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CLOSURES OF 3-BRAIDS AND DETECTION

FRASER BINNS

We give some new link detection results for link Floer homology, Khovanov
homology and annular Khovanov homology. The links we detect arise via
different closure operations on 3-braids. Examples of our results include
that link Floer homology detects the Mazur link, that annular Khovanov
homology detects the Mazur pattern, and that Khovanov homology detects
L6a2 and L9n15. The Mazur pattern detection result depends on a new
bound on the rank of the annular Khovanov homology of certain links.

Braids are of wide mathematical interest; see the survey article [14]. In this paper
we will consider the four types of links obtained from braids, as shown in Figure 1.

Let α be a braid. The first two types of link we obtain from α have been widely
studied. We have the braid-closure of α, b(α), which for the purposes of this paper
is the link in the thickened annulus obtained by attaching n parallel strands as in
Figure 1(a). Secondly, we have the augmented braid-closure of α, b̊(α), which is
the link obtained by adding the annular axis to b(α), as shown in Figure 1(b).

For the remaining two types of link we move beyond the usual setting of braid-
closures. The clasp-closure of α, c(α), can be thought of as the annular link formed
by b(α) and replacing two parallel strands in a ball with a clasp, as shown in
Figure 1(c). Note that the clasp is between the two rightmost strands of α, though
this is simply a matter of convention and plays no significant role. The augmented
clasp-closure of α, c̊(α), is defined analogously to the augmented braid-closure
of α; see Figure 1(d).

(a) (b) (c) (d)
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Figure 1. The four types of links we study: (a) a braid-closure; (b) an
augmented braid-closure; (c) a clasp-closure; (d) an augmented clasp-
closure. The red dots indicate the axes.
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As motivation for studying clasp-closures, we mention a result of Martin [32,
Proposition 1] stating that the links with the simplest link Floer homology — in an
appropriate sense — are augmented braid-closures. A result of the author and Dey
[11, Theorem 5.1] says that augmented clasp-closures are examples of links with
second simplest link Floer homology, in the same sense. Thus one might reasonably
expect that understanding the behavior of categorified link invariants of braid- and
clasp-closures of braids might be easier than understanding other types of closure.

(Augmented) braid-closures of 1- and 2-braids are readily classified up to isotopy.
Braid-closures of 3-braids were classified completely by Murasugi [33]. In particular,
he showed that there are three braid-closures of 3-braids representing the unknot,
namely σ1σ2, σ

−1
1 σ−1

2 and σ1σ
−1
2 . Here we use the standard Artin generators for

the braid group. The augmented braid-closures of these three links are T (2, 6),
T (2, −6) and L6a2 respectively. More generally, Birman and Menasco showed that
for |n| ̸= 1 there are two 3-braid representatives of the torus links T (2, n), namely
σ±1

1 σ n
2 [15]. Note that b̊(σ1σ

3
2 ) is L9n15 while b̊(σ−1

1 σ 3
2 ) is L9n16.

One cannot take the clasp-closure of a 1-braid. Clasp-closures of 2-braids
are the twisted Whitehead patterns. The case of (augmented) clasp-closures of
3-braids is more complicated. Baldwin and Sivek classified 3-braids with clasp-
closures representing the unknot, up to isotopy of the clasp-closure; see the proof
of [4, Theorem 6.1]. Up to mirroring and reversal these braids are as follows:

(1) σ−1
1 . The augmentation of this link is L7a6, i.e., the mirror of the Mazur link.

(2) σ 3
1 σ−1

2 σ 2
1 σ2.

(3) σ n
1 σ−1

2 σ1σ2. For n = 1 the augmentation of this link is L7a5.

Our goal in this paper is to exploit the Baldwin–Sivek, Murasugi and Birman–
Menasco classification results to obtain detection results for various categorified link
invariants. There are three different invariants we will study; link Floer homology
and two versions of Khovanov homology.

Link Floer homology is an invariant of oriented links defined by Ozsváth and
Szabó using symplectic topology [36]. For two-component links it takes value in
the category of triply graded vector spaces. Our first results are the following:

Theorem 1.1. Link Floer homology detects L6a2.

Theorem 1.3. Link Floer homology with rational coefficients detects L9n15.

L6a2 is the augmented braid-closure of σ1σ
−1
2 . The author and Martin showed

in [13] that link Floer homology detects the augmented braid-closures of the other
two braids that represent the unknot; i.e., it was shown that link Floer homology
detects T (2, ±6) endowed with any orientation. The author and Dey showed in [10]
that link Floer homology detects all of the augmented braid-closures of 2-braids.
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The augmented braid-closure of the 1-braid is also detected by link Floer homology
since it is simply a Hopf link.

The proof strategies for Theorem 1.1 and Theorem 1.3 are that used by the author
and Martin in [13]. That is, we use the fact that the link Floer homology of a link L
contains various pieces of topological information about L . In particular we appeal
to Martin’s result that link Floer homology detects braid axes [32, Proposition 1].

We now address 3-braids with unknotted clasp-closures. For the first type we
have detection.

Theorem 1.5. Link Floer homology detects the Mazur link.

The author and Dey showed that link Floer homology detects the augmented
clasp-closures of all but two 2-braids and that the remaining two augmented clasp-
closures are the unique links of their link Floer homology type [11, Theorems 6.1
and 6.2].

For the final type of 3-braid with unknotted clasp-closure we do not get detection.
Nevertheless we can give the following classification result:

Theorem 1.6. Let L be a link. ĤFL(L) ∼= ĤFL(c̊(σ−1
2 σ1σ2)) if and only if L is of

the form c̊(σ n
1 σ−1

2 σ1σ2) for some n ∈ Z.

The proof strategies for these two theorems are similar to that used in the proof of
Theorem 1.1. The chief difference is that we appeal to the classification of links with
link Floer homology of next to minimal rank in certain gradings [11, Theorem 5.1],
as opposed to Martin’s braid axis detection result, which was a classification of links
with link Floer homology of minimal rank in certain gradings [32, Proposition 1].

We now turn to Khovanov homology. This is a combinatorial link invariant due
to Khovanov that takes values in the category of bigraded vector spaces [26]. We
have the following two results:

Theorem 2.1. Khovanov homology with integer coefficients detects L6a2.

Theorem 2.2. Khovanov homology with integer coefficients detects L9n15.

For context recall that Khovanov homology detects the Hopf link [7]. It also
detects the augmented link associated to all 2-braid representatives of the unknot,
namely, T (2, ±4). This was first proven by using instanton Floer homology [44],
but see also [13] for a proof that is more in line with that of Theorem 2.1. Martin
showed that Khovanov homology detects T (2, 6), one of the braid-closures of a
3-braid representing the unknot.

The main tool we use to prove these results is Dowlin’s spectral sequence [17]
from Khovanov homology to knot Floer homology — a version of link Floer ho-
mology introduced independently in [35] by Ozsváth and Szabó and in [39] by
J. Rasmussen. This allows us to reduce the question of detection for Khovanov
homology to problems in link Floer homology.
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Finally we study annular Khovanov homology, a version of Khovanov homology
for links in the thickened annulus due to Asaeda, Przytycki and Sikora [1]. We
have the following family of results:

Theorem 3.11. Annular Khovanov homology with integer coefficients detects
b(σ1σ

n
2 ) for −2 ≤ n ≤ 5.

For context, recall that annular Khovanov homology detects the braid-closure of
the identity braids [2], and all braid-closures of 2-braids by a combination of work
of Grigsby and Ni [19] and Grigsby, Licata and Wehrli [19]. The author and Martin
also showed the n = 1 case of Theorem 3.11 in [13]. For the proof of our result we
use the Birman–Menasco classification of 3-braids with fixed closures [15].

We can also prove the following:

Theorem 3.13. Annular Khovanov homology with integer coefficients detects the
Mazur pattern.

Note that annular Khovanov homology detects the clasp-closures of all 2-braids,
amongst annular knots [11, Theorem 8.1]. For the proofs of the two preceding
theorems we use a version of the following rank bound:

Theorem 3.1. Let β be an n-braid with n ≥ 2. Then:

(1) rank(AKh(b(β); C)) ≥ 2n.1

(2) rank(AKh(c(β); C)) ≥ 4n.

This result is inspired by the proof of a structurally similar rank bound in knot
Floer homology due to Baldwin, Vela and Vick [5]. The proof relies on the left
orderability of the braid group. See Lemma 3.2 for the more technical version of the
result that we apply to prove Theorem 3.13 and Theorem 3.11. A number of other
consequences of Theorem 3.1 are noted in Section 3C. The clasp-closure statement
version of Theorem 3.1 is perhaps more interesting because there is currently no
analogous result in the link Floer homology context.

Remark. Link Floer homology, Khovanov homology and annular Khovanov ho-
mology are invariant under overall orientation reversal. All of the detection and
classification results in this paper are thus up to overall orientation reversal, if any
relevant link and its reverse are distinct.

We end the introduction with two questions:

Question 1. Is there a complete classification of clasp-closures of 3-braids in the
style of the Birman–Menasco classification of braid-closures of 3-braids?

Such a classification might allow one to obtain more classification results for
links with categorified link invariants taking certain values.

1This bound appears in an unpublished note of the author written while he was a graduate student.
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Question 2. Does annular Khovanov homology detect all clasp-closures of 3-
braids representing the unknot? Does Khovanov homology detect all of their
augmentations? Does link Floer homology detect the links b̊(σ1σ

n
2 )?

Outline. In Section 1 we prove our results for link Floer homology. In Section 2
we prove our Khovanov homology detection results. In Section 3 we prove our
annular Khovanov homology detection results as well as our two rank bounds.

1. Link Floer homology

In this section we collect our detection results for link Floer homology. In Section 1B
we show that link Floer homology detects L6a2 and L9n15. In Section 1C we give
a partial classification of links with the link Floer homology types of augmentations
of clasp-closures of index 3-braids that represent the unknot.

1A. A review. Link Floer homology is an invariant introduced by Ozsváth and
Szabó [36]. It assigns to each oriented n-component link a finitely generated
vector space equipped with n + 1 gradings. The first n of these gradings are called
Alexander gradings, and the last is called the Maslov grading. The Alexander
gradings takes value in 1

2 Z, while the Maslov grading takes value in Z. For each
component K of a link L , there is a spectral sequence from ĤFL(L) to

ĤFL(L \ K ) ⊗ V
[
ℓk(K , L\L i )

2

]
corresponding to allowing pseudoholomorphic disks to “cross basepoints” in Hee-
gaard diagrams [36, Proposition 7.1]. Throughout this paper we consider link Floer
homology with Z/2 coefficients unless explicitly stated otherwise.

