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THE TANGENT SPACES OF TEICHMULLER SPACE
FROM AN ENERGY-CONSCIOUS PERSPECTIVE

DivYA SHARMA AND MICHAEL S. WEISS

The Teichmiiller space of a closed oriented (real) surface of genus at least 2 is
a moduli space of complex structures on the surface, but can also be defined
as a space of certain representations of the fundamental group of the surface
in the group of orientation-preserving isometries of the hyperbolic plane.
As a consequence the tangent spaces of Teichmiiller space admit two rather
different descriptions. We use harmonic vector fields (defined as infinitesimal
analogs of harmonic maps) on the hyperbolic plane to make a bridge between
these descriptions.

1. Introduction

1.1. Teichmiiller space. Let ¥ be an oriented, connected, closed and smooth
surface of genus > 2. Write diffy(X) for the group of diffeomorphisms ¥ — X
which are isotopic to the identity. By the Korn—Lichtenstein theorem, the choice
of a complex structure on X is equivalent to the choice of a complex structure
J : TYX — TX on the tangent bundle. (J is a smooth vector bundle automorphism
covering id : & — X, and it satisfies J> = —id. Such a J can be called an almost
complex structure on X.)

Definition 1.1.1. Teichmiiller space .7 (%) is the space of complex structures J
on T X, modulo the right action of diffy(X) given by (J- f), 1= df)™! oJrwyodfx
for f e diffp(¥) and x € X.

We will rely more on the “metric” definition of .7 (X). Let ¥’ — X be a universal
covering with deck transformation group I". We also refer to I as the fundamental
group of X. A complex structure on ¥ determines a complex structure on %', and an
embedding of I" into the group of complex automorphisms of ’. By uniformization
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theory, ¥’ is isomorphic as a complex manifold to the open unit disk D C C. In
this way, a complex structure on X gives us an embedding p of I' into the group
of complex automorphisms of D, which we can also view as the group isom_ (D)
of orientation-preserving isometries of D equipped with the Poincaré metric. The
homomorphism p : I' — isom (D) is not well defined as such, but it is well defined
up to conjugation by an element of isom, (D). This leads us to the metric definition
of 7(%).

Definition 1.1.2. Teichmiiller space .7 (X) is the space of injective homomorphisms
p :I' = isom, (D) with discrete and cocompact image p(I"), modulo the left action
of isom4 (D) by conjugation.

The equivalence of the two definitions of .7 (X) is well known. The metric defi-
nition does not use uniformization theory, although it is explained by uniformization
theory. One has to do some work to show that .7 (%), according to that definition,
is a smooth manifold of real dimension —3x (X).

1.2. The tangent spaces of Teichmiiller space. We continue in the notation of the
previous section. In particular, ¥’ — X is a universal covering, J is a complex
structure on 7% and p : I' — isom, (D) is an injective homomorphism with discrete
and cocompact image.

Definition 1.2.1. A quadratic differential on (X, J) is a (continuous) section of the
complex line bundle home (7T X ®c 7%, C) on X.

In one description, the tangent space of .7 (X) at a point J (complex structure
on TX) “is” the vector space of holomorphic quadratic differentials on X. This
can be justified as follows. There is an R-linear injective map ¢ — Re(¢) from
the complex 1-dimensional vector bundle homc(7TX ®c T X, C) on X to the real
3-dimensional vector bundle of symmetric R-bilinear forms on TX. We have
already seen that J determines a complex structure on X’ = [ and so a hyperbolic
metric on ¥’ invariant under the action of I', and so a hyperbolic (Riemannian)
metric g on X itself. A holomorphic section ¢ of hom¢e (7T X ®c T X, C), indeed
any smooth section ¢ of that vector bundle, determines a 1-parameter family of
Riemannian metrics on X by ¢ — g +tRe(¢) for ¢ € R close enough to 0. Each of
the Riemannian metrics g + tRe(¢) determines a conformal structure on X, hence
a complex structure J; on T X. This gives a (germ of a) smooth curve ¢ — J; in the
Teichmiiller space, with Jo = J. The velocity vector of that curve at t = 0 is the
tangent vector which we associate to ¢. This procedure gives an isomorphism from
the vector space of holomorphic quadratic differentials on X to that tangent space.
It uses Definition 1.1.1. See [Imayoshi and Taniguchi 1992] for more details.

The other popular description of the tangent spaces of .7 (%) relies on the metric
definition of .7 (). Instead of selecting a datum J, we begin with p : I' — isom (D).
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Let g be the tangent space of isom (D) at the identity element, a.k.a. the Lie
algebra of isom (D). The homomorphism p determines a left action of I" on g by
conjugation, y - v :=ad(p(y))(v) for y € I' and v € g. We may write g, to specify
this action.

We select a tangent vector to 7 (X) at p by choosing a smooth 1-parameter
family (0¢)re[—e,+¢] Of homomorphisms I"' — isom, (D) such that pg = p. (We
could insist that the homomorphisms p; are all injective with discrete and cocompact
image, like pp, but by [Weil 1960] this is automatically satisfied for ¢ close enough
to 0.) Then we can form

d(p: - py ")
dt =0’
which gives us a map from I" to g,. It turns out to be a 1-cocycle. Its class in
H\(T; gp) is well defined. We arrive at the following description of the tangent
space of .7 (X) at the point determined by the homomorphism p: it is H!(I"; g 0)-
It is a small disadvantage of this description that H'(T; gp) seems to depend
on p itself, not just on the representation (conjugacy class of homomorphisms)
determined by p. We leave it to the reader to come to terms with this.

1.3. Harmonic vector fields on the hyperbolic plane. Let f : M — N be a smooth
map between Riemannian manifolds. The map f has a “Laplacian” t(f) which
is a section, defined on M, of the vector bundle f*(7 N). It has a coordinate-free
definition as the “trace” of the total second derivative of f. (The total second
derivative is a fiberwise bilinear map over M from TM x 3 TM to f*(TN).) This
definition comes from [Eells and Sampson 1964]. The letter T stands for tension
more than for trace. Following [loc. cit.], the map f is considered harmonic if T(f)
is everywhere zero. There is also a characterization of harmonic maps as critical
points of the energy functional

(13.1) fr—>/M%IIdeI2d/L,

where p is the measure on M determined by the Riemannian metric. That character-
ization needs exegesis if M is not compact. In the case N = R, the Eells—Sampson
definition of a harmonic map agrees with the standard definition of a harmonic
function on M, and in the case M = R, the harmonic maps are the geodesics in N.

Let £ be a smooth vector field on M, where M is still a Riemannian manifold. It
is always possible to find a smooth flow (¢; : M — M);cgr such that

dey
dt

=0
The vector field

t=0
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depends only on &, and we may view it as an infinitesimal variant of the Eells—
Sampson Laplacian for maps. Consequently we say that § is harmonic if T(§) is
everywhere zero. (Warning: Harmonic vector field can mean very different things
to different people, but here we use it in the spirit of [Eells and Sampson 1964].
See [Dodson et al. 2002] for some foundational results on harmonic vector fields.)

For us the case where M is an oriented Riemannian 2-manifold with Riemannian
metric g is important. In that case M is also a complex 1-manifold. The 3-
dimensional real vector bundle E of symmetric R-bilinear forms on 7M has a
canonical splitting

E=E\+ E,

where E is a real line bundle and E» has a preferred structure of complex (holomor-
phic) line bundle. Namely, E is the real line subbundle spanned by the everywhere
nonzero section g of E, and E is the image of the vector bundle monomorphism
which was mentioned before: home(TM ®c TM, C) — E given by ¢ — Re(¢).
We like to call E; the scalar summand of E, and E; the trace-free summand. The
following recognition principle for harmonic vector fields appears to be well known,
and so we state it without proof. It has an analog for smooth maps between 2-
dimensional oriented Riemannian manifolds [Jost 1984, Lemma 1.1; Gerstenhaber
and Rauch 1954a; 1954b].

Proposition 1.3.1. A smooth vector field & on the 2-dimensional oriented Riemann-
ian manifold (M, g) is harmonic if and only if the trace-free component of the Lie
derivative Z; (g) is holomorphic; i.e., if it is Re(¢) for a holomorphic section ¢ of
homc(TM Qc TM, C).

Remark 1.3.2. The complex line bundle hom¢ (T M ®&c T M, C) in Proposition 1.3.1
comes with a preferred hermitian metric. We use this to equip each fiber with a norm.
(It is well known that a hermitian inner product on a finite-dimensional complex
vector space is determined by its real part, and so by the associated norm. For z € M,
the preferred norm on home (T, M ®c T, M, C) is given by || f|| := | f (v ® v)| for
f €ehomc(T,M ®@c T, M, C) and v € T, M such that ||v|| = 1. This does not depend
on the choice of v.)

Now we specialize by letting M = D (with the Poincaré metric, which will still
be called g). In order to state our first main result, Theorem I, we introduce some
more vocabulary. In the definition that follows, A is the ordinary Lebesgue measure
on R? and A is the unnormalized Haar measure on S, so that 1o(S!) = 2.

