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THE GYSIN BRAID FOR S3-ACTIONS ON MANIFOLDS

JOSÉ IGNACIO ROYO PRIETO AND MARTINTXO SARALEGI-ARANGUREN

In a previous work, we constructed a Gysin sequence that relates the coho-
mology of a manifold M to that of the orbit space M/S3, where the sphere S3

acts smoothly on M. This sequence includes an exotic term that depends
on M S1 , the subset of points fixed by the action of the subgroup S1.

The orbit space is a stratified pseudomanifold, which is a type of singular
space where intersection cohomology can be applied. When the action is
semifree, Saralegi-Aranguren has already constructed a Gysin sequence that
relates the cohomology of M to the intersection cohomology of M/S3.

However, what happens when the action is not semifree? This is the main
focus of this work. The situation becomes more complex, and we do not find
just a Gysin sequence. Instead, we construct a Gysin braid that relates the
cohomology of M to the intersection cohomology of M/S3. This braid also
contains an exotic term that depends on the intersection cohomology of the
fixed point subset M S1 .
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Given a smooth free action of the sphere S3 on a smooth manifold M , we have a
sphere bundle and the Gysin sequence

(1) · · · → H∗−1(M) → H∗−4(M/S3) → H∗(M/S3) → H∗(M) → · · · ,

which relates the cohomologies of the manifold M and that of its orbit space M/S3

(see, for example, [2; 9]). In the case of a semifree action, we do not have a sphere
bundle, but we have the Gysin sequence

(2) · · · → H∗−1(M) → H∗−4(M/S3, M S3
) → H∗(M/S3) → H∗(M) → · · · .
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In the general case, an exotic term appears:

(3) · · · → H∗−1(M) → H∗−4(M/S3, 6/S3) ⊕ (H∗−3(M S1
))−Z2

→ H (M/S3) → H∗(M) → · · ·

(see [13]). In this context, 6 ⊂ M denotes the subset of points in M whose isotropy
group is infinite. The group Z2 acts on M S1

by j ∈ S3.
When the action is free, the orbit space is a manifold. In the more general case,

it is a pseudomanifold. Saralegi-Aranguren constructed in [15] the exact sequence

(4) · · · → H∗−1(M) → H∗−4
p̄−ē (M/S3) → H∗

p̄(M/S3) → H∗(M) → · · · .

This sequence establishes a connection between the cohomology of the space M
and the intersection cohomology of its orbit space M/S3 in the case of a semifree
action. This exact sequence holds when 0 ≤ p̄ ≤ t̄ . The Euler perversity ē takes the
value 4 on singular strata. In the special case where p̄ = 0, the exact sequence (4)
simplifies to (2).

In this paper, we establish a connection between the cohomology of a manifold M
and the intersection cohomology of its orbit space M/S3, for any smooth action
8 : S3

× M → M . Of particular interest is the case where the action has three-
dimensional orbits, also known as a mobile action.

Given a mobile action, we obtain the following Gysin braid which relates the
cohomologies H∗(M) and H∗

p̄(M/S3):

H∗

p̄(M/S3)

➃
tt

➀

��

H∗(M)

➀
tt

➂

��

H∗−3
p̄−ē (M/S3)

➂
tt

➁

��⊕
S∈S1

H∗−1−2pS

P S
(SS1

)−(−1)pS Z2

H∗(K ·

p̄(M))

➂
**

➃ tt

H∗(G ·

p̄(M))

➁
**

➀
tt

H∗+1(K ·

p̄(M))

➃** ➂
tt

H∗−4
p̄−ē (M/S3)

➂
**

➁

��⊕
S∈S1

H∗−2pS−2
P S

(SS1
)−(−1)pS Z2

➁
**

➃

��

H∗+1
p̄ (M/S3)

➃
**

➀

��

H∗+1(M)
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where:
• S1 (resp. S3) is the family of singular strata S of M with dim S3

x = 1 (resp. 3)
for any x ∈ S. Here S3

x denotes the isotropy subgroup.

• The Euler perversity ē takes the value 4 (resp. 2) on the strata of S1 (resp. S3).

• The perversity p̄ lies between 0 and the top perversity t̄ on M .

• The number pS denotes the integer part of p̄(S)/2.

• The perversity P S on the filtered space SS1
is defined by P S(Q)= p̄(Q)−2pS−2

for any Q ∈ S3 with Q ⊂ S.

• The Gysin term G∗

p̄(M) represents the cokernel of the map induced by the natural
projection π : M → M/S3.

• The co-Gysin term K ∗

p̄(M) denotes the kernel of the map induced by integrating
along the fibers of π .

(See Theorem C.) The braid consists of four long exact sequences, denoted by ➀, ➁,
➂, and ➃. All the triangles and diamonds in the braid are commutative. The leftmost
and rightmost vertical sequences in the braid are semiexact and both have the same
exactness defaults (see Remarks 4.3(c)). The cohomologies of the Gysin and co-
Gysin terms are interconnected through the long exact sequences of Remarks 4.3(b).

Let’s analyze the four Gysin sequences that make up the Gysin braid.
In the classical framework of a free action, there exist two methods for construct-

ing the Gysin sequence (1). One approach involves employing the pullback induced
by the natural projection π : M → M/S3, while the other entails integrating along
the fibers of π . Remarkably, both methodologies yield identical outcomes, resulting
in the Gysin sequence. Meanwhile, the Gysin sequence (3) is derived via the former
method.

In the broader context of this paper’s discussion on mobile actions, we utilize
both techniques, and they yield distinct results. This fundamental difference is the
primary reason why the Gysin braid appears instead of a Gysin sequence.
• The pullback associated to the projection π induces the long exact sequence ➀:

· · · → H∗−1(M) → H∗−1(G ·

p̄(M)) → H∗

p̄(M/S3) → H∗(M) → · · · ,

where the Gysin term G∗

p̄(M) is the cokernel of π∗. This is the first Gysin sequence
associated to the action 8.

We can determine the cohomology of the Gysin term through the sequence ➁,
which employs integration along the fibers of π . This method is used in [13], where
we implicitly work with the perversity p̄ = 0. In this context, we obtain the Gysin
sequence (3) since the sequence ➁ splits at the position of the connecting map.
However, it’s important to note that for other perversities, the sequence ➁ may not
necessarily split as demonstrated by the example in Remarks 4.3(d).
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• Employing the integration along the fibers of π , we get the long exact sequence ➂:

· · · → H∗−1(M) → H∗−4
p̄−ē (M/S3) → H∗(K ·

p̄(M)) → H∗(M) → · · · ,

where the co-Gysin term K ∗

p̄(M) is the kernel of the integration operator along the
fibers of π . This is the second Gysin sequence associated to the action 8.

We compute the cohomology of the co-Gysin term using the sequence ➃, which
employs the pullback operator induced by π . It’s important to note that unlike the
previous case, sequence ➂ does not necessarily split, even for the perversity p̄ = 0,
as demonstrated in the example in Remarks 4.3(d).

• If the exotic term
⊕

S∈S1
H∗

P S
(SS1

)−(−1)pS Z2 vanishes, then the Gysin braid sim-
plifies to the sequence (4). In particular, this happens when the action 8 is semifree,
as noted in Remarks 4.3(a).

• Another approach to constructing a Gysin sequence involves utilizing the Leray–
de Rham spectral sequence. Recall that in the case of a differentiable action
8 : G × M → M of a connected compact Lie group G on a manifold M , there exists
a spectral sequence E i, j

r converging to H i+ j (M), where E i, j
2 = H i (M/G)⊗H j (G).

When G = S3 and the action is free, almost-free, or semifree, this spectral sequence
degenerates into a Gysin sequence (cases (1), (2), and (4)). This is because the
second term of the spectral sequence contains only two levels: j = 0, 3. However,
the situation becomes significantly more complex when the action is not free, and
computing the second term of this spectral sequence becomes challenging (see [16]).

In the case of a mobile action of S3, and using singular cohomology, we have
shown in [13] that the second term of the spectral sequence possesses three levels
( j = 0, 2, 3) and that the spectral sequence degenerates into the Gysin sequence (3).
In this paper, we prove that this phenomenon persists within the framework of
intersection cohomology. The Leray–de Rham spectral sequence p̄ E i, j

r depends on
a perversity 0 ≤ p̄ ≤ t̄ on M and satisfies the following properties:

⋆ It converges: p̄ E i, j
r ⇒ H i+ j (M).

⋆ The second page is given by

p̄ E i, j
2 =


H i

p̄(M/S3) if j = 0,⊕
S∈S1

H i−2pS

P S
(SS1

)−(−1)pS Z2 if j = 2,

H i
p̄−ē(M/S3) if j = 3.

It is 0 otherwise.

⋆ The Gysin term appears in this spectral sequence through the sequence ➁:

· · · → H i−1(G ·

p̄(M)) → p̄ E i−4,3
2

d2
−→ p̄ E i−2,2

2 → H i (G ·

p̄(M)) → · · · .
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⋆ This spectral sequence degenerates at the third page and produces the long exact
sequence ➀.

In other words, the information in the Leray–de Rham spectral sequence beyond
page p̄ E2 is contained within the Gysin braid.

• The nonmobile actions are simpler, and we obtain

H∗(M) = H∗

p̄(M/S3) ⊕ H∗−2
p̄−2

(M S1
)−Z2

(see Section 5).

We denote by S3 the unit quaternionic group, i.e.,

S3
= {x0 + x1i + x2 j + x3k | x2

0 + x2
1 + x2

2 + x2
3 = 1}.

The distinguished copy of the unit complex numbers is S1
= {x0 +x1i | x2

0 +x2
1 = 1}.

Notice that the normalizer N (S1) of S1 in S3 is S1
⊔ j S1 ∼= O(2).

In the following, we consider a smooth action 8 : S3
× M → M , where M is a

second countable, Hausdorff, smooth manifold of dimension m without boundary.
For the definitions and properties related to compact Lie group actions, we refer
the reader to [2].

Section 1 is devoted to studying the intersection cohomology of the orbit
space M/S3. We demonstrate how to compute this cohomology using differential
forms defined on an open subset of M . The complex of invariant intersection forms
of M is a key tool for constructing the Gysin braid, which is discussed in Section 2.
Sections 3 and 4 focus on constructing and analyzing the Gysin braid associated to
the action. This braid arises from integrating along the orbits of the action discussed
in Section 3.

1. Intersection cohomology

The intersection cohomology of the orbit space M/S3 is originally defined using
singular simplices. In this section, we demonstrate an alternative method for
computing this cohomology by utilizing differential forms defined on the regular
part of M .

1.1. Filtered spaces [6]. Let us consider the partition of M obtained by the equiva-
lence relation

x ∼ y ⇐⇒ dim S3
x = dim S3

y .

This condition is equivalent to (S3
x )0 and (S3

y)0 being conjugate, where (−)0 denotes
the connected component containing the unity.

A stratum is a connected component of any element of this partition. The
orbit-type stratification S of M is the family of these strata.
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There are four possible isotropy subgroups of a point in M , up to conjugacy: a
finite subgroup of S3, S1, the normalizer N = N (S1) of S1 in S3, and S3 itself (see
[2, Theorem 9.5, p .153]).

We define S = S0 ⊔ S1 ⊔ S3 where

S0 = {S ∈ S | dim S3
x = 0, x ∈ S} (mobile strata),

S1 = {S ∈ S | dim S3
x = 1, x ∈ S} (semimobile strata),

S3 = {S ∈ S | dim S3
x = 3, x ∈ S} (fixed strata).

The action is considered mobile if S0 ̸=∅. If S0 =∅ and S1 ̸=∅, we say that the
action is semimobile. The remaining case is the trivial action. The set of singular
strata is denoted by S sing. If the action is mobile, then S sing

= S1 ⊔ S3. If the
action is semimobile, then S sing

= S3. The union of the singular strata of S is the
singular part 6 of M . Its complement M ∖6 is the regular part of M .

We define F3 =
⊔

S∈S3
S = M S3

and F1 =
⊔

S∈S1
S, which are S3-invariant

proper submanifolds1 of M . Note that F1 is the twisted product S3
×N (M S1 ∖M S3

),
where S3 acts on the left of the left factor (see [2, Theorem 5.9]). Furthermore, if
S ∈ S1 we have

S = S3
×N SS1

.

The union of singular strata is 6 = F1 ⊔ F3 (resp. F3) when the action is mobile
(resp. semimobile).

Filtered spaces provide the essential framework for defining singular intersection
cohomology, which is the dual of the intersection homology introduced in [8] (see,
for example, [5]).

Proposition 1.1. The strata of S are invariant proper submanifolds. For each
integer i we define

Mi =

⊔
{S ∈ S | dim S ≤ i}.

The filtration

∅ = M−1 ⊆ M0 ⊆ · · · ⊆ Mi ⊆ · · · ⊆ Mm = M

defines a filtered space.
For each integer i we define (M/S3)i =

⊔
{π(S) | S ∈ S and dim π(S) ≤ i},

where π : M → M/S3 denotes the canonical projection. The filtration

∅ = (M/S3)−1 ⊆ (M/S3)0 ⊆ · · · ⊆ (M/S3)i ⊆ · · · ⊆ (M/S3)n = M/S3

defines a filtered structure in M/S3.

1Proposition 1.1 shows that they are manifolds. In fact, these manifolds may have connected
components with different dimensions.
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Proof. Let S be a stratum of S . Each point x ∈ S possesses an open neighborhood
S3-equivariantly diffeomorphic to the twisted product S3

×H Ra where the isotropy
subgroup H = S3

x acts orthogonally on Ra . The point x becomes the class ⟨1, 0⟩.
Recall that the isotropy subgroup of a point ⟨g, u⟩ ∈ S3

×H Ra is gHug−1. So, the
trace of S in this neighborhood is S3

×H Rb, where

Rb
= {u ∈ Ra

| dim Hu = dim H} = {u ∈ Ra
| H0 · u = u}.