Link Floer homology detects the Thurston norm, under mild hypotheses, by
a result of Ozsváth and Szabó [37]. It also detects braid closures, by a result of
Martin [32, Proposition 1].

1B. Braid-closures.

Theorem 1.1. Link Floer homology detects L6a2.

For the reader’s convenience we recall that the link Floer homology of L6a2 is
as follows:

(1)

A1 →

A2 ↓
−

3
2 −

1
2

1
2

3
2

3
2 F−1 F0
1
2 F−3 F3

−2 F3
−1 F0

−
1
2 F−4 F3

−3 F3
−2 F−1

−
3
2 F−4 F−3
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This can be deduced from, say, the fact that L6a2 is alternating, the multivari-
able Alexander polynomial of L6a2, the signature of L6a2, and an application of
[36, Theorem 1.3].

Proof of Theorem 1.1. Our strategy is to argue that if a link has the link Floer
homology type as L6a2 then it is the augmentation of a braid-closure of a 3-braid
by applying Martin’s braid axes detection result [32, Proposition 1]. We then appeal
to Murasugi’s classification of 3-braids whose braid-closures are unknotted and
note that link Floer homology distinguishes the corresponding links.

Suppose L is a link with the link Floer homology of L6a2. Then L cannot be split,
since its link Floer homology is not of the correct form. More specifically, if L were
split then it could be written as K1#(U ⊔ K2) for Ki knots and U the unknot, where
the connect sum is between U and K1. Consequently, the Künneth formula for
link Floer homology [36, Theorem 1.4] would imply that each Alexander bigrading
would have rank at least two, which we can observe is not the case from Table (1).
Since the rank of ĤFL(L) in the maximal nontrivial A1 grading is 2, it follows from
[32, Proposition 1] that the first component of L , L1, is a braid axis. Observe that
the Conway polynomial of two-component links — and hence knot Floer homology
and link Floer homology — detects the linking number of two-component links [21].
It follows that L is the augmentation of the braid-closure of a 3-braid, L2.

For the remainder of this section, let V be a rank-two vector space supported
in Alexander grading 0 and Maslov gradings 0 and −1, and let [a] indicate a
shift in Alexander grading by a. There are spectral sequences from ĤFL(L) to
ĤFL(L i ) ⊗ V [ℓk(L)/2] for each i corresponding to allowing pseudoholomorphic
disks to “cross basepoints” in Heegaard diagrams [36, Proposition 7.1]. Hence
ĤFL(L i ) can be supported only in Alexander grading zero, so that each L i is the
unknot. Thus, L is the augmentation of a braid-closure of a 3-braid representing the
unknot. By Murasugi’s classification of 3-braids up to conjugacy there are exactly
three 3-braid representatives of the unknot; namely (σ1σ2)

±1, and σ1σ
−1
2 [33].

Taking augmentations of the braid-closures of either of the first two braids yields
T (2, ±6), which have distinct link Floer homology from L . The result follows. □

Remark 1.2. Of course, a two-component unoriented link can, a priori, be endowed
with four distinct orientations. However, L6a2 is isotopic to the link obtained from
L6a2 by reversing the orientation of either component. Likewise, the reverse of
L6a2 is isotopic to L6a2. Thus, Theorem 1.1 holds for oriented links.

We proceed to our next detection result.

Theorem 1.3. Link Floer homology with rational coefficients detects L9n15.

We will not compute the link Floer homology of b̊(σ 3
1 σ2). Instead, we will rely on
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formal properties of link Floer homology. The reason we take rational coefficients
is that we will use the Khovanov homology of L9n15 to obtain information about
link Floer homology via Dowlin’s spectral sequence [17], which is defined over the
rational numbers.

Proof. We first study the link Floer homology of ĤFL(b̊(σ 3
1 σ2); Q). Observe that,

perhaps after relabeling components, ĤFL(b̊(σ 3
1 σ2); Q) has maximal A2 grading 3

2 ,
since we may take the second component to be the braid axis for the braid-closure
b̊(σ 2

1 σ2). Now, b̊(σ 2
1 σ2) bounds a 3-punctured torus, so the maximal A1-grading

is at most 5
2 . In fact, the maximal A1 grading must be at least 5

2 since ĤFL(L; Q)

admits a spectral sequence to

ĤFL(T (2, −3); Q) ⊗ V
[
−

3
2

]
,

so that ĤFL(L; Q) must have generators of A1 grading ±
5
2 . From Knot atlas [28]

we have that rank(Kh(L9n15; Z/2)) = 12 — see also Table (5) — so that 6 =

rank(Khr(L9n15; Z/2)) ≥ rank(Khr(L9n15; Q)) by the universal coefficient theo-
rem and [40, Corollary 3.2.C]. It follows that rank(ĤFL(L9n15; Q)) ≤ 12 by an
application of the rank bound from Dowlin’s spectral sequence [17] together with
some properties of pointed Khovanov homology [6, Lemma 2.11].

Suppose L is a link with the same link Floer homology with rational coeffi-
cients as b̊(σ 3

1 σ2). Since ĤFL(L; Q) determines the Conway polynomial of L and
the Conway polynomial of L determines the linking number of two-component
links [21], it follows that L has linking number −3. In particular L is nonsplit.
Now, the link Floer polytope of L agrees with that of L9n15. Since the link Floer
polytope detects the Thurston polytope [37] for nonsplit links, it follows that the
Thurston polytopes of L and L9n15 agree. Consequently L2 bounds a surface in the
exterior of L of Euler characteristic −2, just as does the corresponding component
in L9n15. Since such a surface necessarily has at least four boundary components,
it follows that it is, in fact, a 4-punctured disk, so that L2 is an unknot. Since the
rank in the maximum nontrivial Alexander grading is 2, it follows that L2 is a braid
axis by [32, Proposition 1].

We now study the first component of L . From the link Floer polytope of L we
can see that L1 bounds a surface in the exterior of L of Euler characteristic −4.
Since the linking number of L is three, it follows that L1 has Seifert-genus at most
one. If L1 has a Seifert surface of genus zero, then it is an unknot. Consequently L
is an augmented braid closure of a 3-braid representing the unknot. As previously
noted, these were classified by Murasugi [33] and are each detected by link Floer
homology by [13] and Theorem 1.1. Thus L1 bounds a genus one surface. In partic-
ular, ĤFL(L1; Q) is nontrivial in Alexander gradings ±1 and trivial in Alexander
gradings i with |i | > 1. Since ĤFL(L1; Q) has the same rank in Alexander gradings
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±1 and the total rank of ĤFL(L; Q) must be odd, it follows that ĤFL(L1; Q) must
be nontrivial in Alexander grading zero.

We now prove that L1 is fibered. By [36, Theorem 1.4], there is a spectral
sequence from ĤFL(L; Q) to ĤFL(L1) ⊗ V

[
−

3
2

]
. This latter space must be of rank

at least two for k = −
1
2 , − 3

2 , − 5
2 , and so the same is true of ĤFL(L; A1 = k; Q).

In fact, by symmetry properties of link Floer homology, ĤFL(L , A1 = k; Q) must
also be of rank at least two for k =

1
2 , 3

2 , 5
2 . It follows that rank(ĤFL(L; Q)) = 12

and indeed that ĤFL(L; Q) is of rank two in the maximal nontrivial A1 grading.
Martin’s braid axis detection result implies that L1 is a braid axis for L2 and so,
in particular, fibered [32, Proposition 1]. Indeed, since the maximal nontrivial A1

grading is 1 +
3
2 , L1 must be a genus one fibered knot. It follows that L1 is a

trefoil or a figure eight knot. To see that L1 is a left handed trefoil, observe that
ĤFL

(
L9n15, A2 = −

5
2 ; Q

)
must be supported in Maslov gradings 0 and −1 since

it has a left-handed trefoil component and the linking number is −3. This in turn
implies that L1 must have a left handed trefoil component, since in the right handed
trefoil case and Figure eight case ĤFL

(
L , A1 = −

5
2 ; Q

)
would have to be supported

in Maslov gradings −2 and −3 or −1 and −2 respectively.
Now by Birman and Menasco’s classification theorem for 3-braids [15], there are

exactly two 3-braids with braid-closures representing T (2, −3), namely σ−1
1 σ−3

2
and σ1σ

−3
2 , which is L9n16. These two links are distinguished by their Alexander

polynomials, so the result follows. □

Remark 1.4. Once again there are — apriori — four possible orientations with
which L9n15 can be endowed. One pair of these have linking number −3 while the
other has linking number 3. It can be checked that each pair with the same linking
number are, in fact, isotopic as links. That is, Theorem 1.3 holds as a statement for
oriented links.

1C. Clasp-closures. In this section we study the links with the link Floer homol-
ogy type of augmentations of clasp-closures of 3-braids representing the unknot.
We prove two of the theorems advertised in the introduction:

Theorem 1.5. Link Floer homology detects the Mazur link.

Theorem 1.6. Let L be a link. ĤFL(L) ∼= ĤFL(c̊(σ−1
2 σ1σ2)) if and only if L is of

the form c̊(σ n
1 σ−1

2 σ1σ2) for some n ∈ Z.

We begin by discussing some structural properties of the link Floer homology of
links that are augmentations of clasp-closures of 3-braids representing the unknot.
Let L be such a link, with the first component of L , L1, being the clasp-closure of
the 3-braid and the second component, L2, its axis. The maximal A2 grading in
which ĤFL(L , A2) has nontrivial support is 3

2 . This follows from [37, Theorem 1.1].
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Figure 2. A sutured Heegaard diagram for the sutured manifold obtained
by decomposing an augmented clasp-closure along a longitudinal surface
for its axis. The outer boundary component of the surface corresponds to
a longitude of L2, while the inner boundary components correspond to
meridians of L1.

Lemma 1.7. Suppose L is the augmentation of a clasp-closure, L1, of a braid
representing a knot. Then the component of ĤFL(L) with maximal nontrivial A2

grading is given by F−1[−1]⊕ F2
0[0]⊕ F1[1] up to overall shifts in the Maslov and

A1 gradings.

A version of this result without the Maslov grading is given in [11, Lemma 5.9].
The proof of this lemma requires techniques from sutured Floer homology. The
reader is directed to Juhász’ papers [23; 24; 25] for necessary background.

Proof. Suppose L is as in the statement of the lemma. A sutured Heegaard diagram
for the sutured manifold (Y, γ ) obtained by decomposing the exterior of L along
an appropriate maximal Euler characteristic longitudinal surface for L2 is shown in
Figure 2.

