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Let (M, g, J) be a Riemannian manifold with a compatible integrable com-
plex structure J € End(7r M) and A, ; be the space of real connections on
Tr M preserving both g and J. We investigate the relationship between the
geometry of real connections in A, ; and that of Hermitian connections on
T 190 . In particular, we study the geometry of the real Chern connection
VR on (M, g, J), and obtain Kihler—Einstein metrics by using real Chern-
Einstein metrics.
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1. Introduction

Let (M, g, J) be a Riemannian manifold with a compatible integrable complex
structure J € End(7r M) and A be the space of real connections on Tr M compat-
ible with g. Let / be the corresponding Hermitian metric of (g, J) and By, be the
space of affine connections on the holomorphic tangent bundle 7'!*° M compatible
with /. For any V € A,, we can extend it to TcM in the C-linear way. The
restriction of the complexified connection V to the holomorphic tangent bundle
T1%M is denoted by V. It is obvious that V € Bj,. This gives a natural projection
7 : Ag — B and it is easy to see that

(1-1) Ag = By x T (M, Q' (Hom(T° M, T%' M))).
MSC2020: 53C55.
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Let Ag s be the space of real connections on Tr M compatible with both g and J.
One can see that there is an isomorphism p : Ag ; — By, and

(1-2) Ag,y = By =T (M, Q' (End(T'°M))).

In the field of complex geometry, several classical connections in 5, are investigated
extensively in the literature. For instance,

(1) the Chern connection V" the unique connection compatible with the Hermit-
ian metric /2 and also the holomorphic structure d;

(2) the Strominger—-Bismut connection VSB [Strominger 1986; Bismut 1989];
3 @LC, the restriction of the complexified Levi-Civita connection VIC to T1:0 1.

When (M, g, J) is Kihler, all these connections are the same.

It is well known that V€ € A, s if and only if VI€J =0, i.e., (M, g, J) is
Kihler. Although p : Ag ;y — By, is an isomorphism, the relationship between the
geometry of real connections in Ag ; and that of Hermitian connections in By, is
still mysterious. For instance, we set

(1-3) VR = p~ (VM) e Ag s
and it is called the real Chern connection. It is obvious that V™R £ VL€ when
(M, g, J) is not Kahler. For any X, Y, Z, W € Tr M, the curvature of VEhR g

Ch,R _ Ch,RCh,R Ch,R < Ch,R Ch,R
RM(X, Y, Z, W) = g(V Vi z - virEv MRz vt Z W),

The real Chern—Ricci curvature Ric(VE™R, ) is defined by using the Riemannian

metric g:
2n

Ric(V®, g)(X.Y) =) R (X, ¢i e, 7).
i=1

where {ei}l.z"

, 18 an orthonormal frame with respect to g.

Definition 1.1. (M, g, J, VEMR) is called real Chern—Einstein if
(1-4) Ric(VMR g) =Ag for some A € R.

If Ric(VEMR | g) = 0, it is also called real Chern—Ricci flat. Moreover, (VEBR | o)
has positive real Chern—Ricci curvature if Ric(V™R, g) € T' (M, Sym®? T M) and
it is positive definite. The negativity can be defined similarly.

There is a natural question concerning the relationship between real Chern—
Einstein metrics and Kihler—Einstein metrics.

Question 1.2. Let (M, g, J) be a compact Hermitian manifold. If (V™R g) is real
Chern—FEinstein, then is (M, g, J) necessarily Kihler—Einstein? More generally, if
Ric(VEMR | o) is positive (resp. negative), is ¢ (M) > 0 (resp. ¢;(M) < 0)?
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We can also ask similar questions for other connections in A4 y or Ag. One
shall see that the answer to the above question is quite involved. Moreover, the
existence of real Chern—Ricci flat metrics is significantly different from others.

Theorem 1.3. Let (M, g, J) be a compact Hermitian manifold. Suppose (VEMR | g)
is real Chern—Einstein with constant > € R. If A # 0, then (M, g, J) is Kdhler—
Einstein.

Theorem 1.4. Let (M, g, J) be a compact Hermitian manifold. If Ric(V™R, g) is
positive (resp. negative), then M is projective and c{ (M) > 0 (resp. ¢1 (M) < 0).

However, when (VMR ¢) is real Chern—Ricci flat, i.e., A = 0, (M, g, J) is not
necessarily Kidhler—Ricci flat. We construct explicit real Chern—Ricci flat metrics
on $?"~1 x S!. On the contrary, it is well known that, there is no Chern—Ricci flat
metric on S$2”~1 x S! since CIC(SZ” 1% S1) is not zero.

Theorem 1.5. There exist real Chern—Ricci flat metrics on the Hopf manifold
sl x sl
We also obtain a classification for Hermitian surfaces with real Chern—Ricci flat

metrics.

VCh,[R{

Theorem 1.6. Let (M, g, J) be a compact Hermitian manifold. Suppose ( ,8)

is real Chern—Ricci flat. Then (M, J) is one of the following:
(1) (M, J) is Kiihler: ciy(M,J) =0, i.e., (M, J) has a Kihler—Ricci flat metric.
(2) (M, J) is not Kdihler:

(@) k(M) = 0 and c; BC(M) = 0. Moreover, (M, J) has a balanced metric

and Kpr is a holomorphic torsion: Kfa[m = 0 for some m € N.
(b) k(M) = —00 and ¢} (M) = 0.

Moreover, the only non-Kdhler compact complex surface which can support a real
Chern—Ricci metric is the Hopf surface.

