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ON A-PACKETS CONTAINING UNITARY
LOWEST-WEIGHT REPRESENTATIONS OF U (p, q)

SHUJI HORINAGA

We determine all the Arthur packets containing an irreducible unitary lowest-
weight representation 7 of a real unitary group G = U(p, q), including
nonscalar cases. Our methods are the Barbasch—-Vogan parametrization of
representations of G and Trapa’s algorithm to calculate the cohomological
inductions. In particular, we show that an Arthur packet has at most one
irreducible unitary lowest-weight representation of G. As a consequence,
if an irreducible unitary lowest-weight representation rr exists in the Arthur
packet of ¥, we give an explicit formula for the lowest K-type of .

1. Introduction

One of the fundamental problems in number theory is to investigate arithmetic
properties of holomorphic cusp forms on Hermitian symmetric spaces and the
geometry of Shimura varieties. For instance, in the case of Siegel modular forms,
the detailed analysis of Fourier coefficients and zeta integrals leads to arithmeticity
of standard L-values and the cohomology of Siegel modular varieties. In contrast,
holomorphic cusp forms associated with unitary groups remain less understood
despite their importance.

Recently, there has been significant progress in Arthur’s endoscopic classification
of automorphic representations on classical groups, and now it is possible to study
the automorphic forms systematically. When we try to apply these advances to
the study of holomorphic cusp forms on Hermitian symmetric spaces, we face
problems in the local representation theory. A key local question is how to classify
the local Arthur packets containing a given unitary lowest-weight representation.
In this paper, we completely determine the local Arthur packets containing a given
unitary lowest-weight representation for unitary groups using the Barbasch—Vogan
parametrization of irreducible admissible representations.

To state the main theorem, we recall lowest-weight representations and Meeglin
and Renard’s description of Arthur packets. Let G=U(p, g) with N = p+¢g and K
be the maximal compact subgroup of G. With the usual choice of positive roots, the
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highest weights of irreducible representations of K are (A1, ..., Ap, Apti, ..., Ay)€Z
satisfying

A== Ap, App1 == AN

We denote by A the irreducible representation of K with highest-weight A for
short. For each irreducible representation A of K, there exists a unique irreducible
lowest-weight representation 77, with the lowest K-type A. For an irreducible
representation m, let x, be the infinitesimal character of 7.

Let us recall the Arthur classification for G. The Arthur classification associates
the A-parameters i with a finite set I1(yr), called the Arthur packet (or A-packet)
for v, consisting of unitary representations of finite length of G. The A-parameters
are equivalence classes of N-dimensional representations of C* x SL,(C) with
suitable properties. The A-packet satisfies several properties that can be easily inves-
tigated by 1. For example, all the representations in IT1(1/) have the same infinitesi-
mal characters xy, and their Harish-Chandra parameter is given by the exponents in
the representation C* — GLy (C) defined by z — v (z, diag((z/2)"/%, (z/2)~'/%).
When the corresponding Harish-Chandra parameter for ¥ is integral, the parame-
ter v is called good or good parity. The good A-parameters ¥ of G can be viewed
as a formal sum

"
K[’ = @ XI,‘ ® Sa,—
i=1

such that ), a; = N, S,, is the m-dimensional irreducible representation of SL,(C)
and t; +a; + N € 27, where ¥, is the character of C* defined by x;(z) = z//?z /2.
Suppose t; > ;11 and @; > a;41 if t; = ;4. Put

DW) = | (i) € @oo xZ0) | pitai=ai, Y pi=p, Yai=q].
i=1 i=1
For each d € D(yr), we will attach a cohomological induction 7 (¥) = Aq(x,) (d);
see (4-3). By [Mceglin and Renard 2019, Théoréme 1.1], the A-packet I1() is
equal to the set

() = {a4(¥) | d € D))}

For a good A-parameter ¢ = D xi ® Sy, let j = j(¥) be the minimal
number i so that Y ,_,a¢ > p. Puta.; =) ,_;a; and a-; = Y, ; a;. Define
do € D(Y) by

do=do(V) ={(a1,0),...,(@j-1,0), (pj,q/), (0,a41), ..., (0, a)}

where p;j=p—a.;,qj=q—a- ;. Letv; be the segment [%(ti—ai—l—l), %(t,'+a,'—l)]
and

Vi = I_l Vi, Vsi= I_l Vi -

k<i i<k
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Here, we consider the union as multisets. The multisets v<; and v>; are defined
similarly.

For an irreducible representation A = (Aq, ..., Ay) of K, put
p'=p' W =#ilrp=2x, 1<i<p}, q'=q¢'W)=#ilri=kps1, p+1<i<N}.
Set
P=P3)={dp—3(N=1),4p1 = 3(N=D+1....0+35(p—g—D},
Q=00 ={in+3(p =g+ D dno1+5(p—q+3) . hpr +3(N =D},

The multiset P L Q can be identified with the infinitesimal character of the lowest-
weight representation ;. We define the segments P’ and Q' by

P =[p—LtN =10, - LN+ 1D+,

Q' =[hpr1 + AN+ 1D —¢', Apr1 + (N = D]
Put/=PNQ’.
Lemma 1.1 (Lemma 4.6). Let Y = @_, xi.s ® Sq; be an A-parameter. If T1({)
contains an irreducible lowest-weight representation w, the parameter s is good

and xy = Xx. Moreover, if <y () € I1(Y) is nonzero and lowest weight, there
exists j such that g; =0 forany i < j and py =0 forany £ > j,i.e.,d = dy.

As a consequence of this lemma, there exists at most one unitary lowest-weight
representation in I1(y). We now state the main theorem of the present paper.

Theorem 1.2 (Theorem 4.7). Let A= (A1, ..., An) be an irreducible representation
of K and ) _be the irreducible lowest-weight representation with lowest K -type A.
Suppose that \ is a good A-parameter such that Xy = X, and y,(\) is nonzero.

() If N —p' < Xp—App1 < N —q', the packet T1({r) contains 7, if and only if
[hp = 3N =D, App1 + 2N =D] Ccv; C P

() If N —q' < Xp—App1 < N — p', the packet T1({) contains m, if and only
if either

e v<;=P,or
« [Ap= 3N =D, 2pp1+3(N=1]Cv; C Q.
(3) If N—p', N —q' <Xp—Xpt1, the packet TL(\) contains 1), if and only if either
e PCv;CPUl, or
e ICv;CO.

@) If Ap —App1 < N —p', N — ¢, the packet T1(\) contains ), if and only if
[hp = 3N = D), hpy1 + 2N = D] = v;.
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Conversely, we have the following:

Theorem 1.3 (Corollary 4.8). Let Yy = @;_, xi, ® Sq; be a good A-parameter. The
packet T1(Yr) contains a nonzero unitary lowest-weight representation if and only
if both

e v and v ; are multiplicity free, and

o #(v;Nv.;) < pjand#(v;Nv.;) < gq;,.

When I1(Yr) contains a nonzero unitary lowest-weight representation w in I1(y),
the lowest K -type A of 7w is given as follows:

(1) When qj =0, the lowest K -type A of m satisfies P(A) =v<; and Q(X) = v~ ;.

(2) When p; = #(vj Nv.;) and q; # 0, the lowest K-type A of w satisfies

P} =l)<j|_|(1)jﬂ1)>j) and Q(A) ZUZj\(UjﬂU>j).

(3) When gq; =#(v; Nv_;) #0, the lowest K-type A of T satisfies
P()L)=V§j\(l)<jﬂl)j) and Q()L)=(ijv<j)|_|l)>j.

(4) When Dj ##(vjﬂv>j) (Hldqj' ##(vjﬂv<j),put Vojlvs j= {o1,..., O'N—#(vj)}-
Let iy be the minimal integer such that

1<ip< N—#(\)j) and #(vj)—i0+1+#{x €Vl | x > Vj,io} = p.

Then, the lowest K -type . = (A, ..., Ay) of 7 is given by

o —Y(p—q+D+i ifi < p—#v;)+io,
v D—#p i p—#e)tio<i=p,
B IR () ifp+l <i <p+ip—1,

Oty —3s(N+ D) —p+i ifp+ip<i.

To conclude the introduction, we give some remarks and one application of the
present paper. In the proof of the main theorem, we do not calculate the K -types
of cohomological inductions except for special cases. Our proof is based on the
Barbasch—Vogan parametrization of representations of G. This parametrization
says that for any irreducible representation , the map w — (Ann(r), AS()) is
injective, where Ann(sr) is the annihilator and AS(7r) is the asymptotic support.
The invariants Ann(7r) and AS(s;r) can be described as certain tableaux in our case.
Trapa [2001] gave an algorithm to compute such invariants for cohomological
inductions A4 (). We calculate the tableaux and investigate the conditions where
the cohomological inductions Aq(u) are isomorphic to a given ;. When G is
not a unitary group, the problem becomes complicated, and there are at least two
difficulties that do not occur in the unitary group case: one, the description of
unipotent A-parameters and two, the reducibility of A4(u) in the weakly fair range.

Finally, the results of this paper have been applied to the birational geometry of
Shimura varieties of U (1, n) in [Horinaga et al. 2025]. In the study of the Kodaira
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dimension of Shimura varieties, it is crucial to show that the existence of low-weight
cusp forms, i.e., cusp forms whose weights are less than that of the discrete series.
The method is based on Arthur’s multiplicity formula, and the result in the present
paper plays a vital role.

