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MAPPING CLASSES FIXING AN ISOTROPIC HOMOLOGY
CLASS OF MINIMAL GENUS 0 IN RATIONAL 4-MANIFOLDS

SERAPHINA EUN BI LEE

For any N ≥ 1, let MN denote the rational 4-manifold CP2#NCP2. We
study the stabilizer Stab(w) of a primitive, isotropic class w ∈ H2(MN; Z) of
minimal genus 0 under the natural action of the topological mapping class
group Mod(MN) on H2(MN; Z). Although most elements of Stab(w) cannot
be represented by homeomorphisms that preserve any Lefschetz fibration
MN → 6, we show that every element of Stab(w) can be represented by
a diffeomorphism that almost preserves a holomorphic, genus-0 Lefschetz
fibration proj : MN → CP1 whose generic fibers represent the homology class
w. We also answer the Nielsen realization problem for a certain maximal
torsion-free, abelian subgroup 3w of Mod(MN) by finding a lift of 3w to
Diff+(MN) ≤ Homeo+(MN) under the quotient map q : Homeo+(MN) →

Mod(MN). This lift of 3w can be made to almost preserve proj : MN → CP1.
All results of this paper also hold for every primitive, isotropic class w ∈

H2(MN; Z) if N ≤ 8 because any such class has minimal genus 0.

1. Introduction

The (topological) mapping class group Mod(M) of a closed, oriented manifold M
is the group

Mod(M) := π0(Homeo+(M))

of isotopy classes of orientation-preserving homeomorphisms of M . There is a
natural action of Mod(M) on H2(M; Z) preserving the intersection form QM and
we consider the stabilizer Stab(w)≤ Mod(M) of any class w ∈ H2(M; Z).

Suppose M is a smooth, simply connected 4-manifold. If w ∈ H2(M; Z) is a
nonzero homology class with self-intersection 0 then w is called isotropic. One
way in which isotropic classes arise are as the homology class of the generic fibers
of a Lefschetz fibration p : M →6 where 6 is a closed, oriented surface. We say
that a diffeomorphism ϕ of M preserves p if there exists some diffeomorphism ψ

of 6 such that p ◦ϕ = ψ ◦ p.
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In some settings, elements g ∈ Stab(w)≤ Mod(M) are known to admit represen-
tative maps ϕ that preserve some Lefschetz fibration p : M →6 whose generic fibers
represent the homology class w. For example, Gizatullin ([12]) showed that any
parabolic automorphism of a compact Kähler surface M must preserve some elliptic
fibration M → 6 (also see [4, Proposition 1.4] or [7, Theorem 4.3, Appendix]).
In the smooth setting, Farb–Looijenga ([9, Theorem 1.11]) showed that on a K3
manifold, any g ∈ Stab(w) can be represented by a diffeomorphism preserving the
fibers of some holomorphic elliptic fibration M → CP1; this result is an application
of their study of the moduli space of genus one fibered K3 surfaces with only
nodal singular fibers. As another application, Farb–Looijenga ([9, Corollary 1.12])
study the Nielsen realization problem for a certain rank-20 free abelian subgroup
of Stab(w) by diffeomorphisms preserving the fibers of a given genus one fibration
of a K3 manifold.

In this paper we study representative maps of the stabilizers of isotropic classes
of rational manifolds M and their relationships to genus-0 Lefschetz fibrations
M →6. More specifically, we study manifolds of the form

MN := CP2#NCP2 for N ≥ 1,

which are the underlying smooth 4-manifolds of the blowup of CP2 at N points.
The total space M of a nontrivial genus-0 Lefschetz fibration M →6 is a rational
manifold MN for some N if M is simply connected. If N ≤ 8, all primitive,
isotropic classes w ∈ H2(MN ; Z) are represented by generic fibers of a genus-0,
holomorphic Lefschetz fibration p : MN → CP1. We sometimes refer to such a
Lefschetz fibration as a conic bundle structure on MN . Note that these Lefschetz
fibrations are not relatively minimal unless N = 1. See Section 2.3.

Representing Stab(w) by diffeomorphisms. Let N ≥ 1 and let w ∈ H2(MN ; Z)

be any primitive, isotropic class of minimal genus 0. Although any such class w
is represented by a generic fiber of a genus-0 Lefschetz fibration p : MN → CP1,
the following proposition shows that there does not exist any ϕ ∈ Homeo+(MN )

with [ϕ] ∈ Stab(w) that preserves such a fibration p if [ϕ] has infinite order in
Mod(MN ).

Proposition 1.1. Let N ≥ 1 and let w ∈ H2(MN ; Z) be a primitive, isotropic class
of minimal genus 0. Let ϕ ∈ Homeo+(MN ) represent an infinite-order mapping
class [ϕ] ∈ Stab(w) ≤ Mod(MN ). There does not exist any Lefschetz fibration
p : MN → 6 where 6 is a closed, oriented surface and where the generic fiber
represents w such that ϕ preserves p.

For a proof, see Section 2.3. In this paper we ask instead that any diffeomorphism
representing any infinite-order mapping class f ∈ Stab(w) ≤ Mod(MN ) almost
preserves some Lefschetz fibration p : MN →6.



MAPPING CLASSES IN RATIONAL 4-MANIFOLDS 285

Definition 1.2 (almost preserving a Lefschetz fibration). A group of diffeomor-
phisms G ≤ Diff+(M) almost preserves a Lefschetz fibration p : M → 6 if the
elements of G act on the fibers of p outside of disjoint neighborhoods of the singular
fibers of p. More precisely, there exist

(a) disjoint, open neighborhoods V1, . . . , Vm ⊆ 6 of the images of the singular
points z1, . . . , zm ∈6, and

(b) a homomorphism i : G → Diff+
(
6−

⋃m
k=1 Vk

)
such that for all ϕ ∈ G, the following commutes:

M −
⋃m

k=1 p−1(Vk) M −
⋃m

k=1 p−1(Vk)

6−
⋃m

k=1 Vk 6−
⋃m

k=1 Vk

ϕ

p p

i(ϕ)

A diffeomorphism ϕ ∈ Diff+(M) almost preserves a Lefschetz fibration p : M →6

if the group ⟨ϕ⟩ ≤ Diff+(M) almost preserves p : M →6.

On the other hand, any element of Stab(w) ≤ Mod(MN ) with N ≥ 2 must
preserve the following subgroup of H2(MN ; Z):

w⊥
:= {w0 ∈ H2(MN ; Z) : QMN (w,w0)= 0} ∼= ZN .

Thus Stab(w) acts on the lattice (w⊥/Z{w}, QMN ) where QMN is the unimodular,
symmetric, bilinear form on w⊥/Z{w} induced by QMN . Since (H2(MN ; Z), QMN )

has signature (1, N ), (w⊥/Z{w}, QMN ) must be negative definite of rank N − 1.

Definition 1.3. Let 3w be the kernel of the map Stab(w)→ Aut(w⊥/Z{w}, QMN ).

There is an identification of 3w with the subgroup of even elements of the lattice
(w⊥/Z{w}, QMN ), and Stab(w) fits into a split short exact sequence

(1) 0 → 3w︸︷︷︸
∼=ZN−1≤w⊥/Z{w}

→ Stab(w)→ Aut(w⊥/Z{w}, QMN )→ 0.

Two properties of 3w are that it is a maximal torsion-free, abelian subgroup of
Mod(MN ) and that it has finite index in Stab(w). See Lemmas 2.5 and 2.6.

With the preliminaries above in hand, we state our main result concerning the
Nielsen realization problem for 3w.

Theorem 1.4 (realizing3w by diffeomorphisms). Let N ≥2 and letw∈ H2(MN ; Z)

be a primitive, isotropic class of minimal genus 0. There exists a homomorphism
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ρw :3w → Diff+(MN ) such that the following diagram commutes:

Diff+(MN )

3w Mod(MN )

qρw

The image ρw(3w) almost preserves a holomorphic genus-0 Lefschetz fibration
p : MN → CP1 whose generic fiber represents the homology class w.

If N ≤ 8, Theorem 1.4 holds for any primitive, isotropic class w ∈ H2(MN ; Z)

because any such class has minimal genus 0. See Corollary 3.10.
Compare Theorem 1.4 to the case of the K3 manifold M for which the subgroup

3w≤Mod(M) is isomorphic to Z20, wherew∈ H2(M; Z) is a fiber class of a genus-
1 fibration of M with only nodal fibers. As mentioned above, Farb–Looijenga ([9,
Corollary 1.12]) showed that 3w lifts to the group of diffeomorphisms preserving
the fibers of the given genus-1 fibration. In contrast to the case of the K3 manifold,
Theorem 1.4 shows that Nielsen realization for 3w holds in our setting despite the
fact that no element of 3w can preserve any genus-0 Lefschetz fibration of MN

(Proposition 1.1).
The next theorem uses the short exact sequence (1) and the diffeomorphisms

constructed in the proof of Theorem 1.4 to find a diffeomorphism representative of
any element of Stab(w) that almost preserves a genus-0 Lefschetz fibration.

