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LOWER BOUNDS FOR
FRACTIONAL ORLICZ-TYPE EIGENVALUES

ARIEL SALORT

We establish precise lower bounds for the eigenvalues and critical values
associated with the fractional A-Laplacian operator, where A is a Young
function. The obtained bounds are expressed in terms of the domain geome-
try and the growth properties of the function A. We do not assume that A or
its complementary function satisfies the A, condition.

1. Introduction

One of the central problems in the analysis of p-Laplacian type operators is the
study of its eigenvalues, which are closely related to the structure of the underlying
domain and the boundary conditions imposed. In particular, the first eigenvalue

klzinf{/ [Vul? dx for u € C°(2) suchthat/a)(x)|u|1’dx:l}
Q Q

related to the nonlinear problem defined for p > 1 as

{—div(|Vu|1’_2Vu) = olul”P2u  in Q,

1-1
(- u=~0 on 092,

has been extensively studied, as it provides important information about the behavior
of solutions to the geometry of the domain. Here w is a suitable weight function
and Q C R" denotes an open and bounded set. See for instance [29; 30].

While upper bounds for eigenvalues have been established in a variety of settings,
obtaining sharp lower bounds remains a challenging and active area of research.
Lower bounds are of particular importance because they offer insights into the
stability and regularity of solutions, as well as estimates for the oscillatory behavior
of eigenfunctions.

In the one-dimensional case with a weight function, lower bounds were obtained
in [17; 28; 34; 35; 40]. When Q2 C R”, n > 2 several results are known. In [6; 16],
lower bounds in terms of the measure of the domain were obtained. Indeed, when
w € LY(Q) then we have
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¢ 6y € ﬂ, h 1
<A\ Where0={0 (p OO] whenl < p<n

|Q|£*$||w||m(m when n < p,

where C = C(n, p) > 0. In addition, in [33; 35], more accurate bounds involving the

inner radius rq of 2 are obtained as a consequence of Lyapunov type inequalities:
C O € (£, 00 hen 1 ,

(1-2)  ———— =<k where@:{lo (5.00]  whenl<p<n

p—1
rQ g ”w”LH(Q) when n < D,

where C = C(n, p) > 0 and rg := max{dist(x, 0€2) : x € Q} is the inradius of 2. In
[26] these results were extended to the nonlocal case, obtaining that when w € LY(Q)

C
(1-3) ——— <] wheref =

{90 € (%, oo] when 1 <sp <n,
sp—%
rg ol

when n < sp,

where A is the first eigenvalue related to the fractional p-Laplacian operator of
order s € (0, 1).

When operators follow a growth more general than a power law, the concept of
eigenvalue becomes highly dependent on the normalization of the eigenfunction
due to the potential lack of homogeneity. More precisely, equation (1-1) can be
generalized by replacing the power p with a so-called Young function: given a
Young function A, and a bounded domain 2 C R", n > 1, consider the problem

[—div(a(IVul) Vu

=)»a)a(u)i in 2,
|VM|) ] |ul
u=~0 on 9%2,

(1-4)

where L € R is the eigenvalue parameter, w is a suitable weight function and
a(t) = A'(r), t > 0. Observe that (1-4) boils down to (1-1) when A(¢) =P, p > 1.

In this case, in [23; 25] it is proved that given o > O there exists a critical value
A1« > 0 and a function ug such that [, wA(Juq|) dx =« and é Jo A(IVug|) dx =
A1,«. From this, one can deduce the existence of an eigenvalue A, with corre-
sponding eigenfunction u, in the sense that pair (A 4, uy) satisfies (1-4) in the
weak sense. The quantities A and A; are in general different and coincide only
when A is homogeneous.

A first result concerning the lower bounds of (1-4) can be found in [32]. In the
one-dimensional case, assuming that A satisfies the A, condition (that is, there
exists ¢ > 1 such that A(2¢) < cA(¢) for any ¢ > 0), the authors establish that for
any o > 0,

L S )\1 o

loll L1, ’
where Q = (a, b) CR, and p > 1 is defined as lim, _, oo A(rt)/A(r) =tP~'. Similar
bounds in the one-dimensional case were found in [39] when A is a submultiplicative
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Young function (that is, there exists ¢ > 1 such that A(rt) < cA(r)A(t) for any
r,t > 0).

When Q C R*, n > 1 and A is a submultiplicative Young function, in Theorems
4.4 and 4.2 of [37] it is proved that given o > 0 there exists a computable constant
C > 0, independent of « and depending only on A and n, such that

--1
1 C
—[A(#) <Aq whenwe L'(Q)ando(l) < oo,

—1
o (”a)”LI(Q))
4-1
1 C 0o
— 1A — <Ay Whenwe L™ () and o (1) =00,
o |\ A (lolfkg/ta@) )
where

o(t) = /oo A7 0 dr and Ta(Q) = 1QIA) (91,
t—n

A being the complementary function of A. These inequalities, in the case A(f) =17,
p > 1, recover the corresponding inequalities in (1-2).

