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THE TANGENT SPACES OF TEICHMÜLLER SPACE
FROM AN ENERGY-CONSCIOUS PERSPECTIVE

DIVYA SHARMA AND MICHAEL S. WEISS

The Teichmüller space of a closed oriented (real) surface of genus at least 2 is
a moduli space of complex structures on the surface, but can also be defined
as a space of certain representations of the fundamental group of the surface
in the group of orientation-preserving isometries of the hyperbolic plane.
As a consequence the tangent spaces of Teichmüller space admit two rather
different descriptions. We use harmonic vector fields (defined as infinitesimal
analogs of harmonic maps) on the hyperbolic plane to make a bridge between
these descriptions.

1. Introduction

1.1. Teichmüller space. Let 6 be an oriented, connected, closed and smooth
surface of genus ≥ 2. Write diff0(6) for the group of diffeomorphisms 6 → 6

which are isotopic to the identity. By the Korn–Lichtenstein theorem, the choice
of a complex structure on 6 is equivalent to the choice of a complex structure
J : T6 → T6 on the tangent bundle. (J is a smooth vector bundle automorphism
covering id :6 →6, and it satisfies J 2

= −id. Such a J can be called an almost
complex structure on 6.)

Definition 1.1.1. Teichmüller space T (6) is the space of complex structures J
on T6, modulo the right action of diff0(6) given by (J · f )x := (d fx)

−1
◦ J f (x)◦d fx

for f ∈ diff0(6) and x ∈6.

We will rely more on the “metric” definition of T (6). Let6′
→6 be a universal

covering with deck transformation group 0. We also refer to 0 as the fundamental
group of6. A complex structure on6 determines a complex structure on6′, and an
embedding of 0 into the group of complex automorphisms of6′. By uniformization
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theory, 6′ is isomorphic as a complex manifold to the open unit disk D ⊂ C. In
this way, a complex structure on 6 gives us an embedding ρ of 0 into the group
of complex automorphisms of D, which we can also view as the group isom+(D)

of orientation-preserving isometries of D equipped with the Poincaré metric. The
homomorphism ρ :0→ isom+(D) is not well defined as such, but it is well defined
up to conjugation by an element of isom+(D). This leads us to the metric definition
of T (6).

Definition 1.1.2. Teichmüller space T (6) is the space of injective homomorphisms
ρ :0→ isom+(D) with discrete and cocompact image ρ(0), modulo the left action
of isom+(D) by conjugation.

The equivalence of the two definitions of T (6) is well known. The metric defi-
nition does not use uniformization theory, although it is explained by uniformization
theory. One has to do some work to show that T (6), according to that definition,
is a smooth manifold of real dimension −3χ(6).

1.2. The tangent spaces of Teichmüller space. We continue in the notation of the
previous section. In particular, 6′

→ 6 is a universal covering, J is a complex
structure on T6 and ρ :0→ isom+(D) is an injective homomorphism with discrete
and cocompact image.

Definition 1.2.1. A quadratic differential on (6, J ) is a (continuous) section of the
complex line bundle homC(T6⊗C T6,C) on 6.

In one description, the tangent space of T (6) at a point J (complex structure
on T6) “is” the vector space of holomorphic quadratic differentials on 6. This
can be justified as follows. There is an R-linear injective map φ 7→ Re(φ) from
the complex 1-dimensional vector bundle homC(T6⊗C T6,C) on 6 to the real
3-dimensional vector bundle of symmetric R-bilinear forms on T6. We have
already seen that J determines a complex structure on 6′ ∼= D and so a hyperbolic
metric on 6′ invariant under the action of 0, and so a hyperbolic (Riemannian)
metric g on 6 itself. A holomorphic section φ of homC(T6⊗C T6,C), indeed
any smooth section φ of that vector bundle, determines a 1-parameter family of
Riemannian metrics on 6 by t 7→ g + tRe(φ) for t ∈ R close enough to 0. Each of
the Riemannian metrics g + tRe(φ) determines a conformal structure on 6, hence
a complex structure Jt on T6. This gives a (germ of a) smooth curve t 7→ Jt in the
Teichmüller space, with J0 = J . The velocity vector of that curve at t = 0 is the
tangent vector which we associate to φ. This procedure gives an isomorphism from
the vector space of holomorphic quadratic differentials on 6 to that tangent space.
It uses Definition 1.1.1. See [Imayoshi and Taniguchi 1992] for more details.

The other popular description of the tangent spaces of T (6) relies on the metric
definition of T (6). Instead of selecting a datum J , we begin with ρ :0→ isom+(D).
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Let g be the tangent space of isom+(D) at the identity element, a.k.a. the Lie
algebra of isom+(D). The homomorphism ρ determines a left action of 0 on g by
conjugation, γ · v := ad(ρ(γ ))(v) for γ ∈ 0 and v ∈ g. We may write gρ to specify
this action.

We select a tangent vector to T (6) at ρ by choosing a smooth 1-parameter
family (ρt)t∈[−ε,+ε] of homomorphisms 0 → isom+(D) such that ρ0 = ρ. (We
could insist that the homomorphisms ρt are all injective with discrete and cocompact
image, like ρ0, but by [Weil 1960] this is automatically satisfied for t close enough
to 0.) Then we can form

d(ρt · ρ−1
0 )

dt

∣∣∣
t=0
,

which gives us a map from 0 to gρ . It turns out to be a 1-cocycle. Its class in
H 1(0; gρ) is well defined. We arrive at the following description of the tangent
space of T (6) at the point determined by the homomorphism ρ: it is H 1(0; gρ).
It is a small disadvantage of this description that H 1(0; gρ) seems to depend
on ρ itself, not just on the representation (conjugacy class of homomorphisms)
determined by ρ. We leave it to the reader to come to terms with this.

1.3. Harmonic vector fields on the hyperbolic plane. Let f : M → N be a smooth
map between Riemannian manifolds. The map f has a “Laplacian” τ( f ) which
is a section, defined on M , of the vector bundle f ∗(T N ). It has a coordinate-free
definition as the “trace” of the total second derivative of f . (The total second
derivative is a fiberwise bilinear map over M from T M ×M T M to f ∗(T N ).) This
definition comes from [Eells and Sampson 1964]. The letter τ stands for tension
more than for trace. Following [loc. cit.], the map f is considered harmonic if τ( f )
is everywhere zero. There is also a characterization of harmonic maps as critical
points of the energy functional

(1.3.1) f 7→

∫
M

1
2∥d f ∥

2 dµ,

where µ is the measure on M determined by the Riemannian metric. That character-
ization needs exegesis if M is not compact. In the case N = R, the Eells–Sampson
definition of a harmonic map agrees with the standard definition of a harmonic
function on M , and in the case M = R, the harmonic maps are the geodesics in N .

Let ξ be a smooth vector field on M , where M is still a Riemannian manifold. It
is always possible to find a smooth flow (φt : M → M)t∈R such that

dφt

dt

∣∣∣
t=0

= ξ.

The vector field
τ(ξ) :=

dτ(φt)

dt

∣∣∣
t=0



376 DIVYA SHARMA AND MICHAEL S. WEISS

depends only on ξ , and we may view it as an infinitesimal variant of the Eells–
Sampson Laplacian for maps. Consequently we say that ξ is harmonic if τ(ξ) is
everywhere zero. (Warning: Harmonic vector field can mean very different things
to different people, but here we use it in the spirit of [Eells and Sampson 1964].
See [Dodson et al. 2002] for some foundational results on harmonic vector fields.)

For us the case where M is an oriented Riemannian 2-manifold with Riemannian
metric g is important. In that case M is also a complex 1-manifold. The 3-
dimensional real vector bundle E of symmetric R-bilinear forms on T M has a
canonical splitting

E = E1 + E2,

where E1 is a real line bundle and E2 has a preferred structure of complex (holomor-
phic) line bundle. Namely, E1 is the real line subbundle spanned by the everywhere
nonzero section g of E , and E2 is the image of the vector bundle monomorphism
which was mentioned before: homC(T M ⊗C T M,C)→ E given by φ 7→ Re(φ).
We like to call E1 the scalar summand of E , and E2 the trace-free summand. The
following recognition principle for harmonic vector fields appears to be well known,
and so we state it without proof. It has an analog for smooth maps between 2-
dimensional oriented Riemannian manifolds [Jost 1984, Lemma 1.1; Gerstenhaber
and Rauch 1954a; 1954b].

Proposition 1.3.1. A smooth vector field ξ on the 2-dimensional oriented Riemann-
ian manifold (M, g) is harmonic if and only if the trace-free component of the Lie
derivative Lξ (g) is holomorphic; i.e., if it is Re(φ) for a holomorphic section φ of
homC(T M ⊗C T M,C).

Remark 1.3.2. The complex line bundle homC(T M⊗CT M,C) in Proposition 1.3.1
comes with a preferred hermitian metric. We use this to equip each fiber with a norm.
(It is well known that a hermitian inner product on a finite-dimensional complex
vector space is determined by its real part, and so by the associated norm. For z ∈ M ,
the preferred norm on homC(Tz M ⊗C Tz M,C) is given by ∥ f ∥ := | f (v⊗ v)| for
f ∈ homC(Tz M ⊗C Tz M,C) and v ∈ Tz M such that ∥v∥ = 1. This does not depend
on the choice of v.)

Now we specialize by letting M = D (with the Poincaré metric, which will still
be called g). In order to state our first main result, Theorem I, we introduce some
more vocabulary. In the definition that follows, λ is the ordinary Lebesgue measure
on R2 and λ0 is the unnormalized Haar measure on S1, so that λ0(S1)= 2π .

Definition 1.3.3. Let ξ be a continuous vector field on D and let ζ be an L2-vector
field (with values in R2) along S1. (For the purposes of this definition, ξ and ζ
could be regarded as functions from D and S1, respectively, to R2.) We say that ζ
is a distributional boundary for ξ if for every continuous vector field α on D ∪ S1
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the function

(1.3.2) s 7→

∫
z∈D, |z|≤s

ξ(z) ·α(z) dλ

defined on [0, 1) has an extension to all of [0, 1] which is differentiable at s = 1,
with derivative there equal to ∫

S1
ζ(z) ·α(z) dλ0.

In this situation, ζ is determined by ξ . If in addition ζ is tangential, which means
that ζ(z) · z = 0 for (almost) all z ∈ S1, then we say that ξ is boundary controlled.

The matching condition relating ξ and ζ in Definition 1.3.3 is invariant under
the preferred right action(s) of diff(D ∪ S1). See Proposition A.2.2. The preferred
right action of diff(D ∪ S1) on the space of continuous vector fields on D is given
by (ξ · h)(x) := (dh(x))−1

(
ξ(h(x))

)
for x ∈ D and h ∈ diff(D ∪ S1). The preferred

right action of diff(D ∪ S1) on the space of L2-vector fields on S1 is similar. It can
be enlightening to write h∗ξ and h∗ζ instead of ξ · h and ζ · h.

Definition 1.3.4. A smooth vector field ξ on D is conformal, respectively quasi-
conformal, if the trace-free component of Lξ (g) is zero everywhere, respectively
uniformly bounded in the norm of Remark 1.3.2.