Definition 1.3.3. Let £ be a continuous vector field on [D and let ¢ be an L?-vector
field (with values in R?) along S'. (For the purposes of this definition, £ and ¢
could be regarded as functions from [ and S', respectively, to R%.) We say that ¢
is a distributional boundary for & if for every continuous vector field @ on DU S
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the function

(1.3.2) S E@)-a(z)dr

zeD, |z|<s
defined on [0, 1) has an extension to all of [0, 1] which is differentiable at s =1,
with derivative there equal to

,/Sl £(z) - a(z) dro.

In this situation, ¢ is determined by &. If in addition ¢ is tangential, which means
that £ (z) - z = 0 for (almost) all z € S', then we say that £ is boundary controlled.

The matching condition relating £ and ¢ in Definition 1.3.3 is invariant under
the preferred right action(s) of diff(DU S!). See Proposition A.2.2. The preferred
right action of diff(D U S') on the space of continuous vector fields on D is given
by (& - h)(x) := (dh(x))"" (§(h(x))) for x € D and h € diff(DU S'). The preferred
right action of diff(D U S') on the space of L2-vector fields on S' is similar. It can
be enlightening to write 42*£ and h*¢ instead of £ - h and ¢ - h.

Definition 1.3.4. A smooth vector field & on D is conformal, respectively quasi-
conformal, if the trace-free component of .Z; (g) is zero everywhere, respectively
uniformly bounded in the norm of Remark 1.3.2.

Examples. The conformal vector fields on D are the holomorphic vector fields. See
Lemma A.2.1. Every conformal vector field is harmonic. Every Killing vector field
& on D (element of g) is conformal and boundary controlled. Indeed, £ has a smooth
extension to a vector field on DU S! whose restriction to S! is tangential to S'.

Theorem 1. For every holomorphic quadratic differential ¢ on D which is uniformly
bounded in the norm of Remark 1.3.2, there exists a smooth and boundary controlled
vector field & on D such that the trace-free component of £ (g) is Re(¢). In the
case where ¢ = 0, the vector field & must be a Killing vector field.

The theorem can be reformulated as follows. There is a short exact sequence of
real vector spaces and R-linear maps

(1.3.3) 093 v, B v, o,
where V. is the space of all holomorphic quadratic differentials on [ which are
bounded in the norm of Remark 1.3.2, and U is the space of all harmonic, boundary
controlled and quasiconformal smooth vector fields on D. The map (b) takes & € U
to ¢, where Re(¢) is the trace-free component of .Z; (g). The map (a) is an inclusion.
The proof of Theorem I takes up most of Section 2. Using the theorem, we can
explain (without relying on uniformization theory) how the two descriptions of the
tangent space to .7 (X) at the point determined by some p : I' — isom (D) are
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related. We identify ¥ with the orbit space D/p =D/p(I"), so that a holomorphic
quadratic differential on ¥ is tantamount to a holomorphic quadratic differential ¢
on D which is invariant under the subgroup p(I') of isom, (D). Such a ¢ is
automatically bounded! Choose & as in Theorem I such that the trace-free component
of Z:(g) is Re(¢). Then the formula & +— h*& — & (for h € p(I') = I') defines
a 1-cocycle on I' with values in g,. Its class in H!(T; g,) does not depend on
the choice of £. In the case where that class is zero, it is easy to see that we can
reconsider the choice of £ so as to make it invariant under p(I"). Then £ descends
to a harmonic vector field on X. By [Dodson et al. 2002, Theorem 3.1] this implies
& =0 and so ¢ = 0. In other words, we have an injective linear map from the
vector space of holomorphic quadratic differentials on ® =D/p to H'(I'; g o). By
dimension counting, it must be a linear isomorphism.

The interesting aspect of Theorem I is that it makes only a boundedness assump-
tion on ¢, not an assumption of invariance under a discrete subgroup of isom (D).
It is reminiscent of universal Teichmiiller theory. See, for example, [Markovic and
Sarié¢ 2009; Markovic 2017].

1.4. Vector fields from boundary data. We have a partial converse to Theorem I
which is inspired by the Poisson formula, as in [Ransford 1995, Theorem 1.2.4]. It
is our second main result.

Theorem I1. There is a unique continuous linear map F from the vector space of
continuous tangential vector fields on S to the vector space of continuous vector
fields on D satisfying the following conditions.

(i) F(&) is harmonic, for every continuous tangential vector field & on S'.
(ii) & and F(£) together make up a continuous vector field on DU S'.
(iii) F is equivariant for the actions of isom(D) on domain and codomain.

Moreover F extends uniquely to a continuous linear map from the vector space of
tangential L?-vector fields on S' to the vector space of continuous vector fields on D.
In this setting property (i) turns into the following: F (&) is boundary controlled
with distributional boundary &. Properties (1) and (iii) remain intact.

Remark. In the first part of the statement (before “Moreover...”), the vector
space W of continuous tangential vector fields on S' is equipped with the compact-
open C? topology. The vector space Y of continuous vector fields on D is also
equipped with the compact-open C° topology (throughout). In the second part of
the statement, the vector space X’ of tangential L?-vector fields on S' is viewed
as a Hilbert space. The statement “Moreover F extends. ..” is slightly imprecise
because W is not a subspace of X'. There is an inclusion W < X of sets which
is linear and continuous as a map of topological vector spaces. The image of W
in X is dense; therefore the “extension” of F' from W to X is certainly unique,
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if it exists. Properties (i) and (iii) are enough to characterize F : W — Y up to
multiplication by a real scalar. We do not know whether properties (i) and (ii) are
enough to characterize F : W — Y.

Lemma 1.4.1. Let £ € g be a Killing vector field on D. Let { be the matching

tangential vector field on S', so that & and ¢ together define a smooth vector field
on DUS!. Then F(¢) =&.

See the Appendix for the proof.

As before, let W be the vector space of continuous vector fields on . If we have
p: ' = isomy (D), then we have a preferred right action of I' on W determined
by p, and we may write W, to specify the action. The following is again well
known, and we omit the proof.

Lemma 1.4.2. The map H'(T'; go) > H L(r; W,) induced by the inclusion of the
Killing vector fields, g <— W, is zero.

Proposition 1.4.3. Let  be a continuous vector field on D such that h*yr —  is
in g, forall h € p(I'). Then v is boundary controlled. The distributional boundary
depends only on the 1-cocycle h — h*yr — .

Proof. (This uses Theorem I.) Let C be the cochain complex normally used to define
the cohomology groups H/(I'; W,) for j > 0, and write § : C/ — C/*! for the
differential in C. Let D C C be the cochain subcomplex corresponding to g C W. We
have ¥ € C” and we are assuming 81 € D!. Theorem I and the dimension-counting
argument at the end of Section 1.3 imply that for the 1-cocycle §y in D there exists
£ € CY, harmonic and boundary controlled, such that §& = 8v. Therefore £ —y € C°
is a 0-cocycle. This means that it is invariant under I". It follows by inspection that
& —  is boundary controlled with distributional boundary zero. Therefore i is
boundary controlled and has the same distributional boundary as &. (|

Now we explain very briefly how Theorem II can help us to make the passage
from H!(I'; g,) to the vector space of holomorphic quadratic differentials on
¥ = D/p. We begin with some v € H'(T; gp). By Lemma 1.4.2, and in the
notation used in the proof of Proposition 1.4.3, the class v can be represented by a
cocycle (with values in g,) of the form 81, where ¥ is a continuous vector field
on D. By Proposition 1.4.3, the vector field ¥ is boundary controlled. Let ¢ be its
distributional boundary. Then & := F (¢) is a harmonic vector field on D. On the
basis of Lemma 1.4.1 and Theorem II it is easy to verify that §£ is a 1-cocycle with
values in g. Moreover it agrees with §v since both §& and §v are “matches” for §¢.
Therefore £ can be viewed as an improvement on Y. The trace-free component
of Z:(g) is Re(¢) for a quadratic differential ¢ on D which is holomorphic by
Proposition 1.3.1. The quadratic differential ¢ is also invariant under the group
p(I") C isomy (D) because of Lemma 1.4.1 and condition (iii) in Theorem II.
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(Remember that & = §.) Therefore we have a holomorphic quadratic differential
on X =0D/p.

The above procedure based on Theorem II which takes us from H'(T; gp) to
the vector space of holomorphic quadratic differentials on D/p is the inverse of the
other one, based on Theorem I. The verification should be mechanical.

2. Constructing harmonic vector fields from quadratic differentials

2.1. Harmonic vector fields in isothermal coordinates. Suppose that £ is defined
on U C R? and U is equipped with a Riemannian metric of the form ds?> =
Ax, Y)(dx? + dy?).

