discriminant (see, for
example, [3, Chapter 12]).

Definition 1.1. Let f (x, y) ∈ C[x, y] \ C[x] be a polynomial. Set n := degy f and
let fn ∈ C[x] be the yn-coefficient of f , considering the latter as a polynomial in y.
The discriminant of f with respect to y is the polynomial Discy( f ) ∈ C[x] such
that for every a ∈ C,

Discy( f )(a) := f 2n−2
n (a)

∏
i< j

(bi − b j )
2,

where the bi are the roots of f (a, y). (For n = 1, one sets Discy( f ) = 1.)

If V ⊂C2 is the variety defined by a polynomial f =
∑

i≤m, j≤n ai j x i y j
∈ C[x, y],

where m = degx f and n = degy f , then its Zariski closure in P1
× P1 is defined

by f̂ (x, x̃, y, ỹ) =
∑

ai j x i x̃m−i y j ỹn− j . We call f̂ the multihomogenization of f
(see later Definition-Notation 2.5).

Here is the precise formulation of our main result.

Theorem 1.2. Let f (x, y) ∈ C[x, y] be a complex bivariate polynomial written
as

∑n
i=0 fi (x)yi where fi ∈ C[x], and f0, fn are nonzero polynomials. Suppose

that f is reduced, i.e., no irreducible factor appears multiple times. We write f̂ ∈

C[x, x̃, y, ỹ] for the multihomogenization of f . Then the following are equivalent:

(A) f is quasihomogeneous where the weight of x is nonzero.

(B) f0, fn and Discy( f ) are (nonzero) monomials (in x).

(C) The subvarieties of P1
× P1 defined by f̂ and y f̂y have no common point

within C×
× P1 (where f̂y denotes the derivative of f̂ with respect to the

variable y).

Note that our result is not symmetric in the variables x and y, and to be more
precise, what we characterize is quasihomogeneity with the additional condition
that the weight α of x is nonzero. To obtain a full characterization, one could
combine our condition with the variant interchanging x and y, while the case α = 0
is anyway simple to characterize.

Implications (A) ⇒ (B) and (B) ⇔ (C) are easy to show. (The proofs of (A) ⇒

(B) ⇒ (C) are given at the beginning of Section 3.) What is surprising is (C) ⇒ (A)
(respectively, (B) ⇒ (A)), which is our main result.

While we have stated and first prove the result over C, the conditions permit
an easy generalization to polynomials over arbitrary fields of characteristic 0. The
argument is given in Section 4, where we also show how to deduce a similar result
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about geometrically reduced polynomials over fields of sufficiently big positive
characteristic (see Theorem 4.1). That argument for large positive characteristic
requires some basic knowledge of model theory; for the convenience of the reader,
we provide an informal introduction to this basic knowledge.

Our result is somewhat related to Bernstein–Kouchnirenko’s theorem [5] (see also
[2, Theorem 1] for a newer exposition), which expresses the number of common
zeros in (C×)2 of two polynomials f, g under a certain genericity condition in
terms of the mixed volume of their Newton polytopes. Indeed, suppose that (C)
holds, so that f̂ and y f̂y have no common zero in C×

×P1. This implies that f and
g := y fy have no common zero in (C×)2. Provided f and y fy satisfy the genericity
condition, Bernstein–Kouchnirenko’s theorem implies that the mixed volume of the
Newton polytopes of f and y fy is 0. Therefore, the nodes of the Newton polytope
of f must lie on a line, that is, f is quasihomogeneous. While one can use this
approach to prove Theorem 1.2 under an additional genericity assumption on f ,
for general f the polynomials f and y fy need not satisfy the genericity condition
needed by Bernstein–Kouchnirenko’s theorem. The main point of our result is
that the conclusion nevertheless holds without further assumptions on f and y fy ,
whereas the genericity assumption in Bernstein–Kouchnirenko’s theorem cannot
simply be removed.

The idea of the proof of (C) ⇒ (A) is the following: Let X ⊂ P1
× P1 be the

Zariski closure of the variety defined by f , and on X , consider the function

h : X → P1, (x, y) 7→
y fy(x, y)

x fx(x, y)
.