Theorem 1.5 (mapping classes fixing an isotropic class). Let N ≥ 1 and let w ∈

H2(MN ; Z) be a primitive, isotropic class of minimal genus 0. For any h ∈ Stab(w),
there exists ϕ ∈ Diff+(MN ) almost preserving a holomorphic genus-0 Lefschetz
fibration p : MN → CP1 whose generic fiber represents the homology class w such
that [ϕ] = h ∈ Mod(MN ).

Similarly as with Theorem 1.4, Theorem 1.5 holds for any primitive, isotropic class
w ∈ H2(MN ; Z) if 2 ≤ N ≤ 8. See Corollary 4.2.

A large part of the work of this paper is to ensure that the diffeomorphisms
constructed in Section 3 commute as diffeomorphisms of MN . We point out that
the calculations of Section 3 are essential to the proof of Theorem 1.4 regarding
the Nielsen realization problem for 3w although Theorem 1.5 alone may be proven
more succinctly. For the sake of concreteness, we give explicit constructions of all
diffeomorphisms used in this paper.

One way to interpret the results of this paper is via the natural action of (an index-
2 subgroup of) Mod(MN ) on HN and the classification of hyperbolic isometries
into three types: elliptic, parabolic, and hyperbolic. Infinite-order elements of the
stabilizer Stab(w) for an isotropic class w ∈ H2(MN ; Z) are precisely the elements
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of Mod(MN ) acting by parabolic isometries on HN (Lemma 2.2). Therefore the
following is an immediate corollary of Theorem 1.5.

Corollary 1.6. Let 2 ≤ N ≤ 8. If g ∈ Mod(MN ) acts by a parabolic isometry on
HN then there exists ϕ ∈ Diff+(MN ) that almost preserves a holomorphic genus-0
Lefschetz fibration p : MN → CP1 such that [ϕ] = g.

Related work. The relationship between mapping classes of 4-manifolds fixing an
isotropic class and Lefschetz fibrations with the prescribed generic fiber has been
studied in some settings. As mentioned above, see Gizatullin [12] and Cantat [4]
for the case of compact, Kähler surfaces and elliptic fibrations and Farb–Looijenga
[9] for the case of K3 manifolds; [9] was an inspiration for this current paper.

Automorphisms preserving a genus-0 Lefschetz fibration (or a conic bundle
structure) also play an important role in the study of finite groups of automorphisms
of MN . An example of such a complex automorphism is the de Jonquières involution,
which is a main tool for this paper. Some examples of work in this direction include
the classification of order-2 birational automorphisms of CP2 up to conjugacy
(Bertini [2], Bayle–Beauville [1]) and finite subgroups of birational automorphisms
of CP2 in general (Dolgachev–Iskovskikh [8], Blanc [3]) in the complex category
and a study of finite groups of symplectomorphisms of rational surfaces (Chen–Li–
Wu [5]) in the symplectic category.

Outline. In Section 2, we recall relevant facts about the mapping class group
Mod(MN ) of rational manifolds and deduce basic facts about isotropic classes
w ∈ H2(MN ; Z), including the proof of Proposition 1.1. In Section 3, we prove
Theorem 1.4 by explicitly constructing the necessary diffeomorphisms. Using these
diffeomorphisms from Section 3, we prove Theorem 1.5 in Section 4.

2. Isotropic homology classes and their stabilizers in Mod(MN)

We collect useful properties of the mapping class groups of 4-manifolds, isotropic
classes in H2(MN ; Z), and certain Lefschetz fibrations.

2.1. The mapping class group of MN . For any 4-manifold M , let QM denote
the intersection form on H2(M; Z). The form QM is an integral, unimodular,
nondegenerate, symmetric bilinear form on H2(M; Z)/Torsion; we denote the
lattice (H2(M; Z)/Torsion, QM) by HM . The automorphism group of the lattice
HM is denoted O(HM).

The mapping class group Mod(M) := π0(Homeo+(M)) of a closed, oriented,
simply connected 4-manifold M is computable due to the following theorems of
Freedman [10], Perron [18], Quinn [19], Cochran–Habegger [6], and Gabai–Gay–
Hartman–Krushkal–Powell [11]. (For a more detailed history of this theorem, see
[11, Section 1.3].)
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Theorem 2.1. Let M4 be a closed, oriented, and simply connected manifold. The
map

8 : Mod(M)→ O(HM)

given by 8 : [ϕ] 7→ ϕ∗ is an isomorphism of groups.

By the Mayer–Vietoris sequence, H2(MN ; Z)= H2(CP2
; Z)⊕ H2(CP2; Z)⊕N ,

and we have the usual Z-basis {H, E1, . . . , EN }. The intersection form QMN is
given by the diagonal, (N + 1)× (N + 1) matrix

diag(1,−1, . . . ,−1)

with respect to the Z-basis {H, E1, . . . , EN }. On the other hand, there is a natural
Z-basis

(2) {s, v, e1, . . . , eN−1}

of H2((CP1
× CP1)#(N − 1)CP2; Z) via the Mayer–Vietoris sequence; here, s

and v correspond to the first and second factors of CP1
× CP1 respectively. There

is a diffeomorphism (CP1
× CP1)#(N − 1)CP2 ∼= MN for all N ≥ 2 giving an

identification

v= H −E1, s = H −E2, e1 = H −E1−E2, ek = Ek+1 for all 2≤ k ≤ N −1.

We will mostly work with the Z-basis {s, v, e1, . . . , eN−1} of H2(MN ; Z).
Therefore by Theorem 2.1,

Mod(MN )∼= O(1, N )(Z) := O(HMN )

We will identify O(HMN ) and Mod(MN ) throughout this paper.
On the other hand, consider E1,N

:= (RN+1, QN ), where QN is the diagonal
bilinear symmetric form of signature (1, N ):

QN ((x0, x1, . . . , xN ), (y0, y1, . . . , yN ))= x0 y0 − x1 y1 − · · · − xN yN .

There is a natural identification of the R-span of the Z-basis {H, E1, . . . , EN } of
H2(MN ; Z) with RN+1, under which the R-bilinear extension of QMN coincides
with QN . The hyperboloid model for HN sits in E1,N by

HN
= {w = (w0, w1, . . . , wN ) ∈ RN+1

: QN (w,w)= 1, w0 > 0}.

where the Riemannian metric is defined by the restriction of −QN to HN (see [20,
Chapter 2]). Because O(1, N )(Z) acts on RN+1 and preserves QN , it contains an
index-2 subgroup O+(1, N )(Z) acting by isometries on HN .

The boundary sphere of HN corresponds to

∂HN
= {w = (w0, w1, . . . , wN ) ∈ RN+1

: QN (w,w)= 0, w0 > 0}/∼
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where aw∼w for all a ∈ R>0. Parabolic isometries of HN are those that fix a unique
point of ∂Hn and no point in Hn . By [20, Problem 2.5.24(g)], parabolic isometries
not only preserve some line in RN+1 but fix it pointwise. Moreover, parabolic
isometries in O+(1, N )(Z) must fix a nonzero, isotropic vector with integral entries,
i.e., some nonzero w ∈ H2(MN ; Z) with QMN (w,w)= 0, and have infinite order
([20, Exercise 2.5.20]). The converse is true as well:

Lemma 2.2. Let N ≥ 2. An element f ∈ O+(1, N )(Z) acts by a parabolic isometry
if and only if f has infinite order and there exists some primitive, isotropic class
w ∈ H2(MN ; Z) such that f ∈ Stab(w)≤ O(HMN ).

Proof. One direction holds by the discussion preceding the statement of the lemma,
so it suffices to prove that if f ∈ Stab(w) has infinite order then f acts on HN by a
parabolic isometry.

Note that f fixes the point of ∂HN corresponding to w ∈ H2(MN ; Z). Because
stabilizers of points in HN in O(HMN ) have finite order, we only need to show that
this is the unique point of ∂HN fixed by f . To do this, let w0 ∈ E1,N be an isotropic
vector such that f (w0) = λw0 for some λ ∈ R. If w0 ∈ R{w}

⊥ then w0 must be
a scalar multiple of w because the restriction of QMN to R{w}

⊥/R{w} is negative
definite. If QMN (w,w0)=: a ̸= 0 then λ= 1 because

a = QMN (w,w0)= QMN ( f (w), f (w0))= QMN (w, λw0)= λa.

