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CLASSIFICATION OF UNIMODAL
ISOLATED COMPLETE INTERSECTION SINGULARITIES
IN POSITIVE CHARACTERISTIC

HONGRUI MA, STEPHEN S.-T. YAU AND HUAIQING ZUO

We classify unimodal isolated complete intersection singularities in arbitrary
characteristic under contact equivalence. The classification over C has been
done by A. Dimca and C. G. Gibson. We continue and generalize their
work. To complete the classification, we generalized the complete transversal
method into positive characteristic field, which is also useful in many other
classification problem.

1. Introduction

Classification is one of the oldest topics in singularity theory. The modality of
singularities for real and complex hypersurfaces was first introduced by V. I. Arnold
in [2]. He also finished the classification of hypersurface singularities with small
modality over C in [1]. G. M. Greuel and H. D. Nguyen generalized the notion of
modality to the algebraic setting in [8], so that one can define modality over any
algebraically closed field of arbitrary characteristic. They also classified simple
(modality 0) hypersurface singularities in positive characteristic field under right
equivalence.

The classification of isolated complete intersection singularities (ICIS) under
contact equivalence was studied in the 1980s. Assume (X, 0) = (f ~1(0),0) to be a
complete intersection germ with an isolated singularity defined by f : F" — F?.
We call such germs I, ,. M. Giusti has shown that only /; 1, /> and I3, can be
simple in [7]. He then classified all simple ICIS over F = C. The classification of
unimodal (i.e., modality 1) germs from plane to plane (/> case) was completed
by A. Dimca and C. G. Gibson. C. T. C. Wall then classified unimodal germs of
I, , with n > p. Recently, T. H. Pham, G. Pfister, and G. M. Greuel generalized
the modality of hypersurface singularities to ICIS, and classified zero-dimensional
ICIS (1, case) over any algebraically closed field of arbitrary characteristic. In this
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paper, we continue their work. We use a different method to classify unimodal zero-
dimensional ICIS of I, > over any algebraically closed field of arbitrary characteristic.
In Corollary 2.24, we show that for all zero-dimensional ICIS, only /5, and /33
can be unimodal. Unfortunately, the classification of I3 3 seems very complicated
and needs more new tools.

In Dimca and Gibson’s previous work [5], the finite determinacy theorem works
well in zero characteristic fields. T. H. Pham and G. M. Greuel generalized it to
positive characteristic in [10]. Although the given boundary is sharp, it is still
insufficient to deal with complicated (higher order) problems. For example, let
h=(x*4+xy> +y°, x%y + y*+ ) be the 5-jet of an ICIS f over an algebraically
closed field F. If char F = 0, then h is 5-determined. Therefore f is contact
equivalent to (x3 +xy> +y°, x2y +y*+y°), and then to (x> +xy3 +y°, x2y +y*)
after a transformation. Otherwise, we can only know that % is 7-determined in
positive characteristic, which gives few idea about the form of f.

To solve the problem, we develop new tools. We generalize the complete
transversal method introduced by Bruce, Kirk and du Plessis in [4] to the case of
a positive characteristic field; this is useful in many classification problem (see
Corollary 2.17). It can be used for semi-quasihomogeneous singularities over fields
of arbitrary characteristic. For the above example, f is a semi-quasihomogeneous
singularity with initial term (x3 4+ xy?, x?y 4+ y*). Using our method we can show
that f is contact equivalent to (x> +xy3 + y3, x2y 4+ y%).

The main result is Theorem 8.4. Surprisingly, the classification result in positive
characteristic turns out to be similar as the zero characteristic case except for some
special characteristics.

In the following, we let F' be an algebraically closed field with arbitrary charac-
teristic, and write R = F[[x, ..., x,], m = (x,..., x;) C R and p = char(F).

2. Basic settings

We first talk about some basic concepts of ICIS. Then we introduce the notion of
finite determinacy in positive characteristic from [10]. After that, we generalize the
complete transversal method into positive characteristic. The estimation of modality
is also given in this section.

2.1. Basic concepts.

Definition 2.1. (1) An ideal / C R defines a complete intersection if / can be
generated by fi, ..., fi, with f; € m for all i such that f; is a non-zerodivisor of
R/{f1,..., fi—1)fori=1,...,m. Thendim R/l =n —m.