2. Unitary groups and representations

Here, we review definitions of unitary groups and representations. We also recall the
Barbasch—Vogan parametrization of the representations, which is key to our study.

2.1. Tableau notation. By a segment, we mean a set of the form {a, a+1, ..., a+n},
say [a, a+n], for areal number a and n € Z. In this paper, the segments are always
regarded as multisets, that is, sets with multiplicities. For segments v; = [a, b] and
vy = [c, d], we say that v; and v, are linked (resp. v; < vp) if either c=b+ 1 or
a=d+1 (resp. a < cand b <d) holds.

For a partitionn =n; + - - - +n, with ny > - .- > n,, we have a diagram with n;
boxes in the i-th row. This diagram is called a Young diagram of size n =n|+- - -+ny.
If v=(vy,...,v,) is an n-tuple of real numbers, a v-quasitableau is defined as
a tableau such that the shape is a Young diagram of size n and the entries are an
arrangement of vy, ..., v,. For a v-quasitableau T, we say that T is v-antitableau
if entries strictly decrease down along each column and weakly decrease along each
row. This definition is the same as the definition of the semistandard tableau by
replacing “decreasing” with “increasing.”

We define a (p, ¢g)-signed tableau as an equivalence class of Young diagrams
whose boxes are p plus boxes and g minus boxes so that the signs alternate across
the row. Here, we say that two signed tableaux are equivalent if the signatures (p, q)
are the same and coincide by interchanging rows of the same length. For a tableau T’
with entries, we say that the (a, b)-th entry of T is the entry in the a-th row and the
b-th column.

The definitions above are those in the previous works [Huang 2025; Chengyu
2025; Trapa 2001] on the nonvanishing of cohomological inductions. See these
references for examples of tableaux.

2.2. Unitary groups. For a Lie group H, we denote by b (resp. hc) the Lie algebra
of H (resp. complexification of ) and by U (hc) the universal enveloping algebra
of he. Fix a positive integer N with a partition N = p +¢q and p, g > 0. We define
the unitary group G = U (p, q) by

_ 1
G=U(p,q)={geGLy(©O) |'glp 48 =1p4}, Ipq= ( ! -1 )
q

Here, g is the complex conjugate of g. For a Cartan involution : g+ Ad(I, 4) (' g h),
let K be the group of the fixed points of 8. Then, K is a maximal compact subgroup
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of G, which is isomorphic to U (p) x U(g). The Cartan involution 6 induces an
involution 6 on g and a decomposition

g=t®p, gc=LDp+Dp-.

Here, p is the (—1)-eigenspace of 6 on g, and p (resp. p_) corresponds to the
holomorphic (resp. antiholomorphic) tangent space of a Hermitian symmetric
space G/K. Let T be the diagonal subgroup of G. Then, T is a Cartan subgroup
of G and K. Define ¢; € t by e;(diag(ti, ..., ty)) =1t;. We regard t{ as CN by
the basis {ey, ..., ex}. Then, the root system A of gc with respect to {¢ is equal to

A={t(ei—ej)|1=i<j=N}.
We choose a positive system AT as
At ={e;—ej|1<i<j<N}

Let A, (resp. A,) be the compact (resp. noncompact) root system with the positive
system AT = A NAT (resp. AF = A, NAT), explicitly,

Ac={x(ei—ej)|1<i<j=<porp+1=<i<j=<N}
and
Ap={£(ei—ej)|1<i<p<j=<N}.

Then, the root system of p associated with tc is A)". Let b be the Borel subalgebra
of g¢ associated with A™ and b~ be the opposite of b. For a Lie subalgebra u
of gc stable under the adjoint action of tc, let p(u) be half the sum of roots in 1.
Put p = p(b).

For A= (A1,...,Ay) €ZN with Ay > -+ > A, and Apyg > -+ > Ay, let F(R)
be an irreducible representation of K with the highest-weight A. We often write
F () as A, for short. The restriction of an admissible (g, K)-module 7 to K is
decomposed as a direct sum

7k =@ FOED . m. () € Zxo.
A

where A runs over all A -dominant integral weights. The nonnegative integer m (1)
is the multiplicity of F(A) in w. By a K-type of 7w, we mean F (1) with m (1) # 0.

The restriction of 7 to Z(g¢) defines a character x, of Z(gc). The character
is called the infinitesimal character of w. By the Harish-Chandra isomorphism,
infinitesimal characters are parametrized by t¢./ W, where W = W (G; T) is the Weyl
group of G for T'. For A € t£/ W, let x; (or A for short) be the corresponding charac-
ter of Z(gc). We say that an infinitesimal character v is integral if v is in the image
of ZV + p. In this paper, we regard integral infinitesimal characters as multisets
with N-elements or an element (x1, ..., xy) in ZV + %(N —1) withx; >--->xy.
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2.3. Unitary lowest-weight representations. For a (g, K)-module 7, we say that
7 is lowest-weight if there exists v € 7 such that v generates 7 and v is annihilated
by b~. Let A = (A1, ..., An) € ZV C tf be a Af-dominant integral weight. We
regard the irreducible representation F(A) of K as an irreducible p_ @ £c module
by letting p_ act trivially. Set

N(}) =U(gc) Buip_atc) F ().

The module N (1) is called the parabolic Verma module and has the unique ir-
reducible quotient L(A) by [Humphreys 2008, §9.4]. By [Enright et al. 1983,
Theorem 2.4] the module L(}) is unitarizable if ., — 1,41 > N — p’ — g’ where
P =p () =#i|ri=hp i <plandq’ =q' W) =#i| ki =hps1, p+1<i<N).
In particular, L(1) is a discrete series representation if A, — 4,41 > N — 1, and is
limits of discrete series if A, —A , 1 = N —1. The infinitesimal character of m; equals

(M+3(p—g—1),....hp—3(N=1), dpp1+3(N—1), ..., An+2(p—q+1)).
Note that the infinitesimal character x, is integral by A € ZV,

2.4. Barbasch—Vogan parametrization of representations of G. For the details
of this subsection, we refer to [Trapa 2001, §4,5; Barbasch and Vogan 1983].
We introduce two invariants Ann(wr) and AS(;r) associated to (g, K)-modules 7.
For a (g, K)-module 7, let Ann(r) be the annihilator of = in U(gc). When &
is irreducible, the ideal Ann(rr) is called a primitive ideal. Primitive ideals for
an irreducible representation with infinitesimal character v are parametrized by
v-antitableau. The asymptotic support AS(;r) is defined via the local behavior of
the character of 7. By definition, AS(sr) is a union of nilpotent orbits of gc.

Theorem 2.1 [Barbasch and Vogan 1983, Theorem 4.2; Trapa 2001, Theorem 6.1].
For irreducible (g, K)-modules  and v’ with integral infinitesimal characters, the
representation 7 is isomorphic to ' if and only if

(Ann(), AS()) = (Ann(r'), AS()).

Trapa and Vogan [Trapa 2001, Conjecture 1.1] conjectured that the cohomological
inductions in the weakly fair range exhaust the unitary (g, K )-modules with integral
infinitesimal characters. As far as the author knows, the conjecture has been proven
only for specific cases such as U (n, 1) and U (n, 2) (see [Wong and Zhang 2024]
for details).

3. Cohomological inductions

In this section, we introduce the cohomological inductions Aq(), recall their basic
properties, review Trapa’s algorithm to determine the tableaux for A,(u), and state
a nonvanishing criterion for certain Aq(u).
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3.1. 0-stable parabolic subalgebras and cohomological induction. Take x €+/—1¢.
Since the action ad(x) on gc is diagonalizable with real eigenvalues, we define the
subalgebras of g¢ by

q = q(x) = sum of root vectors with nonnegative eigenvalues,
u = u(x) = sum of root vectors with positive eigenvalues,
[ = [(x) = sum of root vectors with zero eigenvalues.

We call parabolic subalgebras q of gc obtained in the above way 6-stable parabolic
subalgebras of gc. By a conjugate of an element in K, we may assume x € v/—1t.
For u € t¢, let C,, denote the character of [ with C,, [, = u, if it exists. We then
obtain the cohomological induction A, (u) by the induction of C, as in [Knapp and
Vogan 1995, (5.6)].

For G=U (p, q), 8-stable parabolic subalgebras q(x) arise from d={(p;, gi)1<i<r}
and an element x; in /=1t = R" of the form
B-1) Xg = (Xl ooy XLy ooy Xy oo ey Xy Xy oo ey Xy eees Xpy ey Xp)y X > 000 > Xy,

4= W,--a 1 CAMSAI AT LAt Ero-em iy,
p1 pr q ar

such that (p;, ¢;) € (Z=0)* with (p;, g;) # (0,0) for any i and p; +---+ p, = p,
q1+---+qr =q. Set q4 = q(x4). The centralizer C;(qq) is a connected reductive
group L, isomorphic to

Lqa=U(pi,q) x---xU(pr.qr)

such that Iy = l[(x4)c = Lie(Ly) ® C. Note that our choice of g4 or the hermitian
form I, , is different from that of [Mceglin and Renard 2019; Trapa 2001; Vogan
1997], but the same as [Ichino 2022]. We say that a 0-stable parabolic subalgebra ¢
is holomorphic if there exists j such that ¢; = 0 for any i < j and p; = O for
any £ > j, in other words, uNpc C p4. The choices for a holomorphic 9-stable
parabolic subalgebra are the same as [Trapa 2001; Vogan 1997].