In the last years nonlocal operators with nonstandard growth have received an
increasing amount of attention and an active community is currently working on
problems involving operators defined in terms of a Young function A(¢) = fot a(r)dr
having the form

N

s s Dfu dy
(—A'u@) =py. | a(D*u)— _,
" [DSul [x =yl

where s € (0, 1), Du(x, y) = (u(x) —u(y))/|x — y|* and p.v. stands for “principal
value”. This nonhomogeneous operator is a generalization of the fractional p-
Laplacian of order s € (0, 1). See also [1; 2; 3; 4; 8; 12; 13; 14; 19; 20; 18; 21; 22;
36; 37; 38]. In particular, the nonlocal version of problem (1-4) takes the form

(—A))’u = AwMu in £,
(1-5) |ul
u=20 on 0€2.

where A € R is the eigenvalue parameter and w is a suitable weight function. We
refer to [7; 12; 15; 19; 22; 36; 37; 38] for properties and results related with the
nonlocal nonstandard growth eigenvalue problem (1-5).

As in the local case, the nonhomogeneity of the problem makes the eigenvalue
highly dependent on the normalization of the eigenfunction. More precisely, in
[36; 38] it is proved that given a > 0 there exists a critical value A] , > 0 and u,

such that [, wA(|u}|) dx = « and éfg A(|D*u|) dx =1y ,. More precisely, we
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consider
1
(1-6) A, = inf:— // A(|D’ul)dv, :u € CSO(Q),/ wA(|ul)dx :a} ,
’ o R2n Q

where dv, = |x — y|7" dx dy and w is a suitable weight function.

From this can be deduced the existence of an eigenvalue A] , with corresponding
eigenfunction u3, in the sense that pair (A‘i’a, u;,) satisfies (1-5) in the weak sense,
being A and A] different when A is inhomogeneous, but comparable each other
when A satisfies the doubling condition.

To the best of our knowledge, estimates for A} , and A7 , have not been previously
studied in the literature. The goal of this article is to establish lower bounds for
these quantities.

An important aspect of analyzing (1-5) is whether the Young function A satisfies
a so-called doubling condition. This condition is crucial for controlling constants

within the function:

o A satisfies the doubling condition near infinity (denoted as A € AS°) if there
exists Coo > 2 such that A(2t) < CoA(¢) for all t > Ty,

o A satisfies the doubling condition near zero (denoted as A € Ag) if there exists
Co > 2 such that A(2t) < CpA(¢) for all t < Ty.

o A satisfies the global doubling condition (denoted as A € Aj) if the previous
condition and fulfilled, and it is denoted A, = Ag N ASO.

Assuming or relaxing the doubling condition introduces significant technical chal-
lenges in the analysis, such as the potential loss of reflexivity in the associated
fractional Orlicz—Sobolev spaces. Moreover, imposing this condition on either the
function A or its conjugate A is known to yield both upper and lower bounds for
the corresponding Young function in terms of power functions. For further details,
see Section 2.1.

To characterize the growth of a general Young function A (which may not satisfy
the doubling condition), we use the Matuszewska—Orlicz functions associated with
A, along with the corresponding indexes, defined as follows:

A(at) .. JAan) .. JAar)
M4 (t) = sup , My(t, A) =liminf , My(t, A) =liminf ,
>0 Aa) a—0t A(a) a—oo  A(w)
log M 4(t log My(t, A o logMyo(t, A
i(A)= lim Og—A(), io(A) = lim M’ ino(A)= lim M.
i—oo  logt t—00 logt 1—00 logt

See Section 2.2 for details and precise definitions.

Main results. We emphasize that, unless explicitly stated otherwise, we do not
assume the A, condition on A or its complementary function A.
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Theorem 1.1. Let s € (0, 1) and let A be a Young function satisfying (2-4). Let
Q C R" be an open bounded domain with inner radius rq. Given w € LY(R") and
o > 0, consider the critical value )»‘1 o defined in (1-6).

(1) There exists a unique oo > 0 satisfying the equation

s _.n
0[())»1’0[0 - I‘Q.

(i1) Assume that ig(A) > % when a < ag oris(A) > % when a > oq. Then, there
exists a positive, computable constant C = C(n, s, A) such that

n

C ro

ol Ma(rg) —

K
la°

In particular, this holds when ig(A) > % if o < 1 or when iso(A) > % ifa>1.

N

In Section 2.3, we compute the Matuszewska—Orlicz functions and indices
for several notable Young functions. With this, we state Theorem 1.1 for some
interesting cases:

(i) When A(t) =t?, p > 1 the eigenvalue problem becomes homogeneous. Then,
for any « > 0, when sp > n, we have

1 c
sp—n — l,a
lolliLye) rg ™

which in some extent recovers (1-3).