If the flow (¢;):¢[0.¢) and the vector field & are related as above, then we can
describe ¢, to first order in terms of &:

¢i(2) ~z+1E(z) for zeU.
We define a family of Riemannian metrics on U as follows:
(2.1.1) t—>p=0¢'g.
More precisely the map in (2.1.1) has the form
(2.1.2) t+ (D¢ : TyU — Ty, (nH)*g.
To the first order, (2.1.2) can be expressed as follows:
t> (id+1 D& :T,U — Ty nH) g,

where D¢ is the total derivative of £ (the latter being viewed as a smooth map from
an open set in R or C to R? or C). Continuing in this manner, we get

pr~ (id+1-DE)" (g +1-Dg(§)) (id+1- D§)
~g+i-DETg+1Dg(E)+1-DE-g
=g+ (t-DE" +1-DE)-g+1Dg(£).
Calculating
dp;
dt 1r=0
gives us a section of the vector bundle of (real) symmetric bilinear forms on 7U
and this is denoted by .Z; (g), the Lie derivative of g along &. Therefore,
(2.1.3) Zeg = (DE" + D&)g + Dg(5)

in our preferred coordinates. We can write D& in matrix form,

gl gl
DeE=|"* Y |.
: [5353}
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Then (2.1.3) turns into

[ 2el g g2 [pa) 0}
iﬂ@—l[¥+% 262 +[ 0 (Da§)

el g gl 48l El+el 0 (D1, E) 0
_k[shs)%sg—s; “[ 0 s;+s§]+[ 0 <m,s>]'

TF

Recall from Section 1.3 that the vector bundle E of (real) symmetric R-bilinear
forms on T U splits into a 1-dimensional real vector subbundle (the scalar summand)
spanned by the everywhere nonzero section g and a 1-dimensional complex line
bundle (the trace-free summand) which is the image of the embedding

homc(TU ®c TU,C) —> E

taking ¢ to Re(¢). Since the local coordinates that we are using here are in
agreement with the conformal structure determined by the Riemannian metric g,
our calculation implies that the trace-free component of .Z;(g) is the summand
with the label TF,

1 £2 ¢l 2
(2.1.4) AF‘Sy%+%]

gl 462 28]
Indeed, TF is Re(f - (dz ® dz)), for f :=TF;; —(TF;3, where t = /—1.

Proposition 2.1.1. Let & be a smooth vector field on U C R?, and let g be a
Riemannian metric on U of the form ds* = A(x, y)(dx? +dy?). Then the trace-free
component of £:(g) is Re(f - (dz ®c dz)), where [ : U — C is determined by

(2.1.5) f@:uﬁm.
a9z

Proof. Most of this has already been established. The formula for f(z) needs to be
unraveled. The Wirtinger derivative (for differentiable functions from U to C) is

(2.1.6) 3/07 = 3(3/3x +10/dy),

where we allow ourselves to write z = x +ty. In particular

2)»8S =A
a_z — A (%_x +t€y)-

It is understood that &, = S; + Léf and §, = 5}1, + (€2, so that we obtain
9§
0z
which is conjugate to TF;; — (TFy,, our definition of f, given just after (2.1.4). [

2= =ME +1E] — & +1E)) = ME] — &) +1(E+E)) =TFy +TF,
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Remark 2.1.2. Think of Proposition 2.1.1 as a complement to Proposition 1.3.1.

2.2. Solving the potential equation. Taking U = H and A(x, y) = y~2 in (2.1.5),
we obtain

-8 0¢&

—5 = \Z).

(z—12)? 0z 2

This is well known in Teichmiiller theory. Scott Wolpert [1987, §2.1] calls it the
potential equation. He has it in the form

2.2.1) f@)=

- 3
(2.2.2) z—-2*f) = —88—i(2)

except for the factor —8 in the right-hand side, which he does not have. (One may
ask why he does not have it. We believe this is explained by different conventions,
e.g., regarding the preferred metric on H.) He calls the left-hand side a harmonic
Beltrami differential, and probably he views both sides as Beltrami differentials,
consciously or unconsciously multiplying both sides with a standard Beltrami
differential denoted dz/dz for better or worse.

Wolpert [1987, §2.3] has a very elegant solution for the potential equation. (Here
we assume that f is “known”, defined on all of H and holomorphic. The vector
field &£ on H is the unknown. By Proposition 2.1.1 it must be a harmonic vector
field.) His solution, in our notation, is

(2.2.3) £(z) = —% / Z—9)%f(s)ds,

where zg € H is fixed. The integral is a complex path integral, along some path
in H from zg to z. Since the integrand is holomorphic, the value of the integral is
independent of the path selected. He writes: the potential equation (2.2.2) is an
immediate consequence of differentiation under the integral. He is right.

For us, (2.2.3) is not the perfect solution. We need a solution which extends to
the ideal boundary of H under conditions on f which we find reasonable. Therefore
we will adopt a more laborious method to solve (2.2.2).

Let 1 be the constant vector field on H defined by n(z) =1 € C for all z.

Lemma 2.2.1. Let f : H — C be a holomorphic function and let ¢ be a positive
real number. The vector field &, defined by

&)= (f Ll‘zf(z + 21t) dt) n(z)
Im(z)

for z subject to Im(z) < 2c solves (2.2.2).

We have to assume Im(z) < 2¢ in the definition of £.(z) to ensure that f(z + 2tt)
is defined for all ¢ € [c, Im(z)].
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Proof. Write & instead of &, in this proof (and drop the constant factor 7, so that &
becomes a function with values in C). Write D for the total derivative acting on
such functions, so that the values of D are real 2 x 2-matrices. Write ®(z, t) for
the integrand in the definition of &.

The function £ is a composition u o v, where v(z) = (Im(z), z) for z € H and u
is a function of a real and a complex variable:

u(r,z) = /C D(z,1)dr.

Applying the chain rule in this situation gives

c

(2.2.4) DE(z) = —®(z,Im(z)) - [0 1]+ /

Im(z)

10
D(®(z,1))dt - |:0 1] ,

where @ (z, Im(z)) must be viewed as a real 2x 1-matrix. The Wirtinger derivative
d/dz is Q(D) for a certain linear map W, acting on real 2 x 2-matrices,

alea—d
cd 21b+c|’

g—i(z):Wg(—QD(z,Im(z))-[O 1))+ 1 ()WZ(D(CD(z, 1)) dt.

Therefore

But ®(z, t) is a holomorphic function of z, so that Wo(D(®(z, t)) is everywhere
zero. So we obtain

W(DE(2)) = Wa(—®(z. Im(2)) - [0 1]).
Now & (z,Im(z)) = lyijZ), where we have written y for Im(z). Therefore

) | 5[0 —Im(f(2))
®(z,Im(z))-[0 1] =y [0 —Re(f(z))]

and so

3

3
3 (z) = Wa(DE(z)) = %yz [ Re(f(2))
Z

—Im(f(z))

Theorem 2.2.2. Let f be a holomorphic function on H which satisfies the condition
| f ()] - Im(z)? < by, where by is a positive constant, z € H arbitrary. Then the
Sformula

] = %yijz) = —%(Z—Z)ZJTZ)- U

0.
(225 £ = lim (sc(z) - (sca) + fz ONCE o)),

where &, is as in Lemma 2.2.1, defines a smooth vector field £°¢ on H which solves

(2.2.2).
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Remarks. The superscript reg is for regularization, the art of making divergent
things convergent. The formula for £™® uses the Wirtinger derivative d/dz =
%(a/ax —13/09y). The “regularizing” term &.(¢) + (0&./02)(v) - (z — ¢t) which we
subtract from &.(z) can be regarded as the holomorphic part of the first Taylor
approximation to &, at z = t.

The function z — | f(z)| - Im(z)? on H is bounded if and only if the quadratic
differential f - (dz ®c dz) on H is bounded in the metric of H and Remark 1.3.2.
Indeed the pointwise norm of the 1-form dz at zg € H is Im(zg), and the pointwise
norm of dz @c dz at zg is therefore Im(zg)>.

The vector field £ is automatically harmonic if it solves (2.2.2), since f is
holomorphic by assumption.

The proof of Theorem 2.2.2 is quite long. We begin by isolating some technical-
ities and generalities.

Lemma 2.2.3. If f : H — C is holomorphic and satisfies | f (z)| - Im(z)? < bg
Jor all z € H, where by is a positive constant, then there exist positive constants
b1, bs, bs, ... such that | f ™ (2)| - Im(z)" > < b, forallze Handn=1,2,3, . ...

Proof. Fix zg € H and let y be a smooth curve describing (counterclockwise) a
circle of radius » = Im(zg)/2 about zg. Then by the Cauchy integral formulas,

=t f SO

7 — Zo)n-i-l
The values of | f| on the circle are bounded by bg - (Im(zg)/ 2)~2. The circumference
of the circle is mIm(zg). Therefore
) n! -2 —(n+1)
/ol < E(ﬂlm(ZO)) -bo(Im(z0)/2)™" - (Im(z0)/2)
= 2"2n1 who(Im(z9)) ~ " 2.
We can take b, = 2"2n! by. O

Lemma 2.2.4 (notation of Lemma 2.2.1). The Wirtinger derivative 0/9zZ of &. is
independent of c, where defined.

Proof. Make two choices for ¢, say c¢; and c¢;, where ¢; > ¢; > 5. Then
2
£,(2) =&, (2) = < / u? FE+ ) dt)n(z)
C]
is a holomorphic vector field. It is defined for z with Im(z) < 2¢;. [l

Remark 2.2.5. Let A : U — C be a differentiable function, where U is open
in C. The Wirtinger derivatives d/dz and 9/9z of A together determine the total
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derivative DA. The relationship is

pa P, 10
9z 9z |0 —1]°

This is meant as an equation between functions taking values in the algebra of real
2 x2-matrices. (A complex number determines a real 2 x2-matrix since multiplica-
tion by that number is an R-linear operator on R?.)

