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MATRIX LI-YAU-HAMILTON ESTIMATES FOR
NONLINEAR HEAT EQUATIONS UNDER GEOMETRIC FLOWS

SHA YAO, HAO-YUE LiU AND XIN-AN REN

We are concerned with the matrix Li-Yau-Hamilton estimates for nonlinear
heat equations. Firstly, we derive such an estimate for positive solutions
to the nonlinear heat equations under the Ricci flow. Then we consider
the estimates for positive solutions to the nonlinear heat equations and the
nonlinear backward conjugate heat equations under the Kéihler-Ricci flow.

1. Introduction

The research of differential Harnack inequalities for parabolic equations on Riemann-
ian manifolds originated in Li and Yau’s celebrated paper [19], in which they got a
differential Harnack inequality for positive solutions of the heat equation by using the
maximum principle. They also derived a classical Harnack inequality of Moser [23]
from their estimates. Later, the inequality was extended to a matrix version by
Hamilton [18]. For curvature flows, Hamilton discovered a matrix differential
Harnack inequality for Ricci flow [17]. This is often referred to as a matrix estimate.
So these types of Harnack inequalities were called Li—Yau—Hamilton estimates
in [27]. For Kiahler—Ricci flow, Cao [1] obtained the matrix Li—Yau—Hamilton
estimate. Similar Li—Yau—Hamilton estimates for Gauss curvature flow and Yamabe
flow were proved by Chow in [4; 5]. If the Riemannian metric evolves by Ricci flow,
Chow and Chu gave a nice geometric interpretation of Hamilton quantities in the
Li—Yau-Hamilton estimate in [8]. In subsequent papers, Chow [6], as well as Chow
and Chu [9], further deepened their understanding from this perspective. Using
this geometric approach, Chow and Knopf gave a new Li—Yau—Hamilton estimate
for Ricci flow in [10]. In [2], Cao and Ni extended the matrix Li—Yau—Hamilton
estimate for heat equation on Riemannian manifolds to Kéhler manifolds. Later,
Chow and Ni [25] established a matrix Li—Yau—Hamilton estimate for the forward
conjugate heat equation under the Kéhler—Ricci flow. In [24], Ni more generally
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discussed the monotonicity and the related results of geometric interpretation of
the linear trace Li—Yau—Hamilton on Kéhler—Ricci flow. Analogous estimates were
obtained by Ren, Yao, Shen and Zhang [30] in the constrained case.

Yau [34] considered the gradient and Hessian estimates for positive solutions of

(1-1) u;=Au—"Vu,
where V = h(x) + k(u). By setting v = Inu, one has
(1-2) v = Av+ Vo> —k(e¥) — h(x).

Later, Ma, Zhao and Song [22] generalized the gradient estimates to degenerate
parabolic equations

(1-3) uy=AFu)+ H(u).

Xu [32] considered the gradient estimates of Hamilton type for degenerate parabolic
equations

(1-4) u; = AF(u).
In [3], the authors derived the gradient estimate for nonlinear heat equation
(1-5) u;=Au+aulnu.

This estimate is sharp if the Ricci curvature is nonnegative. The matrix version of
this estimate on Riemannian manifolds was obtained by Wu [31] and on Kihler
manifolds by Ren [29]. Moreover, the authors [33] extended the matrix Li—Yau—
Hamilton estimates for semilinear parabolic equation

]
(1-6) EL:AL+G(|VL|2)+F(L).
When the metrics are evolved by the Ricci flow [11; 15]
ad
(1-7) 5,81 = —2Rij,

Perelman [28] discovered a new differential Harnack estimate for the fundamental
solution of the backward conjugate heat equation

(1-3) 3tu+Ag(,)u= Ru,

where R denotes the scalar curvature of (M", g(¢t)). For more discussions on
Li—Yau—Hamilton estimate, we refer the reader to the surveys [7; 26], and the
monographs [13, Chapters 15-16; 14, Chapters 23-26].

In [20], Li and Zhang proved new Li—Yau—Hamilton estimates for positive
solutions to the heat equation and the backward conjugate heat equation under the
Ricci flow. Their estimate does not require the condition of parallel Ricci curvature.
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Theorem A (Li—Zhang). Let (M", g(t)), t € [0, T, be a complete solution to the
Ricci flow. Let u : M" x [0, T] — R be a positive solution to the heat equation

(1-9) ur — Agyu =0.

Suppose that (M", g(t)) has nonnegative sectional curvature and Ric < kg for some
constant k > 0. Then

(1-10) ViVilnu + 0

T_ o2 8ii =
forall (x,t) e M x (0, T).