Then f (aw+w0)= aw+w0 and

QMN (aw+w0, aw+w0)= 2aQMN (w,w0)= 2a2 > 0.

A scalar multiple of aw +w0 lies in HN , meaning f acts on HN by an elliptic
isometry, and all such isometries of HN in O(HMN ) have finite order. Therefore,
w0 must be a scalar multiple of w and hence f fixes a unique point in ∂HN . □

2.2. Primitive, isotropic classes w ∈ H2(MN; Z) and Stab(w)≤ Mod(MN). Con-
sider lattices (L , Q), where L ∼= Zr as an abelian group for some r ∈ N and Q is
an integral, unimodular, nondegenerate, symmetric, bilinear form on L . For each
primitive, isotropic vector w ∈ L , there exists u ∈ L such that Q(w, u) = 1 by
unimodularity of Q. There is an orthogonal decomposition

L = Z{u, w} ⊕ Z{u, w}
⊥

to which Q restricts to a unimodular form on each factor. The restriction of Q
to Z{u, w} has signature (1, 1). Note that Z{u, w}

⊥ is a lift of w⊥/Z{w} under
the natural quotient w⊥

→ w⊥/Z{w}. This means that (Z{u, w}
⊥, Q|Z{u,w}⊥) is

isometric (i.e., isomorphic as a lattice) to (w⊥/Z{w}, Q) via this quotient, where
Q is the induced bilinear form on w⊥/Z{w}. We fix the above notation throughout
this subsection.
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Lemma 2.3. Let w ∈ L be a primitive, isotropic vector. If h1, h2 ∈ Stab(w) ≤

O(L , Q) and h1|w⊥ = h2|w⊥ then h1 = h2. In particular, for any h1, h2 ∈ Stab(v)≤
O(HMN ), where v is the homology class as given in (2) and N ≥2, if h1(ek)= h2(ek)

for all 1 ≤ k ≤ N − 1 then h1 = h2.

Proof. Observe that h−1
1 ◦ h2 acts as the identity on Z{u, w}

⊥
≤ w⊥. We claim

that h−1
1 ◦ h2(u) = u. To see this, write h−1

1 ◦ h2(u) = au + bw + v0 for some
v0 ∈ Z{u, w}

⊥ and some a, b ∈ Z. For any v1 ∈ Z{u, w}
⊥,

0= Q(u, v1)= Q((h−1
1 ◦h2)(u), (h−1

1 ◦h2)(v1))= Q(au+bw+v0, v1)= Q(v0, v1).

Therefore, v0 = 0 by unimodularity of Q|Z{u,w}⊥ . Moreover, (h−1
1 ◦h2)(w)=w, so

1 = Q((h−1
1 ◦ h2)(u), (h−1

1 ◦ h2)(w))= Q(au + bw,w)= a,

0 = Q((h−1
1 ◦ h2)(u), (h−1

1 ◦ h2)(u))= Q(u + bw, u + bw)= 2b.

Therefore, (h−1
1 ◦ h2)(u)= u and h−1

1 ◦ h2 restricts to the identity on Z{u, w}. In
the case of v ∈ H2(MN ; Z) for any N ≥ 2, apply the above argument with w = v,
u = s and Z{u, w}

⊥
= Z{e1, . . . , eN−1}. □

Let 3w denote the kernel of the natural map hw : Stab(w)→ O(w⊥/Z{w}, Q)
(cf. Definition 1.3). In order to describe 3w, we introduce an important type of
element of O(HMN ) used throughout this paper.

Definition 2.4. Let N ≥ 2 and u ∈ H2(MN ; Z) satisfy QMN (u, u)= ±1 or ±2. The
reflection Refu about u is an element of O(HMN ) defined by

Refu(x)= x −
2QMN (x, u)
QMN (u, u)

u.

We now use reflections and Eichler transformations to give generators for 3w.

Lemma 2.5. Let (L , Q) be any lattice and w ∈ L be a primitive, isotropic vector.
Let A ≤ w⊥/Z{w} denote the subgroup of even elements with respect to Q. Then
there is an isomorphism of groups

E(w, · ) : A →3w.

In the case that (L , Q)= HMN for any N ≥ 2 and w= v, the group3w is generated
by

fk := Refek ◦ Refek+1 ◦ Refv−ek−ek+1 ◦ Refek−ek+1

for 1 ≤ k ≤ N − 2 and g := Refe1 ◦ Refv−e1 .

Proof. For any f ∈3w, there exists c( f ) ∈ w⊥/Z{w} such that for any e ∈ w⊥,

f (e)= e − Q(c( f ), e)w
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by the definition of 3w and the unimodularity of Q. This defines a homomorphism
c :3w → w⊥/Z{w} which is injective by Lemma 2.3.

For any f ∈3w, there exists a ∈ Z and e ∈ Z{u, w}
⊥ such that

f (u)= u + aw+ e

because Q( f (u), w) = 1. (Here, u ∈ L is as chosen at the beginning of this
subsection.) Moreover,

Q(u, u)= Q( f (u), f (u))= Q(u, u)+ 2a + Q(e, e)

and so Q(e, e) is even. Because c( f ), e are contained in Z{u, w}
⊥ where c( f ) ∈

w⊥/Z{w} is identified with its lift in Z{u, w}
⊥,

0 = Q( f (u), f (c( f )))= Q( f (u), c( f )− Q(c( f ), c( f ))w)
= Q(e, c( f ))− Q(c( f ), c( f )),

0 = Q( f (u), f (e))= Q( f (u), e − Q(e, c( f ))w)= Q(e, e)− Q(e, c( f )).

By the second string of equalities, Q(e, c( f )) is even, and by the first, Q(c( f ),c( f ))
= Q(c( f ),c( f )) is even. Hence c(3w)≤ A.

Consider the homomorphism E(w, · ) : A →3w defined by

E(w, e) : x 7→ x + Q(w, x)e − Q(e, x)w−
1
2

Q(e, e)Q(w, x)w

for each [e] ∈ A ≤w⊥/Z{w} with e ∈w⊥, where E(w, e) is an Eichler transforma-
tion. A computation shows that E(w, · ) does not depend on the choice of lift e ∈w⊥,
and hence descends to a well-defined homomorphism on A ≤ w⊥/Z{w}. Another
computation shows that c◦E(w, · )= Id |A. Finally, if (L , Q)= (H2(MN ; Z), QMN )

and w = v, compute that fk = E(w, ek + ek+1) for each 1 ≤ k ≤ N − 2 and
g = E(w, 2e1), which together generate 3w as ek + ek+1 with 1 ≤ k ≤ N − 2 and
2e1 generate A. □

We combine the results of this subsection and record an important algebraic
property of Stab(w). Below, O(r)(Z) denotes the automorphism group of the
diagonal lattice (Zr , diag(1, . . . , 1)), or equivalently, the automorphism group of
the diagonal lattice (Zr , diag(−1, . . . ,−1)).

Lemma 2.6. For any primitive, isotropic vector w ∈ L , there is a split short exact
sequence

0 →3w → Stab(w)
hw
−→ O(w⊥/Z{w}, Q)→ 0.

In the case that (L , Q)= HMN for any N ≥ 2 and w = f (v) for any f ∈ O(HMN ),
the split short exact sequence above is isomorphic to

0 → ZN−1
→ Stab(w)

hw
−→ O(N − 1)(Z)→ 0.



292 SERAPHINA EUN BI LEE

There is an equality of subgroups 3w = f ◦3v ◦ f −1. Moreover, 3w ∼= ZN−1 is a
finite-index maximal torsion-free subgroup of Stab(w) and a maximal torsion-free,
abelian subgroup of O(HMN ).

Proof. There is a section ℓ of hw defined by

ℓ : f 7→ Id ⊕ f ∈ O(Z{u, w} ⊕ Z{u, w}
⊥, Q)= O(L , Q)

which shows that hw is surjective and the sequence is split.
In the case of (L , Q) = HMN with N ≥ 2 and w = f (v) for any f ∈ O(HMN ),

we can let u = f (s), in which case

(w⊥/Z{w}, Q)∼= (Z{ f (e1), . . . , f (eN−1)}, QMN )

and so O(w⊥/Z{w}, Q)∼= O(N − 1)(Z) is finite. The subgroup A ≤ w⊥/Z{w} of
even elements with respect to Q has index 2 in w⊥/Z{w} which has rank N − 1,
and so 3w ∼= A ∼= ZN−1. Because the sequence is split, the subgroup ⟨3w, h⟩ of
Stab(w) generated by3w and h must have torsion for any h ∈ Stab(w) with h /∈3w
and so 3w is a maximal torsion-free subgroup of Stab(w).