Proposition 2.2.6. Let (£,),>0 be a sequence of harmonic vector fields defined on
an open set U C H, and converging in the compact-open C° topology to a vector
field {oo. Suppose that the trace-free component of £, (g) is the same for all n.
Then the sequence (£,) converges to Lo in the compact-open C*°-topology. Hence
{0 is harmonic, and the trace-free component of £ (g) agrees with the trace-free
component of £, (g) for all n.

Proof. The sequence (&, — {o)n>0 is a sequence of holomorphic vector fields
which can also be viewed as a sequence of holomorphic functions. Therefore the
Weierstrass convergence theorem applies. ([

Proof of Theorem 2.2.2. Write D for total derivatives (of C-valued functions, with
respect to a variable z € H or z € C). Write «(z) = max{1, Im(z)}. As in the proof
of Lemma 2.2.1 write

®(z, 1) :=u? F(Z+ ).

We do not insist on the distinction between vector fields (on open subsets of H) and
C-valued functions, because it is irrelevant here. In particular &, will be viewed as
a function. The first step is to show

9,
9z

(2.2.6) SC(Z)—(&(LH- (O-(Z-L))

c

= / D(z,t) —D(,t) — DD, t) - (z—v)dt + F(2),
k(z)

where F is a continuous function of the variable z, independent of ¢. As a matter

of language, we might say (in this proof) that two continuous functions of z and ¢

are equivalent if their difference is a function of z only. Then (z, ¢) — &.(z) is

equivalent to
c

(z,0) > &(z,1)dt
k(z)

and (z, ¢) — &.(1) is equivalent to

C
(z,¢) —~ D, 1) dt.
k(2)
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By Lemma 2.2.4 and Remark 2.2.5, the function (z, ¢) — (3&./9z)(1) - (z — ) is
equivalent to (z, ¢) — Dé&:(¢) - (z — ). As in the proof of Lemma 2.2.1 we have

DE(1) =—®(, 1)+ [0 1]+/CD(d>(L,t))dt,
1

so that (z, ¢) — Dé&.(1) - (z — ) is equivalent to
c
(z,0) > D(®(t, 1)) - (z—v)dt.
k(z)
Using all these equivalences, we obtain (2.2.6). And now the second step is clearly
to show that the improper integral

oo

(2.2.7) / Dz, 1) — (P, 1)+ DD, 1) (z—0))dt
k(z)

exists. It is a good idea to think of the expression ® (¢, 1) + DD (¢, 1) - (z — ) as

the first Taylor polynomial at z = ¢ of the function z — ®(z, t), for fixed ¢. The

“integral form of the remainder” in Taylor’s formula gives us

1
Dz, 1) — (P, )+ DO, 1) (z— 1) = %/ u’(s)-(1—s)ds,
0

where u(s) := ®(+s(z—1), 1) = ut? f(=t+5(z+1) 4+ 2ur) for fixed ¢ and z. Now
Lemma 2.2.3 gives the estimate

bylz —1|?
lt+s(z—1) = 2ut|*

lu”(s)| < t*

Here s € [0, 1], and z is fixed, and b; is a positive constant. If r > 1 + |z|, then we
may conclude
bylz —

Vi
TUOIEE=

Therefore if 14 |z] < A} < A, then

A
/ (2, 1) — (P, 1) + DD, 1) - (z — 1)) dt
A

1
Ay lb 12
5/ l/ 2|Z—2L|.(1_S)dsd[
a2 Jo t
A

1 2 [P 1 2, 41 1y bz =1
- = - == —"(A7 —A) ) < ———.
4b2|z t N t—odt 4b2|z t7(A; ;)< A,

This means that the improper integral (2.2.7) converges. In other words, £™8(z)
is well defined by means of formula (2.2.5) for every z € H. But we have shown
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more: the convergence is uniform on compact sets. More precisely, writing
, 98
Vic,2) :=8:(2) = | & () + a—z(t) (z=0 ),

we have shown that

bylz —1|?
(2.2.8) Vi1, 2) = V(e )|l = ———
4c
under the condition ¢; > ¢ > 1 4 |z|]. Now Proposition 2.2.6 can be applied. It
follows that £ is a harmonic vector field on H and a solution to (2.2.2). O

2.3. Boundary values. The standard isometry from the upper half-plane model H
of the hyperbolic plane to the disk model D is the Cayley transform C, defined by
C(2) :==(z—1)/(z+1). The (complex) derivative of C is z — (z + 072,

Theorem 2.3.1. The vector field C,(£§™8) on D obtained by applying the Cayley
transform to £'2 of Theorem 2.2.2 admits a continuous extension to DU S'. The
value of the extended vector field at 1 € S' is 0.

Remark 2.3.2. The restriction to S! of the extended vector field on DU S! is not
claimed to be tangential to S'. From our point of view this is an issue. It will be
addressed in Section 2.4, which has no other purpose.

As a preparation for the proof, we translate the statement so that we can continue
to work in the upper half-plane setting. It is convenient to show first that £™8
extends to a continuous vector field defined on all of H U R. Under the Cayley
transform this corresponds to a continuous vector field on DU S I {1}. We extend
this to all of DU S! by defining the missing value (at 1 € S!) to be 0. Then we still
have to establish continuity at 1 € DU S'. By the formula for the derivative of C,
this is equivalent to the following statement:

£ (@) _ 0

zeH, |z|— o0 |z|2

2.3.1)

Proof of Theorem 2.3.1. First we show that £™2 extends to a continuous vector field
on HUR. Select some z € R. The integral

c
(2.3.2) / u? f(Z+2u) dt
Im(z)
is an improper integral because the integrand is not defined for r = 0 = Im(z). But
for ¢ > 0 the integrand is defined and moreover

|t F(Z 4 2u)| < |24 2| f(Z+2u)] < by

by our condition on f. It follows that, for z € R, the improper integral (2.3.2)
converges. So &.(z) is defined or definable for all z such that 0 < Im(z) < 2¢, and
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is continuous as a function of z. Inequality (2.2.8) remains meaningful and valid if
we allow z € HUR. Therefore £™2(z) has a continuous extension to all of HUR.

It remains to prove the claim (2.3.1). Fix some z € H. We will use (2.2.8), but
we have some freedom in choosing ¢, and we decide ¢ = 2 + |z|. This gives

9,
9z

bilz—t>  bylz —1?
4c 844z

£ () —&.() — (&(L) + -0 - L))‘ =<

Since the right-hand side of this, divided by |z|?, tends to zero for |z| — oo, the
same is true for the left-hand side. Therefore it is enough to show that the fraction

£c(2) = (£ + (3E/92) (1) - (z — 1))

22| ’

(2.3.3)

evaluated only on pairs (c, z) where ¢ = 2 + |z|, tends to zero for |z] — 0o. By
Lemma 2.2.3 and elementary integration (see Remark 2.3.3 for more details), the
following estimates are available:

&
&) < A-lzl, 5] <Az, 8—Z(t)

<Aln|z|+ B

for some positive constants A and B. Therefore

98

E(L) (z—=0| < (Aln|z|+ B)-(z|] + 1).

Using these estimates in (2.3.3), we see that it does tend to zero for |z| — co. [J

Remark 2.3.3. Estimate for &.(z): We have

c

§:(2) =/ u? f(Z+ ) dt,
Im(z)

where | f(Z +2tt)| < bo|z+2tt| 2. Since ¢ € [Im(z), c], where ¢ = 2+ |z|, we have

t > Im(z) and so |z + 2it| > Im(z + 2ut) = 2¢ — Im(z) > 7. Therefore

c

c
1&c(2)| = / t*bolz +2u|* di < bof ldt = bo(c —Im(z)) < bo(2+ |z|).
I

m(z) Im(z)

Estimate for £.(¢): It must be remembered that ¢ = 2 + |z|, where z has little to do
with (. We have

C
Sc(t)=/ ut? F(+ ) dt,
1
where | f (T +2tt)| < bo|2t — 1|72, Since t > 1 we have |2t — 1| > ¢ and so

|sc<z>|sf r2b0|2+2n|—2dtsbo/ 1dt =bo(c — 1) = bo(1 + |z]).
1 1
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Estimate for (d&./0z)(¢): Again it must be remembered that ¢ =2 + |z|, where z
has little to do with (. We try the total derivative D&, first. In the notation and
conventions of (2.2.4) we have

D& =~ - [0 1]+ [ D@,
1
which means

C
2.3.4) DE(1) =—1f (1) - [O 1] +/ LZZ(th)(t) dt,
1

where f; is the (holomorphic) function z — f(z + 2it). We note therefore that
the second summand in the right-hand side of (2.3.4) will contribute in full to
(0&./0z)(1); the other one may not contribute in full but it will make a constant
contribution (independent of ¢). Therefore we have to estimate the second summand
only. By the chain rule, (Df;) (1) = (Dfo)(t—2¢t). This is a complex number (which
can also be viewed as a real 2x2-matrix). Now [(Dfy)(t — 2tt)| = |Df it — )|
and by Lemma 2.2.3 we have |Df (2utt — )| =< by|2t — 1|73 < byt3. Therefore

/C ! (Df) () dt
1

< f byt~ 'dt =biInc=b In2+|z)).
1

Remark 2.3.4. It seems to us that Wolpert’s solution (2.2.3) of (2.2.2) admits a
continuous extension to HUR if f satisfies the conditions of Theorem 2.2.2. But
we were unable to show that it has good growth behavior for z — oo, e.g., similar
to (2.3.1), especially where z approaches co on a horizontal through zg.

