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Let .M; g; J / be a Riemannian manifold with a compatible integrable com-
plex structure J 2 End.TRM / and Ag;J be the space of real connections on
TRM preserving both g and J . We investigate the relationship between the
geometry of real connections in Ag;J and that of Hermitian connections on
T 1;0M . In particular, we study the geometry of the real Chern connection
rCh;R on .M; g; J /, and obtain Kähler–Einstein metrics by using real Chern–
Einstein metrics.
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1. Introduction

Let .M;g;J / be a Riemannian manifold with a compatible integrable complex
structure J 2End.TRM / and Ag be the space of real connections on TRM compat-
ible with g. Let h be the corresponding Hermitian metric of .g;J / and Bh be the
space of affine connections on the holomorphic tangent bundle T 1;0M compatible
with h. For any r 2 Ag, we can extend it to TCM in the C-linear way. The
restriction of the complexified connection r to the holomorphic tangent bundle
T 1;0M is denoted by yr. It is obvious that yr 2 Bh. This gives a natural projection
� WAg! Bh and it is easy to see that

(1-1) Ag Š Bh ��
�
M; �1.Hom.T 1;0M;T 0;1M //

�
:
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Let Ag;J be the space of real connections on TRM compatible with both g and J .
One can see that there is an isomorphism � WAg;J ! Bh and

(1-2) Ag;J Š Bh Š �
�
M; �1.End.T 1;0M //

�
:

In the field of complex geometry, several classical connections in Bh are investigated
extensively in the literature. For instance,

(1) the Chern connection rCh: the unique connection compatible with the Hermit-
ian metric h and also the holomorphic structure N@;

(2) the Strominger–Bismut connection rSB [Strominger 1986; Bismut 1989];

(3) yrLC, the restriction of the complexified Levi-Civita connection rLC to T 1;0M.

When .M;g;J / is Kähler, all these connections are the same.
It is well known that rLC 2 Ag;J if and only if rLCJ D 0, i.e., .M;g;J / is

Kähler. Although � WAg;J ! Bh is an isomorphism, the relationship between the
geometry of real connections in Ag;J and that of Hermitian connections in Bh is
still mysterious. For instance, we set

(1-3) r
Ch;R
WD ��1.rCh/ 2Ag;J

and it is called the real Chern connection. It is obvious that rCh;R ¤ rLC when
.M;g;J / is not Kähler. For any X;Y;Z;W 2 TRM, the curvature of rCh;R is

RCh;R.X;Y;Z;W /D g.r
Ch;R
X
r

Ch;R
Y

Z �r
Ch;R
Y
r

Ch;R
X

Z �r
Ch;R
ŒX ;Y �

Z;W /:

The real Chern–Ricci curvature Ric.rCh;R;g/ is defined by using the Riemannian
metric g:

Ric.rCh;R;g/.X;Y /D

2nX
iD1

RCh;R.X; ei ; ei ;Y /;

where feig
2n
iD1

is an orthonormal frame with respect to g.

Definition 1.1. .M;g;J;rCh;R/ is called real Chern–Einstein if

(1-4) Ric.rCh;R;g/D �g for some � 2 R:

If Ric.rCh;R;g/D 0, it is also called real Chern–Ricci flat. Moreover, .rCh;R;g/

has positive real Chern–Ricci curvature if Ric.rCh;R;g/2�.M;Sym˝2TRM / and
it is positive definite. The negativity can be defined similarly.

There is a natural question concerning the relationship between real Chern–
Einstein metrics and Kähler–Einstein metrics.

Question 1.2. Let .M;g;J / be a compact Hermitian manifold. If .rCh;R;g/ is real
Chern–Einstein, then is .M;g;J / necessarily Kähler–Einstein? More generally, if
Ric.rCh;R;g/ is positive (resp. negative), is c1.M / > 0 (resp. c1.M / < 0)?
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We can also ask similar questions for other connections in Ag;J or Ag. One
shall see that the answer to the above question is quite involved. Moreover, the
existence of real Chern–Ricci flat metrics is significantly different from others.

Theorem 1.3. Let .M;g;J / be a compact Hermitian manifold. Suppose .rCh;R;g/

is real Chern–Einstein with constant � 2 R. If � ¤ 0, then .M;g;J / is Kähler–
Einstein.

Theorem 1.4. Let .M;g;J / be a compact Hermitian manifold. If Ric.rCh;R;g/ is
positive (resp. negative), then M is projective and c1.M / > 0 (resp. c1.M / < 0).

However, when .rCh;R;g/ is real Chern–Ricci flat, i.e., �D 0, .M;g;J / is not
necessarily Kähler–Ricci flat. We construct explicit real Chern–Ricci flat metrics
on S2n�1 �S1. On the contrary, it is well known that, there is no Chern–Ricci flat
metric on S2n�1 �S1 since cBC

1
.S2n�1 �S1/ is not zero.

Theorem 1.5. There exist real Chern–Ricci flat metrics on the Hopf manifold
S2n�1 �S1.

We also obtain a classification for Hermitian surfaces with real Chern–Ricci flat
metrics.

Theorem 1.6. Let .M;g;J / be a compact Hermitian manifold. Suppose .rCh;R;g/

is real Chern–Ricci flat. Then .M;J / is one of the following:

(1) .M;J / is Kähler: c1.M;J /D 0, i.e., .M;J / has a Kähler–Ricci flat metric.

(2) .M;J / is not Kähler:
(a) �.M / D 0 and cBC

1
.M / D 0. Moreover, .M;J / has a balanced metric

and KM is a holomorphic torsion: K˝m
M
D 0 for some m 2 NC.

(b) �.M /D�1 and cAC
1
.M /D 0.

Moreover, the only non-Kähler compact complex surface which can support a real
Chern–Ricci metric is the Hopf surface.

Question 1.2 can also be proposed for arbitrary r 2 Ag;J . Indeed, for any
r 2Ag;J , there exists some A 2 �

�
M; �1.End.TRM //

�
such that

r D r
Ch;R
CA;

and we also set yr D �.r/ 2 Bh. One can deduce from (1-2) that r is determined
by some � 2 �

�
M; �1;0.End.T 1;0M //

�
. We write r� for r 2Ag;J , and yr� for

yr 2 Bh. The curvature tensors of r� and yr� are denoted by R� , R� respectively.
In local holomorphic coordinates fzig of M, yr� D �.r� / 2 Bh is given by

yr
�
@=@zi

@

@zj
D .�k

ij C �
k
ij /

@

@zk
; yr

�
@=@ Nzi

@

@zj
D�hj Nqhk Np N�

q
ip

@

@zk
;

where � D �k
ij dzi ˝ dzj ˝ .@=@zk/ and �k

ij D hk Ǹ.@hj Ǹ=@z
i/ is the Christoffel

symbol of the Chern connection. We also use conventions R�
i N|k Ǹ

and R�
i N|k Ǹ

for the
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components of R� and R� respectively. The curvature of the Chern connection rCh

is denoted by ‚. We set Ric.1/.�/D
p
�1.hk ǸR�

i N|k Ǹ
/ dzi ^d Nzj and similarly, we

denote the first Chern–Ricci curvature of the Chern connection rCh by ‚.1/.

Theorem 1.7. For any r� 2Ag;J , curvature tensors R� and R� are determined by

R�
i N|k Ǹ DR�i N|k Ǹ

D‚
i N|k Ǹ
�

�
hk Np

@ N�
p

j`

@zi
C h

p Ǹ

@�
p

ik

@Nzj

�
C .�

p

ik
N�
q

j`
hp Nq � hm Nn�

p
im
N�
q
jnh

p Ǹ
hk Nq/;

R�
ijk Ǹ DR�ijk Ǹ

D

�
@�m

jk

@zi
�
@�m

ik

@zj
C�s

jk�
`
is��

`
js�

s
ikC�

`
is�

s
jk��

s
ik�

`
js

�
h

m Ǹ
C.�m

ip�
p

jk
��

p

ik
�m
jp/hm Ǹ

:

Moreover, we have ŒRic.1/.�/�D Œ‚.1/� 2H
1;1
AC .M;R/ and

Ric.1/.�/D‚.1/�
p
�1.@ N�1�

N@�1/

where �1 D �
k
ik

dzi .