Question 1.2 can also be proposed for arbitrary V € A, 7. Indeed, for any
V € Ag j, there exists some 4 € F(M, Ql(End(TRM))) such that

V=V"FEyyg

and we also set V = p(V) € By,. One can deduce from (1-2) that V is determined
by some 6 € (M, 210 (End(T'° M))). We write V¥ for V € Ag 7, and V¥ for
Ve By,. The curvature tensors of V? and V¥ are denoted by R? R? respectively.
In local holomorphic coordinates {z'} of M, vl = o(V?) € By, is given by

SEL N S

\VA% k k
v = (I + 6, 9zk’ 3/0zi §-j —  Jd ip gk’

8/0zi 3 j ij

where 0 = Gk dz' @ dz/ ® (3/9z%) and Fk = hke(ah :7/0z") is the Christoffel
symbol of the Chern connection. We also use conventions R9_ ki and R? i7ki for the
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components of R? and :? respectively. The curvature of the Chern connection V!
is denoted by ®. We set %ic(l)(Q) =.4—1 (hkzﬁ)‘{?j_klz) dz' Adz/ and similarly, we
denote the first Chern—Ricci curvature of the Chern connection V! by oW,
Theorem 1.7. For any \VA= Ag ., curvature tensors RY and RO are determined by
0 __ om0 _

Rij'kf - E)%ijkﬂ AD

o, (ot gy Yk g2 ymigr gt

= Oiki — | kp + + (039 hpg — imYj k)

9z pl 9zJ im”jn"" pt
0 __mb _
Rijk( - 9C{ijké
m
(9 oy
9zt 0zJ

¢ L ¢ AT P _pp _
+T 05— isk+Fis9fk_rfk9js)hme+(9;;l)9jk_9ik o) i

Moreover, we have [E)‘iic(l)(Q)] =[eW]e Hg’cl (M, R) and

RicM(9) = 0D — /=1(30, —96,)
where 01 = 91./;( dzt.

By using the isomorphism p : Ay j — By, there exists a unique linear family
in {V’};er C Ag,; which connects the real Chern connection VOBR — 5=1(yCh)
and the real Strominger-Bismut connection VS8R = p=1(V5B) and it is given by

(1-5) Vi=(1—1)VIER 4 VSBR,

This family was introduced by Gauduchon [1997], and we call it Gauduchon
connections. These connections were systematically investigated in recent papers
[Fu and Yau 2008; Fu et al. 2009; Andreas and Garcia-Fernandez 2012; 2014;
Biswas and Mukherjee 2013; Fei and Yau 2015; Otal et al. 2017; Angella et al. 2022;
Fu and Zhou 2022; Yau et al. 2023; Zhao and Zheng 2023] on the construction
of invariant solutions to the Strominger systems on complex Lie groups and their
quotients. A straightforward computation shows

(1-6) p(VO) =V p(v1/2) =VLC  p(v!) = V5B,

Hence, these classical connections are all in the Gauduchon family. The curvature
relations for VLC, V5B and VLC were extensively investigated and have been formu-
lated in differential notions; e.g., [ Yau 1974; Gray 1976; Gauduchon 1977a; 1977b;
1984; Tricerri and Vanhecke 1981; Apostolov and Draghici 1999; Fu 2012; Liu
and Yang 2012; 2017; Wang et al. 2020; Yang 2017; Angella et al. 2022; He et al.
2020; Yang and Zheng 2018a; 2018b]. We shall formulate them in a uniform way
for readers’ convenience. As usual, the curvature tensor of p(V?) € By, is denoted
by R(w, t) and some notions can be found in [Liu and Yang 2017].
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Corollary 1.8. The curvature tensor of the Gauduchon connection p(V?') € By, is

Rijri(w, 1)

_ _ _ _ _ 2 P 7q q _ T
= 0,547 T 1047 + Opyig = 20,540) + 17 (T Tiyphya — WP h, iy TN TG,

where Tl]jc = Fikj - iji are the components of the torsion tensor of V. The Ricci
curvatures are given by

Ric(w,7)=0W — 130w + 00*w),
Ric® (w,1) = O — (1 =26)vV/=T A0 — (1 — 1)(30*w + 30* w)
+(1=0)*V/—1TET —t*>/=1ToT,
D Ric® (@, 1) = 00 — 1 /=T Addw — (1 —1)99* 0 — 139*w
+(t—1)V/=ITEAT + 2T ((0*w)"),
Ric® (w,7) = OW —1/ZTAIIw — (1 —1)30* » — 100*
+(—tHV=ITET + 2T ((3*w)").
The scalar curvatures are related by

(1) _ . *
(1-8) {s (w,1) = sc —2t{00*w, w),

sD(w, 1) =sc — (1 =20)(00*w, w) —12(2]dw|? + |0*w|?),

where we use for scalar curvatures the notations
sD(w, 1) = T Risi(0, 1), sP(w,1) = R R0, ).

Let s be the Riemannian scalar curvature of the background Riemannian manifold
(M, g). One can deduce (for example from [Yang 2020, Corollary 3.7]) that

(1-9) s =2sc—2v/—10*0*w — 1| T2

By using this formula and (1-7), one can get scalar curvature relations for connec-
tions V", VIC and V5B simultaneously.

Remark 1.9. We should point out that many parts of Corollary 1.8 are known
in the literature. Indeed, J.-X. Fu and X.-C. Zhou [2022] established a variety of
scalar curvature formulas for Gauduchon connections for general almost Hermitian
manifolds, and (1-7), (1-8) are also obtained in their paper. For more discussions
on scalar curvatures of almost Hermitian manifolds, we refer to [Apostolov and
Draghici 1999; Li 2010; Zhang 2012; Lejmi and Upmeier 2020; Chen and Zhang
2023; Fu and Zhou 2022]. One can also formulate curvature relations in the
conformal setting; e.g., [Chiose et al. 2019; Angella et al. 2017; Lejmi and Maalaoui
2018; Chen et al. 2021].
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As applications of curvature relations discussed above and methods developed
in [Liu and Yang 2017; 2018; He et al. 2020; Yang 2016; 2019a; 2019b; 2020], we
obtain:

Theorem 1.10. Let (M, ) be a compact Hermitian manifold and V! be the Gaudu-
chon connection on M. If s‘D(w, t) > 0 for some t > 0, then either

(1) k(M) = —o0; or

2) k(M) = 0 and (M, w) is conformally balanced and Ky is a holomorphic
torsion: K" = 0 for some m € Ny.

By using Theorem 1.10, we can classify -Gauduchon—Ricci flat surfaces. Recall
that a Hermitian manifold (M, w) is called t-Gauduchon—Ricci flat if
(1-10) RicD(w,7) =0 for some 7 € R.
When ¢ = 0, % and 1, it is also called Chern—Ricci flat, Levi-Civita—Ricci flat and
Strominger—Bismut—Ricci flat respectively.

Theorem 1.11. Let S be a compact complex surface. If it admits a t-Gauduchon—
Ricci flat metric w for some t > 0, then S is a minimal surface lying in one of the
following:

(1) an Enriques surface;

(2) a bielliptic surface;

(3) a K3-surface;

(4) a torus;

(5) a Hopf surface.