A priori, SFH(Y, γ ) only comes with a relative Maslov grading in each spinc

structure. However, in the case at hand these Maslov gradings can be upgraded
to a relative Maslov grading that applies across all spinc structures. To see this,
observe that capping off the sutures corresponding to meridians of L1 results in
another sutured manifold, (Ŷ , γ̂ ) in which all four of the generators of CF(Ŷ , γ̂ )

are supported in a single spinc-structure. The claim follows. It remains to check
that the maps p̂ from [25, Proposition 5.4] respect this relative Maslov grading
which applies across all spinc structures. However, this follows by repeating
Juhász’ proof of [25, Proposition 5.4]. Specifically, there is a Heegaard diagram
for (Y, γ ) that can be obtained by doubling a Heegaard diagram for the exterior of
L along a certain subsurface [24, Proposition 5.2], and pseudoholomorphic disks
from the doubled Heegaard diagram correspond to disks in the Heegaard diagram
for L [24, Proposition 7.6]. This correspondence still holds if we fill in boundary
components, yielding the desired result. □

We can now prove that link Floer homology detects augmented clasp-closures of
3-braids. Our proof depends on the much more general classification of links with
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link Floer homology of next to minimal rank in the maximal nontrivial Alexander
grading of a given component due to the author and Dey [11, Theorem 5.1].

Lemma 1.8. Suppose that a link L has the link Floer homology type of an aug-
mented clasp-closure of a 3-braid representing the unknot. Then L is an augmented
clasp-closure of a 3-braid.

Proof. Suppose L is as in the statement of the lemma. We first claim that L has
linking number ±1. Note that augmented clasp-closures of 3-braids have linking
number ±1. Now recall that the Conway polynomial — and hence link Floer
homology — detects the linking number of two-component links [21]. The claim
follows.

After relabeling the components of L if necessary, we may assume that the
component of ĤFL(L) with maximal nontrivial Alexander grading of rank four
is L2 and that the maximal nontrivial A2 grading is 3

2 and that ĤFL
(
L , A2 =

3
2

)
is given by F−1[−1] ⊕ F2

0[0] ⊕ F1[1], up to shifts in the A1 and Maslov gradings
by Lemma 1.7. We now bound the genus of the component L2. Recall that there
is a spectral sequence from ĤFL(L) to ĤFL(L2) ⊗ V

[
±

1
2

]
. It follows that the

maximum nontrivial Alexander grading in which L1 can have nontrivial support is
at most one.

By [11, Theorem 5.1] we have four cases to treat:

1. L2 is a genus one fibered knot and L1 is a clasp-braid with axis L2.

2. L2 is a genus one nearly fibered knot and L1 is a braid-closure with axis L2.

3. L2 is a fibered knot and L1 can be isotoped to a simple closed curve in a
minimal genus Seifert surface for L2.

4. L1 is a clasp-closure with L2 its unknotted axis.

For definitions of “nearly fibered” see [4]. For a definition of what it is to be
braided with respect to a nearly fibered knot see [11, Section 3]. We rule out the
first three of the four possibilities.

Case 1: The maximal Euler characteristic of a longitudinal surface for L2 would be
−3, so that the maximal A2 grading in which ĤFL(L) would be nontrivial support
would be 5

2 by [37, Theorem 1.1], a contradiction.

Case 2: Recall that there is a spectral sequence from ĤFL(L) to ĤFK(L2)⊗V
[
±

1
2

]
.

Since in the maximal nontrivial A2 grading ĤFL(L) is of rank four, as is the rank
of the maximal nontrivial Alexander grading of ĤFK(L2) ⊗ V

[
±

1
2

]
, it follows

that this spectral sequence collapses immediately. In particular, it follows that the
component of ĤFK(L2)⊗ V in maximal nontrivial Alexander grading is given up
to an overall shift in Maslov grading by F−1 ⊕ F2

0 ⊕ F1. Now, Baldwin and Sivek
classified all genus one nearly fibered knots [4]. All such knots have the property
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n − 1

Figure 3. The link c̊(σ n
1 σ−1

2 σ1σ2). We consider the unoriented resolution
of the crossing highlighted in orange.

that their knot Floer homology in Alexander grading one is supported in exactly
one Maslov grading — see [4, Table 1] — a contradiction.

Case 3: This is immediately excluded by the fact that the linking number of L is
nonzero. □

Lemma 1.9. Suppose L is a link with the link Floer homology of either the Mazur
link or c̊(σ−1

2 σ1σ2). Then L has unknotted components each of which is an unknot-
ted clasp closure with respect to the other.

Proof. Suppose L is as in the statement of the lemma. First observe that the for both
the Mazur link and c̊(σ−1

2 σ1σ2), each component is a clasp-closure of a 3-braid
with respect to the other. The claim now follows from the same argument as given
in the previous lemma, but now applied to both components of L . □

By the preceding lemmas, to complete the proofs of Theorems 1.5 and 1.6
it suffices to show that link Floer homologies distinguishes between appropriate
augmentations of clasp-closures of 3-braids representing the unknot.

We first address the links corresponding to the infinite family of braids σ nσ−1
2 σ1σ2.

It can be checked that the unoriented resolution of this link at the crossing shown in
Figure 3 is the split sum of a Hopf link and an unknot. J. Wang has shown that if Lb

is a band sum of the split union of two links L1 ⊔ L2 then the link Floer homology
of Lb does not change after adding twists to the band [42, Remark 1.18]. Thus the
links c̊(σ nσ−1

2 σ1σ2) all have the same link Floer homology.
We can now conclude the proofs of two of the results promised in the introduction.

Proof of Theorems 1.5 and 1.6. Suppose that L is a link as in one the two theorem
statements. By Lemma 1.8 and Lemma 1.9, both components of L are clasp-
closures of index 3-braids with respect to the other component. In particular,
the maximum Ai gradings in which ĤFL(L) are nontrivial are 3

2 . On the other
hand, c̊(σ 3

1 σ−1
2 σ 2

1 σ2) does not have this property; one of the components — say
L1 — is the clasp-closure of an index 5 braid. Consequently, the maximum A1

grading in which ĤFL(c̊(σ 3
1 σ−1

2 σ 2
1 σ2)) is nontrivial is 5

2 . It follows that L cannot be
c̊(σ 3

1 σ−1
2 σ 2

1 σ2). By [42, Remark 1.18], ĤFL(c̊(σ n
1 σ−1

2 σ1σ2)) ∼= ĤFL(c̊(σ−1
2 σ1σ2))
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for all n. It thus suffices to show that no two of the Mazur link, c̊(σ−1
2 σ1σ2), and

their mirrors have the same link Floer homology.
Given that link Floer homology detects the linking number of two-component

links, the transformation property of link Floer homology under changing the
orientation of a link component implies that for a two-component link, L , ĤFL(L)

determines the Alexander polynomial of L endowed with an arbitrary orientation.
For the two links at hand, these are given as follows:

1. 1(c̊(σ−1
1 )) = 2 − 5t + 5t2

− 2t3.

2. 1(c̊′(σ−1
1 )) = 1 − 3t + 3t2

− 3t3
+ 3t4

− t5.

3. 1(c̊(σ−1
2 σ1σ2)) = 2 − 7t + 7t2

− 2t3,

4. 1(c̊′(σ−1
2 σ1σ2)) = 1 − 3t + 5t2

− 5t3
+ 3t4

− t5.

Here the primes indicate that the orientation of the axis has been reversed. The
author used [27] for these computations. Note that the Alexander polynomial of
a link is unchanged under mirroring. Thus link Floer homology distinguishes the
Mazur link and its mirror, from c̊(σ−1

2 σ1σ2) and its mirror. Since the Mazur link and
its mirror have linking numbers ±1, and likewise for c̊(σ−1

2 σ1σ2), the Alexander
polynomial distinguishes each pair of links. Consequently link Floer homology
distinguishes between the four links, concluding the proof. □

Remark 1.10. The Mazur link and its reverse are isotopic, so for this link we have
oriented link detection on the nose.

2. Khovanov homology

The goal of this section is to prove the following two results:

Theorem 2.1. Khovanov homology with integer coefficients detects L6a2.

Theorem 2.2. Khovanov homology with integer coefficients detects L9n15.

From Martin’s result that Khovanov homology detects T (2, 6) oriented as a
2-braid closure [32] we know that Khovanov homology detects T (2, ±6) with both
orientations. Thus Khovanov homology detects all augmentations of braid-closures
of 3-braids representing the unknot.

2A. A review. Khovanov homology is an invariant of oriented links introduced
in [26]. It assigns to each link a Z-module equipped with two gradings: the
quantum grading and the homological grading. The Khovanov homology of an
n-component link is supported in quantum gradings whose parity agrees with that
of n. Taking coefficients in a field, the Khovanov homology of L admits a link
splitting spectral sequence to the Khovanov homology of the disjoint union of the
underlying components of L . This is due to Batson and Seed [9]. Taking coefficients
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in Q, Khovanov homology admits a spectral sequence to an invariant called Lee
homology, a result from [30]. Lee homology is a finitely generated Q-vector space
equipped with a homology grading compatible with that of Khovanov homology
under the Lee spectral sequence. For a two component link L , the Lee homology
of L is of rank four, with rank two in homological grading zero and rank four in
homological grading the linking number of L .

There is a version of Khovanov homology due to Baldwin, Levine and Sarkar [6],
called pointed Khovanov homology. Taking coefficients in Q, pointed Khovanov
homology admits a spectral sequence to knot Floer homology, a result of Dowlin [17].
Pointed Khovanov homology is a generalization of an invariant called reduced
Khovanov homology. Taking coefficients in Z/2, the rank of reduced Khovanov
homology is exactly half that of Khovanov homology, a result of Shumakovitch
[40, Corollary 3.2.C].

2B. Detection results. For convenience we record the Khovanov homology of
L6a2 (see [28]):

h →
q ↓ −6 −5 −4 −3 −2 −1 0

−2 Z

−4 Z Z

−6 Z ⊕ Z/2
−8 Z ⊕ Z/2 Z

−10 Z ⊕ Z/2 Z

−12 Z/2 Z

−14 Z Z

−16 Z

Lemma 2.3. Suppose L is a link with the Khovanov homology of the L6a2. Then L
is a two-component link with each component an unknot. Moreover ℓk(L) = −3.

Proof. Suppose L is as in the statement of the theorem. Observe that L has an even
number of components since the quantum grading is supported in even gradings.
The Batson–Seed link splitting spectral sequence [9], together with an application
of the universal coefficient theorem, implies that

rank(Kh(L; Z/2)) = 20 ≥

∏
rank(Kh(L i ; Z/2)).(2)

Here, the product is taken over components L i of L . Since rank(Kh(L i ; Z/2)) is of
the form 2+4ki for some ki ≥ 0, we must have that L has at most four components.
If L has exactly four components, then each component is an unknot by [29]. To
check that this is impossible, we use the refined version of the Batson–Seed link
splitting spectral sequence. Equip Kh(L; Q) with the l := h − q grading. Then [9,
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Corollary 4.4] implies that for some constant t

rankl(Kh(L; Z/2)) ≥ rankl+t(W ⊗4).(3)

Here, and for the remainder of this proof, W is the rank-two vector space
supported in l gradings 1 and −1. In particular, there is some l grading in which
rank(Khl(L; Z/2)) ≥ 6. This is false by inspection. Thus, L has exactly two
components. Observe that equation (2) implies that at least one component of L is
an unknot, since the unknot is the unique knot K with rank(Kh(K ; Z/2)) = 2 [29].
The remaining component K2 of L has rank(Kh(K2; Z/2)) ≤ 6, so that it is either
an unknot or a trefoil by [29] and [8].