By using the isomorphism � W Ag;J ! Bh, there exists a unique linear family
in frtgt2R �Ag;J which connects the real Chern connection rCh;R D ��1.rCh/

and the real Strominger–Bismut connection rSB;R D ��1.rSB/, and it is given by

(1-5) r
t
D .1� t/rCh;R

C trSB;R:

This family was introduced by Gauduchon [1997], and we call it Gauduchon
connections. These connections were systematically investigated in recent papers
[Fu and Yau 2008; Fu et al. 2009; Andreas and Garcia-Fernandez 2012; 2014;
Biswas and Mukherjee 2013; Fei and Yau 2015; Otal et al. 2017; Angella et al. 2022;
Fu and Zhou 2022; Yau et al. 2023; Zhao and Zheng 2023] on the construction
of invariant solutions to the Strominger systems on complex Lie groups and their
quotients. A straightforward computation shows

(1-6) �.r0/DrCh; �.r1=2/D yrLC; �.r1/DrSB:

Hence, these classical connections are all in the Gauduchon family. The curvature
relations for rLC;rSB and yrLC were extensively investigated and have been formu-
lated in differential notions; e.g., [Yau 1974; Gray 1976; Gauduchon 1977a; 1977b;
1984; Tricerri and Vanhecke 1981; Apostolov and Drăghici 1999; Fu 2012; Liu
and Yang 2012; 2017; Wang et al. 2020; Yang 2017; Angella et al. 2022; He et al.
2020; Yang and Zheng 2018a; 2018b]. We shall formulate them in a uniform way
for readers’ convenience. As usual, the curvature tensor of �.rt / 2 Bh is denoted
by R.!; t/ and some notions can be found in [Liu and Yang 2017].
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Corollary 1.8. The curvature tensor of the Gauduchon connection �.rt / 2 Bh is

Ri N|k Ǹ.!; t/

D‚
i N|k Ǹ
C t.‚

i Ǹk N|
C‚

k N| i Ǹ
� 2‚

i N|k Ǹ
/C t2.T

p

ik
T

q

j`
hp Nq � hp Nqh

m Ǹ
hk NnT m

ip T n
jq/;

where T k
ij D �

k
ij ��

k
ji are the components of the torsion tensor of rCh. The Ricci

curvatures are given by

(1-7)

Ric.1/.!; t/D‚.1/� t.@@�!C N@N@�!/;

Ric.2/.!; t/D‚.1/� .1� 2t/
p
�1ƒ@N@! � .1� t/.@@�!C N@N@�!/

C .1� t/2
p
�1T � T � t2

p
�1T ıT;

Ric.3/.!; t/D‚.1/� t
p
�1ƒ@N@! � .1� t/@@�! � t N@N@�!

C .t � t2/
p
�1T � T C t2T ..@�!/#/;

Ric.4/.!; t/D‚.1/� t
p
�1ƒ@N@! � .1� t/N@N@�! � t@@�!

C .t � t2/
p
�1T � T C t2T ..@�!/#/:

The scalar curvatures are related by

(1-8)
�

s.1/.!; t/D sC� 2th@@�!;!i;

s.2/.!; t/D sC� .1� 2t/h@@�!;!i � t2.2j@!j2Cj@�!j2/;

where we use for scalar curvatures the notations

s.1/.!; t/D hi N|hk ǸRi N|k Ǹ.!; t/; s.2/.!; t/D hi Ǹhk N|Ri N|k Ǹ.!; t/:

Let s be the Riemannian scalar curvature of the background Riemannian manifold
.M;g/. One can deduce (for example from [Yang 2020, Corollary 3.7]) that

(1-9) s D 2sC� 2
p
�1@� N@�! � 1

2
jT j2:

By using this formula and (1-7), one can get scalar curvature relations for connec-
tions rCh; yrLC and rSB simultaneously.

Remark 1.9. We should point out that many parts of Corollary 1.8 are known
in the literature. Indeed, J.-X. Fu and X.-C. Zhou [2022] established a variety of
scalar curvature formulas for Gauduchon connections for general almost Hermitian
manifolds, and (1-7), (1-8) are also obtained in their paper. For more discussions
on scalar curvatures of almost Hermitian manifolds, we refer to [Apostolov and
Drăghici 1999; Li 2010; Zhang 2012; Lejmi and Upmeier 2020; Chen and Zhang
2023; Fu and Zhou 2022]. One can also formulate curvature relations in the
conformal setting; e.g., [Chiose et al. 2019; Angella et al. 2017; Lejmi and Maalaoui
2018; Chen et al. 2021].
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As applications of curvature relations discussed above and methods developed
in [Liu and Yang 2017; 2018; He et al. 2020; Yang 2016; 2019a; 2019b; 2020], we
obtain:

Theorem 1.10. Let .M; !/ be a compact Hermitian manifold and rt be the Gaudu-
chon connection on M . If s.1/.!; t/� 0 for some t > 0, then either

(1) �.M /D�1; or

(2) �.M / D 0 and .M; !/ is conformally balanced and KM is a holomorphic
torsion: K˝m

M
D 0 for some m 2 NC.

By using Theorem 1.10, we can classify t -Gauduchon–Ricci flat surfaces. Recall
that a Hermitian manifold .M; !/ is called t -Gauduchon–Ricci flat if

(1-10) Ric.1/.!; t/D 0 for some t 2 R:

When t D 0; 1
2

and 1, it is also called Chern–Ricci flat, Levi-Civita–Ricci flat and
Strominger–Bismut–Ricci flat respectively.

Theorem 1.11. Let S be a compact complex surface. If it admits a t-Gauduchon–
Ricci flat metric ! for some t > 0, then S is a minimal surface lying in one of the
following:

(1) an Enriques surface;

(2) a bielliptic surface;

(3) a K3-surface;

(4) a torus;

(5) a Hopf surface.

Note that (1)–(4) are all Kähler Calabi–Yau surfaces. We also construct an
explicit family of t -Gauduchon–Ricci flat metrics on diagonal Hopf surfaces.

Theorem 1.12. Let !0 be the canonical metric on the standard Hopf manifold
S2n�1 �S1 (n� 2). Then the Hermitian metric

(1-11) !t D !0C 4

�
2.n� 1/t

n
� 1

�
�
p
�1@N@ logjzj2; t > 0

is t -Gauduchon–Ricci flat. That is, Ric.1/.!t ; t/D 0 for each t > 0.

When t D 1
2

, the Hermitian metric

(1-12) !LC D !0�
4

n
�
p
�1@N@ logjzj2

is exactly the Levi-Civita–Ricci flat metric on S2n�1 �S1 constructed in [Liu and
Yang 2017, Theorem 6.2]; see also [Liu and Yang 2018, Theorem 7.3]. When t D 1,
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the Hermitian metric

(1-13) !SB D !0�
4.n� 2/

n
�
p
�1@N@ logjzj2

is a Strominger–Bismut–Ricci flat metric on S2n�1 �S1.
The paper is organized as follows. In Section 2, we recall basic materials for

readers’ convenience and fix our notations. In Section 3, the spaces of connections
are discussed. The curvatures of real connections in Ag;J are computed in Section 4
and Theorem 1.7 is obtained. In Section 5, we establish Theorem 1.3, Theorem 1.4,
Theorem 1.5 and Theorem 1.6. In Section 6 we classify compact complex surfaces
with t-Gauduchon–Ricci flat metrics and prove Theorem 1.10 and Theorem 1.11.
We construct t-Gauduchon–Ricci flat metrics in Section 7, and in the Appendix,
we include a detailed computation for Corollary 1.8.