Note that (1)—(4) are all Kdhler Calabi—Yau surfaces. We also construct an
explicit family of 7-Gauduchon—Ricci flat metrics on diagonal Hopf surfaces.

Theorem 1.12. Let wq be the canonical metric on the standard Hopf manifold
S?"=1 x S (n > 2). Then the Hermitian metric

2(n— 1)t -
(1-11) wt=w0+4(g—1)-«/—18810g|z|2, t>0
n
is t-Gauduchon—Ricci flat. That is, i)”ﬁc(l)(a)t, t) =0 foreacht > 0.
When ¢ = %, the Hermitian metric
(1-12) wLC :wo—%-«/—18510g|z|2

is exactly the Levi-Civita—Ricci flat metric on S?”~1 x S! constructed in [Liu and
Yang 2017, Theorem 6.2]; see also [Liu and Yang 2018, Theorem 7.3]. When ¢t =1,
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the Hermitian metric
4(n—2)
n

/=100 1log|z|?

is a Strominger—Bismut—Ricci flat metric on S~ x S!.

The paper is organized as follows. In Section 2, we recall basic materials for
readers’ convenience and fix our notations. In Section 3, the spaces of connections
are discussed. The curvatures of real connections in Ag ; are computed in Section 4
and Theorem 1.7 is obtained. In Section 5, we establish Theorem 1.3, Theorem 1.4,
Theorem 1.5 and Theorem 1.6. In Section 6 we classify compact complex surfaces
with 7-Gauduchon—Ricci flat metrics and prove Theorem 1.10 and Theorem 1.11.
We construct #-Gauduchon—Ricci flat metrics in Section 7, and in the Appendix,
we include a detailed computation for Corollary 1.8.

2. Background materials
In this section, we give some background materials for readers’ convenience.

2.1. Levi-Civita connection and its complexification. Let’s recall some elementary
settings. Let (M, g, VIC) be a 2n-dimensional Riemannian manifold with the Levi-
Civita connection VC. The tangent bundle of M is also denoted by Tr M. The
Riemannian curvature tensor of (M, g, VC) is

R(X,Y,Z, W) =g(V{¥VyZ -V ViEZ - V[L)? nZ. W)

for X,Y,Z, W e TgM. Let Tc M = Ty M ® C be the complexification. One can
extend the metric g and the Levi-Civita connection V€ to Tc M in the C-linear
way. Hence for any a,b,¢c,d e Cand X,Y, Z, W € Tc M,

R(aX,bY,cZ,dW)=abcd-R(X,Y,Z, W).

Let (M, g,J) be an almost Hermitian manifold, i.e., J : TgkM — TrM with
J? = —1, and for any X,Y € TpM, g(JX,JY) = g(X,Y). We define the
Nijenhuis tensor Ny : I'(M, TxM ) x I'(M, TgM) - I'(M, Tr M) as

Ny(X.Y)=[X,Y]+ J[JX, Y]+ J[X,JY]-[JX,JY]

The almost complex structure J is integrable if Ny = 0 and then (M, g, J) is
a Hermitian manifold. We also extend J to T¢ M in the C-linear way: for any
X,Y € Te M, we still have g(JX,JY) = g(X,Y). By Newlander—Nirenberg’s
theorem, there exist real coordinates {x?, x/} such that z/ = x? + /=1 x! are local
holomorphic coordinates on M. The Hermitian form 4 : Te M x Te M — C is
given by

@2-1) WX,Y):=g(X,Y), X,YeTcM.
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By the J-invariant property of g,
L d J\ _ o d d\ _

(2-2) hl] —h(g,@) =0 and hl] —h(@,@) —0,
and
(2-3) h.--:h(i i) :l(g..+ /—lg- )

ij - 32’.’321. F\&ij iJ)
It is obvious that (4;7) is a positive Hermitian matrix. Let @ be the fundamental
2-form associated to the J-invariant metric g, w(X,Y) = g(JX,Y). In local
complex coordinates, @ = /—1h;; dz' AdZ/. We shall use the components of the
complexified curvature tensor R, for instance,

d a9 d 0 d d d 0
24) Riget = R(555 w07 2 oz ) Rijke = R(555 55 = 2 )-
@) Riset 9z 927 9k 9z ke 921" 9zJ " 9=k 9zt
The components of complexified curvature tensor have the same properties as the

components of the real curvature tensor. For instance, R;jr¢ = —Rjike, Rijii =
Ry gi7, and in particular, the first Bianchi identity holds: R;jx7+ Rikij+ Rigjk =0.

2.2. The induced Levi-Civita connection on (T 1M, h). Since T'-°M is a sub-
bundle of T M, there is an induced connection V¢ on 7191 given by

VLC = 7oV T(M. T M) S T(M. T M®Te M) "> T(M. T MQT O M).

Moreover, VEC is a metric connection on the Hermitian holomorphic vector bundle
(T1OM, h) and it is determined by the relations

oLC d TP 0 SLC 0 Y 0
(2-5) Va/az,- —azk = Flkaz_p and Va/afj 8Z_k = F]_kaZ_P’
where
~ 7(0hii Ohjg ~ 7(0hii Ohir
k _ 11kL jt il k _ 11kL jt ji
(2-6) Ljj = 2h (_azi +5 ) and Ty, = 3h ( R )

The curvature tensor R € (M, A*TIM @ T*OM @ T1OM) of VL€ is given by
2-7) RX, Y)s = VE Vs = ViEVEEs — Vi pys

forany X,Y € Tc M and s € T1-° M. This curvature tensor has components

TR AE) SN
¢ k jk ¢ ¢
Rije = _( - +Fiskr‘s_rj'kris)v

0zJ azt J
0L art
2-8) ¢ (% %Yk | asae As A

) S
L _ ik Jk s L s L
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With respect to the Hermitian metric /# on T'1:% M, we use the convention

n
(2-9) Reakl 1= Y Riihsl.

s=1

Corollary 2.1. We have the relations

l]k mljk’ l]k E)C{t]k’

and
ot Tt
k e ~ L
(2-10) lek (Bélj 82’ —i—F F —FSkI‘ —TI5; FS ) %z]k ]k

2.3. Curvature of the Chern connection on (T "M, k). On the Hermitian holo-
morphic tangent bundle (7'1:° M, &), the Chern connection V" is the unique con-
nection which is compatible with the holomorphic structure and also the Hermitian
metric. The curvature tensor of V! is denoted by ® and it has components

it , pg ol Dk

&1 Okl = 1520 0z7 8zl
It is well known that the (first) Chern—Ricci curvature
2-12) oM = V=10 dz' ndZ/
represents the first Chern class ¢; (M) of M where
2 _
) ki __8 log det /iy
(2-13) 0;; = h O;5ki = SEETE

The second Chern—Ricci curvature ©® = /=1 @l(]%) dz' AdZz/ has components

(2-14) o = 1oy,

The Chern scalar curvature sc of the Chern curvature tensor ® is defined by
(2-15) sc=hInkte, 7.

