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IN A HYPERBOLIC SPACE H4(-1)

QING-MING CHENG AND YEJUAN PENG

We study n-dimensional complete minimal hypersurfaces in the hyperbolic
space H"+1(—1) of constant curvature —1. We prove that a 3-dimensional
complete minimal hypersurface with constant scalar curvature in H*(—1)
satisfies S < i—; by making use of the generalized maximum principle, where S
denotes the squared norm of the second fundamental form of the hypersurface.

1. Introduction

Let M" be an n-dimensional minimal hypersurface in the hyperbolic space H"+!(—1)
of constant curvature —1. A very important subject of study is the rigidity of
complete minimal hypersurfaces in the hyperbolic space H"*!(—1). It is well
known that there are many important results on the rigidity of compact minimal
hypersurfaces in the unit sphere S"*!(1). For example, Simons [7], Chern, do Carmo
and Kobayashi [3] and Lawson [4] prove that an n-dimensional compact minimal
hypersurface in the unit sphere S"*1(1) is isometric to a totally geodesic sphere or a
Clifford torus if the squared norm S of its second fundamental form satisfies S < n.
In particular, for n = 3, it is known that a 3-dimensional compact minimal hyper-
surface in the unit sphere S4(1) with constant scalar curvature is isometric to a
totally geodesic sphere or a Clifford torus or the Cartan minimal isoparametric
hypersurface (see [1; 6]). On the other hand, Cheng and Wan [2] proved complete
minimal hypersurfaces with constant scalar curvature in the Euclidean space R*
are isometric to the hyperplane R®. But for complete minimal hypersurfaces in
the hyperbolic space H"+!(—1), there are only few results on rigidity of complete
minimal hypersurfaces. It is our main purpose to study the following conjecture:

Conjecture. A complete minimal hypersurface with constant scalar curvature in
the hyperbolic space H*(—1) is isometric to the hyperbolic space H3(—1).

We will prove the following:
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Theorem 1.1. A complete minimal hypersurface with constant scalar curvature in

- 4 . 21
the hyperbolic space H*(—1) satisfies S < 53,

of the second fundamental form of the hypersurface.

where S denotes the squared norm

2. Basic formulas

Let M" be an n-dimensional hypersurface in an (n+1)-dimensional hyperbolic
space H n+1(—1). At each point p in H n+1(—1), we choose a local orthonormal

frame field {ey, €3, ..., e,+1} and the dual coframe {a)l, w?, ..., w”“} such that,
restricted to M", {e}, es, ..., ey} is tangent to M". Structure equations of H"(=1)
are given by
doy=—) wapAwp,  wap+wps =0,
@-1) b 1
dwap + Z wac AN wcg =5 ) Kapcp wc N wp,
c C.D
with
(2-2) Kapcp = —(8acdsp — 8apSBC)-

If we restrict these forms to M", then "' = 0. We have

(2-3) Wil = Zhijwj, hij =hj.
J
One calls
1
(2-4) H=;Zhii, h=Zhijwi®wj
i ij

the mean curvature and the second fundamental form of M", respectively. If H is
identically zero, M" is called minimal. The structure equations of M" are given by

da),-:—g wij N\ wj, a)ij—i-a)ﬁ:O,
J

(2-5)
dw;j + Za)ik N wj = % Z Rijki o N oy,
k k,l
where
(2-6) Rijir = —(8idj1 — 8uji) + (hixhji — hith ji).

For minimal hypersurfaces in H"*!(—1), we obtain

R=—nn-1)-3S5,
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where R and § denote the scalar curvature and the squared norm of the second
fundamental form of M", respectively. From the structure equations of M", Codazzi
equations and Ricci formulas are given by

hijk = hixj,  hijr — hijik = Zhimijkl +thijikla
m m
where h;jx = Vih;; and h;j; = V,Vih;j, respectively. Define f3 and f4 by
n n
fz= Z hijhjchy and  fy = Z hijhjxhihii,

i jk=1 i jk =1

respectively. We have, for minimal hypersurfaces,

3Af3=—(n+8)f3+2C,

C= Y hibly A= YA B= Y ki,

i,j.k i,j.k i,j.k

27

where

and A;’s are principal curvatures of M", that is,
Shi=Yn=0. s= Y=Y
i i ij i

hijij —hjiji = ki =2 ) (=14 24 ;).
By a direct computation, we have
S=n(l—n)—R, Ahjj=—(S+nhj, FAS==SS+n)+> hi.
i,j,k
If the squared norm S of the second fundamental form is constant, we have
Y bl =S8S+n), Y hly=SS+n)@2n+3+5)+3(A-2B).
ij.k ij.k,l

The following generalized maximum principle due to Omori [5] (see Yau [8]) will
play an important role in this paper.

