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MATRIX LI–YAU–HAMILTON ESTIMATES FOR
NONLINEAR HEAT EQUATIONS UNDER GEOMETRIC FLOWS

SHA YAO, HAO-YUE LIU AND XIN-AN REN

We are concerned with the matrix Li–Yau–Hamilton estimates for nonlinear
heat equations. Firstly, we derive such an estimate for positive solutions
to the nonlinear heat equations under the Ricci flow. Then we consider
the estimates for positive solutions to the nonlinear heat equations and the
nonlinear backward conjugate heat equations under the Kähler–Ricci flow.

1. Introduction

The research of differential Harnack inequalities for parabolic equations on Riemann-
ian manifolds originated in Li and Yau’s celebrated paper [19], in which they got a
differential Harnack inequality for positive solutions of the heat equation by using the
maximum principle. They also derived a classical Harnack inequality of Moser [23]
from their estimates. Later, the inequality was extended to a matrix version by
Hamilton [18]. For curvature flows, Hamilton discovered a matrix differential
Harnack inequality for Ricci flow [17]. This is often referred to as a matrix estimate.
So these types of Harnack inequalities were called Li–Yau–Hamilton estimates
in [27]. For Kähler–Ricci flow, Cao [1] obtained the matrix Li–Yau–Hamilton
estimate. Similar Li–Yau–Hamilton estimates for Gauss curvature flow and Yamabe
flow were proved by Chow in [4; 5]. If the Riemannian metric evolves by Ricci flow,
Chow and Chu gave a nice geometric interpretation of Hamilton quantities in the
Li–Yau–Hamilton estimate in [8]. In subsequent papers, Chow [6], as well as Chow
and Chu [9], further deepened their understanding from this perspective. Using
this geometric approach, Chow and Knopf gave a new Li–Yau–Hamilton estimate
for Ricci flow in [10]. In [2], Cao and Ni extended the matrix Li–Yau–Hamilton
estimate for heat equation on Riemannian manifolds to Kähler manifolds. Later,
Chow and Ni [25] established a matrix Li–Yau–Hamilton estimate for the forward
conjugate heat equation under the Kähler–Ricci flow. In [24], Ni more generally
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discussed the monotonicity and the related results of geometric interpretation of
the linear trace Li–Yau–Hamilton on Kähler–Ricci flow. Analogous estimates were
obtained by Ren, Yao, Shen and Zhang [30] in the constrained case.

Yau [34] considered the gradient and Hessian estimates for positive solutions of

(1-1) ut = 1u − V u,

where V = h(x) + k(u). By setting v = ln u, one has

(1-2) vt = 1v + |∇v|
2
− k(ev) − h(x).

Later, Ma, Zhao and Song [22] generalized the gradient estimates to degenerate
parabolic equations

(1-3) ut = 1F(u) + H(u).

Xu [32] considered the gradient estimates of Hamilton type for degenerate parabolic
equations

(1-4) ut = 1F(u).

In [3], the authors derived the gradient estimate for nonlinear heat equation

(1-5) ut = 1u + au ln u.

This estimate is sharp if the Ricci curvature is nonnegative. The matrix version of
this estimate on Riemannian manifolds was obtained by Wu [31] and on Kähler
manifolds by Ren [29]. Moreover, the authors [33] extended the matrix Li–Yau–
Hamilton estimates for semilinear parabolic equation

(1-6)
∂

∂t
L = 1L + G(|∇L|

2) + F(L).

When the metrics are evolved by the Ricci flow [11; 15]

(1-7)
∂

∂t
gi j = −2Ri j ,

Perelman [28] discovered a new differential Harnack estimate for the fundamental
solution of the backward conjugate heat equation

(1-8) ∂t u + 1g(t)u = Ru,

where R denotes the scalar curvature of (Mn, g(t)). For more discussions on
Li–Yau–Hamilton estimate, we refer the reader to the surveys [7; 26], and the
monographs [13, Chapters 15–16; 14, Chapters 23–26].

In [20], Li and Zhang proved new Li–Yau–Hamilton estimates for positive
solutions to the heat equation and the backward conjugate heat equation under the
Ricci flow. Their estimate does not require the condition of parallel Ricci curvature.
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Theorem A (Li–Zhang). Let (Mn, g(t)), t ∈ [0, T ], be a complete solution to the
Ricci flow. Let u : Mn

× [0, T ] → R be a positive solution to the heat equation

(1-9) ut − 1g(t)u = 0.

