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DEFECT RELATION OF n +1 COMPONENTS
THROUGH THE GCD METHOD

MIN RU AND JULIE TZU-YUEH WANG

We study the defect relation through the GCD method. In particular, among
other results, we extend the defect relation result of Chen, Huynh, Sun and
Xie (2025) to moving targets. The truncated defect relation is also studied.
Furthermore, we obtain the degeneracy locus, which can be determined
effectively and is independent of the maps under the consideration.

1. Motivation

Let f: C — P*(C) be a holomorphic map. It is known that (see [10; 14; 15])
if f(C) omits n + 2 smooth hypersurfaces D;, 1 < j < n + 2, of P"(C), where
D :=D;+---+ D,y is located in general position, then f must be algebraically
degenerate (that is, f(C) is contained in a proper subvariety of P*(C)). In [11],
J. Noguchi, J. Winkelmann, and K. Yamanoi showed that the number n + 2 of
the omitting hypersurfaces could be reduced to n + 1 when deg D > n + 2. Their
proof relies on their earlier result for holomorphic maps from C in the semiabelian
variety A := (C*)", which is stated as follows.

Theorem A [12]. Let D be an effective divisor on A :== (C*)". Let f :C — A
be an algebraically nondegenerate holomorphic map. Then there exists a smooth
compactification of A independent of f, such that, for any € > 0,

(1-1) Np(D,r) = N{U(D, r) <exe €Ty p ().

Using the above theorem, Noguchi, Winkelmann, and Yamanoi showed that one
can reduce the number of omitting divisors by one (i.e., from n + 2 to n + 1). Their
argument is similar to ours described in Section 5. We briefly outline the argument
here: Assume that D; = {Q; =0} and f(C) omits D; for 1 < j <n+ 1. Consider
a morphism 7 : P"(C) — P"(C) given by x — [Q]'(x) :---: QZTII (x)], where
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a; :=lem(deg Oy, ...,deg O,+1)/deg Q;. Let

8 .

G = det(é> _ € Clxo, ..., x,]
dx; Jl=i=n+1
0<j=<n

By taking out a nonconstant irreducible factor G of Gin Clxo, - - - , x,1, one produces
an additional hypersurface D, = {G = 0} in P"(C). Furthermore, one can show
that Dy, ..., D,y1, D,42 are located in general position, and, by using (1-1), one

can show that Ny (D,42,7) <exc €Ts(r). Thus we can apply the second main
theorem obtained by the first author [15] to get the conclusion.

In a recent manuscript by Z. Chen, D. T. Huynh, R. Sun and S. Y. Xie (see [1]),
the result of Noguchi, Winkelmann, and Yamanoi mentioned above was further
extended to the following defect relation.

Theorem B (Chen, Huynh, Sun and Xie [1]). Let {D,-}f;r]] be n 4+ 1 hypersurfaces
in P"(C) with total degree Z?:ll deg D; > n + 2 satisfying one precise generic
condition (see (4.3) in [1]). Then, for every algebraically nondegenerate entire
holomorphic curve f : C — P"(C), the following defect relation holds:

n+1
> 8p(Dj) <n+1.
i=1
In the omitting case, we have that Q ;(f) is nowhere zero forall 1 < j <n+1
where D; = {Q; =0}, so that one can reduce it to the semiabelian variety case (C*)"
by considering

:< 01(/) 0.(f) )E oy
Qu1(N) 7 Quin(f) ’
assuming thatdeg Q| =- - -=deg O,+1. Hence Theorem A could be applied directly.

However, in their “proof-by-contradiction” argument of the proof of Theorem B, the
condition that 7% 8 /(D;) =n+1 only implies that N ;(r, D;) = o(T(r)) (rather
than f(C) omitting D;). To overcome this difficulty, they used the “parabolic
Nevanlinna theory” developed by M. Paun and N. Sibony (see [13]), by considering
the holomorphic mapping f : Y — P"(C) with Y :=C\ f~!(D), which leads to the
omitting case after restricting f to Y. The key ingredient in their paper is to show
that Y is an open parabolic Riemann surface with exhaustion function o satisfying

. Xo (r)
lim sup =
r—00 Tf (r)

While the method of Chen, Huynh, Sun, and Xie is very interesting and creative,
it still relies on the result of Noguchi, Winkelmann, and Yamanoi (Theorem A),
which greatly depends on the geometry of semiabelian varieties. For example, it is
very hard to generalize the result to the moving target case.
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This paper studies the defect relation through the GCD method. We don’t use
Theorem A. Indeed, we give and prove a variant and more general version of
Theorem A by using the GCD theorem established by Aaron Levin and the second
author [9]. This allows us to get a much more general defect relation (for example,
the moving target case). The method was initiated by P. Corvaja and U. Zannier
(see [2]), where they studied the n = 2 case. After Aaron Levin and the second
author [9] established the general GCD theorem, it has been successfully used
in a series papers by the second author and her coauthors; see [4; 5; 6; 7]. The
purpose of this paper is to further use the ideas developed in [4; 5; 6; 7] to extend
the defect relation, for example, to the moving target case, by using the GCD
method. Furthermore, the truncated defect relation is also studied. We also pay
attention on the degenerate locus. In particular, we can relax the condition that f is
algebraically nondegenerate to the condition that the image of f is not contained
in a subvariety Z which can be effectively predetermined and is independent of f,
in the spirit of the strong Green—Griffiths—Lang conjecture.

2. Statement of the results

We use the standard notation in Nevanlinna theory (see [16] or [4; 5; 6; 7]). Let
g=1(go,...,gn):C— P*(C) be a holomorphic curve, where g, ..., g, are entire
functions without common zero. We recall that the small function field with respect
fo g is given by

(2-1) K4 :={a:ais a meromorphic function on C with T, (r) = o(T¢(r))}.

