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FIVE-DIMENSIONAL MINIMAL
QUADRATIC AND BILINEAR FORMS

OVER FUNCTION FIELDS OF CONICS

ADAM CHAPMAN AND AHMED LAGHRIBI

Over a field of characteristic 2, we give a complete classification of quadratic
and bilinear forms of dimension 5 that are minimal over the function field
of an arbitrary conic. This completes the unique known case due to Faivre
concerning the classification of minimal quadratic forms of dimension 5 and
type (2, 1) over function fields of nondegenerate conics.

1. Introduction

Let F be a field of characteristic 2 and K/F a field extension. An anisotropic
F-form (quadratic or bilinear) ϕ is called K -minimal if ϕK is isotropic and any
form ψ dominated by ϕ, such that dimψ < dimϕ, remains anisotropic over F
(dimϕ denotes the dimension of ϕ). We refer to Section 2 for the definition of
the domination relation which is more refined than the subform relation and is
necessary when we take into account singular quadratic forms. Let us mention that
the minimality for bilinear forms is equivalent to that of totally singular quadratic
forms (Corollary 6). Henceforth, we will restrict ourselves on the minimality for
quadratic forms.

In the case of a quadratic extension K/F , any K -minimal form is of dimen-
sion 2. Obviously, the same conclusion is true when K is the function field of a
2-dimensional quadratic form. When K is the function field of a conic, then any
3-dimensional anisotropic F-form which becomes isotropic over K is necessarily
K -minimal, and there is no K -minimal form of dimension 4. These two facts
combine many references that we summarize below (we refer to Sections 2 and 5
for the definition of the type and the norm degree ndegF ):

(1) For quadratic forms ϕ of dimension 3, we use [13, théorème 1.4].

(2) For quadratic forms ϕ of dimension 4, we use

(i) [13, théorème 1.3] for ϕ of type (2, 0),
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(ii) [13, théorème 1.4] for ϕ of type (1, 2),

(iii) [20, Theorem 1.2] for ϕ of type (0, 4) and ndegF (ϕ)= 8,

(iv) [20, Proposition 1.1 and Theorem 1.2] for ϕ of type (0, 4) and ndegF (ϕ)= 4.

We will distinguish between degenerate and nondegenerate conics. Recall that a
conic is called degenerate if it is given by a quadratic form of type (0, 3), otherwise
it is given by a quadratic form of type (1, 1) and called nondegenerate. Quadratic
forms of dimension 5 which are minimal over function fields of conics were
classified first in characteristic not 2 by Hoffmann, Lewis and van Geel [9]. Their
result has been extended to characteristic 2 by Faivre in the case of quadratic forms
of type (2, 1) and nondegenerate conics. His result states the following:

Theorem 1 [4, Corollary 3.7; 6, Proposition 5.2.12]. Let ϕ be an anisotropic F-
quadratic form of dimension 5 and type (2, 1), and τ = b[1, a] ⊥ ⟨1⟩ an anisotropic
F-quadratic form of dimension 3. Then, ϕ is F(τ )-minimal if and only if these three
conditions are satisfied:

(i) ϕ is a Pfister neighbor of a 3-fold Pfister form π .

(ii) π ≃ ⟨⟨c, b, a]] for a suitable c ∈ F∗.

(iii) ind(C0(ϕ)⊗ C0(τ ))= 4.

For function fields of nondegenerate conics, Faivre proved this general result:

Proposition 1 [6, Propositions 5.2.1, 5.2.8, 5.2.11]. Let τ = b[1, a] ⊥ ⟨1⟩ be an
anisotropic F-quadratic form of type (1, 1), and ϕ an anisotropic F-quadratic form.
Suppose that ϕ is F(τ )-minimal, then we have:

(1) ϕ is singular but not totally singular.

(2) If ϕ is of type (1, ℓ), then ℓ is odd.

(3) If dimϕ = 5, then ϕ is a Pfister neighbor of a 3-fold Pfister form ⟨⟨c, b, a]] for
some c ∈ F∗.

The proof of this proposition is mainly based on the fact that the extension given
by the function field of a nondegenerate conic is excellent [8, Corollary 5.7] and
some arguments similar to those developed by Hoffmann, Lewis and Van Geel
in characteristic not 2 [9]. This excellence result is no longer true for degenerate
conics as it was proved by Laghribi and Mukhija [19].

To our knowledge, no classification of minimal quadratic forms of type (2, 1)
over function fields of degenerate conics, or of type (1, 3) over function fields
of arbitrary conics are known. Our aim in this paper is to complete these open
cases. The first result in this sense is the following theorem that concerns minimal
quadratic forms of type (2, 1) over function fields of degenerate conics.
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Theorem 2. Let ϕ be an anisotropic F-quadratic form of dimension 5 and type
(2, 1), and τ = ⟨1, a, b⟩ an anisotropic totally singular F-quadratic form of dimen-
sion 3. Then, ϕ is F(τ )-minimal if and only if these three conditions are satisfied:

(i) ϕ is a Pfister neighbor of a 3-fold Pfister form π .

(ii) π ≃ ⟨⟨a, b, c]] for some c ∈ F∗.

(iii) ind C0(ϕ)F(
√

a,
√

b) = 2.

Concerning the classification of minimal 5-dimensional quadratic forms of type
(1, 3) over function fields of degenerate conics, we prove the following result.

Theorem 3. Let ϕ be an anisotropic F-quadratic form of type (1, 3), and τ =

⟨1, a, b⟩ an anisotropic totally singular quadratic form of dimension 3. Then, ϕ is
F(τ )-minimal if and only if these three conditions are satisfied:

(i) ϕ is a Pfister neighbor of a 3-fold Pfister form π .

(ii) π ≃ ⟨⟨a, b, c]] for some c ∈ F∗.

(iii) For any e ∈ F∗, we have either
(a) id(eτ ⊥ ql(ϕ))≤ 1, or
(b) id(eτ ⊥ ql(ϕ))= 2 and (DF (ϕ)∩ DF (eτ)) \ DF (ql(ϕ))= ∅.

The classifications given in Theorems 1 et 2 are based on the even Clifford algebra
C0(ϕ) of ϕ. However, for quadratic forms of type (1, 3), another characterization
is used in Theorem 3. This is due to the fact that the even Clifford algebra of any
quadratic Pfister neighbor of type (1, 3) is split as we state in Corollary 1.

Proposition 2 (compare [21, Lemma 2]). Let ϕ = a1[1, b1] ⊥ · · · ⊥ an[1, bn] ⊥

⟨1, c1, · · · , cs⟩ be a singular quadratic form such that n ≥ 1 and s ≥ 1, and let
K = F(

√
c1, . . . ,

√
cs). Then, C0(ϕ) is isomorphic to the F-algebra [b1, a1)⊗F

· · · ⊗F |bn, an)⊗F K . In particular, C0(ϕ) has degree 2n as a K -algebra.

Corollary 1. An anisotropic F-quadratic form ϕ of type (1, 3) is a Pfister neighbor
if and only if ϕ is similar to rs[1, u] ⊥ ⟨1, r, s⟩ for suitable scalars r, s, u ∈ F∗.
Moreover, C0(ϕ) is split as a K -algebra, where K = F(

√
r ,

√
s).

For the classification of minimal 5-dimensional quadratic forms of type (1, 3)
over function fields of nondegenerate conics, we prove the following theorem:

Theorem 4. Let ϕ be an anisotropic F-quadratic form of type (1, 3), and τ =

a[1, b] ⊥ ⟨1⟩ an anisotropic quadratic form of dimension 3 and type (1, 1). Then, ϕ
is F(τ )-minimal if and only if these three conditions are satisfied:

(i) ϕ is a Pfister neighbor of a 3-fold Pfister form π .

(ii) π ≃ ⟨⟨c, a, b]] for some c ∈ F∗.

(iii) For any e ∈ F∗, if e[1, b] ⊂ ϕ then e ̸∈ DF (a[1, b]) · DF (ql(ϕ)).
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Finally, for the classification of minimal quadratic forms of type (0, 5), we use
the language of bilinear forms, which will help us to use a cohomological invariant
and a classification parallel to those given in Theorems 1 et 2. Namely, we will
prove the following result:

Theorem 5. Let B be an anisotropic F-bilinear form of dimension 5, and Q =

⟨1, a, b⟩ an anisotropic totally singular quadratic form of dimension 3. Then, the
following statements are equivalent:

(1) B is F(Q)-minimal.

