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Following the approach of C. Mœglin and J.-L. Waldspurger, this article
proves the local Gross–Prasad conjecture over R and C based on the tem-
pered cases of Luo and the author.
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1. Introduction

In [19; 20], B. Gross and D. Prasad formulated a conjecture on the local multiplicity
for Bessel models of special orthogonal groups over a local field of characteristic
0, known as the local Gross–Prasad conjecture. When the local field is non-
Archimedean, the conjecture was proved in [29] based on the tempered cases
proved in [36; 37; 38; 39; 40]. This paper proves the local Gross–Prasad conjecture
over Archimedean local fields. The proof over the real field follows Mœglin and
Waldspurger’s approach and is based on the tempered cases proved in [28; 10].

There are some recent applications of the local Gross–Prasad conjecture. The
paper [22] takes it as an input to prove one direction of the global Gross–Prasad
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conjecture, and the paper [24] uses the local Gross–Prasad conjecture to develop
the theory of arithmetic wavefront sets for irreducible admissible representations of
classical groups. We refer to the ICM report of R. Beuzart-Plessis [6] for a general
discussion of the significance of the local Gross–Prasad conjecture in arithmetic.

The local Gross–Prasad conjecture is set up as follows: Let F be a local field
of characteristic 0, and (W, V ) be a pair of nondegenerate quadratic spaces over
F such that the orthogonal complement W⊥ of W in V is odd-dimensional and
split over F . We let G be the algebraic group SO(W )× SO(V ) over F and take
its subgroup H = 1SO(W ) ⋉ N, where 1SO(W ) is the image of the diagonal
embedding SO(W ) ↪→ SO(W )× SO(V ) and N is the unipotent part of a parabolic
subgroup stabilizing a full totally isotropic flag on W⊥. We fix a generic character
ξN of N = N(F) that uniquely extends to a character ξ of H = H(F). For every
irreducible admissible representation π of G = G(F) (we require the representation
to be Casselman–Wallach when F is Archimedean), we define the multiplicity

m(π) := dim HomH (π |H , ξ).

It was proved in [1; 16; 40] over non-Archimedean fields and in [34; 23] over
Archimedean fields that

m(π)⩽ 1.

This result is known as the multiplicity-one theorem. The local Gross–Prasad
conjecture is a refinement of the multiplicity-one theorem that takes representations
of pure inner forms of G into consideration.

For every α ∈ H 1(F,H) ↪→ H 1(F,G), the inner twists of G,H by α give pure in-
ner forms Gα,Hα , respectively. Then Gα=SO(Wα)×SO(Vα) and Hα=1SO(Wα)⋉
N, where Wα is the inner twist of W by α ∈ H 1(F,H) = H 1(F, SO(Wα)) and
Vα =Wα ⊥ S. Let ξα be the character of Hα = Hα(F) obtained by the extension of
ξN . For every irreducible admissible representation π of Gα = Gα(F) (we require
the representation to be Casselman–Wallach when F is Archimedean), we extend
the definition of multiplicity by setting

m(π) := dim HomHα (π |Hα , ξα).

For every local L-parameter φ :WF →
LG, we denote by 5F,φ(G) the corre-

sponding L-packet, which consists of finitely many irreducible admissible repre-
sentations of G(F), which are Casselman–Wallach when F is Archimedean. For
every α ∈ H 1(F,G). the Langlands dual group LGα of Gα is isomorphic to that of
G, so φ also represents a local L-parameter of Gα. Following D. Vogan [35], we
can define the Vogan L-packet associated to φ as

5Vogan
F,φ :=

⊔
α∈H1(F,G)

5φ(Gα).
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The L-parameter φ is called tempered if Im(φ) is bounded. The L-parameter φ is
called generic if there is a generic representation in 5Vogan

F,φ . In particular, tempered
parameters are generic.

When φ is generic, it was conjectured by Vogan and known over Archimedean
local fields [35, Theorem 6.3], that, fixing a Whittaker datum of {Gα}α∈H1(F,G),
there is a bijection

π ∈5Vogan
F,φ ←→ ηπ ∈ Ŝφ.

Here Ŝφ is the set of (complex) characters of component group

Sφ := π0(CentĜ(Im(φ))),

where CentĜ(Im(φ)) is the centralizer of the image Im(φ) in the dual group Ĝ.
Gross and Prasad suggested that one may consider the relevant Vogan packet,
defined as

5Vogan
F,φ,rel :=

⊔
α∈H1(F,H)

5F,φ(Gα)⊂5
Vogan
F,φ .

In particular, the multiplicity m(π) is well-defined for representations in 5Vogan
F,φ,rel.

Conjecture 1 [19; 20]. With the notions above, the following two statements hold.

(1) (multiplicity one) For every generic parameter φ of G, we have∑
π∈5Vogan

F,φ,rel

m(π)= 1.

This implies that there is an unique representation π ∈ 5Vogan
F,φ,rel such that

m(π)= 1.

(2) (epsilon dichotomy) Fix the Whittaker datum of {Gα}α∈H1(F,G) as [20, (6.3)].
The unique representation π ∈5Vogan

F,φ,rel such that m(π)=1 can be characterized
as

ηπ = ηφ,

where ηφ is defined in (2.3.2).

When F is non-Archimedean and φ is tempered, Waldspurger proved the con-
jecture in [36; 37; 38; 39; 40]. Mœglin and Waldspurger completed the proof of
Conjecture 1 for generic parameters based on the results in the tempered cases.

When F =R and the parameter φ is tempered, Z. Luo proved the multiplicity-one
part of Conjecture 1 in [28] following the work of R. Beuzart-Plessis in [5]. The
author and Luo proved the epsilon-dichotomy part of Conjecture 1 in [10] by a
simplification of Waldspurger’s approach.

The main result of the paper is the following.

Theorem 1.0.1. When F = R or C, Conjecture 1 holds for generic parameters.
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The proof over C is done by construction based on results in [18] and the proof
over R follows the strategy in [29]. The proof consists of a structure theorem
(Proposition 4.0.5) for representations in generic packets and a multiplicity formula
(Theorem 5.0.1). With these results, we can reduce all situations of the conjecture
into the tempered cases.

In Section 4, we prove the structure theorem using the standard module conjecture.
The proof of the multiplicity formula, however, is more intricate. Following [29],
this requires a formula for reduction to basic cases and two multiplicity formulas
that establish inequalities needed to prove the basic cases.

In the basic case, one inequality of the multiplicity formula is proved using orbit
analysis (Section 5.3). The proof of the other inequality is expected to be completed
using harmonic analysis in Section 5.4. The formula for reduction to the basic cases,
which is an equality, can be established by proving two inequalities in a manner
similar to the inequalities in the basic case. The non-Archimedean counterpart is
discussed in [29, Section 2], [29, Sections 1.4 1.6], and [29, Sections 1.7 1.8].

There is a parallel conjecture for unitary groups, formulated by W. Gan, Gross,
and Prasad. Over non-Archimedean local fields, the conjecture for tempered param-
eters was treated by Beuzart-Plessis in [3; 4]; Based on the tempered cases, Gan and
A. Ichino proved the conjecture for generic parameters in [15]. Over Archimedean
local fields, Beuzart-Plessis proved the multiplicity-one part of the conjecture in [5]
for tempered parameters using local trace formula and endoscopy. Xue completed
the proof for tempered cases in [43] using theta correspondence and proved the
generic cases in [42].

Although it is not necessary for the proof for the local Gan–Gross–Prasad
conjecture, the multiplicity formula (Theorem 5.0.1) also works for reducible
representations obtained from parabolic induction. This result can be applied to the
study of local descents in my joint work with D. Jiang, D. Liu, L. Zhang [12].

Organization. In Section 2, we recall the statement of the local Gross–Prasad
conjecture following [19; 20]. In Section 3, we work over the complex field C. We
follow the observation in [19, §11] and prove the conjecture by constructing an
explicit functional of the representation πV ⊠πW using the results in [18].

In Sections 4 5, we work over the real field R. Section 4 provides a structure
theorem for representations in generic packets, using a sufficient condition for
irreducibility. In Section 5, we reduce the conjecture to the tempered cases by
employing a multiplicity formula, following the approach in [29].

For the basic case of the multiplicity formula, we prove one inequality using
representation theory and orbit analysis (Section 5.3) and the other using harmonic
analysis (Section 5.4). Additionally, in Sections 5.3 5.4, we establish a formula that
reduces the multiplicity to the basic cases.
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2. Local Gross–Prasad Conjecture

In this section, we review the local Gross–Prasad conjecture over Archimedean
local fields following [19] and [20].

2.1. Gross–Prasad triples. Let F =R or C and (W, V ) be a pair of nondegenerate
quadratic spaces over F . The pair (W, V ) is called relevant if and only if there
exists an anisotropic line D and a nondegenerate even-dimensional split quadratic
space Z over F such that

V =W⊥D ⊥ Z .

We set r = dim Z
2

. There exists a basis {zi }
±r
i=±1 of Z such that

q(zi , z j )= δi,− j , ∀i, j ∈ {±1, . . . ,±r},

where q is the quadratic form on V . We denote by PV the parabolic subgroup of
the special orthogonal group SO(V ) stabilizing the totally isotropic flag

(2.1.1) ⟨zr ⟩ ⊂ ⟨zr , zr−1⟩ ⊂ · · · ⊂ ⟨zr , . . . , z1⟩.

We take PV =MV ·N to be its Levi decomposition. In particular, the Levi subgroup
MV ≃ SO(W ⊕ D)×GLr

1.
Let G= SO(W )× SO(V ). We identify N as a subgroup of G via the embedding

SO(V ) ↪→ 1× SO(V ). We set 1SO(W ) as the image of the diagonal embedding
SO(W ) ↪→ G. Then 1SO(W ) acts on N by adjoint action of SO(W )⊂MV . We set

H=1SO(W )⋉N.

