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MAPPING CLASSES FIXING AN ISOTROPIC HOMOLOGY
CLASS OF MINIMAL GENUS 0 IN RATIONAL 4-MANIFOLDS

SERAPHINA EUN BI LEE

For any N > 1, let My denote the rational 4-manifold CP*#NCP?. We
study the stabilizer Stab(w) of a primitive, isotropic class w € Hy(My; Z) of
minimal genus 0 under the natural action of the topological mapping class
group Mod(My) on Hy(My; 7). Although most elements of Stab(w) cannot
be represented by homeomorphisms that preserve any Lefschetz fibration
My — X, we show that every element of Stab(w) can be represented by
a diffeomorphism that almost preserves a holomorphic, genus-0 Lefschetz
fibration proj : My — CP! whose generic fibers represent the homology class
w. We also answer the Nielsen realization problem for a certain maximal
torsion-free, abelian subgroup A, of Mod(My) by finding a lift of A, to
Diff" (My) < Homeo™ (My) under the quotient map g : Homeo™ (My) —
Mod(My). This lift of A, can be made to almost preserve proj: My — CPL
All results of this paper also hold for every primitive, isotropic class w €
H>,(My; 7) if N < 8 because any such class has minimal genus 0.

1. Introduction

The (topological) mapping class group Mod(M) of a closed, oriented manifold M
is the group
Mod(M) := mo(Homeo™ (M))

of isotopy classes of orientation-preserving homeomorphisms of M. There is a
natural action of Mod(M) on H,(M; Z) preserving the intersection form Qjs and
we consider the stabilizer Stab(w) < Mod(M) of any class w € Hy(M; Z).

Suppose M is a smooth, simply connected 4-manifold. If w € Hy(M; Z) is a
nonzero homology class with self-intersection O then w is called isotropic. One
way in which isotropic classes arise are as the homology class of the generic fibers
of a Lefschetz fibration p : M — ¥ where X is a closed, oriented surface. We say
that a diffeomorphism ¢ of M preserves p if there exists some diffeomorphism
of ¥ such that pop = ¢ o p.
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In some settings, elements g € Stab(w) < Mod(M) are known to admit represen-
tative maps ¢ that preserve some Lefschetz fibration p : M — X whose generic fibers
represent the homology class w. For example, Gizatullin ([12]) showed that any
parabolic automorphism of a compact Kéhler surface M must preserve some elliptic
fibration M — X (also see [4, Proposition 1.4] or [7, Theorem 4.3, Appendix]).
In the smooth setting, Farb—Looijenga ([9, Theorem 1.11]) showed that on a K3
manifold, any g € Stab(w) can be represented by a diffeomorphism preserving the
fibers of some holomorphic elliptic fibration M — CP'; this result is an application
of their study of the moduli space of genus one fibered K3 surfaces with only
nodal singular fibers. As another application, Farb—Looijenga ([9, Corollary 1.12])
study the Nielsen realization problem for a certain rank-20 free abelian subgroup
of Stab(w) by diffeomorphisms preserving the fibers of a given genus one fibration
of a K3 manifold.

In this paper we study representative maps of the stabilizers of isotropic classes
of rational manifolds M and their relationships to genus-0 Lefschetz fibrations
M — X. More specifically, we study manifolds of the form

My := CP*#NCP? for N > 1,

which are the underlying smooth 4-manifolds of the blowup of CP? at N points.
The total space M of a nontrivial genus-0 Lefschetz fibration M — X is a rational
manifold My for some N if M is simply connected. If N < 8, all primitive,
isotropic classes w € Hy(My; Z) are represented by generic fibers of a genus-0,
holomorphic Lefschetz fibration p : My — CP!. We sometimes refer to such a
Lefschetz fibration as a conic bundle structure on My . Note that these Lefschetz
fibrations are not relatively minimal unless N = 1. See Section 2.3.

Representing Stab(w) by diffeomorphisms. Let N > 1 and let w € Hy(My; Z)
be any primitive, isotropic class of minimal genus 0. Although any such class w
is represented by a generic fiber of a genus-0 Lefschetz fibration p : My — CP!,
the following proposition shows that there does not exist any ¢ € Homeo™ (My)
with [¢] € Stab(w) that preserves such a fibration p if [¢] has infinite order in
Mod(My).

Proposition 1.1. Let N > 1 and let w € Hy(My; Z) be a primitive, isotropic class
of minimal genus 0. Let ¢ € Homeo™ (My) represent an infinite-order mapping
class [¢] € Stab(w) < Mod(My). There does not exist any Lefschetz fibration
p: My — X where X is a closed, oriented surface and where the generic fiber
represents w such that ¢ preserves p.

For a proof, see Section 2.3. In this paper we ask instead that any diffeomorphism
representing any infinite-order mapping class f € Stab(w) < Mod(My) almost
preserves some Lefschetz fibration p : My — X.
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Definition 1.2 (almost preserving a Lefschetz fibration). A group of diffeomor-
phisms G < Diff" (M) almost preserves a Lefschetz fibration p : M — X if the
elements of G act on the fibers of p outside of disjoint neighborhoods of the singular
fibers of p. More precisely, there exist

(a) disjoint, open neighborhoods Vi, ..., V,, € X of the images of the singular
points z1, ..., 2z, € X, and

(b) a homomorphism i : G — Diff" (Z — Ui, Vk)

such that for all ¢ € G, the following commutes:

M—UiL p V) s M- Uiz P~ (Vi)

L L

i ()
E_Ul’:ﬂ:l Vi L) 2:—U1r<n=1 Vi

A diffeomorphism ¢ € Diff" (M) almost preserves a Lefschetz fibration p : M — X
if the group (@) < Diff" (M) almost preserves p : M — X.

On the other hand, any element of Stab(w) < Mod(My) with N > 2 must
preserve the following subgroup of Hy(My; Z):

wh = {wy € Hy(My: Z) : Qu,, (w, wo) =0} = Z".

Thus Stab(w) acts on the lattice (w/Z{w}, 0 My) Where 0 My 1s the unimodular,
symmetric, bilinear form on w*/Z{w} induced by Q. Since (Hy(My; Z), Qu,)
has signature (1, N), (wL/Z{w}, Q M, ) must be negative definite of rank N — 1.

Definition 1.3. Let A, be the kernel of the map Stab(w) — Aut(w/Z{w}, QMN).

There is an identification of A,, with the subgroup of even elements of the lattice
(wt/Z{w}, O My ), and Stab(w) fits into a split short exact sequence

(D) 0— Ay — Stab(w) — Aut(wL/Z{w}, QMN) — 0.
—

=7V~ <wl/7{w)

Two properties of A,, are that it is a maximal torsion-free, abelian subgroup of
Mod(My) and that it has finite index in Stab(w). See Lemmas 2.5 and 2.6.

With the preliminaries above in hand, we state our main result concerning the
Nielsen realization problem for A,,.

Theorem 1.4 (realizing A ,, by diffeomorphisms). Let N >2 andlet w € Hy(My; Z)
be a primitive, isotropic class of minimal genus 0. There exists a homomorphism
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Pw : Ay — DIfft (My) such that the following diagram commutes:

Difft (My)

Pw///’/\( lq

Ay — Mod(My)

The image p,(Ay,) almost preserves a holomorphic genus-0 Lefschetz fibration
p: My — CP! whose generic fiber represents the homology class w.

If N <8, Theorem 1.4 holds for any primitive, isotropic class w € Hy(My; Z)
because any such class has minimal genus 0. See Corollary 3.10.