Suppose that (Mn, g(t)) has nonnegative sectional curvature and Ric ≤ kg for some
constant k > 0. Then

(1-10) ∇i∇ j ln u +
k

1 − e−2kt gi j ≥ 0

for all (x, t) ∈ M × (0, T ).

Recently, Li, Liu and Ren [21] proved matrix Li–Yau–Hamilton estimates for
positive solutions to the heat equation and the backward conjugate heat equation
under the Kähler–Ricci flow.

Theorem B (Li–Liu–Ren). Let (Mn, g(t)), t ∈ [0, T ], be a complete solution to
the ε-Kähler–Ricci flow

(1-11)
∂

∂t
gi j̄ = −εRi j̄

with nonnegative bisectional curvature and Ri j̄ ≤ kgi j̄ for some constant k > 0. Let
u : Mn

× [0, T ] → R be a positive solution to the heat equation

(1-12) ut − 1g(t)u = 0.

Then

(1-13) ∇i∇ j̄ ln u +
εk

1 − e−εkt gi j̄ ≥ 0

for all (x, t) ∈ M × (0, T ).

Theorem C (Li–Liu–Ren). Let (Mn, g(t)), t ∈ [0, T ], be a complete solution to
the ε-Kähler–Ricci flow with nonnegative bisectional curvature and Ri j̄ ≤ kgi j̄ for
some constant k > 0. Let u : Mn

×[0, T ] → R be a positive solution to the backward
conjugate heat equation

(1-14) ut + 1g(t)u = εRu.

Suppose that η : (0, T ) → (0, ∞) is a smooth function satisfying the ordinary
differential inequality

(1-15) η′
≤ η2

− εkη −
εk
t

in (0, T ) and that η(t) → ∞ as t → T . Then

(1-16) εRi j̄ − ∇i∇ j̄ ln u − ηgi j̄ ≤ 0
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for all (x, t) ∈ M × (0, T ). In particular, we have

(1-17) εRi j̄ − ∇i∇ j̄ ln u −

(
εk

1 − e−εk(T −t) +

√
k
t

)
gi j̄ ≤ 0.

In this paper, we firstly consider the matrix Li–Yau–Hamilton estimate for the
nonlinear heat equation under the Ricci flow and obtain the following.

Theorem 1.1. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the Ricci flow
with nonnegative sectional curvature and Ric ≤ kg for some constant k > 0. Let
v : Mn

× [0, T ] → R be a solution to the nonlinear heat equation

(1-18) vt = 1g(t)v + |∇v|
2
+ f (v)

with f ′′(v) ≥ 0. Suppose that c(t) is a smooth function satisfying the ordinary
differential inequality

(1-19) c′(t) + 2c2(t) − ( f ′(v) + 2k)c(t) ≥ 0

in (0, T ) and that c(t) → ∞ as t → 0+. Then

(1-20) ∇i∇ jv + c(t)gi j ≥ 0.

If f ′′(v) ≥ 0, and f ′(v) ≤ 0, then solving the ordinary differential equation

(1-21) c′(t) + 2c2(t) − 2kc(t) = 0

leads to

c(t) =
k

1 − e−2kt .

Therefore, we can get the following result.

Corollary 1.2. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the Ricci flow.
Let v : Mn

× [0, T ] → R be a solution to the nonlinear heat equation

(1-22) vt = 1g(t)v + |∇v|
2
+ f (v),

where f ′′(v) ≥ 0 and f ′(v) ≤ 0. Suppose that (Mn, g(t)) has nonnegative sectional
curvature and Ric ≤ kg for some constant k > 0. Then

(1-23) ∇i∇ jv +
k

1 − e−2kt gi j ≥ 0.

Setting f (v) = av and v = ln u in Theorem 1.1, the nonlinear heat equation
turns out to be

(1-24) ut = 1g(t)u + au ln u.
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By solving the ordinary differential equation

(1-25) c′(t) + 2c2(t) − (a + 2k)c(t) = 0,

we have

c(t) =
k +

1
2a

1 − e−(2k+a)t .