We define a morphism λ : N→ Ga by

λ(n)=
r−1∑
i=0

q(z−i−1, nzi ), n ∈ N.

Then λ is1SO(W )-conjugation invariant and hence λ admits an unique extension to
H that is trivial on1SO(W ). We still denote this character by λ. Let λF :H(F)→ F
be the induced morphism on F-rational points. We define an unitary character of
H = H(F) by

ξ(h)= λF (h), h ∈ H,

where ψ is a fixed additive (unitary) character ψ of F . The triple (G,H, ξ) is called
the Gross–Prasad triple associated with the relevant pair (W, V ).

2.2. Vogan L-packets. We now recall the notion of Vogan L-packets for special
orthogonal groups over Archimedean local fields following [35] and review the
definition of the relevant Vogan L-packet following [19; 16].
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For any reductive algebraic group G over a local field F , we denote by Ĝ the
dual group of G and by LG the Langlands dual group of G. It was established by
Langlands in [27] that every local L-parameter φ : LF→

LG gives a local L-packet
5F,φ(G), which consists of a finite set of irreducible admissible representations
of G = G(F). In particular, when F is Archimedean, the representations in the
packet are Casselman–Wallach [7; 41], which means that they are smooth Fréchet
representations of moderate growth and the associated Harish-Chandra modules
are admissible.

A pure inner form Gα is an inner twist of G by α ∈ H 1(F,G). Since pure inner
forms of G share the same dual group, every local L-parameter φ : LF →

LG of
G can be viewed as an L-parameter for any pure inner form Gα. Hence, one can
define the Vogan L-packet as

5Vogan
F,φ :=

⊔
α∈H1(F,G)

5F,φ(G
′).

Now we consider reductive group G with a quasisplit pure inner form. A Whittaker
datum w for G is a triple (G′,B′, ψ ′) where G′ is a quasisplit pure inner form of
G, B′ is a Borel subgroup of G′, and ψ ′ is a generic character of the unipotent
radical N ′ = N′(F) of B′(F). A representation π ′ of G′(F) is called w-generic
if HomN ′(π

′
|N ′, ξ

′) ̸= 0. An L-parameter φ is called (w-)generic if the Vogan
L-packet contains a generic representation. As argued in [16, §18], the genericity
of an L-parameter is independent of the choice of the Whittaker datum.

From [35], when F is Archimedean, fixing a generic L-parameter φ and a
Whittaker datum w of G, there is a bijection

(2.2.1) π ∈5Vogan
F,φ 7→ ηπ ∈5(Sφ),

where 5(Sφ) is the set of characters of the component group

Sφ := π0(CentĜ(Im(φ))).

Therefore, we can parametrize representations in Vogan packets with characters
η : Sφ→ {±1}.

Now we return to the setting in Section 2.1. For α ∈ H 1(F,H)= H 1(F, SO(W )),
we denote by Wα the inner twist of W by α and set Vα =Wα ⊥ D ⊥ Z . Then the
inner twists of G and H by α ∈ H 1(F,H)⊂ H 1(F,G) are

Gα = SO(Vα)× SO(Wα) and Hα =1SO(Wα)⋉N.

Together with the character ξα : N(F)→ C obtained by the extension of ξN , we
obtain the Gross–Prasad triple associated to the relevant pair (Wα, Vα). The relevant
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Vogan packet is defined by

(2.2.2) 5Vogan
F,φ,rel :=

⊔
α∈H1(F,H)

5φ(Gα).

It is a subset of 5Vogan
F,φ and thus can be parametrized with a subset of 5(Sφ) via

(2.2.1).

2.3. The conjecture. In this subsection, we review the statement of the local Gross–
Prasad conjecture formulated in [19; 20].

Let (W, V ) be a relevant pair over an Archimedean local field F and (G,H, ξ)
be the Gross–Prasad triple associate to it. For an irreducible Casselman–Wallach
representation π of G = G(F), we set H = H(F) and define the multiplicity

(2.3.1) m(π) := dim HomH (π, ξ).

From the multiplicity-one theorem established in [34; 23], we have

m(π)⩽ 1.

The local Gross–Prasad conjecture (Conjecture 1) studies the refinement behavior
of the multiplicity m(π) in a relevant Vogan L-packet, which shows that there is
exactly one representation πφ in 5Vogan

F,rel,φ with multiplicity equal to 1 and the
character ηπφ : Sφ→ {±1} attached to πφ is equal to an explicit character ηφ .

For a generic character φ = φV ×φW of G, the character

ηφ = η
W
φV
× ηV

φW
: SφV ×SφW → {±1}

was constructed explicitly in [19, §10]. For every element s ∈ SφW ×SφV , set

(2.3.2)

ηW
φV
(sV )= det(MsV=−1

V )(−1)
dim MW

2 det(MW )(−1)
dim M

sV =−1
V
2 ε

( 1
2 ,MsV=−1

V ⊗MW ,ψ
)
,

ηV
φW
(sW )=det(MsW=−1

W )(−1)
dim MV

2 det(MV )(−1)
dim M

sW=−1
W
2 ε

( 1
2 ,MsW=−1

W ⊗MV ,ψ
)
.

Here MV and MW are the spaces of the standard representation of LSO(V ) and
LSO(W ), respectively. The notion det( · ) makes a finite-dimensional representation
into a character and the det( · )(−1)means its value at−1∈Wab

R
∼=R×, equivalently,

det( · )( j) for j ∈WR. The space MsV=−1
V denotes the sV = (−1)-eigenspace of

MV and ε( . . . ) is the local root number defined by the Rankin–Selberg integral
[21].

When F = C, the relevant Vogan L-packet 5Vogan
F,φ,rel contains only one element.

Hence, part (1) of the conjecture implies part (2) of the conjecture. We will prove the
following theorem by constructing a nonzero element in HomH (π, ξ) in Section 3.

Theorem 2.3.1. When F = C, Conjecture 1 holds.



140 CHENG CHEN

When F = R, in [28], following the work of Waldspurger [36; 38] and Beuzart-
Plessis [5], Luo proved part (1) of Conjecture 1 when the parameter φ is tempered.
In [10], by simplifying Waldspurger’s approach [36; 37; 38; 39; 40], the author and
Luo proved part (2) of Conjecture 1 when the parameter φ is tempered. The main
result in Section 5 is to prove Theorem 5.0.1 that implies the following theorem
based on the Conjecture 1 for tempered parameters.

Theorem 2.3.2. When F = R, Conjecture 1 holds.

3. Integral method and the proof for the complex case

One of the main tools for proving Conjecture 1 is the integral method. In particular,
this is the only tool we would apply to prove Conjecture 1 when F = C. When
F = C and dim V = dim W + 1, Conjecture 1 was proved by J. Möllers in [14]
using an equivalent method. In Section 3, we use some computation in [14] and
present the proof using the integral method following [18].

Let F = R,C. Let G be a quasisplit group over F and H be a closed subgroup
of G such that G/H is absolutely spherical. Suppose there is a Borel subgroup B of
G such that

B∩H= 1.

Let T be the Levi component of B. We set

G = G(F), H = H(F), B = B(F), T = T(F).

Fix a unitary character ψ of F . For an algebraic character λ : H→ Ga , we set
ξ = ψ ◦ λF , which is a unitary character of H .

As a consequence of the integral method in [18], we have the following theorem.

Theorem 3.0.1. Let G, H, B, T as above. For every character σ of T , we have

dim HomH (IndG
B (σ ), ξ)⩾ 1.

First, we construct a measure µ on B ·H ⊂ G by setting µ= f (bh)dbdh where

f (bh) := δ−1/2
B (b)σ−1(b)ξ(h), b ∈ B, h ∈ H.

We can express the function f in the form of

f (bh)= tµ1 tµ2eis1Re(λ(h))+s2Im(λ(h))
∀b = t · n ∈ B = T · N , h ∈ H

for certain s1, s2 ∈ R and µ1, µ2 ∈ Hom(T,Gm). Hence, for every differential
operator D on B × H , the growth of |D f | can be controlled by a polynomial.
Therefore, µ is a tempered measure on B · H , which is left-(B, δ1/2

B σ)-equivariant
and right-(H(F), ξ)-equivariant. Because B is solvable, from [18, Theorem B], one
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can construct a left-(B, δ1/2
B σ)-equivariant and right-(H, ξ)-equivariant distribution

on G.
From [13] and the compactness of B\G, there is a one-to-one correspondence

between Hom(IndG
B (σ ), ξ) and the space of left-(B, δ1/2

B σ)-equivariant and right-
(H, ξ)-equivariant distributions on G.

Now we return to the Gross–Prasad conjecture over F = C. As argued in [19,
§11], since there is exactly one representation in the relevant Vogan L-packet and
this representation is a principal series, it suffices to verify that m(π)⩾ 1 for every
principal series representation π = IndG

B (σ ). For this purpose, we verify B∩H= 1
when (G,H, ξ) is the Gross–Prasad triple associated to a relevant pair (W, V ).

Set PV =MV ·N be the parabolic subgroup stabilizing the totally isotropic flag
(2.1.1) and the Levi subgroup MV can be decomposed as MV =

∏r
i=1 GL(C · zi )×

SO(V ⊕ D). Let PV =MV ·N be the opposite parabolic subgroup of PV .
Let (G′,H′,ξ ′) be the Gross–Prasad triple associated to the relevant pair (W,W⊕D).

From [14, §6.2.4], there exists a Borel subgroup B′ of G′ = SO(W ⊕ D)× SO(W )

such that B′ ∩H′ = 1. We set B= B′ ·
∏r

i=1 GL(C · zi ) ·B
′
· (N̄× 1). Consider the

parabolic subgroup P= PV ×SO(W )=M · (N× 1) of G. Since
∏r

i=1 GL(C · zi )B
′

and H′ are subgroups of M=MV ×SO(W ) such that
r∏

i=1
GL(C · zi )B

′
∩H′ = 1,

we have

B∩H= N ·
r∏

i=1
GL(C · zi )B

′
∩H′ ·N= GL(C · zi )B

′
∩H′ = 1.