Compare Theorem 1.4 to the case of the K3 manifold M for which the subgroup
A <Mod(M) is isomorphic to Z?°, where w € H>(M; Z) is a fiber class of a genus-
1 fibration of M with only nodal fibers. As mentioned above, Farb—Looijenga ([9,
Corollary 1.12]) showed that A, lifts to the group of diffeomorphisms preserving
the fibers of the given genus-1 fibration. In contrast to the case of the K3 manifold,
Theorem 1.4 shows that Nielsen realization for A, holds in our setting despite the
fact that no element of A, can preserve any genus-0 Lefschetz fibration of My
(Proposition 1.1).

The next theorem uses the short exact sequence (1) and the diffeomorphisms
constructed in the proof of Theorem 1.4 to find a diffeomorphism representative of
any element of Stab(w) that almost preserves a genus-0 Lefschetz fibration.

Theorem 1.5 (mapping classes fixing an isotropic class). Let N > 1 and let w €
Hy(My; Z) be a primitive, isotropic class of minimal genus Q. For any h € Stab(w),
there exists ¢ € Diff" (My) almost preserving a holomorphic genus-0 Lefschetz
fibration p : My — CP' whose generic fiber represents the homology class w such
that [p] = h € Mod(Mpy).

Similarly as with Theorem 1.4, Theorem 1.5 holds for any primitive, isotropic class
w € Hy(My; 7) if 2 < N < 8. See Corollary 4.2.

A large part of the work of this paper is to ensure that the diffeomorphisms
constructed in Section 3 commute as diffeomorphisms of My . We point out that
the calculations of Section 3 are essential to the proof of Theorem 1.4 regarding
the Nielsen realization problem for A,, although Theorem 1.5 alone may be proven
more succinctly. For the sake of concreteness, we give explicit constructions of all
diffeomorphisms used in this paper.

One way to interpret the results of this paper is via the natural action of (an index-
2 subgroup of) Mod(My) on HY and the classification of hyperbolic isometries
into three types: elliptic, parabolic, and hyperbolic. Infinite-order elements of the
stabilizer Stab(w) for an isotropic class w € Hy(My; Z) are precisely the elements
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of Mod(My) acting by parabolic isometries on HY (Lemma 2.2). Therefore the
following is an immediate corollary of Theorem 1.5.

Corollary 1.6. Let2 < N < 8. If g € Mod(My) acts by a parabolic isometry on
HY then there exists ¢ € Diff" (My) that almost preserves a holomorphic genus-0
Lefschetz fibration p - My — CP' such that [¢] = g.

Related work. The relationship between mapping classes of 4-manifolds fixing an
isotropic class and Lefschetz fibrations with the prescribed generic fiber has been
studied in some settings. As mentioned above, see Gizatullin [12] and Cantat [4]
for the case of compact, Kéhler surfaces and elliptic fibrations and Farb—Looijenga
[9] for the case of K3 manifolds; [9] was an inspiration for this current paper.

Automorphisms preserving a genus-0 Lefschetz fibration (or a conic bundle
structure) also play an important role in the study of finite groups of automorphisms
of My . An example of such a complex automorphism is the de Jonquiéres involution,
which is a main tool for this paper. Some examples of work in this direction include
the classification of order-2 birational automorphisms of CP? up to conjugacy
(Bertini [2], Bayle-Beauville [1]) and finite subgroups of birational automorphisms
of CP? in general (Dolgachev-Iskovskikh [8], Blanc [3]) in the complex category
and a study of finite groups of symplectomorphisms of rational surfaces (Chen—Li—
Wu [5]) in the symplectic category.

Outline. In Section 2, we recall relevant facts about the mapping class group
Mod(My) of rational manifolds and deduce basic facts about isotropic classes
w € Hy(My; 7), including the proof of Proposition 1.1. In Section 3, we prove
Theorem 1.4 by explicitly constructing the necessary diffeomorphisms. Using these
diffeomorphisms from Section 3, we prove Theorem 1.5 in Section 4.

2. Isotropic homology classes and their stabilizers in Mod(My)

We collect useful properties of the mapping class groups of 4-manifolds, isotropic
classes in Hy(My; Z), and certain Lefschetz fibrations.

2.1. The mapping class group of My. For any 4-manifold M, let Q,s denote
the intersection form on Hy(M; Z). The form Qs is an integral, unimodular,
nondegenerate, symmetric bilinear form on H,(M; Z)/Torsion; we denote the
lattice (H(M; Z)/Torsion, Q) by Hys. The automorphism group of the lattice
H), is denoted O(Hy,).

The mapping class group Mod(M) := my(Homeo™t (M)) of a closed, oriented,
simply connected 4-manifold M is computable due to the following theorems of
Freedman [10], Perron [18], Quinn [19], Cochran—Habegger [6], and Gabai—Gay—
Hartman—Krushkal-Powell [11]. (For a more detailed history of this theorem, see
[11, Section 1.3].)
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Theorem 2.1. Let M* be a closed, oriented, and simply connected manifold. The
map
@ :Mod(M) — O(Hy)

given by @ : [¢] — @, is an isomorphism of groups.

By the Mayer—Vietoris sequence, H»(My; Z) = Hy(CP?; 7) @ H,(CP?; 7)®N,
and we have the usual Z-basis {H, E|, ..., Ey}. The intersection form Q y, is
given by the diagonal, (N + 1) x (N + 1) matrix

diag(1, —1,...,—1)
with respect to the Z-basis {H, Ey, ..., Ex}. On the other hand, there is a natural
Z-basis
) {s,v,e1,...,en_1}

of Hz((([ZI]J’1 X Cl]j’l)#(N — I)W; Z) via the Mayer—Vietoris sequence; here, s
and v correspond to the first and second factors of CP! x CP! respectively. There
is a diffeomorphism (CP! x CIPI)#(N — I)W = My for all N > 2 giving an
identification

v=H—-E|, s=H—-E;,, eiy=H—E|—E;, e=Eyy forall2<k<N-1.

We will mostly work with the Z-basis {s, v, ey, ...,en_1} of Hy(My; Z).
Therefore by Theorem 2.1,

Mod(My) = O(1, N)(Z) := O(Hy,)

We will identify O(Hjy,, ) and Mod(My) throughout this paper.
On the other hand, consider E'"V := (RV*!, Qx), where Qy is the diagonal
bilinear symmetric form of signature (1, N):

On((x0, X1, ..., XN), (YO, Y1, - -+, YN)) =X0Y0 — X1Y1 — -+ — XNYN.

There is a natural identification of the R-span of the Z-basis {H, Ey, ..., Ey} of
Hy(My; Z) with RV*! under which the R-bilinear extension of Qy, coincides
with Q. The hyperboloid model for HY sits in E"V by

IH]N={w=(wo,w1,...,wN) e RNt Ony(w, w) =1, wy > 0}.

where the Riemannian metric is defined by the restriction of —Qy to HY (see [20,
Chapter 2]). Because O(1, N)(Z) acts on RN+ and preserves Qy, it contains an
index-2 subgroup O™ (1, N)(Z) acting by isometries on HN.

The boundary sphere of H" corresponds to

AHYN = {w = (wo, wi, ..., wy) e RY L O (w, w) =0, wy >0}/ ~
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where aw ~ w for all @ € R . Parabolic isometries of H" are those that fix a unique
point of dH" and no point in H". By [20, Problem 2.5.24(g)], parabolic isometries
not only preserve some line in R¥*! but fix it pointwise. Moreover, parabolic
isometries in O™ (1, N)(Z) must fix a nonzero, isotropic vector with integral entries,
i.e., some nonzero w € Hy(My; Z) with Oy, (w, w) = 0, and have infinite order
([20, Exercise 2.5.20]). The converse is true as well:

Lemma 2.2. Let N > 2. An element f € O (1, N)(Z) acts by a parabolic isometry
if and only if f has infinite order and there exists some primitive, isotropic class
w € Hy(My; Z) such that f € Stab(w) < O(Hp, ).

