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We study r-dimensional complete minimal hypersurfaces in the hyperbolic
space H"t1(—1) of constant curvature —1. We prove that a 3-dimensional
complete minimal hypersurface with constant scalar curvature in H*(—1)
satisfies S < % by making use of the generalized maximum principle, where S
denotes the squared norm of the second fundamental form of the hypersurface.

1. Introduction

Let M" be an n-dimensional minimal hypersurface in the hyperbolic space H"+!(—1)
of constant curvature —1. A very important subject of study is the rigidity of
complete minimal hypersurfaces in the hyperbolic space H"*!(—1). It is well
known that there are many important results on the rigidity of compact minimal
hypersurfaces in the unit sphere S”*!(1). For example, Simons [7], Chern, do Carmo
and Kobayashi [3] and Lawson [4] prove that an n-dimensional compact minimal
hypersurface in the unit sphere $”*!(1) is isometric to a totally geodesic sphere or a
Clifford torus if the squared norm S of its second fundamental form satisfies S < n.
In particular, for n = 3, it is known that a 3-dimensional compact minimal hyper-
surface in the unit sphere S*(1) with constant scalar curvature is isometric to a
totally geodesic sphere or a Clifford torus or the Cartan minimal isoparametric
hypersurface (see [1; 6]). On the other hand, Cheng and Wan [2] proved complete
minimal hypersurfaces with constant scalar curvature in the Euclidean space R*
are isometric to the hyperplane R3. But for complete minimal hypersurfaces in
the hyperbolic space H"T!(—1), there are only few results on rigidity of complete
minimal hypersurfaces. It is our main purpose to study the following conjecture:

Conjecture. A complete minimal hypersurface with constant scalar curvature in
the hyperbolic space H*(—1) is isometric to the hyperbolic space H>(—1).

We will prove the following:
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Theorem 1.1. A complete minimal hypersurface with constant scalar curvature in

. 4 . 21
the hyperbolic space H(—1) satisfies S < 5,

of the second fundamental form of the hypersurface.

where S denotes the squared norm

2. Basic formulas

Let M" be an n-dimensional hypersurface in an (n+1)-dimensional hyperbolic
space H n+1(—1). At each point p in H n+1(—1), we choose a local orthonormal
frame field {e;, es, ..., €,41} and the dual coframe {', w?, ..., @"*!} such that,
restricted to M", {ey, es, ..., e,} is tangent to M". Structure equations of H"*!(—1)
are given by

dwp = —Z wAB AN W, wap+ wpsa =0,
2-1) ? 1
doag+ Y _wac Awcs =75 Y Kagcp wc A wp.
C c.D
with
(2-2) Kapcp = —(8acdBp — 84D8BC)-

If we restrict these forms to M”, then &"! = 0. We have

2-3) i1 = Y hijoj,  hij =hji.
j
One calls
1
(2-4) H="3 hi h=) hjo @,
i i,J

the mean curvature and the second fundamental form of M", respectively. If H is
identically zero, M" is called minimal. The structure equations of M" are given by

dw; = — E wij ANwj, wjjtwj=0,
J

(2-5)
dwij + Zwik N Wgj = % Z Rijir wi N i,
k k.l
where
(2-6) Rijr = —8ikdji — 88 k) + (hixh ji — hith jx).

For minimal hypersurfaces in H"*!(—1), we obtain

R=—-—nn-1)-23S,
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where R and S denote the scalar curvature and the squared norm of the second
fundamental form of M", respectively. From the structure equations of M", Codazzi
equations and Ricci formulas are given by

hijk = hixj,  hijr—hijik = Z himRmjr + Z hinj Rkt
where h;jx = Vih;; and h;j; = V,Vih;j, respectively. Define f3 and f4 by
n n
f3= Z hijhjkhy and  fy = Z hijhjihihi,

ijk=1 ij k=1

respectively. We have, for minimal hypersurfaces,

07 IAfs=—(m+9)f3+2C,
IAfs=—(n+S)fa+(A+B),

2 272 2
C=> Mhiy, A=Y Mhly. B=) likihiy
i,j.k i,j.k i,j.k

where

and A;’s are principal curvatures of M", that is,
D b= k=0 S=) hj=) .
i i ij i

hijij — hjiji = i = A)) (=14 AiAj).
By a direct computation, we have

S=n(l—n)—R, Ahj=—(S+nhij, 5AS=-SS+n)+) hj.
ij.k
If the squared norm S of the second fundamental form is constant, we have
2 2

Y ohi=5S+n), Y hly=SS+n)@2n+3+5)+3(A-2B).

i,j.k i)k,
The following generalized maximum principle due to Omori [5] (see Yau [8]) will
play an important role in this paper.