The stratum S is an invariant proper submanifold with dim S = 3 + b − dim H .
It remains to prove that each Mi and (M/S3)i are closed subsets. It suffices to

verify that the maps dim : M → Z and i : M → Z, defined by dim(x) = dim S and
i(x)= dim π(S)= dim S/S3

= dim S+dim S3
x −3, with S ∈S and x ∈ S, are lower

semicontinuous. Since the problem is a local question, we can suppose that M is
S3

×H Ra . We prove that the functions dim and i are bigger than dim(x) and i(x),
respectively. Notice that the map ⟨g, u⟩ 7→ −dim S3

⟨g,u⟩
is a lower semicontinuous

map since −dim S3
⟨g,u⟩

= −dim Hu ≥ −dim H = −dim S3
x . So, it remains to study

the function dim.
Considering the G-equivariant covering S3

×H0 Ra
→ S3

×H Ra , we can sup-
pose that H is connected. Let Ra

= Rb
× Rc be the H -equivariant orthogonal

decomposition of Ra . This gives S3
×H Ra

= Rb
× (S3

×H Rc). Given a point
y = ⟨g, u⟩ ∈ S3

×H Ra we consider Q ∈ S the stratum containing this point. In fact,
Q = Rb

× (S3
×H Rd) where Rd

= {v ∈ Ra
| dim Hv = dim Hu}. We have finished

since dim(y) = dim Q = b+3+d −dim H ≥ b+3−dim H = dim S = dim(x). □

The dimension m of the filtered space M is dim M . The dimension n of the filtered
space M/S3 is m − 3 (resp. m − 1) when the action is mobile (resp. semimobile).

Brylinski, Goresky and MacPherson showed how to compute the intersection
cohomology with differential forms (see [4]). To this effect, they use the Thom–
Mather systems.

1.2. Thom–Mather systems. Since F1 and F3 are S3-invariant proper submanifolds
of M , we can consider τk : Tk → Fk two S3-invariant tubular neighborhoods of Fk

in M , k = 1, 3. Associated to these tubular neighborhoods we have the following
maps:

• The radius map ρk : Tk → [0, ∞) is defined fiberwise by u 7→ ∥u∥. This map
is invariant and smooth.

• The dilatation map ∂k : [0, ∞)×Tk → Tk is defined fiberwise by (t, u) 7→ t ·u.
It is a smooth equivariant map.

Given S ∈ S contained in Fk for k = 1, 3, we can define TS = τ−1
k (S) and

τS : TS → S as the restriction of τk . We can define the maps ρS and ∂S analogously.
The soul of TS is defined as the open subset DS = ρ−1

S ([0, 2)).
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The family of tubular neighborhoods TM = {T1, T3} is called a Thom–Mather
system of M when

(5) τ3 = τ3 ◦ τ1 and ρ3 = ρ3 ◦ τ1 on T1 ∩ T3 = τ−1
1 (T3 ∩ F1).

We have proved in [13] that there exists an S3-invariant Thom–Mather system of M .
We consider the induced maps τ̃k : Tk/S3

→ Fk/S3, ρ̃k : T̃k → [0, ∞) and
∂̃k : [0, ∞) × Tk/S3

→ Tk/S3. The family of tubular neighborhoods TM/S3 =

{T1/S3, T3/S3
} is a Thom–Mather system of M/S3.

We need a more precise description of the atlas of the bundle τ3. The open tubular
neighborhood T3 can be chosen as a disjoint union T3 =

⊔
{TS | S ∈ S3} with

TS∩TS′ =∅ if S ̸= S′. There is an S3-equivariant atlas A={ϕ :τ−1
S (U )→U×Rb+1

}

relative to an orthogonal action 8S : S3
× Rb+1

→ Rb+1, having the origin as the
only fixed point.

1.3. Intersection differential forms on M. The perverse degree of a differential
form ω ∈�∗(M ∖6), defined on the regular part M∖6 of M , relative to a singular
stratum S ∈ S (see Section 1.1), is the number

∥ω∥S = min
{
ℓ ∈ N | ω(v0, . . . , vℓ, −) = 0 where v0, . . . , vℓ are vectors tangent

to the fibers of τS : DS → S
}

if ω ̸= 0 on DS . If ω = 0 on DS we define ∥ω∥S = −∞. The condition ∥ω∥S =

∥dω∥S = 0 is equivalent to stating that the restriction of ω to DS is a τS-basic form.
We shall need the following properties of the perverse degree:

(6)

∥ω∥S ≤ |ω|,degree of ω, ∥dω∥S ≤ ∥ω∥S +1,

∥g∗ω∥S = ∥ω∥S for each g ∈ S3, ∥ω+η∥S ≤ max(∥ω∥S,∥η∥S),

∥ω∧η∥S ≤ ∥ω∥S +∥η∥S, ∥iXω∥S ≤ ∥ω∥S for each vector field X.

These properties come directly from the definition of perverse degree. We have
also used the fact that the Thom–Mather system is S3-invariant.

A perversity is a map p̄ : S sing
→ Z = Z ⊔ {−∞, ∞}. The constant perversity

is ℓ̄(S) = ℓ, with ℓ ∈ Z, for any singular stratum S. The top perversity is defined by
t̄(S) = codim S − 2 for any singular stratum S.

The complex of p̄- intersection differential forms of M , relative to the perver-
sity p̄, is defined by

�∗

p̄(M) =
{
ω ∈ �∗(M ∖6) | max(∥ω∥S, ∥dω∥S) ≤ p̄(S) for all S ∈ S

}
.

The complex �∗

p̄(M) computes the cohomology H∗(M) for Goresky–MacPherson
perversities [4] or for perversities satisfying 0 ≤ p̄ ≤ t̄ [1; 17]. The cohomology of
this complex is H∗(M, 6) (resp. H∗(M ∖6)) when p̄ < 0 (resp. p̄ > t̄).
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We can compute the intersection cohomology of the orbit space M/S3 by using
differential forms defined on M ∖ 6. To see how, first notice that the natural
projection π establishes a bijection between the strata of M and those of M/S3.
Therefore, a perversity p̄ on M/S3 determines a perversity p̄ on M as well, which
we will still denote by p̄, following the formula p̄(S) = p̄(S/S3). The reverse is
also true. Throughout this work, we will consider all perversities on M . Let us set
such a perversity as p̄.

A basic differential form is a differential form ω ∈ �∗(M ∖6) satisfying

ω(v, −) = dω(v, −) = 0

for each vector v tangent to the fibers of π : M ∖6 → (M ∖6)/S3.

The complex of basic differential forms, denoted by �∗

bas(M ∖6), plays the role
of the complex of differential forms on the orbit space (M ∖6)/S3, but its forms
are defined on the manifold M ∖6. The cohomology of the complex of basic p̄-
intersection forms �∗

p̄(M/S3) = �∗

bas(M ∖6)∩�∗

p̄(M) is denoted by H∗

p̄(M/S3).
It has been proved in [18] that this cohomology is isomorphic to the D p̄-intersection
cohomology of the pseudomanifold M/S3. Notice that this cohomology does not
depend on the Thom–Mather system we have chosen.

Given two perversities q̄ ≤ p̄ on M the step complex �∗

p̄/q̄(M/S3) is the quotient
�∗

p̄(M/S3)/�∗

q̄(M/S3) and its cohomology is denoted by H∗

p̄/q̄(M/S3) (see [11]).

1.4. Closure of a stratum. The exotic term of the Gysin braid we construct in this
work uses a particular filtered space we describe now.

Consider a nonclosed stratum S ∈S1. The closure of S is the union of S itself and
a family of fixed strata {Qℓ ∈ S3 | ℓ∈ J }, i.e., S = S∪

⊔
ℓ∈J Qℓ. It is a filtered space

whose regular stratum is S. Any perversity p̄ on M induces a perversity on S, still
denoted by p̄, which is defined by the numbers p̄(Qℓ), ℓ ∈ J . The Thom–Mather
system TM of M induces the Thom–Mather system TS = {TQℓ

∩ S | ℓ ∈ J }.
In fact, we need to go a step further and consider the space SS1

which is the union
SS1

∪
⊔

ℓ∈J Qℓ. It is a filtered space whose regular part is SS1
. Any perversity p̄

on M induces a perversity on SS1
, still denoted by p̄, which is defined by the

numbers p̄(Qℓ), ℓ ∈ J . The Thom–Mather system TM of M induces the Thom-
Mather system TSS1 = {TQℓ

∩ SS1
| ℓ ∈ J }.

The complex of intersection differential forms of SS1
, relative to the perversity p̄,

can be defined as in the previous section. It computes the intersection cohomology
H∗

p̄(SS1
). Since j2

= −1 ∈ S1, the group Z2 acts on SS1
by g · x = j (x), where g

denotes the generator of Z2 . Then the group Z2 also acts on this cohomology. We
shall use the notation

H∗

p̄(SS1
)−Z2 = {ω ∈ H∗

p̄(SS1
) | g · ω = −ω}.
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In fact, we are going to use a particular perversity on this space. Associated to
any perversity p̄ on M we have the perversity P S on SS1

defined by

P S(Q) =

{
p̄(Q) − 2pS − 2 if Q = Qℓ for some ℓ ∈ J ,

0 otherwise,

where pS is the integer part of p̄(S)/2.

1.5. S1-actions. A similar study can be done for a smooth action 9 : S1
× M → M .

In this case the orbit-type stratification is S = S0 ⊔ S1 where

S0 = {S ∈ S | dim S1
x = 0, x ∈ S} (mobile strata (regular strata)),

S1 = {S ∈ S | dim S1
x = 1, x ∈ S} (fixed strata (singular strata)).

We suppose that the action is mobile, meaning S0 ̸= ∅ or nontrivial.
The family of singular strata is denoted by S sing and its union is 6. The

manifold M and the orbit space M/S1 are filtered spaces. Thom–Mather systems
also exist. In this case TM = {TS | S ∈ S1} where each τS : TS → S is an S1-fiber
bundle. The elements of TM can be chosen to be disjoint.

We need a more precise description of the atlas of the bundle τS . There exists
an S1-equivariant atlas A = {ϕ : τ−1

S (U ) → U × R2b+2
} relative to an orthogonal

action 8S : S1
× R2b+2

→ R2b
+ 2, b ≥ 0, having the origin as the only fixed point.

Proceeding as in Section 1.3, we define the complex �∗

p̄(M), which computes
the cohomology of M . We also define the complex �∗

p̄(M/S1), whose cohomol-
ogy H∗

p̄(M/S1) is isomorphic to the D p̄-intersection cohomology of the pseudo-
manifold M/S1. Notice that this cohomology does not depend on the chosen
Thom–Mather system.

Given two perversities q̄ ≤ p̄ on M the step complex �∗

p̄/q̄(M/S1) is the quotient
�∗

p̄(M/S1)/�∗

q̄(M/S1) and its cohomology is denoted by H∗

p̄/q̄(M/S1) (see [11]).
This cohomology fits into the long exact sequence

(7) · · · → H ℓ
q̄ (M/S1) → H ℓ

p̄(M/S1) → H ℓ
p̄/q̄(M/S1) → H ℓ+1

q̄ (M/S1) → · · · .

1.6. N-actions. A smooth action 2 : N × M → M induces a circle action 9 :

S1
× M → M . Since the stratification S1 of this last action is N -invariant, we can

choose an N -invariant Thom–Mather system TM = {TS | S ∈ S1}, that is, the map
g : TS → Tg(S) is an S1-morphism bundle for each g ∈ N .

Since j2
= −1 ∈ S1, the singular part of the S1-action 6 =

⊔
{S ∈ S1} is

Z2-invariant relative to the action g · x = j (x). Also, the union S ∪ j (S) is Z2-
invariant for any S ∈ S1. Notice that we have two possibilities: either j (S) = S or
j (S) ∩ S = ∅.

The induced family TM/S1 = {TS/S1
| S ∈ S1} is a Thom–Mather system on

the orbit space M/S1. The element j ∈ S3 induces the map j : M/S1
→ M/S1
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preserving TM/S1 . So, it induces the map j∗
: �∗

p̄(M/S1) → �∗

p̄(M/S1). Since
j2

= −1 ∈ S1 then j∗
◦ j∗ is the identity. So, the group Z2 acts on �∗

p̄(M/S1) by
g · ω = j∗ω. It also acts on H∗

p̄(M/S1) by g · [ω] = [ j∗ω]. We now define

�∗

p̄(M/S1)−Z2 = {ω ∈ �∗

p̄(M/S1) | g · ω = −ω},

H∗

p̄(M/S1)−Z2 = {[ω] ∈ H∗

p̄(M/S1) | [g · ω] = −[ω]}.

As Z2 is finite, the cohomology of �∗

p̄(M/S1)−Z2 is easily seen to be H∗

p̄(M/S1)−Z2 .

2. Invariant differential forms

A key ingredient in this paper is the complex of S3-invariant forms of �∗

p̄(M). It is
a simpler subcomplex computing the same cohomology.

For the rest of this section we assume that the action 8 : S3
× M → M is a

mobile action. In particular, the action of S3 on M ∖6 is almost-free, that is, the
isotropy subgroup of any point of M ∖6 is finite.

2.1. The Lie algebra su(2). Recall that identifying S3 with the matrix group SU(2),
its Lie algebra is su(2). We shall consider {u1, u2, u3} an orthogonal basis of su(2),
relative to a bi-invariant metric κ of S3, where

• u1 generates the Lie algebra of the subgroup S1,

• [u1, u2] = u3, [u2, u3] = u1, [u3, u1] = u2 and

• Ad( j)u1 = −u1, Ad( j)u2 = u2, Ad( j)u3 = −u3.

Consider the action 9 : S3
× S3

→ S3, defined by 9(g, k) = k · g−1. Associated
with this action and ui , for i = 1, 2, 3, we have the fundamental vector fields Yi

on S3. They are left invariant vector fields satisfying j∗Y1 = −Y1, j∗Y2 = Y2 and
j∗Y3 = −Y3.