2.4. Hardy space to the rescue. Let H = L*(S', C) be the complex Hilbert space
of square integrable complex valued functions on S!. The hermitian inner product is

27
mw=%£<m%mww

for v, w € H. Consequently H has a standard Hilbert basis consisting of the vectors
v := (z > ZX) for k € Z. Tt has an orthogonal splitting H = H & Ha, where H; is
the closure of the span of the vy for k > 0, and #, is the closure of the span of the vy
for k < 0. The closed subspace #; is known as the Hardy space. Each w € H;
has a canonical “extension” to a function w¢ : DU S' — C which is holomorphic
in D. Namely, if w =) _;2 axvi in H, then the power series Y, axzx converges
locally uniformly in D and represents a holomorphic function there. Note that w
can be recovered from the restriction of w® to D. It is the limit (in the metric of H;)
of the functions z — w®(sz), for z € S!, as s € [0, 1) tends to 1.

Let X C H be the closed R-linear subspace consisting of the functions on S!
which have the form z — (z - u(z), where u is a real-valued square-integrable
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function on S!. It is an exercise in linear algebra to show that X +H; = #H and
dimg (X NH1) = 3. In fact X NH; has an orthonormal (real) basis consisting of
the functions

Lz, ZH%LZ'L(Z_I—Z), z'—>%tz-(z_1+z).

This fact has a more illuminating formulation if we think of 7 as the vector space
of L?-vector fields on S! (where the vectors in the vector fields are elements of C).
Then X is precisely the space of tangential L>-vector fields on S'. The more
illuminating formulation is as follows.

Lemma 2.4.1. X +H| =H and X NH = g, where g is the space of Killing vector
fields on S! (see explanation below).

It makes sense to speak of Killing vector fields on D; these are the “infinitesimal
isometries” of [ with the Poincaré metric. They form a 3-dimensional Lie algebra g
under the Lie product, which we identify with the Lie algebra of isom, (D). It is
well known that the Killing vector fields extend to smooth vector fields on DU !
which are tangential to S'. Restricting these to S! is a faithful operation, and so
we may allow ourselves occasionally to think of g as a 3-dimensional Lie algebra
of tangential smooth vector fields on S'. (The Lie product will not be of any
importance here.)

Proof of Theorem I in Section 1. Let h be the Poincaré metric on D). Let ¢ be a
quadratic differential on D which is uniformly bounded in the norm of Remark 1.3.2.
By Theorems 2.2.2 and 2.3.1, there exists a continuous vector field ¢ on DU S
which is smooth on D, and such that the trace-free component of .%; (h) is ¢.
(In more detail: Let C*(¢) be the pullback of ¢ under the Cayley transform C, a
holomorphic quadratic differential on H. Write C*(¢) = f - (dz ®c dz), so that f
is holomorphic and satisfies the conditions of Theorem 2.2.2. Find £™# as in the
said theorem. Let C,(£"#) be the corresponding vector field on D. Let ¢ be the
extension of C,(£™2) to DU S! which exists by Theorem 2.3.1.)

The vector field ¢ need not be tangential along S'. But by Lemma 2.4.1 there
exists ¢ € H such that

Clg =y ed.

Because v belongs to the Hardy space #;, it has a canonical extension ¥¢ to
DU S! which is holomorphic on D. It turns out that £ := ¢ — /¢, restricted to D,
is a smooth and boundary-controlled vector field on D such that the trace-free
component of Lg(g) is Re(¢). We will verify the conditions one by one.

(i) The trace-free component of the Lie derivative of the Riemannian metric &
along ¢ — ¢ is ¢ because the trace-free component of .Z; (h) is ¢ and ¢ is
holomorphic on D.
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(i1) The vector field ¢ — ¢ (restricted to D) is boundary controlled because we
have the extension to D U S! by construction, and the extension is tangential
along S! by construction. The matching condition which must be satisfied by
the restrictions of ¢ — v to [ and S, respectively, is indeed satisfied because
it is satisfied separately for ¢ and v°.

It remains to understand what happens if ¢ = 0. In this case, & must be a holo-
morphic vector field on D. It can be written uniquely as a power series Y apz*
which converges locally uniformly in . Since & is boundary controlled, it has a
distributional boundary 8 € X'. The matching condition relating & and 8 means that
the Fourier coefficients of § are precisely the numbers ay, a1, as, . . ., the Taylor
coefficients of £. It follows that 8 € H;, and so 8 € H; N X. Therefore B is a
Killing vector field on S! by Lemma 2.4.1. This has consequences for the Fourier
coefficients ag, ay, ... of B (for example, only ag, a;, a; can be nonzero). Then we
can conclude & € g. (]

3. Constructing harmonic vector fields from boundary data

3.1. Symmetry properties of the classical Poisson formula. The symmetry group
that we have in mind is isom(D), where D has the Poincaré metric as usual. Of
course this acts on [, but it also acts on S! and (continuously) on the compact
manifold with boundary D U S'. It acts (on the right, by precomposition) on the
vector spaces C%(S'; R) and C%(D; R). (Both C%(S'; R) and C°(D; R) are to be
equipped with the compact-open C-topology. One of them is a Banach space, the
other is just a topological vector space.)

Let .Z be the real vector space of continuous, R-linear and isom(D)-equivariant
maps from C°(S'; R) to C°(D; R)

Proposition 3.1.1. dimp (%) = 1.

Proof. Let F be anonzero element of .%. For each z € D, let ev, from C ‘D;R)toR
be the map evaluation at z, a linear functional. Because isom(D) acts transitively
on D, the isom(D)-equivariant map F' is determined by the composition evg o F'.
The map evp o F can no longer be claimed to be equivariant for the action(s) of
isom(D), but it is equivariant w.r.t. the subgroup O(2) C isom(D) consisting of the
elements which fix 0 € D. Therefore evg o F is an O(2)-invariant linear functional
on C 0(S 1. R). It is well known that the real vector space of these is 1-dimensional,
generated by the Haar integral. Therefore dimp(.%#) < 1.

On the other hand, we can use the equivariance condition to construct P € %
such that evg o P is the nonzero linear functional taking v € C 0(s": R) to

1 2
23
o= /(; v(e") dt.
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Choose & € isom(D). By equivariance we must have (P (v))(h(0)) = (P (voh))(0),
which comes down to

2
(3.1.1) P(v)(h(O)):%/O v(h(e™)) dt.

The value of the integral depends only on /(0), since £ is determined by /#(0) up to
precomposition with an element of O(2) C isom([D). Therefore we have a definition
of P in (3.1.1). It follows that dim(.%) > 1. O

Remark 3.1.2. It is not obvious from (3.1.1) that P(v) is harmonic, and that v
and P (v) together define a continuous function on DU S'. We are not going to
justify these statements fully here (because they are well known). But in Section 3.2
we will encounter similar statements in a slightly different setup, and we will have
to justify those. Therefore we sketch an argument. Let us try to make sense of
K := P(8,), where §; is a Dirac distribution at 1 € S'. Think of §; as the limit of a
sequence of step functions w, for n > 2, where w,, is zero outside the short arc I,
in §' with endpoints e~/?" and e'/?", and has the constant value n for points in the
arc. Then P(8;) should be the limit of the P(w,), and for P(w,) we expect

2
P(wn)(h(O))=%/0 w, (h(e")) dt

although w, is not continuous. Here we may assume % € isom. (D)), which implies
that 4 is holomorphic so that we can use complex calculus notation. Since w, o h
is constant on A~!(I,) with constant value n, and zero elsewhere, the integral
is n times the length of 2! (1,). The length of A~'(I,) is well approximated by the
modulus of the complex number (2~1)'(1), times the length of I,,, which is 27 /n.
We arrive at

—1y/ 1

K (h(0)) = P(51)(h(0)) = [(h") (D] T )|

This is well defined, which means: dependent only on /(0). Next, it is an interesting
exercise to show that the map taking v € C°(S'; R) to the convolution of v and K is
an element of .%. Therefore we have found another definition of P. The two claims
about P can now be reformulated as claims about K. In other words it remains to
show that K is harmonic, and that for each v € C O(S 1. R), the Hilbert space inner
product of v and the function z — K (sz) (forz € § ! variable and s € [0, 1) fixed)
tends to v(1) as s tends to 1.

3.2. Vector fields on the circle as boundary data. Let CS(S 1. 781 be the topolog-
ical real vector space (with the compact-open topology) of continuous tangential
vector fields on §', a.k.a. the space of continuous sections of 7S! — S!. An
element ¢ of C g (S . 781) can also be viewed as a continuous map from S I'to C,
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subject to some conditions, because S' is a smooth submanifold of C. This point of
view is used in the next lemma. Note that U(1) acts on the right of C 8(S Lrsh by
(Y, A) > A"y =A"" (Y oA) for AeU(1). (Of course A is nothing but a complex
number of modulus 1, but we are tend to think of it as a C-linear endomorphism
of C. And although it is sometimes convenient to view ¥ as a function with values
in C, the formula for A*yr is what it is because ¥ is a vector field after all.)