3.2. Properties of Aq(n). Here, we review the basic properties of Aq(u). Let
d = {(pi, gi)1<i<r} be a set of pairs of nonnegative integers with (p;, g¢;) # 0,
Y. pi=p,and Y., gi = q. Take u € Z" such that

=1,y 1y c Mr),  ai=pi+qi.
———— ——

aj ar

,/'Lr»
N —

We define the segments v; associated with d and u by
(32 vi=vid @)= [+ N+ D —az, wi+5(N =1 —ag].

Here, a.; =) ,_;a; and a<; = )_,_, a;. We denote the cohomological induc-

tion Aq,(n) by A(aq, vi, ..., v) = A(d, v1, ..., v,) for short. We say that the
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cohomological induction Ag, (i) is in the weakly fair range (resp. mediocre range)
if ;o — i > —%(a,- +a; 1) for any i (resp. p; —pj > —max{a;, a;}— Zi<k<j a
for any i < j). We also say that v = u+ p = | |, v; is in the weakly fair range
(resp. mediocre range) if Aq,(u) is so.

The cohomological induction Ag, () is in the weakly fair range (resp. mediocre
range) if and only if the mean value in v; is greater than or equal to the mean value
in vy (resp. v; 2 v; for any i < j) by the explicit calculation (see [Chengyu 2025,
Lemma 2.4]).

The following statements are well known (for example, see [Knapp and Vogan
1995; Adams 1987, Lemma 4.2; Huang and Pandzi¢ 2006, Theorem 6.4.4; Trapa
2001, Theorem 3.1 (iv)]):

o In the weakly fair range, Aq(u) is unitarizable. Moreover, it is zero or irreducible
for G=U(p,q).

o For Ay(w) in the mediocre range,

dim Homg (F(2), Aq()) = Y sgn(w) Punpe (w(h + pe) — (420N p) + pc))

weWw!

holds. Here, W! is the subgroup of the Weyl group of K with respect to T’ consisting
of w for which @ € AT, w~la < 0 implies @ € A(uNpc), and Pynpc s the partition
function with respect to uN pg, i.e., Punp. (x) is the multiplicity of weight x in the
symmetric algebra S(uNpe) ™,

e If u+2pmNpe)is Aﬁ-dominant, m+2p(uNpe) occurs in Ag(p) and K-types
in Aq(u) are of the form

(3-3) pA20@NPO)+ D ne, n 20
aeAuNpc)

Calculating the K-type formula directly seems complicated, even when q is a
holomorphic 6-stable parabolic subalgebra. To avoid such complexity, we will
calculate the tableaux described below instead.

3.3. Tableaux associated with Aq(p). Let w be a cohomological induction in
the weakly fair range. We associate two invariants Ann(sr) and AS(;r) to 7 in
Section 2.4. The annihilator Ann(7) can be regarded as a v-antitableau, but AS(rr)
is a union of unipotent orbits. If 7z is isomorphic to a cohomological induction A4 (1)
in the weakly fair range, the asymptotic support AS(sr) is a single unipotent orbit by
[Trapa 2001, Proposition 5.4]. Indeed, for Aq(u) in the good range, its asymptotic
support is a single unipotent orbit. Since we can obtain 7 as a translation of
cohomological inductions in the good range, one can show that the asymptotic
supports coincide. Hence, AS(A4(u)) is a single unipotent orbit. Thus, we may
associate a v-antitableau and a (p, ¢)-signed tableau for a cohomological induction
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in the weakly fair range by [Collingwood and McGovern 1993, Theorem 9.3.3].
The examples of tableaux associated with Aq(u) are available in [Huang 2025;
Chengyu 2025; Trapa 2001].

In the following, we associate tableaux for A, (). Let q be the 6-stable parabolic
subalgebra corresponding to {(p;, gi)1<i<-} and u be a A:r—dominant integral weight
such that Ay(u) is in the mediocre range. We first construct the (p, g)-signed tableau
inductively. Let S; be the Young diagram of size 1 +---+ 1 with p; + g1 boxes
filled with p; plus boxes and ¢; minus boxes. Suppose that the (Zl kPis D ik qi)—
signed tableau | |, _, S; for k <r is defined. We then construct the signed tableau
||, <x Si by adding py boxes filled with + and g boxes filled with —, from top to
bottom, to each row-ends of | |, _, S; such that
¢ at most one box is added in each row-end, and
« the signs in |_|;_, S; are alternating across the row.

Then, | ], S; is defined as a Young diagram with decreasing rows by rearranging
the rows. The resulting tableau S =|_|;_, S; is the asymptotic support of Aq(u).
We next construct the v-antitableau. For Aq(n), the shape of (p, q)-signed
tableau and the v-antitableau are the same. The shape S of the (p, g)-signed
tableau is partitioned into | |,_;_, Si, which is the same as in the definition of the
(p, g)-signed tableau. For each 3',-, we fill v; 1, ..., vi4 from top to bottom, where
vi=vi(d, ) =1{vi1,...,Viq} Withv; 1 >--->v;,. Then, § is a v-quasitableau.
When the § is a v-antitableau, let Ann(Aq(w)) = S, which is possibly equiva-
lent to the formal zero tableau explained below. We introduce the two invariants
overlap(S;, S;+1) and sing(S;, S;+1) associated with cohomological inductions. Set

sing(S,-, Si-H) = #(U,’ N vi+1).

For §; and S;1 as in the definition of (p, ¢)-signed tableau S = |_|,- S;, let m be the
largest integer such that for any i with i <m, the (a; —m +1i)-th box of §; is strictly
left to the i-th box of S; ;. If such an integer m does not exist, set m = 0. We then
define overlap(S;, S;+1) by the nonnegative integer m. In the following, we give
an algorithm [Trapa 2001, Procedure 7.5] to obtain a v-antitableau or the formal
zero tableau from the tableau S. By [Trapa 2001, Theorem 7.9], the cohomological
induction Aq(u) is zero if and only if the tableau S is equivalent to the formal zero
tableau. More precisely, let S’ =] |; S/ be the tableau after Trapa’s algorithm. Let v;
be the segment consisting of the entries of S!. The cohomological induction Aq (1)
is nonzero if and only if the resulting tableau S’ = |; S/ satisfies

* V; > Vg1, and

e overlap(S;, S ) > sing(S;, S,

We give Trapa’s algorithm to transform the tableau to v-antitableau or the formal
zero tableau. For S =| |, S;, the algorithm is generated by replacing adjacent skew

) for any i.
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columns S; U S; 1 with S;U S, . Set R=S;US; 41 and R'=S;U S, ;. When R’
is the formal zero tableau, we understand that the tableau S is equivalent to the
formal zero tableau. We review the construction of R’, which is an arrangement
of v; Uv;41 with the shape R.

(1) If overlap(S;, Si+1) = sing(S;, Siy+1) < min{a;, a;11} or overlap(S;, Siy1) >
sing(S;, Si+1), set R" = R. Here, a; = #(v;).

(2) If overlap(S;, Si+1) < sing(S;, Si+1), then R’ is the formal zero tableau.

(3) Assume overlap(S;, S;+1) = sing(S;, S;+1) = a;+1. In this case, v;4; C v;.
We define R’ by induction on m = vj11,4,, — Vig. When m =0, set R" = R.
When m > 0, set vip1(=) = {vig1,1 — 1, ..., Vigx1,4,, —1}. We define S;;1(—)
by the tableau with the shape S;; filled with v;;(—). Set R(—) = S; U S;41(—).
By the induction hypothesis, R(—) is defined. Then, in R(—)’, there exists at
most one box B filled with v; ;1 — 1 and strictly to the right of the unique box
filled with v; ;11 in R(—)'. If the box B exists, add one to the entry in B. If no
such box exists, add one to the entry in the left-most box filled with v;y; 1 —1
in R(—)". We denote the resulting tableau by R(—)}. Now construct R(—)) by
the same procedure applied to R(—)/, but instead considering the entries v;41 2
and v; ;1 2 — 2. By the same procedure, we get R(—);M. Set R = R(-)’

aj1”

(4) Assume overlap(S;, S;+1) = sing(S;, S;+1) = a;. In this case v; C v;11. We
define R’ by induction on m = v — v;;;. When m = 0, set R = R. When
m >0, setvi(+) ={vi1+1,...,vi4 + 1}. We define the tableau S;(+) by the
tableau with the shape S; filled with v;(+). Set R(+) = S;(+) U S;+1. By the
induction hypothesis, R(+)’ is defined. Then, in R(+)’, there exists at most one
box B filled with v; 4, 4+ 1 and strictly to the left of the unique box filled with v; 4,
in R(+)’. If the box B exists, subtract one from the entry in the box B. If no such
box exists, subtract one from the entry in the right-most box filled with v; 4, 41
in R(+)’. We denote the resulting tableau by R(+)]. Now construct R(+) by the
same procedure applied to R(+)}, by the same procedure again, we get R(—{—);I,.
Set R’ = R(—F);i.