Let K be a subfield of the field M of meromorphic functions. We say that
Z is a Zariski closed subset in P" defined over K if there exists a nonconstant
homogeneous polynomial F € K[xo, ..., x,] such that

Z=Alfo: - : ful €P"(M):F(fo,..., fn) =0}

We say a holomorphic map g : C — P” is not contained in Z if F(g) is not
identically zero. In particular, when K = C, the Zariski closed set is defined
over C, that is, F' € C[xo, ..., x,], and g is not contained in Z is equivalent
to F(g) # 0. For each homogeneous polynomial G =}, arx’ € K[xo, ..., x,],
where I = (ig, . .., in) €25  and x” = xé" - xy7, we define G (z0) :== 3", a (zo)x!
if all the coefficients of G are holomorphic at zg and do not vanish simultaneously
at z9. Let Gy, ..., G4 be nonconstant homogeneous polynomials in K [xo, ..., x,].
We say that they are in weakly general position if there exists a point zg € C such
that each G;(zp), 1 <i < ¢, can be defined as above and the union of the zero loci

of G;(zp) (as a divisor in P*(C)), 1 <i < g, is in general position.
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Theorem 1. Let K be a subfield of the field M of meromorphic functions. Let F be
a nonconstant homogeneous polynomial in K [xg, . . ., x,] with no monomial factors
and no repeated factors. Denote by H;, 0 < i < n, the coordinate hyperplanes
of P"(C). Then, for any € > 0, there exists a proper Zariski closed subset Z of P"
defined over K such that for any nonconstant holomorphic curve g : C — P*(C)
with K C Kg, Ng(H;, ) =0(T¢(r)) for 0 <i <n and g not contained in Z, we have

(2-2) Ng(IF =01, 7) = NV ([F =01, r) Sexc €Ty (r).

If we assume furthermore that the hypersurface defined by F in P"* and the coordi-
nate hyperplanes are in weakly general position, then

(2-3) N([F =01, 7) Zexe (deg F —€) - Tg(r).

Moreover, the exceptional set Z can be expressed as the zero locus of a finite set
Y C Klxg, ..., x,] with the following properties:

(Z1) X depends on € and F only and can be determined explicitly;

(Z2) the degree of each polynomial in ¥ can be effectively bounded from above in
terms of €, n, and the degree of F.

We apply Theorem 1 to derive the following version of the strong Green—Griffiths—
Lang conjecture for moving targets.

Theorem 2. Let K be a subfield of the field of meromorphic functions. Let F;,
1 <i <n+1, be homogeneous irreducible polynomials of positive degree in
Klxo, ..., x,] such that Z?:ll deg F; > n + 2. Assume that there exists 7o € C
such that all the coefficients of all F;, 1 <i < n + 1, are holomorphic at 7
and the zero locus of F; evaluated at zg, 1 < i < n + 1, intersect transversally.
Then there exists a nontrivial homogeneous polynomial B € K|x, ..., X,] such
that for any nonconstant holomorphic map f : C — P"(C) with K C Ky and
Nr(5)(0,7) =0(Tf(r)) for 1 <i <n+1,we have B(f) =0. Furthermore, B can
be determined effectively and its degree can be effectively bounded from above in
terms of n, and the degrees of F;, 1 <i <n+1.

As a consequence, we obtain the following defect relation for moving targets.

Corollary 3 (defect relation for moving targets). With the same notation and
assumptions as in Theorem 2, let D; = [F; = 0] for 1 <i <n+ 1. Then for any
nonconstant holomorphic map f : C — P"(C) with K C Ky and B(f) # 0, the
following defect inequality holds:

n+1

> 8p(Di) <n+1,

i=1
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where D; = [ F; = 0]. Additionally, if n =2, then

3
> 8y (D) <3,

i=l

where, for a divisor D with d = deg D,

0 NP (D, r)
(Sf (D)=1—-limsup ——
r—00 de(I’)

When K = C, the following strong defect relation improves Theorem B by giving
an explicit exceptional set and a truncated defect bound when n = 2.

Corollary 4. Let D;, 1 <i <n+ 1, be n+ 1 hypersurfaces in P" (C), not all being
hyperplanes. Assume D;, 1 <i <n+ 1, intersect transversally. Then there exists
a Zariski closed subset Z in P"(C), which can be determined effectively and its
degree can be effectively bounded from above in terms of n, and the degree of D;,
such that for any nonconstant holomorphic map f : C — P"(C) whose image is
not contained in Z, the following defect inequality holds:

n+1
D 8p(Di) <n+1.
i=1

Additionally, if n = 2, then

3
Za}”(l)i) <3.

i=1
3. Some preliminaries and the GCD theorem

3.1. Preliminaries. We now introduce some basic notation and definitions from
Nevanlinna theory, and recall fundamental results. For further details, we refer the
reader to [16]. Let f be a meromorphic function, z € C be a complex number, and
m be a positive integer. Define the valuation functions v, (f) := ord,(f),

vj(f) =max{0,v.(f)}, and v, (f):=-min{0, v.(f)}.

Let n (o0, r) (respectively, ngﬁ”)(oo, r)) denote the number of poles of f in the

set {z : |z| < r}, counting multiplicity (respectively, ignoring multiplicity larger
than m € N). The associated counting function and truncated counting function
of f of order m at oo are

Ny(oo,r) = /’nf(oo, 1 —np(c0,0)

dt +ny(o0,0)logr,

0 t
(m) (m)
"ny’ (00,t) —ny (00, 0)
Nj(cm)(oo,r) 12/ ! ; / a’t+n§ﬁ")(oo,0) logr.
0



354 MIN RU AND JULIE TZU-YUEH WANG

For a € C, the counting function and truncated counting function of f with respect
to a are defined as

Ny(a,r) = Nij(f—a)(r,00) and N}'")(a,r) = Nl('}?f,a)(oo,r)-

The proximity function m (o0, r) is given by

2 ) 4o
my(00,r) = / log" | f(re')|>=,
0 2
where log® x = max{0, logx} for x > 0. The characteristic function is defined by
Ty(r):=mys(co,r)+ Ny(oo,r).

Let fi,..., fn be meromorphic functions with n > 2. Define the local gcd
multiplicity function by

n(fis far) =) min F ()

|z|=<r
and the associated gcd counting function by

Ngcd(flw--vfn,r) =
/rn(fl’”'7fn’t)_n(f1""7fn’0)
0

t

dt+n(fi,..., f,0)logr.

Let f : C — P"(C) be a holomorphic map and (fo, ..., f,) be a reduced
representation of f, i.e., fo,..., f, are entire functions on C without common
zeros. The Nevanlinna—Cartan characteristic function Ty (r) is defined by

2 i0 ioy, 40
Tf(r)=/ log max{| fo(re™)l, ..., [ fa(re )|}2—-
0 T

Let D = [F = 0] be a divisor in P"(C) defined by a homogeneous polyno-
mial F € C[xp, ..., x,]. The counting function with respect to D is defined
by Nf(D, I’) = NF(f)(O, I’).

We will make use of the following elementary inequality (see [16]).