(i) Given 1 < p < g < oo, consider A(t) = % + %. Then A € A;. This gives
the eigenvalue problem for the fractional p-g-Laplacian (see for instance [5]).
When o < 1 and sp > n, or ¢ > 1 and sq > n, we have

1 c )

<
- T S M
lollpi@ max{ra ™, re! "} *

(iii) Given p, g, r > 1, consider A(t) =¢” In" (1 +¢%). Then A € A;. When o « 1
and s(p +qr) > n,ora > 1 and sp > n, then

1 C P

<
—ar)— —n, — Lo
ol g rnax{rgz(p qr) ",rgzp "

(iv) For k € N define A() =e' —Y5_#//j!. Then A € A but A ¢ AS°. When
o < 1 and sk > n, when rg < 1 we have

1 C

loll ) rf-zk_” -

s
l,a*



314 ARIEL SALORT

(v) Consider the function A(7) = ¢® —e. Then A € Ag but A ¢ AS°. When a > 1

we have
1 C )
TRTREE )“‘i ar
lollLi @) ry ’

In Theorem 4.1, we also derive a lower bound for the minimizer using the inverse
of the Young function instead of the Matuszewska—Orlicz function. Moreover, in
Corollary 4.2 we prove that the same lower bounds hold for the eigenvalue A7 ,
when A € Aj.

Theorem 1.2. Assume that Q C R" is a bounded domain with diameter dg contain-
ing the origin. Let s € (0, 1) and let A be a Young function satisfying conditions
(2-6) and i(A) < %. Given v € L*(R") and a > 0, consider X‘;’a as in (1-6). Then,
there exists a positive constant C = C(n, s, A) such that
C N
<A o
lwll ooy Ma(d) ’
To apply Theorem 1.2, there is an implicit growth condition: the condition
i(A) < % is not satisfied when A ¢ Ag or A ¢ A% (see Lemma 2.2 for details).
Therefore, this result can be applied only when A € Aj.

Under the assumption of the A, condition on A, we improve Theorem 1.2 by
replacing the diameter with the inner radius.

Theorem 1.3. Let s € (0, 1) and let A € Ay be a Young function satisfying (2-7).
Assume that Q C R" is a bounded Lipschitz domain with inner radius rg. Given
w € L*®(R") and o > 0, consider )»i’a as in (1-6). Then, there exists a positive
constant C = C(n, s, A) such that

c

< S
lollze@Ma(ry) —

la*

Here we state some notable examples derived from Theorem 1.3.

(i) When A(r) =1t?, p > 1, this gives the eigenvalue problem for the fractional
p-Laplacian, which is homogeneous. Then for any o > 0, when sp < n:

1 C

loll<@) rg ~

S

1,a
which in some extent recovers (1-3).

(i) Given 1 < p < g < 00, consider A(t) = % + %. Then A € A,. This gives the
eigenvalue problem for the fractional p — g-Laplacian (see for instance [5]).
Then, for & > 0, when sq < n, we have

1 C

|l L () max{ry, r

s
sp} = )‘l,a'
Q
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(iii) Given p, g, r > 1, consider A(t) = t” In" (1 + ¢?). Then A € A,. Then, for
o >0, when s(p +qr) <n,

1 C

el L= @) max{rg rgz(pﬂr)} B

s
l,a*

In particular, Theorem 1.2 establishes these same inequalities but with the diam-
eter in place of the inner radius under the same hypothesis on the parameters.

The same lower bounds established in Theorems 1.2 and 1.3 also hold for the
eigenvalue Aj ,, as stated in Corollary 4.3.

2. Preliminaries

2.1. Young functions. A function A : [0, c0) — [0, o0] is called a Young function
if it is convex, nonconstant, left continuous and A(0) = 0. A function with these
properties admits the representation

t
A1) =f a(r)dr fort > 0,
0

for some nondecreasing, left continuous function a : [0, o) — [0, o0].
The complementary function A of A is the Young function defined as

A1) =sup{tt — A(r) : T > 0} for t > 0.

One has
t<A'\(O)A) () <2t for ¢t > 0.

From the convexity of the Young function it is immediate that
2-1) A(rt)<rA@) forO<r<l, A(rt)y>rA(t) forr>1.
From the integral representation of the Young function it follows that
G@2n) >18(1), G@) <18().

2.1.1. The doubling condition. A Young function A lies in A3° (or in Ag) if and
only if there exists p > 1 and T, > 0 (or Tp > 0) such that

fa(t) <p forallt>Tyx (or0 <t <Typ).
A1)

It is easy to see that
o A € AT if there exists Coo > 2 such that A(27) < CooA(2) for all £ > T, and
e« A€ Ag if there exists Coy > 2 such that A(2t) < CoA(t) for all t < T.

(2-2)

We define A, = Ag N A5°. The following statements are equivalent:
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(1) A € A,.
(i1) There exists p > 1 such that ta(¢)/A(¢) < p for all t > 0.
(iii) There exists C > 2 such that A(2t) < CA(¢) for all ¢ > 0.

Proposition 2.1. Let A be a Young function such that A € Ag and let p > 1 be the
number defined in (2-2). Then

PA(t) < Att) <tA(t) forO<t<landt <Ty.
Similarly, if A € AS° we have
TA@) < A(tt) <1PA@) fort>1landt > Tw.
Hence, if A € A,, then
min{z, T’}A(f) < A(tt) < max{t, t’}A(F) fort > 0.

2.1.2. Ordering of functions. A Young function A dominates another Young func-
tion B near infinity if there exists a positive constant ¢ and #g such that

B(t) < A(ct) fort > ty.

The functions A and B are called equivalent near infinity if they dominate each
other in the respective range of values of their arguments; in this case we write
A~ B.