Recently, Li, Liu and Ren [21] proved matrix Li—Yau—Hamilton estimates for
positive solutions to the heat equation and the backward conjugate heat equation
under the Kédhler—Ricci flow.

Theorem B (Li-Liu—Ren). Let (M", g(t)), t € [0, T, be a complete solution to
the g-Kdhler—Ricci flow
(1-11) 5&-;:—8]?”7

with nonnegative bisectional curvature and R; ; < kg;; for some constant k> 0. Let
u:M" x [0, T] — R be a positive solution to the heat equation

(1-12) t — Agqoyut = 0.
Then
(1-13) ViVjvlnu—I—mglij

forall (x,t) e M x (0, T).

Theorem C (Li—Liu—Ren). Let (M", g(t)), t € [0, T1, be a complete solution to
the ¢-Kdhler—Ricci flow with nonnegative bisectional curvature and R;; < kg;5 for
some constant k > 0. Let u : M" x [0, T]— R be a positive solution to the backward
conjugate heat equation

(1-14) U+ Agyt = eRu.

Suppose that n : (0, T) — (0, 00) is a smooth function satisfying the ordinary
differential inequality

k
(1-15) n/fnz—ekn—%

in (0, T) and that n(t) — oo ast — T. Then

(1-16) SRij‘-—ViVjTlnu—ngij‘-EO
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forall (x,t) e M x (0, T). In particular, we have

ek k
(1-17) sRi;—ViV]vlnu—(m"‘\/;)gi;SO.

In this paper, we firstly consider the matrix Li—Yau—Hamilton estimate for the
nonlinear heat equation under the Ricci flow and obtain the following.

Theorem 1.1. Let (M", g(t)), t € [0, T], be a compact solution to the Ricci flow
with nonnegative sectional curvature and Ric < kg for some constant k > 0. Let
v:M" x [0, T] — R be a solution to the nonlinear heat equation

(1-18) U = Agryv + Vo> + £ ()

with f"(v) > 0. Suppose that c(t) is a smooth function satisfying the ordinary
differential inequality

(1-19) C/(t)+2c2(t)—(f’(v)+2k)c(t) >0
in (0, T) and that c¢(t) — oo as t — 0. Then
(1-20) ViViv+c(t)gij = 0.

If f”(v) >0, and f’(v) <0, then solving the ordinary differential equation
(1-21) /(1) +2¢*(t) — 2ke(t) =0
leads to

c(t) = T

Therefore, we can get the following result.

Corollary 1.2. Let (M", g(t)), t € [0, T], be a compact solution to the Ricci flow.
Letv: M" x [0, T] = R be a solution to the nonlinear heat equation

(1-22) v = Agyv + [V + f(v),
where f"(v) > 0and f'(v) <0. Suppose that (M", g(t)) has nonnegative sectional

curvature and Ric < kg for some constant k > 0. Then

k
(1-23) V,-Vjv—i-mgij > 0.

Setting f(v) = av and v = Inu in Theorem 1.1, the nonlinear heat equation
turns out to be

(1-24) ur = Agipyu +aulnu.
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By solving the ordinary differential equation
(1-25) ¢ (1) +2¢3(1) — (a +2k)e(t) =0,
we have 1

c(t) = %.
Therefore, we have:

Corollary 1.3. Let (M", g(¢)),t € [0, T], be a compact solution to the Ricci flow.
Letu: M" x [0, T] — R be a positive solution to the nonlinear heat equation

(1-26) ur = Agyu+aulnu

for some constant a > 0. Suppose that (M", g(t)) has nonnegative sectional
curvature and Ric < kg for some constant k > 0. Then

k+%a
(1-27) ViV; lnu+mg1j =

0
forall (x,t) e M x (0, T).

We can also obtain the similar estimate for the nonlinear heat equations under
the ¢-Kéhler—Ricci flow.

Theorem 1.4. Let (M", g(¢)), t € [0, T], be a compact solution to the e-Kdhler—
Ricci flow with nonnegative bisectional curvature and R; 7 < kg, ; for some constant
k>0. Letv: M" x [0, T] — R be a solution to the nonlinear heat equation

(1-28) v = Agyv + VU2 + f(v)

with f"(v) > 0. Suppose that c(t) is a smooth function satisfying the ordinary
differential inequality

(1-29) (1) + (1) — (f () +ek)e(t) > 0
in (0, T) and that c(t) — +oo ast — 0. Then
(1-30) ViViv+c(t)g;5 = 0.