We write γi ∈ �1(S3) for the dual form of Yi relative to the metric κ: γi = iYi κ ,
i =1, 2, 3. They are left invariant differential forms satisfying j∗γ1 =−γ1, j∗γ2 =γ2

and j∗γ3 = −γ3. The differentials satisfy dγ1 = γ2 ∧ γ3, dγ2 = −γ1 ∧ γ3 and
dγ3 = γ1 ∧ γ2.

2.2. Fundamental vector fields and characteristic forms. Associated with the
action 8 : S3

× M → M and the vector u ∈ su(2), we have the fundamental vector
field Xu on M . For the sake of simplicity, we shall write X i = Xui with i = 1, 2, 3.
This vector field is defined on M but we are going to work with its restriction
to M∖6. Since the action is mobile, these vector fields are nonvanishing on M∖6.
Moreover, the family {X1(x), X2(x), X2(x)} is a basis of the tangent space of the
orbit S3(x) for any x ∈ M ∖6. We have j∗X1 = j∗Xu1 = XAd( j)u1 = −Xu1 = −X1

and j∗X2 = X2, j∗X3 = −X3 in the same way.
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An adapted metric on M ∖6 is an S3-invariant Riemannian metric µ on M ∖6

satisfying

(8) µ(Xv1(x), Xv2(x)) = κ(v1, v2) for all x ∈ M ∖6 and v1, v2 ∈ su(2).

Such a metric always exists since the fundamental vector fields are nonvanishing.
We denote by χu = iXu µ ∈ �1(M ∖6) the characteristic form associated to

u ∈ su(2). Notice that, for each g ∈ S3, we have

(9) g∗χu = χAd(g−1)·u .

For the sake of simplicity, we write χi = χui , for i = 1, 2, 3. Since L Xu χv = χ[u,v],

for each u, v ∈ su(2), we have

(10)
L X1χ1 = L X2χ2 = L X3χ3 = 0, L X1χ2 = −L X2χ1 = −χ3,

L X1χ3 = −L X3χ1 = χ2, L X2χ3 = −L X3χ2 = −χ1.

Since χk(Xℓ) = µ(Xℓ, Xk) = δℓk, each differential form ω ∈ �∗(M ∖6) pos-
sesses a unique writing,

(11) ω = ω0 + χ1 ∧ ω1 + χ2 ∧ ω2 + χ3 ∧ ω3 + χ1 ∧ χ2 ∧ ω12

+ χ1 ∧ χ3 ∧ ω13 + χ2 ∧ χ3 ∧ ω23 + χ1 ∧ χ2 ∧ χ3 ∧ ω123,

where the coefficients ω
•
∈ �∗(M ∖6) are horizontal forms, that is, they satisfy

iXℓ
ω

•
= 0 for each ℓ = 1, 2, 3. This is the canonical decomposition of ω.

The canonical decomposition of the differential of a characteristic form is

(12) dχ1 = e1 + χ2 ∧ χ3, dχ2 = e2 − χ1 ∧ χ3, dχ3 = e3 + χ1 ∧ χ2

for some horizontal forms e1, e2, e3 ∈ �2(M ∖6), called the Euler forms. Notice
that

(13) j∗e1 = −e1, j∗e2 = e2, j∗e3 = −e3.

2.3. Invariant differential forms. A differential form ω of M ∖6 is an invariant
form when g∗ω = ω for each g ∈ S3 or, equivalently, L Xℓ

ω = 0 for each ℓ = 1, 2, 3.
In fact, invariant differential forms are characterized by the conditions

(14)

ω0 and ω123 are basic forms, L Xℓ
ωℓ = 0, ℓ = 1, 2, 3,

L X1ω23 = L X2ω13 = L X3ω12 = 0, L X1ω2 = −L X2ω1 = −ω3,

L X1ω3 = −L X3ω1 = ω2, L X2ω3 = −L X3ω2 = −ω1,

L X1ω13 = L X2ω23 = ω12, L X1ω12 = −L X3ω23 = −ω13,

L X2ω12 = L X3ω13 = −ω23

(see (10)).
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The complex of invariant forms is denoted by �∗(M ∖6). The complex of
invariant intersection differential forms is �∗

p̄(M) = �∗(M ∖6) ∩ �∗

p̄(M). Some
cohomological computations are simplified by replacing the complex �∗

p̄(M) by
its subcomplex �∗

p̄(M), since proceeding as in [9, Theorem I, p. 151], we have:

Proposition 2.1. The inclusion �∗

p̄(M) ↪→ �∗

p̄(M) is a quasi-isomorphism for any
perversity p̄.

Notice that �∗

p̄(M/S3) = {ω ∈ �∗

p̄(M) | iXℓ
ω = 0 for each ℓ = 1, 2, 3}.

2.4. Perverse degree of characteristic forms. Notice that, for any singular stratum
S ∈ S sing, we have

(15) ∥ω∥S = max
{
∥ω0∥S, ∥χℓ ∧ωi∥S, ∥χℓ ∧χk ∧ωℓk∥S, ∥χ1 ∧χ2 ∧χ3 ∧ω123∥

| 1 ≤ ℓ < k ≤ 3
}

for any ω ∈ �∗(M ∖6) (see (6)). When S ∈ S3 is a fixed stratum, the orbits of
the action are tangent to the fibers of τS : DS → S. So, we have

(16) ∥χℓ ∧ α∥S − 1 = ∥χℓ ∧ χk ∧ α∥S − 2 = ∥χ1 ∧ χ2 ∧ χ3 ∧ α∥S − 3 = ∥α∥S,

for each α ∈ �∗(M ∖6) and each 1 ≤ ℓ < k ≤ 3.
In order to control the perverse degree of characteristic forms relative to mobile

strata we need to enhance adapted metrics with richer properties.

Definition 2.2. An adapted metric µ on M ∖6 is an adjusted metric if

(17) µ(Xv(x), w) = 0

whenever

• x ∈ DS ∖6 for some S ∈ S1,

• w is a vector tangent to the fibers of τS : DS ∖6 → S at x , and

• v ∈ su(2) belongs to the κ-orthogonal of su(2)y , Lie algebra of S3
y with

y = τS (x).

Proposition 2.3. Every mobile action admits an adjusted metric.

Proof. A convex combination of adapted metrics is an adapted metric. So, by using
partitions of unity, we can reduce the problem to the following two cases:

• M = TS for some S ∈ S1. In this case, 6 = S. We set µ′ an adapted metric
on TS ∖ S.

We put K (resp. G) the subbundle of TS ∖ S tangent to the fibers of τS (resp. the
orbits of the action). The bundle G ∩K is of constant rank equal to one. In fact,

Gx ∩Kx = {Xv(x) | v ∈ su(2)y}
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for each x ∈ TS ∖6 with y = τS(x). Let us consider the S3-invariant decomposition

T (TS ∖6) = D⊕K⊕ (G +K)⊥µ′ ,

where D = (G ∩K)⊥µ′
∩G. Since µ′

= κ on G (see (8)), we have

Dx = {Xv(x) | v ∈ su(2)⊥y }

for each x ∈ TS ∖6 with y = τS(x). We denote by µ′

1, µ
′

2, and µ′

3 the restrictions
of µ to each term of the above decomposition. The Riemannian metric µ defined by

µ = µ′

1 + µ′

2 + µ′

3

is an adapted metric. It also satisfies (17) since w ∈ Kx and Xv(x) ∈ Dx .

• M = TQ for some Q ∈ S3. The open subset TQ ∖6 is S3-equivariantly diffeo-
morphic to (DQ∖6)×(0, ∞). The action of S3 on DQ∖6 has no fixed points. The
previous step gives an adjusted metric µ on DQ∖6. As the tubular neighborhood TS

of any stratum S ∈ S1 is the product TS∩(DQ∖6) × (0, ∞), the metric µ + dr2 is
an adjusted metric on TQ ∖6. □

For a such metric we can compute the terms appearing in (15).

Proposition 2.4. Let us suppose that M ∖6 is endowed with an adjusted metric.
Given a stratum S ∈ S1 and a horizontal form α ∈ �∗(M ∖6) we have

(18) ∥χℓ ∧ α∥S = ∥χℓ ∧ χk ∧ α∥S = ∥χ1 ∧ χ2 ∧ χ3 ∧ α∥S = ∥α∥S + 1,

for each 1 ≤ ℓ < k ≤ 3.

Proof. Without loss of generality, we can suppose M = TS and 6 = S. We proceed
in two steps.

Step ≤. Following (6) it suffices to prove that ∥χℓ∧χk∥S ≤1 and ∥χ1∧χ2∧χ3∥S ≤1.
We deal with the first inequality, the second one can be approached in the same way.
If ∥χℓ∧χk∥S = 2 then there exists x ∈ TS∖S and v, w ∈Kx with χℓ∧χk(v, w) ̸= 0.
Denote by ⌊uℓ, uk⌋ the vector subspace generated by uℓ and uk . Since dim⌊uℓ, uk⌋=

2 = dim su(2)⊥y and dim su(2) = 3, there exist v1 ∈ su(2)⊥y and v2 ∈ su(2) with
χv1 ∧ χv2(v, w) ̸= 0. This is impossible since χv1(v) = χv1(w) = 0 (see (17)).

Step ≥. Since the result is clear for α = 0, let us suppose ∥α∥S = a > 0. So, there
exist x ∈ TS ∖6 and {w0, . . . , wa−1} ⊂ Kx , with α(w0, . . . , wa−1, −) ̸= 0. Here,
K denotes the subbundle of T (TS ∖ S) tangent to the fibers of τS as defined in the
proof of Proposition 2.3. Since the perverse degree is S3-invariant, we can suppose
that S3

y=τS(x) ⊃ S1 (see (6)). This gives su(2)y = ⌊u1⌋ and therefore X1(x) ∈ Kx .
The adjoint map associated to the group S3 is the covering S3

→ SO(3). Since
there exists a rotation sending u1 to uℓ, there exists g ∈ S3 with Ad(g)(u1) = uℓ.
Since the perverse degree is S3-invariant, it suffices to prove ∥χ1 ∧ α∥S ≥ a + 1,
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∥χ1 ∧χu ∧α∥S ≥ a + 1 and ∥χ1 ∧χu ∧χv ∧α∥S ≥ a + 1, where u, v ∈ su(2) (see
(6) and (9)). Without loss of generality we can suppose that u, v ∈ ⌊u1⌋

⊥. The
inequality comes from

0 ̸= α(w0, . . . , wa−1, −)

= (χ1 ∧ χu ∧ χv ∧ α)(X1(x), Xu(x), Xv(x), w0, . . . , wa−1, −)

= (χ1 ∧ χu ∧ α)(X1(x), Xu(x), w0, . . . , wa−1, −)

= (χ1 ∧ α)(X1(x), w0, . . . , wa−1, −),

since {w0, . . . , wa−1, X1(x)} ⊂ Kx .
If a = 0, we just have α(−) ̸= 0 and the same argument applies by just omitting

the vectors w0, . . . , wa−1. □

2.5. Circle actions. In [10] a Gysin sequence is obtained for any nontrivial smooth
circle action by doing a similar study and using more restrictive perversities. For
the convenience of the reader, in this section we obtain that Gysin sequence for
general perversities in a shorter way, using the techniques and presentation to be
applied later for the case of mobile S3-actions.

Fix a nontrivial smooth action 9 : S1
× M → M . Here, we just have one

fundamental vector field X and one characteristic form χ relative to an adapted
metric (the notion of adjusted metric does not apply here). This form is S1-invariant
and satisfies ∥χ∥S = 1 on S1 (the family of fixed strata). Its differential e = dχ ,
the Euler form, belongs to �2

ē(M/S1) where the Euler perversity ē is defined by
ē(S) = 2 on S1. We also use the characteristic perversity χ defined by χ(S) = 1
on S1.

As X is tangent to the fibers of τS : DS → S for any S ∈ S1, we have that for
any α, β ∈ �∗

bas(M ∖6), ∥α +χ ∧β∥S = max{∥α∥S, ∥χ ∧β∥S} holds. Using this
fact, for any perversity p̄, the complex �∗

p̄(M) is

(19)
{
α + χ ∧ β | α ∈ �∗

bas(M ∖6), β ∈ �∗

p̄−χ (M/S1)

with ∥α∥ ≤ p̄(S) and ∥dα + e ∧ β∥S ≤ p̄(S) for all S ∈ S1
}
.

The integration operator is the differential operator /
∫

: �∗

p̄(M) → �∗

p̄−χ (M/S1)

defined by /
∫

ω = iXω, that is, /
∫
(α +χ ∧β) = β. Considering the kernel and the

image of /
∫

, we have the short exact sequence

0 → K ∗

p̄(M) = �∗

p̄(M/S1) → �∗

p̄(M) → I ∗

p̄(M) → 0,

which induces the following Gysin sequence (see [10]).

Proposition 2.5. For each perversity 0 ≤ p̄ ≤ t̄ we have the long exact sequence

· · · → H∗

p̄(M/S1) → H∗(M) → H∗−1
p̄−ē (M/S1) → H∗+1

p̄ (M/S1) → · · · .
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Proof. For each β ∈ �∗

p̄−ē(M/S1) we have χ ∧ β ∈ �∗

p̄(M). Since /
∫
(χ ∧ β) = β,

it suffices to prove that the inclusion I : �∗

p̄−ē(M/S1) ↪→ I ∗

p̄(M) is a quasi-
isomorphism. Notice that

I ∗

p̄(M) = {β ∈ �∗

p̄−χ (M/S1)

| there exists α ∈ �∗

bas(M ∖6) with ∥α∥ ≤ p̄(S),

and ∥dα + e ∧ β∥S ≤ p̄(S) for all S ∈ S1}.

We proceed in three steps.