A ~ B means that A and B are bounded by each other, up to a multiplicative
constant.

2.2. Matuszewska indexes. The Matuszewska—Orlicz functions associated to the
Young function A are defined by
A(at) A(at) A(at)

Ma(t) =sup =22 Mo, A) = liminf . Mao(t, A) = liminf .
alt) =sup = olt, A) = liminf = ot A) =liminf =2

They are nondecreasing, submultiplicative in the variable ¢ and equal to 1 atr = 1.

We also consider the Matuszewska—Orlicz indices at zero and infinity, defined as
log M 4(t log My(t, A C log Moo (t, A
i(A) = lim EMAD gy 0BMOOA) gy i 208 A)
1—>00 logt t—>00 logt f— 00 logt

When there is no confusion, we will remove the dependence on A.
It is easy to see that the Matuszewska function can be bounded in terms of powers
if and only if A, A € A,, that s,

(2-3) min{¢P4, tPA} < M(t, A) < max{tP4, tP4)

where pt =sup,_a(t)t/A(t) and p; = inf~ga(t)t/A(?).
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For a comprehensive approach on these functions and indices we refer to the
monograph [31].

2.3. Examples of Young functions. Here we provide for some examples of Young
functions and compute their corresponding Matuszewska functions and indexes.
For further examples we refer to [31].

Example 1. Let p > 1, and assume that
A(t)~t? whent «1.

Then A € Ag. In this case we have My(¢) =t? and ig(A) = p. If we assume that
A(t)~t? whent> 1,

then A € AS°, My (t) =17 and i (A) = p.
In particular, when A(t) =7, M(t, A) = My(t, A) = Mo (t, A) =tP and i (A) =
ip(A) =i(A) = p. As a special case, if | < p <g < 00,
P
Alt) = —+ —;
P 4q
then
Mo(t, A) =17, Mx(t,A) =17, M(t, A) = max{t”, 17},
and ig(A) = p, iec(A) =i(A) =gq.
Example 2. Let r > 0 and p > 1. Then if
A(t)~tPIn"tr whent 1
then A € Ag and in this case, My(t) =t? and ig(A) = p. If
A(t)~tPIn"tr whent>1,

then Moo (t) =t? and io(A) = p.
As a special case, if p,q,r >0and A(t) =" In" (1 +19) then

Mo(t, A) =tPT", Moo(t, A) =tP, M(t, A) = max{t?, "1}

and i (A) =ip(A) = p+qr, ise(A) = p.

Example 3. For k € N define A(r) =¢' — Y%{1//j1. Then A € A but A ¢ A,
and

* ifo<r<l,
oo ift>1,

0 if0<t <1,

Mo (t) =¥, Moo(r)z{ .
oo ift>1,

M(t):{

io(A) =k,i(A) =ix(A) =o00.
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Example 4. For r > 0, assume that A(f) ~e™" fort < 1. Then A ¢ Ag and

0 if0<t <1,
Moy(t) =11 ifr=1,
oo iftr>1.

t

In particular, when A(¢#) = e~ ™, we have

0 if0<t <1,
My (A) =1, My(t) =11 ift=1, M@y:{
oo ift>1,

1 if0<tr<l,
oo ift>1.

and i (A) =i(A) =0, ip(A) = oo.
Example 5. Assume that A(t) >~ ¢ for > 1. Then A ¢ A5° and

0 if0<t <1,
My (1) =11 ift =1,
oo ift>1.

In particular, when A(¢) = e — e, since A(t) ~et whent < 1,

0 if0<t <1,
My@t) =t, Ms(t) =11 ifr=1, M(t) ={
oo ift>1,

and ig(A) = 1, i(A) = ix(A) = 0.

t if0<t<l,
oo ift>1,

Lemma 2.2. Let A be a Young function such that A ¢ Aé fork =0 ork =o00. Then

1 ift=1,
oo ift>1.

M(t)::

When O <t < 1 we have M(t) < t. Moreover, i(A) = 0.

Proof. First, observe that from (2-1), we have M(¢) <t forO<t < 1.
In light of [11, Proposition 2.1], if A ¢ Ag or A ¢ AS° then

1 ifr=1,
oo ifr>1,

Mk(t)I{

k =0, oo, respectively. By definition, My(¢#) < M(t) and M~ (t) < M(t) for any
t > 0. This gives immediately that when A ¢ A’; for k = 0 or k = oo, one has
M(1)=1and M(t) =oco when t > 1.

Since M (t) = oo for ¢t > 1, this gives that i (A) = oo. O

Lemma 2.3. If A € A, then there exists p > 1 such that M(t) = t?.
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Proof. Since A € A,, there exists ¢ > 1 such that A(rt) < max{t, t7}A(r) for any
t,r > 0. Then M is finite for any ¢ > 0:

. A(at) q
M(t) _Zli;()) A@) < max{t, t7}.

Moreover, observe that

M) = su A(tra) A(ra) “su M(I)A(ra)
T b AGa) A@) eV A@)

< M()M(s)

and M (1) =1, that is, M (¢) is submultiplicative.