We still need to consider a partition of the resulting tableau R into R" = S;US; ;.
The last box in R’ is the right-most box filled with Vi/+1,a,~+1 =min{v; ¢, Vit1,a4;4)
The box next to the last box is the right-most box filled with v; 4 4, + 1. This
procedure stops when the entry of the box reaches min{v 1, vi41,1}. Let S, be the
tableau of the remaining boxes. We then obtain the partition R" = S; U S; ;.

If interested, the author recommends to calculate examples and check the well-
definedness of the above definition. The explicit formula for the overlap is investi-
gated in [Chengyu 2025, Theorem 3.6; Huang 2025, Lemma 5.4]. For the explicit

description of entries in the tableau R’, see [Huang 2025, §4.5].
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3.4. Unitary lowest-weight representations as cohomological inductions. In this
subsection, we determine a cohomological induction that is isomorphic to a given
lowest-weight representation ;. The following is one of the easiest cases in which
to calculate the K -types.

Lemma 3.1. Let q4 be a holomorphic 6-stable parabolic subalgebra corresponding
tod = {(pi, qi)i} such that p;q; =0 for any i and w = A,,(11) be a cohomological
induction in the mediocre range. Put j = max{i | g; = 0}. Then, 7 is nonzero if and
only if the multisets v<; and v j are multiplicity free. If w is nonzero, then 7 is a
unitary lowest-weight representation with the lowest K -type

uw+2pmnpe) =pn+(q,....q,—p,..., —p).
—_— — —

p q
Moreover, let
_ {m-i—%(p—q—i—l)—i if1<i<p,
Ul N+ D =G =p) fp+ls<is<N.
We denote by iy the maximal positive integer such that oy min{p,q}+1—io = O p+1—igs

if it exists. If there is no such integer, put io = 0. Then, the first column of the
tableau Ann () consists of

01,02, .-+, 0p—iy, Op+min{p,q}+1—igs - - - » Op+min{p,q}> O p+min{p,q}+1> -+ -> ON

io
and the second column consists of

Op+1s -+« Optmin{p,q}—igs Op+l1—ig>+-+->0p -
_\/_/
io
Proof. Before applying the algorithm, the first column of the tableau Ann(r)
consists of

Oly++-50p, Opimin{p,g}+1>---50N

p g—min{p,q}

and the second column consists of

Op+15 «++5 Optmin{p,q}

from top to bottom. To apply Trapa’s algorithm, we use the partition AS(w) =| |; S;.
Let v; be the segment defined in (3-2). Then, v; =[0,_;, 04_;+1] and the tableaux S;
are filled with v;. By the algorithm for the partition | |,_; S; and | |, ; ;. the
representation 7 is zero if v<; or v ; is not multiplicity free.

Suppose that v<; and v.; are multiplicity free. By the algorithm, the dia-

gram |_|; S; is invariant under the algorithm if v; ¢ v; 1 and v; P v; 1. Consider the
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partition S;LIS;41. When v; D vy, the tableau S; consists only of the first column
with the entries 0;11—4;, ..., 0, and the tableau S; consists only of the second
column with the entries 011, ..., Op+a;,,- Hence, the tableau S; LIS is invariant
under the algorithm, but the partition S } us ; . is different. The tableau § ; consists
only of the first column with entries 414, - .., Optq;,, and the tableau S} 41
consists of the remaining boxes. Then, if S} 41 has a box in the first column, the
maximal entry is Optajp — 1. The tableau (|_|l <j-1 S,-) us ; is invariant under the
algorithm by definition. Since the entry 0),14;,, — 1 is greater than or equal to the
maximal entry in S;», the tableau S;. +1 U Sj42 is invariant under the algorithm.
Continuing the same procedure, one obtains the resulting tableau Ann(sr). This
shows that i = 0 and the representation & is nonzero. The lowest K -type of 7 is
given as (3-3), since £ +2p(uNpe) is AF-dominant.

When v; C vj4, we first assume that a; 1 > min{p, g}. By the same procedure
as above, if 0, > 0pimin{p,q)+1. the tableau S} L S}H is the same as S; LIS
and iy = 0. The first column of the tableau S;. consists of Op+l-a;s---+0p and the
second column consists of 0,11, ..., Optl-a; T 1. Since v<; is multiplicity free,
we have Op—a; = Op+i—a;- The tableau S; | U S;. is stable under the algorithm.
Similarly, S} 41 U812 is stable. Hence, the tableau | |; S; is stable under the
algorithm. If o, <0 min(p,q}+1. the first column of the tableau S} I_IS;. 1 consists of

Op+min{p,q}—aj+15 - - - » Op+min{p,q}> Op4min{p,g}+1> - - > Op+tajy

aj aj1—min{p,q}

and the second column consists of

Op41s---s O'p—i-min{p,q}—aj» O'p—i-l—aj» <, 0p.

min{p.q}—a; 4

The first column of S} consists of

Op+min{p,q}+1—aj>--->O0p

and the second column consists of

Op+15 -+ +» Op+min{p,q}—a,-

By the same procedure to the end, the statement follows.

We suppose v; Cvjyyandajy <min{p, g}. Then, io =0. Since v~ ; is multiplic-
ity free, o, is greater than or equal t0 04 min(p,q)- In this case, the tableau S"/. W S} 4
is the same as S; LI ; +1» but the tableau S} 41 consists only of the second column
with entries 0, + 1, ..., 0p1min{p,q)- BY the routine discussion, the tableau Ll S
is invariant under the algorithm. U
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We explicitly describe 7, in terms of cohomological induction as follows:

Lemma 3.2. Let m; be a unitary lowest-weight representation with lowest K -type
A= (AL, ... AN).

(1) When &, —Xpy1 < N —p', N —¢q', let q be the 0-stable parabolic subalgebra
corresponding to

{(1L0),...,(1,0), (p/, N = (Ap—App1) — p), (0, 1), ..., (0, D}

/

pP—p )Lp_)\p+l_p+p/

and
=1, ..., UN)

be an element in 7V defined by

Ai—q ifi<p-p,
wi={rpr1+p—p ifp—p <i<N—0p—Ap1)—p,
Aitp ifN_()‘p_)‘anl)_p/<i-

Then, Aq(p) = ;.
(2) When min{N — p’, N —q'} < A, — Ap41, let q be the 0-stable parabolic subal-

gebra corresponding to

{(1,0),...,(1,0), (p",0), (0,4, (0, 1), ..., (0, 1)}

’

p=r q9—q
and i be an element in ZV defined by

M:()‘-l_Qv~~~’)¥p_q,)\-p+1+p’-~~’)‘-N+p)-

p q

Then, Aq(p) = ;.
(3) Let q be the 6-stable parabolic subalgebra corresponding to

{(1,0),...,(1,0), (p',0), (0, ¢, (0, 1), ..., (0, 1)}
[ - _

’

p—r q—q

and p be an element in ZV defined by ;v = (i1, .. ., un) such that py > - - - > M p,s

Kpt1 = Z ANy p = Up—1 =+ = Up—pi1, ANd lpt] = Upt2 =+ = Upig-
Suppose that Aq() is in the mediocre range. Then, Aq(1) is a nonzero lowest-
weight representation and the lowest K-type .. = (A1, ..., Ay) of Aq(1) satisfies

min{N — p'(A), N —q' (M)} <A, — Apq1,

where p' (M) =#{i | 1 <i<p, Ai=Ap}andq'AN) =#{i | p+1 <i <N, Ai=Ap41}.
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Proof. We calculate the K-types of Aq(u). For (1), we have

2P(ump6) = (Qa .. -aq’)"p _)\-p+l —P+P/, ---,)\'p_)\'p+1 —P+P/,
——
p=r P
—p+p.,....,—=p+p.,—p,....=p)
N—=Qp—=Ap+1)—p) Ap—Ap+r1—p+p’
and

w+2pmNp) = (A, e Aps Apat, . L AN).

Since p + 2p(uNpe) is AF-dominant, the representation Aq(u) is isomorphic
to m, by (3-3). The statement (2) is a restatement of Lemma 3.1. We prove (3).
Since q is holomorphic, Ag(u) is a lowest-weight representation by Lemma 3.1.
Suppose Ag(u) = ;. In this case, we have

vpoprt =[p—3(p—q—D.pup—35(p—q+1)+p]
and
vppr2=[pr1—5(p—q =D —¢" p1 —3(p—gq+D].
Here, v; is the segment defined in (3-2). Since it is in the mediocre range, either

p—35(P—q+D+p = pp—35(p—g+1)
or

pp—3(p—qg—D=pp—2p—qg-1—¢q
holds. This is equivalent to

p—Mpt1 = —p' OF [p—ppt1=—q'.
By (2), we have
mp=Ap—q and ppir1=~App1+p.

Then, the statement (3) follows from p’(1) > p’ and ¢’(A) > ¢'. O

The signed tableaux for unitary lowest-weight representations are as follows:

Corollary 3.3. Let w be a unitary lowest-weight representation. Then the signed
tableau AS (1) has at most two columns. If the tableau AS () has only one column,
7 is a character. If AS(m) has two columns, the signs are arranged in the order
of + and — in rows with two boxes. In particular, the tableau AS (i) is uniquely
determined by its shape.