To see that 3w = f ◦3v ◦ f −1, compute for any h ∈3v and e ∈ v⊥ that

( f ◦ h ◦ f −1)( f (e))= f (h(e))= f (e − Q(c(h), e)v)= f (e)− Q(c(h), e)w

for some c(h) ∈ v⊥/Z{v} as in the proof of Lemma 2.5 and where Q is the bilinear
form on v⊥/Z{v} induced by Q. Because w⊥

= f (v⊥), we see that f ◦ h ◦ f −1

induces the identity map on w⊥/Z{w}, showing that f ◦ 3v ◦ f −1
⊆ 3w. By

symmetry, it follows that f ◦3v ◦ f −1
=3w. Each of the generators of 3v given

in Lemma 2.5 is contained in O+(1, N )(Z). Because 3w = f ◦3v ◦ f −1 and
O+(1, N )(Z) is a normal subgroup of O(HMN ), we conclude that 3w is contained
in O+(1, N )(Z).

It remains to show that 3w is a maximal torsion-free, abelian subgroup of
O(HMN ). To this end, consider any h ∈3w with h ̸= Id. Because3w≤O+(1, N )(Z)
and 3w is torsion-free, Lemma 2.2 shows that h is parabolic and w ∈ H2(MN ; Z)

is the unique isotropic element of H2(MN ; Z) fixed by h, up to scaling. Suppose
k ∈ O(HMN ) commutes with some h ∈3w and that ⟨k,3w⟩ is torsion-free. Note
that then ⟨−k,3w⟩ is also torsion-free because − Id ∈ O(HMN ) is in the center
of O(HMN ) and has order 2. Moreover, k(w) = ±w because h fixes k(w), so
k ∈ Stab(w) or −k ∈ Stab(w). If −k ∈ Stab(w) then ⟨−k,3w⟩ = 3w because
⟨−k,3w⟩ is torsion-free and 3w is a maximal torsion-free subgroup of Stab(w).
However, −k ̸∈3w because −k ◦ k−1

= − Id is torsion and ⟨k,3w⟩ is torsion-free.
Therefore, k ∈ Stab(w) and k ∈ 3w since ⟨k,3w⟩ is a torsion-free subgroup of
Stab(w). □
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To use Lemma 2.6, we apply a theorem of Li–Li [15, Theorem 4.2] which says
that for any N ≥ 2 and any primitive, isotropic class w ∈ H2(MN ; Z) of minimal
genus 0, there exists ϕ ∈ Diff+(MN ) such that [ϕ](v) = w. Moreover, following
elementary lemma strengthens this theorem in the case 2 ≤ N ≤ 8. Recall the fixed
Z-basis {s, v, e1, . . . , eN−1} of H2(MN ; Z) given in (2).

Lemma 2.7. If 2 ≤ N ≤ 8 and w ∈ H2(MN ; Z) is an isotropic class, then

(a) there exists f ∈ O(HMN ) such that f (v)= w if w is primitive, and

(b) w has minimal genus 0.

Proof. To prove (a), supposew is primitive and u ∈HMN is chosen as in the beginning
of this subsection. The restriction of QMN to Z{w, u} is unimodular and indefinite
so Z{w, u}

⊥ is negative definite of rank N −1<8. There exists a unique unimodular
and negative definite lattice of rank r if r ≤ 7; see [16, p. 1], for example. Therefore,
(Z{w, u}

⊥, QMN |Z{w,u}⊥) is isometric to (Z{e1, . . . , eN−1}, QMN |Z{e1,...,eN−1}); let
w0 ∈ Z{w, u}

⊥ satisfy QMN (w0, w0)= −1.
With a := QMN (u, u), we have QMN (w, u − aw0)= 1 and

QMN (u − aw0, u − aw0)= a − a2
≡ 0 (mod 2).

So Z{w, u − aw0} is unimodular, even, and indefinite. Again, Z{w, u − aw0}
⊥ is

negative definite of rank N − 1 < 8, and so (Z{w, u − aw0}
⊥, QMN |Z{w,u−aw0}⊥)

is isometric to (Z{e1, . . . , eN−1}, QMN |Z{e1,...,eN−1}). There exists f ∈ O(HMN ) that
preserves the orthogonal direct sums below

f : Z{v, s} ⊕ Z{e1, . . . , eN−1} → Z{w, u − aw0} ⊕ Z{w, u − aw0}
⊥

such that f (v)= w. This proves (a).
To prove (b), we may assume thatw ̸= 0. Supposew1 ∈ H2(MN ; Z) is a primitive

isotropic class such that aw1 = w for some a ∈ Z. By (a), there exists some
f ∈ Mod(MN ) such that f (v)=w1. Because N ≤ 9, there exists a diffeomorphism
ϕ ∈ Diff+(MN ) such that [ϕ] = f by [21, Theorem 2], and so the minimal genus of
w and the minimal genus of av are equal, and the minimal genus of av= a(H −E1)

is 0 (cf. [15, Theorem 4.2]). □

2.3. Lefschetz fibrations, conic bundles, and de Jonquières involutions. Let N =

2m+1≥3 be odd and fix some distinct complex numbers a1, . . . , a2m ∈C. Consider
the birational map J 0 : CP1

× CP1 99K CP1
× CP1 given by

([X1 : X2], [Y1 : Y2]) 7→
(
[X1 : X2],

[
Y2

2m∏
i=m+1

(X1 −ai X2) : Y1

m∏
i=1
(X1 −ai X2)

])
.
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pr

CP1

ei v − ei

J

v

. . .. . .

v v v v

J J J J J

MN

Figure 1. Each line represents a copy of CP1 and is labeled with its
homology class in MN . The rightmost fiber, for 1 ≤ i ≤ N − 1, is
a singular fiber. Each singular fiber is a union of two (−1)-spheres
intersecting transversely once.

Then J 0 lifts to an automorphism J of order 2 called a de Jonquières involution of
X := BlP(CP1

× CP1) where

P :=
{
([ai : 1], [1 : 0]) : 1 ≤ i ≤ m

}
∪

{
([ai : 1], [0 : 1]) : m + 1 ≤ i ≤ 2m

}
is a set in CP1

× CP1 with 2m points. Note that X is diffeomorphic to MN . Under
this identification, ek ∈ H2(MN ; Z) is the class of the exceptional fiber above
([ak : 1], [1 : 0]) for each 1 ≤ k ≤ m and the class of the exceptional fiber above
([ak : 1], [0 : 1]) for each m + 1 ≤ k ≤ m.

The projection map pr0 : CP1
× CP1

→ CP1 onto the first coordinate extends to
a map pr : X → CP1 defining a holomorphic genus-0 Lefschetz fibration (in other
words, a conic bundle). By construction, pr ◦J = pr.

If z ̸= zk := [ak : 1] ∈ CP1 for any k, the fiber of pr over a point z ∈ CP1 is
{z} × CP1 which is in the homology class v ∈ H2(MN ; Z). Because J acts on
each such pr−1(z) in an orientation-preserving way, [J ] ∈ Stab(v) ≤ Mod(MN ).
Moreover for all 1 ≤ k ≤ 2m and all ([ak : 1], [Y1 : Y2]) /∈ P ,

J 0 : ([ak : 1], [Y1 : Y2]) 7→

{
([ak : 1], [1 : 0]) if 1 ≤ k ≤ m,
([ak : 1], [0 : 1]) if m + 1 ≤ k ≤ 2m.

Therefore, [J ] must send the homology class v − ek of the strict transform of
pr−1([ak : 1]) in X to the exceptional divisor ek . See Figure 1 for an illustration of
the action of J on the fibers of pr.

The maps pr and J will be used in the explicit constructions in Sections 3 and 4.
The goal of the rest of this section is to show that it suffices to only consider the
Lefschetz fibration pr : MN → CP1 for our setting and to prove Proposition 1.1.
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Proposition 2.8. Let p : MN → 6 be a Lefschetz fibration where 6 is a closed,
oriented surface and the generic fiber F satisfies [F] ̸= 0 ∈ H2(MN ; Z). If [F] has
minimal genus 0 then 6 = CP1 and F = CP1.

Proof. Because MN is closed, a generic fiber F is a compact submanifold of M and
has finitely many connected components, i.e., π0(F) is finite. By the exact sequence
of the fibration [14, Proposition 8.1.9], there is a bijection π1(6)→ π0(F) because
π1(MN ) = 0. Therefore, π1(6) is finite because π0(F) is finite. Because 6 is a
closed, oriented surface, this implies that 6 = CP1. Furthermore, F is connected
since π0(F)= π1(CP1)= 0.