Proposition 5. Let f = (fo, ..., fu) : C— P"(C) be holomorphic curve, where
fos ..., fn are entire functions without common zeros. Assume that fy is not
identically zero. Then

Trp() + 0 < Tr(r) <Y Ty (r) + O(D).
j=1

Combining Proposition 5 with [17, Theorem 2.1], we obtain the following result.
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Theorem 6 [17, Theorem 2.1]. Let fo, ..., fn be entire functions with no common
zeros. Assume that f,41 is the holomorphic function such that

f0+"'+fn+fn+1:0~

If > .c; [i # 0 for any proper subset I C {0, ...,n+ 1}, then

n+1
Ty, (1) S Tp(r)+ O(1) Zexe Y N0, )+ O(log Ty (r))
i=0

for any pair 0 <i, j <n,where f := (fo,..., fu)

We will use the following version of the Hilbert Nullstellensatz, reformulated
from [8, Chapter IX, Theorem 3.4]. See also [3, Proposition 2.1; 18, Chapter XI].

Proposition 7. Let K be a subfield of the field of meromorphic functions. Let
{Qi}:’ill be a set of homogeneous polynomials in K [xy, ..., x,] in weakly general
position and with deg Q j =d; > 1. Then there exist a positive integer s, an element
R € K which is not identically zero and Pj; € K[xo, ..., x,], 1 <i, j <n+1, such
that, for each0 < j <n,

n+1

x5-R=Y_Pii0i.
i=1

The following is a version of the Borel lemma for small functions. The proof
can easily be obtained with some slightly modifications from [4, Lemma 3.3].

Lemma 8. Let fy, ..., f, be nontrivial entire functions with no common zero and
let f:=(fo,..., fun). Assume that

N©.r) =o(Ty(r)) for 0<i<n.

If fo...., fu are linearly dependent over K g, then for each i € {0, ..., n} there
exists j € {0, ..., n} with j #1i such that f;/f; € K.

3.2. The GCD theorem.

Theorem 9 (the GCD theorem). Let go, g1, - . ., & be entire functions without com-
mon zeros and let g =[go: g1 :---:gnl. Let F, G € K¢[xo, ..., x,]| be nonconstant
coprime homogeneous polynomials. Assume that one of the following holds:

(@) Ng(0,r)=0(Tg(r)) for0<i <n;

(b) Ng)(O, r) = o(Tg(r)) for 0 < i < n and one of the hypersurfaces defined
by G =0or F =0in P"(K) is in weakly general position with the n + 1
coordinate hyperplanes.
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Then, for any € > 0, there exists a positive integer m independent of g such that we
have either

(3-1) Ngca(F (80, - - 8n)s G(80, - -, 8n)s 1) Sexc €Tg(r),

or

(3-2) Tigy /o)™ ~(gu /g0y (1) = 0(T (1))

for some nontrivial tuple of integers (my, ..., my) with |m|+ - - -+ |m,| < 2m.

For the convenience of later application, we state the following result for n = 1.

Proposition 10. Let go, g1 be entire functions without common zeros and let
g = (g0, &1). Assume that g is not constant. Let F, G € Kg[xo, x1] be nonconstant
coprime homogeneous polynomials. Then

(3-3) Negea(F (80, 81), G (80, 81), 1) < 0(Tg(r)).

Proof. Since F and G are coprime homogeneous polynomials in Kg[xp, x1], we
may apply Proposition 7 to find an integer s, R € Kz \ {0} and H; € Kg[xo, x1],
1 <i <4, such that

(3-4) XS-R:H]F—l-HzG and xf-R:H3F—|—H4G.

Here, we may assume that H;, 1 <i <4, are homogeneous polynomials with degree
equal to s — deg F. By evaluating (3-4) at (go, g1), we have

8o+ R = Hi(go, g1) F(go, g1) + H2(g0, 81)G (g0, 81),
g1 - R = H3(go, 81)F (80, 81) + Ha(go, 81)G (o, &1)-

Since go and g; have no common zeros, we observe that

(3-6) min{v} (F (g0, &1)), v} (G(go, 1))} < v} (R) + Z v, (@)

ael

(3-5)

for each z € C. Here I is the set of nontrivial coefficients of H;, 1 <i < 4. Hence,

(3-7)  Negea(F (g0, 81), G (g0, 81),7) < Nr(0,r) + Y Ny (00, 1) < 0(T, (1)),

ael

as R and the coefficients of F; are in K. O

To prove Theorem 9, we use the following fundamental result by Levin and the
second author for n > 2.

Theorem 11 [9, Theorem 5.7]. Let go, g1, . .., & be entire functions without com-
mon zeros withn > 2 and let g =[go: g1 :---: gnl. Let F, G € Kg[xo, x1, ..., x,]
be coprime homogeneous polynomials of the same degree d > 0. Let I be the set of
exponents i such that x appears with a nonzero coefficient in either F or G. Let
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m > d be a positive integer. Suppose that {gé0 e gi{’ tig+ -+ i, =m} is linearly
independent over Kg4. Then, for any € > 0, there is a positive integer L such that

(3-8)  MNgca(F(8),G(8).r)

n n
m (m-+n
<exc Cm,n,d E N‘;L)(Ov r)+(m< n >_Cm,n,d_M/m) E Ng,-(o,r)
i=1

i—1
m—+n—2d ; / Me
+( " )Ngcd({g' Yiel r)+<M m"+€m+7) Tg(r)+o(Tg(r)),

where Cpp.q = 2(m:j:1_d) — (mtl'rlm), M= 2(m+::_d) — (mJH;_Zd), and M' is an
integer of order O (m" %), where <ex. means the inequality holds for all r € (0, 00)

except for a set E of finite measure.
We note that M’ := dim Kg[x, ..., XuIm/(F, G < d*("1"77).