This completes the proof for Theorem 2.3.1.

4. Representations in generic packets

In this section, we prove that, for every parameter φ of a special orthogonal group
over R, there is a tempered L-parameter φ0 of a smaller special orthogonal group
with decomposition φ = φGL

⊕φ0⊕ (φ
GL)∨, such that the parabolic induction

π0 7→ σ ⋉π0

induces isomorphism before 5Vogan
φ0

and 5Vogan
φ , where σ is the unique representa-

tion in the packet 5φGL .
Let V be a nondegenerate quadratic space over R. It is well-known that an L-

parameter φV of SO(V ) is generic if and only if the adjoint L-function L(s, φV ,Ad)
is holomorphic at s = 1 (see [19, Conjecture 2.6] and the remark after it). Based on
this property, we first compute an equivalent condition for φV to be generic.

Definition 4.0.1. Given a generic L-parameter φV :WR→
LSO(V ), we denote

by φss
V the semisimplification of φV , that is, the semisimple representation on MV
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defined by the composition φV with the standard representation stdV :
LSO(V )→

GL(MV ).

Given an L-parameter φV , its semisimplification φss
V can be decomposed as

(4.0.1) φss
V =

⊕
| · |

s1
V,iφ1

lV,i
+

⊕
| · |

s2
V,iφ2

mV,i
.

Here φ1
lV,i
(lV,i ∈Z) is a one-dimensional representation of WR=C∪C· j ( j2

=−1)
defined by

φ1
lV,i
(z)= 1, φ2

lV,i
(z · j)= (−1)lV,i , z ∈ C,

and φ2
mV,i

(mV,i ∈ N) is the two-dimensional representation of WR with basis u, v
satisfying

φ2
mV,i

(z)u = u, φ2
mV,i

(z · j)u = (−1)mV,iv,

φ2
mV,i

(z)v = v, φ2
mV,i

(z · j)v = u.

The adjoint L-function L(s, φV ,Ad)= L(s, φss
V ⊗φ

ss,∨
V ) is a product of factors

L(s, φV , | · |
s1

V,iφ1
lV,i
⊗ (| · |

s1
V, jφ1

lV, j
)∨), L(s, φV , | · |

s1
V,iφ1

lV,i
⊗ (| · |

s2
V, jφ2

mV, j
)∨),

L(s, φV , | · |
s2

V,iφ2
mV,i
⊗ (| · |

s1
V, jφ1

lV, j
)∨), L(s, φV , | · |

s2
V,iφ2

lV,i
⊗ (| · |

s2
V, jφ2

mV, j
)∨).

From [25], we can compute the value of these L-functions and obtain that:

(1) L(s, φV , | · |
s1

V,iφ1
lV,i
⊗ (| · |

s1
V, jφ1

lV, j
)∨) has a pole at s = 1 if and only if 1

2(1+
s1

V,i − s1
V, j + (1− (−1)lV,i+lV, j )/2) is a nonpositive integer.

(2) L(s, φV , | · |
s1

V,iφ1
mV,i
⊗ (| · |

s2
V, jφ2

mV, j
)∨) has a pole at s = 1 if and only if

1+ s1
V,i − s2

V, j +
1
2 mV, j is a nonpositive integer.

(3) L(s, φV , | · |
s2

V,iφ2
mV,i
⊗ (| · |

s1
V, jφ1

lV, j
)∨) has a pole at s = 1 if and only if

1+ s2
V,i − s1

V, j +
1
2 mV,i is a nonpositive integer.

(4) L(s, φV , | · |
s2

V,iφ2
mV,i
⊗ (| · |

s2
V, jφ2

mV, j
)∨) has a pole at s = 1 if and only if

1+ s2
V,i − s2

V, j +
1
2(m

2
V,i +mV, j ) or 1+ s2

V,i − s2
V, j +

1
2(|mV,i −mV, j |) is a

nonpositive integer.

Lemma 4.0.2. A parameter φV with semisimplification φss
V in (4.0.1) is generic if

and only if none of

1
2(1+ s1

V,i − s1
V, j + (1− (−1)lV,i+lV, j )/2), 1+ s1

V,i − s2
V, j +

1
2 mV, j ,

1+ s2
V,i − s1

V, j +
1
2 lV,i , 1+ s2

V,i − s2
V, j +

1
2(|mV,i −mV, j |)

is a nonpositive integer.
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Irreducibility criteria. B. Speh and D. Vogan gave a sufficient condition for the
irreducibility of limits of generalized principal series representations in [32, Theorem
6.19]. We apply this result to prove the irreducibility of standard models for
representations in generic packets.

Definition 4.0.3. Given σ1 ∈5(GLn1), . . . , σr ∈5(GLnr ) and πV0 ∈5(SO(p, q)).
We denote by

σ1× · · ·× σr ⋉πV0

the normalized parabolic induction

ISO(p+n,q+n)
Pn1,· ,nr ,p+q

(σ1⊗ · · ·⊗ σr ⊗πV0) ∈5(SO(p+ n, q + n)), n = n1+ · · ·+ nr .

Lemma 4.0.4. Fix a generic parameter φV = φ
GL
V ⊕ φV0 ⊕ (φ

GL
V )∨ of SO(p, q)

(p > q). For σ ∈5φGL
V

and πV0 ∈5
Vogan
φV0

, the representation σ ⋉πV0 is irreducible.

Proof. From [25, Theorem 14.2], we may write the tempered representation πV0 as
a parabolic induction from a limit of discrete series representations. Then we can
express σ ⋉πV0 as

(4.0.2) σ1× · · ·× σl ⋉πV ′0 σi ∈5(GLnV,i )

where π ′V0
∈5(SO(V ′0)) is a limit of discrete series representation and

σi = | · |
s1

V,i sgni or σi = |det|s
2
V,i DmV,i .

Following [32, Theorem 6.19], it suffices to check the following conditions:

(4.0.3) For every root α such that

nα = ⟨α, ν⟩/⟨α, α⟩ ∈ Z,

(1) if α is a complex root (α ̸= −θα), then ⟨α, ν⟩⟨θα, ν⟩⩾ 0;

(2) if α is a real root (α =−θα), then

(−1)nα+1
= ϵα · λ(mα)

Here λ is the central character of σ , mα is the image of ρα(−I2) in G for the
embedding ρα : SL2(R)→ G(R) determined by α and ϵα =−1.

Then we check them using Lemma 4.0.2.

(1) For every complex root α such that nα ∈ Z,

(a) if α is a root of SO(p− q), then ⟨α, ν⟩⟨θα, ν⟩ = 0;

(b) otherwise, θα = α, and then ⟨α, ν⟩⟨θα, ν⟩ = ⟨α, ν⟩2 ⩾ 0.

(2) For every real root βab = ea − eb such that nβab ∈ Z.
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(a) If Eaa is in the GL1-block GLnV,i and Ebb is the in a GL1-block GLnV, j (in the
inducing datum in (4.0.2)), then nβab =

1
2(s

1
V,i − s1

V, j ) is an integer, and both

1
2(1+s1

V,i−s1
V, j+(1−(−1)lV,i+lV, j )/2) and 1

2(1+s1
V, j−s1

V,i+(1−(−1)lV,i+lV, j )/2)

are not nonpositive integers. If lV,i + lV, j is odd, the sum is equal to 2, then
s1

V,i = s1
V, j or s1

V,i − s1
V, j is odd. If lV,i + lV, j is even, the sum is equal to 3/2,

then s1
V,i − s1

V, j is even.

(b) If Eaa is in the GL1-block GLnV,i and Ebb is the in a GL2-block GLnV, j ,
Lemma 4.0.2 implies

s2
V, j −

1
2 lV, j ⩽ s1

V,i ⩽ s2
V, j +

1
2 lV, j .

(c) If Eaa is in the GL2-block GLnV,i and Ebb is the in a GL2-block GLnV, j , we
may assume lV, j ⩾ lV,i , Lemma 4.0.2 implies

s2
V, j −

1
2 lV, j ⩽ s2

V,i −
1
2 lV,i ⩽ s2

V,i +
1
2 lV,i ⩽ s2

V, j +
1
2 lV, j .

Therefore, we have checked cases (b) and (c) following an understanding of the
parity condition in [30, Theorem 2]. For case (a), parity holds unless lV,i + lV, j is
odd and s1

V,i = s1
V, j . In this situation

| · |
s1

V,i sgnlV,i × | · |
s1

V, j sgnlV, j = | · |
s1

V,i sgnlV,i (1× sgn)

And 1×sgn is the limit of a discrete series representation with parameter φ2
0 , which

can be treated as in cases (b) and (c). □

Representations in generic packets. The classification of representations of WR

[25] shows the following factorization into irreducible representations:

(4.0.4) φss
V = φ

GL
V ⊕φV0 ⊕ (φ

GL
V )∨,

where φV0 is tempered and

φGL
V =

lV⊕
i=1

| · |
siφGL

V,i where Re(si ) > 0 for 1 ⩽ i ⩽ lV

for discrete series parameter φV,i (i.e., the image of φV,i is bounded and does not
lie in any proper Levi).

It is straightforward that φGL
V is unpaired. Let nV,i = dimφGL

V,i , nV = dimφGL
V

and σV,i be the unique representation of GLn in the L-packet 5φGL
V,i
(GLnV,i ), then

(4.0.5) 5φGL
V
(GLnV )= {σV } where σV = |det|s1σV,1× · · ·× |det|slV σV,lV
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By Lemma 4.0.4, there is an injective map

(4.0.6) 5Vogan
φV0
→5Vogan

φV
, πV0 7→ σV ⋉πV0 .

Since φGL
V is unpaired, |SφV0

| = |SφV | and thus |5Vogan
φV0
| = |5Vogan

φV
|. This implies

that the above map is an isomorphism and we have the following result.