To see that ℓk(L) = −3, recall that Kh(L; Q) — which can be obtained from
Kh(L; Z) by an application of the universal coefficient theorem — admits a spectral
sequence to Lee homology [30]. Lee homology carries a homological grading
and the spectral sequence respects this grading. Moreover, the Lee homology of
a two-component link L is supported in homological gradings 0 and 2ℓk(L), and
that each such grading contributes a Q2 summand. By inspection of Kh(L; Q) we
see that L must have linking number −3.

To check that the remaining component of L is also unknotted, we use the refined
version of the Batson–Seed link splitting spectral sequence again. Equip Kh(L; Q)

with the l := h − q grading; then [9, Corollary 4.4] implies that

rankl(Kh(L; Q)) ≥ rankl−3(Kh(K2; Q) ⊗ W ),(4)

where W is the rank-two vector space supported in l gradings 1 and −1. Since
Kh(T (2, 3); Q) has a generator in l grading −6, Kh(K2; Q)⊗W has a generator of
l grading −7, violating the rank bound. Likewise since Kh(T (2, −3); Q) has two
generators in l grading 3, Kh(T (2, −3); Q) ⊗ W has two generators in l grading 2
violating the rank bound. □

The remainder of the proof of Theorem 2.1 amounts to showing that there is a
component of L that is a braid axis for the other. To do so, we use Dowlin’s spectral
sequence from an appropriate version of Khovanov homology to ĤFK(L; Q) to
reduce this question to a question about link Floer homology [17].

Proof of Theorem 2.1. Suppose L is as in the statement of the Theorem. By the
previous lemma, L has two components. Since L has δ-thin Khovanov homology,
ĤFL(L; Q) is δ-thin. A result of the author and Dey [12, Proposition 6.1] implies
in turn that ĤFL(L; Q) decomposes as a direct sum of vector spaces of the form

Wa[b, c] :=

Qa−1
[
b −

1
2 , c −

1
2

]
⊕ Qa

[
b +

1
2 , c −

1
2

]
⊕ Qa

[
b −

1
2 , c +

1
2

]
⊕ Qa+1

[
b +

1
2 , c +

1
2

]
.
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Here Qa[b, c] is a Q summand in (A1, A2) grading (b, c) of Maslov grading a.
There are at most five of these summands since

20 = rank(Kh(L; Z/2)) ≥ rank(ĤFK(L; Q)),

as follows form Dowlin’s spectral sequence [17] together with the same steps
applied in the corresponding stage of the proof of Theorem 1.3.

Observe that if the span of an Ai grading is
[

−1
2 , 1

2

]
then L i is a meridian of the

other component, so that L is a Hopf link, since each component is unknotted by
Lemma 2.3. Neither Hopf link has the correct Khovanov homology, so the span of
each Alexander gradings must be strictly larger than

[
−1
2 , 1

2

]
.

If ĤFL(L; Q) contains an odd number of Wa[b, c] summands, the symmetry of
link Floer homology implies that ĤFL(L; Q) contains a Wb[0, 0] summand, for
some b. Thus we are in one of the following cases:

1. ĤFL(L; Q) has a Wa[m, n]
⊕2

⊕Wa−2m−2n[−m, −n]
⊕2 summand, where m, n ∈

1
2 Z, m, n ≥

1
2 and a = b + n + m, if there is a Wb[0, 0] summand.

2. ĤFL(L; Q) has a

Wa[m, n] ⊕ Wa−2m[−m, n] ⊕ W−a−2m−2n[−m, −n] ⊕ W−a−2n[m, −n]

summand, where m, n ∈
1
2 Z, m, n ≥

1
2 and a = b + n + m, if there is a Wb[0, 0]

summand.

3. ĤFL(L) is of rank two, in a maximal nontrivial Ai grading,

Suppose that we are in one of the first two cases. L is nonsplit because both
components are unknotted and the Khovanov homology of the two-component
unlink is of rank four. Thus, we can apply [11, Theorem 5.1]. Since L1 is unknotted,
we deduce that L2 is a clasp-closure with respect to L1. However, Lemma 1.7
then implies that the maximal nontrivial A1 grading is given, up to affine iso-
morphism, by Q[−1] ⊕ Q2

[0] ⊕ Q[1]. This is a direct contradiction in case 1. In
case 2 ĤFL(L; Q) would contain a Wa

[
n, 1

2

]
⊕Wa−1

[
n, −1

2

]
⊕Wa−1−2n

[
−n, −1

2

]
⊕

Wa−2n
[
−n, 1

2

]
summand, a contradiction since L has odd linking number so that

ĤFL(L; Q) must be supported in Z +
1
2 valued Alexander gradings.

Thus ĤFL(L; Q) is of rank two in one of the maximal nontrivial Alexander
gradings. By [32, Proposition 1] one component — say L1 — is a braid axis for the
other — say L2. Since the linking number of the two links is −3, it follows that L2

is the braid-closure of a 3-braid. Since L2 represents the unknot, the desired result
follows from Murasugi’s classification of 3-braids with unknotted braid-closures
up to conjugacy [33] and the fact that T (2, ±6) has distinct Khovanov homology
from L6a2. □

Remark 2.4. Using the same argument given in Remark 1.2, it can be shown that
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Khovanov homology detects L6a2 regardless of the orientation.

We now proceed to our next detection result, for L9n15, whose Khovanov
homology we recall [28]:

(5)

h →
q ↓ −6 −5 −4 −3 −2 −1 0

−6 Z

−8 Z/2 Z

−10 Z

−12 Z

−14 Z Z

−16 Z Z

−18 Z Z

Proof of Theorem 2.2. Suppose L is a link with Kh(L; Z) ∼= Kh(L9n15; Z). We
first determine the components of L . There is an even number of them, since
Kh(L; Z) is supported in even quantum gradings. An application of the univer-
sal coefficient theorem gives Kh(L; Z/2) ∼= Kh(L9n15; Z/2), so Kh(L; Z/2) has
rank 12. Consider the Batson–Seed link splitting spectral sequence [9]. Every knot
has Khovanov homology with Z/2 coefficients of rank 2 + 4m for some m, so that
L has at most two components. One of them, say L1, has 2 rank(Khr(L1; Q) ≤

rank(Kh(L1; Z/2)) = 2, thanks to [40, Corollary 3.2.C]; therefore L1 is unknotted
by [29]. The remaining component of L , L2, has rank(Kh(L2; Z/2)) ≤ 6 and so, in
turn, rank(Khr(L2; Z/2)) ≤ 3 by [40, Corollary 3.2.C]. It follows from [8] and [29]
that L2 is an unknot or a trefoil.

An application of the universal coefficient theorem shows that Kh(L; Q) ∼=

Kh(L9n15; Q). Consider the spectral sequence from Khovanov homology to Lee
homology. Since this spectral sequence respects the homological grading and the
Lee homology of a two-component link consists of two Q⊕Q summands supported
in homological gradings 0 and 2ℓk(L), we can see by inspection that ℓk(L) = −3.
We can then apply equation (4) again; or rather to the same equation but where
we take Z/2-coefficients rather than rational coefficients. Let U denote the unknot.
Note that Kh(U ; Z/2)⊗ W has support in l := h − q grading 2 so that L1 cannot
be the unknot. Likewise Kh(T (2, 3); Z/2)⊗ W has support in l := h − q grading
−7 so that in fact L2 is T (2, −3).

By an application of [40, Corollary 3.2.C] and the universal coefficient theorem
we have rank(Khr(L; Q)) ≤ 6, so that rank(ĤFK(L; Q)) ≤ 12 by the rank bound
coming from Dowlin’s spectral sequence [17]. Recall that there is a spectral
sequence from ĤFL(L; Q) to ĤFL(L2; Q) ⊗ V

[
−

3
2

]
. Since L has linking number

−3 and the second component is a copy of T (2, −3) it follows that in A2 grading
−

5
2 there is a Q0 ⊕Q−1-summand, in A2 grading −

3
2 there is a Q1 ⊕Q0-summand
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and that in A2 grading −
1
2 there is a Q1⊕Q2-summand. This completely determines

the A2-graded version of the link Floer homology of L by symmetry properties
and the fact that the rank is at most 12. Now, since L1 is unknotted and the linking
number of L is −3, ĤFL(L; Q) must have support in Alexander gradings ±

3
2 . Since

homogeneous summands with A2-grading at least 0 must all die under the spectral
sequence to ĤFL(T (2, −3); Q)⊗ V

[
−

3
2

]
, we have that the pairs of generators in

each A2 grading must be of distinct A1 gradings.
The span of δ-graded Kh(L; Z/2) is 4, so the span of δ-graded Khr(L; Z/2) is 2.

Thus, the span of δ-graded pointed Khovanov homology, K̃h(L , p; Z/2) where
p consists of a point on each component of L , is at most 2 by [6, Lemma 2.11]
and so finally the span of δ-graded ĤFL(L; Q) is at most 2. It follows that at
most three of the homogeneous Q summands with A2-grading at most −

1
2 occur

in extremal A1 gradings. It follows in turn that ĤFL(L); Q is of rank two in the
maximal nontrivial A1 grading, so that U is a braid axis for T (2, −3). Since the
linking number is −3, the corresponding braid is a 3-braid. Now, by Birman and
Menasco’s classification of 3-braids with braid-closures representing the unknot,
the only two such augmented braid-closures are L9n15 and L9n16. These are
distinguished by their Khovanov homology, see [28]. The result holds for oriented
links by Remark 1.4. □

3. Annular Khovanov homology

In this section we study annular Khovanov homology. In Section 3A we review
structural properties of the invariant we will use in the rest of the section. In
Section 3B we prove rank bounds for the annular Khovanov homology of clasp-
closures and braid-closures and give some applications of the rank bounds to the
study of braid-closures. In Section 3C we give two braid-closure detection results. In
Section 3E we apply a rank bound from Section 3B to prove that annular Khovanov
homology detects the Mazur pattern.

