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STARTING THE STUDY OF OUTER LENGTH BILLIARDS

LucA BARACCO, OLGA BERNARDI AND CORENTIN FIEROBE

We focus on outer length billiard dynamics, acting on the exterior of a strictly
convex planar domain. We first show that ellipses are totally integrable. We
then provide an explicit representation of first order terms for the formal
Taylor expansion of the corresponding Mather’s B-function. Finally, we
provide explicit Lazutkin coordinates up to order 4.

1. Introduction

The aim of the present paper is starting an accurate study of outer length billiards,
first described by P. Albers and S. Tabachnikov in 2024, see [2, Section 3.4]. These
billiards are the counterpart of Birkhoff ones since the generating function is the
outer length instead of the inner length. They are also called “fourth billiards”.
In fact, two billiards systems — Birkhoff and outer area billiards — have been
extensively studied; we refer respectively to [22] and [21] for exhaustive surveys.
Another type of billiards, namely symplectic billiards, whose generating function
is the inner area, were introduced in 2018 by P. Albers and S. Tabachnikov [1]
and their study started to become more intensive only recently. We refer to [4],
[6] and [23] for integrability results and to [5] and [12] for area spectral rigidity
results for symplectic billiards. Regarding outer length billiards, to the best of
our knowledge, they were not studied yet. However, the seminal idea on the base
of the definition of this dynamical system (detecting, in particular, circumscribed
polygons to a strictly convex domain with minimal perimeter) can already be found
in some former papers in convex planar geometry; see [11, Theorem 1] and [10,
Section 2], for example.

We first give all the details to introduce this dynamical system, acting on the
exterior of a strictly convex planar domain. We then prove, using elementary planar
geometry, that ellipses are totally integrable, that is the phase space is fully foliated
by continuous invariant curves which are not null-homotopic.

MSC2020: primary 37E40; secondary 37C83.
Keywords: monotone twist maps, mathematical billiards, Mather beta function, geometric
approximations.
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We successively focus on the main topic of the paper, which is providing an
explicit representation of first order terms for the formal Taylor expansion of
Mather’s B-function (or minimal average function) for outer length billiards. In
particular, we write these coefficients (up to order 5) by means of the ordinary
curvature and length of the boundary of the billiard table. As already noticed, for
such a dynamical system, Mather’s 8-function is related to the minimal perimeter
of polygons circumscribed to a strictly convex domain. These perimeters are special
cases (i.e., for periodic trajectories of winding number = 1) of the corresponding
marked length spectrum for outer length billiards.

Finally, by using the computations we made to obtain minimal average function’s
coefficients, we provide explicit Lazutkin coordinates up to order 4 and discuss
straightforward facts regarding the existence/nonexistence of caustics for outer
length billiards.

2. Twist maps and Mather’s 8-function

Let T x (a, b) be the annulus, where T = R/Z = [0, 1]/ ~ identifying O ~ 1 and
(eventually) @ = —oo and/or b = 4-00. Given a diffeomorphism ® : S' x (a, b) —
S! x (a, b), we denote by

¢:Rx(a,b)—> Rx(a,b), (xo,y0) > (x1,¥1)

a lift of ® to the universal cover. Then ¢ is a diffeomorphism and ¢ (x + 1, y) =
¢(x, y)+ (1, 0). In the case where a (resp. b) is finite, we assume that ¢ extends
continuously to R x {a} (resp. R x {b}) by a rotation of fixed angle:

2-1 ¢ (x0, a) = (xo+ pa, @) (resp. ¢(xo, b) = (x0+ pp, b)).

Once fixed the lift, the numbers p,, pp are unique. The choice of p, (resp. pp) if
a = —oo (resp. b = +00) depends on the dynamics at infinity. For example, in the
case of outer length billiards, where b = +00, it is natural to set p, = % We refer
to point 1 of Section 3 for details.

We recall for convenience the definition of a monotone twist map (see [18, page
2], for instance).

Definition 1. A monotone twist map ¢ : Rx (a, b) - Rx (a, b), (xg, yo) — (x1, ¥1)
is a diffeomorphism satisfying

L. ¢(xo+ 1, yo) = ¢ (x0, yo) + (1, 0).
2. ¢ preserves orientations and the boundaries of R x (a, b).

3. ¢ extends to the boundaries by rotation, as in (2-1).
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4. ¢ satisfies a monotone twist condition, that is

0x1

— > 0.
dyo

(2-2)
5. ¢ is exact symplectic; this means that there exists a generating function H €
C%(R x R; R) for ¢ such that

(2-3) yidxy —yodxo=dH (xo, x1).

Clearly, H (xo+1, x;+1) = H (xg, x1) and, due to the twist condition, the domain
of H is the strip {(xo, x1) : pa + X0 < X1 < X0+ pp}. Moreover, equality (2-3) reads

{)’1 = H>(x9, x1),

(2-4)
Yo = _Hl(x07 xl)v

and the twist condition (2-2) becomes Hj, < 0. As a consequence, {(x;, y;)}icz is an
orbit of ¢ if and only if Ho(x;_1, x;) = y; = —H(x;, x;+1) for all i € Z. Formally,
this means that the corresponding bi-infinite sequence x := {x;};cz is a so-called
critical configuration of the action functional ), _, H (x;, x;+1). In such a setting,
minimal orbits play a fundamental role. We recall that a critical configuration x of
¢ is minimal if every finite segment of x minimizes the action functional with fixed
end points (we refer to [18, page 7] for details). Clearly, all these facts remain true
if we consider a monotone twist map on {(xg, X1) : ug(x9) < x1 < up(xp)}, where
ug, up : R — R are two continuous 1-periodic functions such that u, < u.

For a twist map ¢ generated by H, we finally introduce the rotation number and
the Mather B-function (or minimal average action).

Definition 2. The rotation number of an orbit {(x;, y;)}icz of ¢ is

LX
p:= lim —
i—=+o00 1

if such a limit exists.

An important class of monotone twist maps are planar billiard maps. In this
setting, the rotation number of a periodic trajectory is the rational number

m winding number

s <031

n number of reflections

see [18, page 40] for details.

In view of the celebrated Aubry—Mather theory (see [3], for example), a monotone
twist map possesses minimal orbits for every rotation number p inside the so-called
twist interval (o4, pp). As a consequence, we can associate to each p the average
action of any minimal orbit having that rotation number.
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Definition 3. The Mather S-function of ¢ is 8 : (p4, pp) — R with

N-1
. 1
B(p) == ng‘ﬂoo N .ZN H(xi, xit1)
P

where {x;};c7z is any minimal configuration of ¢ with rotation number p.

In the framework of Birkhoff billiards, A. Sorrentino in [19] gave an explicit
representation of the coefficients of the (formal) Taylor expansion at zero of the
corresponding Mather’s B-function. More recently, J. Zhang in [24] got (locally)
an explicit formula for this function via a Birkhoff normal form. Moreover, M.
Bialy in [9] obtained an explicit formula for Mather’s B-function for ellipses by
using a nonstandard generating function, involving the support function. Regarding
symplectic and outer billiards, the first two authors and A. Nardi in [7] computed
explicitly the higher order terms of such an expansion, by using tools from affine
differential geometry. As anticipated, one of the target of the present paper is
writing explicitly these coefficients (up to order 5) in the case of forth billiards.

3. The dynamical system

Let €2 be a strictly convex planar domain with smooth boundary 9€2. Assume that
the perimeter of 9€2 is £ = |02|. Fixing the positive counterclockwise orientation,
let y : T — 02 be the smooth arc-length parametrization of 2. For every s € T,
we denote by s* € T the (unique, by strict convexity) arc-length parameter such
that 7, (5)02 = T, (4+)0$2. We refer to

P={(,rNeTxT:s <r <s*}

as the (open, positive) phase space and we define the outer length billiard map as
follows [2, Section 3.4].

Since Q is strictly convex, to every point P € R?\cl(2) can be uniquely associated
a pair (sg, s1) € T x T with sg < 51 and such that the lines Py (so) and Py (s;) are
the (negative and positive) tangents to 3$2. Consider the circle in R? \ 2 tangent
to 92 at y(sy) and to the line Py (so). Then the image P’ of P is defined as the
intersection point between the lines Py (s1) and the other common tangent line of
the circle and 92 (hence passing through P’ and y (s3)):

T:P—P, (s9,581) (s1,52).
(We refer to Figure 1.) Setting g = 51 — 59 and

P={(s.6)e TxR: 0<¢&<s*—s},
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Figure 1. The outer-length billiard map around the domain €2 associates
the point P to the point P’.

the outer length billiard map can be equivalently defined as
T:P—P, (s0,80)+ (51,€1).

Here are some properties of the outer length billiard map.
1. T is continuous and can be continuously extended so that 7'(s, s) = (s, s) and
T (s, s*) = (s*,9).
2. The function
H:P—R, HC(so,s1):=|Py(so)l+I|Py(sil,
generates 7', that is
3-1 T (so, s1) = (s1,82) <= Ha(s0,s1) + Hi(s1,52) =0.
See [2, Lemma 3.1] for the proof. In view of (3-1), we can equivalently refer to
H:P—R, H(so s1):=|Py(so)l+|Py(s)|—s1+s50,

as a generating function, which is exactly the Lazutkin parameter of 92, interpreted
as convex caustic for a Birkhoff billiard.
3. T is a twist map preserving the area form — Hj2(so, 51) dso A ds;.

4. By introducing new variables

yo = —Hi(s0,51), y1 = Ha(s0,51),

(s, y) are coordinates on P and the outer length billiard map results a (negative)
twist map, since
dy1 k(s0)k(s1)H (s, s1)
<0

—— = H»(sg, 51) = —
950 12(50. 1) 2sin’(¢/2)

El
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where @ is the angle between the tangent lines Py (sg) and Py (s1) (see also [2, page
11]). In these coordinates, the preserved area form is the standard one: ds A dy.

5. The marked length spectrum for the outer length billiard is the map ML, () :
Qn (0, %) — R that associates to any m/n in lowest terms the minimal perimeter
of the periodic trajectories having rotation number m /n. We refer to [18, Sections
3.1 and 3.2] for a general treatment of the marked spectrum. Clearly, periodic
outer length billiard minimal trajectories (with winding number = 1) correspond to
convex polygons realizing the minimal (circumscribed) perimeter, so that

(3-2) B(2)=tML@ (L)

3.1. Circles and ellipses. As expected, the outer length billiard on the circle (of
center O) is totally integrable: the phase space is completely foliated by concentric
invariant circles. By using as coordinates (¢, @) € T x T, where g and «; are
respectively the angles of Oy (sg) and Oy (s;) with respect to the positive horizontal
direction, the generating function in the case of disk of unit radius is

H (g, a1) =2tan il ;Oto.

Equivalently, in terms of («g, yo) = (g, —H (ag, &1)) = (ao, 1 + tan? @), we

have
H (g, yo) =2y/yo—1

and total integrability follows.
An unexpected fact— at least from the authors’ point of view, since the billiard

dynamics is not invariant by affine transformations —is that also the outer length
billiard on the ellipse is totally integrable, as stated in the next proposition.

Proposition 4. Let € and T be two confocal nested ellipses, E CT'. Then T is a
caustic for the outer-length billiard dynamics outside &.

The proof of Proposition 4 relies on a lemma from elementary plane geometry:

Lemma 5 [20, Lemma 2.4]. Let Py, P) € I two distinct points such that the line
Py Py is tangent to € at a point Q. Let R be the intersection point of the tangent lines
to I' at Py and Pj. Then the lines PyP; and RQ are orthogonal. (See Figure 2.)

Proof of Proposition 4. Let a point Py on I'. Consider the positive tangent line
to £ at a point Q and passing through Py. Let P, € I' be the intersection point
of the latter tangent line PyQ with I', see Figure 3. We need to show that P; is
the image of Py under the outer-length billiard reflection outside £. Consider the
point P, such that PPy and PP are the two tangent lines to £ passing through P,
see Figure 3. Since £ and I' are confocal, £ is a caustic for the classical billiard
in I'. In particular, the tangent line Tp,I" is a bisector of the angle PTPO\P. With
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Figure 2. The line RQ is orthogonal to the line Py P;.

Figure 3. The point Py € I' is reflected to the point P; € I" by the outer-
length billiard dynamics around €.

the same argument the tangent line Tp, I" is a bisector of the angle IW. Hence
Tp,I" and Tp I' intersects at a point R which is the center of the inscribed circle
D to the triangle PoPP;. By Lemma 5, the lines RQ and Py P; are orthogonal. In
particular D is tangent to the ellipse £. This implies that P; is obtained from Py by
the outer-length billiard law of reflection. U

It would be interesting to investigate if these are the only cases. This fundamental
problem (possibly to be studied by an integral inequality a la Bialy [8]) may present
nontrivial difficulties, due to the infinite total area of the phase space.
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4. Asymptotic expansions

S. Marvizi and R. Melrose’s theory, first stated and proved for Birkhoff billiards
[15, Theorem 3.2], can be applied to the general case of (strongly) billiard-like
maps, see [13, Section 2.1]. As an outcome, the following expansion at p = 0 of
the corresponding minimal average function holds:

B(p)~ Bip~+B3p>+ Bsp> +- - -

in terms of odd powers of p. It is well-known (see, e.g., [15, Section 7] again)
that for usual billiards the sequence {f} can be interpreted as a spectrum of a
differential operator, see also Remark 2.11 in [1]. The question is wide open for
other types of billiards, included outer length billiards.

In this section, we gather all the technical results in order to prove the next
theorem, providing the coefficient 8s for the outer length billiard map. This result
is a refinement of [17, Theorem 1(iii)]. In fact, in a genuine framework of convex
planar geometry, D.E. Vitale and R.A. McClure computed f3 by using as coordinate
the support function and as parameter the angle with respect to a fixed direction.

Theorem 6. Let Q2 be a strictly convex planar domain with smooth boundary 02.
Suppose that 02 has everywhere positive curvature. Denote by k(s) the (ordinary)
curvature of 02 with arc-length parameter s. Let £ be the length of the boundary
and

4
L :=/ k*3(s) ds.
0

The formal Taylor expansion at p = 0 of Mather’s B-function for the outer length
billiard map has coefficients

L3
P =0forallk, pi=4L, Ppz= o

CORABG) kTS (s)K2(s)
_ 74
55_L/0( 120 T 2160 )ds‘

As expected, a straightforward consequence of the previous result is that, as for
other billiards, also for outer length ones, the two coefficients 8; and B3 allow one
to recognize a circle among all strictly convex planar domains.

Corollary 7. The coefficients B1 and B3 recognize a circle. In particular,
383+ 7°B1 <0

with equality if and only if 0S2 is a circle.
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Proof. We apply Holder’s inequality with p = 3/2 and ¢ = 3 to obtain
¢ ¢ 23, pt 1/3
@) L= [KPsyds < ([ @) ([ 1Pds) = @0l
0 0 0

since f(f k(s)ds = 2m. Using the expressions of 81 and 83 found in Theorem 6, we
can write
33+ 2B = 1L° — 7 < 12m)2 — 7t =0.

In the case of equality, namely if 383 + 72, =0, then L = (27)*/3¢!/3, and the
case of equality is reached in (4-1). In that case, k is constant. Hence €2 is a disk. [J
Remark 8. Let Py, be the set of all convex polygons with at most n vertices which
are circumscribed to 2. We define

8(2; Py) :=inf{€(P,) : P, € Py},
where ¢(P,) is the perimeter length of P,. Clearly, essentially in view of equality
(3-2), Theorem 6 gives also the formal expansion of §(€2; Py) at n — +o00.

Since we use the arc-length parametrization of 92, it is useful to recall that

y// — k])//, y/// — —kzy/—l-k/Jy/,
y@ = —3kk'y' + (k> + k") Ty,
y® = (k* — 4kk” —3k"?)y’ + (—6k*k' + k") Ty,
y© = (103K’ — 10K’k” —Skk"" )y’ + (k> — 10k*k” — 15kk> +k®) Ty,

(4-2)

where J is the counterclockwise rotation of angle /2.
Proposition 9. For0 <r <s <4{,letd:=s —r. Then

o R 5 kOK () oy 2K () + 4K (r) + TR(OK ()
(4-3) H(r,s)=6+ B 57+ B 8"+ 540 b)

+0(8°),
uniformly as 5§ — 0.

Proof. We start by writing separately the Taylor expansions of numerator and
denominator of the generating function

_ &=y A =y'()

4-4 H(r,
@ r:5) Y () AY(s)

From now on, we omit the dependence on r of y, k and their derivatives. We have

) y " 5 y/// 3 y 4) . y ()] 5 p
— =y'§+—4 — — — 0@
Yy —y@r)=ys+ SO e (6”)

and likewise for y’(s) — y/(r); thus the Taylor expansion of the numerator of (4-4)
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1S
K 12k" — k3 k" — 3k 2k5 — 48kk"* — 29k%k” + 6k@
k82 4+ —83+ = 84 8 8%+ 08,
Tt 6 2 Tty + 720 +0@)

where we have used (4-2). Similarly, the Taylor expansion of the denominator is

Y (r) Ay (s)
/ roo s V"2 v 3 yOa y©es 6
=y /\()/ +y" 8+ 58+ 58+ 580+ 5282+ 06 ))

/ _ 13 ”" G2 5 210 _ ” 4)
:k8+%82+ k6+k 83 6k2k4+k 54 k> —10k"k 5'lSkk +k 85+0(86)

_ K 2K* 43K 2kK" 2 3K =2k (K*+2kk")+K2K" (3 4 5 -1
= k8 (1= b LA 2 2 5 +Ds*+0©%)) .

where

45k™ — 90kk™k” + 30k>k'k" + 2k (TkS + 10k3k” + 10k"? — 3kk™)
720k* )

Using the above expansions for numerator and denominator, we obtain (4-3). [J

Proposition 10. The outer length billiard map T : (so, &) +> (s1, &1) has the
expansion

o [rzere
g1 =¢gp+ A(so)e(z) + B(so)eg + C(so)gg 4 0(8(5))’
where
! 2 1
Ay = KO g 10k2 ) 2W'6)
(4-6) 3k(s) 9k2(s)  3k(s)
C( ) _ —24](4(-9)](/(5) — 1160k/3(s) + 1200k(s)k/(s)k//(s) _ 216k2(s)k///(s)
VT 54063 (s) :

Proof. We start by writing separately the Taylor expansions of numerator and
denominator of the radius R of the circle in R?\ Q tangent to 92 at y (s1) and to
the line Py (sg); see Figure 1.

_ ) —yGo) Ay _ (vls2) =y (D)) Ay'(s2)
L+y'(s1) - ¥'(s0) L+y/(s2) - ¥'(s1)

From now on, we indicate, by subscripting 1, the dependence on s; of y, k and
their derivatives. Recall that &y = 5o — s1. The Taylor expansion of the numerator is

VI(S) 5 6
<V181+—81+ 8 + 1+T81+0(8 ))
()/1 +y/e1+ —81 + —81 +Z 81 + 0(85)>

ki 2 k +3k 4 —9k2k! +4k" 5 6
:71814- +( 81+ # 81+0(81),
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where we have used (4-2).
Similarly, the Taylor expansion of the denominator is

(5)
1+ (yl +yer + —8% + lesf + 0et+ 0(8?)) Y|
=2(1- Mgz _lbigsy o) =2(1+ Koz ks, 0(84))

Using the above expansions for numerator and denominator, we obtain

ki 5 2k +3k{ ,  16k{k| + 4k’
1
@47 2R= ng + ?lef 124 Let + —1 1120 Lel+0(e9)
or, equivalently,
ki o k; 3 4 5 6
with
247 + 3k{ 16kTk] + 4k}
4=——F—, Asi=—— ——

24 120

Substituting the powers of the expansion
e1 = g0+ als)eg+Bls1)ey + v (s1)eg + O ()
in (4-7), we obtain (omitting the dependence on sg in «, 8 and y)
k K k
2R = ?183 (kla + ?1) ey + (%(oﬂ +28) 4+ kja + A4) &g
+ (ki(@B +y) + K (@ + B) +4aAs + As) &) + O(ef).

Equaling this to (4-8), we obtain

_2(s) Ak (s)
a(s) = TG B(s) = sy
&)= —320k" (5) + 3k’ () (—8k* (s) + 60k ()K" (5)) — 36k* ()K" (s)
= 5403 (s) :

Finally, from

o’ (s0)
2

e1 = &0+ a(so)eg + (& (so) + B(s0))eg + ( + B(s0) + )/(So)) g+ O(e)),

we obtain the formulas (4-6). O
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Proposition 11. Let g > 3. The q-periodic orbits of rotation number 1/q for the
outer length billiard map have the expansion

sk =5 +ao (k/q) + 4 */q) | a (kz/q) +0 <%)
(4-9) q q q

Ek

_ k) | bak/g) bk (L)
q 612 q3 q4

where sg € R converges to 0 with q, ap : R — R is a map such that ap(x + 1) =
ag(x) + £ for any x and ay, a, b, by, b3 : R — R are 1-periodic maps which can
be expressed as

s 14
aol(s):%/ K@) dr == x(s), L::/ kP (rydr,
0 0

a(x) =0,
ay(x) = k™3 (ap(x))
! 1 1y—1 /2, 10 k%
(4-10) X </0 L3<%(9k k™3 —12(K)°k 3)+E>(ao(t))dt+cx>,

b1(x) = ay(x) = Lk~ (ap(x)),
ag(x) L2k (ap(x)k~"3(ap(x))
2 3

a///
b3(x) = ab + ?0.

by(x) =

El

The constant c in the expression of ay is such that

2
3( 1 ny—r N2 _Q k_§>
L3 (s Ok = 12060 %) + ) e

has zero mean.

Proof. Since the points in the orbits are equidistributed as ¢ — 400, for any g
we can choose the first point of the orbit sg such as sg — 0 for ¢ — +o0. For
simplicity, we omit the dependence of @; and b; on k/q.

Combining the expansions in (4-5), we have

el — &k = A(s e + B(s)eg + Cs)eg + O(e})
_ A(s{ +ao)b} N B(sd + ap)bi + A’ (s¢ + ap)arb? + 2A(s{ + ao)b1b>
- 2 3
q q

Fa,‘,b' 1
+¥+0(—5>’
q q
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where

F(a;, bj):=A(sd +ao)b3+2A(sg +ao)b1b3+2A  (s¢ +ap)arb1by+A' (s{ +ao)azbi
+ A" (sd +ap)aibi /2 +3B(sd + ao)biby + B'(s§ +ao)aibi + C (s + ao)by.

Moreover, directly from the second expansion in (4-9), we have

b/ b/ + b// 2 b/ + b// 2 _|_ b/// 6 1
Ekil — 8k = —5 + = 41/ + =2 2/5 1/ +0<—5>.
q q q q

Equaling these two expansions, we obtain that a; and b; solve

A(sd + ag)b? = b,
(4-11)  { B(sd +ao)b} + A'(s{ +ap)arb? +2A(s{ + ag)bi1by = b, + b] /2,
F(a;, b)) = by + by /2+b]'/6.

On the other hand, directly from the first expansion in (4-5), we conclude that

a, a,+al/2 a +a’/2+al/6 1
Sk+1_Sk=;0+ lqzo/ + 2 1;3 o/ +0< >,

q*

which, compared which the second expansion in (4-5), gives the system
(4-12) ay=>by, ay+ay/2=by, ay+ai/2+a)/6=Ds.
Expressions of ay and by. To compute ag and by, we solve the system
(4-13) bi =a), by = A +ao)bi.

Replacing b; by a;, in the second equation, we get

(4-14) ay = (ap)*A(sg + ao).

If welet Ai(s) = —% log k(s) be a primitive of A, it follows from (4-14) that

(aée_Al(‘Yg+“°))/ =0.

Hence a(/)e_A'(sg +40) js constant. Consider now A, (s) = f(; k*3(r)dr, which is a
primitive of exp(—A;). We just proved that Az(sg ~+ ap) has constant derivative,
hence it must be of the form Az(sg +ap(x)) =ux-+v for any x € R, where u, v € R.
Since, by definition, Az(sg + ap(0)) = Az(sg ) = v, we have v = Az(sg ). The
expression of u is

)4
u = Ax(sg +ao(1)) — Ax(sd) = Aa(sd +£) — Ax(sf) :/ K3 (r) dr.
0
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Finally, b; follows from b; = aj,.

Expressions of ay and b,. To compute a; and b;, we solve the system

by =a}+aj/2,

(4_15) / " q 3 Iy 2 q
by + b\ /2 = B(sy +ao)b] + A'(sy + ao)a1by +2A(sy +ao)b1b;.

The terms containing a; nor b, can be computed using the expression of ap and
b1 we just obtained. Let us replace in the second equation of (4-15) b, by the
expression given by the first equation: we obtain an equation for which we split the
terms containing a; from the others. Namely,

(4-16) a] —2A(s{ +ap)bra; — A'(sf + ag)a, b7
= A(sg +ao)brag + B(sd +ag)b; — %b/{ — %a((f).

Replacing ag and b by the expressions we just found, the left-hand side of (4-16)
can be expressed as

a;/ + %Lk—5/3k/a; + %L2(k_7/3k// _ k—lO/Sklz)al — k_2/3(alk2/3)//,

where it is understood that k and its derivatives are evaluated at sg + ag. The
right-hand side of (4-16) vanishes. Hence (4-16) is equivalent to

k—2/3(a1k2/3)// =0

Since a; is periodic and vanishes at 0, we necessarily have a; = 0. The expression
of by comes from the first equation of (4-15), namely b, = ag /2.

Expressions of ap and bs. Although not used later, we derive an explicit expression
for the coefficient a;. By making use of (4-11) and (4-12), and taking into account
that a; = 0, we obtain the system

by=a\+ay' /6,
(4-17) A (s¢ +ao)biar + A(s{ + ao) (b3 +2b1b3) + B(sg +ao)3bby + C (s{ + ao)b}
=b{"/6+ b} /2 + b}

From the first equation of (4-17) we have b = aj + a(g4) /6, which in turn gives

HEK'K™S  8()3kS  K"k™3
27 27 9

by =al +
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Replacing into the second of (4-17) and grouping all the terms with a,, we get

(4-18) (kiay) = L*

40(k")3 — 45kk'k” + 9k2k” N 2k’
810k> 45k ) -

The right-hand side is the derivative of

2
1 7 10 k3
3 "=z _ N27,— %
L (—810 (9%~ = 1206 3>+—15>+c,

where c is a constant such that this function has zero mean. At this point we can
integrate again and get for a>(x) the value

k—i(ao(x))</x L} (i <9k”k—% — 12(k’)2k—?) n E)(ao(z)) di + cx)
0 810 15 :

The value of b3 can now be easily derived from the first one of (4-17). U

5. Proof of Theorem 6

This section is entirely devoted to the proof of Theorem 6, providing the coefficient
Bs for the outer length billiard map.

Proof. We start the computation of the beta function by writing its value at rational
points of the form é, which (by the expansion (4-3) of the generating function H)
is

q—1
5-1) ﬂ(é) =}[ S H (5. $us1)

n=0
149! k2 kk' 2k* + 4k + Tkk”

=—Zen 128n+En+ 40 82—%—0(82).

Here, the curvature k and its derivatives k' and k” are to be understood as evaluated
ins,.

Now, we substitute in the above formula s, and ¢, with their corresponding
Taylor expansions obtained in Proposition 11. We then proceed to group the various
terms according to their order of magnitude g*.

First, we observe that the summation of ¢, is simply equal to the perimeter £ of
D, so that 8, = ¢.

By inspecting the formula even before performing the substitution, we see that
there are no terms of order q_z, so that 8, =0, as expected by Marvizi—-Melrose
theory.
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The second term of the summation on the right-hand side of (5-1) becomes, after
the substitution and after grouping the various powers of ¢,

1
D) — E 2 ; 3

1 a 1\ (b1 by b3}
=_— k2<ao+—+0(—))(—+—+—)
2 ; q? 9’ a 9 ¢
B Z L K2D3 1 kzbzbz L 2kk'bias + 3k*(b2bs + b1b3) 1 N 0( 1 )
12 ¢3 q* 12 P 4%/

Similarly, we have

1 —1

1< 4 1 b "
52k Gk () ey = - Z ( += +0(q—3)) =
(5_3) n=0 =0
kbt 1 kK B3by 1 1
S L o).
o 12 q4 3 qs q6
Finally, the last term is
q—1 4 2 /"
2k —|—4k —|—7kk
(5-4) ( ) blg + 0(%).

n=0

We recall that, in the last three formulas, it is implicitly understood that all functions
a;, b; are evaluated at n/q, and the curvature k and its derivatives k" and k”, where
not explicitly specified, are computed at sg +ap(n/q). To determine B3, we compute

lim, 204 (B(1) — £).
From (5-2), (5-3), and (5-4), we obtain

! 1
= lim — Y (&% 0(—)
'33 q—}r-i{loo 12q = ( 1 + q

By Proposition 11, we have by = Lk~ P k2b3 L3, so that

1 1/t :
ﬂ3:ﬁL3:E(/O k2/3(r)dr> .

The leading part of this limit is constant, while the term denoted by O(1/q)
contains only higher-order terms. We will take this into account when analyzing
B —£/q — B3/q>, considering only the terms present in O (1/q).
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For the terms of order 4, we obtain the expression
qi SO

4 12 ) g%
n=0

Since, by Proposition 11, we have b = Lk_% and by = — %sz’k_% , we immediately
conclude (again, as expected by Marvizi—-Melrose theory), that 84 = 0.
The terms of order 5 are

q—1 4 n” "
2k* 4 4k 4 Tkk 1 1
[ + + bf+ﬁ(2kk’bfa2+3k2 (bgb%+b§b1)+4kk’bfb2)] —
q
n=0
=8+,
where
q—1
1 3 2
n=0
q—1 4 2 "
2k AR+ THE" s 1 (5, P
Sy = b3 4+ — ( 3k*b3by + 4kk'b3by 4+ —k>al b}
2 ( 240 12< 201 AKEDIDy S ka

=0

3

where we substituted the value b3 = a} +a,,’ /6 from Proposition 11. We remark that
the sum S; contains a, and the sum S, doesn’t contain a,. As established earlier,
we have

q—+o0 q q—>+o0 g

By studying lim 1S;, we obtain
g——+o0 4

Bs= lim ¢ <ﬁ(l>—£—&): lim (S + 5.

1 14 .
(5-5) — lim — Y (2kk'k2ayL>+3k*k 3d,L?
.y 2 )

Lfh(x 3 Z / 2
== (— (ap(x)) az(x)L” 4 3k3 (ao(x)) ay(x)L ) dx
12/) Uk

where once again in the summations we have used the convention that the functions
a;, b; are evaluated at n/q, while the functions k, k’ are evaluated at ag(n/q).
Similarly, in the integral on the right-hand side, a;, b; are evaluated at x, and k, k’
at ag(x). Integrating by parts the second term inside the integral, we have

(5-6) f k3 (ag(x)) d(x)L2dx
1 2 /
—ks(ao(x))az(mz\ - f S (@) ax(0) L dx.
0
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By periodicity, the first term is 0. By substituting the remaining expression of (5-6)
inside (5-5), we conclude that the first limit is O.

Let us proceed with the calculation of lim —S2 Recalling from (4-10) that
a)(x) = Lk~ (ag(x)). we have areod

=13 (- 2k N 14k '
3k3  Ok4
Taking into account the expressions of a;, b; given in (4-10) and by substituting
the previous expression into S, we obtain

1
5-7) Iim -5
q—>+o0 g

192 k4 p Ak 4 7kK"
= lim -
e 240

g—+00 g b? + %(3k2b§bl +4kk/b:15b2 + %kZ ///b2)
n=0

i L5 q—1 k2/3 k—%]{/Z N k—%k//
= mumm — —
120 540 720

q—>—+00 q "m0
.5 1/ k2/3 k—gﬁk/z k—gku .,
- [,(@_ 540 720) -

We finally integrate by parts the last term of the integral, obtaining

1 1 1
/ L3k 3K'dx = L* / k=SB (k" 3Ly dx = L* / k3 (K) dx
0 0 0

5
R e e
3 Jo

Substituting this in (5-7), we conclude that

1 L/ k2/3 k‘lsfok’z
lim —S2:L5/ — 4+ dx.
q—>+ g o \ 120 2160

Finally, switching to arc length as the variable of integration, we obtain the desired

result:
CORABG) kTS ()R (s)
=L ) O
Ps /0< 20 2160 )ds

6. Lazutkin coordinates and caustics

A consequence of Proposition 10 is that we can compute explicitly Lazutkin coor-
dinates [14] for order 4 in the case of outer length billiards.
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Lemma 12 (Lazutkin for outer length billiards). The coordinates

1 K J4
x(s)=— / KP@ydr, L= / kP (rydr,
L Jo 0
y(s, &) =x(s+¢&) —x(s)
are such that the outer length billiard dynamics is given by
x> x4y, yey+00h.

Proof. Let
(s,8) > (x,y):=(f(s), f(s+&)— f(5)

a change of coordinates so that (xg, yx) — (Xx + Y&, Yx+1). Then, by using the
expansion of ¢ given in 10, we have

f21)12+f6(1)3

) (20 + A(s0)ed + B(s0)e])

yi=xa—x1=f(si+e)— fls1) = f(sDer+ + 0(e))

J"(s0) 5
2

= (f’(so) + f"(s0)e0 +
(20 + A(s0)e2 + B(so)ed) EAGCORE

2 6
=(f(s) +f;°) ; f6(°) ) (" (s0) + f'(s0)A(s0)) &5

+ (f/(50)B(s0) + 2" (s0) A(s0) + f" (50)) &5 + O (&5)
yo+ (f"(s0)+ f'(s0) A(s0)) &5+ (f"(s0) B(s0) + 2" (s0) A(s0) + £ (50)) &5
+ 0(&}).

+ (f"(s0) + f"(s0)e0) S+ 00

Thus, to get rid of the 8% and 88 terms, we need to choose f solving
{f”(So) + f'(s0)A(s0) = 0,
J'(s0) B(s0) +2 " (50)A(s0) + f" (s0) = 0.

Integrating the first equation, we immediately obtain the desired formula for f,
giving, up to normalization,

1 s L
x(s):—/ K3 (r) dr, L::/ kP (ry dr.
L Jo 0

Then, by direct computation, it is easy to check that such a function solves also the
second equation. ([

As a consequence, the outer length billiard map is a small perturbation of the
integrable map

x, )= &x+y,y),
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satisfying the assumptions of Lazutkin’s theorem [14, Theorem 1]. Applying this
theorem, the next corollary of Proposition 10 immediately follows.

Theorem 13. Arbitrarily close to the boundary 0S2, there exist smooth caustics for
the outer length billiard map. The union of these caustics has positive measure.

On the other hand, regarding the nonexistence of caustics, we underline that the
following outer length billiard version of Mather s theorem still holds.

Theorem 14. If the curvature of the boundary 02 vanishes at some point, then the
outer length billiard in Q2 has no caustics.

Proof. We use Mather’s necessary analytic condition for the existence of a caustic
[16], that is

H(s0, 1) + Hy1(s1, 52) <O0.

By using the general expression of the generating function (4-4), it is easily seen
that

() =y A y"(s1)

Hi(s1,82) =—1 - p
Y (s) AY/'(s2)
W62 =y ) AW (s2) =y (1) - (¥ (51) Ay (s2))
VDAY (52)? ‘
Hence,
Y DAY (1) (Y2 =y si) Ay (s1)
Hyi(s1,52) = — ; - 7 /
Y (s)AY(s2) Y (sDAY (s2)
(y(s2)—yG)Ay (s, , Y (s AY'(s2)
2
P oAy e AT )
(Y (s2) =y (O)AWY (s —v'(s1), ,, /
DAY (52)2 (¥ (s Ay (s2)
+2(J/(S2)—V(Sl))/\()/ (s2)—vy (sl))(y//(sl)/\y/(SZ))Z.

' (s)AY/(s2))?

Now assume that at a point on the boundary corresponding to the arc-length pa-
rameter value s, the curvature is zero, that is, k(s1) = 0. Since the set is convex,
this condition implies that also k’'(s;) = 0. From formulas (4-2), it follows that
y"(s1) = y”"(s1) = 0. Substituting into the previous formula, we see that all
the terms composing Hj; vanish, and a similar argument holds for Hy;. As a
consequence, we have Hyj(s1, s2) + Hao(so, s1) = 0 for every sp, 52, and therefore
no topologically nontrivial invariant curve can exist. (]
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MORI DREAM SPACES AND Q-HOMOLOGY QUADRICS

PAOLO CASCINI, FABRIZIO CATANESE, YIFAN CHEN AND JONGHAE KEUM

We show that Shavel-type surfaces are fake Q-homology quadrics of even
type which are not Mori dream surfaces, yet there are infinitely many primes
p such that the reduction modulo p is a Mori dream surface.

We investigate fake Q-homology quadrics, first concerning the property
of being a Mori dream surface, then trying to determine which families are
of even type among the surfaces isogenous to a higher product which are
fake 0-homology quadrics.

1. Introduction

In [20] the authors considered complex surfaces of general type with g = p, =0
which are Mori dream surfaces, and asked in section 3.2 whether there are fake
quadrics which are not Mori dream surfaces.

We produce here the first examples.

Recall that, for complex surfaces isogenous to a product of curves, it was estab-
lished in [20] and [16] that they are Mori dream surfaces.

At the Hefei Conference in September 2024, the second author pointed out that
such examples should be provided by the surfaces constructed by Shavel in 1978
[24]. Our first aim is therefore to give a complete proof of this assertion.

Our second aim is to discuss several problems related to minimal surfaces
of general type which are (Q)-homology quadrics: that is, smooth surfaces with
q = pg =0, and with second Betti number b,(S) = 2 (equivalently, with K g = 8).
All known such examples have universal cover equal to the bidisk H x H.

Indeed Hirzebruch ([18] Problem 25; see also pages 779780 of [19]) was the
first to ask the question whether there exists a surface of general type which is
homeomorphic to P! x P!, and one can respectively ask the same question for
a surface homeomorphic to the blow up F; of P2 in one point. The answer is
suspected to be negative.

MSC2020: 14715, 147125, 14329, 14J80.
Keywords: surfaces of general type, Mori dream space, homology quadric, fake quadric, group
action, surface isogenous to a product, foliation.
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The two manifolds above are topologically distinguished by the property that
the intersection form on the Severi group Num(S) is even in the first case, odd in
the second.

We show here that many of our surfaces (surfaces of general type which are
Q-homology quadrics) have even intersection form. The existence of the case of
odd intersection form was shown in the affirmative in [11] after the present paper
was written.

The third question we consider is: what happens when, instead of complex
surfaces, we consider surfaces defined over an algebraically closed field of positive
characteristic? When are they Mori dream surfaces?

This is related to a beautiful conjecture by Ekedahl, Shepherd-Barron and Taylor
[14] about algebraic integrability of foliations via reduction modulo primes p.

We can summarize our result in this regard as follows.

Theorem 1.1. A Shavel-type surface S is an even Q-homology fake quadric which
is not a Mori dream surface.

There are infinitely many primes p such that the reduction of S modulo p is a
Mori dream surface.

We also give results stating when a fake Q-homology quadric is a Mori dream
space.

2. Definitions and basic properties

In these first sections we shall mostly work with projective smooth surfaces defined
over the field C, most definitions however make also sense if C is replaced by an
algebraically closed field IC of arbitrary characteristic.

Definition 2.1 (Q-homology quadric). Let S be a smooth projective surface over C.
The surface § is called a Q-homology quadric if q(S) = pg(S) =0, b2(S) =2.
In turn, it will be called an even homology quadric if

(1) g(S) = pg(S) =0, ba(S) =2;
(2) the intersection form on Num(S) is even, that is, it is ((1) (1))

We shall call it an odd homology quadric if instead the intersection form is odd,
and hence diagonalizable with diagonal entries (+1, —1).

Remarks 2.2. (1) A normal projective surface X is called a Q-homology projective
plane if b (X) = b3(X) =0 and br(X) = 1.

(2) A smooth Q@-homology projective plane must be either the projective plane or
a ball quotient with g = p, = 0.
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(3) Our definition of Q-homology quadric can also be extended to normal surfaces,
requiring however that b1 (X) = b3(X) =0 and b,(X) = 2. But in this paper a
(-homology quadric means a smooth @-homology quadric.

For a Q-homology quadric S, condition (1) and the Noether formula imply
x(Os) =1,¢2(S) =4, K3 = 8.

Also the long exact sequence of cohomology groups associated to the exponential
exact sequence shows that

c1 : Pic(S) = H?(S,7)

is an isomorphism. We identify these two groups and denote by Tors(S) their
torsion subgroup. Then

Num(S) = Pic(S)/Tors(S).
In the case of an even homology quadric, condition (2) implies that S is minimal.
Hence, by surface classification, for an even homology quadric,
e either S is rational, and then S = [,,, for n > 0;
e or S is a minimal surface of general type.

In the former case S is simply connected, Tors(S) = 0 and K is not ample.
In the case of an odd homology quadric

o either S is rational, and then S = Fy,4 for n > 0;
 or S is a (not necessarily minimal) surface of general type.

Definition 2.3 (even fake homology quadric). Let S be a smooth projective surface
over C. The surface S will be called' an even fake homology quadric if it is an even
homology quadric and is of general type.

In general, a minimal smooth complex projective surface of general type with
Pe=q=0, K? =8 has Picard number 2 and K5 is ample by [23, Proposition 2.1.1].
Also Tors(S) can be nonzero (see [5]).

For L € Pic(S), we denote by [L] its class in Num(S).

Definition 2.4 (odd fake homology Quadric). Let S be a smooth projective surface
over C. If S is an odd homology quadric which is of general type, then either S is
not minimal and it is a one point blow up of a fake projective plane, or we call the
surface S an odd fake homology quadric, which means:

(1) S is minimal of general type with K§ =38, p(5) =0;

UIn the literature, sometimes Q-homology quadrics of general type are referred to as fake quadrics,
without specification whether the intersection form is even or odd; see [19; 12; 13; 16].
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(2) the intersection form on Num(S) is odd.

Therefore smooth minimal surfaces of general type with K> = 8 and pe =0 are
divided into two classes: the even and the odd fake homology quadrics.

For the sake of clarity, we give two definitions: the first is meant to be consistent
with the current use, the second relates to the original question by Hirzebruch.

Definition 2.5. Let S be a minimal smooth projective surface over C.

(I) Then S is called a fake quadric if and only if it is either an odd fake homology
quadric, or an even fake homology quadric.

(II) § is called a fake homotopy quadric if and only if it is a fake quadric and
moreover it is simply connected.

By Freedman’s theorem [17] a fake homotopy quadric is homeomorphic either
to Fo=P' x P! or to F;.

Lemma 2.6. Let S be a fake quadric, and let f : S — P! be a fibration, whose
general fibre we denote by F. Then:

(1) Any fibre F; = f*(t) has irreducible support.

(2) The multiplicity m; of any multiple fibre F; = m,F, divides g — 1, where g is
the genus of F.

(3) The class of the fibre [F] is divisible by d in Num(S), where d is the least
common multiple of the exponents m; of the multiple fibres.

Proof. (1) follows from Zariski’s lemma (the intersection form on the fibre com-
ponents is seminegative with nullity 1), and from the fact that the Picard number
p(S) :=rank(Num(S)) equals 2.

(2) follows by adjunction.

(3) If d is the least common multiple of the multiplicities m 1, . . ., m, of the multiple
fibres, then we may write ml, = %, where the r; have GCD equal to 1. Thus, we can
write % as a sum of the rational numbers mL,-’ hence proving that %[F 1 € Num(S),
since it is an integer linear combination of the classes F;.

Therefore, the divisibility of [F] is a multiple of d. U

Lemma 2.7. Keep the assumptions of Lemma 2.6, and assume that S has another
fibration f': S — P with general fibre F' of genus g'. Then:

() FF'=(g— D' = D.
2 2

2) Kg~ FF + WF ', where ~ denotes numerical equivalence.
1

(3) The intersection form of S is even ifnglF, g/—_lF’ € Num(S).
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Proof. The matrix of intersection numbers of Kg, F, F’ has determinant
8(g — (g’ — Dx —8x?,

with x = FF’, which must be 0 since o (S) = 2; hence (1) and (2) follow right away.
For (3), these classes generate a unimodular lattice, hence all of Num(S). O

Lemma 2.8. Let S be a fake quadric. Then? the intersection form is even if and
only if Ky is divisible by 2 in Num(S).

Proof. KsD = D?*(mod2), and the intersection form on
Num(S) = H?(S, Z)/ Tors(S)

is unimodular. (]

3. Surfaces isogenous to a product

Definition 3.1. Let S be a smooth projective surface. The surface S is said to be
isogenous to a higher product [7] if

S=(C, x C»)/G,

where C; is a smooth curve with g(C;) > 2 and G is a finite group acting faithfully
and freely on C; x Cj.

If there are respective actions of G on C; and C» such that G acts by the diagonal
action g(x, y) = (gx, gy) on C| x C», then S is called of unmixed type.

If some element of G exchanges the two factors, then S is called of mixed type.

Observation. In this paper we shall only consider surfaces isogenous to a higher
product with p¢(S) = 0.

The next question we ask is to determine which of the @-homology quadrics
which are isogenous to a higher product are even or odd fake quadrics.

Example 3.2. The classical Beauville surface is an even fake quadric.

Proof. Here C| = C, = C are the Fermat quintic in P2, and the group G = s X ji5
acts on C by the linear action

(€1, £2) (x0, X1, X2) = (X0, {1X1, $2X2),

2By Wu’s formula, saying that K g induces the second Stiefel-Whitney class w» (S) € H 2(8,2)2),
and by the universal coefficients formula, S is spin (i.e., wy(S) = 0) if and only if K is divisible
by 2in H 2(S, Z), a fact which is often expressed by saying that S is even; being an even surface is a
stronger notion than requiring that the intersection form is even, as one can see from the example of
Enriques surfaces.
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while the action on C; is twisted by an automorphism of G (in such a way that the
action on the product C| x C; is free; see for instance [7], page 24, for details and
a generalization).

Hence O¢(1) is a G-linearized bundle with square K¢, see also ([10]).

Thus, Oc¢, (1) ® Oc, (1) is a G-linearized bundle which descends to a line bundle
L with square K.

Alternatively, the fibres of both projections are divisible by 5 and yield F|, F,
such that F{F; = 1 and (F})> =0. O

We can give a partial answer to the above parity question for surfaces isogenous
to a product of unmixed type with p, = 0, which have been classified in [6] (their
torsion groups have been classified in [5]).

Theorem 3.3. Let S = (C| x C2)/ G be a surface isogenous to a product of unmixed
type, with pe(S) = 0; then G is one of the groups in the table below and the
multiplicities Ty, T of the multiple fibres for the natural fibrations S — C;/ G = P!
are as listed. For each case in the list we have an irreducible component of the
moduli space of surfaces of general type, whose dimension is denoted by D. The
property of being an even, respectively an odd homology quadric and the first
homology group of S are given in the third last column, respectively in the last
column.?

G 1d(G) T T parity D H\(8,7)
As (60,5) [2,5,5] [3,3,3,3] ? 1 (Z3)* x (Z5)
As (60,5) [5,5,5] [2,2,2,3] ? 1 (Z,0)?
As (60, 5) [3,3,5] [2,2,2,2,2] ? 2 (Z,)? x Zs
Sy x 7, (48,48) [2,4,6] [2,2,2,2,2,2] ? 3 (Zy)* x 24
G(32) (32,27) [2,2,4,4] [2,2,2,4] ? 2 (Z2) x74xZs
(Zs)*? (25,2) [5,5,5] [5,5,5] even 0 Zs)3
Sy (24,12) [3,4,4] [2,2,2,2,2.2] even 3 (Zy)* x 7y
G(16) (16,3) [2,2,4,4] [2,2,4,4] even 2 (Zy)*x 74 xZs
Dy x7, {(16,11) [2,2,2,4] [2,2,2,2,2,2] ? 4 (Z2)? x (Z4)*?
(Z,)* (16,14)  [2,2,2,2,2] [2,2,2,2,2] even 4 Zs)*
(Z3)? (9,2) [3,3,3,3] [3,3,3,3] even 2 (Z5)°
(Z,)? (8,5) [2,2,2,2,2] [2,2,2,2,2,2] ? 5 (Z2)* x (Z4)*?

Remark 3.4. In [11], one of us (Catanese) showed that the intersection form is odd
for the first family of surfaces in the above list. The question remains open for the
other families in the list.

Proof. In view of the cited results in [6] and [5], it suffices to prove the assertion
about the intersection form being even, respectively odd.

3The group identity Id(G) consists of the group cardinality |G| followed by the Atlas list number.
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We use now (3) of Lemma 2.6 showing that F; =d;®;, where d; is the least
common multiple of the multiplicities of the fibration with general fibre F;.
Since F| F, = |G|, we conclude that

oD, = ﬂ
1P2 = .
did
If didy = |G|, then &P, = 1, and, since <I>3 = 0, we have an even intersection
form.

Inspecting the list, we see that &P, € {1, 2, 4}.

If we have an even intersection form, then we have a basis e;, e; of the lattice
Num(S) with e =0, and eje; = 1.

Hence, without loss, we may assume that [® ;] =ae;, and therefore P, =
aaj.

If 2|ayaz, then 2|a; for some j, and ®; is further divisible by 2.

We could conclude that the intersection form is odd, in case &P, = 2, if we
knew that each ®; is not divisible by 2.

In fact, if the intersection form is odd, then we have a basis g1, g2 of the lattice
Num(S) with ¢? =1, g3 = —1, and q1¢> = 0.

Then @, &, must be multiples of g, + g2, respectively g; — g2, and indeed
(g1 +42)(q1 —q2) =2.

In the only case (with group (Z/2)*) where ®;®, = 4, the divisibility index of
@, equals the one of @, by the symmetry of the roles of the two curves C1, C,
including the associated monodromies. Hence either & and &, are both 2-divisible,
and the intersection form is even, or the intersection form is odd and ®; and ®, are
both indivisible. But then {®}, @2} ={(q1+42), (91—¢2)} and (q1+¢2)(g1—q2) =2
contradicts ®; P, =4. |

Remark 3.5. In the case where ®;®, =2, it is easy to see which of the two divisors
may be 2-divisible.

In fact, using the ramification formula for § — (C1/G) x (C2/G) = P! x P!,
we see that, setting my, ..., m, to be the multiplicities of the multiple fibres in the
first fibration and nq, ..., ny those in the second, we have

Ks=(-2+2(1- L)) A+ (24 2(1- 1)) R
7 m ; n;

j i

J
and, in Num(S)/2 Num(S), we have

Ks=3(di—rp)®1+3 (2 —r)P2=6P1 + 8P, 81,8, €{0, 1}.
1

J

We see by direct inspection that exactly one §; equals I, the other is 0.
Then [Ks] € Num(S) is 2-divisible if and only if the [®;] with §; =1 is 2-
divisible.
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For instance in the last case we have §; = 1 and §, = 0; indeed, Kg ~ ®; + 2.

Remarks 3.6. (1) In the last case we can prove that Ky is not 2-divisible, since
there is no G-linearized theta characteristic on the curve Cy, a hyperelliptic
curve of genus g; = 3. Indeed, the only G-fixed theta characteristics are
the hyperelliptic divisor H (the hyperelliptic divisor class is fixed by any
automorphism of the curve), which does not admit a G-linearization, and
Py + P, + P3 + P4y — M, where the P;’s are Weierstrass points and their sum
is a G-orbit (hence Oc, (P1 4+ P> 4+ P3 4+ P4) admits a G-linearization).

(2) On the other hand, showing that [ Ks] is not 2-divisible is harder, in view of
the existence of torsion divisors of order 4.

(3) Our observation (1) shows that, given a Fuchsian group I' < P SL(2, R) which
is not torsion free, the embedding I' < [P SL(2, R) does not necessarily lift to
SL(2, R) (unlike the case where I" is cocompact and torsion free).

4. Even fake quadrics

Assumption. Assumption In this section, we let S be an even fake quadric. Recall
that, over the complex number field C, a fake quadric S contains no smooth rational
curves [23, Proposition 2.1.1] and in particular K is ample.

4.1. Nef cone of an even fake quadric.

Lemmad.1. (1) There exist L, Ly € Pic(S) suchthat LiL,=1, KsL; =2, Ll.2 =0
fori=1,2.

(2) Forany Ly, L, as in (1),
Num(S) =Z[L]® Z[L,].
(3) Ks~2L+2L>.

The condition that the universal covering of § is the bidisk can be formulated as
follows: there exists a 2-torsion divisor 1 such that

HO(S*(Q5)(—Ks+m) #0;

see for instance [8; 9]. This condition is equivalent to the splitting of the cotangent
bundle on a suitable unramified double covering of S.
From now on, we fix L, L, € Pic(S) as in 4.1 (1).

Proposition 4.2. (1) Any effective divisor on S is nef.
(2) Any nef and big divisor on S is ample.
(3) Ly and L, are nef.
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(4) For any strictly effective divisor D on S, if D> =0, then D ~aLy or D ~aL;
for some a € 7. (However, we do not claim that such a D exists.)

Proof. For (1), it suffices to show for any irreducible curve C, we have C* > 0.
Assume by contradiction that C? <0. Assume C ~aL,+bL, fora, b € Z. Then

C*=2ab, KsC =2a+2b.
We may assume that @ > 0 and b < 0. By the adjunction formula,
—2<2ps(C)—2=C?*4+KsC =2(a+b+ab) =2a(1+b)+2b.

Therefore b = —1, C = P!, and this contradicts the fact that S contains no smooth
rational curve.

For (2), let D be a nef and big divisor on S. Then D? > 0. Let C be any
irreducible curve. Since C is nef, DC > 0. Also, since C2 >0, DC > 0 by the
algebraic index theorem. Therefore D is ample.

