THE LOCAL GROSS-PRASAD CONJECTURE OVER
ARCHIMEDEAN LOCAL FIELDS

CHENG CHEN

Volume 339 No. 1 November 2025






PACIFIC JOURNAL OF MATHEMATICS
Vol. 339, No. 1, 2025

https://doi.org/10.2140/pjm.2025.339.133

THE LOCAL GROSS-PRASAD CONJECTURE OVER
ARCHIMEDEAN LOCAL FIELDS

CHENG CHEN

Following the approach of C. Meglin and J.-L. Waldspurger, this article
proves the local Gross—Prasad conjecture over R and C based on the tem-
pered cases of Luo and the author.
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1. Introduction

In [19; 20], B. Gross and D. Prasad formulated a conjecture on the local multiplicity
for Bessel models of special orthogonal groups over a local field of characteristic
0, known as the local Gross—Prasad conjecture. When the local field is non-
Archimedean, the conjecture was proved in [29] based on the tempered cases
proved in [36; 37; 38; 39; 40]. This paper proves the local Gross—Prasad conjecture
over Archimedean local fields. The proof over the real field follows Mceglin and
Waldspurger’s approach and is based on the tempered cases proved in [28; 10].
There are some recent applications of the local Gross—Prasad conjecture. The
paper [22] takes it as an input to prove one direction of the global Gross—Prasad
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conjecture, and the paper [24] uses the local Gross—Prasad conjecture to develop
the theory of arithmetic wavefront sets for irreducible admissible representations of
classical groups. We refer to the ICM report of R. Beuzart-Plessis [6] for a general
discussion of the significance of the local Gross—Prasad conjecture in arithmetic.

The local Gross—Prasad conjecture is set up as follows: Let F be a local field
of characteristic 0, and (W, V) be a pair of nondegenerate quadratic spaces over
F such that the orthogonal complement W+ of W in V is odd-dimensional and
split over F. We let G be the algebraic group SO(W) x SO(V) over F and take
its subgroup H = ASO(W) x N, where ASO(W) is the image of the diagonal
embedding SO(W) — SO(W) x SO(V) and N is the unipotent part of a parabolic
subgroup stabilizing a full totally isotropic flag on W-. We fix a generic character
&y of N = N(F) that uniquely extends to a character & of H = H(F'). For every
irreducible admissible representation 7 of G = G(F) (we require the representation
to be Casselman—Wallach when F' is Archimedean), we define the multiplicity

m(r) :=dimHomg (| g, £).

It was proved in [1; 16; 40] over non-Archimedean fields and in [34; 23] over
Archimedean fields that

m(r) < 1.

This result is known as the multiplicity-one theorem. The local Gross—Prasad
conjecture is a refinement of the multiplicity-one theorem that takes representations
of pure inner forms of G into consideration.

For every o € H'(F, H) — H!(F, G), the inner twists of G, H by « give pure in-
ner forms Gy, Hy, respectively. Then G, =SO(W,) xSO(Vy) and H, = ASO(W,,) X
N, where W, is the inner twist of W by o € H'(F,H) = H'(F, SO(W,)) and
Vo =W, LS. Let &, be the character of H, = H, (F) obtained by the extension of
&n. For every irreducible admissible representation w of G, = G, (F) (we require
the representation to be Casselman—Wallach when F is Archimedean), we extend
the definition of multiplicity by setting

m(m) :=dimHomp, (7 |g,, &).

For every local L-parameter ¢ : Wr — £G, we denote by I 4(G) the corre-
sponding L-packet, which consists of finitely many irreducible admissible repre-
sentations of G(F'), which are Casselman—Wallach when F is Archimedean. For
every o € H'(F, G). the Langlands dual group *G, of G, is isomorphic to that of
G, so ¢ also represents a local L-parameter of G,. Following D. Vogan [35], we
can define the Vogan L-packet associated to ¢ as

Mg = || My(Ga).
acH!(F,G)
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The L-parameter ¢ is called tempered if Im(¢) is bounded. The L-parameter ¢ is
called generic if there is a generic representation in H‘F’?gan. In particular, tempered
parameters are generic.

When ¢ is generic, it was conjectured by Vogan and known over Archimedean
local fields [35, Theorem 6.3], that, fixing a Whittaker datum of {Gy}yepi(F,c)
there is a bijection

7 e TP «— 17 € Sy
Here 3; is the set of (complex) characters of component group
Sy 1= mo(Centg (Im(¢))),

where Centg(Im(¢)) is the centralizer of the image Im(¢) in the dual group G.
Gross and Prasad suggested that one may consider the relevant Vogan packet,
defined as

M= Ll Tre(Go) C IR
acH!(F,H)

In particular, the multiplicity m () is well-defined for representations in HX‘?%"‘;‘CI.

Conjecture 1 [19; 20]. With the notions above, the following two statements hold.

(1) (multiplicity one) For every generic parameter ¢ of G, we have

Z m(r) = 1.

Vogan
mell F.,¢,rel

This implies that there is an unique representation 7w € H\}?%??el such that
m(m)=1.

(2) (epsilon dichotomy) Fix the Whittaker datum of {Gg }yepi(F.c) as [20, (6.3)].
The unique representation 7 € fo’f?el such that m () = 1 can be characterized
as

Ne =TMNg,
where 14 is defined in (2.3.2).

When F is non-Archimedean and ¢ is tempered, Waldspurger proved the con-
jecture in [36; 37; 38; 39; 40]. Mceglin and Waldspurger completed the proof of
Conjecture 1 for generic parameters based on the results in the tempered cases.

When F =R and the parameter ¢ is tempered, Z. Luo proved the multiplicity-one
part of Conjecture 1 in [28] following the work of R. Beuzart-Plessis in [5]. The
author and Luo proved the epsilon-dichotomy part of Conjecture 1 in [10] by a
simplification of Waldspurger’s approach.

The main result of the paper is the following.

Theorem 1.0.1. When F = R or C, Conjecture 1 holds for generic parameters.
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The proof over C is done by construction based on results in [18] and the proof
over R follows the strategy in [29]. The proof consists of a structure theorem
(Proposition 4.0.5) for representations in generic packets and a multiplicity formula
(Theorem 5.0.1). With these results, we can reduce all situations of the conjecture
into the tempered cases.

In Section 4, we prove the structure theorem using the standard module conjecture.
The proof of the multiplicity formula, however, is more intricate. Following [29],
this requires a formula for reduction to basic cases and two multiplicity formulas
that establish inequalities needed to prove the basic cases.

In the basic case, one inequality of the multiplicity formula is proved using orbit
analysis (Section 5.3). The proof of the other inequality is expected to be completed
using harmonic analysis in Section 5.4. The formula for reduction to the basic cases,
which is an equality, can be established by proving two inequalities in a manner
similar to the inequalities in the basic case. The non-Archimedean counterpart is
discussed in [29, Section 2], [29, Sections 1.4 1.6], and [29, Sections 1.7 1.8].

There is a parallel conjecture for unitary groups, formulated by W. Gan, Gross,
and Prasad. Over non-Archimedean local fields, the conjecture for tempered param-
eters was treated by Beuzart-Plessis in [3; 4]; Based on the tempered cases, Gan and
A. Ichino proved the conjecture for generic parameters in [15]. Over Archimedean
local fields, Beuzart-Plessis proved the multiplicity-one part of the conjecture in [5]
for tempered parameters using local trace formula and endoscopy. Xue completed
the proof for tempered cases in [43] using theta correspondence and proved the
generic cases in [42].

Although it is not necessary for the proof for the local Gan—Gross—Prasad
conjecture, the multiplicity formula (Theorem 5.0.1) also works for reducible
representations obtained from parabolic induction. This result can be applied to the
study of local descents in my joint work with D. Jiang, D. Liu, L. Zhang [12].

Organization. In Section 2, we recall the statement of the local Gross—Prasad
conjecture following [19; 20]. In Section 3, we work over the complex field C. We
follow the observation in [19, §11] and prove the conjecture by constructing an
explicit functional of the representation wy Xy using the results in [18].

In Sections 4 5, we work over the real field R. Section 4 provides a structure
theorem for representations in generic packets, using a sufficient condition for
irreducibility. In Section 5, we reduce the conjecture to the tempered cases by
employing a multiplicity formula, following the approach in [29].

For the basic case of the multiplicity formula, we prove one inequality using
representation theory and orbit analysis (Section 5.3) and the other using harmonic
analysis (Section 5.4). Additionally, in Sections 5.3 5.4, we establish a formula that
reduces the multiplicity to the basic cases.
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2. Local Gross—Prasad Conjecture

In this section, we review the local Gross—Prasad conjecture over Archimedean
local fields following [19] and [20].