Therefore, we have:

Corollary 1.3. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the Ricci flow.
Let u : Mn

× [0, T ] → R be a positive solution to the nonlinear heat equation

(1-26) ut = 1g(t)u + au ln u

for some constant a ≥ 0. Suppose that (Mn, g(t)) has nonnegative sectional
curvature and Ric ≤ kg for some constant k > 0. Then

(1-27) ∇i∇ j ln u +
k +

1
2a

1 − e−(2k+a)t gi j ≥ 0

for all (x, t) ∈ M × (0, T ).

We can also obtain the similar estimate for the nonlinear heat equations under
the ε-Kähler–Ricci flow.

Theorem 1.4. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the ε-Kähler–
Ricci flow with nonnegative bisectional curvature and Ri j̄ ≤ kgi j̄ for some constant
k > 0. Let v : Mn

× [0, T ] → R be a solution to the nonlinear heat equation

(1-28) vt = 1g(t)v + |∇v|
2
+ f (v)

with f ′′(v) ≥ 0. Suppose that c(t) is a smooth function satisfying the ordinary
differential inequality

(1-29) c′(t) + c2(t) − ( f ′(v) + εk)c(t) ≥ 0

in (0, T ) and that c(t) → +∞ as t → 0. Then

(1-30) ∇i∇ j̄v + c(t)gi j̄ ≥ 0.

Setting f (v) = av and v = ln u in Theorem 1.4, we have:

Corollary 1.5. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the ε-Kähler–
Ricci flow. Let u : Mn

× [0, T ] → R be a positive solution to the nonlinear heat
equation

(1-31) ut = 1g(t)u + au ln u
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for some constant a ≥ 0. Suppose that (Mn, g(t)) has nonnegative bisectional
curvature and Ri j̄ ≤ kgi j̄ for some constant k > 0. Then

(1-32) ∇i∇ j̄ ln u +
εk + a

1 − e−(εk+a)t gi j̄ ≥ 0

for all (x, t) ∈ M × (0, T ).

Remark 1.6. If we take a = 0 in Corollaries 1.3 and 1.5, then we have Theorems A
and B, respectively.

Finally, we will prove a matrix Li–Yau–Hamilton estimate for positive solutions
to the nonlinear backward conjugate heat equation coupled with the ε-Kähler–Ricci
flow.

Theorem 1.7. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the ε-Kähler–
Ricci flow with nonnegative bisectional curvature and Ri j̄ ≤ kgi j̄ for some constant
k > 0. Let v : Mn

× [0, T ] → R be a solution to the nonlinear backward conjugate
heat equation

(1-33) vt + 1g(t)v = εR − |∇v|
2
+ f (v)

with f ′′(v) ≤ 0. Suppose that η : (0, T ) → (0, ∞) is a smooth function satisfying
the ordinary differential inequality

(1-34) η′
≤ η2

− (εk − f ′(v))η − εk
(

f ′(v) +
1
t

)
in (0, T ), and that η(t) → +∞ as t → T . Then

(1-35) εRi j̄ − ∇i∇ j̄ ln u − ηgi j̄ ≤ 0

for all (x, t) ∈ M × (0, T ).

Setting f (v) = av and v = ln u in Theorem 1.7, we have:

Corollary 1.8. Let (Mn, g(t)), t ∈ [0, T ], be a compact solution to the ε-Kähler–
Ricci flow with nonnegative bisectional curvature and Ri j̄ ≤ kgi j̄ for some constant
k > 0. Let u : Mn

× [0, T ] → R be a positive solution to the nonlinear backward
conjugate heat equation

(1-36) ut + 1g(t)u = εRu + au ln u.

Suppose that η : (0, T ) → (0, ∞) is a smooth function satisfying the ordinary
differential inequality

(1-37) η′
≤ η2

− (εk − a)η − εk
(

a +
1
t

)



MATRIX LI–YAU–HAMILTON ESTIMATES FOR NONLINEAR HEAT EQUATIONS 25

on (0, T ) and that η(t) → ∞ as t → T . Then

(1-38) εRi j̄ − ∇i∇ j̄ ln u − ηgi j̄ ≤ 0

for all (x, t) ∈ M × (0, T ).