For (3) and (4), let D be an effective divisor. Assume that D ~ alL| + bL,.
Then D* =2ab and KgD = 2(a + b). Since D is nef and K is ample, a > 0, b >
0,a+b>0. Then LiD =b>0,L,D=a>0. And if D> =0, then a = 0 or
b=0. O

Corollary 4.3. Let Ly, Ly as in Lemma 4.1(1). In Num(S)g,

Amp(S) = {a[L1]+b[L2] | a,b e R},
Nef(S) = {a[L]+b[L>2] | a, b € R},
Nef(S) = Eff(S).

Lemma 4.4. Assume that the cotangent sheaf of S splits as the direct sum of two
invertible sheaves:

QL= O05(A)) ® Os(As).

Then either [A1] =2[L,], [A2] =2[L2] or [A1]=2[L2], [A2] =2[L;].
Moreover the universal covering of S is the bidisk H x H, and S =H x H/ T,
where I' < PSL(2, R) x PSL(2, R).

Proof. Assume that [A{] =a[L]+ b[L,] witha, b € Z. Since Ks = A1 + A, and
[Ks]=2[L1]+2[L2], [A2] = 2 —a)[L1]+ 2 —b)[L>].
A Chern class computation shows that A; Ay = ¢;(S) = 4. That is,

al-b)+b2—-a)=4, ie, a—1)b-1)=-1.

Therefore eithera =2,b=0o0ra =0, b =2.
The last assertion has been known for a long time; see [26; 3]. O
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4.2. Even fake quadrics and Mori dream surfaces. The following theorem follows
from Theorems 3.9 and 3.10 of [21], but we give another proof for the reader’s
convenience.

Theorem 4.5. Let S be an even fake quadric. Then S is a Mori dream surface if
and only if Ly and L, are semiample, equivalently, if and only if S admits a finite
morphism to P! x P, The same is true for any fake quadric that does not contain a
negative curve.

Proof. Note that Pic(S) = H 2(S,2) is finitely generated. According to [1, Corollary
2.6], S is a Mori dream surface if and only if Eff(S) is rational polyhedral and
Nef(S) = SAmp(S).
By 4.3,
Nef(S) = Eff(S) = {a[L1]+ b[L2] | a, b € R}

Since Eff(S) D SAmp(S), it follows that S is Mori dream surface if and only if
Nef(S) = SAmp(S), if and only if L, L, are semi-ample.

It follows that S is a Mori dream surface if and only if S has two fibrations
fi, f>: S — P!. These combine to yield a morphism f : § — P! x P! which is
necessarily finite since the second Betti number of S equals 2.

Conversely, if S has a finite morphism f : S — P! x P!, ¢(§) =0, and the second
Betti number of § equals 2, then S is a Mori dream surface with g (S) = p,(S) =0,
hence in particular it is a @-homology quadric.

Since the property of being a Mori dream space depends on the structure of
Num(S) ® R, by the cited criteria, in the case of an odd fake quadric we take a
basis of Num(S) as in Lemma 6.1 and set L := Q1+ Q», L := Q1 — O>.

If there are no negative curves, then the cones Nef(S) and the closure of Eff(S)
are again equal to the first quadrant, and the proof runs exactly as in the even
case. U

5. Shavel-type surfaces

Definition 5.1. A smooth projective surface S shall be called a Shavel surface of
special unmixed type if

Pe(8) =q(8)=0,5=H*/T,

where I' is a cocompact discrete, torsion-free (hence acting freely), irreducible
subgroup of
Aut(H?) ~ PSL(2, R)> x Z/2,

such that
I' < SL(2,R) x SL(2, R).
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We shall drop the word “special” if
I' < PSL(2, R)>.

Observe that the group I' is said to be reducible if it contains a normal finite
index subgroup which is of the form I'y x I': in this case S = H?/T is a finite free
quotient (Cy x C2)/ G, where C; :=H/ I}, by the action of G :=T"/I' x I',.

I" is said to be irreducible if it is not reducible: then the projection of I on each
of the factors PSL(2, R) has dense image.

Note that for a Shavel surface S of unmixed type, we have

vz = (Y121, Y222) forall y = (y;, ) € andall z = (z1,22) € H2.

Hence § admits two smooth foliations and Q}g splits as the direct sum of two
invertible sheaves:

Q}g =L, dL,.

Proposition 5.2. A Shavel surface S of special unmixed type is an even fake quadric
and Ky is divisible by 2 in Pic(S).

Proof. It suffices to show K is divisible by 2 in Pic(S).
The automorphic factor of the canonical bundle is the inverse of the jacobian

determinant
1

(C1Zl + dl)z(CZZZ + d2)2 ’

for y = (y1, ¥2), and where

a; b,‘ .
P = , :1’2
4 (Ci di) l

This shows immediately that, since we assume that I' < SL(2, R), we have a
well defined square root of the jacobian determinant, whence K is the square of
the automorphic factor (c1z1 +di)(c2z2 +d2); hence Ks =2(L; + L), £; =2L;,
and our claim follows. (|

Theorem 5.3. A Shavel surface of unmixed type S is not a Mori-dream surface.

Proof. We saw in Proposition 5.2 that S is an even fake quadric. We use the notation
of Section 2.

It suffices to prove that [nL|| = & for any n > 1.

As remarked above, S admits two smooth foliations and €2 g splits as the sum of
two invertible sheaves:

QL=L @k,

where, by 5.2, we have £.; =2L,1, =2L,.
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In fact, nL; is an automorphic line bundle on H x H corresponding to the
following cocycle. We see this as follows: Let

p1:PSL(Z, R) x PSL(2, R) — PSL(2, R), vy =1, v2) = 1,
be the first projection map. Then to y; such that

a(y1)z1 +b(y1)
c(ynzi +d(y)

we associate the automorphic factor (c(y;)z1 +d(y1))-

Since T is irreducible, p;(I") is dense.

We claim that H°(S, nL;) =0 for n > 1.

In fact, every section of H(S, nL1) is represented by a function f which satisfies
the functional equation

y1(z1) =

Fnzi, yaz2) = (c(yDzi +d ()" f (21, 22).

By density of p;(I"), this holds for each y; € SL(2, R).

Here we have to explain how y1, y» are obtained (see [24]): A is a division
quaternion algebra with centre a totally real number field X of degree 2 over (.

This means that there are two embeddings ¢y, ¢, : £ — R, and these determine
two homomorphisms

t,t0: A—> Mat(2 x 2, R).

Then y; :=1;(y), for y € I', where I is the group of units lying in a maximal
order © of A and having reduced norm 1.

If we take now y; to be in a maximal compact subgroup, the stabilizer of one point,
then the same holds for y,; hence, using the biholomorphism of H with the unit disk,
and choosing suitable coordinates, we can assume that y;(z1) = A2z1, ¥ (22) = ,uzzz.

Hence, setting

f(z1,22) = Zai,jz"lzé,
iJj
we get
FA P21, 222) =27 f(z1,22) = ai 2 u* =2 ""a; ; =0,¥i, j > 0.

Now set j = 0: then ai,o)ﬂ" — )»‘2”a,-,0 = 0 for each A, and we get a Laurent
polynomial in A whose coefficients are all vanishing, hence a; o = O for each
i > 0. Therefore f(z;,0) vanishes identically, and f(z1, z2) vanishes identically
for z, = 0.

Varying now y;, we obtain all the maximal compact subgroups to which y»
belongs.
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Hence we have shown, for each choice of w,, that f(z1, z2) vanishes identically
for 72 = W7.

We conclude that the section determined by the function f vanishes identically
on the surface S. O

Remark 5.4. One can formulate the last argument as showing that the litaka
dimension of L; is —oo.

Note that a more general result, but with a less elementary proof, is contained in
Proposition IV.5.1 of [22], saying that the canonical model of a surface foliation
with numerical dimension 1 has litaka dimension either —oo or 1 (and in Example
I1.2.3 it is stated that the first alternative applies for Hilbert modular surfaces).

6. Odd fake quadrics

In this section, we assume that S is an odd fake quadric. Recall that, over C,
S contains no smooth rational curves [23, Proposition 2.1.1] and in particular K is
ample.

6.1. The intersection form.

Lemma 6.1. There exist Q1, Q2 € Pic(S) such that
Qi=1, 0i=-1, 0i10>=0, Ks=30i1-0>.

The numerical classes [ Q1] and [ Q2] are uniquely determined in Num(S).
Moreover, for any such Q1, Q»,

(1) h°(S,301) > 1 and Q, is nef and big;
(2) Qg is ample unless S contains an irreducible curve C such that C ~ Q»;
3) Qj is semiample.

Proof. The intersection form on Num(S) is diag(1, —1).

Hence there exist divisors Q, Q» such that Q% =1, Q% =-1,010,=0.

We may assume Ks- Q1 >0 and K- Qs > 0 by possibly replacing Q; with —Q;.
Then Ks ~aQ1+bQ; witha,beZ,a>0,b <0. Since KZ=8,a> —b*=8. It
follows thata =3,b=—1and Kg ~ 30| — 0>.

Therefore Ks = 3Q1 — Q> + n for some n € Tors(S), and we can assume
Ks =30, — Q> after replacing Q>.

Note that h2(S,301) = h%(S, Ks —301) = h°(S, — Q) and Ks(—Q>) = —1.
Since K is ample, #%(S, 3Q;) = 0. Then the Riemann—Roch theorem shows

h°(8,301) = 1301)(02) + x (0s) = 1.

Let C be an irreducible curve. We write C ~a Q1+ bQ, witha = CQ; and
b= —CQ,. Then KsC =3a+b and C? = a? — b
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In order to see whether Q| is nef, respectively ample, assume that CQ; <0, i.e.,
a<0.

Then C is a negative curve, and, by Proposition 6.2 below, the class of C equals
the class of (b —1)Q +bQ», and we are done unless b < 1.

However, since K is ample and 3(b — 1) +b = KsC > 0,b > 1. If b =1, then
C ~ ;. Then we have shown that Q; is nef, and then (1) and (2) are proven.

For (3), we may assume that Q is not ample. Then by (2), there is an irreducible
curve C ~ Q,. Note that p,(C) =1 and thus O¢(Ks+ C) = wc = O¢. Moreover,

301=Ks+C+1f/

for some n’ € Tors(S).
There exists m > 0 such that

e mn’ =0, and thus 3mQ|c = O¢; and
« i°(Bm Q1) > 0.
Note that Q is nef and big, and that

3mQy—C~Kg+3(m—1)0Q;.
By the Kawamata—Viehweg vanishing theorem, we have
H'(S,3mQ; - C) =0.

So the trace (restriction) of [3m Q| on C is complete and base-point-free.

Write [3m Q1| = |M|+ F, where |M| is the movable part and F is the fixed part.
The discussion above shows that F # C and thus FC > 0. Since 3mQ;.C =0, we
conclude that M.C =0 and F.C = 0. It follows that M ~ A0 for some positive
integer A. Because Tors(S) is finite, |k Q| has no fixed part for sufficiently large
and divisible £ > 0. By a theorem of Zariski, [27] (see also Theorem 14.19, page
223, of [2]), Q1 is semiample. O

Unlike the even fake quadric case, we do not know whether S contains a negative
curve or not (but in the case it does not contain such a negative curve, we have
determined the condition that it is a Mori dream space in Theorem 4.5).

Proposition 6.2. Let C be an irreducible curve on S. Assume that C*> < 0. Then:
(1) C~aQ1+(a+1)Q; for some a € Z>g and p,(C) =a+ 1.
(2) For any irreducible curve Cqy # C, Cg > 0.

3) Set D:=(a+1)Q1+aQ;. Then DC =0, D is nef and big, moreover D is
semiample only if Oc (D) is a torsion divisor.

(4) One of the sides of Eff(S) is R+[C] and one of the sides of Nef(S) is Ry[D].
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Proof. We may assume C ~aQ+bQ»; hence a=CQ; and b = —CQ». Then
by our assumption KsC =3a+b >0, C>2=a>—b*> <0.

Set o :=|a|, then || = a + § with § > 0.

For some €1, €, € {1, —1}, we have a = €1a, b = €(a + 5).

The inequalities KsC = 3a +b > 0 and KsC + C? > 0 (since S contains no
rational curve) read out as:

3eiat+e(@+8) >0, 3eia+era+8) —28a—82>0.

If § > 2, then —28a+ (3€; +€2)a <0, while €26 — 8% < 0; hence this contradiction
shows that § = 1.

The first inequality excludes the possibility €; = €, = —1.

If €, = 1, e, = —1, then the second inequality tells that —2 > 0, absurd.

Hence € =1, and (3¢; + 1 —2)a > 0 shows that € = 1.

Therefore C ~a Q1+ (¢ + 1) Q> and (1) is proven.

Next, if Cy is a different negative curve, we have Co ~ ag Q1 + (ag + 1) O, with
ap > 0. Then CCy =aap— (a+ 1)(ap + 1) < 0, which is impossible, proving (2).

For (3), clearly we have D> =2a+ 1> 0 and DC =0.

From (1) and (2), we see DCy > 0 for any Cy # C. Thus D is nef and big.

By a Theorem of Zariski, saying that a nef and big divisor D is asymptotically
base point free if and only if there exists a large multiple |m D| which is without
fixed part, D is semiample if and only if for each irreducible curve C’, C’ is not in
the base locus of some |m D| with m positive.

Applying this to C' = C we see that O¢ (D) must be a torsion line bundle.

Let us show (4). We have seen that C is the only irreducible curve which is not
inside the closure P of the positive cone P, which is of course contained inside
Eff(S).

Hence R [C] is one of the sides of Eff(S).

Since the nef cone is the dual of the closure Eff(S), which is the span of R, [C]
and P, and since D is orthogonal to C, and is nef and big, R, [D] is one of the
sides of Nef(S). O

Corollary 6.3. Assume that f : S — P! is a fibration with general fibre F. Then
either F ~a(Q1+ Q) witha > 1 and g(F) =2a+1,0r F ~a(Q — Q») and
g(F)=a+1witha > 1.

Proof. Let F ~aQ1+bQ>: then F?=0amounts to a> =b?, thatis, a =€, b =670,
with o >0, €; € {1, —1}.

Since KgF > 0, we get 3¢ + €, > 0; hence €] = 1, and the two solutions are as
stated. U
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Corollary 6.4. Assume that S contains a negative curve. Then S admits at most
one fibration, and if there is a fibration f : S — P! with general fibre F, then

F~(g(F)—1(Q1— Q).

Proof. To show the last assertion, we observe that F' := Q| + € Q5 is nef; hence
F'-C=>0.
This condition amounts to @ — €(a + 1) > 0; hence € = —1. O

7. Characteristic p

Let S be an even fake quadric, now over an algebraically closed field of characteristic
p > 0.

We begin with an easy remark: the quadrant {n|L{ 4+ nyL, | n;, ny > 0} is
contained in the closure of the effective cone, since P :={n|L{+noL; | ny, np > 0}
consists of big divisors D (this means, for n > 0, nD = A+ E, where A is ample
and E effective). Indeed, by Riemann—Roch D ~ d|L| + d> L, is effective for
di,dy =2, (di,da) # (2,2).

Lemma 7.1. There are at most two negative irreducible curves C on S.

The class of C may only be C ~ —Ly +bL, or C ~alL{ — Ly and C = P!,
Moreover, b > 2,and a > 2 if Kg is ample.

If K is not ample there is a unique irreducible —2-curve C orthogonal to K:
then either C ~ —L| + Ly or C ~ L| — L,, but obviously both possibilities cannot
OCCur.

Proof. If C is irreducible with C ~ c{L| 4+ c> Lo, if C is negative cjc; < 0, hence
we may assume that ¢; > 0, ¢c; < 0.

Since KgC > 0, we obtain ¢y + ¢ > 0.

If C’ is another negative irreducible curve, it cannot lie in the same quadrant,
since ¢} > 0, ¢5 < 0 implies CC' = c¢ic, + c|c2 < 0, a contradiction.

Hence there is at most one negative curve, in each of the two quadrants which
are neither positive nor negative.

Assume now that we have an irreducible curve C with C> < 0. Then C ~
alLi+blL, fora,b e Z and

C?*=2ab, KsC =2a+2b.
We may assume that @ > 0 and b < 0. By the adjunction formula,
—2<2ps(C)—=2=C*4+KsC =2(a+b+ab) =2a(1+b) +2b.
Therefore b = —1, C = P!, O

Remarks 7.2. (i) In [14], remark after Lemma 6.3, Ekedahl, Shepherd-Barron and
Taylor show that, for each prime p which is inert in the quadratic field X which
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is the centre of the quaternion algebra A of a Shavel surface of special unmixed
type (see the proof of Proposition 5.2 for more details), the divisors —2L; +2pL,
and 2pL, — 2L, are effective, since the p-curvature tensor is nonvanishing for both
foliations.

(ii) Is it true that the possible numbers a, b in the previous Lemma 7.1 can only be
equal to the characteristic p?

If we have two negative curves C; ~ajL| — Ly and C, ~ —L| + by L,, they
span the effective cone, which is therefore polyhedral.
The nef cone consists of divisors D ~ al; + bL, such that

a <bay, b <aby;
hence it is polyhedral and spanned by Dy ~a L+ Ly, Dy ~ Ly + by L.

Proposition 7.3. If on S there are two negative curves Cy ~ ajLy — Ly and
Cr~ —Li+byLs, then S is a Mori dream space.

Proof. By [1] it suffices to show that the divisors Dy ~a L1+ Ly, Dy~ Li+byL>
are semiample.

The divisors are both nef and big, and by symmetry, it suffices to show only the
first assertion, that D is semiample.

We denote by E(D;) the exceptional locus of D, i.e., the union of the finite
maximal subvarieties Z such that the restriction of D; to Z is nonbig. Since D is
big and C is the only curve which is orthogonal to Dy, it follows that E(D) = Cj.
By Lemma 7.1, we have that C| = P! and hence Oc, (D) is semiample.

We apply Theorem 0.2 of [15] (see also [4], Corollary 3.6), stating that if we are
in positive characteristic and D; is nef and big and the restriction to the exceptional
locus E(Dy) is semiample, then also D; is semiample.

Hence we are done. O

Theorem 1.1 follows now immediately from Theorem 5.3, from the fact that S is
defined over a number field, from i) of Remarks 7.2, and the previous Proposition 7.3.

8. Problems

Problem 1. Consider all fake @-homology quadrics S that are isogenous to a
product of curves. (a) Determine which ones are even. (b) Determine which ones
are odd.

Problem 2. Let S be an odd fake quadric. Does S contain a negative curve?

Problem 3. Let S be an odd fake quadric. Could S have two fibrations?
Remark: this is related to Problem 1 since surfaces isogenous to a product are
Q-homology quadrics having two fibrations.
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Problem 4'. (Hirzebruch’s question) Is every surface homeomorphic to a smooth
quadric indeed a deformation of P! x P!?

Problem 4”. Is every surface homeomorphic to [F; indeed a deformation of F;?

A negative answer to both questions would follow if one could answer positively
the next problem 5, or negatively the weaker problem 6: indeed, by a theorem of
Michael Freedman [17], a simply connected fake quadric is homeomorphic either
to F; or to Fg = P! x P!,

Problem 5. Let S be a fake quadric: is then the universal covering of S biholomor-
phic to H x H?

Problem 6. Is there a simply connected fake quadric?

Problem 7. (raised by Michael Lonne at a seminar talk by the second author): is
there a fake quadric with H,(S, Z) = 0?

Remark 8.1. If a fake quadric S is homeomorphic to P! x P! then S is spin, that
is, K is divisible by 2, and one may study its half-canonical ring.
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FIVE-DIMENSIONAL MINIMAL
QUADRATIC AND BILINEAR FORMS
OVER FUNCTION FIELDS OF CONICS

ADAM CHAPMAN AND AHMED LAGHRIBI

Over a field of characteristic 2, we give a complete classification of quadratic
and bilinear forms of dimension 5 that are minimal over the function field
of an arbitrary conic. This completes the unique known case due to Faivre
concerning the classification of minimal quadratic forms of dimension 5 and
type (2, 1) over function fields of nondegenerate conics.

1. Introduction

Let F be a field of characteristic 2 and K/F a field extension. An anisotropic
F-form (quadratic or bilinear) ¢ is called K-minimal if gk is isotropic and any
form v dominated by ¢, such that dim iy < dim ¢, remains anisotropic over F
(dim ¢ denotes the dimension of ¢). We refer to Section 2 for the definition of
the domination relation which is more refined than the subform relation and is
necessary when we take into account singular quadratic forms. Let us mention that
the minimality for bilinear forms is equivalent to that of totally singular quadratic
forms (Corollary 6). Henceforth, we will restrict ourselves on the minimality for
quadratic forms.

In the case of a quadratic extension K/F, any K-minimal form is of dimen-
sion 2. Obviously, the same conclusion is true when K is the function field of a
2-dimensional quadratic form. When K is the function field of a conic, then any
3-dimensional anisotropic F-form which becomes isotropic over K is necessarily
K-minimal, and there is no K-minimal form of dimension 4. These two facts
combine many references that we summarize below (we refer to Sections 2 and 5
for the definition of the type and the norm degree ndeg):

(1) For quadratic forms ¢ of dimension 3, we use [13, théoreme 1.4].
(2) For quadratic forms ¢ of dimension 4, we use

(1) [13, théoreme 1.3] for ¢ of type (2, 0),
MSC2020: 11E04, 11ES1.

Keywords: quadratic form, bilinear form, function field of a conic, minimal form, quasi-Pfister
neighbor.
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(i1) [13, théoreme 1.4] for ¢ of type (1, 2),
(iii) [20, Theorem 1.2] for ¢ of type (0, 4) and ndeg (¢) = 8§,
(iv) [20, Proposition 1.1 and Theorem 1.2] for ¢ of type (0, 4) and ndeg (¢) = 4.

We will distinguish between degenerate and nondegenerate conics. Recall that a
conic is called degenerate if it is given by a quadratic form of type (0, 3), otherwise
it is given by a quadratic form of type (1, 1) and called nondegenerate. Quadratic
forms of dimension 5 which are minimal over function fields of conics were
classified first in characteristic not 2 by Hoffmann, Lewis and van Geel [9]. Their
result has been extended to characteristic 2 by Faivre in the case of quadratic forms
of type (2, 1) and nondegenerate conics. His result states the following:

Theorem 1 [4, Corollary 3.7; 6, Proposition 5.2.12]. Let ¢ be an anisotropic F -
quadratic form of dimension 5 and type (2, 1), and Tt = b[1, a] L (1) an anisotropic
F-quadratic form of dimension 3. Then, ¢ is F(t)-minimal if and only if these three
conditions are satisfied:

(1) ¢ is a Pfister neighbor of a 3-fold Pfister form .
(i) w =~ {c, b, a]l for a suitable c € F*.
(i) ind(Co(p) ® Co(7)) = 4.

For function fields of nondegenerate conics, Faivre proved this general result:

Proposition 1 [6, Propositions 5.2.1, 5.2.8, 5.2.11]. Let t = b[1,a] L (1) be an
anisotropic F-quadratic form of type (1, 1), and ¢ an anisotropic F -quadratic form.
Suppose that ¢ is F (t)-minimal, then we have:

(1) ¢ is singular but not totally singular.
) If p is of type (1, £), then £ is odd.

3) Ifdim @ =5, then ¢ is a Pfister neighbor of a 3-fold Pfister form {c, b, a]| for
some ¢ € F*.

The proof of this proposition is mainly based on the fact that the extension given
by the function field of a nondegenerate conic is excellent [8, Corollary 5.7] and
some arguments similar to those developed by Hoffmann, Lewis and Van Geel
in characteristic not 2 [9]. This excellence result is no longer true for degenerate
conics as it was proved by Laghribi and Mukhija [19].

To our knowledge, no classification of minimal quadratic forms of type (2, 1)
over function fields of degenerate conics, or of type (1, 3) over function fields
of arbitrary conics are known. Our aim in this paper is to complete these open
cases. The first result in this sense is the following theorem that concerns minimal
quadratic forms of type (2, 1) over function fields of degenerate conics.
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Theorem 2. Let ¢ be an anisotropic F-quadratic form of dimension 5 and type

(2, 1), and T = (1, a, b) an anisotropic totally singular F -quadratic form of dimen-

sion 3. Then, ¢ is F (t)-minimal if and only if these three conditions are satisfied:
(1) ¢ is a Pfister neighbor of a 3-fold Pfister form .

(ii) w =~ {a, b, c]| for some c € F*.

(i) ind Co(@) p(/z,5) = 2-

Concerning the classification of minimal 5-dimensional quadratic forms of type
(1, 3) over function fields of degenerate conics, we prove the following result.

Theorem 3. Let ¢ be an anisotropic F-quadratic form of type (1, 3), and t =
(1, a, b) an anisotropic totally singular quadratic form of dimension 3. Then, ¢ is
F (t)-minimal if and only if these three conditions are satisfied:

(1) ¢ is a Pfister neighbor of a 3-fold Pfister form .
(ii) w =~ {a, b, c]| for some c € F*.
(iii) For any e € F*, we have either

(@) iglet Lql(p)) <1, 0r
(b) iq(et L ql(e)) =2 and (Dr(p) N Dr(et)) \ Dr(ql(p)) = @.

The classifications given in Theorems 1 et 2 are based on the even Clifford algebra
Co(p) of 9. However, for quadratic forms of type (1, 3), another characterization
is used in Theorem 3. This is due to the fact that the even Clifford algebra of any
quadratic Pfister neighbor of type (1, 3) is split as we state in Corollary 1.
Proposition 2 (compare [21, Lemma 2]). Let ¢ = ai[1,b1] L --- L ay[1,b,] L
(1,c1, -+, cs) be a singular quadratic form such that n > 1 and s > 1, and let
K = F(/c1, ..., /cs). Then, Co(p) is isomorphic to the F-algebra [by, a1) ®F
< QF |bn, an) ®F K. In particular, Cy(p) has degree 2" as a K -algebra.
Corollary 1. An anisotropic F-quadratic form ¢ of type (1, 3) is a Pfister neighbor
if and only if ¢ is similar to rs[1,u] L (1, r, s) for suitable scalars r,s,u € F*.
Moreover, Co(g) is split as a K -algebra, where K = F ({1, 3/5).

For the classification of minimal 5-dimensional quadratic forms of type (1, 3)
over function fields of nondegenerate conics, we prove the following theorem:

Theorem 4. Let ¢ be an anisotropic F-quadratic form of type (1,3), and T =
all, b] L (1) an anisotropic quadratic form of dimension 3 and type (1, 1). Then, ¢
is F(t)-minimal if and only if these three conditions are satisfied:

(1) ¢ is a Pfister neighbor of a 3-fold Pfister form 7.

(ii) w =~ {(c, a, b]| for some c € F*.
(iii) Forany e € F*,ife[l,b] C ¢ then e & Dr(all, b]) - Dr(ql(p)).
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Finally, for the classification of minimal quadratic forms of type (0, 5), we use
the language of bilinear forms, which will help us to use a cohomological invariant
and a classification parallel to those given in Theorems 1 et 2. Namely, we will
prove the following result:

Theorem 5. Let B be an anisotropic F-bilinear form of dimension 5, and Q =
(1, a, b) an anisotropic totally singular quadratic form of dimension 3. Then, the
following statements are equivalent:

(1) Bis F(Q)-minimal.
(2) There exists an F-bilinear form C of dimension 5 which is a strong Pfister
neighbor of a bilinear Pfister form {(a, b, c));, and satisfies the two conditions:
(i) B~C.
(ii) For any u,v € F*(a, b) such that (u, v, uv), is similar to a subform of
({a, b, c)p, the invariant e*(C L (detC), L (u, v)), + I’F) has length 2.

Note that for bilinear forms, nothing happens over the function field of a nonde-
generate conic since an anisotropic bilinear form remains anisotropic over such a
field. To clarify the notations used in Theorem 5, let us recall that to any bilinear
form B of underlying vector space V, we associate a totally singular quadratic form
B defined on V by: B(v) = B(v, v) forall v € V. The cohomological invariant
e? is that due to Kato [10] going from the quotient I1>F/I*F to vr(2), where
Vr(2) is the additive group generated by the logarithmic symbols da% A ‘% for
ai, ap € F*. This invariant plays the role of the Clifford invariant which is not
defined for bilinear forms in characteristic 2, and thus the group vr(2) can be seen
as the 2-torsion of the Brauer group. The word “length” that we talk about in the
previous theorem concerns the smallest number of logarithmic symbols needed to
write the cohomological invariant e*(n) for n € I>F /I3 F. Finally, the notion of a
strong Pfister neighbor bilinear form is defined as the classical notion of a quadratic
Pfister neighbor. We use the term “strong” since we have another weaker notion of

bilinear Pfister neighbor (see Section 5).

2. Background on quadratic and bilinear forms

We refer to [5] for undefined terminologies or facts. Recall that any quadratic form
¢ decomposes as follows:

(D) p>la, b1l L--- Lla,b]L{ct) L---L{c),

where [a, b] (resp. (c)) denotes the binary quadratic form ax? + xy + by? (resp.
cz?). Here, ~ and L denote the isometry and the orthogonal sum, respectively.

As in (1), the form ¢ is called of type (r, s). We say that ¢ is nonsingular (resp.
totally singular) if s = 0 (resp. r = 0). It is called singular if s > 0.
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The form (c1) L --- L {cs) in (1) is unique up to isometry, we call it the quasilinear
part of ¢ and denote it by ql(¢).

A quadratic form ¢ of underlying vector space V is called isotropic if there exists
v € V \ {0} such that ¢ (v) = 0. Otherwise, ¢ is called anisotropic.

Any quadratic form ¢ uniquely decomposes as follows:

@3] ¢~ @an L[0,0] L--- L[0,0] L(0) L---L(0),

where the form ¢, is anisotropic that we call the anisotropic part of ¢. The number
of copies of the hyperbolic plane [0, 0] in (2) is called the Witt index of ¢, we
denote it by iy (¢). Similarly, the number of (0) in (2) is called the defect index of
@, we denote it by i;z(¢). The total index of ¢ is iy (¢) +iqz(@).

Two quadratic forms ¢ and ¢ are called Witt equivalent if ¢ L m x [0, 0] = L
n x [0, 0] for some integers m, n > 0. In this case, we write ¢ ~ V.

Let C(p) (resp. Co(¢)) denote the Clifford algebra (resp. the even Clifford
algebra) of the quadratic form ¢. When ¢ ~ay[1,b(] L--- La,[1, b,]fora;, b; e F
such that @; # 0 for 1 <i <r, its Arf invariant A(gp) is the class of er':l b; in
F/o(F), where o (F) = {x2+x | x € F}. In this case, C(p) is isomorphic
to ®._,[bi,a;), where [b, a) denotes the quaternion algebra generated by two
elements i and j subject to the relations: i?=a € F*:=F\{0}, j°+j=beF
andiji'=j+1.

Let ¢ and ¥ be two quadratic forms over F of underlying vector space V and W,
respectively. We say that ¢ is dominated by 1 if there exists an injective F-linear
map o : V —> W such that p(v) = ¥ (o (v)) for any v € V. In this case, we write
¢ < Y. We say that ¢ is weakly dominated by v if a¢ < ¢ for some o € F*. The
form ¢ is called a subform of v, denoted by ¢ C ¥, if ¥ >~ ¢ L ¢’ for a suitable
quadratic form ¢’. Clearly, if ¢ is a subform of 1, then it is dominated by 1, but
the converse is not true in general. We refer to [7, Lemma 3.1] for more details on
the domination relation.

Foray,...,a, € F*, let {ay, ..., a,), denote the diagonal bilinear form given by

n
(1, oo X)), V1,0 ) > _Zlaixi)’i-
i=

A metabolic plane is a 2-dimensional bilinear form isometric to (‘1‘ (1)) for some
a € F; we denote it by M(a). A bilinear form is called metabolic if it is isometric
to a sum of metabolic planes.

Let W, (F) (resp. W(F)) be the Witt group of nonsingular quadratic forms (resp.
the Witt ring of nondegenerate symmetric bilinear forms). For any integer m > 1, let
I™ F be the m-th power of the fundamental ideal I F of classes of even-dimensional
forms in W(F) (we take I°F = W(F)). Recall that W, (F) is endowed with
W (F)-module structure in a natural way [1]. For any integer m > 2, let I F be
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the submodule /"~ F - W, (F) of W, (F). The ideal I F' is additively generated
by the m-fold bilinear Pfister forms (1, a;), ® --- ® (1, a,,);, that we denote by
{ai,...,am),. The submodule I(;"F is generated, as a W(F)-module, by the
quadratic forms {ay, ..., am—1))p - [1, b], that we denote by (ay, ..., an—1, b] and
call an m-fold quadratic Pfister form. We have [ ql F =W, (F) and a 1-fold quadratic
Pfister form is a form of type [1, a].

Let P, F be the set of forms isometric to m-fold quadratic Pfister forms, and
G P, F the set of forms similar to forms in P, F. Similarly, let B P,, F' be the set
of forms isometric to m-fold bilinear Pfister forms, and GB P,, F the set of forms
similar to forms in BP,, F.

For m > 1 an integer and B € BP,, F, we have B >~ (1), L B’ for some bilinear
form B’. This form B’ is unique, we call it the pure part of B.

The Hauptsatz of Arason—Pfister asserts that any anisotropic form in /' ' (or
I F) has dimension > 2™. Moreover, if the form has dimension 2, then it is
similar to a Pfister form (see [16, lemme 4.8] for bilinear forms, and [17, proposition
6.4] for quadratic forms). In this paper, we will only need the Hauptsatz for bilinear
forms.

Recall that a quadratic (resp. bilinear) Pfister form Q is isotropic if and only if it
is hyperbolic (resp. metabolic). Such a form is also round, meaning that « € F* is
represented by Q if and only if Q ~« Q.

For a quadratic form ¢ >~ [a;, b] L --- L[a,, b,] L {c1) L--- L (cs), we define
the polynomial Py = Y"7_; (@ix} 4 x;yi + biy7) + Y}, ¢;z5. This polynomial is
reducible if and only if ¢ ~[0,0] L (0) L --- L (0) or ¢ >~ {a) L (0) L ---_L (0)
for some a € F* [21, Proposition 3]. When P, is irreducible, we denote by F(¢)
the quotient field of the ring F[x;, y;, z;1/(P,), that we call the function field of ¢.
When P, is reducible or ¢ is the zero form, then we take F(¢) = F.

A quadratic form ¢ is called a Pfister neighbor if there exist w € P, F’ such that
¢ is weakly dominated by m and 2 dim ¢ > dim 7. Recall that the form m is unique
up to isometry, and for any field extension K /F we have that ¢ is isotropic if and
only if g is isotropic. In particular, ¢ r(;) and 7 () are isotropic.

3. Preliminary results

For the proof of Theorems 2, 3 and 4, we give a preparatory result.

Theorem 6. Let ¢ and t be anisotropic quadratic forms of dimension 5 and 3,
respectively, with ¢ not totally singular and 1 € Dg (7). Suppose that there exists a
3-fold Pfister form v, some x € F* and a 5-dimensional quadratic form ¢ of the
same type as @ such that t is weakly dominated by both forms 7w and ¢', and such
that ¢ ~ xm L ¢'. Then, T is weakly dominated by ¢.
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Proof. Let y € F* be such that yt < ¢’. Then, xm L yt <xm L ¢ is of codimension
2, but the right hand side has Witt index 4, so the left hand side is isotropic. Hence,
there exists z € D (t) such that yz € Dg(xm). By the roundness of Pfister forms, we
get xt >~ yzm. Let t € F* be such that t7 < 7. In particular, t € Dp(tt) C D ().
Sot <tm ~m,thus z € Dp(mr) and xm ~ yzwr =~ ym. Hence, without loss of
generality, we may suppose x = y = 1, meaning that 7 is dominated by both forms
m and ¢, and we have

3) p~m Ly

Clearly, from (3) we have gl(p) >~ gl(¢’). The form ¢ is of type (2, 1) or (1, 3),
and 7 is of type (1, 1) or (0, 3). We write

N {R L (r) case (a),
IR L(rs.1) case (b),

where R is a nonsingular quadratic form and r, s, t € F*. Obviously, in case (a)
the form ¢ is of type (2, 1) and dim R = 4, while in case (b) the form ¢ is of type
(1, 3) and dim R = 2.

For the proof we will proceed case by case. We have to prove that 7 is weakly
dominated by ¢.
(1) Suppose that 7 is of type (0, 3). We write T = (1, a, b). The isotropy of mr ()
implies that 7 >~ ((a, b, c]] for some ¢ € F*. If in case (b), t is similar to {(r, s, ¢}, then
we are done. So suppose that these two forms are not similar. By the domination
relation, there exist u, v, w € F* such that t >~ (u, v, w) and

/N{M[l,p]J_v[l,q]J_(w) in case (a),
~ lull, pl L (v, w, 2) in case (b),

where p, ¢, z € F*. Note that in case (a) we may suppose w = r. Adding on both
sides of (3) the form 6 := {(a, b)), we get:

{RJ_HJ_(O)~9J_(O) in case (a),
R1{(z) L6 1L{0,0) ~(z) L6 L{(0,0) incase(b).

The Witt cancellation of the zero form yields

{RJ.@NQ in case (a),
R1{z) L6~ (z) LO 1incase(b).

— In case (a) we get iy (R L 6) = 2. Hence, there exists a form (r/ , s ) dominated
by R and 6 [7, Proposition 3.11]. Then, (r, r, s’) is dominated by ¢. In particular,
(r, r',s > is anisotropic. Since 6 represents r’, s" and r (because we take w = r), it
follows that <r, r,s' ) is dominated by 6. Consequently, <r, r', s’ ) becomes isotropic



250 ADAM CHAPMAN AND AHMED LAGHRIBI

over F(t) because 7 and (r, r', s > are quasi-Pfister neighbors (see Section 5 for
this notion) of the same quasi-Pfister form ((a, b)). It follows from [20, Theorem
1.2(1)] that 7 is similar to <r, r,s ), and thus 7t is weakly dominated by ¢.

— Similarly, in case (b), we get iw (R L (z) 1. ) = 1, and thus there exists z’ €
Dr(R L (z)) N Dp(0). Then, (v, w, z/) is dominated by @. In particular, (v, w, Z/)
is anisotropic. Since 0 represents v, w and z’, it follows that (v, w, z/) is dominated
by 6. Consequently, <v, w, 7 > becomes isotropic over F(t), and by [20, Theorem
1.2(1)] t is similar to (v, w, 7 ), thus 7 is weakly dominated by ¢.

(2) Suppose that 7 is of type (1, 1). We write T = b[1, a] L (1) for some a, b € F*.
The isotropy of mr() implies that w >~ {(c, b, a] for a suitable ¢ € F*. By the
domination relation, we get

. {b[l, al LS L (r) incase (a),
b[l,a]l L (r,s,t) incase (b),

where in case (a), S is nonsingular of dimension 2 such that 1 € Dg(S L (r)); and in
case (b) we suppose r = 1. The condition 1 € Dp(S L (r)) implies that 1 = re? + f
for some e € F and f € Dp(S)U{0}. If f =0, then (r) >~ (1). If f # 0, then
S~[f glforsome ge F*,andthus S L (r) >~ [f +re? gl L (r)=1[1,g] L (r).
Hence, in case (a), we may suppose r =1 or 1 € Dp(S). When 1 € Dp(S), we get
S >~ [1, d] for some d € F. Inserting the forms ¢’ and 7 = {(c, b, a]| in equation (3),
we get

(4) N {C (b,all LT in case (a),

c{b,a]l L (r,s,t) incase (b),

where T is the form [1,a+d] L (r) or § L (1) according as S ~[1,d] or r = 1.
Clearly, the form on the right hand side of (4) is isotropic. Let b’ € Dp(T) (resp.
b € Dr({r,s,t))) be such that b’ € Dr(c {b, a]l). The existence of b’ in case
(a) is clear when T is anisotropic. If T is isotropic, then it contains a hyperbolic
plane and thus it represents any scalar. The roundness of Pfister forms yields
c{b,a]l = b {b,a].

(1) In case (a), the condition b’ € Dp(T) implies that b'[1,a] L T ~ U for some
form U of type (1, 1) such that (b') < U. Since ¢ ~ bb'[1,a] L ¥'[1,a] LT, it
follows that b't < .

(2) Incase (b), we have (r, s, t) :(b’, e ); thus ¢ ~bb'[1, a] J_(b’, e ), and hence
b't <. O

The rest of this section is devoted to some corollaries that refine some results on
isotropy due to the second author. The first one is a refinement of [13, théoréme
1.2(3)] and [3, Theorem 1.1(3)].
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Corollary 2. Let ¢ be an anisotropic quadratic form of type (2, 1) or (1, 3), and
© = (1, a, b) an anisotropic totally singular quadratic form of dimension 3. Suppose
that ¢ is not a Pfister neighbor. Then, ¢F 1) is isotropic if and only if T is weakly
dominated by .

Proof. Suppose that ¢y is isotropic. We have to prove that 7 is weakly dominated
by ¢. If ¢ is of type (1, 3) and 7 is similar to ql(¢), then we are done. So suppose
that 7 is not similar to ql(¢) when ¢ is of type (1, 3). Using [13, théoreme 1.2(3)]
(resp. [3, Theorem 1.1(3)]) when ¢ is of type (2, 1) (resp. ¢ is of type (1, 3)), we
get

5) @p~xm Ly

where x € F*, = a 3-fold Pfister form isotropic over F(t), and ¢’ a form of type
(2, 1) that weakly dominates 7. The isotropy of wF () is equivalent to saying that t
is weakly dominated by . Hence, Theorem 6 implies that T is weakly dominated
by ¢. Conversely, if 7 is weakly dominated by ¢, then ¢r () is isotropic. U

Corollary 3. Let ¢ be an anisotropic quadratic form of type (2, 1) or (1, 3), and
© = (1, a, b) an anisotropic totally singular quadratic form of dimension 3. If ¢
is F(t)-minimal, then @ is a Pfister neighbor of a 3-fold Pfister form {a, b, c]| for
some ¢ € F*.

Proof. If ¢ is F(tr)-minimal, then Corollary 2 implies that ¢ is a Pfister neighbor

of some 3-fold Pfister form m. Since ¢r () is isotropic, it follows that mp ) is
isotropic and thus hyperbolic. Hence, w =~ {(a, b, c]| for some ¢ € F*. O

The following corollary refines [3, Theorem 1.1(1)].

Corollary 4. Let ¢ be an anisotropic quadratic form of type (1,3), and t an
anisotropic quadratic form of type (1, 1). Suppose that ¢ is not a Pfister neighbor.
Then, F () is isotropic if and only if T is weakly dominated by ¢.

Proof. Suppose that ¢ is isotropic over F (7). It follows from [3, Theorem 1.1] that
there exist o, 8, u, v € F* and R;, R, nonsingular quadratic forms of dimension 2
such that ep ~ R; 1L (1, u,v), Bt = Ry L (1) and

(6) Ri LRy L p~xm,

where x € F*, p is a nonsingular complement of (1, #, v) and 7 € P3F dominates
7 up to a scalar. Adding on both sides of (6) the form (1, u, v) yields
ap~xm L¢,

where ¢’ = Ry L (1, u, v) dominates Bt. Theorem 6 implies that T is weakly

dominated by ¢. Obviously, if T is weakly dominated by ¢ then ¢r () is isotropic.
]
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Corollary 5. Let ¢ be an anisotropic F-quadratic form of type (1,3), and t =
b[1, a] L (1) an anisotropic F-quadratic form of type (1, 1). If ¢ is F(t)-minimal,
then it is a Pfister neighbor of a 3-fold quadratic Pfister form m = {(c, b, a] for
some c € F*.

Proof. We use Corollary 4 and we proceed as in the proof of Corollary 3. (]

Proposition 1 recovers Corollary 5 but the proof given by Faivre uses some
arguments different from those developed here.

4. Proof of Theorems 2—4

Proof of Theorem 2. Let ¢ be an anisotropic F-quadratic form of dimension 5 and
type (2, 1), and T = (1, a, b) an anisotropic totally singular F-quadratic form of
dimension 3.

— Suppose that conditions (i)—(iii) from the theorem are satisfied. Since 7p ()
is isotropic and ¢ is a Pfister neighbor of 7, it follows that ¢r() is isotropic.
Suppose that ¢ is not F(t)-minimal. Then, there exists v a form dominated by ¢ of
dimension 3 or 4 such that ¥ () is isotropic. Using [13, théoreme 1.3], we can see
that the form v is neither of type (2, 0) nor of type (1, 1). Hence, v is of type (0, 3)
or (1, 2). In both cases, there exists x € F'* such that xt < v (use [13, théoreme 1.4]
for type (1, 2), and [20, Theorem 1.2] for type (0, 3)). Hence, there exist u, v, w
such that xt >~ (u, v, w) and ¢ ~ u[l, p] L v[1, q] L (w). We have that Cy(p) is
isomorphic to [p, uw) ®r [q, vw) [21, Lemma 2]. Because x (1, a, b) >~ (u, v, w),
the scalars uw and vw are squares in F(/a, v/b). Consequently, Co(¢) F(Ja.vb) is
split, a contradiction.

— Suppose that ¢ is F(7)-minimal. By Corollary 3, we deduce that ¢ is a Pfister
neighbor of a 3-fold Pfister form 7w = {(a, b, c]| for some ¢ € F*. Moreover, modulo
a scalar, we have ¢ >~ ((s, t]] L (r) (we may use [13, Proposition 3.2]).

Suppose that Cy(¢) F(Ja,v/b) is split. Then, ((s, ¢]] is hyperbolic over F (. /a, Vb).
By a result of Baeza [1, Corollary 4.16, page 128], we get (s, t] ~ (1,a) ® ¢; L
(1, b) ® ¢, for suitable ¢, ¢ € W, (F). Hence, we get

(s, 11 L (@, kil L (b, kall € I F,
where k; = A(g;) for i =1, 2. Hence, we get
©) r(s.t] L1 ki +k] Lall.ki] Lb[1, ko]l € I F.
It follows from [17, proposition 6.4] that there exists p € G Pz F such that

rs, t] ~[1, k1 +ka] Lall, k1] L D[1, kz] L p.
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Consequently, by adding (1) on both sides, we get
ro ~all, ki] Lb[1,k] L (1)L p.

Since the forms ¢ and a[l, k;] L b[1, kp] L (1) are isotropic over F(t), it follows
that pr (¢ is isotropic, and thus 7 is weakly dominated by p. Theorem 6 implies
that t is weakly dominated by ¢, a contradiction to the minimality of ¢. ([

Let us give an example for which Theorem 2 applies. This example is similar
to the one given by Chapman and Quéguiner-Mathieu for the minimality over the
function field of a nondegenerate conic [2].

Example 1. Let a, b, c be indeterminates over a field Fy of characteristic 2. Con-
sider the forms ¢ =c[1,a+b] L b[1,a] L (1), Tt =(1,b,ac) andw = (b, c,a+ b]|
over the rational function field F := Fy(a, b, ¢). Then:

(1) m ~{c,bc),.[1,a+b] L (1, b),.[1, a] because
(1,b).[1,a+b] =(1,b), .[1,al.

This proves that ¢ < 7, and thus ¢ is a Pfister neighbor of .
(2) ¢F(r) 1s isotropic because ¢t < m as we can see from (1).

(3) Let L = F(+/b, \/ac). We have in the Brauer group of L the following:
Colp)L=la+b,bc),=[a+b,a),=1[b,a)L.

The algebra [b, a) is division over Fi := Fy(a, b) («/E), and it remains division
over L = F|(J/ac).

Hence, Theorem 2 implies that ¢ is F(t)-minimal.

Proof of Theorem 3. Let ¢ be an anisotropic F-quadratic form of type (1, 3), and
7 = (1, a, b) an anisotropic totally singular quadratic form of dimension 3.

— Suppose that ¢ is F(t)-minimal. Then, by Corollary 3, ¢ is a Pfister neighbor
of a 3-fold Pfister form = = {(a, b, ]| for some ¢ € F*. Suppose that there exists
e € F* such that: iz(et L ql(p)) > 2 and (iz(et L ql(g)) # 2 or (Dr(p) N
Dpr(et)) \ Dr(ql(p)) # ©). This is equivalent to saying: iy(et L ql(¢)) =3 or
(ig(et L ql(e)) = 2 and (Dp(p) N Dr(et)) \ Dr(ql(p)) # @). The condition
ig(et L ql(¢)) = 3 means that ql(p) is similar to t, while the second condition
means that et is dominated by ¢. Hence, ¢ is not F(7)-minimal, a contradiction.

— Conversely, suppose that we have the three conditions (i), (ii) and (iii) as described
in the theorem. Since ¢ is a Pfister neighbor of a 3-fold Pfister form {(a, b, c]| for
some ¢ € F*, it follows that ¢ ;) is isotropic. Suppose that ¢ is not F'(7)-minimal.
Then, there exists 1 a form dominated by ¢ of dimension 3 or 4 such that ¥ r () is
isotropic. Then, et is dominated by v for a suitable e € F* (we use [20, Theorem
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1.2] when v is totally singular, and [13, théoreme 1.4] when v is of type (1, 2)).
This gives two possibilities:

(a) et is isometric to ql(¢), which contradicts the condition (iii), or

(b) there exists x, y,z,t,u € F* such that et >~ (x, y,z) and ¢ >~ x[1,u] L
(y, z, t). This condition also contradicts (iii) because iy (et L ql(¢)) =2 but
x € (Dr(p) N Dp(et)) \ Dr(ql()).

Hence, ¢ is F(7)-minimal. O

Proof of Proposition 2. Suppose ¢ = a[1,b1] L --- L a,[1,b,] L {(co,c1,...,¢Cs)
for a;, b;,c; € F such that co = 1 and a; # O for all i. The Clifford algebra
of ¢ is generated by xi, y1, ..., X, Yun, 20, - - - » Zs Such that z; commutes with
all the generators, x; commutes with y; when i # j, and x;y; + y;x; = 1 and
xi2 = a;, yi2 =a; ]bl- and ziz = ¢;. The even Clifford algebra of ¢ is generated
by uy, vi, ..., Uy, Uy, Wa, ..., Wy Where u; = x;z9, v; = yizo and w; = z;Z¢9. The
relations are the following: w; commutes with all the other generators, #; commutes
with v; for i # j, u;v; +viu; = z(z) =1 and “,2 = a;, vl.2 = a;lbi and wf =cj.
Therefore, the even Clifford algebra of ¢ is

Fl{u,vi) @ F{uz, v12) ® -+ - Q@ Fuy, vy) @ Fwy, ..., wy),
which is indeed [b1, a))F ® - - - @ [bp, an) r @ K. O

Proof of Corollary 1. Let ¢ be an anisotropic quadratic form of type (1, 3). Suppose
that ¢ is a Pfister neighbor of a 3-fold Pfister form 7. Modulo a scalar, we may write
¢ =R L (1,r,s) for a suitable nonsingular quadratic form R of dimension 2 and
r, s € F*. On the one hand, since 7 is isotropic over F ({1, r, s)), it follows that 7 is
also isotropic over F ({(r, s))), and thus 7w >~ ((r, s, u]| for some u € F*. On the other
hand, the hyperbolicity of 7 () implies that w >~ R L [1, x] L r[1, y] L s[1, z] for
some x, y, z € F*. Hence, we get

{(rys,ull @R L [1,x]Lr[1,y]Ls[l,z]

Adding on both sides in the last isometry the form (1, r, s), and canceling the
hyperbolic planes, yields that ¢ >~ rs[1, u] L (1, r, s).

The fact that Co(p) is split as an F(/7, \/s)-algebra is a direct consequence of
Proposition 2. ]

We finish this section with an example applying the criteria given in Theorem 3.

Example 2. Let r, s, u be indeterminates over a field Fy of characteristic 2. Let us
consider the forms ¢ =rs[1,u] L (1,r,s) and 7 = (1, ru,s(r>+r+ u)> over the
rational function field F := Fy(r, s, u). We have the following statements:
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(1) Itis clear that ¢ is a Pfister neighbor of m = ((r, s, u]]. Moreover, t is dominated
by 7 because the scalars 1, 7u and s(r> 4 r 4 u) are represented by the forms
[1, u], r[1, u] and s[1, u], respectively. Hence, ¢F () is isotropic.

(2) For any e € F*, we have ij(et L ql(p)) < 1.

In fact, suppose that iy(et L ql(¢)) > 2 for some e € F*. By [7, Proposition 3.2],
there exists a totally singular quadratic form of dimension 2 which is dominated
by et and ql(¢). Consequently, there exists an inseparable quadratic extension
K = F(+/d) such that ((r, s)) ¢ and ((ru, s(r?+r+ u)))K are isotropic, and thus quasi-
hyperbolic. This implies that ((r, s)) > (d, k)) and (ru, s(r* +r 4+ u)) = (d, 1)) for
suitable k, [ € F*. Hence, {r, s)) L ((ru, s(rX4r+ u))) has defect index > 2. In
particular, 6 := ((r, s)) L (ru, s(r* +r +u), rus(r* + r 4+ u)) s isotropic. But, using
the classical isometry (a, b) >~ (a, a + b) for any a, b € F, we get

[

)
1,r,s,rs) L (ru, r’s +rs+su, rsu(rz) +su(r2) +rs(u2)>

1,r,s,rs) ru,su,rsu(r2)+su(r2)+rs(u2)>

[

12

(ru, su,rsu)
1) L1, u)-(r,s,rs),

which shows that 6 is anisotropic, a contradiction. Hence, iz(et L ql(¢)) <1, and
thus Theorem 3 implies that ¢ is F(r)-minimal. O

1,r,s,rs

(

(1, L

(1,r,s,rs) J.(ru,su,rsu(rz)>
( )L

(

It would be interesting to see if there exists an example of an anisotropic quadratic
form of type (1, 3) which is minimal over the function field of a degenerate conic
and satisfies condition (iii)(b) of Theorem 3.