2.1. Gross—Prasad triples. Let F =R or C and (W, V) be a pair of nondegenerate
quadratic spaces over F. The pair (W, V) is called relevant if and only if there
exists an anisotropic line D and a nondegenerate even-dimensional split quadratic
space Z over F' such that

V=W.D 1l Z.

dim Z

We set r = . There exists a basis {z,-}l-i:’ 4 of Z such that

q(zi z)=68_j. Vi, je{El, ..., +r},

where ¢ is the quadratic form on V. We denote by Py the parabolic subgroup of
the special orthogonal group SO(V) stabilizing the totally isotropic flag

(2.1.1) (zr) C{zry2r—1) T C{2py vy 21)-

We take Py = My - N to be its Levi decomposition. In particular, the Levi subgroup
My >~ SO(W & D) x GL].

Let G=SO(W) x SO(V). We identify N as a subgroup of G via the embedding
SO(V) — 1 x SO(V). We set ASO(W) as the image of the diagonal embedding
SO(W) — G. Then ASO(W) acts on N by adjoint action of SO(W) C My. We set

H = ASO(W) x N.

We define a morphism A : N — G, by

r—1

M) = "q(z_i1.nz;), neN.
i=0
Then X is ASO(W)-conjugation invariant and hence A admits an unique extension to
H that is trivial on ASO(W). We still denote this character by A. Let Ag : H(F) — F
be the induced morphism on F-rational points. We define an unitary character of
H = H(F) by
§(h)=Ar(h), heH,

where v is a fixed additive (unitary) character ¢ of F. The triple (G, H, &) is called
the Gross—Prasad triple associated with the relevant pair (W, V).

2.2. Vogan L-packets. We now recall the notion of Vogan L-packets for special
orthogonal groups over Archimedean local fields following [35] and review the
definition of the relevant Vogan L-packet following [19; 16].
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For any reductive algebraic group G over a local field F, we denote by G the
dual group of G and by ©G the Langlands dual group of G. It was established by
Langlands in [27] that every local L-parameter ¢ : £Lr — ©G gives a local L-packet
ITF 4(G), which consists of a finite set of irreducible admissible representations
of G = G(F). In particular, when F is Archimedean, the representations in the
packet are Casselman—Wallach [7; 41], which means that they are smooth Fréchet
representations of moderate growth and the associated Harish-Chandra modules
are admissible.

A pure inner form G, is an inner twist of Gby ¢ € H I(F, G). Since pure inner
forms of G share the same dual group, every local L-parameter ¢ : L — LG of
G can be viewed as an L-parameter for any pure inner form G,. Hence, one can
define the Vogan L-packet as

nx?gﬂ“ = | Hrge(G).
acH!(F,G)

Now we consider reductive group G with a quasisplit pure inner form. A Whittaker
datum 1o for G is a triple (G', B/, ¥') where G’ is a quasisplit pure inner form of
G, B’ is a Borel subgroup of G/, and v is a generic character of the unipotent
radical N’ = N'(F) of B'(F). A representation 7" of G'(F) is called t-generic
if Hompy/ (7’|, &) # 0. An L-parameter ¢ is called (w-)generic if the Vogan
L-packet contains a generic representation. As argued in [16, §18], the genericity
of an L-parameter is independent of the choice of the Whittaker datum.

From [35], when F is Archimedean, fixing a generic L-parameter ¢ and a
Whittaker datum to of G, there is a bijection

(2.2.1) T € IS > 0y € TI(S),
where IT1(Sy) is the set of characters of the component group
Sy = mo(Centg(Im(¢))).
Therefore, we can parametrize representations in Vogan packets with characters
n:Sy — {£1}.
Now we return to the setting in Section 2.1. Fora € H'(F, H) = H'(F, SO(W)),

we denote by W, the inner twist of W by « and set V, = W, L D 1 Z. Then the
inner twists of G and H by o € H'(F, H) C H!(F, G) are

Gy =5S0(V,) x SO(Wy) and H, = ASO(W,,) x N.

Together with the character &, : N(F') — C obtained by the extension of &y, we
obtain the Gross—Prasad triple associated to the relevant pair (W, V). The relevant
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Vogan packet is defined by

(2.2.2) MR = || Te(Ga).
acH!(F,H)

It is a subset of H\Ff‘?(%a“ and thus can be parametrized with a subset of T1(Sy) via
(2.2.1).

2.3. The conjecture. In this subsection, we review the statement of the local Gross—
Prasad conjecture formulated in [19; 20].

Let (W, V) be a relevant pair over an Archimedean local field F and (G, H, &)
be the Gross—Prasad triple associate to it. For an irreducible Casselman—Wallach
representation w of G = G(F'), we set H = H(F) and define the multiplicity

2.3.1) m(m) :=dimHomg (7, &).
From the multiplicity-one theorem established in [34; 23], we have
m(mr) < 1.

The local Gross—Prasad conjecture (Conjecture 1) studies the refinement behavior
of the multiplicity m(;r) in a relevant Vogan L-packet, which shows that there is
exactly one representation 7y in HX‘?%% with multiplicity equal to 1 and the
character ., : Sy — {£1} attached to 7, is equal to an explicit character 7.

For a generic character ¢ = ¢y x ¢ of G, the character
g =gy X gy © Spy X Spyy — {E1)

was constructed explicitly in [19, §10]. For every element s € Sy, X Sy, , set

. sy=-—1
_ dim dim MVV

nY (sy) =detMY =)= 1) 77 detMy) (= 1)+ e (L, MY = @My, ),
(2.3.2)

ng, (sw) =det(Myy =" ") (—1)

1

. SW=—
dimMy dim ny/
2 2

detMy) (-~ = (L, M= '@My, ¥).

Here My and My are the spaces of the standard representation of LSO(V) and
LSO(W), respectively. The notion det( - ) makes a finite-dimensional representation
into a character and the det( - )(—1) means its value at —1 € W% =R, equivalently,
det(-)(j) for j € Wr. The space Mi,vzfl denotes the sy = (—1)-eigenspace of
My and (.. .) is the local root number defined by the Rankin—Selberg integral
[21].

When F = C, the relevant Vogan L-packet H‘}?ﬁ?ﬁ‘el contains only one element.

Hence, part (1) of the conjecture implies part (2) of the conjecture. We will prove the
following theorem by constructing a nonzero element in Homg (77, £€) in Section 3.

Theorem 2.3.1. When F = C, Conjecture 1 holds.
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When F =R, in [28], following the work of Waldspurger [36; 38] and Beuzart-
Plessis [S], Luo proved part (1) of Conjecture 1 when the parameter ¢ is tempered.
In [10], by simplifying Waldspurger’s approach [36; 37; 38; 39; 40], the author and
Luo proved part (2) of Conjecture 1 when the parameter ¢ is tempered. The main
result in Section 5 is to prove Theorem 5.0.1 that implies the following theorem
based on the Conjecture 1 for tempered parameters.

Theorem 2.3.2. When F = R, Conjecture 1 holds.

3. Integral method and the proof for the complex case

One of the main tools for proving Conjecture 1 is the integral method. In particular,
this is the only tool we would apply to prove Conjecture 1 when F = C. When
F =C and dim V = dim W + 1, Conjecture 1 was proved by J. Moéllers in [14]
using an equivalent method. In Section 3, we use some computation in [14] and
present the proof using the integral method following [18].

Let F =R, C. Let G be a quasisplit group over F and H be a closed subgroup
of G such that G/H is absolutely spherical. Suppose there is a Borel subgroup B of
G such that

BNH=1.
Let T be the Levi component of B. We set
G=G(F), H=HF), B=B(F), T=T(F).

Fix a unitary character ¢ of F. For an algebraic character A : H — G, we set
& =1 o Ap, which is a unitary character of H.
As a consequence of the integral method in [18], we have the following theorem.

Theorem 3.0.1. Let G, H, B, T as above. For every character o of T, we have
dim Hom (Ind§ (0), &) > 1.
First, we construct a measure  on B - H C G by setting u = f(bh)dbdh where
fbh) :=585"b)o " (b)s(h), beB, heH.
We can express the function f in the form of
F(bh) = tH72esReGUN+0ImGM)  yp — . e B=T N, he H

for certain s, s, € R and u, uy € Hom(T, G,,). Hence, for every differential
operator D on B x H, the growth of |Df| can be controlled by a polynomial.
Therefore, u is a tempered measure on B - H, which is left-(B, 8;3/ 2a)—equivariant

and right-(H(F), £)-equivariant. Because B is solvable, from [18, Theorem B], one
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can construct a left-(B, 8:3/ 2o)—equivariant and right-(H, &)-equivariant distribution
on G.