Proposition 4.0.5. For a generic L-parameter φV = φ
GL
V ⊕ φV0 ⊕ (φ

GL
V )∨, every

representation πV in5Vogan
φV

can be expressed as πV = σV ⋉πV0 where πV0 ∈5
Vogan
φV0

and σV given in (4.0.5).

This result shows that representations in the generic packets are in the form

(4.0.7) πV = σV ⋉πV0, σV = |det|sV,1σV,1× · · ·× |det|sV,rσV,r , ,

where Re(sV,1)⩾ Re(sV,2)⩾ · · ·⩾ Re(sV,r ) > 0, and tempered π0 ∈ Irr(SO(V0)).
And σV,i = sgnlV,i for lV,i = 0, 1 or σVi = DmV,i for mi ∈ N+.

For πV in the form of (4.0.7), we define the following notions.

Definition 4.0.6. We parametrize the infinitesimal character of πV with the Harish-
Chandra parameter for πV in (4.0.7) is defined as

ν = (ν1, . . . , νr , νπV0
)

where νπV0
is the Harish-Chandra parameter of the tempered representation πV0 ,

νi = si when ρV,i = sgnlV,i , and νi =
(
sV,i+

1
2 mV,i , sV,i−

1
2 mV,i

)
when ρV,i = DmV,i .

Definition 4.0.7. We define the leading index of πV as the largest number among
Re(sV,i ). We denote it by LI(πV ).

5. Proof for the real case

We now complete the proof of the local Gross–Prasad conjecture (Conjecture 1)
over the real field based on the tempered cases. More specifically, following the
approach in [29], we prove a multiplicity formula for the reduction to the tempered
cases and conclude the conjecture with the tempered cases proved in [10].

The proof uses the idea of Mackey’s theory. Let G be a reductive group over
R, H is a closed subgroup of G and P is a parabolic subgroup of G with Levi
decomposition P = MN. We denote by G = G(R), H = H(R) and P = P(R).
For a representation σ of M =M(R), we study the space HomH (IndG

P (σ ), 1H ) by
analyzing the double coset P\G/H . Since P\G is compact, the smooth induction
IndG

P (σ ) is equal to the Schwartz induction in the sense of [13]. In order to use the
analytic tools established in [13] and [11], we work within the category of almost
linear Nash groups [33, Definition 1.1] and consider the category of Nash manifolds
[33, Definition 2.1], with the possible action of certain almost linear Nash groups.
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In particular, for a linear algebraic group G over R, G(R) can be treated as an almost
linear Nash group.

Let G be an almost linear Nash group. We denote by SF(G) the categories
of smooth Fréchet G-representations of moderate growth. We denote by CW(G)
the subcategory of SF(G) consisting of representations with admissible (gC, K )-
modules, that is, the category of Casselman–Wallach representations of G. We use
Irr(G) to denote the set of irreducible Casselman–Wallach representations of G.

Our main result in this section is the following theorem.

Theorem 5.0.1 (multiplicity formula). Let V,W be quadratic spaces with decom-
positions V = V0 ⊥ (XV + X∨V ), W = W0 ⊥ (XW + X∨W ). Let πV0 ∈ Irr(SO(V0)),
πW0 ∈ Irr(SO(W0)) be tempered representations and σV ∈ CW(SO(V )), σW ∈

CW(SO(W )) such that

(5.0.1)
σV = |det|sV,1σV,1× · · ·× |det|sV,rV σV,rV ,

σW = |det|sW,1σW,1× · · ·× |det|sW,rW σW,rW ,

for Re(sV,i ),Re(sW,i ) > 0 and tempered representations σV,i ∈ Irr(GLnV,i (F))
(i = 1, . . . , rV ), σW,i ∈ Irr(GLnW,i (F)) ( j = 1, . . . , rW ); here nV,i , nW,i are integers
such that

∑rV
i=1 nV,i = dim XV and

∑rW
i=1 nW,i = dim XW . Then we have

m((σV ⋉πV0)⊠ (σW ⋉πW0))= m(πV0 ⊠πW0).

Note that in the theorem, the representations σV ⋉ πV0 and σW ⋉ πW0 can be
reducible. The reducible case of the multiplicity formula is actually necessary
when it is applied in [12]. In this article, to complete the proof for the real case
of the Gross–Prasad conjecture, we only use the formula when both σV ⋉πV0 and
σW ⋉πW0 are irreducible.

Proof of Theorem 2.3.2 given Theorem 5.0.1. Given generic parameters φV , φW ,
from Proposition 4.0.5, we can express the parameters as

(5.0.2) φV = φ
GL
V +φV0 + (φ

GL
V )∨, φW = φ

GL
W +φW0 + (φ

GL
W )∨

such that φGL
V has no self-dual subrepresentation.

Let σV be the unique representation in5Vogan
φGL

V
and σW be the unique representation

in 5Vogan
φGL

W
. For every πV ⊠πW ∈5

Vogan
φV×φW

, there exists πV0 ⊠πW0 ∈5
Vogan
φV×φW

such
that

πV = σV ⋉πV0, πW = σW ⋉πW0 .

Therefore, the maps

5Vogan
φV0
→5Vogan

φV
, πV0 7→ σV ⋉πV0, and

5Vogan
φW0
→5Vogan

φW
, πW0 7→ σW ⋉πW0
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are isomorphisms. Hence, we can identify the component group SφV0×φW0
with

SφV×φW . Under this identification, it can be easily verified that for φV , φW , φV0, φW0 ,
we have

ηφV0×φW0
= ηφV×φW .

Theorem 5.0.1 reduces Conjecture 1 for φV , φW to that for φV0, φW0 , which is a
tempered case proved in [28; 10]. □

Following [29], there are three steps in our proof for Theorem 5.0.1: reduction
to basic cases, the first inequalities, and the second inequalities.

A relevant pair (W, V ) is called basic if dim V = dim W + 1. For a general
relevant pair (W, V ) with decomposition V = W ⊥ Z ⊥ D, we let D+ be the
anisotropic line with the opposite signature to D. We set Z+ = Z ⊥ (D+ D+) and
set (V,W+)= (V, Z+⊕W ) and we call (V,W+) the basic relevant pair associate
to (W, V ).

Definition 5.0.2. Let s1, s2, . . . , sr+1 be complex numbers. We say the (r+1)-tuple
s = (s1, . . . , sr+1) are in general position, if s ∈Ct+1 does not lie in the set of zeros
of countably many polynomial functions on Ct+1.

For the (r + 1)-tuple s = (s1, . . . , sr+1), we denote by σs the spherical principal
series representation | · |s1 × · · ·× | · |

sr+1 .

Lemma 5.0.3 (reduction to basic cases). For every πV ∈ Irr(SO(V )) and πW ∈

Irr(SO(W )), we have

m(πV ⊠πW )= m((σs ⋉πW )⊠πV )

for s = (s1, . . . , sr+1) ∈ Cr+1 in general position.

With this, we find such a spherical principal series σs and reduce Theorem 5.0.1
to the case for a relevant pair (V,W ⊕ Z+) and representations σs ⋉πW , πV that
can be expressed in the parabolic induction form as in (4.0.7), which is a basic case.

Proposition 5.0.4 (basic case of the multiplicity formula). Given a basic relevant
pair (W, V ), let πV ∈ CW(SO(V )) and πW ∈ CW(SO(W )) as in Theorem 5.0.1,
we have

m(πV ⊠πW )= m(πV0 ⊠πW0).

The inequalities m(πV ⊠πW )⩾ m(πV0 ⊠πW0) and m(πV ⊠πW )⩽ m(πV0 ⊠πW0)

are called “the first inequality” and “the second inequality” in [29]. Using a similar
approach as [29], we prove the first inequality using mathematical induction with
the following lemma as the building block (Section 5.3).

Lemma 5.0.5. Let πV be a representation in a generic packet and πW ∈ Irr(SO(W )).
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(1) When dim V = dim W + 1 and Re(s)⩾ LI(πV ), we have

m(πV ⊠πW )⩾ m((| · |ssgnm ⋉πW )⊠πV ).

(2) When dim V = dim W + 3 and Re(s)⩾ LI(πV ), we have

m(πV ⊠ (| · |s+
m
2 sgnm+1 ⋉πW ))⩾ m((|det|s Dm ⋉πW )⊠πV ),

where Dm is the Langlands quotient of the induction | · |−
m
2 × | · |

m
2 sgnm+1.

The second inequality holds in a more general setup.

Lemma 5.0.6. For πV ∈ CW(SO(V )), πW ∈ CW(SO(W )) and σX+ is a generic
representation in CW(GL(X+)), we have

m(πV ⊠πW )⩽ m((σX+ ⋉πW )⊠πV )

We prove one inequality of Lemma 5.0.3 and Lemma 5.0.5 in Section 5.3 and
prove the other inequality of Lemma 5.0.3 and Lemma 5.0.6 in Section 5.4. It is
worth mentioning that Lemma 5.0.3 can also be proved with Schwartz homology
as in [43].

5.1. Some functors and vanishing theorems. In this section, we review some
analytic tools established in [13] and [11] to study certain Fréchet spaces of moderate
growth.

Schwartz induction. Let G be an almost linear Nash group.

Proposition 5.1.1. For π ∈ CW(G), the projective tensor product · ⊗̂π is an exact
functor in SF(G).

Proof. From [2], the underlying Fréchet space of π is nuclear and the proposition
follows from [8, Lemma A.3]. □

Let H be a Nash subgroup of G and πH ∈ SF(H). We denote by H\(G×πH )

the vector bundle over H\G obtained by G×πH quotient by left H -action

(5.1.1) h.(g, v)= (h · g, πH (h).v) for h ∈ H, g ∈ G and v ∈ πH .