Theorem 2.1. Let M" be a complete Riemannian manifold with sectional curvature
bounded from below. If a C*-function f is bounded from above in M", then there
exists a sequence {pi}p, C M" such that

(1) limg, o0 f(pk) =supym f,

(2) lim— 0 |V f (P =0,

(3) limgoosup ViV, f(pr) <0, for Il =1,2,....n
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3. Minimal hypersurfaces with two distinct principal curvatures

Theorem 3.1. Let M3 be a minimal hypersurface in H*(—1) with constant scalar
21

curvature. If M> has two principal curvatures somewhere, we have S < 55-

Proof. We assume, at p € M?, that M> has two distinct principal curvatures. At p,
we may choose an orthonormal frame ey, e;, e3 such that 4;; = A;8;;. We can assume

A=Ay =A.
Since M? is minimal, we have

a=-2x, A =1s.

A=

Because ) . h;; =0 and S is constant, we have

hitk +hooi +h3ze =0,  hye+hook —2h33 =0.
We obtain
hitk +hoor =0, h3z =0, k=1,2,3.

We can choose ey, e; such that i173(p) =0 at p. In fact, if necessary, we make a
rotation of e, e; with angle 8, which satisfies

h h
cos(—20) 23(p) C sin(—26) = 123(p) '
Vg (p) + 155 () V() + 1o (p)
Letting
a=hi5, b=hi +hip,,
in view of
S(S+3)= Z hizjk =3(hi1y+hij3+h3y +h3p) + (i) + ha)
ik
= 6hiy3+4(hTy, +hip),
we have

6a +4b = S(S+3).

Since n = 3, we have
12 12

Lemma 3.1. h;jy are symmetric in i, j, k, l if i, j, k, | are not {1, 1, 3, 3},
{2,2,3,3} and

2a

2
—, h3312=0, h3313=—h111h113,
T 3312 3313 = s

2
h3311 = h3zn = ﬁ(a +b), h3zz=
a

2
h3zoz = —hi12h113,  hiiin = hooe,  hi1zz =hoozs = ——.
3323 = 3 2t 1111 2222 1133 2233 3
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Proof. According to the Ricci formula,
hijki — hijix = Z hnj Rmikt + Z himRmjk
m m
= (A —Aj)Riju
= A —=A)(=1+AiA;)(6ikdji — 6118 k).
Also § = Zi’j h?j is constant. We have
0="> (hju = 2( > hijihiji+Y hijhijkz> = 2<Zh,-jkh,-ﬂ —3Ah33k1). m
ij ij ij ij
Lemma 3.2. We have
(3-1) x+2y=3%a’+ Lab—b*+2Sb,
where
=223 103 +ho013) +hTs + o), ¥ =221y +hi) + @+ D).
Proof. We have

> b =S(S+3)(S+9)+3(A-2B)

i,j,k,l
=SS+3)S+9+42A+B)—-5(A+2B)
=S(S+3)(S+9) +28*(S+3) -5 (Zhl]kkz+22h,]k )
i,j,k i,j.k
=3S5(S+3)° =3 ) hj i+ 4+ 007,
ij.k
where
D RGO A 0T =3 hiy (2h +/\k)2+92hﬁlx,2_36/\2b
i,j.k i#k
We have
Y by =35(5+3)*=602b =35(5+3)*~10Sb,
i,j,k,l
Zhukl - Z hl/kl+3zhllkl+zhllll
i,j.k i#j#k i#k

2 2 2 2 2 2 2
= 6h1y3,+3 (M1 101 +h1131Hh3o1 Hhops 331+ (BT 1R300, +hiss)

