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In a previous work, we constructed a Gysin sequence that relates the coho-
mology of a manifold M to that of the orbit space M/S>, where the sphere S*
acts smoothly on M. This sequence includes an exotic term that depends
on MS', the subset of points fixed by the action of the subgroup S.

The orbit space is a stratified pseudomanifold, which is a type of singular
space where intersection cohomology can be applied. When the action is
semifree, Saralegi-Aranguren has already constructed a Gysin sequence that
relates the cohomology of M to the intersection cohomology of M/S3.

However, what happens when the action is not semifree? This is the main
focus of this work. The situation becomes more complex, and we do not find
just a Gysin sequence. Instead, we construct a Gysin braid that relates the
cohomology of M to the intersection cohomology of M/S3. This braid also
contains an exotic term that depends on the intersection cohomology of the

fixed point subset M.
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Given a smooth free action of the sphere S> on a smooth manifold M, we have a
sphere bundle and the Gysin sequence

1 - H M) > H Y M /S?) > HY(M/S?) — H* (M) — - -,

which relates the cohomologies of the manifold M and that of its orbit space M/ S>
(see, for example, [2; 9]). In the case of a semifree action, we do not have a sphere
bundle, but we have the Gysin sequence

Q) - H7NM) = B4 (M/S3, M5y — H*(M/S®) — H*(M) — --- .
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In the general case, an exotic term appears:

B) o H7U M) > H7HMYSE, /8 @ (H 3 (M) 4
— H(M/S%) — H*"(M) — -+

(see [13]). In this context, ¥ C M denotes the subset of points in M whose isotropy
group is infinite. The group Z, acts on M5 ] by j e S°.

When the action is free, the orbit space is a manifold. In the more general case,
it is a pseudomanifold. Saralegi-Aranguren constructed in [15] the exact sequence

@) > H' (M) > HZ3(M/S?) > Hi(M/S?) - H* (M) — -- - .

This sequence establishes a connection between the cohomology of the space M
and the intersection cohomology of its orbit space M/S? in the case of a semifree
action. This exact sequence holds when 0 < p < 7. The Euler perversity  takes the
value 4 on singular strata. In the special case where p = 0, the exact sequence (4)
simplifies to (2).

In this paper, we establish a connection between the cohomology of a manifold M
and the intersection cohomology of its orbit space M/S?, for any smooth action
®: 3 x M — M. Of particular interest is the case where the action has three-
dimensional orbits, also known as a mobile action.

Given a mobile action, we obtain the following Gysin braid which relates the
cohomologies H*(M) and H}; (M/S3):

H:(M/S%) H’f’f‘(M/S3
\@
\ /
H*(K5(M)) }
ol I
H*(M)/ @ H* 2ps=2 (58"~ (~1)7sZ,
SE/]
H*(G5(M))
/@/ \@
H3(M/S%) H’f“(M/S‘
\
@\ /
H* V(K5 (M)
0 o
*—1—25_1——175 *
@ Hy TETHTERE HHM

SE»V[
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where:

o 7 (resp. #3) is the family of singular strata S of M with dim Sf =1 (resp. 3)
for any x € S. Here S? denotes the isotropy subgroup.

o The Euler perversity e takes the value 4 (resp. 2) on the strata of .} (resp. .#3).
« The perversity p lies between 0 and the top perversity 7 on M.
e The number pgs denotes the integer part of p(S)/2.

« The perversity P on the filtered space 58" is defined by Ps(Q)=p(Q)—2ps—2
for any Q € .75 with Q C §.

» The Gysin term G}(M ) represents the cokernel of the map induced by the natural
projection  : M — M /S3.

 The co-Gysin term K ; (M) denotes the kernel of the map induced by integrating
along the fibers of 7.

(See Theorem C.) The braid consists of four long exact sequences, denoted by @, @,
®, and @. All the triangles and diamonds in the braid are commutative. The leftmost
and rightmost vertical sequences in the braid are semiexact and both have the same
exactness defaults (see Remarks 4.3(c)). The cohomologies of the Gysin and co-
Gysin terms are interconnected through the long exact sequences of Remarks 4.3(b).

Let’s analyze the four Gysin sequences that make up the Gysin braid.

In the classical framework of a free action, there exist two methods for construct-
ing the Gysin sequence (1). One approach involves employing the pullback induced
by the natural projection 7 : M — M/ S>, while the other entails integrating along
the fibers of . Remarkably, both methodologies yield identical outcomes, resulting
in the Gysin sequence. Meanwhile, the Gysin sequence (3) is derived via the former
method.

In the broader context of this paper’s discussion on mobile actions, we utilize
both techniques, and they yield distinct results. This fundamental difference is the
primary reason why the Gysin braid appears instead of a Gysin sequence.

 The pullback associated to the projection 7 induces the long exact sequence @:
o> HN(M) » H*N(G(M) - Hy(M/S?) - H*(M) > -+~ ,

where the Gysin term G;;(M ) is the cokernel of 7 *. This is the first Gysin sequence
associated to the action ®.

We can determine the cohomology of the Gysin term through the sequence @,
which employs integration along the fibers of 7. This method is used in [13], where
we implicitly work with the perversity p = 0. In this context, we obtain the Gysin
sequence (3) since the sequence @ splits at the position of the connecting map.
However, it’s important to note that for other perversities, the sequence @ may not
necessarily split as demonstrated by the example in Remarks 4.3(d).
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» Employing the integration along the fibers of 7, we get the long exact sequence ®:
s> H Y (M) —> HAZ3(M/S?) — H*(K5(M)) — H*(M) — -+ -,

where the co-Gysin term K ;-‘ (M) is the kernel of the integration operator along the
fibers of 7. This is the second Gysin sequence associated to the action &.

We compute the cohomology of the co-Gysin term using the sequence @, which
employs the pullback operator induced by 7. It’s important to note that unlike the
previous case, sequence @ does not necessarily split, even for the perversity p =0,
as demonstrated in the example in Remarks 4.3(d).

« If the exotic term Py, H (§5')=D"Z; vanishes, then the Gysin braid sim-
plifies to the sequence (4). In particular, this happens when the action & is semifree,
as noted in Remarks 4.3(a).

» Another approach to constructing a Gysin sequence involves utilizing the Leray—
de Rham spectral sequence. Recall that in the case of a differentiable action
®:G x M — M of a connected compact Lie group G on a manifold M, there exists
a spectral sequence E,/ converging to H'*/ (M), where E5’ = H'(M/G)® H/ (G).
When G = §3 and the action is free, almost-free, or semifree, this spectral sequence
degenerates into a Gysin sequence (cases (1), (2), and (4)). This is because the
second term of the spectral sequence contains only two levels: j =0, 3. However,
the situation becomes significantly more complex when the action is not free, and
computing the second term of this spectral sequence becomes challenging (see [16]).

In the case of a mobile action of S°, and using singular cohomology, we have
shown in [13] that the second term of the spectral sequence possesses three levels
(7 =0, 2, 3) and that the spectral sequence degenerates into the Gysin sequence (3).
In this paper, we prove that this phenomenon persists within the framework of
intersection cohomology. The Leray—de Rham spectral sequence ,;EL’J depends on
a perversity 0 < p < on M and satisfies the following properties:

» It converges: ,;Ei’j = HtI(M).

* The second page is given by

HE(M/S?) if j =0,
i=2ps oSIN—(=DPSZ, ¢+ _
SEN = @Hﬁs (55 2 if j=2,

Séyl ; 3 . .
HE ,(M/S%) if j =3.

It is O otherwise.

* The Gysin term appears in this spectral sequence through the sequence @:

= HTN G (M) — ES Y 25 BV 5 HIU(G (M) — -
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* This spectral sequence degenerates at the third page and produces the long exact
sequence @.

In other words, the information in the Leray—de Rham spectral sequence beyond
page ; E, is contained within the Gysin braid.

o The nonmobile actions are simpler, and we obtain
H* (M) = Hy(M/S") @ H> (M) ™"
(see Section 5).

We denote by § 3 the unit quaternionic group, i.e.,
S = {xo+x1i +x2j +x3k | X§ + X7 + x5 + x5 = 1}.

The distinguished copy of the unit complex numbers is S' = {xo+x1i | x§ ~|—xl2 =1}
Notice that the normalizer N (S') of S'in S3is S'uj S' = 0(2).

In the following, we consider a smooth action & : $3x M — M, where M is a
second countable, Hausdorff, smooth manifold of dimension m without boundary.
For the definitions and properties related to compact Lie group actions, we refer
the reader to [2].

Section 1 is devoted to studying the intersection cohomology of the orbit
space M/S3. We demonstrate how to compute this cohomology using differential
forms defined on an open subset of M. The complex of invariant intersection forms
of M is a key tool for constructing the Gysin braid, which is discussed in Section 2.
Sections 3 and 4 focus on constructing and analyzing the Gysin braid associated to
the action. This braid arises from integrating along the orbits of the action discussed
in Section 3.

1. Intersection cohomology

The intersection cohomology of the orbit space M/S? is originally defined using
singular simplices. In this section, we demonstrate an alternative method for
computing this cohomology by utilizing differential forms defined on the regular
part of M.

1.1. Filtered spaces [6]. Let us consider the partition of M obtained by the equiva-
lence relation

x~y < dimS; =dim 5.

This condition is equivalent to (S;? )o and (SS)O being conjugate, where (—)( denotes
the connected component containing the unity.

A stratum is a connected component of any element of this partition. The
orbit-type stratification . of M is the family of these strata.
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There are four possible isotropy subgroups of a point in M, up to conjugacy: a
finite subgroup of $3, S', the normalizer N = N(S') of S! in $3, and S? itself (see
[2, Theorem 9.5, p.153]).

We define .7 = . U . U .3 where

S =1{5 €| dim S; =0, x € S} (mobile strata),
A ={Se.7|dimS’ =1, x €S} (semimobile strata),
S ={Se.|dimS> =3, x €S} (fixed strata).

The action is considered mobile if Ay # . If S = @ and . # &, we say that the
action is semimobile. The remaining case is the #rivial action. The set of singular
strata is denoted by 8n2 If the action is mobile, then 75" = & LU.%3. If the
action is semimobile, then .*"¢ = .73, The union of the singular strata of .7 is the
singular part ¥ of M. Its complement M \ X is the regular part of M.

We define F3 = [g.,, S = M5 and F = |lscs S, which are S3-invariant
proper submanifolds' of M. Note that Fj is the twisted product 3 x y (M M 53),
where S3 acts on the left of the left factor (see [2, Theorem 5.9]). Furthermore, if
S € ¥ we have

S=8xySS.

The union of singular strata is X = F U F3 (resp. F3) when the action is mobile
(resp. semimobile).

Filtered spaces provide the essential framework for defining singular intersection
cohomology, which is the dual of the intersection homology introduced in [8] (see,
for example, [5]).