2)Wecall f=(f1,..., fm) anisolated complete intersection singularity (ICIS) if
I ={f1,..., fm) defines a complete intersection and there exists k € N such that
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mf C I+ 1,(J(f)), where J(f) = (0f;/0x});; is the m x n Jacobian matrix and
L,,(J(f)) is the ideal generated by all m x m minors of J(f). Define

Lon={f=(fi,.... fm) € R™| f is an ICIS with codimension n —m}.

In this article, we focus on I, ;, which denotes the zero-dimensional isolated
complete intersection singularity in the plane.

Remark 2.2. A complete intersection f is isolated if and only if the corresponding
Tjurina number

w(fy=dimp R" [ (fi s gy R (2 20

ax; T dx,

is finite.

Definition 2.3. The contact group K is defined as
K =GL(m, R) x Aut(R),
and the action of IC on R™ is defined as

W, ¢, H—=>U-¢(f),
with U € GL(m, R), ¢ € Aut(R), f = (fi, ..., fu) € R™ and

¢(f) = (f1(@x), ..., fu(@(x)),
where ¢ (x) = (¢ (x1), ..., P (xn)).

Let f and g define two isolated complete intersections of the same codimension
n—m. f is called contact equivalent to g, denoted by f ~ g, if g € K f, that is, if
there exists U € GL(m, R) and ¢ € Aut(R) such that g =U - ¢ (f).

2.2. Tangent image and finite determinacy. To classify the ICIS under contact
equivalence, we need to work on jet spaces.

Definition 2.4. (1) The k-jet space of R™ is defined as J; = R™/mft!R™. For
f € R™, the k-jet of f is the image in Ji, denoted by ji(f). Let w : J; — Ji be
the natural projection and denote the kernel as Py ;. If f € J is a k-jet, we denote
the submanifold J;(f) = f + P

(2) We say that f is k-determined if for any g € R™ with ji(g) = ji (f), we always
have g ~ f.

Let J; = R™/m**!1 R™ denote the k-jet space of R™. Let

K = {(k(U), jx(¢)) | U € GL(m, R), ¢ € Aut(R)}
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be the k-jet algebraic group, with the algebraic action of ; on the affine space Jj
defined by

@), jk(@), jk () = (U - (f)).
The tangent space T, (k) of the algebraic group K has a natural Lie algebra
structure (see [6, Chapter 4]). The orbit map 7 : K — K - f induces the tangent

map dn : Lie(Ky) — Tr(Ky f). We denote the image of dm by Tf (K f), which
coincides with Lie(/Cy) - f. When char F =0, dr is surjective and

@2-1) T f) =Ty (Ke f)

(and therefore Tf (Kf)=T¢(Kf)). But when char F > 0, (2-1) may not hold. For
details one can see [10, Section 2].
The tangent image is computed in [10] as follows.

Proposition 2.5. The tangent image is identified with the submodule

Ty f) = ((fro oo ) R+ <af . ,i>+m’<+1Rm)/m’<+1Rm.
0x1 0x,
The tangent image at f to the orbit K f is the submodule
~ a a
Tr(Kf) = (fireos fu) - R™ +m- ( foo ,—f>,

ax,’ 0x,

where (f1, ..., fn) is regarded as an ideal of R and( of cee, ;f > is regarded as
an ideal of R™. i’ n

Finite determinacy is strongly related to the tangent image.

Theorem 2.6 (cf. [10, Theorem 3.2]). Let f = (f1, ..., fm) € R™. If there exists
k € N such that

m LR Cm- TH(Kf),
then f is 2k —ord( f)+2)-determined, where ord( f) =min{ord(f;) |i=1, ..., m}.
That is, any g € R™ such that jox—ord()+2(8) = Jak—ord(p)+2(f) satisfies g ~ f.

Remark 2.7. If f is an isolated complete intersection singularity, then f is (2t (f)—
ord( f) + 2)-determined.

2.3. Complete transversals. We next introduce the complete transversal method.

Leta=(ay, ..., a,) be a given sequence of positive integers andd =(dy, . . ., d;)
a given sequence of nonnegative integers. Then f = (fi, ..., fi) is said to be
weighted homogeneous of degree r (with respect to (a; d)) if
SitMxy, ) = (L )
foranyte Fandi=1,2,...,m

Let f be a k-jet in Ji, weighted homogeneous of degree 0 with respect to (a; d).
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Assume that
(2-2) max(d;) < (k+1)min(a;) or min(d;) > (k+ 1) max(a;).