This vector bundle is tempered. We define the Schwartz induction as the functor

IndS,G
P : SF(H)→ SF(G), πH 7→ 0S(H\G, πH ),

where 0S(H\G, πH ) stands for the space of Schwartz sections over the tempered
vector bundle H\(G × πH ). In particular, when G is reductive and P ⊂ G is
a parabolic subgroup of it, P\G is compact, so the Schwartz induction IndS,G

P
coincides with the smooth induction, and we denote by IG

P the normalized induction
IndS,G

P (δ
1/2
P · ), where δP is the modular characters of P . We will use the following

properties of Schwartz inductions.
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Proposition 5.1.2. (1) [11, Propositon 7.1] IndS,G
H is an exact functor SF(H)→

SF(G).

(2) [11, Proposition 7.2] For a closed subgroup H ′ of H , we have

IndS,G
H ◦ IndS,H

H ′ = IndS,G
H ′ .

(3) [11; 2, Proposition 7.4] For πG ∈ CW(G) and πH ∈ SF(H), then

IndS,G
H (πH ⊗̂πG |H )= IndS,G

H (πH ) ⊗̂πG .

The Hom-functor. For any category C and object M , it is well-known that the
functor Hom(−,M) is left exact and invariant under projective limit. We first apply
this result to the category SF(G) and obtain the following result.

Lemma 5.1.3. (1) For an exact sequence 0→ π1→ π2→ π3→ 0 in SF(G),
suppose HomG(π1, 1G)= HomG(π3, 1G)= 0. Then

HomG(π2, 1G)= 0.

(2) For a directed set I and projective system (πα, fαβ)α,β∈I in SF(G), and for
I ′ ⊂ I , suppose HomG(πα, 1G)= 0 for all α ∈ I ′. Then

Hom(lim
←−−
i∈I
πα, 1G)= 0.

Definition 5.1.4. (1) For a countable directed set I and a Fréchet space V , a set
{Vk}k∈I of subspaces of V is called a complete decreasing filtration of π if

(a) V j ⊂ Vi for i < j , and, denoting by f j i the injection maps,
(b) {Vi , f j i }i< j∈I is a complete projective system, that is,

lim
←−−
i∈I

V/Vi = V .

(2) The composition factors of a complete decreasing filtration are

Vα/Vα+, α ∈ I,

where α+ is the successor of α in I .

Corollary 5.1.5. For an almost linear Nash group G, π ∈ SF(G) and a complete
decreasing filtration {πk}k∈I of π , suppose HomG(Vα/Vα+, 1G)= 0 for all α ∈ I .
Then we have

HomG(π, 1G)= 0.

Proof. This can be obtained from Lemma 5.1.3 with the arguments in [42]. □

Propositions 8.2 and 8.3 of [11] provide a complete decreasing filtration that is
helpful for distributional analysis.
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Theorem 5.1.6. Let X be a Nash manifold, Z be a closed Nash manifold of X and
U = X − Z. There is a decreasing complete filtration on 0S

Z(X , E), denoted by
0S
Z(X , E)k , whose composition factors are isomorphic to

(5.1.2) 0S(Z,Symk N∨Z/X ⊗ E|Z), k = 0, 1, . . . ,

where N∨Z/X is the conormal bundle over Z (see [11, Section 6.1].)

Vanishing by infinitesimal characters.

Definition 5.1.7. For an infinitesimal character χ : Z(U(gC))→ C, we denote by
χ∨ the infinitesimal character generated by the relation

χ∨(X)= χ(−X), X ∈ gC.

Theorem 5.1.8. For representations π1, π2 of G with infinitesimal characters
χπ1, χπ2 , satisfying χπ1 ̸= χ

∨
π2

, we have

HomG(π1 ⊗̂π2, 1G)= 0.

Proof. The existence of elements in HomG(π1 ⊗̂π2, 1G) implies the existence of a
homomorphism on (gC, K )-modules. This contradicts the relation of infinitesimal
characters. □

We apply the above theorem in the following setup:

Corollary 5.1.9. Suppose πV0 ∈ SF(SO(V0)) and πV ∈ Irr(SO(V )).

(σs ⋉πV0) ⊗̂πV

for σs = | · |
s1 × · · ·× | · |

sr and s = (s1, . . . , sr ) in general positions.

Vanishing by leading index.

Definition 5.1.10. By the Langlands classification, for every πV ∈ Irr(SO(V )), we
can express πV as the Langlands quotient of a certain induction

(5.1.3) |det|s1ρ1× · · ·× |det|srρr ⋉πV0

for Re(s1)⩾ · · ·⩾ Re(ar ) > 0 and tempered representations ρ1, . . . , ρr , πV0 . We
define the leading index for Langlands quotient as LI(πV )=Re(s1). This definition
is compatible with Definition 4.0.7 when the standard module (5.1.3) is irreducible.
In particular, the definitions are compatible when πV is in a generic packet.

Theorem 5.1.11 [9, Theorem A.1.1]. If Re(s) > LI(πV ), then

Hom1SO(V )((|det|sρ⋉πV0)⊠πV , 11SO(V ))= 0

for πV0 ∈ SF(SO(V0)) and πV ∈ Irr(SO(V )).
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5.2. The restriction of principal series to mirabolic subgroups. We now turn to
the graded structure of the restriction of certain principal series of GLn to the
mirabolic subgroup Rn−1,1 as in [42, §5], that is, the subgroup of GLn leaving
Vn/Vn−1 invariant, where Vn is the space of the standard representation of GLn and
Vn−1 is an (n− 1)-dimensional subspace of Vn . These results will be used in the
distributional analysis of the open orbit in Section 5.3.

Graded structure of | · |−
m
2 ×|· |

m
2 sgnm+1. By definition, the discrete series Dm of

GL2(R) is the unique quotient of the induction πI =|·|
−

m
2 ×|·|

m
2 sgnm+1. We denote

πF the unique subrepresentation of this induction πI , then πm is an m-dimensional
irreducible representation of GL2(R).

• Let B2 be the (upper-triangular) Borel subgroup of GL2 with Levi decomposi-
tion B2 = T2N2. Let K = SO2(R), B2 = B2(R), T2 = T2(R), N2 = N2(R) and
R1,1 = R1,1(R).

• We write

nx =

(
1 x

1

)
kθ =

(
cos θ sin θ
−sin θ cos θ

)
w2 =

(
1

1

)
,

then N2 = {nx : x ∈ R} and K = {kθ : θ ∈ [0, 2π)}.

• We write X2 = B2\GL2(R), U2 = B2\B2w2 B2 ⊂ X2 and Z2 = B2\B2.

• By definition,

πI = IndS,GL2(R)
B2

(| · |
m+1

2 ⊗ | · |
m−1

2 sgnm+1).

We write χ1 = | · |
−m+1sgnm+1 and χ2 = | · |

m−1
2 sgnm+1. Then

πI = IndS,GL2(R)
B2

(χ1χ2⊗χ2).

Lemma 5.2.1. (1) The representation πF is isomorphic to the n-dimensional
GL2(R)-representation

χ1χ2(det( · ))Symn−1(C2),

where C2 is the standard representation of GL2(R).

(2) The restriction πF |R1,1 has irreducible components

|det( · )|ksgnk(det( · )), for k = 0, 1, . . . ,m− 1.

Proof. Part (1) follows directly from [17, §2.3]. Part (2) follows from direct
computation based on (1). □

Using the left quotient in the sense of (5.1.1), we define

E2 := B2\(GL2(R)×χ1χ2⊗χ2).
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Extension by zero gives a natural embedding of R1,1-representations

(5.2.1) iU X : 0
S(U2, E2)→ 0S(X2, E2).

Lemma 5.2.2. There is a complete decreasing filtration {0S
Z(X2, E2)i }i∈N of sub-

modules of 0S(X2, E2)/0
S(U2, E2) such that the composition factors are R1,1-

isomorphic to

χ1χ2(det( · ))sgnk(det( · ))|det( · )|k
∣∣

R1,1
, k ∈ N.

Proof. This lemma follows from [11, Propositions 8.2, 8.3]. □

We identify 0S(U2, E2) as IndS,R1,1
R××1 (χ2) using the equation

0S(U2, E2)= 0
S(B2\B2w2 B2, E2)

= 0S(T2\B2, χ2⊗χ1χ2)

= 0S(R×× 1\R1,1, χ2)= IndS,R1,1
R××1 (χ2),

and then define an R1,1-homomorphism

Td : IndS,R1,1
R××1 (χ2)→ πD

by composing the embedding (5.2.1) and the quotient map πI to πF :

Td : IndS,R1,1
R××1 (χ2)= 0

S(U2, E2) ↪→ 0S(X2, E2)= πI → πI /πF = πD.

Lemma 5.2.3. The homomorphism Td is injective.

Proof. Suppose Td is not injective. Then there exist f̃ ∈ 0S(U, χ1χ2⊗χ2) whose
extension by zero f̃G in πI is contained in πF .

On the one hand, f (x) = f̃ (w2nx) is a Schwartz function. For θ ∈ (0, π), we
can compute f̃ with the decomposition

kθ =
(

1/sin θ cos θ
sin θ

)
w2

(
1 −cot θ

1

)
.

Then we have

f̃G(kθ )= f̃ (kθ )= χ1χ2(1/sin θ)χ2(sin θ) f (−cot θ)= o(θ l), for every l > 0.

Then
( d

dθ

)l f̃G(kθ )|θ=0 = 0 for every positive integer l.
On the other hand, from [17, Section 2.3], πF is generated by the functions

φ−m+1, φ−m+3, . . . , φm−1,

where φl (nx · t (a, b) · kθ )= χ1χ2(a)χ2(b)eilθ .
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Then f̃G ∈ πF is a linear combination of φk , that is, there is a nonzero n-tuple
(λ1, . . . , λn) ∈ Cn such that f̃G =

∑n
k=1 λkφ2k−n−1. Then we have( d

dθ

)l
f̃G(kθ )

∣∣∣
θ=0
=

n−1∑
k=0

λk((2k− n− 1)i)l,

Hence, there exists l such that
( d

dθ

)l
( f̃G(kθ ))|θ=0 ̸=0, which leads to a contradiction.