Because [F] is nontrivial in H2(MN ; R) since H2(MN ; Z) has no torsion, MN

can be given a symplectic structure such that F is a symplectic submanifold (Gompf
[14, Theorem 10.2.18], [13, Theorem 1.2]) and so F must achieve the minimal
genus in its homology class by the solution to the symplectic Thom conjecture
(Oszváth–Szabó [17, Theorem 1.1]). □

Proof of Proposition 1.1. Suppose there exists such a Lefschetz fibration p : MN →6

whose generic fiber representsw and a homeomorphism h :6→6 with p◦ϕ=h◦p.
Because w is nonzero and has minimal genus 0, Proposition 2.8 says that 6 = CP1

and the generic fiber of p has genus 0. After blowing down the (−1)-spheres
contained in the fibers of p, we see that p must be a CP1-bundle over 6 by [14,
Proposition 8.1.7]. Because all CP1-bundles over CP1 are holomorphic, MN gets
a complex structure as a rational surface and p is holomorphic.

We prove by induction on N that if some homeomorphism ϕ ∈ Homeo+(MN )

preserves a genus-0 Lefschetz fibration p : MN → CP1 then [ϕ] ∈ Mod(MN ) has
finite order. If N = 1 then it is easy to see Mod(MN ) = O(HMN ) is finite. Now
assume for some N0 > 1 that the claim holds for any 1 ≤ N < N0.

Let N = N0 and suppose ϕ ∈ Homeo+(MN ) preserves a genus-0 Lefschetz
fibration p : MN → CP1. Then ϕ must permute the singular fibers because none
of the singular fibers are homeomorphic to a generic fiber CP1. There are finitely
many singular fibers, so some power ϕk must preserve each singular fiber. Each
singular fiber F of p is a union of finitely many spheres of negative self-intersection
intersecting transversely at finitely many points q1, . . . , qm . Because ϕk restricts to
a homeomorphism of each singular fiber, ϕk must permute the points q1, . . . , qm .
Moreover, ϕk also restricts to a homeomorphism on F − {q1, . . . , qm}, a disjoint
union of finitely many spheres with punctures. Therefore, a further power ϕkℓ must
preserve each component of F − {q1, . . . , qm} and its orientation.

Let S ⊆ F be an embedded (−1)-sphere in MN . Because the homeomorphism ϕkℓ

fixes each point q1, . . . , qm and preserves S−(S∩{q1, . . . , qm})⊆ F−{q1, . . . , qm},
it must preserve S ⊆ MN . Let b : MN → M be the map that blows down S to a
point q ∈ M . Being a rational surface, M is diffeomorphic to MN−1 or CP1

×CP1.
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z3 z4 z7

B4

z1 z2 z5

U1

z6

V6

Figure 2. The sets Uk , Bk , and Vk in the case n = 7. The set B4, shaded
in blue, surrounds z4 and z5. The annulus U1, shaded in orange, is the
collar neighborhood of B1 surrounding z1 and z2. The disk V6, shaded in
red, contains z6 and contained in (B5 − U5)∩ (B6 − U6).

Because ϕkℓ defines a homeomorphism on MN −S, it induces a homeomorphism
of M − q that extends to a homeomorphism ψ of M and preserves the Lefschetz
fibration p′

: M → CP1 such that p = p′
◦ b. If M is diffeomorphic to MN−1

then [ψ] has finite order in Mod(M) by the inductive hypothesis. Otherwise, M
is diffeomorphic to CP1

× CP1 and so Mod(M) is finite. Therefore, [ψ] also has
finite order in Mod(M).

Finally, note that b∗ : H2(MN ; Z)→ H2(M; Z) induces the quotient map

H2(MN ; Z)∼= Z{[S]}
⊥

⊕ Z{[S]} → Z{[S]}
⊥ ∼= H2(M; Z).

Because ψ ◦ b = b ◦ϕkℓ and ϕkℓ
∗
([S])= [S], the restriction of ϕkℓ

∗
to Z{[S]}

⊥ must
have the same order as ψ∗. Finally, this shows that [ϕkℓ

], and therefore [ϕ], has
finite order in Mod(MN ). □

3. Theorem 1.4: lifting 3w to Diff+(MN)

We turn to the proof of Theorem 1.4, after fixing some notation regarding certain
subsets of CP1 illustrated in Figure 2. Let N = n+1 and m =

⌈ n
2

⌉
; thus N = 2m+1

if n is even and N = 2m if n is odd. Fix distinct complex numbers a1, . . . , a2m ∈ C

and let zk := [ak : 1] for all k = 1, . . . , n. Then:

(a) For each 1 ≤ k ≤ n − 1, let Bk ∼= D2 denote a closed disk in CP1
− {[1 : 0]}

containing zk and zk+1 and no other points z j for j ̸= k, k+1 so that Bk ∩Bk′ =

∅ if |k − k ′
|> 1.

(b) For each 1 ≤ k ≤ n−1, let Uk ∼= [0, 1]×S1
⊆ Bk denote a collar neighborhood

of Bk that does not contain zk and zk+1 where {0} × S1 corresponds to ∂Bk .

(c) For each 1 ≤ k ≤ n, let Vk ∼= D2 denote a closed disk containing zk in B1 −

U1 − B2 if k = 1, in (Bk − Uk) ∩ (Bk−1 − Uk−1) if 2 ≤ k ≤ n − 1, or in
Bn−1 − Un−1 − Bn−2 if k = n.

As in Section 2.3, let

P =
{
([ai : 1], [1 : 0]) : 1 ≤ i ≤ m

}
∪

{
([ai : 1], [0 : 1]) : m + 1 ≤ i ≤ 2m

}
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and consider the de Jonquières involution J on BlP(CP1
× CP1). Identify Mn+1

with

(a) BlP(CP1
× CP1) if n is even, and

(b) BlP−{([a2m :1], [0:1])}(CP1
× CP1) if n is odd.

In both cases, consider pr : Mn+1 → CP1 defined in Section 2.3. There is a natural
inclusion

pr−1(Bk) ↪→ BlP(CP1
× CP1)

that is preserved by J on BlP(CP1
× CP1) for all 1 ≤ k ≤ n − 1. We use this

inclusion to define J |pr−1(Bk) on each pr−1(Bk) ⊆ Mn+1 regardless of the parity
of n. Note that J |pr−1(Bk) = J |pr−1(Bk+1) when restricted to pr−1(Bk)∩ pr−1(Bk+1)

for all 1 ≤ k ≤ n − 2.
There are four main steps to the proof of Theorem 1.4.

(1) Constructing commuting diffeomorphisms γ1, . . . , γn−1 ∈ Diff+(MN ) that
preserve the genus-0 holomorphic Lefschetz fibration pr : MN → CP1 such
that supp(γk) ⊆ pr−1(Bk) and γk agrees with J on pr−1(Bk − Uk) for each
1 ≤ k ≤ n − 1. These maps should be thought of as local de Jonquières maps.

(2) Constructing commuting diffeomorphisms r1, . . . , rn ∈ Diff+(MN ) satisfying
supp(rk)⊆ pr−1(Vk) and [rk] = Refek for each 1 ≤ k ≤ n.

(3) Defining a homomorphism ρv :3v → Diff+(MN ) using the diffeomorphisms
above so that ρv is a section of q : Diff+(MN )→ Mod(MN ) restricted to 3v
and ρv(3v) almost preserves pr : MN → CP1.

(4) Defining a homomorphism ρw : 3w → Diff+(MN ) for any other primitive,
isotropic class w of minimal genus 0 by pre- and post-composing ρv by
conjugation in Mod(MN ) and Diff+(MN ).

Step 1: Constructing local de Jonquières maps γ1, . . . , γn−1 ∈ Diff+(MN). First,
recall by construction that for each 1 ≤ k ≤ n − 1, the disk Bk is a closed subset
of CP1

−{[1 : 0]}. Throughout this section, we identify CP1
−{[1 : 0]} with C by

the diffeomorphism [a : 1] 7→ a. Then the disk Bk and the annulus Uk are subsets
of C and the point zk = [ak : 1] ∈ CP1

−{[0 : 1]} corresponds to ak ∈ C under this
identification.

For each 1 ≤ k ≤ n − 1, define λk : Uk → C× by

λk(x) :=

√ ∏m
i=1(x − ai )∏2m

i=m+1(x − ai )

with any smooth choice of square root. A computation of fundamental groups
shows that such a choice exists. For completeness, we include a proof below.
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Lemma 3.1. For each 1 ≤ k ≤ n − 1, there exists a smooth map λk : Uk → C× so
that

λk(x)2 =

∏m
i=1(x − ai )∏2m

i=m+1(x − ai )
.