Setting f(v) = av and v =Inu in Theorem 1.4, we have:

Corollary 1.5. Let (M", g(t)),t € [0, T], be a compact solution to the e-Kdhler—
Ricci flow. Let u : M" x [0, T] — R be a positive solution to the nonlinear heat
equation

(1-31) ur = Agyu +aulnu
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for some constant a > 0. Suppose that (M", g(t)) has nonnegative bisectional
curvature and R;; < kg;; for some constant k > 0. Then

ek+a
(1-32) ViVJvlnu—Fmgi]zO
forall (x,t) e M x (0, T).

Remark 1.6. If we take a = 0 in Corollaries 1.3 and 1.5, then we have Theorems A
and B, respectively.

Finally, we will prove a matrix Li—Yau—Hamilton estimate for positive solutions
to the nonlinear backward conjugate heat equation coupled with the e-K#hler—Ricci
flow.

Theorem 1.7. Let (M", g(t)), t € [0, T, be a compact solution to the e-Kdihler—
Ricci flow with nonnegative bisectional curvature and R;; < kg; 5 for some constant
k>0.Letv:M" x[0, T] - R be a solution to the nonlinear backward conjugate
heat equation

(1-33) v+ Agyv = R — Vo[> + £ (v)
with f"(v) <0. Suppose that 1 : (0, T) — (0, 00) is a smooth function satisfying
the ordinary differential inequality
1

(1-34) n' < n*—(ek— f'()n - sk(f/(v) + ;)
in (0, T), and that n(t) - +ooast — T. Then
(1-35) SRijT—Vilenu—ng”‘-ﬁo
forall (x,t) e M x (0, T).

Setting f(v) =av and v =Inu in Theorem 1.7, we have:

Corollary 1.8. Let (M", g(t)),t € [0, T], be a compact solution to the e-Kdhler—
Ricci flow with nonnegative bisectional curvature and R;; < kg; 5 for some constant
k>0.Letu: M" x [0, T] — R be a positive solution to the nonlinear backward
conjugate heat equation

(1-36) ur+Agyu =eRu+aulnu.

Suppose that 1 : (0, T) — (0, 00) is a smooth function satisfying the ordinary
differential inequality

1
(1-37) n/fnz—(sk—a)n—8k<a+;>
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on (0, T) and that n(t) - oo ast — T. Then
(1-38) eRij—Vilenu—ngijfo
forall (x,t) e M x (0, T).

The rest of the paper is organized as follows. We devote Section 2 to the notation
and basic formulas in Riemannian geometry and Kihler geometry. In Section 3,
we provide evolution equations of geometric quantities under the Ricci flow and
the Kéhler—Ricci flow, respectively. In Section 4, we prove Theorems 1.1 and 1.4.
Section 5 presents the proof of Theorem 1.7.

2. Preliminaries

Let (M, g) be a Riemannian manifold and V be the Levi-Civita connection of the
metric g. Then the Riemann curvature tensor is defined by

2-1) R(X,Y)Z =VxVyZ—VyVxZ —Vix.yZ.

In local coordinate, its components are determined by

2.2) R 0 0 9 Rl d
axi’ axi ) gxk — Tikgxl”

We keep the notation

(2-3) Rijii = gim Rijx

as in [11]. The Ricci tensor is defined by

(2-4) Rij =R}

and scalar curvature is given by

(2-5) R=g"R;;.

We say that M has nonnegative sectional curvature if
(2-6) Rk,-jlvivj ww! >0

forall v, w € Tx M at x € M. We define Ricci curvature to be parallel if ViR;; =0
for all 7, j, k. To communicate covariant differentiation, we need the following
Ricci identities. If « is a 1-form, then

(2-7) ViV = V;Viaw — R 0.
Let M be a Kdhler manifold with Kéhler metric g; ;. The Kéhler form

(2-8) w=3v/—1g;:dz' A dT
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is a closed real (1, 1)-form, so we have

8&‘] _ 3gk] 881‘] _ 98t

2-9 = =, — = —,
(2-9) azk 07! azk 07/

The Christoffel symbols of the metric g, ; are given by

W08 1 _ 198k

k _
(2-10) Fij =8 9zd

e gz

where g/ = (g; f)_l. It is easy to see that Ff‘j is symmetric in i and j and F%/—_ is

symmetric in i and j. ‘
The curvature tensor of the metric g, 7 is defined as

. ary
(2-11) Rl .=—%  Ri=

_ppP
ikl — 9z ngRiki'

It is easy to see that R, 7,7 is symmetric in i and &, in j and [ and in pairs i j and /.
The second Bianchi identity in the Kéhler case reduces to

(2-12) VoRiii = ViRi;,1 ViR = ViR;jig-

M is said to have nonnegative holomorphic bisectional curvature if

v v wkw! >0

(2-13) Ri]T 7

for all nonzero vectors v and w in the holomorphic tangent space T, M at x € M.
The Ricci tensor of the metric g; 5 is obtained by taking the trace of the curvature
tensor:

(2-14) R =g" "R,

and the scalar curvature is given by
(2-15) R=g"R;;.