From [13] and the compactness of B\G, there is a one-to-one correspondence
between Hom(Indg (0), &) and the space of left-(B, 8}9/ 2o*)—equivariant and right-
(H, &)-equivariant distributions on G.

Now we return to the Gross—Prasad conjecture over F' = C. As argued in [19,
§11], since there is exactly one representation in the relevant Vogan L-packet and
this representation is a principal series, it suffices to verify that m () > 1 for every
principal series representation 7 = Indg (0). For this purpose, we verify BNH =1
when (G, H, &) is the Gross—Prasad triple associated to a relevant pair (W, V).

Set Py = My - N be the parabolic subgroup stabilizing the totally isotropic flag
(2.1.1) and the Levi subgroup My can be decomposed as My = [];_; GL(C- z;) x
SO(V @ D). Let Py = My - N be the opposite parabolic subgroup of Py .

Let (G', H', £’) be the Gross—Prasad triple associated to the relevant pair (W, W & D).
From [14, §6.2.4], there exists a Borel subgroup B’ of G’ = SO(W & D) x SO(W)
such that B'NH' =1. We set B=B'-[];_, GL(C-z)-B’'- (N x 1). Consider the
parabolic subgroup P =Py x SO(W) =M - (N x 1) of G. Since [[;_, GL(C-z;)B’
and H’ are subgroups of M = My x SO(W) such that

p
I1 GL(C-z;)B'NnH =1,
i=1

we have

_ r
BNH=N:]]GL(C-z)B'NH -N=GL(C-z;)B'NH =1.
i=1
This completes the proof for Theorem 2.3.1.

4. Representations in generic packets

In this section, we prove that, for every parameter ¢ of a special orthogonal group
over R, there is a tempered L-parameter ¢y of a smaller special orthogonal group
with decomposition ¢ = ¢S @ ¢y ® (¢°1)", such that the parabolic induction

To = 0 X T

induces isomorphism before H;jsgan and Hzoga“, where o is the unique representa-
tion in the packet ITjcr.

Let V be a nondegenerate quadratic space over R. It is well-known that an L-
parameter ¢y of SO(V) is generic if and only if the adjoint L-function L (s, ¢y, Ad)
is holomorphic at s = 1 (see [19, Conjecture 2.6] and the remark after it). Based on
this property, we first compute an equivalent condition for ¢y to be generic.

Definition 4.0.1. Given a generic L-parameter ¢y : Wr — “SO(V), we denote
by ¢y the semisimplification of ¢y, that is, the semisimple representation on My
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defined by the composition ¢y with the standard representation stdy : “SO(V) —
GL(My).

Given an L-parameter ¢y, its semisimplification ¢y, can be decomposed as

1 2
4.0.1) oy =EPI-I"vig, +EPI-IVigy, ..

Here ¢11V,- (ly.; € Z) is a one-dimensional representation of Wi =CUC-j (j?>=—1)
defined by

¢ @=1 ¢} (- )H=D", zeC,

and ¢,2nvl_ (my,; € N) is the two-dimensional representation of Wg with basis u, v
satisfying
2 2 . .
¢mV4i(Z)u =1u, ¢mvv,- (ZJ)M = (_l)mv v,

82, @u=v. @, (@ jv=u.

The adjoint L-function L(s, ¢y, Ad) = L(s, ¢}, ® ¢§,S’V) is a product of factors

1 1 1 2
L(s, ¢v, |- Vi, @ (11, )Y, L(s, v, |- [Vigy, @ (- Vg, DY),
2 1 2 2
L(s, v, |- Iidp, @ (- 1Vigy, V), L(s, v, |- [Vig7, @ (- Tign, )Y).
From [25], we can compute the value of these L-functions and obtain that:

(1) L(s, ¢y, |- |31V.f¢11w (- |S‘I’J¢11V j)v) has a pole at s = 1 if and only if %(1 +

s‘l/,l. — s‘l/’j + (1 — (=1)!vi*hv.j) /2) is a nonpositive integer.

(2) L(s, v, |- IS'vad),LW ® (|- |-"5-f¢,%,vyj)V) has a pole at s = 1 if and only if
1 +s\1/’l- — s\z/yj + %mv,j is a nonpositive integer.

(3) L(s, v, | - |Sa”'¢,%1v,i (- IslVy-f¢llej)v) has a pole at s = 1 if and only if
1 +s‘2,’l. — s‘l,’j + %mv,i is a nonpositive integer.

@) LG, ¢y, |- 12 @ (- "i¢2 ) h 1 — 1 if and only if
, Py, , '¢mv,j)) as a pole at s = 1 if and only 1

my i
2 2 ) 2 2 1 .
1 +sy; syt s(my ; +my ;) or 1 +sy; =Syt s(my; —my j|) is a
nonpositive integer.

Lemma 4.0.2. A parameter ¢y with semisimplification ¢y; in (4.0.1) is generic if
and only if none of

S tsy; —sy+ (L= (=DVTiy2) T4sy =5y + 3my. .,
L+sy,—sy+3lvi. 145y, — sy + 5(Imyi —my j])

is a nonpositive integer.
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Irreducibility criteria. B. Speh and D. Vogan gave a sufficient condition for the
irreducibility of limits of generalized principal series representations in [32, Theorem
6.19]. We apply this result to prove the irreducibility of standard models for
representations in generic packets.

Definition 4.0.3. Given oy € [1(GL,,), ..., 0, € [1(GL,,) and 7y, € I1(SO(p, q)).
We denote by
o1 X -+ X0 XTIy,

the normalized parabolic induction

SO(p+n,q+n)
IP
ny,-.nr,p+q

(01®---®o0,®my,) €I(SO(p+n,q+n)), n=n+---+n,.

Lemma 4.0.4. Fix a generic parameter ¢y = qbg]“ @ oy, B (qb‘c,']“)v of SO(p, q)
(p>gq). Foro eIl oS and my, € H;ﬁga“, the representation o X wy, is irreducible.
0

Proof. From [25, Theorem 14.2], we may write the tempered representation 7y, as
a parabolic induction from a limit of discrete series representations. Then we can
express o X 1y, as

(4.0.2) o1 X---xoxmy o0; € II(GLy, )
where Jr{,o € H(SO(V(;)) is a limit of discrete series representation and
o =|- I‘YIV’isgn" oro; = |det|s3-i Dy, ..
Following [32, Theorem 6.19], it suffices to check the following conditions:
(4.0.3) For every root « such that
ng = (o, v)/{o, ) € Z,
(1) if @ is a complex root (o # —6«), then (o, v) (Ao, v) = 0;
(2) if @ is a real root (¢ = —6w), then
(=" = € - A(mq)

Here A is the central character of o, m,, is the image of p,(—1>) in G for the
embedding p, : SL;(R) — G(R) determined by « and €, = —1.

Then we check them using Lemma 4.0.2.
(1) For every complex root « such that n, € Z,
(a) if o is a root of SO(p — gq), then (o, v) (B, V) = 0;
(b) otherwise, 6o = «, and then (a, v) (Ao, v) = (o, v)> > 0.

(2) For every real root B, = e, — ej, such that ng,, € Z.
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(a) If E,q is in the GL;-block GL,, ; and Ejy is the in a GL;-block GL,,V']. (in the

inducing datum in (4.0.2)), then ng,, = %(s‘l,’i — s‘1,7 j) is an integer, and both

3(tsy=sy +A=(=D"Fv)/2) and 314y j—sy+1—=(=D" ) /2)

are not nonpositive integers. If Iy ; +1y ; is odd, the sum is equal to 2, then
sxl,’l. = s‘l,yj or s‘l,’l. — s‘l,’j is odd. If Iy ; + 1y ; is even, the sum is equal to 3/2,
then s‘l,’i — s‘l,’j is even.