Step 1: S1 = ∅. The action is almost-free. In this case 6 = ∅ and therefore

�∗

bas(M ∖6) = �∗

p̄(M/S1) ⊂ I ∗

p̄−ē(M) ⊂ �∗

p̄−χ (M/S1) = �∗

bas(M ∖6).

In other words, the map I itself is an isomorphism.

Step 2: M = TS for some S ∈ S1. Recall that τS : TS → S is an S1-invariant smooth
bundle whose fiber is R2b+2 for some b ≥ 0. In fact, the group S1 acts trivially
on S and orthogonally on the fiber R2b+2 having the origin as the only fixed point.
Notice that the action of S1 on the unit sphere S2b+1 is almost-free.

Consider a good covering U of S and { fU | U ∈ U} a subordinated partition of
unity. The family {τ−1

S (U ) |u ∈U} is an open covering of TS having { fU ◦τS |U ∈U}

a subordinated partition of unity. These maps are S1-invariant smooth maps constant
on the fibers of τS . This last property implies that ∥ fU ◦ τS∥S = ∥d( fU ◦ τS)∥S = 0.
So, the covering U possesses a subordinated partition of unity living in �∗

0
(M).

By applying Bredon’s trick [3, p. 289], we can reduce the problem to the case
where M = Rdim S

× R2b+2, with τS being the projection onto the first factor. The
action of the group S1 is trivial on the first factor.

Contracting this factor to a point, we reduce the problem to the case M = R2b+2
=

c̊S2b+1
= (S2b+1

×[0, ∞))/(S2b+1
×{0}), where S1 acts on the factor S2b+1. Here,

the stratum S is the apex of the cone. We have χ(S) = 1 and ē(S) = 2. The
number p ∈ Z is defined by p̄(S) = p. We need to prove that the inclusion

(20) I : �∗

p̄−ē(c̊S2b+1/S1) ↪→ I ∗

p̄(c̊S2b+1) = {iZω | ω ∈ �∗+1
p̄ (c̊S2b+1)}

is a quasi-isomorphism. Notice first that

�
∗<p−2
p̄−ē (c̊S2b+1/S1) = �

∗<p−2
bas (S2b+1

× (0, ∞)),

�
p−2
p̄−ē(c̊S2b+1/S1) =

{
β ∈ �

p−2
bas (S2b+1

× (0, ∞)) | dβ ≡ 0 on S2b+1
× (0, 2)

}
,

�
∗>p−2
p̄−ē (c̊S2b+1/S1) = �

∗>p−2
bas (S2b+1

× (0, ∞), S2b+1
× (0, 2)),

I ∗<p−1
p̄ (c̊S2b+1) =

{
iXω | ω ∈ �∗+1<p(S2b+1

× (0, ∞))
}

=(1) �
∗<p−1
bas (S2b+1

× (0, ∞)),
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I p−1
p̄ (c̊S2b+1) =

{
iXω | ω ∈ �p(S2b+1

× (0, ∞)), dω ≡ 0 on S2b+1
× (0, 2)

}
,

I ∗>p−1
p̄ (c̊S2b+1) =

{
iXω | ω ∈ �∗+1>p(S2b+1

× (0, ∞), S2b+1
× (0, 2))

}
=(2) �

∗>p−1
bas (S2b+1

× (0, ∞), S2b+1
× (0, 2)),

where =(1) is given by the previous step and =(2) comes from the fact that β ≡ 0
on S2b+1

× (0, 2) implies ω = χ ∧ β ≡ 0 on S2b+1
× (0, 2). Since

�
p−2
p̄−ē(c̊S2b+1/S1) ∩ d−1(0) = I p−2

p̄ (c̊S2b+1) ∩ d−1(0),

it suffices to study the degrees ∗ ≥ p − 1.

∗ = p−1: Since H p−1
p̄−ē (c̊S2b+1/S1) = 0, we need to prove H p−1(I ∗

p̄(c̊S2b+1)) = 0,
that is,

ω ∈ �p(S2b+1
× (0, ∞)) with dω ≡ 0 on S2b+1

× (0, 2) and diXω = 0

H⇒ there exists η ∈ �p−1(S2b+1
× (0, ∞)) with iXω = diXη.

If p = 0 then we can consider η = 0 since ω is constant. Let us suppose p ≥ 1.
Consider η′

=
∫

−

1 ω. It is an element of �p−1(S2b+1
× (0, ∞)) since the ac-

tion of S1 on the (0, ∞)-factor is trivial. A straightforward calculation gives
ω = pr∗ ω(1) + dη′

+
∫

−

1 dω. Here, ω(1) is the restriction of ω to S2b+1
× {1}

and pr : S2b+1
× (0, ∞) → S2b+1

× {1} is the map defined by pr(x, t) = (x, 1).
A straightforward calculation gives

iXω = iX pr∗ ω(1) + iX dη′
+ iX

∫ −

1
dω

= iX pr∗ ω(1) − diXη′
−

∫ −

1
diXω = iX pr∗ ω(1) − diXη′.

By hypothesis the differential form pr∗ ω(1) is a cycle of �p(S2b+1
× (0, ∞)).

Condition p̄ ≤ t̄ implies p ≤ codim S −2 = 2b. Since p ≥ 1, pr∗ ω(1) is exact and
so there exists η′′

∈ �p−1(S2b+1
× (0, ∞)) with pr∗ ω(1) = dη′′. We end the proof

taking η = −η′
− η′′.

∗ ≥ p: Since H∗≥p
p̄−ē (c̊S2b+1/S1) = 0, we need to prove H∗≥p(I ∗

p̄(c̊S2b+1)) = 0,
that is,

ω ∈ �∗+1≥p+1(S2b+1
× (0, ∞), S2b+1

× (0, 2)) with diXω = 0

H⇒ there exists η ∈ �∗≥p(S2b+1
× (0, ∞)) with dη ≡ 0 on S2b+1

× (0, 2)

and iXω = diXη.

The proof of the previous case applies verbatim with ω(1) = 0.

Final step: Consider the invariant open covering V = {TS | S ∈ S1} ⊔ {M ∖ 6}

of M . We fix a smooth map λ : [0, ∞) → [0, 1] satisfying λ = 1 on [0, 2] and
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λ = 0 on [3, ∞). The map fS : TS → [0, ∞) is defined by fS(x) = λ(ρS(x)) (see
Section 1.2). It is an S1-invariant smooth map, constant on the fibers of τS : DS → S,
which gives ∥ fS∥S = ∥d fS∥S = 0. So, the family { fS | S ∈ S1} ⊔

{
1 −

∑
fS

}
is

a partition of unity, subordinated to V , living in �∗

0
(M). Now, it suffices to apply

Bredon’s trick [3, p. 289] and the previous cases. □

Remark 2.6. In fact, we have proved that the operator

f : (�∗

p̄(M/S1) ⊕ �∗−1
p̄−ē(M/S1), D) → (�∗

p̄(M), d),

defined by f (α, β) = α + χ ∧ β, where D(α, β) = (dα + e ∧ β, −dβ), is a quasi-
isomorphism.

2.6. Twisted product. The model of the tubular neighborhood of a semimobile
stratum is given by twisted products. We present this notion. First of all, we consider
a smooth action 2 : N × E → E of the normalizer N on a manifold E . It induces
the action 8 : S3

× (S3
×N E) → (S3

×N E) defined by g · ⟨k, x⟩ = ⟨g · k, x⟩ .

This action is a mobile action and the strata are of the form S3
×N S with S ∈ S ,

stratification induced by 2. A perversity p̄ on E determines a perversity on the
twisted product, still denoted by p̄, defined by p̄(S3

×N S) = p̄(S).
Given an N -invariant Thom–Mather system TE = {TS | S ∈ S1} on E we can

consider the Thom–Mather systems

• TS3×E = {S3
× TS | S ∈ S1} on the product, and

• TS3×N E = {S3
×N TS | S ∈ S1} on the twisted product.

Relative to these Thom–Mather systems we have

(21) ∥5∗ω∥S3×S = ∥ω∥S3×N S,

where S ∈ S1, ω ∈ �∗(S3
×N (E ∖6)) and 5 : S3

× E → S3
×N E is the canonical

projection. This map is an N -bundle and satisfies π(g, x) = π(g · h−1, h · x) where
(g, x) ∈ S3

× E and h ∈ N .
The goal of this section is to write the S3-invariant intersection forms of the

twisted product S3
×N E in terms of the intersection forms of E .

First we establish some notation:

(a) Yu ∈ X(S3) is the fundamental vector field associated to u ∈ su(2) relative to
the right action: S3

× S3
→ S3

; (g, k) 7→ k · g−1. It is a left invariant vector field.
For the sake of simplicity we shall write Yuℓ

= Yℓ for ℓ ∈ {1, 2, 3}.

(b) Z ∈ X(E) is the fundamental vector field of the action 9 : S1
× E → E ,

induced by 2. It satisfies j∗Z = −Z . Let ϵ be an N -invariant metric on E . The
characteristic form ζ = ιZϵ satisfies j∗ζ =−ζ and the associated Euler form e = dζ

satisfies j∗e = e.
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(c) Let γu ∈ �1(S3) be the dual form of Yu , that is, γu = iYu κ , u ∈ su(2). Notice
that κ(u, v) = γu(Yv). These forms are invariant by the left action of S3. For
the sake of simplicity we shall write γuk = γk for ℓ ∈ {1, 2, 3}. They satisfy
LY1γ1 =0, LY1γ2 =−γ3, LY1γ3 =γ2, dγ1 =γ2∧γ3, dγ2 =−γ1∧γ3 and dγ3−γ1∧γ2

(see (10)).

(d) The group N acts on the complex of differential forms �∗(S3) by the left.
So, the group Z2 = N/S1 acts on the complex of S1-left invariant forms of S3,
which is

∧
∗
(γ1, γ2, γ3). This action is given by

(22) g · γℓ = (−1)ℓγℓ,

for ℓ = 1, 2, 3.

Proposition 2.7. The canonical projection 5 : S3
× E → S3

×N E induces the
identification

(23) �∗

p̄(S3
×N E) =

{
ω ∈

∧
∗
(γ1,γ2,γ3)⊗�∗

p̄(E) | iY1ω = −iZω, LY1ω = −L Zω
}Z2 .

Proof. Since the map 5 is S3-invariant, 5∗ induces a monomorphism between

�∗(S3
× E)={ω∈�∗(S3

× E) | g∗ω=ω for all g ∈ S3
}=

∧
∗
(γ1, γ2, γ3)⊗�∗(E)

and

�∗(S3
×N E) = {ω ∈ �∗(S3

×N E) | g∗ω = ω for all g ∈ S3
}.

So, we can identify �∗(S3
N × E) with{

ω ∈
∧

∗
(γ1, γ2, γ3) ⊗ �∗(E) | iY1ω = −iZω, LY1ω = −L Zω, g∗ω = ω

}
=

{
ω ∈

∧
∗
(γ1, γ2, γ3) ⊗ �∗(E) | iY1ω = −iZω, LY1ω = −L Zω

}Z2 .

A similar identification is obtained for E ∖ 6E instead of E . Using (21) we
conclude (23). □

Corollary 2.8. We have the identification

�∗

p̄(S3
×N E) = �∗

p̄(E)Z2 ⊕ �∗−2
p̄ (E)−Z2 ⊕ {ξ ∈ �∗−1

p̄ (E)−Z2 | L Z L Z ξ = −ξ},

where the differential becomes D′(α, β, ξ) = (dα, dβ − iZα, −dξ). The third term
of this direct sum is acyclic.

Proof. Proposition 2.7 shows that an element of �∗

p̄(S3
×N E) is of the form

α − γ1 ∧ iZα + γ2 ∧ L Zξ + γ3 ∧ ξ + γ1 ∧ γ2 ∧ iZ L Zξ + γ1 ∧ γ3 ∧ iZξ

+ γ2 ∧ γ3 ∧ β − γ1 ∧ γ2 ∧ γ3 ∧ iZβ,
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with α ∈ �∗

p̄(E), β ∈ �∗−2
p̄ (E), ξ ∈ �∗−1

p̄ (E), g ·α = α, g ·ξ = −ξ , g ·β = −β, and
L Z L Z ξ = −ξ . For the calculation of D we compute the differential of the previous
expression:

dα − γ1 ∧ iZ dα − γ2 ∧ L Z dξ − γ3 ∧ dξ − γ1 ∧ γ2 ∧ (iZ L Z dξ + ξ)

+ γ1 ∧ γ3 ∧ (L Zξ − iZ dξ) + γ2 ∧ γ3 ∧ (dβ − iZα) + γ1 ∧ γ2 ∧ γ3 ∧ iZ dβ.

We verify the acyclicity property. Let ξ ∈ �∗

p̄(E)−Z2 be a cycle. The differential
form η = iZ L Zξ ∈ �∗(E ∖6) satisfies:

• g · η = j∗η = j∗iZ L Zξ = −iZ j∗L Zξ = iZ L Z j∗ξ = −iZ L Zξ = −η.

• L Z L Zη = L Z L Z iZ L Zξ = iZ L Z L Z L Zξ = −iZ L Zξ = −η.

• dη = diZ L Zξ = L Z L Zξ = −ξ , since dξ = 0.

• If Q is a singular stratum of ES we have ∥η∥Q = ∥iZ L Zξ∥Q
(6)
≤ ∥ξ∥Q ≤ p̄(Q).

So, the complex {ξ ∈ �∗−1
p̄ (E)−Z2 | L Z L Z ξ = −ξ} is acyclic. □

The following calculations will be used in the next section. We use the N -action
presented in Section 1.6.