Proof of Theorem 4. Let ¢ be an anisotropic F-quadratic form of type (1, 3), and
T =al[l, b] L (1) an anisotropic quadratic form of dimension 3 and type (1, 1).

— Suppose that ¢ is F(7)-minimal. It follows from Corollary 5 that ¢ is a Pfister
neighbor of a 3-fold Pfister form © = ((c, a, b]| for some ¢ € F*. Since 7 is split
by K = F[p~'(b)] and ¢ is its neighbor, the form ¢ is isotropic, which means
that e[1, b] C ¢ for some e € F*. Hence, ¢ =~ ¢[1,b] L ql(¢). Suppose that
e € Dp(a[l, b)) - Dr(ql(¢)). Let x € Dp([1, b]) and y € Dr(ql(¢)) be such that
e =axy. Since [1, b] >~ x[1, b], it follows that e[1, b] >~ axy[1, b] >~ ay[1, b], and
thus yt is dominated by ¢, a contradiction.

— Conversely, suppose that 7 satisfies the conditions (i), (ii) and (iii) as described
in the theorem. The conditions (i) and (ii) imply that ¢r () is isotropic. Suppose
that ¢ is not F(t)-minimal. Hence, there exists a form ¥ of dimension 3 or 4
dominated by ¢ and isotropic over F'(t). The form v is of type (1, 1) or (1, 2).
We use [13, théoreme 1.4 (bis) (2)] when dim » = 3, and [13, théoreme 1.4(2)]
when dim iy = 4 to conclude that 7 is weakly dominated by . Hence, there
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exist e, f, g € F* such that ¢ >~ ea[1, b] L (e, f, g). This contradicts (iii) because
ea € Dr(a[l, b]) - Dr(ql(g)). N

To give an example of a minimal quadratic form that applies Theorem 4, we need
a few notions on the specialization theory due to Knebusch. Let A : K — L U {oo}
be a place between two fields K and L. Let O be the valuation ring of A and [l its
maximal ideal. Recall that 0 = {x € K | A(x) Zoo}and M ={x € O | L(x) =0}. Let
w be the restriction of A to 0 and k = O/JL the residue field of A (Note that k can
be seen as a subfield of L). We say that a quadratic form ¢ over K has nearly good
reduction with respect to X if there exists a quadratic module ¥ over O such that
¢ >~ ¥k and the quasilinear part of the quadratic form ¥ is anisotropic, where ¥y is
the quadratic form induced by the ring homomorphism 0 — k. The specialization
of ¢ with respect to A, denoted by 1. (¢), is the L-quadratic form p. () induced
by n. We refer to [11] for more details.

Example 3. Let F = F,(r, s, u) be the rational function field in the indeterminates
r, s, u over the field [, with two elements. Let o =rs[1, u] L (1,7, s), m ={(r, s, ull
and T =su[l, r+u] L (1). Itis clear that ¢ is a Pfister neighbor of 7. Moreover, w >~
(1, r+ul L[r, ur "4+1]Ls[1, u] Lrs[1, u], and thus sut < 7. Hence, @ is isotropic
over F (7). Suppose that ¢ is not F(t)-minimal. Then, there exists by Theorem 4
a scalar e € F* such that e[1,r +u] C ¢ and e € Dp(su[l,r +ul) - Dp((1, 1, s)).
Hence, using the roundness of [1, r +u], we get ¢ >~ sut[1,r +u] L (1,r,s) for a
suitable t € Dr ({1, r, s)). Without loss of generality, we may suppose ¢ € F»(r, s)[u]
square free with respect to the indeterminate u. Let M = [F,(r, s) and consider the
M-place A from F to M with respect to the u-adic valuation of . We have:

(1) ¢ is a unit for the u-adic valuation because r € D ({1, r, s)).

(2) the form ¢ has nearly good reduction with respect to A because it is isometric
top =rs[l,u] L (1,r,s)and (1, r, s),, is anisotropic.

On the one hand, the total index of A, (¢) is equal to 1 because A, (rs[1, u]) =[O0, 0]
and (1, r, s), is anisotropic. On the other hand, since ¢ contains suf[1, r +u] as a
subform, and A (o) = 0 or oo for every « represented by sut[1, r + u], we conclude
by [11, Proposition 3.4] that the total index of 1. (¢p) is at least 2, a contradiction.

5. (Quasi-)Pfister neighbor forms

Our aim in this section is to relate the notions of quasi-Pfister neighbor and bilinear
(strong)Pfister neighbor. This is useful to classify F(t)-minimal bilinear forms of
dimension 5 when 7 is a totally singular quadratic form of dimension 3.

A quasi-Pfister form is a totally singular quadratic form B for some bilinear
Pfister form B. A totally singular quadratic form Q is called quasi-Pfister neighbor
if there exists a quasi-Pfister form 7 such that 2dim Q > dimx and aQ C 7 for
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some a € F*. In this case, the form 7 is unique, and for any field extension K /F
the form Q is isotropic if and only if 7 is isotropic. Thus Q r () and 7 (g) are
isotropic.

For any bilinear Pfister form {((ay, - - - , a,)),, we write B= {ai, -, a,).

The norm field of a nonzero totally singular quadratic form Q is the field
Np(Q) := F?(aB | o, B € Drp(Q)), where Dp(Q) is the set of scalars in F*
represented by Q. The degree [Nr(Q) : F?] is called the norm degree of Q and it
is denoted by ndeg(Q). Clearly, we have ndeg(Q) = 24 for some integer d > 1
and ndeg,(Q) > dim Q. See [7, Section 8] for details on the norm degree and
applications.

Here is a characterization of quasi-Pfister neighbors using the norm degree.

Proposition 3 [7, Proposition 8.9(ii)]. An anisotropic totally singular quadratic
form Q is a quasi-Pfister neighbor if and only if 2dim Q > ndegr(Q).

The norm degree appears in the description of the Witt kernels for bilinear forms.

Proposition 4 [15, Theorem 1.2]. Let B be an anisotropic F-bilinear form and Q
an anisotropic totally singular form of norm degree 2%. If B becomes metabolic
over F(Q), then dim B is divisible by 2.

A bilinear form B is called a Pfister neighbor if B is a quasi-Pfister neighbor.
This definition does not imply that B is similar to a subform of a bilinear Pfister
form whose dimension is less than twice the dimension of B. For example, over
the rational functions field F (¢, t2), the bilinear form B = (1, #(, o, 1 + #1152}, is
a Pfister neighbor because B~ {(t1, r)), but B is not similar to a subform of a
2-fold bilinear Pfister form since its determinant is not trivial. See [15] for more on
bilinear Pfister neighbors and their splitting properties.

A bilinear form B is called a strong Pfister neighbor, or SPN, if there exists a
bilinear Pfister form p such that 2dim B > dim p and « B C p for some « € F*. In
this case, the form p is unique. In fact, if B is an SPN of another bilinear Pfister
form &, then there exists 8 € F* such that 8B C 4. Hence, dim p = dim§ and
iw(aep L B6) > dim B > %dim 0, which implies that p ~ § since the Witt index
iw(op L B3) is always a power of 2 [17, théoreme 3.7]. Obviously, if B is an SPN
then it is a Pfister neighbor.

Recall from [10] the Kato isomorphism e” : I" F/I"*'F — vp(n) given on
generators by

da; da,

en(«ah---7an»b+1n+1F):—/\.../\ .
aj a,

The symbol length (or simply the length) of an element 6 € vr(n) is the smallest

number of n-logarithmic symbols da% ARRRW % needed to write it.



258 ADAM CHAPMAN AND AHMED LAGHRIBI

An Albert bilinear form is a 6-dimensional bilinear form whose determinant is
trivial.

Lemma 1. Let y be an Albert bilinear form and t € BP>F be suchthaty Lt e I’F.
Then, y is isotropic.

Proof. (1) If 7 is isotropic, then it is metabolic, and thus y € I° F. By the Hauptsatz,
the form y is metabolic, in particular it is isotropic.

(2) If 7 is anisotropic, then we get by the previous case that yr(;) is metabolic. It
follows from Proposition 4 that y is isotropic because the norm degree of 7 is 4. [J

We give a characterization of SPN of dimension 5. This looks like the char-
acterization of 5-dimensional quadratic Pfister neighbors (due to Knebusch in
characteristic not 2 [12, Page 10], and the second author in characteristic 2 [13,
Proposition 3.2]).

Proposition 5. Let B be an anisotropic F-bilinear form of dimension 5. The
following statements are equivalent:

(1) B isan SPN.
(2) B~a{b,c), L (d), for suitable a, b, c,d € F*.
(3) The invariant ¢*(B L (det B), + I3F) has length 1.

Proof. Let d € F* be such that det B = d.F*2.

(1) = (2) Suppose that B is an SPN of m € BP3F. Then, we have xm ~ B L
(v, z, yzd), for suitable scalars x, y, z € F*. Hence, B L (d), L dt € I3 F, where
T = {(dy, dz)),. We conclude by Lemma 1 that B L (d), is isotropic, and thus
B >~ B’ 1 (d), for some bilinear form B’ of dimension 4 and trivial determinant,
as desired.

(2) = (3) Suppose that B >~ a (b, c)), L (d),. Clearly, we have e*(B L (d), +
I’F) = 0}7—" A dc—,c, which is of length 1 because the anisotropy of {(b, c)), implies that
P AL 0.

(3) = (1) Suppose that e2(B L (d), + I3 F) has length 1. Then, there exists an
anisotropic 2-fold bilinear Pfister form t such that e2(B L ({d) »+H1 3F)=e*(t4+13F).
Hence, B L (d) L T € I*F using the isomorphism e?. Consequently, B L. dt’ € I’F,

where 7’ is the pure part of 7. Then, B L d1’ is similar to a 3-fold bilinear Pfister
form because it is of dimension &, and thus B is an SPN. O

6. K-minimal bilinear forms up to dimension 5

Throughout this section we take Q = (1, a, b) an anisotropic totally singular qua-
dratic form over F of dimension 3, and K = F(Q) its function field.
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Lemma 2 [18, Lemma 3.7]. Let B be an anisotropic bilinear form over F. If

Vv = (ay, ..., ay) is a subform of B, then there exists a bilinear form C over F
such that C C B and C ~ V. Explicitly, we can take C = (by, ..., bn)p, where
b, =a; + Z’j_:ll aixizfor suitable x1, ..., x;_1 € F (read by = ay).

Corollary 6. Let B be an anisotropic F-bilinear form. Then, B is K-minimal if
and only if B is K-minimal.

We recall the isotropy results that we need for the classification of K-minimal
bilinear forms of dimension at most 5.

Theorem 7 [20, Proposition 1.1 and Theorem 1.2]. Let B be an anisotropic F -
bilinear form such that dim B < 4 or dim B =5 and ndeg,(B) = 16. Then, Bk is
isotropic if and only if Q is similar to a subform of B.

Corollary 7. Let B be an anisotropic F-bilinear form of dimension <5 such that
By is isotropic. If B is K-minimal, then either dim B = 3, or dim B = 5 and
ndeg.(B) =8.

Proof. Suppose that dim B < 5 and B is K-minimal. Since Bk is isotropic, it
follows that dim B # 2.

— If dim B =3, then obviously B is K-minimal since any subform of B of dimension
2 is anisotropic over K.

— If dim B =4, then B is isotropic if and only if Q is similar to a subform of B
(Theorem 7). Hence, B is not K-minimal (Corollary 6).

— If dim B = 5. In this case, ndeg,(B) € {8, 16}. If ndeg,(B) = 16, then Q
is similar to a subform of B (Theorem 7). Hence, B is not K-minimal when
ndeg,(B) = 16. [l

Corollary 8. Let B be an anisotropic F-bilinear form of dimension < 5. If B is
isotropic over K but not K -minimal, then Q is similar to a subform of B.

Proof. Since B is not K -minimal, there exists C a subform of B such that dim C <
dim B and Ck is isotropic. It follows from Theorem 7 that Q is similar to a subform
of C. In particular, Q is similar to a subform of B. (]

Lemma 3. Let m; € BP,, F and ty € BP, F with 2 < m < n. Suppose that 711’ is
similar to a subform of 7y, where n{ denotes the pure part of 1. Then, mp, ~ 11 QT
for somet € BP,_,,F.

Proof. We have iy () L amp) > 2™ — 1 for some o € F*. It follows from [17,
théoréme 3.7] that this Witt index is equal to dim 77|, and the forms 7| and 7, are
m-linked, which means that 75 >~ 7; ® T for some t € BP,_,, F. O
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7. Proof of Theorem 5

Let B be an anisotropic bilinear form of dimension 5, and Q = (1, a, b) an
anisotropic totally singular quadratic form of dimension 3. Let K = F(Q) be
the function field of Q.

(2) = (1) Suppose that there exists an F-bilinear form C of dimension 5 which is
an SPN of a bilinear Pfister form p := ((a, b, c)),, and satisfies the two conditions:

(a) B~C.
(b) For any u, v € F?%(a, b) such that (u, v, uv), is similar to a subform of p, the
invariant e2(C L (det C)p L (u, v))p+ I*F) has length 2.

Let d € F* be such that det C = d.F*2. The form Ck is isotropic because pg is
isotropic and C is an SPN of p. In particular, By is isotropic.

Suppose that B is not K-minimal. Then, C is not K-minimal as well because
B =~ C (Corollary 6). It follows from Corollary 8 that Q = (1, a, b) is similar to
a subform of C. By Lemma 2, we conclude that p (1, a+q* b+ar? +s2)b is a
subform of C for suitable p #0, g, r, s € F. In particular,

<a +q2, b+ ar? +s2, (a +q2)(b +ar? +s2))b

is similar to a subform of p, and thus our hypothesis (b) above implies that e?(C L
(d)y L{a+q* b+ar?+s*), +I°F) has length 2.

Letu :a—l—qz, v=b+ar’+s% Itis easy tosee that C L (d), ~ p (u,v))p L T
for some t € GBP,F. Consequently, the invariant ¢>(C L (d) L (u, v), + I3 F)
has length at most 1, a contradiction. Hence B is K-minimal.

(1) = (2) Suppose that B is K-minimal. Then, we get by Corollary 7 that
ndeg F(E) = 8. It follows from Proposition 3 that B is quasi-Pfister neighbor of a
quasi-Pfister form 7. Since By is isotropic, it follows that g is quasi-hyperbolic.
Hence, © >~ {(a, b, c)) for some ¢ € F* [14, Theorem 1.5]. There exists a bilinear
form C of dimension 5 similar to a subform of p := {(a, b, c));, such that B~C
(Lemma 2). In particular, the form C is an SPN of p. Modulo a scalar, we may
write C >~ {(x, y)),, L (z), for suitable x, y, z € F* (Proposition 5).

Letu, v e F?(a, b) be such that (u, v, uv)y, is similar to a subform of p. The form
(u, v, uv) is anisotropic because p is anisotropic. On the one hand, the condition
u,v e F? (a, b) implies that (1, u, v) becomes isotropic over K, which gives by
Theorem 7 that Q is similar to (1, u, v) and thus K = F ({1, u, v)). On the other
hand, using Lemma 3, we get p =~ ((u, v, w)), for some w € F*. Hence, without
loss of generality, we may suppose ((a, b)), >~ {(u, v));, for the rest of the proof.

We have e?(C L (z); L (a,b), +I’°F) = % A dTy + %" A %. Suppose that
this invariant has length < 1. Then, there exists a 2-fold bilinear Pfister form
t such that e*(C L (z); L (a, b)), + I’F) = e*(t + I’F), which implies that
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{x, y0p L (a, b, L Te€ I{;’ F. Tt follows from Lemma 1 that the Albert form
(a, b, ab, x,y, xy), is isotropic. Hence, the forms {(x, y)), and {(a, b)), are 1-linked,
meaning that {(x, y)), =~ (e, 7)), and {a, b)), =~ {( f, r)), for suitable e, f,r € F*.
By the uniqueness of the pure part of bilinear Pfister forms, we get (a, b, ab), ~
(f,r, fr)p, and thus K = F ({1, f, r)). Hence, without loss of generality, we may
keep (1, a, b) instead of (1, r, f), and thus suppose that C >~ {(e, b)), L (z),. So
the form C is an SPN of ((e, b, z)),. But C is also an SPN of ((a, b, c));, it follows
that

®) (e, b, 2)p = (a, b, c)y -

We continue with some arguments similar to those used by Faivre in his proof.
Adding on both sides of (8) the form (1, b),, we get

M(1) LM@®b) L (z,e,ez), ®(1,b), M) L M) L {c,a,ac),®(1,b),.
By the uniqueness of the anisotropic part, we get
(z,e,e2), ®(1,b), >~ (c,a,ac), @(1,b), .
Adding on both sides a (1, b);, we get
a (ea, b)), L z{e, b)), ~M(a) L M(ab) L ¢ {a, b)), .

Thus, a (ea, b)), L z (e, b)), is isotropic, and thus there exist r € Dg({ea, b))
and s € Dp({(e, b));) such that ar = zs. We have

C (e b))y L(z)pxs(e b))y L(z),~s(l,b), LD,
where D =es (1,b);, L (z),. Let B :=as (1, b), L D. Then, we have
B >~ as (ea, b)), L (z), ~ars (ea, b)), L (2), =z (ea, b)), L (z),.
Hence, B ~M(z) L B L (zb),, where B = zea (1, b),. Now, we have

bC LB ~s (e b)), LB
~ 5 {e, b)), Las{(1,b), Les(l,b), L (z),
~s{a, b)), L (z)p.

This shows that bC L E is isotropic. Then, there exist bilinear forms C; and C,
of dimension 4 and 1, respectively, such that C; C bC, C; C E and C1 L Cy >~
s {{a, b))y, L (z)p. Then, iy ((C; L Cz)k) =2 and thus (C1)g is isotropic, meaning
that C is not K-minimal. Since C ~ B, it follows that B is not K-minimal, a
contradiction. O
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Using Theorem 3, we provide an example of a K-minimal bilinear form of
dimension 5, where K is the function field of a degenerate conic. The form we
choose in our example is inspired by [2, Proposition 4.1].

Example 4. Let Fj be a field of characteristic 2, and k = Fy(a, b, ¢) the ratio-
nal function field in the indeterminates a, b, ¢ over Fy. Let B=c(l,a+b), L
b(l,a), L (1), and Q = (1, a, ¢). Then, B is k(Q)-minimal.

Proof. Using the isometry (a, b)), >~ {ab, a + b)), we get
B 1 {a), Labc(l,a+b),=c{ab,a+b), L {a,b),
¢ {ab,a+b), L {ab,a+ b)),

{c,ab,a+ b)),
{a,b,chy -

[

[

Hence, B is an SPN of (a, b, c));,, and thus Bg is isotropic. Moreover, B is
anisotropic over k since {{a, b, c));, is also anisotropic.
Let u, v € k*(a, ¢) be such that (u, v, uv), is a subform of {(a, b, c));,. We have
d b) db d d
a+b) (C)+ w dv

e* (B L (detB), L (u,v), +I’F) =

a+b bc u v

Suppose that this invariant is of length < 1. Then, the Albert form
(u,v,uv,a+b, bc, (a+b)bc),

is isotropic over k. Since the forms (u, v, uv), and {(a + b, bc, (a + b)bc);, are
anisotropic over k, there exists o € k* represented by both forms. Let us write

o =ulL? + vM? + uvN?
= (a+b)S*+bcT? + (a +b)bcU?

for suitable L, M, N, S, T, U € k. Hence, we have
b(S?+cT?*+acU?) = ul?+vM?* + uvN%+aS? + c(bU)>.

The right hand side in this equality and the factor S? + ¢T? + acU? belong to
k*(a, c), but since b & k*(a, ¢), we necessarily have S2+¢T? +acU? = 0. Since
(1, ¢, ac) is anisotropic over k, it follows that S=7 = U =0 and thus ¢ =0, a
contradiction.

Consequently, e2(B L (det B), L {u, v), + I’F) is of length 2. Since all the
conditions of Theorem 5 are satisfied (taking for C the form B itself), we conclude
that B is k(Q)-minimal. O
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THE MANAKOV EQUATION OF MIXED TYPE
AND ITS MATRIX GENERALIZATION

QING DING, CHAOHAO YE AND SHIPING ZHONG

We introduce the matrix Manakov equation of mixed type by using algebraic
properties of the Lie algebra u(k, n—k), which is a nice supplementary to
the matrix nonlinear Schrodinger equation. As a consequence, the general
Manakov equation is generalized to the matrix case. By making use of some
peculiar properties of u(k, n—k), we derive both the geometric realization
and Darboux transformation of the matrix Manakov equation of mixed type.

1. Introduction
The general Manakov equation reads

{i% + P1ex + (B1lo1* +bal@a| e =0,

(1 . 2 2
[ + @2yy + (c1l1]” + 292 ") 2 =0,

where ¢ = @1(t, x), ¢ = @2(t, x) are unknown complex functions, subscript ¢
and x denote differentiation with respect to time and position, respectively, and
b1, by, c1, co are nonzero real parameters. This differential system models the
evolution of multicomponent weakly nonlinear dispersive wave trains in nonlinear
optics, superfluid, plasma, Bose—FEinstein condensed matter physics etc (refer to
[2; 3; 4; 5; 125 15; 17; 20; 22]). Equation (1) was first introduced by Manakov in
1974 (refer to [14]) and thus is named after him. Although involving 4 free real
parameters and looking complicated, the analytic properties of equation (1) have
been explored deeply and summarized in [11]. One notes that, with parameters
being suitably chosen, equation (1) contains the three integrable equations

?) {isﬂlt + @1x + 2001 1> + 921D 1 = 0,
02+ @2x + 20117 + @22 = 0,
{isﬂlt + @1 — 2(@1 1> + 192D 1 = 0,

3) .
02 + 020 — 20117 + @22 = 0,
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and

@ {i¢1,+<p1xxi2(k01|2— 2191 =0,

02+ @2r 220117 — @22 = 0,

which are called the integrable Manakov equations, or 2-component nonlinear
Schrédinger equations, of focusing, defocusing and mixed types, respectively. The
two systems in equation (4) are actually equivalent to each other by the change of
variables ¢; — ¢, and @2 — @;. Therefore, one may choose the equation

) {i§01t+¢1xx+2(|§01|2—|<P2|2)<P1 =0,
102 + @20x + 201> — 02" g2 = 0,

as a representation of equation (4).

On the other hand, in the past decades, many efforts have been devoted to
extending the theory of nonlinear Schrodinger hierarchy to higher dimensional
cases. A successful generalization in literature seems to be the “matrix nonlinear
Schrodinger hierarchy” associated to a Hermitian symmetric Lie algebra (see, for
example, [6; 9; 13; 19]), which depends seriously on the integrability. Fordy and
Kulish constructed in [9] the matrix nonlinear Schrédinger equation

(6) Qs+ Quy £2Q0%Q =0,

associated to the Hermitian symmetric Lie algebra g = u(n) (resp. u(k, n—k)) of
index k (1 < k < n), where Q is a k x (n—k) complex matrix-valued function
and Q* denotes the transposed conjugate of Q2. Equation (6) is also called the
Fordy—Kulish equation in literature (refer to [13]). When g = u(2) or u(1, 1),
equation (6) returns respectively to the nonlinear Schrodinger equation of focusing
or defocusing types: iq; + gxx £ 2|q|2q = 0. It is clear that equations (2) and (3)
have their matrix generalizations which are included as special cases of the matrix
nonlinear Schrodinger equation (6). In fact, if we take 2 = (21 €2;) as a block
matrix with Q; and Q; being respectively k x u and k x v complex matrices, in
which 1 < u, v <n—k and u + v = n—k, then equation (6) becomes

) {iQII+lexi2(QlQT+QZQ;)QI =0,
120, + Qoyy £2(Q1 Q7+ 2227)2, =0.

Equation (7) reverts to equations (2) and (3) whenn =3 and k =pu =v =1,
respectively. But equation (5) of mixed type cannot be treated as a special case
of matrix nonlinear Schrédinger equations (6). The problem is that the third term
in the left-hand side of equation (5) involves a difference of two square norms of
the unknown functions. This arises an interesting question: does the Manakov
equation (5) of mixed type have a matrix generalization? To our surprise and to our
best knowledge, such a question is not answered up to now in literature.
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The aim of this paper is to give an affirmative answer to the above question based
on exploiting some peculiar algebraic properties (see Lemmas 1-3 below) of the
Lie algebra u(k, n—k) of the semi-unitary group U (k,n—k) (n >3, 1 < k < n),
where U (k, n—k) is the set of all C-linear isometries of C}, here C; denotes the
space C" with the semi-Hermitian product (u, v) = le‘.zl wjvj— 3 g ujvy. It
follows that U (k, n—k)={ge GL(n,C)|g* = egfle}, in which the signature matrix
& =(d;j¢;) whose diagonal entries are 1 =--- =g =1land g1 =---=¢, = —1,
and u(k,n—k) =1{S € gl(n, C)|S* = —eSe} (refer to [16]).

After deriving the matrix Manakov equation of mixed type (see below), we shall
investigate some of its geometric and analytic properties. We first demonstrate the
geometric realization of the matrix Manakov equation of mixed type in u(k, n—k)
(for the concept of geometric realization, see [13]). Then we deduce a Darboux
transformation for the matrix Manakov equation of mixed type under some addi-
tional conditions. Based on the above exploitation, the general matrix Manakov
equation is proposed.

Outline. Section 2 is devoted to introducing the matrix Manakov equation of mixed
type based on exploiting some algebraic properties of the Lie algebra u(k, n—k).
In Section 3, we derive a model of moving curves in the Lie algebra u(k, n—k) by
Schrodinger flows such that it is a geometric realization of the matrix Manakov
equation of mixed type. In Section 4, with some restrictions on the orders of
matrices, we deduce a Darboux transformation for the matrix Manakov equation of
mixed type. 1-soliton solutions are constructed explicitly in that section.

2. Decomposition of the Lie algebra u(k, n—k)

In order to generalize the Manakov equation (5) of mixed type to the matrix case,
let’s first explore some properties of the Lie algebra u(k, n—k) of the semi-unitary
group U (k, n—k). As mentioned in Introduction, u(k, n—k) is the subalgebra of
gl(n, C) consisting of all § which $* = —¢Se, in other words, S € u(k, n—k) has
the form

AT
® s=(4 7).

for some A € u(k), Bp € u(n—k), and a k x (n—k) complex matrix I". Recall that
an element A € u(k) satisfies A* = —A.

Now for an integer v satisfying 1 < v < k, we come to introduce a direct
decomposition of u(k, n—k) with respect to v by the following key observation.
Since A € u(k) is presented by

o A1
A_(—QT Bl)



268 QING DING, CHAOHAO YE AND SHIPING ZHONG

for some A € u(v), By € u(k—v), and a v x (k—v) complex matrix €21, it follows
that an element S € u(k, n—k) of the form (8) can be expressed by

(% 5) (o)
) S = —Q7 B Qo .
(25 05) Bo

for some v x (n—k) complex matrix €2, and (k—v) x (n—k) complex matrix Qy.
Hence, S has an alternative expression as a block matrix:

Aj (Q )
(10) (—97) (31 Qo) =:(g§ S;)
Q; Qg By

where Q2 = ( Q Q2 ), Qf = ( —-Q7 Q3 )T is called the semicomposed conjugate

of the block matrix €2, and
By Qo )
B = .
( Qy Bo

It is obvious that B € u(k—v, n—k). This leads to the following decomposition of
the Lie algebra u(k, n—k).

Lemma 1. For a given integer v with 1 <v <k, the Lie algebra u(k,n—k) (n > 3
and 1 <k < n) has the decomposition u(k, n—k) = k @ m, where

A0
(1D k={(0 B) ‘Aeu(u),Beu(k—v,n—k)}
and
12 = 0 Q= (R Q) isindicated in (10
(12) m= ot 0 —( 1 z)lSll’l icated in (10) ¢ .

The decomposition satisfies the symmetric conditions
[k.k]Ck, [k,mlCm, [m,m]Ck.

Proof. With the description mentioned above, what remains for us to do is to verify
that the decomposition u (k, n—k) = k @ m satisfies the symmetric conditions. This
is direct and we omit it here. (|

We emphasize that the semicomposed conjugate Q' of a block matrix Q =
(Ql 522) is very different from the usual one *. One will see in the sequel
that, because of the decomposition of u(k, n—k) in Lemma 1, we find the ma-
trix generalization of equation (5) of mixed type. Before going further, the Lie
algebra u(k, n—k) with the decomposition displayed in Lemma 1 is now denoted
by u(v, k—v, n—k), here v denotes the rank of the decomposition, k—v and n—k
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indicate that the first and second matrix in 2 are of v x (k—v) and v x (n—k)
respectively. The following lemmas present interesting and important properties of
the semicomposed conjugate operation ¥ : Q — Q.

Lemma 2. (i) For the block matrices Q = ( Q Q2 ) and I' = ( Iy I', ) the
identity (QI'")" =T Q" is valid,

(ii) For the block matrix Q = ( Q1 ), the identity (2Q'Q)" = Q'QQ" is valid
as well as the usual composed conjugate operation *.

Proof. Part (i) is obvious. For (i), a direct computation shows that

QQ'Q = (22 + QA (—2Q +02R )

and
- —Q¥(—=21QF + Q2,02%)
O 00" = 1 1 2 .
( Q3 (—Q21Q] + 2,23
Hence, by definition, we have QQ'Q) = Q'Qqf. U

Lemma 3. For the Lie algebra u(v, k—v, n—k) := u(k, n—k) with the decomposi-
tion given in Lemma 1, we set

13) u*(v, k—v, n—k)

A Q
= {( _ot B ) ’ Aceu),Beun—k,k—v), Q= (2, Ql)} .
Then u* (v, k—v, n—k) is isomorphic to u(v, k—v, n—k) and u*(v, k—v, n—k) has
similarly a symmetric decomposition u*(v, k—v, n—k) = k* @ m*, where

* A0 _ _
k _{(O B) ‘Aeu(u),Beu(n k,k v)},

o [(5) [amcn]

It is obvious that Lemma 3 is not true if we replace the semicomposed conjugate
operation T by the usual composed conjugate operation *. This is a peculiar property
of the operation . Lemma 3 indicates that the Lie algebra u(k, n—k) of U (k, n—k)
can be presented not only by u (v, k—v, n—k), but also by u*(v, k—v, n—k). This
fact will be used very technically in Section 4 to establish the Darboux transforma-
tion.

Proof of Lemma 3. 1t is easy to verify that u*(v, k—v, n—k) is a Lie algebra, in
this process, Lemma 2 is applied. Now we define a map ¢ from u (v, k—v, n—k) to
u*(v, k—v, n—k) by

A Q\\ A 0@
YWNatB)) "\ @) o) )
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where

o) = (2 Q) when Q= (Q; @),

_( Bw Q;‘;) N _(301 Qo) o
a(B)_(QO By, when B = 0* By cuk—v,n—k).

What remains for us to do is to verify ¢ is an isomorphism. First, one notes that
the inverse map of ¢ is

_1 A Q) _ A o(Q)
¢ o' B)) "\ )t o) )

Hence ¢ is a linear bijective map. Next, we verify that ¢ preserves the Lie bracket
operation. For two matrices

Al Q Ay T
(Q’f Bl>’(FT Bz>€u(v,k v, n—k),
we have

(&) (7 )

o AA—AA+ QT -TQT AT —AQ+QB,—T'By
T\ QA -TTA +BTT=B,Q" QT —T'"Q+ BB, — BB,

—(@(@) oB) )\ (@) a(B2) )| \ T3 4 )’
where

2 =A1Ar — AyA1 — o () (D) +0 (D) (e (),
¥y = A10(I) — A20(RQ) +0 ()0 (By) —a (Do (By),
Y3 =—(0(Q) A2+ (M) A1 —a(B) (@ (M) +0(B) (o (),
24 =—(0(Q) o)+ (@) 0(Q) +0(B)o(By) — o (B)a(By).

and

It is direct to verify that

—o (M) +o(M (o) =ar’ —raf,
Y4 =0(QT -T'Q+ BB, — B,B)),

T =0(AT — A2Q2+QB, —TB)),

IESD

Hence, we obtain that
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o o([(8 2) (8 DD-F(E D)3 5]

In the verifications, we have used that A;, A, € u(v) and that

Boi € u(k—v), By € u(n—k) for B = ( B‘{,} Qo
0Oy Boo

This proves that u(v, k—v, n—k) is isomorphic to u*(v, k—v, n—k).
The verification of the symmetric decomposition u™(v, k—v, n—k) = k* ®@m* is
direct and we omit it here. The proof of Lemma 3 is completed. (]

) cu(k—v,n—k).

Corollary 1. When u := k—v = n—k > 1 —in other words, when 21, 2, in Q are
the same v x u matrices (1 < v < k < n)— the semi-unitary group U(u + v, )
has two isomorphic Lie algebras u(v, i, u) and u*(v, u, ).

Theorem 1. The matrix Manakov equation of mixed type, with model

{inl + Q21 +2(QIQT — QQQ;)Ql =0,

(15) .
182 + 20, + 2(QIQ>1k - 9293)92 =0,

is an integrable generalization of the Manakov equation (5) of mixed type, where
Q) and 2, are unknown complex v x (k—v) and v x (n—k) matrices, respectively
(1<v<k<n).

When v = 1, k = 2 and n = 3, equation (15) reverts to (5). Equation (15)
includes the k-component (k > 3) nonlinear Schrodinger equations of mixed type
as a special case. For the physical significance of general k-component (k > 2)
nonlinear Schrodinger equations, one may refer to [1; 21].

When v = k, equation (15) reverts to the matrix nonlinear Schrédinger equation
of defocusing type and when k = n, to the matrix nonlinear Schrédinger equation
of focusing type. Therefore, equation (15) is a nice supplementary equation to the
general integrable matrix nonlinear Schrodinger equations.

Proof of Theorem 1. For the Lie symmetric algebra u(v, k—v, n—k), we set

i (1, 0
(16) 03—5<0 _IH),

where [, stands for the n x n unit matrix and consider the linear equations

¢x =—(o3+ Q)¢

h=ro 0 Q
where A is the spectral parameter, Q = Q(¢, x) = ( § ) € m, with Q =
(QF Q3),and

) !

2
P= Z Pj(t, x)AJ

j=0
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is a polynomial ansatz, with the P;(t,x) € u(v,k—v,n—k) (j =0, 1, 2), to be
determined later, being functions of Q and its derivatives, but independent of A.
From the integrability condition of (17), namely

—(Ao3+ Q) — Px —[(Ao3 + Q), P] =0

and identifying the coefficients of A/ (j =0, 1,2, 3) in the left-hand-side of the
above equation to be zero, we find that P, =03, Py = Q and Py = —2(Q, — Q%)o3,
ie.,

P=3%03+10—2(Q: — 0%)o3

and Q satisfies

(18) ~ 01 +20xx03 —4Q%03 =0,
which is exactly equation (15). Here we have used of Lemma 2(ii) in the computation.
The proof of Theorem 1 is completed. ([

Combining the matrix Manakov equations (7) of focusing and defocusing types
with the matrix Manakov equation (15) of mixed type, the general matrix Manakov
equation is now proposed as

{iQn + Qi yx + (B121Q7 + B222235)Q21 =0,

19
(19) i, + Qoyx + (C1R1Q] + C22225)Q2 =0,

where €2 and 2, are respectively unknown complex (v x (k—v)) and (v x (n—k))
matrices (1 < v < k < n), By, By, C; and C, are given real nonsingular v x v
matrices. When n = 3, k = 2 and v = 1, equation (19) returns to the general
Manakov equation (1). It is very interesting to explore analytic and geometric
properties of equation (19). One may refer to [7; 8; 11] for such investigations in
the case of the general Manakov equation (1).

3. Geometric realization

We will now derive a model of moving curves in the Lie algebra u(k, n—k) such
that it is a geometric realization of the matrix Manakov equation (15) of mixed
type.

Recall that a (compact) Grassmannian manifold can be represented as an adjoint
orbit space in the unitary algebra u(n). From this representation for Grassmanni-
ans, Terng and Uhlenbeck showed in [19] that the matrix nonlinear Schrodinger
equation of focusing type is gauge equivalent to the equation of 1-d Schrodinger
flow to a Grassmannian manifold. In the semi-unitary Lie algebra u(k, n—k) =
u(v, k—v, n—k) = k ® m indicated in Lemma 1, the adjoint orbit space

Uk,n—k)/U@) x Ulk—v,n—k) = {E"'03E | E € U(k,n—k)}
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represents a pseudosymmetric space, where o3 is given by (16). This pseudo-
symmetric space is denoted by G, i , and called a semi-Grassmannian manifold.
Recall that the standard Killing metric (i.e., a bi-invariant inner product) (-, - ) on
u(k,n—k) is given by (A, B) = —tr(AB), A, B € u(k, n—k).

Theorem 2. For the semi-unitary Lie algebrau(k,n—k)=u(v, k—v,n—k) =k®dm
indicated in Lemma [ and the standard Killing matric (-, - ) indicated above, the
following model of moving curves y (t, x) in u(k, n—k),

(20) Vi = [Vas Vax]

with y,(t, x) € Gy k., Is gauge equivalent to the matrix Manakov equation (15) of
mixed type.

Remarks. (i) The model (20) in Theorem 2 preserves the arc-length x of 7 (¢, x)
invariant when ¢ involves. In fact,

ld _ ., L o
=—(Vx]?) = Ves Var) = Vi, [V Vaexle) = (Vs [Ves Vaxx D)

2dt
= ()7)6, )7)6 Vxxx - )7xxx fx) = _tr();x )7x fxxx) + tr(J;x )7xxx )7)6)
= —tr(Vx Vi Vaxx) + 0 (Ve Vi Vi)
=0.

Here we have used the metric formula (A, B) = —tr(A B) and the fact that tr(AB) =
tr(BA). This implies that |7, (¢, x)|> = |7, (0, x)|?; in other words, the arc-length x
is invariant when ¢ evolves.

(i) Taking the derivative with respect to x on both sides of equation (20) and
presenting y, by y, we obtain

(21 Y =V, Vaxl,

where y (¢, x) € G, k. It is a straightforward verification that the tangent space at
any point of G, x , can be identified with m and equation (21) is just the equation
of 1-d Schrodinger flow to the semi-Grassmannian manifold G,  ,. The details are
omitted here.

(iii) It is obvious that equation (20) is equivalent to equation (21). Indeed, if
y € u(k, n—k) satisfies equation (20) with y, (¢, x) € G, ;. », by taking the derivative
with respect to x in the both hand-sides of equation (20) , we see that = y, satisfies
equation (21). Conversely, if y (¢, x) = E~'(¢, x)o3E(t, x) for some E(t, x) €
U (k, n—k) satisfies equation (21), then it is easy to see that y (¢, x) = fx y(t,s)ds
solves equation (20) and satisfies

Pe(t,x) € Gypn={E"'(t, x)03E(t,x) | E € U(k,n—k)}.
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As a consequence, equation (20) keeps yx (¢, x) € G, ., invariant when ¢ involves
once y,(ty, x) € G, x., for some 1.

Proof of Theorem 2. We only need to show that equation (21) is gauge equivalent
to the matrix Manakov equation (15) of mixed type.

We first show that equation (15) is gauge transformed to equation (21). For this
purpose, let (€21 €27) be a solution to equation (15) and set

Q=Q(r,x):(s(;T Sg)em with Q= ( Q% Q).

Notice that equation (15) has a zero curvature representation; namely, if we set
(22) A= (ko34 Q)dx — W03 +10—V)dt, with V=2(0, — 003,

to be a connection of the trivial bundle R? x u(k, n—k), where A is a spectral
parameter, then equation (15) is equivalent to

Fa=dA+ANA=0.

Now we choose a fundamental solution £ = E(¢, x) to

{Ex =—(Ao3+ Q)E,

(23) E =(0203+1Q - V)E,

at A = 0 and make a gauge transformation for the connection A given by (22) by
using E € U(k, n—k):
(24) A A=E'dE+ E'AE.

From the theory of Yang-Mills we know that F; = E ~'FAE = 0. By a direct
computation, we obtain from (24) that

(25) A=EYE+E"AE = Aydx — O’y + Ay, ) dt,
where y = E~ o3 E. Here we have used the relations
ye=—E"'[03, QIE. ly.y]=E"'QE.
By using (25), the zero curvature condition of A,
Fi=dA+AnNA=0

is exactly equation (21). This proves that equation (15) is gauge transformed to
equation (21) of 1-d Schrodinger flow to the semi-Grassmannian G x .

Next, we shall show that the above conclusion is reversible, i.e., equation (21) is
also gauge transformed to equation (15). In fact, for a given solution y = E~'o3E
to equation (21), where £ = E(t,x) € U(k,n—k). Without loss of generality,
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E may be assumed to satisfy Ey = —QFE for some

0 Q
0= ( Q' 0 ) cm
with Q = ( Q7 ): indeed, if E, = P E holds for some P € u(k, n—k) with P =
Pr+ Py, and Py #0, one may choose a matrix B € U (v) x U (k—v, n—k) by solving
the ordinary differential equatlon B, = —BPk Then, from the transform £ —
E = BE, we still have y=E~ I3 E = E- 03E since Be U(v) x U(k—v, n k)
commutes with o3. Moreover, E, = B,E + BE, = BP, B~ 'E with BP,,B~! € m,
and the claim is justified.
Now, noting that equation (21) possesses the zero curvature representation by
the connection A given in (25) with y = E~'03 E, we make the following gauge
transformation for the connection A via E \=E~ 1

(26) A A=E;'dE\+ E{'AE\ = —(dE)E"' + EAE™".
By a direct computation, we have from (26) that
(27) A=—{dE)E"'"+EAE"'=(o3+ Q)dx — (A’o3 +A0 + E,E~ Y dt,

where E~'E, independent of A will be determined later. By using (27), a direct
calculation show that

28) Fa=dA+AANA

={(=0/—(E.E™"):—1Q, E.E~' ) =M(Qx +1o3, E,E~']) }dx Adt.
The coefficients of A! and A° in the right-hand-side of (28) are zero implies that
(29) Oy +los, ELET']=0,
(30) Qi+ (E.E™N,+1Q, ELET']=0.
From equation (29), we have
3D (E:E™ D =~ Vm,

where V =2(Q, — Q%03 is given in (22). Taking the k part in equation (30), we
have

(32) (E:E™ Vi + 10, (E.E" )] =0,

which implies that (E,E Y =—-Vi + diag(o; (), an(t)) for some o1 (t) € u(v)
and ar(t) € u(k—v, n—k) that independent of x. Hence we obtain

(33) E,E' = (EE Y+ (EE™ Yy =—Vi — Vi = =V +diag(a; (1), aa(t)).
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In order to cancel diag(o (¢), a2(2)) in (33), we modify E by
E— E=B@1)E,

where 8(t) = diag(B:(¢), B2(t)) € U(v) x U(k—v, n—k) depends only on ¢ and
satisfy %(r) +aj(t)Bjt) =0 (j =1,2). The existence of B; (j = 1,2) are
obvious. One may verify straightforwardly that with E being modified by E, the
second term on the right-hand-side of (33) vanishes identically and A given by
equation (27) is exactly that given in (22) with Q be replaced by Q =B()0B()" L.
The corresponding (€21, £25) obtained from y = E 103 E is a solution to the matrix
Manakov systems (15) of mixed type. This proves that equation (21) is also gauge
transformed to equation (15). The proof of Theorem 2 is completed. ([

From Theorem 2 we see that the matrix Manakov equation (15) of mixed type
admits a geometric interpretation, that is to say, it is gauge equivalent to the 1-d
Schrodinger flow to the semi-Grassmannian G, x ,. Furthermore, the model (20) of
moving curves in the Lie algebra u(k, n—k) is a geometric realization of the matrix
Manakov equation (15) of mixed type.

4. Darboux transformation

We now exploit some analytic aspects of the matrix Manakov equation (15) of
mixed type. More precisely, we establish a Darboux transformation and construct
soliton solutions.

Darboux transformation is a useful tool in constructing new solutions from given
ones to an integrable system/equation. For a given integrable system/equation,
usually there are two effective ways in deducing a Darboux transformation. One is
the usual way (see [10]), that is, if ® (¢, x, A) is a potential (matrix-valued) function
to a Lax pair of the integrable system/equation with a given solution Q = Q(t, x),
where A is the spectral parameter, the idea is to find a (matrix-valued) function §
in an algebraic way such that &D(t, x,A) =(A—S8)P(s, x, A) is a solution to the
Lax pair with some 0 depending on Q and S so that it is a new solution to the
integrable system/equation. Then Q — Q is the desired Darboux transformation.
Another way is given by Terng and Uhlenbeck in [18] who used the loop-group
technique in constructing new potential functions and hence the corresponding
Darboux transformation. In this section, we deduce a Darboux transformation
for the matrix Manakov equation of mixed type equation (15) (or equivalently
equation (18)) via the usual way. The difficulty here is whether the obtained Q still

possesses the form
- - 0 Q
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for some new Q. To overcome this crucial difficulty, we need to apply Lemma 3
and its corollary.
We first rewrite the Lax pair (17) of equation (15) (or equivalently (18)) as

{Cbx =—(iAM3+0)P,
D, = (Y7o Pt x)M))®
in which & is regarded as a U (k, n—k)-matrix-valued potential function, I3 =
< L0 ), 0= < O% 2 ) is a solution to equation (18) with = (Q} 23),

0 —1I,—, Q"0

=2il3, P, =2Q and Py = —i(Q, — 0)ls.

Next according to the usual idea for constructing a Darboux transformation
0O — O, we must find a Darboux matrix (z)J — 8) such that & = (irl, — S)®
still solves equation (34) with some new O which will be determined later. We
would point out that the Darboux matrix displayed in [10] is of the form Al, — S.
Here we modify it so that iAl, — S € u(v, k—v, n—k) when § is suitably chosen.
From the relation

(34

(35) (—idlz — Q)(irl, — $)® = (B)x = ((iA] — S)D),
= (irdy — S)(—irlz3 — Q)® — S, D,
we obtain, from identifying the coefficients of A' and A,
(36) 0 =0+, 5],
(37) Sy =[S, 0 +15S].
Similarly, we have
(38) (Z P)J)(MI —§)d = (), = (irl, —S)(ZIP)J)CIJ S, ®
J
By identifying the coefficients of A/ (j =0, 1, 2, 3), we see that
(39) P,=P,=2il;, Py=P +2[l5, S1=20, Py=Py—i[P;,S]—[P>, S]S
and
(40) S, +1[S, Po—iP S — P,S?]1=0.

Lemmad. i\l,—S is a Darboux matrix of the Lax pair (34) if and only if S satisfies
equations (37) and (40).

Proof. 1If iAl, — S is a Darboux matrix of the Lax pair (34), then the above
exploitation indicates that S satisfies equation (37) and equation (40). Inversely,
if a matrix § satisfies equation (37) and equation (40). Then for a solution ®
to equation (34) with a given Q fulfilling equation (18), we have the validity
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of equation (35) and equation (38). Hence, with Q determined by (36) and ﬁj
(j =0,1,2) by (39), we see that o= (irl, — S)® is a solution to
®, =—(irls + 0)P,
41 - ) = e
®; = (X0 P, )M ).
This implies that i A1, — S is a Darboux matrix of the Lax pair (34). Lemma 4 is

proved. O

Now we will construct the Darboux matrix by making use of (37) and (40).
Let A1, A2, ..., A, be real numbers, at least two of which are different. Set A =
diag(ir(, iAp, ..., i),). For a given solution Q to equation (18), we first choose

h to be a unit column Cj-vector-valued solution to equation (34) at A = A;. Then,
in the complementary space of Ch; in C};, we choose A to be a unit column Cj-
vector-valued solution to equation (34) at A = A;. Going on this way, we choose
h; to be a unit column Cj-vector-valued solution to equation (34) at A = A; in
the complementary space of spang(hy, ha, ..., hj—1) (j =3,,...,n)in C}. The
above process can be continuously displayed to j = n since for any real spectral
parameter XA, two coefficients on the right-hand side of equation (34) belong to
u(k,n—k) =u(v, k—v, n—k). The obtained matrix H = (hy, hy, ..., h,) is thus
of U (k, n—k)-valued. We claim that

(42) S=HAH™'
is a solution to (37) and (40). In fact, since h; is a solution to equation (34) at
A=Aj,wehave (h;), =—i\jlzh; — Qh; and
2 k
(hj)e =Y Pkng,
k=0
which means that
H.=—-I;HA—-QH, H,=PyH—-iP HA—- PZHA2.
Hence
Se=HAH'—HAH 'H.H '=[H.H ", 8]1=—-[l:5+ 0, S],
Sy =[HH™", S|=[Po—iPiS— P,S* 5],

which indicates that S satisfies equations (37) and (40). This verifies the claim.
Hence (iAl, — S) with S given in (42) is a Darboux matrix.
Finally, we must to show that Q given by (36) possesses the form

Q=Qmm=(£T§)

for some block matrix Q, under an additional condition that u :=k—v =n—k > 1.
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In fact, since H € U (k, n—k), we have H~!'=¢H*e. Therefore, S = HAH ' =
H AegH*e admits

§* = —e¢HeAH" = —sHAeH* = —¢eHAsH*s> = —&Se.

This implies that S € u(u—+v, w) =u(v, u, w) =u*(v, u, ). By applying Lemma 3,
we take S to be of the form
A T
-T" B

for some A € u(v), B € u(u) and a v x (2u) matrix I' = ( ry r; ) with I'y and
', being of v x u complex matrices. From this choice we obtain that

0or
muﬂ—Z(FTO>
and hence by (36) we see that

~ 0 Q
Q=Q+[l3,S]=(QT 0>
for Q =  + 2I". One notes that the linear operation Q2 + 2" between Q and T
works well under the additional condition: k—v =n—k > 1. Without this condition,
the linear operation €2 + 2I" does not work in general and hence such a Darboux
transformation Q — ( is not obtained.
To summarize, we obtain the following Darboux transformation.

Theorem 3. The Darboux transformation for equation (15) (or equivalently equa-
tion (18)) with u :=k—v=n—k > 1is

(43) 0— Q=0+ 5],

where Q € m C u(v, u, W) is a given solution to equation (18), S = HAH '€
u(u + v, w) is constructed by (42) and represented by u* (v, u, w).

We end this section with the construction of 1-soliton solutions by the Darboux
transformation (43). One knows that 1-soliton solutions come from the trivial
solution O =0 to equation (18) by Darboux transformation. For the Lax pair (34)
of equation (18) with Q =0,

D, = —iAl3P,
®, =2i2 5,
one obtains U (k, n—k)-solutions at A =1; (j =1,2,...,n):

. —; A2 . hia2 . i
H:dlag(e zA1x+21A1t’ezA2x 21A2t’ezA3x 21A31)U0

’

where Aj=diag (A1, ..., 1)), Ao =diag (Ay41, ..., Ak), Az =diag (Aky1, ..., Ay)
and Uy is a U (k, n—k)-matrix independent of x and ¢.
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U Uy U;
Writing Ug =| Us; Us Us | and noting that A = diag(i A1, i Ay, i A3z), we have
U; Ug Uy
_ (04)) F()
UoAU, 1:( : )
0 F() ,30

where 'y = (F(l), Fg) and

oy = U]iAlUr+U2iA2U;—U3iA3U3*,
[0 = Ui A\ Uj4-Usi AMUZ —Usi A3 U,
[0 = —Uyi AU —Usi AU +Usi A3 UG,

Bo = U4iA1U:+U5iA2U5*—U6iA3U6* —U4iA1U7*—U5i1\2U§<—|-U61'A3U9>'<
0= U7l'A1U;f+U8iA2U5*—U9iA3U6* —U7iA1U7*—Ugl'[\2U§k—|-U9iA3U9>'< '

Hence, by (42),

_ i A2
e PN x+2i ATt ap e

J— _1 p—
S=HAH = (eiA23x2iA§3z F(T)‘ eI MX=2iATt i A3 x—2i AZ5t Bo i AnrH2AG

IMx=2iAJt =i Aix42iAY e—iA23x+2iA§3z>
in which A»3 = diag (A3, A3z). Therefore, under the condition that k—v = n—k
and applying Lemma 3 (notice that €2 is represented as Q2 = (2] 273)), (43) gives
general 1-soliton solutions to equation (15) as follows:

. A2 . A2 . A2 . A2
Ql :2elA3x 2i A3t Fg* elA]X ZIAII, 92:261A2x 2i A5t F?* elAlx 21Alt.

Particularly, when n =3, k =2, v = 1 and taking Uj to be

cosfy sinfycosh gy sin by sinh ¢
Uyp= | —sinfy cosBbycoshgy cosbysinh ¢g
0 sinh gg cosh ¢

for some 6 € [0, 277) and ¢y € (—00, +00), we have 1-soliton solutions to (5) as
follows:

= Diel M1HrX=20 03231 (A2 — A3) sin @ sinh g cosh ¢y,

@y = 2iei()“+)‘2)x_2i(k%+)‘§)’ cos 6y sin Gy (A1 — Ao cosh? @0+ A3 sinh? ©0).