(b) If E,, is in the GL;-block GL,,, and Ej;, is the in a GL,-block GL”V,j’

Lemma 4.0.2 implies

2 1 1 2 1
sV,j — EZV’J' < sV,i < sV,j + EleJ"

(c) If E4q is in the GL,-block GL,, ; and Ey,, is the in a GL,-block GLnV,,-, we

may assume ly ; > ly;, Lemma 4.0.2 implies

2 1 2 1 2 1 2 1
sy~ alvy <sy;—3lvi sy +alvi <syj+alv

Therefore, we have checked cases (b) and (c) following an understanding of the
parity condition in [30, Theorem 2]. For case (a), parity holds unless [y ; + 1y ; is
odd and s‘l,’ ;= s‘l,’ j In this situation

1 . 1 . .1 .
|- Presgn®™ x| [Vasgn!s = | - [asgn! (1 x sgn)

And 1 x sgn is the limit of a discrete series representation with parameter ¢§, which
can be treated as in cases (b) and (c). O

Representations in generic packets. The classification of representations of Wi
[25] shows the following factorization into irreducible representations:

(4.0.4) ¥ =0y, @ (PTH)Y,

where ¢y, is tempered and
ly
¢‘C/}L = @ |- |5 S]; where Re(s;) > 0 for 1 <i <ly
i=1

for discrete series parameter ¢y ; (i.e., the image of ¢y ; is bounded and does not
lie in any proper Levi).

It is straightforward that (1)(‘;1]‘ is unpaired. Let ny ; = dim (1)‘(,;’];, ny = dim ¢‘§L
and oy ; be the unique representation of GL, in the L-packet I1 e (GL,, ), then

(4.0.5) H¢9L(GL,1V) ={oy} where oy = |det|'oy ; x - x [det|*"Voy,
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By Lemma 4.0.4, there is an injective map
(4.0.6) ngﬁfan — T8 7y, > oy X Ty,

Since ¢y is unpaired, [Sy, | =S, | and thus |ng3§an| = [[13°%*"|. This implies
that the above map is an isomorphism and we have the following result.

Proposition 4.0.5. For a generic L-parameter ¢y = d)‘C,’L P dy, B (¢‘C,}L)V, every
representation wy in H;";gan can be expressed as wy = oy X wy, where Ty, € H;"V)gan

0
and oy given in (4.0.5).

This result shows that representations in the generic packets are in the form
4.0.7) wy =oy X1y, oy =|det]Vloy; x---x|det|*" oy, ,

where Re(sy.1) = Re(sy2) = --- 2 Re(sy) > 0, and tempered 7y € Irr(SO(Vp)).
And oy ; = sgn'i forly; =0, 1 or oy, = Dy, , for m; € N.
For my in the form of (4.0.7), we define the following notions.

Definition 4.0.6. We parametrize the infinitesimal character of 7wy with the Harish-
Chandra parameter for my in (4.0.7) is defined as

v=(V, ...,V vﬂvo)

where vy, is the Harish-Chandra parameter of the tempered representation my,,
Iy 1 1
v; =s; when py ; =sgn'V, and v; = (sv,l- +5my.i, sv,i— Emv,,-) when py ; = Dy, ;.

Definition 4.0.7. We define the leading index of wy as the largest number among
Re(sy ;). We denote it by LI(mry ).

5. Proof for the real case

We now complete the proof of the local Gross—Prasad conjecture (Conjecture 1)
over the real field based on the tempered cases. More specifically, following the
approach in [29], we prove a multiplicity formula for the reduction to the tempered
cases and conclude the conjecture with the tempered cases proved in [10].

The proof uses the idea of Mackey’s theory. Let G be a reductive group over
R, H is a closed subgroup of G and P is a parabolic subgroup of G with Levi
decomposition P = MN. We denote by G = G(R), H = H(R) and P = P(R).
For a representation o of M = M(R), we study the space Homy (Indg (0), 1g) by
analyzing the double coset P\G/H. Since P\G is compact, the smooth induction
Indg (o) is equal to the Schwartz induction in the sense of [13]. In order to use the
analytic tools established in [13] and [11], we work within the category of almost
linear Nash groups [33, Definition 1.1] and consider the category of Nash manifolds
[33, Definition 2.1], with the possible action of certain almost linear Nash groups.
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In particular, for a linear algebraic group G over R, G(R) can be treated as an almost
linear Nash group.

Let G be an almost linear Nash group. We denote by SF(G) the categories
of smooth Fréchet G-representations of moderate growth. We denote by CW(G)
the subcategory of SF(G) consisting of representations with admissible (g¢, K)-
modules, that is, the category of Casselman—Wallach representations of G. We use
Irr(G) to denote the set of irreducible Casselman—Wallach representations of G.

Our main result in this section is the following theorem.

Theorem 5.0.1 (multiplicity formula). Let V, W be quadratic spaces with decom-
positions V.= Vo L (Xy +Xy), W =Wy L (Xw+ Xy,). Let wy, € Irr(SO(Vp)),
w, € Irr(SO(Wy)) be tempered representations and oy € CW(SO(V)), ow €
CW(SO(W)) such that

oy = |det|*V''oy | x -+ x |det]*V"vaoy .,
(5.0.1) v

oy = |det|SW'IO'W’1 X o X |det|SW"W0W,,W,
for Re(sy ), Re(sw,;) > 0 and tempered representations oy ; € Irr(GL,, ,(F))
(i=1,...,ry),ow,; €lir(GL,,,(F)) (j=1,...,rw); here ny ;, ny ; are integers
such that )"\ ny; =dim Xy and Y_;* nw,; = dim X . Then we have

m((oy X mwy,) X (ow X mw,)) = m(mwy, X my,).

Note that in the theorem, the representations oy X my, and ow X my, can be
reducible. The reducible case of the multiplicity formula is actually necessary
when it is applied in [12]. In this article, to complete the proof for the real case
of the Gross—Prasad conjecture, we only use the formula when both oy X 7y, and
ow X my, are irreducible.

Proof of Theorem 2.3.2 given Theorem 5.0.1. Given generic parameters ¢y, dw,
from Proposition 4.0.5, we can express the parameters as
(5.0.2) Pv =@y + v+ @YD), dw = +dw, + (B0

such that ¢€‘L has no self-dual subrepresentation.

Let oy be the unique representation in ITY%%" and o'y be the unique representation

Vv
: Vogan Vogan : Vogan
in 1'[(7)%L . For every my Xy € H¢v><¢>w’ there exists wy, My, € Hdbvxdbw such

that
Ty =0y X TTy,, Ty =0w X Tw,.

Therefore, the maps
HVogan — HVogan X d
by, by Ty, > oy X Ty, an

Vogan Vogan
H¢W0 — I"[¢W . TTw, > ow X Tw,
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are isomorphisms. Hence, we can identify the component group Sy, xg,, With
Sy, x4y - Under this identification, it can be easily verified that for ¢v, ¢w, ¢y, dw,,
we have

Ny, xpwy = Noy xdw -

Theorem 5.0.1 reduces Conjecture 1 for ¢y, ¢pw to that for ¢y,, ¢w,, which is a
tempered case proved in [28; 10]. ]

Following [29], there are three steps in our proof for Theorem 5.0.1: reduction
to basic cases, the first inequalities, and the second inequalities.

A relevant pair (W, V) is called basic if dimV = dim W + 1. For a general
relevant pair (W, V) with decomposition V. =W 1 Z 1 D, we let D" be the
anisotropic line with the opposite signature to D. We set Zt = Z 1L (D + D™") and
set (V, WH) =(V, Z*@® W) and we call (V, W) the basic relevant pair associate
to (W, V).

Definition 5.0.2. Let sy, 57, ..., 5,41 be complex numbers. We say the (r +1)-tuple
s=(s1,...,8-41) are in general position, if s € C'*! does not lie in the set of zeros
of countably many polynomial functions on C'*!.

For the (r + 1)-tuple s = (s1, ..., s,41), we denote by oy the spherical principal
series representation | - [*! X -+« x |- |%+1,

Lemma 5.0.3 (reduction to basic cases). For every my € Irr(SO(V)) and my €
Irr(SO(W)), we have

m(mwy Mmrw) =m((og X Tw) Mmy)
fors =(s1,...,8+1) € Ctin general position.

With this, we find such a spherical principal series oy and reduce Theorem 5.0.1
to the case for a relevant pair (V, W @ Z*) and representations os X mw, wy that
can be expressed in the parabolic induction form as in (4.0.7), which is a basic case.

Proposition 5.0.4 (basic case of the multiplicity formula). Given a basic relevant
pair (W, V), let my € CW(SO(V)) and w € CW(SO(W)) as in Theorem 5.0.1,
we have

m(my Mmw) =m(mwy, Kmw,).
The inequalities m(wy K ww) = m(mwy, K ww,) and m(my Raw) < m(my, K aw,)
are called “the first inequality” and “the second inequality” in [29]. Using a similar

approach as [29], we prove the first inequality using mathematical induction with
the following lemma as the building block (Section 5.3).