Proof of Theorem 9. Without loss of generality, we assume that deg F = deg G.
We first prove when n > 2. Let € > 0. To establish (3-1) or (3-2), we can assume
that € is sufficiently small. We can choose a real C; > 1 independent of € and g
such that m = C1e~! > 2d,

M 1
3-9) =M€ and —( m <m+")—cm,,,,d—M’m>< €

M 4 M\n+1\ n “4(n+1)
We may assume that each g; is not identically zero; otherwise, (3-2) holds trivially.
Suppose that the set {g - - - g : io + - - - + i, = m} is linearly independent over K.
We aim at concluding (3-1) under assumption (a) or (b). Suppose (a) holds, i.e.,
Ny, (0,7) = 0(Tg(r)) for 0 <i < n. Then (3-8) implies that

Mmn m €
+@_+§)@o»wx@v»<eua>

(3-10) Ngca(F(8), G(8),7) Sexc ( i i

If (b) holds, then
NE©,r) < LN (0, ) = o(Ty (r))

for 0 < i < n. The assumption that one of [G = 0] or [F = 0] is in weakly
general position with the n + 1 coordinate hyperplanes in " implies that the
set {(d,0,...,0),...,(0,...,0,d)} is a subset of /. Since gy, ..., g, are entire
function with no common zero, we have

Neca({g'Yier, 1) =0

when (b) holds. Then by (3-8), (3-9) and that N,, (0, r) < Tg(r), we obtain (3-1).

Finally, if the set {gé0 e gfl” 10+ ---+1i, =m} is dependent over K, then we
may apply Lemma 8 to derive that there exists a nontrivial n-tuple of integers
(1, -+-s Ju) with [ ji| + - -+ ju] <2m such that

Ti1/801-+(ga /0y (1) = 0(Tg (). -
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4. Proof of Theorem 1

4.1. Some lemmas. We recall some lemmas from [7].

Lemma 12. Let n > 2 and let (my,...,m,) be a nonzero vector in 7" with
ged(my, ..., my) = 1. Then there exist v; = (Vi 1, ..., Vi) €Z" for1 <i <n—1
such that

lv;, ;| <max{|m;|,1} for 1 <j<n

and (my, ..., my) together with the v;’s form a basis of 7".
Let k be a field and let ¢ and r be positive integers. We write ¢ := (71, ..., f;) and
x:=(x1,...,%). Fori=(y,...,i,)€Z",definex’ =x{' ---x/rand t' =1,' - - - ti".

For X Ck[t],let Z(X)={re€k?: f(A)=0forevery f € X.}.

Lemma 13. Assume that k is infinite. Let f(t,x) € k[t, x] be a polynomial with
no monomial factor and no repeated irreducible factor in k[t, x). Then there exists
an effectively computable nonempty finite set ¥ C k[t] \ {0} such that for every
A€ k1\ Z(X), the polynomial f (), x) has no monomial or repeated irreducible
factor. Moreover, the cardinality of ¥ and the degree of each polynomial in X
can be bounded effectively in terms of q, r, and the degree of f. Furthermore,
if f(t,x) € kolt, x] for kg being a subfield of k, then X is defined over k.

4.2. Preliminary theorem. Let g =(go, ..., g»), Where g; #0, 0 <i <n, are entire
functions without common zeros. Let u; = g;/go, for 1 <i <n. We observe that

4-1) max {Tu;(r)} < Ty(r) <n max {Tu;(r)},
=<Jj=n ’ =<J=n ’

and

(4_2) Nui(oar)+Nui(OOsr)SNg,‘(Oar)J’_Ngo(O’r)

foreach 1 <i <n.
Recall that

K¢ :={a : a is a meromorphic function on C with 7, (r) < o(Tg (1))},

which is the field of meromorphic functions of slow growth with respect to g.
We note that a’ € K, if a € Kg. Furthermore, u;/u; € Kg if

N ©.r) £ Ny (00, r) < o max (T, ().

Letx :=(x1,...,x,) and u = (uy,...,u,). Fori = (iy,...,i,) € 7", we let

":=x{'---x, and u' :=u! - - - u,; . For a nonconstant polynomial

X

F(x)=> aix' € Kglx] = Kglx1, ..., x,],
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we define

n /

43)  Du(F)(x):=) (a"u’it) =3 (a; +a; - Zij%)xi € Kglx].

i i j=1 J

A direct computation shows that

(4-4) Fu) = Dy(F)(u),

and that the product rule

(4-5) Dy(FG) = Dy(F)G + FDy(G)
holds for F, G € Kg[x].

Lemma 14 [5, Lemma 3.1]. Let F be a nonconstant polynomial in Kg[x] with no
monomial factors and no repeated factors. Assume that

NP, 1)+ NP (00, 1) = o max {T,, (")})
<j=n

foreach 1 <i <n. Then F and D,(F) are coprime in K¢[x] unless there exists
a nontrivial tuple of integers (my, ..., my,) with Y ;_, Im;| < 2deg F such that
T g () = 0(maxi <j<n{T; (1)}).

We now state a preliminary theorem in affine form.

Theorem 15. Let K be a subfield of the field of meromorphic functions. Let G
be a nonconstant polynomial in K|[x1, ..., x,] with no monomial factors and no
repeated factors. Assume one of the following holds:

(@) N, ©0,r)+ N, (oo, r) = o(maxlsjsn{Tuj (r)}) foreach 1 <i <n,or

(b) NZSI.D(O, r)+ NLEI.I)(oo, r)= o(maxlfjfn{Tuj (r)}) foreach 1 <i <n, and that
[G = 0] and the n + 1 coordinate hyperplanes are in weakly general position in P".

For any € > 0, there exists a positive integer m such that for any n-tuple of mero-

morphic functions u = (uy, . . ., uy) satisfying K C Kg, where g =[1:uy:---:u,],
we have either

(4-6) Tugmayen (1) = o max (T, (7))

for a nontrivial n-tuple (my, ..., my,) of integers with y_;_, |m;| < m, or

(4-7) NG (0. 7) = NGy (0.7) Zexc € max (7, ().

Proof. Let zo € C. If v, (G (u)) > 2, then it follows from (4-4) that v, (D, (G)(u)) =
vz, (G(u)) — 1. Hence,

min{vZ (G@)), v2(Du(G)®))} = v (G(w)) — min{1, v (G(w))).
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Consequently,
(4-8) Neea(G (@), Du(G) (@), 1) = Noy(0, 1) — N, (0, 7).

By Lemma 14, G and D,(G) are either coprime or (4-6) holds for m = 2degG.
Therefore, we assume that G and D, (G) are coprime. By Theorem 9, we find a
positive integer m depending only on €, n and deg G such that either (4-6) holds or

(4-9) Noca(G ), Du(G) (M), 1) Sexc € IIE?EH{TMJ- (r}.
Together with (4-8), we obtain (4-7). O
4.3. Further refinement. We will prove the following theorem by finding an ex-

ceptional set in Theorem 15.