For [ > k, let Py, J;(f) be the subsets of J; from Definition 2.4(1). We have the
following useful theorem from [5].

Theorem 2.8. For f as above, let C C Py ; be a linear subspace of Py satisfying
Py CCHTr(Kf) N Prys

we call C a complete transversal. Then C has the following property. every
g € Ji(f) is in the same K;-orbit as an [-jet of the form f + c, for some ¢ € C.

Proof. For the case of F = C, this is Proposition 1.3 in [5]. The original proof there
carries over to positive characteristic without changes. O

Remark 2.9. Condition (2-2) is necessary. In its absence, one finds a counterex-
ample in [3, Remark 1]: Let f = y? +xy? € F[[x, y] with char F = 2. One can
check that f does not satisfy (2-2). Computation shows Tf (K f) = m*/m!, which
implies that the complete transversal C equals O for any / > 4 and then for any
g€ f+m’, g~ f.Butin fact f 4 x> is not contact equivalent to f.

2.4. Complete transversals and homogeneous filtrations. In this subsection we
introduce the generalization of the complete transversal method following [4]. Then
we generalize the work of [4] to any positive characteristic field.

Let F; ,R™ denote the submodule of R™ generated by the monomials of degree
equal or greater than r with respect to (a; d). The sequence {F, ;R™},>( defines a
filtration of the module F, 2 4R

We introduce a filtration of the contact group K compatible with the weighted
filtration. For details one may see [4, Section 2.3].

Definition 2.10. (i) For r > 0, define
F'R=(,+F, ,R")NR.
(i1) For r > 0, define
F'C = (m + Fiug aua R NC,
where N
R=Flx1,....%0, Y15 Yml
and a Ud denotes the (n+m)-tuple (ay, ..., a,,dy, ..., dy).
(iii) Since the contact group K equals R x C, we define
F'K=F"RxF'C.
Remark 2.11. For a survey of the standard Mather groups KC, R, C, one can refer
to [12].
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Proposition 2.12. (i) F"K respects the filtration {F; ;R™}; that is, for every
r,s >0, (U, ¢)e F'K, fe FPFR", U-¢(f) € F°'R™, where F*R" = F,; ;R"
is the submodule of R™ generated by the monomials of degree equal or greater
than s.

(ii) Forr,s,l <0, the action of F" K induces an action on F* R’"/FHIR’".

(iii) The Lie algebra action satisfies the following: for any f — g € F. ,R™ with
f.g € F) R" and € Lie(F} ,R™), we havel-f —1-g € F;;’Rm

After a computation of tangent spaces (similar to the one in [10, Proposition
2.5]), the tangent image of F"/C f can be regarded as

m r af
23 Tp(F K- ) =Fuga(fis- s fu) - R HZFM,( ™
and clearly
Tr(Fy K- f) CTr(F; K- f)
also holds. We denote (f1, ..., fm) Rm+<8af §f>b Te(le) using the
X1

same notation found in [10].
We have a similar complete transversal result for " R™ and F"KC

Proposition 2.13. Ler f € F] 0 «R"If T is a subspace of F; ;R™ satisfying
FY'R™ C T +Lie(F, ,JK) - f + FfJme
then any gwithg — f € ngl R™ is contact equivalent to f +t + f for somet € T
and f € F;‘;ZR’".
To prove the proposition, we first need a lemma, which can be seen as Taylor
series in positive characteristic. We omit the proof.

Lemma 2.14. Let f(x) =), aux* € Fl[x1,....,x,]l and § = (&1, ...,§,) € F",
then

0
24) fx+&)=fx)+ Z & —f + terms of f (x) with more than two x;
replaced by &;.
Now we can prove Proposition 2.13.
Proof. Take the subset W = F. ' R™\ FX72R™ of R™, which is a finite-dimensional
F-vector space. We claim that for any f € Fg 4R™ and w € W, we have
6 Lie(F'K) - (f +w) —Lie(F'K) - f € FAH?R™

and

(i) f+(Lie(F'K)-f W)+ FS2R" C FUC-fO{f + W)+ FF2R™.
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Inclusion (i) follows from Proposition 2.12(iii). For (ii), let w = (wy, ..., wy) be
in {Lie(F'K) - f N W}. Then

ZS, +Zkﬂf,

is weighted homogeneous of degree k + 1 with respect to (a; d;). For r € R, write
r= ,rax® Let v,(r) = min,, £o{v.(x*)}, where v,(x*) denotes the weighted
degree of the monomial x® with respect to (a; 0). Then v,(&§) = a; + k + 1,
Ua()ujif,') :dj +k+1. Hence v, (&) > v, (x;)+k+1 and Ua()xj,') > dj —di+k+1.