Proposition 1.1. The strata of . are invariant proper submanifolds. For each
integer i we define

M;=| |{S e |dimS <i}.
The filtration
=M SMyC---CM;C---CM,=M

defines a filtered space.
For each integer i we define (M/S%); = L{(S) | S € ¥ and dimn(S) < i},
where m : M — M/ S> denotes the canonical projection. The filtration

o=M/S) 1S M/S S-S (M/SP); S-S (M/SP), =M/S’
defines a filtered structure in M/ S>.

1Proposition 1.1 shows that they are manifolds. In fact, these manifolds may have connected
components with different dimensions.
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Proof. Let S be a stratum of .. Each point x € § possesses an open neighborhood
S3-equivariantly diffeomorphic to the twisted product 3 x 7 R where the isotropy
subgroup H = Sg acts orthogonally on R?. The point x becomes the class (1, 0).
Recall that the isotropy subgroup of a point (g, u) € §° x y R% is gH,g~". So, the
trace of S in this neighborhood is S* x ; R?, where

R ={ueR|dimH, =dimH} ={u € R* | Hy-u = u}.

The stratum S is an invariant proper submanifold with dimS =3+ b —dim H.

It remains to prove that each M; and (M/ §3); are closed subsets. It suffices to
verify that the maps dim: M — Z and i : M — Z, defined by dim(x) = dim S and
i(x)=dim 7 (S) =dim §/S* = dim S+dim > —3, with S €. and x € S, are lower
semicontinuous. Since the problem is a local question, we can suppose that M is
S3 x g R4, We prove that the functions dim and i are bigger than dim(x) and i (x),
respectively. Notice that the map (g, u) — —dim S<3g,u> is a lower semicontinuous
map since —dim S, ,, = —dim H, > —dim H = —dim §}. So, it remains to study
the function dim.

Considering the G-equivariant covering S° x 1, R — 83 xy R?, we can sup-
pose that H is connected. Let R = R” x R be the H-equivariant orthogonal
decomposition of R?. This gives S xy R = R? x (§* x5 R°). Given a point
y=(g,u) €S> xyR* we consider Q €.~ the stratum containing this point. In fact,
0 =R’ x (83 x g RY) where R? = {v € R* | dim H, = dim H,,}. We have finished
since dim(y) =dim Q =b+3+d—dim H > b+3—dim H =dim § =dim(x). [

The dimension m of the filtered space M is dim M. The dimension 7 of the filtered
space M/S? is m — 3 (resp. m — 1) when the action is mobile (resp. semimobile).

Brylinski, Goresky and MacPherson showed how to compute the intersection
cohomology with differential forms (see [4]). To this effect, they use the Thom—
Mather systems.

1.2. Thom—Mather systems. Since F) and F; are S3-invariant proper submanifolds
of M, we can consider t; : Ty — Fi two S>-invariant tubular neighborhoods of Fj
in M, k =1, 3. Associated to these tubular neighborhoods we have the following
maps:

o The radius map py : Ty — [0, 00) is defined fiberwise by u +> |ju||. This map
is invariant and smooth.

o The dilatation map 0y : [0, 00) x Ty — Ty is defined fiberwise by (¢, u) — ¢ - u.
It is a smooth equivariant map.

Given S € .7 contained in F; for kK = 1, 3, we can define Ts = ‘L’k_l(S) and
75 : Ts — S as the restriction of 7. We can define the maps ps and ds analogously.
The soul of Ty is defined as the open subset Dg = ,OS_1 (10, 2)).
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The family of tubular neighborhoods Ty = {71, T3} is called a Thom—Mather
system of M when

®)) 3=1307; and p3=p30T on TlﬂT3=f;1(T3ﬂFl).

We have proved in [13] that there exists an S>-invariant Thom-Mather system of M.

We consider the induced maps 7 : Tx/S® — Fi/S°, pi : T — [0, 00) and
O - [0, 00) x Ty/S? — T;/S?. The family of tubular neighborhoods ¥, /83 =
(T\/S3, T3/S%) is a Thom—Mather system of M/S>.

We need a more precise description of the atlas of the bundle t3. The open tubular
neighborhood 73 can be chosen as a disjoint union 75 = | |{Ts | S € .73} with
TsNTy =@ if S#S'. There is an $3-equivariant atlas A= {¢: 7 ' (U) — U xRP*1}
relative to an orthogonal action @y : §3 x R*T! — RP*! having the origin as the
only fixed point.

1.3. Intersection differential forms on M. The perverse degree of a differential
form w € Q*(M \ X), defined on the regular part M \. X of M, relative to a singular
stratum S € . (see Section 1.1), is the number

lolls = min{@ eN|w(vg,..., vy, —) =0 where vy, ..., vy are vectors tangent
to the fibers of 75 : Dg — S}

if w #0 on Dg. If w =0 on Dg we define ||w|s = —oo. The condition |w|s =
[dwl||s = 0 is equivalent to stating that the restriction of w to Dy is a tg-basic form.
We shall need the following properties of the perverse degree:

lwlls < |wl, degree of w, ldols < llwlls+1,
©) llg*wls=lwls foreach g€ S, [w+nls<max(|ols, [1lls),

loAnlls < llwlls+Inlls lixwlls < llwlls for each vector field X.

These properties come directly from the definition of perverse degree. We have
also used the fact that the Thom—Mather system is S3-invariant.

A perversity is amap p : 5" — 7 = 7 L1 {—00, oo}. The constant perversity
is £(S) = £, with £ € Z, for any singular stratum S. The fop perversity is defined by
£(S) = codim S — 2 for any singular stratum S.

The complex of p- intersection differential forms of M, relative to the perver-
sity p, is defined by

Q5 (M) = {0 € Q°(M ~ ) | max([lolls, lldwlls) < p(S) for all S € 7}

The complex Q}(M ) computes the cohomology H*(M) for Goresky—MacPherson
perversities [4] or for perversities satisfying 0 < p <17 [1; 17]. The cohomology of
this complex is H*(M, ¥) (resp. H*(M ~ X)) when p < 0 (resp. p > 1).
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We can compute the intersection cohomology of the orbit space M/S> by using
differential forms defined on M ~. X. To see how, first notice that the natural
projection 7 establishes a bijection between the strata of M and those of M/S>.
Therefore, a perversity p on M/S? determines a perversity p on M as well, which
we will still denote by p, following the formula p(S) = p(S/S>). The reverse is
also true. Throughout this work, we will consider all perversities on M. Let us set
such a perversity as p.

A basic differential form is a differential form w € Q*(M \ X) satisfying

a)(U, _) :dw(va _) = 0
for each vector v tangent to the fibersof 1 : M N X — (M \ X)/ S3.

The complex of basic differential forms, denoted by QF (M ~\ %), plays the role
of the complex of differential forms on the orbit space (M ~. £)/S?, but its forms
are defined on the manifold M \ X. The cohomology of the complex of basic p-
intersection forms Q;(M/s% = Qf, (M~ T) N Q%5(M) is denoted by H*(M/S3
It has been proved in [18] that this cohomology is 1s0m0rphlc to the D p-intersection
cohomology of the pseudomanifold M/S>. Notice that this cohomology does not
depend on the Thom—Mather system we have chosen.

Given two perversities ¢ < p on M the step complex SZ M/ $3) is the quotient
Q5(M/S?)/Q5(M/S?) and its cohomology is denoted by e (M8 (see [11]).

1.4. Closure of a stratum. The exotic term of the Gysin braid we construct in this
work uses a particular filtered space we describe now.

Consider a nonclosed stratum S € .. The closure of S is the union of § itself and
a family of fixed strata {Q; € .73 [ L € J}, ie., S = SU|lye; Qe Itis a filtered space
whose regular stratum is S. Any perversity p on M induces a perversity on S, still
denoted by p, which is defined by the numbers p(Qy), £ € J. The Thom—Mather
system Ty, of M induces the Thom—Mather system T5 = {Tg, N S|tel}).

In fact, we need to go a step further and consider the space S " which is the union
SS'U L1, Qe Itis afiltered space whose regular part is ss'. Any perversity p
on M induces a perversity on SS', still denoted by p, which is defined by the
numbers p(Qy), £ € J. The Thom—Mather system Ty, of M induces the Thom-
Mather system Tga = {Tp, N ss' | £ e J}.

The complex of intersection differential forms of S $5', relative to the perversity p,
can be defined as in the previous section. It computes the intersection cohomology
H;(ES]). Since jZ = —1 € S!, the group Z, acts on 5s' by g -x = j(x), where g
denotes the generator of Z,. Then the group Z, also acts on this cohomology. We
shall use the notation

H: S =(we HiS) g 0= o).



306 JOSE IGNACIO ROYO PRIETO AND MARTINTXO SARALEGI-ARANGUREN

In fact, we are going to use a particular perversity on this space. Associated to
any perversity p on M we have the perversity Pg on S° " defined by

p(Q)—2ps—2 if Q= Q;forsomel e J,
0 otherwise,

Ps(Q) = {
where pg is the integer part of p(S)/2.

1.5. Sl-actions. A similar study can be done for a smooth action W : S' x M — M.
In this case the orbit-type stratification is .¥’ = . LI} where

S ={S €. |dim S; =0, x € §} (mobile strata (regular strata)),
={S e |dim S)]C =1, x € S} (fixed strata (singular strata)).

We suppose that the action is mobile, meaning .y # & or nontrivial.

The family of singular strata is denoted by .#*" and its union is ¥. The
manifold M and the orbit space M/S' are filtered spaces. Thom—Mather systems
also exist. In this case Ty = {Ts | S € .1} where each tg: Ts — S is an S'-fiber
bundle. The elements of Tj; can be chosen to be disjoint.

We need a more precise description of the atlas of the bundle tg. There exists
an S'-equivariant atlas A = {¢ : Tg Y(U) — U x R?*2} relative to an orthogonal
action @y : ' x R?*2 — R?’ 42, b > 0, having the origin as the only fixed point.

Proceeding as in Section 1.3, we define the complex Q* (M ), which computes
the cohomology of M. We also define the complex Q* (M /S1), whose cohomol-
ogy H *(M /S1) is isomorphic to the D p-intersection cohomology of the pseudo-
mamfold M/S'. Notice that this cohomology does not depend on the chosen
Thom—Mather system.

Given two perversmes q < p on M the step complex Q (M /S1) is the quotient
Q* (M/S )/Q* (M/S ) and its cohomology is denoted by H 5/d (M/S ) (see [11]).
ThlS cohomology fits into the long exact sequence

(7) - — Hy(M/S") - H;(M/S") - Hj,;(M/S") > H*'(M/S") — -

1.6. N-actions. A smooth action ® : N x M — M induces a circle action W :
S x M — M. Since the stratification .#; of this last action is N-invariant, we can
choose an N-invariant Thom—Mather system %y = {Ts | S € .71}, that is, the map
g : Ts — Ty(s) is an S'-morphism bundle for each g € N.

Since j2 = —1 € S, the singular part of the S'-action X = | |{S € .#1} is
Z,-invariant relative to the action g - x = j(x). Also, the union SU j(S) is Z,-
invariant for any S € .. Notice that we have two possibilities: either j(§) = S or
jS NS =o.