(It might not be well defined everywhere, but for the sake of this sketch, let us pretend
it is.) Using a well-known criterion for quasihomogeneity (see Lemma 2.2), one finds
that if f is not quasihomogeneous, then h is not constant on X . Since X is projective,
this implies that there exists (a, b) ∈ X with h(a, b) = 0. It turns out that h(a, b)

cannot be zero if a ∈ {0, ∞}, so a ∈ C×, and from h(a, b)= 0, we deduce that (a, b)

is a root of y fy(x, y), contradicting (C). To see that h(0, b) ̸= 0 (the case h(∞, b)

is similar), we express the branches of X near x = 0 as Puiseux series: assuming
y =

∑
r∈Q br xr , one verifies that the limit limx→0 h(x, y) essentially only depends

on the minimal r with br ̸= 0, and one in particular obtains that the limit is never 0.

2. Auxiliary results

We start with the following simple but useful feature of the discriminant followed
by two lemmas on quasihomogeneity (for Lemma 2.2 see also, e.g., [6, Exercise 3
on p. 37]).

Fact 2.1. For every a ∈ C, Discy( f )(a) = 0 if and only if f (a, y) and fy(a, y)

have a common zero or degy f (a, y) < degy f (x, y). □
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Lemma 2.2. Let f ∈ C[x, y] be a polynomial. Then f is quasihomogeneous if and
only if there are w, α, β ∈ C, not all zero, such that

w f = αx fx + βy fy .

Proof. Write f as
∑

ci j x i y j and let I be the support of f , that is, the set given by
I = {(i, j) ∈ N : ci j ̸= 0}. Then

(2.3) x fx =

∑
(i, j)∈I

ici j x i y j and y fy =

∑
(i, j)∈I

jci j x i y j .

If f is quasihomogeneous of type (w; α, β), then using that we have w =αi +β j
for (i, j) ∈ I , one easily deduces that w f = αx fx + βy fy .

For the converse, suppose there are w, α, β ∈ C, not all zero, such that w f =

αx fx + βy fy . Then, by using (2.3) and comparing monomials, for every (i, j) ∈ I
we obtain αi + β j = w, which means that f is quasihomogeneous. We note that
w, α, β can be taken to be integers, since all (i, j) ∈ I have integer coordinates. □

Lemma 2.4. Let f ∈ C[x, y] be a quasihomogeneous polynomial of type (w; α, β)

with α positive and α, β coprime. Then, there are integers k, k ′, ℓ, d ⩾ 0 and
c, a1, . . . , ad ∈ C× such that f , considered as a Laurent polynomial, can be writ-
ten as

f = cxk yℓ

d∏
i=1

(ai − x−β yα) = cxk′

yℓ

d∏
i=1

(ai xβ
− yα).

Note that at least one of those two expressions is a product of polynomials
(depending on the sign of β).

Proof. Write f =
∑n

i=0 bi xki yℓi with n ⩾ 0, bi ∈ C×, ki , ℓi ∈ N, where the
numbering is chosen so that ℓ0 < · · · < ℓn . Since f is quasihomogeneous of
type (w; α, β) (and using that α and β are coprime), we have

f =

n∑
i=0

bi xk0−βmi yℓ0+αmi

for some mi ∈ N. (That mi is nonnegative follows from the assumption that α > 0
and that ℓ0 ⩽ ℓi for all 0 ⩽ i ⩽ m.) This can be written as

f = xk0 yℓ0

n∑
i=0

bi (x−β yα)mi = xk0 yℓ0 · g(x−β yα)

for some polynomial g ∈ C[z] whose constant coefficient (which is equal to b0) is
nonzero, so we find d ∈ N and c, a1, . . . , ad ∈ C× such that

f = cxk0 yℓ0

d∏
i=1

(ai − x−β yα),
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establishing the first expression for f . For the second one, we pull out x−β from
each factor of the product to obtain

f = cxk0−dβ yℓ0

d∏
i=1

(ai xβ
− yα),

so it remains to verify that k ′
:= k0 −dβ is nonnegative. Indeed, this expression has

a monomial of the form cxk′

yℓ0 · (−yα)d , so we must have k ′ ⩾ 0 since no negative
power of x appears in f . □

Definition-Notation 2.5. (1) By a multihomogeneous polynomial of multidegree
(m1, . . . , mn) we mean a polynomial f ∈ C[x1, x̃1, . . . , xn, x̃n] such that every
monomial of f has the form ax i1

1 x̃m1−i1
1 · · · x in

n x̃mn−in
n .