Proof. Consider a function µk : Bk − {ak, ak+1} → C× defined by

µk(x) :=

( m∏
i=1
(x − ai )

)( 2m∏
i=m+1

(x − ai )
−1

)
.

Then µk(x) is well-defined and nonzero for any x ∈ Bk − {ak, ak+1} because
x −ai ̸= 0 for any 1 ≤ i ≤ n. It suffices to show that there exists a lift λk : Uk → C×

of the restrictionµk |Uk :Uk →C× under the double cover C×
→C× given by a 7→a2.

In other words, we will show that (µk)∗(π1(Uk)) is contained in 2Z ≤ Z ∼= π1(C
×).

Let δk, δk+1 ∈ π1(Bk − {ak, ak+1}) be generators so that δkδk+1 is a generator of
π1(Uk) ≤ π1(Bk − {ak, ak+1}) and so that δk (resp. δk+1) is freely homotopic in
Bk −{ak, ak+1} to a loop S1

→ Bk −{ak, ak+1} given by θ 7→ ak + εe2πθ
√

−1
∈ Vk

(resp. θ 7→ ak+1 + εe2πθ
√

−1
∈ Vk+1) for some 0< ε≪ 1.

The restrictions of µk to Vk − {ak} and Vk+1 − {ak+1} take the forms

µk |Vk−{ak}(x)= ηk(x)(x − ak)
±1, µk |Vk+1−{ak+1} = ηk+1(x)(x − ak+1)

±1,

where ηi : Vi → C× are nonvanishing functions for each 1 ≤ i ≤ n. Each of µk(δk)

and µk(δk+1) is freely homotopic to the loop S1
→ C× given by θ 7→ e2πθ

√
−1 or

by θ 7→ e−2πθ
√

−1, depending on the exponent of (x −ak) and (x −ak+1) in µk(x).
Therefore, (µk)∗(δkδk+1) is an element of 2Z ≤ π1(C

×). □

For such a choice of λk , consider the map Mλk : Uk → PGL2(C) given by

Mλk (x)=

(
1 1

−λk(x) λk(x)

)
∈ PGL2(C).

We also record the inverse of Mλk (x) for later use:

Mλk (x)
−1

=

(
1 −1/λk(x)
1 1/λk(x)

)
∈ PGL2(C).

Viewing Mλk (x) and Mλk (x)
−1 as automorphisms of CP1, define a diffeomorphism

uλk of pr−1(Uk)= Uk × CP1 by

uλk ([x : 1], [Y1 : Y2])= ([x : 1], Mλk (x) · [Y1 : Y2]).

Let T : [0, 1] → [0, 1] be a smooth, nondecreasing function such that T |[0,ε] ≡ 0
and T |[1−ε,1] ≡ 1 for some 0 < ε ≪ 1. Identifying pr−1(Uk) = Uk × CP1 with
[0, 1] × ∂Bk × CP1 (cf. Figure 2), we define a diffeomorphism jk of pr−1(Uk) by
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0 0πT (t) π π πT (t)

0 t 1 zk zk+1 1 t 0

pr pr

Figure 3. Illustrating the action of jk on pr−1(Uk)∼= [0, 1]× ∂Bk × CP1.
The horizontal line represents Bk ⊆ CP1 and the orange portion represents
the annulus Uk ⊆ Bk ⊆ CP1 whose width is parametrized by t ∈ [0, 1].
The two blue points represent ∂Bk ∼= S1. The diffeomorphism jk acts by
rotation-by-πT (t) on the sphere lying above a point (t, x)∈[0,1]×∂Bk ∼=Uk .

jk(t, θ, [Y1 : Y2])= (t, θ, [e
√

−1πT (t)Y1 : Y2]).

Roughly, jk is a map on [0, 1]×S1
×CP1 induced by an isotopy of S1

×CP1 from
the Id × Id to Id ×R(π), where R(π) is a rotation-by-π map on CP1. See Figure 3.

In the next lemma, we show that the de Jonquières map is conjugate to Id ×R(π)
on each {t}×∂Bk ×CP1, which will be used to modify J |pr−1(Uk) to be the identity
near the boundary pr−1(∂Bk).

Lemma 3.2. Let 1 ≤ k ≤ n − 1. On pr−1(Uk)= [0, 1] × ∂Bk × CP1,

uλk ◦ jk ◦ u−1
λk

=

{
J on pr−1([1 − ε, 1] × ∂Bk),

Id on pr−1([0, ε] × ∂Bk).

Proof. On pr−1([0, ε] × ∂Bk), note that jk ≡ Id. On pr−1([1 − ε, 1] × ∂Bk),

jk([x : 1], [Y1 : Y2])= ([x : 1], [−Y1 : Y2]).

For all [x : 1] ∈ [1 − ε, 1] × ∂Bk ⊆ Uk

Mλk (x)
(

−1 0
0 1

)
Mλk (x)

−1
=

(
0 1

λk(x)2 0

)
∈ PGL2(C),

and so

uλk ◦ jk◦u−1
λk
([x :1], [Y1 :Y2])=

(
[x : 1], [Y2 : λk(x)2Y1]

)
=J ([x :1], [Y1 :Y2]). □

The diffeomorphisms γk below should be thought of as local de Jonquières maps,
acting only on a single pair of singular fibers of pr.

Definition 3.3. For 1 ≤ k ≤ n − 1, let γk be the diffeomorphism of MN given by

γk =


J on pr−1(Bk − Uk),

uλk ◦ jk ◦ u−1
λk

on pr−1(Uk),

Id on pr−1(CP1
− Bk).
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Proposition 3.4. The diffeomorphisms γk satisfy the following properties:

(a) The diffeomorphism γk preserves pr for all 1 ≤ k ≤ n − 1. In fact, pr ◦γk = pr.

(b) The diffeomorphisms γi and γ j commute for all 1 ≤ i, j ≤ n − 1.

(c) As mapping classes, [γk] = Refv−ek−ek+1 ◦ Refek−ek+1 for all 1 ≤ k ≤ n − 1.

Proof. For each k, pr ◦uλk = pr and pr ◦ jk = pr by construction of uλk and jk when
restricted to pr−1(Uk). Therefore,

(pr ◦γk)|pr−1(Uk) =
(
pr ◦(uλk ◦ jk ◦ u−1

λk
)
)∣∣

pr−1(Uk)
= pr |pr−1(Uk)

and γk preserves the fibers of pr on pr−1(Uk) for all k. The same is clearly true on
pr−1(CP1

− Bk) and true on pr−1(Bk − Uk) by construction of J . This proves (a).
If |i − j | > 1 then supp(γi ) ∩ supp(γ j ) = ∅ so γi and γ j commute. To show

that γi and γi+1 commute for 1 ≤ i ≤ n − 2, we will consider the action of
these diffeomorphisms on pr−1(Bi ∩ Bi+1), which contains supp(γi )∩ supp(γi+1).
We split Bi ∩ Bi+1 as a union of Ci := (Bi ∩ Bi+1) ∩ (Ui ∪ Ui+1) and Vi :=

(Bi ∩ Bi+1)− (Ui ∪ Ui+1) (see Figure 4), so

pr−1(Bi ∩ Bi+1)= pr−1(Ci )∪ pr−1(Vi ).

By construction, γi |pr−1(Vi )=J |pr−1(Vi )= γi+1|pr−1(Vi ), and so γi and γi+1 commute
on pr−1(Vi ).

For any [x :1]∈Ci , both γi and γi+1 act on pr−1([x :1]) by (a). If [x :1]∈Ui∩Ui+1

then for some t, T ∈ [0, 1] depending on x , we have

γi ([x :1], [Y1 :Y2])=

(
[x :1],

(
Mλi (x)

(
e
√

−1π t 0
0 1

)
Mλi (x)

−1
)

· [Y1 :Y2]

)
,

γi+1([x :1], [Y1 :Y2])=

(
[x :1],

(
Mλi+1(x)

(
e
√

−1πT 0
0 1

)
Mλi+1(x)

−1
)

· [Y1 :Y2]

)
.

Moreover, λi (x)= λi+1(x) or −λi+1(x). In the first case, Mλi (x)= Mλi+1(x), so
γi and γi+1 commute on pr−1([x : 1]). In the second case, we compute for each
[x : 1] ∈ Ui that

Mλi (x)= M−λi (x)
(

0 1
1 0

)
and Mλi (x)

−1
=

(
0 1
1 0

)
M−λi (x)

−1

Bi Bi+1
Ci

Vi

Bi Bi+1

Figure 4. For each 1 ≤ i ≤ n − 2, the sets Ci (left) and Vi (right) are
contained in Bi ∩ Bi+1.
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and so

M−λi (x)
(

e
√

−1πT 0
0 1

)
M−λi (x)

−1
= Mλi (x)

(
1 0
0 e

√
−1πT

)
Mλi (x)

−1.

