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STARTING THE STUDY OF OUTER LENGTH BILLIARDS

LucA BARACCO, OLGA BERNARDI AND CORENTIN FIEROBE

We focus on outer length billiard dynamics, acting on the exterior of a strictly
convex planar domain. We first show that ellipses are totally integrable. We
then provide an explicit representation of first order terms for the formal
Taylor expansion of the corresponding Mather’s B-function. Finally, we
provide explicit Lazutkin coordinates up to order 4.

1. Introduction

The aim of the present paper is starting an accurate study of outer length billiards,
first described by P. Albers and S. Tabachnikov in 2024, see [2, Section 3.4]. These
billiards are the counterpart of Birkhoff ones since the generating function is the
outer length instead of the inner length. They are also called “fourth billiards”.
In fact, two billiards systems — Birkhoff and outer area billiards — have been
extensively studied; we refer respectively to [22] and [21] for exhaustive surveys.
Another type of billiards, namely symplectic billiards, whose generating function
is the inner area, were introduced in 2018 by P. Albers and S. Tabachnikov [1]
and their study started to become more intensive only recently. We refer to [4],
[6] and [23] for integrability results and to [5] and [12] for area spectral rigidity
results for symplectic billiards. Regarding outer length billiards, to the best of
our knowledge, they were not studied yet. However, the seminal idea on the base
of the definition of this dynamical system (detecting, in particular, circumscribed
polygons to a strictly convex domain with minimal perimeter) can already be found
in some former papers in convex planar geometry; see [11, Theorem 1] and [10,
Section 2], for example.

We first give all the details to introduce this dynamical system, acting on the
exterior of a strictly convex planar domain. We then prove, using elementary planar
geometry, that ellipses are totally integrable, that is the phase space is fully foliated
by continuous invariant curves which are not null-homotopic.
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We successively focus on the main topic of the paper, which is providing an
explicit representation of first order terms for the formal Taylor expansion of
Mather’s B-function (or minimal average function) for outer length billiards. In
particular, we write these coefficients (up to order 5) by means of the ordinary
curvature and length of the boundary of the billiard table. As already noticed, for
such a dynamical system, Mather’s 8-function is related to the minimal perimeter
of polygons circumscribed to a strictly convex domain. These perimeters are special
cases (i.e., for periodic trajectories of winding number = 1) of the corresponding
marked length spectrum for outer length billiards.

Finally, by using the computations we made to obtain minimal average function’s
coefficients, we provide explicit Lazutkin coordinates up to order 4 and discuss
straightforward facts regarding the existence/nonexistence of caustics for outer
length billiards.

2. Twist maps and Mather’s 8-function

Let T x (a, b) be the annulus, where T = R/Z = [0, 1]/ ~ identifying O ~ 1 and
(eventually) @ = —oo and/or b = 4-00. Given a diffeomorphism ® : S' x (a, b) —
S! x (a, b), we denote by

¢:Rx(a,b)—> Rx(a,b), (xo,y0) > (x1,¥1)

a lift of ® to the universal cover. Then ¢ is a diffeomorphism and ¢ (x + 1, y) =
¢(x, y)+ (1, 0). In the case where a (resp. b) is finite, we assume that ¢ extends
continuously to R x {a} (resp. R x {b}) by a rotation of fixed angle:

2-1 ¢ (x0, a) = (xo+ pa, @) (resp. ¢(xo, b) = (x0+ pp, b)).

Once fixed the lift, the numbers p,, pp are unique. The choice of p, (resp. pp) if
a = —oo (resp. b = +00) depends on the dynamics at infinity. For example, in the
case of outer length billiards, where b = +00, it is natural to set p, = % We refer
to point 1 of Section 3 for details.

We recall for convenience the definition of a monotone twist map (see [18, page
2], for instance).

Definition 1. A monotone twist map ¢ : Rx (a, b) - Rx (a, b), (xg, yo) — (x1, ¥1)
is a diffeomorphism satisfying

L. ¢(xo+ 1, yo) = ¢ (x0, yo) + (1, 0).
2. ¢ preserves orientations and the boundaries of R x (a, b).

3. ¢ extends to the boundaries by rotation, as in (2-1).
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4. ¢ satisfies a monotone twist condition, that is

0x1

— > 0.
dyo

(2-2)
5. ¢ is exact symplectic; this means that there exists a generating function H €
C%(R x R; R) for ¢ such that

(2-3) yidxy —yodxo=dH (xo, x1).