Corollary 2.9. Let 2 : N × M → M be a smooth action. We have

H∗

p̄/( p̄−ē)(M/S1)−Z2 = H∗−2q(6)−(−1)q Z2 ,

where

• p̄ is a constant perversity p on M/S1 satisfying 0 ≤ p̄ ≤ t̄ ,

• q denotes the integer part of p/2, and

• 6 is the singular part of the induced S1-action,

Proof. Consider an N -invariant Thom–Mather system (see Section 1.6). Using
Mayer–Vietoris, we can suppose M = TS ∩ T j (S), for some S ∈ S1. We write
τ = τS ∪ τ j (S). Since 6 = S ∪ j (S) is Z2-invariant, we can consider the operator

J : �∗−2q(6)−(−1)q Z2 → �∗

p̄/( p̄−ē)(M/S1)−Z2 ,

defined by J (α) = ⟨τ ∗

S α ∧ eq
⟩, where e is the Euler form of the induced S1-action

relative to an N -invariant Riemannian metric on M . This metric always exists since
the group N is compact. It is a well-defined differential operator since

• ∥τ ∗α ∧ eq
∥S ≤ ∥τ ∗α∥S + ∥eq

∥S ≤ 0 + ∥eq
∥S ≤ 2q ≤ p̄(S), and similarly

∥τ ∗α ∧ eq
∥S ≤ p̄( j (S)),

• d(τ ∗dα ∧ eq) = τ ∗dα ∧ eq and the operator is a differential operator,

• iX (τ ∗α ∧ eq) = iX d(τ ∗α ∧ eq) = 0, which gives τ ∗α ∧ eq
∈ �∗

bas(M ∖ S), and

• j∗e = −e.
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This last property comes from j∗X = −X , where X is the fundamental vector field
of the circle action 9.

We claim that the operator J is a quasi-isomorphism. Proceeding as in the proof
of Proposition 2.5 we can reduce the question to the case where the stratum S
(resp. j (S)) is the apex v (resp. w) of the cone TS = c̊vS2b+1 (resp. T j (S) = c̊wS2b+1)
where the circle S1 acts orthogonally and almost freely on the sphere S2b+1. We also
have H∗

bas(S2b+1) = H∗(CPb). Recall that ē(S) = 2 and p̄(S) = p. We distinguish
two cases:

∗ ≤ p − 2 or ∗ > p: We have the equality �∗

p̄−ē(c̊vS2b+1/S1) = �∗

p̄(c̊vS2b+1/S1)

and the analogous one for the apex w. Therefore, and for degree reasons, we get

�∗

p̄/(p−ē)((TS ∪ T j (S))/S1) = 0

= �∗−2q({v, w})−(−1)q Z2 = �∗−2q(S ∪ j (S))−(−1)q Z2 .

∗ = p − 1 or p: We first assume ∗ = 2q. On one hand, we have

H∗−2q(S ∪ j (S))−(−1)q Z2

=

{
H 0(S)−(−1)q Z2 = 0 (if q even) or R (if q odd) if j (S) = S,

H 0(S ∪ j (S))−(−1)q Z2 =
〈
(1, (−1)q+1)

〉
= R if j (S) ∩ S = ∅.

On the other hand, the typical conical calculations of the intersection cohomology
(see, for example, [17, Proposition 3.1.1]) and the sequence (7) give

H∗

p̄/( p̄−ē)(c̊vS2b+1/S1) = H 2q(CPb),

which is generated by eq , since 0 ≤ p = p̄(S) ≤ t̄(S) = 2b. The same formula is
obtained for w. We have

H∗

p̄/( p̄−ē)((c̊vS2b+1
∪ c̊vS2b+1)/S1)−Z2

=

{
H 2q(CPb)−Z2 = 0 (if q even) or R (if q odd) if j (S) = S,

H 2q(CPb
∪ CPb)−(−1)q Z2 = R if j (S) ∩ S = ∅,

where, in the case where S ∩ j (S) = ∅, a generator of the cohomology is the class
([e]q , (−1)q+1

[e]q).
Finally, if ∗ is odd, both cohomology groups to be checked equal vanish because

they involve classes in odd degrees of points or CPb.

We get that J is a quasi-isomorphism. □

3. The integration operator /
∫

The main tool we use in this work is the integration operator

/
∫

: �∗

p̄(M) → �∗−3
p̄−χ (M/S3),
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defined by /
∫

ω = (−1)deg ωiX3
iX2

iX1
ω, where χ is the characteristic perversity

defined by

χ(S) =

{
1 if S ∈ S1,

3 if S ∈ S3.

The operator /
∫

is a well-defined differential operator since

• L AiB = iB L A + i[A,B] when A, B are vector fields of M ∖6 and

• for each S ∈ S ,

p̄(S) ≥ ∥ω∥S ≥ ∥χ1 ∧ χ2 ∧ χ3 ∧ iX3
iX2

iX1
ω∥S

= ∥iX3
iX2

iX1
ω∥S + χ(S) =

∥∥∥∥ /
∫

ω

∥∥∥∥
S
+ χ(S),

where the second inequality is by (11), (15) and the first equality is by (16), (18),
and we have considered an adjusted metric µ on M ∖6.

The goal of this section is the computation of the cohomology of the complexes
I ∗

p̄(M) and K ∗

p̄(M). For the first one, we need to introduce the Euler perversity ē,
defined by ē = χ + 1.

For the sake of simplicity we shall write

ker /
∫

= K ∗

p̄(M) = {ω ∈ �∗

p̄(M) | iX3 iX2 iX1ω = 0},

Im /
∫

= I ∗

p̄(M) = {iX3 iX2 iX1ω | ω ∈ �∗+3
p̄ (M)}.

Proposition 3.1. Let p̄ ≤ t̄ be a perversity on M. The natural inclusion I :

�∗

p̄−ē(M/S3) ↪→ I ∗

p̄(M) is a quasi-isomorphism.

Proof. The inclusion makes sense if we prove that χ1 ∧ χ2 ∧ χ3 ∧ α ∈ �∗

p̄(M) for
each α ∈ �∗−3

p̄−ē(M/S3). This comes from

L Xℓ
(χ1 ∧ χ2 ∧ χ3 ∧ α) = 0 for each ℓ ∈ {1, 2, 3} (see (10)),

and for each S ∈ S1 ⊔ S3,

∥χ1 ∧ χ2 ∧ χ3 ∧ α∥S = ∥α∥S + χ(S) ≤ p̄(S) − ē(S) + χ(S) ≤ p̄(S),

∥d(χ1 ∧ χ2 ∧ χ3 ∧ α)∥S ≤ max
(
∥χ1 ∧ χ2 ∧ χ3 ∧ dα∥S, ∥d(χ1 ∧ χ2 ∧ χ3) ∧ α∥S

)
≤ max( p̄(S), ∥α∥S + ∥d(χ1 ∧ χ2 ∧ χ3)∥S)

≤ max( p̄(S), p̄(S) − ē(S) + ∥χ1 ∧ χ2 ∧ χ3∥S + 1)

≤ max( p̄(S), p̄(S) − ē(S) + ē(S)) = p̄(S),

where the first and last lines are by (16) and (18), the second line is by (11) and (15),
and the fourth line is by (10) (see (6)).
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In order to prove that I is a quasi-isomorphism, we proceed in several steps. We
use the S3-invariant Thom–Mather system of Section 1.2.

Step 1: S1 = S3 = ∅. The action is almost-free. In this case 6 = ∅ and therefore
�∗

bas(M) = �∗

p̄(M/S3) ⊂ I ∗

p̄−ē(M) ⊂ �∗

p̄−χ (M/S3) = �∗

bas(M). In other words,
the map I itself is an isomorphism.

Step 2: M = TS for some S ∈ S1. We have seen that S = S3
×N SS1

. The restriction
τS : ES = τ−1

S (SS1
) → SS1

is an N -invariant bundle. Notice that ES is a filtered
space whose singular strata are the connected components of SS1

. The fiber of this
bundle is R2b+2, for some b ∈ N. The group S1 acts trivially on SS1

and orthogonally
on R2b+2 having the origin as the only fixed point. Notice that the action of S1 on
the unit sphere S2b+1 is almost-free.

We identify TS with the twisted product S3
×N ES and we use the calculations

of Section 2.6. We have

(24) �∗

p̄(M/S3) = �∗

p̄(ES/N ) = �∗

p̄(ES/S1)Z2

for any perversity p̄. The integration /
∫

becomes the map

(25) /
∫

: �∗

p̄(S3
×N ES) → �∗−3

p̄−χ (ES/S1)Z2 ,

defined by (α, β, ξ) 7→ −iZβ (see Corollary 2.8). The map I becomes the inclusion

(26) I : �∗

p̄−ē(M/S3) = �∗

p̄−ē(ES/S1)Z2 → I ∗

p̄(M) = {iZβ | β ∈ �∗+1
p̄ (ES)

−Z2 }

since for each λ∈�∗−3
p̄−ē(ES/S1)Z2 we have ζ ∧λ∈�∗−2

p̄ (ES)
−Z2 and iZ (ζ ∧λ)=λ.

Consider now a good covering U of SS1
and { fU | U ∈ U} a subordinated

partition of unity. The family {τ−1
S (U ) | u ∈ U} is an open covering of ES and

{τS ◦ fU | U ∈ U} is a subordinated partition of unity. These maps are N -invariant
smooth maps constant on the fibers of τS . This last property implies that ∥ fU ◦τS∥S =

∥d( fU ◦ τS)∥S = 0. So, the covering U possesses a subordinated partition of unity
living in �∗

0
(ES).

Using Bredon’s trick [3, p. 289] one reduces the problem to the case ES =

Rdim SS1

× R2b+2, where τS becomes the projection on the first factor. The action
of the group S1 is trivial on the first factor.

Contracting this factor to a point, we reduce the problem to the case ES =

R2b+2
= c̊S2b+1

= (S2b+1
×[0, ∞))/(S2b+1

×{0}) as filtered space. Denoting by P
the apex of the cone, we have χ(P) = 1, ē(P) = 2 and p̄(P) = p̄(S) = p. We need
to prove that the inclusion

I : �∗

p̄−ē(c̊S2b+1/S1)Z2 ↪→ I ∗

p̄(c̊S2b+1) = {iZβ | β ∈ �∗+1
p̄ (c̊S2b+1)−Z2 }
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is a quasi-isomorphism. This comes directly from (20) with j∗Z = −Z (see
Section 2.6(b)).

Step 3: S3 =∅. Consider the invariant open covering V = {TS | S ∈ S1}⊔{M ∖F1}

of M . We fix a smooth map λ : [0, ∞) → [0, 1] satisfying λ = 1 on [0, 2] and
λ = 0 on [3, ∞). The map fS : TS → [0, ∞) is defined by fS(x) = λ(ρS(x)) (see
Section 1.2). It is an S3-invariant smooth map, constant on the fibers of τS : DS → S,
which gives ∥ fS∥S = ∥d fS∥S = 0. So, the family { fS | S ∈ S1} ⊔

{
1 −

∑
fS

}
is a

partition of unity, subordinated to V , living in �∗

0
(M). Now, it suffices to apply

Bredon’s trick [3, p. 289] and the previous cases.

Step 4: M = TQ for some Q ∈ S3. Recall that τQ : TQ → Q is an S3-invariant
smooth bundle whose fiber is R f +1 for some f ≥ 3. In fact, the group S3 acts
trivially on Q and orthogonally on the fiber R f +1 having the origin as the only
fixed point. Notice that the action of S3 on the sphere S f is a mobile action.

Consider now a good covering U of Q and { fU |U ∈U} a subordinated partition of
unity. The family {τ−1

Q (U ) |u ∈U} is an open covering of TQ having { fU ◦τQ |U ∈U}

a subordinated partition of unity. These maps are S3-invariant smooth maps constant
on the fibers of τQ . This last property implies that ∥ fU ◦τQ∥Q =∥d( fU ◦τQ)∥Q = 0
(see (5)).

Using Bredon’s trick [3, p. 289] one reduces the problem to the case M =

Rdim Q
× R f +1. The action of the group S3 is trivial on the first factor. Contracting

this factor to a point, we reduce the problem to the case M = R f +1
= c̊S f

=

(S f
× [0, ∞))/(S f

× {0}). Here, the stratum Q corresponds to the apex v of the
cone. We have χ(v) = 3 and ē(v) = 4. The number p ∈ Z is defined by p̄(Q) = p.
Take p̄(v) = p. We need to prove that the inclusion

I : �∗

p̄−ē(c̊S f /S3) ↪→ I ∗

p̄(c̊S f ) = {iX3 iX2 iX1ω | ω ∈ �∗+3
p̄ (c̊S f )}

is a quasi-isomorphism. Notice that S3 just acts on the sphere S f . We have

�
∗<p−4
p̄−ē (c̊S f /S3) = �

∗<p−4
p̄−ē ((S f /S3) × (0,∞)),

�
p−4
p̄−ē(c̊S f /S3) =

{
β ∈ �

p−4
p̄−ē((S f /S3) × (0,∞)) | dβ ≡ 0 on S f

× (0,2)
}
,

�
∗>p−4
p̄−ē (c̊S f /S3) = �

∗>p−4
p̄−ē ((S f /S3) × (0,∞), (S f /S3) × (0,2)),

I ∗<p−3
p̄ (c̊S f ) =

{
iX3 iX2 iX1ω | ω ∈ �

∗+3<p
p̄ (S f

× (0,∞))
}
,

I p−3
p̄ (c̊S f ) =

{
iX3 iX2 iX1ω | ω ∈ �

p
p̄(S f

× (0,∞)) | dω ≡ 0 on S f
× (0,2)

}
,

I ∗>p−3
p̄ (c̊S f ) =

{
iX3 iX2 iX1ω | ω ∈ �

∗+3>p
p̄ (S f

× (0,∞), S f
× (0,2))

}
.