Define v(¢) = In(M (e")). This function is additive, thatis, v(r +¢) = v(r) +v(¢t)
for any s, € R. It is well known that measurable additive functions are linear,
therefore, there exists p € R such that v(¢) = pt from there M (¢) = ¢P. Finally,
from (2-1),

M@)<t forO<t<1 and M()>t fortr>1.
which implies that p > 1. O

2.4. Some useful inequalities. Given s € (0, 1) and a Young function A such that

N

consider the Young function E given by
[ A(D)
(2-5) E(f) =fn-s = dt for ¢ > 0.
¢ Tt
Consider also ¥; : (0, 0co) — (0, 0o) defined by

1
\DS(F)ZW, for r > 0.

Lemma 2.4 [3, Proposition 2.1]. Let s € (0, 1) and let A be a Young function.
Assume (2-4). Then:

(1) The function Vs is nondecreasing.

(ii) Define the Young function B = E. Then V,(r)~r'B~'(r™") forr > 0.
(1) Ifico(A) > % then B ~ A near infinity, and Vs(r) ~r* A~ (r~") for0 <r < 1.
(iv) Ifio(A) > % then B > A near 0, and Wy(r) ~ A=Y () forr > 1.

The following modular Morrey-type inequality is proved in [3, Remark 4.3]:
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Proposition 2.5. Let s € (0, 1) and let A be a Young function satisfying (2-4). Then,
WSLAR"Y) c CYO(R™). Moreover, for any u € WSLA(R") and x, y € R",

1
u(x) —u(y)| < Culx —y[*B™ ( // A(D’u(z, w)) dva(z, w))
lx = yI" JJren

for some constant Cy; depending on n and s, where the Young function B is given
by B(t) = E(t), being E the Young function defined in (2-5).

The following Hardy type inequality is proved in Theorem 5.1 and Proposition
Cin [1].

Proposition 2.6. Let s € (0, 1) and let A be a Young function satisfying i (A) < %
and the conditions

(2-6) /OO<L> dt = oo, /<L> dt < 0.
A1) o \A()

Then for all u € C°(R")

Alcy 9N 4 < Sul) d
A(en P ) ar=a-n [[acuipunay,

for positive constants Cy, and Cy, depending only on n and s.

Given a bounded domain 2 C R", we denote §o(x) := inf{|x — y| : y € Q¢} the
distance from x to 0€2.
The following Hardy type inequality is proved in [10, Theorem 1.5].

Proposition 2.7. Let s € (0, 1) and let 2 C R" be a bounded Lipschitz domain. If
A€ Ay and
A(kt) A(kt)

2-7) lim sup ——— =0= lim sup ,
k=00 ;>0 ks A(t) k=0 120 k5 A(r)

there exists a positive constant Cp, such that for all u € CZ°(2)

x <Cp, A(ID*ul) dv,.
o \8q(x) 5 Jeon

2.5. Orlicz and Orlicz—Sobolev spaces. The main reference for Orlicz spaces is
the book [27]. For Orlicz—Sobolev spaces, the reader can consult [24], for instance.
Fractional-order Orlicz—Sobolev spaces, as we will use them here, were introduced
in [18] and then further analyze by several authors. The results used in this paper
can be found in [1; 2; 19].
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2.5.1. Orlicz spaces. Given a bounded domain 2 C R” and a Young function A,
the Orlicz class is defined as

Q) = :u eLl.(Q): / A(lu]) dx < oo} .
Q

The Orlicz space L4(2) is defined as the linear hull of £4 () and is characterized
as

LAQ) = {u € LIIOC(Q) . there exists k > 0 such that / A (%) dx < oo} .
Q

In general the Orlicz class is strictly smaller than the Orlicz space, and $4(Q) =
LA(Q) if and only if A € A%°. The space LA(L) is a Banach space when it is
endowed, for instance, with the Luxemburg norm, i.e.,

||u||LA(Q)=||u||A:=inf{k>O:/ A<|Z—|> dxgl}.
Q

This space L*(2) turns out to be separable if and only if A € AS°.
An important subspace of L4(Q) is E A () that it is defined as the closure of
the functions in LA () that are bounded. This space is characterized as

EANQ) = {ueL}OC(Q);f A(%) dx <oofora11k>0}.
Q

This subspace E4 () is separable, and we have the inclusions
EAQ) c £4Q) c LARQ)

with equalities if and only if A € AS°. Moreover, the following duality relation
holds )
(EA(Q)" = LY (9),

where the equality is understood via the standard duality pairing. This automatically
implies that L4 () is reflexive if and only if A, A € AT,

2.5.2. Fractional Orlicz—Sobolev spaces. Given a fractional parameter s € (0, 1),
we define the Holder quotient of a function u € LA(Q) as

D'u(x,y) = M(fx)_;yufy)

Then, the fractional Orlicz—Sobolev space of order s is defined as
WS LAWY == {u € LA(R") : D*u € LA(R*", dv,)},
where dv,, = |x — y|™" dx dy and
WY EAR") := {u € EA(R"): D'u € EA(R™, dv,)}.
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When A € A, these spaces coincide and we write
WS,A(RI’!) — WSLA(Rn) — WSEA (Rn)