Clearly, H (xo+1, x;+1) = H (xg, x1) and, due to the twist condition, the domain
of H is the strip {(xo, x1) : pa + X0 < X1 < X0+ pp}. Moreover, equality (2-3) reads

{)’1 = H>(x9, x1),

(2-4)
Yo = _Hl(x07 xl)v

and the twist condition (2-2) becomes Hj, < 0. As a consequence, {(x;, y;)}icz is an
orbit of ¢ if and only if Ho(x;_1, x;) = y; = —H(x;, x;+1) for all i € Z. Formally,
this means that the corresponding bi-infinite sequence x := {x;};cz is a so-called
critical configuration of the action functional ), _, H (x;, x;+1). In such a setting,
minimal orbits play a fundamental role. We recall that a critical configuration x of
¢ is minimal if every finite segment of x minimizes the action functional with fixed
end points (we refer to [18, page 7] for details). Clearly, all these facts remain true
if we consider a monotone twist map on {(xg, X1) : ug(x9) < x1 < up(xp)}, where
ug, up : R — R are two continuous 1-periodic functions such that u, < u.

For a twist map ¢ generated by H, we finally introduce the rotation number and
the Mather B-function (or minimal average action).

Definition 2. The rotation number of an orbit {(x;, y;)}icz of ¢ is

LX
p:= lim —
i—=+o00 1

if such a limit exists.

An important class of monotone twist maps are planar billiard maps. In this
setting, the rotation number of a periodic trajectory is the rational number

m winding number

s <031

n number of reflections

see [18, page 40] for details.

In view of the celebrated Aubry—Mather theory (see [3], for example), a monotone
twist map possesses minimal orbits for every rotation number p inside the so-called
twist interval (o4, pp). As a consequence, we can associate to each p the average
action of any minimal orbit having that rotation number.
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Definition 3. The Mather S-function of ¢ is 8 : (p4, pp) — R with

N-1
. 1
B(p) == ng‘ﬂoo N .ZN H(xi, xit1)
P

where {x;};c7z is any minimal configuration of ¢ with rotation number p.

In the framework of Birkhoff billiards, A. Sorrentino in [19] gave an explicit
representation of the coefficients of the (formal) Taylor expansion at zero of the
corresponding Mather’s B-function. More recently, J. Zhang in [24] got (locally)
an explicit formula for this function via a Birkhoff normal form. Moreover, M.
Bialy in [9] obtained an explicit formula for Mather’s B-function for ellipses by
using a nonstandard generating function, involving the support function. Regarding
symplectic and outer billiards, the first two authors and A. Nardi in [7] computed
explicitly the higher order terms of such an expansion, by using tools from affine
differential geometry. As anticipated, one of the target of the present paper is
writing explicitly these coefficients (up to order 5) in the case of forth billiards.

3. The dynamical system

Let €2 be a strictly convex planar domain with smooth boundary 9€2. Assume that
the perimeter of 9€2 is £ = |02|. Fixing the positive counterclockwise orientation,
let y : T — 02 be the smooth arc-length parametrization of 2. For every s € T,
we denote by s* € T the (unique, by strict convexity) arc-length parameter such
that 7, (5)02 = T, (4+)0$2. We refer to

P={(,rNeTxT:s <r <s*}

as the (open, positive) phase space and we define the outer length billiard map as
follows [2, Section 3.4].

Since Q is strictly convex, to every point P € R?\cl(2) can be uniquely associated
a pair (sg, s1) € T x T with sg < 51 and such that the lines Py (so) and Py (s;) are
the (negative and positive) tangents to 3$2. Consider the circle in R? \ 2 tangent
to 92 at y(sy) and to the line Py (so). Then the image P’ of P is defined as the
intersection point between the lines Py (s1) and the other common tangent line of
the circle and 92 (hence passing through P’ and y (s3)):

T:P—P, (s9,581) (s1,52).
(We refer to Figure 1.) Setting g = 51 — 59 and

P={(s.6)e TxR: 0<¢&<s*—s},
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Figure 1. The outer-length billiard map around the domain €2 associates
the point P to the point P’.

the outer length billiard map can be equivalently defined as
T:P—P, (s0,80)+ (51,€1).

Here are some properties of the outer length billiard map.
1. T is continuous and can be continuously extended so that 7'(s, s) = (s, s) and
T (s, s*) = (s*,9).
2. The function
H:P—R, HC(so,s1):=|Py(so)l+I|Py(sil,
generates 7', that is
3-1 T (so, s1) = (s1,82) <= Ha(s0,s1) + Hi(s1,52) =0.
See [2, Lemma 3.1] for the proof. In view of (3-1), we can equivalently refer to
H:P—R, H(so s1):=|Py(so)l+|Py(s)|—s1+s50,

as a generating function, which is exactly the Lazutkin parameter of 92, interpreted
as convex caustic for a Birkhoff billiard.
3. T is a twist map preserving the area form — Hj2(so, 51) dso A ds;.