The induced family Ty, 1 = {Ts/S '|'S € .7} is a Thom-Mather system on
the orbit space M/S'. The element j € S3 induces the map j : M/S' — M/S!
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preserving Ty 1. So, it induces the map j*: Q’;(M/Sl) — Q*;-)(M/Sl). Since
j?>=—1€ 8" then j* o j* is the identity. So, the group Z, acts on Q;(M/S]) by
g-w= j*w. It also acts on H;’;(M/Sl) by g - [w] = [j*w]. We now define

QEM/SHYE ={we Q5M/SY) | g0 =—w},
Hy(M/SY) ™% = {[w] € HI(M/S") | [g - 0] = —[w]}.

As Z, is finite, the cohomology of Q; (M/S")~%2 is easily seen to be H}; (M/SY) %,

2. Invariant differential forms

A key ingredient in this paper is the complex of S3-invariant forms of Qj‘; (M). Itis
a simpler subcomplex computing the same cohomology.

For the rest of this section we assume that the action ® : 3 x M — M is a
mobile action. In particular, the action of § Son M\ X is almost-free, that is, the
isotropy subgroup of any point of M \ X is finite.

2.1. The Lie algebra su(2). Recall that identifying S* with the matrix group SU(2),
its Lie algebra is su(2). We shall consider {u, u;, u3} an orthogonal basis of su(2),
relative to a bi-invariant metric « of S, where

« u; generates the Lie algebra of the subgroup S,
o [uy, us]l = us, [uz, uz] =uy, [uz, u1] = uy and
o Ad(j)ur = —uy, Ad(juz = up, Ad(j)uz = —u3.

Consider the action W : S3 x §* — §3, defined by W(g, k) =k-g~'. Associated
with this action and u;, for i = 1, 2, 3, we have the fundamental vector fields Y;
on S3. They are left invariant vector fields satisfying j.Y; = —Y1, j.Y> =Y, and
Jx¥3 = —Ys.

We write y; € Q1 (S?) for the dual form of ¥; relative to the metric «: Vi =ly.K,
i =1, 2, 3. They are left invariant differential forms satistying j*y; =—y1, j*v2 =y
and j*y3 = —ys3. The differentials satisfy dy; = y» A v3, dy» = —y1 A y3 and
dys=y1 A

2.2. Fundamental vector fields and characteristic forms. Associated with the
action @ : §3 x M — M and the vector u € su(2), we have the fundamental vector
field X, on M. For the sake of simplicity, we shall write X; = X,,, withi =1, 2, 3.
This vector field is defined on M but we are going to work with its restriction
to M ~\. X. Since the action is mobile, these vector fields are nonvanishing on M \ X.
Moreover, the family {X;(x), X2(x), X2(x)} is a basis of the tangent space of the
orbit S3(x) for any x € M\ X. We have j, X| = ji Xy, = Xad(j)u, = —Xu, = —X
and j, X» = X5, j«X3 = — X3 in the same way.
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An adapted metric on M ~. X is an S3-invariant Riemannian metric 2 on M .
satisfying

B uXy(x), Xy, (x)) =«(vy,v2) forall x e M\ X and vy, v2 € su(2).

Such a metric always exists since the fundamental vector fields are nonvanishing.
We denote by x, =ix,u € Q' (M . X) the characteristic form associated to
u € su(2). Notice that, for each g € §°, we have

9) g*Xu = XAd(g~Y)u-
For the sake of simplicity, we write x; = x,,, fori =1, 2, 3. Since Lx, Xy = X[u.v]

for each u, v € su(2), we have

(10) Lx;xi=Lx,x2=Lx;x3=0, Lx,x2=—Lx,x1=—x3,
Lx,x3=—Lx;x1= X2, Lx,x3=—Lx;x2=—X1.
Since xi(X¢) = w(Xe, Xr) = 8¢k, each differential form w € Q*(M \ X) pos-
sesses a unique writing,
(I) wo=wot+xi Ao+ x2 A2+ X3 AN03+ X1 A X2 Awi2
TXIAX3ZA®I3+ X2 A X3 A W3+ X1 A X2 A X3 A 123,

where the coefficients w, € Q*(M ~\ X) are horizontal forms, that is, they satisfy
ix,w, =0 for each £ =1, 2, 3. This is the canonical decomposition of w.
The canonical decomposition of the differential of a characteristic form is

(12) dx=er+x2Ax3 dxa=ex—x1Ax3 dyxz=es+xiNAxa
for some horizontal forms e;, s, e3 € Q2(M ~. ¥), called the Euler forms. Notice
that

(13) Jler=—e1, jea=ey ez =—es.

2.3. Invariant differential forms. A differential form w of M \ ¥ is an invariant
form when g*w = w for each g € S3 or, equivalently, Lxﬂ) =0foreach¢=1,2,3.
In fact, invariant differential forms are characterized by the conditions

wo and wp3 are basic forms, Lx,w,=0, £=1,2,3,

Lx w3 =Lx,w13=Lx,w2=0, Lxw=—Lx,0=—w3,
(14 Ly,w3 =—Lx,01 =y, Ly, = —Ly,w) = —wy,

Lx, w13 = Lx,w3 = w2, Lx, w12 = —Lx w3 = —wi3,

Lx,w12 = Lx,w13 = —w23

(see (10)).
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The complex of invariant forms is denoted by Q*(M ~\ ¥). The complex of
invariant intersection differential forms is Q;‘; M)=Q* (M~ 2)N S_Z; (M). Some
cohomological computations are simplified by replacing the complex SZ;‘; (M) by
its subcomplex Q;(M ), since proceeding as in [9, Theorem I, p. 151], we have:

Proposition 2.1. The inclusion Q; (M) — Q’; (M) is a quasi-isomorphism for any
perversity p.
Notice that QE(M/S3) ={we Q}(M) | ix,0 =0 foreach £ =1, 2, 3}.

2.4. Perverse degree of characteristic forms. Notice that, for any singular stratum
S € .75 we have

(15)  lolls =max{llwolls, llxe A wills, | xe A xi Aweclls, |1 x1 A x2 A x3 Awisll
|[1<t<k=<3}

for any w € Q*(M \ X) (see (6)). When S € .%3 is a fixed stratum, the orbits of

the action are tangent to the fibers of tg : Dg — S. So, we have

(16) Nixenalls=1=lxeAxxNalls =2=1Ix1 A x2 A x3 Aalls =3 = llalls,

foreacha € Q*(M < X)andeach 1 < ¢ <k <3.
In order to control the perverse degree of characteristic forms relative to mobile
strata we need to enhance adapted metrics with richer properties.

Definition 2.2. An adapted metric . on M \ X is an adjusted metric if
a7 pn(Xy(x), w) =0
whenever

e x € D, \ X for some S € .7,

 w is a vector tangent to the fibers of 7, : Dy N\ X — S at x, and
* v € su(2) belongs to the x-orthogonal of su(2),, Lie algebra of S; with
y = T(x).
Proposition 2.3. Every mobile action admits an adjusted metric.

Proof. A convex combination of adapted metrics is an adapted metric. So, by using
partitions of unity, we can reduce the problem to the following two cases:

e M = T for some S € .. In this case, ¥ = §. We set i’ an adapted metric
on Tg~ S.

We put K (resp. G) the subbundle of s \ S tangent to the fibers of 5 (resp. the
orbits of the action). The bundle G N K is of constant rank equal to one. In fact,

G:NEKy={X,(x) |ve 5u(2)y}
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for each x € Ts\. & with y = tg(x). Let us consider the S3-invariant decomposition
T(Ts\2)=DKB(G+K)+,
where D = (G N IC)lM’ NG. Since ' =« on G (see (8)), we have
D, ={X,(x) | v € su(2);}

for each x € Ts \ X with y = t5(x). We denote by ], ), and p} the restrictions
of u to each term of the above decomposition. The Riemannian metric u defined by

=@y 4 s+ 1
is an adapted metric. It also satisfies (17) since w € K, and X, (x) € D,.

e M =Ty for some Q € .73. The open subset Tp \ X is § 3_equivariantly diffeo-
morphic to (Do~ X) x (0, 00). The action of S3 on Do~ X has no fixed points. The
previous step gives an adjusted metric ; on Do\ X. As the tubular neighborhood T's
of any stratum § € .7 is the product Tsn(p,-x) X (0, 00), the metric u + dr? is
an adjusted metric on T \ 2. 0

For a such metric we can compute the terms appearing in (15).

Proposition 2.4. Let us suppose that M \. X is endowed with an adjusted metric.
Given a stratum S € | and a horizontal form a € Q*(M ~. X) we have

(I8)  lixenalls=lxeNxk Nalls=lx1Ax2Ax3Aalls = llalls+1,
foreach 1 <l <k <3.

Proof. Without loss of generality, we can suppose M = T and ¥ = §. We proceed
in two steps.

Step <. Following (6) it suffices to prove that || x¢ A xxlls <1 and || x1 A o A x3lls < 1.
We deal with the first inequality, the second one can be approached in the same way.
If || xe A xxlls = 2 then there exists x € Tg~\. S and v, w € K, with yy A xx (v, w) #O.
Denote by |uy, uy | the vector subspace generated by u, and ug. Since dim|ug, uy | =
2= dimsu(2)j and dim su(2) = 3, there exist v; € 511(2)yL and vy € su(2) with
Xvy AN Xv, (v, w) # 0. This is impossible since x,, (v) = xy, (w) =0 (see (17)).

Step >. Since the result is clear for & = 0, let us suppose ||«||s =a > 0. So, there
exist x € Ts \ X and {wo, ..., we_1} C Ky, with a(wo, ..., we_1, —) # 0. Here,
K denotes the subbundle of T (75 . S) tangent to the fibers of 75 as defined in the
proof of Proposition 2.3. Since the perverse degree is S>-invariant, we can suppose
that Si=rs(x) > S! (see (6)). This gives s5u(2)y = |u1 ] and therefore X (x) € K.
The adjoint map associated to the group S? is the covering S° — SO(3). Since
there exists a rotation sending u to u,, there exists g € S3 with Ad(g)(u1) = uy.

Since the perverse degree is S3-invariant, it suffices to prove || x1 Aalls > a+1,
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X1 A xuNells>=a+1and [[x1 A xu A xo Aalls = a+ 1, where u, v € su(2) (see
(6) and (9)). Without loss of generality we can suppose that u, v € [u;|*. The
inequality comes from
O#Ol(w(), cees Wo—1, _)
= (Xl N Xu A Xv /\a)(xl(x)v Xu(x)’ XU(X)’ wo, ..., Wg—1, _)
= (01 A xu AN (X1 (x), Xy (x), wo, ..., Wa—1, —)

= (Xl /\(X)(Xl(x), wo, - .., Wg—1, _)7

since {wq, ..., We_1, X1(x)} C K.
If a =0, we just have a(—) # 0 and the same argument applies by just omitting
the vectors wq, ..., Wy—1. |

2.5. Circle actions. In [10] a Gysin sequence is obtained for any nontrivial smooth
circle action by doing a similar study and using more restrictive perversities. For
the convenience of the reader, in this section we obtain that Gysin sequence for
general perversities in a shorter way, using the techniques and presentation to be
applied later for the case of mobile S3-actions.