One may continue to construct 2-soliton solutions and so on based on the Darboux
transformation (43) and 1-solitons. But the complexity of computations will be
exponentially increased with the order of solitons and we leave it for future study.
The analytic and geometric properties of the general matrix Manakov equation (19)
also deserve to be future investigated.
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MAPPING CLASSES FIXING AN ISOTROPIC HOMOLOGY
CLASS OF MINIMAL GENUS 0 IN RATIONAL 4-MANIFOLDS

SERAPHINA EUN BI LEE

For any N > 1, let My denote the rational 4-manifold CP*#NCP?. We
study the stabilizer Stab(w) of a primitive, isotropic class w € Hy(My; Z) of
minimal genus 0 under the natural action of the topological mapping class
group Mod(My) on Hy(My; 7). Although most elements of Stab(w) cannot
be represented by homeomorphisms that preserve any Lefschetz fibration
My — X, we show that every element of Stab(w) can be represented by
a diffeomorphism that almost preserves a holomorphic, genus-0 Lefschetz
fibration proj : My — CP! whose generic fibers represent the homology class
w. We also answer the Nielsen realization problem for a certain maximal
torsion-free, abelian subgroup A, of Mod(My) by finding a lift of A, to
Diff" (My) < Homeo™ (My) under the quotient map g : Homeo™ (My) —
Mod(My). This lift of A, can be made to almost preserve proj: My — CPL
All results of this paper also hold for every primitive, isotropic class w €
H>,(My; 7) if N < 8 because any such class has minimal genus 0.

1. Introduction

The (topological) mapping class group Mod(M) of a closed, oriented manifold M
is the group
Mod(M) := mo(Homeo™ (M))

of isotopy classes of orientation-preserving homeomorphisms of M. There is a
natural action of Mod(M) on H,(M; Z) preserving the intersection form Qjs and
we consider the stabilizer Stab(w) < Mod(M) of any class w € Hy(M; Z).

Suppose M is a smooth, simply connected 4-manifold. If w € Hy(M; Z) is a
nonzero homology class with self-intersection O then w is called isotropic. One
way in which isotropic classes arise are as the homology class of the generic fibers
of a Lefschetz fibration p : M — ¥ where X is a closed, oriented surface. We say
that a diffeomorphism ¢ of M preserves p if there exists some diffeomorphism
of ¥ such that pop = ¢ o p.

MSC2020: 57K40, 57S25.
Keywords: rational surface, mapping class group, Nielsen realization problem, Lefschetz fibration.
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In some settings, elements g € Stab(w) < Mod(M) are known to admit represen-
tative maps ¢ that preserve some Lefschetz fibration p : M — X whose generic fibers
represent the homology class w. For example, Gizatullin ([12]) showed that any
parabolic automorphism of a compact Kéhler surface M must preserve some elliptic
fibration M — X (also see [4, Proposition 1.4] or [7, Theorem 4.3, Appendix]).
In the smooth setting, Farb—Looijenga ([9, Theorem 1.11]) showed that on a K3
manifold, any g € Stab(w) can be represented by a diffeomorphism preserving the
fibers of some holomorphic elliptic fibration M — CP'; this result is an application
of their study of the moduli space of genus one fibered K3 surfaces with only
nodal singular fibers. As another application, Farb—Looijenga ([9, Corollary 1.12])
study the Nielsen realization problem for a certain rank-20 free abelian subgroup
of Stab(w) by diffeomorphisms preserving the fibers of a given genus one fibration
of a K3 manifold.

In this paper we study representative maps of the stabilizers of isotropic classes
of rational manifolds M and their relationships to genus-0 Lefschetz fibrations
M — X. More specifically, we study manifolds of the form

My := CP*#NCP? for N > 1,

which are the underlying smooth 4-manifolds of the blowup of CP? at N points.
The total space M of a nontrivial genus-0 Lefschetz fibration M — X is a rational
manifold My for some N if M is simply connected. If N < 8, all primitive,
isotropic classes w € Hy(My; Z) are represented by generic fibers of a genus-0,
holomorphic Lefschetz fibration p : My — CP!. We sometimes refer to such a
Lefschetz fibration as a conic bundle structure on My . Note that these Lefschetz
fibrations are not relatively minimal unless N = 1. See Section 2.3.

Representing Stab(w) by diffeomorphisms. Let N > 1 and let w € Hy(My; Z)
be any primitive, isotropic class of minimal genus 0. Although any such class w
is represented by a generic fiber of a genus-0 Lefschetz fibration p : My — CP!,
the following proposition shows that there does not exist any ¢ € Homeo™ (My)
with [¢] € Stab(w) that preserves such a fibration p if [¢] has infinite order in
Mod(My).

Proposition 1.1. Let N > 1 and let w € Hy(My; Z) be a primitive, isotropic class
of minimal genus 0. Let ¢ € Homeo™ (My) represent an infinite-order mapping
class [¢] € Stab(w) < Mod(My). There does not exist any Lefschetz fibration
p: My — X where X is a closed, oriented surface and where the generic fiber
represents w such that ¢ preserves p.

For a proof, see Section 2.3. In this paper we ask instead that any diffeomorphism
representing any infinite-order mapping class f € Stab(w) < Mod(My) almost
preserves some Lefschetz fibration p : My — X.
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Definition 1.2 (almost preserving a Lefschetz fibration). A group of diffeomor-
phisms G < Diff" (M) almost preserves a Lefschetz fibration p : M — X if the
elements of G act on the fibers of p outside of disjoint neighborhoods of the singular
fibers of p. More precisely, there exist

(a) disjoint, open neighborhoods Vi, ..., V,, € X of the images of the singular
points z1, ..., 2z, € X, and

(b) a homomorphism i : G — Diff" (Z — Ui, Vk)

such that for all ¢ € G, the following commutes:

M—UiL p V) s M- Uiz P~ (Vi)

L L

i ()
E_Ul’:ﬂ:l Vi L) 2:—U1r<n=1 Vi

A diffeomorphism ¢ € Diff" (M) almost preserves a Lefschetz fibration p : M — X
if the group (@) < Diff" (M) almost preserves p : M — X.

On the other hand, any element of Stab(w) < Mod(My) with N > 2 must
preserve the following subgroup of Hy(My; Z):

wh = {wy € Hy(My: Z) : Qu,, (w, wo) =0} = Z".

Thus Stab(w) acts on the lattice (w/Z{w}, 0 My) Where 0 My 1s the unimodular,
symmetric, bilinear form on w*/Z{w} induced by Q. Since (Hy(My; Z), Qu,)
has signature (1, N), (wL/Z{w}, Q M, ) must be negative definite of rank N — 1.

Definition 1.3. Let A, be the kernel of the map Stab(w) — Aut(w/Z{w}, QMN).

There is an identification of A,, with the subgroup of even elements of the lattice
(wt/Z{w}, O My ), and Stab(w) fits into a split short exact sequence

(D) 0— Ay — Stab(w) — Aut(wL/Z{w}, QMN) — 0.
—

=7V~ <wl/7{w)

Two properties of A,, are that it is a maximal torsion-free, abelian subgroup of
Mod(My) and that it has finite index in Stab(w). See Lemmas 2.5 and 2.6.

With the preliminaries above in hand, we state our main result concerning the
Nielsen realization problem for A,,.

Theorem 1.4 (realizing A ,, by diffeomorphisms). Let N >2 andlet w € Hy(My; Z)
be a primitive, isotropic class of minimal genus 0. There exists a homomorphism
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Pw : Ay — DIfft (My) such that the following diagram commutes:

Difft (My)

Pw///’/\( lq

Ay — Mod(My)

The image p,(Ay,) almost preserves a holomorphic genus-0 Lefschetz fibration
p: My — CP! whose generic fiber represents the homology class w.

If N <8, Theorem 1.4 holds for any primitive, isotropic class w € Hy(My; Z)
because any such class has minimal genus 0. See Corollary 3.10.

Compare Theorem 1.4 to the case of the K3 manifold M for which the subgroup
A <Mod(M) is isomorphic to Z?°, where w € H>(M; Z) is a fiber class of a genus-
1 fibration of M with only nodal fibers. As mentioned above, Farb—Looijenga ([9,
Corollary 1.12]) showed that A, lifts to the group of diffeomorphisms preserving
the fibers of the given genus-1 fibration. In contrast to the case of the K3 manifold,
Theorem 1.4 shows that Nielsen realization for A, holds in our setting despite the
fact that no element of A, can preserve any genus-0 Lefschetz fibration of My
(Proposition 1.1).

The next theorem uses the short exact sequence (1) and the diffeomorphisms
constructed in the proof of Theorem 1.4 to find a diffeomorphism representative of
any element of Stab(w) that almost preserves a genus-0 Lefschetz fibration.

Theorem 1.5 (mapping classes fixing an isotropic class). Let N > 1 and let w €
Hy(My; Z) be a primitive, isotropic class of minimal genus Q. For any h € Stab(w),
there exists ¢ € Diff" (My) almost preserving a holomorphic genus-0 Lefschetz
fibration p : My — CP' whose generic fiber represents the homology class w such
that [p] = h € Mod(Mpy).

Similarly as with Theorem 1.4, Theorem 1.5 holds for any primitive, isotropic class
w € Hy(My; 7) if 2 < N < 8. See Corollary 4.2.

A large part of the work of this paper is to ensure that the diffeomorphisms
constructed in Section 3 commute as diffeomorphisms of My . We point out that
the calculations of Section 3 are essential to the proof of Theorem 1.4 regarding
the Nielsen realization problem for A,, although Theorem 1.5 alone may be proven
more succinctly. For the sake of concreteness, we give explicit constructions of all
diffeomorphisms used in this paper.

One way to interpret the results of this paper is via the natural action of (an index-
2 subgroup of) Mod(My) on HY and the classification of hyperbolic isometries
into three types: elliptic, parabolic, and hyperbolic. Infinite-order elements of the
stabilizer Stab(w) for an isotropic class w € Hy(My; Z) are precisely the elements
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of Mod(My) acting by parabolic isometries on HY (Lemma 2.2). Therefore the
following is an immediate corollary of Theorem 1.5.

Corollary 1.6. Let2 < N < 8. If g € Mod(My) acts by a parabolic isometry on
HY then there exists ¢ € Diff" (My) that almost preserves a holomorphic genus-0
Lefschetz fibration p - My — CP' such that [¢] = g.

Related work. The relationship between mapping classes of 4-manifolds fixing an
isotropic class and Lefschetz fibrations with the prescribed generic fiber has been
studied in some settings. As mentioned above, see Gizatullin [12] and Cantat [4]
for the case of compact, Kéhler surfaces and elliptic fibrations and Farb—Looijenga
[9] for the case of K3 manifolds; [9] was an inspiration for this current paper.

Automorphisms preserving a genus-0 Lefschetz fibration (or a conic bundle
structure) also play an important role in the study of finite groups of automorphisms
of My . An example of such a complex automorphism is the de Jonquiéres involution,
which is a main tool for this paper. Some examples of work in this direction include
the classification of order-2 birational automorphisms of CP? up to conjugacy
(Bertini [2], Bayle-Beauville [1]) and finite subgroups of birational automorphisms
of CP? in general (Dolgachev-Iskovskikh [8], Blanc [3]) in the complex category
and a study of finite groups of symplectomorphisms of rational surfaces (Chen—Li—
Wu [5]) in the symplectic category.

Outline. In Section 2, we recall relevant facts about the mapping class group
Mod(My) of rational manifolds and deduce basic facts about isotropic classes
w € Hy(My; 7), including the proof of Proposition 1.1. In Section 3, we prove
Theorem 1.4 by explicitly constructing the necessary diffeomorphisms. Using these
diffeomorphisms from Section 3, we prove Theorem 1.5 in Section 4.

2. Isotropic homology classes and their stabilizers in Mod(My)

We collect useful properties of the mapping class groups of 4-manifolds, isotropic
classes in Hy(My; Z), and certain Lefschetz fibrations.

2.1. The mapping class group of My. For any 4-manifold M, let Q,s denote
the intersection form on Hy(M; Z). The form Qs is an integral, unimodular,
nondegenerate, symmetric bilinear form on H,(M; Z)/Torsion; we denote the
lattice (H(M; Z)/Torsion, Q) by Hys. The automorphism group of the lattice
H), is denoted O(Hy,).

The mapping class group Mod(M) := my(Homeo™t (M)) of a closed, oriented,
simply connected 4-manifold M is computable due to the following theorems of
Freedman [10], Perron [18], Quinn [19], Cochran—Habegger [6], and Gabai—Gay—
Hartman—Krushkal-Powell [11]. (For a more detailed history of this theorem, see
[11, Section 1.3].)
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Theorem 2.1. Let M* be a closed, oriented, and simply connected manifold. The
map
@ :Mod(M) — O(Hy)

given by @ : [¢] — @, is an isomorphism of groups.

By the Mayer—Vietoris sequence, H»(My; Z) = Hy(CP?; 7) @ H,(CP?; 7)®N,
and we have the usual Z-basis {H, E|, ..., Ey}. The intersection form Q y, is
given by the diagonal, (N + 1) x (N + 1) matrix

diag(1, —1,...,—1)
with respect to the Z-basis {H, Ey, ..., Ex}. On the other hand, there is a natural
Z-basis
) {s,v,e1,...,en_1}

of Hz((([ZI]J’1 X Cl]j’l)#(N — I)W; Z) via the Mayer—Vietoris sequence; here, s
and v correspond to the first and second factors of CP! x CP! respectively. There
is a diffeomorphism (CP! x CIPI)#(N — I)W = My for all N > 2 giving an
identification

v=H—-E|, s=H—-E;,, eiy=H—E|—E;, e=Eyy forall2<k<N-1.

We will mostly work with the Z-basis {s, v, ey, ...,en_1} of Hy(My; Z).
Therefore by Theorem 2.1,

Mod(My) = O(1, N)(Z) := O(Hy,)

We will identify O(Hjy,, ) and Mod(My) throughout this paper.
On the other hand, consider E'"V := (RV*!, Qx), where Qy is the diagonal
bilinear symmetric form of signature (1, N):

On((x0, X1, ..., XN), (YO, Y1, - -+, YN)) =X0Y0 — X1Y1 — -+ — XNYN.

There is a natural identification of the R-span of the Z-basis {H, Ey, ..., Ey} of
Hy(My; Z) with RV*! under which the R-bilinear extension of Qy, coincides
with Q. The hyperboloid model for HY sits in E"V by

IH]N={w=(wo,w1,...,wN) e RNt Ony(w, w) =1, wy > 0}.

where the Riemannian metric is defined by the restriction of —Qy to HY (see [20,
Chapter 2]). Because O(1, N)(Z) acts on RN+ and preserves Qy, it contains an
index-2 subgroup O™ (1, N)(Z) acting by isometries on HN.

The boundary sphere of H" corresponds to

AHYN = {w = (wo, wi, ..., wy) e RY L O (w, w) =0, wy >0}/ ~
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where aw ~ w for all @ € R . Parabolic isometries of H" are those that fix a unique
point of dH" and no point in H". By [20, Problem 2.5.24(g)], parabolic isometries
not only preserve some line in R¥*! but fix it pointwise. Moreover, parabolic
isometries in O™ (1, N)(Z) must fix a nonzero, isotropic vector with integral entries,
i.e., some nonzero w € Hy(My; Z) with Oy, (w, w) = 0, and have infinite order
([20, Exercise 2.5.20]). The converse is true as well:

Lemma 2.2. Let N > 2. An element f € O (1, N)(Z) acts by a parabolic isometry
if and only if f has infinite order and there exists some primitive, isotropic class
w € Hy(My; Z) such that f € Stab(w) < O(Hp, ).

Proof. One direction holds by the discussion preceding the statement of the lemma,
so it suffices to prove that if f € Stab(w) has infinite order then f acts on HY by a
parabolic isometry.

Note that f fixes the point of dHY corresponding to w € H>(My; Z). Because
stabilizers of points in HV in O(Hyy,, ) have finite order, we only need to show that
this is the unique point of dH" fixed by f. To do this, let wy € E"V be an isotropic
vector such that f(wg) = Awg for some A € R. If wg € R{w}* then wy must be
a scalar multiple of w because the restriction of Q, to R{w}*/R{w} is negative
definite. If Q7 (w, wo) =: a # 0 then A = 1 because

a= QMN(w’ UJ()) = QMN(f(w)’ f(UJ())) = QMN(w’ )\,U)()) = Aa.
Then f(aw 4+ wg) = aw + wy and
Ouy, (aw 4+ wo, aw + wo) =2a 0 p, (W, wp) = 2a% > 0.

A scalar multiple of aw + wq lies in HY, meaning f acts on H" by an elliptic
isometry, and all such isometries of HY in O(Hy,, ) have finite order. Therefore,
wo must be a scalar multiple of w and hence f fixes a unique point in 9HY. O

2.2. Primitive, isotropic classes w € Hy(My; 7) and Stab(w) <Mod(My). Con-
sider lattices (L, Q), where L = 7" as an abelian group for some r € N and Q is
an integral, unimodular, nondegenerate, symmetric, bilinear form on L. For each
primitive, isotropic vector w € L, there exists # € L such that Q(w, u) =1 by
unimodularity of Q. There is an orthogonal decomposition

L=27{u,w®Z{u, wt

to which Q restricts to a unimodular form on each factor. The restriction of Q
to Z{u, w} has signature (1, 1). Note that Z{u, w}* is a lift of w'/Z{w} under
the natural quotient wr — wt/Z{w)}. This means that (Z{u, w}=*, Olzuwyt) 18
isometric (i.e., isomorphic as a lattice) to (w/Z{w}, Q) via this quotient, where
Q is the induced bilinear form on wr/Z{w}. We fix the above notation throughout
this subsection.
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Lemma 2.3. Let w € L be a primitive, isotropic vector. If hy, hy € Stab(w) <
O(L, Q) and hy|y1 = ho|,L then hy = hy. In particular, for any hy, h, € Stab(v) <
O(Hy,, ), where v is the homology class as givenin (2) and N > 2, if hy(ex) = ha(ex)
foralll1 <k <N — 1 then hy = h;.

Proof. Observe that h]_1 o hy acts as the identity on Z{u, w}* < wt. We claim
that hl_1 o hy(u) = u. To see this, write hl_1 o hy(u) = au + bw + vy for some
vo € Z{u, w}* and some a, b € Z. For any vy € Z{u, wit,

0=0(u, v1) = Q((hy ' ohz)(w), (hy ' ohs)(v1)) = Q(au-+bw+vo, vi) = Q(vo, v1).
Therefore, vgp = 0 by unimodularity of Q|7 . Moreover, (hl_1 ohy)(w) =w, so

1= Q((hi' oh)(w), (h' o hy)(w)) = Q(au + bw, w) =a,
0= Q((hy" oha)(w), (hy' 0 ha)(u)) = Q(u + bw, u +bw) = 2b.
Therefore, (h]_1 ohy)(u) = u and h]_1 o hy restricts to the identity on Z{u, w}. In

the case of v € Hy(My; Z) for any N > 2, apply the above argument with w = v,
u=sand Z{u, w}r =2Z{e;, ..., en_1}. U

Let A, denote the kernel of the natural map 4, : Stab(w) — O(wL/Z{w}, 0)
(cf. Definition 1.3). In order to describe A, we introduce an important type of
element of O(Hyy, ) used throughout this paper.

Definition 2.4. Let N >2 and u € Hy(My; Z) satisty O, (u, u) ==£1 or 2. The
reflection Ref, about u is an element of O(Hy,, ) defined by
20my(x, u)

u.
Omy (u, u)

We now use reflections and Eichler transformations to give generators for A,,.

Ref,(x) =x —

Lemma 2.5. Let (L, Q) be any lattice and w € L be a primitive, isotropic vector.
Let A < w*/Z{w} denote the subgroup of even elements with respect to Q. Then
there is an isomorphism of groups

E(w, ):A— A,.

In the case that (L, Q) =Hyy, for any N > 2 and w = v, the group A\, is generated
by

fi :=Ref,, oRef,,, oRef,_, ., oRefe .,

k+1

for1 <k <N —2and g :=Ref,, oRef,_,,.

Proof. For any f € A, there exists c(f) € w*/Z{w} such that for any e € w,

fle)=e—0(c(f), eyw
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by the definition of A, and the unimodularity of Q. This defines a homomorphism
c: Ay, — wt/Z{w} which is injective by Lemma 2.3.
For any f € A, there exists a € Z and e € Z{u, w}t such that

fw)y=u+aw+e

because Q(f(u), w) = 1. (Here, u € L is as chosen at the beginning of this
subsection.) Moreover,

Qu,u)=Q(f(w), f(w) = Q(u,u)+2a+ Qe, e)

and so Q(e, e) is even. Because ¢(f), e are contained in Z{u, w}* where c(f) €
wt/Z{w} is identified with its lift in Z{u, w}*,

0=0(f (), f(c(f)) =Q2(f W), c(f) = Qc(f), c(f)Hw)
= Q(e, c(f)) — Q(c(f), c(f)),

0=0(f(u), f(e)) =Q(f(u), e = Qle, c(f)w) = Qle, &) = e, c(f)).

By the second string of equalities, Q (e, c(f)) is even, and by the first, Q(c(f), c(f))
= Q(c(f),c(f)) is even. Hence c¢(A,) < A.
Consider the homomorphism E(w, -) : A — Ay, defined by

E(w,e):x— x4+ 0w, x)e— Qe, x)w — %Q(e, e)0(w, x)w

foreach [e] € A < wL/Z{w} with e € wt, where E(w, ¢) is an Eichler transforma-
tion. A computation shows that E (w), - ) does not depend on the choice of lift e € w,
and hence descends to a well-defined homomorphism on A < w'/Z{w}. Another
computation shows that coE (w, -) =1d | 4. Finally, if (L, Q) = (H2(My; Z), Omy)
and w = v, compute that f; = E(w, e + ex+1) foreach 1 < k < N — 2 and
g = E(w, 2e1), which together generate A, as e +ex4 with 1 <k <N —2 and

2e) generate A. O

We combine the results of this subsection and record an important algebraic
property of Stab(w). Below, O(r)(Z) denotes the automorphism group of the
diagonal lattice (Z", diag(1, ..., 1)), or equivalently, the automorphism group of
the diagonal lattice (7", diag(—1, ..., —1)).

Lemma 2.6. For any primitive, isotropic vector w € L, there is a split short exact
sequence
hu, —
0— A, — Stab(w) =% O(w*/Z{w}, Q) — 0.
In the case that (L, Q) =Hypy,, for any N > 2 and w = f(v) for any f € O(Hy,,),
the split short exact sequence above is isomorphic to

hy

0— 7N~ = Stab(w) =% O(N — 1)(Z) — 0.
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There is an equality of subgroups Ay, = f o Ay o f~1. Moreover, Ayy = 7NV isa
finite-index maximal torsion-free subgroup of Stab(w) and a maximal torsion-free,
abelian subgroup of O(Hyy, ).

Proof. There is a section £ of h,, defined by
C:f>1d@f € OZ{u, wy® Z{u, wi*, Q) =0(L, Q)

which shows that £, is surjective and the sequence is split.
In the case of (L, Q) =Hypy, with N > 2 and w = f(v) for any f € O(Hy,),
we can let u = f(s), in which case

(w/Z{w}, Q) = (Z{f(e1), ..., flen—1)}, Qumy)

and so O(w'/Z{w}, Q) = O(N — 1)(Z) is finite. The subgroup A < w'/Z{w} of
even elements with respect to O has index 2 in w*/Z{w} which has rank N — 1,
and so A, = A = 7ZN~!. Because the sequence is split, the subgroup (A, k) of
Stab(w) generated by A, and & must have torsion for any / € Stab(w) with 1 ¢ A,
and so A, is a maximal torsion-free subgroup of Stab(w).

To see that Ay, = foA,o0 f‘l, compute forany h € A, and e € v+ that

(foho f=)(f(e)) = f(h(e)) = fle— Q(c(h), e)v) = f(e) = Qlc(h), e)w

for some c(h) € v*+/Z{v} as in the proof of Lemma 2.5 and where 0 is the bilinear
form on v'/Z{v} induced by Q. Because wt = f(v'), we see that foho f~!
induces the identity map on w*/Z{w}, showing that f o A, o f~! € A,. By
symmetry, it follows that f o A, o f~! = A,,. Each of the generators of A, given
in Lemma 2.5 is contained in O" (1, N)(Z). Because A, = f oA, o f~! and
O™ (1, N)(Z) is a normal subgroup of O(Hyy, ), we conclude that A, is contained
in 0" (1, N)(2).

It remains to show that A, is a maximal torsion-free, abelian subgroup of
O(Hyy, ). To this end, consider any h € A,, with i 7#1d. Because A,, < O™ (1, N)(2)
and A, is torsion-free, Lemma 2.2 shows that 4 is parabolic and w € Hy(My; Z)
is the unique isotropic element of H,(My; Z) fixed by h, up to scaling. Suppose
k € O(Hys, ) commutes with some & € A,, and that (k, A,,) is torsion-free. Note
that then (—k, A,,) is also torsion-free because —Id € O(Hy,, ) is in the center
of O(Hys, ) and has order 2. Moreover, k(w) = +w because h fixes k(w), so
k € Stab(w) or —k € Stab(w). If —k € Stab(w) then (—k, A,) = A, because
(—k, Ay ) is torsion-free and A, is a maximal torsion-free subgroup of Stab(w).
However, —k & A, because —k o k~! = —Id is torsion and (k, A,,) is torsion-free.
Therefore, k € Stab(w) and k € A, since (k, A,) is a torsion-free subgroup of
Stab(w). O
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To use Lemma 2.6, we apply a theorem of Li—Li [15, Theorem 4.2] which says
that for any N > 2 and any primitive, isotropic class w € Hy(My; Z) of minimal
genus 0, there exists ¢ € Diff"(My) such that [¢](v) = w. Moreover, following
elementary lemma strengthens this theorem in the case 2 < N < 8. Recall the fixed
Z-basis {s, v, e1,...,en—1} of Hy(My; Z) given in (2).

Lemma 2.7. I[f2 < N <8 and w € Hy(My; Z) is an isotropic class, then

(a) there exists f € O(Hyy,, ) such that f(v) = w if w is primitive, and

(b) w has minimal genus 0.

Proof. To prove (a), suppose w is primitive and u € Hyy,, is chosen as in the beginning
of this subsection. The restriction of Qs to Z{w, u} is unimodular and indefinite
so Z{w, u}* is negative definite of rank N — 1 < 8. There exists a unique unimodular
and negative definite lattice of rank r if r <7; see [16, p. 1], for example. Therefore,
(Z{w, u}*, Qmylz(w.u2) is isometric to (Z{ei, ..., en—1}, Qumylzer....en1)); let
wo € Z{w, u}™* satisfy Oy (wo, wo) = —1.

With a := Qum, (u, u), we have Q y, (w, u —awp) =1 and

Oy (U — awo, u —awg) = a —a* =0 (mod 2).

So Z{w, u — awp} is unimodular, even, and indefinite. Again, Z{w, u — awo}l is
negative definite of rank N — 1 < 8, and so (Z{w, u — awo}*, Qu, | Z{w,u—awo}-)
is isometric to (Z{er, ..., en—1}, Omyl|z{e,,....en_1))- There exists f € O(Hyy,, ) that
preserves the orthogonal direct sums below

fiZ{v, s} @Ze, ..., en—1} > Z{w, u — awo} ® Z{w, u — awo}™

such that f(v) = w. This proves (a).

To prove (b), we may assume that w # 0. Suppose w; € Hy(My; Z) is a primitive
isotropic class such that aw; = w for some a € Z. By (a), there exists some
f € Mod(My) such that f(v) = w;. Because N <9, there exists a diffeomorphism
¢ € Diff" (My) such that [¢p] = f by [21, Theorem 2], and so the minimal genus of
w and the minimal genus of av are equal, and the minimal genus of av =a(H — E)
is O (cf. [15, Theorem 4.2]). O

2.3. Lefschetz fibrations, conic bundles, and de Jonquiéres involutions. Let N =
2m+1 > 3 be odd and fix some distinct complex numbers ay, .. ., az, € C. Consider
the birational map 7o : CP! x CP! --» CP! x CP! given by

2m m

(X2 Xl V12D (X Xl (Y2 T (=X Y [T —aiXa))).
i=m+1 i=1
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pr

cp'
Figure 1. Each line represents a copy of CP' and is labeled with its
homology class in My. The rightmost fiber, for 1 <i < N — 1, is
a singular fiber. Each singular fiber is a union of two (—1)-spheres
intersecting transversely once.

Then J lifts to an automorphism 7 of order 2 called a de Jonquiéres involution of
X :=BIp(CP' x CP') where

P:={(a;: 11, [1:0D:1<i<m}U{(a;: 11, [0:1]) :m+1<i <2m}

is a set in CP! x CP! with 2m points. Note that X is diffeomorphic to M. Under
this identification, ey € H,(My; Z) is the class of the exceptional fiber above
([ak : 1],[1 : 0]) for each 1 < k < m and the class of the exceptional fiber above
([ag :11,[0:1]) foreachm +1 <k < m.

The projection map pry, : CP! x CP! — CP! onto the first coordinate extends to
amap pr: X — CP! defining a holomorphic genus-0 Lefschetz fibration (in other
words, a conic bundle). By construction, pro J = pr.

Ifz#zr:=lar:1] € CP' for any k, the fiber of pr over a point z € CP' is
{z} x CP' which is in the homology class v € Hy(My: Z). Because J acts on
each such pr~!(z) in an orientation-preserving way, [7] € Stab(v) < Mod(My).
Moreover for all 1 <k <2m and all ([ay : 1], [Y;:Y2]) ¢ P,

(lag : 11, [1:0]) if 1 <k <m,

Jo:(ag: 11 = 12D = {([ak L[0:1]) ifm41<k<2m.

Therefore, [ 7] must send the homology class v — e; of the strict transform of
pr—!'(lax : 1]) in X to the exceptional divisor e;. See Figure 1 for an illustration of
the action of 7 on the fibers of pr.

The maps pr and 7 will be used in the explicit constructions in Sections 3 and 4.
The goal of the rest of this section is to show that it suffices to only consider the
Lefschetz fibration pr : My — CP! for our setting and to prove Proposition 1.1.
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Proposition 2.8. Let p : My — X be a Lefschetz fibration where X is a closed,
oriented surface and the generic fiber F satisfies [F] # 0 € Hy(My; Z). If [ F] has
minimal genus 0 then & = CP' and F = CP',

Proof. Because My is closed, a generic fiber F is a compact submanifold of M and
has finitely many connected components, i.e., 7o(F) is finite. By the exact sequence
of the fibration [14, Proposition 8.1.9], there is a bijection | (¥) — mo(F’) because
m1(My) = 0. Therefore, 71 (X) is finite because 7y(F) is finite. Because X is a
closed, oriented surface, this implies that ¥ = CP'. Furthermore, F is connected
since 7(F) = 71 (CP') = 0.

Because [ F] is nontrivial in H>(My; R) since Hy(Mpy; Z) has no torsion, My
can be given a symplectic structure such that F is a symplectic submanifold (Gompf
[14, Theorem 10.2.18], [13, Theorem 1.2]) and so F must achieve the minimal
genus in its homology class by the solution to the symplectic Thom conjecture
(Oszvath—Szab6 [17, Theorem 1.1]). O

Proof of Proposition 1.1. Suppose there exists such a Lefschetz fibration p: My — X
whose generic fiber represents w and a homeomorphism /2 : ¥ — X with pogp =hop.
Because w is nonzero and has minimal genus 0, Proposition 2.8 says that ¥ = C[P!
and the generic fiber of p has genus 0. After blowing down the (—1)-spheres
contained in the fibers of p, we see that p must be a CP'-bundle over T by [14,
Proposition 8.1.7]. Because all CP'-bundles over CP! are holomorphic, My gets
a complex structure as a rational surface and p is holomorphic.

We prove by induction on N that if some homeomorphism ¢ € Homeo™ (My)
preserves a genus-0 Lefschetz fibration p : My — CP' then [¢] € Mod(My) has
finite order. If N =1 then it is easy to see Mod(My) = O(H)y, ) is finite. Now
assume for some Ny > 1 that the claim holds for any 1 < N < Nj.

Let N = Ny and suppose ¢ € Homeo™ (My) preserves a genus-0 Lefschetz
fibration p : My — CP'. Then ¢ must permute the singular fibers because none
of the singular fibers are homeomorphic to a generic fiber CP'. There are finitely
many singular fibers, so some power ¢* must preserve each singular fiber. Each
singular fiber F of p is a union of finitely many spheres of negative self-intersection
intersecting transversely at finitely many points g1, . . ., ¢,,. Because ¢ restricts to
a homeomorphism of each singular fiber, ¢* must permute the points g, . .., gp.
Moreover, ¢ also restricts to a homeomorphism on F — {qy, . .., gn}, a disjoint
union of finitely many spheres with punctures. Therefore, a further power ¢*¢ must
preserve each component of F — {q1, ..., g} and its orientation.

Let S C F be an embedded (—1)-sphere in M. Because the homeomorphism ¢
fixes each point gy, . . ., ¢, and preserves S—(SN{q1, ..., gu}) S F—{q1, ..., qm}>
it must preserve S € My. Let b : My — M be the map that blows down S to a
point ¢ € M. Being a rational surface, M is diffeomorphic to My_; or CP! x CP'.
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Figure 2. The sets Uy, By, and V; in the case n = 7. The set By, shaded
in blue, surrounds z4 and zs. The annulus U;, shaded in orange, is the
collar neighborhood of B; surrounding z; and z,. The disk Vg, shaded in
red, contains z¢ and contained in (Bs — Us) N (Bg — Us).

Because ¢*¢ defines a homeomorphism on My — S, it induces a homeomorphism
of M — g that extends to a homeomorphism 1 of M and preserves the Lefschetz
fibration p’ : M — CP! such that p = p’ o b. If M is diffeomorphic to My_
then [¢] has finite order in Mod(M) by the inductive hypothesis. Otherwise, M
is diffeomorphic to CP! x CP! and so Mod(M) is finite. Therefore, [¢] also has
finite order in Mod(M).

Finally, note that b, : Hy(My; Z) — H(M; Z) induces the quotient map

Hy(My; Z) = Z{[S1}" @ Z{[S]} — Z{[SI}* = Hy(M; Z).

Because Yy ob=bo (,ok“Z and <pf§€([S]) = [S], the restriction of (pf:Z to Z{[S]} must
have the same order as ¥,. Finally, this shows that [(pkg], and therefore [¢], has
finite order in Mod(My). U

3. Theorem 1.4: lifting A, to Diff* (My)

We turn to the proof of Theorem 1.4, after fixing some notation regarding certain
subsets of CIP! illustrated in Figure 2. Let N =n+1and m = |_%-| ;thus N =2m+1
if n is even and N = 2m if n is odd. Fix distinct complex numbers ay, ..., dy, € C
and let z; :=[a; : 1] forallk =1, ..., n. Then:

(a) Foreach 1 <k <n — 1, let By = D? denote a closed disk in CP! — {[1:071}
containing zx and zx41 and no other points z; for j #k, k+1 so that ByN By =
g if |k —k'| > 1.

(b) Foreach 1 <k <n—1,let Uy =0, 1] x S' C B denote a collar neighborhood
of By that does not contain z; and z;4; where {0} x s! corresponds to d By.

(c) For each 1 <k <n, let V; = D? denote a closed disk containing zz in By —
U —Byifk=1,in (B, —U))N(By_1 —Ui_1) if 2 <k <n-—1, or in
Bn—l — Un—l — Bn_z if k =n.

As in Section 2.3, let

={(lai:11, [1:0D:1<i <m}U{(a; : 11, [0: 1)) :m+1 <i <2m}
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and consider the de Jonquieres involution 7 on Blp (C[P>1 X (Dl]j’l). Identify M, 1
with

(a) Blp(CP' x CP") if n is even, and
() Blp_{(fay,:17. [0:1) (CP! x CP) if n is odd.

In both cases, consider pr: M, ;| — CP' defined in Section 2.3. There is a natural
inclusion

pr~'(By) < Blp(CP! x CP")

that is preserved by 7 on Blp(CP' x CP') for all 1 <k <n — 1. We use this
inclusion to define J [,-1(p,) on each pr—'(By) € M, regardless of the parity
of n. Note that J |p-1(g,) = T |p-1(8,,,) When restricted to pr(By) Npr~ ' (By1)
foralll <k <n-2.

There are four main steps to the proof of Theorem 1.4.

(1) Constructing commuting diffeomorphisms yi, ..., yy—1 € Difft (My) that
preserve the genus-0 holomorphic Lefschetz fibration pr : My — CP! such
that supp(yx) C pr‘l(Bk) and y; agrees with 7 on pr‘l(Bk — Uy) for each
1 <k <n —1. These maps should be thought of as local de Jonquieres maps.

(2) Constructing commuting diffeomorphisms 71, ..., r, € Diff"(My) satisfying
supp(ry) € pr‘l(Vk) and [r;] =Ref,, foreach 1 <k <n.

(3) Defining a homomorphism p, : A, — Difft (My) using the diffeomorphisms
above so that p, is a section of ¢ : Diff " (My) — Mod(My) restricted to A,
and p,(A,) almost preserves pr: My — CP.

(4) Defining a homomorphism p,, : A, — Diff"(My) for any other primitive,
isotropic class w of minimal genus O by pre- and post-composing p, by
conjugation in Mod(My) and Difft (My).

Step 1: Constructing local de Jonquiéres maps y, . . ., yo—_1 € Difft (My). First,
recall by construction that for each 1 < k <n — 1, the disk By is a closed subset
of CP! —{[1 : 0]}. Throughout this section, we identify CP' — {[1 : 0]} with C by
the diffeomorphism [a : 1] — a. Then the disk By and the annulus Uy are subsets
of C and the point z; = [a; : 1] € CP! — {[0: 1]} corresponds to a; € C under this
identification.

For each 1 <k <n —1, define A; : Uy - C* by

Ar(x) —\/ Sl
Hl m+1(x

with any smooth choice of square root. A computation of fundamental groups
shows that such a choice exists. For completeness, we include a proof below.
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Lemma 3.1. Foreach 1 <k <n — 1, there exists a smooth map 7y : Uy — C* so

that
1_[?"=1 (x —ai)

5 .
Hi:lmﬂ(x —a;)

Proof. Consider a function wy : By — {ax, ax+1} — C* defined by

() =

ZHm (x — ai)_1>.

i=m+1

ety = (e =) (

Then wy(x) is well-defined and nonzero for any x € By — {ax, ax+1} because
x —a; 0 for any 1 <i <n. It suffices to show that there exists a lift A; : Uy — C*
of the restriction px |y, : Uy — C* under the double cover C* — C* given by a — a?.
In other words, we will show that ()« (it (Uy)) is contained in 27 < Z = w1 (C*).

Let 8¢, 8k+1 € w1 (Br — {ax, ar+1}) be generators so that 6;8x+ is a generator of
w1 (Uy) < m(By — {ag, ar+1}) and so that §; (resp. 8x+1) is freely homotopic in
Bi — {ax, a1} to aloop S! — By — {ax, axs1) given by 0 > ay + ee>™0V=1 e v,
(resp. 0 — ag4+1 + ge? V=1 ¢ Vi+1) for some 0 < ¢ < 1.

The restrictions of uy to Vi — {ax} and V41 — {ax+1} take the forms

I Ve— e (0) = me () —a)®', alve ) —tae) = M1 (0 (8 — age)™,

where n; : V; — C* are nonvanishing functions for each 1 <i < n. Each of u(8;)
and j1x (854 1) is freely homotopic to the loop S! — C* given by 0 > €27 01 op
by 6 e‘z”eﬂ, depending on the exponent of (x —ag) and (x — ag1) in g (x).
Therefore, (i4x)«(8k8k+1) is an element of 27 < 7 (C*). O

For such a choice of Ak, consider the map M;, : Uy — PGL,(C) given by

1
M, (x) = (_Ak w m) € PGL,(C).
We also record the inverse of M, (x) for later use:
_ I —1/Ak(x)
M = PGL,(C).
) (1 /() ) € oL

Viewing M;, (x) and M, (x)"!as automorphisms of CP', define a diffeomorphism
uy, of pr‘l(Uk) = U x CP! by

up ([x 2 11 [Y1 2 Ya]) = ([x 2 1], My, (x) - [Y1 2 Y2]).

Let T : [0, 1] — [0, 1] be a smooth, nondecreasing function such that 7'|[g .j =0
and T'|[1—¢,1) = 1 for some 0 < ¢ <« 1. Identifying pr‘l(Uk) = U X CP' with
[0, 1] x 0By x Cp! (cf. Figure 2), we define a diffeomorphism j; of pr_1 (Uk) by
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Figure 3. Illustrating the action of j; on pr‘l(Uk) =[0,1] x 0By x CP'.
The horizontal line represents By € CP!' and the orange portion represents
the annulus U, C By C CP' whose width is parametrized by ¢ € [0, 1].
The two blue points represent d B, = S'. The diffeomorphism j; acts by
rotation-by-m T (¢) on the sphere lying above a point (¢, x) €[0, 1] x 9B, = Uy.

e, 0, Y1 : V2D = (¢, 0, [e¥V 77Oy, - vy)).

Roughly, ji is amap on [0, 1]x S' x CP! induced by an isotopy of S' x CP! from

the Id x Id to Id x R(rr), where R(r) is a rotation-by-7 map on CP'. See Figure 3.
In the next lemma, we show that the de Jonquiéres map is conjugate to Id x R (i)

on each {r} x 8 By x CP!, which will be used to modify 7 |pe-—1 (v, to be the identity

near the boundary pr_1 (0By).

Lemma3.2. Let 1 <k <n—1. Onpr ' (Uy) = [0, 1] x 8B x CP!,

J onpr ([l —e 11 x 3By,

. -1 _
Hhi O T Oty = {Id on pr([0, 6] x 3By).

Proof. On pr‘l([O, g] x dBy), note that j, =1d. On pr‘l([l —¢&, 1] x 0By),
Je([x 211, [Y1 - Yo]) = ([x = 1], [T = Y2]).
Forall[x:1] e[l —¢g, 1] x 0B, C Uy

M, (x) ( 01 ?) M, (x)"' = (Ak&)z (1)) € PGL,(C),

and so
w0 jkour (10, [Vi: Yo = (Ix : 11, [Y2 : 02 Y1) = T ([x: 11, [Y1 : Vo)), O
The diffeomorphisms y, below should be thought of as local de Jonquiéres maps,
acting only on a single pair of singular fibers of pr.
Definition 3.3. For 1 <k <n — 1, let y; be the diffeomorphism of My given by
J on pr~! (B — Up),

Ve ={us 0 jkous!  on prrl(Up),
Id on pr-'(CP! — By).
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Proposition 3.4. The diffeomorphisms vy satisfy the following properties:
(a) The diffeomorphism yy preserves pr for all 1 <k <n — 1. In fact, pr oy, = pr.
(b) The diffeomorphisms y; and y; commute forall 1 <i, j <n — 1.
(c) As mapping classes, [yx] = Refy_¢, ¢, oRefp ¢, foralll <k <n-—1.

Proof. For each k, prou,, = pr and pr o jx = pr by construction of u,, and j; when
restricted to pr~!(Uy). Therefore,

. -1
(pr oVk)|Pr71(Uk) = (pro(l’”‘k O JkoUy, ))|pr*1(U/<) =Ppr |pr*1(Uk)

and y; preserves the fibers of pr on pr~!(Uy) for all k. The same is clearly true on
pr_] (CI]:I>1 — By) and true on pr_1 (By — Uyg) by construction of 7. This proves (a).

If |i — j| > 1 then supp(y;) Nsupp(y;) = & so y; and y; commute. To show
that y; and y;4; commute for 1 < i < n — 2, we will consider the action of
these diffeomorphisms on pr~!(B; N B; 1), which contains supp(y;) N supp(¥;+1)-
We split B; N B;+1 as a union of C; := (B; N Bjyx1) N (U; U U;41) and V; :=
(B; N Bijy+1) — (U; UU;41) (see Figure 4), so

pr' (B N Biv) =pr (CHUpr ™' (V).
By construction, y; |1,y =T lpe-1(v;) = Vi+1lpr1 (1), and so y; and y;41 commute
on pI‘_l ).

For any [x: 1] €(;, both y; and y; 41 act on prfl([x ;1) by (a). If [x: 1] e U;NU; 41
then for some ¢, T € [0, 1] depending on x, we have

V=1t
)/i([xil],[Y12Y2])=<[x31], <M;\,-(X)<e 0 ?)Mki(x)_l) '[Y]lYQ]),

«/jlnT
Vier([x: 1], [Y1: Y2 = ([Xil], (Mx,-+1(x)(e 0 ?)Mki+l(X)_l> ~[Y1:Y2]).

Moreover, A;(x) = Aj41(x) or —A;11(x). In the first case, M, (x) = M;,,, (x), so
¥ and ¥ commute on pr~!([x : 1]). In the second case, we compute for each
[x : 1] € U; that

M)»i (-x) = M—ki (X)<(1) (1)> and M)»i (x)il = (? (1)>M—)»i ()C)il

B, Gi Bit1 B; Bita

Figure 4. For each 1 <i < n — 2, the sets C; (left) and V; (right) are
contained in B; N B;.
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and so

eV -1nT . 1 0 .
M—A[(X)( 0 1>M_,\[,(x) ZMA,-(X)(O eﬁnT)MAi(X) .

It is clear that

eVt 4 10 »
M)»,'(x) 0 1 M)Li(x) and M)\.[(x) 0 e\/jlﬂT M}»,'(x)

commute in PGL;(C), which shows that y; and y;4; commute on pr_1 ([x :1]) in
this case.

If [x : 1] € U; and [x : 1] ¢ U; 4 then for some ¢ € [0, 1] depending on x and for
all [Y; : V5] € CP!,

V=1nt
J/i([le],[Y1:Yz])=<[X:1], (Mx[(x)(e 0 ?)Mxi(X)_l)-[erYz])

Yirr(x: 1L [Y1: 2D =T ([x: 1], [Y1: Y2])

=([x:1], <MAH1(X)(_01 ?)Mm(x)—l) -[Y13Y2])

where the second equality follows from (the proof of) Lemma 3.2. Therefore, we
can show that y; and y;41 commute on pr~! ([x : 1]) similarly as in the previous case.
By analogous computations, y; and y;; commute on pr—!([x : 1]) if [x : 1] € Uj4;
and [x : 1] ¢ U;. This proves (b).

Finally, note that for all j # k, k+ 1, the map y; restricts to the identity on e; and
on pr=(2) for any z ¢ Br 50 (i)« (e;) = ¢; and (1%)+(v) = v. Moreover, y; agrees
with 7 on pr_1 (By), meaning that (yx)«(ej) =v—e; for j =k and j =k + 1. This
then determines [y;] € Mod(M,,+1) by Lemma 2.3. A computation shows that the
same holds for Ref, ., ., oRef, ¢, ,. U

Step 2: Constructing ry, . .., r, € Diff* (My). Foreach 1 <k <n, the exceptional
divisor e, has a tubular neighborhood vy in pr_l(Vk) that is diffeomorphic to
CP2—{[0:0:1]}. Let ix : CP2 —{[0: 0: 1]} — vy be this diffeomorphism and
let 7y be a diffeomorphism of CcP2— {[0:0: 1]} given by complex conjugation,
0:[X:Y:Z]l—[X:Y:Z].

Consider a smooth path 5 : (0, 1) - SO(4) such that
diag(1l, —1,1,—1) ifre(l—e,1)

n() = {Id ifre0,¢)

for some 0 < ¢ < 1. Let B denote the punctured ball in CP2 — {[0: 0 : 1]} given by
B:={la+bv—1:c+dv—1:11€CP?:0< |[(a+bv—1,c+dv/—-1)| <1},
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identifying it with (0, 1) x §* C R*, and define 7 € Difﬁ(m— {[0:0:1]}) by
B {ro on CP2 — B,
@, x) = @, n@x) on BX(0,1) x S

Then 7 is compactly supported in CP2 — {[0:0:1]}.

Definition 3.5. For all 1 <k < n, let r; € Diff"(My) be

ikoroi,;l on v,
Iy ==
Id on MN—Uk.

Remark 3.6. By construction, the diffeomorphism r; restricts to an orientation-
reversing diffeomorphism of e; and preserves the homology classes e; for all
i # k and v. This forces [ry] = Ref,, € Mod(My) by Lemma 2.3. Moreover,
supp(rx) S vy S pr‘l(Vk) and ry preserves vy C pr‘l(Vk).

Step 3: Constructing p, : A, — Diff* (My). The generators fi, ..., fu_1 of A,
(cf. Lemma 2.5) will be mapped under p, to the following diffeomorphisms.

Lemma 3.7. Foreach1 <k <n-—1, let

Pk =Tk OTk+1 0 Vk-
Then gjop; =¢@joq; foranyl1 <i,j <n—1.
Proof. For any 1 <i, j <n—1, the diffeomorphisms ¢; and ¢; commute if |i — j| > 1
because they have disjoint support. For any 1 <i <n —2,
@ilpr1 (Vi) = Cir1 0 Dlpr1viyy) = it lpr1 (v

so ¢; and ;11 commute on pr‘l(ViH). Moreover on §; := pr‘l(B,- N Bi+1) —
pr ' (Vig1)

vils; = vis Git+1ls; = Vit
and so ¢; and @;,; commute on pr—'(B; N B; 1) by Proposition 3.4(b). Finally, ¢,

and ¢; 1| commute on M| — pr*I(Bi N B;41) because supp(e;) Nsupp(@;+1) is
contained in pr=!(B; N Bi41). O

It remains to construct the image of the last generator g of A, under p,.
Lemma 3.8. The map

_Joio@r onprt(vy)

v Id on M1 —pr~ (V).

is a well-defined diffeomorphism, which commutes with ¢y forall 1 <k <n—1 and
satisfies [{] = g = Ref,, oRef,_,, in Mod(M,,+1),
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Proof. By definition, r; has support contained in the interior of pr—!(V}) for all
1 <k <n. Sori|c =1d|c on some collar neighborhood C of pr_1 (V1), and

Vic=(piop)|lc=(r1oJorioT)|lc=(ToT)|lc=1d]c.

Moreover, 7, r1, and r, all preserve pr~!(V}), so the map v is indeed a diffeomor-
phism.

The diffeomorphisms i and ¢y have disjoint supports for all k > 1. Considering
the subsets pr~ ' (V}) and M, —pr~! (V) separately shows that ¢; and ¥ commute
as well.

Compute for all 2 < k < n that [¥](ex) = ex because supp(y¥r) C pr_l(Vl).
Moreover, i agrees with (plz on pr~!(V}), meaning that

[¥1(en) = [pil(er) = e1 +2v.
Computing that

Ref,, oRefy_, (ex) = [¥](ex)
for all 1 <k <n and applying Lemma 2.3 shows that [{/] = g. ([
Proposition 3.9. There is a homomorphism p, : A, — Diff"(My) defined by

po(f)i=@r foralll <k<n-—1, pu(2) ==,
where g and fi for 1 <k <n — 1 are the generators of A, as given in Lemma 2.5.

Moreover,

(@) py is a section of the map q : Difft (My) — Mod(My) restricted to A, <
Mod(My), and

(b) forall p € py(Ay),

(prog)| n =PI py—, pr' (V) -
my=pr () vl

i=1
Hence p,(Ay) almost preserves the Lefschetz fibration pr: My — cp'.

Proof: By Lemma 2.5, A, = 7" is generated by f1, ..., fu—1, & By Lemmas 3.7
and 3.8, the image of p, is abelian and therefore p, is a well-defined homomorphism.
Compute using Proposition 3.4(c) and Remark 3.6 that

[ov(fi)]= [rilolriy1]olyel :Refek o Ref€k+l ORefvfekfekH o Ref@k*€k+1 = fr € Ay.

Lemma 3.8 shows that [p,(g)] = g. Therefore, p, is a section of the quotient map
g : Diff" (My) — Mod(My) restricted to A, < Mod(My).

Finally, supp(rx) € pr—!(Vy) for all 1 < k < n (cf. Remark 3.6). By Proposition
34(a), proyy =prforalll <k <n-—1,so

(pklMN—U['.'zl prri(v;)) = Vk|MN—U;'=1 pri(V;)-
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By Lemma 3.8,
Ylny U, oot ) = 1y pet -
Hence prog = pr restricted to My — |Ji_, pr='(V;) for all ¢ € p,(A,) and so

v (Ay) almost preserves pr. U

Step 4: Extension to any primitive, isotropic class w of minimal genus 0. With
the constructions above in hand, we conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. Because w is a primitive, isotropic class of minimal genus O,
there exists some o € Diff " (My) such that [a](w) = v by a theorem of Li-Li ([15,
Theorem 4.2]). Using the definitions of 4, and A,, (cf. Lemma 2.6), compute that

Ay=[a]loAyola™!]
and define p,, : A, — Diff" (My) by

puw(f)=aop,(lalo fola Do

where p, : A, — Diff"(My) is the homomorphism constructed in Proposition 3.9.
Compute that for all x € My — UZ:] (pr o)L (V)),

(proa) o pu (f)(x) =propy([alo fola™'1) oa(x) = (proa)(x)

because prop, ([a]o fola™]) =pron My — UZ:l pr~ (V%) by Proposition 3.9(b).
Hence p,,(A,,) almost preserves pr oa, which is holomorphic for some complex
structure on M. Finally, compute by Proposition 3.9(a) that for any f € Ay,

qopu(f)=q " opy(lalo fola' o)
=la""To(gop)(alo fola ' Dolal = f. 0
If 2 < N <8, Theorem 1.4 holds for any primitive, isotropic class in Hy(My; Z).

Corollary 3.10. Let2 < N <8 and let w € Hy(My; Z) be any primitive, isotropic
class. There exists a homomorphism py, : Ay, — Diff™ (My) such that the following

diagram commutes:
Difft (My)

low///’/\r lq
Ay — Mod(My)

The image py(Ay,) almost preserves a holomorphic genus-0 Lefschetz fibration
p: My — CP' whose generic fiber represents the homology class w.

Proof. If 2 < N <8 and w € Hy(My; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.4. [J
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4. Theorem 1.5: individual elements of the stabilizer Stab(w) of w

We next prove Theorem 1.5 using the diffeomorphisms constructed in Section 3.
The following lemma considers the subgroup S, < Stab(v) N Stab(s) < Mod(My)
given by permuting the classes ey, . . ., e,. In other words, we consider the subgroup
(Refy—¢,, 1 1 <k <n—1) of Mod(My).