Since �
p−4
p̄−ē(c̊S f /S3)∩ d−1(0) = �

p−4
p̄−ē((S f /S3) × (0, ∞))∩ d−1(0), Step 3 gives

that I ∗
: H∗

p̄−ē(c̊S f /S3) → H∗(I ·

p̄(c̊S f )) is an isomorphism for ∗ < p − 3.
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∗ = p − 3: Since H p−3
p̄−ē (c̊S f /S3) = 0 (see [17, Proposition 3.1.1]), we must prove

H p−3(I ∗

p̄(c̊S f )) = 0, that is,

ω ∈ �
p
p̄(S f

× (0, ∞)) with dω ≡ 0 on S f
× (0, 2) and diXω = 0

H⇒ there exists η ∈ �
p−1
p̄ (S f

× (0, ∞)) with iXω = diXη.

If p = 0 then we can consider η = 0 since ω is constant. Let us suppose p ≥ 1.
Consider η′

=
∫

−

1 ω. It is an element of �p−1(S f
× (0, ∞)) since the action of S3

on the (0, ∞)-factor is trivial. A straightforward calculation gives

(27) ω = pr∗ ω(1) + dη′
+

∫
−

1
dω.

Here, ω(1) is the restriction of ω to S f
×{1} and pr : S f

× (0, ∞) → S f
×{1} is

the map defined by pr(x, t) = (x, 1). Applying that both ω and η′ are S3-invariant
and L X = iX d + diX , we have

iX3 iX2 iX1ω = iX3 iX2 iX1 pr∗ ω(1) + iX3 iX2 iX1dη′
+ iX3 iX2 iX1

∫
−

1
dω

= iX3 iX2 iX1 pr∗ ω(1) − diX3 iX2 iX1η
′
−

∫
−

1
diX3 iX2 iX1ω

= iX3 iX2 iX1 pr∗ ω(1) − diX3 iX2 iX1η
′.

By hypothesis the differential form pr∗ ω(1) is a cycle of �
p
p̄(S f

× (0, ∞)). Con-
dition p̄ ≤ t̄ implies p ≤ codim Q − 2 = f − 1. This gives the existence of η′′

∈

�p−1(S f
× (0, ∞)) with pr∗ ω(1) = dη′′. We finish the proof taking η = −η′

−η′′.

∗ ≥ p − 2: Since H∗≥p−2
p̄−ē (c̊S f /S3) = 0 (see [17]), we need to prove

H∗≥p−2(I ∗

p̄(c̊S f )) = 0,

that is,

ω ∈ �
∗+3≥p+1
p̄ (S f

× (0, ∞)) with diX3 iX2 iX1ω = 0 and ω ≡ 0 on S f
× (0, 2)

H⇒ there exists η ∈ �
∗+2≥p
p̄ (S f

× (0, ∞)) with iX3 iX2 iX1ω = diX3 iX2 iX1η

and dη ≡ 0 on S f
× (0, 2).

Same proof as before with ω(1) = 0.

Final step: Consider the invariant open covering V = {TQ | Q ∈ S3} ⊔ {M ∖ F3}

of M . We fix a smooth map λ : [0, ∞) → [0, 1] satisfying λ = 1 on [0, 2] and
λ = 0 on [3, ∞). The map fQ : TQ → [0, ∞) is defined by fQ(x) = λ(ρQ(x))

(see Section 1.2). It is an S3-invariant smooth map, constant on the fibers of
τQ : DQ → Q, which gives ∥ fQ∥S = ∥d fQ∥S = 0 for each singular stratum S
(see (5)). So, the family { fQ | Q ∈ S3} ⊔

{
1 −

∑
fQ

}
is a partition of unity,
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subordinated to V , living in �∗

0
(M). Now, it suffices to apply Bredon’s trick [3,

p. 289] and the previous cases. □

Let us study the complex K ∗

p̄(M). Since the complex �∗

p̄(M/S3) is included
in ker /

∫
we have the short exact sequence

0 → �∗

p̄(M/S3) ↪→ K ∗

p̄(M) →
K ∗

p̄(M)

�∗

p̄(M/S3)
→ 0.

This allows us to compute the cohomology of K ∗

p̄(M) in terms of the intersection
cohomology H∗

p̄(M/S3) and the cohomology of C∗

p̄(M) = K ∗

p̄(M)/�∗

p̄(M/S3).
In fact, we are going to prove that this cohomology is residual relative to the strata
of S1. The calculation of H∗(C ·

p̄(M)) is carried out in several steps through the
restrictions

(28) M // TQ ⊔ TS // Q ⊔ TS // Q ⊔ SS1
= S

S1

,

where S ranges over the strata of S1 and Q ∈ S3 with Q ⊂ S. We proceed in
several steps.

Lemma 3.2. Let 8 : S3
× M → M be a mobile action with S3 = ∅. For any

perversity p̄ on M with 0 ≤ p̄ ≤ t̄ we have

(29) H∗(C ·

p̄(M)) =

⊕
S∈S1

H∗−2pS−2(SS1
)−(−1)pS Z2 ,

where the number pS denotes the integer part of p̄(S)/2.

Proof. We proceed in several steps.

Step 1: S1 =∅. We do not have any singular stratum. We need to prove that the left-
hand side of (29) is 0. Let ⟨ω⟩ be a cycle of C∗

p̄(M). The canonical decomposition
of ω is

ω =ω0+χ1∧ω1+χ2∧ω2+χ3∧ω3+χ1∧χ2∧ω12+χ1∧χ3∧ω13+χ2∧χ3∧ω23

(see (11)). The differential form η = −χ1 ∧ ω23 + χ2 ∧ ω13 − χ3 ∧ ω12 belongs
to K ∗

p̄(M) since η ∈ �∗(M ∖6) (see (10) and (14)), and iX3 iX2 iX1η = 0.
The differential form ω′

= ω − dη satisfies

ω′

12 = ω′

13 = ω′

23 = ω′

123 = 0.

Since dω′
= dω ∈ �∗

p̄(M/S3) then ω′

1 = ω′

2 = ω′

3 = 0 and therefore ω′
= ω′

0 ∈

�∗

p̄(M/S3). So, [⟨ω⟩] = [⟨ω′
⟩] = [0] = 0.

Step 2: M = TS for some S ∈ S1. In this case S1 = {S} and S is a closed stratum.
Define ES as in Step 2 of the proof of Proposition 3.1. Using (25) and Corollary 2.8
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we get

K ∗

p̄(M) = �∗

p̄(ES)
Z2 ⊕ {β ∈ �∗−2

p̄ (ES)
−Z2 | iZβ = 0}

⊕ {ξ ∈ �∗−1
p̄ (ES)

−Z2 | L Z L Z ξ = −ξ}

(19)
= �∗

p̄(ES)
Z2 ⊕ �∗−2

p̄ (ES/S1)−Z2 ⊕ {ξ ∈ �∗−1
p̄ (ES)

−Z2 | L Z L Z ξ = −ξ},

where the third complex is acyclic (see Corollary 2.8). So, using that �∗

p̄(M/S3)
(24)
=

�∗

p̄(ES/S1)Z2 , we have that the cohomology of C∗

p̄(M) is that of the complex

�∗

p̄(ES)
Z2 ⊕ �∗−2

p̄ (ES/S1)−Z2

�∗

p̄(ES/S1)Z2
,

relative to the differential D′′
⟨(α, β)⟩ = ⟨(dα, dβ − iZα)⟩. Following Remark 2.6,

this complex is quasi-isomorphic to

�∗

p̄(ES/S1)Z2 ⊕ �∗−1
p̄−ē(ES/S1)−Z2 ⊕ �∗−2

p̄ (ES/S1)−Z2

�∗

p̄(ES/S1)Z2

= �∗−1
p̄−ē(ES/S1)−Z2 ⊕ �∗−2

p̄ (ES/S1)−Z2

endowed with the differential D′′(λ, β)= (−dλ, dβ−λ). It is immediately checked
that the map (λ, β) 7→ ⟨β⟩ is a quasi-isomorphism between this complex and
�∗−2

p̄/( p̄−ē)(ES/S1)−Z2 . The induced action 2 : N × ES → ES and the induced
perversity p̄ on ES satisfy the conditions of Corollary 2.9, with 6 = SS1

and
q = pS . So, we get H∗−2

p̄/( p̄−ē)(ES/S1)−Z2 = H∗−2pS−2(SS1
)−(−1)pS Z2 .

Final step: Just use Mayer–Vietoris as in Step 3 of the proof of Proposition 3.1. □

The first step of (28) comes from the following result concerning the Thom–
Mather system (see Section 1.2):

Lemma 3.3. Let 8 : S3
× M → M be a mobile action. For any perversity p̄

on M with 0 ≤ p̄ ≤ t̄ , the restriction of forms induces the quasi-isomorphism
C∗

p̄(M) → C∗

p̄(T1 ∪ T3).

Proof. Consider the invariant open covering{
U = T1 ∪ T3, V = M ∖

(
ρ−1

1

([
0, 3

4

])
∪ ρ−1

3

([
0, 3

4

]))}
of M . We have the Mayer–Vietoris sequence

0 → C∗

p̄(M) → C∗

p̄(U ) ⊕ C∗

p̄(V ) → C∗

p̄(U ∩ V ) → 0.

Following Lemma 3.2 we know that the complexes C∗

p̄(V ) and C∗

p̄(U ∩ V ) are
acyclic. So, the restriction C∗

p̄(M) → C∗

p̄(U ) is a quasi-isomorphism. □



324 JOSÉ IGNACIO ROYO PRIETO AND MARTINTXO SARALEGI-ARANGUREN

The term Q ⊔ TS appearing in (28) is not a manifold, but it is possible to define
the complex C∗

p̄(−) on it using the following notion.

Definition 3.4. Let 8 : S3
×M → M be a mobile action. We consider a perversity p̄

on M . For each open subset U ⊂ M we define

4∗

p̄(U ) = {ω ∈ �∗

p̄(U ∖63) | ω and dω satisfy (30)},
where

(30) ω(v0, . . . , v p̄(Q), −) = 0

where v0, . . . , v p̄(Q) are vectors tangent to the fibers of τQ : (DQ ∩ U ) → Q, for
each Q ∈ S3. We analogously define 4∗

p̄(U/S3) if U ⊂ M is an S3-invariant open
subset.

We define

Ĉ∗

p̄(TS) =
K̂ ∗

p̄(TS) = K ∗

p̄(TS) ∩ 4∗

p̄(TS)

4∗

p̄(TS/S3)
.

We clearly have 4∗

p̄(U ) = �∗

p̄(U ) and Ĉ∗

p̄(U ) = C∗

p̄(U ) if U ⊃ T3 or if S3 = ∅.
In particular, we have

(31) C∗

p̄(T1 ∪ T3) = Ĉ∗

p̄(T1 ∪ T3).

Lemma 3.5. Let 8 : S3
× M → M be a mobile action. For any perversity p̄

on M with 0 ≤ p̄ ≤ t̄ , the restriction of forms induces the quasi-isomorphism
Ĉ∗

p̄(T3 ∪ T1) → Ĉ∗

p̄(T1).

Proof. Using Mayer–Vietoris, it suffices to prove that the restriction Ĉ∗

p̄(T3) →

Ĉ∗

p̄(T3 ∩ T1) is a quasi-isomorphism. Proceeding as in Step 4 of the proof of
Proposition 3.1 we can suppose that T3 = c̊S f , where S3 acts orthogonally without
fixed points on the sphere S f , and trivially on the radius of the cone. The fixed
points subset F3 is, now, the apex v of the cone. Moreover, in this new setting,
T3 ∩ T1 becomes T61 × (0, ∞) ⊆ c̊S f , being 61 the union of nonmobile strata of
the action in S f and T61 a tubular neighborhood of 61 in S f . We then have

Ĉ∗

p̄(T3) = Ĉ∗

p̄(S f
× (0, ∞)) and Ĉ∗

p̄(T3 ∩ T1) = Ĉ∗

p̄(T61 × (0, ∞)).

For these complexes, (30) becomes ω(v0, . . . , vp, −) = 0 if v0, . . . , vp are vectors
tangent to the first factor of (S f ∖ 61) × (0, 2) or (T61 ∖ 61) × (0, 2), respec-
tively, being p = p̄(v). In order to prove that the restriction Ĉ∗

p̄(S f
× (0, ∞)) →

Ĉ∗

p̄(T61 × (0, ∞)) is a quasi-isomorphism we notice that

Ĉ∗<p
p̄ (S f

×(0, ∞)) = C∗<p
p̄ (S f

×(0, ∞)),

Ĉ p
p̄ (S f

×(0, ∞)) =
{
⟨β⟩ ∈ C∗<p

p̄ (S f
×(0, ∞)) | dβ ≡ 0 on S f

×(0, 2)
}
,

Ĉ∗>p
p̄ (S f

×(0, ∞)) = C∗>p
p̄ (S f

×(0, ∞), S f
×(0, 2)), whose cohomology is 0.
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Consider the operator pr :C∗

p̄(S f )→C∗

p̄(S f
× (0, ∞)) induced by the canonical pro-

jection. Define the truncated complex σpC∗

p̄(S f ) = C<p
p̄ (S f )⊕(C p

p̄ (S f )∩d−1(0)).

By the previous display, we have that

pr(σpC∗

p̄(S f )) ⊆ Ĉ∗

p̄(S f
× (0, ∞)).

Moreover, following (27) we get ⟨ω⟩ = pr⟨ω(1)⟩ + d
〈∫ 1

−
ω

〉
+

〈∫ 1
−

dω
〉
, and thus

pr : σpC∗

p̄(S f )) → Ĉ∗

p̄(S f
× (0, ∞)) is a quasi-isomorphism. In a similar way, we

prove that the operator

(32) pr : σpC∗

p̄(T61) → Ĉ∗

p̄(T61 × (0, ∞)),

induced by the canonical projection, is a quasi-isomorphism. So, the remaining
task becomes to prove that the restriction σpC∗

p̄(S f ) → σpĈ∗

p̄(T61) induces a quasi-
isomorphism, which is granted by Lemma 3.2. □

By the definition of the complex Ĉ∗

p̄(−) we have Ĉ∗

p̄(T1) =
⊕

S∈S1
Ĉ∗

p̄(TS).