Theorem 16. Let K be a subfield of the field of meromorphic functions. Let G be a
nonconstant polynomial in K[x1, . . ., x,] with no monomial factors and no repeated
factors. For any € > 0, there exists a nonconstant polynomial H in K[x, ..., x,]
such that for any n-tuple of meromorphic functions u = (uy, ..., u,) satisfying

(4-10) Ny, (0,7) + Ny, (00, ) :o(lmax {T.,(r)}) foreach 1<i<n,
=j=n ’

and K C Kg, where g =[1:uy:---:uyl, we have either H(u) =0 or
(4-11) NG (0. 1) = NGy (0. 7) Zexe € max (T, (r)}.
I<j=zn =

Moreover, H can be determined effectively and the degree of H can be bounded
effectively in terms of €, n and the degree of G.

Remark. The effectiveness of determining H follows from the application of
Lemma 13 in the induction process. Moreover, the estimate for the degree of H
depends on the fact that the constant m in Theorem 9 can be determined effectively,
as well as on the proof of Theorem 9 and the content of Lemma 12. While a
rough bound for the degree of H can, in principle, be obtained by tracing these
dependencies, carrying this out would involve substantial additional technical detail
beyond the scope of the present work.

Proof. The proof of [7, Theorem 4] can be adapted to suit the current situation.
We will closely adhere to their arguments and notation. We first fix some notation:

(i) For a matrix A = (a;;) with complex-valued entries, let
Allco = max ai;
I Alloo = max > fai;|
J

be the maximum of the absolute row sums.

(i) We say that a nontrivial meromorphic function 8 has small zeros and poles
with respect to g if Ng(0,r) + Ng(co, r) = o(Tg(r)).
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Let G € K[xy, ..., x,]\ K with no monomial factors and no repeated factors.
Let € > 0. In the following we consider a n-tuple of meromorphic functions
u=(u,...,u,) satisfying

Ny; (0, 7) + Ny, (00, 1) = o max {T,,, (r)}) = o(Tg(r))
=j=n

foreach 1 <i <n,and K C Kz, where g =[1:u;:---:u,]. We note that A € K
if and only if Ty (r) = o(max < <,{T,, (r)}) by (4-1).

When n = 1, the theorem is a direct consequence of Theorem 15 since u; is
constant if (4-6) holds.

From this point, we let n > 2. We will effectively construct a nonconstant
polynomial H in K[xy, ..., x,] such that (4-11) holds if H (uy, ..., u,) #0.

The arguments are carried out inductively in several steps. In the following, the
¢;,j’s and M;’s denote positive real numbers depending only on €, n, deg G, and
the previously defined ¢;/ j» and M.

Step 1: We apply Theorem 15. The condition (a) in Theorem 15 holds under our
assumption, so if (4-7) holds then we are done. Otherwise, there exists an n-tuple
of integers (my, ..., my) # (0, ...,0) with ) |m;| < M such that

(4-12) A=ult e ulm € K.

We may assume ged(my, ..., m,) = 1. By Lemma 12, (m, ..., m,) extends to
a basis (my,...,my), (a1, ..., am), ..., (@1, ..., an,) of Z" such that
(4-13) lai| + -+ lai,| <Mi+n for 2<i<n.

Consider the change of variables

(4-14) A= x;'” R and X1i:= xf“ <eexpin for 2<i<n
and put
(4-15) Bii=ui'--uln for 2<i<n.

Let A denote the n xn matrix whose rows are the above basis of Z”". Then we
formally express the above identities as

(4-16) (A1, X120, Xi) = (1, ) 1, B2 ey Bra) =(un, .. un) ™

Let B = Afl. The entries of B; can be bounded from above in terms of M, and n.
We have

G-17) (1o x) = (AL X1, X0 P ) = (01, Bras -, Bra) B
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Let G1(A1, X1.2,-.., X1.n) € K[A1, X1.2, - .-, X1,»] with no monomial factors
and

(4-18) G((A1, X12, ..., X1.2)5) = Atlll Xil,zz E Xff‘nGl(Al, Xi12,.-, X1,0)

for some integers d;, 1 <i < n. Since the transformations in (4-16) and (4-17) are
invertible of each other and G has no repeated irreducible factors, we have that G
has no repeated irreducible factors either. The coefficients of G are the same as
the coefficients of G and deg G| can be bounded from above explicitly in terms
of My, n, and deg G. Consider G1(A1, X12,..., X1.2) € K(AD[X12,..., X1.4];
by using (4-12) we have

(4-19) K(h) CK,.

For the particular change of variables in (4-16), (4-17), and (4-18) (that de-
pends on the matrix A;), we apply the Lemma 13 with k being the field of mero-
morphic functions M and ky = K and (4-14) to find a nonconstant polynomial
Hl/ € K[xi1,...,x,] such that G;(A1, X1,2, ..., X1,») has neither monomial nor
repeated irreducible factors if Hl/ (u1,...,u,) # 0. We now take H; to be the
product of all such H{ where A; ranges over the finitely many elements of GL,,(Z)
with ||A||lecc < M1+ n. From Lemma 13, deg H; depends only on €, n and deg G.

Since the u;’s, A1, and By ;’s have small zero and pole with respect to g, we have

(4-20) NG (0. 7) = N, (0. 7)
1
= NG]()Lly,B],Zs---s,Bl,n)(O’ r)— Nél)(?»l,ﬂl,z,..-,ﬂl,n)(O’ r)+ O(Tg(r))
by (4-16) and (4-18). From (4-16), (4-17) and (4-12), we have

@21)  max (T, ()} = O (max({Ty, (r), Tp,,(r), ... Tp, ,(N)}) = O(nglagn{T,sl,,» (r)}).
In conclusion, at the end of this step we have

(4-22) max (Ty,, ()} = O( max (T, ().

2<i<n

Furthermore, it remains to consider the case when
(D
(4_23) NG]()\.l,ﬂlvz,...,ﬂlwn)(o7 l") - NGI(}‘-lsﬂl.ann/sl,n)(o’ r) <exc € llglafxl’l{nli (r)}

fails to hold under the assumption that Hy (41, ..., u,) #0.
There are n — 1 many steps in total. Hence if n > 3, we proceed with the following
n — 2 many more steps.