Proof. One direction holds by the discussion preceding the statement of the lemma,
so it suffices to prove that if f € Stab(w) has infinite order then f acts on HY by a
parabolic isometry.

Note that f fixes the point of dHY corresponding to w € H>(My; Z). Because
stabilizers of points in HV in O(Hyy,, ) have finite order, we only need to show that
this is the unique point of dH" fixed by f. To do this, let wy € E"V be an isotropic
vector such that f(wg) = Awg for some A € R. If wg € R{w}* then wy must be
a scalar multiple of w because the restriction of Q, to R{w}*/R{w} is negative
definite. If Q7 (w, wo) =: a # 0 then A = 1 because

a= QMN(w’ UJ()) = QMN(f(w)’ f(UJ())) = QMN(w’ )\,U)()) = Aa.
Then f(aw 4+ wg) = aw + wy and
Ouy, (aw 4+ wo, aw + wo) =2a 0 p, (W, wp) = 2a% > 0.

A scalar multiple of aw + wq lies in HY, meaning f acts on H" by an elliptic
isometry, and all such isometries of HY in O(Hy,, ) have finite order. Therefore,
wo must be a scalar multiple of w and hence f fixes a unique point in 9HY. O

2.2. Primitive, isotropic classes w € Hy(My; 7) and Stab(w) <Mod(My). Con-
sider lattices (L, Q), where L = 7" as an abelian group for some r € N and Q is
an integral, unimodular, nondegenerate, symmetric, bilinear form on L. For each
primitive, isotropic vector w € L, there exists # € L such that Q(w, u) =1 by
unimodularity of Q. There is an orthogonal decomposition

L=27{u,w®Z{u, wt

to which Q restricts to a unimodular form on each factor. The restriction of Q
to Z{u, w} has signature (1, 1). Note that Z{u, w}* is a lift of w'/Z{w} under
the natural quotient wr — wt/Z{w)}. This means that (Z{u, w}=*, Olzuwyt) 18
isometric (i.e., isomorphic as a lattice) to (w/Z{w}, Q) via this quotient, where
Q is the induced bilinear form on wr/Z{w}. We fix the above notation throughout
this subsection.
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Lemma 2.3. Let w € L be a primitive, isotropic vector. If hy, hy € Stab(w) <
O(L, Q) and hy|y1 = ho|,L then hy = hy. In particular, for any hy, h, € Stab(v) <
O(Hy,, ), where v is the homology class as givenin (2) and N > 2, if hy(ex) = ha(ex)
foralll1 <k <N — 1 then hy = h;.

Proof. Observe that h]_1 o hy acts as the identity on Z{u, w}* < wt. We claim
that hl_1 o hy(u) = u. To see this, write hl_1 o hy(u) = au + bw + vy for some
vo € Z{u, w}* and some a, b € Z. For any vy € Z{u, wit,

0=0(u, v1) = Q((hy ' ohz)(w), (hy ' ohs)(v1)) = Q(au-+bw+vo, vi) = Q(vo, v1).
Therefore, vgp = 0 by unimodularity of Q|7 . Moreover, (hl_1 ohy)(w) =w, so

1= Q((hi' oh)(w), (h' o hy)(w)) = Q(au + bw, w) =a,
0= Q((hy" oha)(w), (hy' 0 ha)(u)) = Q(u + bw, u +bw) = 2b.
Therefore, (h]_1 ohy)(u) = u and h]_1 o hy restricts to the identity on Z{u, w}. In

the case of v € Hy(My; Z) for any N > 2, apply the above argument with w = v,
u=sand Z{u, w}r =2Z{e;, ..., en_1}. U

Let A, denote the kernel of the natural map 4, : Stab(w) — O(wL/Z{w}, 0)
(cf. Definition 1.3). In order to describe A, we introduce an important type of
element of O(Hyy, ) used throughout this paper.

Definition 2.4. Let N >2 and u € Hy(My; Z) satisty O, (u, u) ==£1 or 2. The
reflection Ref, about u is an element of O(Hy,, ) defined by
20my(x, u)

u.
Omy (u, u)

We now use reflections and Eichler transformations to give generators for A,,.

Ref,(x) =x —

Lemma 2.5. Let (L, Q) be any lattice and w € L be a primitive, isotropic vector.
Let A < w*/Z{w} denote the subgroup of even elements with respect to Q. Then
there is an isomorphism of groups

E(w, ):A— A,.

In the case that (L, Q) =Hyy, for any N > 2 and w = v, the group A\, is generated
by

fi :=Ref,, oRef,,, oRef,_, ., oRefe .,

k+1

for1 <k <N —2and g :=Ref,, oRef,_,,.

Proof. For any f € A, there exists c(f) € w*/Z{w} such that for any e € w,

fle)=e—0(c(f), eyw
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by the definition of A, and the unimodularity of Q. This defines a homomorphism
c: Ay, — wt/Z{w} which is injective by Lemma 2.3.
For any f € A, there exists a € Z and e € Z{u, w}t such that

fw)y=u+aw+e

because Q(f(u), w) = 1. (Here, u € L is as chosen at the beginning of this
subsection.) Moreover,

Qu,u)=Q(f(w), f(w) = Q(u,u)+2a+ Qe, e)

and so Q(e, e) is even. Because ¢(f), e are contained in Z{u, w}* where c(f) €
wt/Z{w} is identified with its lift in Z{u, w}*,

0=0(f (), f(c(f)) =Q2(f W), c(f) = Qc(f), c(f)Hw)
= Q(e, c(f)) — Q(c(f), c(f)),

0=0(f(u), f(e)) =Q(f(u), e = Qle, c(f)w) = Qle, &) = e, c(f)).

By the second string of equalities, Q (e, c(f)) is even, and by the first, Q(c(f), c(f))
= Q(c(f),c(f)) is even. Hence c¢(A,) < A.
Consider the homomorphism E(w, -) : A — Ay, defined by

E(w,e):x— x4+ 0w, x)e— Qe, x)w — %Q(e, e)0(w, x)w

foreach [e] € A < wL/Z{w} with e € wt, where E(w, ¢) is an Eichler transforma-
tion. A computation shows that E (w), - ) does not depend on the choice of lift e € w,
and hence descends to a well-defined homomorphism on A < w'/Z{w}. Another
computation shows that coE (w, -) =1d | 4. Finally, if (L, Q) = (H2(My; Z), Omy)
and w = v, compute that f; = E(w, e + ex+1) foreach 1 < k < N — 2 and
g = E(w, 2e1), which together generate A, as e +ex4 with 1 <k <N —2 and

2e) generate A. O

We combine the results of this subsection and record an important algebraic
property of Stab(w). Below, O(r)(Z) denotes the automorphism group of the
diagonal lattice (Z", diag(1, ..., 1)), or equivalently, the automorphism group of
the diagonal lattice (7", diag(—1, ..., —1)).