The space W* LA (R") is reflexive if and only if A, A€ A,
In these spaces the norm considered is

letllwspagey = lulls,a = lulla + [uls a,re

DS
DmAW:m%k>m/y Ac—ﬂﬁﬁgdwslf
R2n k

Again, with this norm, W*LA4(R") is a Banach space and W* E4(R") is a closed
subspace. The space W LA(Q) is then defined as the closure of C°(2) with
respect to the topology o (WSLAR"), W E A(IR”)) and Wi E 4(Q) as the closure
of C2°(£2) in norm topology.

with

3. Eigenvalues and critical points

Let A be a Young function, and let 2 C R" be an open and bounded set. For a fixed
normalization parameter @ > 0, we define the critical point A} , as

(3-1) ki,a:inf{éf/ A(|D’ul) dv, :ueCfo(Q),/ a)A(|u|)dx=a}.
2n Q

Here, o is a suitable positive weight function. We assume that @ € L'(R") when
(2-4) holds, and w € L°°(R") when (2-6) holds.

In [38] (see also [36] when A € A») it is proved that (3-1) is solvable, that is,
there exists a minimizer u;, € WSLA(Q) such that fQ wA(|ug,|) dx = a and

(3-2) /f A(| D uy|) dvy, = A5, /wA(|ufx|)dx.
RZn

By applying an appropriate version of the Lagrange multipliers theorem, we can
establish the existence of an eigenvalue Aj , with corresponding eigenfunction u,.
More precisely, u, is a weak solution to the following equation, with A = A7 :

|ue]

u=>0 on %2,

(A u =A™y in
(3-3)

with a(t) = A’(¢) for t > 0, and where the fractional a-Laplacian of order s € (0, 1)

is the nonlocal and nonstandard growth operator defined as

N

(—Ag) u(x) / (D up 2L g
—A)u(x) =p.v. a u
PY e \Dsu|

vn,
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that is, for all v € C2°(2)

usv
D’u’ n = A dx.
//naq u |) |D’ °| 1’O[/Qa)a(lu |)|”fx| x

Refer also to [9; 19] for the existence of higher-order eigenvalues.

Lemma 3.1. Let A be a Young function such that A’ (t) = a(t) for any t > 0. Then
1 ) N N
_Al,ot = )‘l,a = pAAl,a'
pPa
The number p := supg.oa(B)B/A(B) is finite if and only if A € As.

Proof. Given a > 0, consider the critical point A} , associated to the minimizing
function u, such that [, A(|uy|) dx = . Observe that

A(B)
a(B)p

Moreover, since a(t) = A’(t) is increasing, A(t) = fol a(r)dr <a(t)t forany ¢t > 0.
This fact, together with (3-4) gives that

1
(3-4) /a)A(lu ) dx > 1nf wa(lufx|)|u‘;|dx:—/ wa(|u,])|ug|dx.
PAJQ

N

A DS N d DS N DS N d
. oAD'y foa(D DD,

b Jq@AQuhdve T L [ wau | dx

The other bound is analogous. Finally, note that p4 < oo if and only if A € A;. U

For example, the number p4 as defined in Lemma 3.1, takes the following form
for the following notable Young functions A € A,.
(i) Let p > 1 and A(t) =¢? then psy = p.

(i) Let p,g > 1, r > 0 and consider A(t) =t”/p +1t%/q. Then py = q when
t>1and pp = p whent < 1.

(iii) Let p, g > 1, r >0 and consider A(¢) = (+?/p) In" (1+1t9). Then ps = p+qr.
Lemma 3.2. For a > 0 define the function E(a) := o) . Then E is strictly
positive, strictly increasing, E(0) = 0, E(c0) = oo and E is a Lipschitz function

fora > 0.
In particular, that 11| < alj , wheno > 1 and adj , <A when o < 1.

Proof. Given B > 0 and a fixed function u € C2°(£2) such that fQ A(lugl)dx = B,
since A is continuous and nondecreasing, if we define the function ¢ : R, — R by

¢(r) Z/QA(rlu,sl)dx,
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it follows that ¢ is continuous, nondecreasing, ¢ (0) =0, ¢ (1) = B and ¢ (c0) =
Hence, for any o > 0 there exists r, > 0 such that ¢ (r,) = o and in particular

(3-5) re <1 when o < g, re > 1 when @ > B,

(3-6) rq — 0 when oo — 0, rq — 00 when o — 00.

Let us see that E is strictly increasing. Let 0 < o < $ and in light of (3-2), let
ug € WSEA(Q) be such that

/QA<|uﬁ|)dx=/3, A, = f/ AQD ugl) dv,.

By (3-5) there exists r, < 1 such that fQ A(rqlug|) dx = a. Therefore, using the
convexity of A we obtain the desired inequality:

oA}, < //2 A(ro|D’ugl) dv, <rq //2 A(|Dugl)dv, < ﬂ)ﬁ’ﬂ.

Moreover, from the previous inequality together with (3-6) we get that

0< lim E(x) < hm ro,// A(|D* u5|)dvn_E(,B) hm re =0,

a—0t

from where E(0) = 0. E(«) is lower semicontinuous by [11, Lemma 4.3], and
then lim inf,_, o E () > oo. Finally, E is Lipschitz continuous by Theorem 4.5 in
[11]. O

Proposition 3.3. Let A be a Young function and let Q C R" be open and bounded,
let By C R" be a ball such that |2| = |B1| and let By C Q be a ball. Then

Mo (B1) S A] 4 () < A7, (B2).