Fix a nontrivial smooth action W : S' x M — M. Here, we just have one
fundamental vector field X and one characteristic form yx relative to an adapted
metric (the notion of adjusted metric does not apply here). This form is S'-invariant
and satisfies || x||s = 1 on .1 (the family of fixed strata). Its differential e = d x,
the Euler form, belongs to Q%(M /S1) where the Euler perversity é is defined by
e(S) =2 on .. We also use the characteristic perversity x defined by x(S) =1
on ..

As X is tangent to the fibers of 75 : Dg — S for any S € .}, we have that for
any o, B € Q2 (M N\ X), la+ x ABlls =max{|la|ls, | x ABlls} holds. Using this

bas
fact, for any perversity p, the complex Q; (M) is

(19) {a+xABlaeQ (M), pei_o(M/S"
with [le]| < p(S) and lda +e A Blls < p(S) for all S € #}.

The integration operator is the differential operator  : Qi’; M) — QE—?(M /Sh
defined by fw = ixw, thatis, £(« + x A B) = B. Considering the kernel and the
image of £, we have the short exact sequence

0— K3(M) =Q5(M/S") — Q5(M) — I (M) — 0,
which induces the following Gysin sequence (see [10]).
Proposition 2.5. For each perversity 0 < p <t we have the long exact sequence

co-—> HAX(M/S") — H*(M) > Hi_;(M/S") - H*'(M/S") — - .
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Proof. For each 8 € Q’;_é(M/Sl) we have y A8 € Q;‘;(M). Since f(x AB) =8,
it suffices to prove that the inclusion [ : Q}_E(M/Sl) — I;(M) is a quasi-
isomorphism. Notice that

(M) ={B e Q5 _5(M/S")
| there exists o € Q}, (M \ X) with [la] < p(S),
and ||da+e A B|ls < p(S) for all § € .}

We proceed in three steps.

Step 1: .1 = &. The action is almost-free. In this case ¥ = & and therefore
Qi (M \X) = QE(M/SI) Cl; ;(M)C Q}_Y(M/Sl) =Qp, (M \X).

In other words, the map [ itself is an isomorphism.

Step 2: M = Tgs for some S € .. Recall that 75 : Tg — Sisan § !_invariant smooth
bundle whose fiber is R?**2 for some b > 0. In fact, the group S! acts trivially
on S and orthogonally on the fiber R?**? having the origin as the only fixed point.
Notice that the action of S' on the unit sphere S?°*! is almost-free.

Consider a good covering U of S and { fy | U € U} a subordinated partition of
unity. The family {‘EEI (U) |u e} is an open covering of Ts having { fyots | U €U}
a subordinated partition of unity. These maps are S'-invariant smooth maps constant
on the fibers of 7g. This last property implies that || fy o Ts|ls = ||d(fu o Ts)|ls = O.
So, the covering U possesses a subordinated partition of unity living in Qg (M).

By applying Bredon’s trick [3, p. 289], we can reduce the problem to the case
where M = RY™S x R?"+2 with t5 being the projection onto the first factor. The
action of the group S' is trivial on the first factor.

Contracting this factor to a point, we reduce the problem to the case M = R?*+2 =
g82b+1 = (8201 % [0, 00)) /(S?P+! x {0}), where S' acts on the factor S***!. Here,
the stratum S is the apex of the cone. We have x(S) = 1 and e(S) = 2. The
number p € Z is defined by p(S) = p. We need to prove that the inclusion

Q0)  I:Q5 ;@SPH/SY) > ISP =lizw | w e Q5 (57T)
is a quasi-isomorphism. Notice first that

QL@ SN = Qo TS x (0, 00)),

QP2(es?H /s = (B e QLA (5™ % (0, 00)) [ dB =0 on $%T x (0,2)},

bas

bas

Q3702 (Es?H8Y) = U (S % (0, 00), S%F! % (0, 2)),
;<p—1((o:52b+l) — {ixa) lwe Q*+1<p(52b+1 x (0, oo))}

=) QP82 % (0, 00)),

bas
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1[’3’*‘(&5%“) ={ixo | w e QP ($**! x (0, 00)), dw=0o0n $**' x (0,2)},
;>p_1(éS2b+l) — {lXC() | we Q*+l>p(52b+l % (0’ OO), S2b+l % (O, 2))}

=) QP2 % (0, 00), S % (0, 2)),

where =(1) is given by the previous step and =(2) comes from the fact that 8 =0
on S+ % (0, 2) implies w = x A B =0 on S?*! x (0, 2). Since
QP2(es?H /shna= o) = 1272 es* Y na o),

it suffices to study the degrees * > p — 1.
%= p—1: Since ng’_*; (&85?P+1/8") =0, we need to prove HP~! (I5(&5?"11)) =0,
that is,
w € QP (P11 x (0, 00)) with dw =0 on S?*! x (0,2) and dixw =0

— there exists n € Qf”_l(SZbJrl x (0, 00)) with ixw =dixn.
If p = 0 then we can consider n = 0 since w is constant. Let us suppose p > 1.
Consider n' = [ w. It is an element of Q7~'(S**! x (0, 00)) since the ac-
tion of S' on the (0, co)-factor is trivial. A straightforward calculation gives
w=pr*w(l) +dn + [ dw. Here, w(1) is the restriction of w to S+ % (1)

and pr: 2Pt x (0, 00) — §?P*! x {1} is the map defined by pr(x, t) = (x, 1).
A straightforward calculation gives

ixw=ixpr*a)(l)—l-ixdn'—l-ix/_dw
1
:ixpr*w(l)—dixn/—/_a’ixa):ixpr*w(l)—a’ixn/.
1

By hypothesis the differential form pr* w(1) is a cycle of 7 (S?**! x (0, 00)).
Condition p < implies p < codim § —2 = 2b. Since p > 1, pr* w(1) is exact and
so there exists n” € QP~1(S?P+! x (0, 0o0)) with pr* w(1) = dn”. We end the proof
taking n = —n’' —n".

* > p: Since H;fg(éS%H/Sl) = 0, we need to prove H*Z”(I;(&S%“)) =0,
that is,

w e QTP (204 5 (0, 00), SPF! % (0, 2)) with dixw =0

— there exists 7 € *Z7(5%**! x (0, 00)) with dn =0 on S**! x (0, 2)
and ch() = dixn.

The proof of the previous case applies verbatim with (1) = 0.

Final step: Consider the invariant open covering V = {Ts | S € 1} U{M \ X}
of M. We fix a smooth map A : [0, co) — [0, 1] satisfying A = 1 on [0, 2] and
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A =0on [3,00). The map fs:Ts — [0, co) is defined by fs(x) = A(ps(x)) (see
Section 1.2). Itisan S !_invariant smooth map, constant on the fibers of t5: Dg — S,
which gives || fslls = lldfslls = 0. So, the family {fs | S € AIu{l = fs}is
a partition of unity, subordinated to V, living in Q%(M ). Now, it suffices to apply
Bredon’s trick [3, p.289] and the previous cases. O

Remark 2.6. In fact, we have proved that the operator
[ (Q5(M/SYH @ Qs_L(M/SY), D) — (5(M), d),

defined by f (o, B) =a+ x A B, where D(«, B) = (da + e A B, —dB), is a quasi-
isomorphism.

2.6. Twisted product. The model of the tubular neighborhood of a semimobile
stratum is given by twisted products. We present this notion. First of all, we consider
a smooth action ® : N x E — E of the normalizer N on a manifold E. It induces
the action @ : §3 x (83 xy E) — (53 xy E) defined by g - (k, x) = (g -k, x) .

This action is a mobile action and the strata are of the form > x v § with S €.7,
stratification induced by ®. A perversity p on E determines a perversity on the
twisted product, still denoted by p, defined by 5(S> xy S) = p(S).

Given an N-invariant Thom—Mather system T = {Ts | S € .1} on E we can
consider the Thom—Mather systems

e T =1{5° xTs | S € 7} on the product, and
e ToyuyE = (S3 xn Ts | S €.} on the twisted product.

Relative to these Thom—Mather systems we have

ey M @l 5355 = ol s3x s

where S €., 0w € Q*(S3 xny (E~ X)) and I1: S? x E — S3 x y E is the canonical
projection. This map is an N-bundle and satisfies 7 (g, x) = (g- h=', h-x) where
(g, x)eS>x Eandh e N.

The goal of this section is to write the S3-invariant intersection forms of the
twisted product $3 x v E in terms of the intersection forms of E.

First we establish some notation:

(a) Y, € X(S8%) is the fundamental vector field associated to u € su(2) relative to
the right action: S3 x §° — §3; (g, k) — k- g~!. It is a left invariant vector field.
For the sake of simplicity we shall write Y,,, = Y, for £ € {1, 2, 3}.

(b) Z € X(E) is the fundamental vector field of the action ¥ : S! x E — E,
induced by ©. It satisfies j,Z = —Z. Let € be an N-invariant metric on E. The
characteristic form { = 1z¢€ satisfies j*¢ = —¢ and the associated Euler form e =d¢
satisfies j*e =e.
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(c) Let y, € Q!(S?) be the dual form of Y,, that is, y, = iy «, u € su(2). Notice
that « (u, v) = y,(Yy). These forms are invariant by the left action of S3. For
the sake of simplicity we shall write y,, = yx for £ € {1,2,3}. They satisfy

Ly,y1=0,Ly,y2=—y3, Ly, y3=Y2.dyi =12/ V3, dva=—yiAysanddys—y1 Ay2
(see (10)).

(d) The group N acts on the complex of differential forms Q*(S%) by the left.
So, the group Z, = N/S' acts on the complex of S'-left invariant forms of S,
which is A*(y1, y2, y3). This action is given by

(22) g-ve=(=D'yy,
for¢ =1, 2,3.

Proposition 2.7. The canonical projection T1 : S° x E — S* xy E induces the
identification

. . z
23) @5(SxnE)={we A" 1. 72, 13)QQ5(E) liyo=—iz0, Lyo=—Lzo} .
Proof. Since the map IT is S3-invariant, IT* induces a monomorphism between
QS x E)={weQ*(S’ x E)|g*w=ow forall g€ S*}= A\*(y1, v2, y3) @Q*(E)

and
QS xNyE)={weQ* (S’ xy E) | g¥w = w forall g € §°}.