Lemma 2.6. For any primitive, isotropic vector w € L, there is a split short exact
sequence
hu, —
0— A, — Stab(w) =% O(w*/Z{w}, Q) — 0.
In the case that (L, Q) =Hypy,, for any N > 2 and w = f(v) for any f € O(Hy,,),
the split short exact sequence above is isomorphic to

hy

0— 7N~ = Stab(w) =% O(N — 1)(Z) — 0.
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There is an equality of subgroups Ay, = f o Ay o f~1. Moreover, Ayy = 7NV isa
finite-index maximal torsion-free subgroup of Stab(w) and a maximal torsion-free,
abelian subgroup of O(Hyy, ).

Proof. There is a section £ of h,, defined by
C:f>1d@f € OZ{u, wy® Z{u, wi*, Q) =0(L, Q)

which shows that £, is surjective and the sequence is split.
In the case of (L, Q) =Hypy, with N > 2 and w = f(v) for any f € O(Hy,),
we can let u = f(s), in which case

(w/Z{w}, Q) = (Z{f(e1), ..., flen—1)}, Qumy)

and so O(w'/Z{w}, Q) = O(N — 1)(Z) is finite. The subgroup A < w'/Z{w} of
even elements with respect to O has index 2 in w*/Z{w} which has rank N — 1,
and so A, = A = 7ZN~!. Because the sequence is split, the subgroup (A, k) of
Stab(w) generated by A, and & must have torsion for any / € Stab(w) with 1 ¢ A,
and so A, is a maximal torsion-free subgroup of Stab(w).

To see that Ay, = foA,o0 f‘l, compute forany h € A, and e € v+ that

(foho f=)(f(e)) = f(h(e)) = fle— Q(c(h), e)v) = f(e) = Qlc(h), e)w

for some c(h) € v*+/Z{v} as in the proof of Lemma 2.5 and where 0 is the bilinear
form on v'/Z{v} induced by Q. Because wt = f(v'), we see that foho f~!
induces the identity map on w*/Z{w}, showing that f o A, o f~! € A,. By
symmetry, it follows that f o A, o f~! = A,,. Each of the generators of A, given
in Lemma 2.5 is contained in O" (1, N)(Z). Because A, = f oA, o f~! and
O™ (1, N)(Z) is a normal subgroup of O(Hyy, ), we conclude that A, is contained
in 0" (1, N)(2).

It remains to show that A, is a maximal torsion-free, abelian subgroup of
O(Hyy, ). To this end, consider any h € A,, with i 7#1d. Because A,, < O™ (1, N)(2)
and A, is torsion-free, Lemma 2.2 shows that 4 is parabolic and w € Hy(My; Z)
is the unique isotropic element of H,(My; Z) fixed by h, up to scaling. Suppose
k € O(Hys, ) commutes with some & € A,, and that (k, A,,) is torsion-free. Note
that then (—k, A,,) is also torsion-free because —Id € O(Hy,, ) is in the center
of O(Hys, ) and has order 2. Moreover, k(w) = +w because h fixes k(w), so
k € Stab(w) or —k € Stab(w). If —k € Stab(w) then (—k, A,) = A, because
(—k, Ay ) is torsion-free and A, is a maximal torsion-free subgroup of Stab(w).
However, —k & A, because —k o k~! = —Id is torsion and (k, A,,) is torsion-free.
Therefore, k € Stab(w) and k € A, since (k, A,) is a torsion-free subgroup of
Stab(w). O
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To use Lemma 2.6, we apply a theorem of Li—Li [15, Theorem 4.2] which says
that for any N > 2 and any primitive, isotropic class w € Hy(My; Z) of minimal
genus 0, there exists ¢ € Diff"(My) such that [¢](v) = w. Moreover, following
elementary lemma strengthens this theorem in the case 2 < N < 8. Recall the fixed
Z-basis {s, v, e1,...,en—1} of Hy(My; Z) given in (2).

Lemma 2.7. I[f2 < N <8 and w € Hy(My; Z) is an isotropic class, then

(a) there exists f € O(Hyy,, ) such that f(v) = w if w is primitive, and

(b) w has minimal genus 0.

Proof. To prove (a), suppose w is primitive and u € Hyy,, is chosen as in the beginning
of this subsection. The restriction of Qs to Z{w, u} is unimodular and indefinite
so Z{w, u}* is negative definite of rank N — 1 < 8. There exists a unique unimodular
and negative definite lattice of rank r if r <7; see [16, p. 1], for example. Therefore,
(Z{w, u}*, Qmylz(w.u2) is isometric to (Z{ei, ..., en—1}, Qumylzer....en1)); let
wo € Z{w, u}™* satisfy Oy (wo, wo) = —1.

With a := Qum, (u, u), we have Q y, (w, u —awp) =1 and

Oy (U — awo, u —awg) = a —a* =0 (mod 2).

So Z{w, u — awp} is unimodular, even, and indefinite. Again, Z{w, u — awo}l is
negative definite of rank N — 1 < 8, and so (Z{w, u — awo}*, Qu, | Z{w,u—awo}-)
is isometric to (Z{er, ..., en—1}, Omyl|z{e,,....en_1))- There exists f € O(Hyy,, ) that
preserves the orthogonal direct sums below

fiZ{v, s} @Ze, ..., en—1} > Z{w, u — awo} ® Z{w, u — awo}™

such that f(v) = w. This proves (a).

To prove (b), we may assume that w # 0. Suppose w; € Hy(My; Z) is a primitive
isotropic class such that aw; = w for some a € Z. By (a), there exists some
f € Mod(My) such that f(v) = w;. Because N <9, there exists a diffeomorphism
¢ € Diff" (My) such that [¢p] = f by [21, Theorem 2], and so the minimal genus of
w and the minimal genus of av are equal, and the minimal genus of av =a(H — E)
is O (cf. [15, Theorem 4.2]). O

2.3. Lefschetz fibrations, conic bundles, and de Jonquiéres involutions. Let N =
2m+1 > 3 be odd and fix some distinct complex numbers ay, .. ., az, € C. Consider
the birational map 7o : CP! x CP! --» CP! x CP! given by

2m m

(X2 Xl V12D (X Xl (Y2 T (=X Y [T —aiXa))).
i=m+1 i=1
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pr

cp'
Figure 1. Each line represents a copy of CP' and is labeled with its
homology class in My. The rightmost fiber, for 1 <i < N — 1, is
a singular fiber. Each singular fiber is a union of two (—1)-spheres
intersecting transversely once.

Then J lifts to an automorphism 7 of order 2 called a de Jonquiéres involution of
X :=BIp(CP' x CP') where

P:={(a;: 11, [1:0D:1<i<m}U{(a;: 11, [0:1]) :m+1<i <2m}

is a set in CP! x CP! with 2m points. Note that X is diffeomorphic to M. Under
this identification, ey € H,(My; Z) is the class of the exceptional fiber above
([ak : 1],[1 : 0]) for each 1 < k < m and the class of the exceptional fiber above
([ag :11,[0:1]) foreachm +1 <k < m.

The projection map pry, : CP! x CP! — CP! onto the first coordinate extends to
amap pr: X — CP! defining a holomorphic genus-0 Lefschetz fibration (in other
words, a conic bundle). By construction, pro J = pr.

Ifz#zr:=lar:1] € CP' for any k, the fiber of pr over a point z € CP' is
{z} x CP' which is in the homology class v € Hy(My: Z). Because J acts on
each such pr~!(z) in an orientation-preserving way, [7] € Stab(v) < Mod(My).
Moreover for all 1 <k <2m and all ([ay : 1], [Y;:Y2]) ¢ P,

(lag : 11, [1:0]) if 1 <k <m,

Jo:(ag: 11 = 12D = {([ak L[0:1]) ifm41<k<2m.