Proof. Letu e WgLA(Q) be such that fQ A(|u]) dx =«. Denote by u* the symmetric
rearrangement of u. Thus, u™ is radially decreasing about 0 and is equidistributed
with u. Using the P6lya—Szeg6 principle stated in [2, Theorem 3.1] we get

// A(ID*u™|) dvy, 5// A(ID’ul) dv,.
R2n 2n

Hence, if B, is a ball of same measure of €2, since f31 A(lu*])dx = o, we get
3 o (B1) <33 ().

On the other hand, consider a ball B, C €2 and the function u 3, € W LA (B,) such
that fB A(lup,|) dx =« to be a minimizer for )»‘;’a(Bz). Define v e W(}’A (£2) defined
as the extension of u g, by zero outside Q. Then [, A(Jv]) dx = [ A(lup,|) dx =«
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and therefore v is admissible in the variational characterization of A ,(2). Hence

1
Ma(R) = ” //2 A(ID*v]) dvy =27 (B2),

which concludes the proof. (]

4. Lower bounds of critical values and eigenvalues

Proof of Theorem 1.1. Fix a > 0 and let u}, € WgLA(Q) be a minimizer of (3-1)
such that fQ wA(|uj|) dx =, i.e., the pair (u,, )Li’a) satisfies equation (3-2), where
Al o, 1s defined in (3-1). Since s € (0, 1) is fixed, for simplicity we will drop the
dependence on s.

In light of Proposition 2.5, u, is continuous and so there exists xo € €2 such that

lug (x0)] = max{|uy (x)| : x € R"} > 0.

From Proposition 2.5, for any x, y € R"” we have

lug (x) —ue(y)| < Cylx —y|*B~ ( - / A(leuaDdUn)v
lx — ¥ R2

where the Young function B complementary to the Young function defined in (2-5).
We take x = xg, y € 02; the previous expression becomes

lug (x0)| < Cyplxo —yI*B~ ( - / A(IDsuaI)dvn)-
|xo — ¥l R27

Using expression (3-2) and item (ii) of Lemma 2.4, since W, (r) ~ B~ for
all r > 0, there exists ¢; > 0 depending only on n and s such that

s p—1 )”141
lug (x0)| < Cplxo — yI’B ——— | wA(lugl)dx
|xo Q

="
ar
a2 )
lxo — y|"

4-1) )
= Car(@hr o) ((@h1q) #|x0— y|) B! (((axl,i|xo—y|> )

< €1 (@h.a) " Wy (130 — YI(@A] ) 7).
Moreover, by definition of inner radius we get that
|xo — y| < max{d(x, 02) : x € Q} =rq.
Hence, since ¥, is nondecreasing in light of Lemma 2.4, inequality (4-1) yields

(4-2) it (¥0)| < €1Crp (@A ) Wy (rg(@hy o) 7).
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From Lemma 3.2, the function E(e) := aA] , is strictly increasing, positive and
Lipschitz continuous for « > 0, and satisfies that £(0) = 0, E(o0) = oco. Hence,
defining f(a) :=rqFE (oz)_%, o >0, we get that f is a strictly decreasing continuous
function such that f(0) := limy_,g+ f(a) =00 and f(o0) :=limy— f () = 0.
From these properties there exists oo > 0 such that f (o) =1 and

f(@) >1 when o < «p, f(@) <1 whena > .
In particular, f(«) > 1 when @ < 1 and f(a) <1 when o > 1.

Case o > «ag. Since f(a) < 1, assuming that io(A) > %, by of Lemma 2.4 (iii) we
get

Wy (f (@)~ f@' A7 (f@)™.
Then, there exists ¢, > 0 depending only on 7 and s, and (4-2) gives
s _1 _ —
e (X0)] < 1Cp(@h1,0) " Ws (re(@r1,0)77) < Cra A~ (rg" @i a)

with C = c1¢c,Cy. Moreover, since A is nondecreasing, the previous expression
yields

(4-3) A(CTrg" lug (x0)]) Sr{znah,a:r&;"kl,a/ wA(lue(x)]) dx
Q

<rg"MaA(ug(xo)Dllwll L1 (9)-

As a consequence, equation (4-3) yields

o A(Jug (x0)|) A1)
— < < Mo SUP ———
lollL @) A(C™'rg" [ug (xo0)]) >0 A(C™'rg 1)

A(CriT)
= Al,q SUP Lo = e Ma(Cr),

>0 A(T)

where M 4 is the Matuszewska—Orlicz function associated to A defined in Section 2.2.

Since M is submultiplicative, there is ¢ > 0 depending on A such that M, (Crg,) <

cMp(C)M4(rg), and the inequality above leads to the following lower bound for
)\.1,052

ro 1 -

cM4(O)lwll @) Ma(ry) —

Alg-

Case o < ap. Here f (o) > 1. Then, assuming ig(A) > %, by Lemma 2.4(iv) we get

W (f(@) ~ f@ A (fle)™).