Proof. This follows from Lemma 3.2 and the definition of (p, g)-signed tableau
for Aq(u). [l
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3.5. Nonvanishing criterion for Aq(p). For a 6-stable maximal parabolic subal-
gebra q, Trapa’s algorithm gives the following nonvanishing criterion for Aq(u).

Lemma 3.4 [Huang 2025, Lemma 2.6]. Let q be a 0-stable parabolic subalgebra
corresponding to d = {(p1, q1), (p2, g2)} and p be a A -dominant integral weight
such that Aq() is in the mediocre range. Then, Aq() is nonzero if and only if

min{py, g2} +min{qy, p2} > #(v1 Nv2).

Take a holomorphic 8-stable parabolic subalgebra associated to d ={(p;, i) 1<i<r}-
Let j = j(d) be the minimal integer i such that a<; > p. The cohomological
inductions Aq(u) for holomorphic 6-stable parabolic subalgebras q are lowest
weight by [Adams 1987, Lemma 1.7]. We will show that the converse holds
in Lemma 4.6. We can calculate the nonvanishing conditions and tableaux of such
cohomological induction as follows:

Lemma 3.5. Let q4 be a holomorphic 6-stable parabolic subalgebra corresponding
tod ={(pi, gi)1<i<r} with a; = p; +q; and 7t be a cohomological induction Aq, ()
in the mediocre range. Then, m is nonzero if and only if

» v and v j are multiplicity free, and
o #(v;Nv.;) <gqjand #(v;Nv.;) < p;.
When 1 is nonzero and q; # 0, we have v_j Nv. ; = &. Write
vi={vj1,...,Vjq} and v.;juv.;={o1,...,01}

suchthatvj>---> Vja; and oy >--->o0p. Putv;N(vojUvs ) ={0f41,...,0g}.
Let m = min{f, q; — #(v; Nv.;)} and let iy be the maximal integer such that
1 <ip<g-— fand ofiiy > Vjmtiy The first column of the tableau Ann(rw)
consists of

01,02,..., O—f’ O’f—‘rlv O’f—‘r27 R O’f—ﬁ-l‘()»

io
Vjmio+1s Vim4io+2s -+ -5 Vjgs Vig+1ls -« -5 Vijaj> Of+p—m+1, -+, 01

and the second column consists of

vj,la vj,2 L) Vj,ma Vj,m—i—l’ Vj,m—i—Za RN Vj,m—i—ioa
m io
Uf+i0+1, Gf+i0+2’ LR O'g, Gg+1’ DRI O'min{t,f+pfm}
g—io

Jfrom top to bottom. Here, we understand that there is no box next to the box filled
with vjq; if t < f + p —m in the first column. In particular, if m # 0, then the
(1, 2)-th entry of Ann(r) is v; 1.
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Proof. The proof is the same as Lemma 3.1. The case ¢g; =0 follows from Lemma 3.1.
When g; #0, we compute the tableau Ann(rr). If v_;Nv. ; £, take x e v jNv. ;.
Since any element in v has multiplicity at most two, any element in v; is greater than
or less than x. If x is less than any element in v, the segment v; is contained in v;_1,
since 7 is in the mediocre range. Applying the algorithm to the tableau S;_; U S,
the representation Ag, (i) is zero by p; # 0. If x is greater than any element in v;,
the representation is 7ero by the same method as g; # 0. Hence, v_; Nv. ; = &.

If v ; or v, ; is not multiplicity one, we have w = 0. Hence, we may assume that
v and v ; are multiplicity free. Let & be the integer such that v_; = {07, ..., o3}
withh=p—p;= f+#(v;jNv.;). Set m" =min{h, g;}. Before Trapa’s algorithm,
the first column of the tableau Ann(sr) consists of

0]9"'50h7vj,m/+la---aUj,ajv"'

and the second column consists of

vj,l? Vj,z, KN Vj,m’» Oh415 - -

from top to bottom. Let v;_; = {ox, ..., 05} and §; be the tableau consisting of
entries with elements in v; defined in Trapa’s algorithm. Consider R = §;_ U ;.
By Trapa’s algorithm, we have R = R’ if 0}, > v; ,y or v;_; ¢ v;. In this case, R is
equivalent to zero when ¢; < #(vj_; Nv;). If not, the first column of R’ consists of

Vj,m’—h—i—kv e Vj,m’v Vj,m’—Ha v

and the second column consists of

Uj,lv LA ] vj,m/fl‘lﬁ»k*ls Ukv e ’Ghs Uh+1’ LR

from top to bottom. If 0}, < v; v, then oy < v —p4k. Trapa’s algorithm for
R= S}i2l_lS}71 is similar and R is equivalent to zero if ¢ ; —#(v;_1) < #(vj_gﬂv}il).
Also, the algorithm for S} us i1 is similar. Continuing this procedure to the end,
one obtains the lemma. Note that f —m = h —m’ by elementary computations. [J

The following statements, which are helpful to compute Ay(), show that when
the associated segments are linked, we may replace the linked segments or, con-
versely, partition them into smaller segments.

Corollary 3.6. Under the same notation as in Lemma 3.5, suppose Aq(1) is nonzero.
Let viU---Uv, =v_; be a partition of v into segments with v{ > --- > v, and
vi'U---Uv =v.; be a partition of v j into segments with v{ > --- > v/. Let q
be the 0-stable parabolic subalgebra associated with

{#OD, 0, ., F, 0), (p—#(v<j), g —#(v=))), (0, #(1))), ..., (0, #(v)))}.

Putm =A(q, viu---Uv Uv;uvu---0v)). Then, if w is in the mediocre range,
we have Aq(p) = .
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Proof. The statement follows from Lemma 3.5, since the tableau A, (1) does not
depend on a partition of v_; and v ;. O

Corollary 3.7. Under the same notation as in Lemma 3.5, suppose Aq(u) is nonzero.
When vi_y C vj (resp. vji1 C vj), let q' be the 6-stable parabolic subalgebra
corresponding to

{(pr.qD). ... (pj=2,qj=2). (pj + Pj—1.4; — Pj=1),
(0’ pj—l)’ (p]-‘rlv q]+])’ R (pr’ q}")}

(resp' {(ph ‘11)7 ceey (pj—h qj—l)v (qj+15 O),
(Pj—qj+1:q4j +qj—1s (Pj2.4j12)s -+ (Pr.qr)})

andw =A(q, vi, ..., Vj,Vj_1, ..., V) (resp. T =A(q', Vi, ..., Vjg1, Vs ooey V).
If 7w is in the mediocre range, one has Aq(u) = 7.

Proof. The statement follows from Lemmas 3.1 and 3.5 by the explicit computation
of tableaux. ]

Remark 3.8. One can prove Corollaries 3.6 and 3.7 by the induction in stages
of Ag(u) (see [Huang 2025, §5.6; Trapa 2001, Lemma 3.9]). Note that Corollary 3.7
is a special case of [Huang 2025, Proposition 4.9; Trapa 2001, Lemma 9.3].

4. A-parameters and main theorem

We recall Meeglin and Renard’s description of A-parameters in terms of cohomo-
logical inductions, and state the main theorem of this paper.

4.1. A-parameters. The A-parameters v are defined by a formal sum

(4-1) v =D x5 ® Sar»

i=1

where x; s is the character of C* defined by z+— (z/2)" 12(z7)8/2, S, is the irreducible
representation of SL,(C) with dimension m, and the triplets (¢, s, a) run over
multisets on (7, 5, a) € Z x /—1 R x Z-y. When s = 0, we write x; = Xt.s- This
definition of yx, differs slightly from that of [Ichino 2022] but is the same as [Mceglin
and Renard 2019]. For an A-parameter 1 = @i Xii.si @ Sq;» wWe say that ¥ is good
if %(t,- 4+a;+N) € Z and s5; = 0 for any i. Associated with an A-parameter ,
we obtain the component group &, It is isomorphic to a free Z/27-module

Sy =(2/20)e1 @ --- D (L/22)e,.

Let IT(yr) be the A-packet of y, that is, the set of semisimple representations of G
satisfying the standard and twisted endoscopic character relations (see [Atobe et al.
2024, §1.6; Kaletha et al. 2014, (1.6.1)]).
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Remark 4.1. In the usual definition, an A-parameter is a homomorphism Y
from Wg x SL,(C) to the L-group of the unitary group. Here, W is the real Weil
group. By the base change Y¥r|cx «s1,(c), the parameter ¥ can be identified with
the formal sum (4-1). For details, see [Gan et al. 2012, Theorem 8.1].