2. Background materials

In this section, we give some background materials for readers’ convenience.

2.1. Levi-Civita connection and its complexification. Let’s recall some elementary
settings. Let .M;g;rLC/ be a 2n-dimensional Riemannian manifold with the Levi-
Civita connection rLC. The tangent bundle of M is also denoted by TRM. The
Riemannian curvature tensor of .M;g;rLC/ is

R.X;Y;Z;W /D g.rLC
X r

LC
Y Z �rLC

Y r
LC
X Z �rLC

ŒX ;Y �Z;W /

for X;Y;Z;W 2 TRM. Let TCM D TRM ˝C be the complexification. One can
extend the metric g and the Levi-Civita connection rLC to TCM in the C-linear
way. Hence for any a; b; c; d 2 C and X;Y;Z;W 2 TCM,

R.aX; bY; cZ; dW /D abcd �R.X;Y;Z;W /:

Let .M;g;J / be an almost Hermitian manifold, i.e., J W TRM ! TRM with
J 2 D �1, and for any X;Y 2 TRM, g.JX;J Y / D g.X;Y /. We define the
Nijenhuis tensor NJ W �.M;TRM /��.M;TRM /! �.M;TRM / as

NJ .X;Y /D ŒX;Y �CJ ŒJX;Y �CJ ŒX;J Y �� ŒJX;J Y �:

The almost complex structure J is integrable if NJ � 0 and then .M;g;J / is
a Hermitian manifold. We also extend J to TCM in the C-linear way: for any
X;Y 2 TCM, we still have g.JX;J Y / D g.X;Y /. By Newlander–Nirenberg’s
theorem, there exist real coordinates fxi ;xI g such that zi D xiC

p
�1xI are local

holomorphic coordinates on M. The Hermitian form h W TCM � TCM ! C is
given by

(2-1) h.X;Y / WD g.X;Y /; X;Y 2 TCM:
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By the J -invariant property of g,

(2-2) hij WD h
�
@

@zi
;
@

@zj

�
D 0 and hN{ N| WD h

�
@

@Nzi
;
@

@Nzj

�
D 0;

and

(2-3) hi N| WD h
�
@

@zi
;
@

@Nzj

�
D

1
2
.gij C

p
�1giJ /:

It is obvious that .hi N| / is a positive Hermitian matrix. Let ! be the fundamental
2-form associated to the J -invariant metric g, !.X;Y / D g.JX;Y /. In local
complex coordinates, ! D

p
�1hi N| dzi ^d Nzj . We shall use the components of the

complexified curvature tensor R, for instance,

(2-4) Ri N|k Ǹ WDR
�
@

@zi
;
@

@Nzj
;
@

@zk
;
@

@Nz`

�
; Rijk` WDR

�
@

@zi
;
@

@zj
;
@

@zk
;
@

@z`

�
:

The components of complexified curvature tensor have the same properties as the
components of the real curvature tensor. For instance, Ri N|k` D�R N| ik`, Ri N|k Ǹ D

Rk Ǹi N| , and in particular, the first Bianchi identity holds: Ri N|k ǸCRik Ǹ N|CRi Ǹ N|kD0.

2.2. The induced Levi-Civita connection on .T 1;0M; h/. Since T 1;0M is a sub-
bundle of TCM, there is an induced connection yrLC on T 1;0M given by

yr
LC
D�ır W�.M;T 1;0M /

rLC
�!�.M;T �C M˝TCM /

�
�!�.M;T �C M˝T 1;0M /:

Moreover, yrLC is a metric connection on the Hermitian holomorphic vector bundle
.T 1;0M; h/ and it is determined by the relations

(2-5) yr
LC
@=@zi

@

@zk
WD y�

p

ik

@

@zp
and yr

LC
@=@ Nzj

@

@zk
WD y�

p

N|k

@

@zp
;

where

(2-6) y�k
ij D

1
2
hk Ǹ

�
@hj Ǹ

@zi
C
@hi Ǹ

@zj

�
and y�k

N{j D
1
2
hk Ǹ

�
@hj Ǹ

@Nzi
�
@hj N{

@Nz`

�
:

The curvature tensor R2�.M; ƒ2T �
C

M ˝T �1;0M ˝T 1;0M / of yrLC is given by

(2-7) R.X;Y /s D yrLC
X
yr

LC
Y s� yrLC

Y
yr

LC
X s� yrLC

ŒX ;Y �s

for any X;Y 2 TCM and s 2 T 1;0M. This curvature tensor has components

(2-8)

R`i N|k D�

�
@y�`

ik

@Nzj
�

@y�`
N|k

@zi
C y�s

ik
y�`N|s �

y�s
N|k
y�`is

�
;

R`ijk D�

�
@y�`

ik

@zj
�

@y�`
jk

@zi
C y�s

ik
y�`js �

y�s
jk
y�`is

�
;

R`
N{ N|k D�

�
@y�`
N{k

@Nzj
�

@y�`
N|k

@Nzi
C y�s
N{k
y�`N|s �

y�s
N|k
y�`N{s

�
:
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With respect to the Hermitian metric h on T 1;0M, we use the convention

(2-9) R��k Ǹ WD

nX
sD1

Rs
��khs Ǹ:

Corollary 2.1. We have the relations

R`
ijk DR`ijk ; R`

N{ N|k DR`
N{ N|k ;

and

(2-10) R`
i N|kD�

�
@y�`

ik

@Nzj
�

@y�`
N|k

@zi
Cy�s

ik
y�`N|s�

y�s
N|k
y�`si�
y�`Nsi �
y�s
Nkj

�
DR`i N|kC

y�`i Ns �
y�s

j Nk :

2.3. Curvature of the Chern connection on .T 1;0M; h/. On the Hermitian holo-
morphic tangent bundle .T 1;0M; h/, the Chern connection rCh is the unique con-
nection which is compatible with the holomorphic structure and also the Hermitian
metric. The curvature tensor of rCh is denoted by ‚ and it has components

(2-11) ‚
i N|k Ǹ
D�

@2hk Ǹ

@zi@Nzj
C hp Nq @hp Ǹ

@Nzj

@hk Nq

@zi
:

It is well known that the (first) Chern–Ricci curvature

(2-12) ‚.1/ WD
p
�1‚

.1/
i N| dzi

^ d Nzj

represents the first Chern class c1.M / of M where

(2-13) ‚
.1/
i N| D hk Ǹ‚

i N|k Ǹ
D�

@2 log det hk Ǹ

@zi@Nzj
:

The second Chern–Ricci curvature ‚.2/ D
p
�1‚

.2/
i N| dzi ^ d Nzj has components

(2-14) ‚
.2/
i N| D hk Ǹ‚

k Ǹi N|
:

The Chern scalar curvature sC of the Chern curvature tensor ‚ is defined by

(2-15) sC D hi N|hk Ǹ‚
i N|k Ǹ

:

Similarly, we can define

(2-16) ‚.3/i N| D hk Ǹ‚
i Ǹk N|

; ‚
.4/
i N| D hk Ǹ‚

k N| i Ǹ
and s

.2/
C D hi N|‚

.3/
i N| D hi N|‚

.4/
i N| :

The following lemma is well known; see for instance [Yang 2020, Lemma 3.6].