Lemma 4.1. Foreach 1 <k <n—1, there exist s € Diff" (My) and 7 € Diff " (CP")
such that

(a) prosy = ¢ o pr, and
(b) [sk] =Refe, ¢, € Mod(My).

Proof. Let A:= (7' {) € PGLy(C), so A has order 2and A([1:1])=[—1:1]e CP".
There exists a neighborhood D diffeomorphic to a disk D? of the path {[:1]:¢ €
[—1, 1]} € CP! that is preserved by A. Let ; : D < CP! be a smooth embedding
with image contained in By — Uy and

u((=1:1D) =lar: 11, w(1:1]) = [ag41: 1],

so that ¢; is holomorphic if restricted to small neighborhoods of [1: 1] and [—1: 1]
in D. Now let 7, € Diff" (C[P’l) be a diffeomorphism such that

= tkoAOL]?1 on (;(D) C B, — Uy,
“T on CP' — B;.

Consider the diffeomorphism s : (X, Y) +— (74 (X), Y) of CP! x CP' which extends
to a diffeomorphism s; of My because s is holomorphic on a neighborhood of
pr‘l([ai : 1] for all 1 <i < n. By construction, prosy = t; o pr. Moreover, if
i #k or k+ 1 then s; acts as the identity on e; but si(ex) = ex+1 and s (ex+1) = ek.
Hence [s¢] = Ref,, _,,,, by Lemma 2.3 because [s;] € Stab(v). U

We may assume that for all 1 <k <n — 1, the choice of Vi, Vi41 C CP' satisfies
Vi, Vg1 C (D) and 14 (Vi) = Vi1, where i : D — CP' is the embedding defined
in the proof of Lemma 4.1. This also implies that 74 (V1) = Vi because |, (p)
has order 2.

Proof of Theorem 1.5. The theorem holds for N =1 because then Stab(w) = 1. Now
assume that N > 2 and that w = v. Since h € Stab(v), we may write & = f oo where
feAyand o € Aut(Z{ey, ..., ey}, Qum,) = O(n)(Z) by Lemma 2.6. Furthermore,
the action of O(n)(Z) on Z{ey, ..., e, } preserves the set {ey, ..., ey, —€1, ..., —e,}
of classes of norm —1. The action of O(n)(Z) on the set of n unordered pairs
{er, —ex} with 1 < k < n defines a homomorphism O(n)(Z) — S, with kernel
(Ref,, : 1 <k <n) = (Z/22)". Moreover, this homomorphism admits a sec-
tion with image (Ref,, ., : 1 <k <n —1) < O(n)(Z). In other words, any
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element o € Aut(Z{ey, ..., e,}, Ou,) can be written as a product [r] o [s] €
Aut(Z{ey, ..., ey}, On,) wWhere

re(r:1<k<n)<Difft(My) and se(sx:1<k<n-—1)<Dift"(My),
by Remark 3.6 and Lemma 4.1(b). Let
¢ = py(f)oros e Difft (My)

where p, : A, — Diff"(My) is the homomorphism from Proposition 3.9. By
construction, [¢] = h.
Note that

propy(f) o rlyy e, prt vy = Pr lmy -y, prt(vi)

by Proposition 3.9(b) and by Remark 3.6. By Lemma 4.1(a), there exists 7 €
Diff ™" ((D[P’l) such that pros = 7 opr and 7 preserves Ul”: | pr_1 (Vi). Hence

prog| =« =pro(py(f)oros)| =topr| =« :
My—Jpr (V) My—Jpr (V) My—Jpr(v)

i=1 i=1 i=l1

which shows that ¢ almost preserves pr.

Take any other primitive, isotropic class w € Hy(My; Z) with minimal genus 0O;
we proceed similarly as in the proof of Theorem 1.4. Apply Li-Li [15, Theorem 4.2]
to obtain o € Diff"(My) such that [¢](w) = v and [e]oh o[~ !] € Stab(v). There
exists a diffeomorphism ¢ € Diff* (My) almost preserving pr: My — CP! with
[p]l=[a]oho [~ !]. Then ™! oo almost preserves pr o, and [~ ! opoa] =h.

(]

Corollary 4.2. Let 2 < N < 8 and let w € Hy(My) be any primitive, isotropic
class. For any h € Stab(w), there exists ¢ € Difft (My) almost preserving some
holomorphic genus-0 Lefschetz fibration p : My — CP' whose generic fiber
represents the homology class w such that [p] = h € Mod(My).

Proof. It 2 < N <8 and w € Hy(My; Z) is a primitive, isotropic class then
Lemma 2.7(b) says that the minimal genus of w is 0. Now apply Theorem 1.5. [J
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LOWER BOUNDS FOR
FRACTIONAL ORLICZ-TYPE EIGENVALUES

ARIEL SALORT

We establish precise lower bounds for the eigenvalues and critical values
associated with the fractional A-Laplacian operator, where A is a Young
function. The obtained bounds are expressed in terms of the domain geome-
try and the growth properties of the function A. We do not assume that A or
its complementary function satisfies the A, condition.

1. Introduction

One of the central problems in the analysis of p-Laplacian type operators is the
study of its eigenvalues, which are closely related to the structure of the underlying
domain and the boundary conditions imposed. In particular, the first eigenvalue

A =inf{/ [Vul|? dx for u € C2°(2) such that / w @) |ul? dx = 1}
Q Q

related to the nonlinear problem defined for p > 1 as

{—div(|Vu|”_2Vu) = olulP?u  in Q,

1-1
(- u=~0 on 0%2,

has been extensively studied, as it provides important information about the behavior
of solutions to the geometry of the domain. Here w is a suitable weight function
and Q C R" denotes an open and bounded set. See for instance [29; 30].

While upper bounds for eigenvalues have been established in a variety of settings,
obtaining sharp lower bounds remains a challenging and active area of research.
Lower bounds are of particular importance because they offer insights into the
stability and regularity of solutions, as well as estimates for the oscillatory behavior
of eigenfunctions.

In the one-dimensional case with a weight function, lower bounds were obtained
in [17; 28; 34; 35; 40]. When Q2 C R", n > 2 several results are known. In [6; 16],
lower bounds in terms of the measure of the domain were obtained. Indeed, when
w € L?(2) then we have
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n
¢ <A Wheree:{?oe(p’oo] when 1 < p <n

71 =
12777 lwll o)

when n < p,

where C = C(n, p) > 0. In addition, in [33; 35], more accurate bounds involving the
inner radius rg of 2 are obtained as a consequence of Lyapunov type inequalities:

(1-2) —————— <A1 wheref =

Cc {906(%,00] when 1 < p <n,
ro ol

when n < p,

where C = C(n, p) > 0 and rq := max{dist(x, 0€2) : x € Q} is the inradius of Q. In
[26] these results were extended to the nonlocal case, obtaining that when w € LY (Q2)

C 6p € (£, 00 hen 1 ,
(1-3) —————— <2} wheref = {10 (5500 when T<sp <n

p—=1
ro 9||w||L9(Q) whenn<sp,

where A is the first eigenvalue related to the fractional p-Laplacian operator of
order s € (0, 1).

When operators follow a growth more general than a power law, the concept of
eigenvalue becomes highly dependent on the normalization of the eigenfunction
due to the potential lack of homogeneity. More precisely, equation (1-1) can be
generalized by replacing the power p with a so-called Young function: given a
Young function A, and a bounded domain Q C R", n > 1, consider the problem

—div(a(|Vu|)ﬂ) —wa(u)L  inQ,
|Vu| [u]
u=>0 on 092,

(1-4)

where A € R is the eigenvalue parameter, w is a suitable weight function and
a(t) = A'(t), t > 0. Observe that (1-4) boils down to (1-1) when A(¢) =¢?, p > 1.

In this case, in [23; 25] it is proved that given o > O there exists a critical value
A1« > 0 and a function ug such that [ wA(Juq|) dx =« and é Jo A(IVuy ) dx =
A1,q. From this, one can deduce the existence of an eigenvalue A, with corre-
sponding eigenfunction u, in the sense that pair (A 4, uy) satisfies (1-4) in the
weak sense. The quantities A; and A; are in general different and coincide only
when A is homogeneous.

A first result concerning the lower bounds of (1-4) can be found in [32]. In the
one-dimensional case, assuming that A satisfies the A, condition (that is, there
exists ¢ > 1 such that A(2¢) < cA(¢) for any ¢ > 0), the authors establish that for
any o > 0,

Cp
lollzt@p —

where Q2 = (a, b) CR, and p > 1 is defined as lim, o, A(rt)/A(r) = tP~1. Similar
bounds in the one-dimensional case were found in [39] when A is a submultiplicative

1,a
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Young function (that is, there exists ¢ > 1 such that A(rt) < cA(r)A(z) for any
r,t>0).

When Q C R*, n > 1 and A is a submultiplicative Young function, in Theorems
4.4 and 4.2 of [37] it is proved that given o > 0 there exists a computable constant
C > 0, independent of @ and depending only on A and n, such that

~-1
1 C
—|:A<&> <A« Whenwe L'(R)and o (1) < oo,

_ —1
@ A l(Ha)HLl(Q))
q9-1
1 C .
— 1A — <Ay Whenwe L™ (R2)and o(1) =00,
o | "\ a1 (ol g /ta@)) |
where

o
o(t) = / AT 0 dr and (@) =1R1A) T Q1T
—n
A being the complementary function of A. These inequalities, in the case A(t) =1t?,
p > 1, recover the corresponding inequalities in (1-2).

In the last years nonlocal operators with nonstandard growth have received an
increasing amount of attention and an active community is currently working on
problems involving operators defined in terms of a Young function A(t) = fot a(t)dr
having the form

Du dy
|DSul |x — y|"’

(A u(x) = p.v. /R ~a(D*ul)

where s € (0, 1), D*u(x, y) = (u(x) —u(y))/|x — y|* and p.v. stands for “principal
value”. This nonhomogeneous operator is a generalization of the fractional p-
Laplacian of order s € (0, 1). See also [1; 2; 3; 4; 8; 12; 13; 14; 19; 20; 18; 21; 22;
36; 37; 38]. In particular, the nonlocal version of problem (1-4) takes the form

(A u =20 in g
(1-5) lul
u=0 on 0%2.

where A € R is the eigenvalue parameter and w is a suitable weight function. We
refer to [7; 12; 15; 19; 22; 36; 37; 38] for properties and results related with the
nonlocal nonstandard growth eigenvalue problem (1-5).

As in the local case, the nonhomogeneity of the problem makes the eigenvalue
highly dependent on the normalization of the eigenfunction. More precisely, in
[36; 38] it is proved that given @ > O there exists a critical value A} , > 0 and u,

such that [, wA(Ju},|) dx = « and é Jo A(D*u}|) dx = Ay . More precisely, we



312 ARIEL SALORT

consider
1
(1-6) )vi o= inf{— /f A(|D*ul)dv, :u € CfO(Q),/ wA(|ul) dx =a} ,
’ o 2n Q

where dv, = |x — y| ™" dx dy and o is a suitable weight function.

From this can be deduced the existence of an eigenvalue A , with corresponding
eigenfunction #;, in the sense that pair (Ai’ o Uy) satisfies (1-5) in the weak sense,
being Aj and Aj different when A is inhomogeneous, but comparable each other
when A satisfies the doubling condition.

To the best of our knowledge, estimates for A} , and A} , have not been previously
studied in the literature. The goal of this article is to establish lower bounds for
these quantities.

An important aspect of analyzing (1-5) is whether the Young function A satisfies
a so-called doubling condition. This condition is crucial for controlling constants

within the function:

o A satisfies the doubling condition near infinity (denoted as A € AS°) if there
exists Coo > 2 such that A(2t) < CoA(¢) for all t > T,

o A satisfies the doubling condition near zero (denoted as A € Ag) if there exists
Co > 2 such that A(2t) < CyA(¢) for all t < Ty.

o A satisfies the global doubling condition (denoted as A € A») if the previous
condition and fulfilled, and it is denoted A, = AN A,

Assuming or relaxing the doubling condition introduces significant technical chal-
lenges in the analysis, such as the potential loss of reflexivity in the associated
fractional Orlicz—Sobolev spaces. Moreover, imposing this condition on either the
function A or its conjugate A is known to yield both upper and lower bounds for
the corresponding Young function in terms of power functions. For further details,
see Section 2.1.

To characterize the growth of a general Young function A (which may not satisfy
the doubling condition), we use the Matuszewska—Orlicz functions associated with
A, along with the corresponding indexes, defined as follows:

A(ar) A(at) A(at)

M 1= ’ M t’ A = 1 i f ’ M t, A = 1 i f ’
M Ay M A M AT G
1 M (¢ 1 M, t,A . 1 M t,A
i(A)= lim Og—A(), io(A)= lim M’ iso(A) = lim M.
t—00 log t t—00 log t t—00 log t

See Section 2.2 for details and precise definitions.

Main results. We emphasize that, unless explicitly stated otherwise, we do not
assume the A, condition on A or its complementary function A.
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Theorem 1.1. Let s € (0, 1) and let A be a Young function satisfying (2-4). Let
Q C R be an open bounded domain with inner radius rq. Given @ € L' (R") and
o > 0, consider the critical value )ﬁ’ o defined in (1-6).

(1) There exists a unique oy > O satisfying the equation

(ii) Assume that ig(A) > T when a < ag orig(A) > T when o > ag. Then, there
exists a positive, computable constant C = C(n, s, A) such that
C ro

lollpi @ Ma(ry) —

s
l,a*

In particular, this holds when io(A) > T ifa K 1 or when ioo(A) > T ifa > 1.

In Section 2.3, we compute the Matuszewska—Orlicz functions and indices
for several notable Young functions. With this, we state Theorem 1.1 for some
interesting cases:

(i) When A(t) =t?, p > 1 the eigenvalue problem becomes homogeneous. Then,
for any « > 0, when sp > n, we have

b€
=M,
||CU||L1(Q) rgzp " *

which in some extent recovers (1-3).

(i) Given 1 < p < g < oo, consider A(t) = % + %. Then A € A;. This gives
the eigenvalue problem for the fractional p-g-Laplacian (see for instance [5]).
When o < 1 and sp > n, or « > 1 and sq > n, we have

1 C
sp—n sqg—n S )\'i o’
ol i@ max{ra ™", rol "} ’

(iii) Given p, g, r > 1, consider A(¢t) =P In" (1 +¢%). Then A € A;. When o K 1
and s(p+qr) > n,or o > 1 and sp > n, then

1 c )

<
—=n sp=ns =M
loll L@y max{riP 4" ~" rP=" ¢

(iv) For k € N define A(t) =e' —Y"_{#//j!. Then A € A) but A ¢ AS°. When
o <« 1 and sk > n, when rg <1 we have

1 c

- <
5 S A
ol rsszk " *
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(v) Consider the function A(?) = ¢“ —e. Then A € Ag but A ¢ AS°. When a > 1

we have .

lolierg ™~

s
la*

In Theorem 4.1, we also derive a lower bound for the minimizer using the inverse
of the Young function instead of the Matuszewska—Orlicz function. Moreover, in
Corollary 4.2 we prove that the same lower bounds hold for the eigenvalue A ,
when A € Aj. ’

Theorem 1.2. Assume that 2 C R" is a bounded domain with diameter dgq contain-
ing the origin. Let s € (0, 1) and let A be a Young function satisfying conditions
(2-6) and i(A) < %. Given w € L™ (R") and a > 0, consider Aﬁ’a as in (1-6). Then,
there exists a positive constant C = C(n, s, A) such that

C
lwll L@y Ma(d,

)Sﬂ,a-

To apply Theorem 1.2, there is an implicit growth condition: the condition
i(A) < % is not satisfied when A ¢ Ag or A ¢ A° (see Lemma 2.2 for details).
Therefore, this result can be applied only when A € A;.

Under the assumption of the A, condition on A, we improve Theorem 1.2 by
replacing the diameter with the inner radius.

Theorem 1.3. Let s € (0, 1) and let A € A, be a Young function satisfying (2-7).
Assume that Q C R" is a bounded Lipschitz domain with inner radius ro. Given
w € L*®(R") and o > 0, consider )‘i,a as in (1-6). Then, there exists a positive
constant C = C(n, s, A) such that

C

< S
lollre@Malrs) —

la®

Here we state some notable examples derived from Theorem 1.3.

(1) When A(r) =1t?, p > 1, this gives the eigenvalue problem for the fractional
p-Laplacian, which is homogeneous. Then for any o > 0, when sp < n:
A

1
. sp =M
|wllLe@) rg ’
which in some extent recovers (1-3).

(i) Given 1 < p < g < oo, consider A(t) = % + %. Then A € A,. This gives the
eigenvalue problem for the fractional p — g-Laplacian (see for instance [5]).
Then, for « > 0, when sqg < n, we have

1 C

<3S
||l L= @) max{ry , rg }

1o
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(iii) Given p, g,r > 1, consider A(t) = t?In"(1 +t9). Then A € A,. Then, for
o >0, when s(p +qr) <n,
1 C

=M
lollz~@) max{rif, P47y ~

N

In particular, Theorem 1.2 establishes these same inequalities but with the diam-
eter in place of the inner radius under the same hypothesis on the parameters.
The same lower bounds established in Theorems 1.2 and 1.3 also hold for the

eigenvalue A}, as stated in Corollary 4.3.

2. Preliminaries

2.1. Young functions. A function A : [0, c0) — [0, oo] is called a Young function
if it is convex, nonconstant, left continuous and A(0) = 0. A function with these
properties admits the representation

t
A(t)=/ a(t)dr fort > 0,
0

for some nondecreasing, left continuous function a : [0, o0) — [0, co].
The complementary function A of A is the Young function defined as

A(t) = sup{tt — A(z) : T > 0} for t > 0.
One has
<A@ @) <2t fort > 0.
From the convexity of the Young function it is immediate that
2-1) A@t) <rA@) forO<r <, A(rt) =rA@) forr>1.
From the integral representation of the Young function it follows that
GQ2t) >1tg(1), G(t) <tg(t).

2.1.1. The doubling condition. A Young function A lies in A3° (or in Ag) if and
only if there exists p > 1 and T, > 0 (or Tp > 0) such that
ta(t)
A(t)
It is easy to see that
o A € A% if there exists Coo > 2 such that A(2t) < CooA(t) for all t > T, and
e« Ac Ag if there exists Cy > 2 such that A(2t) < CoA(¢) for all t < Tj.

(2-2) <p forallt>Ty (or0 <t <Typ).

We define A, = Ag N AS°. The following statements are equivalent:
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(i) A e A,.
(i1) There exists p > 1 such that ta(¢)/A(¢) < p forall t > 0.
(ii1) There exists C > 2 such that A(2t) < CA(¢t) for all t > 0.

Proposition 2.1. Let A be a Young function such that A € Ag and let p > 1 be the
number defined in (2-2). Then

PA(t) < A(tt) <TA(t) forO<t<landt <Ty.
Similarly, if A € AS° we have
TA@) < A(tt) <1PA(@) fort>1landt > Teo.
Hence, if A € A,, then
min{t, T’}A(t) < A(tt) < max{z, t’}A(t) fort > 0.

2.1.2. Ordering of functions. A Young function A dominates another Young func-
tion B near infinity if there exists a positive constant ¢ and #y such that

B(t) < A(ct) for t > ty.

The functions A and B are called equivalent near infinity if they dominate each
other in the respective range of values of their arguments; in this case we write
A~ B.

A =~ B means that A and B are bounded by each other, up to a multiplicative
constant.

2.2. Matuszewska indexes. The Matuszewska—Orlicz functions associated to the
Young function A are defined by

A(at y
M=% A((a )) Mo, &) =Rm it A(( )) Moott, A) =Nt A((O;))

They are nondecreasing, submultiplicative in the variable ¢ and equal to 1 at r = 1.

We also consider the Matuszewska—Orlicz indices at zero and infinity, defined as
log M 4(t log My(t, A o logMyo(t, A
i(A)= lim Og—A()’ io(A) = lim M, ing(A) = lim M.
t—oo  logt t—oo  logt 1—00 logt

When there is no confusion, we will remove the dependence on A.
It is easy to see that the Matuszewska function can be bounded in terms of powers
if and only if A, A € A», that is,

(2-3) min{tP4, tPa} < M(t, A) < max{tP4, tPA)

where p:{ = sup,.qa(t)t/A(t) and p, =inf,_ga(t)t/A(1).
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For a comprehensive approach on these functions and indices we refer to the
monograph [31].

2.3. Examples of Young functions. Here we provide for some examples of Young
functions and compute their corresponding Matuszewska functions and indexes.
For further examples we refer to [31].

Example 1. Let p > 1, and assume that
A(t) ~t?  whent <« 1.

Then A € Ag. In this case we have My(¢) = t? and ig(A) = p. If we assume that
A@)~t? whent > 1,

then A € AS°, Mo (t) =1 and ic(A) = p.
In particular, when A(¢) =7, M(t, A) = My(t, A) = Mo (t, A) =tP and i (A) =
ip(A) =i(A) = p. As a special case, if | < p <g < 00,
tP 11
Aty =—+ —;
P q

then
My, A) =1tP, Mx(t,A) =11, M@, A) = max{t?, 1},
and ig(A) = p, in(A) =i(A) =4q.
Example 2. Let » > 0 and p > 1. Then if
A(t) ~t?In"t whent « 1
then A € AY and in this case, Mo(t) = t? and io(A) = p. If
A(t)~tPIn"t whent > 1,

then Moo (t) =t? and i (A) = p.
As a special case, if p,qg,r >0and A(t) =7 In" (1 +19) then

Mo(t, A) =tP*" Muo(t, A)=1tP, M(, A) = max{t?, 177"}
and i (A) =ip(A) = p+qr, icc(A) = p.
Example 3. For k € N define A(t) =e' — Y 5_(#//j!. Then A € AJ but A ¢ A,
and
v ifo<r<l,
oo iftr>1,

0 if0<t <1,

Mo(t) =t*,  My(t) = .
oo ift>1,

M) = {

i0(A) =k, i(A) = ino(A) = 0.
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Example 4. For r > 0, assume that A(f) ~ e~ fort < 1. Then A ¢ Ag and
0 if0<t <1,
Mo(t) =31 ifr=1,
oo ift>1.
-

In particular, when A(t) = e~ ", we have

0 if0<t <1,

1 if0<t <1,
Mo(A) =1,  My(t)=141 ifr=1, M(t):{ pU=r=
. ifr>1.
oo ift>1,
and iy (A) =i(A) =0, ig(A) = oco.
Example 5. Assume that A(r) >~ ¢ fort>> 1. Then A ¢ AS° and
0 if0<t <1,
My (1) =11 ift=1,
oo iftr>1.
In particular, when A(¢) = e — e, since A(t) >~ et when t < 1,
0 fO0<t<l1, .
if0<t<l1,

t
My(t) =t, My(t) =11 ifr=1, M) = .
. oo iftr>1,

oo iftr>1,

and ig(A) =1,i(A) = ixx(A) = 00.
Lemma 2.2. Let A be a Young function such that A ¢ Aé fork =0ork =o00. Then

1 ift=1,
oo ift>1.

M(t) = {

When 0 <t <1 we have M(t) <t. Moreover, i(A) = 0.

Proof. First, observe that from (2-1), we have M(¢) <t forO<t <1.
In light of [11, Proposition 2.1], if A ¢ Ag or A ¢ AS° then

ift=1,

|
Mi(r) =
() {oo ifr>1,

k =0, oo, respectively. By definition, My(¢#) < M (¢t) and M (t) < M(t) for any
t > 0. This gives immediately that when A ¢ Aé for k = 0 or k = oo, one has
M(1)=1and M(t) =oco whent > 1.

Since M (t) = oo for ¢t > 1, this gives that i (A) = oo. O

Lemma 2.3. If A € A, then there exists p > 1 such that M (t) = t?.
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Proof. Since A € A,, there exists g > 1 such that A(rt) < max{¢, t9}A(r) for any
t,r > 0. Then M is finite for any ¢ > O:

A(at)
M(t) = sup < max{t, t7}.
a>0 )
Moreover, observe that
A(tra) A(ra) A(ra)
M(rt) = sup <sup M (t) <M(@)M(s)
a>0 A(VOC) A(Ol) a>0 A(O()

and M (1) =1, that is, M (¢) is submultiplicative.

Define v(¢) = In(M (e")). This function is additive, that is, v(r +1) = v(r) +v(¢)
for any s, ¢t € R. It is well known that measurable additive functions are linear,
therefore, there exists p € R such that v(¢) = pt from there M () = ¢P. Finally,
from (2-1),

M@)<t forO<t<1l and M@)>t fort>1.
which implies that p > 1. ([

2.4. Some useful inequalities. Given s € (0, 1) and a Young function A such that

o/ NS
(2-4) / (M) di < o0

consider the Young function E given by

[ A(T)
(2-5) E(t)=tns ﬁdr for t > 0.
T A

Consider also ¥y : (0, 0co) — (0, 0o) defined by

1
\Ds(r)=w, for r > 0.

Lemma 2.4 [3, Proposition 2.1]. Let s € (0, 1) and let A be a Young function.
Assume (2-4). Then:

(1) The function Yy is nondecreasing.

(ii) Define the Young function B = E. Then U, (ry~ rSB_l(r_”)for r>0.
(1ii) Ifico(A) > % then B ~ A near infinity, and Vs(r) ~r* A~ (r—") for 0 <r < 1.
@v) Ifip(A) > % then B ~ A near 0, and W,(r) ~r’ A~ (r™") forr > 1.

The following modular Morrey-type inequality is proved in [3, Remark 4.3]:
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Proposition 2.5. Let s € (0, 1) and let A be a Young function satisfying (2-4). Then,
WSLAR") ¢ CYO(RM). Moreover, for any u € W LA(R") and x, y € R",

|u<x>—u<y)|scM|x—y|“'B—1( — A(D“u(z,w»dvn(z,w))
=y g

for some constant Cy; depending on n and s, where the Young function B is given
by B(t) = E(t), being E the Young function defined in (2-5).

The following Hardy type inequality is proved in Theorem 5.1 and Proposition
Cin [1].

Proposition 2.6. Let s € (0, 1) and let A be a Young function satisfying i(A) < %
and the conditions

(2-6) /OO<L)“ dt = oo, /(L)“ dt < oo.
A(r) o \A(®)

Then for all u € C2°(R")

/ A (cm%) dx < (1—s) // A(C,| D*u)) dv,
n X 2n

for positive constants Cyg, and Cg, depending only on n and s.

Given a bounded domain 2 C R", we denote §q(x) :=inf{|x — y| : y € Q°} the
distance from x to 0€2.
The following Hardy type inequality is proved in [10, Theorem 1.5].

Proposition 2.7. Let s € (0, 1) and let 2 C R" be a bounded Lipschitz domain. If
A e Ay and
A(kt) A(kt)

2-7) lim sup —; =0= lim su ,
k— o0 tzg ks A(t) k—0* tzg k%A(z)

there exists a positive constant Cg, such that for all u € C°(2)

/ A ('”(x)|) dx < Cp, // A(Dul) dv,.
e \da(x) R2n

2.5. Orlicz and Orlicz—Sobolev spaces. The main reference for Orlicz spaces is
the book [27]. For Orlicz—Sobolev spaces, the reader can consult [24], for instance.
Fractional-order Orlicz—Sobolev spaces, as we will use them here, were introduced
in [18] and then further analyze by several authors. The results used in this paper
can be found in [1; 2; 19].
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2.5.1. Orlicz spaces. Given a bounded domain 2 C R” and a Young function A,
the Orlicz class is defined as

PAQ) = {u €L} (Q): f A(lul)dx < oo} .
Q

The Orlicz space L*(2) is defined as the linear hull of $£4(2) and is characterized
as

LA(Q) = {u € L}.(Q) : there exists k > 0 such that / <|k|) dx < oo}
Q

In general the Orlicz class is strictly smaller than the Orlicz space, and $4(Q) =
LA(Q) if and only if A € A5°. The space LA(Q) is a Banach space when it is
endowed, for instance, with the Luxemburg norm, i.e.,

||M||LA(Q)=”M||AI=inf{k>0:/ (lkl) dx <1}
Q

This space L*(2) turns out to be separable if and only if A € AT,
An important subspace of LA() is EA(R) that it is defined as the closure of
the functions in L4 (2) that are bounded. This space is characterized as

EAQ) = {ueLloc(Q)/ < )dx<ooforallk>0}

This subspace E* () is separable, and we have the inclusions
EAQ) Cc 2A(Q) c LA(Q)

with equalities if and only if A € AS°. Moreover, the following duality relation
holds )

(EA(Q)" = L),
where the equality is understood via the standard duality pairing. This automatically
implies that L4 () is reflexive if and only if A, A € AS°.

2.5.2. Fractional Orlicz—Sobolev spaces. Given a fractional parameter s € (0, 1),
we define the Holder quotient of a function u € LA(RQ) as
u(x) —u(y)
lx =yl
Then, the fractional Orlicz—Sobolev space of order s is defined as

Diu(x,y) =

WSLARY) == {u € LAR") : D*u € LA(R**, dv,)},
where dv, = |x — y|™" dx dy and
WS EAR"Y) :={u € EAR") : D'u € EA(R™, dv,)}.
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When A € A,, these spaces coincide and we write
Ws,A(IRn) — WSLA(Rn) — WSEA(Rn).

The space W*LA(R") is reflexive if and only if A, Ae A,
In these spaces the norm considered is

lullwspamey = llulls,a = llulla + [uls, a,re

[u]s,A,W:inf{k>0:/f A(W) dvnfl}.
RZn

Again, with this norm, W*LA(R") is a Banach space and WS EA(R") is a closed
subspace. The space W LA(RQ) is then defined as the closure of C(2) with
respect to the topology o (W*LA(R"), W EA(R™)) and WS EA(Q) as the closure
of C2°(£2) in norm topology.

with

3. Eigenvalues and critical points

Let A be a Young function, and let 2 C R" be an open and bounded set. For a fixed
normalization parameter > 0, we define the critical point 1 , as

(3-1) Aia:inf{l// A(|D’ul) dv, :ueCfo(Q),/ a)A(|u|)dx:oz}.
’ o R2n Q

Here, w is a suitable positive weight function. We assume that w € L' (R") when
(2-4) holds, and w € L*°(R™) when (2-6) holds.

In [38] (see also [36] when A € A,) it is proved that (3-1) is solvable, that is,
there exists a minimizer u;, € WSLA(Q) such that fQ wA(|u|) dx =« and

(3-2) /f A(|D‘Yu3|)dvn=)»ia/ wA(|u),])dx.
R2n “Ja

By applying an appropriate version of the Lagrange multipliers theorem, we can
establish the existence of an eigenvalue Aj , with corresponding eigenfunction uj,.
More precisely, u, is a weak solution to the following equation, with A = A7 :

|ue]
u=~0 on %2,

—A )SuzAwMu in
33) {( a
with a(t) = A’(¢) for t > 0, and where the fractional a-Laplacian of order s € (0, 1)
is the nonlocal and nonstandard growth operator defined as

N

“a
|DSL[| v}’h

(A ux) = p.v. fR “a(D'ul)
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that is, for all v € C2°(2)

| DSMSDS P u,v
a(|D°uy ) ————dv, = A}, | wa(lu}|)—— dx.
R2 | D ug, | “Ja |ug,|

Refer also to [9; 19] for the existence of higher-order eigenvalues.

Lemma 3.1. Let A be a Young function such that A'(t) = a(t) for any t > 0. Then
1
_Ai,a = )"i,a = pAAi,a
pa
The number p := supg.oa(B)B/A(B) is finite if and only if A € Ay.

Proof. Given « > 0, consider the critical point A} , associated to the minimizing
function u;, such that fQ A(Jug|) dx = a. Observe that

A(B)
a(B)p

Moreover, since a(t) = A’(¢) is increasing, A(t) = fot a(tr)dr <a(t)t forany t > 0.
This fact, together with (3-4) gives that

1
(3-4) fwA(lu dx> mf a(luf¥|)|u2|dx:—/ wa(|uy|)|ue| dx.
PAJQ

po JaAUD DAY, foalD DD v,
b JqeAQughdve T L o wa(uglug|dx he

The other bound is analogous. Finally, note that p4 < oo if and only if A € A,. [

For example, the number p,4 as defined in Lemma 3.1, takes the following form
for the following notable Young functions A € A;.
(i) Let p > 1 and A(t) =t” then ps = p.
(ii) Let p,g > 1, r > 0 and consider A(t) =t”/p +t?/q. Then py = g when
t>1and py = p whent < 1.
(iii) Let p, g > 1, r >0 and consider A(¢) = (t?/p) In" (1+1t4). Then ps = p+qr.

Lemma 3.2. For a > 0 define the function E(x) := a)\{, o Then E is strictly
positive, strictly increasing, E(0) = 0, E(co) = oo and E is a Lipschitz function
fora > 0.

In particular, that 111 < ak‘i’a when o > 1 and a)»‘i’a <Xt whena < 1.

Proof. Given B > 0 and a fixed function u € C2°(£2) such that fQ A(lugl) dx = B,
since A is continuous and nondecreasing, if we define the function ¢ : Ry — R, by

() =/§2A<r|u,3|>dx,
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it follows that ¢ is continuous, nondecreasing, ¢ (0) =0, ¢ (1) = B and ¢ (co0) =
Hence, for any o > 0 there exists rq > 0 such that ¢ (r,) = o and in particular

(3-5) re <1 whena < g, re > 1 when a > g,

(3-6) e — 0 when o — 0, rq¢ — 00 when o — 00.

Let us see that E is strictly increasing. Let 0 < o < $8 and in light of (3-2), let
ug € Wy EA(S) be such that

/QA<|uﬂ|)dx=ﬂ, A = /f AQD ug)) dv,.

By (3-5) there exists r, < 1 such that fQ A(rqlugl) dx = a. Therefore, using the
convexity of A we obtain the desired inequality:

ad, < //I;an A(ro|D’ugl) dv, <rq //{Rzn A(|Dugl)dv, < ,B)Li’ﬁ.

Moreover, from the previous inequality together with (3-6) we get that

a—0t

0< lim E(a) < 11m ra// A(|Dsuﬂ|)dv,,_E(,8) hm re =0,

from where E(0) = 0. E(«) is lower semicontinuous by [11, Lemma 4.3], and
then liminf,_, » E (o) > oo. Finally, E is Lipschitz continuous by Theorem 4.5 in
[11]. ([l

Proposition 3.3. Let A be a Young function and let Q2 C R" be open and bounded,
let By C R" be a ball such that |2| = |B1| and let By C 2 be a ball. Then

3 o (B1) < 1 o (Q) < 43 4 (B2).

Proof. Letu e WgLA(Q) be such that fQ A(|u|) dx =«a. Denote by u* the symmetric
rearrangement of u. Thus, u* is radially decreasing about 0 and is equidistributed
with u. Using the Polya—Szeg6 principle stated in [2, Theorem 3.1] we get

// A<|Dsu*|>dvnsf/ A(D*ul) dv,.
2n RZV:

Hence, if B; is a ball of same measure of €2, since fBl A(lu*|)dx = o, we get
2 (B <23 ().

On the other hand, consider a ball B, C €2 and the function u 3, € W L4(B,) such
that fB A(|up,|) dx =« to be a minimizer for ki,a(BZ)' Define v € W(}’A (£2) defined
as the extension of u g, by zero outside 2. Then [, A([v]) dx = [ A(Jup,|) dx =«
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and therefore v is admissible in the variational characterization of A] ,(€2). Hence

1
Ma@ = [[ Ao, =5,

which concludes the proof. ([l

4. Lower bounds of critical values and eigenvalues

Proof of Theorem 1.1. Fix a > 0 and let u}, € WSLA(Q) be a minimizer of (3-1)
such that fQ wA(|ul]) dx =, i.e., the pair (u),, Ai’a) satisfies equation (3-2), where
Al 1s defined in (3-1). Since s € (0, 1) is fixed, for simplicity we will drop the
dependence on s.

In light of Proposition 2.5, u, is continuous and so there exists xo € €2 such that

lug (x0)| = max{|uqs(x)| : x € R"} > 0.

From Proposition 2.5, for any x, y € R" we have

1
|t (x) — g (y)| < Cylx =y’ B~ ( - /f A<|Dfua|>dvn),
lx — ¥ 2n

where the Young function B complementary to the Young function defined in (2-5).
We take x = xg, y € d€2; the previous expression becomes

. 1
ol = Cubeo =587 (1t [ aapuanan,).
00— n

Using expression (3-2) and item (ii) of Lemma 2.4, since W (r) ~ r* B~ (r—") for
all r > 0, there exists ¢; > 0 depending only on n and s such that

_ A
i (x0)| < Carlxo — yI°B 1(ﬁ/wfx(mandx)
00— Q

) ar
= Cylxo—y|’B™! <#>

4-1) lxo — yI"

s _1 _ -1 -
:CM(O‘)‘-I,a);((a)"l,a) "|XO—Y|)SB 1(((00»1,(';|X0—)’|> )

< c1Cp (@t o) Wy (lxo — yl(@r] ) 7).
Moreover, by definition of inner radius we get that
|xo — y| <max{d(x, 0R2) : x € Q} =rq.
Hence, since W, is nondecreasing in light of Lemma 2.4, inequality (4-1) yields

(4-2) e (X0)| < €1 Cr(@hr )t Wy (ro(@hs o) 7).
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From Lemma 3.2, the function E (@) := aA} , is strictly increasing, positive and
Lipschitz continuous for ¢ > 0, and satisfies that £(0) = 0, E(oo) = oo. Hence,
defining f () :=rqFE (oz)_nl, o >0, we get that f is a strictly decreasing continuous
function such that f(0) :=limy,_,o+ f () = o0 and f(00) :=limy_ « f(x) = 0.
From these properties there exists og > 0 such that f(cg) =1 and

f(@x)>1 whena < a, f(@) <1 whena > .
In particular, f (o) > 1 when @ < 1 and f(«) <1 when o > 1.

Case o > ag. Since f(a) < 1, assuming that io (A) > %, by of Lemma 2.4 (iii) we
get

Wo(f (@)~ @A (f@)™).
Then, there exists ¢, > 0 depending only on 7 and s, and (4-2) gives
s 1 _
|t (x0)| < c1Cp(ah o) W (roahi o) 7)) < CriA™" (rg" ahi o)

with C = cjcpCy. Moreover, since A is nondecreasing, the previous expression
yields

(4-3) ACTrg lug (X)) < rg"ah g =rQ"A1,a/ wA(lug(x)|) dx
Q

<rqg"MaA(uexo)Dl@ll L (g)-

As a consequence, equation (4-3) yields

n A At
b AG) o, AO
ol A(Crg lug(x0)]) >0 A(C7'rg’t)

A(CriT) .
=\ TR A aMA(CFE),
La ililg A(D) 1,aMa(Crg)

where M 4 is the Matuszewska—Orlicz function associated to A defined in Section 2.2.

Since M is submultiplicative, there is ¢ > 0 depending on A such that M4 (Crg,) <

cM s (CYM4(rg,), and the inequality above leads to the following lower bound for
)»1,“2

ro -

cMA(O)|oll 1) Malrg) —

M-

Case o < a. Here f(«) > 1. Then, assuming ig(A) > %, by Lemma 2.4(iv) we get

Y (f(@) ~ f@ A (fe)™).

Proceeding analogously as in the previous case we get the result. (]
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A similar argument to the proof of Theorem 1.1 yields a lower bound for the
critical value, involving the inverse of A instead of the Matuszewska—Orlicz function
My.

Theorem 4.1. Let s € (0, 1), « > 0 and let A be a Young function satisfying (2-4).
Given w € LY () consider the critical value k‘i’ o defined in (3-1). Then

(1) There exists a unique oy > 0 satisfying the equation
oAy 4 =T

(i1) Assume that ig(A) > % when o < o, or iso(A) > % when o > . Then, there
exists a C > 0 depending only on s, n and A such that

(4-4) 9 4 ( e < @ )) <a
a Crg ol ’

In particular, this holds when ig(A) > © if a« K 1 and when i (A) > % if
a> 1.
Proof. Fix a > 0 and let uj, € Wj LA(2) be a minimizer of (3-1) such that
fQ wA(lug|) dx = a, i.e., the pair (uy, A ) satisfies equation (3-2), where A] , is
defined in (3-1). Since s € (0, 1) is fixed, for simplicity we will drop the dependence
on s.

In light of Proposition 2.5 u,, is continuous and hence there exists xo € 2 such
that |uy(xg)| = max{|uy(x)| : x € R"} > 0. Since

o= / wA(|lual) dx < A(lug (xo)Dll@ll L1 ()
Q

using (4-1) and the fact the A is nondecreasing, we get

; _1
a < Ac1Culahe) " Ws(lxo — yl(@hie) 7))ol q)

for any y € 0€2, and therefore, denoting by rg the inner radius of €2, we get

_ s _1
4-5) ol g < A(c1Cu(@ha) Wy (ro@hie) 7).
As in the proof of Theorem 1.1, there exists ag > 0 such that r$, < oA, when
a > ap and rg, > aky o when a < ap.
Case o > ap. Assuming i, (A) > %, by Lemma 2.4(iii) we get W, (¢) ~ AT
for any ¢ > 0. Then, there exists c; = c2(n, s) > 0 for which (4-5) yields

alloll;| o < A(CroA™" (rg"oar o))

-1
L)

where C = c1c;Cyy. Since A is nondecreasing, the previous expression gives

ro 1 1 o
—2A 5 A 5)»1’0,.
a Crg ol
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Case a < ap. Assuming that io(A) > %, the bound follows analogously. ]
As a direct consequence of Theorem 1.1 and Lemma 3.1 we get the following.

Corollary 4.2. Under the assumptions and notation of Theorem 1.1, if additionally

A € Ay, then
C ro

pallollpig M@rg) —
where pa = sups_oa(B)B/A(B).
Proof. 1t is direct from Theorem 1.1 by using Lemma 3.1. U

Proof of Theorem 1.2. Fix a > 0 and let u}, € WgLA(Q) be a minimizer of (3-1)
such that fQ wA(|ul,|) dx = a, that is, the pair (1, k‘i’a) satisfies (3-2), where k‘i,a
is defined in (3-1).

Denote by dg the diameter of 2. The Hardy inequality given in Proposition 2.6
together with (3-2) and the monotonicity of A gives

(4-6) A(M) dxf/A(M) dx < (1—s) // A(ID*uy|) dv,
R" dg, Q || 2n

=(1 —s)kﬁ’a/ wA(|luy|) dx
Q

K
l,a

where ¢; = Cp, C,:,zl, and Cp,, Cy, > 0 are the constants given in Proposition 2.6,
which depend only on n and s. Now, we compute the following inequality:

(4-7) /A(lua|)dx=/ MA(cldg‘mandx
Q o A(c1dg’ [uql)

sup —/A(cld ug|) dx
T 1. ullw) Alc1dg’t) @ e

A(cds
< supu/ A(erdg’ ual) dx
>0 A(T)

_MA(cldQ)/ (C””“') dx.

From (4-6), (4-7) and the fact that M4 is submultiplicative, we get
1< (=M gllolle@Malc™'dy) < (1= 5)A] glollLe@cMalc™ Y Ma(dS),

with ¢ = ¢(c, A), which concludes the proof. O
As a direct consequence of Theorem 1.2 and Lemma 3.1 we get the following.

Corollary 4.3. Under the assumptions and notation of Theorem 1.2, if additionally

A € Ay, then
C

<
pallollL=@Ma(Cdy) ~

s
1,a
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where pa =supg_ga(B)B/A(B).
When A € A, we can improve Theorem 1.2 by replacing dg with rg.

Proof of Theorem 1.3. The proof is analogous to that of Theorem 1.2, noting that in
(4-6), the Hardy inequality stated in Proposition 2.7, together with (3-2), leads to

1 A(M) dxffA(M> dx
C Jpn ro Q da(x)’

s// A<|D“ua|>dvn=x§a/ 0A(uy]) dx,
R2n e

where §q (x) denotes the distance from x to €2, giving the desired result. ([
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GRAPH THINNESS: A LOWER BOUND AND COMPLEXITY

YAROSLAV SHITOV

The thinness of a simple graph G = (V, E) is the smallest integer k for

which there exist a total order (V, <) and a partition of V into k classes

(V1s «« ., Vi) such that, for all u, v, w € V with u < v < w, if u, v belong to
the same class and {u, w} € E, then {v, w} € E. We prove:

o There are n-vertex graphs of thinness n —o(n), which answers a question

of Bonomo-Braberman, Gonzalez, Oliveira, Sampaio, and Szwarcfiter.

¢ The computation of thinness is NP-hard, which is a solution to a long-
standing open problem posed by Mannino and Oriolo.

1. Introduction

The notion of a k-thin graph was introduced by Mannino, Oriolo, Ricci, Chan-
dran [13; 14] and motivated by applications to frequency assignment problems.
One particular result in [14] showed that the maximum weight stable set problem
can be solved in polynomial time, provided that the input graph is given with the
corresponding ordering and partition of its vertices, as in the definition of a k-thin
graph, and where k should be bounded by a constant fixed in advance. We remark
that G is 1-thin if and only if G is an interval graph, so the result of [14] came as
a generalization of the earlier polynomial time solution for the maximum weight
stable set problem on interval graphs [11; 12]. Nowadays, the polynomial time
solutions, in cases when the inputs are restricted to the k-thin form with bounded &,
are known for the maximum weight stable set [14], list matrix partition, rainbow
domination [1], capacitated graph coloring [7], and several other problems [2; 5].

This article deals with the algorithmic problem corresponding to the notion of
thinness. Here and in what follows, an ordered tuple (sq, ..., s¢) is said to be a
partition of a set V if the sets sy, . .., s; are pairwise disjoint and s; U...Usy = V.

Problem 1 (GRAPH THINNESS).
Given: A simple graph G = (V, E), a positive integer k.
Question: Do there exist

e a total ordering < of the vertex set V and

MSC2020: 05C85, 68Q17.
Keywords: interval graph, k-thin graph, NP-completeness.
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e a partition of V into k disjoint classes s = (s1, ..., Sk)

such that, for all u, v, w € V with
(1-1) (u <v<w) AND ({u,w} € E) AND (u,v € s; for some i),
one always has {v, w} € E?

Definition 2. If (G, k) is a yes-instance in Problem 1, then the graph G is called
k-thin. The thinness of G is the smallest integer t for which G is t-thin.

The above mentioned algorithmic applications motivate the study of the com-
putational complexity of k-thin graph recognition. As said above, the case k = 1
corresponds to interval graphs, which can be detected in polynomial time [8].
For general k, the question of the determination of the algorithmic complexity of
detecting k-thin graphs was posed by Mannino and Oriolo [13] in 2002, and, until
now, it remained open despite further extensive research [1; 2; 3; 4; 5; 6; 9; 10; 15].
The aim of this paper is to prove Theorems 3 and 5 below.

Theorem 3. The problem GRAPH THINNESS is NP-complete.

We refer the interested reader to [1; 2; 3; 4; 5; 6; 9; 10; 15] for further results and
open problems regarding the complexities of fixed parameter versions of GRAPH
THINNESS. In particular, is it hard to decide whether a given graph is 2-thin?
Another question in [5] deals with the maximal value that can be taken by the
thinness of a simple graph on n vertices, and the best known result was as follows.

Proposition 4 (see Lemma 16 in [1]). For any positive integer k, there exists a
simple graph with 2k vertices and thinness k.

Indeed, the construction in [1, Lemma 16] is also relevant in our paper, and we
revisit it in Definition 22 below. Here is the formulation of our second main result.

Theorem 5. There exist simple graphs with n vertices and thinness n — o(n).

2. Preliminaries and overview

In what follows, the pair (s, <) as in Problem 1 is to be called a certificate of
the k-thinness of G, and, since the validity of such a certificate can be checked
in polynomial time, Problem 1 belongs to NP. Therefore, the remaining part of
Theorem 3 is the NP-hardness, and we prove it with the use of the following
auxiliary problem.

Problem 6 (GRAPH THINNESS WITH A GIVEN PARTITION).
Given: A simple graph G=(V, E), an integer k, a partition s = (sy,...,sx) of V.
Question: Does there exist a total ordering < of the set V such that, for all
u,v,w €V satisfying the conditions (1-1), one always has {v, w} € E?
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Definition 7. If (G, k, s) is a yes-instance in Problem 6, then the partition s is said
to allow a certificate of the k-thinness of G.

This problem has been considered earlier as the ordering consistent with a given
partition in [1], and a review report suggests the incompatibility graph coloring
as another possible name of this problem. Indeed, although there seems to be no
standard terminology for the name of Problem 6, its complexity is known.

Theorem 8 (Bonomo, de Estrada [1]). Problem 6 is NP-complete.

Throughout our paper, all graphs are assumed to be simple. In the forthcoming
Section 3, we recall some relevant notation and prove several results needed in
our discussion. In Section 4, we present the polynomial reduction from GRAPH
THINNESS WITH A GIVEN PARTITION to GRAPH THINNESS, and, in view of
Theorem 8, this implies the validity of Theorem 3. In Section 5, we switch to
Theorem 5 and discuss its motivation, and we prove this theorem with a probabilistic
argument.

3. An auxiliary construction

We begin with two caveats on the use of some standard notation.

Remark 9. A clique of a graph G = (V, E) is a subset of V that induces a complete
subgraph of G. In particular, for any u € V, the sets @ and {u} are cliques of G.

Remark 10. We write U C V for two sets U, V if every element of U is contained
in V. In particular, we can write U C V evenif U = V.

We proceed with several techniques needed in our reduction.

Definition 11. Assume G = (V, E) is a simple graph, and let U C V. We define
B(G, U) as the graph

o with the vertex set V U {«, B8}, where «, 8 ¢ V are new vertex labels,

» with all edges in E, and, apart from these, with an edge from « to every vertex
in V \ U, and with an edge from 8 to every vertex in V \ U.

Our next result may look similar to Lemma 16 in [1], which essentially states
that thinness(B(G, ©)) = thinness(G) + 1 if G is not a clique.

2 a 2

3 3

Figure 1. An example of G and B(G, {3}) as in Definition 11.
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Lemma 12. Let G, U be as in Definition 11. Suppose that, for some integer k, a
partition s = (1, . . ., Sx) allows a k-thinness certificate of B(G, U). Then for some
o labeli € {1,...,k} and
o subset C C V\ U that is a clique of G,
one has s; C U UC U{a, B}.

Proof. Let < be an ordering of V U {«, B} that is compatible with the partition s, so
that (s, <) is a certificate of the k-thinness of B(G, U). Since the labels «, S can
be swapped without changing the graph B(G, U), we can assume without loss of
generality that o < $, and then we take a label i such that @ € s;.

Step 1. Let w € V \ U be a vertex with w < «. If w € s;, then we have
(3-1) w<a<p and w,a €s;.

However, Definition 11 implies that w and 8 are adjacent in B(G, U), but at the
same time «, B are not adjacent. Therefore, we arrived at a contradiction with the
fact that (s, <) is a k-thinness certificate, and hence we cannot have w € s;.

Step 2. Now let w’, w” € V \ U be two vertices such that
(3-2) a<w <w’ and w' es;.

Also, by Definition 11, the vertices &, w” are adjacent in B(G, U), and, since (s, <)
is a k-thinness certificate, we get {w’, w”} € E.

In Step 1, we showed that every vertex
(3-3) wes;N(V\U)

should satisfy & < w. Using Step 2, we see that, if there are two such vertices w’,
w”, then they should be adjacent in E. In other words, the set of all vertices w as
in (3-3) should be a clique of G. U

Now we explain how to extend a k-thinness certificate of G to B(G, U).

Lemma 13. Let G, U be as in Definition 11. Suppose that, for some integer k, a
partition s = (s1, ..., Sx) and ordering < certify the k-thinness of G, where

(3-4) s1=U.
Also, we define o1 = 51 U {«a, B} and extend the ordering < by adding the relations
v<oa, v<pf, a<p

for all v € V. Then the partition s’ = (o1, s2, . .., S;) and the extended ordering <
are a k-thinness certificate of B(G, U).
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Proof. In order to apply the definition of the k-thinness, we take u, v, w € VU{«, B}
such that ¥ < v < w and u, w are adjacent in B(G, U), and

(3-5) u, v belong to the same class of the partition s’.

We need to check that v, w are adjacent in B(G, U).

Step 1. If u, v, w € V, the conclusion follows because the purported certificate of
the k-thinness of B(G, U) extends the initial certificate for G.

Step 2. If exactly one of the vertices u, v, w is in {«, B}, then we assume without
loss of generality that w = 8. By Definition 11, since B and u are adjacent, we get
u ¢ U, and, according to the condition (3-4), this implies u ¢ s1. Now we apply (3-5)
to get v ¢ s1, and then we use (3-4) to get v ¢ U, from which, by Definition 11, we
get a desired conclusion that v and 8 are adjacent in B(G, U).

Step 3. If both «, 8 appear among u, v, w, then v = o, w = B. Similarly to Step 2,
we get u ¢ s1 and hence u ¢ 0. Since v =« € o1 by the assumptions of the lemma,
the condition (3-5) violates, so there is nothing to prove in Step 3.

Since Steps 1, 2, 3 cover all possibilities, the proof is complete. U

4. The reduction

The following is the main construction in our reduction.