(2) There exists an F-bilinear form C of dimension 5 which is a strong Pfister
neighbor of a bilinear Pfister form ⟨⟨a, b, c⟩⟩b and satisfies the two conditions:
(i) B̃ ≃ C̃.

(ii) For any u, v ∈ F2(a, b) such that ⟨u, v, uv⟩b is similar to a subform of
⟨⟨a, b, c⟩⟩b, the invariant e2(C ⊥ ⟨det C⟩b ⊥ ⟨⟨u, v⟩⟩b + I 3 F) has length 2.

Note that for bilinear forms, nothing happens over the function field of a nonde-
generate conic since an anisotropic bilinear form remains anisotropic over such a
field. To clarify the notations used in Theorem 5, let us recall that to any bilinear
form B of underlying vector space V , we associate a totally singular quadratic form
B̃ defined on V by: B̃(v) = B(v, v) for all v ∈ V . The cohomological invariant
e2 is that due to Kato [10] going from the quotient I 2 F/I 3 F to νF (2), where
νF (2) is the additive group generated by the logarithmic symbols da1

a1
∧

da2
a2

for
a1, a2 ∈ F∗. This invariant plays the role of the Clifford invariant which is not
defined for bilinear forms in characteristic 2, and thus the group νF (2) can be seen
as the 2-torsion of the Brauer group. The word “length” that we talk about in the
previous theorem concerns the smallest number of logarithmic symbols needed to
write the cohomological invariant e2(η) for η ∈ I 2 F/I 3 F . Finally, the notion of a
strong Pfister neighbor bilinear form is defined as the classical notion of a quadratic
Pfister neighbor. We use the term “strong” since we have another weaker notion of
bilinear Pfister neighbor (see Section 5).

2. Background on quadratic and bilinear forms

We refer to [5] for undefined terminologies or facts. Recall that any quadratic form
ϕ decomposes as follows:

(1) ϕ ≃ [a1, b1] ⊥ · · · ⊥ [ar , br ] ⊥ ⟨c1⟩ ⊥ · · · ⊥ ⟨cs⟩ ,

where [a, b] (resp. ⟨c⟩) denotes the binary quadratic form ax2
+ xy + by2 (resp.

cz2). Here, ≃ and ⊥ denote the isometry and the orthogonal sum, respectively.
As in (1), the form ϕ is called of type (r, s). We say that ϕ is nonsingular (resp.

totally singular) if s = 0 (resp. r = 0). It is called singular if s > 0.
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The form ⟨c1⟩⊥ · · ·⊥⟨cs⟩ in (1) is unique up to isometry, we call it the quasilinear
part of ϕ and denote it by ql(ϕ).

A quadratic form ϕ of underlying vector space V is called isotropic if there exists
v ∈ V \ {0} such that ϕ(v)= 0. Otherwise, ϕ is called anisotropic.

Any quadratic form ϕ uniquely decomposes as follows:

(2) ϕ ≃ ϕan ⊥ [0, 0] ⊥ · · · ⊥ [0, 0] ⊥ ⟨0⟩ ⊥ · · · ⊥ ⟨0⟩ ,

where the form ϕan is anisotropic that we call the anisotropic part of ϕ. The number
of copies of the hyperbolic plane [0, 0] in (2) is called the Witt index of ϕ, we
denote it by iW (ϕ). Similarly, the number of ⟨0⟩ in (2) is called the defect index of
ϕ, we denote it by id(ϕ). The total index of ϕ is iW (ϕ)+ id(ϕ).

Two quadratic forms ϕ and ψ are called Witt equivalent if ϕ ⊥ m ×[0, 0] ≃ψ ⊥

n × [0, 0] for some integers m, n ≥ 0. In this case, we write ϕ ∼ ψ .
Let C(ϕ) (resp. C0(ϕ)) denote the Clifford algebra (resp. the even Clifford

algebra) of the quadratic form ϕ. When ϕ≃a1[1, b1]⊥ · · ·⊥ar [1, br ] for ai , bi ∈ F
such that ai ̸= 0 for 1 ≤ i ≤ r , its Arf invariant 1(ϕ) is the class of

∑r
i=1 bi in

F/℘ (F), where ℘(F) = {x2
+ x | x ∈ F}. In this case, C(ϕ) is isomorphic

to ⊗
r
i=1[bi , ai ), where [b, a) denotes the quaternion algebra generated by two

elements i and j subject to the relations: i2
= a ∈ F∗

:= F \ {0}, j2
+ j = b ∈ F

and i j i−1
= j + 1.

Let ϕ and ψ be two quadratic forms over F of underlying vector space V and W ,
respectively. We say that ϕ is dominated by ψ if there exists an injective F-linear
map σ : V −→ W such that ϕ(v)= ψ(σ(v)) for any v ∈ V . In this case, we write
ϕ ≺ ψ . We say that ϕ is weakly dominated by ψ if αϕ ≺ ψ for some α ∈ F∗. The
form ϕ is called a subform of ψ , denoted by ϕ ⊂ ψ , if ψ ≃ ϕ ⊥ ϕ′ for a suitable
quadratic form ϕ′. Clearly, if ϕ is a subform of ψ , then it is dominated by ψ , but
the converse is not true in general. We refer to [7, Lemma 3.1] for more details on
the domination relation.

For a1, . . . , an ∈ F∗, let ⟨a1, . . . , an⟩b denote the diagonal bilinear form given by

((x1, . . . , xn), (y1, · · · , yn)) 7→

n∑
i=1

ai xi yi .

A metabolic plane is a 2-dimensional bilinear form isometric to
(a

1
1
0

)
for some

a ∈ F ; we denote it by M(a). A bilinear form is called metabolic if it is isometric
to a sum of metabolic planes.

Let Wq(F) (resp. W (F)) be the Witt group of nonsingular quadratic forms (resp.
the Witt ring of nondegenerate symmetric bilinear forms). For any integer m ≥ 1, let
I m F be the m-th power of the fundamental ideal I F of classes of even-dimensional
forms in W (F) (we take I 0 F = W (F)). Recall that Wq(F) is endowed with
W (F)-module structure in a natural way [1]. For any integer m ≥ 2, let I m

q F be
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the submodule I m−1 F · Wq(F) of Wq(F). The ideal I m F is additively generated
by the m-fold bilinear Pfister forms ⟨1, a1⟩b ⊗ · · · ⊗ ⟨1, am⟩b, that we denote by
⟨⟨a1, . . . , am⟩⟩b. The submodule I m

q F is generated, as a W (F)-module, by the
quadratic forms ⟨⟨a1, . . . , am−1⟩⟩b · [1, b], that we denote by ⟨⟨a1, . . . , am−1, b]] and
call an m-fold quadratic Pfister form. We have I 1

q F = Wq(F) and a 1-fold quadratic
Pfister form is a form of type [1, a].

Let Pm F be the set of forms isometric to m-fold quadratic Pfister forms, and
G Pm F the set of forms similar to forms in Pm F . Similarly, let B Pm F be the set
of forms isometric to m-fold bilinear Pfister forms, and G B Pm F the set of forms
similar to forms in B Pm F .

For m ≥ 1 an integer and B ∈ B Pm F , we have B ≃ ⟨1⟩b ⊥ B ′ for some bilinear
form B ′. This form B ′ is unique, we call it the pure part of B.

The Hauptsatz of Arason–Pfister asserts that any anisotropic form in I m
q F (or

I m F) has dimension ≥ 2m . Moreover, if the form has dimension 2m , then it is
similar to a Pfister form (see [16, lemme 4.8] for bilinear forms, and [17, proposition
6.4] for quadratic forms). In this paper, we will only need the Hauptsatz for bilinear
forms.

Recall that a quadratic (resp. bilinear) Pfister form Q is isotropic if and only if it
is hyperbolic (resp. metabolic). Such a form is also round, meaning that α ∈ F∗ is
represented by Q if and only if Q ≃ αQ.

For a quadratic form ϕ ≃ [a1, b1] ⊥ · · · ⊥ [ar , br ] ⊥ ⟨c1⟩ ⊥ · · · ⊥ ⟨cs⟩, we define
the polynomial Pϕ =

∑r
i=1(ai x2

i + xi yi + bi y2
i )+

∑s
j=1 c j z2

j . This polynomial is
reducible if and only if ϕ ≃ [0, 0] ⊥ ⟨0⟩ ⊥ · · · ⊥ ⟨0⟩ or ϕ ≃ ⟨a⟩ ⊥ ⟨0⟩ ⊥ · · · ⊥ ⟨0⟩

for some a ∈ F∗ [21, Proposition 3]. When Pϕ is irreducible, we denote by F(ϕ)
the quotient field of the ring F[xi , yi , z j ]/(Pϕ), that we call the function field of ϕ.
When Pϕ is reducible or ϕ is the zero form, then we take F(ϕ)= F .