Similarly, we can define

(2-16) 02 = itle 0P =1e, ; and sP=nTeP =rie®.

t@kj kjit

The following lemma is well known; see for instance [ Yang 2020, Lemma 3.6].

Lemma 2.2. Let (X, w) be a compact Hermitian manifold. Then

(2-17) (00*w, w) = |0*w|?> — V=10%0*w
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In particular, if w is a Gauduchon metric, we have
(2-18) (00%w, w) = |0*w|.
According to [Liu and Yang 2017, Theorem 4.1], we have:

Theorem 2.3. The Chern—Ricci curvatures are related by

0@ = — /ZTA(BIw) — (30*w + 30*w) + /—1T T,
(2-19) O0®) =M _j3*w,
0W =M —§3*w,

where TAT = hp‘ihkeri]; . Y_}Eq dz! Adz/. The scalar curvatures are related by

@ _ . *
(2-20) { s =sc—(00*w, w),

s = 2sc—24/=10%0*w — 1| T2,

where s is the scalar curvature of the background Riemannian metric.

3. Space A, _; of connections preserving metrics and complex structures

3.1. Spaces of real connections and Hermitian connections. Let (M, g, J) be
a Riemannian manifold with a compatible integrable complex structure J. We
consider two spaces of affine connections on the real tangent bundle Tr M :

Ag = {V | V is an affine connection on Tr M satistying Vg = 0},
Ag,; =1{V | Vis an affine connection on Tr M satisfying Vg = 0 and VJ = 0}.

Clearly, ¢ : Ag j <> Ag. In the following, we shall give a characterization of
connections in Ag j.

Lemma3.1. Let VO € Ay ;. Suppose V.=V°+A with AT (M, Q' (End(TrM))).
Then V € Ag j if and only if

[4,J]=0,
{g(AX, Y)+g(X,4Y)=0 forany X, Y e (M, TrM).

Proof. 1t is easy to see that

VJ =V2J +[4,J]=[A4,]]

and
since VOJ =0 and V%g = 0. O
Let

Ac € T(M, Q' (End(Tc M)))
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be the complexification of A € I'(M, !(End(TrM))). According to the decom-
position TeM = THOM @ T M, Ac has a matrix representation [‘j; jg]
and [A4, J] = 0 implies A1, = A1 = 0. Hence, we have Ac = A1 + 4>
where A1y € T'(M, Q' (End(T1-°M))) and A, € T' (M, Q' (End(T%! M))). Let

A1 =01 +6, and Ay, = 03 + 04 where
01 € (M, QM0 End(TOM))), 6, e T(M, Q% (End(T°M))),
03 € T(M, Q"°(End(T*!' M))), 04 €T (M, Q% (End(T"' M))).
Since A4 is real and Vi =0, for any X,Y € I'(M, TI’OM), we have

h(01X,Y)+h(X,0;Y) =0,
h(0,X,Y)+h(X,0,Y) =0,
01 = bs.
0, = 05.

(3-D

Hence, A is determined by 6. If we write 6; = 91.’;. dz' @ dz7 ® (3/9zF), then the
complexification of V € A, ; is given by

S0 oo 0 k 0
Va/BZ’ﬁ_va/azfy—i_gijaz_k’

S0 oo 0 i pkpg O
Vajost 527 = Vayozi 5z ~ harh” O ax

(3-2)

and their conjugations. Therefore, we have:
Proposition 3.2. A, ; =~ T'(M, Q' (End(T'°M))).
On the holomorphic tangent bundle 7! M, we consider the space
(3-3) By ={V |V is an affine connection on T '*® M satisfying V& = 0}.

It is easy to see that the Chern connection V! is in 3j,. Moreover, for any V € Ag.J,
the restriction V : T'(M, TV OM) — T'(M, QY (T °M)) of its complexification
V:I'(M,Te M) — T (M, QY (Tc M)) is in By,. Hence, there is a natural map
(3-4) p:Ag. s = Bp.

Corollary 3.3. p: Ag j — By, is an isomorphism.

Indeed, for any V € By, there exists some B € I'(M, Q' (End(7'°M))) such
that V.= V" + B. We have the decomposition B = By + B, where

Bi=0kd- ®d: @ % € (M. Q0 (End(T°M)))

and

By =1t d¥ @d-) & 32% e (M. Q%! (End(T 0 M))).
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Since VA = 0, we deduce

(3-5) Of hyp+ it h;; =0
Hence, the connection V € By, is given by
e ) Kk 0 9 kg O

That means V € By, is determined by By, i.e., B =~ F(M, Ql’o(End(Tl’OM))).
By using similar interpretations, one can show:

Corollary 3.4. A, = B, x I'(M, Q' (Hom(T"° M, T%' M))).

3.2. Real correspondences for metric connections on TV M. On a Hermitian
manifold (M, g, J), we have the following diagram for spaces of connections:

\ ln
o
B

As we discussed in the previous section, VIC, V€ and VSB are all in By. We
shall consider the preimage of them under the isomorphism p : Ag j — Bj. By
definition, V€ € A, ; if and only if VECJ = 0, that is if (M, g, J) is a Kéhler
manifold. It is a natural question to find the preimage when it is not Kihler. The
following lemma is well known.

Lemma 3.5. Let (M, g, J) be a Hermitian manifold. Then:

o p (Ve € Ag.J is given by

(3-7) g(VxY,Z)=g(V¥Y. Z)— 1do(JX.Y, Z).

o p ! (@LC) € Ag j is given by

(3-8) g(VxY.Z)=g(V¥Y,Z)+ 1do(JX,JY,JZ) - tdo(JX,Y, Z).

o p 1(VSB) e Ag . is given by

(3-9) g(VxY,Z)=g(V¥Y. Z) + 3do(J X, J Y, J Z).