4. By introducing new variables

yo = —Hi(s0,51), y1 = Ha(s0,51),

(s, y) are coordinates on P and the outer length billiard map results a (negative)
twist map, since
dy1 k(s0)k(s1)H (s, s1)
<0

—— = H»(sg, 51) = —
950 12(50. 1) 2sin’(¢/2)

El
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where @ is the angle between the tangent lines Py (sg) and Py (s1) (see also [2, page
11]). In these coordinates, the preserved area form is the standard one: ds A dy.

5. The marked length spectrum for the outer length billiard is the map ML, () :
Qn (0, %) — R that associates to any m/n in lowest terms the minimal perimeter
of the periodic trajectories having rotation number m /n. We refer to [18, Sections
3.1 and 3.2] for a general treatment of the marked spectrum. Clearly, periodic
outer length billiard minimal trajectories (with winding number = 1) correspond to
convex polygons realizing the minimal (circumscribed) perimeter, so that

(3-2) B(2)=tML@ (L)

3.1. Circles and ellipses. As expected, the outer length billiard on the circle (of
center O) is totally integrable: the phase space is completely foliated by concentric
invariant circles. By using as coordinates (¢, @) € T x T, where g and «; are
respectively the angles of Oy (sg) and Oy (s;) with respect to the positive horizontal
direction, the generating function in the case of disk of unit radius is

H (g, a1) =2tan il ;Oto.

Equivalently, in terms of («g, yo) = (g, —H (ag, &1)) = (ao, 1 + tan? @), we

have
H (g, yo) =2y/yo—1

and total integrability follows.
An unexpected fact— at least from the authors’ point of view, since the billiard

dynamics is not invariant by affine transformations —is that also the outer length
billiard on the ellipse is totally integrable, as stated in the next proposition.

Proposition 4. Let € and T be two confocal nested ellipses, E CT'. Then T is a
caustic for the outer-length billiard dynamics outside &.

The proof of Proposition 4 relies on a lemma from elementary plane geometry:

Lemma 5 [20, Lemma 2.4]. Let Py, P) € I two distinct points such that the line
Py Py is tangent to € at a point Q. Let R be the intersection point of the tangent lines
to I' at Py and Pj. Then the lines PyP; and RQ are orthogonal. (See Figure 2.)

Proof of Proposition 4. Let a point Py on I'. Consider the positive tangent line
to £ at a point Q and passing through Py. Let P, € I' be the intersection point
of the latter tangent line PyQ with I', see Figure 3. We need to show that P; is
the image of Py under the outer-length billiard reflection outside £. Consider the
point P, such that PPy and PP are the two tangent lines to £ passing through P,
see Figure 3. Since £ and I' are confocal, £ is a caustic for the classical billiard
in I'. In particular, the tangent line Tp,I" is a bisector of the angle PTPO\P. With
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Figure 2. The line RQ is orthogonal to the line Py P;.

Figure 3. The point Py € I' is reflected to the point P; € I" by the outer-
length billiard dynamics around €.

the same argument the tangent line Tp, I" is a bisector of the angle IW. Hence
Tp,I" and Tp I' intersects at a point R which is the center of the inscribed circle
D to the triangle PoPP;. By Lemma 5, the lines RQ and Py P; are orthogonal. In
particular D is tangent to the ellipse £. This implies that P; is obtained from Py by
the outer-length billiard law of reflection. U

It would be interesting to investigate if these are the only cases. This fundamental
problem (possibly to be studied by an integral inequality a la Bialy [8]) may present
nontrivial difficulties, due to the infinite total area of the phase space.
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4. Asymptotic expansions

S. Marvizi and R. Melrose’s theory, first stated and proved for Birkhoff billiards
[15, Theorem 3.2], can be applied to the general case of (strongly) billiard-like
maps, see [13, Section 2.1]. As an outcome, the following expansion at p = 0 of
the corresponding minimal average function holds:

B(p)~ Bip~+B3p>+ Bsp> +- - -

in terms of odd powers of p. It is well-known (see, e.g., [15, Section 7] again)
that for usual billiards the sequence {f} can be interpreted as a spectrum of a
differential operator, see also Remark 2.11 in [1]. The question is wide open for
other types of billiards, included outer length billiards.

In this section, we gather all the technical results in order to prove the next
theorem, providing the coefficient 8s for the outer length billiard map. This result
is a refinement of [17, Theorem 1(iii)]. In fact, in a genuine framework of convex
planar geometry, D.E. Vitale and R.A. McClure computed f3 by using as coordinate
the support function and as parameter the angle with respect to a fixed direction.