=327 13+ 113 5013) (M1 +30T 1) Hh3ss + (B +3h51 +3h5311)
=3(2h} o311 13+Hh5013) 4T T 1) Fhss 6 (A hasi+his,).
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In the same way, we have

Zhl]kz - Z ht}k2+3zhzzk2+zh1112

i,j,k i#j#k i#k
=3(2h3y13 + hi1ps +h3p3) +4(hTy  +hip)
+ h2332 + 3(2h1111h3322 + h%311 + h§322),

thjk3 = Z hljk3+3Zhllk3+Zhlll3
i,j,k i#j#k i#k
= 31103 + h3o13) + hiis + s

2 2 2 2 2
+ 3(hi133 + hiozs + 3313 + h3303) + hiass
2¢ 4 4a?
2 2 2 2
= 3(h1123 +h2213) + h1113 +h2223 + (312 + ﬁ b) + W
10a® + 12ab

=3(hi1o3 + M3o13) + hiyps + haps + 012

Hence we obtain
2 2
Z hz]kl th]kl + Zhijkz + Zhijk3
i,j.k,l i,j.k i,j.k i,j.k
_ 2 2 2 2 2 2
= 12(h1153 + h3p13) +4(h1 13 + hapos) + 8(hTy + hi12)

10a? + 12ab

+ 12h1111h3s11 + (B353; + h3s330) + 12h35, + 012

= [12(h7 3 + h3y13) +4(hT 15 + h3ps)]
8
+ [8(}1%111 + Rt + xhllll(a +b):|

10a? + 12ab

IR R 2+
a 3 e

912

We infer, from the above formulas,

4 8 4ab + 48(a + b)? + 10a% + 12ab
X+ —=y+
JERREY 922

that is,

=3S(5S+3)>2—10Sb,

x+2y=2a’+ Lab+3b° — 5%
=24+ fab—b*+3 Sb O
Lemma 3.3. We have

(3-2) x+4darhi = —3a* — tab+5b* +27(72)7 + 18)a + 1> (401> + 8)b.
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Proof. Since S = Zi’ j h?j is constant, we get, for any k, [, m,

= (Z h[2j>klm =2 Z (hijhijkim + hijmhijia + hijchijim + hijihijom)-
i.j i.j

Since
Y hijhijkim = —3\h33kim,
i,j
we have
3M33kim = Y hijmhijr + D hijichijim + Y hijihijim-
i,j i,j i,J
Hence,
1
Y hkimh3skim = ; hijichkimhijim.
k,l,m i,j.k,l,m

On the other hand, we have

0=( X hle), =2 X (hijehiizs + o).

i,j.k i,j.k
Z hl]k(h33t]k - l]k33) — Z hl]kh33l]k + Z hljkg
i,j,k
1 10 12ab
== > hijhumhijim + S+ %-
i,j.k,,m
Since
> hiji(h33ijk—hiji33)
LTk
= > hijilhzizjk —hiji33]
ik
= hijk[(h3ij3+zhmiRm33j+Zh3mRmi3j> _<hij3k+22hijmik3> ]
ik m p k -~ 3
= Z hljk[h3113k_ 1/3k3+zhmszm33j+Zh3mkRmt3j 2thJ3lek3]
i,j.k
+ > hijkhmi(hmzhzj—hmih33)i+ Y hijkhsm (hmshij—hmjhiz)i
i,j,k,m i,j,k,m
=2 > hijkhyj(hpchiz—hpshi)s
i,j.k,m
= hijk[zzhminm33k+5Zhsijmiak]
i,j.k m m
+ > hijkhmi(hmzchsj+hmshsje—hmjchss)
i,j.k,m
+ > hijkhsm(hwshijie—hmjchiz —hmjhize+hmsihi;)
i,j,k,m

=2 > hijkhpj(hpizhiz —hmshigs)
i,j,k,m
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= Y [2hijihmij(—14AcA3) (8k383m — Smic833)

i,jk,m
+5h;jkh3mj (=147 h) Gm3dik — Smidiz) |

+Z)"3)‘ihi23k_ Z )‘3)"ihi2jk
i i,j,k

+Z)‘2h§]k+ Z hlzjkkz Zhgjk)é
_Z)ﬁhﬂk 22}2)@111 Jk+2Zk§h,3k
[22};”3( 143 -2 3 i3~ 1+,\kx3)—5_zh§jk(—1+x3)\k)]

i,j.k
2 2 2
— Y hahihis— Z A3hi hl,k+ Z Mh,,k+ZA3hl,3
L]

= [2(—1+4A2)(2a)—2(—(6a+4b)—2A(4Ab))+5(1+2k )(2a)]
+4ar®+20(41b) +42% (6a+4b) +8)1%a
= (7222 +18)a+ (400> +8)b.