Therefore, [ 7] must send the homology class v — e; of the strict transform of
pr—!'(lax : 1]) in X to the exceptional divisor e;. See Figure 1 for an illustration of
the action of 7 on the fibers of pr.

The maps pr and 7 will be used in the explicit constructions in Sections 3 and 4.
The goal of the rest of this section is to show that it suffices to only consider the
Lefschetz fibration pr : My — CP! for our setting and to prove Proposition 1.1.
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Proposition 2.8. Let p : My — X be a Lefschetz fibration where X is a closed,
oriented surface and the generic fiber F satisfies [F] # 0 € Hy(My; Z). If [ F] has
minimal genus 0 then & = CP' and F = CP',

Proof. Because My is closed, a generic fiber F is a compact submanifold of M and
has finitely many connected components, i.e., 7o(F) is finite. By the exact sequence
of the fibration [14, Proposition 8.1.9], there is a bijection | (¥) — mo(F’) because
m1(My) = 0. Therefore, 71 (X) is finite because 7y(F) is finite. Because X is a
closed, oriented surface, this implies that ¥ = CP'. Furthermore, F is connected
since 7(F) = 71 (CP') = 0.

Because [ F] is nontrivial in H>(My; R) since Hy(Mpy; Z) has no torsion, My
can be given a symplectic structure such that F is a symplectic submanifold (Gompf
[14, Theorem 10.2.18], [13, Theorem 1.2]) and so F must achieve the minimal
genus in its homology class by the solution to the symplectic Thom conjecture
(Oszvath—Szab6 [17, Theorem 1.1]). O

Proof of Proposition 1.1. Suppose there exists such a Lefschetz fibration p: My — X
whose generic fiber represents w and a homeomorphism /2 : ¥ — X with pogp =hop.
Because w is nonzero and has minimal genus 0, Proposition 2.8 says that ¥ = C[P!
and the generic fiber of p has genus 0. After blowing down the (—1)-spheres
contained in the fibers of p, we see that p must be a CP'-bundle over T by [14,
Proposition 8.1.7]. Because all CP'-bundles over CP! are holomorphic, My gets
a complex structure as a rational surface and p is holomorphic.

We prove by induction on N that if some homeomorphism ¢ € Homeo™ (My)
preserves a genus-0 Lefschetz fibration p : My — CP' then [¢] € Mod(My) has
finite order. If N =1 then it is easy to see Mod(My) = O(H)y, ) is finite. Now
assume for some Ny > 1 that the claim holds for any 1 < N < Nj.

Let N = Ny and suppose ¢ € Homeo™ (My) preserves a genus-0 Lefschetz
fibration p : My — CP'. Then ¢ must permute the singular fibers because none
of the singular fibers are homeomorphic to a generic fiber CP'. There are finitely
many singular fibers, so some power ¢* must preserve each singular fiber. Each
singular fiber F of p is a union of finitely many spheres of negative self-intersection
intersecting transversely at finitely many points g1, . . ., ¢,,. Because ¢ restricts to
a homeomorphism of each singular fiber, ¢* must permute the points g, . .., gp.
Moreover, ¢ also restricts to a homeomorphism on F — {qy, . .., gn}, a disjoint
union of finitely many spheres with punctures. Therefore, a further power ¢*¢ must
preserve each component of F — {q1, ..., g} and its orientation.

Let S C F be an embedded (—1)-sphere in M. Because the homeomorphism ¢
fixes each point gy, . . ., ¢, and preserves S—(SN{q1, ..., gu}) S F—{q1, ..., qm}>
it must preserve S € My. Let b : My — M be the map that blows down S to a
point ¢ € M. Being a rational surface, M is diffeomorphic to My_; or CP! x CP'.
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U1 B4 va
Figure 2. The sets Uy, By, and V; in the case n = 7. The set By, shaded
in blue, surrounds z4 and zs. The annulus U;, shaded in orange, is the
collar neighborhood of B; surrounding z; and z,. The disk Vg, shaded in
red, contains z¢ and contained in (Bs — Us) N (Bg — Us).

Because ¢*¢ defines a homeomorphism on My — S, it induces a homeomorphism
of M — g that extends to a homeomorphism 1 of M and preserves the Lefschetz
fibration p’ : M — CP! such that p = p’ o b. If M is diffeomorphic to My_
then [¢] has finite order in Mod(M) by the inductive hypothesis. Otherwise, M
is diffeomorphic to CP! x CP! and so Mod(M) is finite. Therefore, [¢] also has
finite order in Mod(M).

Finally, note that b, : Hy(My; Z) — H(M; Z) induces the quotient map

Hy(My; Z) = Z{[S1}" @ Z{[S]} — Z{[SI}* = Hy(M; Z).

Because Yy ob=bo (,ok“Z and <pf§€([S]) = [S], the restriction of (pf:Z to Z{[S]} must
have the same order as ¥,. Finally, this shows that [(pkg], and therefore [¢], has
finite order in Mod(My). U

3. Theorem 1.4: lifting A, to Diff* (My)

We turn to the proof of Theorem 1.4, after fixing some notation regarding certain
subsets of CIP! illustrated in Figure 2. Let N =n+1and m = |_%-| ;thus N =2m+1
if n is even and N = 2m if n is odd. Fix distinct complex numbers ay, ..., dy, € C
and let z; :=[a; : 1] forallk =1, ..., n. Then:

(a) Foreach 1 <k <n — 1, let By = D? denote a closed disk in CP! — {[1:071}
containing zx and zx41 and no other points z; for j #k, k+1 so that ByN By =
g if |k —k'| > 1.

(b) Foreach 1 <k <n—1,let Uy =0, 1] x S' C B denote a collar neighborhood
of By that does not contain z; and z;4; where {0} x s! corresponds to d By.

(c) For each 1 <k <n, let V; = D? denote a closed disk containing zz in By —
U —Byifk=1,in (B, —U))N(By_1 —Ui_1) if 2 <k <n-—1, or in
Bn—l — Un—l — Bn_z if k =n.

As in Section 2.3, let

={(lai:11, [1:0D:1<i <m}U{(a; : 11, [0: 1)) :m+1 <i <2m}
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and consider the de Jonquieres involution 7 on Blp (C[P>1 X (Dl]j’l). Identify M, 1
with

(a) Blp(CP' x CP") if n is even, and
() Blp_{(fay,:17. [0:1) (CP! x CP) if n is odd.

In both cases, consider pr: M, ;| — CP' defined in Section 2.3. There is a natural
inclusion

pr~'(By) < Blp(CP! x CP")

that is preserved by 7 on Blp(CP' x CP') for all 1 <k <n — 1. We use this
inclusion to define J [,-1(p,) on each pr—'(By) € M, regardless of the parity
of n. Note that J |p-1(g,) = T |p-1(8,,,) When restricted to pr(By) Npr~ ' (By1)
foralll <k <n-2.

There are four main steps to the proof of Theorem 1.4.

(1) Constructing commuting diffeomorphisms yi, ..., yy—1 € Difft (My) that
preserve the genus-0 holomorphic Lefschetz fibration pr : My — CP! such
that supp(yx) C pr‘l(Bk) and y; agrees with 7 on pr‘l(Bk — Uy) for each
1 <k <n —1. These maps should be thought of as local de Jonquieres maps.

(2) Constructing commuting diffeomorphisms 71, ..., r, € Diff"(My) satisfying
supp(ry) € pr‘l(Vk) and [r;] =Ref,, foreach 1 <k <n.

(3) Defining a homomorphism p, : A, — Difft (My) using the diffeomorphisms
above so that p, is a section of ¢ : Diff " (My) — Mod(My) restricted to A,
and p,(A,) almost preserves pr: My — CP.