Let ¢ € Aut(R) be such that ¢ (xq,...,x,) = (x1—&1,...,x,—&,). Set U =
(Aji) € Myyxm(R). We have

¢(f+Zs,-§f >f Zs, +h +Zs, +h —Uw+h;
i=1 !

by Lemma 2.14, where the &; are the higher-order terms defined in (2-4). We
have h; € F, k+2R’” for i = 1,2, 3 since the & appear twice in each term and
va(&) > v, (x,) + k + 1. Moreover Uw € F f*me since for each j we have
Va(Ajiw;) =va(Aji) +va(wy) >dj —di +k+1+di+k+1>dj +k+2.

Set w = hy+hy+h; — Uw. By the preceding discussion, w € Fak;?zR’”. Without
loss of generality, we can assume v, (f1) < --- < v,(f). Then U(0) is an upper
triangular matrix all of whose principal diagonal elements are zero. Hence Id —U
must be invertible. We have f + w ~ (Id—U) - ¢(f + w) = f + w. Denote
g=0d-U,¢) e K, wehave f +w =g ' (f)+ g~ " ().

To finish (ii), it remains to show g € F!K. Since & = (£,...,&,) € FulsaR"
we have ¢ € I, + Fal’aR” = F'R by Definition 2.10. Similarly Id —U € I, +
Falud,audRm C F!C. Now we get g = (Id —U, ¢) € F'K. The claim is proved.

From inclusions (i) and (ii) we have

U F'K-(f+t+FyFR™ D ULf +t+Lie(F'K) - (f+0)NW + FL P R™)

teT teT

: k+2 pm
= U{f +t+Lie(F'K) - fOW}+ Fy 7R

teT
. 1 k+2 pm
=f+T+Lie(FK)-fOW+F, ;"R
ol k+2
=f+(T +Lie(F K)-f)NW+ F, ;"R"
_ k+2
=f+W+F "R
That is, forany g = f+w + g with w € W and g € FszRm, g is contact
equivalentto f +7+ f withz € T and f € F, ;ZZR’". O

Remark 2.15. In [4], Mather’s lemma is used to show that (i) = (i1). However, the
proof of Mather’s lemma relies on analysis in the complex field. We can complete
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the proof in this special case without Mather’s lemma, using M. Giusti’s proof of
[7, Proposition 1].

Using induction, we can show:

Proposition 2.16. Suppose that f is weighted homogeneous of weight r with respect
to (a; d). Take s > r. If T is a subspace of F;’;lRm such that

(2-5) FIVR™ C T+ T(F) K- )+ FLGR™,

then any g with g — f € FJ;IR’" is F'K-equivalent to f +1t+ ¢ wheret € T and
¢peFHR™

Proof. See Theorem 2.28 in [4] and note that Lie(Fal’dIC) -f= Tf(Fal’dIC -f)is
shown above. O

For an isolated complete intersection singularity, f is always finite determined.
Choosing s sufficiently large in the preceding proof, we get:

Corollary 2.17. Suppose that f is an ICIS of weight r with respect to (a, d). Let T
be a subspace of F ;’Zl R™ such that

FINR™ C T+ T/ (F) K- f).
Then any g with g — f € F;’ZIR’" is contact equivalent to f +t for somet € T.

2.5. Modality. V. 1. Arnold introduced the notion of modality in his famous [2]
as follows: The modality of a point x € X under the action of a Lie group G on a
manifold X is the smallest m such that a sufficiently small neighborhood of x may
be covered by a finite number of m-parameter orbit families. G. M. Greuel and
H. D. Nguyen generalized the notion and gave a detailed discussion in [8; 13]. For
the definition of the modality of an ICIS, we refer to [11, Remark 1.13(3)].