Theorem 2.1. Let M" be a complete Riemannian manifold with sectional curvature
bounded from below. If a Cz-function f is bounded from above in M", then there
exists a sequence {pipe, C M" such that

(1) limg— oo f(pr) = Sup pyn 5

(2) limg 0 |V f (P =0,

3) limgoosup ViV f(pr) <0, forl=1,2,...,n.
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3. Minimal hypersurfaces with two distinct principal curvatures

Theorem 3.1. Let M> be a minimal hypersurface in H*(—1) with constant scalar
curvature. If M> has two principal curvatures somewhere, we have S < %.

Proof. We assume, at p € M, that M? has two distinct principal curvatures. At p,
we may choose an orthonormal frame ey, e>, e3 such that /;; = A;5;;. We can assume

A=l =A.
Since M? is minimal, we have

=21, Ar=1s.

A=

Because ), h;; =0 and S is constant, we have

hitk +hoox +h3ze =0,  hig +hook —2h33 =0.
We obtain
hitk +hoor =0, h3z =0, k=1,2,3.

We can choose ey, e; such that i1p3(p) =0 at p. In fact, if necessary, we make a
rotation of ey, e, with angle 0, which satisfies

h h
cos(—26) = 223(p) . sin(—26) = 123(p) .
\/]/%23 (p)+ h%g_g (p) \/h%23 (p)+ h%23 (p)
Letting
a=hi;s,  b=hi+hip,.
in view of
S(§+3)= Z hije = 3(hii + 15+ by +h5p3) + (A + ho)
ik
= 6h1y3 +4(h1y; +hipy),
we have

6a+4b = S(S+3).

Since n = 3, we have
fi=138% 24+ B=15%(S+3).

Lemma 3.1. h;jy are symmetric in i, j, k, l if i, j, k, | are not {1, 1, 3, 3},
{2,2, 3,3} and

2 2a 2
h331 = h3zn = — b), hzzz=-—, h312=0, h3zi3=-—hihns,
3311 3322 3)L(él-i- ) BB =37 3312 3313 = s
a
h3303 = ——h112h113,  hiinn =ho,  hizz =hosz = ———.
3323 = 3 h2its 1111 2222 1133 = 112233 i
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Proof. According to the Ricci formula,
hijki — hijix = Z hmj Rmikt + Z himRmjki
m m
=(Ai —A)Riju
= (A —A)(=1+AiA;)(Gikdj1 — 6118 k).
Also § = Z h2 is constant. We have
0= Z(h Dkl = ( Z hijihiji + Z hijhijkl> = 2( Z hijkhiji — 3)~h33kz)- O
i ij ij
Lemma 3.2. We have
3-1) X +2y =2a’ + fzab—b* + 3 5b,
where
x =213 103+ Moy F s +haosl, ¥y =27(h1)1, +hi110) + @+ D)k
Proof. We have

D b =S(S+3)(S+9) +3(A—2B)

i,j,k,l
=SS+3)(S+9) +42A+B)—5(A+2B)
=S(S+3)(S+9) +25*(S+3) -5 (Zh 2D b ku)
i,j.k i,j.k
=3S(S+3)* =3 Y A (hi + 45 + 1),
i,j.k
where
D o hE i A AT =3 hiy (24 +Ak)2+92h,2”x%_3m2b
i,j.k i#k
We have