A quadratic form ϕ is called a Pfister neighbor if there exist π ∈ Pm F such that
ϕ is weakly dominated by π and 2 dimϕ > dimπ . Recall that the form π is unique
up to isometry, and for any field extension K/F we have that ϕK is isotropic if and
only if πK is isotropic. In particular, ϕF(π) and πF(ϕ) are isotropic.

3. Preliminary results

For the proof of Theorems 2, 3 and 4, we give a preparatory result.

Theorem 6. Let ϕ and τ be anisotropic quadratic forms of dimension 5 and 3,
respectively, with ϕ not totally singular and 1 ∈ DF (τ ). Suppose that there exists a
3-fold Pfister form π , some x ∈ F∗ and a 5-dimensional quadratic form ϕ′ of the
same type as ϕ such that τ is weakly dominated by both forms π and ϕ′, and such
that ϕ ∼ xπ ⊥ ϕ′. Then, τ is weakly dominated by ϕ.
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Proof. Let y ∈ F∗ be such that yτ ≺ϕ′. Then, xπ ⊥ yτ ≺ xπ ⊥ϕ′ is of codimension
2, but the right hand side has Witt index 4, so the left hand side is isotropic. Hence,
there exists z ∈ DF (τ ) such that yz ∈ DF (xπ). By the roundness of Pfister forms, we
get xπ ≃ yzπ . Let t ∈ F∗ be such that tτ ≺ π . In particular, t ∈ DF (tτ)⊂ DF (π).
So τ ≺ tπ ≃ π , thus z ∈ DF (π) and xπ ≃ yzπ ≃ yπ . Hence, without loss of
generality, we may suppose x = y = 1, meaning that τ is dominated by both forms
π and ϕ, and we have

(3) ϕ ∼ π ⊥ ϕ′.

Clearly, from (3) we have ql(ϕ)≃ ql(ϕ′). The form ϕ is of type (2, 1) or (1, 3),
and τ is of type (1, 1) or (0, 3). We write

ϕ ≃

{
R ⊥ ⟨r⟩ case (a),
R ⊥ ⟨r, s, t⟩ case (b),

where R is a nonsingular quadratic form and r, s, t ∈ F∗. Obviously, in case (a)
the form ϕ is of type (2, 1) and dim R = 4, while in case (b) the form ϕ is of type
(1, 3) and dim R = 2.

For the proof we will proceed case by case. We have to prove that τ is weakly
dominated by ϕ.

(1) Suppose that τ is of type (0, 3). We write τ = ⟨1, a, b⟩. The isotropy of πF(τ )

implies that π ≃⟨⟨a, b, c]] for some c ∈ F∗. If in case (b), τ is similar to ⟨r, s, t⟩, then
we are done. So suppose that these two forms are not similar. By the domination
relation, there exist u, v, w ∈ F∗ such that τ ≃ ⟨u, v, w⟩ and

ϕ′
≃

{
u[1, p] ⊥ v[1, q] ⊥ ⟨w⟩ in case (a),
u[1, p] ⊥ ⟨v,w, z⟩ in case (b),

where p, q, z ∈ F∗. Note that in case (a) we may suppose w = r . Adding on both
sides of (3) the form θ := ⟨⟨a, b⟩⟩, we get:{

R ⊥ θ ⊥ ⟨0⟩ ∼ θ ⊥ ⟨0⟩ in case (a),
R ⊥ ⟨z⟩ ⊥ θ ⊥ ⟨0, 0⟩ ∼ ⟨z⟩ ⊥ θ ⊥ ⟨0, 0⟩ in case (b).

The Witt cancellation of the zero form yields{
R ⊥ θ ∼ θ in case (a),
R ⊥ ⟨z⟩ ⊥ θ ∼ ⟨z⟩ ⊥ θ in case (b).

– In case (a) we get iW (R ⊥ θ)= 2. Hence, there exists a form
〈
r ′, s ′

〉
dominated

by R and θ [7, Proposition 3.11]. Then,
〈
r, r ′, s ′

〉
is dominated by ϕ. In particular,〈

r, r ′, s ′
〉

is anisotropic. Since θ represents r ′, s ′ and r (because we take w = r ), it
follows that

〈
r, r ′, s ′

〉
is dominated by θ . Consequently,

〈
r, r ′, s ′

〉
becomes isotropic



250 ADAM CHAPMAN AND AHMED LAGHRIBI

over F(τ ) because τ and
〈
r, r ′, s ′

〉
are quasi-Pfister neighbors (see Section 5 for

this notion) of the same quasi-Pfister form ⟨⟨a, b⟩⟩. It follows from [20, Theorem
1.2(1)] that τ is similar to

〈
r, r ′, s ′

〉
, and thus τ is weakly dominated by ϕ.

– Similarly, in case (b), we get iW (R ⊥ ⟨z⟩ ⊥ θ) = 1, and thus there exists z′
∈

DF (R ⊥ ⟨z⟩)∩ DF (θ). Then,
〈
v,w, z′

〉
is dominated by ϕ. In particular,

〈
v,w, z′

〉
is anisotropic. Since θ represents v, w and z′, it follows that

〈
v,w, z′

〉
is dominated

by θ . Consequently,
〈
v,w, z′

〉
becomes isotropic over F(τ ), and by [20, Theorem

1.2(1)] τ is similar to
〈
v,w, z′

〉
, thus τ is weakly dominated by ϕ.

(2) Suppose that τ is of type (1, 1). We write τ = b[1, a] ⊥ ⟨1⟩ for some a, b ∈ F∗.
The isotropy of πF(τ ) implies that π ≃ ⟨⟨c, b, a]] for a suitable c ∈ F∗. By the
domination relation, we get

ϕ′
≃

{
b[1, a] ⊥ S ⊥ ⟨r⟩ in case (a),
b[1, a] ⊥ ⟨r, s, t⟩ in case (b),

where in case (a), S is nonsingular of dimension 2 such that 1 ∈ DF (S ⊥ ⟨r⟩); and in
case (b) we suppose r = 1. The condition 1 ∈ DF (S ⊥ ⟨r⟩) implies that 1 = re2

+ f
for some e ∈ F and f ∈ DF (S) ∪ {0}. If f = 0, then ⟨r⟩ ≃ ⟨1⟩. If f ̸= 0, then
S ≃ [ f, g] for some g ∈ F∗, and thus S ⊥ ⟨r⟩ ≃ [ f + re2, g] ⊥ ⟨r⟩ = [1, g] ⊥ ⟨r⟩.
Hence, in case (a), we may suppose r = 1 or 1 ∈ DF (S). When 1 ∈ DF (S), we get
S ≃ [1, d] for some d ∈ F . Inserting the forms ϕ′ and π = ⟨⟨c, b, a]] in equation (3),
we get

(4) ϕ ∼

{
c ⟨⟨b, a]] ⊥ T in case (a),
c ⟨⟨b, a]] ⊥ ⟨r, s, t⟩ in case (b),

where T is the form [1, a + d] ⊥ ⟨r⟩ or S ⊥ ⟨1⟩ according as S ≃ [1, d] or r = 1.
Clearly, the form on the right hand side of (4) is isotropic. Let b′

∈ DF (T ) (resp.
b′

∈ DF (⟨r, s, t⟩)) be such that b′
∈ DF (c ⟨⟨b, a]]). The existence of b′ in case

(a) is clear when T is anisotropic. If T is isotropic, then it contains a hyperbolic
plane and thus it represents any scalar. The roundness of Pfister forms yields
c ⟨⟨b, a]] ≃ b′ ⟨⟨b, a]].

(1) In case (a), the condition b′
∈ DF (T ) implies that b′

[1, a] ⊥ T ∼ U for some
form U of type (1, 1) such that

〈
b′

〉
≺ U . Since ϕ ∼ bb′

[1, a] ⊥ b′
[1, a] ⊥ T , it

follows that b′τ ≺ ϕ.

(2) In case (b), we have ⟨r, s, t⟩≃
〈
b′, . . .

〉
; thus ϕ∼ bb′

[1, a]⊥
〈
b′, . . .