(2) Given a polynomial f =
∑

ai1···in x i1
1 · · · x in

n ∈ C[x1, . . . , xn] of degree mi in xi ,
we define its multihomogenization f̂ ∈ C[x1, x̃1, . . . , xn, x̃n] as

f̂ :=

∑
ai1···in x i1

1 x̃m1−i1
1 · · · x in

n x̃mn−in
n .

Note that any multihomogeneous polynomial g ∈ C[x1, x̃1, . . . , xn, x̃n] defines
a subvariety of (P1)n . As mentioned before (in the case n = 2), if f̂ is the mul-
tihomogenization of a polynomial f ∈ C[x1, . . . , xn], the variety defined by f̂
corresponds to the Zariski closure in (P1)n of the subvariety of Cn defined by f
(via the natural embedding of Cn into (P1)n).

Remark 2.6. If f̂ , ĝ, ĥ are the multihomogenizations of polynomials f, g, h ∈

C[x1, . . . , xn], then we have f = gh if and only if f̂ = ĝĥ. In particular, f is
irreducible if and only if f̂ is irreducible.

For the following lemmas, we use the following assumptions and notation (which
will be relevant for the proof of (C) ⇒ (A)):

Assumption 2.7. We fix the following objects:

• f̂ ∈ C[x, x̃, y, ỹ] is a multihomogeneous irreducible polynomial which is not a
monomial (i.e., not equal to any of x , x̃ , y, ỹ).

• X ⊂ P1
× P1 is the irreducible projective variety defined by f̂ .

• X0 ⊂ X is the Zariski locally closed set given by

X0 =
{
([x : x̃], [y : ỹ]) ∈ X : x f̂x(x, x̃, y, ỹ) ̸= 0

}
.

• V ⊂ (P1)3 is the projective variety defined by the multihomogeneous polynomials
(in the variables x, x̃, y, ỹ, z, z̃)

f̂ (x, x̃, y, ỹ) and z̃ y f̂y(x, x̃, y, ỹ) − zx f̂x(x, x̃, y, ỹ).
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• h : X0 → P1 is the function sending each ([x : x̃], [y : ỹ]) ∈ X0 to the unique
[z : z̃] ∈ P1 such that ([x : x̃], [y : ỹ], [z : z̃]) ∈ V . More specifically,

h([x : x̃], [y : ỹ]) =
y f̂y(x, x̃, y, ỹ)

x f̂x(x, x̃, y, ỹ)
∈ C ⊂ P1.

• V ′
⊂ V is the Zariski closure of the graph of h.

Remark 2.8. Note that those assumptions have the following symmetry: if we set
f̂ #(x, x̃, y, ỹ) := f̂ (x̃, x, y, ỹ) and let V ′#

⊂ (P1)3 be obtained using f̂ # instead
of f̂ , then ([x : x̃], [y : ỹ], [z : z̃]) ∈ V ′# if and only if ([x : x̃], [y : ỹ], [−z : z̃]) ∈ V ′.
To see this, it suffices to verify that X0, V and h (and hence also V ′) do not change
if we replace x f̂x(x, x̃, y, ỹ) by −x̃ f̂ x̃(x, x̃, y, ỹ) in the definitions of X0, V and h.
Indeed, it is clear that X0 does not change; to see that V and h do not change either,
write f̂ =

∑
ci j x i x̃n−i y j ỹm− j . Then

x f̂x =

∑
i, j

ici j x i x̃n−i y j ỹm− j and x̃ f̂ x̃ =

∑
i, j

(n − i)ci j x i x̃n−i y j ỹm− j .

This implies that x f̂x + x̃ f̂ x̃ = n f̂ . Therefore, for any ([x : x̃], [y : ỹ]) ∈ X , we
have that x f̂x = −x̃ f̂ x̃ .