(4) Defining a homomorphism p,, : A, — Diff"(My) for any other primitive,
isotropic class w of minimal genus O by pre- and post-composing p, by
conjugation in Mod(My) and Difft (My).

Step 1: Constructing local de Jonquiéres maps y, . . ., yo—_1 € Difft (My). First,
recall by construction that for each 1 < k <n — 1, the disk By is a closed subset
of CP! —{[1 : 0]}. Throughout this section, we identify CP' — {[1 : 0]} with C by
the diffeomorphism [a : 1] — a. Then the disk By and the annulus Uy are subsets
of C and the point z; = [a; : 1] € CP! — {[0: 1]} corresponds to a; € C under this
identification.

For each 1 <k <n —1, define A; : Uy - C* by

Ar(x) —\/ Sl
Hl m+1(x

with any smooth choice of square root. A computation of fundamental groups
shows that such a choice exists. For completeness, we include a proof below.
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Lemma 3.1. Foreach 1 <k <n — 1, there exists a smooth map 7y : Uy — C* so

that
1_[?"=1 (x —ai)

5 .
Hi:lmﬂ(x —a;)

Proof. Consider a function wy : By — {ax, ax+1} — C* defined by

() =

ZHm (x — ai)_1>.

i=m+1

ety = (e =) (

Then wy(x) is well-defined and nonzero for any x € By — {ax, ax+1} because
x —a; 0 for any 1 <i <n. It suffices to show that there exists a lift A; : Uy — C*
of the restriction px |y, : Uy — C* under the double cover C* — C* given by a — a?.
In other words, we will show that ()« (it (Uy)) is contained in 27 < Z = w1 (C*).

Let 8¢, 8k+1 € w1 (Br — {ax, ar+1}) be generators so that 6;8x+ is a generator of
w1 (Uy) < m(By — {ag, ar+1}) and so that §; (resp. 8x+1) is freely homotopic in
Bi — {ax, a1} to aloop S! — By — {ax, axs1) given by 0 > ay + ee>™0V=1 e v,
(resp. 0 — ag4+1 + ge? V=1 ¢ Vi+1) for some 0 < ¢ < 1.

The restrictions of uy to Vi — {ax} and V41 — {ax+1} take the forms

I Ve— e (0) = me () —a)®', alve ) —tae) = M1 (0 (8 — age)™,

where n; : V; — C* are nonvanishing functions for each 1 <i < n. Each of u(8;)
and j1x (854 1) is freely homotopic to the loop S! — C* given by 0 > €27 01 op
by 6 e‘z”eﬂ, depending on the exponent of (x —ag) and (x — ag1) in g (x).
Therefore, (i4x)«(8k8k+1) is an element of 27 < 7 (C*). O

For such a choice of Ak, consider the map M;, : Uy — PGL,(C) given by

1
M, (x) = (_Ak w m) € PGL,(C).
We also record the inverse of M, (x) for later use:
_ I —1/Ak(x)
M = PGL,(C).
) (1 /() ) € oL

Viewing M;, (x) and M, (x)"!as automorphisms of CP', define a diffeomorphism
uy, of pr‘l(Uk) = U x CP! by

up ([x 2 11 [Y1 2 Ya]) = ([x 2 1], My, (x) - [Y1 2 Y2]).

Let T : [0, 1] — [0, 1] be a smooth, nondecreasing function such that 7'|[g .j =0
and T'|[1—¢,1) = 1 for some 0 < ¢ <« 1. Identifying pr‘l(Uk) = U X CP' with
[0, 1] x 0By x Cp! (cf. Figure 2), we define a diffeomorphism j; of pr_1 (Uk) by
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600 666

° ° ° °
0 t 1 2 Zht1 1 t 0

Figure 3. Illustrating the action of j; on pr‘l(Uk) =[0,1] x 0By x CP'.
The horizontal line represents By € CP!' and the orange portion represents
the annulus U, C By C CP' whose width is parametrized by ¢ € [0, 1].
The two blue points represent d B, = S'. The diffeomorphism j; acts by
rotation-by-m T (¢) on the sphere lying above a point (¢, x) €[0, 1] x 9B, = Uy.

e, 0, Y1 : V2D = (¢, 0, [e¥V 77Oy, - vy)).

Roughly, ji is amap on [0, 1]x S' x CP! induced by an isotopy of S' x CP! from

the Id x Id to Id x R(rr), where R(r) is a rotation-by-7 map on CP'. See Figure 3.
In the next lemma, we show that the de Jonquiéres map is conjugate to Id x R (i)

on each {r} x 8 By x CP!, which will be used to modify 7 |pe-—1 (v, to be the identity

near the boundary pr_1 (0By).

Lemma3.2. Let 1 <k <n—1. Onpr ' (Uy) = [0, 1] x 8B x CP!,

J onpr ([l —e 11 x 3By,

. -1 _
Hhi O T Oty = {Id on pr([0, 6] x 3By).

Proof. On pr‘l([O, g] x dBy), note that j, =1d. On pr‘l([l —¢&, 1] x 0By),
Je([x 211, [Y1 - Yo]) = ([x = 1], [T = Y2]).
Forall[x:1] e[l —¢g, 1] x 0B, C Uy

M, (x) ( 01 ?) M, (x)"' = (Ak&)z (1)) € PGL,(C),

and so
w0 jkour (10, [Vi: Yo = (Ix : 11, [Y2 : 02 Y1) = T ([x: 11, [Y1 : Vo)), O
The diffeomorphisms y, below should be thought of as local de Jonquiéres maps,
acting only on a single pair of singular fibers of pr.
Definition 3.3. For 1 <k <n — 1, let y; be the diffeomorphism of My given by
J on pr~! (B — Up),

Ve ={us 0 jkous!  on prrl(Up),
Id on pr-'(CP! — By).
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Proposition 3.4. The diffeomorphisms vy satisfy the following properties:
(a) The diffeomorphism yy preserves pr for all 1 <k <n — 1. In fact, pr oy, = pr.
(b) The diffeomorphisms y; and y; commute forall 1 <i, j <n — 1.
(c) As mapping classes, [yx] = Refy_¢, ¢, oRefp ¢, foralll <k <n-—1.

Proof. For each k, prou,, = pr and pr o jx = pr by construction of u,, and j; when
restricted to pr~!(Uy). Therefore,

. -1
(pr oVk)|Pr71(Uk) = (pro(l’”‘k O JkoUy, ))|pr*1(U/<) =Ppr |pr*1(Uk)

and y; preserves the fibers of pr on pr~!(Uy) for all k. The same is clearly true on
pr_] (CI]:I>1 — By) and true on pr_1 (By — Uyg) by construction of 7. This proves (a).

If |i — j| > 1 then supp(y;) Nsupp(y;) = & so y; and y; commute. To show
that y; and y;4; commute for 1 < i < n — 2, we will consider the action of
these diffeomorphisms on pr~!(B; N B; 1), which contains supp(y;) N supp(¥;+1)-
We split B; N B;+1 as a union of C; := (B; N Bjyx1) N (U; U U;41) and V; :=
(B; N Bijy+1) — (U; UU;41) (see Figure 4), so

pr' (B N Biv) =pr (CHUpr ™' (V).
By construction, y; |1,y =T lpe-1(v;) = Vi+1lpr1 (1), and so y; and y;41 commute
on pI‘_l ).