The rest of the paper is organized as follows. We devote Section 2 to the notation
and basic formulas in Riemannian geometry and Kähler geometry. In Section 3,
we provide evolution equations of geometric quantities under the Ricci flow and
the Kähler–Ricci flow, respectively. In Section 4, we prove Theorems 1.1 and 1.4.
Section 5 presents the proof of Theorem 1.7.

2. Preliminaries

Let (M, g) be a Riemannian manifold and ∇ be the Levi-Civita connection of the
metric g. Then the Riemann curvature tensor is defined by

(2-1) R(X, Y )Z = ∇X∇Y Z − ∇Y ∇X Z − ∇[X,Y ]Z .

In local coordinate, its components are determined by

(2-2) R
(

∂

∂x i ,
∂

∂x j

)
∂

∂xk = Rl
i jk

∂

∂x l .

We keep the notation

(2-3) Ri jkl = glm Rm
i jk

as in [11]. The Ricci tensor is defined by

(2-4) Ri j = Rk
ki j

and scalar curvature is given by

(2-5) R = gi j Ri j .

We say that M has nonnegative sectional curvature if

(2-6) Rki jlv
iv jwkwl

≥ 0

for all v, w ∈ Tx M at x ∈ M . We define Ricci curvature to be parallel if ∇k Ri j = 0
for all i, j, k. To communicate covariant differentiation, we need the following
Ricci identities. If α is a 1-form, then

(2-7) ∇i∇ jαk = ∇ j∇iαk − Rl
i jkαl .

Let M be a Kähler manifold with Kähler metric gi j̄ . The Kähler form

(2-8) ω =
1
2

√
−1gi j̄ dzi

∧ dz̄ j
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is a closed real (1, 1)-form, so we have

(2-9)
∂gi j̄

∂zk =
∂gk j̄

∂zi ,
∂gi j̄

∂ z̄k =
∂gi k̄

∂ z̄ j .

The Christoffel symbols of the metric gi j̄ are given by

(2-10) 0k
i j = gkl̄ ∂gi l̄

∂z j , 0l̄
ī j̄ = gkl̄ ∂gk j̄

∂ z̄i ,

where gi j̄
= (gi j̄ )

−1. It is easy to see that 0k
i j is symmetric in i and j and 0l̄

ī j̄
is

symmetric in ī and j̄ .
The curvature tensor of the metric gi j̄ is defined as

(2-11) R j
ikl̄

=
∂0

j
ik

∂ z̄l , Ri j̄ kl̄ = gp j̄ R p
ikl̄

.

It is easy to see that Ri j̄ kl̄ is symmetric in i and k, in j̄ and l̄ and in pairs i j̄ and kl̄.
The second Bianchi identity in the Kähler case reduces to

(2-12) ∇p Ri j̄ kl̄ = ∇k Ri j̄ pl̄, ∇q̄ Ri j̄ kl̄ = ∇l̄ Ri j̄ kq̄ .

M is said to have nonnegative holomorphic bisectional curvature if

(2-13) Ri j̄ kl̄v
iv j̄wkwl̄

≥ 0

for all nonzero vectors v and w in the holomorphic tangent space Tx M at x ∈ M .
The Ricci tensor of the metric gi j̄ is obtained by taking the trace of the curvature

tensor:

(2-14) Ri j̄ = gkl̄ Ri j̄ kl̄,

and the scalar curvature is given by

(2-15) R = gi j̄ Ri j̄ .

Finally, we give the commutation formulae for covariant differentiations in Kähler
geometry. Covariant differentiations of the same type can be commuted freely, e.g.,

(2-16) ∇k∇ jvi = ∇ j∇kvi , ∇k̄∇ j̄vi = ∇ j̄∇k̄vi .

But we shall need following formulae when commuting covariant derivatives of
different types

(2-17) ∇k∇ j̄vi = ∇ j̄∇kvi − Rk j̄ i l̄vl .
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3. Evolution equations

Let (Mn, g(t)), t ∈ [0, T ], be a solution to the Ricci flow. In order to give the proof
of Theorems 1.1 and 1.4, we give some lemma and propositions used in the proof.
It should be pointed out that all the computations are taken in normal coordinate.