Remark 2.9. Remark 2.8 holds analogously if one swaps y and ỹ instead of x
and x̃ (and again changes the sign of z).

In the following, we write Y Zar for the Zariski closure of a set Y ⊂ (P1)n .

Lemma 2.10 (under Assumption 2.7). We have XZar
0 = X and π12(V ′) = X , where

π12 : (P1)3
→ (P1)2 is the projection to the first two coordinates.

Proof. Set

Y :=
{
([x : x̃], [y : ỹ]) ∈ (P1)2

| x f̂x(x, x̃, y, ỹ) = 0
}
.

Since dim Y = dim X = 1 and X is irreducible, in order to conclude XZar
0 = X ,

it suffices to show that X is not contained in Y . If X is contained in Y , this implies
that f̂ divides x f̂x . For degree reasons, this would mean equality up to a factor
from C×, which implies that f̂ is either a monomial (namely equal to x) or not
irreducible and hence contradicts the assumptions.

For the second part, note that

π12(V ′) = π12(graph(h)Zar)
(⋆)
= π12(graph(h))Zar

= XZar
0 = X,

where the inclusion “⊃” in (⋆) uses that since π12 is proper, it sends the closed set
graph(h)Zar to a closed set. □

Note that above any point of X , there are only finitely many points of V ′.
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Lemma 2.11 (under Assumption 2.7). V ′ and
{
([0 : 1], [1 : 0])

}
×P1

×{[0 : 1]} are
disjoint.

Proof. By Remarks 2.8 and 2.9, it suffices to prove that V ′ and {[0 : 1]}×C×{[0 : 1]}

are disjoint. Since this last set is a subset of C3
⊂ (P1)3, we can (for simplicity)

dehomogenize everything: setting f (x, y) := f̂ (x, 1, y, 1) ∈ C[x, y], we consider
the restriction of h to X0 ∩ C2, which is given by h(x, y) = y fy(x, y)/(x fx(x, y)),
and what we need to show is that the Zariski closure of its graph and {0}× C ×{0}

are disjoint.
We first treat the point (0, 0, 0). Afterwards, we will reduce the general case to

this one.

Part 1: proving that V ′ does not contain (0, 0, 0). By (a version of) Puiseux’s
theorem [1, Corollary 1.5.5], we can write f as

(2.12) f = uxr
k∏

i=1

(y − si ),

where r ∈ N, u ∈ C[[x, y]] is an invertible power series in x , y and each si is a
Puiseux series in x , that is, si ∈ x1/N C[[x1/N

]] for some N ≥ 1. (Following the
convention of [1], in a Puiseux series, we allow only strictly positive powers of x .)
Without loss of generality, replacing x by t N for some suitable large integer N , we
may suppose that all exponents in the series are integers, and therefore, we can work
with power series. Indeed, note that by setting f #(t, y) := f (t N , y), we obtain
that the corresponding map h#(t, y) = y f #

y /(t f #
t ) satisfies Nh#(t, y) = h(t N , y).

Therefore, the corresponding set V ′# contains (0, 0, 0) if and only if V ′ does.
Next, note that in (2.12), we have r = 0. Indeed, set q = u

∏k
i=1(y − si ) ∈

C[[x, y]] ⊂ C((y))((x)) and let vx denote the x-adic valuation on C((y))((x)). Then,
we have vx(q) = 0 (since u is invertible and vx(y − si ) = 0). On the other hand,
since qxr

= f ∈ C[x, y], we have q ∈ C[x, x−1, y]. In particular, we can write q as∑
i∈I ai x i with a ∈ C[y] and I a finite subset of Z. But since vx(q) = 0, we must

have ai = 0 for all i < 0. Therefore q ∈ C[x, y]. If r > 0, then f = xr q would not
be irreducible, hence r = 0.

Since u is invertible, there is an open neighborhood U ⊂ C2 of (0, 0) where u
does not vanish. Hence X ∩ U is the union of the graphs {(x, y) ∈ U | y = si (x)}

of the power series si . Moreover, let us assume that U is small enough so that
X ∩ U = X0 ∩ U .