Therefore, the R1,1-homomorphism Td is injective. □

Proposition 5.2.4. Coker(Td) has a decreasing complete filtration 0S
Z(X2, E2)k

with composition factors isomorphic to

(5.2.2) |det( · )|k+
m−1

2 sgn( · )k
∣∣

R1,1
, for k = 1, 2, . . . .

Proof. From Lemma 5.2.2, 0S
Z(X2, E2)=πI /0

S(U2, E2) has a decreasing complete
filtration 0S

Z(X2, E2)k with composition factors isomorphic to

(5.2.3) |det( · )|ksgn( · )kχ1χ2(det( · ))
∣∣

R1,1
, for k = 0, 1, . . . .

From Lemma 5.2.1, the finite-dimensional representation πF in πI has R1,1-compo-
sition factors with irreducible pieces

|det( · )|ksgnk(det( · ))χ1χ2(det( · ))
∣∣

R1,1
, for k = 0, 1, . . . ,m− 1.

Then the projection πI → πI / iU X (0
S(U2, E2)) gives an isomorphism between πF

and π F = 0
S
Z(X2, E2)/0

S
Z(X2, E2)n , implying that

0S
Z2
(X2, E2)= πF ⊕0

S
Z2
(X2, E2)m .

Therefore,

Coker(Td)= πD/ iU X (0
S(U2, E2))= (πI /0

S(U2, E2))/πF = 0
S
Z2
(X2, E2)m,

and thus Coker(Td) has a decreasing complete filtration with composition factors
isomorphic to

σk = |det( · )|ksgnk(det( · ))χ2(det( · ))
∣∣

R1,1
= |det( · )|k+

m−1
2 sgn( · )k

∣∣
R1,1
,

for k = 1, 2, . . . . □

Graded structure of spherical principal series. Let (s1, . . . , sr+1) ∈ Cr+1, and set
σX+ = | · |

s1 × · · ·× | · |
sr+1 , which is a spherical principal series. The computation

in [42, Section 5.1] for the restriction of spherical principal series representations
to the mirabolic subgroup Rr,1 can be generalized over the real field verbatim and
we can obtain a proposition parallel to [42, Proposition 5.1].

Following [42, §5], we denote by Qa,b,c the intersection of the parabolic subgroup
Pa,b,c associated to the partition (a, b, c) in GLa+b+c and the mirabolic subgroup
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Ra+b+c−1. We let the “Levi part” La,b,c of Qa,b,c to be the image of GLa ×

GLb × Rc−1,1 diagonally embedded into GLa,b,c. Then Qa,b,c = La,b,cUa,b,c for
the unipotent group associated to the partition (a, b, c).

Proposition 5.2.5. When restricted to Rr,1, the representation σX+ has a subrepre-
sentation IndS,Rr,1

Nr+1
(ψ−1

r+1). Moreover, the quotient σX+/IndS,GLr+1
Nr+1

(ψ−1
r+1) admits an

Rr,1-stable complete filtration whose composition factors have the shape

IndS,Rr,1
Qa,b,c

(τa ⊠ τb ⊠ τc)

where a + b+ c = t + 1, a + b ̸= 0 and the tensor τa ⊠ τb ⊠ τc is regarded as a
Qa,b,c representation by trivial extension on Na,b,c.

(1) τa = IndS,GLa(R)
Ba

(sgnm1 | · |
si1+k1 ⊠ · · ·⊠ sgnma | · |

sia+ka ) where 1 ⩽ i1, . . . , ia ⩽

t + 1 are integers, l1, . . . , la ∈ Z and k1, . . . , ka ∈
1
2 Z;

(2) τb = τ
′

b ⊗ ρ where τ ′b is a representation of the same form as τa and ρ is a
finite-dimensional representation of GLb(R);

(3) τc = IndS,Rc−1,1
Nc

(ψ−1
c ).

5.3. Multiplicity formula: first inequality. In this section, we prove Lemma 5.0.5
and one inequality of Lemma 5.0.3. More precisely, in the setting of Theorem 5.0.1,
we prove the inequality

m(πV ⊠πW )⩾ m((|det|sσX+ ⋉πW )⊠πV )

for a basic relevant pair (W+, V ) when

(1) σX+ = sgnl and s ⩾ LI(πV ), or

(2) σX+ = σs for s in general positions.

With a similar approach, we show that

m(πV ⊠ (| · |s+
m
2 sgnm+1 ⋉πW ))⩾ m((|det|sσX+ ⋉πW )⊠πV )

when σX+ = Dm and s ⩾ LI(πV ).
For a relevant pair (W, V ) and we let (V,W+) be the associated basic relevant

pair with the decomposition W+ =W ⊥ (X+⊕ Y+). We denote by (G+,H+, ξ+)
the Gross–Prasad triple associated to (V,W+).

Let PX+ be the parabolic subgroup of SO(W+) stabilizing X+. For σX+ ∈

SF(GL(X+)) and πW ∈ SF(SO(W )), from Definition 4.0.3,

σX+ ⋉πW = IndS,G
PX+
(|det|sσX+ ⋉πW )= 0

S(PX+\SO(W+), E)

where

(5.3.1) E = EσX+ ,πW = PX+\
(
SO(W+)× (δ1/2

PX+
|det|sσX+ ⊠πW )

)
.
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We first study the structure of the right-SO(V )-orbits of X = PW+\SO(W+).

(1) When dim W+ > 2(r + 1), X consists of all k-dimensional totally isotropic
subspaces of V . When dim W+ = 2(r + 1), there are exactly two maximal
totally isotropic spaces and X is exactly one of them.

(2) When dim W+> 2(r+1), there is an open SO(V )-orbit U consisting of (r+1)-
dimensional totally isotropic spaces that are not contained in V . Its complement
Z is the space of (r + 1)-dimensional totally isotropic spaces contained in V .
When dim V = 2(r + 1) and X+.g0 ⊂ V for some g0 ∈ SO(W+), Z has two
orbits and both of them are singletons, more precisely, [X+.g0] and [X+.g0g]
for any g ∈ O(V )\SO(V ); when dim V = 2(r + 1) and if X+.g0 ̸⊆ V for all
g0 ∈ SO(W+), Z is empty; otherwise, Z has just one orbit.

We can draw the following conclusion:

Lemma 5.3.1. (1) Z is empty when dim W+ = 2(r + 1) or dim V = 2(r + 1) and
X+.g0 ̸⊆ V for all g0 ∈ SO(W+).

(2) Z has two SO(V )-orbits, when dim V ̸= 2(r + 1).

(3) Z has a single SO(V )-orbit, when dim V = 2(r +1) and X+.g0 ⊆ V for some
g0 ∈ SO(W+).

Let 0S
Z(X , E) = 0

S(X , E)/0S(U, E). From Proposition 5.1.1, there is a short
exact sequence

(5.3.2) 0→ 0S(U, E)⊠πV → 0S(X , E)⊠πV → 0S
Z(X , E)⊠πV → 0.

Hence, we have the short exact sequence

(5.3.3) 0→ HomH+(0
S
Z(X , E)⊠πV , 1H+)→ HomH+(0

S(X , E)⊠πV , 1H+)

→ HomH+(0
S(U, E)⊠πV , 1H+).

When HomH+(0
S
Z(X , E)⊠πV , 1H+)= 0, we have

m((σX+ ⋉πW )⊠πV )⩽ dim HomH+(0
S(U, E)⊠πV , 1H+).

We first analyze the closed orbits on Z to prove

HomH+(0
S
Z(X , E)⊠πV , 1H+)= 0

and then analyze the open orbit U to prove

dim HomH+(0
S(U, E)⊠πV , 1H+)⩽ m(πV ⊠πW ),

under the given conditions.
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Closed orbits. Suppose Z is nonempty. Let γ ∈ SO(W+) be a representative of
an orbit of Z such that X+.γ = X ′ where X ′ is a totally isotropic subspace of
V satisfying dim X+ = dim X ′. Then the stabilizer group Sγ at [X ] is equal to
γ−1 PW+γ∩SO(V ), which a parabolic subgroup of SO(V )with Levi decomposition
Sγ =Mγ Nγ and the Levi subgroup Mγ =GL(X ′)×SO(V0). The cotangent bundles
and their fibers at [X ′] are

T ∗Z = SO(V )×Sγ S⊥γ , Fib[X ′](T ∗Z)= S⊥γ
T ∗X = SO(W+)×PW+

P⊥W+, Fib[X ′](T ∗X )= P⊥W+

and Sγ acts by adjoint action. Then the fiber of the conormal bundle at [X ′]

Fib[X ′](N∨Z/X )= Fib[X ′](T ∗X )/Fib[X ′](T ∗Z)= P⊥W+/S⊥γ ,

which is dim(X ′)-dimensional. The SO(V0) and Nγ act trivially and GL(X ′) acts
as the standard representations. Then

0S(SO(V ).[X ],Symk N∨Z/X ⊗ E|Z)

= IndS,SO(V )
Sγ (Fib[X ](SymkNZ/X ⊗ E|Z))

= ISO(V )
Sγ ((|det( · )|s+

1
2σX+ ⊗Symkρstd

X ′ )⊠ (
γπW |SO(V0)))

Therefore,

(5.3.4) 0S(Z,Symk N∨Z/X ⊗ E|Z)

= (ISO(V )
Sγ ((|det( · )|s+

1
2σX+ ⊗Symkρstd

X ′ )⊠ (
γπW |SO(V0))))

⊕c

where ρstd
X ′ is the standard representation of GL(X ′) and c is the number of SO(V )-

orbits in Z .

Proposition 5.3.2. We have

HomH+(0
S
Z(X , E)⊠πV , 1H+)= 0

under any of the following conditions:

(1) σX+ = sgnl (l = 0, 1) or σX+ = Dm (m ∈ N+), and s ⩾ LI(πV ), or

(2) σX+ = σs ∈ Cr and s is in general position.