4.2. Meaeglin—-Renard’s construction of A-packets. Take a good A-parameter
r
11// - @ Xl‘,’ ® Sa,- .
i=1

We define the infinitesimal character x, of ¥ by the multiset

r

@42 U{it+a—D, 0 +ai=3), ..., 3¢ —a;+ D}

i=1

~

= L [3¢i —ai+ D, 3G +a; = D].
i=1

Then, all the representations in IT1(y) have the same infinitesimal character with the
Harish-Chandra parameter (4-2). Following Théoreme 1.1 in [Mceglin and Renard
2019], we describe the representations in IT1(vr). Put

r r
D)= {(PiaCIi)i:I ..... y€(Z0)? | pi+qi=a; foranyiand 3 pi=p, Y qi =q}_
i=1

i=1

For d € D(y), set

Bd = (s ooy By ooy oy ooy By (s ooy By e ees fpy oo ey f)s
h\/—/
pi pr q qr
where u; = %(t,- +a;—N)+a.; anda.; = Zjd aj. Note that there is a typo in
[Mceglin and Renard 2019, (4.2)]: 3 (t;+a; —N)—a~; should be 1 (t;+a;— N)+a;.
For x4 as in (3-1), we define the cohomological induction by
(4-3) g () = Aqeg) (Ha)
and a character ¢4 on Sy, by
eq(e;) = (_l)pia<i+qi(a<i+1)+ai(ai_l)/z
for any e; €S, The following is proved in [Mceglin and Renard 2019, Théoreme 1.1].

We choose the same Whittaker datum tv as [Mceglin and Renard 2019] (see [Atobe
2020, Appendix A]).

Theorem 4.2. Let v be a good A-parameter with ¥ = @'._, xi, ® Sq;. Suppose
thatty > --->t, and a; > aj41 if t; = tj11. We then have

() ={aua(y) | d € D)}

The character of Gy, associated with </;(¥) is equal to 4. Moreover, the multiplic-
ity one holds in T1(yr).
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Remark 4.3. The correspondence «7; (/) to &4 depends on the choice of Whittaker
datum tv. We may explicitly calculate the dependence. See [Kaletha et al. 2014,
Theorem 1.6.1] for details.

Remark 4.4. The statement does not imply that the cohomological induction .«7; ()
is nonzero. Trapa [2001] gives an algorithm to determine whether cohomological
inductions of G are zero. Recently, Huang [2025] and Chengyu [2025] indepen-
dently considered the nonvanishing of cohomological inductions of real unitary
groups with Chengyu treating the “nice” case and Huang the general case.

Remark 4.5. For general 1, representations in the A-packet I1(y) consist of the
parabolic induction from the representations in the packet IT () for certain good
A-parameter Yo C . Here, ¥ is a good A-parameter of a unitary group that is a
subgroup of G.

4.3. Main theorem. In this subsection, we state the main theorem following the
notation as in the introduction. The lemma below plays a crucial role in stating and
proving the main theorem.

Lemma 4.6. Let v = @ _, x1.s ® So; be an A-parameter. If T1({) contains an
irreducible lowest-weight representation 7, the parameter Vr is good and Xy = Xx.
Moreover, if o;(fr) € I1(y) is nonzero and lowest weight, there exists j such that
qgi =0foranyi < jand py =0 forany { > j,i.e.,d =doand qq is holomorphic.

Proof. The goodness of ¢ follows from the construction of general v as in [Mceglin
and Renard 2019, Proposition 5.2]. The condition xy = x is obvious since represen-
tations in I1(y) have the same infinitesimal character y.,. For the second statement,
consider the signed tableau Ann(7; (y/)). If there exist different integers k and ¢
with prgipeqe # 0, the signed tableau Ann(.e7;(v)) satisfies either

o there exists a row with three or more boxes, or
« there exists a row with two boxes arranged in the order of — and +.
Then 27; (/) is not of a unitary lowest-weight representation by Corollary 3.3. [

The following is the main theorem of this paper. Note that the nonvanishing
condition %7, () is determined in Lemma 3.5 (see also Corollary 4.8).

Theorem 4.7. Let A = (A, ..., An) bea Aj—dominant integral weight and 1) be
the irreducible lowest-weight representation of lowest K -type L. Let  be a good
A-parameter with xy = X, such that <;,(yr) is nonzero.

(1) If N—p' <Ap—App1 < N —¢q’, the packet T1L({) contains m, if and only if
[hp = 3(N =D, Ap1 + 2N —=D] Cv; C P

(2) If N —q' < Ap —App1 < N —p', the packet T1({) contains ;. if and only
if either
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e vej=P,or

e [Ap—3(N =D, 2pp1+5(N—D]Cv; C Q.

(3) If N—p', N —q' <Xp—Xp41, the packet TL(\) contains 1), if and only if either

e PCv;CPUI or

e ICv;CQ.

@A) If \p — App1t < N —p', N —¢q’, the packet T1({r) contains m;_if and only if
[hp = 5(N = 1), Apy1 + 5(N = D] =v;.

Our proof, provided in Section 35, is based on the explicit computation of K -types
and the associated tableaux of . (). More precisely, the if part follows from
Lemma 3.2 and Corollaries 3.6-3.7. For the only if part, we divide the cases
into g; = 0 or g; # 0. When g; = 0, the statement follows from Lemma 3.1.
When g; # 0, we calculate the associated tableau Ann(7 (1)) in Lemmas 5.2, 5.3,
and 5.4. Then, the theorem follows.

As a consequence of Theorem 4.7, we can determine the lowest K -type of the
lowest-weight representation in IT(vr).

Corollary 4.8. Let y = @;_, x, ® Sa, be a good A-parameter. The packet T1()
contains a nonzero unitary lowest-weight representation if and only if both

» v and v j are multiplicity free, and
. #(Uj N U>j) =Dj and#(vj N V<j) =gqg;j-

When T1(y) contains a nonzero unitary lowest-weight representation w in I1(),
the lowest K -type X of m is given as follows:

(1) When qj =0, the lowest K -type A of m satisfies P(A) =v<; and Q(X) = v~ ;.

(2) When p; = #(vj Nv.;) and q; # 0, the lowest K-type A of m satisfies

PA)=v.;u@;Nvs;)and Q&) =v>; \ (v;Nvs ;).

(3) When gq; =#(v; Nv_;) #0, the lowest K-type A of T satisfies
P()L):vsj\(vq-ﬂvj) = {0y, ...,O'p} and Q) = (vjﬂv<j)|_|v>j.

(4) When Dj ;é#(vjﬂv>j) andqj ##(vjﬂv<j), setv_;jUvs ;= {o1,..., UN—#(vj)}-
Let ig be the minimal integer such that

1 <ip<#(;) and #(v;)—ip+1+#xecv_;Uv.;|x>vj;}=p.

Then, the lowest K -type .. = (A1, ..., Ay) of 7 is given by
oi—5(p—q+ D) +i ifi < p—#©;)+io,
oo IV I NED 4 ifp—#) i <i<p,
v -3 =D ifp+1 <i<p+iop—1,

Ji_#(vj)—%(N-Fl)_P‘f’i if p+io <i.
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Proof. To show the nonvanishing condition, it suffices to consider the case d = d
by Lemma 4.6. The nonvanishing condition for .7, () is given in Lemma 3.5.
Suppose that o7, (/) is nonzero. Then, the statement (1) follows from Lemma 3.1.
For (2) and (3), the statements follow from Lemma 3.2 and Corollaries 3.6-3.7.
For (4), we have A, — A,11 < N — p'(A), N — ¢’(1) by Theorem 4.7. Now,
ig as in (4) exists. We then have v; = [Ap — %(N =1, Ap1 + %(N — 1)] and
PA) ={vjips Vjig+1---» vj,#(vj)} U{x ev\v;|x>v;;}. The statement follows
from Lemma 3.2(1) and Corollary 3.7. [l

5. Proof of main theorem

We prove the main theorem in Sections 5.2, 5.3, 5.4, and 5.5.

5.1. Cohomological induction for holomorphic 0-stable parabolic subalgebras.
To show the main theorem, we will need Lemma 5.1 below.

By Lemma 4.6, it suffices to consider d = dy. We already described the nonvan-
ishing conditions of such cohomological inductions in Lemma 3.5. In the following
lemma, we will investigate the necessary condition that .7, (/) is isomorphic to
with a given A. A key point here is that the cohomological induction .27 (/) is in
the weakly fair range.

Lemma 5.1. Take an irreducible unitary lowest-weight representation w, with
lowest K -type L. Let r be an A-parameter with w, € I1(yr). Let v; be the segments
associated with {r and d.
(1) As multisets, v_; and v~ j are multiplicity free.
(2) Ifv; Cvsj,theng; =0.
(3) Vj ¢ V<.
@ IcC VojUvsj.
S IfvejNv.; #3, thenv; Cv.jandq;=0.
©) Ifve;Nv ;NI #Sand I Nv; # D, thenv; C1 Cvsjandqj=0.
@) Ifl)<jﬂl)>jﬂl =, then I C Vj.
®) If I #3,then I Nv; # @.
Proof. The statements (1), (2), (3), and (5) follow immediately from Lemma 3.5.
Note that p; # 0 by definition of j. For (4), consider the multiplicities of each
element in v. The multiplicities of elements in I are two in v. Thus, v_; Lv. ;
contains I, since v; is a set.