〉
, and hence

b′τ ≺ ϕ. □

The rest of this section is devoted to some corollaries that refine some results on
isotropy due to the second author. The first one is a refinement of [13, théorème
1.2(3)] and [3, Theorem 1.1(3)].
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Corollary 2. Let ϕ be an anisotropic quadratic form of type (2, 1) or (1, 3), and
τ = ⟨1, a, b⟩ an anisotropic totally singular quadratic form of dimension 3. Suppose
that ϕ is not a Pfister neighbor. Then, ϕF(τ ) is isotropic if and only if τ is weakly
dominated by ϕ.

Proof. Suppose that ϕF(τ ) is isotropic. We have to prove that τ is weakly dominated
by ϕ. If ϕ is of type (1, 3) and τ is similar to ql(ϕ), then we are done. So suppose
that τ is not similar to ql(ϕ) when ϕ is of type (1, 3). Using [13, théorème 1.2(3)]
(resp. [3, Theorem 1.1(3)]) when ϕ is of type (2, 1) (resp. ϕ is of type (1, 3)), we
get

(5) ϕ ∼ xπ ⊥ ϕ′

where x ∈ F∗, π a 3-fold Pfister form isotropic over F(τ ), and ϕ′ a form of type
(2, 1) that weakly dominates τ . The isotropy of πF(τ ) is equivalent to saying that τ
is weakly dominated by π . Hence, Theorem 6 implies that τ is weakly dominated
by ϕ. Conversely, if τ is weakly dominated by ϕ, then ϕF(τ ) is isotropic. □

Corollary 3. Let ϕ be an anisotropic quadratic form of type (2, 1) or (1, 3), and
τ = ⟨1, a, b⟩ an anisotropic totally singular quadratic form of dimension 3. If ϕ
is F(τ )-minimal, then ϕ is a Pfister neighbor of a 3-fold Pfister form ⟨⟨a, b, c]] for
some c ∈ F∗.

Proof. If ϕ is F(τ )-minimal, then Corollary 2 implies that ϕ is a Pfister neighbor
of some 3-fold Pfister form π . Since ϕF(τ ) is isotropic, it follows that πF(τ ) is
isotropic and thus hyperbolic. Hence, π ≃ ⟨⟨a, b, c]] for some c ∈ F∗. □

The following corollary refines [3, Theorem 1.1(1)].

Corollary 4. Let ϕ be an anisotropic quadratic form of type (1, 3), and τ an
anisotropic quadratic form of type (1, 1). Suppose that ϕ is not a Pfister neighbor.
Then, ϕF(τ ) is isotropic if and only if τ is weakly dominated by ϕ.

Proof. Suppose that ϕ is isotropic over F(τ ). It follows from [3, Theorem 1.1] that
there exist α, β, u, v ∈ F∗ and R1, R2 nonsingular quadratic forms of dimension 2
such that αϕ ≃ R1 ⊥ ⟨1, u, v⟩, βτ = R2 ⊥ ⟨1⟩ and

(6) R1 ⊥ R2 ⊥ ρ ∼ xπ,

where x ∈ F∗, ρ is a nonsingular complement of ⟨1, u, v⟩ and π ∈ P3 F dominates
τ up to a scalar. Adding on both sides of (6) the form ⟨1, u, v⟩ yields

αϕ ∼ xπ ⊥ ϕ′,

where ϕ′
= R2 ⊥ ⟨1, u, v⟩ dominates βτ . Theorem 6 implies that τ is weakly

dominated by ϕ. Obviously, if τ is weakly dominated by ϕ then ϕF(τ ) is isotropic.
□
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Corollary 5. Let ϕ be an anisotropic F-quadratic form of type (1, 3), and τ =

b[1, a] ⊥ ⟨1⟩ an anisotropic F-quadratic form of type (1, 1). If ϕ is F(τ )-minimal,
then it is a Pfister neighbor of a 3-fold quadratic Pfister form π = ⟨⟨c, b, a]] for
some c ∈ F∗.

Proof. We use Corollary 4 and we proceed as in the proof of Corollary 3. □

Proposition 1 recovers Corollary 5 but the proof given by Faivre uses some
arguments different from those developed here.

4. Proof of Theorems 2–4

Proof of Theorem 2. Let ϕ be an anisotropic F-quadratic form of dimension 5 and
type (2, 1), and τ = ⟨1, a, b⟩ an anisotropic totally singular F-quadratic form of
dimension 3.

– Suppose that conditions (i)–(iii) from the theorem are satisfied. Since πF(τ )

is isotropic and ϕ is a Pfister neighbor of π , it follows that ϕF(τ ) is isotropic.
Suppose that ϕ is not F(τ )-minimal. Then, there exists ψ a form dominated by ϕ of
dimension 3 or 4 such that ψF(τ ) is isotropic. Using [13, théorème 1.3], we can see
that the form ψ is neither of type (2, 0) nor of type (1, 1). Hence, ψ is of type (0, 3)
or (1, 2). In both cases, there exists x ∈ F∗ such that xτ ≺ψ (use [13, théorème 1.4]
for type (1, 2), and [20, Theorem 1.2] for type (0, 3)). Hence, there exist u, v, w
such that xτ ≃ ⟨u, v, w⟩ and ϕ ≃ u[1, p] ⊥ v[1, q] ⊥ ⟨w⟩. We have that C0(ϕ) is
isomorphic to [p, uw)⊗F [q, vw) [21, Lemma 2]. Because x ⟨1, a, b⟩ ≃ ⟨u, v, w⟩,
the scalars uw and vw are squares in F(

√
a,

√
b). Consequently, C0(ϕ)F(

√
a,

√
b) is

split, a contradiction.

– Suppose that ϕ is F(τ )-minimal. By Corollary 3, we deduce that ϕ is a Pfister
neighbor of a 3-fold Pfister form π = ⟨⟨a, b, c]] for some c ∈ F∗. Moreover, modulo
a scalar, we have ϕ ≃ ⟨⟨s, t]] ⊥ ⟨r⟩ (we may use [13, Proposition 3.2]).

Suppose that C0(ϕ)F(
√

a,
√

b) is split. Then, ⟨⟨s, t]] is hyperbolic over F(
√

a,
√

b).
By a result of Baeza [1, Corollary 4.16, page 128], we get ⟨⟨s, t]] ∼ ⟨1, a⟩⊗ϕ1 ⊥

⟨1, b⟩ ⊗ϕ2 for suitable ϕ1, ϕ2 ∈ Wq(F). Hence, we get

⟨⟨s, t]] ⊥ ⟨⟨a, k1]] ⊥ ⟨⟨b, k2]] ∈ I 3
q F,

where ki =1(ϕi ) for i = 1, 2. Hence, we get

(7) r ⟨⟨s, t]] ⊥ [1, k1 + k2] ⊥ a[1, k1] ⊥ b[1, k2] ∈ I 3
q F.

It follows from [17, proposition 6.4] that there exists ρ ∈ G P3 F such that

r ⟨⟨s, t]] ∼ [1, k1 + k2] ⊥ a[1, k1] ⊥ b[1, k2] ⊥ ρ.
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Consequently, by adding ⟨1⟩ on both sides, we get

rϕ ∼ a[1, k1] ⊥ b[1, k2] ⊥ ⟨1⟩ ⊥ ρ.

Since the forms ϕ and a[1, k1] ⊥ b[1, k2] ⊥ ⟨1⟩ are isotropic over F(τ ), it follows
that ρF(τ ) is isotropic, and thus τ is weakly dominated by ρ. Theorem 6 implies
that τ is weakly dominated by ϕ, a contradiction to the minimality of ϕ. □

Let us give an example for which Theorem 2 applies. This example is similar
to the one given by Chapman and Quéguiner-Mathieu for the minimality over the
function field of a nondegenerate conic [2].

Example 1. Let a, b, c be indeterminates over a field F0 of characteristic 2. Con-
sider the forms ϕ= c[1, a+b]⊥ b[1, a]⊥ ⟨1⟩, τ =⟨1, b, ac⟩ and π =⟨⟨b, c, a + b]]
over the rational function field F := F0(a, b, c). Then:

(1) π ≃ ⟨c, bc⟩b .[1, a + b] ⊥ ⟨1, b⟩b .[1, a] because

⟨1, b⟩b .[1, a + b] ≃ ⟨1, b⟩b .[1, a].

This proves that ϕ ≺ π , and thus ϕ is a Pfister neighbor of π .

(2) ϕF(τ ) is isotropic because cτ ≺ π as we can see from (1).

(3) Let L = F(
√

b,
√

ac). We have in the Brauer group of L the following:

C0(ϕ)L = [a + b, bc)L = [a + b, a)L = [b, a)L .