3A. A review. We begin with a brief review of annular Khovanov homology, which
was introduced by Asaeda, Przytycki and Sikora in [1]. We work with coefficients in
R, where R is either Z, C, Q or Z/2. Annular Khovanov homology is an R-module-
valued invariant of links in the thickened annulus. The underlying chain complex
for the annular Khovanov homology of an annular link L is freely generated by
complete resolutions of a fixed diagram for L where each circle is decorated with a
1 or an X . The resulting homology groups carry three gradings. The first of these
gradings is called the homological grading which we shall denote by i , the second
is the quantum grading which we shall denote by j . These two gradings are defined
just as in the Khovanov homology case. The third grading is called the annular
grading, which we shall denote by k. This is defined as the difference between the
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number of resolutions encircling the annular axis marked with a 1 and those marked
with an X . The differential on annular Khovanov homology is then simply defined
as the components of the differential on the Khovanov complex of the underlying
link that preserve the annular grading.

We will use two exact triangles for annular Khovanov homology. Recall — say
from [11, Lemma 8.2] — that annular Khovanov admits the following skein exact
triangle corresponding to resolving a negative crossing:

(6)
AKh(L) AKh(L0)[n0

−
−n−]{3n0

−
−3n−+1}

AKh(L1){−1}

δ

Here n− is the number of negative crossings in the diagram for L , n0
−

is the number
of negative crossings in the diagram for L0, {a} is a shift in the quantum grading
by a and [b] is a shift in the homological grading by b. The map δ increases the
homological grading by one. Corresponding to resolving a positive crossing we
have the following exact triangle:

(7)

AKh(L) AKh(L0){1}

AKh(L1)[n1
−
−n−+1]{3n1

−
−3n−+2}

δ

Here the map δ again increases the homological grading by 1. Grigsby, Licata and
Wehrli showed that for annular Khovanov homology with complex coefficients
carries the structure of an sl2(C) representation [20]. This entails that, up to an
overall grading shift in the quantum grading, AKh(L; C) decomposes as a direct
sum of vector spaces V i

n , where V i
n is the rank n + 1 vector space supported in

homological grading i and quantum and annular gradings (−n+2p, −n+2p) for
all 0 ≤ p ≤ n. It is not hard to see that annular Khovanov homology of an annular
link L is supported in annular gradings j with | j | ≤ w(L), where w(L) is the
wrapping number of L; i.e., the minimum geometric intersection number of L with
a meridional disk for the thickened annulus. Consequently, AKh(L; C) can only
contain Vn summands with n ≤ w(L).

Annular Khovanov homology admits a spectral sequence to the Khovanov ho-
mology of the underlying link. The differential on annular Khovanov homology
inducing this spectral sequence increases the homological grading by one, preserves
the quantum grading and decreases the annular grading. Moreover, the differential
forms part of an action of the sl2(∧) current algebra on AKh(L; C) — a stronger
structural property than being an sl2(C) representation. See [20, Section 6] for
details.
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It is not hard to see that AKh(b(β), k = −n; R) consists of a single copy of R.
This summand is generated by Plamenevskaya’s transverse invariant [38]. This
class consists of n concentric circles about the braid axis, each decorated with X .
The quantum grading of this generator is the self-linking number of β — which we
denote sl(β) — and the homological grading is zero.

3B. From orderability to rank bounds. In this section we prove Theorem 3.1
and related results. The most concise version of our result is that stated in the
introduction:

Theorem 3.1. Let β be an n-braid with n ≥ 2. Then:

(1) rank(AKh(b(β); C)) ≥ 2n.

(2) rank(AKh(c(β); C)) ≥ 4n.

Of course, if n = 1, then c(β) is undefined, while rank(AKh(b(β); C)) = 2.
Theorem 3.1 is a direct consequence of the next — stronger — result. To state it
recall that the braid group is left orderable. There are many different interpretations
of the ordering on the braid group (see [16]), two of which we will use in this
section. The first is the following: we write β < 1 if there is a word for β in the
letters given by the standard Artin generators and their inverses which is σ -negative;
i.e., if among the letters that occur in that word, the letter of the lowest index occurs
only with negative powers. See [16, Chapter II, Section 1.2] for details.

Lemma 3.2. Suppose β is a σ -negative n-braid. Then AKh(c(β); C) contains a

V a1
n {a2} ⊕ V b1

n {b2} ⊕ V a1−1
n−2 {a2 − 2} ⊕ V b1−1

n−2 {b2 − 2}

summand. Moreover, the sl2(∧) action sends the lowest annular grading generator
in V a1−1

n−2 {a2 − 2} to the lowest annular grading generator in V a1
n {a2} and the lowest

annular grading generator in V b1−1
n−2 {b2−2} to the lowest annular grading generator

in V b1
n {b2}.

Similarly, AKh(b(β); C) contains a V 0
n {n + sl(β)} ⊕ V −1

n−2{n − 2 + sl(β)} sum-
mand. Moreover, the sl2(∧) action sends the lowest annular grading generator in
V −1

n−2{n + sl(β) − 2} to the lowest annular grading generator in V 0
n {n + sl(β)}.

Remark 3.3. As we shall see, one can write down the values of the quantum and
homological gradings of AKh(c(β), k = −n; R) in terms of diagrammatic data
for β. Comparing this to the braid closure case — where there is a single generator
whose homological grading is zero and quantum grading is the self-linking number —
it is natural to ask what topological or contact geometry-theoretic information these
numbers contain. We do not pursue this question here.

Our strategy for the proof of Lemma 3.2 is to use properties of σ -negative words
to control the annular Khovanov homology of closures of braids in the next to
minimal annular grading.



20 FRASER BINNS

Given an annular link L view CKh(L; R) as a chain complex filtered with respect
to the annular filtration. The differential comes in two pieces, ∂0 + ∂−2, where ∂0

preserves the annular grading on CKh(L; R) and ∂−2 decreases it by 2. AKh(L; R)

can be viewed as (CKh(L; R), ∂0), the first page of the corresponding spectral
sequence.

Lemma 3.4. Let β be a σ -negative braid which is not of index 1. Then there are
chain maps

fc : CKh(c(β); i, j, k ≤ −n; R) → CAKh(c(β); i − 1, j, 2 − n; R),

fb : CKh(b(β); i, j, k ≤ −n; R) → CAKh(b(β); i − 1, j, 2 − n; R).

Moreover, ∂∗

−2 is a left inverse to fc or fb on the E1 page of the spectral sequence
from CAKh(c(β); R) or CAKh(b(β); R) to Kh(b(β); R).

Here by CKh(c(β); i, j, k ≤−n; R) we mean the k-filtered part of filtration level
n. It follows that AKh(c(β), k = 2−n; R) has an AKh(c(β), k = −n; R)[−1] sum-
mand while AKh(b(β), k = 2−n; R) has a AKh(b(β), k = −n; R)[−1] summand.
Here, [−1] indicates a shift in the homological grading by −1.

Proof. We treat the case of clasp-closures. The proof in the braid-closure case is
the same in essence and strictly easier in practice.

Since β is σ -negative β is isotopic to a braid β ′ that contains the inverse of an
Artin generator σ−1

i but not the corresponding Artin generator, σi . Consider the
diagram D for c(β ′) as in Figure 1(c). There are three complete resolutions D1, D2

and D3 corresponding to CAKh(c(β), k = −n; R); these are shown in Figure 4.
There are four generators of CAKh(c(β), k = −n; R). They can be described as
follows. For each i we have a generator Xi where every circle in the resolution Di

is decorated with an X . We have a final generator 1 which corresponds to decorating
the homologically essential circles in diagram D1 with Xs and the homologically
inessential circle with a 1. The nontrivial components of the differential are given
by ∂0(X2) = ∂0(X3) = X1 for an appropriate sign assignment.

Pick one of the crossings corresponding in D to a letter σ−1
i and label it y. Con-

sider the resolutions D′

i of D that are identical to the resolutions Di aside from at y.
Given a generator x ∈ CAKh(c(β), R; k = −n) define fc(x) ∈ CAKh(c(β), R; k =

2 − n) to be the generator which agrees with Xi on every circle in the resolution
that does not involve y, and is labeled with an X on the remaining circle. Observe
that if x is of (i, j, k) grading (a, b, −n) then fc(x) is of grading (a − 1, b, 2 − n).

Since β is σ -negative, fc is a chain map viewed as a map (CKh(c(β); R), ∂0) →

(CKh(c(β); R), ∂0). To verify this notice that the maps corresponding to changing
the resolutions in the β ′ part of the diagram correspond to merging circles decorated
with X ’s. Thus the only contributions to the differential on CAKh(c(β), k =

2 − n; R) involve the crossings contained in the part of the diagram for the clasp.
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Figure 4. The resolutions for the canonical diagram, as in Figure 1(c),
for a clasp-closure yielding generators of CAKh(c(β), k = −n; R). The
solid red dot is the annular axis.

One can check that ∂∗

−2 is a left-inverse to fc similarly; the only contributions to
the differential which lower the annular filtration level correspond to changing the
resolution at y. This corresponds to splitting a circle labeled with an X , resulting
in two circles both labeled with X ’s. □

Proof of Lemma 3.2. We treat only the braid-closure case, since the clasp-closure
case is essentially the same. Observe first that by the previous lemma, fb induces
an injection

f ∗

b :AKh(b(β), k =−n; C)∼=C[0, sl(β), −n] ↪→AKh(b(β),(−1,sl(β),2−n);C).

Here C[0, sl(β), −n] indicates a C summand supported in (i, j, k) grading
(0, sl(β), −n). Now, AKh(b(β); C) carries the structure of an sl2(C)-representation,
where each summand is supported in a single homological grading. The summand
C[0, sl(β), −n] and its image under f ∗

b are supported in different homological
gradings and hence cannot be part of the same irreducible sl2(C) representation. The
image f ∗

b (C[0, sl(β), −n]) is a minimal annular grading C-summand of its sl2(C)

representation, as else we would have rank(AKh(b(β), k = −n; C)) ≥ 2, which
is a contradiction since b(β) is a braid-closure. It follows that the AKh(b(β); C)

contains the two desired representations as summands.
The structure of these summands as an sl2(∧) representation follow from the

fact that ∂∗

−2 is part of the sl2(∧) action. □

We can now extract a rank bound for annular Khovanov homology with Z/2
coefficients from Lemma 3.2 and the proof of Lemma 3.4.

Lemma 3.5. Let β be a nonidentity n > 1-braid. Then

rank(Kh(b(β)); Z/2) ≤ rank(AKh(b(β); Z/2)) − 2(n − 1),

rank(Kh(c(β); Z/2))) ≤ rank(AKh(c(β); Z/2)) − 4(n − 1).
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Proof. Suppose β is as in the statement of the lemma. Since any nonidentity braid
β is either σ -negative or σ -positive, we have four cases to consider. We prove the
result in the σ -negative braid-closure case. The other three cases are similar.