For any [x: 1] €(;, both y; and y; 41 act on prfl([x ;1) by (a). If [x: 1] e U;NU; 41
then for some ¢, T € [0, 1] depending on x, we have

V=1t
)/i([xil],[Y12Y2])=<[x31], <M;\,-(X)<e 0 ?)Mki(x)_l) '[Y]lYQ]),

«/jlnT
Vier([x: 1], [Y1: Y2 = ([Xil], (Mx,-+1(x)(e 0 ?)Mki+l(X)_l> ~[Y1:Y2]).

Moreover, A;(x) = Aj41(x) or —A;11(x). In the first case, M, (x) = M;,,, (x), so
¥ and ¥ commute on pr~!([x : 1]). In the second case, we compute for each
[x : 1] € U; that

M)»i (-x) = M—ki (X)<(1) (1)> and M)»i (x)il = (? (1)>M—)»i ()C)il

B, Gi Bit1 B; Bita

Figure 4. For each 1 <i < n — 2, the sets C; (left) and V; (right) are
contained in B; N B;.
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and so

eV -1nT . 1 0 .
M—A[(X)( 0 1>M_,\[,(x) ZMA,-(X)(O eﬁnT)MAi(X) .

It is clear that

eVt 4 10 »
M)»,'(x) 0 1 M)Li(x) and M)\.[(x) 0 e\/jlﬂT M}»,'(x)

commute in PGL;(C), which shows that y; and y;4; commute on pr_1 ([x :1]) in
this case.

If [x : 1] € U; and [x : 1] ¢ U; 4 then for some ¢ € [0, 1] depending on x and for
all [Y; : V5] € CP!,

V=1nt
J/i([le],[Y1:Yz])=<[X:1], (Mx[(x)(e 0 ?)Mxi(X)_l)-[erYz])

Yirr(x: 1L [Y1: 2D =T ([x: 1], [Y1: Y2])

=([x:1], <MAH1(X)(_01 ?)Mm(x)—l) -[Y13Y2])

where the second equality follows from (the proof of) Lemma 3.2. Therefore, we
can show that y; and y;41 commute on pr~! ([x : 1]) similarly as in the previous case.
By analogous computations, y; and y;; commute on pr—!([x : 1]) if [x : 1] € Uj4;
and [x : 1] ¢ U;. This proves (b).

Finally, note that for all j # k, k+ 1, the map y; restricts to the identity on e; and
on pr=(2) for any z ¢ Br 50 (i)« (e;) = ¢; and (1%)+(v) = v. Moreover, y; agrees
with 7 on pr_1 (By), meaning that (yx)«(ej) =v—e; for j =k and j =k + 1. This
then determines [y;] € Mod(M,,+1) by Lemma 2.3. A computation shows that the
same holds for Ref, ., ., oRef, ¢, ,. U

Step 2: Constructing ry, . .., r, € Diff* (My). Foreach 1 <k <n, the exceptional
divisor e, has a tubular neighborhood vy in pr_l(Vk) that is diffeomorphic to
CP2—{[0:0:1]}. Let ix : CP2 —{[0: 0: 1]} — vy be this diffeomorphism and
let 7y be a diffeomorphism of CcP2— {[0:0: 1]} given by complex conjugation,
0:[X:Y:Z]l—[X:Y:Z].

Consider a smooth path 5 : (0, 1) - SO(4) such that
diag(1l, —1,1,—1) ifre(l—e,1)

n() = {Id ifre0,¢)

for some 0 < ¢ < 1. Let B denote the punctured ball in CP2 — {[0: 0 : 1]} given by
B:={la+bv—1:c+dv—1:11€CP?:0< |[(a+bv—1,c+dv/—-1)| <1},



302 SERAPHINA EUN BI LEE

identifying it with (0, 1) x §* C R*, and define 7 € Difﬁ(m— {[0:0:1]}) by
B {ro on CP2 — B,
@, x) = @, n@x) on BX(0,1) x S

Then 7 is compactly supported in CP2 — {[0:0:1]}.

Definition 3.5. For all 1 <k < n, let r; € Diff"(My) be

ikoroi,;l on v,
Iy ==
Id on MN—Uk.

Remark 3.6. By construction, the diffeomorphism r; restricts to an orientation-
reversing diffeomorphism of e; and preserves the homology classes e; for all
i # k and v. This forces [ry] = Ref,, € Mod(My) by Lemma 2.3. Moreover,
supp(rx) S vy S pr‘l(Vk) and ry preserves vy C pr‘l(Vk).

Step 3: Constructing p, : A, — Diff* (My). The generators fi, ..., fu_1 of A,
(cf. Lemma 2.5) will be mapped under p, to the following diffeomorphisms.

Lemma 3.7. Foreach1 <k <n-—1, let

Pk =Tk OTk+1 0 Vk-
Then gjop; =¢@joq; foranyl1 <i,j <n—1.
Proof. For any 1 <i, j <n—1, the diffeomorphisms ¢; and ¢; commute if |i — j| > 1
because they have disjoint support. For any 1 <i <n —2,
@ilpr1 (Vi) = Cir1 0 Dlpr1viyy) = it lpr1 (v

so ¢; and ;11 commute on pr‘l(ViH). Moreover on §; := pr‘l(B,- N Bi+1) —
pr ' (Vig1)

vils; = vis Git+1ls; = Vit
and so ¢; and @;,; commute on pr—'(B; N B; 1) by Proposition 3.4(b). Finally, ¢,

and ¢; 1| commute on M| — pr*I(Bi N B;41) because supp(e;) Nsupp(@;+1) is
contained in pr=!(B; N Bi41). O

It remains to construct the image of the last generator g of A, under p,.
Lemma 3.8. The map

_Joio@r onprt(vy)

v Id on M1 —pr~ (V).

is a well-defined diffeomorphism, which commutes with ¢y forall 1 <k <n—1 and
satisfies [{] = g = Ref,, oRef,_,, in Mod(M,,+1),
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Proof. By definition, r; has support contained in the interior of pr—!(V}) for all
1 <k <n. Sori|c =1d|c on some collar neighborhood C of pr_1 (V1), and

Vic=(piop)|lc=(r1oJorioT)|lc=(ToT)|lc=1d]c.

Moreover, 7, r1, and r, all preserve pr~!(V}), so the map v is indeed a diffeomor-
phism.

The diffeomorphisms i and ¢y have disjoint supports for all k > 1. Considering
the subsets pr~ ' (V}) and M, —pr~! (V) separately shows that ¢; and ¥ commute
as well.

Compute for all 2 < k < n that [¥](ex) = ex because supp(y¥r) C pr_l(Vl).
Moreover, i agrees with (plz on pr~!(V}), meaning that

[¥1(en) = [pil(er) = e1 +2v.
Computing that

Ref,, oRefy_, (ex) = [¥](ex)
for all 1 <k <n and applying Lemma 2.3 shows that [{/] = g. ([
Proposition 3.9. There is a homomorphism p, : A, — Diff"(My) defined by

po(f)i=@r foralll <k<n-—1, pu(2) ==,
where g and fi for 1 <k <n — 1 are the generators of A, as given in Lemma 2.5.

Moreover,

(@) py is a section of the map q : Difft (My) — Mod(My) restricted to A, <
Mod(My), and

(b) forall p € py(Ay),

(prog)| n =PI py—, pr' (V) -
my=pr () vl

i=1
Hence p,(Ay) almost preserves the Lefschetz fibration pr: My — cp'.

Proof: By Lemma 2.5, A, = 7" is generated by f1, ..., fu—1, & By Lemmas 3.7
and 3.8, the image of p, is abelian and therefore p, is a well-defined homomorphism.
Compute using Proposition 3.4(c) and Remark 3.6 that

[ov(fi)]= [rilolriy1]olyel :Refek o Ref€k+l ORefvfekfekH o Ref@k*€k+1 = fr € Ay.