Definition 2.18. An ICIS is called unimodal if JC-mod( f), the XC-modality of f, is
equal to 1.

In this section, we give some methods to estimate a lower bound for the modality
and give a criterion for non-unimodality.

Our first lower bound, from [5], uses complete transversals. It will be useful in
next section. Let C be a complete transversal of f in J; (I > k). Fora € C, we
define

(2-6) cod(f +a) = codimension of T;(K; f) N Py in Py,
(2-7) codo(f) = infeec{cod(f +a)}.

Note that there exists a Zariski open subset U C C such that cod(f +a) = cody(f)
ifand only ifa € U.
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Proposition 2.19. Let f € J; be a k-jet of weighted homogeneous type and degree O
with respect to (ay, . .., ay; dy, ..., dy) and satisfies condition (2-2). Foranya € U,
f 4 a has modality codg(f) in J;(f) under the action of the subgroup K;(f) of K;
that stabilizes f. Thus, any jet h in J;(f) has K;(f)-mod(h) > codg(f) in J;.

Proof. The main idea comes from [5, Proposition 1.4]. We rewrite the proof
using tangent images instead of tangent spaces for the sake of fields with positive
characteristic.

Find a subspace (ey, ..., e.) € P with (e1, ..., ec) T (Ki(f +a) NPy = Pi.
Then cod(f +a) = c. Since ff (K (f 4+ b)) varies continuously for b € U, we have
(et,...,ec)N ff (K (f + b)) = {0} for b in a Zariski open neighborhood V of a.

Consider .

(2-8) ¢ (F 0~ (J(f), f+a), (n,....1) f+a +Ztiei-
i=1
We claim that, for any &C;(f)-orbit X in J;(f), ¢~ 1(X) consists of finitely many
points in a neighborhood of 0; hence ¢ is a minimal deformation of f + a and
Ki(f)-mod(f +a) = ¢ = codo(f).
For any g € Ji(f), write g = f+g = (fi +8&1,..., fu + &n), Where g =

(g1, ..., &n) with weighted degree of g; > d;. We have
8 8 g g 8
g(x)wgl‘('x):(t_dlgl(tlalxl9"'7t;:nxn)7"'at_dngm(tlalxl7"'at;:nxﬂ))

= (it NG X1, 1), f TG (1 1, L 10 X)).

Then condition (2-2) ensures any neighborhood of f intersects /C;( f) - g; that
is, any neighborhood of f intersects all /;( f)-orbits in J;(f). Hence for any
K (f)-orbit X in J;(f), there exists b € V, X = K;(f) - (f +b). But we have

(2-9) Trn (K (f) - (f D) = Trap(Kr - (f +5) N Prss
hence ferb(ICl(f) (f+b)Nle,...,e) = {0}, meaning that ¢! (X) has only
finitely many points in a neighborhood of 0. This finishes the proof. ([

Remark 2.20. In fact, we can show C-mod(f) is semicontinuous. That is, let
F(x,t) € F[t][[x] be such that F;, = F(x, tp) is an ICIS for a ¢ € F*. Then there
is a Zariski open subset U € F kK such that F(x, t) is an ICIS for any t € U. The
sets U; = {t e U | K-mod(F'(x, t)) <i} are open for all i € N. Now let mod,;, =
min{/C-mod(F(x,t)) | t € Fk}; then Upin = {t € U | K-mod(F (x, t)) = modpin}
is open and dense.
We use the following facts from [13] to give a criterion for non-unimodality.

Proposition 2.21. Let the algebraic group G act on a variety X.

(1) If the subvariety X' C X is invariant under G and x € X', then
G-mod(x) in X > G-mod(x) in X'.
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(2) Let additionally the algebraic group G act on a variety X' and let p : X — X'
be a morphism of varieties, with p open and

G-xCp (G pk), VxeX.
Then
G-mod(x) > G'-mod(p(x)), Vx € X.

3) If X is irreducible, for x € X, we have
G-mod(x) > dim X —dim G.

Proposition 2.22. Let f €1, ,. Then K-mod(f)=IKi-mod(jr(f)) for k sufficiently
large.

Proof. See [13], Chapter 3. O
The following proposition is the main result of this section.

Proposition 2.23. Let f € I, , withord(f) =1 and f unimodal. Then one of the

following holds:
Hrn=2,1<3.
2Q)n=3,1=2.