We show that the rank of the map ∂∗

−2 : AKh(b(β); Z/2) → AKh(b(β); Z/2) is
at least n−1; this implies the result. The universal coefficient theorem for homology
is functorial, so considering the map ∂∗

−2 we obtain the following commutative
diagram, where µ is the map defined on elementary tensors by µ(x ⊗ a) 7→ ax,
and where we have suppressed b(β) from the notation in each nontrivial entry to
make room.

(8)

0 AKhi (Z) ⊗ F AKhi (F) Tor1
Z(AKhi+1(Z), F) 0

0 AKhi+1(Z) ⊗ F AKhi+1(F) Tor1
Z(AKhi+2(Z), F) 0

µ

∂∗

−2⊗1 ∂∗

−2

h

µ h

Taking F = C, so that Tor1
Z(AKh j (b(β); Z), F) vanishes for all j , and setting

i = −1 we obtain

(9)

0 AKh−1(b(β); Z) ⊗ C AKh−1(b(β); C) 0

0 AKh0(b(β); Z) ⊗ C AKh0(b(β); C) 0

µ

∂∗

−2⊗1 ∂∗

−2

µ

Now, from the proof of Lemma 3.4, ∂∗

−2 : AKh−1(b(β); C) → AKh0(b(β); C)

has a component given by the identity map C⊕(n−1)
→ C⊕(n−1) with respect to

the canonical basis for AKh(b(β); C). More specifically, since ∂∗

−2 is nontrivial
on a bottom generator of V −1

n−2{n − 2 + sl(β)} and ∂∗

−2 is part of the structure of
AKh(b(β); C) as an sl2(∧)-representation, we have that ∂∗

−2 is nontrivial on the en-
tire V −1

n−2{n−2+sl(β)} summand. It follows from diagram (9) that AKh−1(b(β); Z)

and AKh0(b(β); Z) contain Z⊕(n−1) summands and that ∂∗

−2 acts as the identity
map between these two summands.

Now take F = Z/2 in diagram (8). By the commutativity of the diagram we
deduce that ∂∗

−2 : AKh0(b(β); Z/2) → AKh0(b(β); Z/2) has a component given
by the identity map (Z/2)⊕(n−1)

→ (Z/2)⊕(n−1). The result follows. □

Proof of Theorem 3.1. Suppose β is a braid. Then β is either σ -positive, σ -negative
or the identity. If β is the identity then rank(AKh(b(β); C)) = 2n

≥ 2n.
If β is σ -negative the result follows immediately from Lemma 3.2. If β is

σ -positive, the result follows from applying Lemma 3.2 to the mirror of β, which is
σ -negative, and applying symmetry properties of annular Khovanov homology. □

We can also prove an annular Khovanov homology analogue of a result of Ni
from knot Floer homology [34, Theorem A.1]. To do so, we exploit a geometric
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interpretation of the ordering of the braid group in terms of curve diagrams; see [16,
Chapter 10]. Recall that n-braids can be viewed as mapping classes of n-punctured
disks. Recall too that a braid is right (left) veering if it sends every admissible arc
to the right (left). See [2, Section 3.1] for a definition of admissible. If a braid is
non-right (left) veering then it is conjugate to a σ -negative (positive) braid; see the
proof of [2, Proposition 3.1].

Proposition 3.6. Suppose β is a non-right-veering and non-left-veering n-braid,
with n ≥ 4. Then rank(AKh(b(β); C)) ≥ 4n − 4.

Proof. Suppose β is as in the statement of the proposition. Since V is an n-braid
there is a V 0

n summand. Since β is non-right-veering, it is conjugate to a braid
β ′ that is σ -negative. Since b(β ′) = b(β), AKh(b(β); C) has a V −1

n−2-summand by
Lemma 3.2. Similarly, since β is non-left-veering, AKh(b(β); C) contains a V 1

n−2
summand by Lemma 3.2.

Assume towards a contradiction that there is a unique generator in (i, k)-grading
(0, 4 − n). Consider the generator x of (i, k)-grading (−1, 6 − n) and form
∂∗

−2 : AKh(b(β); C) →AKh(b(β); C). Since b(β) is isotopic to the braid-closures
of σ -positive and σ -negative words, Lemma 3.2 and the symmetry properties of
the spectral sequence from annular Khovanov homology to Khovanov homology
under mirroring imply that (∂∗

−2)
2(x) ̸= 0, a contradiction. The result now follows

from noting that AKh(b(β); C) carries the structure of an sl2(C)-representation;
specifically there must be at least one more generator in (i, k)-grading (0, 4 − n),
and so in turn another Vn−4-summand. □

In the case that n = 3 we have:

Proposition 3.7. Suppose β is a 3-braid that is non-right-veering and non-left-
veering. Then rank(AKh(b(β); C) ≥ 10.

Proof. Since V is a 3-braid there is a V 0
3 summand. Since β is non-right-veering

there is a V −1
1 summand by Lemma 3.2. Since β is non-left-veering there is a V 1

1
summand by Lemma 3.2. We claim that rank(AKh(b(β); C)) > 8. Otherwise, with
rank(AKh(b(β); C)) ≤ 8, we would in fact have AKh(b(β); C) ∼= V −1

1 ⊕ V 0
3 ⊕ V 1

1 .
Then Lemma 3.2 would imply that all generators die under the spectral sequence
from AKh(b(β); C) to Kh(b(β); C); this is not possible, proving the claim. The
result now follows from the fact that rank(AKh(b(β); C)) is even for 3-braids —
which have wrapping number 3 — since it splits as a direct sum of V3 and V1

summands. □

It is unclear to the author if similar results could be obtained for clasp-closures,
since clasp-closures of conjugate braids are not necessarily isotopic, so the proof
strategy above breaks down.
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3C. Applications of the rank bound. Let βn denote the n-braid σ1σ2 . . . σn−1, and
1n denote the identity n-braid.

Proposition 3.8. Suppose α is an n-braid, with n > 2. If rank(AKh(b(α); C)) = 2n
then AKh(b(α); C) ∼= AKh(b(β±1

n ); C).

The n = 1 case is uninteresting, as is the n = 2 case since the annular Khovanov
homology of all 2-braids is known [20]. Indeed, in the 2-braid case, the proposition
is false; rank(AKh(b(12); Z) = rank(AKh(b(β±1

2 ); Z)) = 4 [20].

Proof. Suppose α is neither σ -positive nor σ -negative. Then α is the identity braid,
and one can readily check that rank(AKh(b(α); C)) = 2n . It follows that n = 1 or
n = 2, contradicting our assumption.

Suppose now that α is σ -negative. Then AKh(b(α); C) contains a summand
of the form V 0

n {n + sl(β)} ⊕ V −1
n−2{sl(β) − 2} by Lemma 3.2, so must in fact be

V 0
n {sl(β)}⊕ V −1

n−2{sl(β)−2} The σ -positive case follows by a similar argument. □

Since annular Khovanov homology detects β1, β2, β3, β4, β5, β6, β8, β10 by [12;
13; 18], it follows from Proposition 3.8 that rank(AKh(−; Z/2)) detects each of
these braids amongst braids of the correct index. That is, we have:

Corollary 3.9. Suppose α is an n-braid with n ∈ {3, 4, 5, 6, 8, 10}. If the rank of
AKh(b(α); Z/2)) equals 2n then α = β±1

n .

This allows one to cut some casework from Baldwin, Hu and Sivek’s proof that
Khovanov homology detects T (2, 5) with Z/2 coefficients [8, Sections 4 and 5]. In
fact, we can generalize part of their argument as follows:

Proposition 3.10. Suppose K is an m-periodic link with axis of symmetry A,
rank(Kh(K ; Z/m)) ≤ 2n and ℓk(A, K ) ≥ n. Let J denote the quotient of K viewed
as an annular link about A. Then AKh(J ; C) ∼= AKh(b(β±1

n ); C). Moreover, if
n ∈ {3, 4, 5, 6, 8, 10}, then J = b(β±1

n ).

Proof. We follow closely the argument in [8]. Let J denote the quotient of K ,
viewed as an annular link about A. A result of Stoffregen and Zhang [41] implies
that

rank(AKh(J ; Z/m)) ≤ rank(Kh(K ; Z/m)).

Thus rank(AKh(J ; C)) ≤ rank(AKh(J ; Z/m)) ≤ 2n, with the first inequality com-
ing from the universal coefficient theorem. Xie defined a spectral sequence from
annular Khovanov homology to an invariant called annular instanton Floer ho-
mology which respects the annular grading [43]. Xie and Zhang showed in [45,
Theorem 1.6] that the maximum nontrivial annular grading of the annular instanton
Floer homology of J is given by

min{2g(S) + |S ∩ J | : S is a meridional surface}.
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Here, a meridional surface in the thickened annulus is any surface which meets the
boundary of the thickened annulus in a meridian, i.e., a curve that bounds a disk.
Note that min{2g(S) + |S ∩ J |} ≥ ℓk(A, J ) ≥ n. It follows that

rank(AKh(J ; C, k = n)) > 0.

Therefore, J is a braid by [19, Theorem 1.1], since AKh(J ; C) contains a copy of
Vn+1 and so cannot have rank greater than one in the maximum annular grading.
The result then follows directly from Proposition 3.8 in general and Corollary 3.9
in the special cases. □

3D. Braid-closures. In this section we prove the following result:

Theorem 3.11. Annular Khovanov homology with integer coefficients detects
b(σ1σ

n
2 ) for −2 ≤ n ≤ 5.

We remind the reader that the n = 1 case was already proven in [13], so we do
not discuss it here. We begin with some computations.

We compute the annular Khovanov homology of the annular links b(σ1σ
n
2 ). It is

readily checked that

(10) AKh(b(σ1); C) ∼= V 0
3 {1} ⊕ V 0

1 {1} ⊕ V 1
1 {3}

and that AKh(b(σ1); Z/2) can be obtained by replacing each homogeneous C sum-
mand in AKh(c(σ1); C) with a Z/2 summand. We compute the annular Khovanov
homology of the remaining links.

Lemma 3.12. For n ≥ 1, AKh(b(σ1σ
n
2 ); C) is given by

V 0
3 {n + 1} ⊕ V 1

1 {n + 3} ⊕

⊕
1≤i≤n−1

V 1+i
1 {n + 1 + 2i}.

For n ≤ −1, AKh(b(σ1σ
n
2 ); C) is given by

V 0
3 {1 + n} ⊕ V 1

1 {3 + n} ⊕ V 0
1 {1 + n} ⊕

⊕
−1≥i≥n

V i
1 {n + 1 + 2i}.

In each case AKh(b(σ1σ
n
2 ); Z/2) is given by replacing each homogeneous C-

summand with a Z/2-summand.