Moreover, there exists a unique linear family {V'};er C Ag.j such that
p(VO) =V p(V3)= V€ and p(V') =V,

and it is given by

(3-10) g(V4Y.Z)=g(V¥Y. Z)+1tdw(JX,JY.JZ)+1(t—1)do(JX.Y.Z).
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4. Curvatures of connections in Ag 5

Recall that the real Chern connection VR = p=1(VCh) ¢ Ag .y is given in (3-7)
and its complexification is determined by

ChR 0 _ ~k O ChR 0
“-D 3820 977 — Fij 92k’ 3/0z 577 — 0

For any V € Ag s, there exists some 4 € F(M, Ql(End(TRM))) such that
V=VhEyy

and its complexification V : T (M, Tc M) — I'(M, Q' (Tc M)) is given by

d -k ky O d =k , pky 0
way ey = U Vaaegzr = Ty 0
9 kppa O 9 _ kga 0
Vajezi g7 = Mg " Oip s Vojazi gz = ~heih™ 051
Moreover, its restriction to 71:0M, V = p(V) e By is
N Jd ik ky O g 0 _ kppa O
(4-3) Va/azi P (Fij + eij)az_k’ Va/aér 9z _hth Pinaz—k.

To make this correspondence clearer for the readers, we write Vo for V e Ag.J
defined by (4-2), and V9 for V € By, defined in (4-3). By using similar notations as
in Section 2, the curvatures of V? and V9 are denoted by R? R More precisely,

(4-4) ROX.Y.Z.W)=h(VNyVyZ-VyVYZ -V 1 Z. W)
for X,Y,Z, W € Tc M and
@5  RXY.ZW)=h(V§VyZ-VIVEZ -V Z. W)

for XY e TeM, ZeTVOM, W e T%! M. We also use conventions R?jk[ and
9%?1_ «; for their components.

Proposition 4.1. For any V¥ € Ag j with 0 € T'(M, Q"°(End(T'°M))), the
curvature tensors R? and RY are determined by

R =0 ; _
Tkl ijkt p 14
—0, . —(h -89—"‘+h kN 40 an  _mier 9 p )
— Vijkt kp=g,i L yz] ik”jt"pq im“jn" pt"kg’>

0 b
Riini = Nijki

_ 39]";{ 89:7{ rs QZ FZ@S FZ K sgﬁ ho- Qmep 917 myp
—\ 5z _3Zj + jkVisT tjs ik tLis jk— “ikVjs m€+( ip”jk ™ Vik jP) me:
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Proof- Since VP J = 0, we have
0 __mb _ 0 __mb _
Risee = Rijeee Rijri = Nijui-
Moreover,

Vayazt Vajozi 3k = Vayozi (ijy + 0k ﬂ)

aka sl ¢ aef'ek sl (y) 0
= ( 9zt +ij(ris+6is)+ 971 + jk(Fis +9is))y’
and
908 9pt
N k ik L L L L L L
R )ijk:( 3ZJz' - azlJ' +ka9is—rjs0isk+Fis9;k—risk91s)+( k05— 01055
Similarly,

h(va/azi Vasozi 9zk° ﬁ)

9, (e 3 0 oo 0 e D

= 57 (Vayses 32 322) =1 (yaes - Vi 37
) 574 0 0 Gap 0 _paigp 0
= 5o (a0 gzw zz) ~ (g 0 g 0, 57

) i
= = O hy) —h7P63,60 b hy;
d ns

=

_as Tt 9P ps At _
th jﬁrikhti h eiqejphsﬁ kt’

and

Y Jd 0
(302 Vijaci 5.5 3z0)

= h(ﬁg/azf ((Fisk + Qisk)%)’ %)

3 5 0 gry 0 0
= (52 T+ 005 50) + (Tl + 030 haght 0] 570 5 27)
ors 20? A
k k
=hsigzy Hhsiger + Tt B0y,
Hence, we obtain the curvature formulas in Proposition 4.1. O

By using Proposition 4.1, one has
Corollary 4.2. The first Ricci curvature of VO is

Ric(9) = 01 — V/=1(36, — 6,),
where 01 = 95{ dz'.
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There are two important linear families in A, y. One is the Gauduchon family
defined in (3-10) and in this case,

(4-6) ok =t- Tk
and their curvatures are given in Corollary 1.8. The other family is 0 =7-n®Idr1.0,,
for some form n = n; dz' € rm, QJIV’IO), and
@-7) 0k =t misk.
Corollary 4.3. The curvature formulas are
%ijki(e) = ®ijkl7_t(gni + 377; )hké’ Uké(e) = l(gi, %)hké’
RicM(0) = O — nr /=1 (35— ).
Remark 4.4. When dn = 0, one has
Rijri(0) = Oy and R, 7(0) =0
for any ¢t € R.

5. Geometry of real Chern-Einstein metrics

In this section, we investigate real Chern—Einstein metrics and prove Theorem 1.3,
Theorem 1.4, Theorem 1.5 and Theorem 1.6. Recall that the real Chern—Ricci
curvature Ric(V™R | g) is defined by using the Riemannian metric g:

2n
Ric(V®, g)(X.Y) =) R (X, ¢i e, 7).
i=1

2n

where {e;}; is an orthonormal frame with respect to g.

Proposition 5.1. The complexification of Ric(VEMR | g) is given by
s (vChR oy B i = #) ;- i
(5-1) Ric(VY, g) = 0,7 dz' @ dZ/ + 0,7 dZ/ @ d='

where ®S’) and 6)1(;’1) are defined in (2-16).
Proof. By using Theorem 1.7 for 6 = 0, we have

0
9zi’ 9zJ

where R stands for R“"®. Similarly, we have

Ch,R 0\ _ Q@
Ric(V ’g)<af 57) = @5

and Ric(VMR ¢)(9/9z%,0/0z7) = Ric(VMR, ¢)(9/0z7,0/0z") = 0. O

Ch,R kl ik _ 1kl kt (3)
Ric(VM ) (20 20 =Ryt b Ry =R =100, = 6

ij
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Definition 5.2. (M, g, J, VCh’R) is called real Chern—Einstein if
(5-2) Ric(VMR ¢) =g for some A € R.