Theorem 6. Let Q2 be a strictly convex planar domain with smooth boundary 02.
Suppose that 02 has everywhere positive curvature. Denote by k(s) the (ordinary)
curvature of 02 with arc-length parameter s. Let £ be the length of the boundary
and

4
L :=/ k*3(s) ds.
0

The formal Taylor expansion at p = 0 of Mather’s B-function for the outer length
billiard map has coefficients

L3
P =0forallk, pi=4L, Ppz= o

CORABG) kTS (s)K2(s)
_ 74
55_L/0( 120 T 2160 )ds‘

As expected, a straightforward consequence of the previous result is that, as for
other billiards, also for outer length ones, the two coefficients 8; and B3 allow one
to recognize a circle among all strictly convex planar domains.

Corollary 7. The coefficients B1 and B3 recognize a circle. In particular,
383+ 7°B1 <0

with equality if and only if 0S2 is a circle.
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Proof. We apply Holder’s inequality with p = 3/2 and ¢ = 3 to obtain
¢ ¢ 23, pt 1/3
@) L= [KPsyds < ([ @) ([ 1Pds) = @0l
0 0 0

since f(f k(s)ds = 2m. Using the expressions of 81 and 83 found in Theorem 6, we
can write
33+ 2B = 1L° — 7 < 12m)2 — 7t =0.

In the case of equality, namely if 383 + 72, =0, then L = (27)*/3¢!/3, and the
case of equality is reached in (4-1). In that case, k is constant. Hence €2 is a disk. [J
Remark 8. Let Py, be the set of all convex polygons with at most n vertices which
are circumscribed to 2. We define

8(2; Py) :=inf{€(P,) : P, € Py},
where ¢(P,) is the perimeter length of P,. Clearly, essentially in view of equality
(3-2), Theorem 6 gives also the formal expansion of §(€2; Py) at n — +o00.

Since we use the arc-length parametrization of 92, it is useful to recall that

y// — k])//, y/// — —kzy/—l-k/Jy/,
y@ = —3kk'y' + (k> + k") Ty,
y® = (k* — 4kk” —3k"?)y’ + (—6k*k' + k") Ty,
y© = (103K’ — 10K’k” —Skk"" )y’ + (k> — 10k*k” — 15kk> +k®) Ty,

(4-2)

where J is the counterclockwise rotation of angle /2.
Proposition 9. For0 <r <s <4{,letd:=s —r. Then

o R 5 kOK () oy 2K () + 4K (r) + TR(OK ()
(4-3) H(r,s)=6+ B 57+ B 8"+ 540 b)

+0(8°),
uniformly as 5§ — 0.

Proof. We start by writing separately the Taylor expansions of numerator and
denominator of the generating function

_ &=y A =y'()

4-4 H(r,
@ r:5) Y () AY(s)

From now on, we omit the dependence on r of y, k and their derivatives. We have

) y " 5 y/// 3 y 4) . y ()] 5 p
— =y'§+—4 — — — 0@
Yy —y@r)=ys+ SO e (6”)

and likewise for y’(s) — y/(r); thus the Taylor expansion of the numerator of (4-4)
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1S
K 12k" — k3 k" — 3k 2k5 — 48kk"* — 29k%k” + 6k@
k82 4+ —83+ = 84 8 8%+ 08,
Tt 6 2 Tty + 720 +0@)

where we have used (4-2). Similarly, the Taylor expansion of the denominator is

Y (r) Ay (s)
/ roo s V"2 v 3 yOa y©es 6
=y /\()/ +y" 8+ 58+ 58+ 580+ 5282+ 06 ))

/ _ 13 ”" G2 5 210 _ ” 4)
:k8+%82+ k6+k 83 6k2k4+k 54 k> —10k"k 5'lSkk +k 85+0(86)

_ K 2K* 43K 2kK" 2 3K =2k (K*+2kk")+K2K" (3 4 5 -1
= k8 (1= b LA 2 2 5 +Ds*+0©%)) .

where

45k™ — 90kk™k” + 30k>k'k" + 2k (TkS + 10k3k” + 10k"? — 3kk™)
720k* )

Using the above expansions for numerator and denominator, we obtain (4-3). [J

Proposition 10. The outer length billiard map T : (so, &) +> (s1, &1) has the
expansion

o [rzere
g1 =¢gp+ A(so)e(z) + B(so)eg + C(so)gg 4 0(8(5))’
where
! 2 1
Ay = KO g 10k2 ) 2W'6)
(4-6) 3k(s) 9k2(s)  3k(s)
C( ) _ —24](4(-9)](/(5) — 1160k/3(s) + 1200k(s)k/(s)k//(s) _ 216k2(s)k///(s)
VT 54063 (s) :

Proof. We start by writing separately the Taylor expansions of numerator and
denominator of the radius R of the circle in R?\ Q tangent to 92 at y (s1) and to
the line Py (sg); see Figure 1.