Step 2: We include this step in order to illustrate the transition from Step s — 1
to Step s below. Since the various estimates and constructions are similar to
those in Step 1, we skip some of the details. Suppose Hi(uy, ..., u,) # 0 so that
G1(A1, X12, ..., X1,») has neither monomial nor repeated factors.
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We apply Theorem 15, assuming (4-23) fails to hold for G (A1, X122, ..., X1.0)
and (B2, ..., B1.n), and use (4-19), (4-22), to get an (n—1)-tuple (m/z, co,m)) #E
(0, ...,0) with ) |m}| < M, such that
(4-24) hai=PBl3 Bl €Ky

We may assume gcd(m), ..., m,) = 1. By Lemma 12, (m/, ..., m,) extends to a
basis of Z*~! in which each vector has £;-norm at most M, + n.

Let A, be the (n—1)x (n—1) matrix whose rows are the above basis of 71,
We make the transformation

(A2, X230 X)) = (X120 Xi) ™2 (2a B2 Bon) = (Bras - Bra) ™.

Let A, =(1)&® A’2 be the nxn block diagonal matrix with the (1, 1)-entry 1 and
the matrix A in the remaining (n—1) x(n—1) block. We have

(A1, Aoy Xo) = (A1, X1, oo, X)) ™,
Mty A2y o Bo) = (0t Bra, o, Bra) ™.
Combining this with (4-16), we have
(A1, Az, X3, ..o, Xog) = (1, .y x) ™2
Oty 22, Bogs o os Bo) = (ur, oo ug) 24

Let By = (A2A))~'. Let Ga(Aq, As, X273, ..., X2,) be the polynomial with no
monomial factors such that

(4-25)

d . dy d!
Go((Al,Az,X2,3,---,Xz,n)Bz)=A11A22X2?3"'Xzﬁ’nGz(Al,Az,ij,---,Xz,n)

for some d, ..., d, € Z. We have that deg G can be bounded from above explicitly
in terms of M», M1, n, and deg G. As before, we regard Go(A1, A2, X233, ..., X2.n)
as a polynomial in X5 3, ..., X, with coefficients in K¢ using (4-12) and (4-24).
For a particular A| and A;, we apply Lemma 13 with k = M and kp = K and
use (4-12) and (4-24) to get a nonconstant polynomial Hz/ in K[xq,...,x,]such
that Go(A1, A2, X233, ..., X2,,) has neither monomial nor repeated factors. We now
take H» to be the product of all such H, where A; and A, range over the finitely
many unimodular matrices with ||A|lcc < M| +n and || A3]c0 < M+ n. By using
similar estimates, at the end of this step, we have
(4-26) max {Tp,,(r)} = O( max {T,, (r)})
3<i<n 1<i<n

and
1
(427) NGsGurin oo O 1) = NG i oy (0:7) <exc € max (T, (r)

fails to hold.
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Let 2 <s <n— 1 and suppose that we have completed Step s — 1. This includes
the construction of H;_; € K[x1, ..., x,] with degree depends on ¢, n and deg G
only. We then complete Step s in the same manner Step 2 is carried out after
Step 1. The last one is Step n — 1 resulting in H,_; € K[xy, ..., x,]. We now
define H = H; -- - H,_;. Then deg H depends only on €, n and deg G since each
H; does so. Suppose H(uy, ..., u,) 0. Assume we go through all the above
n — 1 steps to get the polynomial

P(Xn—l,n) = Gn—l()\ly ceey )Ln—ly Xn—l,n) € Kg[Xn—l,n]

such that its degree can be bounded explicitly in terms of M,,_, ..., My, n, and
deg G. At the end of Step n — 1, we have that 8,1 , has small zero and pole with
respect to g, so it satisfies

(4-28) Tg, ., (r) = O( max {T,,(r)}).
1<i<n
If
(4-29) Np(@ 1 1) = Nipgy,_, 0,7 <exe € max (T, (),
then we are done. Otherwise, since H,,_(u1, ..., u,) #0, the polynomial P(X,_1.,)

has neither monomial nor repeated irreducible factors, according to Theorem 15,
there exists a nonzero integer m such that, by using (4-28),

(4-30) Tgr, (1) =o(Tp,_,,(r)),
which is not possible since 8,_1 , is not constant. O

4.4. Proof of Theorem 1.

Proof of Theorem 1. Let F € K|[xop,...,x,]. Consider a holomorphic curve
g=1(go, ..., 8&n), Where go, ..., g, are entire functions with no common zeros, such
that K C Kg and Ng(H;,r) =0(Ty(r)) for0 <i <n. Letu; = g;/go for 0 <i <n,
u=wy,...,uy),and G :=F(,x1,...,x,) € K[x1,...,x,]. Then

(4_31) Nui(O,r)-i-Nui(OO,r)ngi(O,r)+Ng0(O,r)
= Ng(H;,r)+ Ng(Ho, r) = 0(Tg(r))
for each 1 <i <n, and, by (4-1),

(4-32) max {7, (r)} = O(T(r).

Since F(g) = F(go, ..., &) = ggG(u), we have

(4-33)  Nrg)(0.r) =N (0.1)+0(Tg(r).  Nplp (0.r) =N,y 0.r)+o(Tg(r)).
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Consequently, we may apply Theorem 16 for any given positive real € to find a

nontrivial polynomial Q € K[xy, ..., x,] such that (2-2) holds, that is,
(4-34) Nrg)(0,7) = Ny (0, 7) < €T, (r),

when Q(u) # 0. In addition, the polynomial Q can be determined effectively and
the degree of Q can be bounded effectively in terms of €, n and the degree of F.
At this step, we take Z to be the zero locus of the homogeneous polynomial

de; Q X1 Xn
x()g 'Q(_v--~’_>EK[XO,...,.X”].
X0 X0

Let F = Zielp aix! € K[xo, ..., x,], and let W be the Zariski closed subset
that is the union of hypersurfaces of P" of the form ) ;_; a;x* = 0, where J is
a nonempty subset of /. The Zariski closed set Z U W satisfies (Z1) and (Z2)
since both Z and W do so. We now prove (2-3) holds (after possibly enlarging Z)
by further assuming that the hypersurface [ F = 0] and the coordinate hyperplanes
in P" are in weakly general position. Therefore, we may write

(4-35) F@)= ) agl+ ) ag'

O<i<n iclg\I

where o;;, #0forO0<i <nand I ={ip:=(d,0,...,0),...,i,:=(0,...,0,d)}.
For g with g(C) not contained in Z U W, we may use Theorem 6 to show that

dTg(r) < Npg)(0,7r) +o0(Tg(r))

since aj; € Kg and Ny, (0, r) = o(Tg(r)) for 0 <i < n. Together with (4-34), we

arrive at Ng()g) (0,r) > (d —€)Tg(r). By letting ZU W be the desired exceptional
set Z, we finish the proof. U

5. Proof of Theorem 2

We will adapt the proof strategy employed in [6, Theorem 1.2] to suit the current
situation and subsequently apply Theorem 1.