Proof. By (5.3.4), we have

0S(Z,SymkN∨Z/X ⊗ E|Z)⊠πV

= (ISO(V )
Sγ (|det( · )|s+

1
2 (σX+ ⊗Symkρstd

X ′ )⊠ (
γπW |SO(V0))))

⊕c⊠πV .
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• When σX+ = sgnm , we have σX+⊗Symkρ = |det|ksgnm . When Re(s)⩾ LI(πV ),
we have s+ 1

2 + k > LI(πV ), from Theorem 5.1.11, we have

HomH+(0
S(Z,SymkN∨Z/X ⊗ E|Z)⊠πV , 1H+)= 0.

• When σX+ = Dm , by computation with the base of Dm+2a in [17, §2.3], we have

σX+ ⊗Symkρ =
k⊕

a=0
Dm+2a.

When Re(s)⩾ LI(πV ), we have s+ 1
2 > LI(πV ), from Theorem 5.1.11, we have

HomH+(0
S(Z,SymkN∨Z/X ⊗ E|Z)⊠πV , 1H+)= 0.

• When σX+ = | · |
s1 × · · · × | · |

sr , from [26, Corollary 5.6], the Harish-Chandra
parameter of the infinitesimal character of σX+ ⊗Symkρ is

[(s1+ a1, . . . , sr+1+ ar+1)],

where the ai are nonnegative integers. From Corollary 5.1.9, we have

HomH+(0
S(Z,SymkN∨Z/X ⊗ E|Z)⊠πV , 1H+)= 0

for s ∈ Cr+1 in general positions.
From Corollary 5.1.5, we can conclude that, under the conditions given in the

proposition, we have

HomH+(0
S
Z(X , E)⊠πV , 1H+)= 0.

Hence, from (5.3.3), we have

dim HomH+(0
S(U, E)⊠πV , 1H+)⩽ dim HomH+(0

S(U, E)⊠πV , 1H+). □

The open orbit. We study0S(U, E) and show that dim HomH+(0
S(U, E)⊠πV ,1H+)

is less than or equal to m(πV ⊠πW ) under the given conditions.
We introduce the following notations just for this section:

• Let d=dim V, r = 1
2(dim V−dim W−1). We can compute the modular character

δPX+
((m× gW )⋉ n)= |det(m)|d−1−r , m ∈ GL(X+), gW ∈ SO(W ), n ∈ N .

• Let Nr+1 be the unipotent subgroup of GLr+1(R) consisting of upper-triangular
unipotent matrices, and let Rr,1 be the mirabolic subgroup of GLr+1. We denote by
Nr,1 the unipotent radical of Rr,1.

• We define a generic character πr+1 of Nr+1 by letting

ψr+1(n)= ψ
(r+1∑

i=1
ni,i+1

)
,
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where ni, j is the entry of matrix n at i-th row and j-th column.

Recall the decomposition V =W ⊥ D ⊥ Z in Section 2.1. Let X = X+∩ Z and
we have X is totally isotropic and dim X = dim X+− 1. Let N be the unipotent
radical of the parabolic subgroup PX of SO(V ) stabilizing X . We define N ′V the
subgroup of N stabilizing D, then H = (Nr+1×1SO(W ))⋉ N ′V .

From Frobenius reciprocity, we have

(5.3.5) HomH (ξ
−1
⊗(πV⊠πW ), 1H )=HomH+

(
IndS,H+

H (ξ−1
⊗(πV⊠πW )), 1H+

)
.

By definition, the dimension of the left-hand side of (5.3.5) is equal to m(πV ⊠πW ).
The right-hand side of (5.3.5) can be expressed as

(5.3.6) IndS,H+
H (ξ−1

⊗ (πV ⊠πW ))

= IndS,H+
(Nr+1×1SO(W ))⋉N ′V

(ξ−1
⊗ (πV ⊠πW ))

= IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(IndS,Rr,1
Nr+1

(ψ−1
r+1)|Rr,1 ⊠πW ⊠πV ).

Recall that the open orbit U = PW+\PW+SO(V ) equals (PW+ ∩SO(V ))\SO(V )
and the stabilizer group can be decomposed as

(5.3.7) PW+ ∩SO(V )= (GL(X)× 1×SO(W ))⋉ N = SO(W )⋉ (Rr,1 ⋉ N ′V ).

By definition, we have

(5.3.8) 0S
Z(U, E)⊠πV = IndS,SO(V )

PW+∩SO(V )(|det|
d−1−r

2 σX+ ⊗πW |PW+∩SO(V ))⊠πV

= IndS,SO(V )
PW+∩SO(V )(|det|

d−1−r
2 σX+ |Rr,1 ⊠πW )⊠πV

= IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(|det|
d−1−r

2 σX+ |Rr,1 ⊠πW ⊠πV )

• When r = 0 and σX+ = sgnl , we have

IndS,Rr,1
Nr+1

(ψ−1
r+1)|Rr,1 = |det|

d−1−r
2 σX+ |Rr,1,

so the right sides of (5.3.8) and (5.3.6) are the same. Hence, we have

m(πV ⊠πW )= dim HomH+(0
S(U, E)⊠πV , 1H+).

• When σX+ = | · |
s1 ×· · ·× | · |

sr+1 for (s1, . . . , sr+1) ∈ Cn , from Proposition 5.2.5,
there is an Rr,1-equivariant embedding

(5.3.9) IndS,Rr,1
Nr+1

(ψ−1
r+1) ↪→ |det|

d−1−r
2 σX+ .

Applying the quotient of (5.3.8) and (5.3.6), we obtain

(5.3.10) 0S
Z(U, E)⊠πV /IndS,H+

H (ξ−1
⊗ (πV ⊠πW ))=Q,
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where

Q= IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(
(|det|

d−1−r
2 σX+ |Rr,1/IndS,Rr,1

Nr+1
ψ−1

r+1)⊠πW ⊠πV
)
.

Therefore, to conclude that dim HomH+(0
S(U, E)⊠πV , 1H+)⩽ m(πV ⊠πW ),

it suffices to prove that

(5.3.11) HomH+(Q, 1H+)= 0.

Using Proposition 5.2.5, from the exactness of Schwartz induction (Proposition
5.1.2) and projective tensor product (Proposition 5.1.1), we obtain that the quotient
Q has composition factors

(5.3.12) IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(
IndS,Rr,1

Qa,b,c
(τa ⊠ τb ⊠ τc)⊠πW

)
,

where Qa,b,c = Pa,b,c ∩ Rr,1 and τa, τb, τc are defined in Proposition 5.2.5. Since
(5.3.12) can be expressed as the parabolic induction(

|det|−
d−1−r+c

2 (τa ⊠ τb)
)
⋉IndS,SO(W⊕D⊕Xc)

(Rc−1,1×SO(W ))⋉NW+,c
(ξ−1

c ⊗πW ),

based on Corollary 5.1.5 and the fact that a + b ⩾ 1, the Hom-space in (5.3.12)
vanishes for (s1, . . . , sr+1) ∈ Cn in general position.

• When r = 1 and σX+ = Dl , instead of (5.3.6), we use the equality

(5.3.13) IndS,H+
1SO(W⊕R)((| · |

s+m
2 sgnm+1 ⋉πW )⊠πV )

= IndS,H+
(R1,1×1SO(W ))⋉N ′V

(IndS,R1,1
R××1 (χ2)⊠πW ⊠πV ).

From Section 5.2, there is an injection Td : IndS,R1,1
R××1 (χ2) ↪→ Dm , and it induces

an injection
IndS,R1,1

R××1 (| · |
sχ2) ↪→ |det|s Dm .

Applying the quotient of (5.3.8) and (5.3.13), we obtain

(5.3.14) 0S
Z(U, E)⊠πV /IndS,H+

1SO(W⊕R)((| · |
s+m

2 sgnm+1 ⋉πW )⊠πV )

= IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(
(|det|

d−2
2 σX+ |R1,1/IndS,R1,1

N2
(ψ−1

2 ))⊠πW ⊠πV
)
.

From Proposition 5.2.4, the quotient |det|sσX+ |R1,1/IndS,R1,1
R××1 (| · |

sχ2)|R1,1 has
composition factors

σk := |det( · )|s+k+m−1
2 sgn( · )k |R1,1, k = 1, 2, . . .

From the exactness of Schwartz induction (Proposition 5.1.2) and projective tensor
product (Proposition 5.1.1), there is a decreasing complete filtration of

IndS,H+
(Rr,1×1SO(W ))⋉N ′V

(
(|det|s+

d−2
2 σX+ |R1,1/IndS,R1,1

N2
(ψ−1

2 )|R1,1)⊠πW ⊠πV
)
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with composition factors

IndS,H+
(R1,1×1SO(W ))⋉N ′V

(σk ⊠πW ⊠πV ).

Notice that

IndS,H+
(R1,1×1SO(W ))⋉N ′V

(σk ⊠πW ⊠πV )= (| · |
s+m

2 +ksgnm ⋉ IndS,SO(W⊕R)
SO(W ) (πW ))⊠πV .

Since we have assumed that Re(s)⩾ LI(πV ) and k is a positive integer, we have

s+
m
2
+ k > LI(πV ).

Then, from Theorem 5.1.11, we have

HomH+
(
(| · |sgnm ⋉ IndS,SO(W⊕R)

SO(W ) (πW ))⊠πV , 1H+
)
= 0, k = 1, 2, . . .

From Corollary 5.1.5, this implies

HomH+
(
0S
Z(U, E)⊠πV /IndS,H+

1SO(W⊕R)((| · |
s+m

2 sgnm+1 ⋉πW )⊠πV ), 1H+
)
= 0.

Hence, Lemma 5.1.3, we have

m(πV ⊠ (| · |s+
m
2 sgnm+1 ⋉πW ))⩾ dim HomH+(0

S(U, E)⊠πV , 1H+).