_ ) —yGo) Ay _ (vls2) =y (D)) Ay'(s2)
L+y'(s1) - ¥'(s0) L+y/(s2) - ¥'(s1)

From now on, we indicate, by subscripting 1, the dependence on s; of y, k and
their derivatives. Recall that &y = 5o — s1. The Taylor expansion of the numerator is

VI(S) 5 6
<V181+—81+ 8 + 1+T81+0(8 ))
()/1 +y/e1+ —81 + —81 +Z 81 + 0(85)>

ki 2 k +3k 4 —9k2k! +4k" 5 6
:71814- +( 81+ # 81+0(81),
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where we have used (4-2).
Similarly, the Taylor expansion of the denominator is

(5)
1+ (yl +yer + —8% + lesf + 0et+ 0(8?)) Y|
=2(1- Mgz _lbigsy o) =2(1+ Koz ks, 0(84))

Using the above expansions for numerator and denominator, we obtain

ki 5 2k +3k{ ,  16k{k| + 4k’
1
@47 2R= ng + ?lef 124 Let + —1 1120 Lel+0(e9)
or, equivalently,
ki o k; 3 4 5 6
with
247 + 3k{ 16kTk] + 4k}
4=——F—, Asi=—— ——

24 120

Substituting the powers of the expansion
e1 = g0+ als)eg+Bls1)ey + v (s1)eg + O ()
in (4-7), we obtain (omitting the dependence on sg in «, 8 and y)
k K k
2R = ?183 (kla + ?1) ey + (%(oﬂ +28) 4+ kja + A4) &g
+ (ki(@B +y) + K (@ + B) +4aAs + As) &) + O(ef).

Equaling this to (4-8), we obtain

_2(s) Ak (s)
a(s) = TG B(s) = sy
&)= —320k" (5) + 3k’ () (—8k* (s) + 60k ()K" (5)) — 36k* ()K" (s)
= 5403 (s) :

Finally, from

o’ (s0)
2

e1 = &0+ a(so)eg + (& (so) + B(s0))eg + ( + B(s0) + )/(So)) g+ O(e)),

we obtain the formulas (4-6). O
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Proposition 11. Let g > 3. The q-periodic orbits of rotation number 1/q for the
outer length billiard map have the expansion

sk =5 +ao (k/q) + 4 */q) | a (kz/q) +0 <%)
(4-9) q q q

Ek

_ k) | bak/g) bk (L)
q 612 q3 q4

where sg € R converges to 0 with q, ap : R — R is a map such that ap(x + 1) =
ag(x) + £ for any x and ay, a, b, by, b3 : R — R are 1-periodic maps which can
be expressed as

s 14
aol(s):%/ K@) dr == x(s), L::/ kP (rydr,
0 0

a(x) =0,
ay(x) = k™3 (ap(x))
! 1 1y—1 /2, 10 k%
(4-10) X </0 L3<%(9k k™3 —12(K)°k 3)+E>(ao(t))dt+cx>,

b1(x) = ay(x) = Lk~ (ap(x)),
ag(x) L2k (ap(x)k~"3(ap(x))
2 3

a///
b3(x) = ab + ?0.

by(x) =

El

The constant c in the expression of ay is such that

2
3( 1 ny—r N2 _Q k_§>
L3 (s Ok = 12060 %) + ) e

has zero mean.

Proof. Since the points in the orbits are equidistributed as ¢ — 400, for any g
we can choose the first point of the orbit sg such as sg — 0 for ¢ — +o0. For
simplicity, we omit the dependence of @; and b; on k/q.

Combining the expansions in (4-5), we have

el — &k = A(s e + B(s)eg + Cs)eg + O(e})
_ A(s{ +ao)b} N B(sd + ap)bi + A’ (s¢ + ap)arb? + 2A(s{ + ao)b1b>
- 2 3
q q

Fa,‘,b' 1
+¥+0(—5>’
q q
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where

F(a;, bj):=A(sd +ao)b3+2A(sg +ao)b1b3+2A  (s¢ +ap)arb1by+A' (s{ +ao)azbi
+ A" (sd +ap)aibi /2 +3B(sd + ao)biby + B'(s§ +ao)aibi + C (s + ao)by.

Moreover, directly from the second expansion in (4-9), we have

b/ b/ + b// 2 b/ + b// 2 _|_ b/// 6 1
Ekil — 8k = —5 + = 41/ + =2 2/5 1/ +0<—5>.
q q q q

Equaling these two expansions, we obtain that a; and b; solve

A(sd + ag)b? = b,
(4-11)  { B(sd +ao)b} + A'(s{ +ap)arb? +2A(s{ + ag)bi1by = b, + b] /2,
F(a;, b)) = by + by /2+b]'/6.