The algebra [b, a) is division over F1 := F0(a, b)(
√

b), and it remains division
over L = F1(

√
ac).

Hence, Theorem 2 implies that ϕ is F(τ )-minimal.

Proof of Theorem 3. Let ϕ be an anisotropic F-quadratic form of type (1, 3), and
τ = ⟨1, a, b⟩ an anisotropic totally singular quadratic form of dimension 3.

– Suppose that ϕ is F(τ )-minimal. Then, by Corollary 3, ϕ is a Pfister neighbor
of a 3-fold Pfister form π = ⟨⟨a, b, c]] for some c ∈ F∗. Suppose that there exists
e ∈ F∗ such that: id(eτ ⊥ ql(ϕ)) ≥ 2 and (id(eτ ⊥ ql(ϕ)) ̸= 2 or (DF (ϕ) ∩

DF (eτ)) \ DF (ql(ϕ)) ̸= ∅). This is equivalent to saying: id(eτ ⊥ ql(ϕ)) = 3 or
(id(eτ ⊥ ql(ϕ)) ≥ 2 and (DF (ϕ) ∩ DF (eτ)) \ DF (ql(ϕ)) ̸= ∅). The condition
id(eτ ⊥ ql(ϕ)) = 3 means that ql(ϕ) is similar to τ , while the second condition
means that eτ is dominated by ϕ. Hence, ϕ is not F(τ )-minimal, a contradiction.

– Conversely, suppose that we have the three conditions (i), (ii) and (iii) as described
in the theorem. Since ϕ is a Pfister neighbor of a 3-fold Pfister form ⟨⟨a, b, c]] for
some c ∈ F∗, it follows that ϕF(τ ) is isotropic. Suppose that ϕ is not F(τ )-minimal.
Then, there exists ψ a form dominated by ϕ of dimension 3 or 4 such that ψF(τ ) is
isotropic. Then, eτ is dominated by ψ for a suitable e ∈ F∗ (we use [20, Theorem
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1.2] when ψ is totally singular, and [13, théorème 1.4] when ψ is of type (1, 2)).
This gives two possibilities:

(a) eτ is isometric to ql(ϕ), which contradicts the condition (iii), or

(b) there exists x, y, z, t, u ∈ F∗ such that eτ ≃ ⟨x, y, z⟩ and ϕ ≃ x[1, u] ⊥

⟨y, z, t⟩. This condition also contradicts (iii) because id(eτ ⊥ ql(ϕ))= 2 but
x ∈ (DF (ϕ)∩ DF (eτ)) \ DF (ql(ϕ)).

Hence, ϕ is F(τ )-minimal. □

Proof of Proposition 2. Suppose ϕ = a1[1, b1] ⊥ · · · ⊥ an[1, bn] ⊥ ⟨c0, c1, . . . , cs⟩

for ai , bi , c j ∈ F such that c0 = 1 and ai ̸= 0 for all i . The Clifford algebra
of ϕ is generated by x1, y1, . . . , xn, yn, z0, . . . , zs such that zi commutes with
all the generators, xi commutes with y j when i ̸= j , and xi yi + yi xi = 1 and
x2

i = ai , y2
i = a−1

i bi and z2
i = ci . The even Clifford algebra of ϕ is generated

by u1, v1, . . . , un, vn, w2, . . . , ws where ui = xi z0, vi = yi z0 and wi = zi z0. The
relations are the following: wi commutes with all the other generators, ui commutes
with v j for i ̸= j , uivi + vi ui = z2

0 = 1 and u2
i = ai , v2

i = a−1
i bi and w2

j = c j .
Therefore, the even Clifford algebra of ϕ is

F⟨u1, v1⟩ ⊗ F⟨u2, v2⟩ ⊗ · · ·⊗ F⟨un, vn⟩ ⊗ F⟨w1, . . . , ws⟩,

which is indeed [b1, a1)F ⊗ · · · ⊗ [bn, an)F ⊗ K . □

Proof of Corollary 1. Let ϕ be an anisotropic quadratic form of type (1, 3). Suppose
that ϕ is a Pfister neighbor of a 3-fold Pfister form π . Modulo a scalar, we may write
ϕ = R ⊥ ⟨1, r, s⟩ for a suitable nonsingular quadratic form R of dimension 2 and
r, s ∈ F∗. On the one hand, since π is isotropic over F(⟨1, r, s⟩), it follows that π is
also isotropic over F(⟨⟨r, s⟩⟩), and thus π ≃ ⟨⟨r, s, u]] for some u ∈ F∗. On the other
hand, the hyperbolicity of πF(ϕ) implies that π ≃ R ⊥ [1, x] ⊥ r [1, y] ⊥ s[1, z] for
some x, y, z ∈ F∗. Hence, we get

⟨⟨r, s, u]] ≃ R ⊥ [1, x] ⊥ r [1, y] ⊥ s[1, z].

Adding on both sides in the last isometry the form ⟨1, r, s⟩, and canceling the
hyperbolic planes, yields that ϕ ≃ rs[1, u] ⊥ ⟨1, r, s⟩.

The fact that C0(ϕ) is split as an F(
√

r ,
√

s)-algebra is a direct consequence of
Proposition 2. □

We finish this section with an example applying the criteria given in Theorem 3.

Example 2. Let r, s, u be indeterminates over a field F0 of characteristic 2. Let us
consider the forms ϕ = rs[1, u] ⊥ ⟨1, r, s⟩ and τ =

〈
1, ru, s(r2

+ r + u)
〉

over the
rational function field F := F0(r, s, u). We have the following statements:
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(1) It is clear that ϕ is a Pfister neighbor of π =⟨⟨r, s, u]]. Moreover, τ is dominated
by π because the scalars 1, ru and s(r2

+ r + u) are represented by the forms
[1, u], r [1, u] and s[1, u], respectively. Hence, ϕF(τ ) is isotropic.

(2) For any e ∈ F∗, we have id(eτ ⊥ ql(ϕ))≤ 1.

In fact, suppose that id(eτ ⊥ ql(ϕ))≥ 2 for some e ∈ F∗. By [7, Proposition 3.2],
there exists a totally singular quadratic form of dimension 2 which is dominated
by eτ and ql(ϕ). Consequently, there exists an inseparable quadratic extension
K = F(

√
d) such that ⟨⟨r, s⟩⟩K and

〈〈
ru, s(r2

+ r + u)
〉〉

K are isotropic, and thus quasi-
hyperbolic. This implies that ⟨⟨r, s⟩⟩ ≃ ⟨⟨d, k⟩⟩ and

〈〈
ru, s(r2

+ r + u)
〉〉
≃ ⟨⟨d, l⟩⟩ for

suitable k, l ∈ F∗. Hence, ⟨⟨r, s⟩⟩ ⊥
〈〈
ru, s(r2

+ r + u)
〉〉

has defect index ≥ 2. In
particular, θ := ⟨⟨r, s⟩⟩⊥

〈
ru, s(r2

+ r + u), rus(r2
+ r + u)

〉
is isotropic. But, using

the classical isometry ⟨a, b⟩ ≃ ⟨a, a + b⟩ for any a, b ∈ F , we get

θ = ⟨1, r, s, rs⟩ ⊥
〈
ru, r2s + rs + su, rsu(r2)+ su(r2)+ rs(u2)

〉
≃ ⟨1, r, s, rs⟩ ⊥

〈
ru, su, rsu(r2)+ su(r2)+ rs(u2)

〉
≃ ⟨1, r, s, rs⟩ ⊥

〈
ru, su, rsu(r2)

〉
≃ ⟨1, r, s, rs⟩ ⊥ ⟨ru, su, rsu⟩

= ⟨1⟩ ⊥ ⟨1, u⟩ · ⟨r, s, rs⟩ ,

which shows that θ is anisotropic, a contradiction. Hence, id(eτ ⊥ ql(ϕ))≤ 1, and
thus Theorem 3 implies that ϕ is F(τ )-minimal. □

It would be interesting to see if there exists an example of an anisotropic quadratic
form of type (1, 3) which is minimal over the function field of a degenerate conic
and satisfies condition (iii)(b) of Theorem 3.

Proof of Theorem 4. Let ϕ be an anisotropic F-quadratic form of type (1, 3), and
τ = a[1, b] ⊥ ⟨1⟩ an anisotropic quadratic form of dimension 3 and type (1, 1).