Examples. The conformal vector fields on D are the holomorphic vector fields. See
Lemma A.2.1. Every conformal vector field is harmonic. Every Killing vector field
ξ on D (element of g) is conformal and boundary controlled. Indeed, ξ has a smooth
extension to a vector field on D ∪ S1 whose restriction to S1 is tangential to S1.

Theorem I. For every holomorphic quadratic differential φ on D which is uniformly
bounded in the norm of Remark 1.3.2, there exists a smooth and boundary controlled
vector field ξ on D such that the trace-free component of Lξ (g) is Re(φ). In the
case where φ ≡ 0, the vector field ξ must be a Killing vector field.

The theorem can be reformulated as follows. There is a short exact sequence of
real vector spaces and R-linear maps

(1.3.3) 0 → g
(a)
−→ U∞

(b)
−→ V∞ → 0,

where V∞ is the space of all holomorphic quadratic differentials on D which are
bounded in the norm of Remark 1.3.2, and U∞ is the space of all harmonic, boundary
controlled and quasiconformal smooth vector fields on D. The map (b) takes ξ ∈U∞

to φ, where Re(φ) is the trace-free component of Lξ (g). The map (a) is an inclusion.
The proof of Theorem I takes up most of Section 2. Using the theorem, we can

explain (without relying on uniformization theory) how the two descriptions of the
tangent space to T (6) at the point determined by some ρ : 0 → isom+(D) are
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related. We identify 6 with the orbit space D/ρ = D/ρ(0), so that a holomorphic
quadratic differential on 6 is tantamount to a holomorphic quadratic differential φ
on D which is invariant under the subgroup ρ(0) of isom+(D). Such a φ is
automatically bounded! Choose ξ as in Theorem I such that the trace-free component
of Lξ (g) is Re(φ). Then the formula h 7→ h∗ξ − ξ (for h ∈ ρ(0) ∼= 0) defines
a 1-cocycle on 0 with values in gρ . Its class in H 1(0; gρ) does not depend on
the choice of ξ . In the case where that class is zero, it is easy to see that we can
reconsider the choice of ξ so as to make it invariant under ρ(0). Then ξ descends
to a harmonic vector field on 6. By [Dodson et al. 2002, Theorem 3.1] this implies
ξ ≡ 0 and so φ ≡ 0. In other words, we have an injective linear map from the
vector space of holomorphic quadratic differentials on 6 = D/ρ to H 1(0; gρ). By
dimension counting, it must be a linear isomorphism.

The interesting aspect of Theorem I is that it makes only a boundedness assump-
tion on φ, not an assumption of invariance under a discrete subgroup of isom+(D).
It is reminiscent of universal Teichmüller theory. See, for example, [Markovic and
Šarić 2009; Markovic 2017].

1.4. Vector fields from boundary data. We have a partial converse to Theorem I
which is inspired by the Poisson formula, as in [Ransford 1995, Theorem 1.2.4]. It
is our second main result.

Theorem II. There is a unique continuous linear map F from the vector space of
continuous tangential vector fields on S1 to the vector space of continuous vector
fields on D satisfying the following conditions.

(i) F(ξ) is harmonic, for every continuous tangential vector field ξ on S1.

(ii) ξ and F(ξ) together make up a continuous vector field on D ∪ S1.

(iii) F is equivariant for the actions of isom(D) on domain and codomain.

Moreover F extends uniquely to a continuous linear map from the vector space of
tangential L2-vector fields on S1 to the vector space of continuous vector fields on D.
In this setting property (ii) turns into the following: F(ξ) is boundary controlled
with distributional boundary ξ . Properties (i) and (iii) remain intact.

Remark. In the first part of the statement (before “Moreover. . . ”), the vector
space W of continuous tangential vector fields on S1 is equipped with the compact-
open C0 topology. The vector space Y of continuous vector fields on D is also
equipped with the compact-open C0 topology (throughout). In the second part of
the statement, the vector space X of tangential L2-vector fields on S1 is viewed
as a Hilbert space. The statement “Moreover F extends. . . ” is slightly imprecise
because W is not a subspace of X . There is an inclusion W ↪→ X of sets which
is linear and continuous as a map of topological vector spaces. The image of W
in X is dense; therefore the “extension” of F from W to X is certainly unique,
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if it exists. Properties (i) and (iii) are enough to characterize F : W → Y up to
multiplication by a real scalar. We do not know whether properties (i) and (ii) are
enough to characterize F : W → Y .

Lemma 1.4.1. Let ξ ∈ g be a Killing vector field on D. Let ζ be the matching
tangential vector field on S1, so that ξ and ζ together define a smooth vector field
on D ∪ S1. Then F(ζ )= ξ .

See the Appendix for the proof.
As before, let W be the vector space of continuous vector fields on D. If we have

ρ : 0 → isom+(D), then we have a preferred right action of 0 on W determined
by ρ, and we may write Wρ to specify the action. The following is again well
known, and we omit the proof.

Lemma 1.4.2. The map H 1(0; gρ)→ H 1(0; Wρ) induced by the inclusion of the
Killing vector fields, g ↪→ W , is zero.

Proposition 1.4.3. Let ψ be a continuous vector field on D such that h∗ψ −ψ is
in g, for all h ∈ ρ(0). Then ψ is boundary controlled. The distributional boundary
depends only on the 1-cocycle h 7→ h∗ψ −ψ .

Proof. (This uses Theorem I.) Let C be the cochain complex normally used to define
the cohomology groups H j (0; Wρ) for j ≥ 0, and write δ : C j

→ C j+1 for the
differential in C . Let D ⊂C be the cochain subcomplex corresponding to g⊂ W . We
have ψ ∈ C0 and we are assuming δψ ∈ D1. Theorem I and the dimension-counting
argument at the end of Section 1.3 imply that for the 1-cocycle δψ in D there exists
ξ ∈C0, harmonic and boundary controlled, such that δξ = δψ . Therefore ξ−ψ ∈C0

is a 0-cocycle. This means that it is invariant under 0. It follows by inspection that
ξ −ψ is boundary controlled with distributional boundary zero. Therefore ψ is
boundary controlled and has the same distributional boundary as ξ . □

Now we explain very briefly how Theorem II can help us to make the passage
from H 1(0; gρ) to the vector space of holomorphic quadratic differentials on
6 = D/ρ. We begin with some v ∈ H 1(0; gρ). By Lemma 1.4.2, and in the
notation used in the proof of Proposition 1.4.3, the class v can be represented by a
cocycle (with values in gρ) of the form δψ , where ψ is a continuous vector field
on D. By Proposition 1.4.3, the vector field ψ is boundary controlled. Let ζ be its
distributional boundary. Then ξ := F(ζ ) is a harmonic vector field on D. On the
basis of Lemma 1.4.1 and Theorem II it is easy to verify that δξ is a 1-cocycle with
values in g. Moreover it agrees with δψ since both δξ and δψ are “matches” for δζ .
Therefore ξ can be viewed as an improvement on ψ . The trace-free component
of Lξ (g) is Re(φ) for a quadratic differential φ on D which is holomorphic by
Proposition 1.3.1. The quadratic differential φ is also invariant under the group
ρ(0) ⊂ isom+(D) because of Lemma 1.4.1 and condition (iii) in Theorem II.
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(Remember that δξ = δψ .) Therefore we have a holomorphic quadratic differential
on 6 = D/ρ.

The above procedure based on Theorem II which takes us from H 1(0; gρ) to
the vector space of holomorphic quadratic differentials on D/ρ is the inverse of the
other one, based on Theorem I. The verification should be mechanical.

2. Constructing harmonic vector fields from quadratic differentials

2.1. Harmonic vector fields in isothermal coordinates. Suppose that ξ is defined
on U ⊂ R2 and U is equipped with a Riemannian metric of the form ds2

=

λ(x, y)(dx2
+ dy2).

If the flow (φt)t∈[0,ε) and the vector field ξ are related as above, then we can
describe φt to first order in terms of ξ :

φt(z)≈ z + tξ(z) for z ∈ U.

We define a family of Riemannian metrics on U as follows:

(2.1.1) t 7→ ρt = φ∗

t g.

More precisely the map in (2.1.1) has the form

(2.1.2) t 7→ (Dφt : TpU → Tφt (p)H)
∗g.

To the first order, (2.1.2) can be expressed as follows:

t 7→
(
id + t · Dξ : TpU → Tφt (p)H

)∗g,

where Dξ is the total derivative of ξ (the latter being viewed as a smooth map from
an open set in R or C to R2 or C). Continuing in this manner, we get

ρt ≈ (id + t · Dξ)T (g + t · Dg(ξ)) (id + t · Dξ)

≈ g + t · Dξ T g + t Dg(ξ)+ t · Dξ · g

= g + (t · Dξ T
+ t · Dξ) · g + t Dg(ξ).

Calculating
dρt

dt

∣∣∣
t=0

gives us a section of the vector bundle of (real) symmetric bilinear forms on T U
and this is denoted by Lξ (g), the Lie derivative of g along ξ . Therefore,

(2.1.3) Lξg = (Dξ T
+ Dξ)g + Dg(ξ)

in our preferred coordinates. We can write Dξ in matrix form,

Dξ =

[
ξ 1

x ξ 1
y

ξ 2
x ξ 2

y

]
.
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Then (2.1.3) turns into

Lξ (g)= λ

[
2ξ 1

x ξ 1
y + ξ 2

x

ξ 2
x + ξ 1

y 2ξ 2
y

]
+

[
⟨Dλ, ξ⟩ 0

0 ⟨Dλ, ξ⟩

]

= λ

[
ξ 1

x − ξ 2
y ξ 1

y + ξ 2
x

ξ 1
y + ξ 2

x ξ 2
y − ξ 1

x

]
︸ ︷︷ ︸

TF

+λ

[
ξ 1

x + ξ 2
y 0

0 ξ 1
x + ξ 2

y

]
+

[
⟨Dλ, ξ⟩ 0

0 ⟨Dλ, ξ⟩

]
.

Recall from Section 1.3 that the vector bundle E of (real) symmetric R-bilinear
forms on T U splits into a 1-dimensional real vector subbundle (the scalar summand)
spanned by the everywhere nonzero section g and a 1-dimensional complex line
bundle (the trace-free summand) which is the image of the embedding

homC(T U ⊗C T U,C)→ E

taking φ to Re(φ). Since the local coordinates that we are using here are in
agreement with the conformal structure determined by the Riemannian metric g,
our calculation implies that the trace-free component of Lξ (g) is the summand
with the label TF,

(2.1.4) λ

[
ξ 1

x − ξ 2
y ξ 1

y + ξ 2
x

ξ 1
y + ξ 2

x ξ 2
y − ξ 1

x

]
.

Indeed, TF is Re( f · (dz ⊗ dz)), for f := TF11 − ιTF12, where ι=
√

−1.

Proposition 2.1.1. Let ξ be a smooth vector field on U ⊂ R2, and let g be a
Riemannian metric on U of the form ds2

= λ(x, y)(dx2
+dy2). Then the trace-free

component of Lξ (g) is Re( f · (dz ⊗C dz)), where f : U → C is determined by

(2.1.5) f (z)= 2λ
∂ξ

∂ z̄
(z).

Proof. Most of this has already been established. The formula for f (z) needs to be
unraveled. The Wirtinger derivative (for differentiable functions from U to C) is

(2.1.6) ∂/∂ z̄ =
1
2(∂/∂x + ι ∂/∂y),

where we allow ourselves to write z = x + ιy. In particular

2λ
∂ξ

∂ z̄
= λ · (ξx + ιξy).