Lemma 5.0.5. Let mwy be a representation in a generic packet and wy € Irr(SO(W)).
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(1) WhendimV =dim W + 1 and Re(s) > LI(zty), we have
m(wy Ww) = m((]-’sgn” x ) Kmy).
(2) When dim V =dim W + 3 and Re(s) > LI(wty), we have

m(y B (|- T2 sgn™ ) ) = m((|det| Dy, X ) Ry,

where D,, is the Langlands quotient of the induction | - |_% X |- |%sgn’"+l.

The second inequality holds in a more general setup.

Lemma 5.0.6. For my € CW(SO(V)), mw € CW(SO(W)) and ox+ is a generic
representation in CVWW(GL(X™T)), we have

m(wy Wy) <m((ox+ X mww) Ky)

We prove one inequality of Lemma 5.0.3 and Lemma 5.0.5 in Section 5.3 and
prove the other inequality of Lemma 5.0.3 and Lemma 5.0.6 in Section 5.4. It is
worth mentioning that Lemma 5.0.3 can also be proved with Schwartz homology
as in [43].

5.1. Some functors and vanishing theorems. In this section, we review some
analytic tools established in [13] and [11] to study certain Fréchet spaces of moderate
growth.

Schwartz induction. Let G be an almost linear Nash group.

Proposition 5.1.1. For m € CW(G), the projective tensor product - @ 7 is an exact
Sfunctor in SF(G).

Proof. From [2], the underlying Fréchet space of 7 is nuclear and the proposition
follows from [8, Lemma A.3]. O

Let H be a Nash subgroup of G and 7y € SF(H). We denote by H\(G X wy)
the vector bundle over H\G obtained by G x wy quotient by left H-action

(5.1.1) h(g,v)=0h-g,rg(h).v) forhe H, geGandveEmy.
This vector bundle is tempered. We define the Schwartz induction as the functor
Ind3% : SF(H) — SF(G), 7y I'S(H\G, ),

where I'S (H\G, my) stands for the space of Schwartz sections over the tempered
vector bundle H\(G x my). In particular, when G is reductive and P C G is
a parabolic subgroup of it, P\G is compact, so the Schwartz induction Ind‘;’c
coincides with the smooth induction, and we denote by Ig the normalized induction
Ind‘;’G((S}lD/ 2. ), where §p is the modular characters of P. We will use the following
properties of Schwartz inductions.
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Proposition 5.1.2. (1) [11, Propositon 7.1] Indfl’G is an exact functor SF(H) —
SF(G).

(2) [11, Proposition 7.2] For a closed subgroup H' of H, we have
Ind‘z’G o Ind‘IS{’/H = Ind‘IS{’/G.
(3) [11; 2, Proposition 7.4] For tg € CW(G) and my € SF(H), then
Ind% % (ry @ 76 ly) = Indyy ¢ (ry) ® 7.

The Hom-functor. For any category C and object M, it is well-known that the
functor Hom(—, M) is left exact and invariant under projective limit. We first apply
this result to the category SF(G) and obtain the following result.

Lemma 5.1.3. (1) For an exact sequence 0 — w; — my — w3 — 0in SF(G),
suppose Homg (71, 1) = Homg (73, 1) = 0. Then

HOIIIG(JTQ, IG) =0.

(2) For a directed set I and projective system (7y, fup)a,per in SF(G), and for
I' C I, suppose Homg (14, 1g) =0 forall a € I'. Then

Hom(lim rry, 1) = 0.
iel
Definition 5.1.4. (1) For a countable directed set / and a Fréchet space V, a set

{Vi}ker of subspaces of V is called a complete decreasing filtration of m if
(a) V; CV; fori < j, and, denoting by f;; the injection maps,
(b) {Vi, fji}i<jer 1s a complete projective system, that is,

imV/V;=V.

iel

(2) The composition factors of a complete decreasing filtration are
Va/ Va+, ael,

where o+ is the successor of o in 1.

Corollary 5.1.5. For an almost linear Nash group G, m € SF(G) and a complete
decreasing filtration {my}xer of 7, suppose Homg(Vy/ Vo, 1g) =0 forall o € 1.
Then we have

Homg (7, 15) = 0.

Proof. This can be obtained from Lemma 5.1.3 with the arguments in [42]. Ul

Propositions 8.2 and 8.3 of [11] provide a complete decreasing filtration that is
helpful for distributional analysis.
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Theorem 5.1.6. Let X be a Nash manifold, Z be a closed Nash manifold of X and
U =X — Z. There is a decreasing complete filtration on F§ (X, &), denoted by
l"‘Zg (X, &), whose composition factors are isomorphic to

(5.1.2) Iz, Sym* Ny, ®€lz). k=0.1,...,
where NZV/X is the conormal bundle over Z (see [11, Section 6.1].)

Vanishing by infinitesimal characters.

Definition 5.1.7. For an infinitesimal character x : Z(U(gc)) — C, we denote by
x " the infinitesimal character generated by the relation

x'(X)=x(-X), XEegc.

Theorem 5.1.8. For representations w1, wy of G with infinitesimal characters
Xy Xmys SQLISIYING X7, 7 X;r/z’ we have

Homg (771 ® 72, 1) = 0.

Proof. The existence of elements in Homg (77} ® 712, 1) implies the existence of a
homomorphism on (gc, K)-modules. This contradicts the relation of infinitesimal
characters. U

We apply the above theorem in the following setup:
Corollary 5.1.9. Suppose my, € SF(SO(Vy)) and mry € Irr(SO(V)).

(os X Yy @ TTY
forog=|-1"" x---x|-["ands = (s1,...,s,) in general positions.
Vanishing by leading index.

Definition 5.1.10. By the Langlands classification, for every y € Irr(SO(V)), we
can express y as the Langlands quotient of a certain induction

(5.1.3) |det| p; x -+ - x |det|* p, X 7Ty,

for Re(sy) = --- > Re(a,) > 0 and tempered representations py, ..., o, Ty,. We
define the leading index for Langlands quotient as LI(iy ) = Re(sy). This definition
is compatible with Definition 4.0.7 when the standard module (5.1.3) is irreducible.
In particular, the definitions are compatible when v is in a generic packet.

Theorem 5.1.11 [9, Theorem A.1.1]. IfRe(s) > LI(wty), then
Homasov) ((|det|* p x my,) Ky, 1asov)) =0

for my, € SF(SO(Vp)) and my € Irr(SO(V)).
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5.2. The restriction of principal series to mirabolic subgroups. We now turn to
the graded structure of the restriction of certain principal series of GL, to the
mirabolic subgroup R,_; 1 as in [42, §5], that is, the subgroup of GL, leaving
V. / V,—1 invariant, where V,, is the space of the standard representation of GL,, and
Viu—1 1s an (n — 1)-dimensional subspace of V,,. These results will be used in the
distributional analysis of the open orbit in Section 5.3.

Graded structure of | - |_% X |- |%sgnm+l. By definition, the discrete series D, of
GL,(R) is the unique quotient of the induction 77; =|-|~2 x |-|2 sgn”*!. We denote
7 r the unique subrepresentation of this induction 7y, then 7, is an m-dimensional
irreducible representation of GL, (R).

» Let By be the (upper-triangular) Borel subgroup of GL; with Levi decomposi-
tion By = ToN»y. Let K = SO, (R), B =B12(R), 75 = T2(R), N, = N2 (R) and
R =Ri1(R).

o We write

ne— 1 x o — cosf sinf _ 1
T 1 =\ —sin6 cos@ 2= ’
then No = {n, : x e R} and K = {kg : 6 € [0, 27)}.

o We write X = By\GL2(R), Uy = Bo\Bowy By C &, and 2, = B\ Bs.
» By definition,

S,GLy (R m#l m=1
mr=Indy PP (T @ "7 sgn™ ).

We write x; = |- | 7" Tlsgn”*! and x, = |- |%sgn’"+1. Then
S.GLy (R
w1 =Indy ™ (102 ® x2).

Lemma 5.2.1. (1) The representation wp is isomorphic to the n-dimensional
GL,(R)-representation

X1x2(det(-)Sym" = (€?),
where C? is the standard representation of GLy(R).
(2) The restriction wr|R, , has irreducible components
|det(-)[*sgn*(det(-)), fork=0,1,...,m—1.