Set I =[x, y]and v; =[a, B]. By m, € I1(3), one has PLIQ =v. For (6), assume

vojNvs ;NI # @ and v;NI # . Since any element in I has multiplicity two in v,
one has v_;Nv. ;NI =1\ (INv;) by (1). Moreover, I Nv; is a segment since /
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and v; are segments. Hence, v_; Nv. ;NI contains x or y. When y e v_; Nv. ;,
we denote by z the minimal member in v_;Nv. ;N /. The maximal memberin v; N/
is z — 1. By the weakly fair property, the set v_; does not contain z — 1. We thus
have z — 1 € v. ;. Then, the set v.; contains / and in particular, v; C I C v ;.
Here, we use the fact that the real numbers x — 1 and y + 1 have multiplicity at
most one in v. When x € v_; Nv. ;, one has v; C I C v.; by the same discussion.
This case does not happen by (3). Hence, we have v; C I C v ; and then g; = 0.

The statement (7) follows immediately from the fact that the multiplicities of
elements in / are two.

For (8), suppose I # & and I Nv; = &. By the proof of Lemma 3.5, we have
vj Cvsjand @ < B < x. Then, g; =0, and there exists an element ¢ in P’ LI Q" with
multiplicity two such that # < x. The existence of ¢ implies A, —A,4+1 <N —¢’.
By ¢; =0 and Lemma 3.2(3), we may assume N — p’ < i, —A,1. Then, the set /
is equal to Q'. In this case, x —1 € Q,butx —1€ PNv- ;j by definition. Moreover,
the segment v.. ; contains the set Q \ Q" and I = Q’, and then Q C v. ;. Hence,

Hoo > #x -1} +#0 >qg + 1.
This contradicts the definition of j. Hence I Nv; # @. [l

In the following sections, we complete the proof of Theorem 4.7.

5.2. Proof of main theorem: the case N — p" <X, —Ap41 < N —q’. We first
show the only if part. By the assumption, one has I = Q. Put v; = [«, B].

When ¢g; = 0, by Lemma 3.1, we have v<; = P and I = Q' cC Vo = Q
if @7;,(Y) = 7. In this case, one has o =4, — %(N — 1). Note that by the weakly
fair property, we have B > A, + %(N —1). Hence, the segment v; contains
[hp — 3N = D), Apyr + 2(N = D]

When g; # 0, the segment v; is not contained in v.. ; by Lemma 5.1 (2). Also,
v.jNv.; = and v; contains I by Lemma 5.1. Set

l)\l}j :{(71,...,0’1\1_#(,)/.)}, ij(v<j|—|v>j):{O'f'+1,---,0’g}

with o1 > --- > oy _#@,). Define d = {(p;, i)} and v; by

(1,0) ifi<p—py, {oi}  ifi<p—pj
(pisqi) = (pj,q;) ifi=p;j, vi=1v; ifi=p-—p;j,
0,1  ifi> pj, {oiz1} ifi>p—pj,
and
(5-1) T(WY) = Ads Vi, - Vg 41)-

By Corollary 3.6, () is in the mediocre range and isomorphic to .27, (¥).
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Lemma 5.2. If n(y) = my, then [A, — (N = 1), App1 + S(N = D] Cv; C P

Proof. Since the segment v; contains /, it suffices to show o =4, — %(N —1). Sup-
pose o > A, — %(N— 1). By Lemma 3.5, one has #(v_;Nv;) <q; =g —#v- ;. Since
the set (v ;Nv;)Lv- ; contains Q in this case, one has #v.. ;+#(v_;Nv;) > ¢q. Hence,
we have v jLI(v<jNv;) = Q and in particular, v.. ; C Q. By I Cv;, the multiset v; is
not multiplicity free or v.. ; & Q if @ > )»,,—%(N—l). This shows o < Ap—%(N—l).

It remains to show @ > 4, — %(N —1). Suppose o < A, — %(N —1). To show
7w (Y) % m, under this assumption, recall the tableau Ann(rr,). By Lemma 3.2(2),
the first column of the tableau Ann(sr;) consists of entries

MAsP—q—1+5(p—q=3),...,kp—35(N=1),...
and the second column consists of entries
Apr1+3(N —=1), Apa+ 5(N =3), ..., Aptmin(p.g) + 3(N + 1) —min{p, g}

from top to bottom. This is invariant under Trapa’s algorithm. We describe the
tableau Ann(w(y)) as follows. By #(v.;) + p; +¢q; — #(v-; Nv;) > p and
#(v.j)+pj = p,wehave qg; —#(v_;Nv;) > 0. When there is no x € v with g < x,
the first column of 7 () consists of

B=h+5s(p—qg—1.—1,....0a,...

from top to bottom. In particular, the entry next to A, — %(N —1isi,— %(N +1).
However, the entry next to A, — %(N — 1) in the first column of Ann(sr;) does not
equal A, — %(N 4+ 1). Indeed, if g < p, there is no such box. If ¢ > p, the entry
is haps1 +S(N+ 1D — (p+1) =Aps1 — 5(p — g +1). We then have

Ap—3(N+1D—(Aopr1—3(p—q+ D) =rp—Asps1—¢q
=Ap—Apt1— (N _P)+()‘p+l _)&2p+l)
> Apt+1—A2p+1-

For the last line, weuse P =P and N—p' <X,—A,11. ByN—p=N—-p' <N—¢/,
one has ¢’ < p and then Apt1 — A2p+1 > 0. Hence, the tableaux Ann(rwr;) and
Ann(rr (1)) are different and in particular, the representations are different. We may
assume that there exists x € v such that x > 8. Put f =#{x e v | x > B}. Let
m=min{f, q; —#(v;Nv_;)} and iy be the maximal integer such that 1 <ip <g— f
and of1jy > Vjmip- Here, v;i = {vj1,...,vjq} with vy > -+ > v;,. By
assumption, m is positive. By Lemma 3.5, the (1, 2)-th entry in Ann( (v)) is B.
Hence, we have 8 = A, + %(N —1). This shows iy > #I. The second column
of Ann(mr (1)) consists of

Uj,l, vj,z, ey vj’m+i0, N
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from top to bottom. In particular, the entry next to v; ) =Ap11 + %(N +1)—q’is
Vi#()+1 = Vj#1) — 1. Note that )\.p+1 —{-%(N -1 —q/ isin v by kp —kp+1 < N—q/.
However, in the second column of Ann(iry ), the entry next to A 41+ %(N +1)—¢q'
S Apygre1 + %(N —1) — q' < vjuu)+1, if it exists. Hence, the representation
Apt1+ %(N + 1) — ¢’ is not isomorphic to 7, since the associated v-antitableau
tableaux are different. ([l

We show the converse. Suppose that o7, (/) satisfies
[p = 3N =D, 2p 1 +3(N=D]Cv,CP.

The nonvanishing of .7, () follows from Lemma 3.5. Since the multiset v\ v; =
v<j Uv.; is multiplicity free, the representation .27, () is isomorphic to m; by
Lemma 3.2 and Corollaries 3.6-3.7.

5.3. Proof of main theorem: the case N —q’' <X, —X 41 <N —p’. We first show
the only if part. Let P” = (PNQ")\I and p” =#(P"). Onehas I = P’ and INv; # &
by Lemma 5.1(8). When g; = 0, by Lemma 3.1, the representation 7, (/) is
isomorphic to m; if and only if v<; = P.

We consider the case where ¢g; # 0. Then, the multiset v_; Liv- ; is multiplicity
free and v; is not contained in v. ;. Let 7 (y) be the cohomological induction
defined in the same way in (5-1). The statement follows from this lemma:

Lemma 5.3. If 7 (y) = m;, we then have
[Ap = 3(N =1, hpr1+3(N=D]Cv; C Q.

Proof. Put v; = [a, B]. Since v; contains I, one has o <X, — %(N —1). It remains
to show B = Ap41 + 5(N — 1). Suppose that B < A,i1 + 5(N — 1). We then
have p; > #(v; Nv.;) and the multiset v<; contains a set P properly, since
v_;j contains {x € v | x > B}. We show that #(v; Nv.;) — p; is positive. By
#(vjNvs ) =#1 +#P"” —#(v-;Nv;), one has

#(vjNvsj))—pj=p +p" —#W;Nv.j) —p;
=p'+p"—#v;Nv.j)—(p—#<)))
=#(<;) —#@;Nv.;))—(p—p —p") >0.

The last inequality follows from 8 < A 11 + %(N —1). Hence (y) is zero. This
is a contradiction. Therefore we have 8 > A, + %(N —1).

It remains to show B 5)\1,+1+%(N—1). Put f=#{x EV|x> Ap+1+%(N—1)}.
Suppose B> 4,11 +%(N — 1). By assumption, we have g; > #(v;Nv_;) and f #0.
We recall the tableau Ann(rr; ). By Lemmas 3.2 and 3.5, the second column of the
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tableau Ann(sr,) consists of

Ap1 (N =1), Apia+3(N=3), ..., Aptmin(p.g)+1—io+3 (N—1)—min{p, g} +io,
Apricip— 3(N+ 1) +ig, ..., Ap—3(N—1),....

io
Here, ig is the maximal positive integer such that
A pmin{p,q)+1—ip T %(N — 1) —min{p, g} +io > Apy1-i — %(N +1)+ip

if it exists. If no such iy exists, ig is defined as 0. In particular, the (1, 2)-th entry is
Apy1+ % (N —1). In this case, the number of boxes in the second column from the top
to the box filled with A, — %(N — 1) is greater than p’+ p”. If there exists x € v with
x > B, the (1, 2)-th entry of Ann(r (/)) is B by g; > #(v;Nv. ;). Thus, the tableaux
Ann(ry) and Ann(r (3)) are different by the assumption 8 > A, 1 + %(N —1).In
other words, the representations 7, and m (i) are different. The remaining case
is that there is no x € v with x > B. Then, the second column of Ann(7,(¥))
consists of entries

hpriF3(P=q =D = fidpa+3(N=3)=fi...,hp—3(N=1), ...

from top to bottom. The number of boxes from the top to the box filled with
Ap — %(N —1)is p’+ p”, different from that of Ann(r; ). Therefore, the represen-
tation .74, (/) is not isomorphic to 7. We conclude that 8 =X ,41 + %(N 1. O

It remains to show the converse. Suppose that o7, () satisfies v<; = P. Then,
“,(Y) = m), by Lemma 3.1. Suppose next that o7, (/) satisfies

[Ap— 3N =1, App1+3(N=D]Cv; C Q.