It is understood that ξx = ξ 1
x + ιξ 2

x and ξy = ξ 1
y + ιξ 2

y , so that we obtain

2λ
∂ξ

∂ z̄
= λ(ξ 1

x + ιξ 2
x − ξ 2

y + ιξ
y
1 )= λ(ξ 1

x − ξ 2
y + ι(ξ 2

x + ξ 1
y ))= TF11 + ιTF12,

which is conjugate to TF11 − ιTF12, our definition of f , given just after (2.1.4). □
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Remark 2.1.2. Think of Proposition 2.1.1 as a complement to Proposition 1.3.1.

2.2. Solving the potential equation. Taking U = H and λ(x, y)= y−2 in (2.1.5),
we obtain

(2.2.1) f (z)=
−8

(z − z̄)2
∂ξ

∂ z̄
(z).

This is well known in Teichmüller theory. Scott Wolpert [1987, §2.1] calls it the
potential equation. He has it in the form

(2.2.2) (z − z̄)2 f (z)= −8
∂ξ

∂ z̄
(z)

except for the factor −8 in the right-hand side, which he does not have. (One may
ask why he does not have it. We believe this is explained by different conventions,
e.g., regarding the preferred metric on H.) He calls the left-hand side a harmonic
Beltrami differential, and probably he views both sides as Beltrami differentials,
consciously or unconsciously multiplying both sides with a standard Beltrami
differential denoted dz̄/dz for better or worse.

Wolpert [1987, §2.3] has a very elegant solution for the potential equation. (Here
we assume that f is “known”, defined on all of H and holomorphic. The vector
field ξ on H is the unknown. By Proposition 2.1.1 it must be a harmonic vector
field.) His solution, in our notation, is

(2.2.3) ξ(z)= −
1
8

∫ z

z0

(z̄ − s)2 f (s) ds,

where z0 ∈ H is fixed. The integral is a complex path integral, along some path
in H from z0 to z. Since the integrand is holomorphic, the value of the integral is
independent of the path selected. He writes: the potential equation (2.2.2) is an
immediate consequence of differentiation under the integral. He is right.

For us, (2.2.3) is not the perfect solution. We need a solution which extends to
the ideal boundary of H under conditions on f which we find reasonable. Therefore
we will adopt a more laborious method to solve (2.2.2).

Let η be the constant vector field on H defined by η(z)= 1 ∈ C for all z.

Lemma 2.2.1. Let f : H → C be a holomorphic function and let c be a positive
real number. The vector field ξc defined by

ξc(z)=

( ∫ c

Im(z)
ιt2 f (z̄ + 2ιt) dt

)
η(z)

for z subject to Im(z) < 2c solves (2.2.2).

We have to assume Im(z) < 2c in the definition of ξc(z) to ensure that f (z̄ +2ιt)
is defined for all t ∈ [c, Im(z)].
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Proof. Write ξ instead of ξc in this proof (and drop the constant factor η, so that ξ
becomes a function with values in C). Write D for the total derivative acting on
such functions, so that the values of D are real 2 × 2-matrices. Write 8(z, t) for
the integrand in the definition of ξ .

The function ξ is a composition u ◦ v, where v(z)= (Im(z), z) for z ∈ H and u
is a function of a real and a complex variable:

u(r, z)=

∫ c

r
8(z, t) dt.

Applying the chain rule in this situation gives

(2.2.4) Dξ(z)= −8(z, Im(z)) ·
[
0 1

]
+

∫ c

Im(z)
D(8(z, t)) dt ·

[
1 0
0 1

]
,

where 8(z, Im(z)) must be viewed as a real 2×1-matrix. The Wirtinger derivative
∂/∂ z̄ is Q(D) for a certain linear map W2 acting on real 2×2-matrices,[

a b
c d

]
7→

1
2

[
a − d
b + c

]
.

Therefore
∂ξ

∂ z̄
(z)= W2

(
−8(z, Im(z)) ·

[
0 1

])
+

∫ c

Im(z)
W2(D(8(z, t)) dt.

But 8(z, t) is a holomorphic function of z, so that W2(D(8(z, t)) is everywhere
zero. So we obtain

W2(Dξ(z))= W2
(
−8(z, Im(z)) ·

[
0 1

])
.

Now 8(z, Im(z))= ιy2 f (z), where we have written y for Im(z). Therefore

−8(z, Im(z)) ·
[
0 1

]
= y2

[
0 −Im( f (z))
0 −Re( f (z))

]
,

and so

∂ξ

∂ z̄
(z)= W2(Dξ(z))=

1
2

y2
[

Re( f (z))
−Im( f (z))

]
=

1
2

y2 f (z)= −
1
8
(z − z̄)2 f (z). □

Theorem 2.2.2. Let f be a holomorphic function on H which satisfies the condition
| f (z)| · Im(z)2 ≤ b0, where b0 is a positive constant, z ∈ H arbitrary. Then the
formula

(2.2.5) ξ reg(z) := lim
c→∞

(
ξc(z)−

(
ξc(ι)+

∂ξc

∂z
(ι) · (z − ι)

))
,

where ξc is as in Lemma 2.2.1, defines a smooth vector field ξ reg on H which solves
(2.2.2).
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Remarks. The superscript reg is for regularization, the art of making divergent
things convergent. The formula for ξ reg uses the Wirtinger derivative ∂/∂z =
1
2(∂/∂x − ι ∂/∂y). The “regularizing” term ξc(ι)+ (∂ξc/∂z)(ι) · (z − ι) which we
subtract from ξc(z) can be regarded as the holomorphic part of the first Taylor
approximation to ξc at z = ι.

The function z 7→ | f (z)| · Im(z)2 on H is bounded if and only if the quadratic
differential f · (dz ⊗C dz) on H is bounded in the metric of H and Remark 1.3.2.
Indeed the pointwise norm of the 1-form dz at z0 ∈ H is Im(z0), and the pointwise
norm of dz ⊗C dz at z0 is therefore Im(z0)

2.
The vector field ξ reg is automatically harmonic if it solves (2.2.2), since f is

holomorphic by assumption.

The proof of Theorem 2.2.2 is quite long. We begin by isolating some technical-
ities and generalities.

Lemma 2.2.3. If f : H → C is holomorphic and satisfies | f (z)| · Im(z)2 ≤ b0

for all z ∈ H, where b0 is a positive constant, then there exist positive constants
b1, b2, b3, . . . such that | f (n)(z)| · Im(z)n+2

≤ bn for all z ∈ H and n = 1, 2, 3, . . . .

Proof. Fix z0 ∈ H and let γ be a smooth curve describing (counterclockwise) a
circle of radius r = Im(z0)/2 about z0. Then by the Cauchy integral formulas,

f (n)(z0)=
n!

2πι

∮
γ

f (z)
(z − z0)n+1 dz.

The values of | f | on the circle are bounded by b0 ·(Im(z0)/2)−2. The circumference
of the circle is π Im(z0). Therefore

| f (n)(z0)| ≤
n!

2π
(π Im(z0)) · b0(Im(z0)/2)−2

· (Im(z0)/2)−(n+1)

= 2n+2n!πb0(Im(z0))
−(n+2).

We can take bn = 2n+2 n!πb0. □

Lemma 2.2.4 (notation of Lemma 2.2.1). The Wirtinger derivative ∂/∂ z̄ of ξc is
independent of c, where defined.

Proof. Make two choices for c, say c1 and c2, where c2 > c1 >
1
2 . Then

ξc2(z)− ξc1(z)=

( ∫ c2

c1

ιt2 f (z̄ + 2ιt) dt
)
η(z)

is a holomorphic vector field. It is defined for z with Im(z) < 2c1. □

Remark 2.2.5. Let λ : U → C be a differentiable function, where U is open
in C. The Wirtinger derivatives ∂/∂z and ∂/∂ z̄ of λ together determine the total
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derivative Dλ. The relationship is

Dλ=
∂λ

∂z
+
∂λ

∂ z̄
·

[
1 0
0 −1

]
.

This is meant as an equation between functions taking values in the algebra of real
2×2-matrices. (A complex number determines a real 2×2-matrix since multiplica-
tion by that number is an R-linear operator on R2.)

Proposition 2.2.6. Let (ζn)n≥0 be a sequence of harmonic vector fields defined on
an open set U ⊂ H, and converging in the compact-open C0 topology to a vector
field ζ∞. Suppose that the trace-free component of Lζn (g) is the same for all n.
Then the sequence (ζn) converges to ζ∞ in the compact-open C∞-topology. Hence
ζ∞ is harmonic, and the trace-free component of Lζ∞(g) agrees with the trace-free
component of Lζn (g) for all n.

Proof. The sequence (ζn − ζ0)n≥0 is a sequence of holomorphic vector fields
which can also be viewed as a sequence of holomorphic functions. Therefore the
Weierstrass convergence theorem applies. □

Proof of Theorem 2.2.2. Write D for total derivatives (of C-valued functions, with
respect to a variable z ∈ H or z ∈ C). Write κ(z)= max{1, Im(z)}. As in the proof
of Lemma 2.2.1 write

8(z, t) := ιt2 f (z̄ + 2ιt).

We do not insist on the distinction between vector fields (on open subsets of H) and
C-valued functions, because it is irrelevant here. In particular ξc will be viewed as
a function. The first step is to show

(2.2.6) ξc(z)−
(
ξc(ι)+

∂ξc

∂z
(ι) · (z − ι)

)
=

∫ c

κ(z)
8(z, t)−8(ι, t)− D8(ι, t) · (z − ι) dt + F(z),

where F is a continuous function of the variable z, independent of c. As a matter
of language, we might say (in this proof) that two continuous functions of z and c
are equivalent if their difference is a function of z only. Then (z, c) 7→ ξc(z) is
equivalent to

(z, c) 7→

∫ c

κ(z)
8(z, t) dt

and (z, c) 7→ ξc(ι) is equivalent to

(z, c) 7→

∫ c

κ(z)
8(ι, t) dt.
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By Lemma 2.2.4 and Remark 2.2.5, the function (z, c) 7→ (∂ξc/∂z)(ι) · (z − ι) is
equivalent to (z, c) 7→ Dξc(ι) · (z − ι). As in the proof of Lemma 2.2.1 we have

Dξc(ι)= −8(ι, 1) ·
[
0 1

]
+

∫ c

1
D(8(ι, t)) dt,

so that (z, c) 7→ Dξc(ι) · (z − ι) is equivalent to

(z, c) 7→

∫ c

κ(z)
D(8(ι, t)) · (z − ι) dt.

Using all these equivalences, we obtain (2.2.6). And now the second step is clearly
to show that the improper integral

(2.2.7)
∫

∞

κ(z)
8(z, t)−

(
8(ι, t)+ D8(ι, t) · (z − ι)

)
dt

exists. It is a good idea to think of the expression 8(ι, t)+ D8(ι, t) · (z − ι) as
the first Taylor polynomial at z = ι of the function z 7→ 8(z, t), for fixed t . The
“integral form of the remainder” in Taylor’s formula gives us

8(z, t)−
(
8(ι, t)+ D8(ι, t) · (z − ι)

)
=

1
2

∫ 1

0
u′′(s) · (1 − s) ds,

where u(s) :=8(ι+ s(z − ι), t)= ιt2 f (−ι+ s(z̄ + ι)+ 2ιt) for fixed t and z. Now
Lemma 2.2.3 gives the estimate

|u′′(s)| ≤ t2 b2|z − ι|2

|ι+ s(z − ι)− 2ιt |4
.