Lemma 2.2. Let .X; !/ be a compact Hermitian manifold. Then

(2-17) hN@N@�!;!i D jN@�!j2�
p
�1@� N@�!:
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In particular, if ! is a Gauduchon metric, we have

(2-18) hN@N@�!;!i D jN@�!j2:

According to [Liu and Yang 2017, Theorem 4.1], we have:

Theorem 2.3. The Chern–Ricci curvatures are related by

(2-19)

8<:
‚.2/ D‚.1/�

p
�1ƒ.@N@!/� .@@�!C N@N@�!/C

p
�1T � T ;

‚.3/ D‚.1/� @@�!;

‚.4/ D‚.1/� N@N@�!;

where T � T WD hp Nqh
k Ǹ

T k
ip �T

`
jq dzi ^ d Nzj . The scalar curvatures are related by

(2-20)
�

s
.2/
C D sC� h@@

�!;!i;

s D 2sC� 2
p
�1@� N@�! � 1

2
jT j2;

where s is the scalar curvature of the background Riemannian metric.

3. Space Ag;J of connections preserving metrics and complex structures

3.1. Spaces of real connections and Hermitian connections. Let .M;g;J / be
a Riemannian manifold with a compatible integrable complex structure J . We
consider two spaces of affine connections on the real tangent bundle TRM :

Ag D fr j r is an affine connection on TRM satisfying rg D 0g;

Ag;J D fr j r is an affine connection on TRM satisfying rg D 0 and rJ D 0g:

Clearly, � W Ag;J ,! Ag. In the following, we shall give a characterization of
connections in Ag;J .

Lemma 3.1. Letr02Ag;J . SupposerDr0CA with A2�
�
M;�1.End.TRM //

�
.

Then r 2Ag;J if and only if�
ŒA;J �D 0;

g.AX;Y /Cg.X;AY /D 0 for any X;Y 2 �.M;TRM /:

Proof. It is easy to see that

rJ Dr0J C ŒA;J �D ŒA;J �

and

g.rX;Y /Cg.X;rY /� d.g.X;Y //D g.AX;Y /Cg.X;AY /

since r0J D 0 and r0g D 0. �

Let
AC 2 �

�
M; �1.End.TCM //

�
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be the complexification of A 2 �
�
M; �1.End.TRM //

�
. According to the decom-

position TCM D T 1;0M
L

T 0;1M, AC has a matrix representation
�

A11 A12

A21 A22

�
,

and ŒA;J � D 0 implies A12 D A21 D 0. Hence, we have AC D A11 C A22

where A11 2 �
�
M; �1.End.T 1;0M //

�
and A22 2 �

�
M; �1.End.T 0;1M //

�
. Let

A11 D �1C �2 and A22 D �3C �4 where

�1 2 �
�
M; �1;0.End.T 1;0M //

�
; �2 2 �

�
M; �0;1.End.T 1;0M //

�
;

�3 2 �
�
M; �1;0.End.T 0;1M //

�
; �4 2 �

�
M; �0;1.End.T 0;1M //

�
:

Since A is real and rhD 0, for any X;Y 2 �.M;T 1;0M /, we have

(3-1)

8̂̂̂<̂
ˆ̂:

h.�1X;Y /C h.X; �3Y /D 0;

h.�2X;Y /C h.X; �4Y /D 0;
N�1 D �4;
N�2 D �3:

Hence, A is determined by �1. If we write �1 D �
k
ij dzi˝dzj ˝ .@=@zk/, then the

complexification of r 2Ag;J is given by

(3-2)
r@=@zi

@

@zj
Dr

0
@=@zi

@

@zj
C �k

ij
@

@zk
;

r@=@zi
@

@Nzj
Dr

0
@=@zi

@

@Nzj
� hq N|hp Nk�

q
ip

@

@Nzk
;

and their conjugations. Therefore, we have:

Proposition 3.2. Ag;J Š �
�
M; �1.End.T 1;0M //

�
.

On the holomorphic tangent bundle T 1;0M, we consider the space

(3-3) Bh D fr j r is an affine connection on T 1;0M satisfying rhD 0g:

It is easy to see that the Chern connection rCh is in Bh. Moreover, for any r 2Ag;J ,
the restriction yr W �.M;T 1;0M /! �.M; �1.T 1;0M // of its complexification
r W �.M;TCM /! �.M; �1.TCM // is in Bh. Hence, there is a natural map

(3-4) � WAg;J ! Bh:

Corollary 3.3. � WAg;J ! Bh is an isomorphism.

Indeed, for any r 2 Bh, there exists some B 2 �
�
M; �1.End.T 1;0M //

�
such

that r D rChCB. We have the decomposition B D B1CB2 where

B1 D �
k
ij dzi

˝ dzj
˝

@

@zk
2 �

�
M; �1;0.End.T 1;0M //

�
and

B2 D �
k
N{j d Nzi

˝ dzj
˝

@

@zk
2 �

�
M; �0;1.End.T 1;0M //

�
:
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Since rhD 0, we deduce

(3-5) �k
ij h

k Ǹ
C N�

p

N{`
hj Np D 0:

Hence, the connection r 2 Bh is given by

(3-6) r@=@zi
@

@zj
Dr

Ch
@=@zi

@

@zj
C �k

ij
@

@zk
; r@=@ Nzi

@

@zj
D�hj Nqhk Np N�

q
ip

@

@zk
:

That means r 2 Bh is determined by B1, i.e., Bh Š �
�
M; �1;0.End.T 1;0M //

�
.

By using similar interpretations, one can show:

Corollary 3.4. Ag Š Bh ��
�
M; �1.Hom.T 1;0M;T 0;1M //

�
.

3.2. Real correspondences for metric connections on T 1;0M . On a Hermitian
manifold .M;g;J /, we have the following diagram for spaces of connections:

Ag;J
�
//

�
""

Ag

�

��

Bh

As we discussed in the previous section, yrLC, rCh and rSB are all in Bh. We
shall consider the preimage of them under the isomorphism � W Ag;J ! Bh. By
definition, rLC 2 Ag;J if and only if rLCJ D 0, that is if .M;g;J / is a Kähler
manifold. It is a natural question to find the preimage when it is not Kähler. The
following lemma is well known.

Lemma 3.5. Let .M;g;J / be a Hermitian manifold. Then:

� ��1.rCh/ 2Ag;J is given by

(3-7) g.rX Y;Z/D g.rLC
X Y;Z/� 1

2
d!.JX;Y;Z/:

� ��1.yrLC/ 2Ag;J is given by

(3-8) g.rX Y;Z/D g.rLC
X Y;Z/C 1

4
d!.JX;J Y;JZ/� 1

4
d!.JX;Y;Z/:

� ��1.rSB/ 2Ag;J is given by

(3-9) g.rX Y;Z/D g.rLC
X Y;Z/C 1

2
d!.JX;J Y;JZ/:

Moreover, there exists a unique linear family frtgt2R �Ag;J such that

�.r0/DrCh; �.r
1
2 /D yrLC and �.r1/DrSB;

and it is given by

(3-10) g.rt
X Y;Z/Dg.rLC

X Y;Z/C1
2
t d!.JX;J Y;JZ/C1

2
.t�1/d!.JX;Y;Z/:
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4. Curvatures of connections in Ag;J

Recall that the real Chern connection rCh;R D ��1.rCh/ 2Ag;J is given in (3-7)
and its complexification is determined by

(4-1) r
Ch;R
@=@zi

@

@zj
D �k

ij
@

@zk
; r

Ch;R
@=@ Nzi

@

@zj
D 0:

For any r 2Ag;J , there exists some A 2 �
�
M; �1.End.TRM //

�
such that

r D r
Ch;R
CA

and its complexification r W �.M;TCM /! �.M; �1.TCM // is given by

(4-2)
r
@=@zi

@

@zj
D .�k

ij C �
k
ij /

@

@zk
; r

@=@ Nzi

@

@Nzj
D .�k

ij C
N�k
ij /

@

@Nzk
;

r@=@ Nzi
@

@zj
D�hj Nqhk Np N�

q
ip

@

@zk
; r@=@zi

@

@Nzj
D�hq N|hp Nk�

q
ip

@

@Nzk
:

Moreover, its restriction to T 1;0M, yr D �.r/ 2 Bh is

(4-3) yr
@=@zi

@

@zj
D .�k

ij C �
k
ij /

@

@zk
; yr@=@ Nzi

@

@zj
D�hj Nqhk Np N�

q
ip

@

@zk
:

To make this correspondence clearer for the readers, we write r� for r 2 Ag;J

defined by (4-2), and yr� for yr 2 Bh defined in (4-3). By using similar notations as
in Section 2, the curvatures of r� and yr� are denoted by R� ;R� . More precisely,

(4-4) R� .X;Y;Z;W /D h.r�Xr
�
Y Z �r�Y r

�
X Z �r�ŒX ;Y �Z;W /

for X;Y;Z;W 2 TCM and

(4-5) R� .X;Y;Z;W /D h.yr�X
yr
�
Y Z � yr�Y

yr
�
X Z � yr�ŒX ;Y �Z;W /

for X;Y 2 TCM, Z 2 T 1;0M, W 2 T 0;1M. We also use conventions R�
i N|k Ǹ

and
R�

i N|k Ǹ
for their components.

Proposition 4.1. For any r� 2 Ag;J with � 2 �
�
M; �1;0.End.T 1;0M //

�
, the

curvature tensors R� and R� are determined by

R�
i N|k Ǹ DR�i N|k Ǹ

D‚
i N|k Ǹ
�

�
hk Np

@ N�
p

j`

@zi
C h

p Ǹ

@�
p

ik

@Nzj

�
C .�

p

ik
N�
q

j`
hp Nq � hm Nn�

p
im
N�
q
jnh

p Ǹ
hk Nq/;

R�
ijk Ǹ DR�ijk Ǹ

D

�
@�m

jk

@zi
�
@�m

ik

@zj
C�s

jk�
`
is��

`
js�

s
ikC�

`
is�

s
jk��

s
ik�

`
js

�
h

m Ǹ
C.�m

ip�
p

jk
��

p

ik
�m
jp/hm Ǹ

:
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Proof. Since r�J D 0, we have

R�
i N|k Ǹ DR�i N|k Ǹ; R�

ijk Ǹ DR�ijk Ǹ:

Moreover,

yr
�
@=@zi
yr
�
@=@zj

@

@zk
D yr

�
@=@zi

�
�`jk

@

@z`
C �`jk

@

@z`

�
D

�
@�`

jk

@zi
C�s

jk.�
`
isC �

`
is/C

@�`
jk

@zi
C � s

jk.�
`
isC �

`
is/

�
@

@z`
;

and

.R� /`ijkD

�
@�`

jk

@zi
�
@�`

ik

@zj
C�s

jk�
`
is��

`
js�

s
ikC�

`
is�

s
jk��

s
ik�

`
js

�
C.� s

jk�
`
is��

s
ik�

`
js/:

Similarly,

h
�
yr
�
@=@zi
yr
�
@=@ Nzj

@

@zk
;
@

@Nz`

�
D

@

@zi
h
�
yr
�
@=@ Nzj

@

@zk
;
@

@Nz`

�
� h

�
yr
�
@=@ Nzj

@

@zk
; yr�
@=@zi

@

@Nz`

�
D

@

@zi
h
�
�hk Nqhs Np N�

q
jp

@

@zs
;
@

@Nz`

�
� h

�
hk Nphs Nq N�

p
jq

@

@zs
; h

p Ǹ
hq Nt�

p
iq

@

@Nzt

�
D�

@

@zi
. N� s

j`hk Ns/� hq Np� s
iq
N� t
jph

s Ǹ
h

k Nt

D�
@

@zi
N� s
j`hk Ns �

N� s
j`�

t
ikht Ns � hq Np� s

iq
N� t
jph

s Ǹ
h

k Nt
;

and

h
�
yr
�
@=@ Nzj

yr
�
@=@zi

@

@zk
;
@

@Nz`

�
D h

�
yr
�
@=@ Nzj

�
.�s

ik C �
s
ik/

@

@zs

�
;
@

@Nz`

�
D h

�
@

@Nzj
.�s

ik C �
s
ik/

@

@zs
;
@

@Nz`

�
C h

�
.�s

ik C �
s
ik/.�hs Npht Nq N�

p
jq/

@

@zt
;
@

@Nz`

�
D h

s Ǹ

@�s
ik

@Nzj
C h

s Ǹ

@� s
ik

@Nzj
C .�s

ik C �
s
ik/.�hs Np

N�
p

j`
/:

Hence, we obtain the curvature formulas in Proposition 4.1. �

By using Proposition 4.1, one has

Corollary 4.2. The first Ricci curvature of yr� is

Ric.1/.�/D‚.1/�
p
�1.@ N�1�

N@�1/;

where �1 D �
k
ik

dzi .
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There are two important linear families in Ag;J . One is the Gauduchon family
defined in (3-10) and in this case,

(4-6) �k
ij D t �T k

ij

and their curvatures are given in Corollary 1.8. The other family is �D t ��˝IdT 1;0M

for some form �D �i dzi 2 �.M; �
1;0
M
/, and

(4-7) �k
ij D t � �iı

k
j :

Corollary 4.3. The curvature formulas are

R
i N|k Ǹ

.�/D‚
i N|k Ǹ
� t

�
@ N�j

@zi
C
@�i

@Nzj

�
h

k Ǹ
; R

ijk Ǹ
.�/D t

�
@�j

@zi
�
@�i

@zj

�
h

k Ǹ
;

Ric.1/.�/D‚.1/� nt
p
�1.@ N�� N@�/:

Remark 4.4. When d�D 0, one has

R
i N|k Ǹ

.�/D‚
i N|k Ǹ

and R
ijk Ǹ

.�/D 0

for any t 2 R.

5. Geometry of real Chern–Einstein metrics

In this section, we investigate real Chern–Einstein metrics and prove Theorem 1.3,
Theorem 1.4, Theorem 1.5 and Theorem 1.6. Recall that the real Chern–Ricci
curvature Ric.rCh;R;g/ is defined by using the Riemannian metric g:

Ric.rCh;R;g/.X;Y /D

2nX
iD1

RCh;R.X; ei ; ei ;Y /;

where feig
2n
iD1

is an orthonormal frame with respect to g.

Proposition 5.1. The complexification of Ric.rCh;R;g/ is given by

(5-1) Ric.rCh;R;g/D‚
.3/
i N| dzi

˝ d Nzj
C‚

.4/
i N| d Nzj

˝ dzi

where ‚.3/ij and ‚.4/ij are defined in (2-16).

Proof. By using Theorem 1.7 for � D 0, we have

Ric.rCh;R;g/
�
@

@zi
;
@

@Nzj

�
Dhk ǸR

ki N| Ǹ
Ch
ǸkR Ǹi N|k

Dhk ǸR
i Ǹk N|
Dhk Ǹ‚

i Ǹk N|
D‚

.3/
i N| ;

where R stands for RCh;R. Similarly, we have

Ric.rCh;R;g/
�
@

@Nzj
;
@

@zi

�
D‚

.4/
i N|

and Ric.rCh;R;g/.@=@zi ; @=@zj /D Ric.rCh;R;g/.@=@Nzj ; @=@Nzi/D 0. �
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Definition 5.2. .M;g;J;rCh;R/ is called real Chern–Einstein if

(5-2) Ric.rCh;R;g/D �g for some � 2 R:

If Ric.rCh;R;g/D 0, it is also called real Chern–Ricci flat. Moreover, .rCh;R;g/

has positive real Chern–Ricci curvature if Ric.rCh;R;g/2�.M;Sym˝2TRM / and
it is positive definite. The negativity can be defined similarly.