On the other hand, directly from the first expansion in (4-5), we conclude that

a, a,+al/2 a +a’/2+al/6 1
Sk+1_Sk=;0+ lqzo/ + 2 1;3 o/ +0< >,

q*

which, compared which the second expansion in (4-5), gives the system
(4-12) ay=>by, ay+ay/2=by, ay+ai/2+a)/6=Ds.
Expressions of ay and by. To compute ag and by, we solve the system
(4-13) bi =a), by = A +ao)bi.

Replacing b; by a;, in the second equation, we get

(4-14) ay = (ap)*A(sg + ao).

If welet Ai(s) = —% log k(s) be a primitive of A, it follows from (4-14) that

(aée_Al(‘Yg+“°))/ =0.

Hence a(/)e_A'(sg +40) js constant. Consider now A, (s) = f(; k*3(r)dr, which is a
primitive of exp(—A;). We just proved that Az(sg ~+ ap) has constant derivative,
hence it must be of the form Az(sg +ap(x)) =ux-+v for any x € R, where u, v € R.
Since, by definition, Az(sg + ap(0)) = Az(sg ) = v, we have v = Az(sg ). The
expression of u is

)4
u = Ax(sg +ao(1)) — Ax(sd) = Aa(sd +£) — Ax(sf) :/ K3 (r) dr.
0
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Finally, b; follows from b; = aj,.

Expressions of ay and b,. To compute a; and b;, we solve the system

by =a}+aj/2,

(4_15) / " q 3 Iy 2 q
by + b\ /2 = B(sy +ao)b] + A'(sy + ao)a1by +2A(sy +ao)b1b;.

The terms containing a; nor b, can be computed using the expression of ap and
b1 we just obtained. Let us replace in the second equation of (4-15) b, by the
expression given by the first equation: we obtain an equation for which we split the
terms containing a; from the others. Namely,

(4-16) a] —2A(s{ +ap)bra; — A'(sf + ag)a, b7
= A(sg +ao)brag + B(sd +ag)b; — %b/{ — %a((f).

Replacing ag and b by the expressions we just found, the left-hand side of (4-16)
can be expressed as

a;/ + %Lk—5/3k/a; + %L2(k_7/3k// _ k—lO/Sklz)al — k_2/3(alk2/3)//,

where it is understood that k and its derivatives are evaluated at sg + ag. The
right-hand side of (4-16) vanishes. Hence (4-16) is equivalent to

k—2/3(a1k2/3)// =0

Since a; is periodic and vanishes at 0, we necessarily have a; = 0. The expression
of by comes from the first equation of (4-15), namely b, = ag /2.

Expressions of ap and bs. Although not used later, we derive an explicit expression
for the coefficient a;. By making use of (4-11) and (4-12), and taking into account
that a; = 0, we obtain the system

by=a\+ay' /6,
(4-17) A (s¢ +ao)biar + A(s{ + ao) (b3 +2b1b3) + B(sg +ao)3bby + C (s{ + ao)b}
=b{"/6+ b} /2 + b}

From the first equation of (4-17) we have b = aj + a(g4) /6, which in turn gives

HEK'K™S  8()3kS  K"k™3
27 27 9

by =al +
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Replacing into the second of (4-17) and grouping all the terms with a,, we get

(4-18) (kiay) = L*

40(k")3 — 45kk'k” + 9k2k” N 2k’
810k> 45k ) -

The right-hand side is the derivative of

2
1 7 10 k3
3 "=z _ N27,— %
L (—810 (9%~ = 1206 3>+—15>+c,

where c is a constant such that this function has zero mean. At this point we can
integrate again and get for a>(x) the value

k—i(ao(x))</x L} (i <9k”k—% — 12(k’)2k—?) n E)(ao(z)) di + cx)
0 810 15 :

The value of b3 can now be easily derived from the first one of (4-17). U

5. Proof of Theorem 6

This section is entirely devoted to the proof of Theorem 6, providing the coefficient
Bs for the outer length billiard map.

Proof. We start the computation of the beta function by writing its value at rational
points of the form é, which (by the expansion (4-3) of the generating function H)
is

q—1
5-1) ﬂ(é) =}[ S H (5. $us1)

n=0
149! k2 kk' 2k* + 4k + Tkk”

=—Zen 128n+En+ 40 82—%—0(82).

Here, the curvature k and its derivatives k' and k” are to be understood as evaluated
ins,.

Now, we substitute in the above formula s, and ¢, with their corresponding
Taylor expansions obtained in Proposition 11. We then proceed to group the various
terms according to their order of magnitude g*.