Finally, we give the commutation formulae for covariant differentiations in Kihler
geometry. Covariant differentiations of the same type can be commuted freely, e.g.,

(2-16) Vijv,- = Vijv,-, V];V]TU,' = V]‘-V];Ui.

But we shall need following formulae when commuting covariant derivatives of
different types

2-17) Vijfv,- = V;Vkvi — kail_vl'
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3. Evolution equations

Let (M", g(t)), t € [0, T], be a solution to the Ricci flow. In order to give the proof
of Theorems 1.1 and 1.4, we give some lemma and propositions used in the proof.
It should be pointed out that all the computations are taken in normal coordinate.

Lemma 3.1 [20]. Under the Ricci flow, we have
B-1) (0, —eAL)ViV;if)=V;V;(0;—eA) f+(1—&)(ViRjx+VRix —ViRij)) Vi f
for any smooth function f(x,t).

Let v: M" x [0, T] — R be a solution to the nonlinear heat-type equation
(3-2) (at—sAg(t))v:8R+8|Vv|2+f(v).

We will derive the evolution equation of H;; := V;V;Inu. In the following, A,
denotes the Lichnerowicz Laplacian acting on symmetric two-tensors via

(3-3) Aphij = Ahij +2Rigjihy — Rixh ji — Rjchiy.
We can get the following proposition.
Proposition 3.2. Under the Ricci flow, we have
(3-4) (0 —eA)H;;
=8V, VR +2e(H} + RigjiVivViv + Vi H;; Vi)
+ (1 —&)(ViRjx + V;Rix — ViR;j) Vv
+eQRijiHu—Rix Hix— R jx Hip)+ " (v)VivVjv+ f (v) Vi Vv,
where Hl%. = Hji Hjy.
Proof. Since v is a solution to (3-2), v satisfies
(3-5) (0, —eA)v =S8R +¢|Vv|* + f(v).
We calculate that
(3-6) V;V;|V]? = V;V,;(VivViv)
= V,’(Vjvkvvkv + VkijVkv)
= ZVI' (Vijkav)
= 2Vi(ViV;0) Vv + 2Ri Viv Vv + 2H
=2H} + 2R ji VivViv + 2V Hij V.
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Applying Lemma 3.1 to f = v yields
(3-7) (3 —eAL)H;j = ViV;(e|Vv[> + R+ f(v))
+ 1 —=e)(ViRjx +VRix — ViR;j) Vv
= 8V;V;R +2e(H? + Rij1VivVev + Vi Hi; Viv)
+ (1 —=&)(ViRjx +V;Rix — ViR;j)Viv
+ f"()VivVjv + f(v)V;V;v.
Combining with the identity
(3-3) ArH;j = AH;j +2Ri;jiHy — RixHjx — R ji Hix,
we obtain
(3-9) (3 —eA)Hj = 8ViV;R +2e(HY + Rigj1 VivVev + Vi Hy; Vi)
+eQRikjiHy — RixHjix — Rjx Hix)
+ (1 —e)(ViRjx+ VRix — VkR;ij)Viv
+ f"()VivVjv+ f'(v)V; V.
The proof is complete. (|

Let (M", g(t)), t € [0, T], be a solution to the ¢-K&hler—Ricci flow. Let v :
M" x [0, T] — R be a solution to the nonlinear heat-type equation

(3-10) (3 —8Agy)v =R +8|Vv|* + f(v).

We will derive the evolution equation of H, Fi= V; V]- Inu=V;V V.
For simplicity of notation, we write A := Ag(y, v = Inu, Hj; := V; Vv and

H;p :=V;Viv. Moreover, Ay, denotes the complex Lichnerowicz Laplacian acting

on real (1,1)-tensors via
(3-11) Aphis = Ahis+ Risiphyg — 3 Righ s — 3R i
In order to give the proof of Theorem 1.4, we need following proposition.
Proposition 3.3. In the setting described above, we have
(3-12) (0;— (SAL)H”T =0V; VJTR +8(Hl-,;ijf—|— H,-kij,; + Ri,;,ijkvVI-v)
+8(ViH; i Viv+ Vi H; :Viw) + f7 (0) Viv Vo + f/(0) V; V.