Theorem 5.3. Let .M;g;J / be a Hermitian manifold. Then Ric.rCh;R;g/ is
positive if and only if

(5-3) ‚.1/� @@�!

is a positive definite Hermitian .1; 1/-form. In particular, .rCh;R;g/ is real Chern–
Einstein with constant � 2 R if and only if

(5-4) ‚.1/� @@�! D �!;

where ‚.1/ is the first Chern–Ricci curvature.

Proof. By (5-1), if Ric.rCh;R;g/ 2 �.M;Sym˝2TRM /, then ‚.3/i N| D‚
.4/
i N| . There-

fore,
Ric.rCh;R;g/D‚

.3/
i N| .dzi

˝ d Nzj
C d Nzj

˝ dzi/:

Hence, the real Chern–Ricci curvature is positive definite if and only if‚.3/i N| v
i Nvj >0

for every nonzero vector .vi/. By Theorem 2.3 or Corollary 1.8 (when t D 0), we
know

‚.3/ D
p
�1‚

.3/
i N| dzi

^ d Nzj
D‚.1/� @@�!

is a positive definite Hermitian .1; 1/-form. In particular, .rCh;R;g/ is real Chern–
Einstein with constant � 2 R if and only if (5-4) holds. �

Proof of Theorem 1.3. By applying @ to (5-4), we have �@! D 0. Hence if �¤ 0,
d! D 0 and .M;g;J / is Kähler–Einstein. �

Proof of Theorem 1.4. Suppose Ric.rCh;R;g/ > 0. By Theorem 5.3 we deduce the
Hermitian .1; 1/-form

�0 WD‚
.1/
� @@�! > 0

and @�0D0. Since�0 is also real, we obtain d�0D0. Hence,�0 is a Kähler form
and .M;J / is a Kähler manifold. Moreover, the .1; 1/-form @@�! is both d -closed
and @-exact. By the @N@-lemma on the Kähler manifold .M;J /, there exists some
f 2C1.M;R/ such that @@�!D�

p
�1@N@f . Hence ‚.1/D�0C

p
�1@N@f and

so c1.M;J / > 0. The proof for Ric.rCh;R;g/ < 0 is similar. �

When �D 0, we have the following result.



CURVATURES OF REAL CONNECTIONS ON HERMITIAN MANIFOLDS 381

Corollary 5.4. Let .M;g;J / be a Hermitian manifold. Then .rCh;R;g/ is real
Chern–Ricci flat if and only if

‚.1/� @@�! D‚.1/� N@N@�! D 0:

Proof of Theorem 1.5. On the standard Hopf manifold S2n�1 �S1 with canonical
metric

!0 D
p
�1hi N| dzi

^ d Nzj
D

4ıi N|

jzj2

p
�1 dzi

^ d Nzj ;

we know the metric

(5-5) ! D !0�
4

n
�
p
�1@N@ logjzj2

is Levi-Civita–Ricci flat; see [Liu and Yang 2017, Theorem 6.2] or Theorem 1.12
with t D 1

2
. On the other hand, one can show directly (see also [Liu and Yang 2017,

Theorem 6.2]) that
@@�! D n

p
�1@N@ logjzj2

where @� is taken with respect to !. By Corollary 5.4, we deduce that .rCh;R; !/

is real Chern–Ricci flat. �

Proof of Theorem 1.6. By Theorem 5.3, we have ‚.1/ D @@�!. Hence, the real
.1; 1/-form @@�! is d -closed and @-exact.

If .M;J / is Kähler, by the @N@-lemma, there exists some f 2C1.M;R/ such that
‚.1/D@@�!D

p
�1@N@f . In particular, c1.M /D0 on the Kähler manifold .M;J /.

By the Calabi–Yau theorem, there exists a Kähler–Ricci flat metric Q! which is
possibly different from !.

When .M;J / is not Kähler, by (1-8), we have

s.1/
�
!; 1

2

�
D tr!‚.1/� h@@�!;!i D 0:

By using Theorem 6.1 with t D 1
2

, we deduce that either

(1) �.M /D 0 and cBC
1
.M /D 0, and furthermore, .M;J / has a balanced metric

and KM is a holomorphic torsion: K˝m
M
D 0 for some m 2 NC, or

(2) �.M /D�1 and cAC
1
.M /D 0.

When dimC M D 2, by using Theorem 6.4 with t D 1
2

, we know the Hopf surface
is the only non-Kähler surface which can support real Chern–Ricci flat metrics. �

Remark 5.5. On a Kähler Calabi–Yau manifold M, there exist non-Kähler metrics
which are real Chern–Ricci flat. Indeed, let !CY be a Calabi–Yau Kähler metric
on M. Then for any nonconstant smooth function f 2 C1.M;R/, by Yau’s
theorem [1978], there exists a Kähler metric !0 such that

!n
0 D e�f !n

CY:
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Let !f D ef !0. We have

N@�f !f D
N@�0!0C .n� 1/

p
�1@f D .n� 1/

p
�1@f:

Hence N@N@�
f
!
f
D @@�

f
!
f
D�
p
�1.n� 1/@N@f . Moreover, we have

!n
f D e.n�1/f !n

CY;

which implies‚.1/.!f /D‚.1/.!CY/�.n�1/
p
�1@N@f D@@�

f
!
f

. By Corollary 5.4,
!f is a real Chern–Ricci-flat metric, and it is a non-Kähler metric.

6. Classification of compact complex surfaces
with t-Gauduchon–Ricci flat metrics

In this section, we classify compact complex surfaces with t-Gauduchon–Ricci
flat metrics. One of the key ingredients is understanding the geometry of scalar
curvatures of Gauduchon connections. The following theorem generalizes results in
[Liu and Yang 2017; 2018; Yang 2019b; He et al. 2020] to the Gauduchon family.

Theorem 6.1. Let M be a compact complex manifold. Suppose ! is a Hermitian
metric and rt is the Gauduchon connection of M . If s.1/.!; t/� 0 for some t > 0,
then either

(1) �.M /D�1, or

(2) �.M / D 0 and .M; !/ is conformally balanced and KM is a holomorphic
torsion: K˝m

M
D 0 for some m 2 NC.

For t < 0, we have a similar result:

Theorem 6.2. Let M be a compact complex manifold. Suppose ! is a Hermitian
metric and rt is the Gauduchon connection of M . If s.1/.!; t/� 0 for some t < 0

and s.1/.!; t/ is strictly negative at some point, then K�1
M

is not pseudoeffective.

To prove Theorem 6.1 and Theorem 6.2, we first calculate the total scalar curva-
ture of the Gauduchon metric in the conformal class of !. It is well known that there
exists a smooth function f on M such that !f D ef ! is Gauduchon: @N@!n�1

f
D 0.

Lemma 6.3. Let sf be the Chern scalar curvature of !f D ef !. Then we have

(6-1)
Z

M

sf
!n
f

n!
D

Z
M

f n�1
� s.1/.!; t/ �

!n

n!
C t

Z
M

.jN@�f !f j
2
f Cj@

�
f !f j

2
f /
!n
f

n!
:

Proof. From the relation ‚.1/.!f /D‚.1/.!/�
p
�1n@N@f , it follows thatZ

M

sf
!n
f

n!
D

Z
M

‚.1/.!f /^
!n�1
f

.n� 1/!
D

Z
M

.‚.1/.!/� n
p
�1@N@f /^

!n�1
f

.n� 1/!