Here s ∈ [0, 1], and z is fixed, and b2 is a positive constant. If t ≥ 1 + |z|, then we
may conclude

|u′′(s)| ≤
b2|z − ι|2

t2 .

Therefore if 1 + |z| ≤ A1 ≤ A2, then∣∣∣∣∫ A2

A1

8(z, t)−
(
8(ι, t)+ D8(ι, t) · (z − ι)

)
dt

∣∣∣∣
≤

∫ A2

A1

1
2

∫ 1

0

b2|z − ι|2

t2 · (1 − s) ds dt

=
1
4

b2|z − ι|2
∫ A2

A1

t−2 dt =
1
4

b2|z − ι|2(A−1
1 − A−1

2 )≤
b2|z − ι|2

4A1
.

This means that the improper integral (2.2.7) converges. In other words, ξ reg(z)
is well defined by means of formula (2.2.5) for every z ∈ H. But we have shown
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more: the convergence is uniform on compact sets. More precisely, writing

V (c, z) := ξc(z)−
(
ξc(ι)+

∂ξc

∂z
(ι) · (z − ι)

)
,

we have shown that

(2.2.8) |V (c1, z)− V (c, z)| ≤
b2|z − ι|2

4c
under the condition c1 ≥ c > 1 + |z|. Now Proposition 2.2.6 can be applied. It
follows that ξ reg is a harmonic vector field on H and a solution to (2.2.2). □

2.3. Boundary values. The standard isometry from the upper half-plane model H

of the hyperbolic plane to the disk model D is the Cayley transform C , defined by
C(z) := (z − ι)/(z + ι). The (complex) derivative of C is z 7→ (z + ι)−2.

Theorem 2.3.1. The vector field C∗(ξ
reg) on D obtained by applying the Cayley

transform to ξ reg of Theorem 2.2.2 admits a continuous extension to D ∪ S1. The
value of the extended vector field at 1 ∈ S1 is 0.

Remark 2.3.2. The restriction to S1 of the extended vector field on D ∪ S1 is not
claimed to be tangential to S1. From our point of view this is an issue. It will be
addressed in Section 2.4, which has no other purpose.

As a preparation for the proof, we translate the statement so that we can continue
to work in the upper half-plane setting. It is convenient to show first that ξ reg

extends to a continuous vector field defined on all of H ∪ R. Under the Cayley
transform this corresponds to a continuous vector field on D ∪ S1 ∖ {1}. We extend
this to all of D ∪ S1 by defining the missing value (at 1 ∈ S1) to be 0. Then we still
have to establish continuity at 1 ∈ D ∪ S1. By the formula for the derivative of C ,
this is equivalent to the following statement:

(2.3.1) lim
z∈H, |z|→∞

ξ reg(z)
|z|2

= 0.

Proof of Theorem 2.3.1. First we show that ξ reg extends to a continuous vector field
on H ∪ R. Select some z ∈ R. The integral

(2.3.2)
∫ c

Im(z)
ιt2 f (z̄ + 2ιt) dt

is an improper integral because the integrand is not defined for t = 0 = Im(z). But
for t > 0 the integrand is defined and moreover

|ιt2 f (z̄ + 2ιt)| ≤ |z̄ + 2ιt |2| f (z̄ + 2ιt)| ≤ b0

by our condition on f . It follows that, for z ∈ R, the improper integral (2.3.2)
converges. So ξc(z) is defined or definable for all z such that 0 ≤ Im(z) < 2c, and
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is continuous as a function of z. Inequality (2.2.8) remains meaningful and valid if
we allow z ∈ H ∪ R. Therefore ξ reg(z) has a continuous extension to all of H ∪ R.

It remains to prove the claim (2.3.1). Fix some z ∈ H. We will use (2.2.8), but
we have some freedom in choosing c, and we decide c = 2 + |z|. This gives∣∣∣∣ξ reg(z)− ξc(z)−

(
ξc(ι)+

∂ξc

∂z
(ι) · (z − ι)

)∣∣∣∣ ≤
b2|z − ι|2

4c
=

b2|z − ι|2

8 + 4|z|
.

Since the right-hand side of this, divided by |z|2, tends to zero for |z| → ∞, the
same is true for the left-hand side. Therefore it is enough to show that the fraction

(2.3.3)
ξc(z)−

(
ξc(ι)+ (∂ξc/∂z)(ι) · (z − ι)

)
|z2|

,

evaluated only on pairs (c, z) where c = 2 + |z|, tends to zero for |z| → ∞. By
Lemma 2.2.3 and elementary integration (see Remark 2.3.3 for more details), the
following estimates are available:

|ξc(z)|< A · |z|, |ξc(ι)|< A · |z|,
∣∣∣∣∂ξc

∂z
(ι)

∣∣∣∣< A ln |z| + B

for some positive constants A and B. Therefore∣∣∣∣∂ξc

∂z
(ι) · (z − ι)

∣∣∣∣< (A ln |z| + B) · (|z| + 1).

Using these estimates in (2.3.3), we see that it does tend to zero for |z| → ∞. □

Remark 2.3.3. Estimate for ξc(z): We have

ξc(z)=

∫ c

Im(z)
ιt2 f (z̄ + 2ιt) dt,

where | f (z̄ +2ιt)| ≤ b0|z̄ +2ιt |−2. Since t ∈ [Im(z), c], where c = 2+|z|, we have
t ≥ Im(z) and so |z̄ + 2ιt | ≥ Im(z̄ + 2ιt)= 2t − Im(z)≥ t . Therefore

|ξc(z)| ≤

∫ c

Im(z)
t2b0|z̄ + 2ιt |−2 dt ≤ b0

∫ c

Im(z)
1 dt = b0(c − Im(z))≤ b0(2 + |z|).

Estimate for ξc(ι): It must be remembered that c = 2 + |z|, where z has little to do
with ι. We have

ξc(ι)=

∫ c

1
ιt2 f (ῑ+ 2ιt) dt,

where | f (ῑ+ 2ιt)| ≤ b0|2t − 1|
−2. Since t ≥ 1 we have |2t − 1| ≥ t and so

|ξc(ι)| ≤

∫ c

1
t2b0|ῑ+ 2ιt |−2 dt ≤ b0

∫ c

1
1 dt = b0(c − 1)= b0(1 + |z|).
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Estimate for (∂ξc/∂z)(ι): Again it must be remembered that c = 2 + |z|, where z
has little to do with ι. We try the total derivative Dξc first. In the notation and
conventions of (2.2.4) we have

Dξc(ι)= −8(ι, 1) ·
[
0 1

]
+

∫ c

1
D(8(ι, t)) dt,

which means

(2.3.4) Dξc(ι)= −ι f (ι) ·
[
0 1

]
+

∫ c

1
ιt2(D ft)(ι) dt,

where ft is the (holomorphic) function z 7→ f (z̄ + 2ιt). We note therefore that
the second summand in the right-hand side of (2.3.4) will contribute in full to
(∂ξc/∂z)(ι); the other one may not contribute in full but it will make a constant
contribution (independent of c). Therefore we have to estimate the second summand
only. By the chain rule, (D ft)(ι)= (D f0)(ι−2ιt). This is a complex number (which
can also be viewed as a real 2×2-matrix). Now |(D f0)(ι− 2ιt)| = |D f (2ιt − ι)|

and by Lemma 2.2.3 we have |D f (2ιt − ι)| =≤ b1|2t − 1|
−3

≤ b1t−3. Therefore∣∣∣∣∫ c

1
ιt2(D ft)(ι) dt

∣∣∣∣ ≤

∫ c

1
b1t−1 dt = b1 ln c = b1 ln(2 + |z|).

Remark 2.3.4. It seems to us that Wolpert’s solution (2.2.3) of (2.2.2) admits a
continuous extension to H ∪ R if f satisfies the conditions of Theorem 2.2.2. But
we were unable to show that it has good growth behavior for z → ∞, e.g., similar
to (2.3.1), especially where z approaches ∞ on a horizontal through z0.

2.4. Hardy space to the rescue. Let H = L2(S1,C) be the complex Hilbert space
of square integrable complex valued functions on S1. The hermitian inner product is

⟨v,w⟩ =
1

2π

∫ 2π

0
⟨v(eιt), w(eιt)⟩ dt

for v,w ∈H. Consequently H has a standard Hilbert basis consisting of the vectors
vk := (z 7→ zk) for k ∈ Z. It has an orthogonal splitting H = H1 ⊕H2, where H1 is
the closure of the span of the vk for k ≥ 0, and H2 is the closure of the span of the vk

for k < 0. The closed subspace H1 is known as the Hardy space. Each w ∈ H1

has a canonical “extension” to a function we
: D ∪ S1

→ C which is holomorphic
in D. Namely, if w=

∑
∞

k=0 akvk in H1, then the power series
∑

∞

k=0 akzk converges
locally uniformly in D and represents a holomorphic function there. Note that w
can be recovered from the restriction of we to D. It is the limit (in the metric of H1)
of the functions z 7→ we(sz), for z ∈ S1, as s ∈ [0, 1) tends to 1.

Let X ⊂ H be the closed R-linear subspace consisting of the functions on S1

which have the form z 7→ ιz · u(z), where u is a real-valued square-integrable
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function on S1. It is an exercise in linear algebra to show that X +H1 = H and
dimR(X ∩H1) = 3. In fact X ∩H1 has an orthonormal (real) basis consisting of
the functions

z 7→ ιz, z 7→
1
2 ιz · ι(z−1

− z), z 7→
1
2 ιz · (z−1

+ z).

This fact has a more illuminating formulation if we think of H as the vector space
of L2-vector fields on S1 (where the vectors in the vector fields are elements of C).
Then X is precisely the space of tangential L2-vector fields on S1. The more
illuminating formulation is as follows.

Lemma 2.4.1. X +H1 = H and X ∩H1 = g, where g is the space of Killing vector
fields on S1 (see explanation below).

It makes sense to speak of Killing vector fields on D; these are the “infinitesimal
isometries” of D with the Poincaré metric. They form a 3-dimensional Lie algebra g
under the Lie product, which we identify with the Lie algebra of isom+(D). It is
well known that the Killing vector fields extend to smooth vector fields on D ∪ S1

which are tangential to S1. Restricting these to S1 is a faithful operation, and so
we may allow ourselves occasionally to think of g as a 3-dimensional Lie algebra
of tangential smooth vector fields on S1. (The Lie product will not be of any
importance here.)

Proof of Theorem I in Section 1. Let h be the Poincaré metric on D. Let φ be a
quadratic differential on D which is uniformly bounded in the norm of Remark 1.3.2.
By Theorems 2.2.2 and 2.3.1, there exists a continuous vector field ζ on D ∪ S1

which is smooth on D, and such that the trace-free component of Lζ (h) is φ.
(In more detail: Let C∗(φ) be the pullback of φ under the Cayley transform C , a
holomorphic quadratic differential on H. Write C∗(φ)= f · (dz ⊗C dz), so that f
is holomorphic and satisfies the conditions of Theorem 2.2.2. Find ξ reg as in the
said theorem. Let C∗(ξ

reg) be the corresponding vector field on D. Let ζ be the
extension of C∗(ξ

reg) to D ∪ S1 which exists by Theorem 2.3.1.)
The vector field ζ need not be tangential along S1. But by Lemma 2.4.1 there

exists ψ ∈ H1 such that
ζ |S1 −ψ ∈ X .