Lemma 3.1 [20]. Under the Ricci flow, we have

(3-1) (∂t −ε1L)(∇i∇ j f ) = ∇i∇ j (∂t −ε1) f +(1−ε)(∇i R jk +∇ j Rik −∇k Ri j )∇k f

for any smooth function f (x, t).

Let v : Mn
× [0, T ] → R be a solution to the nonlinear heat-type equation

(3-2) (∂t − ε1g(t))v = δR + ε |∇v|
2
+ f (v).

We will derive the evolution equation of Hi j := ∇i∇ j ln u. In the following, 1L

denotes the Lichnerowicz Laplacian acting on symmetric two-tensors via

(3-3) 1Lhi j = 1hi j + 2Rik jlhkl − Rikh jk − R jkhik .

We can get the following proposition.

Proposition 3.2. Under the Ricci flow, we have

(3-4) (∂t − ε1)Hi j

= δ∇i∇ j R + 2ε(H 2
i j + Rik jl∇kv∇lv + ∇k Hi j∇kv)

+ (1 − ε)(∇i R jk + ∇ j Rik − ∇k Ri j )∇kv

+ε(2Rik jl Hkl−Rik H jk−R jk Hik)+ f ′′(v)∇iv∇ jv+ f ′(v)∇i∇ jv,

where H 2
i j := Hik H jk .

Proof. Since v is a solution to (3-2), v satisfies

(3-5) (∂t − ε1)v = δR + ε |∇v|
2
+ f (v).

We calculate that

(3-6) ∇i∇ j |∇v|
2
= ∇i∇ j (∇kv∇kv)

= ∇i (∇ j∇kv∇kv + ∇kv∇ j∇kv)

= 2∇i (∇ j∇kv∇kv)

= 2∇k(∇i∇ jv)∇kv + 2Rik jl∇lv∇kv + 2H 2
i j

= 2H 2
i j + 2Rik jl∇lv∇kv + 2∇k Hi j∇kv.
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Applying Lemma 3.1 to f = v yields

(3-7) (∂t − ε1L)Hi j = ∇i∇ j (ε|∇v|
2
+ δR + f (v))

+ (1 − ε)(∇i R jk + ∇ j Rik − ∇k Ri j )∇kv

= δ∇i∇ j R + 2ε(H 2
i j + Rik jl∇lv∇kv + ∇k Hi j∇kv)

+ (1 − ε)(∇i R jk + ∇ j Rik − ∇k Ri j )∇kv

+ f ′′(v)∇iv∇ jv + f ′(v)∇i∇ jv.

Combining with the identity

(3-8) 1L Hi j = 1Hi j + 2Rik jl Hkl − Rik H jk − R jk Hik,

we obtain

(3-9) (∂t − ε1)Hi j = δ∇i∇ j R + 2ε(H 2
i j + Rik jl∇lv∇kv + ∇k Hi j∇kv)

+ ε(2Rik jl Hkl − Rik H jk − R jk Hik)

+ (1 − ε)(∇i R jk + ∇ j Rik − ∇k Ri j )∇kv

+ f ′′(v)∇iv∇ jv + f ′(v)∇i∇ jv.

The proof is complete. □

Let (Mn, g(t)), t ∈ [0, T ], be a solution to the ε-Kähler–Ricci flow. Let v :

Mn
× [0, T ] → R be a solution to the nonlinear heat-type equation

(3-10) (∂t − δ1g(t))v = θ R + δ |∇v|
2
+ f (v).

We will derive the evolution equation of Hi j̄ := ∇i∇ j̄ ln u = ∇i∇ j̄v.
For simplicity of notation, we write 1 := 1g(t), v = ln u, Hik := ∇i∇kv and

H j̄ k̄ := ∇ j̄∇k̄v. Moreover, 1L denotes the complex Lichnerowicz Laplacian acting
on real (1,1)-tensors via

(3-11) 1Lhi j̄ := 1hi j̄ + Ri j̄ l k̄hkl̄ −
1
2 Ri l̄hl j̄ −

1
2 Rk j̄ hi k̄ .

In order to give the proof of Theorem 1.4, we need following proposition.