Proof. We calculate that
(3-13) (0r —=8AL)H;; = Vi V;(3; —6A)v

= ViVi(0R+8|Vv[* + f(v))

=0V V;R+38V;V;|Vo|* + V; Vi f (v),
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Commuting covariant derivatives produces

(3-14) V;V; V| = HijiHy;+ Hi Hyp + Ry 7 VieoViv+ VieH 5 Viv+ Vi H 5 Viw.

Hence, we obtain

(3-15) (9 —8AL)H;;=0V,V;R+6(H;; H;+ Hix Hp + Ry Vv Viv)
+8(VieH;;Viv+ Vi H; ;Viv) + " (0) Viv Vv + f' () Vi V.

The proof is complete. O

4. Matrix estimates for the nonlinear heat equation
In this section we will prove Theorems 1.1 and 1.4.

Proof of Theorem 1.1. Setting ¢ = 1, § = 0 in (3-4), we have that H;; :=V;V, Inu
satisfies

@4-1) @ —AH;; = 2Hl%- +2Rikj1VivViv +2Vi H;jViv + 2R ji Hy
— RixHjx — RjxHix + f"(v)VivVjv+ f'(v)Vi Vv,
where Hl%. := Hji Hji. We define
4-2) Z,‘j = Hij+C(l)gij.
Straightforward computation yields that
(4-3) 2H,%~ +2Rjkji Hyy — Rix Hjx — R ji Hyy,
=27 —4cZij+2c7gij + 2Rixj1 Zu — RieZji — Rjx Zix.
Combining with the identity (4-1), we get that
(0 —A)Z;j = (0, —A)(H;j+c(1)gij)
= (0, —A)YH;j+(3; — A)(c(t)gij)
= 22,-?,- —4cZ;; +2ngij +2Rikj1Zi — Rik Zjk — Rjk Zix +2Rixji VivViv
+2ViZijViv+ f (0 Hij+ " (v)VivVjv+c'gij —2cR;;
= 2Zi2j —4¢cZij+2RikjiZki — Rik Z jk — Rjk Zik +2Rixji VivViv

+2ViZijViv+ f (V) Zij+ f" (v)VivVjv
+(c'+2¢2— f'(v)e—2ke) gij+2c(kgi; — Rij).

Using 2Rk VivViv > 0, R;j <kgij, f”(v) > 0 and the condition that ¢ () satisfies

(4-4) ¢ (t) +2c2(t) — (f (v) +2k)ce(t) > 0,
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we obtain that
4-5) (3 — D) Zij 227} —4cZij +2Riwji Zu — RiZjk — R Zi
+ f/(U)Zij + 2VkZiijv.

Since M is compact and ¢(t) — oo as t — 0T, we have Z;; > 0 as  — 0T. Then
the tensor maximum principle of Hamilton implies that Z;; > O for all 7 € [0, T],
as it is obvious that

(4-6) 277 —4cZij +2Rij1 Zi — RieZji — Rjx Zix + [ (v) Zij
is nonnegative at a null-eigenvector of Z;;. O

We now turn to the proof of Theorem 1.4.
Proof of Theorem 1.4. Setting § = 1, 0 = 0 in (3-12), we have that H;; := V;V;Inu
satisfies
@4-7) (0 — AL)HiJT = Hilekf + HikHj]E + Ri];ljvkvvl‘v + VkHiJTV];U
+ ViH;;Viv + f//(v)Vivav + f’(v)V,-V]fv.

We define

(4-8) Zl-]T = Hl.]-—i-c(t)gi]f.