Because ψ belongs to the Hardy space H1, it has a canonical extension ψe to
D ∪ S1 which is holomorphic on D. It turns out that ξ := ζ −ψe, restricted to D,
is a smooth and boundary-controlled vector field on D such that the trace-free
component of Lξ (g) is Re(φ). We will verify the conditions one by one.

(i) The trace-free component of the Lie derivative of the Riemannian metric h
along ζ −ψe is φ because the trace-free component of Lζ (h) is φ and ψe is
holomorphic on D.
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(ii) The vector field ζ −ψe (restricted to D) is boundary controlled because we
have the extension to D ∪ S1 by construction, and the extension is tangential
along S1 by construction. The matching condition which must be satisfied by
the restrictions of ζ −ψ to D and S1, respectively, is indeed satisfied because
it is satisfied separately for ζ and ψe.

It remains to understand what happens if φ ≡ 0. In this case, ξ must be a holo-
morphic vector field on D. It can be written uniquely as a power series

∑
∞

k=0 akzk

which converges locally uniformly in D. Since ξ is boundary controlled, it has a
distributional boundary β ∈X . The matching condition relating ξ and β means that
the Fourier coefficients of β are precisely the numbers a0, a1, a2, . . . , the Taylor
coefficients of ξ . It follows that β ∈ H1, and so β ∈ H1 ∩ X . Therefore β is a
Killing vector field on S1 by Lemma 2.4.1. This has consequences for the Fourier
coefficients a0, a1, . . . of β (for example, only a0, a1, a2 can be nonzero). Then we
can conclude ξ ∈ g. □

3. Constructing harmonic vector fields from boundary data

3.1. Symmetry properties of the classical Poisson formula. The symmetry group
that we have in mind is isom(D), where D has the Poincaré metric as usual. Of
course this acts on D, but it also acts on S1 and (continuously) on the compact
manifold with boundary D ∪ S1. It acts (on the right, by precomposition) on the
vector spaces C0(S1

; R) and C0(D; R). (Both C0(S1
; R) and C0(D; R) are to be

equipped with the compact-open C0-topology. One of them is a Banach space, the
other is just a topological vector space.)

Let F be the real vector space of continuous, R-linear and isom(D)-equivariant
maps from C0(S1

; R) to C0(D; R)

Proposition 3.1.1. dimR(F )= 1.

Proof. Let F be a nonzero element of F . For each z ∈ D, let evz from C0(D; R) to R

be the map evaluation at z, a linear functional. Because isom(D) acts transitively
on D, the isom(D)-equivariant map F is determined by the composition ev0 ◦ F .
The map ev0 ◦ F can no longer be claimed to be equivariant for the action(s) of
isom(D), but it is equivariant w.r.t. the subgroup O(2)⊂ isom(D) consisting of the
elements which fix 0 ∈ D. Therefore ev0 ◦ F is an O(2)-invariant linear functional
on C0(S1

; R). It is well known that the real vector space of these is 1-dimensional,
generated by the Haar integral. Therefore dimR(F )≤ 1.

On the other hand, we can use the equivariance condition to construct P ∈ F

such that ev0 ◦ P is the nonzero linear functional taking v ∈ C0(S1
; R) to

1
2π

∫ 2π

0
v(eιt) dt.



392 DIVYA SHARMA AND MICHAEL S. WEISS

Choose h ∈ isom(D). By equivariance we must have (P(v))(h(0))= (P(v ◦h))(0),
which comes down to

(3.1.1) P(v)(h(0))=
1

2π

∫ 2π

0
v(h(eιt)) dt.

The value of the integral depends only on h(0), since h is determined by h(0) up to
precomposition with an element of O(2)⊂ isom(D). Therefore we have a definition
of P in (3.1.1). It follows that dim(F )≥ 1. □

Remark 3.1.2. It is not obvious from (3.1.1) that P(v) is harmonic, and that v
and P(v) together define a continuous function on D ∪ S1. We are not going to
justify these statements fully here (because they are well known). But in Section 3.2
we will encounter similar statements in a slightly different setup, and we will have
to justify those. Therefore we sketch an argument. Let us try to make sense of
K := P(δ1), where δ1 is a Dirac distribution at 1 ∈ S1. Think of δ1 as the limit of a
sequence of step functions wn for n ≥ 2, where wn is zero outside the short arc In

in S1 with endpoints e−ι/2n and eι/2n , and has the constant value n for points in the
arc. Then P(δ1) should be the limit of the P(wn), and for P(wn) we expect

P(wn)(h(0))=
1

2π

∫ 2π

0
wn(h(eιt)) dt

although wn is not continuous. Here we may assume h ∈ isom+(D), which implies
that h is holomorphic so that we can use complex calculus notation. Since wn ◦ h
is constant on h−1(In) with constant value n, and zero elsewhere, the integral
is n times the length of h−1(In). The length of h−1(In) is well approximated by the
modulus of the complex number (h−1)′(1), times the length of In , which is 2π/n.
We arrive at

K (h(0))= P(δ1)(h(0))= |(h−1)′(1)| =
1

|h′(h−1(1))|
.

This is well defined, which means: dependent only on h(0). Next, it is an interesting
exercise to show that the map taking v ∈ C0(S1

; R) to the convolution of v and K is
an element of F . Therefore we have found another definition of P . The two claims
about P can now be reformulated as claims about K . In other words it remains to
show that K is harmonic, and that for each v ∈ C0(S1

; R), the Hilbert space inner
product of v and the function z 7→ K (sz) (for z ∈ S1 variable and s ∈ [0, 1) fixed)
tends to v(1) as s tends to 1.

3.2. Vector fields on the circle as boundary data. Let C0
v (S

1
; T S1) be the topolog-

ical real vector space (with the compact-open topology) of continuous tangential
vector fields on S1, a.k.a. the space of continuous sections of T S1

→ S1. An
element ψ of C0

v (S
1
; T S1) can also be viewed as a continuous map from S1 to C,
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subject to some conditions, because S1 is a smooth submanifold of C. This point of
view is used in the next lemma. Note that U(1) acts on the right of C0

v (S
1
; T S1) by

(ψ, A) 7→ A∗ψ = A−1
·(ψ ◦ A) for A ∈ U(1). (Of course A is nothing but a complex

number of modulus 1, but we are tend to think of it as a C-linear endomorphism
of C. And although it is sometimes convenient to view ψ as a function with values
in C, the formula for A∗ψ is what it is because ψ is a vector field after all.)

Lemma 3.2.1. Every continuous and R-linear map 3 : C0
v (S

1
; T S1)→ C which

has 3(A∗ψ)= A−13(ψ) for all ψ ∈ C0
v (S

1
; T S1) and A ∈ U(1) is of the form

(3.2.1) 3(ψ)= a ·

∫ 2π

0
ψ(eιt) dt

for some a ∈ C.

Proof. Given such3, we extend it to a map3C
: C0

v (S
1
; T S1

⊗R C)→ C as follows.
Elements of C0

v (S
1
; T S1

⊗R C) can be written uniquely in the form ψ = ψ1 + ιψ2,
where both ψ1 and ψ2 are tangential to S1. Then we let

3C(ψ1 + ιψ2) :=3(ψ1)+ ι3(ψ2).

There are now two commuting actions of U(1) on C0
v (S

1
; T S1

⊗R C). One is given
by (ψ, A) 7→ A∗ψ . The other is pointwise, (ψ, A) 7→ A ·ψ . By our assumption
on 3, the map 3C intertwines the first action with the conjugate of the standard
action of U(1) on C. By construction, it intertwines the second action with the
standard action of U(1) on C. It follows that 3C is invariant under the operation

ψ 7→ A · A∗ψ,

whereψ ∈C0
v (S

1
; T S1

⊗RC) and A ∈U(1). Here we can also write A· A∗ψ=ψ◦ A
if we think of ψ as a function with values in C. (The inclusion of the tangent
space Tz S1 in C extends uniquely to a C-linear isomorphism Tz S1

⊗R C → C.)
Briefly, 3C satisfies 3C(ψ ◦ A)=3C(ψ) for all ψ and all A ∈ U(1). Because it is
also C-linear by construction, it must have the form

ψ 7→ a ·

∫ 2π

0
ψ(eιt) dt

for some a ∈ C. In particular this is valid for ψ ∈ C0
v (S

1
; T S1). □

Remark 3.2.2. Clearly 3 : C0
v (S

1
; T S1)→ C satisfies the condition 3(A∗ψ) =

A−13(ψ) for all ψ ∈ C0
v (S

1
; T S1) and A ∈ U(1) if it is of the form (3.2.1). But if

the complex number a in (3.2.1) is a real number, and only then, it will satisfy the
same condition for all A ∈ O(2). The proof is by direct verification.

Let C0
v (D; T D) be the real vector space of continuous vector fields on D,

equipped with the compact-open C0 topology. The group isom(D) acts on the
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right of C0
v (D; T D) by (ξ, h) 7→ h∗ξ , which means (h∗ξ)(z)= Dh(z)−1

(
ξ(h(z))

)
for z ∈ D. The action is R-linear.

Let Fvf be the real vector space of continuous, R-linear and isom(D)-equivariant
maps from C0

v (S
1
; T S1) to C0

v (D; T D).

Corollary 3.2.3. dimR(Fvf )= 1.

Proof. Let F be a nonzero element of Fvf . For each z ∈ D, let evz from C0
v (D; T D)

to C = T0D be the map evaluation at z, an R-linear map. Because isom(D) acts
transitively on D, the isom(D)-equivariant map F is determined by the composition
ev0◦F . The map3 := ev0◦F can no longer claim to be equivariant for the action(s)
of isom(D), but it satisfies the condition of Lemma 3.2.1 for A ∈ U(1), and the
stronger condition of Remark 3.2.2 which allows A ∈ O(2). Therefore 3= ev0 ◦ F
has the form (3.2.1) for some real number a. It follows that dimR(Fvf )≤ 1.

We can use the equivariance condition to construct an F ∈ Fvf such that ev0 ◦ F
is the nonzero linear functional taking ψ ∈ C0

v (S
1
; T S1) to

1
2π

∫ 2π

0
ψ(eιt) dt.

Choose h ∈ isom(D). By equivariance we must have (Dh(0))−1
(
(F(ψ))(h(0))

)
=

(F(h∗ψ))(0), which comes down to

(3.2.2) F(ψ)(h(0))=
1

2π
(Dh(0))

( ∫ 2π

0
(h∗ψ)(eιt) dt

)
.