Proceeding analogously as in the previous case we get the result. U
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A similar argument to the proof of Theorem 1.1 yields a lower bound for the
critical value, involving the inverse of A instead of the Matuszewska—Orlicz function
My.

Theorem 4.1. Let s € (0, 1), « > 0 and let A be a Young function satisfying (2-4).
Given w € L'(Q) consider the critical value )\Slya defined in (3-1). Then

(1) There exists a unique o > 0 satisfying the equation
Ol())ﬁi’ o = ro.

(ii) Assume that io(A) > = when a < ag, or iog(A) > T when a > . Then, there
exists a C > 0 depending only on s, n and A such that

ro 1 - o s
(4-4) gl (—2—)) =u,.
a Crg loll L) ’

In particular, this holds when ig(A) > % if ¢ < 1 and when i (A) > % if
a>1.

Proof. Fix a > 0 and let u}, € W(‘;'LA(Q) be a minimizer of (3-1) such that
fQ wA(|ul])dx = a, i.e., the pair (u3,, )vi’a) satisfies equation (3-2), where )vi’a is
defined in (3-1). Since s € (0, 1) is fixed, for simplicity we will drop the dependence
on s.

In light of Proposition 2.5 u, is continuous and hence there exists xg € €2 such
that |uq (x0)| = max{|ug(x)] : x € R"} > 0. Since

a = [ oAua dx = Aus oDl o,
Q
using (4-1) and the fact the A is nondecreasing, we get

s _1
a < A(c1Cp (o) W (Ixo — yl(@ri o) ™)) ol Lo

for any y € 0€2, and therefore, denoting by rg the inner radius of €2, we get

_ s _1
(4-5) alloll;) g < Ale1Curl@hio) " Ws (ra(@h ) 77)).
As in the proof of Theorem 1.1, there exists ap > 0 such that r$, < aA; , when
a > og and rg, > ak1 o when @ < ag.
Case o > . Assuming ioo(A) > 2, by Lemma 2.4(iii) we get W, (1) ~* A~ (17")
for any ¢ > 0. Then, there exists ¢; = ca(n, s) > 0 for which (4-5) yields

allo] < A(CraA™" (rg"ariq))

—1
LY(Q)

where C = c1c2Cy. Since A is nondecreasing, the previous expression gives

ro | o
DaA(—a(—2—)) < he
a Crg ol
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Case o < o9. Assuming that io(A) > 7, the bound follows analogously. (]
As a direct consequence of Theorem 1.1 and Lemma 3.1 we get the following.

Corollary 4.2. Under the assumptions and notation of Theorem 1.1, if additionally

A € Ay, then
C rS

pallollpig M(rg) —
where pa =supg_ga(B)B/A(B).
Proof. 1t is direct from Theorem 1.1 by using Lemma 3.1. ([

Proof of Theorem 1.2. Fix a > 0 and let u}, € WSLA(Q) be a minimizer of (3-1)
such that fQ wA(|ul]) dx = o, that is, the pair (u},, )Lﬁ,a) satisfies (3-2), where )\SM
is defined in (3-1).

Denote by dg the diameter of 2. The Hardy inequality given in Proposition 2.6
together with (3-2) and the monotonicity of A gives

(4-6) A(M) de/A(M> dx < (1—s) f/ A(ID*ug ) dv,
R de Q lx|* R2

=(1 —s))ﬁ’a/ wA(luyl) dx
Q

S
1o

where ¢ =Cp, C 1_121, and Cp,, Cg, > 0 are the constants given in Proposition 2.6,
which depend only on n and s. Now, we compute the following inequality:

@-7) / Ajug) dx = f _AWaD _y 1d gl dx
Q A(crdg |ugl)

A0
ze(o uuuoo) A(cidg

A(c™ lde)/
<su A(crdg’ lugl) dx
< r>I()) ACr) (c1dg’ luql)

_MA(C_ldQ)/ (C”““') dx.

From (4-6), (4-7) and the fact that M4 is submultiplicative, we get

/ A(crdg’ |ugl) dx
1)

L= (1= 94 glolle@Malc™ dg) < (1= 9] g lolle@eMalc™ ) Maldy),
with ¢ = ¢(c, A), which concludes the proof. O
As a direct consequence of Theorem 1.2 and Lemma 3.1 we get the following.

Corollary 4.3. Under the assumptions and notation of Theorem 1.2, if additionally
A € Ay, then
C N

— Al o
palloll Lo Ma(Cdg) ’




LOWER BOUNDS FOR FRACTIONAL ORLICZ-TYPE EIGENVALUES 329

where pa = supg_ga(B)B/A(B).
When A € A, we can improve Theorem 1.2 by replacing dg with rq.

Proof of Theorem 1.3. The proof is analogous to that of Theorem 1.2, noting that in
(4-6), the Hardy inequality stated in Proposition 2.7, together with (3-2), leads to

l/ A(Iua(X)l) dxg/A('”“(x)|>dx
C Jan re o \sq(x)

sf/ A(IDSuaI)dvnzkia/ wA(lugl) dx,
R2" T Jo

where §q(x) denotes the distance from x to €2, giving the desired result. U
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