Lemma 3.8 shows that [p,(g)] = g. Therefore, p, is a section of the quotient map
g : Diff" (My) — Mod(My) restricted to A, < Mod(My).

Finally, supp(rx) € pr—!(Vy) for all 1 < k < n (cf. Remark 3.6). By Proposition
34(a), proyy =prforalll <k <n-—1,so

(pklMN—U['.'zl prri(v;)) = Vk|MN—U;'=1 pri(V;)-
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By Lemma 3.8,
Ylny U, oot ) = 1y pet -
Hence prog = pr restricted to My — |Ji_, pr='(V;) for all ¢ € p,(A,) and so

v (Ay) almost preserves pr. U

Step 4: Extension to any primitive, isotropic class w of minimal genus 0. With
the constructions above in hand, we conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. Because w is a primitive, isotropic class of minimal genus O,
there exists some o € Diff " (My) such that [a](w) = v by a theorem of Li-Li ([15,
Theorem 4.2]). Using the definitions of 4, and A,, (cf. Lemma 2.6), compute that

Ay=[a]loAyola™!]
and define p,, : A, — Diff" (My) by

puw(f)=aop,(lalo fola Do

where p, : A, — Diff"(My) is the homomorphism constructed in Proposition 3.9.
Compute that for all x € My — UZ:] (pr o)L (V)),

(proa) o pu (f)(x) =propy([alo fola™'1) oa(x) = (proa)(x)

because prop, ([a]o fola™]) =pron My — UZ:l pr~ (V%) by Proposition 3.9(b).
Hence p,,(A,,) almost preserves pr oa, which is holomorphic for some complex
structure on M. Finally, compute by Proposition 3.9(a) that for any f € Ay,

qopu(f)=q " opy(lalo fola' o)
=la""To(gop)(alo fola ' Dolal = f. 0
If 2 < N <8, Theorem 1.4 holds for any primitive, isotropic class in Hy(My; Z).

Corollary 3.10. Let2 < N <8 and let w € Hy(My; Z) be any primitive, isotropic
class. There exists a homomorphism py, : Ay, — Diff™ (My) such that the following

diagram commutes:
Difft (My)

low///’/\r lq
Ay — Mod(My)

The image py(Ay,) almost preserves a holomorphic genus-0 Lefschetz fibration
p: My — CP' whose generic fiber represents the homology class w.

Proof. If 2 < N <8 and w € Hy(My; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.4. [J



MAPPING CLASSES IN RATIONAL 4-MANIFOLDS 305

4. Theorem 1.5: individual elements of the stabilizer Stab(w) of w

We next prove Theorem 1.5 using the diffeomorphisms constructed in Section 3.
The following lemma considers the subgroup S, < Stab(v) N Stab(s) < Mod(My)
given by permuting the classes ey, . . ., e,. In other words, we consider the subgroup
(Refy—¢,, 1 1 <k <n—1) of Mod(My).

Lemma 4.1. Foreach 1 <k <n—1, there exist s € Diff" (My) and 7 € Diff " (CP")
such that

(a) prosy = ¢ o pr, and
(b) [sk] =Refe, ¢, € Mod(My).

Proof. Let A:= (7' {) € PGLy(C), so A has order 2and A([1:1])=[—1:1]e CP".
There exists a neighborhood D diffeomorphic to a disk D? of the path {[:1]:¢ €
[—1, 1]} € CP! that is preserved by A. Let ; : D < CP! be a smooth embedding
with image contained in By — Uy and

u((=1:1D) =lar: 11, w(1:1]) = [ag41: 1],

so that ¢; is holomorphic if restricted to small neighborhoods of [1: 1] and [—1: 1]
in D. Now let 7, € Diff" (C[P’l) be a diffeomorphism such that

= tkoAOL]?1 on (;(D) C B, — Uy,
“T on CP' — B;.

Consider the diffeomorphism s : (X, Y) +— (74 (X), Y) of CP! x CP' which extends
to a diffeomorphism s; of My because s is holomorphic on a neighborhood of
pr‘l([ai : 1] for all 1 <i < n. By construction, prosy = t; o pr. Moreover, if
i #k or k+ 1 then s; acts as the identity on e; but si(ex) = ex+1 and s (ex+1) = ek.
Hence [s¢] = Ref,, _,,,, by Lemma 2.3 because [s;] € Stab(v). U

We may assume that for all 1 <k <n — 1, the choice of Vi, Vi41 C CP' satisfies
Vi, Vg1 C (D) and 14 (Vi) = Vi1, where i : D — CP' is the embedding defined
in the proof of Lemma 4.1. This also implies that 74 (V1) = Vi because |, (p)
has order 2.

Proof of Theorem 1.5. The theorem holds for N =1 because then Stab(w) = 1. Now
assume that N > 2 and that w = v. Since h € Stab(v), we may write & = f oo where
feAyand o € Aut(Z{ey, ..., ey}, Qum,) = O(n)(Z) by Lemma 2.6. Furthermore,
the action of O(n)(Z) on Z{ey, ..., e, } preserves the set {ey, ..., ey, —€1, ..., —e,}
of classes of norm —1. The action of O(n)(Z) on the set of n unordered pairs
{er, —ex} with 1 < k < n defines a homomorphism O(n)(Z) — S, with kernel
(Ref,, : 1 <k <n) = (Z/22)". Moreover, this homomorphism admits a sec-
tion with image (Ref,, ., : 1 <k <n —1) < O(n)(Z). In other words, any
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element o € Aut(Z{ey, ..., e,}, Ou,) can be written as a product [r] o [s] €
Aut(Z{ey, ..., ey}, On,) wWhere

re(r:1<k<n)<Difft(My) and se(sx:1<k<n-—1)<Dift"(My),
by Remark 3.6 and Lemma 4.1(b). Let
¢ = py(f)oros e Difft (My)

where p, : A, — Diff"(My) is the homomorphism from Proposition 3.9. By
construction, [¢] = h.
Note that

propy(f) o rlyy e, prt vy = Pr lmy -y, prt(vi)

by Proposition 3.9(b) and by Remark 3.6. By Lemma 4.1(a), there exists 7 €
Diff ™" ((D[P’l) such that pros = 7 opr and 7 preserves Ul”: | pr_1 (Vi). Hence

prog| =« =pro(py(f)oros)| =topr| =« :
My—Jpr (V) My—Jpr (V) My—Jpr(v)

i=1 i=1 i=l1

which shows that ¢ almost preserves pr.

Take any other primitive, isotropic class w € Hy(My; Z) with minimal genus 0O;
we proceed similarly as in the proof of Theorem 1.4. Apply Li-Li [15, Theorem 4.2]
to obtain o € Diff"(My) such that [¢](w) = v and [e]oh o[~ !] € Stab(v). There
exists a diffeomorphism ¢ € Diff* (My) almost preserving pr: My — CP! with
[p]l=[a]oho [~ !]. Then ™! oo almost preserves pr o, and [~ ! opoa] =h.

(]

Corollary 4.2. Let 2 < N < 8 and let w € Hy(My) be any primitive, isotropic
class. For any h € Stab(w), there exists ¢ € Difft (My) almost preserving some
holomorphic genus-0 Lefschetz fibration p : My — CP' whose generic fiber
represents the homology class w such that [p] = h € Mod(My).

Proof. It 2 < N <8 and w € Hy(My; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.5. [J
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