First, we observe that the summation of ¢, is simply equal to the perimeter £ of
D, so that 8, = ¢.

By inspecting the formula even before performing the substitution, we see that
there are no terms of order q_z, so that 8, =0, as expected by Marvizi—-Melrose
theory.
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The second term of the summation on the right-hand side of (5-1) becomes, after
the substitution and after grouping the various powers of ¢,

1
D) — E 2 ; 3

1 a 1\ (b1 by b3}
=_— k2<ao+—+0(—))(—+—+—)
2 ; q? 9’ a 9 ¢
B Z L K2D3 1 kzbzbz L 2kk'bias + 3k*(b2bs + b1b3) 1 N 0( 1 )
12 ¢3 q* 12 P 4%/

Similarly, we have

1 —1

1< 4 1 b "
52k Gk () ey = - Z ( += +0(q—3)) =
(5_3) n=0 =0
kbt 1 kK B3by 1 1
S L o).
o 12 q4 3 qs q6
Finally, the last term is
q—1 4 2 /"
2k —|—4k —|—7kk
(5-4) ( ) blg + 0(%).

n=0

We recall that, in the last three formulas, it is implicitly understood that all functions
a;, b; are evaluated at n/q, and the curvature k and its derivatives k" and k”, where
not explicitly specified, are computed at sg +ap(n/q). To determine B3, we compute

lim, 204 (B(1) — £).
From (5-2), (5-3), and (5-4), we obtain

! 1
= lim — Y (&% 0(—)
'33 q—}r-i{loo 12q = ( 1 + q

By Proposition 11, we have by = Lk~ P k2b3 L3, so that

1 1/t :
ﬂ3:ﬁL3:E(/O k2/3(r)dr> .

The leading part of this limit is constant, while the term denoted by O(1/q)
contains only higher-order terms. We will take this into account when analyzing
B —£/q — B3/q>, considering only the terms present in O (1/q).
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For the terms of order 4, we obtain the expression
qi SO

4 12 ) g%
n=0

Since, by Proposition 11, we have b = Lk_% and by = — %sz’k_% , we immediately
conclude (again, as expected by Marvizi—-Melrose theory), that 84 = 0.
The terms of order 5 are

q—1 4 n” "
2k* 4 4k 4 Tkk 1 1
[ + + bf+ﬁ(2kk’bfa2+3k2 (bgb%+b§b1)+4kk’bfb2)] —
q
n=0
=8+,
where
q—1
1 3 2
n=0
q—1 4 2 "
2k AR+ THE" s 1 (5, P
Sy = b3 4+ — ( 3k*b3by + 4kk'b3by 4+ —k>al b}
2 ( 240 12< 201 AKEDIDy S ka

=0

3

where we substituted the value b3 = a} +a,,’ /6 from Proposition 11. We remark that
the sum S; contains a, and the sum S, doesn’t contain a,. As established earlier,
we have

q—+o0 q q—>+o0 g

By studying lim 1S;, we obtain
g——+o0 4

Bs= lim ¢ <ﬁ(l>—£—&): lim (S + 5.

1 14 .
(5-5) — lim — Y (2kk'k2ayL>+3k*k 3d,L?
.y 2 )

Lfh(x 3 Z / 2
== (— (ap(x)) az(x)L” 4 3k3 (ao(x)) ay(x)L ) dx
12/) Uk

where once again in the summations we have used the convention that the functions
a;, b; are evaluated at n/q, while the functions k, k’ are evaluated at ag(n/q).
Similarly, in the integral on the right-hand side, a;, b; are evaluated at x, and k, k’
at ag(x). Integrating by parts the second term inside the integral, we have

(5-6) f k3 (ag(x)) d(x)L2dx
1 2 /
—ks(ao(x))az(mz\ - f S (@) ax(0) L dx.
0
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By periodicity, the first term is 0. By substituting the remaining expression of (5-6)
inside (5-5), we conclude that the first limit is O.

Let us proceed with the calculation of lim —S2 Recalling from (4-10) that
a)(x) = Lk~ (ag(x)). we have areod

=13 (- 2k N 14k '
3k3  Ok4
Taking into account the expressions of a;, b; given in (4-10) and by substituting
the previous expression into S, we obtain