In this case, by the explicit computation of p; and g, the representation o7, () is
nonzero and isomorphic to m; by Lemma 3.2 and Corollaries 3.6-3.7.

5.4. Proof of main theorem: the case N — p’, N —q" <X, —A,41. We first show
the only if part. When g; = 0, by Lemma 3.1, we have v<; = P and v.; = Q.
In particular, P C v<; C PUI. When g; # 0, the segment v; contains /. When
v;N(Q'\I)=, wehave v<; C Pul and P C v<; since v ; is multiplicity free
by Lemma 3.5. We may assume that v; N (Q"\ 1) # @ and A| + %(p —qg—1) >
Apr1+3(N —1). Infact, if oy +3(p —q — 1) = Apy1 + 5(N — 1), the segment v;
is automatically contained in Q’. Consider the tableaux for Ann(<7,(v/)) and
Ann(rr; ). We show that v; is contained in Q' if o7, () = m;. Note that we have
q; —#w;Nv.;) > 0. Indeed, by assumption, the multiset v<; contains P properly
and then P U (v; Nv.;) € v<j. We then have p +#(v; Nv_;) <#v_;+p;+q;
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and, in particular, 0 < g; —#(v; Nv_;) by p; +#(v-;) = p. By Lemma 3.2, the
first column of Ann(r;) is

MA3(P—g=D,M+35(p—g=3), ... Ay —5(N=1),...
and the second column is
Aprt+2(N =1, Apio+2(N =3), ..., Apimin(p.q} + 2 (N + 1) —min{p, g}.
Put v; = [a, B]. Suppose 8 =4 + %(p —q —1). Then
P=P and B>Aip+3(N—1).
The first column of Ann(.#;,(¥)) consists of

B, B—1,...,¢,...
and the second column consists of
Apri+3(N =1, Apio+3(N=3), ..., dppe+3(N+ D —La—1,...
from top to bottom. Here, ¢ is the unique positive integer such that
Apre+3s(N+1) ==k, —3(N—1).

Note that in the second column of Ann(<7, (1)), the box next to the box filled with
Apte + %(N + 1) — £ exists if and only if B > A1 + %(N —1)and v; Ul #v.
Contrary to this, in the second column of Ann(r,), the box next to the box filled
with A 40+ 3(N+1) — £ exists if and only if A1+ 3(p—g — 1) > App1 +3(N — 1)
and I # Q. Hence, under our assumption, there exists a box next to the box
filled with A, ¢ + %(N + 1) — £ in the second column of Ann(s,) and it is equal
to Apye + %(N — 1) — £. We may additionally assume v # v; U I. The entry
next to A,y ¢ + %(N + 1) — £ in the second column of Ann(<7,(¥)) is strictly less
than A, ¢ + %(N + 1) — £ — 1. This shows that the tableaux Ann(<,(y)) and
Ann(rr,) are different. Suppose 8 # A1 + %(p —q — 1). Then, the (1, 2)-th entry
in Ann(</,()) is B by g; > #(v; Nv_;). Hence, we have B = A, 11 + %(N -1
if Z,(y) = ;. In other words, one has I C v; C Q" if o, (V) = m,.

The converse follows from Lemmas 3.2-3.5 and Corollaries 3.6-3.7. This
completes the proof.

5.5. Proof of main theorem: the case A, —\p1 <N —p’, N —q’. We first show
the only if part. Put v; = [, B]. In this case, one has g; > 0 by Lemma 3.2(3). Then,
v; contains I and v_; U v ; is multiplicity free. Let 7 (/) be the cohomological
induction defined in the same way in (5-1). The statement follows from this lemma:

Lemma 5.4. If n () = m;, one has v; = [Ap — %(N — D, App1 + %(N - 1)].
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Proof. The statement follows from the explicit calculation of the associated tableaux.
Recall the tableau Ann(m;). Put f = #{x € v | x > Apy1 + 2(N — 1)} and
m=min{f, N— (X, —A,4+1)—p'—p"}, where p”" =#((PNQ")\I). When f #0,
the (1, 2)-th entry in Ann(r;) is A 41 + %(N — 1) by Lemmas 3.2(1) and 3.5. Let
io be the maximal positive integer such that A r;; + %(p —qg+1)—(f +ip >
Apy1+ %(N + 1) —m — iy, if it exists. If there is no such ig, set ig = 0. Then, the
first column of Ann(s;) consists of

MAsPp—g—10+5(pp—q=3),.... ks +3(p—g+ 1D — 1,
f
Arit3(p—g+D—(f+1D), Af+z+ (p— q+1)—(f+2) }
kf+,0+ (p—q+1)—(f+io)
Ap+mtig+1 + %(N — 1) —(m+io), Aprmyig+2 + j(N —D—(m+ig+1),
chp— AN =),

from top to bottom. The entry adjacent to A, — %(N — 1) is strictly less than
Ap— %(N — 1) — 1 since p — f is strictly greater than the number of elements in v
with multiplicity two. When f = 0, the (1, 2)-th entry in Ann(sr,) is the maximal
member in v with multiplicity two. This is greater than or equal to A, —%(N —D+p'.
Then the first column consists of

Apit +3(N =1 Apii + 3N =3), ... A — S(N=3), 4, — 2N = 1), ...

from top to bottom.

We claim B = 2,41+ 1 (N —1). Note that ¢; > #(v;Nv<;) and p; > #(v; Nv.. ;)
if () = m, by Lemma 3.2 and Corollaries 3.6-3.7. Suppose first that g <
Apt1 + %(N — 1). Then, there exists x € v such that x > B. In this case, the
(1, 2)-th entry in w () is B by q; > #(v; Nv.;). If w(f) = m,, there exists
nox € v withx>2x,. |+ %(N —1),1e., f =0, and B is the maximal member
in v with multiplicity two. Consider the number of boxes from the top to the
box filled with A, + %(N — 1) — ¢’ in the first column. For 7;, by f =0, this
number is ¢’, but for 77 (), it is strictly less than ¢’ by 8 < A1 + %(N — 1) unless
B=Ap,— %(N+ D+p . IfB=%r,— %(N—l— 1)+ p/, consider the location of the box
filled with the unique entry A, | + %(N — 1) —¢’. This is in the first column for
Ann(rr,) and in the second column for Ann(7r ()). Hence, the representations 7,
and @7y, () are different. Suppose next that 8 > A 41 + %(N —1). Then, f > 0.
If there exists x € v with x > f, the (1, 2)-th entry in 7w (i) is 8. Then, one
has B =A,41 + %(N — 1). This is a contradiction. When there exists no x € v
with x > 8, we compare the v-antitableaux of m; and 7 (). In this case, for m;,
the number of boxes from the top to the box filled with A, + %(N +1)—¢ in
the first column is at most max{—q + ¢’ + (A, — A,41), ¢}, that is strictly less
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than f +¢’ by f # 0. Note that —g 4+ ¢’ + (A, — A 41) is equal to the integer a
such that A, + %(p —g+1D)—a=k,p1+ %(N + 1) —¢’. For 7 (y), the number
of boxes from the top to the box filled with A, 1 + %(N + 1) — ¢’ in the first column
is f +¢’, since v ; contains /. Hence, the tableaux are different. We conclude that
Bisequal to Apq1 + %(N — 1) if ) = o;,(¥). In the following, we may assume
B=rpr1+35(N—1).

It remains to show a =4, — %(N —1). If there exists no x € v with x >
Apy1+ %(N — 1), the first column of Ann(rr (1)) consists of

Apri+s(N=D=8,....a,...

from top to bottom. Then, the entry next to « is strictly less than o« — 1 since
qj > #(; Nv_;). For my, in the first column, the entry next to A, — %(N —1)is
strictly less than A, — %(N— 1) —1 and the entry next to x with A, — %(N —D<x<
Apt1+ 2(N —1)is x — 1. Hence, if m; = o/, (), we have @ = A, — S(N — ).
We may assume that there exists x € v with x > 4, + %(N —1),1ie., f #0.
Recall that by 7 = o7, (), we have p; > #(vjt). This shows that the entry next to
« in the first column is strictly less than o — 1 if the box exists. By the description
of Ann(r),) and the same discussion above, we have o = A, — %(N —1). ([l

For the converse, apply Lemma 3.2(1) and Corollaries 3.6—3.7. We then have
7y, = g, (¥). This completes the proof.
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