Proposition 3.3. In the setting described above, we have

(3-12) (∂t −δ1L)Hi j̄ = θ∇i∇ j̄ R+δ(Hi k̄ Hk j̄ + Hik H j̄ k̄ + Ri k̄l j̄∇kv∇l̄v)

+δ(∇k Hi j̄∇k̄v+∇k̄ Hi j̄∇kv)+ f ′′(v)∇iv∇ j̄v+ f ′(v)∇i∇ j̄v.

Proof. We calculate that

(3-13) (∂t − δ1L)Hi j̄ = ∇i∇ j̄ (∂t − δ1)v

= ∇i∇ j̄ (θ R + δ |∇v|
2
+ f (v))

= θ∇i∇ j̄ R + δ∇i∇ j̄ |∇v|
2
+ ∇i∇ j̄ f (v),



MATRIX LI–YAU–HAMILTON ESTIMATES FOR NONLINEAR HEAT EQUATIONS 29

Commuting covariant derivatives produces

(3-14) ∇i∇ j̄ |∇v|
2
= Hi k̄ Hk j̄ + Hik H j̄ k̄ + Ri k̄l j̄∇kv∇l̄v+∇k Hi j̄∇k̄v+∇k̄ Hi j̄∇kv.

Hence, we obtain

(3-15) (∂t −δ1L)Hi j̄ = θ∇i∇ j̄ R+δ(Hi k̄ Hk j̄ + Hik H j̄ k̄ + Ri k̄l j̄∇kv∇l̄v)

+δ(∇k Hi j̄∇k̄v+∇k̄ Hi j̄∇kv)+ f ′′(v)∇iv∇ j̄v+ f ′(v)∇i∇ j̄v.

The proof is complete. □

4. Matrix estimates for the nonlinear heat equation

In this section we will prove Theorems 1.1 and 1.4.

Proof of Theorem 1.1. Setting ε = 1, δ = 0 in (3-4), we have that Hi j := ∇i∇ j ln u
satisfies

(4-1) (∂t − 1)Hi j = 2H 2
i j + 2Rik jl∇lv∇kv + 2∇k Hi j∇kv + 2Rik jl Hkl

− Rik H jk − R jk Hik + f ′′(v)∇iv∇ jv + f ′(v)∇i∇ jv,

where H 2
i j := Hik H jk . We define

(4-2) Zi j := Hi j + c(t)gi j .

Straightforward computation yields that

(4-3) 2H 2
i j + 2Rik jl Hkl − Rik H jk − R jk Hik

= 2Z2
i j − 4cZi j + 2c2gi j + 2Rik jl Zkl − Rik Z jk − R jk Zik .

Combining with the identity (4-1), we get that

(∂t −1)Zi j = (∂t −1)(Hi j +c(t)gi j )

= (∂t −1)Hi j +(∂t −1)(c(t)gi j )

= 2Z2
i j −4cZi j +2c2gi j +2Rik jl Zkl −Rik Z jk −R jk Zik +2Rik jl∇lv∇kv

+2∇k Zi j∇kv+ f ′(v)Hi j + f ′′(v)∇iv∇ jv+c′gi j −2cRi j

= 2Z2
i j −4cZi j +2Rik jl Zkl −Rik Z jk −R jk Zik +2Rik jl∇lv∇kv

+2∇k Zi j∇kv+ f ′(v)Zi j + f ′′(v)∇iv∇ jv

+(c′
+2c2

− f ′(v)c−2kc)gi j +2c(kgi j −Ri j ).

Using 2Rik jl∇lv∇kv ≥ 0, Ri j ≤ kgi j , f ′′(v) ≥ 0 and the condition that c(t) satisfies

(4-4) c′(t) + 2c2(t) − ( f ′(v) + 2k)c(t) ≥ 0,
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we obtain that

(4-5) (∂t − 1)Zi j ≥ 2Z2
i j − 4cZi j + 2Rik jl Zkl − Rik Z jk − R jk Zik

+ f ′(v)Zi j + 2∇k Zi j∇kv.