Y hijkhumhijim
i,j.k,l,m

= > hiam(hiikhim + hookhooim + 2h ok hioim + 2R 136h13im + 2h23ch23im)
k,l,m

= > hikhwm(hiim — hooim) + Z 2(hi2him — hintham)hioim
k,l,m

+ > 2hiizhumhizim — D 2hi3homhosim
I,m I,m

= ; hutk[Biii(Biin — hootn) + hioa (1122 — haooa) + 2hiiz(hinis — haoi3)
+ 2hi23(h1123 — h2223) + 2hia(hinz — hoaio)
+2h112(2h112h1212 + 2h1i3hi213 + hinhizn + hihion)
= 2h111(2ho12h1212 + harhionn + hoxhiooo + 2ho3hi223)
+2h1is[ bz +his(hisiz 4 hizs) + 2h2hizi2 + hiohiss ]
— 2h113[ha22ha322 + 2ho12ha312 + hoos(hosos + hazso) + hatihosi |
= (a+b)(hi111 —ha1) + ; B3 (Bt — haoin)

+4bhi122 +2a(hi133 + hazin + hooss + hazzo)

+4hi11hizhing — 4hi2ho3hoos +4hi2hizhies — 4hiizhoihaos
=2(a+b)(hiin1 —hoi1) +4bhin

+4hy3(hinhins + hizhoos +hiohigs + hinhons)

+2a(hi133 + hazi1 + hoosz + haszno)
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=2(a+Db)(hi111 — hoo11) +4bh1122
—4hy13(h111h3313 + h112k3323) +2a(h1133 + Rz + hooss + h3320)
=2(a+Db)(2hi111 +h3311) —4b(h1111 + h3zin)

2 2
_4 .2 =
hi13(h111 3kh111h113+h112 3)thlzhm)
2 a 2
2 (—i 2 a+bh) -4 42 b)
+2a 3)¥-|-3)¥(61+ ) 3k+3k(a+ )
—dahiy +20a—b) - 2(a+b)— Sa?, +h2) — 29 4894 4 py
32 E7 L e PURE PY
8a2—4b?

=4ah .
anhpi + SA

Hence, we have

4ahyyyy | 8a*—4b* | x | 10a*+12ab
A + 3)2 + A2 T 9)2

X +4arhi = A2 (7227 4 18)a + A*(40A% + 8)b — §(34a” + 12ab — 12b%)
=—3a> — Zab+ 36>+ 23(720> + 18)a + A2 (402% + 8)b. O

(7207 + 18)a + (400> + 8)b =

’

In view of (3-1) and (3-2), we have from 6a +4b = S(S +3), 6,2 = S,
(3-3)  2A%(h3,,, +h311p) —2(a — b)Ahy
= Qa®+ 3Lab — Ib* + 25b — A*(720% + 18)a — A*(40A° + 8)b
=24 +3Lab—1b* +35b— L5125 + 18)a — LS(2S5 +8)b
=2a? +3ab— Ib* —28(S+3)a+3Sa— P S(S+ 3)b
=24’ + 3tab — 1b* —2(6a + 4b)a +3Sa — PS(S+3 - L7)b
=—2a> - Bab - b* + 5(3a + 1b).
According to
220111 + 1) —2(a = b = —5(a —b)?,
we obtain
(3-4) —2a* — Blab— 120"+ S(3a+ }b) > 0.
Since
29 2 58 13 13452
—?a — mab — 7ab — Tb
=—2a(6a+4b) — 3(@4b+6a)b = —32S(S+3)a — BS(S+3)b,
we have from (3-4)

21 29 76 3542 13 o2

Hence we have § < %.
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4. Proof of Theorem 1.1

In this section, we will give a proof of the Theorem 1.1.