So, we can identify Q*(S3 x E) with
{we N1, 12, v3) ®Q*(E) | iy,0 = —izw, Ly o =—Lzo, g'o = o}
: . z
= {a) e N (y1, 72, v3) @ Q(E) | iy,0 = —izw, Ly,w = —Lza)} 2,

A similar identification is obtained for E \ X instead of E. Using (21) we
conclude (23). U

Corollary 2.8. We have the identification
QS Xy E)=Q5(E)2 @ Q5 H(E) 2@t e Q5 (E) ™ | L, L,E=—§),

where the differential becomes D'(«, B, §) = (da, dB — iza, —d§). The third term
of this direct sum is acyclic.

Proof. Proposition 2.7 shows that an element of Q’;(S3 Xy E) is of the form

a—yiNiza+nALzE+yvsANE+yiAVvaNizLZE +yi Ay3ANizE
+TVNAVAB=YIAY2AY3 NIz,
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with o € Q5(E), B Q5 *(E), £ € Q5 \(E), g-a=a,g-§=—&,g-f=—p,and
L,L,& = —&. For the calculation of D we compute the differential of the previous
expression:
da—yiNizda —yy NLzd§ —ys NdE —yi ANya A(izLzd§ +§)
TV AVAN(LZE —izd§) + 2 Ays AP —iza) +yi A2 Ny3 Aizdp.
We verify the acyclicity property. Let & € Q}(E )~%2 be a cycle. The differential
form n =iz Lz& € Q*(E \ X) satisfies:
s g n=j"n=j%izLz§ = —izj Lz =izLzj*§ = —izLz&§ = —n.
e LzLzn=LzLzizLz§ =izLzLzLz§ = —izLz§ = —n.
o dn = diszs = Lszr‘;: = —f, since df =0.
(6)
o If Q is a singular stratum of E, we have ||n]lg = lizLz&| o < lI€llo < p(Q).
So, the complex {& € Q%~'(E)™%2 | L,L,& = —&} is acyclic. a

The following calculations will be used in the next section. We use the N-action
presented in Section 1.6.

Corollary 2.9. Let ® : N x M — M be a smooth action. We have

H*

ey (M /ST = B (5) "V

where
e p is a constant perversity p on M/S" satisfying 0 < p <t,
e g denotes the integer part of p/2, and

e X is the singular part of the induced S"'-action,

Proof. Consider an N-invariant Thom—Mather system (see Section 1.6). Using
Mayer—Vietoris, we can suppose M = Ts N Tj(s), for some § € /1. We write
T=15UTj(s). Since ¥ = SU j(S) is Z,-invariant, we can consider the operator

. -2 —(=1iz 1\—Z
Ty VR S o o (M/Sh TR,
defined by J(a) = (t5a A e?), where e is the Euler form of the induced § I_action
relative to an N-invariant Riemannian metric on M. This metric always exists since

the group N is compact. It is a well-defined differential operator since

IT*a Aellls < lIT*alls + lle?lls < 0+ lle?lls < 2g < p(S), and similarly
[t*a Aellls < p(j(S)),

d(t*da ne?) = t*da A e and the operator is a differential operator,

(M~ S), and

e ix(t*a Ael) =ixd(t*a Ae?) =0, which gives T*a Ae? € Qf

o jYe=—e.
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This last property comes from j,X = —X, where X is the fundamental vector field
of the circle action W.

We claim that the operator J is a quasi-isomorphism. Proceeding as in the proof
of Proposition 2.5 we can reduce the question to the case where the stratum §
(resp. j(S)) is the apex v (resp. w) of the cone Ts = &, S?+! (resp. Tj(s) = &, S? 1)
where the circle S! acts orthogonally and almost freely on the sphere S?°*!. We also
have H* (S§?0+1) = H*(CP?). Recall that &(S) =2 and 5(S) = p. We distinguish

bas
two cases:

% < p—2orx*> p: We have the equality Qz_é(évSQb“/Sl) = QE((":VSZI’H/S])
and the analogous one for the apex w. Therefore, and for degree reasons, we get
Qo) (TsUTjs)/S') =0
= Q" (v, up) TV = (S U ()TN
= p — 1 or p: We first assume * = 2¢. On one hand, we have
H*72(SU j(8)~ V"%

_ {HO(S)—<—1>qu =0 (if ¢ even) or R (if ¢ odd) if j(S) =S,
L HOSU )Y R = (1, (-Dith) =R f j(SNS=2.

On the other hand, the typical conical calculations of the intersection cohomology
(see, for example, [17, Proposition 3.1.1]) and the sequence (7) give

H*

35-0 (&S ST = HX(CP),

which is generated by ¢4, since 0 < p = p(S) < 1(S) = 2b. The same formula is
obtained for w. We have

H;/(ﬁ,é)((évSZb-i_l U évszb-i-l)/sl)—zz
_ H2(CP?)~% =0 (if g even) or R (if ¢ odd) if j(S) =S,
N H2(CPPuCPl)~ V'L =R if j($H)NS =g,

where, in the case where SN j(S) = &, a generator of the cohomology is the class
([e]?, (=1)7*'[e]?).

Finally, if * is odd, both cohomology groups to be checked equal vanish because
they involve classes in odd degrees of points or CP?.

We get that J is a quasi-isomorphism. U

3. The integration operator f

The main tool we use in this work is the integration operator

f L QE(M) — Q5 (M/SY),
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defined by fo = (—l)deg“’iX3 Iy,ly, @, Where ¥ is the characteristic perversity
defined by
if § €.,

Z(S) =
x(S) {3 ifSe.7.
The operator £ is a well-defined differential operator since

o Lyip=ipLa+ipa p) when A, B are vector fields of M \ X and
 foreach S € .7,

P(S) = llwlls = llx1 A xa A x3 ANy, iy, iy @ls

fo

where the second inequality is by (11), (15) and the first equality is by (16), (18),
and we have considered an adjusted metric £ on M \ X.

The goal of this section is the computation of the cohomology of the complexes
I (M) and K *(M ). For the first one, we need to introduce the Euler perversity e,
deﬁned bye=7x+1.

For the sake of simplicity we shall write

= lliy, iy, iy, @lls +7(S) = +X(S),

S

kerf = K;;(M) = {a) S Q;(M) | iX3iX2iX]w=0},

Imf = I3(M) = {ix;ix,ix,0 |0 € Q57 (M)
Proposition 3.1. Let p < t be a perversity on M. The natural inclusion I :
*_E(M/S3) — I5(M) is a quasi-isomorphism.

Proof. The inclusion makes sense if we prove that x; A o A xy3 A € Q* (M) for
each o € Q*- 3-(M/S3) This comes from

Lx,(xiAx2Ax3Aa)=0 foreach £ e{l,2,3} (see (10)),
and for each S € .¥ U.%3,
IxiAx2Axsnells = llells +x(S) < p(S) —e(S) + x(S) < p(S),
ldOa A x2 A x3Ae)lls <max(llxi A x2 A xz Adalls, ld(xi A xa A x3) Aalls)
< max(p(9), llells + IId(x1 A x2 A x3)lls)

< max(p(S), p(S) —e(S) +llx1 Axa A xslls+ 1)
< max(p(S), p(S) —e(S) +e(5)) = p(S),

where the first and last lines are by (16) and (18), the second line is by (11) and (15),
and the fourth line is by (10) (see (6)).
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In order to prove that [ is a quasi-isomorphism, we proceed in several steps. We
use the S*-invariant Thom—Mather system of Section 1.2.

Step 1: 1 = 3 = . The action is almost-free. In this case ¥ = @ and therefore
Qp (M) = SZ*[;(M/S3) C I;-;_E(M) C Q}_Y(M/S3) = (M). In other words,
the map / itself is an isomorphism.

bas

Step2: M = TS for some S € .#1. We have seen that S = § 3xn 85 '. The restriction
15 Eg=1¢ (SSI) — 85" is an N-invariant bundle. Notice that Eg is a filtered
space whose singular strata are the connected components of § S'. The fiber of this
bundle is R?**2, for some b € N. The group S! acts trivially on $S" and orthogonally
on R?»*2 having the origin as the only fixed point. Notice that the action of S' on
the unit sphere S?**! is almost-free.

We identify Ts with the twisted product $3 x v Es and we use the calculations
of Section 2.6. We have

(24) Q5(M/S?) = Q5(Es/N) = Q4(Es/SH™

for any perversity p. The integration 4 becomes the map

(25) f 1 Q5(8% xy Es) > Q55 (Es/SH%,

defined by («, 8, &) — —izB (see Corollary 2.8). The map / becomes the inclusion
(26) 1:Q5 ;(M/S*) =5 ;(Es/S")2 — (M) ={izf| B € Qs (Es) ")

since for each A € Q*— 3-(ES/S )%2 we have { AL € Q* 2Es)™ 2 andiz(C AL) =A.

Consider now a good covermg U of S5 and { fU | U € U} a subordmated
partition of unity. The family {rS (U) | u € U} is an open covering of Eg and
{ts o fu | U € U} is a subordinated partition of unity. These maps are N-invariant
smooth maps constant on the fibers of ts. This last property implies that | fyots|ls =
ld(fuots)|ls =0. So, the covering U possesses a subordinated partition of unity
living in S_ZS(ES).

Using Bredon’s trick [3, p.289] one reduces the problem to the case Eg =
RAMS™  R20+2 where 75 becomes the projection on the first factor. The action
of the group S! is trivial on the first factor.

Contracting this factor to a point, we reduce the problem to the case Eg =
R?+2 = &§20+1 = (§20+1 % [0, 00))/(S?P*! x {0}) as filtered space. Denoting by P
the apex of the cone, we have x (P) =1, e(P) =2 and p(P) = p(S) = p. We need
to prove that the inclusion

I: Q}k}_é(&s2b+l/sl)zz s Ig(&SﬂH-l) — {lZﬂ | ﬁ c Q;+] (ES2b+l)_Zz}
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is a quasi-isomorphism. This comes directly from (20) with j.Z = —Z (see
Section 2.6(b)).

Step 3: .3 = . Consider the invariant open covering V ={Ts | S € A }U{M \ F1}
of M. We fix a smooth map A : [0, co) — [0, 1] satisfying A = 1 on [0, 2] and
A =0on[3,00). The map fy:Ts— [0, c0) is defined by fs(x) = A(ps(x)) (see
Section 1.2). It is an S3-invariant smooth map, constant on the fibers of tg: Dg — S,
which gives || fs|ls = |ldfslls = 0. So, the family {fs | S € 1} U {l -y fg} is a
partition of unity, subordinated to V, living in Qg (M). Now, it suffices to apply
Bredon’s trick [3, p.289] and the previous cases.

Step 4: M = T for some Q € .#. Recall that 7y : Tp — Q is an S>-invariant
smooth bundle whose fiber is R/*! for some f > 3. In fact, the group S acts
trivially on Q and orthogonally on the fiber R/ ! having the origin as the only
fixed point. Notice that the action of S* on the sphere S/ is a mobile action.

Consider now a good covering I/ of Q and { fy | U €U} a subordinated partition of
unity. The family {‘L’él (U) |u €U} is an open covering of Tp having { fyotg | U €U}
a subordinated partition of unity. These maps are S>-invariant smooth maps constant
on the fibers of 7. This last property implies that || fyoTollo = |d(fuoto)llo =0
(see (5)).