Lemma 3.6. Let 8 : S3
× M → M be a mobile action. For any perversity 0 ≤ p̄ ≤ t̄

on M and any stratum S ∈ S1 we have

H∗(Ĉ ·

p̄(TS)) = H∗−2pS−2
P S

(SS1
)−(−1)pS Z2 ,

where the number pS denotes the integer part of p̄(S)/2.

Proof. Consider the family Q= {Q ∈ S3 | Q ⊂ S}. Recall that SS1
(see Section 1.4)

is a filtered space. The regular part of SS1
is SS1

and its singular strata are the
elements Q ∈ Q. So,

�∗

P S
(SS1

) =
{
α ∈ �∗(SS1

) | α and dα satisfy (30) for P S(Q) = p̄(Q)−2pS −2,

where Q ∈ Q
}
.

Let us define the operator

JS : �
∗−2pS−2
P S

(SS1
)−(−1)pS Z2 → Ĉ∗

p̄(TS)

by

(33) JS(α) = ⟨γ1 ∧ γ2 ∧ τ ∗

S α ∧ epS
S ⟩,

where eS ∈ �2
2
(ES/S1)−Z2 is the Euler form of the S1-action on ES relative to an

N -invariant metric on TS (see Section 2.6).

Step 1: The operator JS is well defined. Since τS : TS → SS1
is an S3-equivariant

map, we have τ ∗

S α ∈ �∗−2pS−2(ES)
−(−1)pS Z2 for each α ∈ �

∗−2pS−2
P S

(SS1
)−(−1)pS Z2

and therefore τ ∗

S α ∧ epS
S ∈ �∗−2(ES)

−Z2 . For the perverse degree, we have

∥τ ∗

S α ∧ epS
S ∥S ≤ ∥epS

S ∥S ≤ 2pS ≤ p̄(S),
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and similarly for the differential d(τ ∗

S α ∧ epS
S ) = τ ∗

S dα ∧ epS
S . We conclude that

τ ∗

S α ∧ epS
S ∈ �∗

p̄(ES)
−Z2 . Applying Corollary 2.8 we get that γ2 ∧γ3 ∧ τ ∗

S α ∧ epS
S ∈

�∗

p̄(TS = S3
×N ES) with /

∫
γ2 ∧ γ3 ∧ epS

S ∧ τ ∗

S α = 0.
It remains to prove that the differential form η = γ2 ∧ γ3 ∧ τ ∗

S α ∧ epS
S and

its differential dη = γ2 ∧ γ3 ∧ τ ∗

S dα ∧ epS
S satisfy (30) for p̄(Q), where Q ∈ Q.

Consider a family v0, . . . , v p̄(Q) of vectors tangent to the fibers of the map τQ :

(DQ ∩(TS∖S)) → Q. Up to a reordering we get that η(v0, . . . , v p̄(Q)) is a multiple
of α(τS∗(v0), . . . , τS∗(v p̄(Q)−2pS−2)). Conditions (5) imply that the vectors τS∗(v•)

are tangent to the fibers of τQ : DQ ∩ S → Q. Since α satisfies (30) for P S(Q),
we get α(τS∗(v0), . . . , τS∗(v p̄(Q)−2pS−2=P S(Q))) = 0. So, η satisfies (30) for p̄(Q).
The same argument applies to dη.

We conclude that γ2 ∧ γ3 ∧ τ ∗

S α ∧ epS
S ∈ ker /

∫
. The operator JS is well defined.

Step 2: The operator JS is a quasi-isomorphism when M = TQ , for any Q ∈ S3

satisfying Q ⊂ S. Proceeding as in Step 4 of the proof of Proposition 3.1 we can
suppose that M = TQ = c̊S f where S3 acts orthogonally without fixed points on
the sphere S f and trivially on the radius of the cone. Notice that the action of S3

on the sphere S f is a mobile action. The stratum Q is the apex v of the cone. We
have S = 60 × (0, ∞) ⊆ c̊S f , being 60 ⊆ S f the union of some semimobile strata
of the S3-action in S f .

We also have TS =T60×(0, ∞). Since S = c̊(60) and SS1
= c̊(60

S1
), JS becomes

(34) JS : �
∗−2pS−2
P S

(c̊(60
S1

))−(−1)pS Z2 → Ĉ∗

p̄(T60 × (0, ∞)).

Let’s prove that (34) is a quasi-isomorphism. On one hand, we know from [17,
Proposition 3.1.1] that the operator pr : σq�∗

P S
(60

S1
) → �∗

P S
(c̊(60

S1
)), induced

by the canonical projection, is a quasi-isomorphism. Here,

q = P S(Q) = p̄(v) − 2pS − 2 = p − 2pS − 2.

On the other hand, using (32) we conclude that it suffices to prove that

JS : σq�
∗−2pS−2
P S

(60
S1

)−(−1)pS Z2 → σpC∗

p̄(T60)

is a quasi-isomorphism, which is granted by Lemma 3.2.

Final step: Consider the invariant open covering V =
{
TS ∩ T3, TS ∖ ρ−1

3 ([0, 2])
}

of TS . We fix a smooth map λ : [0, ∞) → [0, 1] satisfying λ = 1 on [0, 3] and
λ = 0 on [4, ∞). The map f : TS → [0, ∞) is defined by f (x) = λ(ρ3(x)). It is
an S3-invariant smooth map, constant on the fibers of τ3 : D3 → 63, which gives
∥ f ∥S = ∥d f ∥S = ∥ f ∥Q = ∥d f ∥Q = 0 for each Q ∈ S3 with Q ⊂ S. So, the family
{ f, 1 − f } is a partition of unity, subordinated to V , living in �∗

0
(TS). Now, it

suffices to apply Bredon’s trick [3, p. 289] and the previous cases. □
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Proposition 3.7. Let 8 : S3
× M → M be a mobile action. For any perversity

0 ≤ p̄ ≤ t̄ on M we have

H∗(C∗

p̄(M)) =

⊕
S∈S1

H∗−2pS−2
P S

(SS1
)−(−1)pS Z2 .

Proof. It suffices to consider Lemma 3.3, (31), and Lemmas 3.5 and 3.6. □

4. Gysin braid for a mobile action

We construct two Gysin sequences associated with a mobile action 8 : S3
×M → M .

These sequences establish a relationship between the cohomology of the manifold M
and the intersection cohomology of the orbit space M/S3. The existence of two dis-
tinct approaches to the cohomology of M by the intersection cohomology of M/S3

gives rise to two separate sequences: one from the left, and one from the right.
The first approach, the one from the left, uses the short exact sequence

(35) 0 → �∗

p̄(M/S3) → �∗

p̄(M) →
�∗

p̄(M)

�∗

p̄(M/S3)
→ 0,

where p̄ is a perversity on M . The quotient G∗

p̄(M) = �∗

p̄(M)/�∗

p̄(M/S3) is the
Gysin term.

Theorem A. Let 8 : S3
× M → M be a mobile action. For any perversity 0 ≤ p̄ ≤ t̄

on M we have the long exact sequence, known as a Gysin sequence,

(36) · · · → H∗−1(M) → H∗−1(G ·

p̄(M)) → H∗

p̄(M/S3) → H∗(M) → · · · .

The cohomology of the Gysin term G∗

p̄(M) is determined by the long exact sequence

(37) · · · → H∗−1(G ·

p̄(M)) → H∗−4
p̄−ē (M/S3)

→

⊕
S∈S1

H∗−2pS−2
P S

(SS1
)−(−1)pS Z2 → H∗(G ·

p̄(M)) → · · · .

Proof. The exact sequence (36) comes from (35) and from the fact that the complex
�∗

p̄(M) computes the cohomology of M since 0 ≤ p̄ ≤ t̄ (see Section 1.3 and
Proposition 2.1). We now consider the short exact sequence

(38) 0 → C∗

p̄(M) → G∗

p̄(M)
/∫

−→ I ∗−3
p̄ (M) → 0,

where /
∫
⟨ω⟩ = /

∫
ω. The exact sequence (37) comes from the fact that the cohomol-

ogy of I ∗

p̄(M) is H∗

p̄−ē(M/S3) (see Proposition 3.1) and from Proposition 3.7. □

The second approach, the one from the right, uses the short exact sequence

(39) 0 → K ∗

p̄(M) → �∗

p̄(M) → I ∗−3
p̄ (M) → 0.
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By symmetry, we say that the complex K ∗

p̄(M) is the co-Gysin term of the action.

Theorem B. Let 8 : S3
× M → M be a mobile action. For any perversity 0 ≤ p̄ ≤ t̄

on M we have the long exact sequence, known as a Gysin sequence,

(40) · · · → H∗−1(M) → H∗−4
p̄−ē (M/S3) → H∗(K ·

p̄(M)) → H∗(M) → · · · .

The cohomology of the co-Gysin term K ·

p̄(M) is determined by the long exact
sequence

(41) · · · → H∗−1(K ∗

p̄(M)) →

⊕
S∈S1

H∗−3−2pS

P S
(SS1

)−(−1)pS Z2

→ H∗

p̄(M/S3) → H∗(K ∗

p̄(M)) → · · · .

Proof. The sequence (40) is derived from (39) and the following two facts:

• The complex �∗

p̄(M) computes the cohomology of M , since 0 ≤ p̄ ≤ t̄ (see
Section 1.3 and Proposition 2.1).

• The cohomology of the complex I p̄(M) is H p̄−ē(M/S3) (see Proposition 3.1).

The exact sequence (41) is derived from the short exact sequence

(42) 0 → �∗

p̄(M/S3) → K ∗

p̄(M) → C∗

p̄(M) → 0

and Proposition 3.7. □

The previous long exact sequences (36), (37), (40) and (41) can be arranged in
an exact braid diagram.

Definition 4.1. Let us consider six chain complexes A∗, B∗, C∗, D∗, E∗ and F∗.
A braid is a diagram of chain maps of the form

A∗

➃
��

➀
""

B∗

➀
��

➂
""

C∗

➂
  

➁
%%

D∗+1

➁
!!

➃
%%

Ak+2

E∗

➂

AA

➃
��

F∗

➁

@@

➀
��

E∗+1

➃

==

➂
!!

F∗+1

➀

>>

➁
  

C∗−1

➂

??

➁

==
D∗

➁

AA

➃

==
A∗+1

➃

>>

➀

;;
B∗+1

➀

==

➂

;;
C∗+1

It is a commutative braid when all the triangles and diamonds are commutative.
If the long sequences ➀, ➁, ➂ and ➃ are exact we say that the braid is an exact
braid.

An exact and commutative braid possesses the two following properties.
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(B1) The long sequence

· · · → E∗ (➂,➃)
−−−−→ B∗

⊕ D∗ ➀−➁
−−−→ F∗ ➂➁

−−−→ E∗+1
→ · · ·

is exact (see for example [7, pp. 39–41]).

(B2) The top and bottom sequences of the braid are semiexact sequences and
both have the same exactness defaults: ker ➂/ Im ➀ = ker ➃/ Im ➁, . . . (see, for
example, [12, p. 148]).

Theorem C. Let 8 : S3
× M → M be a mobile action. For any perversity 0 ≤ p̄ ≤ t̄

on M we have the following exact commutative braid, called the Gysin braid:

H∗

p̄(M/S3)

➃

xx

➀

��

H∗(M)

➀

xx

➂

��

H∗−3
p̄−ē (M/S3)

➂

xx

➁

��⊕
S∈S1

H∗−1−2pS

P S
(SS1

)−(−1)pS Z2

H∗(K ·

p̄(M))

➂

&&

➃
xx

H∗(G ·

p̄(M))

➁

&&

➀

xx

H∗+1(K ·

p̄(M))

➃
&&

➂

xx

H∗−4
p̄−ē (M/S3)

➂

&&

➁

��⊕
S∈S1

H∗−2pS−2
P S

(SS1
)−(−1)pS Z2

➁

&&

➃

��

H∗+1
p̄ (M/S3)

➃

&&

➀

��

H∗+1(M)

Proof. In [19], a braid is constructed from a triple. We follow this method to
construct a braid associated with these three complexes: �∗

p̄(M/S3) ⊂ K ∗

p̄(M) ⊂
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�∗

p̄(M). Recall that the cohomology of �∗

p̄(M) is H∗(M) (see Section 1.3). To
recognize the relative terms, we can do the following:

• The quotient �∗

p̄(M)/�∗

p̄(M/S3) is the Gysin term G ·

p̄(M).

• Using (39) and Proposition 3.1 we can determine the cohomology of the
complex �∗

p̄(M)/K ∗

p̄(M), which is given by H∗

p̄−ē(M/S3).

• The cohomology of K ∗

p̄(M)/�∗

p̄(M/S3) is
⊕

S∈S1
H∗−2pS−2

P S
(SS1

)−(−1)pS Z2 ,
as stated in Proposition 3.7. □

In some cases, the sequence (37) splits and the sequence (36) is closer to the
classical Gysin sequence. In particular, we find the Gysin sequence (3) of [13].

Corollary 4.2. Let 8 : S3
× M → M be a mobile action. When p̄ = 0 the long

exact sequence (37) splits on the connecting homomorphism and we have the long
exact sequence

(43) · · · → H∗−1(M) → H∗−4(M/S3, 6/S3) ⊕ H∗−3(M S1
)−Z2

→ H∗(M/S3) → H∗(M) → · · · .