It is easy to see that the right-hand side depends only on h(0), because h is de-
termined by h(0) up to precomposition with an element of O(2) ⊂ isom(D)).
Therefore F in (3.2.2) is well defined. It is easily seen to be nonzero. It follows
that dim(Fvf )≥ 1. □

We want to show that F(ψ), with the definition of F in (3.2.2), is always a
harmonic vector field and that ψ and c · F(ψ) together define a continuous vector
field on D∪S1, where c is a positive real constant factor independent of ψ . Imitating
the strategy outlined in Remark 3.1.2, we begin by making sense of

Kvf := F(δ1 ·ω),

where δ1 is the Dirac distribution and ω ∈ C0
v (S

1, T S1) is the tangential vector field
defined by ω(z)= ιz for z ∈ S1. To simplify this, we remark that for every z ∈ D

there exists a unique h ∈ isom+(D) such that h(0) = z and h(1) = 1. For such
an h ∈ isom+(D) we first need to make sense of h∗(δ1 ·ω)= h∗δ1 · h∗ω. It is not
hard to see (and the calculation of h∗δ1 can be seen in Remark 3.1.2) that this is
(h′(1))−2δ1 ·ω. Therefore we make the definition

(3.2.3) Kvf (h(0))= ιh′(0) · (h′(1))−2
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on the understanding that h ∈ isom+(D) and h(1)= 1. If we specify z = h(0), then
we can write

h(w)=
yw+ z

ywz̄ + 1
,

where y = (1−z)/(1− z̄)= (1−z2)/|1−z|2. Then h′(w)= y(1−|z|2)/(ywz̄+1)2.
Therefore h′(0)= y(1 − |z|2) and

h′(1)=
y(1 − |z|2)
(yz̄ + 1)2

=
y(1 − |z|2)
(z + y)2

(where we have used h(w)= 1, so that yz̄ + 1 = z + y) and

h′(0)/(h′(1))2 = y(1 − |z|2) ·
(z + y)4

y2(1 − |z|2)2
=

(z + y)4

y(1 − |z|2)
=

|1 − z|2(z + y)4

(1 − z)2(1 − |z|2)
.

Now we use z + y = (z − |z|2 + 1 − z)/(1 − z̄)= (1 − |z|2)/(1 − z̄) and obtain

h′(0)/(h′(1))2 =
(1 − |z|2)3

(1 − z̄)2|1 − z|2
,

so that

(3.2.4) Kvf (z)= ι ·
(1 − |z|2)3

(1 − z̄)2|1 − z|2
.

Lemma 3.2.4. Suppose that h ∈ isom+(D) satisfies h(1)= 1. Then

h∗Kvf = c · Kvf ,

where c = (h′(1))−2.

Proof. Loosely and provisionally we defined ξ as F(δ1 · ω). Therefore h∗ξ =

h∗F(δ1 ·ω)= F(h∗(δ1 ·ω)) by the equivariance property of F . Here we can see that
h∗(δ1 ·ω)= c · δ1 ·ω for some constant c, which turns out to be (h′(1))−2. A more
orderly proof can be given using the definition (3.2.3) and the chain rule. Then we
have to allow two h1, h2 ∈ isom+(D) such that h1(1)= h2(1)= 1. We obtain

(h∗

2ξ)(h1(0))=
(
Dh2(h1(0))

)−1 F
(
h2(h1(0))

)
=

(
Dh2(h1(0))

)−1
ι(h2h1)

′(0)/((h2h1)
′(1))2

= ιh′

1(0)/((h2h1)
′(1))2

= c · ιh′

1(0)/(h
′

1(1))
2

= c · ξ(h1(0)),

where c = (h′

2(1))
−2. □

Theorem 3.2.5. The vector field Kvf is harmonic on D.
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Proof. The first step will be to show that ξ := Kvf is harmonic at the origin in D.
For that we can use the second order Taylor approximation of ξ at the origin:

ξ(z)=
ι(1 − |z|2)3

|1 − z̄|2 · (1 − z̄)2

= ι(1 − |z|2)3(1 − z̄)−3(1 − z)−1

≈ ι(1 − 3|z|2)(1 + z̄ + z̄2)3(1 + z + z2)

≈ ι(1 − 3|z|2)(1 + 3z̄ + 3z̄2
+ 3z̄2)(1 + z + z2)

≈ ι(1 + 3z̄ + 6z̄2
− 3|z|2)(1 + z + z2)

≈ ι(1 + 3z̄ + 6z̄2
− 3|z|2 + z + 3|z|2 + z2)

= ι(1 + z + 3z̄ + z2
+ 6z̄2)

= ι
(
1 + (x + ιy)+ 3(x − ιy)+ x2

− y2
+ 2ιxy + 6(x2

− y2)− 12ιxy
)

= ι(1 + 4x − 2ιy + 7x2
− 7y2

− 10ιxy)

= (2y + 10xy, 1 + 4x + 7x2
− 7y2).

Let g be the Poincaré metric on D, which we regard as a function from D to the
vector space of symmetric 2×2-matrices. It has the form g(w)= u(w) · gE , where
u : D → R is a smooth function which has u(0) = 2 and gE is the Euclidean
(Riemannian) metric, i.e., a constant, the constant value being the identity 2×2-
matrix. The product rule gives us

Lξ (g)= Lξ (u) · gE
+ u · Lξ (gE).

The first summand is a contribution to the scalar summand. We may neglect it. As
to the second summand, we are only interested in the first Taylor approximation
at 0, and since the first Taylor approximation of u at 0 is a constant 2, we can
replace the second summand by 2Lξ (gE). Now we can use (2.1.3):

Lξ (gE)= (Dξ T
+ Dξ)gE

+ Dg(ξ)= Dξ T
+ Dξ,

which in terms of the above Taylor approximation turns into[
20y 6 + 24x

6 + 24x −28y

]
.

The trace-free part is [
24y 6 + 24x

6 + 24x −24y

]
,

which, as a symmetric bilinear form, agrees with Re((24y − ι(6 + 24)x) dz ⊗C dz).
This completes the verification that ξ = Kvf is harmonic at the origin, because the
first order polynomial map z 7→ 24y − ι(6 + 24)x (for z = x + ιy) is holomorphic.
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To finish the proof, we want to argue that “harmonic at the origin” is enough. For
other z ∈ D we can find h ∈ isom+(D) such that h(0)= z and h(1)= 1. Showing
that ξ is harmonic at z is equivalent to showing that h∗ξ is harmonic at 0. By
Lemma 3.2.4, we can write h∗ξ = c · ξ . □

Our next goal is to show that the linear map F in (3.2.2) has another description as
something very close to convolution with Kvf . Let Mt : C → C be the multiplication
by eιt ∈ S1; we will also view this as an element of isom+(D). Let ψ be a tangential
vector field on S1. Write ψ = u ·ω, where ω is the standard tangential vector field
z 7→ ιz and u : S1

→ R is a continuous function. (It is allowed to write u := ψ/ω.)
Write η(t) := eιt for t ∈ R. The new formula for F that we have in mind is

(3.2.5) (F(ψ))(z) ?
=

1
2π

∫ 2π

0
(M∗

−t Kvf )(z) · u(eιt) dt.

Unraveling the right-hand side, we obtain

1
2π

∫ 2π

0
eιt · Kvf (e−ιt z) · u(eιt) dt =

1
2π

∫ 2π

0
Kvf (e−ιt z) · eιt u(eιt) dt.

But eιt u(eιt) is the same as −ι ·ψ(eιt). So we may write

−ι
1

2π

∫ 2π

0
Kvf (e−ιt z) ·ψ(eιt) dt

and then also −ι · (Kvf ∗ψ)(z), where the star is for convolution.

Proposition 3.2.6. The linear map F in (3.2.2) has the alternative description

ψ 7→ −ι · (Kvf ∗ψ).

Proof. Take z ∈ D. Then

−ι · (Kvf ∗ψ)(z)= −ι
1

2π

∫ 2π

0
Kvf (e−ιt z) ·ψ(eιt z) dt.

Choose h such that h(0) = z and h(1) = 1. If we choose s ∈ R appropriately,
depending on t , then M−t hMs(0)= M−t(z)= e−ιt z and M−t hMs(1)= 1. (We can
determine s later.) Therefore by (3.2.3),

Kvf (e−ιt z)= ι(M−t hMs)
′(0) · (M−t hMs)

′(1))−2

= ιeι(s−t)h′(0) · (h′(eιs))−2
· e−2ι(s−t)

= ιeι(t−s)h′(0) · (h′(eιs))−2,

so that the formula for −ι · (Kvf ∗ψ)(z) simplifies to

1
2π

∫ 2π

0
eι(t−s)h′(0) · (h′(eιs))−2

·ψ(eιt) dt.
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Now is the moment to observe that s and t are related by h(eιs)= eιt . Therefore it
is “locally” justified to write t = −ι · ln(h(eιs)) and in any case

dt
ds

= −ι
h′(eιs) · eιs · ι

h(eιs)
=

h′(eιs) · eιs

h(eιs)
= h′(eιs) · eι(s−t).

With the substitution of h(eιs) for eιt and h′(eιs) ·eι(s−t) ds for dt the above integral
turns into

1
2π

∫ 2π

0
h′(0) · (h′(eιs))−1

·ψ(h(eιs)) ds.

This agrees with F(ψ)(z)= (F(ψ))(h(0)) according to (3.2.2). □

Corollary 3.2.7. F(ψ) is harmonic, for every ψ ∈ C0
v (S

1
; T S1).

Proof. By Proposition 3.2.6 and the discussion preceding it, (3.2.5) is correct. By
Theorem 3.2.5, the “kernel” Kvf is harmonic and so M∗

−t Kvf is also harmonic, for
arbitrary t ∈ R. Hence the right-hand side of (3.2.5) is harmonic. □

Lemma 3.2.8. Let ψ be a continuous tangential vector field on S1. Then F(ψ)
and ψ together make up a continuous vector field on the closed unit disk D ∪ S1.

Proof. For s ∈ [0, 1), we define a continuous (but not tangential) vector field κs

on S1 by κs(z) := Kvf (sz). Then for ε ∈ (0, 1] and z ∈ S1 we have

κ1−ε(z)=
ι(1 − (1 − ε)2)3

(1 − (1 − ε)z̄)3 · (1 − (1 − ε)z)

=
ιz3(1 − (1 − ε)2)3

(z − (1 − ε))3 · (1 − (1 − ε)z)

=
8ιz3ε3V (ε)

(1 − (1 − ε)z) · (z − (1 − ε))3
,

where V is a real polynomial of degree 3 with constant coefficient 1.
Let λz = |z − (1 − ε)|. Then λz ≥ ε and

(3.2.6) |κ1−ε(z)| =
8ε3V (ε)
λ4

z
≤

8V (ε)
ε

.

This gives us an upper bound for |κ1−ε(z)| which is independent of z, but more
importantly it tells us that κ1−ε is very small outside the arc of length (2ε)1/2

centered at 1. Therefore it is enough to show that

lim
ε→0

(
1

2π

∫ 2π

0
κ1−ε(eιt) dt

)
= ι.
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Since κ1−ε is so very small outside the arc of length
√

2ε centered at 1, we may
replace the ordinary integral by the complex path integral∮

γ

κ1−ε(z) dz

(where γ is a smooth curve describing the unit circle) at the price of dividing by ι.
We may also write s for 1 − ε. Then

lim
ε→0

(
1

2π

∫ 2π

0
κ1−ε(eιt) dt

)
= lim
ε→0

(
1

2πι

∮
γ

κ1−ε(z) dz
)

= lim
ε→0

(
1

2πι

∮
γ

8ιz3ε3V (ε)
(1 − sz) · (z − s)3

dz
)

= lim
ε→0

(
8ιε3V (ε)

2πι

(
2πι · Res( f, s)

))
= lim
ε→0

(
8ιε3(Res( f, s))

)
,

where f (z)= (z3)(1 − sz)−1(z − s)−3. Now

Res( f, s)=
6s − 12s3

+ 8s5
− 2s7

2(1 − s2)4
=

4ε+ 2ε2
+ 2ε3

− 30ε4
+ 34ε5

− 14ε6
+ 2ε7

2(16ε4 − 32ε5 + 20ε6 − 8ε7 + ε8)
.