Proof. Choose k large enough and let X = m!/m**!. It follows from Propositions
2.22 and 2.21(1) that

1 = K-mod(f) = Kr-mod(f) in J > Kx-mod(f) in X.

Let X’ =m//m/*!. The action of K on X induces the action of the algebraic
group K’ = GL(m, F) x GL(m, F) on X', and it is easy to check that p: X — X’
is open and K - f € p~'(K'- p(f)). Then by Proposition 2.21(2) we have

Kr-mod(f) in X > K'-mod(p(f)) in X'.

It is easy to see that

dimX’:n(n_1+l>,

[

while for any g € X', dim(K'- g) <dimK' — 1, since {(a'E,, 2E,) la € F*} CK'
stabilizes g, where FF* = F \ {0} denotes the units in F'.
After a small change of the proof of Proposition 2.21(3) in [13], we have

1> K'-mod(p(f)) in X' > dim X' — (dim K’ — 1),



UNIMODAL ISOLATED COMPLETE INTERSECTION SINGULARITIES 81

which is "
12n<n_l+ )—(2n2—1).
The only solutions aren =2, [ <3 andn =3,/ =2. |

Corollary 2.24. If f is a unimodal zero-dimensional ICIS, then f € I, 5 or I3 3.

In the following we discuss the case n = 2. The n = 3 case will be presented in
a later article. From now on we assume R = F[[x, y], m = (x, y).

3. The classification of order 2

Some classification of ICIS of order 2 has already been discussed in [11], namely,
ICIS of modality 0. Here we continue their work and finish the classification of
order 2 ICIS with modality 1. In this section f = (fi, f») € R>.

First, we assume char F # 2. The following two propositions are from [11].

Proposition 3.1. (i) If some j,(f;) is nondegenerate, then f ~ (xy, x" 4+ y™) for
some m, n > 2, which is of modality 0.

(1) If jo(f) is degenerate, then
(3-1) f~(x2+o¢ys,2aiyi+x2bjyj>,
i>t jzq

where s >3, a €{0,1}, 1t >2,g>1anda;, b; € F.

Proposition 3.2. Ler f = (f1, f») = (x2 +ay, Y s, ay +x ijq bjyj) be an

ICIS such that s > 3,t >2,qg > 1and a € {0, 1}.

(i) Ifa; =0foralli and by #0, then o =1 and f ~ (x4 y*, xy9).

(ii) If b; =0 for all j and a; # 0, then f ~ 2+ ay, y). Ifa =0o0rt <s, then
[~ a2y,

Now assume that a;b, # 0.

(ii) If t < g, then f ~ (x> + ay®, y"). If additionally « = 0 or t < s, then
[~ @2y,

(v) Ift > g and @ =0, then f ~ (x%, y' + xy9).

(v) Lett > qand o =1. Then f ~ (x>+y*, y' +exy?) for a suitable unit e € F[[y].
If2t—2q —s #0and p=0 (or pt (2t —2q —s)), then f ~ (x> +y*, y' +xy9).

(vi) Ift =q+ 1 and p1t, then f ~ (x> +ay®, y").
Next we give a criterion for modality 1:

Proposition 3.3. Assume f is of the form (3-1). Then if s > 5,t > 6 and q > 3,
then f is of modality at least 2.
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Proof. Let g = j3(f) = (x2,0). Then an open subset in Js’(g) is formed by jets
equivalent to
h~ (2 4y axy?),

where J{(g) is formed by jets in J5(g) with s > 5, t > 6 and g > 3.

For all a, b € F, computation shows (y*, 0), (0, y4), (0, y°) ¢ T, (Ksh). Hence
the codimension of Th (Ksh) N P35 in P35 is at least 2. By Proposition 2.19,
K-mod(f) > Ks-mod(f) > 2. O

Remark 3.4. By (3-1), h ~ (x> +ay>, y® +axy? + bxy* + cxy’). One can show,
for example, by applying ¢ (y) =y — %cx, that h ~ (x4 ay’, y0 +axy? 4+ bxy*).
This simplifies the computation of the codimension, but does not affect the result.

The following proposition is also from [11].