Proof of Theorem 1.1. We choose a local frame field {e, e, e3, e4} such that at any
point p,
h,’ i = Ai; je

Since S is constant, we notice that the sectional curvature is bounded from below
from Gauss equations. By making using of the generalized maximum principle due
to Omori [5], there exists a sequence {pi}re, C M 3 such that

lim f3(px) =sup f3, lim |V f3(p)|=0, lim supV;V;f3(px) <0 forl=1,2,3.
k— 00 M3 k— 00 k— 00

Since S is constant,
S i =S8S+3), X hiy=S(S+3)(S+9) +3(A-2B),
ij.k ijk,l

we know that, for any i, j, k, [, {A; (pr)}, {hijx(pr)} and {h;jx (pr)} are bounded se-
quences, respectively. Thus, we can assume, if necessary, by taking a subsequences

of {pm},
Hm A (pw) =4i, im hiji(pm) =hije,  1im hij(pm) =hiju forall i, j, k, 1.
m— 00 m— 00 m— 00

From now on, all the computations are considered for A;, fzijk and fzij;d. For
simplicity, we omit "

If the principal curvatures are the same, S = 0 since M3 is minimal. We only
consider the following two cases.

Case 1. The number of distinct principal curvatures is two. By the same proof as
in the Section 3, we get
S =<

l\)ll\)
Of—

Case 2. All three principal curvatures are distinct. If f3 is constant, M3 is isopara-
metric and S = 0. This is impossible. From now on, we suppose that f3 is not
constant. We will derive a contradiction. Without loss of the generality, we assume
that A; < Ay < A3. We also assume sup f3 # 0; otherwise we use inf f3 # 0.

Lemma 4.1. We have
hiixk =0 forany i,k  and  hiy=iS(S+3).
Proof. Since } ; hi;=0and S =3}, ; hl.zj is constant, we have

2 hiik =0, > hiikhi =0.
l 1
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Since limg_. o0 |V f3(pr)| = 0, we have
> highi = 0.
i
Since A; # A fori # j, we have h;;; =0 for any i, k. From
S(S+3)= 3 hijy = 6hi,
we obtain "
hiy = £S(S+3). 0

Lemma 4.2. We have
hiijk = hiiik = hpiii =0 for i # j #k.

Proof. Since Zi’j’k hizjk = S(S+3), we have hyy3; =0 for any /, i.e.,
(4-1) hiijx =0 fori#j#k.
Since } ; hij=0and S=3, hl-zj is constant, we have

Z hiijk =0, Z hiijkhi = 0.

i i
For j # k, using (4-1), we have
4-2) hjjik +hijr =0, Zhiijkki =0 for j #k.

i
From (4-2), we have h;jx = hyijx =0 for j #k. O
Lemma 4.3. We have
Zh”kk +2 Z Rl = 3S(S +3)%.

Proof. From
> h?jkl =S(S+3)(S+9)+3(A—-2B),
i,j.k,l

Z ij kl - Z hz]kl +3Zh11kl + Zhllll
i,j.k,1l i J #k
l

=3 Z hf + Z hiii =D M 2 M
ik ik
we have

Zh,,kk+2Zhl,kk—S<S+3><S+9>+2SZ(S+3>=3S<S+3>2. 0
i#k
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Lemma 4.4. We have
sup f3 > 0, —@<A1<—@, —@<A2<0.
Proof. Since limy_. o sup Af3(pr) <0 and 3Af3 = —(S +3) f3, we have
0>—(5+3) klggo sup f3(px)

=—(S+3)sup f3.
M3

We get sup f3 > 0. We also notice that A; < 0 and A3 > 0. By a direct computation,
sup f3 = A7 +A3 + A3 =3A1A2h3 = 34; (A7 — 15) forall i.
We obtain )»% < %S and )»% > %S, Ay < 0 and
(4-3) A +A3 <3S
Because of )ﬁ +A% +Aihy = %S and A < Ay <0, we have
)»% > %S, )L% < %S.

and
Lo a2 <ls 0<Ai<ls, A<im<O O
[§ 1 29 2 6°> 1 2 .