Definition 14. Assume that G = (V, E) is a simple graph, k is a positive integer,
and s = (sq, ..., sg) is a partition of V. We define the graph G(G, k, s) as

B(B(...B(G,s1),...), Sk=1)> Sk),

that is, in other words, G(G, k, s) is the k-fold application of the construction in
Definition 11, in which the i-th application is

4-1) G =B Gi-1,5),
o(l) o(2)
1 3 1 3
2 4 2 4
B B©2)

Figure 2. An example of a cycle graph C with vertices {1, 2, 3, 4} and
the graph G(C, 2, ({3, 4}, {1, 2})) as in Definition 14.
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where Go = G, and G;_ is the graph obtained at the (i — 1)-st iteration.
For yes-instances of Problem 6, the desired outcome is straightforward.
Lemma 15. If (G, k, s) is a yes-instance of Problem 6, then G(G, k, s) is k-thin.

Proof. Let «;, B; be the vertices added to the graph at the i-th application of
Definition 11. Then, for every ¢ € {0, ..., k}, the partition

(4-2) (s1Ufar, Bi}s o oou s Uday, Be), Sigts -0y Sk)

allows a k-thinness certificate of G, because, in fact, for t =0, this is true as (G, k, s)
is a yes-instance, and, for # > 0, this follows from Lemma 13 by the induction. In
particular, the ¢t = k version of (4-2) certifies the k-thinness of Gy = G(G, k, s). U

A converse direction of Lemma 15 requires some further work.

Definition 16. If G| = (V1, E1), G, = (V,, E,) are simple graphs with ViNV, =&,
then we define G| @ G, as the graph (Vi U V,, E1 U Ej).

Definition 17. If s = (s, ..., 5¢) is a partition of a set S, and P is a subset of §,
then the partition (s; N P, ..., sy N P) is called the restriction of s on P.

Lemma 18. Let G, ..., GKt! be nonempty simple graphs. We consider the graph
G=G'®...0G""!
and a partition s = (s, . . ., Si) of the vertex set of G. If, for everyq € {1, ..., k+1},
(N1) the graph G1 is not (k — 1)-thin,

(N2) the triple (G4, k, ¥?) is a no-instance for Problem 6, where {4 is the restric-
tion of s on the vertex set of G4,

then the graph G(G, k, s) is not k-thin.

Proof. We argue by contradiction, so we assume that G(G, k, s) is k-thin. Therefore,
some partition o = (o1, ..., o) allows a k-thinness certificate of G(G, k, s), and
then, forall t € {0, ..., k} and j € {1, ..., k}, we define

oj:=0;NV,

where V; is the vertex set of the graph G, as in Definition 14. Since the k-thinness
certificates remain valid at the restrictions to induced subgraphs, the partition

(Ulta RN Ukl)

certifies the k-thinness of G,;. We recall that G; = B (G;_1, s;) by the condition (4-1),
and an application of Lemma 12 to this graph G; allows us to find a clique C; in
G;—1 such that the set V; \ (s; UC;) lies in the union of at most (k — 1) classes in
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(o1¢s ..., 0ks). Arestriction of the latter statement to the vertices of G gives us a
clique C; of G and an index r;, such that

4-3) VA (s: UCy) isasubset of V\ oy,

forallr €{l,...,k}. Since wehad G = G'@...0GH! by the initial assumption,
there exists an index ¢ € {1, ..., k + 1} for which

(4-4) G1 does not intersect C1 U. ..U Cy.

Now we take the partition Y9 = (Y1, ..., ¥gr) as in (N2), that is, Y7 is the
restriction of s on the vertex set U? of G9, which means that we have

for all j € {1, ..., k}. Also, we define another partition T = (71, ..., 1) of U7 as
the restriction of o, that is, we get

(4-6) Tj = 00; NUY

for all j € {1, ..., k}. Now we use the conditions (4-5) and (4-6) to restrict the
formula (4-3) to the set U4. In view of (4-4), we get that

U7\ Yy is asubset of UY\ 7,

forall r € {1, ..., k}, and hence
4-7) T,, 1s a subset of ¥,
forall r € {1, ..., k}. If 1 — r, is a permutation, then (4-7) implies t,, = ¥, for all

t, which shows that t is a permutation of 9, and hence 1 allows a k-thinness
certificate of GY. This contradicts to the condition (N2), and hence, in fact, the
mapping ¢ — r; cannot be injective. Therefore, there exists a label & such that

h =r, =r;, for some # # 1,

and then 7, is a subset of both v, and v,,,. Since ¥ is a partition, this implies
that 7, is an empty set, so the graph G? admits a k-thinness certificate in which the
empty set appears in the corresponding partition of the vertices. This means that
G1 is (k — 1)-thin, so we obtain a contradiction to (N1) and complete the proof. [

We need to generalize the notation from Definition 16.

Definition 19. Let Vi, V, be disjoint sets. For some k, let sh = (s11, .00y S10),
s =(s21,...,5%) be partitions of Vi, V,, respectively. Then we define

1.2
s @5 = (s11Us2n, ..., 516 Usu).
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Definition 20. Let V;, V; be disjoint sets, and let <; and < be total orderings on
V1, Va, respectively. Then a total ordering < on V; U V; is denoted < @ <, if

e < is contained in <,
e <, is contained in <,
e one has v; < vy, forall vi € V1, vy € V5.

Observation 21. Assume G| = (V1, E}), G, = (V,, E3) be simple graphs with
disjoint vertex sets. Let k be an integer, and assume that

e < is a total ordering of Vi,
e < is a total ordering of V5,

o s! is a partition of V; into k classes,

e 52 is a partition of V5 into k classes,

then the following are equivalent:
o (s' ®s?, < @ <) is a k-thinness certificate of G| @® Ga,
e (s', <;) is a k-thinness certificate of G; with both i =1, 2.

Our further arguments require the graph that appears as an iterative application of
the construction in [1, Lemma 16] (see also the discussion of Proposition 4 above).

Definition 22. We consider the graph H; with vertices {«1, 81, ..., o, B} in
which #; and x; are adjacent if and only if i # j, for any *, x in {a, B}.

Remark 23. According to Lemma 16 in [1], the thinness of H equals k.
Definition 24. We write (., <) for the k-thinness certificate of H; defined by
o Vi =({ar, B}, oo {ow, Bich)s
o ¥ <x;ifi < jand*,x € {a, B},
e a; < fi,foranyie{l,..., k}.

Now we are ready to proceed with the reduction. To this end, we recall that the
@ construction is the one introduced in Definitions 16 and 19 above.

Definition 25. Let (G, k, s) be an instance of Problem 6. We create k 4 1 copies
each of G and Hi, labeling them Gy, ..., Gy and Hyy, ..., Higt1, so that the
vertex sets of all these copies are pairwise disjoint. We define

G=(GIOH)®...®(Gii1® Hyry1),

and, assuming that s; and v; denote the copies of the corresponding partitions of
the vertex sets of G and Hy, we take s = (51 DY) D. .. D (Sk+1 D VY k+1), and then
we define the graph I'(G, k, s) :=G (é , k,s), where G stands for the construction
in Definition 14.
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Theorem 26. An instance (G, k, s) of Problem 6 is a ‘ves’ if and only if the graph
I'(G, k,s)=G(G,k,5) is k-thin.

Proof. If (G, k, s) is a yes-instance in Problem 6, then (G, k,5)isalsoa yes-instance
by Observation 21. In this case, the graph I'(G, k, s) is k-thin by Lemma 15.

If (G, k, s) is a no-instance in Problem 6, then we apply Lemma 18 to the graph
G. Then the corresponding condition (N1) is true by Remark 23, and we get the
validity of (N2) from Observation 21. Therefore, the assertion of Lemma 18 is
applicable, and hence the graph I'(G, k, s) is not k-thin. ]

Theorem 26 gives a polynomial reduction to GRAPH THINNESS from Problem 6,
which is known to be NP-complete [1]. This implies Theorem 3.

5. Graphs with large thinness

As said above, the notion of thinness is being extensively studied for almost two
decades, but there are still many open questions on the behavior of this function
and its relations to other graph invariants [1; 2; 5; 6; 13; 14]. One particular natural
problem concerns the largest value of the thinness of an n-vertex graph.

Problem 27 (Section 5 in [5]). Is there an n-vertex graph G with thinness > n/2?

This section is devoted to the proof of Theorem 5, which gives an affirmative
solution to Problem 27, and, in fact, this theorem determines the largest value of
the thinness in the asymptotic sense. As we will see, our proof is probabilistic.

Definition 28. A graph G = (V, E) with |V | = 3m is called m-obstructive if one
can enumerate its vertices as (u1, ..., Uy, V1, ..., Uy, Wi, ..., Wy) SO that, for
every i and j in {1, ..., m}, one has either {u;, w;} ¢ E or {v;, w;} € E.

Lemma 29. [fm, n are positive integers with m > 11 Inn, then there exists a graph
with n vertices which has no m-obstructive induced subgraphs.

Proof. We consider the random graph G = (V, E) with |V| = n such that the
edges of G appear independently with probability 1/2 each. For every fixed
nonrepeating sequence & = (U1, ..., Uy, V], ..., Uy, WL, ..., Wy) of vertices in V,
the probability that « certifies the m-obstruction is (3 /4)’"2 because there are m?
independent choices of (i, j) as in Definition 28, and each of the corresponding
events {u;, w;} ¢ E or {v;, w;} € E happens with probability 1/2 (which implies
that their union occurs with probability 3/4 by the independence). Since there are
a total of at most n*" ways to choose «, the expected total number of all those
choices of o which give the m-obstruction certificates is at most

n3m . (%)mzz exp(3m Inn — m2 In %)< 1,

and hence some choices of G do not admit m-obstructions at all. O
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Now we are ready to complete the proof of Theorem 5.

Theorem 30. For any positive integer n, there exists a graph with n vertices whose
thinness is at least n — 72 Inn.

Proof. Using Lemma 29, we take a graph G = (V, E) with |V | = n such that
5¢-1) G has no induced m-obstructive subgraphs with any m > 111Inn.

We are going to complete the proof by showing that the thinness of G is at least
n—"72Inn as desired. If this was not the case, there would exist an ordering (V, <)
and a partition of V into at most n — 72Inn classes as in the definition of the
thinness, and then, for some integer c satisfying

(5-2) c=2T2Inn/3=24Inn,

we should be able to find ¢ disjoint pairs in each of which both vertices are in the
same class (the bound (5-2) follows because the worst case scenario is when every
class has either 1 or 3 vertices). We enumerate these pairs as follows:

(u1,v1), ..., (e, ve) With v <vy < ... <v. and u; < v; forall i.
By the thinness, for any i € {1, ..., c}, it never occurs that
(5-3) ({ui, x} e E) AND ({vi,x} ¢ E) with x € {vj41,...,vc}.
Now we define m = |¢/2] and note that the sequence

a:(ul,---aumavlv---,vmavm—i-l,---aUZm)

induces an m-obstruction because the condition (5-3) never occurs. By (5-1),
we get m < 11Inn and hence ¢ < 22Inn + 1. A comparison to (5-2) implies
241Inn < 221Inn + 1, which is a contradiction unless n = 1. O

In other words, our result proves 6(n) > n — 72 Inn whenever 6 (n) is the largest
possible thinness of any graph with n vertices. A review report suggests a modifi-
cation of our argument that implies 8(n) > n — 48 Inn, and, although our research
does not immediately lead to any bound stronger than 6(n) > n — O(Inn), a more
detailed analysis can lead to further minor improvements in the coefficient of In .
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1. Introduction

A thick subcategory of a triangulated category is a full triangulated subcategory
closed under direct summands. Classifying thick subcategories of a triangulated
category has been one of the most central subjects shared by many areas of mathe-
matics including representation theory, homotopy theory, algebraic geometry and
commutative/noncommutative algebra; see [11; 15; 16; 17; 26; 29; 31; 32; 38; 39;
46; 45; 50; 53; 54; 56] for instance. A significant work in commutative algebra is a
classification of thick subcategories of derived categories of complete intersections
by Stevenson [46]. We introduce a setup to explain Stevenson’s theorem.

Setup 1.1. Let (R, V) be a pair, where R and V satisfy either of the following two
conditions.

(1) R is a commutative noetherian ring which is locally a hypersurface, and V is
the singular locus of R.

(2) R is a quotient ring of the form S/(a) where S is a regular ring of finite Krull
dimension and @ = qay, ..., a. is a regular sequence, and V is the singular
locus of the zero subscheme of ayx; +-- -+ ac.x. € I'(X, Ox (1)) where X =
PS! = Proj(S[xi, - - ., Xc]).

Note that in both situations of this setup R is locally a complete intersection.
Under this setup, Stevenson [46] proved the following classification theorem of
thick subcategories.

Theorem 1.2 (Stevenson). Let (R, V) be as in Setup 1.1. Then there are one-to-one
correspondences

thick subcategories| ., | thick subcategories (é) specialization-closed
of Deg(R) of DP(R) containing R subsets of V ’

Here, DP(R) denotes the bounded derived category of the category mod R of finitely
generated R-modules, and Dz (R) stands for the singularity category of R, that is
to say, the Verdier quotient of DP(R) by the full subcategory DPf(R) of perfect
complexes, i.e., Dsg(R) = Db(R)/ DPf(R).

A resolving subcategory of an abelian category with enough projective objects
is a full subcategory containing projectives and closed under direct summands,
extensions and syzygies. This notion has been studied in various approaches so
far; see [4; 3; 23; 25; 24; 30; 33; 36; 37; 43; 49; 50; 51; 52] for instance. In
commutative algebra, Dao and Takahashi [24] gave a complete classification of the
resolving subcategories of mod R under the setup introduced above.
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Theorem 1.3 (Dao-Takahashi). Let (R, V) be as in Setup 1.1. Then there is a
one-to-one correspondence

resolving subcategories (g) grade-consistent specialization-closed
of mod R functions on Spec R subsets of V

Here, a grade-consistent function on Spec R is an order-preserving map f :
Spec R — N which satisfies the inequality f (p) < grade(p) for every p € Spec R.

The notion of a ¢-structure in a triangulated category has been introduced by
Beilinson, Bernstein and Deligne [14] in the 1980s. As with classifying thick
subcategories and resolving subcategories mentioned above, classifying ¢-structures
in a given triangulated category 7, which is equivalent to classifying aisles of T,
has been an important fundamental problem. Actually, this problem has almost been
settled for DP(R) for a commutative noetherian ring R. Indeed, if R has a dualizing
complex, then the aisles of D?(R) were completely classified by Alonso Tarrio,
Jeremias Lopez and Saorin [2] in terms of the filtrations by supports that satisfy
the weak Cousin condition. Recently, this has been extended by Takahashi [55] to
the case where R has finite Krull dimension such that Spec R is a CM-excellent
scheme in the sense of CesnaviGius [20].

Now that classifying aisles of DP(R) has almost been completed, what we
should consider next is classifying preaisles of DP(R), which are defined as full
subcategories closed under extensions and positive shifts. An aisle is none other
than a preaisle whose inclusion functor has a right adjoint, but there exists a big
difference between being an aisle and being a preaisle. Classifying preaisles is thus
much harder than classifying aisles, and so it would be reasonable to impose some
appropriate assumptions on the preaisles we try to classify.

The main result of this paper is the following theorem. This theorem provides
a classification of preaisles of D°(R) that satisfy some mild and natural condi-
tions. Also, the theorem includes both the classification of thick subcategories by
Stevenson and the classification of resolving subcategories by Dao and Takahashi.

Theorem 1.4. Let (R, V) be a pair as in Setup 1.1. Then there are one-to-one
correspondences

preaisles of DP(R) resolving ) | order-preserving specialization-
containing R and closed ; = { subcategories ; = { maps from Spec R ¢ x { closed subsets ¢ .

under direct summands of D°(R) to N U {oo} of V

N

The restriction of (%) to the thick subcategories of DP(R) containing R is identified
with (a) in Theorem 1.2. Each resolving subcategory X of mod R equals the
restriction to mod R of the smallest resolving subcatego;y X of DP(R) containing
X. The composition of (x) with the map X +— X coincides with (b) in Theorem 1.3.
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Here, a resolving subcategory of DP(R) is a full subcategory containing R and
closed under direct summands, extensions and negative shifts, which we shall newly
introduce in this paper. We adopt this name because it is viewed as a triangulated
category version of a resolving subcategory of an abelian category stated above.

This paper is organized as follows. In Section 2, together with several prelimi-
naries for later sections, we give the precise definition of a resolving subcategory of
DP(R) and states its basic properties. In Section 3, we introduce the key notion of
NE-loci in D°(R), which are regarded as extensions of nonfree loci in mod R. We
find out several fundamental properties of NE-loci. In Section 4, applying some
results in the literature based on techniques of unbounded derived categories, we
classify the preaisles of DP*'f(R) containing R and closed under direct summands,
which enables us to get a complete classification of the resolving subcategories
of DP*f(R) in terms of order-preserving maps from Spec R to N U {oo}. We also
compare our results with a classification theorem of aisles given in [55].

From Section 5 to 7 we mainly handle locally complete intersection rings. In
Section 5, we prove that the resolving subcategories of DP(R) bijectively correspond
to the direct product of the resolving subcategories of perfect complexes and the
resolving subcategories of maximal Cohen—Macaulay complexes. In Section 6,
applying the result obtained in Section 5, we provide complete classifications of
the resolving subcategories of DP(R) and the preaisles of D(R) containing R and
closed under direct summands. We also observe that this classification restricts
to the classification of thick subcategories of D (R) given in Theorem 1.2. In
Section 7, we realize the classification of resolving subcategories of mod R given
in Theorem 1.3 as a restriction of the classification of resolving subcategories of
DP(R) given in Section 6.

In Appendices A and B, we mainly deal with perfect complexes. In Appendix A,
we give other proofs of the classification theorems of resolving subcategories and
preaisles of DP*f(R) given in Section 4 without using techniques of unbounded
derived categories. Instead, the use of Koszul complexes and NE-loci is crucial
here. In Appendix B, we realize results of Dao and Takahashi [24] about modules
of finite projective dimension, as restrictions of our results about perfect complexes
which are obtained in Appendix A.

Finally, we should emphasize that some of our methods to investigate resolving
subcategories of DP(R) are similar to methods given in the literature to investigate
resolving subcategories of mod R, but we do need to invent and develop a lot of new
techniques to obtain our results. We should also emphasize that the proof of our
main result, Theorem 1.4, is completed at the end of this paper (before Appendices),
by using results given in all the previous sections.
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2. Resolving subcategories of triangulated categories

In this section, we state basic definitions which are used throughout this paper.
Mimicking the definition of a resolving subcategory of an abelian category, we define
a resolving subcategory of a triangulated category. We also explore fundamental
properties of resolving subcategories. We begin with giving our convention.

Convention 2.1. All subcategories are assumed to be strictly full. An object X
of a category C is identified with the subcategory of C consisting of X. An exact
triangle A — B — C — A[1] is often abbreviated to A — B — C ~~. Let R be a
commutative noetherian ring with identity. For a prime ideal p of R, we denote by
Kk (p) the residue field of the local ring Ry, that is, « (p) = R, /pRy,. Subscripts and
superscripts may be omitted if there is no danger of confusion.

In the next two definitions, we explain basic closedness conditions in an addi-
tive/abelian/triangulated category, and introduce certain subcategories determined
by a given subcategory.

Definition 2.2. Let C be an additive category, and let X" be a subcategory of C.

(1) We say that X is closed under finite direct sums provided that for any finite
number of objects X1, ..., X,, in X the direct sum X &---@ X, is also in X
This is equivalent to saying that the direct sum of any two objects in X" also
belongs to A'.

(2) We say that X is closed under direct summands provided that if X is an object
in X and Y is a direct summand of X in A, then Y is also in X.

(3) We denote by add¢ X the additive closure of X, that is, the smallest subcategory
of C containing X’ and closed under finite direct sums and direct summands.

(4) Assume C is abelian (resp. triangulated). We say that X is closed under
extensions provided for an exact sequence 0 - L — M — N — 0 (resp. exact
triangle L - M — N ~»)inC,if L, N € X, then M € X.

(5) Suppose that C is either abelian or triangulated. The extension closure exte X
of X is defined as the smallest subcategory of C containing X’ and closed under
direct summands and extensions.

Definition 2.3. Let 7 be a triangulated category, and let X’ be a subcategory of 7.

(1) For any n € Z denote by X[n] the subcategory of 7 consisting of objects of
the form X[n] with X € X.

(2) We say that X is closed under positive shifts (resp. closed under negative shifts)
if X[n] is contained in & for all n > 0 (resp. n < 0), which is equivalent to
saying that X'[1] (resp. X[—1]) is contained in X.
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(3) We say that X is thick if X’ is a nonempty triangulated subcategory of 7 closed
under direct summands. We denote by thick X the thick closure of X, namely,
the smallest thick subcategory of 7 containing X.

In the next proposition, we compare closedness under positive/negative shifts
with other conditions regarding subcategories of a triangulated category. The proof
of the proposition is left as an easy exercise to the reader.

Proposition 2.4. Let T be a triangulated category. Let X be a subcategory of T.

(1) Suppose X is closed under extensions and contains the zero object of T. Then
the following are equivalent.

(a) The subcategory X of T is closed under positive (resp. negative) shifts.
(b) If A - B — C ~~ is an exact triangle with A, B € X (resp. B, C € X),
then C (resp. A) is in X.

(2) If X is nonempty, then X is a thick subcategory of T if and only if X is closed
under direct summands, extensions, positive shifts and negative shifts.

We introduce categories and subcategories which we basically use in this paper.

Definition 2.5. We denote by mod R the category of finitely generated R-modules,
by proj R the subcategory of mod R consisting of projective modules, and by fpd R
the subcategory of mod R consisting of modules of finite projective dimension. We
denote by D(R) the bounded derived category of mod R which is denoted by D°(R)
in Section 1, and by K(R) the bounded homotopy category of proj R. Via the natural
fully faithful functors, we regard mod R and K(R) as (strictly full) subcategories
of D(R). Thus we identify K(R) with the derived category DP*"f(R) of perfect
R-complexes that appears in Section 1. Here, a perfect complex is defined to be a
bounded complex of finitely generated projective modules. We thus have inclusions

proj RCfpd R=K(R)Nmod R, fpd RCK(R)CD(R), fpdRITmodRCD(R).

Definition 2.6 (resolving subcategories of module categories). Let X be a subcate-
gory of mod R.

(1) We say that X is resolving if it satisfies the following four conditions.

(1) X contains R. (ii) X is closed under direct summands.

(iii) X is closed under extensions.

(iv) For an exact sequence 0 - A — B — C — 0 in mod R with
B,CeX,onehas A e X.

Conditions (i) and (ii) imply that a resolving subcategory of mod R contains
the zero object O of mod R. Condition (i) can be replaced with the condition
that X’ contains proj R. Condition (iv) can be replaced with the condition that
X is closed under syzygies; see [49, Remark 2.3].
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(2) The resolving closure respoq g X of X is the smallest resolving subcategory of
mod R containing X.

Definition 2.7 (resolving subcategories of triangulated categories). Let 7 be a
triangulated subcategory of D(R) containing R. Let X be a subcategory of 7.

(1) We say that X is resolving if it satisfies the following four conditions.

(1) X contains R. (ii) X is closed under direct summands.

(ii1) X is closed under extensions.

(iv) For an exact triangle A - B — C ~» in T with B, C € X, one

has A e X.
Conditions (i) and (ii) imply that a resolving subcategory of 7 contains the
zero object 0 of 7. Condition (i) can be replaced with the condition that X
contains proj R. Condition (iv) can be replaced with the condition that X is
closed under negative shifts; see Proposition 2.4(1).

(2) The resolving closure rest X of X is defined to be the smallest resolving
subcategory of 7 containing X

In the next proposition we explore the relationship between resolving closures
and shifts. It turns out that compatibility of taking the resolving closure and taking
a shift is subtle; see also Remark 2.16 given later.

Proposition 2.8. Let T be a triangulated subcategory of D(R) containing R.
(1) For each object X of T and each integer n, there is an equality

resp{X[i]|i € Z} = res{X[i] | i = n}.

(2) Let X be a subcategory of T, and let n be an integer.

(a) Let n < 0. Then there is an inclusion (rest X)[n] C rest(X[n]).
(b) Letn >0. If X is resolving, then so is X[n]. More generally, (res X)[n] =
res7(X[n] U {R[n]}).

Proof. (1) Set X =rest{X[i]|i > n}. Fix j € Z. If j > n, then X[J] is clearly in
X.If j <n,then j —n < 0 and one has X[j] = (X[n][j —n] € res(X[n]) C X.
Hence X[j] € X for all j € Z, and the assertion follows.

(2a) Consider the subcategory YV = {Y € T | Y[n] € resy(X[n])} of T. Since
res(X[n]) is resolving, it contains R. As n < 0, we have R[n] € resy(X[n]).
Hence R belongs to ). Let Y be an object in ) and Z a direct summand of Y.
Then Y[n] is in res7(X[n]) and Z[n] is a direct summand of Y[n]. Hence Z[n] is
in res7(X[n]), which implies Z € ). Let A - B — C ~- be an exact triangle in T
with C € ). Then there is an exact triangle A[n] — B[n] — C[n] ~» and C[n] is in
resT(X[n]). Hence A[n] € resy(X[n]) if and only if B[n] € res7(X[n]). Therefore,
A eYifandonlyif B €). Consequently, )V is a resolving subcategory of 7. Since Y
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contains X', we see that ) contains rest X. It follows that (rest X)[n] C resy(X[n]).

(2b) To show the first assertion, suppose that X is resolving. As X is closed under
negative shifts, we have that X[—1] C X, and that R[—n] € X since R € X and
—n < 0. Hence (X[n])[—1] = (X[=1]D[r] C X[n] and R = (R[—n])[n] € X[n],
that is, X'[n] is closed under negative shifts and contains R. Let A > B — C ~~
be an exact triangle in 7 with A, C € X[n]. Then there is an exact triangle
A[—n] - B[—n] — C[—n] ~» in T and A[—n], C[—n] € X. Since X is closed
under extensions, it contains B[—n]. Hence B = (B[—n])[n] belongs to X[n], and
therefore X'[n] is closed under extensions. Let K be an object in X'[n] and L a
direct summand of K. Then K[—n] is in X and L[—n] is a direct summand of
K[—n]. As X is closed under direct summands, L[—n] is in X. Hence L belongs
to X'[n], and therefore X'[n] is closed under direct summands. Consequently, X'[n]
is a resolving subcategory of 7.

Now we prove the second assertion. Replacing X’ with X U {R}, we may assume
R € X. We want to deduce (rest X)[n] = resp(X[n]). As rest X O X, we have
(resT X)[n] 2 X[n]. As (resy X')[n] is resolving by the first assertion, (res; X')[n]
contains res7(X[n]). To show the opposite inclusion, consider the subcategory
Y={Y € T|Y[n] €resp(X[n])} of T. Since R € X, we get R[n] € X[n] C
rest(X[n]), which implies R € ). An analogous argument as in the proof of (1)
shows ) is a resolving subcategory of 7. Since ) contains X, it contains resy X.
Thus (resy X)[n] C resy(X'[n]). We now obtain (resy X)[n] = res(X[n]). O

The next notion plays a crucial role in the proofs of our main results.

Definition 2.9 (minimum resolving subcategories). Let 7 be a triangulated subcat-
egory of D(R) containing R. We set & = res7 0 and call it the minimum resolving
subcategory of T. It is minimum in the sense that every resolving subcategory of
T contains &r. We simply write £g = Ep(r).

The resolving closure resy X’ of a subcategory X of 7, particularly the minimum
resolving subcategory £ = res 0 of 7, depends on which triangulated subcategory
T of D(R) is taken as the ambient category. The proposition below collects proper-
ties of resolving subcategories, the second and third of which produce sufficient
conditions for 7 to satisfy res; X = resp(g) X for every subcategory X" of 7.

Proposition 2.10. (1) If T is a triangulated subcategory of D(R) containing R,
then & = rest R. If T is a thick subcategory of D(R) containing R, then
E1 = resy(proj R).

(2) Let T be a thick subcategory of D(R) containing R. Then the resolving
subcategories of T are the resolving subcategories of D(R) contained in T.
Hence resT X = resp(g) X for any subcategory X of T.
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(3) The equality K(R) =thickp(g) R holds. Hence, there is an equality reskgy X =
resp(r) X for any subcategory X of K(R). In particular, Exry = Er.

(4) If X is a resolving subcategory of D(R), then X N mod R is a resolving sub-
category of mod R. If X is a resolving subcategory of K(R), then X Nmod R
is a resolving subcategory of mod R contained in fpd R.

Proof. (1) The first assertion holds since R € & = res7 0 C res7 R. In the situation
of the second assertion, 7 contains proj R. Hence the assertion follows from the
inclusions proj R € & =resy 0 C resy R C res(proj R).

(2) Let X be a subcategory of 7 with R € X and X[—1] € X. Since T is closed
under extensions as a subcategory of D(R), we see that X is closed under extensions
as a subcategory of 7 if and only if X is closed under extensions as a subcategory of
D(R). If A, B are objects of D(R) with A® B € X, then A® B € T, which implies
A, B € T since 7T is thick. It is seen that X is closed under direct summands as a
subcategory of 7 if and only if & is closed under direct summands as a subcategory
of D(R). The first assertion follows.

Since resy X is a resolving subcategory of 7 containing X, by the first assertion
it is a resolving subcategory of D(R) contained in 7 and containing X'. Hence
T 2 rest X D resp(g) X. Therefore, resp(g) X is a resolving subcategory of D(R)
contained in 7 and containing X, so that it is a resolving subcategory of 7 containing
X by the first assertion again. This implies that resp(g) X D rest X'. The second
assertion now follows.

(3) It is a well-known fact that K(R) = thickp(g) R; see [38, Proposition 1.4(2)]
for instance. In particular, K(R) is a thick subcategory of D(R) containing R. It
follows from (2) that resk gy X = resp(g) X for any subcategory X’ of K(R). We
get the equalities SK(R) = resK(R) 0= resp(r) 0= 5D(R) = &g.

(4) Let X be a resolving subcategory of D(R). Then R belongs to X Nmod R. If
M € X Nmod R and N is a direct summand in mod R of M, then M isin X and N
is a direct summand in D(R) of M, so that N is in X’ and hence N € X N mod R.
Let0 - A — B — C — 0 be an exact sequence in mod R with C € X N mod R.
Then there is an exact triangle A - B — C ~» in D(R) and C € X. Hence A € X
if and only if B € X, so that A € X N mod R if and only if B € X N mod R. Thus,
X Nmod R is a resolving subcategory of mod R.

Let X be a resolving subcategory of K(R). By (2) and (3), X is a resolving
subcategory of D(R) contained in K(R). Hence XNMmod R is a resolving subcategory
of mod R contained in K(R) N mod R = fpd R. O

In the proposition below, we state simple observations about representing each
closure as an intersection of subcategories. We leave the proof of the proposition
as an easy exercise to the reader.
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Proposition 2.11. Let C be an additive category, and let X be a subcategory of C.

(1) The additive closure add¢ X is equal to the intersection of all subcategories of
C that contain X and are closed under finite direct sums and direct summands.

(2) Assume that C is either abelian or triangulated. Then the extension closure
exte X is equal to the intersection of all subcategories of C that contain X and
are closed under direct summands and extensions.

(3) Assume that C is triangulated. Then the thick closure thicke X is equal to the
intersection of all thick subcategories of C containing X.

(4) Assume that C is a triangulated subcategory of D(R) containing R. Then the
resolving closure res¢ X is equal to the intersection of all resolving subcate-
gories of C containing X. In particular, Ec coincides with the intersection of
all resolving subcategories of C.

Next we recall the definitions of projective dimension and depth for complexes,
and of Koszul complexes.

Definition 2.12. (1) The supremum sup X and infimum inf X of an object X € D(R)
is defined by sup X = sup{i € Z | H'X # 0} and inf X = inf{i € Z | H' X # 0}.

(2) The projective dimension pd, X of an object X € D(R) is the infimum of
integers n such that X = P in D(R) for some perfect R-complex P with
P~ =0 for all integers i > n. One has pd X € ZU {#+oo} and pd X > —inf X;
note that pd X = —oo if and only if X =0 in D(R). Also, pd X < oo if and
only if X € K(R). One does not necessarily have pd X < n even if X = P
in D(R) for some complex P of finitely generated projective modules with
P~ =0 forall i > n; see [9, 2.6.P]. We refer to [9, 1.2.P, 1.7, 2.3.P, 2.4.P and
2.7.P] for details of projective dimension.

(3) For each integer n, we denote by K" (R) the subcategory of K(R) consisting
of perfect complexes having projective dimension at most 7.

(4) For a sequence x = x1, ..., X, we denote by K(x, R) the Koszul complex of
x over R; we refer the reader to [18, §1.6] for the definition and details of
Koszul complexes. When the ambient ring R is clear, we simply write K(x).

(5) Let R be a local ring with residue field k. For an object X of D(R), we denote
by depth, X the depth of X, which is defined by the equality depthp X =
inf RHompg (k, X). Note that if X belongs to mod R, then depth, X = inf{i €
N | Ext’k (k, X) # 0}, so it coincides with the classical definition of the depth
of a finitely generated module over a local ring.

We make a collection of basic properties of projective dimension and depth
which are frequently used later.
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Proposition 2.13. (1) Let X be an object of D(R), and let r be an integer. Then
pdr (X[r]) =pdgr X +r. When the ring R is local, the equality depthp (X[r]) =
depthg X —r holds.

(2) Let R be a local ring with residue field k. Let X € D(R). One has the equality
pdp X = —inf(X ®II; k). Also, the Auslander—Buchsbaum formula holds: If
pdgr X < 0o, then pdp X = depth R — depthy, X

(3) Let A —> B — C ~~ be an exact triangle in D(R). Then the following in-
equalities hold true, where for the latter ones we assume that the ring R is
local.

pdr B <sup{pdp A, pdp C}, depth, B > inf{depthy A, depth, C},

pdg A < sup{pdy B,pd; C — 1}, depth, A > inf{depth, B, depth, C + 1},

pdg C <sup{pd, B,pd, A+ 1}, depthy, C > inf{depthy, B, depth, A — 1}

(4) Let X and Y be objects of D(R). Then pdga(X @ Y) = sup{pdyp X, pdg Y'}.
When R is local, depth, (X @ Y) = inf{depth X, depthy Y'}.

(5) For all nonnegative integers n, the subcategory K" (R) of K(R) is resolving.

(6) There is an equality K°(R) = Eg. In particular, the equality Eg N mod R =
proj R holds.

(7) Let R be a local ring with maximal ideal m. Let x = x1, ..., X, be a sequence
of elements of R. If x; € m for all i, then pd K(x) = n. If x; ¢ m for some i,
then K(x) = 0in K(R) and pdi K(x) = —

Proof. (1) We easily deduce the assertion from the definitions of projective dimension
and depth.

(2) The first assertion follows from [21, (A.5.7.2)]. The second assertion is stated
in [22, (1.5)] for example.

(3) Suppose that R is a local ring with residue field k. The two exact triangles
RHomg (k, A) — RHomg (k, B) — RHomg(k, C) ~, A®%k - BRkk — C %k~
give rise to the inequalities

inf RHomg (k, B) > inf{inf RHomg (k, A), inf RHomg (k, C)}

and inf(B ®% k) > inf{inf(A ®% k), inf(C ®% k)}. Therefore we have depth B >
inf{depth A, depth C}, and by (2) we get

pdg B = —inf(B ®k% k) < —inf{inf(A ®k% k), inf(C @k k)}
= sup{—inf(A ®% k), —inf(C ®% k)} = sup{pdy A, pd, C}.
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Now we consider the case where R is nonlocal. Using [9, Proposition 5.3.P] and
the local case, we get

pdg B = SUPpeSpec R{dep BP}
< SuppeSpecR{Sup{dep Ap, dep CP}} < SUP{de A, de C}

Applying the argument given so far to the exact triangles C[—1] - A — B ~» and
B — C — A[1] ~ and using (1), we obtain the remaining four inequalities.

(4) Suppose that the ring R is local, and let k be the residue field of R. Using (2)
for the former, we have

pdp(X ®Y) = —inf(X B Y) &% k)
= —inf((X ®% k) ® (¥ ®% k)) = —inf{inf(X ®% k), inf(Y @% k)}
= sup{—inf(X ®% k), —inf(Y ®% k)} = sup{pdy X, pdg ¥},
depthr (X @ Y) = inf RHomg (k, X @ Y) = inf(RHomg (k, X) ® RHomg (%, Y))
= inf{inf RHomp (k, X), inf RHomg (k, Y)}
= inf{depthy X, depthy Y'}.
Now let the ring R be nonlocal. Applying (3) to the exact triangle
X—>X®Y—>Y~

gives pdp (X @BY) <sup{pdy X, pdg Y}. Assume pdr(X®Y) <sup{pd X, pdg Y}.
We may assume pd, X > pdp Y.

We claim that if pd R, Xp <00 for all prime ideals p of R, then pd, X < o0. Indeed,
putting  =inf X and s =sup X, we find acomplex P=(---— P’ — ... — P*—0)
of finitely generated projective R-modules such that P = X in D(R). Let C be the
cokernel of the map P'~! — P’. Let 0 = (0 — P'*! - ... — P¥ — 0) be the
truncation of P, which is a perfect complex. There is an exact triangle Q — P —
C[—t] ~>. For each p € Spec R we have dep Qp < oo and dep P, =dep Xy <00,
so that dep Cp < oo. It follows from [13, Lemma 4.5] that pd C < oo. As
pdgp O < 00, we get pdp X =pdy P < oo. The claim thus follows.

The claim and [9, Proposition 5.3.P] produce a prime ideal p such that pd, X =
pdg, Xp < 0o. We have

pdg, Xp < sup{pdg Xp,pdg, Yy} =pdg, (X, @ Yy)
Spdp(X@Y) <sup{pdg X, pdg Y} =pdg X =pdg X,
where the first equality holds since the ring Ry, is local. We now get a contradiction,
and therefore, the equality pd (X @ Y) = sup{pdy X, pd Y} holds.

(5) As n is nonnegative, R belongs to K"(R). The assertion is shown to hold by
using (3) and (4).
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(6) As Eg contains R and is closed under negative shifts, it contains R[i] for all
i <0. Hence we will get the required equality K°(R) = £x once we prove that the
following inclusions hold.

KO(R) C extk(r)(RIi]1|i <0} € Er CKO(R).

The second inclusion holds since £ is closed under extensions, while the last
inclusion comes from the fact that K°(R) is a resolving subcategory and &y is a
minimum resolving subcategory. To show the first inclusion, pick an object P in
KO(R). We may assume that P = (0— P’ — P! — ... — P¥—0). Then P belongs
to exti(r){P*[—s], ..., P'[—1], P°}, which is contained in extk(g){R[i]|i < 0}.
Thus the first inclusion follows.

(7)If x; emforall i, then pd, K(x) =n by (2). If x; ¢ m for some i, then K(x;) =0
in D(R), and hence K(x) = K(x1) ®% - - - @k K(x;) @k - - - ®% K(x,,) =0 in D(R).
Hence K(x) =0 in K(R). O

Here, let us present an application of the above proposition. The corollary below
is thought of as a derived category version of [50, Proposition 1.12(2)].

Corollary 2.14. Let R be a local ring. Let X and Y be complexes that belong
to D(R). Suppose that X is in the resolving closure respry Y. Then there is an
inequality depth, X > inf{depthy Y, depth R}.

Proof. Let Z be the subcategory of D(R) consisting of objects Z such that depth Z >
inf{depth Y, depth R}. Itis evident that Z contains ¥ and R. Using the depth equality
in Proposition 2.13(4), we see that Z is closed under direct summands. Also, the
first depth inequality in Proposition 2.13(3) shows that Z is closed under extensions.
By the depth equality in Proposition 2.13(1), it follows that Z is closed under
negative shifts. Consequently, Z is a resolving subcategory of D(R) containing Y.
Hence Z contains resp(g) Y, and therefore X belongs to Z. Now the assertion of
the corollary follows. O

By definition, a thick subcategory of D(R) containing R is a resolving subcategory
of D(R). The converse of this statement is not necessarily true. Actually, we state
and prove the following proposition, which gives rise to an example of a resolving
subcategory of D(R) that is not a thick subcategory of D(R).

Proposition 2.15. The equality respry(mod R) = {X € D(R) | H<°X = 0} of
subcategories of D(R) holds. Thus, the resolving subcategory respgy(mod R) of
D(R) is not thick; it is not closed under positive shifts.

Proof. Let X be the subcategory of D(R) consisting of complexes X with H<°X =0.
Evidently, X contains mod R. In particular, X' contains R. It is straightforward
to verify that & is closed under direct summands, extensions, and negative shifts.
Hence X is a resolving subcategory of D(R) containing mod R. Therefore, X
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contains resp(gy(mod R). Conversely, pick X € X. Since H<X = 0, we may
assume X = (0— X% — X! — ... — X" — 0); see [21, (A.1.14)]. There is a series
(X'[—i]— Xi > Xi_1 ~J1_, of exact triangles in D(R) with X, = X and X | =0.
The object X'[—i] is in respg)(mod R) for all 0 < i < n, since X’ € mod R and
—1 < 0. It is observed that X belongs to resp(g)(mod R). Therefore, X' is contained
in resD(R)(mod R).

As for the last assertion of the proposition, we have R € X, but R[1] ¢ X since
H-'(R[1])) =R #0. O

We close the section by stating a remark on the second assertion of Proposition 2.8.

Remark 2.16. Let 7 be a triangulated subcategory of D(R) containing R. Let
X and Y be objects of 7. Assume that X belongs to resY. Then X[r] belongs
to res(Y[n]) if n < 0 by Proposition 2.8(2a). However, X[n] does not necessarily
belong to res(Y[n]), if n > 0. In fact, we have the following observations.

(1) Let X = R and Y = R[—1]. Then X € respry Y, but X[1] = R[1] ¢ Er =
resp(r) R =resp(r)(Y[1]); see Proposition 2.10(1). Indeed, we have pd R[1] =
1 and R[1] ¢ KO(R) = &g by Proposition 2.13(1)(6).

(2) Suppose that there exists an exact triangle X — E — Y ~» in T such that
E € &r. Then X belongs to rest Y. An exact triangle X[1] — E[1] — Y[1] ~
in 7 is induced. If E[1]is in resy(Y[1]), then X[1] is in res(Y[1]). However,
as we have seen in (1), the object E[1] may not belong to res(Y[1]).

3. NE-loci of objects and subcategories of D(R)

Recall that the nonfree locus NF(M) of each object M of mod R is by definition the
set of prime ideals p of R such that the localization M, is nonfree as an Ry-module.
Also, recall that the nonfree locus NF(X') of a subcategory X of mod R is defined
as the union of NF(M) where M runs through the objects of X. In this section, we
introduce and study NE-loci NE(—), which extend nonfree loci NF(—) to objects
and subcategories of D(R).

We begin with stating the definitions of an R-linear additive category and a
quotient of such a category by an ideal.

Definition 3.1. Let C be an R-linear additive category, that is, an additive category
whose hom-sets are R-modules and composition of morphisms is R-bilinear.

(1) Anideal T of C is by definition a family {Z(X, Y)}x yec of R-submodules of
Hom¢ (X, Y) such that bfa € Z(W, Z) for all a e Hom¢g (W, X), f € Z(X, Y),
b e Home(Y, Z) and W, X, Y, Z € C. The quotient C/Z of C by the ideal Z is
by definition the category whose objects are those of C and morphisms are
given by Home,7(X, Y) =Hom¢ (X, Y)/Z(X, Y) for X, Y € C. Note that C/T
is an R-linear additive category.
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(2) Let D be a subcategory of C. For two objects X, Y of C, let [D](X, Y) be the
subset of Hom¢ (X, Y) consisting of morphisms that factor through some finite
direct sums of objects in D. Then it is easy to observe that [D] is an ideal of
C, and hence the quotient C/[D] is defined.

The category D(R) that we now define plays an important role in this section.

Definition 3.2. We denote by D(R) the quotient D(R)/[Er]. The hom-set
HOIIIQ(R) (X, Y)

is a finitely generated R-module for all X, ¥ € D(R), as it is a factor of the finitely
generated R-module Hompg) (X, ¥).

The proposition below concerns when an object and a morphism in D(R) are
zero in the category D(R). The proof is standard, so we omit it.

Proposition 3.3. (1) A morphism in D(R) is zero in D(R) if and only if it factors
through an object in Eg.

(2) Let X € D(R). The following are equivalent:
(@) X =0in D(R). (b) Hompg) (X, X) =0. (c) X € &Eg.

We define the localization of a given subcategory of D(R) by a multiplicatively
closed subset of R.

Definition 3.4. Let X be a subcategory of D(R). For a multiplicatively closed
subset S of R, we define the subcategory X5 of D(Rg) by Xy = {Xs | X € X}.
When § = R\ p with p € Spec R, we set X, = As.

In the lemma below we study the structure of localizations of morphisms in the
category D(R).

Lemma 3.5. Let p be a prime ideal of R. Taking the localization of a morphism
in D(R) at p induces an isomorphism Hompg)(X, Y)y, — Hompr,)(Xy, ¥p) of
Ry-modules for all objects X, Y € D(R).

Proof. Localization at p gives an isomorphism
¢ : Homp(g)(X, Y), — Hompgr,) (Xy, ¥p);

see [21, Lemma (A4.5)]. If P = (0 - P® — ... — P" — 0) is a perfect R-
complex, then P, = (0 — Pp0 — --- = P} — 0) is a perfect Ry-complex. By
Proposition 2.13(6), the subcategory (£r), of D(Ry) is contained in ng' Thus ¢
restricts to an injection ¥ : ([Er](X, Y)), — [ERp](XP’ Yy). Let

Q=0— R —---— Ry —0)
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be a perfect R,-complex with Q' = R;B " for each i € Z. Then we easily find a
perfect R-complex P = (0 — R0 — ... — R%" — 0) such that P, is isomorphic
to Q as an Ry-complex; see [1, Lemma 4.2(1) and its proof]. Hence P belongs to
Er, and the equality (Er)p = ER, follows. Consider the decomposition
f g h
(Xp > Yy) = (Xp = Ey = Y))
of a morphism % : Xp — Y, in D(Ry), where f, g, h are morphisms in D(R),
s,t,ue€ R\pand E € Eg. Then vutf = vshg for some v € R\ p. We have L = wutf

s~ vuts
and vsh

x 2y = x5 EXh vy,

This shows that the injection i is surjective. Consequently, ¢ induces an isomor-
phism HOI‘I]Q(R) (X, Y)p — HOI‘I]Q(RP)(Xp, Yp). ([l
Definition 3.6 (NE-loci of objects of D(R)). Let X be an object of D(R). We denote
by NE(X) the set of prime ideals p of R such that Xy, ¢ £, and call it the NE-locus
of X. According to Proposition 2.13(6), this is equal to the set of prime ideals p of
R such that the R,-complex X, has positive (possibly infinite) projective dimension.
Thus we may also call NE(X) the positive projective dimension locus of X. Clearly,
the equality NE(M) = NF(M) holds for each finitely generated R-module. Note
that NE(X) is contained in Supp(X), where the latter set is the support of X, which
is defined by the equality Supp(X) = {p € Spec R | X, 2 0in D(Rp)}.

We state a basic fact on free resolutions and truncations of complexes, which is
frequently used later.

Remark 3.7. Let X € D(R) be a complex. Put t =inf X and s = sup X. Then there
exists a complex

1 3t+1 35‘—2 -1 as—l

ar—1 at

of finitely generated free R-modules such that X = F in D(R); see [21, (A.3.2)]

for instance.

(1) Let C be the cokernel of the differential map 9,1, and let P = (0 — F’ o,
-+« — F*® — 0) be a truncation of F. Then P is a perfect complex and one
has an exact triangle P — X — C[—t] ~» in D(R).

QLetP=0—F'—- .- > F ->0adY =(--— F!— F'—0
be truncations of F. Then Y is an object of D(R) with sup Y < 0. There is
an exact triangle P — X — Y ~» in D(R), which induces an exact triangle
X — Y — P[1] ~» in D(R). Proposition 2.13(6) implies that P and P[1]
belong to £g. It is seen that ¥ belongs to resp(g) X.

Here are several basic properties of the NE-loci of objects of the derived category
D(R).
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Lemma 3.8. (1) Let X be an object of D(R). Then, the set NE(X) is empty if and
only if X belongs to Eg.

(2) For any objects X1, ..., X, of D(R) one has the equality NE(@?=1 X)) =
U'_ NE(X)).

(3) Forevery X € D(R) there exists Y € D(R) withsup Y <0, respry X =respr) Y
and NE(X) = NE(Y).

(4) For an exact triangle X — Y — Z ~» one has NE(X) C NE(Y) UNE(Z) and
NE(Y) C NE(X) UNE(Z2).

Proof. (1) By [9, Proposition 5.3.P] and Proposition 2.13(6), we get NE(X) = @ if
and only if X, € &g, for all p € Spec R, if and only if dep X, <Oforall p € Spec R,
if and only if pdz X <0, if and only if X € &g.

(2) Let p be a prime ideal of R. Since g, is a resolving subcategory of D(Ry), we
have @;_,(X;)y = (EB?:] X,~)p € &g, if and only if (X;), € &g, forall 1 <i < n.
The assertion follows from the contrapositive.

(3) According to Remark 3.7(2), there exists an exact triangle X — Y — Z ~~ in
D(R) such that sup Y < 0 and Z € &g. For each resolving subcategory X of D(R)
we have X € X if and only if Y € X'. In particular, resp(gy X =resp(g) Y. For every
p € Spec R there exists an exact triangle X, — Y, — Z, ~ in D(Ry). Since Z,
belongs to £g,, we again have X, € ) if and only if ¥, € ) for each resolving
subcategory ) of D(Ry). In particular, Xy, ¢ &g, if and only if ¥, ¢ Eg,. Hence the
equality NE(X) = NE(Y) holds.

(4) Fix p € Spec R. By Proposition 2.13(3), if pd Y, < 0 and pd Z, < 0O, then
pd X, < sup{pdY,,pdZ, — 1} < 0. Also, if pd X, < 0 and pdZ, < 0, then
pd Y, <sup{pd Xy, pd Z,} < 0. The assertion follows. (]

Remark 3.9. In view of Lemma 3.8(4), we may wonder if the inclusion NE(Z) C
NE(X)UNEC(Y) holds for every exact triangle X — ¥ — Z ~~ in D(R). This is not
true in general. In fact, the exact triangle R = R — 0 ~» induces an exact triangle
R — 0 — R[1] ~. Then NE(R[1]) = Spec R because pd(R[1]), = pd Rp[1] =
pd Ry + 1 =1 for each p € Spec R by Proposition 2.13(1), while NE(R) UNE(0)
is the empty set.

We provide a generalization (or a derived category version) of [49, Proposition
2.10 and Corollary 2.11(1)].

Proposition 3.10. For every object X of D(R) there is an equality NE(X) =
Suppg (Homp(r) (X, X)). In particular, the NE-loci of objects of D(R) are closed
subsets of Spec R in the Zariski topology.

Proof. A prime ideal p of R does not belong to the support of the R-module
Hompg) (X, X) if and only if Hompg) (X, X), = 0, and this happens if and only
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if Homp(g,)(Xp, Xp) = 0 by Lemma 3.5, if and only if X, belongs to &g, by
Proposition 3.3(2), if and only if p is not in NE(X). It follows that NE(X) =
Supp(Hompg) (X, X)). O

Definition 3.11 (NE-loci of subcategories of D(R)). For a subcategory X' of D(R),
we set NE(X) = Jy . NE(X) and call it the NE-locus of X. Since each NE(X)
in the union is a Zariski-closed subset of Spec R by Proposition 3.10, the subset
NE(X) of Spec R is specialization-closed. (This is a generalization of [49, Corollary
2.11(2)])

The following proposition is regarded as a derived category version of [49,
Corollary 3.6].

Proposition 3.12. For every subcategory X of D(R) the equality NE(respg) X) =
NE(X) holds.

Proof. Since X is contained in respg) X', we see that NE(X') is contained in
NE(res X). Let p be a prime ideal of R with p ¢ NE(X). We have dep X, <0 for
every X € X, so that X is contained in the subcategory ) of D(R) consisting of
complexes Y such that pd Ry Y, <0. Clearly, Y contains R. By the projective dimen-
sion equality in Proposition 2.13(4), we see that ) is closed under direct summands.
The first projective dimension inequality in Proposition 2.13(3) shows that ) is
closed under extensions. The projective dimension equality in Proposition 2.13(1)
implies that ) is closed under negative shifts. Thus, ) is a resolving subcategory of
D(R) containing X, so that it contains res X'. It follows that p ¢ NE(res X’). Thus,
NE(X) = NE(res X). O
Recall that a finitely generated R-module M is called a maximal Cohen—Macaulay
module provided that it satisfies the inequality depth R, Mp = dim Ry, for all prime
ideals p of R. Now, extending this, we introduce the notion of a maximal Cohen—
Macaulay complex. This plays an important role in the rest of this paper.

Definition 3.13. (1) We call an object X of D(R) a maximal Cohen—Macaulay
complex if depth R, Xp = dim Ry, for all prime ideals p. By definition, a finitely
generated R-module M is maximal Cohen—Macaulay if and only if the complex
(0 - M — 0) concentrated in degree zero is maximal Cohen—Macaulay.

(2) We denote by C(R) the subcategory of D(R) consisting of all maximal Cohen—
Macaulay R-complexes.

Recall that Sing R stands for the singular locus of R, that is to say, the set of
prime ideals p of R such that the local ring R, is not regular. In the proposition
below, we state some properties of maximal Cohen—Macaulay complexes, whose
module category version can be found in [49, Example 2.9].

Proposition 3.14. (1) Let X € D(R) be maximal Cohen—Macaulay. Then NE(X)
is contained in Sing R.
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(2) The subcategory C(R) of D(R) is closed under direct summands, extensions
and negative shifts. If R is a Cohen—Macaulay ring, then C(R) is a resolving
subcategory of D(R) and vice versa.