– Suppose that ϕ is F(τ )-minimal. It follows from Corollary 5 that ϕ is a Pfister
neighbor of a 3-fold Pfister form π = ⟨⟨c, a, b]] for some c ∈ F∗. Since π is split
by K = F[℘−1(b)] and ϕ is its neighbor, the form ϕK is isotropic, which means
that e[1, b] ⊂ ϕ for some e ∈ F∗. Hence, ϕ ≃ e[1, b] ⊥ ql(ϕ). Suppose that
e ∈ DF (a[1, b]) · DF (ql(ϕ)). Let x ∈ DF ([1, b]) and y ∈ DF (ql(ϕ)) be such that
e = axy. Since [1, b] ≃ x[1, b], it follows that e[1, b] ≃ axy[1, b] ≃ ay[1, b], and
thus yτ is dominated by ϕ, a contradiction.

– Conversely, suppose that τ satisfies the conditions (i), (ii) and (iii) as described
in the theorem. The conditions (i) and (ii) imply that ϕF(τ ) is isotropic. Suppose
that ϕ is not F(τ )-minimal. Hence, there exists a form ψ of dimension 3 or 4
dominated by ϕ and isotropic over F(τ ). The form ψ is of type (1, 1) or (1, 2).
We use [13, théorème 1.4 (bis) (2)] when dimψ = 3, and [13, théorème 1.4(2)]
when dimψ = 4 to conclude that τ is weakly dominated by ψ . Hence, there
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exist e, f, g ∈ F∗ such that ϕ ≃ ea[1, b] ⊥ ⟨e, f, g⟩. This contradicts (iii) because
ea ∈ DF (a[1, b]) · DF (ql(ϕ)). □

To give an example of a minimal quadratic form that applies Theorem 4, we need
a few notions on the specialization theory due to Knebusch. Let λ : K −→ L ∪{∞}

be a place between two fields K and L . Let O be the valuation ring of λ and M its
maximal ideal. Recall that O = {x ∈ K | λ(x) ̸= ∞} and M = {x ∈ O | λ(x)= 0}. Let
µ be the restriction of λ to O and k = O/M the residue field of λ (Note that k can
be seen as a subfield of L). We say that a quadratic form ϕ over K has nearly good
reduction with respect to λ if there exists a quadratic module ψ over O such that
ϕ≃ψK and the quasilinear part of the quadratic form ψk is anisotropic, where ψk is
the quadratic form induced by the ring homomorphism O −→ k. The specialization
of ϕ with respect to λ, denoted by λ∗(ϕ), is the L-quadratic form µ∗(ψ) induced
by µ. We refer to [11] for more details.

Example 3. Let F = F2(r, s, u) be the rational function field in the indeterminates
r, s, u over the field F2 with two elements. Let ϕ= rs[1, u]⊥ ⟨1, r, s⟩, π =⟨⟨r, s, u]]
and τ = su[1, r+u]⊥⟨1⟩. It is clear that ϕ is a Pfister neighbor of π . Moreover, π ≃

[1, r+u]⊥[r, ur−1
+1]⊥ s[1, u]⊥rs[1, u], and thus suτ ≺π . Hence, ϕ is isotropic

over F(τ ). Suppose that ϕ is not F(τ )-minimal. Then, there exists by Theorem 4
a scalar e ∈ F∗ such that e[1, r + u] ⊂ ϕ and e ∈ DF (su[1, r + u]) · DF (⟨1, r, s⟩).
Hence, using the roundness of [1, r + u], we get ϕ ≃ sut[1, r + u] ⊥ ⟨1, r, s⟩ for a
suitable t ∈ DF (⟨1, r, s⟩). Without loss of generality, we may suppose t ∈ F2(r, s)[u]

square free with respect to the indeterminate u. Let M = F2(r, s) and consider the
M-place λ from F to M with respect to the u-adic valuation of F . We have:

(1) t is a unit for the u-adic valuation because t ∈ DF (⟨1, r, s⟩).

(2) the form ϕ has nearly good reduction with respect to λ because it is isometric
to ϕ = rs[1, u] ⊥ ⟨1, r, s⟩ and ⟨1, r, s⟩M is anisotropic.

On the one hand, the total index of λ∗(ϕ) is equal to 1 because λ∗(rs[1, u])= [0, 0]

and ⟨1, r, s⟩M is anisotropic. On the other hand, since ϕ contains sut[1, r + u] as a
subform, and λ(α)= 0 or ∞ for every α represented by sut[1, r +u], we conclude
by [11, Proposition 3.4] that the total index of λ∗(ϕ) is at least 2, a contradiction.

5. (Quasi-)Pfister neighbor forms

Our aim in this section is to relate the notions of quasi-Pfister neighbor and bilinear
(strong)Pfister neighbor. This is useful to classify F(τ )-minimal bilinear forms of
dimension 5 when τ is a totally singular quadratic form of dimension 3.

A quasi-Pfister form is a totally singular quadratic form B̃ for some bilinear
Pfister form B. A totally singular quadratic form Q is called quasi-Pfister neighbor
if there exists a quasi-Pfister form π such that 2 dim Q > dimπ and aQ ⊂ π for
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some a ∈ F∗. In this case, the form π is unique, and for any field extension K/F
the form QK is isotropic if and only if πK is isotropic. Thus QF(π) and πF(Q) are
isotropic.

For any bilinear Pfister form ⟨⟨a1, · · · , an⟩⟩b, we write B̃ = ⟨⟨a1, · · · , an⟩⟩.
The norm field of a nonzero totally singular quadratic form Q is the field

NF (Q) := F2(αβ | α, β ∈ DF (Q)), where DF (Q) is the set of scalars in F∗

represented by Q. The degree [NF (Q) : F2
] is called the norm degree of Q and it

is denoted by ndegF (Q). Clearly, we have ndegF (Q)= 2d for some integer d ≥ 1
and ndegF (Q) ≥ dim Q. See [7, Section 8] for details on the norm degree and
applications.

Here is a characterization of quasi-Pfister neighbors using the norm degree.

Proposition 3 [7, Proposition 8.9(ii)]. An anisotropic totally singular quadratic
form Q is a quasi-Pfister neighbor if and only if 2 dim Q > ndegF (Q).

The norm degree appears in the description of the Witt kernels for bilinear forms.

Proposition 4 [15, Theorem 1.2]. Let B be an anisotropic F-bilinear form and Q
an anisotropic totally singular form of norm degree 2d . If B becomes metabolic
over F(Q), then dim B is divisible by 2d .

A bilinear form B is called a Pfister neighbor if B̃ is a quasi-Pfister neighbor.
This definition does not imply that B is similar to a subform of a bilinear Pfister
form whose dimension is less than twice the dimension of B. For example, over
the rational functions field F(t1, t2), the bilinear form B = ⟨1, t1, t2, 1 + t1t2⟩b is
a Pfister neighbor because B̃ ≃ ⟨⟨t1, t2⟩⟩, but B is not similar to a subform of a
2-fold bilinear Pfister form since its determinant is not trivial. See [15] for more on
bilinear Pfister neighbors and their splitting properties.

A bilinear form B is called a strong Pfister neighbor, or SPN, if there exists a
bilinear Pfister form ρ such that 2 dim B > dim ρ and αB ⊂ ρ for some α ∈ F∗. In
this case, the form ρ is unique. In fact, if B is an SPN of another bilinear Pfister
form δ, then there exists β ∈ F∗ such that βB ⊂ δ. Hence, dim ρ = dim δ and
iW (αρ ⊥ βδ) ≥ dim B > 1

2 dim ρ, which implies that ρ ≃ δ since the Witt index
iW (αρ ⊥ βδ) is always a power of 2 [17, théorème 3.7]. Obviously, if B is an SPN
then it is a Pfister neighbor.

Recall from [10] the Kato isomorphism en
: I n F/I n+1 F −→ νF (n) given on

generators by

en(⟨⟨a1, . . . , an⟩⟩b + I n+1 F)=
da1

a1
∧ · · · ∧

dan

an
.

The symbol length (or simply the length) of an element θ ∈ νF (n) is the smallest
number of n-logarithmic symbols da1

a1
∧ · · · ∧

dan
an

needed to write it.
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An Albert bilinear form is a 6-dimensional bilinear form whose determinant is
trivial.

Lemma 1. Let γ be an Albert bilinear form and τ ∈ B P2 F be such that γ ⊥ τ ∈ I 3 F.
Then, γ is isotropic.

Proof. (1) If τ is isotropic, then it is metabolic, and thus γ ∈ I 3 F . By the Hauptsatz,
the form γ is metabolic, in particular it is isotropic.