Since M is compact and c(t) → ∞ as t → 0+, we have Zi j ≥ 0 as t → 0+. Then
the tensor maximum principle of Hamilton implies that Zi j ≥ 0 for all t ∈ [0, T ],
as it is obvious that

(4-6) 2Z2
i j − 4cZi j + 2Rik jl Zkl − Rik Z jk − R jk Zik + f ′(v)Zi j

is nonnegative at a null-eigenvector of Zi j . □

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4. Setting δ = 1, θ = 0 in (3-12), we have that Hi j̄ := ∇i∇ j̄ ln u
satisfies

(4-7) (∂t − 1L)Hi j̄ = Hi k̄ Hk j̄ + Hik H j̄ k̄ + Ri k̄l j̄∇kv∇l̄v + ∇k Hi j̄∇k̄v

+ ∇k̄ Hi j̄∇kv + f ′′(v)∇iv∇ j̄v + f ′(v)∇i∇ j̄v.

We define

(4-8) Zi j̄ := Hi j̄ + c(t)gi j̄ .

It follows from

(4-9) Hi k̄ Hk j̄ = Zi k̄ Zk j̄ − 2c(t)Zi j̄ + c2(t)gi j̄

that

(∂t − 1L)Zi j̄ = (∂t − 1L)(Hi j̄ + c(t)gi j̄ )

= (∂t − 1L)Hi j̄ + (∂t − 1L)(c(t)gi j̄ )

= Hi k̄ H j̄ k + Hik H j̄ k̄ + Ri k̄l j̄∇l̄v∇kv + ∇k Hi j̄∇k̄v + ∇k̄ Hi j̄∇kv

+ f ′(v)Hi j̄ + f ′′(v)∇iv∇ j̄v + c′(t)gi j̄ − εc(t)Ri j̄

= Hik H j̄ k̄ + Zi k̄ Zk j̄ − 2c(t)Zi j̄ + Ri k̄l j̄∇l̄v∇kv + ∇k Hi j̄∇k̄v

+ ∇k̄ Hi j̄∇kv + f ′(v)Zi j̄ + f ′′(v)∇iv∇ j̄v

+
(
c′(t) + c2(t) − (εk + f ′(v))c(t)

)
gi j̄ + εc(t)(kgi j̄ − Ri j̄ ).

Using Ri k̄l j̄∇l̄v∇kv ≥ 0, Ri j̄ ≤ kgi j̄ , f ′′(v) ≥ 0 and the condition that c(t) satisfies

(4-10) c′(t) + c2(t) − (εk + f ′(v))c(t) ≥ 0,

we obtain that

(4-11) (∂t −1L)Zi j̄ ≥ Zi k̄ Zk j̄ − 2c(t)Zi j̄ +∇k Zi j̄∇k̄v +∇k̄ Zi j̄∇kv + f ′(v)Zi j̄ .
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Noticing that Zi k̄ Zk j̄ , −2c(t)Zi j̄ and f ′(v)Zi j̄ satisfy the null-eigenvector con-
dition in Hamilton’s tensor maximum principle [16] and Zi j̄ (x, t) → ∞ uniformly
as t → 0, we conclude that Zi j̄ (x, t) ≥ 0 on M × (0, T ). □

5. Matrix estimates for the nonlinear backward conjugate heat equation

Proof of Theorem 1.7. By using Proposition 3.3 with δ = −1 and θ = ε, we have

(5-1) −(∂t +1L)Hi j̄ = −ε∇i∇ j̄ R+Hi k̄ Hk j̄ +Hik H j̄ k̄ +Ri k̄l j̄∇kv∇l̄v

+∇k Hi j̄∇k̄v+∇k̄ Hi j̄∇kv− f ′′(v)∇iv∇ j̄v− f ′(v)∇i∇ j̄v.

Under the ε-Kähler–Ricci flow, we have (see [12, page 123])

(5-2) ∂t Ri j̄ = ε1L Ri j̄ = ε∇i∇ j̄ R,

which yields

(5-3) (∂t + 1L)(εRi j̄ ) = ε2(1Ri j̄ + Ri j̄ l k̄ Rkl̄ − Ri k̄ Rk j̄ ) + ε∇i∇ j̄ R.

Also, we have

(5-4) −(∂t + 1L)(ηgi j̄ ) = −η′gi j̄ + εηRi j̄ .

Set

(5-5) Zi j̄ := εRi j̄ − Hi j̄ − η(t)gi j̄ .