Z hljk[ = 3S(S-l-3)2—60)y2b = 3S(S+3)2—105b,
i,j,k,l

Zhl]kl_ Z hl]k1+32hllkl+2hllll

ik oy i2k
= 61031 +3(hT 101 +hT 131 +h5 1 Hhoos1Hh5351)+ (BT +h50 +h3s30)
=3Q2hT13 T 113+h5013)+ (43R0 33+ (B 30351 4+30351)
=30Q2hT 03+ 113 +h5013) 4T T )+ 6 (s +h3s )
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In the same way, we have
Z hukz = Z ht]kZ +3 Z hiigs + Z hiin
i,j.k i#j#k i#k i
=3(2h3y 13 + hins +h3ps) + 4Ry +hi)
+ h3az0 +3Qhnhssn + hisy + hia),
Z hzjk3 = Z hz]kS +3 Zh”m + Z hiis
i,j,k i#j#k i#k i
=3(hi1p3 +h3p13) +hijs +hins
2 2 2 2 2
+3(h1133 + honzs + hizy3 + h3s3) + h3as3

= 3(h2 5+ h2p13) + 215+ s + 27 4 L)
- 1123 2213 1113 2223 3)\‘2 3)\’ (,l 9)\’2
10a? + 12ab

=3(hi1o3 + h313) + hiyps + Moy + 02

Hence we obtain
2 2 2
Z ht/kl = Zhijkl + Zhijk2+ Zhijk3
i,j.k,l i,j.k i,j.k i,j.k
2
= 12(hi 153+ h3y13) + 4(hi1 3+ ha3) + 8(hiyy +hipp)

10a% + 12ab

+ 12h1111h3311 + (B335, + h3s3) + 12h35,, + 012

= [12(h 153 + h3p13) +4(hT 13+ h3p3)]
8
+ [8(h%m +hi ) + Xh““<a+b)}

10a% + 12ab

922

e 2w 2+
onz 3

We infer, from the above formulas,

4 8 4ab + 48(a + b)* 4+ 10a* + 12ab
FEA YR 022

that is,

=38(S+3)> - 10Sb,

X+2y= 296a2+ 9ab+2b2 5 Szb
= 29—6az+mab—b2+15b. O
Lemma 3.3. We have

(3-2) x+4arhi = —3a® —3ab+5b + 1> (71207 + 18)a + 1> (402 + 8)b.
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Proof. Since S =} ;. j hl.zj is constant, we get, for any k, [, m,

0= (Z hizj)klm =23 (hijhijim + hijmhijr + hijchijim + hijihijim)-
i,j i,j

Since
Y hijhijkim = —3Mh33kim,
i,J
we have
3Ah33kim = Y hijmhijr + Y hijihijim + Y hijihijkm.
i,Jj iJ i,J
Hence,

1
> hiamhszgm = 5 Y hijkhmhijim.
k,l,m i,j.k,lm

On the other hand, we have
0=( X ), =2 5 Cugehipiss +ha).
ijk 33 ijk
> hijk(hssije — hijes3) = Y hijrhssije + .Zk hizjk?,
l’j’

ik ik
1 X 10a%+12ab
== > hijkhumhijim + 5+ ——<5—
A i, jkol,m A2 912
Since
Y hiji(hazijk—hijks3)
ik
= > hijilhzizjk —hiji33]
ik

=) hijk[<h3ij3+zhmiRm33j +Zh3mRmi3j)k — (hijSk +22hijmik3>3:|
m m

i,j.k m

= > hijk |:h3ij3k —hij33+ D hmik Rm33j+ ) h3mk Rmizj—2) hijRmik3]
i,j.k m m m

+ > hijihmi(hmshzj—hmihs3)c+ Y hijkhsm(hmshij—hmjhiz)k

i,j.k,m i,j.k,m
—2 Y hijkhmj(hmihizs—hm3hic)s
i,j,k,m
=Y hijk [2thinm33k+5 Zh3ijmi3k]
i,j.k m m

+ > hijkhmi(hmzchsj+hm3hsje—hmjchss)

i,j,k,m

+ Y hijcham(hpshije—hmjchis —hmjhisk +hmschij)
i,j.k,m

—2 Y hijkhmj(hmizhiz —hmshixs)
i,j,k,m
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= Y [2hijihmij(—14+AcA3) (8k383m — Smic833)
i,j,k,m
+5hijih3mi (=14 Ai) (Sm38ik — Smidi3) |
+Y Ashihiy— 2 )‘3)‘ihi2jk
ik i,j.k
+Z)‘%h%jk+ > hizjk)‘%_zh%jk)‘%
Tk ik Tk
—Z)\gh%k—22)\3)\/‘h§jk+22)‘§h1‘23k
ik ik ik
= [Zzhizj3(_1+)»%)—2 Z hl-zjk(—l +AkA3)—5 Zhgjk(_1+)\3)tk)]
i i\ jk Tk
=Y Aahihfiz— 3 Aakihd+ 30 A3hE Y A3
i ik ik i
= [2(—1442%)(2a) —2(—(6a+4b) —24(4Ab)) +5(1+21%) (2a) ]
+4ar>+20(41b) +421%(6a+4b)+8)1%a
= (72224 18)a+ (401> +8)b.