(2) If τ is anisotropic, then we get by the previous case that γF(τ ) is metabolic. It
follows from Proposition 4 that γ is isotropic because the norm degree of τ̃ is 4. □

We give a characterization of SPN of dimension 5. This looks like the char-
acterization of 5-dimensional quadratic Pfister neighbors (due to Knebusch in
characteristic not 2 [12, Page 10], and the second author in characteristic 2 [13,
Proposition 3.2]).

Proposition 5. Let B be an anisotropic F-bilinear form of dimension 5. The
following statements are equivalent:

(1) B is an SPN.

(2) B ≃ a ⟨⟨b, c⟩⟩b ⊥ ⟨d⟩b for suitable a, b, c, d ∈ F∗.

(3) The invariant e2(B ⊥ ⟨det B⟩b + I 3 F) has length 1.

Proof. Let d ∈ F∗ be such that det B = d.F∗2.

(1) H⇒ (2) Suppose that B is an SPN of π ∈ B P3 F . Then, we have xπ ≃ B ⊥

⟨y, z, yzd⟩b for suitable scalars x, y, z ∈ F∗. Hence, B ⊥ ⟨d⟩b ⊥ dτ ∈ I 3 F , where
τ = ⟨⟨dy, dz⟩⟩b. We conclude by Lemma 1 that B ⊥ ⟨d⟩b is isotropic, and thus
B ≃ B ′

⊥ ⟨d⟩b for some bilinear form B ′ of dimension 4 and trivial determinant,
as desired.

(2) H⇒ (3) Suppose that B ≃ a ⟨⟨b, c⟩⟩b ⊥ ⟨d⟩b. Clearly, we have e2(B ⊥ ⟨d⟩b +

I 3 F)= db
b ∧

dc
c , which is of length 1 because the anisotropy of ⟨⟨b, c⟩⟩b implies that

db
b ∧

dc
c ̸= 0.

(3) H⇒ (1) Suppose that e2(B ⊥ ⟨d⟩b + I 3 F) has length 1. Then, there exists an
anisotropic 2-fold bilinear Pfister form τ such that e2(B ⊥⟨d⟩b+I 3 F)=e2(τ+I 3 F).
Hence, B ⊥⟨d⟩⊥ τ ∈ I 3 F using the isomorphism e2. Consequently, B ⊥ dτ ′

∈ I 3 F ,
where τ ′ is the pure part of τ . Then, B ⊥ dτ ′ is similar to a 3-fold bilinear Pfister
form because it is of dimension 8, and thus B is an SPN. □

6. K -minimal bilinear forms up to dimension 5

Throughout this section we take Q = ⟨1, a, b⟩ an anisotropic totally singular qua-
dratic form over F of dimension 3, and K = F(Q) its function field.
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Lemma 2 [18, Lemma 3.7]. Let B be an anisotropic bilinear form over F. If
ψ = ⟨a1, . . . , an⟩ is a subform of B̃, then there exists a bilinear form C over F
such that C ⊂ B and C̃ ≃ ψ . Explicitly, we can take C = ⟨b1, . . . , bn⟩b, where
bi = ai +

∑i−1
j=1 ai x2

i for suitable x1, . . . , xi−1 ∈ F (read b1 = a1).

Corollary 6. Let B be an anisotropic F-bilinear form. Then, B is K -minimal if
and only if B̃ is K -minimal.

We recall the isotropy results that we need for the classification of K -minimal
bilinear forms of dimension at most 5.

Theorem 7 [20, Proposition 1.1 and Theorem 1.2]. Let B be an anisotropic F-
bilinear form such that dim B ≤ 4 or dim B = 5 and ndegF (B̃)= 16. Then, BK is
isotropic if and only if Q is similar to a subform of B̃.

Corollary 7. Let B be an anisotropic F-bilinear form of dimension ≤ 5 such that
BK is isotropic. If B is K -minimal, then either dim B = 3, or dim B = 5 and
ndegF (B̃)= 8.

Proof. Suppose that dim B ≤ 5 and B is K -minimal. Since BK is isotropic, it
follows that dim B ̸= 2.

– If dim B =3, then obviously B is K -minimal since any subform of B of dimension
2 is anisotropic over K .

– If dim B = 4, then BK is isotropic if and only if Q is similar to a subform of B̃
(Theorem 7). Hence, B is not K -minimal (Corollary 6).

– If dim B = 5. In this case, ndegF (B̃) ∈ {8, 16}. If ndegF (B̃) = 16, then Q
is similar to a subform of B̃ (Theorem 7). Hence, B is not K -minimal when
ndegF (B̃)= 16. □

Corollary 8. Let B be an anisotropic F-bilinear form of dimension ≤ 5. If B is
isotropic over K but not K -minimal, then Q is similar to a subform of B̃.

Proof. Since B is not K -minimal, there exists C a subform of B such that dim C <

dim B and CK is isotropic. It follows from Theorem 7 that Q is similar to a subform
of C̃ . In particular, Q is similar to a subform of B̃. □

Lemma 3. Let π1 ∈ B Pm F and π2 ∈ B Pn F with 2 ≤ m ≤ n. Suppose that π ′

1 is
similar to a subform of π2, where π ′

1 denotes the pure part of π1. Then, π2 ≃ π1 ⊗τ

for some τ ∈ B Pn−m F.

Proof. We have iW (π1 ⊥ απ2) ≥ 2m
− 1 for some α ∈ F∗. It follows from [17,

théorème 3.7] that this Witt index is equal to dimπ1, and the forms π1 and π2 are
m-linked, which means that π2 ≃ π1 ⊗ τ for some τ ∈ B Pn−m F . □
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7. Proof of Theorem 5

Let B be an anisotropic bilinear form of dimension 5, and Q = ⟨1, a, b⟩ an
anisotropic totally singular quadratic form of dimension 3. Let K = F(Q) be
the function field of Q.

(2) H⇒ (1) Suppose that there exists an F-bilinear form C of dimension 5 which is
an SPN of a bilinear Pfister form ρ := ⟨⟨a, b, c⟩⟩b and satisfies the two conditions:

(a) B̃ ≃ C̃ .

(b) For any u, v ∈ F2(a, b) such that ⟨u, v, uv⟩b is similar to a subform of ρ, the
invariant e2(C ⊥ ⟨det C⟩b ⊥ ⟨⟨u, v⟩⟩b + I 3 F) has length 2.

Let d ∈ F∗ be such that det C = d.F∗2. The form CK is isotropic because ρK is
isotropic and C is an SPN of ρ. In particular, BK is isotropic.

Suppose that B is not K -minimal. Then, C is not K -minimal as well because
B̃ ≃ C̃ (Corollary 6). It follows from Corollary 8 that Q = ⟨1, a, b⟩ is similar to
a subform of C̃ . By Lemma 2, we conclude that p

〈
1, a + q2, b + ar2

+ s2
〉
b is a

subform of C for suitable p ̸= 0, q, r, s ∈ F . In particular,〈
a + q2, b + ar2

+ s2, (a + q2)(b + ar2
+ s2)

〉
b

is similar to a subform of ρ, and thus our hypothesis (b) above implies that e2(C ⊥

⟨d⟩b ⊥
〈〈
a + q2, b + ar2

+ s2
〉〉
b + I 3 F) has length 2.

Let u = a +q2, v= b+ar2
+s2. It is easy to see that C ⊥ ⟨d⟩b ∼ p ⟨⟨u, v⟩⟩b ⊥ τ

for some τ ∈ G B P2 F . Consequently, the invariant e2(C ⊥ ⟨d⟩ ⊥ ⟨⟨u, v⟩⟩b + I 3 F)
has length at most 1, a contradiction. Hence B is K -minimal.

(1) H⇒ (2) Suppose that B is K -minimal. Then, we get by Corollary 7 that
ndegF (B̃)= 8. It follows from Proposition 3 that B̃ is quasi-Pfister neighbor of a
quasi-Pfister form π . Since B̃K is isotropic, it follows that πK is quasi-hyperbolic.
Hence, π ≃ ⟨⟨a, b, c⟩⟩ for some c ∈ F∗ [14, Theorem 1.5]. There exists a bilinear
form C of dimension 5 similar to a subform of ρ := ⟨⟨a, b, c⟩⟩b such that B̃ ≃ C̃
(Lemma 2). In particular, the form C is an SPN of ρ. Modulo a scalar, we may
write C ≃ ⟨⟨x, y⟩⟩b ⊥ ⟨z⟩b for suitable x, y, z ∈ F∗ (Proposition 5).