It is clear that

Mλi (x)
(

e
√

−1π t 0
0 1

)
Mλi (x)

−1 and Mλi (x)
(

1 0
0 e

√
−1πT

)
Mλi (x)

−1

commute in PGL2(C), which shows that γi and γi+1 commute on pr−1([x : 1]) in
this case.

If [x : 1] ∈ Ui and [x : 1] /∈ Ui+1 then for some t ∈ [0, 1] depending on x and for
all [Y1 : Y2] ∈ CP1,

γi ([x :1], [Y1 :Y2])=

(
[x :1],

(
Mλi (x)

(
e
√

−1π t 0
0 1

)
Mλi (x)

−1
)

· [Y1 :Y2]

)
γi+1([x :1], [Y1 :Y2])=J ([x :1], [Y1 :Y2])

=

(
[x :1],

(
Mλi+1(x)

(
−1 0
0 1

)
Mλi+1(x)

−1
)

· [Y1 :Y2]

)
where the second equality follows from (the proof of) Lemma 3.2. Therefore, we
can show that γi and γi+1 commute on pr−1([x : 1]) similarly as in the previous case.
By analogous computations, γi and γi+1 commute on pr−1([x : 1]) if [x : 1] ∈ Ui+1

and [x : 1] /∈ Ui . This proves (b).
Finally, note that for all j ̸= k, k +1, the map γk restricts to the identity on e j and

on pr−1(z) for any z /∈ Bk so (γk)∗(e j )= e j and (γk)∗(v)= v. Moreover, γk agrees
with J on pr−1(Bk), meaning that (γk)∗(e j )= v−e j for j = k and j = k +1. This
then determines [γk] ∈ Mod(Mn+1) by Lemma 2.3. A computation shows that the
same holds for Refv−ek−ek+1 ◦ Refek−ek+1 . □

Step 2: Constructing r1, . . . , rn ∈Diff+(MN). For each 1 ≤ k ≤n, the exceptional
divisor ek has a tubular neighborhood νk in pr−1(Vk) that is diffeomorphic to
CP2 − {[0 : 0 : 1]}. Let ik : CP2 − {[0 : 0 : 1]} → νk be this diffeomorphism and
let τ0 be a diffeomorphism of CP2 − {[0 : 0 : 1]} given by complex conjugation,
τ0 : [X : Y : Z ] 7→ [X̄ : Ȳ : Z̄ ].

Consider a smooth path η : (0, 1)→ SO(4) such that

η(t)=

{
diag(1,−1, 1,−1) if t ∈ (1 − ε, 1)
Id if t ∈ (0, ε)

for some 0< ε≪ 1. Let B denote the punctured ball in CP2 −{[0 : 0 : 1]} given by

B := {[a + b
√

−1 : c + d
√

−1 : 1] ∈ CP2 : 0< ∥(a + b
√

−1, c + d
√

−1)∥< 1},
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identifying it with (0, 1)× S3
⊆ R4, and define τ ∈ Diff+(CP2 − {[0 : 0 : 1]}) by

τ =

{
τ0 on CP2 − B,
(t, x) 7→ (t, η(t)x) on B ∼= (0, 1)× S3.

Then τ is compactly supported in CP2 − {[0 : 0 : 1]}.

Definition 3.5. For all 1 ≤ k ≤ n, let rk ∈ Diff+(MN ) be

rk :=

{
ik ◦ τ ◦ i−1

k on νk,

Id on MN − νk .

Remark 3.6. By construction, the diffeomorphism rk restricts to an orientation-
reversing diffeomorphism of ek and preserves the homology classes ei for all
i ̸= k and v. This forces [rk] = Refek ∈ Mod(MN ) by Lemma 2.3. Moreover,
supp(rk)⊆ νk ⊆ pr−1(Vk) and rk preserves νk ⊆ pr−1(Vk).

Step 3: Constructing ρv : 3v → Diff+(MN). The generators f1, . . . , fn−1 of 3v
(cf. Lemma 2.5) will be mapped under ρv to the following diffeomorphisms.

Lemma 3.7. For each 1 ≤ k ≤ n − 1, let

ϕk := rk ◦ rk+1 ◦ γk .

Then ϕi ◦ϕ j = ϕ j ◦ϕi for any 1 ≤ i, j ≤ n − 1.

Proof. For any 1≤ i, j ≤n−1, the diffeomorphisms ϕi and ϕ j commute if |i− j |>1
because they have disjoint support. For any 1 ≤ i ≤ n − 2,

ϕi |pr−1(Vi+1) = (ri+1 ◦J )|pr−1(Vi+1) = ϕi+1|pr−1(Vi+1)

so ϕi and ϕi+1 commute on pr−1(Vi+1). Moreover on Si := pr−1(Bi ∩ Bi+1)−

pr−1(Vi+1)

ϕi |Si = γi , ϕi+1|Si = γi+1

and so ϕi and ϕi+1 commute on pr−1(Bi ∩ Bi+1) by Proposition 3.4(b). Finally, ϕi

and ϕi+1 commute on Mn+1 − pr−1(Bi ∩ Bi+1) because supp(ϕi )∩ supp(ϕi+1) is
contained in pr−1(Bi ∩ Bi+1). □

It remains to construct the image of the last generator g of 3v under ρv.

Lemma 3.8. The map

ψ =

{
ϕ1 ◦ϕ1 on pr−1(V1)

Id on Mn+1 − pr−1(V1).

is a well-defined diffeomorphism, which commutes with ϕk for all 1 ≤ k ≤ n −1 and
satisfies [ψ] = g = Refe1 ◦ Refv−e1 in Mod(Mn+1),
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Proof. By definition, rk has support contained in the interior of pr−1(Vk) for all
1 ≤ k ≤ n. So r1|C = Id |C on some collar neighborhood C of pr−1(V1), and

ψ |C = (ϕ1 ◦ϕ1)|C = (r1 ◦J ◦r1 ◦J )|C = (J ◦J )|C = Id |C .

Moreover, J , r1, and r2 all preserve pr−1(V1), so the map ψ is indeed a diffeomor-
phism.

The diffeomorphisms ψ and ϕk have disjoint supports for all k > 1. Considering
the subsets pr−1(V1) and Mn+1−pr−1(V1) separately shows that ϕ1 and ψ commute
as well.

Compute for all 2 ≤ k ≤ n that [ψ](ek) = ek because supp(ψ) ⊆ pr−1(V1).
Moreover, ψ agrees with ϕ2

1 on pr−1(V1), meaning that

[ψ](e1)= [ϕ2
1](e1)= e1 + 2v.

Computing that
Refe1 ◦ Refv−e1(ek)= [ψ](ek)

for all 1 ≤ k ≤ n and applying Lemma 2.3 shows that [ψ] = g. □

Proposition 3.9. There is a homomorphism ρv :3v → Diff+(MN ) defined by

ρv( fk) := ϕk for all 1 ≤ k ≤ n − 1, ρv(g) := ψ,

where g and fk for 1 ≤ k ≤ n − 1 are the generators of 3v as given in Lemma 2.5.
Moreover,

(a) ρv is a section of the map q : Diff+(MN ) → Mod(MN ) restricted to 3v ≤

Mod(MN ), and

(b) for all ϕ ∈ ρv(3v),

(pr ◦ϕ)|
MN −

n⋃
i=1

pr−1(Vi )

= pr |MN −
⋃n

i=1 pr−1(Vi )
.

Hence ρv(3v) almost preserves the Lefschetz fibration pr : MN → CP1.

Proof. By Lemma 2.5, 3v ∼= Zn is generated by f1, . . . , fn−1, g. By Lemmas 3.7
and 3.8, the image of ρv is abelian and therefore ρv is a well-defined homomorphism.

Compute using Proposition 3.4(c) and Remark 3.6 that

[ρv( fk)]=[rk]◦[rk+1]◦[γk]=Refek ◦ Refek+1 ◦ Refv−ek−ek+1 ◦ Refek−ek+1 = fk ∈3v.

Lemma 3.8 shows that [ρv(g)] = g. Therefore, ρv is a section of the quotient map
q : Diff+(MN )→ Mod(MN ) restricted to 3v ≤ Mod(MN ).

Finally, supp(rk)⊆ pr−1(Vk) for all 1 ≤ k ≤ n (cf. Remark 3.6). By Proposition
3.4(a), pr ◦γk = pr for all 1 ≤ k ≤ n − 1, so

ϕk |MN −
⋃n

i=1 pr−1(Vi )
= γk |MN −

⋃n
i=1 pr−1(Vi )

.
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By Lemma 3.8,
ψ |MN −

⋃n
i=1 pr−1(Vi )

= Id |MN −
⋃n

i=1 pr−1(Vi )
.