Therefore

lim
ε→0

(
ι8ε3(Res( f, s))

)
= lim
ε→0

(
8ι ·

4ε+ 2ε2
+ 2ε3

− 30ε4
+ 34ε5

− 14ε6
+ 2ε7

2(16ε− 32ε2 + 20ε3 − 8ε4 + ε5)

)
= ι. □

Lemma 3.2.9. The map F in (3.2.2) has a Lipschitz property. More precisely, there
is c > 0 such that the following holds: if ψ ∈ C0(S1

; T S1) satisfies ∥ψ(z)∥ ≤ 1 for
all z ∈ S1, in the euclidean norm, then ∥F(ψ)(z)∥ ≤ c for all z ∈ D, again in the
euclidean norm.

Proof. In the proof of Lemma 3.2.8 we learned

lim
s→1

1
2π

∫ 2π

0
|κs(eιt)| dt = 1.

This implies that the function

s 7→
1

2π

∫ 2π

0
|κs(eιt)| dt

is defined and continuous for s ∈ [0, 1]. Then it has a maximum c > 0 on the
interval. Now let ψ be a continuous tangential vector field on S1 and suppose that
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∥ψ(z)∥ ≤ 1 for all z ∈ S1. By Proposition 3.2.6 we have, for z ∈ S1 and s ∈ [0, 1):

(F(ψ))(sz)= −ι
1

2π

∫ 2π

0
κs(e−ιt z) ·ψ(eιt) dt.

Therefore

∥(F(ψ))(sz)∥ ≤
1

2π

∫ 2π

0
|κs(e−ιt z)| dt ≤ c. □

We come to the last part of Theorem II (in the introduction). This is about
extending F in (3.2.2) and Proposition 3.2.6 to a continuous map defined on the
Hilbert space X of tangential L2-vector fields on S1. The extension formula as such
is obvious: both (3.2.2) and the formula in Proposition 3.2.6 tolerate a tangential
L2-vector field ψ instead of a continuous one. Both of these extensions are clearly
continuous, and because they agree on a dense subspace of X they agree on all of X .

Lemma 3.2.10. For ζ ∈ X , let ξ := F(ζ ) ∈ C0
v (D; T D). Then ξ is boundary

controlled and ζ is the distributional boundary of ξ ; see Definition 1.3.3.

Proof. We use a method from [Shubin 2020, Section 5.3]. Fix α, continuous vector
field on D ∪ S1. Write

w(s) :=
1

2π

∫ 2π

0
s · ξ(seιt) ·α(seιt) dt

for s ∈ [0, 1). It is more than enough to show that

lim
s→1−

w(s)=
1

2π

∫ 2π

0
ζ(eιt) ·α(eιt) dt,

because w is, except for the constant factor (2π)−1, the derivative of the function
in (1.3.2). Write αs : S1

→ R2 for the map z 7→ α(sz), where s ∈ [0, 1], and write
κs : S1

→ R2 for the map z 7→ Kvf (sz) as in the proof of Lemma 3.2.8, assuming
s ∈ [0, 1). By (3.2.2) in the general form which allows a tangential L2-vector field
as input for F , we can write

w(s)= ⟨−ιs(κs ∗ ζ ), αs⟩.

This notation uses the standard real L2 inner product (based on the standard inner
product in R2, a.k.a. real part of the hermitian inner product in C). Therefore

w(s)= ⟨ζ,−ιs(κs ∗αs)⟩.

Here we can say that

lim
s→1−

−ιs(κs ∗αs)= lim
s→1−

−ι(κs ∗α1)= α1
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by Lemmas 3.2.9 and 3.2.8. (These limits take place in C0
v (D, T D) or in C0(D,R2)

depending on point of view.) It follows that

lim
s→1−

w(s)= ⟨ζ, α1⟩. □

Appendix: Odds and ends

A.1. Connections on the Teichmüller bundle. A connection on a smooth fiber
bundle f : E → M with vertical tangent bundle T vE is a smooth vector sub-
bundle T h E (the horizontal tangent bundle) of the tangent bundle T E such that
T h E ⊕ T vE = T E . Equivalently, a connection on f : E → M is a smooth vector
bundle homomorphism f ∗T M → T E such that the composition

f ∗T M → T E → T E/T vE

is the identity. We are interested in connections on the Teichmüller surface bundle,
a.k.a. universal Teichmüller curve (the fibers can either be viewed as real surfaces
or as complex curves). To describe the bundle we fix 0 = 0g (fundamental group
of a surface 6 of genus g ≥ 2) and G = isom+(H) as usual. Let hom0(0,G) be
the space of injective homomorphisms with discrete image and compact quotient
space G/ρ(0). Let rep0(0,G) be the quotient of hom0(0,G) obtained by passing
to orbits for the conjugation action of G. (This was called T (6) in Definition 1.1.2.)
There are two commuting left actions of 0 and G, respectively, on the product
hom0(0,G)× H.

The action of 0 is given by γ · (ρ, z)) := (ρ, ρ(γ )(z)) for γ ∈ 0. The action
of G is given by A · (ρ, z) := (AρA−1, A(z)) for A ∈ G. Therefore we obtain a
commutative diagram

(A.1.1)

E :=
hom0(0,G)× H

0

proj.
//

��

hom0(0,G)

��

EG :=
hom0(0,G)× H

G ×0

proj.
// rep0(0,G)

where the vertical arrows are quotient maps and the horizontal ones are appropriate
projections. The two horizontal arrows are surface bundle projections (or complex
curve bundle projections). The vertical arrows are principal G-bundle projections.
The diagram is a pullback diagram. In the top row, the fiber over ρ ∈ hom0(0,G)
is the surface H/ρ(0).

The lower horizontal arrow EG → rep0(0,G) in (A.1.1) is the Teichmüller
bundle. We take the view that we can construct connections on it by constructing
connections on the bundle defined by the upper horizontal arrow E → hom0(0,G)
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and imposing conditions which ensure that these connections descend to connections
on the bundle defined by the lower horizontal arrow.

By the general remarks on connections in smooth fiber bundles, choosing a
connection on the trivial bundle

(A.1.2) hom0(0,G)× H → hom0(0,G)

amounts to choosing a smooth vector field ξ(ρ, c,−) on H for every ρ∈hom0(0,G)
and 1-cocycle c ∈ Tρ(hom0(0,G)) ∼= Z1(0; gρ). (This should ideally depend
smoothly on ρ and c.) But we want to choose a connection that respects the
0-action on each fiber of the bundle in (A.1.2), since we want a connection for
E → hom0(0,G) in diagram (A.1.1). This translates into the following condition
on ξ(ρ, c,−):

(i) δξ(ρ, c,−) = c, where δ is the coboundary operator associated with the
R0-module of smooth vector fields on H. (The module structure depends on ρ.)

Proposition A.1.1. A connection ξ = (ξ(ρ, c,−)) for E → hom0(0,G) in (A.1.1)
descends to a connection for EG → rep0(0,G) if and only if it satisfies the following
additional conditions:

(ii) it is invariant under the left action of G;

(iii) ξ(ρ, δκ,−)= κ for every κ ∈ gρ .

Here κ ∈ gρ should be viewed as a Killing vector field on H. Condition (iii) does
not follow from (ii) and (i). It is easy to produce counterexamples.

Proof. Suppose the connection ξ for E → hom0(0,G) descends. Then condition (ii)
is satisfied. Let K be any G-orbit in hom0(0,G). Then the connection ξ restricted to
E |K → K is the connection determined by the trivialization of E |K → K produced
by the action of G on E |K (which is free). This translates into condition (iii).
Conversely, suppose that (ii) and (iii) are satisfied by a connection ξ = (ξ(ρ, c,−))
on E → hom0(0,G). Then, by (iii), the restricted connection on E |K → K reflects
the trivialization of E |K → K produced by the action of G on EK , or equivalently,
by the composition E |K ↪→ E → EG . Choose a smooth section

s : rep0(0,G)→ hom0(0,G)

of the projection hom0(0,G)→ rep0(0,G). The section s is covered uniquely by
a smooth map s̄ : EG → E which is a section of the projection E → EG . The
pullback along s and s̄ of the connection ξ on E → hom0(0,G) is a connection θ
on EG → rep0(0,G). Conditions (ii) and (iii) ensure that ξ is also the pullback
of θ along the projections E → EG and hom0(0,G)→ rep0(0,G). □

We can meet all of these conditions as follows. Given ρ and c, find a smooth
vector field ψ as promised in Lemma 1.4.2 such that δψ = c. Let ζ c be the
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distributional boundary of ψ as promised in Proposition 1.4.3 and let ξ(ρ, c,−) :=
F(ζ c), with F as in Theorem II. This is well defined and the conditions are easily
verified. We authors believe that ξ(ρ, c,−) depends continuously, indeed smoothly,
on ρ and c, but the proof could be laborious and perhaps it deserves a separate
treatment. (We also believe that this candidate for a connection ξ is identical with the
connection which is standard in Teichmüller theory. This can be seen, for example, in
[Wolpert 1986, §5]. Evidence for the suspected agreement was given in Section 2.2.)

A.2. Some postponed proofs.

Lemma A.2.1. The conformal vector fields on D or open subsets of D are precisely
the holomorphic vector fields.

Proof. By definition, a vector field ξ on D (or on an open subset of D) is conformal if
and only if the trace-free component of Lξ (g) is zero. By (2.1.3) and the calculations
immediately following it, this happens if and only if ξ 1

x = ξ 2
y and ξ 1

y = −ξ 2
x (where

the subscripts indicate partial derivatives). These are exactly the Cauchy–Riemann
equations for ξ . □

Proof of Lemma 1.4.1. Let F1 be the restriction of F in (3.2.2) to the 3-dimensional
real vector space of Killing vector fields on S1. Let F2 be the linear map which is
defined on the same vector space and which takes a Killing vector field on S1 to
the unique matching Killing vector field on D. We need to show F1 = F2. Since
both F1 and F2 are equivariant for the right actions of isom+(D), it is enough to
show that (F1(ψ))(0)= (F2(ψ))(0) for all Killing vector fields on S1. (Follow the
reasoning in the proof of Corollary 3.2.3.) By definition, (F1(ψ))(0) is

1
2π

∫ 2π

0
ψ(eιt) dt.

In other words it is the mean value of ψ on the circle. But (F2(ψ))(0) is also the
mean value of ψ on the circle. Indeed, ψ and F2(ψ) are the restrictions to S1 and D,
respectively, of one and the same holomorphic function (alias holomorphic vector
field) on C, and this must satisfy the Cauchy integral formula. □

Proposition A.2.2. The matching condition relating the vector fields ξ and ζ in
Definition 1.3.3 is invariant under the canonical right action(s) of the diffeomor-
phism group of D ∪ S1.