Using Bredon’s trick [3, p.289] one reduces the problem to the case M =
R4mMQ » R/+1, The action of the group S° is trivial on the first factor. Contracting
this factor to a point, we reduce the problem to the case M = R/*! = &¢§/ =
(ST x [0, oo))/(Sf x {0}). Here, the stratum Q corresponds to the apex v of the
cone. We have x (v) = 3 and e(v) = 4. The number p € Z is defined by p(Q) = p.
Take p(v) = p. We need to prove that the inclusion

1:Q5 ;(887/8%) = 1%(&ST) ={ix,ix,ix,0 | 0 € Q57 (&S7))
is a quasi-isomorphism. Notice that S> just acts on the sphere S/. We have

QST /8% = 5787 /8%) % (0, 00)).
QP73(eST /8% = (B e QL1 ((S7/5%) x (0,00)) | dB =0 0on §7 x (0,2)},
Q0 (es! /87 =5 ETH(ST /8% x (0,00, (87/5%) x (0,2),
15077 = {ixixixol o€ 257 (87 x (0,00},
1;"3(ésf) ={ixsixsix,0 |0 € Q2(ST x (0,00)) [dw=00n S/ x (0,2)},
1P esh) = {ixsixyix,w |0 € Q5777 (87 % (0,00), 87 x (0,2))}.

Since ng‘g(ésf /SHNd=10) = ng‘é‘((sf /5%) x (0, 00)) Nd~'(0), Step 3 gives
that [* : H;f_é(é’:Sf/S3) — H*(I;(&Sf)) is an isomorphism for * < p — 3.
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%= p —3: Since Hg__;(éSf/S3) =0 (see [17, Proposition 3.1.1]), we must prove
HH(I;;(&Sf )) =0, that is,

we Qg(sf x (0, 00)) with dw =0 on S/ x (0,2) and dixw =0
= there exists 1 € 27 (7 x (0, 00)) with iye = dixn.

If p =0 then we can consider n = 0 since w is constant. Let us suppose p > 1.
Consider ' = f l_a). It is an element of P! (S/ x (0, 00)) since the action of §3
on the (0, co)-factor is trivial. A straightforward calculation gives

27 a)=pr*a)(1)+dn’+/ do.
1

Here, w(1) is the restriction of  to S/ x {1} and pr: S/ x (0, 00) — S/ x {1} is
the map defined by pr(x, f) = (x, 1). Applying that both w and ’ are S3-invariant
and Ly =ixd +diyx, we have

ix,ix,ix,@=1Iix;ix,ix, pr" (1) +ix,ix,ix,dn +1X31X21X1/1 dow

=ix,ix,ix, pr o(l) —dix;ix,ix,n —/ dix,ix,ix,w
1

=ix;ix,ix, pro(l) —dixix,ix,n’.
By hypothesis the differential form pr* w(1) is a cycle of QZ(S /% (0, 00)). Con-
dition p <t implies p < codim Q —2 = f — 1. This gives the existence of n” €
QPSS x (0, 00)) with pr* w(1) = dn”. We finish the proof taking n = —n’ — "

%> p —2: Since H;Eg’_z(é’:Sf/S3) =0 (see [17]), we need to prove

H*>P=2(1%(&87)) =0,
that is,

w € Q5T (ST % (0, 00)) with diy,ix,ix,w=0and w=0on §7 x (0,2)
= there exists 1 € 25777 (87 x (0, 00)) with ix,ix,ix,® = dix,ix,ix,n
and dn =0 on N (0, 2).

Same proof as before with w(1) = 0.

Final step: Consider the invariant open covering V ={Tp | Q € 3} U{M \ F3}
of M. We fix a smooth map A : [0, co) — [0, 1] satisfying A = 1 on [0, 2] and
A =0on [3,00). The map fg : Tp — [0, 00) is defined by fo(x) = A(po(x))
(see Section 1.2). It is an S3-invariant smooth map, constant on the fibers of
19 : Do — Q, which gives || folls = |ldfglls = 0 for each singular stratum §
(see (5)). So, the family {fp | @ € 73} U {1 = fp} is a partition of unity,
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subordinated to V, living in QS(M ). Now, it suffices to apply Bredon’s trick [3,
p- 289] and the previous cases. U

Let us study the complex K’; (M). Since the complex QE(M /S?) is included
in ker # we have the short exact sequence
IS s K K5M)

This allows us to compute the cohomology of K ; (M) in terms of the intersection
cohomology H3(M/S?) and the cohomology of C%(M) = K5(M)/5(M/S?).
In fact, we are going to prove that this cohomology is residual relative to the strata
of .. The calculation of H*(C 5 (M)) is carried out in several steps through the
restrictions

_ql
(28) M~ ToUTs ~ QUTs ~+ QuUSS =5 |
where S ranges over the strata of . and Q € .3 with Q C S. We proceed in
several steps.
Lemma 3.2. Let ® : S x M — M be a mobile action with 5 = @. For any
perversity p on M with0 < p <1 we have

: —2pe— (=
(29) HY(Cy (M) = @) H* 275 2(s5) -,

SEV[

where the number pg denotes the integer part of p(S)/2.

Proof. We proceed in several steps.

Step 1: .1 = @. We do not have any singular stratum. We need to prove that the left-
hand side of (29) is 0. Let (w) be a cycle of C ;; (M). The canonical decomposition
of wis

w=wot+x1ANw1+ 2 A2+ X3A W3+ X1A 2 A@1R2+ X1IA X3A @13+ X2 N\ X3A W23

(see (11)). The differential form n = —x1 A w3 + x2 A w13 — x3 A w1y belongs
to K;-;(M) since n € Q*(M \ %) (see (10) and (14)), and ix,ix,ix,n = 0.
The differential form o' = w — dn satisfies

/ / / /
Wiy = W3 = wy3 = w3 =0.

Since dw' = dw € 25(M/S%) then | = ) = @} = 0 and therefore ' = wj, €
Q5(M/S?). So, [(@)] = [(«)] = [0] =0.

Step 2: M = Ty for some S € /1. In this case .1 = {S} and S is a closed stratum.
Define E as in Step 2 of the proof of Proposition 3.1. Using (25) and Corollary 2.8
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we get

K3(M) = Q5(Es)™ @ (B € Q5 (Es) ™ | iz =0)
@& ey (E) ™ | L, L, E=—¢)

19) _ B - ~
DasEnn 0 Q5 (Es/S) TR @l € Q5 (Es) 2 | L, L& = —¢),

where the third complex is acyclic (see Corollary 2.8). So, using that Q75 (M/S 3)@)

Q;(E s/S 1)22, we have that the cohomology of C ;; (M) is that of the complex

Q5(Es)" @ Q) *(Es/S") ™"
Q5 (Es/SH%

’

relative to the differential D”((«, B)) = ((da, dB — iz«a)). Following Remark 2.6,
this complex is quasi-isomorphic to

Qi (Es/SH @ Q5 L(Es/SH) ™" @ Q5 2 (Es/SH ™5
Qi (Es/ShH%

= Q4 [(Es/SH ™ @ Q) H(Es/SH) R

endowed with the differential D" (A, B) = (—dA, dB —A). It is immediately checked

that the map (A, B) — (B) is a quasi-isomorphism between this complex and

Q;(zﬁ_é)(ES /S =%, The induced action ® : N x Eg — Eg and the induced

perversity p on Eg satisfy the conditions of Corollary 2.9, with ¥ = sS' and

g = ps. So, we get H;/_(?;,g)(ES/Sl)_ZZ — H*—2PS—2(SSI)—(_])”SZ2_

Final step: Just use Mayer—Vietoris as in Step 3 of the proof of Proposition 3.1. [
The first step of (28) comes from the following result concerning the Thom—

Mather system (see Section 1.2):

Lemma 3.3. Let ® : S3 x M — M be a mobile action. For any perversity p
on M with 0 < p < t, the restriction of forms induces the quasi-isomorphism
C;‘;(M) — C;';(Tl UT3).

Proof. Consider the invariant open covering

(U=T0T. v =M (o (0. 3) Ui ([0. 2])}
of M. We have the Mayer—Vietoris sequence

0— C5(M)— C5(U)®Cx(V) — C5(UNV) — 0.

Following Lemma 3.2 we know that the complexes C;;(V) and C ;(U NV) are
acyclic. So, the restriction C }*3 M)—C ;‘;(U ) is a quasi-isomorphism. O
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The term Q U Ts appearing in (28) is not a manifold, but it is possible to define
the complex C;(—) on it using the following notion.

Definition 3.4. Let @ : S° x M — M be a mobile action. We consider a perversity p
on M. For each open subset U C M we define

E5(U) = {w € Q5(U N\ T3) | w and dow satisfy (30)},

where
(30) a)(vo,...,v[;(Q),—):O
where vy, ..., vj(g) are vectors tangent to the fibers of 7¢ : (Do NU) — Q, for

each QO € .73. We analogously define E;(U/S3) if U ¢ M is an S3-invariant open
subset.

We define R
K3(Ts) = K;(Ts) N E5(Ts)

E5(Ts/5%)

Cr(Ts) =

We clearly have EE(U) = Q;(U) and 6;;(U) = C;;(U) ifUDTsorif A=0
In particular, we have

31 CH(T\UTs) = Ch(TI UT).

Lemma 3.5. Let ® : S3 x M — M be a mobile action. For any perversity p

on M with 0 < p < 1, the restriction of forms induces the quasi-isomorphism
Ci(T3UT) — C5(T).

Proof Using Mayer—Vietoris, it suffices to prove that the restriction C *(Tg) —
Cx (Tg N Ty1) is a quasi-isomorphism. Proceeding as in Step 4 of the proof of
Propos1t10n 3.1 we can suppose that 73 = &S/, where S° acts orthogonally without
fixed points on the sphere S/, and trivially on the radius of the cone. The fixed
points subset F3 is, now, the apex v of the cone. Moreover, in this new setting,
T3 N T; becomes Tx, x (0, 00) C &S’ , being =, the union of nonmobile strata of
the action in S/ and Ty, a tubular neighborhood of X in S /. We then have

Ci(T3) = Ci(S/ x (0,00)) and Ch(T3NTy) = Cx(Ts, x (0, 00)).

For these complexes, (30) becomes w (v, ..., v,, —) =0if vy, ..., v, are vectors
tangent to the first factor of (S <)) x(0,2) or (Tx, \ 21) x (0, 2), respec-
t/i\vely, being p = p(v). In order to prove that the restriction 6; (ST x (0, 00)) >
C;‘-,(Tzl x (0, 00)) is a quasi-isomorphism we notice that

Co (87 % (0, 00)) = C5=7 (57 x (0, 00)).,
Cl(S % (0, 00)) = {(B) € C3~"(S7 x (0, 00)) | dB =0 on 57 x (0, 2)},
(A?;>p(Sf x (0, 00)) = C;>p(Sf x (0, 00), §7 % (0,2)), whose cohomology is 0.
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Consider the operator pr: C* (S - c* (S /% (0, 00)) induced by the canomcal pro-
jection. Define the truncated complex 0 C* ($H= <p(Sf) @ (Cp(Sf) Nd~1(0)).
By the previous display, we have that

pr(o,C3(S) € Ch(S7 x (0, 00)).