Proof. Part (1) follows directly from [17, §2.3]. Part (2) follows from direct
computation based on (1). U

Using the left quotient in the sense of (5.1.1), we define

& = B\ (GL2(R) x x1x2 ® x2).
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Extension by zero gives a natural embedding of R j-representations
(5.2.1) ivx : TS, &) — T°(X, &).

Lemma 5.2.2. There is a complete decreasing filtration {Fg (X, £)ilieN of sub-
modules of 'S(X, &)/ 'S, &) such that the composition factors are Rj -
isomorphic to

xix2(det(-))sgn’ (det(-)[det()[|, . keN.
Proof. This lemma follows from [11, Propositions 8.2, 8.3]. O

We identify 'S (U, &) as IndE;RX"ll (x2) using the equation

IS, &) =T°(By\Bywz By, &)
=T(T\B2, %2 ® x1X2)
S.R
=T9(R* x I\Ry1, x2) = Indg. )} (x2),
and then define an R j-homomorphism
S.R
Ty :Indg) ) (x2) = 7p

by composing the embedding (5.2.1) and the quotient map ; to p:

S,Ry1

el () =T, &) — T9(X, &) =) — 71 /7F = 7.

T, : Ind
Lemma 5.2.3. The homomorphism Ty is injective.

Proof. Suppose T is not injective. Then there exist f € I'S(U, x1x2 ® x2) whose
extension by zero fG in 7ty is contained in 7 p.

On the one hand, f(x) = f (wyny) is a Schwartz function. For 6 € (0, ), we
can compute f with the decomposition

1/sinf cosfO 1 —cot6
k9 = . wy .
sin 6 1
Then we have

folko) = f(kg) = x1x2(1/sin6) x2(sin ) f (—cot ) = 0(6"),  for every [ > 0.

Then (%)l fe (ko) lg—o = O for every positive integer [.
On the other hand, from [17, Section 2.3], ¢ is generated by the functions

¢—m+1, ¢—m+3, cees ¢m—l,

where @ (ny - t(a, b) - ko) = x1x2(a) x2(b)e'®.
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Then fG € mr is a linear combination of ¢, that is, there is a nonzero n-tuple
(A1, ..., M) € C" such that fg =Y ;_| Ak@2k—n—1. Then we have

n—1
(%>ZJFG(/<0)|9:0 = Z)»k((Zk —n—"1i),
k=0

Hence, there exists / such that (j—e)l (f(kg))|o=0 # 0, which leads to a contradiction.
Therefore, the R j-homomorphism 7} is injective. O

Proposition 5.2.4. Coker(7;) has a decreasing complete filtration Fg(Xz, ENk
with composition factors isomorphic to

(5.2.2) det( )T sgn( |, fork=1,2,....

‘Rl.l

Proof. From Lemma 5.2.2, F%(Xz, &E)=mny/ IS, &) has a decreasing complete
filtration Fg (X2, £2)x with composition factors isomorphic to

(5.2.3) |det(-)[*¥sgn(-)*x1 x2(det( - ))\RH, fork=0,1,....

From Lemma 5.2.1, the finite-dimensional representation 7 ¢ in 7r; has R; j-compo-
sition factors with irreducible pieces

|det( - )|ksgnk(det(-))Xl)(z(det(-))iRl'l, fork=0,1,...,m—1.

Then the projection 7; — 7;/iyx (I'° (Us, &)) gives an isomorphism between 7
and 7p = I'§(Xs, £)/ TS(X2, &)y, implying that

TS, (X2, &) =7r @ T3, (X2, E2m-
Therefore,
Coker(Ty) = mp/ivx (T° Ua, £)) = (1 / TS (Ua, £)) [ =T3,(X2, E2)m.

and thus Coker(7,) has a decreasing complete filtration with composition factors
isomorphic to

o = [det(-)Fsgn’ (det( ) xa(det(- )|, | = Idet()I+" sgn( )|

fork=1,2,.... O
Graded structure of spherical principal series. Let (sq,...,S,41) € C't, and set
ox+=|-|" x---x|-|*+*!, which is a spherical principal series. The computation

in [42, Section 5.1] for the restriction of spherical principal series representations
to the mirabolic subgroup R, | can be generalized over the real field verbatim and
we can obtain a proposition parallel to [42, Proposition 5.1].

Following [42, §5], we denote by O, » . the intersection of the parabolic subgroup
P, ».. associated to the partition (a, b, ¢) in GL,14+. and the mirabolic subgroup
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Rytbte—1.- We let the “Levi part” L, p . of Qup. to be the image of GL, x
GL; x R.—1,1 diagonally embedded into GL, . Then Qu 5= L4 p.cUsp, for
the unipotent group associated to the partition (a, b, c).

Proposition 5.2.5. When restricted to R, 1, the representation ox+ has a subrepre-
. S.Rei, , — . S.GL, - .
sentation IndN,Jr{l (errll). Moreover, the quotient o x+ /IndNrH H (1[/r+11) admits an

R, 1-stable complete filtration whose composition factors have the shape

87 Rr,l
Qa,b,c

where a+b+c=t+1,a+ b # 0 and the tensor t, X t, X 1, is regarded as a

Qu.b.c representation by trivial extension on Ny p ..

(1) 7o =Indy O ® (sgn™ | | R - Ksgn™ |- [Siethe) where 1 i1, ..., iq <
t+ 1 are integers, 1y, ..., Il € Zandky, ..., k, € %Z;

Ind (. X1 K z,)

2) o= ‘L'l; ® p where tl; is a representation of the same form as t, and p is a

finite-dimensional representation of GLy(R);

(3) 7o =Indy " (y ).

5.3. Multiplicity formula: first inequality. In this section, we prove Lemma 5.0.5
and one inequality of Lemma 5.0.3. More precisely, in the setting of Theorem 5.0.1,
we prove the inequality

m(mwy Mw) > m((|det] ox+ X mw) Rmy)
for a basic relevant pair (W™, V) when
(1) ox+ =sgn’ and s > LI(7ry), or
(2) ox+ = oy for s in general positions.
With a similar approach, we show that
m(ry B(|- [ 2 sgn™ ! ) > m((Idetl ox+ w ) Ky)

when ox+ = D,, and s > LI(Ty).

For a relevant pair (W, V) and we let (V, W) be the associated basic relevant
pair with the decomposition W =W L (XT @ Y™). We denote by (G, HT, ™)
the Gross—Prasad triple associated to (V, WT).

Let Px+ be the parabolic subgroup of SO(W™) stabilizing X. For ox+ €
SF(GL(X™)) and 7y € SF(SO(W)), from Definition 4.0.3,

Ox+ X Ty = Indf,ﬁ (|detlox+ X w) = IS (Px+\SO(WH), €)

where

(5.3.1) € = Eoyymy = Px\(SOWT) x (8 |det| o+ Rrw)).



THE LOCAL GROSS-PRASAD CONJECTURE OVER ARCHIMEDEAN LOCAL FIELDS 155

We first study the structure of the right-SO(V)-orbits of X = Py +\SO(W™).

(1) When dim W* > 2(r + 1), X consists of all k-dimensional totally isotropic
subspaces of V. When dim W* = 2(r + 1), there are exactly two maximal
totally isotropic spaces and X is exactly one of them.

(2) Whendim W > 2(r +1), there is an open SO(V)-orbit I/ consisting of (r+1)-
dimensional totally isotropic spaces that are not contained in V. Its complement
Z is the space of (r 4 1)-dimensional totally isotropic spaces contained in V.
When dimV =2(r +1) and X*.go C V for some gg € SO(W™), Z has two
orbits and both of them are singletons, more precisely, [XT.go] and [X.gog]
for any g € O(V)\SO(V); when dimV =2(r + 1) and if X*.gy Z V for all
g0 € SO(WT), Z is empty; otherwise, Z has just one orbit.

We can draw the following conclusion:

Lemma 5.3.1. (1) Zis empty whendim W =2(r +1) ordimV =2(r + 1) and
XT.g0 €V forall gy € SO(W™).

(2) Z has two SO(V)-orbits, when dimV # 2(r + 1).

(3) Z has a single SO(V)-orbit, when dimV =2(r +1) and X*.gy C V for some
g0 € SO(W™).

Let Fg(X, E)=T3%x,8/T3W, ). From Proposition 5.1.1, there is a short
exact sequence

(532 0->TU,ORay - 5, Ry — IS, E) Ry — 0.
Hence, we have the short exact sequence

(5.3.3) 0— Homy+(I'S(X, &) Ry, 1y+) — Hompy+ (TS (X, ) Ry, 1y+)
— Homp+ (TSWU, &) Ry, 1y+).