Y hijkhumhijim
i,j.k,l,m

= > him(hiihim + hookhooim + 2ok hi2im + 2R 136h13im + 2h23kho3im)
k,l,m

= > hikhwm(hiim — hoom) + Y 2(hi2hm — R ham) ioim
k,l,m I,m

+ Y 2hnizhumhizim — Y 2hi3homhosim
I,m I,m

=Y hie[ i (i — hoant) + hiaa(hioa — hoooa) + 2has (ks — haois)
Kk

+ 2hi23 (R 1123 — h223) + 2hi2(hinz — hoaio) |

+2h1122h112h 1212 + 2hy13hi213 + R hizn + hio2hio)

= 2h1112ho12hi212 + haihioin + haoohioos + 2h3hi23)

+2h1is[hinihisin + his(hisiz 4 hiss) + 2h2hii + hiohiss |

— 2h113[ha22ha322 + 2ho12ha312 + hao3(hasos + hossz) + hatihosi |
= (a+b)(hi111 — h2n11) +§h%1k(h1111 —h211)

+4bh1122 + 2a(h1133 + h3311 + h2233 + h3322)

+4hi11hizhins — 4hi12ho3hoons +4hi2hizhis — 4hizhoihaos
=2(a+Db)(hi111 — haan) +4bhiin

+4hi3(hinhins + hizhoos +hihies + hinhons)

+2a(h1133 + hazin + hoosz + hasz)
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=2(a+Db)(hi111 — hooi1) +4bh1122
—4hy13(h111h3313 + h12h3323) +2a(h1133 + B3z + hooss + B3zon)
=2(a+b)(2hi111 +h3311) —4b(hi111 + h3zin)

2 2
—4h113(h111'§h111h113+h112'3—Ah112h113)
2 a 2
w4+ L3 2o
+ 2a 3A+3A(a+b) 3A+3A(a+b)

da?

2 8
=4ahiin+2(a—>b)- 3_A(a +0b) — 3—)La(h%11 + 07, — 3

8a%—4b>
3r
Hence, we have

8a
+ S_A(a+b)

=4dahyin +

4ahyyy | 8a*—4b? X 10a%+12ab
A + 3)2 +Xz+ 9)\2 ’

X +4arhin = A2 (7227 4 18)a + A*(400% + 8)b — §(34a” + 12ab — 12b%)
=—3a> —Tab+ 36>+ 23(720> + 18)a + A2 (40A% + 8)b. O

(7222 + 18)a + (4012 + 8)b =

In view of (3-1) and (3-2), we have from 6a + 4b = S(S +3), 61> = S,
(3-3) 2A%(h3,,, +h3,15) —2(a — b)Ahyn
= %4’ + 3ab — 1b* + 25b — 17 (720% + 18)a — A* (401 + 8)b
=24 +3ab—1b* +35b— L5125 + 18)a — L S(2S +8)b
= 2a* + 3tab — b* —25(S+3)a+3Sa— LS(S+ )b
=24’ +3Lab— 1b* —2(6a + 4b)a+3Sa — LS(S+3 - L)b
=—a> - Bap— b+ 5(3a + L2b).
According to
203 (hiy, +hipgy) — 2(a —b)Ah = —3(a —b)*,
we obtain
(3-4) —¥a% - Blagp - Bp? 4+ 5(3a+ Bb) > 0.
Since
—%az — ?—Sab — %ab — ?bz
= —2a(6a +4b) — B (@4b+6a)b = —3 S(S+3)a — BS(S+3)b,
we have from (3-4)
(3 - 25)Sa—Bab— 36> — B> 0.

Hence we have S < %—é. O
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4. Proof of Theorem 1.1

In this section, we will give a proof of the Theorem 1.1.