For simplicity, we use f3 in place of sup f3 in the following.

Lemma 4.5. We have

Riikk = —%(S + 3)Ai + gide + wgi g,

where

Proof. Taking derivatives of } ; h;; =0and ), ; hz. = S, we have
2 hiie =0, > hiikchi = —18(S+3).

We solve this rank-5 linear system of six equations with six unknowns A;ixx, i < k,
Withhi[jJ':hjj[i-i-()\[—)\.j)(—l-i-)»i)xj). |
Lemma 4.6. We have
fs=28f fo=1fi+1S,
2 2.2
Se=Yeri=iS -5 Tel=i(is-5)
i ' i

> 8k f—3—-Sf Yk =5%S —gf Leihi=



COMPLETE MINIMAL HYPERSURFACES IN A HYPERBOLIC SPACE H*(—1) 263
Proof. From fz = 3A; ()le — %S), fori =1, 2, 3, we have

fs=328f fo=1fi+1s%

According to g; = Al.z — 2N - —S we infer

S
2 1 f3 4_1(1q 2\?

Sei=it -5 =185 )
Zz)v—f—;—le szz 1S3_lf2 Z-Az—lSZ——32
igil_Sz 6 3, 8 6J3> igli—6 S’

Because 0fF3=3g,-(gi2—§F2),f0ri=1,2, 3, we have
> g'h =0,
i
where Fy =Y, gk. O

Lemma 4.7. We have

1

y_(_ >f i[f3(1932+ 8S+1)+1 S(S+6)(S+15)] :

2
= (i £
Proof. By using the Lemmas 4.5 and 4.6, we have
2
4-4) Z i = > (=3 (S+3)A; + gikk + wgigk)
ik

b 2\2
=1565+37+5(ks7 - f3)+w (ss2-24Y.

where

2
(4-5) thi = Z (—1(S+3)hi + gidi +wg?)
9(S+3) S+2g3x2+w22g, +2w2x,g,

——<S+3>Zglx2 3 +3Hw Y gin

=3s(5+37+ Ls(457 - f3)+w (15— ];2)2

—3s+3)(Ls2- %3) g(S+3)w(f—3 —1Sh).
(4 6) Z hllkk - Zhizikk Zhllll
i#k ik )
[
= 28(S+3) 2+ 25— 212+ %(S+3)(%S2 . ?3)
3 4
+2w(S+ 3)(—%Sf3 + %) + %wz[%s“ —1Sf5+ %]
Substituting (4-4) and (4-6) into the Lemma 4.3 completes the proof. (]
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Lemma 4.8. We have

~20(03 - 4) 0~ 39) < — k) (S - 2 25 +3).

Proof. Since
(= > hiinhi +2 > hihi,
i LJ

we have

@47 023 lim sup(fa)u = 3 Jim (fy)u =3 hisdi +2 3 hiyhi
- i ij

By a direct computation, we infer

(4-8) Y hiudi =—1(S+3) (A — S)+/\<52 f3) (A%—%Az—%S)y,

(4-9) ZZh,ﬂ =—1S(S+3)M.
By substituting (4-8) and (4-9) into (4-7), we have
(7 - La—1s)y =m[s+3)(F - 1) - (457 - f*)+ Is(s+3)] O

Ify >0, by using the Lemma 4.6, we have

1

@10 y=(+ D pr[EEserisvyisstos+ )]
> (§+§)f3+ [S—;(g-‘SH)Z]E
G+

By substituting (4-10) into the Lemma 4.8 with / = 1, we have

(4-11) (?+18) (25+ 233 +75+9 <o,

We notice that the left-hand side of (4-11) is an increasing function of )»% for )\% > %S .
Substituting )»% = éS into (4-11), we have

S<—7

It is a contradiction.
If y <0, by taking / = 2 in the Lemma 4.8, we have

(4-12) %y(k% S)+k2< - x§+2s+3)§o.

Because of

y=(3+5)h- [?2(19524r S+1)+1 S(S+6)(S+15)F,
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and since the left-hand side of (4-12) is an increasing function of A, for 0> 1, > —+/ %S ,
substituting Ay = —v %S into (4-12), we have

LHS of (4-12) > 0.

It is a contradiction. O
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