Proof. (1) Let p be a prime ideal of R with p ¢ Sing R. Then R, is a regular
local ring, so that dep Xy < 0o. By Proposition 2.13(2), we have dep Xp =
depth Ry, — depth X}, = dim Ry, — depth X, < 0. Thus p ¢ NE(X).

(2) The depth equality in Proposition 2.13(4) shows C(R) is closed under direct
summands. Using the first inequality in Proposition 2.13(3), we observe that C(R)
is closed under extensions. It is seen from the depth equality in Proposition 2.13(1)
that C(R) is closed under negative shifts. The ring R is Cohen—Macaulay if and only
if R belongs to C(R), if and only if C(R) is a resolving subcategory of D(R). [J

Recall that a thick subcategory X of CM(R) is by definition a subcategory of
CM(R) closed under direct summands and such that for every short exact sequence
0— L - M — N — 0 of maximal Cohen—Macaulay R-modules, if two of L, M, N
belong to X, then so does the third. Also, for each set ® of prime ideals of R,
the subcategory NF~!(®) is defined as the subcategory of mod R consisting of
modules whose nonfree loci are contained in ®, and NFE,\]A(QJ) is defined to be the
intersection of NF~!(®) with CM(R). These three subcategories play important
roles in [50; 52; 53]. Now we introduce their derived category versions.

Definition 3.15. (1) We say that a subcategory X' of C(R) is thick provided that
X is closed under direct summands in the additive category C(R), and that for
each exact triangle A — B — C ~» in D(R) such that A, B, C € C(R), if two
of A, B, C belong to X, then so does the third. (We should be careful not to
confuse a thick subcategory of C(R) with a thick subcategory of D(R) in the
sense of Definition 2.3.)

(2) For a subset ® of Spec R, we denote by NE~!(®) the subcategory of D(R)
consisting of complexes whose NE-loci are contained in ®. We define the
subcategory NEC'(®) of C(R) by NEZ!(®) = NE~!(®) N C(R).

The following proposition includes a derived category version of [50, Propositions
1.15(3), 4.2 and Theorem 4.10(3)]. Compare this proposition with Theorem 6.1
stated later.

Proposition 3.16. (1) Every thick subcategory of D(R) contained in C(R) is a
thick subcategory of C(R). Every thick subcategory of C(R) containing R is a
resolving subcategory of D(R) contained in C(R).

(2) For ® C Spec R the subcategory NE~! (®) of D(R) is resolving. If R is Cohen—
Macaulay, then NEE1 (®) is a thick subcategory of C(R) containing R, and a
resolving subcategory of D(R) contained in C(R).
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Proof. (1) First of all, note that since C(R) is closed under direct summands as a
subcategory of D(R) by Proposition 3.14(2), being closed under direct summands as
a subcategory of C(R) implies being closed under direct summands as a subcategory
of D(R). The first assertion now follows. To show the second, let X be a thick
subcategory of C(R) containing R. Then X is closed under direct summands as
a subcategory of D(R). Let A — B — C ~- be an exact triangle in D(R) with
C € X. Then C is in C(R), and we observe from Propositions 3.14(2) and 2.4(1)
that A € C(R) if and only if B € C(R). Since X is a thick subcategory of C(R), it is
easy to verify that A € A if and only if B € X. Thus, X is a resolving subcategory
of D(R).

(2) Since NE(R) = @ C &, we have R € NE~!(®). Using Lemma 3.8(2), we see
that NE~!(®) is closed under direct summands. Let X — Y — Z ~- be an exact
triangle in D(R) with Z € NE~!'(®). Then ® contains NE(Z). It follows from
Lemma 3.8(4) that @ contains NE(X) if and only if ® contains NE(Y'). This means
that X € NE~!(®) if and only if ¥ € NE~!(®). Thus, NE~!(®) is a resolving
subcategory of D(R).

Let R be Cohen—Macaulay. The first assertion of (2) shows NE (@) is a
resolving subcategory of D(R), and so is C(R) by Proposition 3.14(2), whence
SO 18 NE_1(¢) NC(R) = NEEl(CD). Let A— B — C ~~ be an exact triangle in
D(R) with A, B € NEZ'(®) and C € C(R). Assume C ¢ NEC'(®). Then we find
p € NE(C) such that p ¢ &. Hence p does not belong to NE(A) or NE(B), which
means that pd A, < 0 and pd B, < 0. The exact triangle A, — B, — Cy ~~ in
D(Ryp) and Proposition 2.13(3) show pd C, < 1 < 00, and we get

pd Cp, = depth R, — depth Cy = dim R, — depth C, <0,

where the first equality comes from Proposition 2.13(2), the second equality holds
since the local ring Ry, is Cohen-Macaulay, and the inequality holds as C is maximal
Cohen—Macaulay. This is a contradiction because p € NE(C). It follows that
Ce NEE1 (®). Thus NEE1 (P) is a thick subcategory of C(R) (containing R). [J

Remark 3.17. The converse of the first assertion of Proposition 3.16(1) does not
necessarily hold true. In fact, C(R) is itself a thick subcategory of C(R), but it is not
necessarily a thick subcategory of D(R). For example, let R be a Cohen—Macaulay
local ring of positive Krull dimension. Then there exists a non-zerodivisor x in the
maximal ideal of R, which gives rise to an exact sequence 0 — R SRR /(x)—0
in mod R, which induces an exact triangle R SR R/(x) ~~ in D(R). We have
R € C(R) but R/(x) ¢ C(R). Therefore, C(R) is not a thick subcategory of D(R).
This argument also shows the module category version: a thick subcategory of
CM(R) is not necessarily a thick subcategory of mod R contained in CM(R).
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4. Classification of certain preaisles of K(R)

We will now consider classifying certain preaisles of the triangulated category K(R).
We begin by recalling the definitions of preaisles and several related notions.
Definition 4.1 [2, §1.1; 14, §1.3; 35, §1.1]. Let T be a triangulated category. A
preaisle (resp. precoaisle) of T is by definition a subcategory of 7 closed under
extensions and positive (resp. negative) shifts. A preaisle (resp. precoaisle) X of T
is called an aisle (resp. a coaisle) if the inclusion functor X < 7T has a right (resp.
left) adjoint. For an aisle X and a coaisle ) of T, the pair (X, V[1]) is called a
t-structure of T if Hom7(X,Y)=0forall X e XY and Y € ).

Denote by (—)* the R-dual functor Homg(—, R). The assignment P +— P*
gives a duality of K(R), which sends an exact triangle

AL BES oA

to the exact triangle

g I h*[1]
N

c* B* — A* — C*[1].

For a subcategory X of K(R), we denote by X* the subcategory of K(R) consisting
of complexes of the form X* with X € X. The following lemma is straightforward
from the definitions of preaisles and precoaisles.

Lemma 4.2. The assignment X +— X* produces a one-to-one correspondence

preaisles of K(R) containing R | . | precoaisles of K(R) containing R
and closed under direct summands| ~ | and closed under direct summands |

Remark 4.3. In [27] a preaisle closed under direct summands is called a thick
preaisle.

Let us recall the definition of a certain fundamental filtration of subsets of Spec R.

Definition 4.4. A filtration by supports or sp-filtration of Spec R is by definition
an order-reversing map ¢ : Z — 25P¢R quch that for each i € Z the subset ¢ (i) of
Spec R is specialization-closed.

Here we need to introduce some notation. Let f be a map Spec R — ZU {Fo0}.

P(f)@)={peSpecR| f(p)>i}forieZ.

E(f) ={X e K(R) | pd X < f(p) for all p € Spec R}.

F(¢)(p) =sup{j €Z|pep(j)}+1foramap ¢:Z — 257X and p € Spec R.

Q(X)(p) = sup{pd X; | X € X} for a subcategory X' of K(R) and p € Spec R.
The following theorem classifies certain preaisles of K(R), which can be shown

by using techniques of the unbounded derived category D(Mod R) of the category
Mod R of all (possibly infinitely generated) R-modules.
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Theorem 4.5. There are one-to-one correspondences

preaisles of K(R)

containing R _Q . |order-preserving maps
and closed under [ < ¢ Spec R — N U {oo}
direct summands

sp-filtrations ¢
——= { of Spec R with
' lo(=1) = Spec R

Proof. If ¢ is an sp-filtration of Spec R with ¢ (—1) = Spec R, then F(¢)(p) =
sup{li e Z|pe@(i)}+ 1= (—1)+ 1 =0 for each prime ideal p of R, and hence
F(¢) is regarded as a map from Spec R to NU {oo}. If f: Spec R — NU{oc} is an
order-preserving map, then P(f)(—1) = {p € Spec R | f(p) = 0} = Spec R. Thus,
it follows from [55, Proposition 4.3] that the maps (P, F) appearing in the assertion
are mutually inverse bijections.

Let A be the set of preaisles of K(R) closed under direct summands, B the
set of aisles of compactly generated ¢-structures of D(Mod R), and C the set of
sp-filtrations of Spec R. Then, [47, Theorem 4.10] or the combination of [41,
Proposition 1.9(ii)] with [34, Theorem A.7] implies that the map f : A — B is
bijective, which sends each X’ € A to the aisle of D(Mod R) generated by X'. In [2,
Theorem 3.11] it is proved that the map g : B — C is bijective, which sends each
Y € B to the map ¢ : Z — 257 R given by ¢(n) = {p € Spec R | (R/p)[—n] € Y}
for each n € Z. We see that the maps (Q, E) appearing in the assertion are mutually
inverse bijections. O

Here we define assignments between subcategories of D(R) and maps from
Spec R to Z U {400}, and state a couple of properties.

Definition 4.6. For a subcategory X’ of D(R), we define the map ®(X’) : Spec R —
ZU{£o00} by ®(X)(p) = SUPXex{PdR,, Xy} for p € Spec R. Foramap f :Spec R —
Z U {£o00}, we denote by W ( f) the subcategory of D(R) consisting of objects X
with dep Xy < f(p) for all p € Spec R. We equip the sets Spec R and Z U {£00}
with the partial orders given by the inclusion relation (C) and the inequality relation
(<), respectively.

Lemma 4.7. (1) Let X be a subcategory of D(R) which contains R. Then ®(X)
defines an order-preserving map from Spec R to N'U {oo}.

(2) Let f: Spec R — N U {oo} be a map. Then YV (f) is a resolving subcategory
of D(R).

Proof. (1) Fix a prime ideal p of R. Then supy {pd Xy} > pd R, = 0, since R
belongs to X. Thus, ®(X)(p) is an element of N U {oo}. If q is a prime ideal of
R that contains p, then we have dep X, = pd(Rq)qu (Xpry < deq X, for each
X € D(R) (see [9, Proposition 5.1(P)]), whence ®(X)(p) < ®(X)(q).
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(2) We have pd R, =0 < f(p) for every prime ideal p of R, which shows that W ( f)
contains R. If X is an object of W (f) and Y is a direct summand of X in D(R),
then pd Y, < pd X, < f(p) for all p € Spec R by Proposition 2.13(4), which shows
that Y belongs to W(f). Let X - Y — Z ~~ be an exact triangle in D(R) with
Z € Y (f). Then for each p € Spec R there is an exact triangle X, — Y, — Z, ~
in D(Rp) and pd Z, < f(p). It is seen from Proposition 2.13(3) that pd X, < f(p)
if and only if pd Y}, < f(p). Therefore, X is in W(f) if and only if Y is in W(f).
We now conclude that W( f) is a resolving subcategory of D(R). O

Note that the resolving subcategories of K(R) are precisely the precoaisles of
K(R) that contain R and are closed under direct summands. Therefore, applying
Lemmas 4.2, 4.7 and Theorem 4.5, we immediately get the following theorem,
which provides a complete classification of the resolving subcategories of K(R).

Theorem 4.8. The assignments X — ®(X) and f — V(f) NK(R) give mutually
inverse bijections between the resolving subcategories of K(R), and the order-
preserving maps from Spec R to N U {oo}.

Remark 4.9. (1) The proof of Theorem 4.5 given above actually classifies the
preaisles of K(R) closed under direct summands, which do not necessarily
contain R. For our purpose, the assertion of Theorem 4.5 suffices.

(2) There are other proofs of Theorems 4.5 and 4.8 without using techniques of
unbounded derived categories. The proofs are longer than the ones given above,
but instead elementary enough for those who are unfamiliar with unbounded
derived categories to understand easily. They will be given in Appendix A.

To compare Theorem 4.5 with classification of aisles of D(R), we need to recall
some notions.

Definition 4.10. (1) A map f : Spec R — Z U {Fo00} is called a ¢-function on
Spec R if for each inclusion p € q in Spec R there are inequalities f(p) <

f(@@ < f(p) +htg/p.

(2) An sp-filtration ¢ is said to satisfy the weak Cousin condition provided that
for all integers i and for all saturated inclusions p C q in Spec R, if q belongs
to ¢ (i), then p belongs to ¢ (i — 1).

(3) We say that R is CM-excellent if R is universally catenary, the formal fibers of
the localizations of R are Cohen—Macaulay, and the Cohen—Macaulay locus
of each finitely generated R-algebra is Zariski-open.

Takahashi [55, Theorem 5.5] proved the following, which yields a complete
classification of the z-structures of D(R) when R is a CM-excellent ring of finite
Krull dimension. We set

H(f) = {X € D(R) | HZ/®)(X,) =0 for all p € Spec R}
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for amap f : Spec R — Z U {£o00}, and

R(X)(p) =supli e Z| (R/p)[—i]l e X} +1
for a subcategory X of D(R) and p € Spec R.

Theorem 4.11 (Takahashi). When R is CM-excellent and dim R < oo, there are
one-to-one correspondences

{ aisles } (é {t—functions} (é { sp-filtrations of Spec R }
of D(R) H on Spec R F satisfying the weak Cousin condition

The next proposition records a relationship between Theorem 4.5 and the re-
striction of Theorem 4.11 to K(R). Note that the intersection of the set of order-
preserving maps from Spec R to N U {oo} and the set of ¢-functions on Spec R
consists of the 7-functions whose images are contained in N U {oo}.

Proposition 4.12. Let R be a CM-excellent ring of finite Krull dimension. Let f
be a t-function on Spec R whose image is contained in NU {oo}. Then there is an

equality E(f)[1] = H(f) NK(R).

Proof. We claim that if R is local, X € K(R) and n € Z, then pd X* < n if and only
if H>"(X) = 0. In fact, letting k be the residue field of R, we have that pd X* =
sup RHompg (X*, k), that RHompg (X*, k) = X ®I§ k and that sup(X ®11§ k) =sup X
by [21, (A.5.7.3), (A.4.24) and (A.6.3.2)], respectively.

Let X be an object of K(R). Using the above claim, we see that X € E(f)[1] if
and only if X[—1] € E(f), if and only if pd(X[—l]);‘ < f(p) for all p € Spec R, if
and only if pd X} < f(p) — 1 for all p € Spec R, if and only if H*/® (X,) =0, if
and only if X € H(f). It follows that E(f)[1] = H(f) NK(R). O

Question 4.13. Let R be a CM-excellent ring of finite Krull dimension. Is there
any relationship between Theorem 4.5 and the restriction of Theorem 4.11 to K(R),
other than the one shown in Proposition 4.12?

Remark 4.14. In view of what we have stated so far, it is quite natural to ask if the
aisles of K(R) can be classified. If R is regular, then K(R) coincides with D(R),
and Theorem 4.11 gives an answer. In case R is singular, it is known that K(R)
possesses only trivial aisles under mild assumptions: Smith [44, Theorems 1.2
and 1.3] proved that if R has finite Krull dimension, then K(R) has no bounded
t-structure, and if moreover R is irreducible, then 0 and K(R) are the only aisles of
K(R). The former statement has recently been extended to schemes by Neeman
[42, Theorem 0.1], which resolves a conjecture of Antieau, Gepner and Heller [5].
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5. Separating the resolving subcategories of D(R)

In this section, for a complete intersection R we separate the resolving subcategories
of D(R) into the resolving subcategories contained in K(R) and the resolving
subcategories contained in C(R). For this, we need several preparations. We start
by recalling the definition of the cosyzygies of a finitely generated module.

Definition 5.1. Let M be a finitely generated R-module and n > 1 an integer. We
denote by Q3" M the nth cosyzygy of M. This is defined inductively as follows.
Let Q?M be the cokernel of a left (proj R)-approximation of M, namely, a homo-
morphism f : M — P such that P is a finitely generated projective R-module and
the map Homg (f, R) : Homg (P, R) — Homg (M, R) is surjective. For n > 2 we
set Q"M = Q}l (Q;("_I)M ). The nth cosyzygy of M is uniquely determined by
M and n up to projective summands. For details, see [48, Sections 2 and 7] for
instance.

Next we recall the definition of a certain numerical invariant for complexes.

Definition 5.2. The (large) restricted flat dimension Rfdg X of an R-complex
X € D(R) is defined by

Rfdg X = sup,cgpec r{depth Ry —depth X, }.

One has inequalities —inf X < Rfdg X < oo; see [10, Theorem 1.1] and [22,
Proposition (2.2) and Theorem (2.4)]. Also, note that if R is Cohen—Macaulay, then
X is maximal Cohen—Macaulay if and only if Rfdg X < 0.

For a complex X € D(R), we denote by Gdimg X the Gorenstein dimension
(G-dimension for short) of X. Recall that a fotally reflexive module is defined to
be a finitely generated module of G-dimension at most zero. For the details of
G-dimension and totally reflexive modules, we refer the reader to [21]. In the
following lemma, we make a list of properties of G-dimension we need to use
later. Assertions (2) and (3) of the lemma correspond to assertions (1) and (3) of
Proposition 2.13 concerning projective dimension.

Lemma 5.3. (1) Let Y,Z € D(R). If pdp Y < oo and Gdimg Z < 0, then
Extx(Z,Y)=0foralli >supY.
(2) Forevery X € D(R) and every n € Z the equality Gdimg (X [n]) = Gdimg X +n
holds.
3) Let X - Y — Z ~~ be an exact triangle in D(R). Then
Gdimpg X < sup{Gdimg Y, Gdimg Z — 1},
Gdimpg Y < sup{Gdimg X, Gdimy Z},
Gdimpg Z < sup{Gdimgp X + 1, Gdimg Y'}.
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(4) An object X € D(R) is isomorphic to a totally reflexive module if and only if
Gdimg X < 0andsup X <0.

(5) Suppose that the ring R is Gorenstein. Then every complex X of D(R) satisfies
Gdimg X = Rfdg X < oo. In particular, X is a maximal Cohen—Macaulay
R-complex if and only if one has Gdimg X < 0.

Proof. In what follows, [21, (2.3.8)] is our fundamental tool. Also, we set
(_)* - RHOmR(_, R)v

and for each complex C € D(R) such that C* € D(R), let f¢ : C — C** stand for
the natural morphism.

(1) If R is local, then sup RHom(Z, Y) < Gdim Z+sup Y <sup?Y by [21, (2.4.1)],
and the assertion is deduced. Suppose R is nonlocal, and fix p € Spec R. Then
dep Yy, <00, Z, € D(Rp), and GdimRp Z, <0 by [21, (2.3.11)]. The assertion in
the local case shows Ext"ng (Zy,Yy)=0foralli >supY,. AssupY, <supY, we
have ExtiR(Z, Y)p= Ext’IRp (Zy, Yy)=0foralli >sup Y. Therefore, Extlk(Z, Y)=0
forall i > supY.

(2) The assertion is straightforward (from the definition of G-dimension or from
[21, (2.3.8)]).

(3) We have only to verify Gdim Y < sup{Gdim X, Gdim Z}, because once it is
done, applying it to the exact triangles ¥ — Z — X[1]~ and Z[-1] > X = ¥ ~~
and using (2) will give the inequalities Gdim Z < sup{Gdim Y, Gdim X + 1} and
Gdim X < sup{Gdim Z — 1, Gdim Y'}. The inequality is obvious if either Gdim X
or Gdim Z is infinite. We may assume Gdim X and Gdim Z are both finite. Then
X*, Z* belong to D(R), and f, fz are isomorphisms. The induced exact triangle
Z* — Y* — X* ~~ (in the derived category of left-bounded R-complexes) shows
that Y* is in D(R). There is a commutative diagram

X Y z X[1]
s | | £z LA
X** Y** Z** X**[l]

of exact triangles in D(R). Since fx and fz are isomorphisms, so is fy. We
conclude that Gdim Y is finite, and get Gdim ¥ = sup RHom(Y, R) = sup Y'* <
sup{sup X*, sup Z*} = sup{Gdim X, Gdim Z}.

(4) The “only if” part is obvious. By [21, (2.3.3)] we have Gdim X > —inf X.
Suppose that Gdim X < 0 and sup X < 0. We then have sup X <0< — Gdim X <
inf X, which implies sup X =inf X =0 or X =0 in D(R). Hence, X is isomorphic
in D(R) to a totally reflexive module. Thus the “if”” part follows.
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(5) The second assertion follows from the first and the fact that for a Cohen—
Macaulay ring R one has X € C(R) if and only if Rfdg X < 0. To show the first
assertion, put r = Rfdg X. Fix p € Spec R. As Ry is a Gorenstein local ring,
Gdimg, X}, = depth R, — depth X}, < r; see [21, (2.3.13) and (2.3.14)]. Hence
Exty (X, R)y = Exty (Xp, Ry) =0 for all i > r. Therefore, Exty (X, R) = 0 for all
i >r. We see that (fx)p = fx, is an isomorphism for all p € Spec R, so that fy is
an isomorphism (see [21, (A.4.5) and (A.8.4.1)]). Hence Gdimg X = sup X* < r.
If Gdimg X < r — 1, then depth R, — depth X}, = Gdime Xy < r —1 for all
p € Spec R by [21, (2.3.11) and (2.3.13)], and Rfdgz X < r — 1, a contradiction.
Thus Gdimg X =r. O

In the lemma below we study the structure of a resolving subcategory of a certain
form. The idea of the proof comes from the proof of [24, Lemma 7.2].

Lemma 5.4. Let Y and Z be resolving subcategories of D(R). Let X be the
subcategory of D(R) consisting of complexes X which fits into an exact triangle
Z—-> XX —-Y~inDR)withZe ZandY € ).

(1) There is an inclusion X C respg)(Y U Z) of subcategories of D(R).

(2) The subcategory X coincides with the subcategory of D(R) consisting of
objects X which fits into an exact triangle Z — X & X' — Y ~» in D(R) with
ZeZ YeYandsupY <0.

(3) Suppose that pdp Y < oo for each Y € Y and Gdimg Z < 0 for each Z € Z.
Then X = resp(p) (Y U 2).

Proof. (1) Let Z — X @ X’ — Y ~» be an exact triangle in D(R) such that Z € Z
and Y € Y. As res() U Z) contains Z and ), the objects Z, Y are in res()Y U 2Z).
The triangle implies that X belongs to res() U Z).

(2)Let Z— X® X' — Y ~~ be an exact triangle with Z € Z and Y € Y. Remark 3.7(2)
gives an exact triangle P — Y — Y’ ~~ with P € g, Y/ € Y and sup Y’ < 0. The
octahedral axiom yields a commutative diagram

XX Y Z[1] (X ® X)[1]
I 4 + I
XX Y’ Z'[1] (X X)I[1]
4 I d 1
Y Y’ P[1] Y[1]
{ 1 I {
Z[1] — 88— Z'[1] P[1] Z[2]

of exact triangles, and the bottom row induces an exact triangle Z — Z' — P ~~.
As Z and P are in Z, sois Z'. An exact triangle Z' — X @& X’ — Y’ ~~ is induced
from the second row. Now the assertion follows.
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(3) The inclusion (<) is shown in (1). We prove the opposite inclusion (2). For
Y € Y and Z € Z there are exact triangles 0 > Y ®0— Y ~»and Z - ZH0 — 0 ~».
This shows that YU Z € X. We will be done once we prove that X is a resolving
subcategory of D(R). As R belongs to ) (and Z), it belongs to X.

Let X be an object of X, and let W be a direct summand of X in D(R). Then
there is an exact triangle Z — X ® X' — Y ~~in D(R) suchthat Z€ Zand Y € ),
and also X = W @ V for some V € D(R). Setting W = V & X', we have an exact
triangle Z — W @ W’ — Y ~. Hence X is closed under direct summands.

Every exact triangle Z —- X @ X’ — Y ~» with Z € Z and Y € Y induces an
exact triangle Z[—1] — X[—1]® X'[—1] — Y[—1] ~~, and we have Z[—1] € Z
and Y[—1] € Y. Thus X is closed under negative shifts.

It remains to prove that X" is closed under extensions. Let L EA ME N~
be an exact triangle in D(R) with L, N € X. Then there exist exact triangles
Z1—>L®L - Y ~and Z, > N®N' — Y, ~ in D(R) such that Z|, Z, € Z
and Y1, Yo € V. In view of (2), we may assume that sup Y| < 0. The octahedral
axiom yields the following commutative diagrams of exact triangles in D(R).

Z,—— Ll Y, Z[1]
| ICTVA I
A———+M®L%p®A — Zy[1]
an b L
L — ML —— N —— (LHL)H[1]
|

| L, .

|
Y, A N Yi[1]

h 0
A@N/MN@MMY]U]—><A@N/)[1]

I l | |

AN Y, B[1] —— (A® N)[1]
! || | !

N®N’ Y, Zr[1] —— (N @ N')[1]
| | Il

Yi[1] B[1] ZH[1] —— 11[2]

The bottom row of the second diagram induces an exact triangle
oY= B— Z, > Yi[l]

in D(R) We have § € HomD(R) (Zz, Y, [1]) = Eth(Zz, Y]) =0 by Lemma 53(1)
Hence o splits (see [40, Corollary 1.2.7]), which gives an isomorphism B = Y| & Z,.
An exact triangle Y| ® Z, - A@® N’ — Y, ~ is induced from the second row of
the second diagram. Applying the octahedral axiom again, we obtain commutative
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diagrams

(?) o

Zy—— Y PZy, ———— Y] ~—rry

I + 1
Zy————— APON —— Y~y
4 I {
V'I®@Z, —— AN ——— Y) ~—r
1 + I
Y] Y Yz’\/\/\/\/\>
(661)
, , \001 , (ro)
MOL &N —— A®N ——— Z{[1] ~——
I + +
ML ®N’ Y Z[1] ~—~rrr
+ I +
A®N’ Y Zo[1] ~~rrry
A + I

Z[1] ——— Z[1] ——— Z5[1] ~—~

of exact triangles. We obtain exact triangles Y| — Y — Yy~ and Z| — Z — Z; ~>,
which imply Y € Y and Z € Z. We also have an exact triangle Z > M@ L' &N’ —
Y ~», which shows that M belongs to X'. (|

In the following lemma, we investigate syzygies and cosyzygies for complexes.
Lemma 5.5. Let X be an object of D(R).

(1) There exists an exact triangle Y — E — X ~- in D(R) such that E € &g,
sup E < sup{sup X, 0} and supY < 0. If sup X <O, then E is isomorphic in
D(R) to a projective R-module.

(2) Suppose that Gdimpg X < 0. Then there exists an exact triangle X — P — Y ~~
in D(R) such that P is a projective R-module and Gdimg Y < 0.

Proof. (1) Put u = sup{sup X, 0}. Thanks to [21, (A.3.2)], we can choose a complex
F=(---— F*’! = F* - 0) of finitely generated projective R-modules which
is isomorphic to X in D(R). (In the case sup X < 0, we can put F' = 0 for all
integers i such that sup X +1 <i <0=u.) As u > 0, we can take the truncation
E=0—F'— ... > F* > 0) of F. We have supE < u, and E € £ by
Proposition 2.13(6). Taking the truncation X’ = (--- — F2 > F150)of F,
we get an exact triangle E — X — X’ ~» in D(R). Setting ¥ = X'[—1], we get an
exact triangle Y — E — X ~» in D(R), and it holds that sup ¥ < 0.

Suppose that sup X < 0. Then u = sup{sup X, 0} = 0. Therefore, we have
E = (0~ F°— 0), which is isomorphic in D(R) to the finitely generated projective
R-module F°.

(2) In view of Remark 3.7(2), we can take an exact triangle X — X’ — E ~~ in D(R)
such that sup X’ <0 and E € Eg. Itis observed from Lemma 5.3(3) and [21, (2.3.10)]
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that Gdim X’ < 0. By Lemma 5.3(4), we may assume that X’ is a totally reflexive
R-module. Hence, there is an exact sequence 0 — X’ — P — Q7' X’ — 0 in mod R
such that P is projective, which induces an exact triangle X’ — P — Q7 !X’ ~» in
D(R). By the octahedral axiom, we obtain a commutative diagram

X X’ E X[1]
| 1 1 |
X P Y X[1]
1 I N 1
X’ P QX —— 5 X'[1]
l l I 1
E Y Q' — L E[1]

of exact triangles in D(R). Using Lemma 5.3(3) and [21, (2.3.10)] again, we see
from the bottom row that Gdim Y < 0. Thus the second row in the above diagram
is such an exact triangle as in the assertion. ([

To show our next proposition, we need to prepare one more lemma.

Lemma5.6. Let Z — X®W — Y ~» be an exact triangle in D(R). Then there exists
an exact triangle Z — X' @® W — Y’ ~~ in D(R) such that respgy X = respr) X',
resp(r) Y= resp(r) Y’ and sup X’ < 0.

Proof. By Remark 3.7(2), there exists an exact triangle X 5 x i) E ~~ in D(R)
such that sup X’ < 0 and E € Eg. Note then that res X = res X’. The octahedral
axiom gives rise to a commutative diagram

z Xow Y Z[1]
I 1 1 I
z X ®&Ww % Z[1]
{ a0 I 1 4
X@W——&Q—+X@W “o L E (X & W)[1]
N 4 Il N
Y % E Y[1]

of exact triangles in D(R). From the bottom row in the commutative diagram we
observe that res Y = res Y’. Thus the second row in the commutative diagram is an
exact triangle as in the assertion of the lemma. ([

We denote by G(R) the subcategory of D(R) consisting of objects X satisfying
the inequality Gdimg X < 0. We can now prove the proposition below, which
includes a derived category version of [24, Proposition 7.3].

Proposition 5.7. Let Y and Z be resolving subcategories of D(R) such that Y C
K(R) and Z C G(R). Then

Y =respr)(Y U Z)NK(R), Z =respr) (YU Z)NG(R).
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Proof. Let us begin with the first equality. The inclusion (<) is clear. To show
(D), pick X € res(Y U Z)NK(R). According to Lemma 5.4(3), there is an exact
triangle Z - X ® W — Y ~~ in D(R) with Z € Z and Y € ). What we want to
show is that X is in ). For this purpose, thanks to Lemma 5.6, we may assume
sup X < 0. Lemma 5.5(2) yields an exact triangle Z — P — V ~ in D(R) such
that P is a projective module and Gdim V < 0. The octahedral axiom gives the
following commutative diagrams of exact triangles in D(R).

Y[-1] — Z — s X®W —— Y

L us

|
Y[—1] p Y’ Y

! [ | |

z P 1% Z[1]

| ! [ |
xow L8y 1% X[1]

(?) (10)
W——"oyXaW X WwIl]
| Mf% It |
w Iﬁ/ ll] WI1]
| |
xow L&,y v (X ®W)[1]

A R (R
X U 1% X[1]

From the exact triangle P — Y’ — Y ~» we see that Y’ is in ). The equality h(f g) =
[(1 0) implies I = hf. Also, by Lemma 5.3(1) we have 6 € Hompg)(V, X[1]) =
Ext}e(v, X) = 0. There are commutative diagrams

x— U v 2 x[1] x—L y_—* ¢ X[1]
b 2o, T =, 1
X— X0V —V — X[1] X—XpC —C—— X[1]
of exact triangles in D(R). Indeed, we get the first diagram by [40, proof of
Corollary 1.2.7], while the equality ((1)) = (;)l coming from the commutativity of
the first diagram shows 1 = sl = shf, so that the second diagram is obtained by
[40, Remark 1.2.9]. The isomorphism X & C = Y’ shows that X belongs to ), as
desired.

Next, we prove the second equality (the proof has the same stream as that of
the first equality, but there are actually various different places). It is evident that
(©) holds. To prove (2), let X be an object in the subcategory res()Y U Z) N G(R).

By Lemma 5.4(2)(3), there is an exact triangle Z - X @& W — Y ~~ in D(R)
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with Z € Z,Y € Y and sup Y < 0. We want to show that X belongs to Z. Using
Lemma 5.5(1), we get an exact triangle Y' — P — Y ~~ in D(R) such that P is a
projective module and sup ¥’ < 0. Note then that Y’ is in V. The octahedral axiom
gives the following commutative diagrams of exact triangles in D(R).

Xew Y Z[1] —— (X & W)[1]
|, | ||
Xow Y'[1] Z'[1] — (X e W)[1]
| [ ! !

Y Y'[1] P[l] ——Y[1]
| ! [ !
Z[1] Z'[1] P[] ——— Z[2]

(6) @1

X— s XaWw w X[1]
[
;l(( ) Y'[1] \l/ X[1]

1 1

0) . | ke(rp 1)

xow L2y z/mﬁxm@mu

! Lol !
w 1% Z'[]——— W[1]

The induced exact triangle Z — Z’ — P ~- shows that the object Z’ belongs to Z.
Lemma 5.3(1) implies f € Homp)(X, Y'[1]) = Ext}e(X, Y’) = 0. By [40, proof
of Corollary 1.2.7] there is a commutative diagram

(5) 01

X —— Y [1] —% Y& X[1] — X[1]

|, 1 el

x 25y X[1]

of exact triangles in D(R), which gives ht = 1. The equality (5 )k = (3)h implies
h = pk. Hence pkt = 1, and it follows from [40, Lemma 1.2.8] that X[1] is
isomorphic in D(R) to a direct summand of Z'[1]. This implies that X is isomorphic
in D(R) to a direct summand of Z’. Since Z’ belongs to Z, so does X. (]

We say that R is a complete intersection if the completion of the local ring R, is
isomorphic to a quotient of a regular local ring by a regular sequence for each prime
ideal p of R. The exact triangle appearing in the third assertion of the following
proposition is regarded as a derived category version of a finite projective hull in
the sense of Auslander and Buchweitz [7].
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Proposition 5.8. Let R be a complete intersection.

(1) Let M be a maximal Cohen—Macaulay R-module. Then the cosyzygy QEI M
belongs to resmod g M.

(2) For every maximal Cohen—Macaulay complex X € D(R), there exists an exact
triangle X — P — Y ~» in D(R) such that P is a projective module and Y
belongs to the resolving closure respg) X.

(3) Each X € D(R) admits an exact triangle X — P — Y ~» with P € K(R) and
Ye (I’ESD(R) X) N C(R)

Proof. (1) Fix a prime ideal p of R. Then M, is a maximal Cohen—Macaulay
Ryp-module. In mod R, we have

(QI_QIM)]J ~ Ql_g: (Mp) € €Smod R,y Mp C addmed Ry (résmod R M)p-

Here, by A ~ B we mean A = B up to free summands. The containment and the
inclusion follow from [23, Theorem 4.15] and [24, Lemma 3.2(1)], respectively.
By [24, Proposition 3.3], we get leM € reSmod R M.

(2) By Remark 3.7(2) there exists an exact triangle X — X’ — E ~~ in D(R) such
that sup X’ <0and E € Eg. As X belongs to C(R), so does X’ by Proposition 3.14(2).
By Lemma 5.3(4)(5), we may assume that X’ is a totally reflexive module. There is
an exact sequence 0 — X’ — P — Q7' X’ — 0 in mod R with P projective, and
Qlx belongs to resmod g X’ by (1). The octahedral axiom gives a commutative
diagram

X’ E X[1]
| 1 N I
X P Y X[1]
1 I ¥ 1
X’ P QX — S X'[1]
l l [ 1
E Y Q' — L E[1]

of exact triangles in D(R). It is seen from the bottom row that Y belongs to
resp(ry X', which coincides with resp(gy X (by the first row). Thus, the second row
provides such an exact triangle as we want.

(3) We may assume that sup X < 0. In fact, by Remark 3.7(2) there exists an exact
triangle X — X’ — E ~ in D(R) such that sup X’ < 0 and E € £g. Suppose that
we have got an exact triangle X’ — P — C ~ in D(R) such that P € K(R) and
C € (resX’) N C(R). Then we have C € (res X) N C(R) as res X’ = res X. The



378 RYO TAKAHASHI

octahedral axiom gives rise to a commutative diagram of exact triangles in D(R):

X X’ E X[1]
[ 1 1 [
X P Y X[1]
1 Il { 1
X’ p C X'[1]
1 1 [ 1
E Y C E[1]

The bottom row in the above diagram shows that Y belongs to (res X) N C(R) by
Proposition 3.14(2). Consequently, the second row in the above diagram is such an
exact triangle as in the assertion.

Since the ring R is a complete intersection, it is Gorenstein. By Lemma 5.3(5),
the number n := Gdimy X is finite. We use induction on n. Let n < 0. Then X
is a maximal Cohen—Macaulay complex; see Lemma 5.3(5). Thus the assertion
follows from (2); note that res X = (res X) N C(R). Let n > 0. Since sup X < 0, by
Lemma 5.5(1) there is an exact triangle ¥ — P — X ~» in D(R) such that P is a
projective module and sup ¥ < 0. Note then that Y € res X, so that resY C res X.
Asn—1 >0, Lemma 5.3(3) implies Gdim Y < sup{Gdim P, Gdim X —1}=n—1.
The induction hypothesis yields an exact triangle Y — K — C ~~ in D(R) such that
K € K(R) and C € (res Y)NC(R). By the octahedral axiom, we get the commutative
diagram (a) of exact triangles in D(R). The second row in (a) shows C’ € C(R) and
res C' C res C. By (2) there is an exact triangle C' — Q — C” — C’[1] in D(R)
such that Q is a projective module and C” € res C’. Applying the octahedral axiom
again, we obtain the commutative diagram (b) of exact triangles in D(R).

C[-1]1—Y —K —C I|T—>C/—>)f—>K[l]

[ 1 s I { I
Cc[-1]1—P—C —C K— Q0 — K — K[1]
(@: ¢ Il 4 4 b): | I 4 +
Y— P —X—Y][I1] C'— Q0 —C"—C'[1]

+ + | + 1 + I +
K—C — X — K[]] X —K —C"— X[1]

The second row in (b) shows K’ is in K(R). We have C” € resC’ C resC C
(resY) N C(R) C (res X) N C(R). Consequently, the bottom row in (b) provides
such an exact triangle as in the assertion. ([

We record a direct consequence of the second assertion of the above proposition.

Corollary 5.9. Let R be a complete intersection. Let X € D(R) be a maximal
Cohen—Macaulay complex. Then X belongs to the resolving closure resp(py(X[—i])
for every nonnegative integer i.
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Proof. Proposition 5.8(2) gives rise to an exact triangle X — P — Y ~» in D(R) such
that P is a projective module and Y € res X. An exact triangle Y[—1] - X — P ~
is induced, which shows that X is in res(Y[—1]). Proposition 2.8(2a) implies
Y[—1] € (res X)[—1] C res(X[—1]). Hence X € res(X[—1]). If X € res(X[—j])
for an integer j, then

X[—11 € (res(X[—jI[—1] S res(X[—jI[—1]) = res(X[—j — 1])

by Proposition 2.8(2a) again, and we get X € res(X[—1]) C res(X[—j — 1]). It fol-
lows that X belongs to res(X[—i]) for all i > 0. O

The main goal of this section is the following theorem, which is viewed as a
derived category version of [24, Theorem 7.4].

Theorem 5.10. Suppose that R is a complete intersection. Then there are mutually
inverse bijections

resolving 4 resolving resolving
subcategories ¢ —— { subcategories of D(R) ¢ X { subcategories of D(R) ¢,
of D(R) v contained in K(R) contained in C(R)

where the maps ¢, ¥ are given by ¢(X) = (X NK(R), X NC(R)) and (Y, Z2) =
resp(r) (Y U Z).

Proof. Clearly, the maps ¢, ¥ are well-defined. Lemma 5.3(5) implies G(R) = C(R).
Proposition 5.7 says ¢y = id. Let X be a resolving subcategory of D(R). Then
Yo (X) = res((X NK(R)) U (X NC(R))) is clearly contained in X'. Let X be
any object in X. It follows from Proposition 5.8(3) that there is an exact triangle
X —- P — Y ~»in D(R) such that P e K(R) and Y € (res X) NC(R) € X NC(R).
We see that P is in X N K(R), so that X is in res((X N K(R)) U (X N C(R))). Thus
X belongs to ¢ (X), and we obtain ¢ = id. ([l

6. Classification of resolving subcategories and certain preaisles of D(R)

The main goal of this section is to give a complete classification of resolving
subcategories of D(R) and preaisles of D(R) containing R and closed under direct
summands, in the case where R belongs to a certain class of complete intersection
rings. First of all, applying the main result of the previous section, we prove the
following theorem. The bijections given in the theorem say that classifying the
resolving subcategories of maximal Cohen—Macaulay complexes is equivalent to
classifying the thick subcategories containing R. The equality given in the theorem
is a derived category version of [23, Corollary 4.16].
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Theorem 6.1. Let R be a complete intersection. There are mutually inverse bijec-
tions and an equality

thick (NC(R) resolving thick
subcategories of ¢ ———— { subcategories of D(R) ¢ = { subcategories of C(R) ¢ .

D(R) containing R thicko® () | contained in C(R) containing R

Proof. We start by proving the equality, using the bijections. By Proposition 3.16(1),
it suffices to show that each resolving subcategory X of D(R) contained in C(R) is
a thick subcategory of C(R), and for this it is enough to verify that for each exact
triangle A— B — C ~» in D(R) with A, B, C € C(R), if A and B belong to X, then
so does C. By the first assertion of the theorem we have & = (thickp(g) X) N C(R).
Hence A and B are in thickp(g) X, and so is C. It follows that C belongs to
(thickpr) £) NC(R) = X, and we are done.

We proceed with showing the bijections. Clearly, the two maps are well-defined.
Fix a thick subcategory X of D(R) containing R and a resolving subcategory Z
of D(R) contained in C(R). Then X is a resolving subcategory of D(R), so that
Theorem 5.10 shows X = ¢ (X) = res((X N K(R)) U (X NC(R))). Since X is
thick and contains R, it contains K(R) = thick R; see Proposition 2.10(3). Hence
X NK(R) =K(R), and

X =res(K(R)U (X NC(R))) C thick(K(R)U(XNC(R))) =thick(¥ NC(R)) C X.

Therefore, X = thick(X N C(R)). On the other hand, applying Theorem 5.10 again,
we have

(K(R), Z2) = ¢ (K(R), 2) = (res(K(R) U Z2) NK(R), res(K(R) U Z2) N C(R)),

which gives us the equality Z = res(K(R) U 2) N C(R).

We claim that res(K(R) U Z) is a thick subcategory of D(R). Indeed, it suffices to
verify that res(K(R) U 2) is closed under positive shifts. Using Proposition 2.8(2b),
we get equalities

(6.1.1) (res(K(R) U Z2)[1] = res((K(R) U Z)[1]JU{R[1]})
=res((K(R)U Z)[1]) = res(K(R) U Z[1]).
Pick Z € Z. Then Z is maximal Cohen—Macaulay, and Corollary 5.9 implies
Z € res(Z[—1]). We obtain
Z[1] € (res(Z[—1])[1] =res{Z, R[1]} Cres(K(R) U 2),

where for the equality we apply Proposition 2.8(2b) again. It follows that Z[1]
is contained in res(K(R) U Z). This and (6.1.1) yield that (res(K(R) U Z))[1] is
contained in res(K(R) U Z). Thus the claim follows.
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The above claim guarantees that res(K(R) U Z) = thick(K(R) U Z) = thick Z,
and we obtain an equality Z = (thick Z2) N C(R). Now we conclude that the two
maps in the assertion are mutually inverse bijections. U

Denote by S(R) the singularity category Dsg(R) of R, that is, the Verdier quotient
of D(R) by K(R). The following lemma enables us to obtain a classification of
preaisles in the next theorem.

Lemma 6.2. (1) There is a natural one-to-one correspondence

thick subcategories | . | thick subcategories
of S(R) ~ | of D(R) containing R |

(2) Suppose that R is Gorenstein. Assigning to each subcategory X of D(R)
the subcategory RHompz (X, R) of D(R) consisting of objects of the form
RHompz (X, R) with X € X, one gets a one-to-one correspondence

preaisles of D(R) precoaisles of D(R) resolving
containing R and closed y = { containing R and closed ; = { subcategories
under direct summands under direct summands of D(R)

Proof. (1) The assertion comes from a general fact on Verdier quotients; see [57,
Chapitre II, Proposition 2.3.1], [53, Lemma 3.1] and [54, Lemma 10.5].

(2) The equality follows by definition. As R is Gorenstein, for each C € D(R)
the complex RHom(C, R) is bounded, so that it is in D(R); see [21, (2.3.8)] and
Lemma 5.3(5). Thus, the contravariant exact (additive) functor RHom(—, R) gives
a duality of D(R). Since RHom(R, R) = R, we can easily get the bijection. ~ [J

Combining Theorems 4.5, 5.10, 6.1 and Lemma 6.2, we obtain the theorem
below. Thanks to this theorem, to classify the resolving subcategories of D(R) we
have only to classify the thick subcategories of S(R).

Theorem 6.3. Let R be a complete intersection. Then there are one-to-one corre-
spondences

preaisle§ (.)f D(R) resolving order-preserving thick
containing R = { subcategories ¢ = { maps from Spec R ; x { subcategories

and closed under | — g = p p g :

direct summands of D(R) to NU {oo} of S(R)

We recall the definition of a hypersurface, related notions and basic properties.

Definition 6.4. (1) Let (R, m, k) be a local ring. We denote by edim R the em-
bedding dimension of R, that is, the number of elements in a minimal system
of generators of m, which is equal to the dimension of the k-vector space
m®gk=m/m?.
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(2) Let R be a local ring. We denote by codim R and codepth R the codimension
and the codepth of R, respectively, that is to say, codim R = edim R — dim R
and codepth R = edim R — depth R.

(3) For alocal ring R, the following three conditions are equivalent; see [8, §5.1].
(a) There is an inequality codepth R < 1. (b) The local ring R is Cohen—
Macaulay and codim R < 1.

(c) The completion of R is isomorphic to the residue ring of a regular local
ring by a single element.

When one of these equivalent conditions holds, the local ring R is called a
hypersurface. By [8, Corollary 7.4.6], if a local ring R is a hypersurface, then
so is the local ring R, for every prime ideal p of R.

(4) We say that R is a hypersurface if the local ring Ry, is a hypersurface (in the
sense of (2)) for every prime ideal p of R.

To state theorems of Stevenson, Dao and Takahashi, and ours, we establish the
following setup.

Setup 6.5. Let (R, V) be a pair that satisfies either of the following two conditions.
(1) R is a hypersurface and V = Sing R.

(2) R=S/(a) where S is aregular ring of finite Krull dimensionanda =ay, ..., a.
is an S-regular sequence, and V =Sing Y ={y € Y | Oy, is not regular} where
X = [P’g_l = Proj(S[x1, ..., x;]) and Y is the zero subscheme of ajx; + - - -+

acx. € I'(X, Ox(1)).

Remark 6.6. In view of [19, Theorem 2.10], [46, Corollary 7.9 and the beginning
of Section 10], Setup 6.5(2) is equivalent to the following condition.

(2') R = S/(a) where S is a regular ring of finite Krull dimension and a =
ai, ..., a. is an S-regular sequence, and V = Sing Y where Y = Proj G and
G = S[x1, ..., x:]/(f) is the generic hypersurface, that is, the homogeneous
S-algebra (deg(s) =0 for s € § and deg(x;) =1fori =1, ..., c) defined as
the quotient ring of the polynomial ring over S in ¢ variables xy, ..., x. by the
polynomial f =ajx;+-- -+ acxe.

The following is the theorem of Stevenson [46]. Its assertion for Setup 6.5(1)
is shown in [46, Theorem 6.13], whose local case is [53, Theorem 3.13(1)]. Its
assertion for Setup 6.5(2) is shown in [46, Theorem 8.8]. The first one-to-one
correspondence in the theorem is the one given in Lemma 6.2(1).

Theorem 6.7 (Stevenson). Let (R, V) be as in Setup 6.5. Then there is a one-to-one
correspondence

{thick subcategories} ~ { thick subcategories } @ {specialization—closed}

of S(R) of D(R) containing R| subsets of V
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We obtain the following bijections by applying Theorems 6.3 and 6.7.

Corollary 6.8. Let (R, V) be as in Setup 6.5. Then there are one-to-one correspon-
dences

prealsle§ 9f D(R) resolving » | order-preserving specialization-
containing R = { subcategories (N—) maps from X closed

and closed under | — g = p

direct summands of D(R) Spec R to NU{oo} subsets of V

Remark 6.9. (1) By Proposition 3.16(1), thick subcategories of D(R) containing R
are resolving subcategories of D(R). Restricting the bijection (b) in Corollary 6.8
to the thick subcategories of D(R) containing R, one recovers the bijection (a) in
Theorem 6.7. In fact, let X be a thick subcategory of D(R) containing R. Then
X contains thickp(gy R = K(R) by Proposition 2.10(3). Hence X NK(R) = K(R),
and supyc vnk(r){Pd Xp} = oo for each prime ideal p of R. Note that this actually
holds for X := K(R). Define the map & : Spec R — NU{oo} by &£(p) = oo for every
p € Spec R. It is observed along the way to get Corollary 6.8 that the bijection (b)
in Corollary 6.8 restricts to the bijection below, which can be identified with the
bijection (a) in Theorem 6.7.

{thick subcategories of D(R) containing R}

= {£} x {specialization-closed subsets of V'}.

(2) Taking Remark 4.9(1) into account, we may wonder if it is possible to classify
the preaisles of D(R) closed under direct summands, including those ones which do
not contain R. There would be no straightforward modifications of our techniques
to achieve this. In fact, the condition of containing R is used in a lot of places of
this paper. For example, Theorem 5.10 is one of our key results which played an
essential role in the proof of Corollary 6.8. To extend Theorem 5.10 directly to the
precoaisles of D(R) closed under direct summands, one has to generalize the lemmas
and propositions given in Section 5 to the setting where the condition of containing
R is not assumed. It should already be a big obstruction here that those subcategories
to be classified are not necessarily closed under syzygies of modules. On the other
hand, in [45, Theorem 4.9] all the thick subcategories of D(R) are classified when
(R, V) is as in Setup 6.5. Not assuming the thick subcategories contain R, a
compatibility condition between the specialization closed subsets of V and Spec R
shows up. This would also say that our results cannot be straightforwardly extended
to encompass all preaisles closed under direct summands.

It may be interesting to consider the following question, which is similar to
Question 4.13.
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Question 6.10. Let R be as in Corollary 6.8. Hence R is Cohen—Macaulay, so it is
CM-excellent. Assume that R has finite Krull dimension. Then, the aisles of D(R)
containing R are classified by both Theorem 4.11 and Corollary 6.8. Are these two
classifications (essentially) the same?

We close the section by giving, in the case of a hypersurface, an explicit de-
scription in terms of NE-loci of the restriction of the one-to-one correspondence
(b) in Corollary 6.8 to the resolving subcategories of maximal Cohen—Macaulay
complexes. For a subcategory C of D(R), denote by IPD(C) the set of prime ideals
p of R with pd R, Xp =00 for some X € C. For a set ® of prime ideals of R, denote
by IPD~!(®) the subcategory of D(R) consisting of complexes X such that every
prime ideal p of R with pd R, Xp =00 belongs to ®.

Proposition 6.11. Let R be a hypersurface. One then has the following mutually
inverse bijections.

resolving subcategories of D(R) NE(-) specialization-closed subsets
{ contained in C(R) of Sing R

NE:' (-)

Proof. Fix a resolving subcategory X of D(R) contained in C(R) and a specialization-
closed subset W of Sing R. By Proposition 2.13(2) and [54, Remark 10.2(8)], we
get IPD(thickp(g) &) = NE(X) and IPD™' (W) N C(R) = NEE1 (W). The assertion
follows by combining this with Theorem 6.1 and [53, Theorem 3.13(1)]. ([
Remark 6.12. Another way in the case where R is a hypersurface to deduce the

equality given in Theorem 6.1 is obtained by the combination of Propositions 6.11
and 3.16.

7. Restricting the classification of resolving subcategories of D(R)

In this section, restricting the classification theorem of resolving subcategories of
D(R) obtained in the previous section, we consider the resolving subcategories of
mod R. We begin with establishing a lemma.

Lemma 7.1. Let R be a complete intersection. Let X be a resolving subcategory of
mod R.

(1) Let p be a prime ideal of R. One has the equality supy,{depth R, —
depth Xy} = Supycxnpd r{PA Yp)-
(2) There is an equality thickpgy X = thickpr) (X N CM(R)) of thick closures in
D(R).
Proof. (1) The inequality (>) holds by the Auslander—Buchsbaum formula. To

show the opposite inequality (<), put f = supy,y{depth R, — depth X,,}. As X,
is an Rp-module, we have depth X, € NU {oo}. Hence 7 < depth R, < oo. We
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have 1 = depth R, — depth X, for some X € X. Set n = Rfdg X. We see that
Q"X is a maximal Cohen—Macaulay R-module. By [24, proof of Theorem 7.4]
there is an exact sequence 0 - X — L — D — 0 in mod R such that L has finite
projective dimension and D = Q"~'Q" X is maximal Cohen-Macaulay. Applying
Proposition 5.8(1) to "X € X, we get D € X', and hence L € X Nfpd R. As D,
is a maximal Cohen—Macaulay Ry-module, we have depth D, > htp. The depth
lemma implies

depth X, > inf{depth L, depth D, + 1} > inf{depth L, htp + 1} = depth L.