Moreover, following (27) we get (@) = pr{w(1)) +d<f71w)+(ffldw> and thus
pr: (IPC;(Sf)) — C;;(Sf x (0, 00)) is a quasi-isomorphism. In a similar way, we
prove that the operator

(32) pr:o,Ci(Tx,) > Ci(Tx, x (0, 00)),

induced by the canonical projection, is a quasi-isomorphism. So, the remaining
task becomes to prove that the restriction o, C;(S - op C;;(Tgl) induces a quasi-
isomorphism, which is granted by Lemma 3.2. (]

By the definition of the complex @i(—) we have 6’5(T1) = @Se% 6*—‘(T5).

Lemma 3.6. Let & : S x M — M be a mobile action. For any perversity 0 < p <f
on M and any stratum S € /| we have

- _ py*—2ps—2,GS'\\—(=1)PszZ
H*(Cy(Ts)) = Hy 2P (§5) =0,
where the number pg denotes the integer part of p(S)/2.

Proof. Consider the family Q={Q € | Q0 C S}. Recall that 5s' (see Section 1.4)
is a filtered space. The regular part of S5 "is $5' and its singular strata are the
elements Q € Q. So,

Q;S(ES‘) = {a € *(5%") | & and da satisty (30) for Ps(Q) = p(Q) —2ps —2,
where Q € Q}.
Let us define the operator
— — =ql _(_ 1P -~
JS . Q’;SZPS 2(SS ) ( 1)1522 N C;;(TS)
by
(33) Js(@) = (Y1 Aya ATa Aeg’),

where eg € Q%(E s/S 1Y=7; is the Euler form of the S!'-action on Ej relative to an

N-invariant metric on T (see Section 2.6).

Step 1: The operator Jg is well defined. Since tg : Ts — S° 'is an $3- equivariant

map, we have ‘L'SOl € Q* 2rs=2(Eg)~ (=D"Z, foreach o € Q* s 2(SSI) (=1)Psz,
S

and therefore Ta A et S % 2(Eg)~ 7, For the perverse degree, we have

ltsa Aes’lls < llef’lls <2ps < p(S),
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and s1m11ar1y for the differential d(tga Ae SS ) =tgda A e . We conclude that
Toa A eS € Q* (Es)~%. Applying Corollary 2.8 we get that V2AV3 AT A eS €
Q5(Ts = §° X Eg) with f» Ays Aeg® Atia =0.

It remains to prove that the differential form n = y» A y3 A T3 A e s and
its differential dn = y» A y3 A tgda A eps satisfy (30) for p(Q), where Q € Q.
Consider a family vy, ..., vj(g) of vectors tangent to the fibers of the map 7 :
(DoN(Ts~.S)) — Q. Up to areordering we get that n(vo, ..., Vjp)) is a multiple
of a(ts+(vo), - . ., Tsx(Vj(0)—2ps—2)). Conditions (5) imply that the vectors T, (v.)
are tangent to the fibers of 7o : Do NS — Q. Since «a satisfies (30) for ﬁS(Q),
we get a(ts«(vo), - . ., TS*(vﬁ(Q)—Zps—Z:f’s(Q))) = 0. So, 7 satisfies (30) for p(Q).
The same argument applies to dn.

We conclude that y, A y3 A Tga A el S € ker f The operator Jg is well defined.

Step 2: The operator Js is a quasi-isomorphism when M = Ty, for any Q € 73
satisfying Q C S. Proceeding as in Step 4 of the proof of Proposition 3.1 we can
suppose that M =Ty = ¢S / where S acts orthogonally without fixed points on
the sphere S/ and trivially on the radius of the cone. Notice that the action of §°
on the sphere S/ is a mobile action. The stratum Q is the apex v of the cone. We
have S = X x (0, 00) € &S/, being X¢ € S/ the union of some semimobile strata
of the S3-action in S/ .

We also have Ts =T, x (0, 00). Since S=2¢&(Zp) and 58" = E’:(EQSI ), Jg becomes

(34) Js Q5 2P E(E0S ) T - Ty (T, x (0, 00)).

Let’s prove that (34) is a quasi-isomorphism. On one hand, we know from [17,
Proposition 3.1.1] that the operator pr : o, Q}S(Eosl) — Q}S(é(Zosl)), induced
by the canonical projection, is a quasi-isomorphism. Here,

q=Ps(Q)=pv)—2ps—2=p—2ps—2.
On the other hand, using (32) we conclude that it suffices to prove that
Js 102 (5% )T 0, Ch(Ty)

is a quasi-isomorphism, which is granted by Lemma 3.2.

Final step: Consider the invariant open covering V = {Tg NTs, Ts \ p5 ! ([0, 2])}
of Ts. We fix a smooth map A : [0, co) — [0, 1] satisfying A = 1 on [0, 3] and
A=0o0n [4,00). The map f : Ts — [0, 00) is defined by f(x) = A(p3(x)). Itis
an S3-invariant smooth map, constant on the fibers of t3 : D3 — X3, which gives
I flls=lldflls=Ifllo=Ildf]lo =0 for each Q € .73 with Q C S. So, the family
{f,1— f} is a partition of unity, subordinated to V, living in QS(TS). Now, it
suffices to apply Bredon’s trick [3, p. 289] and the previous cases. ]
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Proposition 3.7. Let ® : S? x M — M be a mobile action. For any perversity
0 < p <tonMwe have

H*(CE(M)) = @ H; 27355~ 4,
SE.V] s

Proof. It suffices to consider Lemma 3.3, (31), and Lemmas 3.5 and 3.6. O

4. Gysin braid for a mobile action

We construct two Gysin sequences associated with a mobile action ® : S x M — M.

These sequences establish a relationship between the cohomology of the manifold M

and the intersection cohomology of the orbit space M /S>. The existence of two dis-

tinct approaches to the cohomology of M by the intersection cohomology of M/ S3

gives rise to two separate sequences: one from the left, and one from the right.
The first approach, the one from the left, uses the short exact sequence

Q5 (M)

* 3 * -7
(35) 0= Q5(M/S7) = (M) ~ Q5(M/S?) ~ O

where p is a perversity on M. The quotient G;‘; (M) = Q;‘; (M)/Q;; (M/S?) is the
Gysin term.

Theorem A. Let ®: S3 x M — M be a mobile action. For any perversity0< p <t
on M we have the long exact sequence, known as a Gysin sequence,

(36) o= H* (M) > H* '(G(M)) > Hi(M/S*) - H*(M) — - - .
The cohomology of the Gysin term G;;(M ) is determined by the long exact sequence
(BT = HN(G(M) > HAZ3(M/S%)

—2ps—2,GST\—(=1)Ps :
- @ H, TSR - BN G M) -
SeN
Proof. The exact sequence (36) comes from (35) and from the fact that the complex
Q}(M) computes the cohomology of M since 0 < p < (see Section 1.3 and
Proposition 2.1). We now consider the short exact sequence

(38) 0— C5(M) — G%(M) A, 133 (M) — 0,

where ;(w) = fw. The exact sequence (37) comes from the fact that the cohomol-
ogy of I;f (M) is H;‘_E(M/S3) (see Proposition 3.1) and from Proposition 3.7. [J

The second approach, the one from the right, uses the short exact sequence

(39) 0— K3(M) — Q5(M) — I*7>(M) — 0.
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By symmetry, we say that the complex K ;‘-; (M) is the co-Gysin term of the action.

Theorem B. Let & : S x M — M be a mobile action. For any perversity 0 < p <t
on M we have the long exact sequence, known as a Gysin sequence,

40) o> H*'(M) - H}“X(M/S’) > H*(K;5(M)) > H*(M) —

The cohomology of the co-Gysin term K 5 (M) is determined by the long exact
sequence

(41) eee > HY I(K (M))—> @H* 3— ZPS(Ssl) (= l)pSZ
SeS
— HY(M/S?) > H*(K3(M)) — - --
Proof. The sequence (40) is derived from (39) and the following two facts:

o The complex S_Z; (M) computes the cohomology of M, since 0 < p <1 (see
Section 1.3 and Proposition 2.1).

o The cohomology of the complex 5 (M)is H e s(M/ $3) (see Proposition 3.1).

The exact sequence (41) is derived from the short exact sequence
(42) 0— Q;(M/S3)—>K;§(M)—>C;§(M)—>O
and Proposition 3.7. O

The previous long exact sequences (36), (37), (40) and (41) can be arranged in
an exact braid diagram.

Definition 4.1. Let us consider six chain complexes A*, B*, C*, D*, E* and F*.
A braid is a diagram of chain maps of the form

A* B* C* D*—H Ak+2
AN 7N VAN N /!
@\ /® ®\ /® ®\ /@ ®\ /®
E* F* E*—H F*+l
®/ \@ VRN N N o
7 \ / NS NS N
C* 1 A*—H B*+1 C*+]

It is a commutative braid when all the trlangles and diamonds are commutative.
If the long sequences @, @, @ and @ are exact we say that the braid is an exact
braid.

An exact and commutative braid possesses the two following properties.



THE GYSIN BRAID FOR $3-ACTIONS ON MANIFOLDS 329

(B1) The long sequence

is exact (see for example [7, pp. 39-41]).

(B2) The top and bottom sequences of the braid are semiexact sequences and
both have the same exactness defaults: ker®/Im® = ker®/Im @, ... (see, for
example, [12, p. 148]).

Theorem C. Let @ : S3 x M — M be a mobile action. For any perversity0< p <1
on M we have the following exact commutative braid, called the Gysin braid:

H:(M/S?) H:3(M/S?)

St
_ \

H*(M)/ * 2[’5 -2 SSI) (— 1)PSZ

/
\

SE?”]

\H*(Gﬁ(M))/
N

HZ2(M/S%) H: (M) S?)

\
/

@ H; P ESH H* (M)
SEY}

Proof. In [19], a braid is constructed from a triple. We follow this method to
construct a braid associated with these three complexes: Q;(M /S C K ;; (M) C
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Q’;(M). Recall that the cohomology of S_Z}(M) is H*(M) (see Section 1.3). To
recognize the relative terms, we can do the following:
o The quotient Q; (M)/Q’;;(M/S3) is the Gysin term G'ﬁ(M).

» Using (39) and Proposition 3.1 we can determine the cohomology of the
complex S_Z’;(M)/K;(M), which is given by H;-“_E(M/S3).

. —2ps—2,G (=
« The cohomology of KI’;(M)/Q;(M/S?’) is Bges, H;‘;S Ps=2(§8y=(=D’SZ,

as stated in Proposition 3.7. ([

In some cases, the sequence (37) splits and the sequence (36) is closer to the
classical Gysin sequence. In particular, we find the Gysin sequence (3) of [13].