Let u, v∈ F2(a, b) be such that ⟨u, v, uv⟩b is similar to a subform of ρ. The form
⟨u, v, uv⟩ is anisotropic because ρ is anisotropic. On the one hand, the condition
u, v ∈ F2(a, b) implies that ⟨1, u, v⟩ becomes isotropic over K , which gives by
Theorem 7 that Q is similar to ⟨1, u, v⟩ and thus K = F(⟨1, u, v⟩). On the other
hand, using Lemma 3, we get ρ ≃ ⟨⟨u, v, w⟩⟩b for some w ∈ F∗. Hence, without
loss of generality, we may suppose ⟨⟨a, b⟩⟩b ≃ ⟨⟨u, v⟩⟩b for the rest of the proof.

We have e2(C ⊥ ⟨z⟩d ⊥ ⟨⟨a, b⟩⟩b + I 3 F) =
dx
x ∧

dy
y +

da
a ∧

db
b . Suppose that

this invariant has length ≤ 1. Then, there exists a 2-fold bilinear Pfister form
τ such that e2(C ⊥ ⟨z⟩d ⊥ ⟨⟨a, b⟩⟩b + I 3 F) = e2(τ + I 3 F), which implies that
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⟨⟨x, y⟩⟩b ⊥ ⟨⟨a, b⟩⟩b ⊥ τ ∈ I 3
q F . It follows from Lemma 1 that the Albert form

⟨a, b, ab, x, y, xy⟩b is isotropic. Hence, the forms ⟨⟨x, y⟩⟩b and ⟨⟨a, b⟩⟩b are 1-linked,
meaning that ⟨⟨x, y⟩⟩b ≃ ⟨⟨e, r⟩⟩b and ⟨⟨a, b⟩⟩b ≃ ⟨⟨ f, r⟩⟩b for suitable e, f, r ∈ F∗.
By the uniqueness of the pure part of bilinear Pfister forms, we get ⟨a, b, ab⟩b ≃

⟨ f, r, f r⟩b, and thus K = F(⟨1, f, r⟩). Hence, without loss of generality, we may
keep ⟨1, a, b⟩ instead of ⟨1, r, f ⟩, and thus suppose that C ≃ ⟨⟨e, b⟩⟩b ⊥ ⟨z⟩b. So
the form C is an SPN of ⟨⟨e, b, z⟩⟩b. But C is also an SPN of ⟨⟨a, b, c⟩⟩b, it follows
that

(8) ⟨⟨e, b, z⟩⟩b ≃ ⟨⟨a, b, c⟩⟩b .

We continue with some arguments similar to those used by Faivre in his proof.
Adding on both sides of (8) the form ⟨1, b⟩b, we get

M(1)⊥ M(b)⊥ ⟨z, e, ez⟩b ⊗ ⟨1, b⟩b ≃ M(1)⊥ M(b)⊥ ⟨c, a, ac⟩b ⊗ ⟨1, b⟩b .

By the uniqueness of the anisotropic part, we get

⟨z, e, ez⟩b ⊗ ⟨1, b⟩b ≃ ⟨c, a, ac⟩b ⊗ ⟨1, b⟩b .

Adding on both sides a ⟨1, b⟩b, we get

a ⟨⟨ea, b⟩⟩b ⊥ z ⟨⟨e, b⟩⟩b ≃ M(a)⊥ M(ab)⊥ c ⟨⟨a, b⟩⟩b .

Thus, a ⟨⟨ea, b⟩⟩b ⊥ z ⟨⟨e, b⟩⟩b is isotropic, and thus there exist r ∈ DF (⟨⟨ea, b⟩⟩b)

and s ∈ DF (⟨⟨e, b⟩⟩b) such that ar = zs. We have

C ≃ ⟨⟨e, b⟩⟩b ⊥ ⟨z⟩b ≃ s ⟨⟨e, b⟩⟩b ⊥ ⟨z⟩b ≃ s ⟨1, b⟩b ⊥ D,

where D = es ⟨1, b⟩b ⊥ ⟨z⟩b. Let β := as ⟨1, b⟩b ⊥ D. Then, we have

β ≃ as ⟨⟨ea, b⟩⟩b ⊥ ⟨z⟩b ≃ ars ⟨⟨ea, b⟩⟩b ⊥ ⟨z⟩b ≃ z ⟨⟨ea, b⟩⟩b ⊥ ⟨z⟩b .

Hence, β ≃ M(z)⊥ β̃ ⊥ ⟨zb⟩b, where β̃ = zea ⟨1, b⟩b. Now, we have

bC ⊥ β̃ ∼ s ⟨⟨e, b⟩⟩b ⊥ β

∼ s ⟨⟨e, b⟩⟩b ⊥ as ⟨1, b⟩b ⊥ es ⟨1, b⟩b ⊥ ⟨z⟩b

∼ s ⟨⟨a, b⟩⟩b ⊥ ⟨z⟩b .

This shows that bC ⊥ β̃ is isotropic. Then, there exist bilinear forms C1 and C2

of dimension 4 and 1, respectively, such that C1 ⊂ bC , C2 ⊂ β̃ and C1 ⊥ C2 ≃

s ⟨⟨a, b⟩⟩b ⊥ ⟨z⟩b. Then, iW ((C1 ⊥ C2)K )= 2 and thus (C1)K is isotropic, meaning
that C is not K -minimal. Since C̃ ≃ B̃, it follows that B is not K -minimal, a
contradiction. □
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Using Theorem 3, we provide an example of a K -minimal bilinear form of
dimension 5, where K is the function field of a degenerate conic. The form we
choose in our example is inspired by [2, Proposition 4.1].

Example 4. Let F0 be a field of characteristic 2, and k = F0(a, b, c) the ratio-
nal function field in the indeterminates a, b, c over F0. Let B = c ⟨1, a + b⟩b ⊥

b ⟨1, a⟩b ⊥ ⟨1⟩b and Q = ⟨1, a, c⟩. Then, B is k(Q)-minimal.

Proof. Using the isometry ⟨⟨a, b⟩⟩b ≃ ⟨⟨ab, a + b⟩⟩b, we get

B ⊥ ⟨a⟩b ⊥ abc ⟨1, a + b⟩b = c ⟨⟨ab, a + b⟩⟩b ⊥ ⟨⟨a, b⟩⟩b

≃ c ⟨⟨ab, a + b⟩⟩b ⊥ ⟨⟨ab, a + b⟩⟩b

= ⟨⟨c, ab, a + b⟩⟩b

≃ ⟨⟨a, b, c⟩⟩b .

Hence, B is an SPN of ⟨⟨a, b, c⟩⟩b, and thus BK is isotropic. Moreover, B is
anisotropic over k since ⟨⟨a, b, c⟩⟩b is also anisotropic.

Let u, v ∈ k2(a, c) be such that ⟨u, v, uv⟩b is a subform of ⟨⟨a, b, c⟩⟩b. We have

e2 (
B ⊥ ⟨det B⟩b ⊥ ⟨⟨u, v⟩⟩b + I 3 F

)
=

d(a + b)
a + b

∧
d(bc)

bc
+

du
u

∧
dv
v
.

Suppose that this invariant is of length ≤ 1. Then, the Albert form

⟨u, v, uv, a + b, bc, (a + b)bc⟩b

is isotropic over k. Since the forms ⟨u, v, uv⟩b and ⟨a + b, bc, (a + b)bc⟩b are
anisotropic over k, there exists α ∈ k∗ represented by both forms. Let us write

α = uL2
+ vM2

+ uvN 2

= (a + b)S2
+ bcT 2

+ (a + b)bcU 2

for suitable L ,M, N , S, T,U ∈ k. Hence, we have

b(S2
+ cT 2

+ acU 2)= uL2
+ vM2

+ uvN 2
+ aS2

+ c(bU )2.

The right hand side in this equality and the factor S2
+ cT 2

+ acU 2 belong to
k2(a, c), but since b ̸∈ k2(a, c), we necessarily have S2

+ cT 2
+ acU 2

= 0. Since
⟨1, c, ac⟩ is anisotropic over k, it follows that S = T = U = 0 and thus α = 0, a
contradiction.

Consequently, e2(B ⊥ ⟨det B⟩b ⊥ ⟨⟨u, v⟩⟩b + I 3 F) is of length 2. Since all the
conditions of Theorem 5 are satisfied (taking for C the form B itself), we conclude
that B is k(Q)-minimal. □
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