Proposition 3.5. Let p = char F. The following ICIS are the only candidates for
being simple (i.e., of modality 0):

(0) j2(f;) is nondegenerate; then f ~ (xy, x* +y™), s,m > 2.
(1) a; =0 foralli;then f ~ (x2 +y3, xy?),q=>3or f~ (x2 +ys,xy2), s > 3.
(2) bi =0 foralli, and
Ra)a=0o0rt <s;then f ~ (x%,y"), t=2,3,4
@Rb)ya=1andt > s;then f ~ (x>+y3, y), t >4
(3) a;by #0 and
B.a)t <qand
Bai)a=0o0rt <s;then f ~ (x>, y"), t=2,3,4.
B.aii) o =1andt > s;then f ~ (x> +y3,y), t > 4.
B3.b)t > q and
B.bi)t=qg+1and
(3.b.i.1) p1t and
(3.b.ill)a=0o0rt <s;then f ~ (x%,y"), t=2,3,4
(3.bi12) e =1andt > s; then f ~ (x2+y3, y'), t > 4.
3.b.i.2) p |t and
(3.0.i.2.1) « = 0; then f ~ (x2, xy* + ).
(3.0.i.2.2) @ = 1 and
(3.b.i.2.2.1) s = 3; then f ~ (x>, xy*> +y) forp=t=3,0r f ~
2+ 33y +xy' Y fort > 4.
(3.0.i.2.2.2) s > 3,1 =3, p=3;then f ~ (x%, y° + xy?).
B.bii) t > g+ 1 and
3.b.ii.1) o« = 0 and
(3.b.ii.1.1) g = 1; then f ~ (xy, x>+ y¥~2), t > 2.
(3.b.ii.1.2) g = 2; then f ~ (x> + y* =4, xy?), t > 4.
3.0.ii.2) « = 1 and
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(3.b.ii.2.1) s > 3, g <2; then f ~ (xy, x>+ y™) for some m and g = 1,
and f ~ (x> +y™, xy?) for some m and g = 2.
(3.b.ii.2.2) s =3, t > g +3; then f ~ (x> +y3, xy?).
(3.0.ii.2.3) s =3, 1 = q +2; then f ~ (x% + y*, xy9 + yi*2).
Next we classify ICIS of modality 1 based on Proposition 3.5.

Proposition 3.6. The following ICIS are the only candidates of modality 1:

symbol form condition
hq (2 +y* xy?) q=3
i (%, y7)
i (%, ¥ +xy%)
i° (2, y3 +xy%) p=>5
Ji e+ ) t>5
Ji 2+, y 4 xy' t>5 plt
kq (% 4 y*, y1T 4 xy?) q=3
Iy (% 4%, ¥t 4 xy) q =327 ¢{0,—1}
Lo | G244 y72 4 0xy7 +uxy’ +xy"), where | 22 =—1,q >3,
u=uo+ury’ +uy* +- - t>q+1,t'>1t+1,
plt—q,ptt'—q

Table 1. Candidate ICIS of modality 1.

Proof. (0) If j>(f;) is nondegenerate, then f ~ (xy, x* 4+ y™), s, m > 2, which is

simple.
(1) Ya; =0, then f ~ (x2+ y*, xy?), ¢ > 3.
(2) Vb; =0,

(Qa)a=0ort <s,then f ~ (x2,y"), t =5.
Q2b)a=1and? > s, then f ~ x>+ y* y'), t > 5.
(3) arby #0,
(.a)Ift < g, then f ~ (x> +ay*, y").
(B.ai)a=0o0rt <s,then f ~ (x2,y"), t =5.
(Baii)a=1andt > s, then f ~ (x> +y* y"), t > 5.
@Bb)Ift > q,
(3.b.i) whent =q + 1,
(3.b.i.1) If p1t, then f ~ (x> +ay®, y") by Proposition 3.2(vi).
(3.bil1l)a=0o0rt <s,then f~ (x2,y"), t =5.
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(3.b.i.1.2) « =1 and ¢ > s, then f ~ (x*>4y3, y"), t > 4, which is simple.
B.bi2)If p |1,
(3.b.i.2.1) a = 0, then f ~ (x2, y* + xy?), which is of modality 0 by

Proposition 3.5.

(3.b.i.2.2) « = 1, then f ~ (x> 4 y*, y' + exy?) by Proposition 3.2(v).

And we have s = 3,4 or p =t =3, 5 by Proposition 3.3.