Proof of Theorem 1.1. We choose a local frame field {ey, e, €3, e4} such that at any
point p,
hij = )»,'5,'1'.

Since S is constant, we notice that the sectional curvature is bounded from below
from Gauss equations. By making using of the generalized maximum principle due
to Omori [5], there exists a sequence {pi}ze, C M 3 such that

lim f3(pe)=sup f3, lim [Vf3(pe)| =0, lim supV;V; f3(px) <0 for/=1,2,3.
k=00 koo k00

Since S is constant,

S bl =S(S+3), X hiy=SE+3)(S+9) +3(A-2B),

i,j.k i,j.kl
we know that, for any 7, j, k, [, {A; (pr)}, {hijx(pr)} and {h;jx (pr)} are bounded se-
quences, respectively. Thus, we can assume, if necessary, by taking a subsequences
of {pm},

Hm A (pr) =Ai, M hije(p) =hije,  im Ry (pm) =hij forall i, j,k, 1.
m—0o0 m—0o0 m—0o0

From now on, all the computations are considered for 5\[, fz,- ik and fzijkl. For
simplicity, we omit .

If the principal curvatures are the same, S = 0 since M? is minimal. We only
consider the following two cases.

Case 1. The number of distinct principal curvatures is two. By the same proof as
in the Section 3, we get
A

NlM
O —

Case 2. All three principal curvatures are distinct. If f3 is constant, M3 is isopara-
metric and S = 0. This is impossible. From now on, we suppose that f3 is not
constant. We will derive a contradiction. Without loss of the generality, we assume
that A; < Ay < A3. We also assume sup f3 #= 0; otherwise we use inf f3 # 0.

Lemma 4.1. We have
hixk =0 forany i,k  and  hi;=+S(S+3).
Proof. Since ) ; hj; =0and § = Zi’j hl-zj is constant, we have

D hiik=0, > hixri =0.



COMPLETE MINIMAL HYPERSURFACES IN A HYPERBOLIC SPACE H*(—1) 261

Since limg— o0 |V f3(pr)| = 0, we have

> hiihi =0.

l
Since A; # A for i # j, we have h;; =0 for any i, k. From

S(S+3) = X hij =6y,
ijk
we obtain
hiy = £S(S+3). O

Lemma 4.2. We have
hiijk = hiiik = hiiii =0 for i # j #k.
Proof. Since 3, ;  h7;, = S(S +3), we have hijay =0 for any [, ie.,
(4-1) hijk =0 fori#j#k.
Since }; hij=0and S=3%_, ; hl.zj is constant, we have
; hiijx =0, Xl: hiijkhi = 0.
For j # k, using (4-1), we have
4-2) hjjix +hikjk =0, Zhiijk)»i =0 for j #k.
i
From (4-2), we have h ;i = hyjx =0 for j # k. O
Lemma 4.3. We have
SR +2 Y hi =35(S+3)%
ik i#k
Proof. From
Azlzlhl?j,{, =S(S+3)(S+9) +3(A—2B),
ijk,
3(A —2B) = 6hly; (AT + A3 + 43 — 2h1 A2 — 20043 — 2h341) = 28%(S 4 3),

2 2 2 2

> M= X b +32 hig + 2 hi

ikl ik ik il
1

f
2 2 2 2
=3 M+ 2 R = 2 hiige +2 2 i
ik i ik iZk
we have

YR 2 R =SS +3)(S+9) +252(S+3)=35(5+3)2. O
ik i#k
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Lemma 4.4. We have
sup f3 > 0, —\/%>S<)»1 <—@, —\/é>S<)»2<0.
Proof. Since limy_, , sup Af3(pr) <0 and %Af3 = —(S+3) f3, we have
0= —(§+3) lim sup f3(pi)

=—(S+3)sup f5.
M3

We get sup f3 > 0. We also notice that A; < 0 and A3 > 0. By a direct computation,
sup f3 = A} + A3+ A3 = 3hihaks =34 (A7 — §S) forall i.
We obtain )\% < %S and )% > %S, A < 0 and
(4-3) A< ls.
Because of )L% —{—A% + AiAgy = %S and A1 < Ay <0, we have
A >ES. A3 <gS.

and
%S<A%<%S, 0<A%<%S, A <A <O O

For simplicity, we use f3 in place of sup f3 in the following.