If Ric(VEMR, ¢) = 0, it is also called real Chern—Ricci flat. Moreover, (VEBR | o)
has positive real Chern—Ricci curvature if Ric(VE™R, g) € I'(M, Sym®? Ty M) and
it is positive definite. The negativity can be defined similarly.

Theorem 5.3. Let (M, g, J) be a Hermitian manifold. Then Ric(VMR, g) is
positive if and only if

(5-3) 0 —39*w

is a positive definite Hermitian (1, 1)-form. In particular, (VR
Einstein with constant A € R if and only if

, 2) is real Chern—

(5-4) 0M —99*w = Lo,
where O is the first Chern—Ricci curvature.

Proof. By (5-1). if Ric(V"®, g) € ['(M, Sym®* T M), then O = @ There-
fore,
Ric(VME, ¢) = 0 (d2' @ dZ/ + dZ/ @ dz').

Hence, the real Chern—Ricci curvature is positive definite if and only if @g) viv/ >0
for every nonzero vector (v’). By Theorem 2.3 or Corollary 1.8 (when ¢ = 0), we
know

00 — 1 ®§J§) dzi Adzl =W —35*w

is a positive definite Hermitian (1, 1)-form. In particular, (V™R g) is real Chern—

Einstein with constant A € R if and only if (5-4) holds. O
Proof of Theorem 1.3. By applying 0 to (5-4), we have A dw = 0. Hence if A # 0,
dw =0 and (M, g, J) is Kdhler-Einstein. O

Proof of Theorem 1.4. Suppose Ric(V™® g) > 0. By Theorem 5.3 we deduce the
Hermitian (1, 1)-form
Qo =0 —39*w >0

and 029 = 0. Since 2 is also real, we obtain d 2¢ = 0. Hence, Q¢ is a Kéhler form
and (M, J) is a Kihler manifold. Moreover, the (1, 1)-form d0*w is both d-closed
and 9-exact. By the 99-lemma on the Kihler manifold (M, J), there exists some
f € C®(M,R) such that 39*w = —/—199 /. Hence ©(1) = Q¢+ /=190 f and
so ¢1(M, J) > 0. The proof for Ric(V™R, g) < 0 is similar. O

When A = 0, we have the following result.
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Corollary 5.4. Let (M, g, J) be a Hermitian manifold. Then (VEMR | g) is real
Chern—Ricci flat if and only if

M _55*w = 0 —35*w = 0.

Proof of Theorem 1.5. On the standard Hopf manifold S>”~! x S! with canonical
metric

. .48+ . .
wo = ~/—lhjjdz' NdZ! = ﬁ«/—l dz' AdZ,
z
we know the metric
(5-5) w =w0—%-«/—18510g|z|2

is Levi-Civita—Ricci flat; see [Liu and Yang 2017, Theorem 6.2] or Theorem 1.12
with 7 = % On the other hand, one can show directly (see also [Liu and Yang 2017,
Theorem 6.2]) that

30*w = n/—103dlog|z|?

where 0* is taken with respect to w. By Corollary 5.4, we deduce that (V™R o)
is real Chern—Ricci flat. O

Proof of Theorem 1.6. By Theorem 5.3, we have ®(1) = 33*w. Hence, the real
(1, 1)-form 00*w is d-closed and d-exact.

If (M, J) is Kihler, by the 9-lemma, there exists some / € C®° (M, R) such that
O =99*w = /=103 f. In particular, ¢; (M) = 0 on the Kihler manifold (M, J).
By the Calabi—Yau theorem, there exists a Kéhler—Ricci flat metric @ which is
possibly different from w.

When (M, J) is not Kéhler, by (1-8), we have

s(l)(a), 1) = tro, ®D — (39*w, w) = 0.

By using Theorem 6.1 with t = %, we deduce that either

(1) k(M) =0and C]13C (M) = 0, and furthermore, (M, J) has a balanced metric
and Kjs is a holomorphic torsion: K]%[m = 0 for some m € N4, or

(2) k(M) = —o0 and ¢} (M) = 0.

When dime¢ M = 2, by using Theorem 6.4 with 1 = %, we know the Hopf surface
is the only non-Kéhler surface which can support real Chern—Ricci flat metrics. [

Remark 5.5. On a Kihler Calabi—Yau manifold M, there exist non-K&hler metrics
which are real Chern—Ricci flat. Indeed, let w.y be a Calabi—Yau Kéhler metric
on M. Then for any nonconstant smooth function f € C°°(M,R), by Yau’s
theorem [1978], there exists a Kidhler metric wg such that

n_ —f n
wy =e ' wcy.
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Let wf = efa)o. We have
0w, = 0ywy + (n—1)V=10f = (n—1)v/=13f.

3w, = —+/—1(n—1)d3 . Moreover, we have

Hence 83 o=

wp =9

wf = e(n_l)fng»
which implies @V (w7) = @ (woy)—(n—1) /=130 f = 935w . By Corollary 5.4,

wy is a real Chern—Ricci-flat metric, and it is a non-Kéhler metric.

6. Classification of compact complex surfaces
with 7-Gauduchon—Ricci flat metrics

In this section, we classify compact complex surfaces with #-Gauduchon—Ricci
flat metrics. One of the key ingredients is understanding the geometry of scalar
curvatures of Gauduchon connections. The following theorem generalizes results in
[Liu and Yang 2017; 2018; Yang 2019b; He et al. 2020] to the Gauduchon family.
Theorem 6.1. Let M be a compact complex manifold. Suppose w is a Hermitian
metric and V' is the Gauduchon connection of M. If s(l)(a), t) = 0 for some t > 0,
then either

1) k(M) = —o0, or

2) k(M) = 0 and (M, w) is conformally balanced and Ky is a holomorphic

torsion: Kgm = 0 for some m € N .

For t < 0, we have a similar result:

Theorem 6.2. Let M be a compact complex manifold. Suppose w is a Hermitian
metric and V' is the Gauduchon connection of M. Ifs(l)(a), t) <0 for somet <0
and sV (w, 1) is strictly negative at some point, then K;dl is not pseudoeffective.