Note that for each of those power series, if we take x in such a way that
(x, si (x)) ∈ U , then we have

(2.13) −s ′

i (x) =
fx(x, si (x))

fy(x, si (x))
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(where s ′

i denotes the derivative of si ). Indeed, composing the map (id, si ) : C → C2,
x 7→ (x, si (x)), with f gives the zero map (because f is zero on the graph of si ).
Thus, the derivative of the composed function is zero; expressed using the chain rule,
this means fx(x, si (x)) + fy(x, si (x)) · s ′

i (x) = 0. Since fx(x, si (x)) ̸= 0 on X0,
this firstly implies that the above denominator fy(x, si (x)) is nonzero and secondly,
we obtain (2.13).

Note that si is not the 0 series, since otherwise, by irreducibility of X , X would
consist only of P1

× {0}, which contradicts f̂ not being a monomial. Thus we can
write si (x)=

∑
j⩾Mi

bi, j x j for Mi ⩾1 and bi,Mi ̸=0. Then s ′

i (x)=
∑

j⩾Mi
jbi, j x j−1

and hence

lim
x→0

h(x, si (x)) = lim
x→0

si (x) fy(x, si (x))

x fx(x, si (x))

= lim
x→0

−
si (x)

xs ′

i (x)
= lim

x→0
−

∑
j⩾Mi

bi, j x j∑
j⩾Mi

jbi, j x j = −
1

Mi
̸= 0,

where the second equality is by (2.13). Applying this to each of the si shows that
(0, 0, 0) does not lie in the closure of graph(h) in the analytic topology. The closure
of the graph in the Zariski topology is the same, so (0, 0, 0) /∈ V ′.

Part 2: proving that V ′ does not contain (0, y0, 0), for y0 ∈ C×. Consider the change
of variables y 7→ y + y0, i.e., set f #(x, y) = f (x, y + y0). Note that

h#(x, y) =
y f #

y (x, y)

x f #
x (x, y)

=
y fy(x, y + y0)

x fx(x, y + y0)
=

y
y + y0

h(x, y + y0).

By part 1, (0, 0, 0) does not belong to the closure of the graph of h#. Therefore
(0, y0, 0) does not belong to the closure of the graph of h. Indeed, if (xn, yn) is a
sequence of points in X0 converging to (0, y0), then limn→∞ h(xn, yn) = 0 would
in particular imply limn→∞

yn
yn+y0

h(xn, yn) = 0. □

3. Proof of Theorem 1.2

Suppose f =
∑n

i=0 fi (x)yi is a reduced polynomial such that f0 and fn are nonzero
polynomials. We show

(A) ⇒ (B) ⇒ (C) ⇒ (A).

(A) ⇒ (B): Suppose f is quasihomogeneous of type (w; α, β) with α ̸= 0. Without
loss of generality we may assume that α > 0 and that α and β are coprime. It is clear
that f0 and fn are monomials. To see that Discy( f ) is a monomial, by Lemma 2.4,
we can write f both as

cxk yℓ

d∏
i=1

(ai − x−β yα) and cxk′

yℓ

d∏
i=1

(ai xβ
− yα),
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where one of the two expressions is a product of polynomials, and where the ai

are nonzero. Suppose the former is a product polynomials (so β ⩽ 0), the other
case being similar. Since f is reduced we have that 0 ⩽ k, ℓ ⩽ 1 and all ai must be
different. Moreover, for every e ∈ C×, the equation ai − e−β yα

= 0 has no multiple
roots. Therefore, also f (e, y) has no multiple roots. Since fn is a monomial,
we also have fn(e) ̸= 0, so we obtain (by Fact 2.1) that (Discy( f ))(e) ̸= 0 for
all e ∈ C×. In other words, the only possible root of Discy( f ) is 0, meaning that it
is a monomial.

(B) ⇒ (C): Suppose (B) holds but f̂ and y f̂y have a common zero ([a : 1], [b : b̃]) ∈

C×
×P1. Since f0 is a monomial, we must have b ̸= 0, as otherwise, f̂ (a, 1, 0, b̃)=

f0(a)b̃n
= 0 would imply that a = 0. Similarly, b̃ ̸= 0, since fn is a monomial.