Lemma 4.5. We have

hiikk = —-(S +3)A; + girk + wgi gk
where

1

8i =)»2 - %)\.[ - %S
Proof. Taking derivatives of } ; h;; =0 and }_, ; h2 = S, we have
> hiikke =0, X hiikchi = —18(S+3).
l 4

We solve this rank-5 linear system of six equations with six unknowns A;;xx, i <k,
with hiijj:hjjii+()\i_)¥j)(_l+)¥i)¥j)- O
Lemma 4.6. We have

fs=328f fo=3f3 +35°,

2 2\ 2
Zgi2=Zgi/\?=éS2—f—3, 2= S(gs2-L),
1

S

s =5 L, S =48 i Tathi=
l
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Proof. From f3 =32; (A} — %S), fori =1, 2,3, we have
fs=28f  fo=1fi+15.

According to g; = Az — f)\,- — —S we infer

Zgl 187 %2 Zgﬁ‘:%(éSz—%z)z,
i
lZg?kFS—é—ész, lZg?A?=3—gS3—éf32, lzgix,?zész—fé,
Because of F3 = 3g; (g,z — %Fz), fori =1, 2,3, we have
Zg?)»i=0,
,

where Fy =Y, gk. O
Lemma 4.7. We have

y=(3+1)5 i[f3(1952+ Ss+1)+Iss+0(5+ %))

12 f3
—(Lls?— _3)
Y (6 s )Y
Proof. By using the Lemmas 4.5 and 4.6, we have

2
(4-4) Z Mg = Z (—3(S+3)A; + gikk + wgigk)

i, Z%S(S+3)2+S(é52 f3>+w (132_%32>2’

where

(4-5) th-l- > (=3 (S+3)hi + gidi + wg?)’
9(S+3) S+Zg2k2+w22gf+2wZAigi3

—3S ) Dehi — 5w T gk

=gs<s+3>2+gs( §% - f3) 21<ls2—f§)2

“2s+a (A8 L) 23w (L - L),
(4 6) ;{hukk_zhukk Zhiziii
2 2[5 ¢3_ 54272 12 f3
= 255437 4[58 28]+ R+ (bt - 1)
3 4
+%w(S+3)(—éSf3+%)Jr%wz[;—ﬁs“—%Sf32+%].

Substituting (4-4) and (4-6) into the Lemma 4.3 completes the proof. U
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Lemma 4.8. We have
=303 - 15)07 - 38) <203 - 4) (1 - 47 +25+3).

Proof. Since
(= Z hijnhi +2 Z ki,

we have

47 0= % lim sup(f3)u = 3 lim (f3)u = Z hiinhi +2 Z hijih.
By a direct computation, we infer
2 21 12 fF 2 f3 1
48) Lhiua? = —2(S+3)(0F — 1)+ (482 = L)+ (37 - Lo~ Ls)y,
i
(4-9) 22;1,]1 —18(S+3).
By substituting (4-8) and (4-9) into (4-7), we have
(1= Lo —1s)y <nfs+303 - 19) - (88 - L) + 155 +3)) O

If y > 0, by using the Lemma 4.6, we have

(4-10) yz(_ )f +[f%(1932+ S+ )+§S(S+6)(S+17—5)]2,
> (4+ )f3+[f3( S+1)]
=(§+3)5

By substituting (4-10) into the Lemma 4.8 with / = 1, we have

(4-11) ( +‘8) (25+ >A2+7S+9<0
s 8

We notice that the left-hand side of (4-11) is an increasing function of )L% for A% > éS .

Substituting )L% = éS into (4-11), we have

12
S < -

It is a contradiction.
If y <0, by taking / = 2 in the Lemma 4.8, we have

4-12) %y(x§—§5)+xz<%x;‘—§A§+2S+3> <0.

Because of

y=(%+é>f3 [1;32(‘95% 8S+1)+2 S(S+6)(S+‘5)] :
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1

and since the left-hand side of (4-12) is an increasing function of A, for 0> i, > — 55,
substituting Ay = —v %S into (4-12), we have

LHS of (4-12) > 0.
It is a contradiction. |
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