D

Z
M

‚.1/.!/^
!n�1
f

.n� 1/!
:
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By using Corollary 1.8 and Ric.1/.!; t/D‚.1/.!/� t.N@N@�!C @@�!/, we getZ
M

sf
!n
f

n!
D

Z
M

‚.1/.!/^
!n�1
f

.n� 1/!

D

Z
M

.Ric.1/.!; t/C t N@N@�!C t@@�!/^
!n�1
f

.n� 1/!

D

Z
M

e.n�1/f
� s.1/.!; t/ �

!n

n!
C t

Z
M

.N@N@�!C @@�!/^
!n�1
f

.n� 1/!
:

By using the formula

N@�f !f D
N@�!C .n� 1/

p
�1@f;

see [Yang 2020, Lemma 3.4], we get

N@N@�f !f D
N@N@�! � .n� 1/

p
�1@N@f; @@�f !f D @@

�! � .n� 1/
p
�1@N@f:

Therefore,Z
M

.N@N@�!C @@�!/^
!n�1
f

.n� 1/!
D

Z
M

.N@f
N@�f !C @f @

�
f !/^

!n�1
f

.n� 1/!

D

Z
M

.jN@�f !f j
2
f Cj@

�
f !f j

2
f /
!n
f

n!
: �

As an application of Lemma 6.3, we can prove Theorems 6.1 and 6.2.

Proof of Theorem 6.1. If s.1/.!; t/� 0 for some t > 0, by Lemma 6.3, we haveZ
M

sf
!n
f

n!
� t

Z
M

.jN@�f !f j
2
f Cj@

�
f !f j

2
f /
!n
f

n!
� 0:

If
R

M s
f
.!n
f
=n!/ > 0, by [Yang 2019b, Corollary 3.3], we have �.M /D�1. IfR

M s
f
.!n
f
=n!/ D 0, then we must have N@�!f D 0, i.e., !f is a balanced metric.

Hence ! is conformal balanced. In this case, by [Yang 2019b, Theorem 1.4], it
follows that either �.M /D�1 or �.M /D 0 with KM a holomorphic torsion. �

Proof of Theorem 6.2. By using Lemma 6.3 again, we deduceZ
M

sf
!n
f

n!
�

Z
M

e.n�1/f
� s.1/.!; t/

!n

n!
< 0:

By [Yang 2019b, Theorem 1.3], K�1
M

is not pseudoeffective. �

Now we are ready to establish the classification.
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Theorem 6.4. Let S be a compact complex surface. If it admits a t-Gauduchon–
Ricci flat metric ! for some t > 0, then S is a minimal surface lying in one of the
following:

(1) an Enriques surface;

(2) a bielliptic surface;

(3) a K3-surface;

(4) a 2-torus;

(5) a Hopf surface.

We shall prove Theorem 6.4 following ideas in [He et al. 2020]. By Theorem 6.1,
we have:

Corollary 6.5. Suppose t > 0. If a complex surface S can admit a t-Gauduchon–
Ricci flat metric, then either

(1) �.S/D�1, or

(2) �.S/ D 0. In this case, ! is conformal Kähler and KS is a holomorphic
torsion: K˝m

S
D 0 for some integer m 2 Z.

In both cases, we have c2
1
.S/D 0.

We need two more lemmas with proofs similar to those in [He et al. 2020].

Lemma 6.6 [He et al. 2020, Theorem 4.3]. Let S be a complex surface with
�.S/ D �1. If S admits a t-Gauduchon–Ricci flat metric, then S must be non-
Kähler.

Lemma 6.7 [He et al. 2020, Theorem 5.1]. Let S be a non-Kähler complex surface
with �.S/D�1. If c2

1
.S/D 0, then S must be minimal.

As an application of Corollary 6.5, Lemma 6.6 and Lemma 6.7, one has:

Corollary 6.8. If a compact complex surface S admits a t-Gauduchon–Ricci flat
metric !, then S must be minimal.

Proof of Theorem 6.4. Suppose S supports a t-Gauduchon–Ricci flat metric, then
by Corollary 6.5, �.S/� 0 and by Corollary 6.8, S is also minimal.

(A) �.S/ D 0. By Kodaira–Enriques’s classification, S is exactly one of the
following:

(1) an Enrique surface;

(2) a bielliptic surface;

(3) a K3 surface;

(4) a torus.

They are all Kähler Calabi–Yau.
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(B) �.S/D�1. By using Kodaira–Enriques’s classification again, S can only be
one of the following:

(1) a minimal rational surface;

(2) a ruled surface with g > 0;

(3) a surface of class VII0.

By Lemma 6.6, S is non-Kähler and so S can only be a surface of class VII0:

(1) a class VII0 surface with type b2 > 0;

(2) an Inoue surface;

(3) a Hopf surface.

By using similar strategies as in the proof of [He et al. 2020, Theorem 5.1], one
can show S can only be a Hopf surface. �
Remark 6.9. An explicit t -Gauduchon–Ricci flat metric on a diagonal Hopf surface
is constructed in Theorem 7.1.

7. Explicit construction of t-Gauduchon–Ricci flat metrics on Hopf manifolds

Let M D S2n�1 �S1 be the standard n-dimensional (n � 2) Hopf manifold. It
is diffeomorphic to .Cn � f0g/=G where G is a cyclic group generated by the
transformation z 7! 1

2
z. It has an induced complex structure from Cn�f0g. On M,

there is a natural induced metric !0 given by

(7-1) !0 D
p
�1hi N| dzi

^ d Nzj
D
p
�1

4ıi N|

jzj2
dzi
^ d Nzj :

The main result of this section is the following:

Theorem 7.1. The Hermitian metric

(7-2) �t D !0C 4

�
2.n� 1/t

n
� 1

�
�
p
�1@N@ logjzj2; t > 0

is t -Gauduchon–Ricci flat: Ric.1/.�t ; t/D 0.

Proof. We shall use similar constructions as in [Liu and Yang 2017, Section 6].
More precisely, we consider the perturbed Hermitian metric

(7-3) !� D !0C 4�
p
�1@N@ logjzj2 with � > �1:

It is shown in [Liu and Yang 2017, Theorem 6.2] that

(7-4) ‚.1/.!�/D n �
p
�1@N@ logjzj2

and

(7-5) 1
2
.@@�!�C N@N@

�!�/D
n� 1

1C�
�
p
�1@N@ logjzj2:
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By using Corollary 1.8, we deduce

Ric.1/.!�; t/D‚
.1/
� t.@@�!�C N@N@

�!�/D

�
n�

2.n� 1/t

1C�

�
p
�1@N@ logjzj2:

Therefore, Ric.1/.!�; t/D 0 if and only if �D .2.n� 1/t=n/� 1. �
Remark 7.2. Note that when t D 0, �0D!0�4

p
�1@N@ logjzj2 is not a Hermitian

metric since the corresponding matrix is not positive definite. It is also well known
that there is no Chern–Ricci flat metric on S2n�1 �S1, although there are Levi-
Civita–Ricci flat metrics

�
t D 1

2

�
and Strominger–Bismut–Ricci flat metrics .t D 1/.

On the Hopf surface S3�S1, the canonical metric �1D!0 is Strominger–Bismut–
Ricci flat.

Appendix: Curvatures of Gauduchon connections

In this section, we give a detailed proof of Lemma 3.5 (which is definitely well
known to experts) and Corollary 1.8.