To prove Theorem 6.1 and Theorem 6.2, we first calculate the total scalar curva-
ture of the Gauduchon metric in the conformal class of w. It is well known that there
exists a smooth function f on M such that wy = ¢/ w is Gauduchon: 88(0?_1 =0.

Lemma 6.3. Let sy be the Chern scalar curvature of oy = e/ w. Then we have

w? 1 () " 3 2 2 w?
— n— * *

(6-1) /Man—!—/Mf .S (a),t)-n—!+th(|8fwf|f+|8fwf|f)?
Proof. From the relation ®(1)(a)f) = ®(1)(a)) — /=1ndd f, it follows that

a)n n—l
/Msfn—{ [@(1)(wf)/\ Y /(@(1)(w) nJ_aaf)A( i
nl
_ (1)
-/,@ (“’)A( o
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By using Corollary 1.8 and RicD(w, 1) = O (w) —1(09*w + 90*w), we get

wn wn—l
S _ (1)
— = ®

/Msf n! /M @) (n —1)'

/ RicD(w,1) +100*w + 190 w) A ———

wnl

(n —1)'

=/ e(”_l)f-s(l)(w,t)~w—+t/ (00*w + 30" w) A —L—
M n!

wnl

(n—1
By using the formula
o, =0%w+ (n—1)V=10f,
see [Yang 2020, Lemma 3.4], we get
005w, = 00" 0 — (n—1)V=100f. 00w, = 00" 0 —(1—1)V=100.

Therefore,
N wn—l o w”_l
/M(aa*a) +00*w) A ﬁ = /M(afa;"’ +dd70) A (nj: D!
a)n
= [ Gos +150 2. 0

As an application of Lemma 6.3, we can prove Theorems 6.1 and 6.2.

Proof of Theorem 6.1. If s (w, t) > 0 for some ¢ > 0, by Lemma 6.3, we have

oy oy
3 2 2

/ Spor 2 t/ (10Fw,ls + |8}a)f|f)?

If fM s (w”/n') > 0, by [Yang 2019b, Corollary 3.3], we have k(M) = —o0. If
fM f(a) /n‘) = 0, then we must have B*wf =0, i.e., wy is a balanced metric.
Hence o is conformal balanced. In this case, by [Yang 2019b, Theorem 1.4], it
follows that either x (M) = —o0 or k(M) = 0 with K4 a holomorphic torsion. [J
Proof of Theorem 6.2. By using Lemma 6.3 again, we deduce

n

w n
Sf S < e(”_l)f-s(l)(a),t)w— <0.
n! M n!

By [Yang 2019b, Theorem 1.3], KX,II is not pseudoeffective. O

Now we are ready to establish the classification.
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Theorem 6.4. Let S be a compact complex surface. If it admits a t-Gauduchon—
Ricci flat metric w for some t > 0, then S is a minimal surface lying in one of the
following:

(1) an Enriques surface;
(2) a bielliptic surface;
(3) a K3-surface;

4) a2-torus;

(5) a Hopf surface.

We shall prove Theorem 6.4 following ideas in [He et al. 2020]. By Theorem 6.1,
we have:

Corollary 6.5. Suppose t > 0. If a complex surface S can admit a t-Gauduchon—
Ricci flat metric, then either

(1) «(S) = —o0, or

2) «(S) = 0. In this case, w is conformal Kihler and Kg is a holomorphic
torsion: K?m = 0 for some integer m € 7.

In both cases, we have CIZ(S) =0.
We need two more lemmas with proofs similar to those in [He et al. 2020].

Lemma 6.6 [He et al. 2020, Theorem 4.3]. Let S be a complex surface with
k(S) = —oo. If S admits a t-Gauduchon—Ricci flat metric, then S must be non-
Kdhler.

Lemma 6.7 [He et al. 2020, Theorem 5.1]. Let S be a non-Kdhler complex surface
with k(S) = —o0. Ifclz(S) =0, then S must be minimal.

As an application of Corollary 6.5, Lemma 6.6 and Lemma 6.7, one has:

Corollary 6.8. If a compact complex surface S admits a t-Gauduchon—Ricci flat
metric w, then S must be minimal.

Proof of Theorem 6.4. Suppose S supports a z-Gauduchon—Ricci flat metric, then
by Corollary 6.5, «(.S) < 0 and by Corollary 6.8, S is also minimal.

(A) x(S) = 0. By Kodaira—Enriques’s classification, S is exactly one of the
following:

(1) an Enrique surface;

(2) a bielliptic surface;

(3) a K3 surface;

(4) a torus.

They are all Kéhler Calabi—Yau.
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(B) «(S) = —o0. By using Kodaira-Enriques’s classification again, S can only be
one of the following:

(1) a minimal rational surface;

(2) aruled surface with g > 0;

(3) a surface of class VII.

By Lemma 6.6, S is non-Kéhler and so .S’ can only be a surface of class VIly:
(1) aclass VIl surface with type b, > 0;

(2) an Inoue surface;

(3) a Hopf surface.

By using similar strategies as in the proof of [He et al. 2020, Theorem 5.1], one
can show S can only be a Hopf surface. O

Remark 6.9. An explicit -Gauduchon—Ricci flat metric on a diagonal Hopf surface
is constructed in Theorem 7.1.

7. Explicit construction of #-Gauduchon—Ricci flat metrics on Hopf manifolds

Let M = S?"~1 x S! be the standard n-dimensional (n > 2) Hopf manifold. It
is diffeomorphic to (C" — {0})/G where G is a cyclic group generated by the
transformation z +— %z. It has an induced complex structure from C" —{0}. On M,
there is a natural induced metric wg given by

. . 45;:+ . .
(7-1) wo = ~—1hjzdz' AdZT = /-1 | |’; dz' AdZ .
z

The main result of this section is the following:

Theorem 7.1. The Hermitian metric
2(n—1)t -
(7-2) Q= wo +4(g—1)~\/—18810g|2|2, t>0
n

is t-Gauduchon—Ricci flat: Sf{ic(l)(Q,, t) =0.