Hence, without loss of generality, b̃ = 1. Therefore,

f̂ (a, 1, b, 1) = f (a, b) = 0 and b f̂y(a, 1, b, 1) = b fy(a, b) = 0.

Since b ̸= 0, the latter implies fy(a, b)= 0. By Fact 2.1, we obtain Discy( f )(a)= 0,
which implies that a = 0 since Discy( f ) is a monomial, a contradiction.

(C) ⇒ (A): We first reduce to the case of irreducible polynomials.

Claim 1. It suffices to prove (C) ⇒ (A) when f is irreducible.

Proof. Let f be a polynomial satisfying (C), that is, f̂ and y f̂y have no common
root in C×

× P1. Suppose further that f = gh and that the implication (C) ⇒ (A)
holds for g and h. We show that f is quasihomogeneous with nonzero weight of x .
By Remark 2.6, we have that f̂ = ĝĥ. Moreover, the usual derivation rules imply

y f̂y = ĝ(yĥ y) + ĥ(yĝy).

This shows that ĝ and yĝy (resp. ĥ and yĥ y) have no common root in C×
× P1 as

otherwise f̂ and y f̂y would have one. Therefore, by assumption, both g and h are
quasihomogeneous with nonzero weight of x . If either g or h is a monomial, it
is easy to see that f is quasihomogeneous, so we are done. So suppose g and h
are not monomials. In order to deduce (A) for f , it suffices to verify that g and h
have the same weights (up to some factor), so suppose otherwise. In that case, we
will see that g and h have a common zero in (x0, y0) ∈ C×

× C×. This implies that
([x0 : 1], [y0 : 1]) is a common root of f̂ and y f̂y , contradicting the assumption.

As a referee pointed out, the existence of such a common zero (x0, y0) follows
from Bernstein–Kouchnirenko’s theorem, as, e.g., stated in [2, Theorem 1]. Indeed,
from g and h being quasihomogeneous of different weight ratio, one deduces that
they are Newton-nondegenerate (in the sense of [2, Definition 4]) and that the
mixed volume MV(1g, 1h) of their Newton polytopes is nonzero. The existence
of (x0, y0) then follows from [2, Theorem 1].
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We nevertheless give a self-contained argument for the existence of a common
zero (x0, y0) of g and h. Using Lemma 2.4, write

g = cxk yℓ
∏

i

(ai xβ
− yα) and h = dxk′

yℓ′
∏

j

(b j xδ
− yγ )

for integers k, ℓ, k ′, ℓ′, α, β, γ and δ with α ̸= 0, γ ̸= 0 and c, d, ai , b j ∈ C×,
and where neither of the products over i and j are empty. The weight difference
implies that β/α ̸= δ/γ .

Let a be any of the ai and let b be any of the b j . We will find a common zero
(x0, y0) ∈ C×

× C× of the Laurent polynomials axβ
− yα and bxδ

− yγ , which is
hence a common zero of g and h.

In seeking a common root of the factors above, we may suppose that (α, γ ) = 1
(that is, they are coprime), if necessary via a change of variables t = y(α,γ ). Now
let x0 be any (δα−βγ )-th root of aγ /bα. This implies

aγ xβγ

0 = bαxδα
0 =: w.

We need to find a y0 such that yα
0 = axβ

0 (which is a γ -th root of w) and yγ

0 = bxδ
0

(which is an α-th root of w). Let z0 be a fixed (αγ )-th root of w and let ζ be a
primitive |αγ |-th root of unity. Then we have

axβ

0 = zα
0 ζ iα and bxδ

0 = zγ

0 ζ jγ

for some integers i and j . If we set y0 = z0ζ
k for some integer k, then our two

conditions on y0 become

zα
0 ζ kα

= zα
0 ζ iα and zγ

0 ζ kγ
= zγ

0 ζ jγ .