Let fr�;�g�;�2R �Ag be a family of affine connections on TRM defined by

(A-1) g.r
�;�
X

Y;Z/ WD g.rLC
X Y;Z/C� d!.JX;J Y;JZ/C� d!.JX;Y;Z/;

for X;Y;Z 2 �.M;TRM /. Let fzig be the local holomorphic coordinates on M.
We consider the complexification of r�;� by setting

(A-2)
r
�;�

@=@zi

@

@zj
D �k

ij .�; �/
@

@zk
C�

Nk
ij .�; �/

@

@Nzk
;

r
�;�

@=@ Nzi

@

@zj
D �k

N{j .�; �/
@

@zk
C�

Nk
N{j .�; �/

@

@Nzk
:

Lemma A.1. We have the relations

�k
ij .�; �/D �

k
ij �

�
�C�C 1

2

�
T k

ij ; �
Nk

ij .�; �/D 0;

and

�k
N{j .�; �/D

�
�C�C 1

2

�
hk Nmhj NnT n

im; �
Nk
N{j .�; �/D

�
��C�C 1

2

�
hm NkhnN{T

n
jm;

where �k
ij D hk Ǹ.@hj Ǹ=@z

i/ and T k
ij D �

k
ij ��

k
ji .

Proof. It follows from standard computations, and for readers’ convenience we
include a straightforward proof here. At first, we have

(A-3) r
LC
@=@zi

@

@zj
D

1
2
hk Ǹ

�
@hj Ǹ

@zi
C
@hi Ǹ

@zj

�
@

@zk

and

(A-4) r
LC
@=@ Nzi

@

@zj
D

1
2
hk Ǹ

�
@hj Ǹ

@Nzi
�
@hj N{

@Nz`

�
@

@zk
C

1
2
hk Nq

�
@hkN{

@zj
�
@hj N{

@zk

�
@

@Nzq
:
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Note also that d!.@=@zi ; @=@zj ; @=@Nz`/ D
p
�1.@hj Ǹ=@z

i � @hi Ǹ=@z
j /. Hence,

we have

h
�
r
�;�

@=@zi

@

@zj
;
@

@Nz`

�
D h

�
r

LC
@=@zi

@

@zj
;
@

@Nz`

�
C� d!

�
J
@

@zi
;J

@

@zj
;J

@

@Nz`

�
C� d!

�
J
@

@zi
;
@

@zj
;
@

@Nz`

�
D

1
2

�
@hj Ǹ

@zi
C
@hi Ǹ

@zj

�
C�
p
�1 d!

�
@

@zi
;
@

@zj
;
@

@Nz`

�
C
p
�1� d!

�
@

@zi
;
@

@zj
;
@

@Nz`

�
D
@hj Ǹ

@zi
�
�
�C�C 1

2

��@hj Ǹ

@zi
�
@hi Ǹ

@zj

�
:

Therefore,
�k

ij .�; �/D �
k
ij �

�
�C�C 1

2

�
T k

ij :

Similarly,

h
�
r
�;�

@=@zi

@

@zj
;
@

@zk

�
Dh

�
r

LC
@=@zi

@

@zj
;
@

@zk

�
C�d!

�
J
@

@zi
;J

@

@zj
;J

@

@zk

�
C�d!

�
J
@

@zi
;
@

@zj
;
@

@zk

�
D0

since the metric is J -invariant. Therefore, � Nkij .�; �/D 0.
For the second part, d!.@=@Nzi ; @=@zj ; @=@Nz`/D

p
�1.@hj Ǹ=@Nz

i�@hj N{=@Nz
`/ and

h
�
r
�;�

@=@ Nzi

@

@zj
;
@

@Nz`

�
D h

�
r

LC
@=@ Nzi

@

@zj
;
@

@Nz`

�
C�d!

�
J
@

@Nzi
;J

@

@zj
;J

@

@Nz`

�
C�d!

�
J
@

@Nzi
;
@

@zj
;
@

@Nz`

�
D

1
2

�
@hj Ǹ

@Nzi
�
@hj N{

@Nz`

�
��
p
�1d!

�
@

@Nzi
;
@

@zj
;
@

@Nz`

�
�
p
�1�d!

�
@

@Nzi
;
@

@zj
;
@

@Nz`

�
D

1
2

�
@hj Ǹ

@Nzi
�
@hj N{

@Nz`

�
C .�C�/

�
@h` N|

@Nzi
�
@hj N{

@Nz`

�
D
�
�C�C 1

2

��@h` N|
@Nzi
�
@hj N{

@Nz`

�
:

Therefore,
�k
N{j .�; �/D

�
�C�C 1

2

�
hk Nmhj NnT n

im:

Similarly,

h
�
r
�;�

@=@ Nzi

@

@zj
;
@

@zk

�
D h

�
r

LC
@=@ Nzi

@

@zj
;
@

@zk

�
C�d!

�
J
@

@Nzi
;J

@

@zj
;J

@

@zk

�
C�d!

�
J
@

@Nzi
;
@

@zj
;
@

@zk

�
D

1
2

�
@hkN{

@zj
�
@hj N{

@zk

�
C
p
�1.���/d!

�
@

@Nzi
;
@

@zj
;
@

@zk

�
D
�
��C�C 1

2

��@hkN{

@zj
�
@hj N{

@zk

�
;
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and we deduce
�
Nk
N{j .�; �/D

�
��C�C 1

2

�
hm NkhnN{T

n
jm: �

Proof of Lemma 3.5. By Lemma A.1 and (3-2), we deduced that r�;� 2 Ag;J if
and only if � Nk

N{j .�; �/D 0:

(A-5) r
�;�
2Ag;J ()

�
��C�C 1

2

�
d! D 0:

On the other hand, the restricted connection yr�;� D �.r�;�/ on the holomorphic
tangent bundle T 1;0M is determined by

(A-6) yr
�;�

@=@zi

@

@zj
D �k

ij .�; �/
@

@zk
; yr

�;�

@=@ Nzi

@

@zj
D �k

N{j .�; �/
@

@zk
;

where

�k
ij .�; �/D �

k
ij �

�
�C�C 1

2

�
T k

ij ; �k
N{j .�; �/D

�
�C�C 1

2

�
hk Nmhj NnT n

im:

Recall that the Chern connection rCh of T 1;0M is characterized by

r
Ch
@=@zi

@

@zj
D �k

ij
@

@zk
; rCh

@=@ Nzi

@

@zj
D 0:

Hence,

(A-7) �.r�;�/DrCh
()

�
�C�C 1

2

�
d! D 0:

By using (A-5) and (A-7), we deduce

(A-8) �.r�;�/DrCh
() d! D 0 or .�; �/D

�
0;�1

2

�
:

Thus, we obtain (3-7). Similarly, one can show (3-8) and (3-9). The uniqueness of
the family (3-10) follows from the linear property. �

A.1. Curvature formulas of Gauduchon connections. Recall that there is a linear
family of connections defined by

g.rt
X Y;Z/D g.rLC

X Y;Z/C 1
2
t d!.JX;J Y;JZ/C 1

2
.t � 1/ d!.JX;Y;Z/:

By using Lemma A.1, the Gauduchon connection is determined by

(A-9) r
t
@=@zi

@

@zj
D �k

ij .t/
@

@zk
and r

t
@=@ Nzi

@

@zj
D �k

N{j .t/
@

@zk
;

where the coefficients �k
ij and �k

N{j are given by

�k
ij .t/D �

k
ij � tT k

ij and �k
N{j .t/D t � hk Nmhj NnT n

im:

Theorem A.2. The curvature tensor of Gauduchon connection rt is given by

R
i N|k Ǹ

.t/

D‚
i N|k Ǹ
C t.‚

i Ǹk N|
C‚

k N| i Ǹ
� 2‚

i N|k Ǹ
/C t2.T

p

ik
T

q

j`
hp Nq � hp Nqh

m Ǹ
hk NnT m

ip T n
jq/:
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Proof. In the setting of Proposition 4.1, �k
ij D �tT k

ij . Hence this last equation
follows from Proposition 4.1 and the relation @T `

ik
=@Nzj D�‚`

i N|k
C‚`

k N| i
. �

Proof of Corollary 1.8. It follows from Theorem 2.3 and Theorem A.2. �
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