Combining the above evolution equations together, we derive that

(∂t + 1L)Zi j̄ = (∂t + 1L)(εRi j̄ − Hi j̄ − η(t)gi j̄ )

= (∂t + 1L)(εRi j̄ ) − (∂t + 1L)Hi j̄ − (∂t + 1L)(η(t)gi j̄ )

= Hi k̄ Hk j̄ + Hik H j̄ k̄ + Ri k̄l j̄∇kv∇l̄v + ∇k Hi j̄∇k̄v + ∇k̄ Hi j̄∇kv

+ ε2(1Ri j̄ + Ri j̄ l k̄ Rkl̄ − Ri k̄ Rk j̄ ) − f ′′(v)∇iv∇ j̄v

− f ′(v)∇i∇ j̄v − η′gi j̄ + εηRi j̄

= Hi k̄ Hk j̄ + Hik H j̄ k̄ − ε2 Ri k̄ Rk j̄ − ∇k Zi j̄∇k̄v − ∇k̄ Zi j̄∇kv

+ ε2
(

1Ri j̄ + Ri j̄ l k̄ Rkl̄ +
1
ε2 Ri k̄l j̄∇kv∇l̄v

)
+ ε2

(
1
ε
∇k Ri j̄∇k̄v +

1
ε
∇kv∇k̄ Ri j̄ +

1
εt

Ri j̄

)
+ f ′(v)Zi j̄ − η′gi j̄

+ εηRi j̄ − f ′′(v)∇iv∇ j̄v −
ε

t
Ri j̄ − f ′(v)εRi j̄ + f ′(v)ηgi j̄ .
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Using the identity

(5-6) −
1
2 Zi k̄(εRk j̄ + Hk j̄ − ηgk j̄ ) −

1
2(εRi k̄ + Hi k̄ − ηgi k̄)Zk j̄

= Hi k̄ Hk j̄ − ε2 Ri k̄ Rk j̄ + 2εηRi j̄ − η2gi j̄ ,

we get

(5-7) (∂t +1L)Zi j̄ = Hik H j̄ k̄ + (η2
− η′

+ η f ′(v))gi j̄ −

(
εη +

ε

t
+ f ′(v)ε

)
Ri j̄

− ∇k Zi j̄∇k̄v − ∇k̄ Zi j̄∇kv

+ ε2
(

1Ri j̄ + Ri j̄ l k̄ Rkl̄ +
1
ε2 Ri k̄l j̄∇kv∇l̄v

)
+ ε2

(
1
ε
∇k Ri j̄∇k̄v +

1
ε
∇kv∇k̄ Ri j̄ +

1
εt

Ri j̄

)
−

1
2 Zi k̄(εRk j̄ + Hk j̄ − ηgk j̄ ) −

1
2(εRi k̄ + Hi k̄ − ηgi k̄)Zk j̄

+ f ′(v)Zi j̄ − f ′′(v)∇iv∇ j̄v.

Now for the ε-Kähler–Ricci flow, Cao’s matrix Harnack estimate [1] with X i =
1
ε
∇iv

implies that

(5-8) 0≤1Ri j̄+Ri j̄ l k̄ Rkl̄+
1
ε2 Ri k̄l j̄∇kv∇l̄v+

1
ε
∇k Ri j̄∇k̄v+

1
ε
∇kv∇k̄ Ri j̄+

1
εt

Ri j̄ .

Using Ri j̄ ≤ kgi j̄ and (1-34), we have

(5-9) (η2
− η′

+ f ′(v)η)gi j̄ −

(
εη +

ε

t
+ f ′(v)ε

)
Ri j̄

≥

(
η2

− η′
+ f ′(v)η − εkη −

εk
t

− f ′(v)kε

)
gi j̄

≥ 0.

Therefore, we have

(5-10) (∂t + 1L)Zi j̄ + ∇k Zi j̄∇k̄v + ∇k̄ Zi j̄∇kv − f ′(v)Zi j̄ + f ′′(v)∇iv∇ j̄v

≥ −
1
2 Zi k̄(εRk j̄ + Hk j̄ − ηgk j̄ ) −

1
2(εRi k̄ + Hi k̄ − ηgi k̄)Zk j̄ .

Observing that the right-hand side of the above inequality satisfies the null-
eigenvector condition in Hamilton’s tensor maximum principle [16] and Zi j̄ (x, t)
→ −∞ uniformly as t → T , we conclude that Zi j̄ (x, t) ≤ 0 on M × (0, T ). □
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