This corresponds to the modular equations

kα ≡ iα mod αγ and kγ ≡ jγ mod αγ,

which have a common solution since α and γ are coprime. □

To show (C) ⇒ (A) we will prove its contrapositive, so assume the negation
of (A), that is, either f is not quasihomogeneous, or it is quasihomogeneous only
using α = 0 as the weight of x . The latter means that f is a polynomial in x
only (since we assumed f0 ̸= 0) but not a monomial. Then f has a root (a, 0) for
some a ∈ C×, and since y f̂y is the zero-polynomial, ([a : 1], [0 : 1]) is a common
root of f̂ and y f̂y , contradicting (C).

We are left with the case where f is not quasihomogeneous. We let f̂ be the
multihomogenization of f and use all the notation from Assumption 2.7.

Claim 2. The function h : X0 → P1 is not constant.
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Proof. Suppose h is constant. Then

y f̂y(x, x̃, y, ỹ) = x f̂x(x, x̃, y, ỹ) · c

for some constant c ∈ C, for all ([x : x̃], [y : ỹ])∈ X0. Since this polynomial equality
holds on X0, it also holds on the Zariski closure of X0, which is X by Lemma 2.10.
Thus, the polynomial y f̂y − x f̂x · c ∈ C[x, x̃, y, ỹ] is a multiple of f̂ , that is,

y f̂y − x f̂x · c = g f̂

for some g ∈ C[x, x̃, y, ỹ]. For degree reasons, g is constant equal to some d ∈ C.
Setting the variables x̃ = ỹ = 1, we obtain y fy − x fx · c = d f . Now Lemma 2.2
implies that f is quasihomogeneous, contradicting our assumption. □

Claim 3. Let π3 : (P1)3
→ P1 be the projection onto the third coordinate. Then

π3|V ′ is surjective.

Proof. Since π3 is a proper morphism, it is a closed map. Hence the image of V ′

is closed. But in P1, a closed set is either finite or the whole P1. If the image
is finite, it is a singleton (by irreducibility of V ′). But then h would be constant,
contradicting Claim 2. □

By Claim 3, there exists a ([x0 : x̃0], [y0 : ỹ0]) ∈ X such that

([x0 : x̃0], [y0 : ỹ0], [0 : 1]) ∈ V ′.

By Lemma 2.11, we have [x0 : x̃0] /∈ {[0 : 1], [1 : 0]}. Therefore ([x0 : x̃0], [y0 : ỹ0])∈

C×
× P1 is a root of f̂ (by definition of X ) and a root of y f̂y by definition of h,

completing the proof.

4. Final remarks

We show in this section how Theorem 1.2 for C implies a corresponding result
over arbitrary fields K of characteristic 0 and, for a fixed degree d, over fields K
of characteristic p for large p depending on d . This is the content of Theorem 4.1
below. When K is not algebraically closed, Theorem 1.2(C) needs to be slightly
adapted, for example, as follows:

(C′) Denote by K alg the algebraic closure of K and write P1(K alg) for the projec-
tive space over K alg. Then the subvarieties of P1(K alg) × P1(K alg) defined
by f̂ and y f̂y have no common point within (K alg)× × P1(K alg).

(Equivalently, one could also write that the subscheme of Gm,K × P1
K defined by f̂

and y f̂y is empty.)

Theorem 4.1. Let K be a field of characteristic p ⩾ 0.

(1) If p = 0, Theorem 1.2 holds over K , where (C) is replaced by the above (C′).
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(2) For every d ∈ N there is Nd ∈ N such that if p > Nd , Theorem 1.2 holds over K
for all geometrically reduced polynomials f ∈ K [x, y] of (total) degree at most d ,
again using (C′) instead of (C).

Note that the proof of (2) uses a model-theoretic argument and in particular
requires familiarity with the notion of first-order sentences in the language of rings
(which can be found in any model-theoretic text book such at [8] or [9]). The only
result we use is the transfer principle for algebraically closed fields, which is stated
explicitly, e.g., as [7, Theorem 2.4.4] or [4, Theorem 1.14]. For readers not familiar
with model theory, below is a very informal introduction to the things we need.