Proof. Let zg € C such that all the coefficients of all F;, 1 <i <n+ 1, are
holomorphic at zg and the zero locus of F;, 1 <i <n+ 1, evaluating at zo, denoted
by D;(zo), intersect transversally. These conditions imply that zq is not a common
zero of the coefficients of F;, foreach 1 <i <n+1.

Since the zero locus of Fj(zp), 1 <i <n+ 1, intersect transversally, they are
in general position; thus the set of polynomials F;, 1 <i <n + 1, is in weakly
general position. Then Proposition 7 implies that the only (xo, ..., x,) € M"H!
with F;(xg,...,x,)=0foreach1 <i <n+11is (0,...,0). Thus the association
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X [Fla‘ (x):---: F,fr}l(x)], where a; := lcm(deg F1, ..., deg F,,1)/deg F;,

defines a morphism 7 : P*(M) — P"(M) over K. Let

JoF;
G :=det| — € K[xg, ..., x,].
1<i<n+1

oxj JIss
Define 7 |,, = [F{" (z0) : - - : F:_’fl' (zo)] : P"(C) — P*(C), which is a morphism
since F1(zp), ..., Fu+1(20) are in general position. As proved in [6, Theorem 1.2],
we have that [G(z¢) = 0] (the zero locus of G(zp)), D1(20), ..., Dy+1(z0) are in
general position (in P"(C)). Hence, there is a nonconstant irreducible factor G
of G in K[xg, ..., x,] such that G, Fy, ..., Fyy1 is in weakly general position.

Denote by Y the zero locus of G in P"(K). We note that Y is contained in the
ramification divisor of  since G is a factor of the determinant of the Jacobian
matrix associated with the map 7. Then there exists an irreducible homogeneous

polynomial A € K[yo, ..., yn] such that the vanishing order of 7*A along Y is at
least 2. Then this construction gives 7% o0 A = G?H for some H € K[xo, ..., X,].
Since the divisors defined by G(zg), F1(z0), - .., Fn+1(20) are in general position,

their images are also in general position. Therefore, A and y;, 0 <i <n, are in
weakly general position.

Now let f = (fo,..., fu) : C— P" be a holomorphic map, where fy, ..., fu
are entire functions without common zeros. Assume that K C K. Let g :=
a(f) = (Fi(H4, ..., Fpr1(f)*t), where each F;(f)%, 1 <i <n+41,is an
entire function with no zeros. Then

(-1 Te(r) =diTy(r) +0(Ty(r)),

where d| = deg Fy -a;. From A(g) = (m* 0 A)(f) = Gz(f)H(f), it follows that
for each z € C with v,(G(f)) > 0, we have

(5-2) max{0, v;(A(g))} = 2v:(G (f)) +min{0, v.(H (f))}
> v(G(f)) + 1 +min{0, v-(H (f)))}.
Since fy, ..., fu are entire functions, the nonnegative number —min{0, v,(H (f))}

is bounded by the number of poles of the coefficients of H at z. Since the coefficients
of H are in K and Ng(0o,r) < Tg(r)+ O(1) = o(T¢(r)) for any B € K, it follows
from (5-2) that

(5-3) Ng()(0.7) < Nag)(0.1) = Nii, (0. 7) + o(Ty (r)).

Assume furthermore that N, (5)(0,7) = o(Ty(r)) for 1 <i < n+ 1. Then
Ng(H;, r)=0(T(r)) (=0(Tg(r)) by (5-1)) for coordinate hyperplanes H;, 0<i <n,
of P". We now apply Theorem 1 for € = 1/(4d;). Then we can find a homogeneous
polynomial By € K[yq, ..., y»] such that for any nonconstant holomorphic map
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S =(fo,.... f) : C— P" such that K C Ky and Np,5)(0,7) = o(Ty(r)) for
1 <i<n+1, with By(g) = Bo(w (f)) not identically zero, we have

(5-4) Nag(0,r) — (0,7) <exc €Tg(r)

A(g)
and

(5-5) N0y (0.7) Zexe (deg A — €) - Ty (r).
Combining (5-3) and (5-4), we have

(5-6) Né(f) (0,7) <exc €Tg(r).

Since [G =0] <m*([A =0]) as divisors, we can derive, from the functorial property
of Weil functions,

(5-7) mf([é =01, 7r) <mg([A=0],r)=deg A-Tg(r) — Nag)(0,r)+0o(Tg(r)).
Then by (5-5),we have

(5-8) my([G =01, 7) <exc €Tg(r).

Combining (5-6), (5-8) and (5-1), we have

(5-9) TiG—o), f(r) Sexc 2€Tg(r) =2¢ -d Ty (r) +0(Ty (1)),

On the other hand, the first main theorem implies that

(5-10) deg G -Ty(r) = Ti—op,f (1) +o(Ty(r)).

Therefore, we have

(5-11) Tr(r) <exc2€-diTy(r)+o(Ty(r)),
which is not possible since € = 1/(4d;). This shows that By(g) is identically zero.
Let B :=7*(By) = BO(FI”‘, ey :fl‘) € K[xo, ..., x,], which is not identically

zero since 7 is a finite morphism. Then B(f) is identically zero as asserted. [

The defect relation stated in Corollary 3 directly follows from Theorem 2 by
noticing that Z"+1 3r(D;) =n+1if and only if Ny(D;,r) = o(Ty(r)) for eachi.
To establish the truncated defect relation for n = 2, we relax the assumption
to N é(,l)(H,-, r)=o0(Tg(r)) for 0 <i < 2. In order to apply this relaxed condition (b)
in Theorem 15, one must assume that the hypersurface [G = 0] and the n 4 1
coordinate hyperplanes are in weakly general position in P”. Unfortunately, this
geometric condition does not persist under the induction process. We state a
modified version of Theorem 1 below to demonstrate that Theorem 2 remains valid
under these relaxed assumptions.