When Homg+ (Fg(X, EYXmy, 1y+) =0, we have
m((ox+ x mw) My) < dim Hompy+ (DU, &) Ry, 1y+).
We first analyze the closed orbits on Z to prove
Hompy+(TS(X, &) Ry, 1y+) =0
and then analyze the open orbit U/ to prove
dimHomy+(M U, &) Ry, 1y+) < m(wy Row),

under the given conditions.
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Closed orbits. Suppose Z is nonempty. Let y € SO(W™) be a representative of
an orbit of Z such that X*.y = X’ where X’ is a totally isotropic subspace of
V satisfying dim Xt = dim X’. Then the stabilizer group S, at [X] is equal to
¥y~ Pw+yNSO(V), which a parabolic subgroup of SO(V') with Levi decomposition
S, = M, N,, and the Levi subgroup M, = GL(X") x SO(Vp). The cotangent bundles
and their fibers at [X'] are

T =SO(V) xs, S, Fibyx(T5) = Sy
Ty =SO(W") xp,, Py., Fibx(T5) = Py
and S, acts by adjoint action. Then the fiber of the conormal bundle at [X']
Fiby x| (WY, ) = Fibx(T) /Fibx (T5) = Py /S,

which is dim(X’)-dimensional. The SO(Vj) and N,, act trivially and GL(X’) acts
as the standard representations. Then

r¥(SO(V).[X], Sym* Y, ® €] 2)
= Ind‘SSV’SO(V)(Fib[X] (Sym‘Nz,x ® €]2))
=157 (1det() "o+ ® Sym p3) B (" mwlsoqv)
Therefore,
(5.34) T9(Z.Sym' VY, ®&|z)

1
= @I ((ldet( )" 2ox+ @ Sym* p§!) B (" 7w s

where ,0;‘51 is the standard representation of GL(X’) and ¢ is the number of SO(V)-
orbits in Z.

Proposition 5.3.2. We have
Homy+(FS(X, &) My, 1y+) =0
under any of the following conditions:
(1) ox+ = sgnl (l=0,1)orox+ =D,, imeNy),and s > Ll(wy), or
(2) ox+ =05 € C" and s is in general position.
Proof. By (5.3.4), we have
rS(2,Sym' Ny » ® £|z) Ky

1 .
= (15" (ldet(-) "2 (ox+ ® Sym* p¥) B (7w ls0(v5)) Rty .
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e When ox+ =sgn™, we have ox+ ® Symkp = |det|ksgnm. When Re(s) > LI(my),
we have s + % +k > LI(;ry), from Theorem 5.1.11, we have

Hompy+(I'(2, Sym' N ® €|z) Ky, 1+) =0.
e When ox+ = D,,, by computation with the base of D,, ,, in [17, §2.3], we have
k
ox+ ® Symk,o =D Du+2a-
a=0
When Re(s) > LI(;ry), we have s + % > LI(;ry), from Theorem 5.1.11, we have
Hompy+(I'(2, Sym' N ® €|z) Ky, 1+) =0.

e When ox+ = |-t x---x ||, from [26, Corollary 5.6], the Harish-Chandra
parameter of the infinitesimal character of ox+ ® Sym*p is

[(sl +a1s L) SI'+1 +ar+l)]s
where the a; are nonnegative integers. From Corollary 5.1.9, we have
Hompy+(M% (2, Sym' N, ® £|z) Ry, 1y+) =0

for s € C"*! in general positions.
From Corollary 5.1.5, we can conclude that, under the conditions given in the
proposition, we have

Hom+ (F5(X, &) Ky, 1+) =0.
Hence, from (5.3.3), we have
dim Hompy+ (TS U, &) Ry, 1y+) < dimHomp+ (TS WU, &) Ray, 1y+). O

The open orbit. We study I' (U, £) and show that dim Homg+ ('S (U, &)Xy, 1 5+)
is less than or equal to m(;ry X 7y ) under the given conditions.
We introduce the following notations just for this section:

e Letd=dimV, r= %(dim V —dim W —1). We can compute the modular character
8py, ((m x gw) x n) =|det(m)|*"'",  m e GL(X"), gw € SO(W), n € N.

e Let N, be the unipotent subgroup of GL,;;(R) consisting of upper-triangular
unipotent matrices, and let R, ; be the mirabolic subgroup of GL,;;. We denote by
N,.1 the unipotent radical of R, ;.

» We define a generic character 7,41 of N, by letting

Yry1(n) = 1/f<r§ ni,i+1),
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where n; ; is the entry of matrix » at i-th row and j-th column.

Recall the decomposition V.=W L D 1 Z in Section 2.1. Let X = Xt N Z and
we have X is totally isotropic and dim X = dim X+ — 1. Let N be the unipotent
radical of the parabolic subgroup Px of SO(V) stabilizing X. We define Ny, the
subgroup of N stabilizing D, then H = (N,41 x ASO(W)) x Nj,.

From Frobenius reciprocity, we have

(5.3.5) Homp (£~ '®(ryRuy), lH):HomH+(Ind}S{’H+($_1®(ﬂV®ﬂW)), 1y+).

By definition, the dimension of the left-hand side of (5.3.5) is equal to m(y Xy ).
The right-hand side of (5.3.5) can be expressed as

(5.3.6) Ind5 (67 @ (ry Kw))
— IndS:" ¢E'® (my Row))

(Ny1x ASO(W))x N,
S, Ry, -1
"W R, Raw Ry).

S,HT
=Ind " Asoowy) XN, (Indy |

Recall that the open orbit U = Py+\ Py+SO(V) equals (Py+ NSO(V))\SO(V)

and the stabilizer group can be decomposed as

(5.3.7) Py+NSO(V) = (GL(X) x 1 x SO(W)) x N =SO(W) x (R, X Ny,).
By definition, we have

s L 8.50(V) d=i-r
(5.3.8) FZ(U, YNy = Indpwmso(v)(ldetl 2 ox+ ®7TW|PW+HSO(V)) Xy

S,SO(V d-l-r
= Ind3 "0y, (Idet] 2 o+ |k, Rry) Ky
d—1-r
=Ind5;"" (Idet| = o+ |g,, Rmw Ry)

(R, 1 x ASO(W)) X N,

e When r =0 and ox+ = sgn’, we have

S,R,, —1 d-l-r
Indyy " (Y, )lg,, = |det] 2 ox+ g,

so the right sides of (5.3.8) and (5.3.6) are the same. Hence, we have
m(ry Mmy) = dim Homy+ (D5 U, &) Ry, 15+).

e Whenoyx+ =|-[*! x---x ||+ for (sq,...,s+1) € C", from Proposition 5.2.5,
there is an R, j-equivariant embedding
S.Ri1, , — d=1-r
(5.3.9) Indyy ™ (¥, ) > [det] 7 oy
Applying the quotient of (5.3.8) and (5.3.6), we obtain

(5.3.10) IS, &) Ry /Inds ™ (' @ (ry Rw)) = Q,
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where

S,H* d=l-r S,Rr1 , —1
Q=Indz ", xsoamwywn ((1detl 2~ oxr g, /Indy "y ) Ry Roy).

Therefore, to conclude that dim Homy+ (DSWU, &) Ry, 1y+) < m(wy Raw),
it suffices to prove that

(5.3.11) Hompy+(Q, 15+) =0.

Using Proposition 5.2.5, from the exactness of Schwartz induction (Proposition
5.1.2) and projective tensor product (Proposition 5.1.1), we obtain that the quotient
£ has composition factors

Ser,l

S.HT
(5.3.12) Ind (Inan’b‘c

(R.1 x ASO(W))x N}, (ta W7, 7o) My ),

where O, p.c = Pyp.c N R,1 and 1,4, 73, T, are defined in Proposition 5.2.5. Since
(5.3.12) can be expressed as the parabolic induction

_d=lortc S,SO(WeD®X, -1
(ldet| 2 (‘[a X Tb))IXInd(RC_L(1XSO(W))LNw+Y(-(€C ®7TW)3

based on Corollary 5.1.5 and the fact that a + b > 1, the Hom-space in (5.3.12)
vanishes for (sq, ..., s,+1) € C" in general position.

e When r =1 and ox+ = Dy, instead of (5.3.6), we use the equality

+ (-
(5.3.13) Ind‘Z’S%(W@R)(ﬂ ST sgn™ i ) Ry
S, Ry

S.H
= Ind(Rlv1 X ASO(W)) N, (Indg, ) (x2) Ky Xmy).