Hence pd Ly, = depth R, — depth L, > depth R, — depth X, = 7. We obtain
SUPy exnfpd rR1IPA Yp} = pd Ly > 1.

(2) It suffices to show that X’ is contained in thickpg)(X N CM(R)). Fix an R-
module X € X, and put n = Rfdg X. Since R is Gorenstein, there is an exact
sequence 0 - P — Q7"Q"X — X — 0in mod R such that P has finite projective
dimension; see [6, (2.21) and (4.22)]. The R-module "X is maximal Cohen—
Macaulay. Proposition 5.8(1) implies Q7"Q"X € resmoq g(2"X) € X. Hence
QT'Q"X is in X NCM(R). As P € thickpg) R and R € X N CM(R), both P and
Q7T"Q"X are in thickp(g) (X N CM(R)), and so is X. O

Using the above lemma and results in the previous sections, we can show that
for each resolving subcategory of mod R, taking the resolving closure in D(R)
commutes with taking the restriction to K(R) and C(R).

Proposition 7.2. Suppose that R is a complete intersection. Let X be a resolving
subcategory of mod R. Then:

(1) respr)(X NK(R)) = respr)(X Nfpd R) = (resp(r) ) NK(R).

) resp(r) (XNC(R)) = resp(r) (XNCM(R)) = (resD(R) X)NC(R).
Proof. The first equalities in the two assertions hold since XY NK(R) = X Nfpd R
and X NC(R) = X NCM(R). In what follows, we show the second equalities.

(1) Since K(R) is a resolving subcategory of D(R) by Proposition 2.10(3), we see
that both resp(g) (X Nfpd R) and (resp(ry X) N K(R) are resolving subcategories of
D(R) contained in K(R). Put

a4 = SUPxcresp g (XNfpd »ipd Xp},
b= SUD x ¢ (resp(r) 2)nk(®){Pd Xy},

€ = SUPxexnfpd gRIPd Xp}-
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By Theorem 4.8, it is enough to verify that a = b. Since
X Nfpd R Crespry (X Nfpd R) C (respr) X) NK(R),

we have ¢ < a < b. Thus it suffices to show that b < ¢, which we do as follows.
)
b - SuPXG(reSD(R) X)NK(R) {depth Rp - depth Xp}
(i)
< SupXEreSD(R) X{depth RP - depth XP}
w supyxcy{depth R, — depth X}
(iv)
= c.

Here, (i) follows from Proposition 2.13(2) and (iv) from Lemma 7.1(1). The
inclusion (resp(ry X) NK(R) Cresp(g) X implies (ii). As for (iii), the inequality (=)
holds since & is contained in resp(g) X. It is observed from Proposition 2.13(2)(3)
that the subcategory ) of D(R) consisting of objects Y such that

depth R, — depth Y}, < supy . y{depth R, — depth X}

is resolving and contains X'. Therefore, the subcategory ) contains resp(g) X'. Thus
() follows.
(2) By Proposition 3.14(2), resp(g) (YNCM(R)) and (resp(r) X)NC(R) are resolving
subcategories of D(R) contained in C(R). By virtue of Theorem 6.1, it is enough
to show that

thickp(r) (resp(r) (X NCM(R))) and thickpr)((respr) X) N C(R))

coincide. We have

thickp(g) (resp(r) (X N CM(R))) = thickp(g) (X N CM(R))
= thiCkD(R) X
= thickp(g)(resp(r) X)
D thickp(r)((resp(ry X) N C(R))
D thickp(r) (X N CM(R)),

where the first and third equalities and the inclusions are clear, while the second
equality follows from Lemma 7.1(2). Thus those two inclusions are equalities, and
we obtain the desired equality of thick closures. U

In the next result, CM(R) denotes the stable category of CM(R) (the definition of
a thick subcategory of CM(R) is given in Section 3). This proposition particularly
says that, over a complete intersection, the resolving subcategories of maximal
Cohen—Macaulay modules bijectively and naturally correspond to the resolving
subcategories of maximal Cohen—Macaulay complexes.
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Proposition 7.3. Let R be a complete intersection. Then there are natural one-to-
one correspondences

resolving thick subcategories thick subcateeories
subcategories of mod R ¢ = of CM(R) = { of CM(Rg)
contained in CM(R) containing R -

thick subcategories
of D(R)

~ {thick subcategories} ~
containing R

of S(R)

thick subcategories resolving
= of C(R) = { subcategories of D(R) ¢ .
containing R contained in C(R)

In particular, one has the following one-to-one correspondence.

{ resolving subcategories } resp() (—) {resolving subcategories}

of mod R contained in CM(R) ] " (-)ncmr) | of D(R) contained in C(R)

Proof. We start by showing the first assertion. The first equality can be obtained by
[23, Corollary 4.16], where the ring is assumed to be local, but the argument works
if we replace [23, Theorem 4.15(1)] used there with Proposition 5.8(1). The first
bijection follows from [50, Proposition 6.2], where the ring is again assumed to
be local but it is not used. Since R is Gorenstein, the assignment M +— M gives a
triangle equivalence

n: CM(R) = GP(R) > S(R).

where GP(R) denotes the stable category of the category GP(R) of totally reflexive
R-modules; see [12, 1.3]. The second bijection in the assertion is induced from the
equivalence n. The third bijection is given in Lemma 6.2(1). The last bijection and
the last equality follow from Theorem 6.1.

From now on, we give a proof of the last assertion of the proposition. There is a
commutative diagram

CM(R) —™ . D(R)

le I

CM(R) ———S(R)

where inc is the inclusion functor, 7 is the triangle equivalence, and &, & are the
canonical quotient functors.

Fix a resolving subcategory X of mod R contained in CM(R). The resolving
subcategory of D(R) contained in C(R) that corresponds to X' is 7! ne(X)NC(R),
which coincides with 717 (X) N C(R). As this is a resolving subcategory of D(R)



388 RYO TAKAHASHI

containing &X', it contains resp(g) X as well. Pick an object C € 7 7 (X)NC(R).
Then 7 (C) is in w(X), and 7 (C) is isomorphic to 7 (X) for some X € X. There are
exacttriangleso : E— C —> A~»and1: E— X — B~>inD(R) with A, B € K(R);
see [40, Proposition 2.1.35]. We see from 1 that E is in thickpg) &, and from
o that C is in thickp(gy X'. Hence ﬂilﬂ(X) N C(R) C (thickpry X) N C(R) =
resp(r) X, where the equality follows from Theorem 6.1. We now conclude that
77l (X)NC(R) =resp(r) X

Fix aresolving subcategory X of D(R) contained in C(R). The resolving subcate-
gory of mod R contained in CM(R) that corresponds to &’ is g n‘ln(thickD(R) X).
Note that the equality 7 ~'7()’) = ) holds for each thick subcategory ) of D(R)
containing R. We get the following equalities of subcategories of CM(R).

e~ 'n~!x (thickp(gry X) = ' (thickp(r) ) N CM(R) = (thickp(g) X) N CM(R)
= (thickp(gy X) N C(R) NCM(R) = X N CM(R).

Here, the last equality follows from Theorem 6.1. Now we obtain the mutually
inverse bijections in the last statement of the proposition. ([

Proposition 7.3 says that when R is a complete intersection, the equality X' =
resp(r) (X N CM(R)) holds for every resolving subcategory X’ of D(R) contained
in C(R). This equality holds in a more general setting.

Proposition 7.4. The equality X = resp(g)(X N GP(R)) holds for every resolving
subcategory X of D(R) contained in G(R). In particular, if the ring R is Gorenstein,
then the equality X = respr)(X N CM(R)) holds for every resolving subcategory
X of D(R) contained in C(R).

Proof. The last assertion follows from the first and Lemma 5.3(5). To show the
first assertion, let X be a resolving subcategory of D(R) contained in G(R). It
clearly holds that X contains respg) (X N GP(R)). Pick any X € X'. Remark 3.7(2)
gives an exact triangle X — Y — E ~~ in D(R) with supY < 0 and E € £g. By
Lemma 5.3(3)(4) there exists a totally reflexive R-module T such that Y = T in
D(R). Since Y isin X', we have T € XY NGP(R). Hence Y is in respg) (XY NGP(R)),
and so is X. Thus the first assertion follows. O

In view of Propositions 7.3 and 7.4, it is quite natural to ask the following
question. Proposition 7.3 guarantees that the question has an affirmative answer in
the case where R is a complete intersection.

Question 7.5. Suppose that the ring R is Gorenstein. Let X' be a resolving subcat-
egory of mod R contained in CM(R). Then, does the equality X' = (resp(g) X) N
CM(R) hold?

To show our next result, we establish a lemma on projective dimension.
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Lemma 7.6. Let X be a resolving subcategory of mod R contained in fpd R. Let
Y be an object in resp(ry X, and let p be a prime ideal of R. Then one has the
inequality pd Ry Y, <pd Ry Xy for some object X € X.

Proof. Let Z be the subcategory of D(R) consisting of complexes Z such that
pd Z, < pd X, for some X € X. Clearly, A is contained in Z, and in particular,
Risin Z. If Z is an object in Z and W is a direct summand of Z, then pd W), <
pd Z, < pd X, for some X € X by Proposition 2.13(4), and hence W is also in
Z.Let A— B — C ~ be an exact triangle in D(R) with C € Z. Then pd C}, <
pd X, for some X € X. If pd A, (resp. pd By) is at most pd X, for some X' € X,
then pd B, (resp. pd Ap) is at most sup{pd A, pd Cp} (resp. sup{pd By, pd C;, — 1})
by Proposition 2.13(3), which is at most pd X;) where X" = X & X’ € X by
Proposition 2.13(4). Hence A € Z if and only if B € Z. Thus, Z is a resolving
subcategory of D(R) containing X. Then Z contains resp(g) X', and we get Y € Z.
We conclude pd Y, < pd X, for some X € X. U

Now we find out a close relationship of each resolving subcategory of mod R
with its resolving closure in D(R) when R is a complete intersection. In the proof
we use the map & which is defined in Definition 4.6.

Proposition 7.7. Let X be a resolving subcategory of mod R. Suppose either that
X is contained in fpd R or that R is a complete intersection. Then the equality
X = (resp(r) X) N mod R holds true.

Proof. We set up three steps, and in each step we prove the equality given in the
proposition.

(1) Assume that X is contained in fpd R. Then X is contained in K(R), and so is
resp(r) X by Proposition 2.10(3). Proposition 2.10(4) says that (resp(g) X) "mod R
is a resolving subcategory of mod R contained in fpd R. There are inclusions
X Crespiry X N mod R C resp(ry X, which induce the inequalities ®(X)(p) <
P ((resp(r) X) Nmod R)(p) < P(respr) X)(p) for each prime ideal p of R. Then
Lemma 7.6 yields

D (resp(ry X)(P) = SUPy creep 2 (P4 Yo} < supycr(pd Xy} = () (),

and therefore DX)(p) = CD((resD(R) X) N mod R)(p) = CD(resD(R) X)(p). This
shows that ®(X) coincides with ®((resp(g) ') N mod R). By [24, Theorem 1.2],
we obtain X = (resp(g) &) N mod R.

(2) Assume that X' is contained in CM(R) and that R is a complete intersec-
tion. Proposition 7.3 implies X = (resp(g) X) N CM(R). As C(R) is a resolving
subcategory of D(R) by Proposition 3.14(2), it contains resp(gy X. We obtain
X = (respr) X) NCM(R) = (resp(ry X) N C(R) Nmod R = (resp(gr) X) N mod R.
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(3) Suppose that R is a complete intersection. Put Y = (resp(g) ) mod R. We want
to prove X = ). By [24, Theorem 7.4], it suffices to show X Nfpd R =Y Nfpd R
and X NCM(R) = Y N CM(R). We have
yn fpd R = (resD(R) X) N fpd R = (resD(R) X) N K(R) Nmod R
= resp(r)(X Nfpd R) Nmod R = X Nfpd R,
where the fourth equality follows by (1) and the third one by Proposition 7.2(1).
Similarly, we have
yn CM(R) = (resD(R) X) N CM(R) = (resD(R) X) N C(R) Nmod R
= resp(p)(X NCM(R)) Nmod R = X NCM(R),

where the fourth equality follows from (2) and the third from Proposition 7.2(2). [

Let f: A— Band g: B — A be maps. We call (f, g) a section-retraction pair
(resp. bijection pair) if gf is an identity map (resp. gf, fg are identity maps). In
this case, we denote it by f - g (resp. f ~ g). Now we can state and prove the
following theorem, which describes a natural relationship between the resolving
subcategories of D(R) and the resolving subcategories of mod R in the case where
R is a complete intersection.

Theorem 7.8. Let R be a complete intersection. Then there is a diagram

resolving (NK(R).(NCR) resolvmg resolvmg
. subcategories subcategories
subcategories 2 of D(R) X of D(R)
—U---
of D(R) respi) ) contained in K(R) contained in C(R)
resp(r)(—) )‘\4‘( (=)Nmod R resp(R)(—) xresp(r) (—) T—[((—)ﬂmod R)x((=)Nmod R)
resolving (5)Nfod R.(—)NCM(R)) resolv1ng resolvmg
. subcategories subcategories
subcategories 2 of mod R X of mod R
Mo —U-- . . . .
of mod R resmod r( ) contained in fpd R contained in CM(R)

The pairs of top (resp. bottom) horizontal arrows are bijection pairs given in
Theorem 5.10 (resp. [24, Theorem 7.4)). The pairs of vertical arrows are section-
retraction pairs. The diagram with vertical arrows from the bottom (resp. top) to
the top (resp. bottom) is commutative.

Proof. 1t follows from Proposition 7.7 that (respg)(—), (—) N mod R) and

(resD(R)(—) X resp(py(—), ((—) N'mod R) x ((—) N mod R))

are section-retraction pairs of maps. Also, it follows from Proposition 7.2 that
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(=) NK(R), (=) NC(R)) oresp(r)(—)
= (resp(r)(—) X respr)(—)) o ((=) Nfpd R, (=) NCM(R));
the equality
((—=)Nfpd R, (=) NCM(R)) o ((—) Nmod R)
= (((=)Nmod R) x ((—) Nmod R)) o (=) NK(R), (=) NC(R))
is also straightforward to verify. (]

Remark 7.9. The section-retraction pair (resp(g)(—), (—)MNmod R) in Theorem 7.8
is never a bijection pair. Indeed, if so, then resp(g)(X N mod R) = & for every
resolving subcategory X of D(R). However, this equality does not hold even for
X = D(R), because in this case we have the following equalities

resp(g) (X Nmod R) = resp(g)(mod R) = {X € D(R) | H="X =0}

by Proposition 2.15, which is strictly contained in X = D(R).

The corollary below is an immediate consequence of Theorem 7.8, Corollary 6.8
and [24, Theorem 1.5]. This corollary says that the classification of resolving
subcategories of mod R due to Dao and Takahashi [24] is a restriction of our
classification of resolving subcategories of D(R).

Corollary 7.10. Let (R, V) be as in Setup 6.5. Then there is a commutative diagram

resolving . S
. = order-preserving maps specialization-closed

subcategories (@ | from Spec R to NU {oco} subsets of V

of D(R) p

FESD(R)(—)T incxid
lvi . L

TeS0 Vmg. = grade-consistent specialization-closed

subcategories . ,
) functions on Spec R subsets of V
of mod R

where () is the bijection from Corollary 6.8 and (B) the one from [24, Theorem 1.5].
Finally, we give a proof of our main result stated in the Introduction.

Proof of Theorem 1.4. The assertion follows from Corollaries 6.8 and 7.10,
Proposition 7.7 and Remark 6.9(1). [l

Appendix A. Classification of resolving subcategories of K(R)
with no use of D(Mod R)

The purpose of this appendix is to classify the resolving subcategories of K(R)
without using methods of unbounded derived categories; we shall give longer but
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more elementary proofs of Theorems 4.5 and 4.8. We will also obtain derived
category versions of various results on the module category in the literature.

Definition A.1. Let R be a local ring with maximal ideal m.
(1) For a minimal system of generators x of m, we set Kzx = K(x, R) and call it
the Koszul complex of R.

(2) We denote by Dg(R) the subcategory of D(R) consisting of complexes X with
Xy € Eg, (or in other words, pd Re X, < 0 by Proposition 2.13(6)) for all prime
ideals p of R such that p = m. We set

Ko(R) = K(R) NDo(R),
Ko(R) = K'(R) NKo(R) =K"(R)NDy(R) forneZ.
Here are a couple of statements about Kz, Do(R) and Ko(R) for a local ring R.
Proposition A.2. Let R be a local ring. Then the following statements are true.
(1) Let X € D(R). IfH' X has finite length as an R-module for all i € Z, then
X[i] € Do(R) foralli € Z.
(2) The Koszul complex Kg of R is uniquely determined up to complex isomor-
phism.
(3) Put e =edim R and K = Kg. One then has that K[i] € K§™ (R) \K§T ' (R)
for each integer i.

(4) It holds that Do(R) is a resolving subcategory of D(R). Hence Ko(R) is
a resolving subcategory of K(R), and so is K{(R) for every nonnegative
integer n.

Proof. (1) Let p be a nonmaximal prime ideal of R. Let i be an integer. Then
H/((X[i])p) = (H/ ' X), =0 for all j € Z, which means that (X[i]), = 0 in D(Ry).
Hence (X[i])y belongs to &g, , so that X[i] € Do(R).

(2) The assertion is shown in [18, page 52].

(3) The complex K[i] is in Ko(R) by (1). Since pd K =e, we have pd K[i]=e+i
by Proposition 2.13(1).

(4) The first statement is deduced by using the fact that g, is a resolving subcategory
of D(Ry) for each prime ideal p of R. The second statement follows from the first

statement, Propositions 2.13(5), 2.10(2)(3) and the fact that the resolving property
is preserved under taking intersections. ([

Here is an elementary lemma on a general triangulated category, which produces
a certain exact triangle.

Lemma A.3. Let T be a triangulated category.
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(1) Suppose that there exists a commutative diagram

A B c Al
| l | ||
A B c All]

of exact triangles in T. Then there exists an exact triangle B— B' @& C —
C'— B[1]inT.

2) Let X i> Y % Z be morphisms in T. Then there exists an exact triangle

cone(gf) — cone(g) ® X[1] — Y[1] — cone(gf)[1]in T.
Proof. (1) follows from [40, Lemma 1.4.3].
Let X ER Y5 Z be morphisms in 7. Then we have a commutative diagram of

exact triangles at the lower left, which induces a commutative diagram of exact
triangles at the lower right.

Xg—f>Z—>cone(gf)—>X[1] Z — cone(gf) — X[1] — Z[1]
T e A R e
Y — Z —— cone(g) —— Y[1] Z —— cone(g) — Y[1] — Z[1]

By (1), we get an exact triangle cone(gf) — cone(g)® X[1] — Y[1] — cone(gf)[1]
in 7. O

Applying the previous lemma, we consider when a given object of the derived
category D(R) belongs to the resolving closure of the (derived) tensor product with
a Koszul complex.

Lemma A.4. (1) Forelements x, y € R there is an exact triangle K(x) — K(xy) —
K(y) ~ in K(R).

(2) Let X be an object of D(R) and let x be an element of R. Suppose that the
morphism X 5 Xin D(R) defined by multiplication by x is zero. Then X
belongs to resp(r)(K(x) @ X[—1]).

(3) Suppose that (R, m) is local. Let X be an object in Do(R). Let x = X1, ..., Xy
be a sequence of elements in m. Then X belongs to resp(g)(K(x) @ X[—n]).
In particular, X is in resp(r)(Kgr ® g X[— edim R]).

Proof. (1) The assertion is shown by applying the octahedral axiom to (R RE R) =
(RS> R R).

(2) There exist morphisms X l> ES Xin D(R) such that E is in £ and the
composition gf is equal to the multiplication morphism X % X in D(R). By
Lemma A.3(2) we have an exact triangle cone(gf) — cone(g) ® X[1] — E[1] ~
in D(R). The object cone(gf) is the mapping cone of the morphism X 5 X,
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which is isomorphic to K(x) ® X. We get an exact triangle K(x) ® X[—1] —
cone(g)[—1]® X — E ~» in D(R). It follows that X € extpr){K(x)@X[—1], E} C
resp(r) (K(x) ® X[—1]).
(3) By Proposition 3.10 the R-module Hompg) (X, X) has finite length, and hence it
is annihilated by some power m” of m. Fix an element x € m. Then the multiplication
morphism X 5 Xin D(R) is zero. By (2) the object X is in resp(g)(K(x")® X[—1]),
which is contained in respg)(K(x) ® X[—1]) by (1). It follows that resp(g) X is
contained in resp(g)(K(x) ® X[—1]). We observe that there is a sequence of
inclusions
resp(r) X C resp(r)(K(x1) ® X[—1]) € resp(r)(K(x2) ® K(x1) ® X[—2])

C -+ Crespry (K(xy) ® - - @ K(x1) ® X[—n])

= resp(g) (K(x) ® X[—n]).
Thus, X belongs to the resolving closure respg)(K(x) ® g X[—n]). O

Using the above lemma, we prove a proposition which will play a key role for
the purpose of this appendix.

Proposition A.5. Let R be a local ring. Put e = edim R and K = Kg.

(1) For every integer n = O there is an equality Ki(R) = resk(r) (K [n — e]).

(2) Let F be an object of K(R), and putt = pdg F. Then the object K[t — e]

belongs to resk(g) F.

Proof. (1) We have K [n—e] € Kj(R), so that resk(r) (K [n—e]) CK{(R); see (3) and
(4) of Proposition A.2. Conversely, pick an object P € K{j(R). Lemma A.4(3) and
Proposition 2.10(3) imply that P belongs to reskg)(K ® P[—e]). We may assume
that the perfect complex P has the form (0 - P™" — Pt — ... PS - ().
Then it holds that P € extkg){ P*[—s], ..., P7"[n]} Cextkp){R[i]| —s <i <n},
and hence

(K ® P)[—e] € extkp){K[i —e] | —s <i <n} Creskr)(K[n—e]).

Therefore, the complex P belongs to reskr)(K[n —e]).

(2) We shall prove that K[i —e] € res F for all i < ¢. For this we use induction on ¢.
When ¢ <0, foreachi <t wehave pd K[i —e]=pd K+(i—e) =i <t <0by (1) and
(7) of Proposition 2.13, and hence K[i —e] € Eg Cres F. Let t > 0. We may assume
that F = (0 — F~' S pt s P 0), where F~, F~'+1 . FS are
free, F' #0, —t+1<sand Imd C mF~'*!, Since pd F[-1]=t—1 <, the
induction hypothesis implies K[j —e] € res F[—1] for all j <t —1. As F[—1]
belongs to res F', we see that

(A5.1) the object K[j — e] belongs to resk(g) I’ for all integers j <t — 1.
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It remains to show that K[r —e]isinres F. Let P = (0 — F~! S pttl 0) be

. . . B .
a truncation of F. Then there is an exact triangle F~' — F~™t1 5 P[1—¢]~in
K(R). Tensoring K over R gives an exact triangle

(A5.2) Frok 25 FrHgKk — (POK)1—1]~

in K(R). Write F~! = R®" and F~'*! = R®"_ The inclusion Im9 € mF ~'*!
implies that the map 8 : R®" — R®" is represented by an m x n matrix (a;;) with
aij € m. The chain map 9 ® K : K ®n — K%M is given by the matrix (a;;). The
multiplication morphism K Yk is zero in K(R) by [38, Proposition 2.3(3)],
and s0 is the morphism K ®" UL KM, the matrix (sij) of null-homotopies s;;
of K 2% K is a null- homotopy of K ®" a—l)> K®™ It follows from (A.5.2) that
(P ® K)[1 —t] is isomorphic to the direct sum of

FTH'@K=K®" and (F'®K)[1]=(K[1)®".

Since F~' # 0, we have n > 0 and the complex K[1] is a direct summand of
(P ® K)[1 —t] as an object of K(R). Applying the functor [t — e — 1] shows that

(A.5.3) the object K[t —e] is a direct summand of the object(PRQ K)[—e] in K(R).

Let Q = (0 > F~'*2 ... — F* — 0) be another truncation of F. There is an
exact triangle Q — F — P ~», which induces an exact triangle (Q ® K)[—e] —
(F® K)[—e] — (P ® K)[—e] ~~. This shows that

(A.5.4) the object (P ® K)[—e] belongs to extk g {(F ® K)[—el, (O R K)[1 —e]}.

The Koszul complex K = (0 - K¢ — --- — K? — 0) is in ext{K ~[i] | 0 <
i < e}, and this extension closure is contained in ext{R[i] | 0 <i < e}. Applying
(F ® —)[—e] shows (F ® K)[—e] is in ext{ F[i] | —e < i < 0}, which implies

(A.5.5) the object (F ® K)[—e] belongs to reskg) F.

The perfect complex Q = (0 — F~'*2 — ... — F*¥ — 0) is in extyg){F'[—i] |
—t+2 < i < s}, which is contained in extK(R){R[—l] | —t +2 <i < s}. Hence the
object (Q ® K)[1 — e] belongs to the subcategory

extK(R){K[l—e—i] | —t+2<i<s} :extK(R){K[i] [(1—5)—e<i<(@—1)—¢}

of K(R). By (A.5.1), this extension closure is contained in the resolving closure
resk(r) F'. Therefore,

(A.5.6) the object (Q ® K)[1 — e] belongs to resk(r) F.

It follows from (A.5.3), (A.5.4), (A.5.5) and (A.5.6) that K[t — e] is in resk(g) I as
desired. O
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Remark A.6. We may wonder if the Hopkins—Neeman classification theorem [31;
39] can be applied to deduce Proposition A.5(2). Actually, the proof of the Hopkins—
Neeman theorem provides a certain integer m such that K [m] belongs to reskg) F'.
However, this is done by applying the smash nilpotence theorem [39, Theorem
1.1], which relies on the fact that R is noetherian, so that m cannot be described
concretely. Note that there is no meaning for us unless m > —e, since we know
that K[i] € Egr Cresk(p) F forall i < —e.

The following two corollaries are direct consequences of the above proposition.
Corollary A.7. Suppose that R is a local ring.
(1) There is an equality Ko(R) = resxr){(Krli] | i € Z} of subcategories of K(R).

(2) Let F be an object in Ko(R) and assume pdi F =t > 0. Then the equality
reSK(R) F= KZ)(R) holds.

Proof. Put e = edim R, K = K and set X =res{K[i] | i € Z}. Proposition A.2(3)
implies that X € Ko(R). Fix F e Kg(R) andsett =pd F. If t <O, then FeEg C X
by Proposition 2.13(6). Let r > 0. We have

F e Kf)(R) =reskr) K[t —e] S X Nreskry F Creskr) F € KE)(R),

where the equality and the first inclusion follow from Proposition A.5, and the other
inclusions are obvious. We thus obtain the equalities X = Ko(R) and K{(R) =
resK(R) F. O

Corollary A.8. Let R be a local ring. Let X be a resolving subcategory of K(R)
contained in Ko(R). Suppose that one has supy{pdg X} = oo. Then the equality
X = Ko(R) holds true.

Proof. Assume that X is strictly contained in Kg(R). Then there exists an object
Y € Ko(R) such that Y ¢ X. Putu =pd, Y. As Y is a nonzero object of K(R),
we have that —oo < u < 0o. Since supy.,{pd X} = oo, there exists an object
X € X such that ¢ := pd X > max{u, 0}. Then X € Kg(R),pd X =¢>0and u < ¢.
Applying Corollary A.7(2), we observe Y € K{j(R) C Kf)(R) =reskr) X € X. This
gives a contradiction. O

Now we can show the following theorem. It provides an explicit description of
the resolving subcategories of K(R) contained in Ko(R); in particular, they form a
totally ordered set.

Theorem A.9. Suppose that R is a local ring with e = edim R and K = Kg. Then
one has strict inclusions

(A9.1)  Ex=KJ(R) SKyR) S~ SKHR) SKIH(R) C - S Ko(R)
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of resolving subcategories of K(R) such that K[n —e] € Kj(R) \ Kgfl (R) for each
n = 1. Moreover, all the resolving subcategories of K(R) contained in Ko(R)
appear in the above chain of subcategories of K(R).

Proof. Proposition 2.13(6) says Eg = K%(R) D Kg(R). Since K8(R) is resolving
by Proposition A.2(4) and &g is the minimum resolving subcategory, the equality
Er = Kg(R) holds. For each n > 1 it is clear that Kg_l(R) C Ki(R), while
K[n—e] e KG(R)\ Kg_l (R) by Proposition A.2(3). The first assertion now follows.

Now, let us show the second assertion. Let X be a resolving subcategory of K(R)
contained in Ko(R). We may assume that X is different from Ko(R). Corollary A.8
says that 7 := supy.{pd X} is finite, and in particular, X is contained in K{(R).
Choose an object X € X such that pd X =¢. We have t > 0 as R is in X. Using
Corollary A.7(2), we see that K{(R) = resk(g) X € X. The equality X = K{(R)
follows. ([

From now on, we consider classifying all the resolving subcategories of K(R).
We start by defining, for each object of the derived category D(R), another object
by tensoring a Koszul complex and taking a shift.

Definition A.10. Let X € D(R). For x € R, set X(x) = K(x) ®I§ X[—1] € D(R).
For x = xy, ..., x, € R, we inductively define X (x) € D(R) by X (x1,...,x;) =
(X(x1...,xi—1)(x;) foreach 1 <i < n.

We make a list of basic properties of the object X (x) for X € D(R) and x € R.

Lemma A.11. Let X be an object of D(R), and let x be an element of R.
(1) If x is a unit of R, then there is an isomorphism X (x) =0 in D(R).

(2) There exists an exact triangle X (x) — X S X ~in D(R). In particular,
one has the containment X (x) € respgy X and the isomorphisms X (x) =
RHompg (K(x), X) = Homg(K(x), X) in D(R).

(3) Let R be a local ring with maximal ideal m and residue field k. Let x € m.
Then one has the equalities depthy X (x) = depth, X and pdi X (x) =pdy X.
In particular, X € Eg if and only if X (x) € Ek.

(4) The equality NE(X (x)) = NE(X) NV (x) holds, where V (x) denotes the set of
prime ideals containing x.

Proof. (1) If x is a unit of R, then K(x) =0 in D(R), and hence X (x) = K(x) ®11§
X[—1]1=01in D(R).

(2) There exists an exact triangle e : R 5 R — K(x) ~ in D(R). Applying the
functor — ®I,g X to e gives rise to an exact triangle X 5 X - K@) ®I§ X ~» in

D(R), which induces an exact triangle a : X (x) - X 5 X ~in D(R). Hence
X (x) belongs to resp(ry X. Applying the functor RHompg(—, X) to e yields an
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exact triangle b : RHomg (K(x), X) > X % X ~. It follows from a and b that
X (x) = RHompg (K(x), X).

(3) As x belongs to m, we have
K@) QL hkZ (0= kS k-0 =0k k—0)Zk@kl].

Hence
RHompg (k, X (x)) = RHompg (k, RHomg (K(x), X)) = RHompg (K(x) ®I,§ k, X)
= RHomg (kK @ k[1], X) = RHomg (k, X) ® RHompg (k, X)[—1]
by (2), and
X (x) ®% k= K(x) ®% X[-11®% k = (K(x) ®% k) ®% X[—1]
= (k@ k[1]) ®% X[—1] = (X ® k) & (X ®% b[-1].
Asinf Y[—1] =inf Y 4+ 1 for any complex Y, we get
depth X (x) = inf RHompg (k, X (x)) = inf RHompg (k, X) = depth X

and, from Proposition 2.13(2), pd X (x) = —inf(X (x) (X)I;e k) = —inf(X ®I,§ k)y=pd X.
By virtue of Proposition 2.13(6), we have X € £ if and only if X (x) € &k.
(4) To show (D), let p € NE(X) NV (x). Then dep Xp > 0 and )T‘ € pRy. By (3)
we have dep XpG) = dep Xy > 0, whence p € NE(X (x)). To show (C), let
p € NE(X (x)). Then dep Xp(’T‘) > 0. In particular, Xp()T‘) 20 in D(R). Hence
x €p by (1). By (3) we get 0 < pdp X,(T) = pdg, Xp, so thatp e NE(X). [

Assertions (1), (3) of the theorem below are viewed as derived category versions

of [49, Theorem 4.3] and [23, Lemma 4.6] respectively, which concern the nonfree
locus and the resolving closure of an object in mod R.

Theorem A.12. Let X be an object of D(R). Let W be a closed subset of Spec R
contained in NE(X).

(1) There exists an object Y € resp(ry X such that W = NE(Y).

(2) If R is local and W is nonempty, then Y can be chosen so that pdY = pd X
and depth Y = depth X.

(3) If W is irreducible, then Y can be chosen so that pd Y, = pd X,, and depth Y, =
depth X, forallp e W.

Proof. When W is empty, we can take Y := R. Assume that W # &. Then
there exist prime ideals py, ..., p, of R suchthatn > 0and W =V(p)U---U
V(pn). Each V(p;) is contained in NE(X). If we find an object ¥; € respg) X
such that V(p;) = NE(Y;), then Y : =Y, & --- @ Y, belongs to res X and satisfies
W = NE(Y) by Lemma 3.8(2). If R is local, pdg ¥; = pdp X and depthy, ¥; =
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depthy X forall 1 <i<n,thenpdg Y =sup,;,{pdg ¥i} =pdy X and depthy ¥ =
infi<;<n{depthy ¥;} = depth, X by Proposition 2.13(4). Thus, it suffices to show
that in the case where W = V(p) for some prime ideal p of R there exists ¥ €
resp(r) X such that W = NE(Y), der Y, = det X, and deptth Y. = deptth X,
forallve W.

The set NE(X) contains V(p). If NE(X) = V(p), then we are done by letting
Y = X. Suppose that NE(X) strictly contains V(p) and choose an element q €
NE(X) \ V(p). Then q does not contain p, and we can choose an element x € p \ g.
Using Lemma A.11(4), we get p € NE(X) N V(x) = NE(X(x)). As NE(X(x))
is Zariski-closed by Proposition 3.10, it contains V(p). It follows that V(p) C
NE(X (x)) = NE(X) N V(p) € NE(X) and the fact that ¢ € NE(X) \ V(p) says
NE(X)NV(p) #NE(X). We conclude V(p) € NE(X (x)) C NE(X).

By Lemma A.11(2)(3), we have that X (x) € res X, and that pdg X (x). =
pdg. X¢(3) = pdg, X. and depthp X (x). = depthp X.(7) = depthp_X. for all
t€ V(p) since x € p Cv. If NE(X (x)) is equal to V(p), we are done by letting
Y = X(x). If NE(X (x)) strictly contains V(p), we apply the above argument to
find y € p with V(p) C NE(X (x, y)) € NE(X (x)). Iterating this procedure, we get
an ascending chain

V(p) € CNE(x, y, z, w) T NE(x, y, 2) T NE(X (x, y)) C NE(X (x)) & NE(X)

of subsets of Spec R with x, y, z, w, ... € p. However, we can do this only finitely
many times, since each NE-locus appearing in the above chain is Zariski-closed,
and the topological space Spec R is noetherian.

We thus obtain a sequence x = x, ..., x, in p with NE(X(x)) = V(p) and
X(x) €resX, pdg X (x): =pdg X, and depthg X (x). = depthp_ X, forall v €
V(p). The theorem follows by letting ¥ = X (x). U

From the above theorem we can deduce the following corollary. Thanks to this
result, for each object X in a fixed resolving subcategory of D(R), one may often
assume that X belongs to Do(R).

Corollary A.13. Let R be a local ring. For every object X € D(R) there exists an
object Y € respry X N Do(R) such that pdp Y = pdy X and depth, ¥ = depthy, X.

Proof. When X belongs to &g, we put Y := X and are done. Let X be outside
of £g. Then the maximal ideal m of R belongs to NE(X) by Lemma 3.8(1) and
Proposition 3.10, and hence V(m) is contained in NE(X). Applying Theorem A.12
to V(m), we find an object Y € resp(g) X such that NE(Y) = V(m) = {m}, pdY =
pd X and depth Y = depth X. The equality NE(Y) = {m} implies that Y belongs
Do(R). (]
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The following lemma can be thought of as a derived category version of [24,
Lemma 3.2 and Proposition 3.3]. For a partially ordered set P we denote by min P
the set of minimal elements of P.

Lemma A.14. Let X be a subcategory of D(R).

(1) Let S be a multiplicatively closed subset of R. Suppose that X is a resolving
subcategory of D(R). Then addp(ry) Xs is a resolving subcategory of D(Rg).
Hence, the equality addp(rg) Xs = resp(ry) Xs holds.

(2) Suppose that X contains R and is closed under finite direct sums. Let Z be a
nonempty finite subset of Spec R. Let C € D(R) be such that Cy, € addp(r,) X for
all p € Z. Then there exist exact triangles

K—- X— C— K[1], L—>K&C— X— L[]

in D(R) such that X € X, that NE(L) € NE(C), that Supp(L) N Z = @, and that
pd R, Ly < dep Cp and depth Ry Ly = depth Ry Cy, for all prime ideals p of R.

(3) Assume that X is a resolving subcategory of D(R). The following are equivalent
for each C € D(R).

(a) The object C belongs to X.
(b) The localization Cy belongs to addp(r,) &, for all prime ideals p of R.
(¢) The localization Cy, belongs to addp(r,,) Xm for all maximal ideals m of R.

Proof. (1) By definition, the additive closure add X’ is closed under direct summands.
As Risin X, we have Rg € X5 C add Xs. Let A € add Xs. Then A® B is isomorphic
to Xg for some B € D(Rg) and X € X, whence A[—1] @ B[—1] is isomorphic to
(X[—1])s. As X is closed under negative shifts, we see that A[—1] is in add Xj.
Therefore, add X is closed under negative shifts. Let L — M — N ~- be an exact
triangle in D(Ryg) with L, N € add X5. Then L& L' = Xg and N & N’ = Y for
some L', N' € D(Ry) and X, Y € X. Taking the direct sum with the exact triangles
L'— L — 0~>and 0— N’ — N’~-, we observe that there exists an exact triangle

LOMON — Y i) X[1]s ~~ in D(Rg). Write f = %, where g: Y — X[1]is a
morphism in D(R) and s is an element of S; see [9, Lemma 5.2(b)]. There is an
exact triangle X - Z — Y LN X[1]in D(R). Since X is closed under extensions,
Z isin X. Also, we see that Zg is isomorphic to L' @ M & N’ in D(Ry). It follows
that M belongs to add X5, which shows that add X is closed under extensions.

(2) Write Z = {p1, ..., pn}. Fix 1 <i < n. There exists X; € & such that Cy, is a
direct summand of (X;), in D(Ry,). We have a split epimorphism f; : (X;)p, — Cp,
in D(Ry,), so that there is a morphism «; : Cp, — (X;)p, in D(Ry,) with fio; = idcp,.-
Choose a morphism g; : X; — C in D(R) and an element s; € R\ p; such that f—: = fi.
Set X =X,®---® X, € X and consider the morphism g = (g, ..., g,): X = C
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in D(R). Then § = (8, ..., %) : X,, — C,, is a split epimorphism in D(Ry,) for
each i, since lettlng Bi : Cp, — X, be the transpose of (O ., O 101,, 0,...,0),
we have Tﬂi = 1dcp There is an exact trlangle K—>X3%c LN K[l] in D(R).
For any integer 1 <i < n it holds that h,, = 7 = 0 in D(Ry,), which means that
the annihilator anng A of h € Hompg)(C, K[1 ]) is not contained in p;. By prime
avoidance, we find an element s € anng /& such that s ¢ p for all p € Z. The

octahedral axiom gives rise to a commutative diagram

C > C K(s) ®% C ———— C[1]
| [ | ||
C & K[1] K16 C[] — C[1]
| [ l !
C h K[1] (] st Cl1]
| | || |
K(s) ®I§C—>K[1]EBC[1] (K(s) ®IIQ O)[1]

in D(R) whose rows are exact triangles. The bottom row in the diagram induces
an exact triangle L - K @ C — X — L[1] in D(R), where we put L := C(s) =
K(s) ®% C[—1].

Let p € Z. Then the element % of Ry is a unit, and hence it holds in D(R)) that
K(s)p = K(§. Rp) =0. Thus, Ly = K(5)y ® Cp[—11=0in D(Ry). It follows that
the intersection Supp(L) N Z is the empty set.

Fix a prime ideal p of R. Note that we have L, = C(s), = Cy($). If s is in p, then
pd Cp (%) = pd C and depth Cy (%) = depth C, by Lemma A.11(3). If 5 is not in p,
then Cy (%) =0 by Lemma A.11(1), so that pd Cp () = —oc0 and depth Cy (%) = oo.
Thus, there are inequalities pd L, < pd Cy and depth L, > depth Cy. If p is not in
NE(C), then Cy is in SRP, and so is Ly. Hence NE(L) is contained in NE(C).

(3) Localization shows the implications (a) = (c) = (b). Assume that (b) holds
and C ¢ X. Then the set

={NE(Y) | Y € D(R), Y ¢ X and Y} € addp(g,) &), for all prime ideals p of R}

is nonempty. Since Spec R is a noetherian space and each NE(Y) is Zariski-
closed by Proposition 3.10, the set A contains a minimal element NE(B) with
B € D(R), B ¢ X and B, € add &, for every prime ideal p of R. If NE(B)
is the empty set, then we have B € £ € X by Lemma 3.8(1), which gives a
contradiction. Thus NE(B) is a nonempty Zariski-closed set, which implies that
min NE(B) is nonempty and finite. It follows from (2) that there exist exact triangles
K—-X—>B~andL—K®B— X~+inD(R) suchthat X € X, NE(L) CNE(B)
and NE(L) Nmin NE(B) = @. In particular, NE(L) is strictly contained in NE(B).



402 RYO TAKAHASHI

We claim that Ly is in add &, for every p € Spec R. In fact, there is an exact
triangle K, — Xy, — By, ~. It follows from (1) that add A}, is a resolving subcategory
of D(Ry). Since X, and B, belong to add &}, so does K. There is an exact triangle
L, — K, ® B, — X, ~. As K, @ By and X, are in add &}, sois L.

Now the minimality of NE(B) forces L to be in X. The exact triangle L —
K & B — X ~- implies that B belongs to X', which contradicts the choice of B.
We thus conclude that the object C belongs to X. ([

Remark A.15. In Lemma A.14(2), the object L is taken in such a way that
Supp(L) N Z = &. Comparing this with the module category version of Lemma
A.14(2) given in [24, Lemma 3.2], we see that the expected condition satisfied by L
in Lemma A.14(2) is the weaker condition that NE(L) N Z = &. It is an advantage
the derived category possesses against the module category that one can get L so
that Supp(L) N Z = &. By the way, only for the purpose of this appendix, it suffices
to have the equality NE(L)NZ = &.

Now, we can provide proofs of Theorems 4.5, 4.8 that do not use methods
of unbounded derived categories. We first prove Theorem 4.8, and then prove
Theorem 4.5 by applying Theorem 4.8.

Alternative proof of Theorem 4.8. Fix a resolving subcategory &’ of K(R) and an
order-preserving map f : Spec R — N U {oo}. Lemma 4.7 implies that ®(X) :
Spec R — NU{oo} is an order-preserving map and W ( f) is a resolving subcategory
of D(R). Hence W (f) N K(R) is a resolving subcategory of K(R). Fix a prime
ideal p of R. It is clear that

(W (f)NK(R))(P)
= sup{dep P, | P € K(R) and deq Py < f(q) for all g € Spec R} < f(p).

Let x = x1, ..., x; be a system of generators of p, and let g be a prime ideal of R.
First, we consider the case where f(p) =:n < oo. Set P = K(x)[n — s] € K(R).
We have dep P, =n = f(p) by Proposition 2.13(1)(7). If p is contained in q,
then pdg Pq =pdg K(x,R)) +(n—s) <s+(n—s)=n=f(p) < f(@. Ifp
is not contained in ¢, then deq Py = —00 < f(q) by Proposition 2.13(7). Thus
O(W(f)NK(R))(p) = f(p). Next, we consider the case where f(p) = co. Then
for any integer n we set P = K(x)[n — s] to have pd g, Pp=1n. If p is contained in
q, then co = f(p) < f(q), so that deq Py < 00 = f(q). If p is not contained in
q, then deq Py =—00< f(q). We get (W (f)NK(R))(p) =00 = f(p). It now
follows that ® (W (f) NK(R)) = f.

It remains to prove that W(® (X)) N K(R) = X. Note the equality and inclusion

U (O(X)NK(R) ={P e K(R) | dep P, < supXeX{dep X} for all p € Spec R}
oX.
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Let P e (9 (X)) NK(R). All we need to do is show that P is in X. Fix a maximal
ideal m of R and a prime ideal p of R contained in m. Then add X}, is a resolving
subcategory of K(Ry,) by Lemma A.14(1). We have

(A.15.1) pd(Rm)pRm (Pm)pRm = dep Pp < SuPXeX{dep XP}
= sUPyxex{Pd(r,),z, (Xm)pRe}
< SUPycadd X, {Pd(Rm),,Rm Yorn}-

By Lemma A.14(3), it suffices to show Py € add A,. Thus we may assume that
(R, m) is local. Then the dimension n := dim NE(P) of the Zariski-closed set
NE(P) is finite. We prove by induction on n that P € X.

When n < 0, the set NE(P) is contained in {m}, which means that P belongs to
Ko(R). By the choice of P, we have pd; P < supy.y{pdg X}, which implies that
there is an object X € X such that pd, P < pd; X. Corollary A.13 gives rise to an
object X' € Do(R) Nresp(ry X with pdg X’ =pdy X. Hence X' € X NKo(R) and
pdg P < pdg X'. Replacing X with X', we may assume that X € Ko(R). Setting
t = pdy X, we have the inequality pdp P < ¢, so that P € K6(R) =reskr) X C &,
where the equality holds by Theorem A.9.

Now we consider the case n > 0. Then min NE(P) is nonempty and finite. Write
minNE(P) ={py, ..., p,} and fix an integer 1 <i <r. We have NE(P,,) = {p; Ry, },
whence dimNE(P,,) = 0. The subcategory add &}, of K(Ry,) is resolving by
Lemma A.14(1). Similarly as in (A.15.1), the inequality

pd(Rp,-)qu, (Xpi)qu,' S sup {pd(Rpl-)qu. Yqu}

i Yeadd X, i
holds for every prime ideal ¢ of R contained in p;. The induction basis implies
that P, belongs to add A},,. Lemma A.14(2) yields exact triangles K — Z —
P~andL > K® P — Z ~ in D(R) such that Z € X, NE(L) € NE(P),
NE(L)Nmin NE(P) =@, and dep L,< dep P, for every prime ideal p of R. Since
Z and P are in K(R), sois K, and so is L. We have dimNE(L) < dim NE(P) =n,
while

pdg, Lp < pdg, Pp < iﬂﬂ{pd’*v Xp}

for all p € Spec R. Hence we can apply the induction hypothesis to L to deduce
that L is in X. The exact triangle L — K @& P — Z ~» shows that P isin X. [

Alternative proof of Theorem 4.5. The resolving subcategories of K(R) are exactly
the precoaisles of K(R) containing R and closed under direct summands. By
Lemma 4.2 and Theorem 4.8 the maps (Q, E) are mutually inverse bijections. (The
proof of (P, F) being mutually inverse bijections was given as the first paragraph
of the original proof of Theorem 4.5. This is elementary, not using methods of
unbounded derived categories.) (]



404 RYO TAKAHASHI

Appendix B. Restricting the classification of resolving subcategories of K(R)

In this appendix, we compare our results with the results of Dao and Takahashi
concerning resolving subcategories of mod R contained in fpd R. For this purpose,
we begin with recalling some notation.

Definition B.1. Let R be a local ring. We set modg(R) = mod R N Dg(R). Note
that modg(R) consists of the finitely generated R-modules which are locally free
on the punctured spectrum of R. We also put

fpdp(R) = fpd R Nmodp(R) = Ko(R) Nmod R = {M € modg(R) | pdp M < o0},
fpdp(R) = Ki(R) Nmod R = K" (R) N'modo(R) = {M € fpdy(R) | pdp M < n}
forneZ.

Denote by €2 and Tr the syzygy and transpose functors.

Theorem B.2 (Dao-Takahashi [24, Theorem 2.1]). Let R be a local ring of depth t
and with residue field k. Then

(B.2.1) proj R =fpd)(R) C fpd((R) < - - - C fpdf)(R) = fpd™ (R) = - - - =fpdy(R)

such that Tr Q" 'k € fpdy (R) \fpdg_1 (R) for eacht > n > 1. Moreover, all the
resolving subcategories of mod R contained in fpdy(R) appear in the above chain.

Remark B.3. (1) Theorem A.9 can be viewed as a derived category version of
Theorem B.2.

(2) A remarkable difference between Theorems A.9 and B.2 is that the latter says
that there exist only finitely many resolving subcategories of mod R contained in
fpdg(R), while the former says that there exist infinitely (but countably) many
resolving subcategories of K(R) contained in Ko(R).

(3) Although both have similar configurations, the proof of Theorem A.9 is com-
pletely different from that of Theorem B.2. Indeed, the latter requires much more
complicated arguments on modules which involve syzygies and transposes; the
whole of [24, §2] is devoted to giving a proof of Theorem B.2.

(4) The restriction of (A.9.1) to mod R coincides with (B.2.1). Indeed, Proposition
2.13(6) says that EgNmod R = proj R, while by definition we have K{j(R)Nmod R =
fpdy (R) for each integer n. The Auslander-Buchsbaum formula [18, Theorem 1.3.3]
shows fpd{j (R) = fpd((R) for all integers n > t.

In the proof of Theorem B.2, the resolving closure res;oq g kK in mod R of the
residue field k of R does play a crucial role; it coincides with modg(R). Here we
consider a derived category version of this fact.
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Proposition B.4. Let R be a local ring with residue field k. Let X € Do(R) and
put h = depth X. One then has X € respry(k[—h]). In particular, it holds that
D()(R) = resD(R){k[i] |ie Z}

Proof. Take a system of parameters x =xy, ..., xg of R. SetY = K(x)®I,§X eD(R).
It follows from Lemma A.4(3) that X € resp(g)(Y[—d]). Taking soft truncations of
the complex Y implies that Y is in the extension closure extp, R){Hi Y[—i]|infY <
i <supY}. Localization at nonmaximal prime ideals shows that each H'Y has finite
length as an R-module (see Proposition 2.13(7)), so that it is in extp(g) k. We have
Y € extprylk[—i] | infY <i <supY} Crespg)(k[—inf Y]), where the inclusion
comes from the fact that every resolving subcategory is closed under negative shifts.
Using [28, Theorem I], we get inf ¥ = h — d, which implies Y € respg) (k[d — h]).
Therefore, the object X belongs to resp(g)(k[—h]) by Proposition 2.8(2a). U

Definition B.5 (grade-consistent functions [24]). For an ideal / of R we denote
by grade I the grade of I, that is to say, the infimum of integers i > O such that
Ext’k (R/1, R) #0. A grade-consistent function on Spec R is by definition an order-
preserving map f : Spec R — N such that the inequality f (p) < grade p holds for
all prime ideals p of R.

The grade condition in the definition of a grade-consistent function can be
changed to a depth condition.

Lemma B.6. Letr f : Spec R — N U {00} be an order-preserving map. Then f is
a grade-consistent function on Spec R if and only if f(p) < depth Ry, for all prime
ideals y of R.

Proof. Fix p € Spec R. The equality grade p = inf{depth R, | g € V(p)} holds by
[18, Proposition 1.2.10(a)]. In particular, one has grade p < depth Ry, which shows
the ‘only if” part of the lemma. To show the ‘if” part, suppose f(q) < depth R, for
all g € Spec R. Then the image of f is contained in N. If q € V(p), then p C q and
f(P) < f(q) < depth Ry. This shows f(p) < inf{depth Ry | q € V(p)} = grade p.
Thus, we are done. O

Applying the above lemma, we can show the following result on the assignments
used in Theorem 4.8.

Proposition B.7. Let ® and \V be the ones introduced in Definition 4.6.
(1) Let X be a subcategory of mod R containing R. Then ®(X) is a grade-
consistent function on Spec R.

(2) Let f :Spec R — N be a map. Then the equality V(f)Nmod R = (W (f)N
K(R)) Nmod R holds, and it is a resolving subcategory of mod R contained in
fpd R.
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Proof. (1) Lemma 4.7(1) implies that @ (&X) is an order-preserving map from Spec R
to N'U {oo}. For each p € Spec R we have ®(X)(p) = supyr{pd Xp} < depth R,
since the Auslander-Buchsbaum formula implies pd X, = depth R, — depth X, <
depth Ry,. Lemma B.6 shows ®(X) is a grade-consistent function on Spec R.

(2) According to Lemma 4.7(2), the subcategory W ( f) of D(R) is resolving. It
follows from Proposition 2.10(4) that W (f) N mod R is a resolving subcategory of
mod R, and (W (f) NK(R)) Nmod R =¥ (f)Nfpd R = (¥(f) Nmod R) Nfpd R
is a resolving subcategory of mod R contained in fpd R. Let M € W(f) N mod R.
Then for every prime ideal p of R one has pd R, Mp < f () € N, which particularly
says that dep M, < oco. By [13, Lemma 4.5], we get pdg M < oo. Therefore,
W (f)Nmod R coincides with (W (f) Nmod R) Nfpd R. U

The following theorem is one of the main results (Theorem 1.2) of [24].

Theorem B.8 (Dao-Takahashi). The assignments X — ®(X) and f +— V(f)Nmod R
define a bijective correspondence between resolving subcategories of mod R con-
tained in fpd R and grade-consistent functions on Spec R.

Remark B.9. Proposition B.7 says that Theorem B.8 is viewed as the restriction of
Theorem 4.8 to mod R.
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