Lemma 3.2.1. Every continuous and R-linear map A : CS (S'; 78"y — C which
has A(A*y) = A~V AW for all € CO(S'; TS') and A € UQ1) is of the form
2

(3.2.1) AW =a- | Y dr
0

for some a € C.

Proof. Given such A, we extend it to amap A®: CO(S!; TS!'®rC) — C as follows.
Elements of C g(S 1. 75! ®g C) can be written uniquely in the form ¥ = | + 1y,
where both v/ and 1, are tangential to S'. Then we let

A1 + ) i= A(Yr) + LA().

There are now two commuting actions of U(1) on CS(SI; TS'®rC). One is given
by (¢, A) — A*yr. The other is pointwise, (¢, A) — A - . By our assumption
on A, the map AC intertwines the first action with the conjugate of the standard
action of U(1) on C. By construction, it intertwines the second action with the
standard action of U(1) on C. It follows that A® is invariant under the operation

v A-ATY,

where € Cg(Sl; TS'®rC) and A € U(1). Here we can also write A- A"y =yoA
if we think of ¥ as a function with values in C. (The inclusion of the tangent
space T,S' in C extends uniquely to a C-linear isomorphism 7,S! @z C — C.)
Briefly, AC satisfies AC(W 0A)= AC(l//) for all ¢ and all A € U(1). Because it is
also C-linear by construction, it must have the form

2
V= a / Y(e) dt
0

for some a € C. In particular this is valid for ¢ € Cg(Sl; TSh. [l

Remark 3.2.2. Clearly A : Cg (S'; TSy — C satisfies the condition A(A*y) =
ATTA@) forall € CO(S'; TS') and A € U(1) if it is of the form (3.2.1). But if
the complex number a in (3.2.1) is a real number, and only then, it will satisfy the
same condition for all A € O(2). The proof is by direct verification.

Let CS(ID; TD) be the real vector space of continuous vector fields on D,
equipped with the compact-open C° topology. The group isom(DD) acts on the
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right of C(D; TD) by (&, h) > h*&, which means (h,£)(z) = Dh(z) "' (§(h(2)))
for z € D. The action is R-linear.

Let .7,y be the real vector space of continuous, R-linear and isom(D)-equivariant
maps from CS(SI; TS to CS(ID; TD).

Corollary 3.2.3. dimp(Fr) = 1.

Proof. Let F be a nonzero element of .%,¢. For each z € D, let ev, from CS(ID; TD)
to C = TyD be the map evaluation at z, an R-linear map. Because isom([D) acts
transitively on D, the isom([D)-equivariant map F' is determined by the composition
evpo F. The map A :=evgo F can no longer claim to be equivariant for the action(s)
of isom(D), but it satisfies the condition of Lemma 3.2.1 for A € U(1), and the
stronger condition of Remark 3.2.2 which allows A € O(2). Therefore A =evgo F
has the form (3.2.1) for some real number a. It follows that dimg(.%,r) < 1.

We can use the equivariance condition to construct an F' € .%,¢ such that evgo F
is the nonzero linear functional taking ¥ € C%(S'; T'S') to

1 2 "

7 ; Y(e")dt.
Choose h € isom(D). By equivariance we must have (Dh(0)) ' ((F (¥))(h(0))) =
(F (h*y))(0), which comes down to
2

(3.2.2) F@)(h(0)) = %(Dh(O))( (h*l/f)(e”)dt)

0

It is easy to see that the right-hand side depends only on /(0), because # is de-
termined by /4(0) up to precomposition with an element of O(2) C isom(D)).
Therefore F in (3.2.2) is well defined. It is easily seen to be nonzero. It follows
that dim(.%,¢) > 1. O

We want to show that F' (i), with the definition of F in (3.2.2), is always a
harmonic vector field and that ¥ and c - F (1) together define a continuous vector
field on DUS!, where ¢ is a positive real constant factor independent of . Imitating
the strategy outlined in Remark 3.1.2, we begin by making sense of

K\{f = F(51 'a)),

where 47 is the Dirac distribution and w € C 8 (S, TSY) is the tangential vector field
defined by w(z) = 1z for z € S'. To simplify this, we remark that for every z € D
there exists a unique h € isom (D) such that 2(0) = z and 2(1) = 1. For such
an h € isom (D) we first need to make sense of h*(8; - w) = h*§; - h*w. It is not
hard to see (and the calculation of A*8; can be seen in Remark 3.1.2) that this is
(h'(1))728; - w. Therefore we make the definition

(3.2.3) K, (h(0)) = th'(0) - (' (1)) 2



TANGENT SPACES OF TEICHMULLER SPACE 395

on the understanding that # € isom (D) and A (1) = 1. If we specify z = h(0), then

we can write
yw+z

ywz+1°
where y = (1—2)/(1—2) = (1—2z%)/|1—z|* Then 2'(w) = y(1—|z|*)/(ywz+1)*.
Therefore /' (0) = y(1 —|z|*) and
_ U=z _y(d—IzP)
Oz+D*  (@+y)?
(where we have used A(w) =1, so that yz74+ 1 =2z+y) and

h(w) =

(1)

C+y*' e+t =P+
YA =1z yA -z (-2 —z»)

Now weuse z +y = (z—|z]*+1—2)/(1 —=2) = (1 — |z]*) /(1 — %) and obtain

R (0)/(h' (1)* = y(1 — |z -

(1—z1»?
/ / 1 2:
h'(0)/(h' (1)) A=D1 =22
so that
=Py

Lemma 3.2.4. Suppose that h € isom (D) satisfies h(1) = 1. Then
h*KVf =C- va,
where ¢ = (h'(1)) 2.
Proof. Loosely and provisionally we defined & as F (8 - w). Therefore h*& =
h*F (81-w) = F(h*(8;-w)) by the equivariance property of F. Here we can see that
h*(8; - w) = ¢ - 8; - w for some constant ¢, which turns out to be (h’(1)) 2. A more
orderly proof can be given using the definition (3.2.3) and the chain rule. Then we
have to allow two A1, hy € isom (D) such that 4 (1) = h>(1) = 1. We obtain
-1
(h38)(11(0)) = (Dha(h1(0))) " F (ha(h1(0)))
-1
= (Dh2(h1(0))) " t(h2h1) (0)/((hahy) (1))
= th}(0)/((h2h1)' (1))
= -t} (0)/(h (1))
=c-§(h1(0)),
where ¢ = (h5(1))72. O
Theorem 3.2.5. The vector field K,s is harmonic on D.
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Proof. The first step will be to show that § := K, is harmonic at the origin in D.
For that we can use the second order Taylor approximation of & at the origin:

(1= 233
§@)= ¥ —(Z|2 |(le 15)2
=(1-1zP’0=- 1 -2
~u(1 =31z +2+2)30+z2+722)
~1(1 =321 +32+ 322 +32) (1 +2+22)
~ (14324622 =321+ 2422
~ (1432462 =3z + 2431212+ 22)
=1(1 42432422 +62%)
= l(l + (x+y)+3(x —y) +x%— y2 + 2ixy +6(x%— yz) — 121xy)
= 1(1 +4x — 2ty +7x% —Ty* — 101xy)

= 2y + 10xy, | +4x +7x> = 7y?).

Let g be the Poincaré metric on [, which we regard as a function from D to the
vector space of symmetric 2x2-matrices. It has the form g(w) = u(w) - g&, where
u : D — R is a smooth function which has u(0) = 2 and gE is the Euclidean
(Riemannian) metric, i.e., a constant, the constant value being the identity 2 x2-
matrix. The product rule gives us

L(9) =L ) - g" +u- Z(g").

The first summand is a contribution to the scalar summand. We may neglect it. As
to the second summand, we are only interested in the first Taylor approximation
at 0, and since the first Taylor approximation of u at 0 is a constant 2, we can
replace the second summand by 2.7; (gE ). Now we can use (2.1.3):

Z:(8") = (DE" + DE)g" + Dg(§) = DE" + DE,
which in terms of the above Taylor approximation turns into

20y 6+ 24x
6+24x —28y |

The trace-free part is

24y 64 24x
6+24x 24y |’

which, as a symmetric bilinear form, agrees with Re((24y — (6 +24)x) dz ®c dz).
This completes the verification that § = K, is harmonic at the origin, because the
first order polynomial map z — 24y — (6 +24)x (for z = x 4 ty) is holomorphic.
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To finish the proof, we want to argue that “harmonic at the origin” is enough. For
other z € D we can find % € isom (D) such that #(0) = z and & (1) = 1. Showing
that £ is harmonic at z is equivalent to showing that £*£ is harmonic at 0. By
Lemma 3.2.4, we can write h*& =c-&. O

Our next goal is to show that the linear map F in (3.2.2) has another description as
something very close to convolution with K,;. Let M, : C — C be the multiplication
by e € S'; we will also view this as an element of isom, (D). Let 1 be a tangential
vector field on S'. Write ¥ = u - @, where w is the standard tangential vector field
z+>1zand u : S' — R is a continuous function. (It is allowed to write u := V/w.)
Write n(z) := €' for t € R. The new formula for F that we have in mind is

2w

! (M*, K ) (z) - u(e’)dt.