Proof. We will write S(ξ, ζ ) for the statement the matching condition holds for ξ
and ζ . Therefore we assume S(ξ, ζ ), and we have to show S(h∗ξ, h∗ζ ), where h
is an arbitrary diffeomorphism from D ∪ S1 to itself.

The diffeomorphism h can be written as a composition ha ◦ hn , where hn is
norm-preserving in a neighborhood of the boundary S1, and ha is argument-
preserving. (By argument-preserving, we mean that there is a smooth function
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N : S1
× [0, 1] → [0, 1] such that ha(sz) = N (z, s) · z for all (z, s) ∈ S1

× [0, 1].
For convenience we also require N (z, s) = s for s close to 0.) Using integration
by substitution, it is easy to show that S(h∗ξ, h∗ζ ) is equivalent to S(h∗

aξ, h∗
aζ ).

It is also obvious that h∗
aζ = ζ . Therefore we may assume from now on that h is

argument-preserving, and we have to show S(h∗ξ, ζ ), knowing that S(ξ, ζ ) holds.
Let Gξ : S1

×[0, 1)→ R2 be defined by (z, s) 7→
∫ s

0 t · ξ(t z) dt . Then we have∫
|z|=s

Gξ dλ0 =

∫
z∈Ds

ξ(z) dλ

for s < 1. We use this to reformulate S(ξ, ζ ). Namely, it is equivalent to the
following, which we denote by T (ξ, ζ ).

The map Gξ has an extension to S1
× [0, 1] which admits a distributional

partial derivative ∂/∂s along {(z, s) | s = 1}, and the latter is equal to ζ .

This is rather concise. To clarify, the map z 7→ Gξ (z, 1) from S1 to R2 has two
coordinate functions. They are meant to be Lebesgue measurable and integrable
functions, and a such defined for almost all z ∈ S1.

To show that S(ξ, ζ ) implies T (ξ, ζ ), we may use the coordinate functions ξ 1

and ξ 2. We can write ξ 1
= ξ 1

+
− ξ 1

−
, where ξ 1

+
and ξ 1

−
are nonnegative everywhere,

and similarly ξ 2
= ξ 2

+
− ξ 2

−
. For fixed s ∈ [0, 1), define a function g1

s,+ on S1 by

z 7→

∫ s

0
t · ξ 1

+
(t z) dt.

Its integral over S1 is equal to
∫

z∈Ds
ξ 1
+
(z) dλ. The limit of this for s → 1 exists

and is finite. In fact by S(ξ, ζ ) it is equal to∫
z∈S1

ζ 1
+
(z) dλ0.

Therefore we can apply the monotone convergence theorem (Beppo Levi) and
conclude that g1

s,+ is also defined for s = 1, as a measurable and Lebesgue integrable
nonnegative function on S1. We can proceed similarly for ξ 1

−
, ξ 2

+
and ξ 2

−
. Then we

define

Gξ (z, 1) :=

[
g1

s,+(z, 1)− g1
s,−(z, 1)

g2
s,+(z, 1)− g2

s,−(z, 1)

]
for z ∈ S1. The statement concerning the distributional partial derivative ∂/∂s along
{(z, s) | s = 1} is then clear. The implication T (ξ, ζ )⇒ S(ξ, ζ ) is also clear.

If h is an argument-preserving diffeomorphism D ∪ S1
→ D ∪ S1, we can write

h(sz) = N (z, s) · z as in the definition of argument-preserving. Let H be the
diffeomorphism from S1

× [0, 1] to S1
× [0, 1] defined by H(z, s)= (z, N (z, s)).

(This satisfies q◦H = h◦q , where q : S1
×[0, 1]→ D∪S1 is defined by (z, s) 7→ sz.)
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Integration by substitution implies that

Gh∗ξ = G f ·ξ ◦ H

for a “suitable” smooth map f : D ∪ S1
→ EndR(R

2). The formula for f is
complicated. It is easier to describe f ◦ h ◦ q: namely,

f
(
h(q(z, s))

)
=

s
N (z, s)

·

(
d N
ds
(z, s)

)−1

· (dh(sz))−1

for z ∈ S1 and s ∈ [0, 1]. (The first two factors in this product of three are real
numbers, but the third one is a linear map.) The important features are: f (z) is the
unit of EndR(R

2) for z close to the origin, f (z) always respects the linear subspace
of R2 spanned by z, and if |z| = 1 it also respects the linear subspace perpendicular
to z and restricts to the identity there.

This allows us to argue as follows: T (ξ, ζ ) implies T ( f · ξ, f · ζ ) easily, and
from there we can deduce T (h∗ξ, ζ ) by an application of the chain rule. □

A.3. Questions and suggestions.

A.3.1. Let ξ be a harmonic vector field on D (with the Poincaré metric) which is
boundary controlled (notation as in Definition 1.3.3). If the distributional boundary
is identically zero, does it follow that ξ is identically zero?

A.3.2. Find a more direct proof of Proposition 1.4.3, i.e., one which does not rely
on Theorem I. (Do use Lemma 1.4.2 and look up a proof of this.)

A.3.3. Find a practical characterization of the tangential L2-vector fields ζ on S1

such that the vector field F(ζ ) on D (as in Theorem II) is quasiconformal (Definition
1.3.4).
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spaces”, pp. 261–294 in Surveys in differential geometry, XIV: Geometry of Riemann surfaces and
their moduli spaces, International Press, Somerville, MA, 2009. MR

[Ransford 1995] T. Ransford, Potential theory in the complex plane, London Math. Soc. Student
Texts 28, Cambridge Univ. Press, 1995. MR

[Shubin 2020] M. Shubin, Invitation to partial differential equations, Grad. Stud. Math. 205, Amer.
Math. Soc., Providence, RI, 2020. MR

[Weil 1960] A. Weil, “On discrete subgroups of Lie groups”, Ann. of Math. (2) 72 (1960), 369–384.
MR

[Wolpert 1986] S. A. Wolpert, “Chern forms and the Riemann tensor for the moduli space of curves”,
Invent. Math. 85:1 (1986), 119–145. MR

[Wolpert 1987] S. A. Wolpert, “Geodesic length functions and the Nielsen problem”, J. Differential
Geom. 25:2 (1987), 275–296. MR

Received November 7, 2024. Revised June 30, 2025.

DIVYA SHARMA

UNESCO
PARIS

FRANCE

sanu1793@gmail.com

MICHAEL S. WEISS

MATHEMATISCHES INSTITUT

UNIVERSITÄT MÜNSTER

MÜNSTER

GERMANY

m.weiss@uni-muenster.de

https://doi.org/10.1073/pnas.40.10.991
https://doi.org/10.1073/pnas.40.10.991
http://msp.org/idx/mr/64877
https://doi.org/10.1007/978-4-431-68174-8
http://msp.org/idx/mr/1215481
https://doi.org/10.1007/BFb0100160
http://msp.org/idx/mr/754769
https://doi.org/10.1090/jams/881
http://msp.org/idx/mr/3630088
https://doi.org/10.4310/SDG.2009.v14.n1.a10
https://doi.org/10.4310/SDG.2009.v14.n1.a10
http://msp.org/idx/mr/2655330
https://doi.org/10.1017/CBO9780511623776
http://msp.org/idx/mr/1334766
https://doi.org/10.1090/gsm/205
http://msp.org/idx/mr/4171481
https://doi.org/10.2307/1970140
http://msp.org/idx/mr/137792
https://doi.org/10.1007/BF01388794
http://msp.org/idx/mr/842050
http://projecteuclid.org/euclid.jdg/1214440853
http://msp.org/idx/mr/880186
mailto:sanu1793@gmail.com
mailto:m.weiss@uni-muenster.de


PACIFIC JOURNAL OF MATHEMATICS
Founded in 1951 by E. F. Beckenbach (1906–1982) and F. Wolf (1904–1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

blasius@math.ucla.edu

Matthias Aschenbrenner
Fakultät für Mathematik

Universität Wien
Vienna, Austria

matthias.aschenbrenner@univie.ac.at

Vyjayanthi Chari
Department of Mathematics

University of California
Riverside, CA 92521-0135

chari@math.ucr.edu

Atsushi Ichino
Department of Mathematics

Kyoto University
Kyoto 606-8502, Japan

atsushi.ichino@gmail.com

Robert Lipshitz
Department of Mathematics

University of Oregon
Eugene, OR 97403

lipshitz@uoregon.edu

Kefeng Liu
School of Sciences

Chongqing University of Technology
Chongqing 400054, China

liu@math.ucla.edu

Sucharit Sarkar
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

sucharit@math.ucla.edu

Dimitri Shlyakhtenko
Department of Mathematics

University of California
Los Angeles, CA 90095-1555

shlyakht@ipam.ucla.edu

Ruixiang Zhang
Department of Mathematics

University of California
Berkeley, CA 94720-3840

ruixiang@berkeley.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2025 is US $677/year for the electronic version, and $917/year for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at the University of California, c/o Department
of Mathematics, 798 Evans Hall #3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at
Berkeley, CA 94704, and additional mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O.
Box 4163, Berkeley, CA 94704-0163.

PJM peer review and production are managed by EditFLOW® from Mathematical Sciences Publishers.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:lipshitz@uoregon.edu
mailto:liu@math.ucla.edu
mailto:sucharit@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/


PACIFIC JOURNAL OF MATHEMATICS

Volume 338 No. 2 October 2025

209Equivariant rigidity of Richardson varieties
ANDERS S. BUCH, PIERRE-EMMANUEL CHAPUT and NICOLAS
PERRIN

231Genus three Goeritz groups of connected sums of two lens spaces
HAO CHEN and YANQING ZOU

251Complete minimal hypersurfaces in a hyperbolic space H4(−1)

QING-MING CHENG and YEJUAN PENG

267The reciprocal complement of a polynomial ring in several variables
over a field

NEIL EPSTEIN, LORENZO GUERRIERI and K. ALAN LOPER

295On A-packets containing unitary lowest-weight representations of
U (p, q)

SHUJI HORINAGA

325An evolution of matrix-valued orthogonal polynomials
ERIK KOELINK, PABLO ROMÁN and WADIM ZUDILIN

349Defect relation of n + 1 components through the GCD method
MIN RU and JULIE TZU-YUEH WANG

373The tangent spaces of Teichmüller space from an energy-conscious
perspective

DIVYA SHARMA and MICHAEL S. WEISS

Pacific
JournalofM

athem
atics

2025
Vol.338,N

o.2


	1. Introduction
	1.1. Teichmüller space
	1.2. The tangent spaces of Teichmüller space
	1.3. Harmonic vector fields on the hyperbolic plane
	1.4. Vector fields from boundary data

	2. Constructing harmonic vector fields from quadratic differentials
	2.1. Harmonic vector fields in isothermal coordinates
	2.2. Solving the potential equation
	2.3. Boundary values
	2.4. Hardy space to the rescue

	3. Constructing harmonic vector fields from boundary data
	3.1. Symmetry properties of the classical Poisson formula
	3.2. Vector fields on the circle as boundary data

	Appendix: Odds and ends
	A.1. Connections on the Teichmüller bundle
	A.2. Some postponed proofs
	A.3. Questions and suggestions

	Authorship
	References
	
	