1
5-7) Iim -5
q—>+o0 g

192 k4 p Ak 4 7kK"
= lim -
e 240

g—+00 g b? + %(3k2b§bl +4kk/b:15b2 + %kZ ///b2)
n=0

i L5 q—1 k2/3 k—%]{/Z N k—%k//
= mumm — —
120 540 720

q—>—+00 q "m0
.5 1/ k2/3 k—gﬁk/z k—gku .,
- [,(@_ 540 720) -

We finally integrate by parts the last term of the integral, obtaining

1 1 1
/ L3k 3K'dx = L* / k=SB (k" 3Ly dx = L* / k3 (K) dx
0 0 0

5
R e e
3 Jo

Substituting this in (5-7), we conclude that

1 L/ k2/3 k‘lsfok’z
lim —S2:L5/ — 4+ dx.
q—>+ g o \ 120 2160

Finally, switching to arc length as the variable of integration, we obtain the desired

result:
CORABG) kTS ()R (s)
=L ) O
Ps /0< 20 2160 )ds

6. Lazutkin coordinates and caustics

A consequence of Proposition 10 is that we can compute explicitly Lazutkin coor-
dinates [14] for order 4 in the case of outer length billiards.
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Lemma 12 (Lazutkin for outer length billiards). The coordinates

1 K J4
x(s)=— / KP@ydr, L= / kP (rydr,
L Jo 0
y(s, &) =x(s+¢&) —x(s)
are such that the outer length billiard dynamics is given by
x> x4y, yey+00h.

Proof. Let
(s,8) > (x,y):=(f(s), f(s+&)— f(5)

a change of coordinates so that (xg, yx) — (Xx + Y&, Yx+1). Then, by using the
expansion of ¢ given in 10, we have

f21)12+f6(1)3

) (20 + A(s0)ed + B(s0)e])

yi=xa—x1=f(si+e)— fls1) = f(sDer+ + 0(e))

J"(s0) 5
2

= (f’(so) + f"(s0)e0 +
(20 + A(s0)e2 + B(so)ed) EAGCORE

2 6
=(f(s) +f;°) ; f6(°) ) (" (s0) + f'(s0)A(s0)) &5

+ (f/(50)B(s0) + 2" (s0) A(s0) + f" (50)) &5 + O (&5)
yo+ (f"(s0)+ f'(s0) A(s0)) &5+ (f"(s0) B(s0) + 2" (s0) A(s0) + £ (50)) &5
+ 0(&}).

+ (f"(s0) + f"(s0)e0) S+ 00

Thus, to get rid of the 8% and 88 terms, we need to choose f solving
{f”(So) + f'(s0)A(s0) = 0,
J'(s0) B(s0) +2 " (50)A(s0) + f" (s0) = 0.

Integrating the first equation, we immediately obtain the desired formula for f,
giving, up to normalization,

1 s L
x(s):—/ K3 (r) dr, L::/ kP (ry dr.
L Jo 0

Then, by direct computation, it is easy to check that such a function solves also the
second equation. ([

As a consequence, the outer length billiard map is a small perturbation of the
integrable map

x, )= &x+y,y),
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satisfying the assumptions of Lazutkin’s theorem [14, Theorem 1]. Applying this
theorem, the next corollary of Proposition 10 immediately follows.

Theorem 13. Arbitrarily close to the boundary 0S2, there exist smooth caustics for
the outer length billiard map. The union of these caustics has positive measure.

On the other hand, regarding the nonexistence of caustics, we underline that the
following outer length billiard version of Mather s theorem still holds.

Theorem 14. If the curvature of the boundary 02 vanishes at some point, then the
outer length billiard in Q2 has no caustics.

Proof. We use Mather’s necessary analytic condition for the existence of a caustic
[16], that is

H(s0, 1) + Hy1(s1, 52) <O0.

By using the general expression of the generating function (4-4), it is easily seen
that

() =y A y"(s1)

Hi(s1,82) =—1 - p
Y (s) AY/'(s2)
W62 =y ) AW (s2) =y (1) - (¥ (51) Ay (s2))
VDAY (52)? ‘
Hence,
Y DAY (1) (Y2 =y si) Ay (s1)
Hyi(s1,52) = — ; - 7 /
Y (s)AY(s2) Y (sDAY (s2)
(y(s2)—yG)Ay (s, , Y (s AY'(s2)
2
P oAy e AT )
(Y (s2) =y (O)AWY (s —v'(s1), ,, /
DAY (52)2 (¥ (s Ay (s2)
+2(J/(S2)—V(Sl))/\()/ (s2)—vy (sl))(y//(sl)/\y/(SZ))Z.

' (s)AY/(s2))?

Now assume that at a point on the boundary corresponding to the arc-length pa-
rameter value s, the curvature is zero, that is, k(s1) = 0. Since the set is convex,
this condition implies that also k’'(s;) = 0. From formulas (4-2), it follows that
y"(s1) = y”"(s1) = 0. Substituting into the previous formula, we see that all
the terms composing Hj; vanish, and a similar argument holds for Hy;. As a
consequence, we have Hyj(s1, s2) + Hao(so, s1) = 0 for every sp, 52, and therefore
no topologically nontrivial invariant curve can exist. (]
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