Corollary 4.2. Let & : 3 x M — M be a mobile action. When p = 0 the long
exact sequence (37) splits on the connecting homomorphism and we have the long
exact sequence

43) o> H* (M) > H*(M/S%, 2/ @ H 3 (M52
— H*(M/S§*) — H*(M) — - - - .

Proof. Since p =0 then ps =0 and Py = —2 for each S € .#. We have

*—2ps—3 , aSI\—(=1)PSZ, _ x—3 oS\~Z
@ @ ;S - @
Ses SeA

_ @ H*—3(§sl 553)—22
Se.s

— H*73(MSI’ MS3)722 — H*f?)(MSl)fZZ’

where the second equality is by [5, Proposition 13.5] and the fourth equality is true
since H*3(M5")~% = 0.

Consider a cycle w € Ig(M ). Let’s compute the connecting homomorphism §[w]
of the sequence (37). We have seen in the proof of Proposition 3.1 that

X3 A X2 A iAo € Q5P (M)
with £(x3 A x2 A X1 Aw) = w. Using (12) we get
Az A2 A1) Aw = (e%+e%+e§)/\a)—d((63/\X3+ez/\xz+el A X1) Aw).

Since w € Qg,X(M /S?) then @ vanishes on D; Li D3, and thus so does any multiple
of w. So,

(ei+es+e)Awe R _(M/S%) and (e3Ax3+erAxaterny)Awe (M),
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This gives

d(anxaAxiAw) =(d(x3 A x2 A x1) Aw)
=<(e%—|—e§+e%)/\a)—d((e3/\x3+eg/\x2+el /\Xl)/\w>
=—(desnyzt+enat+elNxiAw)),

yielding §[w] = 0. Now, the sequence (43) comes from (36) (see [5, Proposi-

tion 13.4)]), (38) and (44). O

Remarks 4.3. (a) Consider the exotic term Py, . H ;S (§5"y~=DSZ, When

the exotic term vanishes the Gysin Braid becomes the long exact sequence (4).

This happens when .1 = &. In particular, when the action @ is almost-free

(i.e., S = .73 = @) or semifree.

We have seen in the proof of Corollary 4.2 that the exotic term can be simplified
when p = 0. In this case we have

@ H (55) V"% = gr s,
Se%

The isotropy subgroup of a point of M* M s conjugated to S' or N. Let
us suppose that the first situation does not appear, that is, the group Z, acts trivially
on MS'. This implies that H*(MS')~% = 0.

Equality (44) is still true when both p(S) =0, 1 (mod 4) for all S € .1 and
p(S) <4p+1forall S €.7.

We have

1 1
H*(M>)™% = H*(M*)/H*(M/S%),
since H*(MSI) — f]*(}wsl)l2 ® H*(Msl)fzz — H*(MSI/ZZ) D H*(Msl)fzz =
H*(M/S* @ H*(MS') 22,
Notice that

@ Hi (55')—(—1)”522 — @ H*(SS])_(_I)pSZZ

ser 'S Se
when .73 = @.

(b) Property B1 (see page 328) yields the two long exact sequences
= H*(K5(M)) — H*(G5(M))
— H322(M/S) @ HiY' (M/S%) — H* (K 5(M)) — - - -
and
s> H* NG 5(M)) — H*(K5(M))

— H*(M)GB @ H;;ZPS—Z(SSI)—(_I)”SZZ _ H*(Gp_(M)) — ...
SE,Y']

relating the cohomologies of the Gysin and co-Gysin terms.
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(c) Consider the case p = 0. Since the bottom map @ of the Gysin braid vanishes
(see Corollary 4.2) a diagram chasing gives the short exact sequence

0— Im ®t0p — ker ®top M) ker @poitom — 0,

(see B2).
(d) The splitting property of Corollary 2.8 may not hold if p # 0, as the following

example shows.

Let us consider the join M = S¢ x §? % 83 = 5417 with a > 1 (see [3, p-468]).
The action @ : §* x M — M is defined in each factor as follows:

o S3 acts trivially on S¢.

o §3 acts on the left of the homogeneous space S? = S°/S!.

« S3 acts on the left of S° by multiplication on S°.

We put {b1, by} the two points of S? whose isotropy subgroup is S'.
We have

S={0=5"Y and 7 ={S=(5S5%) 8.
Notice that

—cl
MS' =50 = (595 825 = 595 (525" = 89 (by, ba),

the action of g € Z, interchanges both points.

The orbit space M/S3 is the filtered space S%* (5% % 53)/8% = §¢ x £ §? = §o+4
endowed with the filtration §¢ C §¢ % {P} C §% % £5% = $*t* where P is one of
the two apices of the suspension X 5.

The perversity p is given by two numbers (pi, p3) = (p(S), p(Q)). Since
dimM =a+7,dim Q =a and dim S = a + 3, the condition 0 < p < becomes
(0,0) < (p1, p3) < (2,5). In particular, the perversities 0=(0,0) and ¢ = (2, 4)
satisfy this condition. If p = 0 (resp. e ) then Pg=-2 (resp. 0).

A straightforward calculation using [5, Proposition 13.5] gives

HM)=R ifi=0,a+7,
H ;(M/S?) = H' (ST, S“x{P}) =R ifi=a+4,
H!(M/S) =H' (S =R if i=0,a+4,
H: (M/S*) = H (ST (8% {P)) =R if i =0,
H()(S )—Zz =H ($T' s =R if i =0,
' .
HL (8 )% = HI(S™ 59 =R if i=a+1,

and O for the other values of i.
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One easily checks that the long exact sequence (37) does not split on the con-
necting homomorphism when p = e. Also, this example shows that the long
exact sequence (41) does not split on the connecting homomorphism, even in the
case p = 0.

(e) Let’s recall other exact braids in the literature. For the classical case of a
semifree action of 3 both the Smith-Gysin and the Gysin sequence are part of
an exact braid, along with the long exact sequences of the pairs (M, M Ss) and
(M/S3, M s’ /S?), for singular cohomology (see [2, p. 161]). This braid has recently
been generalized in [14] to the case of any S>-action by using Verona forms (as
in [13]), which corresponds to the case p = 0 of the present paper. When intersection
cohomology is considered, we have seen that the Gysin sequence itself leads to an
exact braid. It is reasonable to suspect that a similar phenomenon will happen with
the Smith—Gysin sequence. The interplay between the braids is still to be explored.

We end the section by studying the behavior of the Gysin and co-Gysin terms
when the perversity changes.

Proposition 4.4. Let & : S3 x M — M be a mobile action. For any perversities
0 < p <q <t on M we have the exact commutative braids

H*(M/S%) H*1(G;(M))
\ /
@ ®
\ /
H}(M/S%)
/ \
©) @
— ™~
H*(M) HZ, 5(M/S%)
\@ @/
\ /
H*(G5(M))
/ \
@ @®
— >
H*(G;(M)) HX*(M/S%)
\ /
© @
\ /
qu<+1 (M/SS)
o o

Hg/;1 (M/S%) H* (M)
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and
H*(K (M) HY~}(M/S?)
\ /
H*(K;(M))
/ \
® @
/ \
H* (M) Hi-ep-0M/S°)
\ /
H2(M/S%)
2 T~
— T~
H:Z3(M/S?) H** (K 5(M)
\ /
H* (K 5(M))
/ \
@ ®
*—3 3 \) 1
Ha 53-8 M/5%) H** (M)

Proof. As in the proof of Theorem C, we shall apply the technique of [19] to
construct two braids associated with the following pairs of triples: Q* (M/S? c
Q*(M/S3) - Q* (M) and K*(M) - K*(M) - Q* (M). Itis 1mp0rtant to recall
that the cohomology of Q; (M ) or Q; (M )is H *(M ) (see Section 1.3). To identify
the relative terms, we consider the schema

QM/SP) | QM) (M) Kz (M) Q7 (M) QZ(M)
QE(M/S%) | QE(M/S?) | 5(M/S?) K:(M) K3 (M) K5 (M)
Q(M/SY| GiM) | Gu(M) | (M]S| @ (M/S) | Q5 (M/S%)

The first two columns are actually equalities. In the other columns, we have
complexes with the same cohomology. To prove this fact for the third column,
we use the equality (M) N Q5(M/S?) = QF(M/S’) and the following fact,
proven in [1; 17], which we shall refer to as the (p, g) property: the inclusion
Q}(M ) — Qj‘l (M) induces an isomorphism in cohomology.

For column 4, we use (39) and Proposition 3.1. Column 5 comes from the equality
K;(M) N Q; (M) = K”ﬁ (M) and the (p, q) property. The last column comes from
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the short exact sequence 0 — K;;(M) — Q;(M) — I;’3(M) — 0, the (p, q)
property and, finally, Proposition 3.1. ([

5. Gysin sequence for a nonmobile action

In this section, we consider a nonmobile nontrivial action ® : §3 x M — M. The
family of regular strata (resp. singular strata) is .1 # & (resp. .#3). A perversity is
amap p:.%3 — Z, that is, a family of numbers {p(Q) | Q € .73} C Z. We consider
on M/S? and M S' the induced filtered space structure. Notice that the family of
singular strata is still .73.

Theorem D. Let & : S° x M — M be a nonmobile nontrivial action. For any
perversity 0 < p <t on M we have

45) H* (M) = Hy(M/S*) @ HY 2(M*) 2.

Proof. Since the action of S on M ~. X has no fixed points, the assignment
(g, x) — g - x establishes an S3-equivariant diffeomorphism between the twisted
product $3 xy (M5' < ) and M < . Here, ¥ = M*" is the union of singular
strata. Following Corollary 2.8 we have

QM) =M D)L @AM <\ 2) L,

since Z = 0. A differential form w € Q*(M \ %) is & + y» A y3 A B with
(a, B) € Q"‘(MS1 <)l eaSZ’k*Z(MS1 < £)~%. It remains to compute the perverse
degree |w||o.

We consider an S3-invariant Thom—Mather system T, = {(To | Q € 7). It
induces the N-invariant Thom-Mather system T st = {Tp N M s | O € ¥}
on MS' (see Section 1.6). Notice that Tp \ Q = 3 xn ((ToN M )~ Q). The
map tg : Tp . Q — Q becomes (g, x) = To(x). So, the fiber of 7y over a point
ye Qis 8 xy (75 () NMS') N Q). This gives [lw]lg = max{llellg. 2+ 8l o}
and therefore

H*(M) = H*(2,(M)) = Hi(M*) %2 @ Hf;§<MS'>—Zz,

since the complex Q* (M) computes the cohomology of M for the perversity
0< p <t (see Sectlon 1.3 and Proposition 2.1). Finally, we get (45) from

(M5 '\ %)/Z,= (M~ %)/S". a
Remark 5.1. Considering the perversity p = 0 we get
H*(M) = H*(M/S%) @ H*2(M*) ™"
(see (44) and [5, Proposition 13.4)]).
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