Proof. Consider the standard diagram for b(σ1σ
n
2 ), as in Figure 1(a). We consider

two cases; that in which n ≥ 1 and that in which n ≤ −1. We proceed by induction
in both instances.

In the n ≥ 1 case, note that AKh(b(σ1σ2); C) ∼= V 0
3 {2} ⊕ V 1

1 {4}.
For the inductive step we resolve b(σ1σ

n
2 ) at one of the crossings corresponding

to a σ2. Observe that the 1-resolution is the braid-closure of the identity 1-braid,
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while the 0-resolution is b(σ1σ
n−1
2 ). Applying the exact triangle (7) and the fact

that n− = 0 and n1
−

= n − 1, we obtain

AKh(b(σ1σ
n
2 ); C) AKh(b(σ1σ

n−1
2 ); C){1}

AKh(b(11); C)[n]{3n − 1}

δ

Now,

(11) AKh(11; C) ∼= V 0
1 .

For n > 2 this map splits by the inductive hypothesis, since there are no generators
in AKh(b(σ1σ

n−1
2 ); C) of the correct gradings to map nontrivially to V 0

1 [n]{3n−1}.
For n = 2 the result can be computed by hand or one can note that the connecting
map δ, which increases the i grading by 1, must vanish as Kh(b(σ1σ

2
2 ); C) ∼=

Kh(T (2, 2)); C) has two generators with i grading 2.
We now proceed to the n ≤ −1 case. Note that

AKh(b(σ1σ
−1
2 ); C) ∼= V 0

3 ⊕ V 1
1 {2} ⊕ V 0

1 ⊕ V −1
1 {−2}.

For the inductive step we resolve b(σ1σ
n
2 ) at one of the crossings corresponding

to a σ−1
2 . Applying the exact triangle (6) and noting that n− = −n and n0

−
= 0 we

obtain

AKh(b(σ1σ
n
2 ); C) AKh(b(11); C)[n]{1+3n}

AKh(b(σ1σ
n+1
2 ); C){−1}

Given equation (11) and the inductive hypothesis, the grading data implies that the
exact triangle must split. The result follows.

Finally, to see that AKh(b(σ1σ
n
2 ); Z/2)) is as claimed, observe that the proofs

above from the case of complex coefficients carry through to the case of Z/2
coefficients verbatim. □

For F ∈ {Z/2, C}, AKh(b(σ−1
1 σ n

2 ); F) can be determined from Lemma 3.12
using symmetry properties of annular Khovanov homology. Since, by the Birman–
Menasco classification, the 3-braid representatives of the link T (2, n) with n ̸= 0
are exactly links of the form b(σ−1

1 σ n
2 ) and b(σ1σ

n
2 ), this means we have computed

the annular Khovanov homology of all 3-braid representatives of T (2, n).

Proof of Theorem 3.11. The strategy is to use the spectral sequence from the annular
Khovanov homology of an annular link to Khovanov homology of the underlying
link to determine the underlying link type then to exploit the Birman–Menasco
classification [15].
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Suppose L is an annular link with AKh(L; Z) ∼= AKh(b(σ1σ
n
2 ); Z) for some n.

Note that AKh(L; R) ∼= AKh(b(σ1σ
n
2 ); R) for R ∈ {Q, C, Z/2} by the universal

coefficient theorem. Since L has rank one in the maximum nontrivial k grading
it follows that L is isotopic to the closure of a braid β [19]. Since the maximum
nontrivial k grading is 3 it follows that β has index 3. We now split our analysis
into three cases; n = −1, n = −2 and n ≥ 0.

Case n = −1: We claim that b(β) is an unknot. First, since AKh(b(β); C) has
support in odd quantum gradings, b(β) has an odd number of components. Consider
the spectral sequence from AKh(b(β); Z/2) to Kh(b(β); Z/2). Suppose L is neither
σ -positive nor σ -negative. Then L is the identity 3-braid. This is a contradiction,
since the identity 3-braid has annular Khovanov homology of rank 8. It follows that
L is either σ -positive or σ -negative. Thus rank(Kh(b(β); Z/2)) ≤ 6 by Lemma 3.5.
It follows that L has at most two components, since rank(Kh(b(β); Z/2)) ≥ 2m

where m is the number of components of L . Thus, rank(Khr(b(β); Z/2)) ≤ 3 by
[40, Corollary 3.2.C]. Thus L is either a trefoil or an unknot [3; 29]. But L cannot
be a trefoil, since Kh(T (2, ±3); Q) has support in quantum gradings ±9. It follows
that L is an unknot. Since there are only three 3-braids representing the unknot up
to conjugation by Murasugi’s classification [33], it suffices to show that β is not
σ1σ2 or σ−1

1 σ−1
2 . But these two braids have braid-closures with annular Khovanov

homology of rank 6 over C, rather than 10, completing the proof in this case.

Case n = −2: First, since AKh(b(β); C) has support in even quantum gradings
b(β) has an even number of components. Since β is a 3-braid it follows that β has
two components. Observe that rank(Kh(b(β); Z/2)) ≤ 8 by Lemma 3.5, so by [44,
Corollary1.4] b(β) represents a two-component unlink, T (2, ±2) or T (2, ±4). By
Birman–Menasco, c(β) must be of the form σ±1

1 σ n
2 for some even |n| ≤ 4. Annular

Khovanov homology distinguishes each of these links, concluding the proof in this
case.

Case n ̸= 0: Observe that β cannot be the identity braid, since its annular Khovanov
homology is not of the correct form. Moreover, β cannot be σ -negative as there
are no generators of AKh(L; C) in homological grading −1. It follows that β is
σ -positive. An application of Lemmas 3.5 and 3.12 implies that for n ≥ 1

(12) rank(Kh(b(β); Z/2)) ≤ rank(AKh(b(β); Z/2)) − 4 = 2n.

On the other hand, for n = 0, equation (10) and Lemma 3.5 imply that

rank(Kh(b(β); Z/2)) ≤ rank(AKh(b(β); Z/2)) − 4 = 4.

Thus rank(Khr(b(β); Z/2)) ≤ max{n, 2} by [40, Corollary 3.2.C]. We now treat
three subcases:
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n = 3. In this case, rank(Khr(b(β); Z/2)) ≤ 3. Since AKh(b(β); Q) is sup-
ported in odd quantum gradings it has an odd number of components. Note
that b(β) can have no more than two components, since rank(Kh(b(β); Q)) ≥

2m , where m is the number of components of c(β). It follows that b(β) is a
knot. Now, rank(Khr(b(β); Z/2))) is odd, so that rank(Khr(b(β); Z/2))) = 1 or
rank(Khr(b(β); Z/2))) = 3. If rank(Khr(b(β); Z/2))) = 1 then b(β) represents the
unknot by [29]. But the three braid-closures of 3-braids representing the unknot
have different annular Khovanov homology from AKh(b(β); Z), so n ̸= 1. It
follows that n = 3 and b(β) represents a trefoil by [3]. There are four 3-braids
representing trefoils by [15]. They each have distinct annular Khovanov homology
by Lemma 3.12, so the result follows.

n = 5. Since AKh(b(β); C) is supported in odd quantum gradings, b(β) has
an odd number of components. Since β is a 3-braid, b(β) has either one or three
components. If β has three components, then since rank(Kh(b(β); Z/2)) ≤ 10
by Table (12), the Batson–Seed link splitting spectral sequence implies that each
component of b(β) is unknotted. More specifically, for any component K of b(β),
we have 2 rank(Khr(K ; Z/2)) ≤ rank(Kh(K ; Z/2)) ≤ 2 by the universal coefficient
theorem and [40, Corollary 3.2.C]. Consequently, rank(Khr(K ; Z/2)) = 1 and K
is the unknot by [29]. Birman and Menasco’s classification theorem [15] implies
that the only 3-braid representative of the three-component unlink is the identity
3-braid. However, the identity 3-braid has distinct annular Khovanov homology
from AKh(b(β); C), so that L in fact does not have 3 components. It follows that
b(β) is a knot. Now, if rank(Khr(b(β); Z/2)) ≤ 3 we can proceed as in the n = 3
case and deduce that b(β) represents a trefoil or the unknot. This is a contradiction,
since the annular Khovanov homology of the corresponding braid-closures are not
of the correct form. It follows that rank(Khr(b(β); Z/2)) = 5. In turn it follows
from [40, Corollary 3.2.C] that rank(Kh(b(β); Z/2)) = 10. Consider the spectral
sequence from AKh(b(β); Z/2)) to Kh(b(β); Z/2)). The proof of Lemma 3.5,
together with the symmetry properties of the spectral sequences under mirroring,
implies that the spectral sequence kills the generators in (i, j, k) gradings given by

(0, 9, 3), (1, 9, 1), (0, 7, 1), (1, 7, −1).

Since the E∞-page Kh(b(β); Z/2)) must have rank 10, the remaining ten generators
must survive. By examining their homological and quantum gradings we find that
Kh(b(β); Z/2)) ∼= Kh(T (2, 5); Z/2)). Thus b(β) is T (2, 5) by [8, Theorem 1.1].
Birman and Menasco’s classification implies that β = σ±1σ 5

2 up to conjugation.
But b(σ−1σ 5

2 ) has the wrong annular Khovanov homology, so the result follows.

n ∈ {0, 2, 4}. In this case b(β) has an even number of components, because
AKh(b(β); C) is supported in even quantum gradings. Since b(β) is a 3-braid it has
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exactly two components. Now, rank(Kh(b(β); Z/2)) ≤ 8, so by [44, Corollary1.4]
b(β) is either a two-component unlink, T (2, ±2) or T (2, ±4). By Birman and
Menasco’s classification result [15], c(β) must be of the form σ±1

1 σ n
2 for some even

|n| ≤ 4. Annular Khovanov homology distinguishes these links. □

3E. Clasp-closures. We now study the annular Khovanov homology of clasp-
closures of 3-braids. The results are dependent on the rank bound from Section 3B.
We first state our main result, followed by a necessary lemma.

Theorem 3.13. Annular Khovanov homology with integer coefficients detects the
Mazur pattern.

Lemma 3.14. Suppose K is a clasp-closure of a 3-braid. If K ′ is an annular knot
with AKh(K ; C) ∼= AKh(K ′

; C) then K ′ is also a clasp-closure of a 3-braid.

Proof. Suppose K ′ is as in the statement of the lemma. Consider Xie’s spectral
sequence from AKh(K ′

; C) to AHI(K ′
; C) [43]. The maximum nontrivial annular

grading of AHI(K ′
; C) is either 3 or 1. By [45, Theorem 1.6], if it is 1 then there

is a meridional surface of Euler characteristic zero, i.e., K ′ is an annular link of
wrapping number 1. Such links have annular Khovanov homology with maximal
nontrivial annular grading one — which can be seen by viewing K ′ as a connect
sum of the 1-braid and a wrapping number zero link and applying the Künneth
formula for annular Khovanov homology — a contradiction.