Proof of the “first inequality”. We now make use of Lemma 5.0.5 to prove one side
of the equality in Proposition 5.0.4, namely

(5.3.15) m(πV ⊠πW )⩽ m(πV0 ⊠πW0).

We express πV = σV ⋉πV0, πW = σW ⋉πW0 in the form of (4.0.7) and prove the
inequality by induction on

N (σV , σW )=
∑

Re(sV,i )̸=0
nV,i +

∑
Re(sW,i ) ̸=0

nW,i ,

where sV,i , sW,i , nV,i , nW,i are defined as in (4.0.7).
If N (σV , σW ) = 0, both πV and πW are tempered; then the inequality follows

from Conjecture 1 for tempered parameters, which was proved in [28; 10].
In other cases, we may assume

Re(sV,1)⩾Re(sV,2)⩾ · · ·⩾ Re(sV,l) > 0,

Re(sW,1)⩾Re(sW,2)⩾ · · ·⩾ Re(sW,l) > 0.

Suppose the proposition holds when N (σV , σW )⩽ k, then when N (σV , σW )=

k+ 1, we consider the following cases.

Case 1: If lV ̸= 0 and Re(sV,1)⩾ Re(sW,1), then let σ̃V = |det( · )|sV,2σV,2× · · · ×

|det( · )|sV,lσV,l .
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(1) If nV,1 = 1, from Lemma 5.0.5(1) we have

m((σV ⋉πV0)⊠ (σW ⋉πW0))⩽ m((σW ⋉πW0)⊠ (̃σV ⋉πV0)).

(2) If nV,1 = 2, let σ̂V = | · |
sV,1+

mV,1
2 sgnmV,1+1 ⋉ σ̃V . From Lemma 5.0.5(2), we

have

m((σV ⋉πV0)⊠ (σW ⋉πW0))⩽ m((σW ⋉πW0)⊠ (̂σV ⋉πV0)).

Since N (̃σV , σW ), N (̂σV , σW )⩽ N (σV , σW )− 1= k, we have

m((σW ⋉πW0)⊠ (̃σV ⋉πV0))⩽ m(πV0 ⊠πW0),

m((σW ⋉πW0)⊠ (̂σV ⋉πV0))⩽ m(πV0 ⊠πW0).

Therefore, we have

m((σV ⋉πV0)⊠ (σW ⋉πW0))⩽ m(πV0 ⊠πW0),

Case 2: If lV = 0 or Re(sV,1) <Re(sW,1), we switch the order of V,W to reduce to
Case 1. More explicitly, we take σ (s

′)
W = | · |

s′
× σW0 . There is an s ′ ∈ iR such that

m((σV ⋉πV0)⊠ (σW ⋉πW0))= m((σ (s
′)

W ⋉πW0)⊠ (σV ⋉πV0))

From [32, Theorem 1.1] and Langlands classification, we may assume σ (s
′)

W ⋉πW0

is irreducible. Then the pair (σ (s
′)

W , σV ) belongs to Case 1 and N (σ (s
′)

W , σV ) =

N (σV , σW )= k+ 1, so

m((σ (s
′)

W ⋉πW0)⊠ (σV ⋉πV0))⩽ m(πV0 ⊠πW0).

Therefore, we have

m((σV ⋉πV0)⊠ (σW ⋉πW0))⩽ m(πV0 ⊠πW0).

The proposition now follows by induction on N (σV , σW ). □

5.4. Multiplicity formula: the second inequality. In this section, we complete the
proof for the “second inequality” of Proposition 5.0.4.

A construction. We prove Lemma 5.0.6 by construction. Recall that, for a relevant
pair (W, V ), we can construct a basic relevant pair (V,W+) by taking W+ =
W⊥(X+⊕Y+) for certain totally isotropic spaces X+ and Y+. Let G+=SO(W+)×
SO(V ), H+ =1SO(V ), P+ is the parabolic subgroup PX+ × SO(V ), where PX+

is the parabolic subgroup of SO(W+) stabilizing X+. We note

G+ = G+(R), H+ = H+(R), P+ = P+(R).

From the multiplicity-one theorem [34], we have m(πV ⊠πW )⩽ 1, so it suffices
to prove the following proposition.
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Proposition 5.4.1. When m(πV ⊠πW ) ̸= 0 and σX+ is a generic representation of
GL(X+), then one can construct a nonzero element in

HomH+((σX+ ⋉πW )⊠πV , 1H+).

The main idea for proving this proposition is from the following theorem.

Theorem 5.4.2 [18, Proposition 4.9]. For a Casselman–Wallach representation σ+

of P+, suppose:

(1) The complement G+− P+H+ is the zero set of a polynomial f + on G+ that is
left-H+-invariant and right-(P+, ψP+)-equivariant for an algebraic character
ψP+ of P+.

(2) H+ has finitely many orbits on the flag of a minimal parabolic subgroup of G+

(3) σ+ admits a nonzero (P+ ∩ H+, δP+∩H+δ
−1
H+)-equivariant continuous linear

functional, where δP+∩H+, δH+ are the modular characters of P+ ∩ H+ and
H+ respectively.

Then IndS,G+
P+ (σ+) admits a nonzero H+-invariant functional.

We first verify (1) and (2) in the setup of Proposition 5.4.1.

(1) Fix a basis v1, . . . , vn of V and a basis v+1 , . . . , v
+

r+1 of X+. For every
(gW+, gV ) ∈ G+, g ∈ G+ − P+H+ if and only if XgW+ ⊂ V , equivalently,
the (n+ 1)× (n+ 1+ r)-matrix

Ag =
[
v1gV , . . . , vngV , v

X
1 g−1

W+, . . . , v
X
r+1g−1

W+
]

is of rank n. We let

(5.4.1) f (g)= det(Ag At
g);

then f is left-(P+, ψP+)-equivariant and right-H+-invariant, where

ψP+(pX+, gV )=det(gX+)
2 for pX+=(gX+, gW )·nX+ ∈ PW+ and gV ∈SO(V ).

(2) Since G+/H+ is an absolutely spherical variety (Section 3), the Borel subgroup
has finitely many orbits, so the complexification of the minimal parabolic also
has finitely many orbits. Then condition (2) is a direct consequence of the
finiteness of the first Galois cohomology for groups over local fields.

Therefore, to complete the proof for Proposition 5.4.1, it suffices to construct a
nonzero (P+ ∩ H+, δP+∩H+δ

−1
H+)-equivariant continuous linear functional.

As computed in Section 5.3, we have

H\P+ ∩ H+ = Nr+1\Rr,1,
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where Nr+1 and Rr,1 are the unipotent group and mirabolic group defined in
Section 5.3. Hence, from [31], the Rankin–Selberg integral

Fs(vπV , vπW , vσX+
)

:=

∫
P+∩H+

µ(πV (pX+)vπV , vπW )λ(σX+(pX+)vσX+
)|det(gX+)|

sd(pX+, pX+)

is absolutely convergent when Re(s) is large enough and extends to a meromorphic
family in

Fs ∈ HomP+∩H+(πV ⊠πW ⊠ σX+, |det(gX )|
s−s0),

where s0 = dim W − dim X+, which is the real number satisfying δP+(pX+) =

|det(gX+)|
s0 . From [18], we know

Fs

(s− s0)
ns0

∣∣
s=s0

is a nonzero element

HomP+∩H+(πV ⊠πW ⊠ σX+, 1P+∩H+),

where ns0 is the order of poles of Fs at s = s0. This completes the proof for
Proposition 5.4.1.

Acknowledgements

I would like to express my deepest gratitude to my advisor, Prof. Dihua Jiang,
for encouraging me to explore this subject and for providing invaluable guidance
throughout my research and the writing of this article. This work was partially
supported by the National Science Foundation grants DMS-1901802 and DMS-
2200890. Additionally, this project received funding from the European Union s
Horizon 2020 research and innovation programme under the Marie Sk odowska-
Curie grant agreement no. 101034255.

I am grateful to Zhilin Luo for his patience and collaboration on the proof of
the tempered cases in [10]. I would also like to thank Fangyang Tian for insightful
discussions on technical issues related to Casselman–Wallach representations. My
thanks extend to Chen Wan for offering significant feedback that prompted the
reorganization of Section 3. I thank Rui Chen and Jialiang Zou for their collaboration
on the Fourier–Jacobi case, which was instrumental in developing Theorem 5.1.11.
I also wish to thank Binyong Sun for facilitating my visit to Zhejiang University in
2024 and for engaging in helpful discussions during my time there.

Finally, I am sincerely grateful to the anonymous referees for their constructive
suggestions, which greatly improved this paper.



164 CHENG CHEN

References

[1] A. Aizenbud, D. Gourevitch, S. Rallis, and G. Schiffmann, “Multiplicity one theorems”, Ann. of
Math. (2) 172:2 (2010), 1407–1434. MR

[2] J. Bernstein and B. Krötz, “Smooth Fréchet globalizations of Harish-Chandra modules”, Israel J.
Math. 199:1 (2014), 45–111. MR

[3] R. Beuzart-Plessis, “Expression d’un facteur epsilon de paire par une formule intégrale”, Canad.
J. Math. 66:5 (2014), 993–1049. MR

[4] R. Beuzart-Plessis, La conjecture locale de Gross–Prasad pour les représentations tempérées
des groupes unitaires, Mém. Soc. Math. Fr. (N.S.) 149, 2016. MR

[5] R. Beuzart-Plessis, A local trace formula for the Gan–Gross–Prasad conjecture for unitary
groups: the Archimedean case, Astérisque 418, 2020. MR

[6] R. Beuzart-Plessis, “Relative trace formulae and the Gan–Gross–Prasad conjectures”, pp. 1712–
1743 in Proceedings of the International Congress of Mathematicians, vol. 3, sections 1–4, EMS
Press, Berlin, 2023. MR

[7] W. Casselman, “Canonical extensions of Harish-Chandra modules to representations of G”,
Canad. J. Math. 41:3 (1989), 385–438. MR
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