27 Jo

(3.2.5) (F))(2) =

Unraveling the right-hand side, we obtain

1 21

21
u —t,y . 173 _ 1 =ty | Ut 173
o= ; e’ -Ky(e"z)-ue )dt——zﬂfo Ky(e™"z)-e"u(e”)dt.

But e u(e") is the same as —¢ - ¥ (e''). So we may write

2
_ 1 -ty . u
LZn/O Ky(e™"z)-Y(e”)dt

and then also —¢ - (K,s x ¥)(z), where the star is for convolution.

Proposition 3.2.6. The linear map F in (3.2.2) has the alternative description

W = =t (va*lﬂ)-
Proof. Take z € D. Then

2w
K@ =5 [ Ky pe
T Jo

Choose h such that 2(0) = z and h(1) = 1. If we choose s € R appropriately,
depending on ¢, then M_;hAM(0) = M_,(z) = e "'z and M_,hM;(1) = 1. (We can
determine s later.) Therefore by (3.2.3),
Kyr(e™'2) = «(M_hM,) (0) - (M_;h M) (1))~*
— Let(s—l‘)h/(o) . (h/(eLS))—Z . e—ZL(S—t)
— Lel(tfs)h/(o) . (h/(eLS))fz’
so that the formula for —¢ - (K¢ * ¥)(z) simplifies to

2

L[ eI ) e dr.

27 Jo
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Now is the moment to observe that s and 7 are related by i (e**) = e'. Therefore it
is “locally” justified to write t = —¢ - In(h(e")) and in any case

dt B h/(els) ey B h/(els) el

-y — — h/(em) _et(sft).
ds h(e®) h(e)

With the substitution of /(e**) for e and h'(e") - e'“~" ds for dt the above integral
turns into

1 o / 7ty 1 Ls
= [ O wEen v as

This agrees with F(y)(z) = (F(¥))(h(0)) according to (3.2.2). O
Corollary 3.2.7. F () is harmonic, for every { € CS(SI; TSh.

Proof. By Proposition 3.2.6 and the discussion preceding it, (3.2.5) is correct. By
Theorem 3.2.5, the “kernel” K s is harmonic and so M*, K is also harmonic, for
arbitrary ¢ € R. Hence the right-hand side of (3.2.5) is harmonic. ([

Lemma 3.2.8. Let Y be a continuous tangential vector field on S'. Then F ()
and r together make up a continuous vector field on the closed unit disk DU S,

Proof. For s € [0, 1), we define a continuous (but not tangential) vector field «;
on S! by ky(z) := K,f(sz). Then for ¢ € (0, 1] and z € S! we have

(1= -¢)%°
(I-(I-82)* (1-(1-e)2)
(1= (1-¢)?)’
(2= (1—&)*- (1= (1-#)2)
_ 812363V (¢)
A== @—-e)¥
where V is a real polynomial of degree 3 with constant coefficient 1.
Let A, =|z— (1 —¢)|. Then A, > ¢ and

K1-¢(2) =

83V (¢) - 8V (¢)

(3.2.6) lic1—¢(2)| = T

This gives us an upper bound for |k;_.(z)| which is independent of z, but more
importantly it tells us that k;_, is very small outside the arc of length (2¢)!/2
centered at 1. Therefore it is enough to show that

1 2
lim| — _e(eNdt )| =1
i [ er0)-
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Since kj_; is so very small outside the arc of length +/2¢ centered at 1, we may
replace the ordinary integral by the complex path integral

f c1_e(2) dz
Y

(where y is a smooth curve describing the unit circle) at the price of dividing by .
We may also write s for 1 —e. Then

1 [ 1
lim —/ Ki_e(e")dt | = lim | =— f K1—¢(2)dz
e—0 \ 27T 0 e—0 \ 271t v

. 1 81233V (¢)
=lim | =— dz
e~0\27L J, (1 —s2) - (z—s5)3

3
= lim (w(mn -Res(f, s)))

e—0 2mt
= lim (88> (Res(f, 9))),
E—>

where f(z) = (z°)(1 —s2)"'(z —5) 3. Now

65 — 1253 4+ 855 — 257 _de+ 262 423 —306* 4+ 348> — 140 4+ 267
2(1 —s2)4 B 2(16e* — 325 + 206 — 87 4 £8)

Res(f, s)=

Therefore

1il’l’(1)(t883(ReS(f, 5)))

o 4e +26% 4263 —30e* + 3485 — 140 + 267
L- = (.
2(168 — 3262 +20e3 — 8e4 + &%)

= lim ]

e—0

Lemma 3.2.9. The map F in (3.2.2) has a Lipschitz property. More precisely, there
is ¢ > 0 such that the following holds: if € C°(S'; T SY) satisfies | (z)| < 1 for
all z € S', in the euclidean norm, then |F (Y)(z)| < ¢ for all z € D, again in the
euclidean norm.

Proof. In the proof of Lemma 3.2.8 we learned

1 21
lim—ﬂ/O lics (e)| dt = 1.

This implies that the function

1 2
SI—)E/O ks (eh)| dt

is defined and continuous for s € [0, 1]. Then it has a maximum ¢ > O on the
interval. Now let ¥ be a continuous tangential vector field on S' and suppose that
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¥ (z)] <1 for all z € S'. By Proposition 3.2.6 we have, for z € S! and s € [0, 1):

I - i
(F(l/f))(sz)z—tzﬁf0 ks(e™"z)-Y(e”)dt.
Therefore

27
ICF W) (s < %/0 ks(e™ )| dt < c. O

We come to the last part of Theorem II (in the introduction). This is about
extending F in (3.2.2) and Proposition 3.2.6 to a continuous map defined on the
Hilbert space X’ of tangential L>-vector fields on S'. The extension formula as such
is obvious: both (3.2.2) and the formula in Proposition 3.2.6 tolerate a tangential
L?-vector field ¥ instead of a continuous one. Both of these extensions are clearly
continuous, and because they agree on a dense subspace of X they agree on all of X.

Lemma 3.2.10. For { € X, let £ := F(¢) € CS(ID; TD). Then & is boundary
controlled and ¢ is the distributional boundary of §; see Definition 1.3.3.

Proof. We use a method from [Shubin 2020, Section 5.3]. Fix «, continuous vector
field on DU S'. Write

2
w(s) := %/0 s-E(se') - a(se) dt

for s € [0, 1). It is more than enough to show that

2T
lim w(s) = % c(e")-a(e")dt,
0

s—>1-

because w is, except for the constant factor (27)~!, the derivative of the function
in (1.3.2). Write o, : S — R? for the map z > a(sz), where s € [0, 1], and write
ks : ST — R? for the map z — K, (sz) as in the proof of Lemma 3.2.8, assuming
s €10, 1). By (3.2.2) in the general form which allows a tangential L?-vector field
as input for F, we can write

w(s) = (—ts(ks * &), o).

This notation uses the standard real L? inner product (based on the standard inner
product in R?, ak.a. real part of the hermitian inner product in C). Therefore

w(s) = (&, —ts (kg * ag)).

Here we can say that

Iim —us(kg o) = lim —i(kg %) = o
s—1- s—>1-
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by Lemmas 3.2.9 and 3.2.8. (These limits take place in C%(D, TD) or in C°(D, R?)
depending on point of view.) It follows that

lim w(s) = (¢, o). U

s—1-
Appendix: Odds and ends

A.1. Connections on the Teichmiiller bundle. A connection on a smooth fiber
bundle f : E — M with vertical tangent bundle T"E is a smooth vector sub-
bundle T"E (the horizontal tangent bundle) of the tangent bundle T E such that
T"E @ TVE = TE. Equivalently, a connection on f : E — M is a smooth vector
bundle homomorphism f*7T M — T E such that the composition

f*TM — TE — TE/T"E

is the identity. We are interested in connections on the Teichmiiller surface bundle,
a.k.a. universal Teichmiiller curve (the fibers can either be viewed as real surfaces
or as complex curves). To describe the bundle we fix I' = I'g (fundamental group
of a surface ¥ of genus g > 2) and G = isom, (H) as usual. Let homgy(I", G) be
the space of injective homomorphisms with discrete image and compact quotient
space G/p(I"). Let repy(I', G) be the quotient of homy(I", G) obtained by passing
to orbits for the conjugation action of G. (This was called .7 (¥) in Definition 1.1.2.)
There are two commuting left actions of I' and G, respectively, on the product
homy(T", G) x H.

The action of I" is given by y - (p, 2)) := (p, p(y)(z)) for y € I". The action
of G is given by A - (p, 7) := (ApA~', A(z)) for A € G. Therefore we obtain a
commutative diagram

homy (T, G) x H :
£ - homof - ) X P, homy(T, G)

(A.1.1) | l

. homo(F, G) x H proj.
¢ GxT

repy (I, G)

where the vertical arrows are quotient maps and the horizontal ones are appropriate
projections. The two horizontal arrows are surface bundle projections (or complex
curve bundle projections). The vertical arrows are principal G-bundle projections.
The diagram is a pullback diagram. In the top row, the fiber over p € homy(I", G)
is the surface H/p(I").