It follows from

(4-9) HyiHs =22 —2c() Z;5+ P (0)g;5
that

(0 —Ap)Z;; = (0 — AL)(H;;+c(0)g;7)
= (0 — A H;5+ (8 — Ap)(c(1)g;7)
= HilEH]k + H,'kH]?,; + Ri,;l]V[UVkv + VkHij-V,;U + VIEHiijU
+ f/(v)Hl-J- + f”(v)VivVva + c/(t)gijf —ec(DR;;
= HiuHj;+ Zi3Z; —2¢() Z; 5+ Ry VivViv + Vi H; 5Viv
+ ViH;Viv+ f'(0)Z;5+ f"(0)VivViv
+ (@O + @) = (ek+ f'W))e() g7 +ect)(kg;; — R;7).
Using R,z VivViv > 0, R;; <kg;;5, f"(v) = 0 and the condition that c(7) satisfies
(4-10) ¢'(t) + (1) — (ek + [ ()e(t) 20,
we obtain that

@A-11) O = AL)Z;5 > Zi3 245 —2c(0) 25+ Vi Zi5Viv + Vi ZiViv + f(0) Z; 5.
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Noticing that Z;;zZ, 7, —2¢(t)Z;; and f'(v)Z;; satisfy the null-eigenvector con-
dition in Hamilton’s tensor maximum principle [16] and Z; 7 (x, t) — oo uniformly
as t — 0, we conclude that Zi]r(x, t)>0on M x (0, T). ]

5. Matrix estimates for the nonlinear backward conjugate heat equation

Proof of Theorem 1.7. By using Proposition 3.3 with § = —1 and 6 = ¢, we have

(5-1) —(8,+AL)HI»]‘- = —SV,'V]‘-R-i-Hi,;HkJT-i-HikH]f,;-i-Ri];lkavVl‘v
+VkHi.;V,;v+V,;Hiijv—f”(v)VivVva—f/(v)ViV]v.

Under the e-Kéhler—Ricci flow, we have (see [12, page 123])

(5-2) 8,Rii=8ALRiJT=8V,'V]‘~R,

which yields

(5-3) (O + AL (eR;;) = (AR;; + Ri5i Ris — RizR;5) +eViViR.

Also, we have

(5-4) —(B + AL (ng;7) = —n'g;; +enR;;.
Set
(5-5) Zi]T = sRi]—Hi]—U(f)gij-

Combining the above evolution equations together, we derive that
(0 +AL)Z;; =0+ AL)(ER;; — Hi; —n(1)g;5)
= (0 +AL)(eR;;) — (O + Ap)H;; — (0 + Ap)(n(2)g;5)
= H;pHy; + Hi Hyp + Ry ;VivViv + Vi H 5Viv + Vi H 5 Vi
+ & (AR;; + R 5 Ryp — Rig Ry ) — /() Viv Vv
— f{(WViViv—1'g;5 +enR;;
= HyH; + HyHi; — € R R ; — Vi Z, Vi — Vi Z;5Viw
+ SZ(ARI-]T + R R+ glzRi,;,]VkvV,-v>
(1 1 1 / /
+e (EVkRijV,;v + ngvV,;Rij + 5&;) +fWZi;—ng;

&
n SUR,']T _ f”(U)ViUVjTU — ;Rl]— _ f’(U)ERiJT + f/(v)ﬂgij.
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Using the identity
(5-6) —5Ziz(eRy;+ Hyj —ngi) — 53R + Hip — 1gi0) Zy 5
= Hi,;HkJr — szRi,;Rk]f + 2877Rl-]7 - nzgi]-,
we get
&

(5-7) B +ALZj;=HyHiz+ 0" —n' +nf (v)g;; — (8n +o+ f’(v)8> R;;

— VkZl.jV,;v - V];Zijvkv

1
2
te (ARz’f + RijieRig + E—ZanzijvViv)

1 1 1
2

+¢ (EV](RU‘VEU =+ gkaV];R”- + ERIJ_)

Ry g =)~ KR+ =107

+ ' WZ; ~ f')VivV;v.
Now for the e-Kihler—Ricci flow, Cao’s matrix Harnack estimate [1] with X; = éVz‘ v
implies that
(5-8) 0= ARif+Ri]ll€ka+;Ril%ljvkvviv‘f‘ngRi;V;;v—l-ngvV,;Ri]—i—ERl.],

Using R;; < kg;; and (1-34), we have

(59 =0+ fWng;— <8n + ? + f’(v)8> R;;

2 1 / ek /
z "=+ S —ekn — — = flvke |g;;
> 0.
Therefore, we have
(5-10) (o, + AL)Z,'] + VkZ,']VIEU + V,;Zijvkv - f/(U)Zij + f//(U)ViUVjU
= _%ZiIE(SRk] + H; —ngyj) — 3R+ Hip — n8it) Zyj-
Observing that the right-hand side of the above inequality satisfies the null-

eigenvector condition in Hamilton’s tensor maximum principle [16] and Z; ]v(x, t)
— —oo uniformly as + — T, we conclude that Zijv(x, t)<0onMx (0, 7). 0O
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