It follows that AHI(K ′
; C) is of rank 2 in annular grading 3, the maximum

annular grading in which AHI(K ′
; C) is nontrivial. It follows from [11, Proposition

8.6] that K ′ is a clasp-braid-closure of index 3. □

To prove Theorem 3.13 it remains to show that annular Khovanov homology
distinguishes the Mazur pattern from the other clasp-closures of 3-braids represent-
ing unknots. To that end, we give a partial computation for the annular Khovanov
homology of the three types of clasp-closures representing unknots.

First, we consider the mirror of the Mazur pattern, c(σ−1
1 ).

Lemma 3.15. AKh(c(σ−1); C) is given by

k →
i ↓

−3 −1 1 3

0 C−5 C2
−3 C2

−1 C1

−1 C−7 C2
−5 C2

−3 C−1

−2 C−7 C−5

AKh(c(σ−1); Z/2) can be obtained by replacing every homogeneous C-summand
and replacing it with a Z/2-summand.
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Proof. Consider the 0- and 1-resolutions of the crossing at the top of the diagram
shown in Figure 1(c). The 0-resolution yields the b(σ−1

1 σ−1
2 ) while the 1-resolution

is b(σ−1
1 ). Recall that AKh(b(σ−1

1 σ−1
2 ); C) is given by

(13)

k →
i ↓

−3 −1 1 3

0 C−5 C−3 C−1 C1

−1 C−5 C−3

This can be computed by hand. On the other hand, AKh(b(σ−1
1 ); C) is given by

(14)

k →
i ↓

−3 −1 1 3

0 C−4 C2
−2 C2

0 C2

−1 C−4 C−2

Now observe that n−
= 3, n−

0 = 2, and the exact triangle (6) reduces to

AKh(c(σ−1); C) AKh(b(σ−1
1 σ−1

2 ); C)[−1]{−2}

AKh(b(σ−1
1 ); C){−1}

δ

Comparing the gradings listed in (13) and (14) and noting that the connecting
homomorphism δ preserves the quantum grading, we see that the lower right-hand
map in this triangle vanishes, yielding the desired result for AKh(c(σ−1

1 ); C). The
computation for AKh(c(σ−1

1 ); Z/2) is identical. □

We now give a partial computation for AKh(b(σ−3
1 σ2σ

−2
1 ); C).

Lemma 3.16. b(σ−3
1 σ2σ

−2
1 ) has annular Jones polynomial given by

t−3(−q + q−1) + t−1(−q3
+ 2q) + t (−q5

+ 2q3) + t3(−q7
+ q5).

Moreover, in annular grading 3 the annular Khovanov homology has rank two and
is supported in (i, j) gradings (3, 7) and (2, 5).

Proof. Consider the 0 and 1-resolutions of the crossing at the top of the diagram
shown in Figure 1(c) taking α = σ−3

1 σ2σ
−2
1 . The 0-resolution yields the braid

b′(σ−3
1 σ2σ

−2
1 σ−1

2 ) but with the orientation of the component which is not a braid-
closure of the 1-braid endowed with the opposite orientation — which we have
indicated with the ′. The 1-resolution is b(σ−3

1 σ2σ
−2
1 ).

The annular Khovanov homology of the two braids can be computed using
Hunt, Keese, Licata and Morrison’s program [22]. In particular we find that
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AKh(b(σ−3
1 σ2σ

−2
1 σ−1

2 ); C) is given by

k →
i ↓

−3 −1 1 3

0 C−8 C−6 C−4 C−2

−1 C−8 C−6

−2 C2
−8 C2

−6

−3 C−10 C−8

−4 C−12 C−10

−5 C−14 C−12

To correct for the fact that one of the components is given the nonbraid orientation
we have to shift the homological grading by [2] and the quantum grading by
{6}. This holds because (annular) Khovanov homology is defined by applying a
cube of resolution procedure to an unoriented (annular) link diagram, and then
shifting the (diagram dependent) homological and quantum gradings by quantities
determined by the orientation — namely the quantum grading by {n+ − 2n−} and
the homological grading by −n−, where n± represents the number of positive
and negative intersections — to obtain the diagram independent homological and
quantum gradings. It is then straightforward to check that for the diagram at hand,
reversing the orientation of the relevant component induces the shifts in homological
and quantum grading as claimed above.

On the other hand, AKh(b(σ−3
1 σ2σ

−2
1 ); C) is given by

k →
i ↓ −3 −1 1 3

1 C−5 C−3

0 C−7 C2
−5 C2

−3 C−1

−1 C−7 C−5

−2 C−9 C−7

−3 C−11 C−9

−4 C−13 C−11

−5 C−15 C−13

Since n− = 4 and n1
−

= 6, we have the exact triangle

AKh(L; C) AKh(b′(σ−3
1 σ2σ

−2
1 σ−1

2 ); C){1}

AKh(b(σ−3
1 σ2σ

−2
1 ); C)[3]{8}

This isn’t enough information to show that the exact triangle splits. However, it
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does split in annular gradings ±3, and the decategorification of the exact triangle
determines the annular Jones polynomial, as desired. □

Let S be the annular link given by the split sum of b(11) and an unknot. Observe
that the annular Jones polynomial of S is given by J (S) = t−1(1+q−2)+ t (1+q2).

Lemma 3.17. The annular Jones polynomial of c(σ n
1 σ−1

2 σ1σ2) is given by

J (c(σ n
1 σ−1

2 σ1σ2)) =
q + (−1)n+1q1−2n

1 + q2 J (S) + (−1)nq−2n J (c(σ−1
2 σ1σ2)).

Moreover, in annular grading 3 the annular Khovanov homology has rank two
and is supported in (i, j) gradings (−n, 3−2n) and (−1−n, 1−2n).

Proof. We first compute the annular Khovanov homology of c(σ1), which is isotopic
to c(σ−1

2 σ1σ2).
Consider the 0 and 1-resolutions of the crossing at the top of the diagram shown

in Figure 1(c) taking α = σ1. The 0-resolution is b(σ1σ
−1
2 ). The 1-resolution is

b(σ1). Since n0
−

= 1 and n− = 2, we have

AKh(c(σ1); C) AKh(b(σ1σ
−1
2 ); C)[−1]{−2}

AKh(b(σ1); C){−1}

δ

AKh(b(σ1σ
−1
2 ); C)[−1]{−2} and AKh(b(σ1); C){−1} are given respectively by

k →
i ↓ −3 −1 1 3

0 C−1 C1

−1 C−5 C2
−3 C2

−1 C1

−2 C−5 C−3

and

k →
i ↓ −3 −1 1 3

1 C1 C3

0 C−3 C2
−1 C2

1 C3

Thus, since δ preserves the quantum grading and increases the homological
grading by one, the exact triangle splits and AKh(c(σ1); C) is given by

k →
i ↓

−3 −1 1 3

1 C1 C3

0 C−3 C3
−1 C3

1 C3

−1 C−5 C2
−3 C2

−1 C1

−2 C−5 C−3

We now proceed to the general case. Remove the axis from the diagram shown
in Figure 3 to obtain a diagram for the link. Observe that the 1-resolution of the
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highlighted crossing is the link S, which has annular Khovanov homology given by

k →
i ↓

−1 1

0 C−2 ⊕ C0 C0 ⊕ C2

Now, since we can take n0
−

− n− = −1, the exact triangle (6) reduces to

AKh(σ n
1 σ−1

2 σ1σ2; C) AKh(σ n−1
1 σ−1

2 σ1σ2; C)[−1]{−2}

AKh(S; C){−1}

Since AKh(S; C) is trivial in annular grading 3 this proves the second part of
the result. For the first part, observe that decategorifying either of the above exact
triangles we obtain

J (c(σ n
1 σ−1

2 σ1σ2)) = q−1 J (S) − q−2 J (c(σ n−1
1 σ−1

2 σ1σ2)).

The desired result follows by induction. □

Remark 3.18. One could perhaps give a complete computation of the annular
Khovanov homology of the infinite family of clasp-closures using techniques of
J. Wang [42]. The annular Jones polynomial was enough for our purposes, however,
so we do not pursue this.

Let r(β) denote the reverse of the braid word β written in terms of the standard
Artin generators.

Lemma 3.19. Suppose β1 and β2 are 3-braids such that c(β1) and c(β2) repre-
sent unknots. If AKh(c(β1); C) ∼= AKh(c(β2); C) then c(β1) = c(β2) or c(β1) =

c(r(β2)).

Proof. Lemmas 3.15, 3.16, and 3.17 determine the annular Khovanov homology of
all of the clasp-closures up to mirroring. The annular Khovanov homology of their
mirrors can be determined using formal properties of annular Khovanov homology.
We can then see that no two clasp-closures of 3-braids representing unknots have
the same annular Khovanov homology in annular grading 3 so the result follows. □

Proof of Theorem 3.13. Suppose that K is an annular link with AKh(K ; Z) ∼=

AKh(c(σ−1); Z). Since AKh(K ; Z) is supported in odd quantum gradings it follows
that K has an odd number of components. K is a clasp-closure of a 3-braid by
Lemma 3.14. Consider the Batson–Seed link splitting sequence for Kh(K ; C).
Observe that rank(Kh(K ; C)) ≥ 2m , where m is the number of components of K .
Now observe that Lemma 3.2 implies that the rank of ∂∗

−2 is at least 4 since the two
Vn−2 summands in the statement of the lemma are mapped nontrivially under ∂∗

−2,
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which we recall is part of the sl2(C) action on annular Khovanov homology. In
turn it follows that rank(Kh(K ; C)) ≤ 6. Thus K has a single component.

We now show that K represents the unknot. An application of the universal
coefficient theorem shows that AKh(K ; Z/2) ∼= AKh(c(σ−1); Z/2). Consider
the spectral sequence from AKh(K ; Z/2) to Kh(K ; Z/2). Lemma 3.5 implies that
rank(Kh(K ; Z/2)) ≤ 6. It follows that rank(Khr(K ; Q)) ≤ rank(Khr(K ; Z/2)) ≤ 3,
so that L is either a trefoil or an unknot by [29] and [3]. However, K cannot be a
trefoil because AKh(K ; C), and hence Kh(K ; C), does not contain a summand in
quantum grading ±9.

It follows that K is a clasp-closure of one of Baldwin and Sivek’s 3-braid
types. By Lemma 3.19, if two such annular links have the same annular Khovanov
homology then they differ only up to reversal. But of course, c(σ−1

1 ) and c(r(σ−1
1 ))

are isotopic, so the result follows. □
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