A first-order sentence ϕ in the language of rings is a mathematical statement
that can be written by starting with polynomial equations with coefficients in Z and
combining them with boolean operators ∧, ∨, ¬ and the quantifiers ∀ and ∃. The
sentence ϕ doesn’t specify which sets the quantifiers run over. Instead, one then
says that ϕ holds in a field K if ϕ becomes true when one lets all quantifiers run
over K . The transfer principle for algebraically closed fields asserts (in particular)
that for each such ϕ, there exists an nonnegative integer Nϕ such that ϕ holds
in all algebraically closed fields of characteristic 0 if and only if ϕ holds in all
algebraically closed fields of characteristic p > Nϕ .

Proof of Theorem 4.1. For (1), let K be a field of characteristic 0 and let f =∑n
i=0 fi (x)yi

∈ K [x, y] be a reduced bivariate polynomial with fi ∈ K [x], where f0

and fn are nonzero polynomials. Let c = (ci, j ) be the coefficients of f . Then
Q(c) is an extension of Q of finite transcendence degree. Let σ : Q(c) → C be
an embedding and f σ

∈ C[x, y] be the image of f under σ . Since we are in
characteristic 0, f being reduced implies that it is geometrically reduced, and hence,
f σ is also reduced (when considered as a polynomial over C). We can thus apply
Theorem 1.2 to f σ and obtain that the equivalences (A) ⇐⇒ (B) ⇐⇒ (C) hold
for f σ . Moreover, over C, (C) is equivalent to (C′). Since each of (A), (B) and (C′)
hold for f if and only if the corresponding condition holds for f σ , we are done.

For (2), let us first show the statement when K is algebraically closed. To
obtain this, it suffices to verify that for each fixed d, there exists a first-order
sentence ϕd in the language of rings which expresses exactly that Theorem 1.2
holds for all polynomials f of degree at most d. Indeed, once we have such a ϕd ,
we know that ϕd holds in every algebraically closed field of characteristic 0, so by
the transfer principle of algebraically closed fields (see, e.g., [7, Theorem 2.4.4]),
there exists an Nd ∈ N such that ϕd holds for all algebraically closed fields K of
characteristic p > Nd , meaning that Theorem 1.2 holds in K for all f of degree at
most d .

While specifying ϕd is fairly standard for model theorists, we give some expla-
nations for readers not so used to model theory:
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• To quantify over all polynomials f of degree at most d, we use one universal
quantifier for each of the (finitely many) coefficients of f .

• f0 and fn being nonzero is a finite boolean combination about certain coefficients
of f being nonzero.

• f being reduced can be expressed as follows: there exist no g, h ∈ C[x, y] such
that f = g2h. Of course we may restrict to g and h of degree at most d, so that
the quantifiers over g and h can be written as quantifiers over the (finitely many)
coefficients of g and h. (And note that f = g2h can be expressed as a first-order
formula since it is a polynomial expression in the coefficients of f , g, and h.)

• Theorem 1.2(A) is just a finite boolean combination of some of the coefficients
of f being nonzero, and the same holds for f0 and fn being monomials.

• Expressing that the discriminant Discy( f ) is a monomial works similarly, using
that the coefficients of Discy( f ) are polynomials in the coefficients of f (see [3,
Chapter 12]).

• Finally, turning (C) into a first-order formula is straightforward, where a point
([x : x̃], [y : ỹ]) ∈ P1

× P1 is represented by x , x̃ , y, ỹ (and by quantifying over x ,
x̃ , y, ỹ).

Now, to conclude for all fields of characteristic p > Nd , fix first an algebraically
closed field F of characteristic p > Nd with infinite transcendence degree over Fp.
Let K be any field of characteristic p and f ∈ K [x, y] be a bivariate polynomial
which is geometrically reduced. Let c = (ci, j ) be the coefficients of f . Then Fp(c)
is an extension of Fp of finite transcendence degree. Letting σ : Fp(c) → F be an
embedding and f σ

∈ F[x, y] be the image of f under σ we conclude as in case (1),
noting that f σ is reduced. □

We finish by asking the following questions:

Question 4.2. Does Theorem 1.2 hold for geometrically reduced polynomials over
all fields of positive characteristic?

Question 4.3. Is there a suitable analogue of Theorem 1.2 in higher dimension
(i.e., for curves in Cn or for hypersurfaces in Cn , or maybe for arbitrary varieties
in Cn)?
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