Hence pr ◦ϕ = pr restricted to MN −
⋃n

i=1 pr−1(Vi ) for all ϕ ∈ ρv(3v) and so
ρv(3v) almost preserves pr. □

Step 4: Extension to any primitive, isotropic class w of minimal genus 0. With
the constructions above in hand, we conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. Because w is a primitive, isotropic class of minimal genus 0,
there exists some α ∈ Diff+(MN ) such that [α](w)= v by a theorem of Li–Li ([15,
Theorem 4.2]). Using the definitions of hv and hw (cf. Lemma 2.6), compute that

3v = [α] ◦3w ◦ [α−1
]

and define ρw :3w → Diff+(MN ) by

ρw( f )= α−1
◦ ρv([α] ◦ f ◦ [α−1

]) ◦α

where ρv :3v → Diff+(MN ) is the homomorphism constructed in Proposition 3.9.
Compute that for all x ∈ MN −

⋃n
k=1(pr ◦α)−1(Vk),

(pr ◦α) ◦ ρw( f )(x)= pr ◦ρv([α] ◦ f ◦ [α−1
]) ◦α(x)= (pr ◦α)(x)

because pr ◦ρv([α]◦ f ◦[α−1
])= pr on MN −

⋃n
k=1 pr−1(Vk) by Proposition 3.9(b).

Hence ρw(3w) almost preserves pr ◦α, which is holomorphic for some complex
structure on MN . Finally, compute by Proposition 3.9(a) that for any f ∈3w,

q ◦ ρw( f )= q(α−1
◦ ρv([α] ◦ f ◦ [α−1

]) ◦α)

= [α−1
] ◦ (q ◦ ρv)([α] ◦ f ◦ [α−1

]) ◦ [α] = f. □

If 2 ≤ N ≤ 8, Theorem 1.4 holds for any primitive, isotropic class in H2(MN ; Z).

Corollary 3.10. Let 2 ≤ N ≤ 8 and let w ∈ H2(MN ; Z) be any primitive, isotropic
class. There exists a homomorphism ρw :3w → Diff+(MN ) such that the following
diagram commutes:

Diff+(MN )

3w Mod(MN )

qρw

The image ρw(3w) almost preserves a holomorphic genus-0 Lefschetz fibration
p : MN → CP1 whose generic fiber represents the homology class w.

Proof. If 2 ≤ N ≤ 8 and w ∈ H2(MN ; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.4. □
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4. Theorem 1.5: individual elements of the stabilizer Stab(w) of w

We next prove Theorem 1.5 using the diffeomorphisms constructed in Section 3.
The following lemma considers the subgroup Sn ≤ Stab(v)∩ Stab(s)≤ Mod(MN )

given by permuting the classes e1, . . . , en . In other words, we consider the subgroup
⟨Refek−ek+1 : 1 ≤ k ≤ n − 1⟩ of Mod(MN ).

Lemma 4.1. For each 1≤k ≤n−1, there exist sk ∈Diff+(MN ) and τk ∈Diff+(CP1)

such that

(a) pr ◦sk = τk ◦ pr, and

(b) [sk] = Refek−ek+1 ∈ Mod(MN ).

Proof. Let A :=
(

−1
0

0
1

)
∈ PGL2(C), so A has order 2 and A([1 : 1])=[−1 : 1] ∈ CP1.

There exists a neighborhood D diffeomorphic to a disk D2 of the path {[t : 1] : t ∈

[−1, 1]} ⊆ CP1 that is preserved by A. Let ιk : D ↪→ CP1 be a smooth embedding
with image contained in Bk − Uk and

ιk([−1 : 1])= [ak : 1], ιk([1 : 1])= [ak+1 : 1],

so that ιk is holomorphic if restricted to small neighborhoods of [1 : 1] and [−1 : 1]

in D. Now let τk ∈ Diff+(CP1) be a diffeomorphism such that

τk =

{
ιk ◦ A ◦ ι−1

k on ιk(D)⊆ Bk − Uk,

Id on CP1
− Bk .

Consider the diffeomorphism s : (X, Y ) 7→ (τk(X), Y ) of CP1
×CP1 which extends

to a diffeomorphism sk of MN because s is holomorphic on a neighborhood of
pr−1([ai : 1]) for all 1 ≤ i ≤ n. By construction, pr ◦sk = τk ◦ pr. Moreover, if
i ̸= k or k +1 then sk acts as the identity on ei but sk(ek)= ek+1 and sk(ek+1)= ek .
Hence [sk] = Refek−ek+1 by Lemma 2.3 because [sk] ∈ Stab(v). □

We may assume that for all 1 ≤ k ≤ n −1, the choice of Vk, Vk+1 ⊆ CP1 satisfies
Vk, Vk+1 ⊆ ιk(D) and τk(Vk)= Vk+1, where ιk : D ↪→ CP1 is the embedding defined
in the proof of Lemma 4.1. This also implies that τk(Vk+1)= Vk because τk |ιk(D)

has order 2.

Proof of Theorem 1.5. The theorem holds for N = 1 because then Stab(w)= 1. Now
assume that N ≥ 2 and thatw= v. Since h ∈ Stab(v), we may write h = f ◦σ where
f ∈3v and σ ∈ Aut(Z{e1, . . . , en}, QMN )

∼= O(n)(Z) by Lemma 2.6. Furthermore,
the action of O(n)(Z) on Z{e1, . . . , en} preserves the set {e1, . . . , en,−e1, . . . ,−en}

of classes of norm −1. The action of O(n)(Z) on the set of n unordered pairs
{ek,−ek} with 1 ≤ k ≤ n defines a homomorphism O(n)(Z) → Sn with kernel
⟨Refek : 1 ≤ k ≤ n⟩ ∼= (Z/2Z)n . Moreover, this homomorphism admits a sec-
tion with image ⟨Refek−ek+1 : 1 ≤ k ≤ n − 1⟩ ≤ O(n)(Z). In other words, any
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element σ ∈ Aut(Z{e1, . . . , en}, QMN ) can be written as a product [r ] ◦ [s] ∈

Aut(Z{e1, . . . , en}, QMN ) where

r ∈ ⟨rk : 1 ≤ k ≤ n⟩ ≤ Diff+(MN ) and s ∈ ⟨sk : 1 ≤ k ≤ n − 1⟩ ≤ Diff+(MN ),

by Remark 3.6 and Lemma 4.1(b). Let

ϕ := ρv( f ) ◦ r ◦ s ∈ Diff+(MN )

where ρv : 3v → Diff+(MN ) is the homomorphism from Proposition 3.9. By
construction, [ϕ] = h.

Note that

pr ◦ρv( f ) ◦ r |MN −
⋃n

i=1 pr−1(Vi )
= pr |MN −

⋃n
i=1 pr−1(Vi )

by Proposition 3.9(b) and by Remark 3.6. By Lemma 4.1(a), there exists τ ∈

Diff+(CP1) such that pr ◦s = τ ◦ pr and τ preserves
⋃n

i=1 pr−1(Vi ). Hence

pr ◦ϕ|
MN −

n⋃
i=1

pr−1(Vi )

= pr ◦(ρv( f ) ◦ r ◦ s)|
MN −

n⋃
i=1

pr−1(Vi )

= τ ◦ pr |
MN −

n⋃
i=1

pr−1(Vi )

,

which shows that ϕ almost preserves pr.
Take any other primitive, isotropic class w ∈ H2(MN ; Z) with minimal genus 0;

we proceed similarly as in the proof of Theorem 1.4. Apply Li–Li [15, Theorem 4.2]
to obtain α ∈ Diff+(MN ) such that [α](w)= v and [α] ◦h ◦ [α−1

] ∈ Stab(v). There
exists a diffeomorphism ϕ ∈ Diff+(MN ) almost preserving pr : MN → CP1 with
[ϕ] = [α]◦h◦[α−1

]. Then α−1
◦ϕ◦α almost preserves pr ◦α, and [α−1

◦ϕ◦α] = h.
□

Corollary 4.2. Let 2 ≤ N ≤ 8 and let w ∈ H2(MN ) be any primitive, isotropic
class. For any h ∈ Stab(w), there exists ϕ ∈ Diff+(MN ) almost preserving some
holomorphic genus-0 Lefschetz fibration p : MN → CP1 whose generic fiber
represents the homology class w such that [ϕ] = h ∈ Mod(MN ).

Proof. If 2 ≤ N ≤ 8 and w ∈ H2(MN ; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.5. □
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