The lower horizontal arrow Eg — repy(I', G) in (A.1.1) is the Teichmiiller
bundle. We take the view that we can construct connections on it by constructing
connections on the bundle defined by the upper horizontal arrow E — homg(I", G)
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and imposing conditions which ensure that these connections descend to connections
on the bundle defined by the lower horizontal arrow.

By the general remarks on connections in smooth fiber bundles, choosing a
connection on the trivial bundle

(A.1.2) homy(I", G) x H — homy(T", G)

amounts to choosing a smooth vector field £(p, ¢, —) on H for every p € homg(I", G)
and 1-cocycle ¢ € T,(homy(T", G)) = Z L(r; 9p). (This should ideally depend
smoothly on p and ¢.) But we want to choose a connection that respects the
I"-action on each fiber of the bundle in (A.1.2), since we want a connection for
E — homy(I', G) in diagram (A.1.1). This translates into the following condition
oné(p,c,—):

(i) 8&(p,c, —) = ¢, where § is the coboundary operator associated with the
RI"-module of smooth vector fields on H. (The module structure depends on p.)

Proposition A.1.1. A connection & = (£(p, ¢, —)) for E — homq(T", G) in (A.1.1)
descends to a connection for Eg — repo(I', G) if and only if it satisfies the following
additional conditions:

(i) it is invariant under the left action of G;
(iii) §(p, 6k, —) =« for every k € g,.

Here k € g, should be viewed as a Killing vector field on H. Condition (iii) does
not follow from (ii) and (i). It is easy to produce counterexamples.

Proof. Suppose the connection & for £ — homg(I", G) descends. Then condition (ii)
is satisfied. Let K be any G-orbit in homg(I", G). Then the connection & restricted to
E|x — K is the connection determined by the trivialization of E|x¢ — K produced
by the action of G on E|g (which is free). This translates into condition (iii).
Conversely, suppose that (ii) and (iii) are satisfied by a connection & = (§(p, ¢, —))
on £ — homy(I", G). Then, by (iii), the restricted connection on E|x — K reflects
the trivialization of E|x — K produced by the action of G on Eg, or equivalently,
by the composition E|x < E — Eg. Choose a smooth section

s :repo(I’, G) — homy(T", G)

of the projection homy(I", G) — repy(I', G). The section s is covered uniquely by
a smooth map 5 : Eg — E which is a section of the projection £ — Eg. The
pullback along s and s of the connection & on £ — homg(I', G) is a connection 6
on Eg — repy(I’, G). Conditions (ii) and (iii) ensure that & is also the pullback
of 0 along the projections £ — E¢ and homy(I', G) — repy(I', G). U

We can meet all of these conditions as follows. Given p and ¢, find a smooth
vector field i as promised in Lemma 1.4.2 such that §¥» = c. Let ¢¢ be the
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distributional boundary of i as promised in Proposition 1.4.3 and let £(p, ¢, —) :=
F(¢¢), with F as in Theorem II. This is well defined and the conditions are easily
verified. We authors believe that £(p, ¢, —) depends continuously, indeed smoothly,
on p and c, but the proof could be laborious and perhaps it deserves a separate
treatment. (We also believe that this candidate for a connection £ is identical with the
connection which is standard in Teichmiiller theory. This can be seen, for example, in
[Wolpert 1986, §5]. Evidence for the suspected agreement was given in Section 2.2.)

A.2. Some postponed proofs.

Lemma A.2.1. The conformal vector fields on D or open subsets of D are precisely
the holomorphic vector fields.

Proof. By definition, a vector field £ on D (or on an open subset of D) is conformal if
and only if the trace-free component of % (g) is zero. By (2.1.3) and the calculations
immediately following it, this happens if and only if £ = &7 and &} = —£} (where
the subscripts indicate partial derivatives). These are exactly the Cauchy—Riemann
equations for . (]

Proof of Lemma 1.4.1. Let F| be the restriction of F in (3.2.2) to the 3-dimensional
real vector space of Killing vector fields on S'. Let F, be the linear map which is
defined on the same vector space and which takes a Killing vector field on S' to
the unique matching Killing vector field on D. We need to show F; = F,. Since
both F; and F; are equivariant for the right actions of isom_ (D), it is enough to
show that (F1(y¥))(0) = (F>(1))(0) for all Killing vector fields on S 1. (Follow the
reasoning in the proof of Corollary 3.2.3.) By definition, (F(1))(0) is
1 2

5 ), v dt.

In other words it is the mean value of i on the circle. But (F>(1))(0) is also the
mean value of ¥ on the circle. Indeed, ¥ and F>(y) are the restrictions to S and [,
respectively, of one and the same holomorphic function (alias holomorphic vector
field) on C, and this must satisfy the Cauchy integral formula. ([

Proposition A.2.2. The matching condition relating the vector fields & and ¢ in
Definition 1.3.3 is invariant under the canonical right action(s) of the diffeomor-
phism group of DU S'.

Proof. We will write S(&, ¢) for the statement the matching condition holds for &
and . Therefore we assume S(&, ¢), and we have to show S(h*&, h*¢), where h
is an arbitrary diffeomorphism from DU S! to itself.

The diffeomorphism / can be written as a composition &, o h,, where h,, is
norm-preserving in a neighborhood of the boundary S!, and h, is argument-
preserving. (By argument-preserving, we mean that there is a smooth function
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N :S' % [0, 1] — [0, 1] such that h,(sz) = N(z, s) - z for all (z,s) € S! x [0, 1].
For convenience we also require N(z, s) = s for s close to 0.) Using integration
by substitution, it is easy to show that S(h*&, h*¢) is equivalent to S(h}§, h}¢).
It is also obvious that h};¢ = ¢. Therefore we may assume from now on that £ is
argument-preserving, and we have to show S(h*&, ¢), knowing that S(&, ¢) holds.

Let Gg : S' x [0, 1) — R? be defined by (z, s) > [ ¢ - £(tz) dt. Then we have

/ ngx():/ £(z) dx
|z|=s zeDy

for s < 1. We use this to reformulate S(§, ¢). Namely, it is equivalent to the
following, which we denote by T (&, ¢).

The map G¢ has an extension to S U'x [0, 1] which admits a distributional
partial derivative d/0s along {(z, s) | s = 1}, and the latter is equal to ¢.

This is rather concise. To clarify, the map z — G¢(z, 1) from S! to R? has two
coordinate functions. They are meant to be Lebesgue measurable and integrable
functions, and a such defined for almost all z € S!.

To show that S(&, ¢) implies 7' (£, ¢), we may use the coordinate functions &'
and £2. We can write £! = éjr — & where £ }r and £! are nonnegative everywhere,
and similarly 2 = &2 — 2. For fixed s € [0, 1), define a function g/, on S' by

= /st-é}r(tz)dt.
0

Its integral over S' is equal to fz <D, 3;1 (z) dA. The limit of this for s — 1 exists
and is finite. In fact by S(&, ¢) it is equal to

/ ¢4 (2) dh.
zeS!

Therefore we can apply the monotone convergence theorem (Beppo Levi) and
conclude that g}’ 4 is also defined for s =1, as a measurable and Lebesgue integrable
nonnegative function on S'. We can proceed similarly for &', é}r and £2. Then we
define

gl @ D—g _(, 1)}

G:(z, 1) =
£z 1) Lsﬁ(z, )—gi (. 1)

for z € S'. The statement concerning the distributional partial derivative 3/ds along
{(z,s) | s = 1} is then clear. The implication T (&, ¢) = S(&, ¢) is also clear.

If & is an argument-preserving diffeomorphism DU S! — DU S, we can write
h(sz) = N(z,s) - z as in the definition of argument-preserving. Let H be the
diffeomorphism from S' x [0, 1] to S' x [0, 1] defined by H(z, s) = (z, N(z, 5)).
(This satisfies go H = hogq, where ¢ : S x [0, 11— DUS! is defined by (z, s) — 52.)
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Integration by substitution implies that
Gpe=GrgoH

for a “suitable” smooth map f : D U S! — Endgr(R?). The formula for f is
complicated. It is easier to describe f o h og: namely,

N dN - -1
f(h(g(z,9))) = N (g(z, S)) - (dh(sz))
for z € S' and s € [0, 1]. (The first two factors in this product of three are real
numbers, but the third one is a linear map.) The important features are: f(z) is the
unit of Endg(R?) for z close to the origin, f(z) always respects the linear subspace
of R? spanned by z, and if |z| = 1 it also respects the linear subspace perpendicular
to z and restricts to the identity there.

This allows us to argue as follows: T'(§, ¢) implies T(f - &, f - ¢) easily, and
from there we can deduce T (h*&, ¢) by an application of the chain rule. U

A.3. Questions and suggestions.

A.3.1. Let & be a harmonic vector field on D (with the Poincaré metric) which is
boundary controlled (notation as in Definition 1.3.3). If the distributional boundary
is identically zero, does it follow that £ is identically zero?

A.3.2. Find a more direct proof of Proposition 1.4.3, i.e., one which does not rely
on Theorem I. (Do use Lemma 1.4.2 and look up a proof of this.)

A.3.3. Find a practical characterization of the tangential L>-vector fields ¢ on S
such that the vector field F(¢) on D (as in Theorem II) is quasiconformal (Definition
1.3.4).
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