Proof. We shall use similar constructions as in [Liu and Yang 2017, Section 6].
More precisely, we consider the perturbed Hermitian metric

(7-3) W), = wo + 4Av/—130log|z|> with A > —1.
It is shown in [Liu and Yang 2017, Theorem 6.2] that

(7-4) 0 (w;) =n-+/—100log|z|?

and

. -1 _
(1-5) L(00* wp, + 30%wy) = ’fﬂ /=193 10g|z|2.
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By using Corollary 1.8, we deduce

- 2n— 1)t -
RicW(wy, 1) = 0D — (30w + 00%w;) = (n - %) V=133 1log|z|?.
Therefore, Ric™" (w;, t)=0ifand only if A = 2(n—1)t/n)—1. O

Remark 7.2. Note that when 1 =0, €9 = wo—4+/—1090 log|z|? is not a Hermitian
metric since the corresponding matrix is not positive definite. It is also well known
that there is no Chern—Ricci flat metric on S?”~! x S!, although there are Levi-
Civita—Ricci flat metrics (t = %) and Strominger—Bismut-Ricci flat metrics (£ = 1).
On the Hopf surface S3 x S, the canonical metric ; = g is Strominger-Bismut—
Ricci flat.

Appendix: Curvatures of Gauduchon connections

In this section, we give a detailed proof of Lemma 3.5 (which is definitely well
known to experts) and Corollary 1.8.

Let {V)"“} A,uek C Ag be a family of affine connections on Tr M defined by
(A-1) g(V;‘(’”Y, Z):=g(V¥Y, Z)+ Ado(JX,JY,JZ) + pdo(JX,Y, Z),

for X,Y,Z e (M, Tr M). Let {z'} be the local holomorphic coordinates on M.
We consider the complexification of vAm by setting

A, 0 k 0 k 0
v =Fij()\uu)a7+rij()‘wﬂ)a?v

3/8z1 977
A2 b 0k (A )i + Tk )i
8/0zi gz Vo Wt g e e

Lemma A.1. We have the relations

Tl =T =+ u+ HTE ThG.w =0,

and
Tk o) = (& Dpkmp pn  pkogo) = (= Lypmhep, _n

where F,-kj = hké(ahﬂ/azi) and TzI; = Fij N Flkl

Proof. 1t follows from standard computations, and for readers’ convenience we
include a straightforward proof here. At first, we have

e 0 _ 1,kif90hiz  dhig\ 0
(A-3) Vojozi 3,7 = 2" (azf 5.7 )9k

and

LC i _ 1kt 8//1]2 . ahjf i 11kg ohpy B ahj; i
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Note also that dw(d/dz%,/9z7,9/9z%) = /=1 (8hje'/8zi — 0hig/0z7). Hence,
we have

h(v;/,gz’ %’ %)
= (Vi o0 )+ do (Ji.JiJa)Jr d(J%i.i)

3/0z1 g7 9zt 0zi° " 9z " 9zt zi7 9277 9zt
ohig 3/15 0 a 0
_ 194 i /=1 /=1
_2(321 aJ) +A d(alaf a€)+ “d“’<alazf 52)
_8hj[ 1 3hj47 ohig
LD _(X+M+2)(8Z" az7 )
Therefore,
TEG.w =T - +pu+HTk
Similarly,
Al d d
Wi o7 5%
_ ) 8,0 0 2 0 0y_
=(Vifoer 27 FE 5o ) Hido (550 5 ok £)+do (I i’azf’azk)_o

since the metric is J-invariant. Therefore, I l’; (A, ) =0.
For the second part, dw(9/9z,8/3z7,3/0z4) = /=1 (3h;7/ 0z —0h;;/9z%) and

(a7 g2
( 3/32’3 i 9z e)“‘d ( aaz J%J%)Jrudw(Ji,i,i)

:%(ahj.‘—a}?’) WTdo(o5 50 0~V Tpdo (52 22 0

ozt 9zt 0zi’ 927 9zt 951 927 950
() oo () = (3 ).
Therefore,
o T ) = (M+ o+ 57 b, T,

Similarly,

(VWi o7 3er)
(W) (s )l )
%(%}Z!_%hﬂ)Jr“/_(k “)d‘“(at agf 3§k)

Ohg;  0hj;
_(_ 1 ki 9y
= A+u+2)(azj azk)’
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and we deduce B )
TEG ) = (A +p+ H)nm™*n,; 0, . O

Proof of Lemma 3.5. By Lemma A.1 and (3-2), we deduced that Vi e Ag.y if

and only if [ (A, p) = 0:

(A-5) Vihedyy & (-A+p+i)do=0.
On the other hand, the restricted connection VA# = 7 (V) on the holomorphic

tangent bundle 71 M is determined by

0 S 0 0
=TEOL =, Vil

SA,u 0 _ 1k
gk Vopsrigg — L E

(A-6) va/azi 9zJ
where
TEG ) =TK = (A +u+ 1Tk TEO.w = (+p+D)0""n,;T),

Recall that the Chern connection V! of 71:0 M is characterized by

ch 9 _pk 9 gon 9
3/0z1 §-j ij -k’ 3/021 §-j
Hence,
(A-7) (VA =V = (h+p+1)do=0.

By using (A-5) and (A-7), we deduce
(A-8) p(VHH) =V = dw =0 or (A, p)=(0,-1).

Thus, we obtain (3-7). Similarly, one can show (3-8) and (3-9). The uniqueness of
the family (3-10) follows from the linear property. O

A.1. Curvature formulas of Gauduchon connections. Recall that there is a linear
family of connections defined by

gV Y. Z)=g(V¥Y. Z) + 3t dw(JX,JY, JZ) + 1(t — 1) dw(J X, Y, Z).
By using Lemma A.1, the Gauduchon connection is determined by

t 0 _ ke O t 0 _ ke O
(A-9) Va/azi @ = Fl](t)az—k and Va/aii @ = Fl—](t)az—k,

where the coefficients Fl.kj and I‘;kj are given by

TE@) =Tk —tTk and TE@) =1-n*"h;TH,.
Theorem A.2. The curvature tensor of Gauduchon connection V' is given by
Rizri(®)

B ) . B _ 2P g qp - T
=01 T 1O15 + Oz =200 + 1" (T Tiphpg = WP hy iz Tip Tig)-
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Proof. In the setting of Proposition 4.1, Gikj = —t Tl]]‘ Hence this last equation

follows from Proposition 4.1 and the relation ank /0z7 = —@f]-k + @ﬁﬁ.. O

Proof of Corollary 1.8. It follows from Theorem 2.3 and Theorem A.2. O
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