Proof. Since p̄ = 0 then pS = 0 and P S = −2 for each S ∈ S1. We have

(44)
⊕
S∈S1

H∗−2pS−3
P S

(SS1
)−(−1)pS Z2 =

⊕
S∈S1

H∗−3
−2

(SS1
)−Z2

=

⊕
S∈S1

H∗−3(SS1
, SS3

)−Z2

= H∗−3(M S1
, M S3

)−Z2 = H∗−3(M S1
)−Z2 ,

where the second equality is by [5, Proposition 13.5] and the fourth equality is true
since H∗−3(M S3

)−Z2 = 0.
Consider a cycle ω ∈ I ∗

0
(M). Let’s compute the connecting homomorphism δ[ω]

of the sequence (37). We have seen in the proof of Proposition 3.1 that

χ3 ∧ χ2 ∧ χ1 ∧ ω ∈ �∗+3
p̄ (M)

with /
∫
(χ3 ∧ χ2 ∧ χ1 ∧ ω) = ω. Using (12) we get

d(χ3 ∧ χ2 ∧ χ1) ∧ ω = (e2
1 + e2

2 + e2
3) ∧ ω − d((e3 ∧ χ3 + e2 ∧ χ2 + e1 ∧ χ1) ∧ ω).

Since ω ∈ �∗

0−χ
(M/S3) then ω vanishes on D1 ⊔ D3, and thus so does any multiple

of ω. So,

(e2
1 +e2

2 +e2
3)∧ω ∈�∗

0−χ
(M/S3) and (e3∧χ3+e2∧χ2+e1∧χ1)∧ω ∈�∗

0(M).
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This gives

d⟨χ3 ∧ χ2 ∧ χ1 ∧ ω⟩ = ⟨d(χ3 ∧ χ2 ∧ χ1) ∧ ω⟩

=
〈
(e2

1 + e2
2 + e2

3) ∧ ω − d((e3 ∧ χ3 + e2 ∧ χ2 + e1 ∧ χ1) ∧ ω
〉

= −⟨d(e3 ∧ χ3 + e2 ∧ χ2 + e1 ∧ χ1 ∧ ω)⟩,

yielding δ[ω] = 0. Now, the sequence (43) comes from (36) (see [5, Proposi-
tion 13.4)]), (38) and (44). □

Remarks 4.3. (a) Consider the exotic term
⊕

S∈S1
H∗

P S
(SS1

)−(−1)pS Z2 . When
the exotic term vanishes the Gysin Braid becomes the long exact sequence (4).
This happens when S1 = ∅. In particular, when the action 8 is almost-free
(i.e., S1 = S3 = ∅) or semifree.

We have seen in the proof of Corollary 4.2 that the exotic term can be simplified
when p̄ = 0. In this case we have⊕

S∈S1

H∗

P S
(SS1

)−(−1)pS Z2 = H∗(M S1
)−Z2 .

The isotropy subgroup of a point of M S1 ∖ M S3
is conjugated to S1 or N . Let

us suppose that the first situation does not appear, that is, the group Z2 acts trivially
on M S1

. This implies that H∗(M S1
)−Z2 = 0.

Equality (44) is still true when both p̄(S) ≡ 0, 1 (mod 4) for all S ∈ S1 and
p̄(S) ≤ 4p + 1 for all S ∈ S3.

We have
H∗(M S1

)−Z2 = H∗(M S1
)/H∗(M/S3),

since H∗(M S1
) = H∗(M S1

)Z2 ⊕ H∗(M S1
)−Z2 = H∗(M S1

/Z2) ⊕ H∗(M S1
)−Z2 =

H∗(M/S3) ⊕ H∗(M S1
)−Z2 .

Notice that ⊕
S∈S1

H∗

P S
(SS1

)−(−1)pS Z2 =
⊕

S∈S1

H∗(SS1
)−(−1)pS Z2

when S3 = ∅.

(b) Property B1 (see page 328) yields the two long exact sequences

· · · → H∗(K ·

p̄(M)) → H∗(G ·

p̄(M))

→ H∗−3
p̄−ē (M/S3) ⊕ H∗+1

p̄ (M/S3) → H∗+1(K ·

p̄(M)) → · · ·

and

· · · → H∗−1(G ·

p̄(M)) → H∗(K ·

p̄(M))

→ H∗(M) ⊕
⊕

S∈S1

H∗−2pS−2
P S

(SS1
)−(−1)pS Z2 → H∗(G ·

p̄(M)) → · · ·

relating the cohomologies of the Gysin and co-Gysin terms.
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(c) Consider the case p̄ = 0. Since the bottom map ➁ of the Gysin braid vanishes
(see Corollary 4.2) a diagram chasing gives the short exact sequence

0 → Im ➀top ↪→ ker ➂top
➁

−1
◦➀

−−−−→ ker ➃bottom → 0,

(see B2).

(d) The splitting property of Corollary 2.8 may not hold if p̄ ̸= 0, as the following
example shows.

Let us consider the join M = Sa
∗ S2

∗ S3
= Sa+7 with a ≥ 1 (see [3, p. 468]).

The action 8 : S3
× M → M is defined in each factor as follows:

• S3 acts trivially on Sa .

• S3 acts on the left of the homogeneous space S2
= S3/S1.

• S3 acts on the left of S3 by multiplication on S3.

We put {b1, b2} the two points of S2 whose isotropy subgroup is S1.
We have

S3 = {Q = Sa
} and S1 = {S = (Sa

∗ S2)∖ Sa
}.

Notice that

M S1
= S

S1

= (Sa
∗ S2)S1

= Sa
∗ (S2)S1

= Sa
∗ {b1, b2},

the action of g ∈ Z2 interchanges both points.
The orbit space M/S3 is the filtered space Sa

∗ (S2
∗ S3)/S3

= Sa
∗6S2

= Sa+4

endowed with the filtration Sa
⊂ Sa

∗ {P} ⊂ Sa
∗ 6S2

= Sa+4 where P is one of
the two apices of the suspension 6S2.

The perversity p̄ is given by two numbers (p1, p3) = ( p̄(S), p̄(Q)). Since
dim M = a + 7, dim Q = a and dim S = a + 3, the condition 0 ≤ p̄ ≤ t̄ becomes
(0, 0) ≤ (p1, p3) ≤ (2, 5). In particular, the perversities 0 = (0, 0) and ē = (2, 4)

satisfy this condition. If p̄ = 0 (resp. ē ) then P S = −2 (resp. 0).
A straightforward calculation using [5, Proposition 13.5] gives

H i (M) = R if i = 0, a + 7,

H i
−ē(M/S3) = H i (Sa+4, Sa

∗ {P}) = R if i = a + 4,

H i
0
(M/S3) = H i (Sa+4) = R if i = 0, a + 4,

H i
ē (M/S3) = H i(Sa+4 ∖ (Sa

∗ {P})
)
= R if i = 0,

H i
0
(S

S1

)−Z2 = H i (Sa+1 ∖ Sa)−Z2 = R if i = 0,

H i
−2

(S
S1

)Z2 = H i (Sa+1, Sa)Z2 = R if i = a + 1,

and 0 for the other values of i .
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One easily checks that the long exact sequence (37) does not split on the con-
necting homomorphism when p̄ = ē. Also, this example shows that the long
exact sequence (41) does not split on the connecting homomorphism, even in the
case p̄ = 0.

(e) Let’s recall other exact braids in the literature. For the classical case of a
semifree action of S3 both the Smith–Gysin and the Gysin sequence are part of
an exact braid, along with the long exact sequences of the pairs (M, M S3

) and
(M/S3, M S3

/S3), for singular cohomology (see [2, p. 161]). This braid has recently
been generalized in [14] to the case of any S3-action by using Verona forms (as
in [13]), which corresponds to the case p̄ =0 of the present paper. When intersection
cohomology is considered, we have seen that the Gysin sequence itself leads to an
exact braid. It is reasonable to suspect that a similar phenomenon will happen with
the Smith–Gysin sequence. The interplay between the braids is still to be explored.

We end the section by studying the behavior of the Gysin and co-Gysin terms
when the perversity changes.

Proposition 4.4. Let 8 : S3
× M → M be a mobile action. For any perversities

0 ≤ p̄ ≤ q̄ ≤ t̄ on M we have the exact commutative braids

H∗

p̄(M/S3)

➃
ww

➀

��

H∗(M)

➀
ww

➂

��

H∗(G ·

q̄(M))

➂
ww

➁

��

H∗+1
q̄/ p̄ (M/S3)

H∗

q̄ (M/S3)

➂
''

➃
ww

H∗(G ·

p̄(M))

➁
''

➀
ww

H∗+1
q̄ (M/S3)

➃
''

➂
ww

H∗−1(G ·

q̄(M))

➂
''

➁

��

H∗

q̄/ p̄(M/S3)

➁
''

➃

��

H∗+1
p̄ (M/S3)

➃
''

➀

��

H∗+1(M)
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and

H∗(K ·

p̄(M))

➃
uu

➀

��

H∗(M)

➀
uu

➂

��

H∗−3
q̄−ē (M/S3)

➂
uu

➁

��

H∗−3
(q̄−ē)/( p̄−ē)(M/S3)

H∗(K ·

q̄(M))

➂
))

➃
uu

H∗−3
p̄−ē (M/S3)

➁
))

➀
uu

H∗+1(K ·

q̄(M))

➃
))

➂
uu

H∗−4
q̄−ē (M/S3)

➂
))

➁

��

H∗−4
(q̄−ē)/( p̄−ē)(M/S3)

➁
))

➃

��

H∗+1(K ·

p̄(M))

➃
))

➀

��

H∗+1(M)

Proof. As in the proof of Theorem C, we shall apply the technique of [19] to
construct two braids associated with the following pairs of triples: �∗

p̄(M/S3) ⊂

�∗

q̄(M/S3) ⊂ �∗

q̄(M) and K ∗

p̄(M) ⊂ K ∗

q̄ (M) ⊂ �∗

q̄(M). It is important to recall
that the cohomology of �∗

p̄(M) or �∗

q̄(M) is H∗(M) (see Section 1.3). To identify
the relative terms, we consider the schema

�∗

q̄(M/S3)

�∗

p̄(M/S3)

�∗

q̄(M)

�∗

q̄(M/S3)

�∗

q̄(M)

�∗

p̄(M/S3)

K ∗

q̄ (M)

K ∗

p̄(M)

�∗

q̄(M)

K ∗

q̄ (M)

�∗

q̄(M)

K ∗

p̄(M)

�∗

q̄/ p̄(M/S3) G∗

q̄(M) G∗

p̄(M) �∗−4
(q̄−ē)/( p̄−ē)(M/S3) �∗

q̄−ē(M/S3) �∗

p̄−ē(M/S3)

The first two columns are actually equalities. In the other columns, we have
complexes with the same cohomology. To prove this fact for the third column,
we use the equality �∗

q̄(M) ∩ �∗

p̄(M/S3) = �∗

q̄(M/S3) and the following fact,
proven in [1; 17], which we shall refer to as the ( p̄, q̄) property: the inclusion
�∗

p̄(M) ↪→ �∗

q̄(M) induces an isomorphism in cohomology.
For column 4, we use (39) and Proposition 3.1. Column 5 comes from the equality

K ∗

q̄ (M) ∩ �∗

p̄(M) = K ∗

p̄(M) and the ( p̄, q̄) property. The last column comes from
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the short exact sequence 0 → K ∗

p̄(M) → �∗

p̄(M) → I ∗−3
p̄ (M) → 0, the ( p̄, q̄)

property and, finally, Proposition 3.1. □

5. Gysin sequence for a nonmobile action

In this section, we consider a nonmobile nontrivial action 8 : S3
× M → M . The

family of regular strata (resp. singular strata) is S1 ̸= ∅ (resp. S3). A perversity is
a map p̄ : S3 → Z, that is, a family of numbers { p̄(Q) | Q ∈ S3} ⊂ Z. We consider
on M/S3 and M S1

the induced filtered space structure. Notice that the family of
singular strata is still S3.

Theorem D. Let 8 : S3
× M → M be a nonmobile nontrivial action. For any

perversity 0 ≤ p̄ ≤ t̄ on M we have

(45) H∗(M) = H∗

p̄(M/S3) ⊕ H∗−2
p̄−2

(M S1
)−Z2 .

Proof. Since the action of S3 on M ∖ 6 has no fixed points, the assignment
(g, x) 7→ g · x establishes an S3-equivariant diffeomorphism between the twisted
product S3

×N (M S1 ∖6) and M ∖6. Here, 6 = M S3
is the union of singular

strata. Following Corollary 2.8 we have

�∗(M ∖6) = �∗(M S1
∖6)Z2 ⊕ �∗−2(M S1

∖6)−Z2 ,

since Z = 0. A differential form ω ∈ �∗(M ∖6) is α + γ2 ∧ γ3 ∧ β with
(α, β)∈�∗(M S1 ∖6)Z2 ⊕�∗−2(M S1 ∖6)−Z2 . It remains to compute the perverse
degree ∥ω∥Q .

We consider an S3-invariant Thom–Mather system TM = {TQ | Q ∈ S3}. It
induces the N -invariant Thom–Mather system TM S1 = {TQ ∩ M S1

| Q ∈ S3}

on M S1
(see Section 1.6). Notice that TQ ∖ Q = S3

×N ((TQ ∩ M S1
)∖ Q). The

map τQ : TQ ∖ Q → Q becomes ⟨g, x⟩ 7→ τQ(x). So, the fiber of τQ over a point
y ∈ Q is S3

×N
(
(τ−1

Q (y)∩ M S1
)∖ Q

)
. This gives ∥ω∥Q = max{∥α∥Q, 2+∥β∥Q}

and therefore

H∗(M) = H∗(�·

p̄(M)) = H∗

p̄(M S1
)Z2 ⊕ H∗−2

p̄−2
(M S1

)−Z2 ,

since the complex �∗

p̄(M) computes the cohomology of M for the perversity
0 ≤ p̄ ≤ t̄ (see Section 1.3 and Proposition 2.1). Finally, we get (45) from

(M S1
∖6)/Z2 = (M ∖6)/S3. □

Remark 5.1. Considering the perversity p̄ = 0 we get

H∗(M) = H∗(M/S3) ⊕ H∗−2(M S1
)−Z2

(see (44) and [5, Proposition 13.4)]).
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