368 MIN RU AND JULIE TZU-YUEH WANG

Theorem 17. Let K be a subfield of the field M of meromorphic functions. Let
G be a nonconstant homogeneous polynomial in K [xg, X1, xo] with no monomial
factors and no repeated factors. Let H; = [x;—1 = 0], 1 <i < 3, be the coordinate
hyperplane divisors of P2. Assume that the plane curve [G = 0] and H;, 1 <i <3,
are in weakly general position. Then for any € > 0, there exists a proper Zariski
closed subset Z of P? defined over K such that for any nonconstant holomorphic
curve g = (go, 81, 82) : C — P?*(C) such that Né,])(Hi, r)=o0(Tg(r)) for0<i <2
with g not contained in Z, we have

(5-12) N(g)(0. ) = NGl (0.7) Sexc €Tg(r)

and

(5-13) N§ip (0. 7) Zexe (deg G —€) - Ty (r).

Furthermore, the exceptional set Z is a finite union of closed subsets given by
homogenization equations of the form x|'xy> = A, where . € K* and (ni, n»)

is a pair of integers with max{|ny|, |nz|} bounded from above by an effectively
computable integer m.

Proof of Corollary 3. Since 0 < §y(D;) < 1 for 1 <i < n+1, it is clear
that Z"H 8fr(D;) =n+1if and only if §¢(D;) = 1 for each i. On the other
hand, 6 ¢ (D;) = 1if and only if N¢(D;, r) = o(Ty(r)). Therefore, we have either
Z"H 3 r(D;) <n+1 or there exists a homogeneous polynomial B € K|[xo, ..., x,]
as described Theorem 2 such that B(f) is identically zero.

When n = 2, the conclusion of Theorem 2 holds under a weaker assumption
that N(l)(D,, r)=o0(Tf(r)) fori =0, 1, 2 by replacing the use of Theorem 1 with
Theorem 17. Therefore, the above arguments show that Zl | (fl)(D ) < 3 or there
exists a homogeneous polynomial B € K[xg, x1, x2] as described Theorem 2 such

that B(f) is identically zero. ([

Proof of Theorem 17. Let g = (g0, g1, g2) with N\ (0, r) = o(T(r)), 0 <i <2,
where go, g1, g2 have no common zeros. We prove (5-12) first. Under our assump-
tion, the condition (b) in Theorem 15 holds. Hence, by Theorem 15, we only need
to consider the case that

(5-14) Tig,/80)" (82/80)m (1) = 0(Tg(r)).

We may assume that | and n, are coprime. Consequently, there exist integers
a and b such that nya + nyb = 1. Consider the variables

(5-15) A=X"Y" and T =Xy
Then, we may express

(5-16) X =AT™ and Y =AbT™
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Let Gi(X,Y)=G(, X,Y). Define B(A,T) € K[A, T] as the polynomial with
no monomial factors and such that

(5-17) G1(X,Y) =G (AT™, A’T™) = TM AM2B(A, T)

for some integers M| and M>.
Let u; = g1/80, u2 = g2/8o0, and A := u}'uy>. Then we have

(5-18) T;.(r) = o(Tg(r)).

To prove (5-12), we will reduce the problem to one-variable polynomials B(A, T')
for all possible A € K that satisfy (5-18) but not (5-12). Our objective is to eliminate
those X values with B(X, T') containing a factor of 7" or having repeated factors,
so that we can apply the GCD theorem after eliminating those A. Since T is
not a factor of B(A, T), it follows that B(A, 0) € K[A] is not identically zero.
Consequently, there exist at most finite yy, ..., ¥s € K such that B(y;,0) =0
for 1 <i <s. Therefore, T is not a factor of B(A, T) if L # y;, 1 <i <.
Regarding repeated factors, let’s express B(A, T) = Bo(T) € K[A][T]. Since the
transformation in (5-15) establishes to a bijection between the sets { X1 Y2 : 1, t, € Z}
and {AY“ T :ay, ay € 7}, itis evident that B(A, T) € K[A, T] is square free, given
that G is square free. Consequently, the resultant R(Bx, B,) of Bx and B/, (T) is
a polynomial in K[A], which is not identically zero. Let

(5-19) a; € K, 1 <i <t, be the zeros of the resultant R(Bx, B)).

It is clear that B(A, T') has no multiple factors in K[A][T]if A #«; forany 1 <i <t¢.
Therefore, it is clear that we need to consider those A with A # «; forany 1 <i <t
and A # y; for any 1 < j <s. Assuming such, let B(T) := AM2B(L, T) as
in (5-17). Let 8 := ull’u;" and define Dg(B) € K4[T] as in (4-3). By Lemma 14,
the polynomials B and Dg(B) are coprime in Kg[T]. Let B e K)[Z,U] and
D,g (B) be the homogenization of B and Dg(B), respectively. Write B = B1/Bo,
where B and B, are entire functions without common zeros. Then by Proposition 10

(5-20) Necd(B(Bo, B1), Dg(B)(Bo, B1), 1) < o(Tg(r))

since B is not constant. On the other hand, from the proof of [4, Proposition 5.3],
there exists a proper Zariski closed set W of P?(C), independent of g, such that,
if image of g is contained in W,

(5-21)  Nag)(0.7) = NGl (0.7) <exe Neca(B(Bo. B1). Dp(B)(Bo. B1). 7).

Furthermore, W can be described in Theorem 17. We conclude the proof of (5-12)
by combining (5-20) and (5-21).

We now proceed to prove (5-13). Let G = Zie[c a;ixt € K[xg, x1, x2]. Since the
hypersurface [G = 0] and the coordinate hyperplanes in P? are in weakly general
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position, may write

(5-22) G@)= ) agl+ Y g
0<i<2 ielg\I
where o, #0for0 <i <2 and I ={(d,0,0), (0,d,0), (0,0, d)}.
Let’s express B(A, T) in the form

(5-23) B(A.T)= ) bi(A)T' € K[A][T].

ielp
where b; #0if i € Ip. We define J C K[A] as the finite set containing all b; (A)
for i € Ip and all of their proper subsums. Set R :={r € K | h(r) =0 for some h € J}.
It is crucial that the proof of Theorem 1 has already demonstrated that (5-13) holds
if neither G (g) nor any proper subsum of (5-22) is zero. Therefore, when evaluating
B(A, T)at A=A ¢ R and T = B, we need to consider equations of the type

(5-24) Y @B =0,

ielp
where a; (A) is a subsum of b; (A), and there are at least two nontrivial g; in the
left-hand side of (5-24) since A ¢ R. Hence,

Tg(r) < c3Th(r) = o(T(r)).

This, however, leads to a contradiction. O
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