From Section 5.2, there is an injection 7 : Indg R

an injection

;X’ll (x2) < Dy, and it induces

S.Ri1

Ind. ) (I ' x2) <> |det|* Dy

Applying the quotient of (5.3.8) and (5.3.13), we obtain

+ m
(5.3.14) TEWU. &) Ry /IndXdnwer (- 1 2sgn™ ! x my) Ky)

S,H* d=2 S,Ry, -1
= Ind(Rr.lXASO(W))[XN,V(Udetl > ox+ Ry, /Indy " (Y ) Ry Xmy).
From Proposition 5.2.4, the quotient |det|SaX+|Rl_1/Indg;R;'1'(| I x2)|r,, has

composition factors
m—1
oy = |det( )" T sgn( ) gy, k=12,
From the exactness of Schwartz induction (Proposition 5.1.2) and projective tensor

product (Proposition 5.1.1), there is a decreasing complete filtration of

S,HT s+452 S.Rit oy —1
Ind(R,vlXASO(W))D(N{/((|det|H_ 2 UX+|R1,1/IndN2 II(WZ )lRl,l)IZﬂWIZ’T[V)
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with composition factors

S.H*
Indz "« asowyw;, Ok M mw Ky).

Notice that

S,HT s+ 4k S, SO(WpR
Indgp’  asoqwywwy Ok Bmy Bay) = (-3 Hsgn™ w Indgeypyy O (Tw)) By .

Since we have assumed that Re(s) > LI(;ry) and & is a positive integer, we have
m
s+ 5 +k > LI(my).

Then, from Theorem 5.1.11, we have

Homyy+ ((| - |sgn™ x Indggyyy O (mw)) My, 1g+)=0, k=1,2,...

From Corollary 5.1.5, this implies
+ m
Homp+ (P, £) By /Ind3 5 wem (- 1772 sgn™ s ) Rory), 1y+)=0.
Hence, Lemma 5.1.3, we have
m(ry X (|- "t 2sgn™! x ) = dimHomp+ (TS U, &) Ry, 1y+).

Proof of the “first inequality”. We now make use of Lemma 5.0.5 to prove one side
of the equality in Proposition 5.0.4, namely

(5.3.15) m(my Mmw) <m(mwy, Kmw,).

We express my = oy X 1y, Tw = ow X Ty, in the form of (4.0.7) and prove the
inequality by induction on

N(oy,ow)= > nvit+ > nwi
Re(sy,;)#0 Re(sw,i)#0

where sy ;, sw.i, ny, i, nw,; are defined as in (4.0.7).

If N(oy, ow) =0, both my and my are tempered; then the inequality follows
from Conjecture 1 for tempered parameters, which was proved in [28; 10].

In other cases, we may assume

Re(sy,1) Z2Re(sy2)

Re(sw,1)>Re(sw,2)

Re(sy,) > 0,
Re(sw,) > 0.

VoWV

>
>
Suppose the proposition holds when N (oy, ow) < k, then when N (oy, ow) =

k + 1, we consider the following cases.

Case 1: If Iy # 0 and Re(sy,1) = Re(sw.1), then let oy = |det(-)|*V2oy 2 X - -+ X
|det(-) "oy .
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(1) If ny 1 =1, from Lemma 5.0.5(1) we have
m((oy X my,) X (ow X ww,)) < m((ow X ww,) K (Gy X my,)).

(2) Ifny1=2,letoy = |- |"'V~‘+m+’l sgn”v1 1 i &y . From Lemma 5.0.5(2), we
have
m((oy X y,) M (ow X mw,)) < m((ow X ww,) K @y x my,)).
Since N(Gv,Ow) N(Gv,dw) N(Ov,Gw)—l—k we have
m((ow X w,) X (Gy X my,)) < m(wy, Rmw,),
m((ow X ww,) W (O X wy,)) < m(wy, Kw,).
Therefore, we have
m((oy X wy,) X (ow X mw,)) < m(mwy, X mw,),

Case 2: If [y =0 or Re(sy,1) < Re(sW 1), we switch the order of V, W to reduce to

Case 1. More explicitly, we take Uv(v =1 x ow,. There is an s” € iR such that

m((oy X my,) W (ow X mw,)) = m((UW X 7Tw,) X (oy X Ty,))
From [32, Theorem 1.1] and Langlands classification, we may assume a‘g;/) X TTw,
is irreducible. Then the pair (ov(‘i ), oy) belongs to Case 1 and N (oéé ), oy) =

N(oy,ow)=k+1, s0

m((oy x mwy) B (oy X 7v,)) < m(ry, B w,).
Therefore, we have

m((oy X 7wy,) M (ow X mw,)) < m(wy, Kw,).

The proposition now follows by induction on N (oy, ow). O

5.4. Multiplicity formula: the second inequality. In this section, we complete the
proof for the “second inequality” of Proposition 5.0.4.

A construction. We prove Lemma 5.0.6 by construction. Recall that, for a relevant
pair (W, V), we can construct a basic relevant pair (V, W) by taking W+ =
W L(XT@Y™) for certain totally isotropic spaces X and Y. Let GT =SO(W*) x
SO(V), Ht = ASO(V), Pt is the parabolic subgroup Px+ x SO(V), where Py~
is the parabolic subgroup of SO(W™) stabilizing X *. We note

Gt=G'"(R), H'"=HT(R), PT"=P"(R).

From the multiplicity-one theorem [34], we have m(ry My ) < 1, so it suffices
to prove the following proposition.
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Proposition 5.4.1. When m(ny Xmw) # 0 and ox+ is a generic representation of
GL(X™), then one can construct a nonzero element in

HomH+((oX+ X JTW) XJT\/, 1H+).
The main idea for proving this proposition is from the following theorem.

Theorem 5.4.2 [18, Proposition 4.9]. For a Casselman—Wallach representation o™+
of P, suppose:

(1) The complement G — Pt H™ is the zero set of a polynomial f+ on G™ that is
left-H ™ -invariant and right-(P ™, v p+)-equivariant for an algebraic character

WPJr Of P+.
(2) H™ has finitely many orbits on the flag of a minimal parabolic subgroup of G*

(3) o admits a nonzero (PTNH™, 8p+np+ S;IL)-equivariant continuous linear
functional, where Sp+ng+, S+ are the modular characters of P™ N H™ and
H™ respectively.

Then Ind‘;’f ! (o) admits a nonzero H ™ -invariant functional.
We first verify (1) and (2) in the setup of Proposition 5.4.1.

(1) Fix a basis vy, ...,v, of V and a basis vf,...,v:;l of XT. For every

(gw+,8v) € GT, g e GT — PTH™* if and only if Xgw+ C V, equivalently,
the (n + 1) x (n + 1 4 r)-matrix

Ag=[vigv. ... vngv. vy gyt v et ]
is of rank n. We let
54.1) flg) = det(AgA;);
then f is left-(P™, v p+)-equivariant and right- H " -invariant, where

Up+(px+, gv) =det(gx+)? for px+=(gx+, gw)nx+ € Py+ and gy € SO(V).

(2) Since G /H™ is an absolutely spherical variety (Section 3), the Borel subgroup
has finitely many orbits, so the complexification of the minimal parabolic also
has finitely many orbits. Then condition (2) is a direct consequence of the
finiteness of the first Galois cohomology for groups over local fields.

Therefore, to complete the proof for Proposition 5.4.1, it suffices to construct a
nonzero (PTNH™, §p+ap+ 8I;£r)—equivariant continuous linear functional.
As computed in Section 5.3, we have

H\P*NH" =N, ;1\R:1,
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where N,y; and R, are the unipotent group and mirabolic group defined in
Section 5.3. Hence, from [31], the Rankin—Selberg integral

FS‘(UN\/» UJTW’ UO‘X+)

= / (v (px+)Vny» Vay )A(Ox+(Px+) Vo, )det(gx+)[*d (px+, px+)
PtNH*

is absolutely convergent when Re(s) is large enough and extends to a meromorphic
family in

Fs; €e Homp+np+(my Ry Moy+, [det(gx) [P ),

where sg = dim W — dim X, which is the real number satisfying §p+(py+) =
|det(gx+)[*°. From [18], we know

Fy

(s — s0)™0

S=S0
1S a nonzero element
HOIIIP+QH+ (JTV X Tw X ox+, 1P+0H+)s

where ng, is the order of poles of F; at s = so. This completes the proof for
Proposition 5.4.1.
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