(3.b.i.2.2.1) If s = 3, then f ~ (x%,xy?> + y3) for p =1t =3, or
f~ (x4, y' +xy'~1) for t > 4 by Proposition 3.2(v), which is
of modality 0.

(3.b.i.2.2.2) If s = 4, then f ~ (x> 4+ y* y' + xy'~!) for t > 4 by
Proposition 3.2(v). If p =t =3, then f ~ (x*> 4+ y* — y(y> +xy?),
y3 +xy?) ~ (x2, y3 + xy?) additionally, which is simple as shown
in Proposition 3.5. Hence f ~ (x> +y*, y' +xy V) for p |1, t > 5.

(3.b.i.2.2.3) If p =1t =3, s > 4, same as the process in [11, Proposition
2.5], f ~ (x2, y3 + xy?), which is simple.

3.b.i2.24)If p=1t =5, s > 4, then

(3-2) f~ (x2 +y°, y5 +e(y)xy4), where e(y) € F[[x, y] is a unit
~ (x? ey’ y> +xy*), ege F
~ (P +eoy’ —eoy (7 +xyh), ¥ +xyh)
~ (= eoxy* !,y +xyh)
~ ((x _ %eoys—l)z _ %e%y%—{ y5 +xy4).
Using the automorphism ¢ (x) = x — %eoy“l, ¢(y) =y, then

(3-3) £ (xz _ %e(Z)yZS—l, Y4yt 4 %eoys—i—S)
N (x2 _ ie%yzs_l, ¥ +éxy4),
where e = 1/(1 + %eoys_z). Applying ¢ (x) =(1/e)x and ¢ (y) =y,
we have f ~ (x2+ey> !, y+xy*), where e; = —%éze(z). Repeating
the process, we get f ~ (x2, y° +xy*) with p =char F = 5.
(3.b.ii) Now assume t > g + 1.

(3.b.ii.1) If @ = 0, by Proposition 3.3, we have | <g <2o0rg =3, t =5.
(3.0.ii.1.1) If g = 1, then j>( f>) is nondegenerate; hence f is simple.
(3.b.ii.1.2) If g =2, then f ~ (x>+y*~* xy?), t >4, same as Proposition

3.5, which is also simple.
(3.b.ii.1.3) If g =3, t = 5, then f ~ (x2, y> +xy?).

(3.b.ii.2) If @ = 1, we have f ~ (x?+y*, ¥’ +exy?) by Proposition 3.2(v).
By Proposition 3.3, we have s =3,40rt=2,3,4,50rg =1, 2.
(3.5.ii.2.1) If g = 1, 2 holds, then f is simple as shown in Proposition 3.5.
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(3.0.ii.2.2) If s = 3, then f ~ (x> + ¥, xy?) or (x% + y3, y912 4+ xy%)
for g > 3, which is also simple.
3.b.ii.2.3) If s =4, g > 2,

Bb.ii.2.3.1) If t > g 44, f~ (x2+y*, yi+e()xy! —y 42 +yh)) =
(2+y*, (e(y) —xy "I M xy?) ~ (x2+y*, xy7), where e(y) = b, +
byt1y +--- isaunitin F[x, y]l and by, b, are defined in (3-1).

(3.0.ii.2.3.2) If t = ¢ +3, then f ~ (x>4+y*, y9+3+xy7) by Proposition
3.2(v), since in this case 2t —2qg — s = 2.

(3.0.ii.2.3.3) If t = g + 2. Let g = (x> + y*, 92 + Axy?), where
A =e(0) € F*, e(0) is the constant term of e(y) in (3.5.ii.2.3.1).
Then g is weighted homogeneous of degree 0 with respect to (a; d),
wherea = (2,1), d =4, q +2).

(3.0.i.2.3.3.1) If 22 # —1, we claim that F! ,R?* C T,(F'Kg)
(the proof will be presented later). Hence by Proposition 2.16,
f~2+ 9y yI2 4 axyd), Ae F*and A2+ 1 #0.

(3.0.ii.2.3.3.2) If A>4-1 =0, from the proof of (3.5.ii.2.3.3.1), we can
see that F} ,R*C T + T (F'Kg), with T = span((0, xy") | 1 > q).
Then by Proposition 2.16,

F~ G4yt yTT2 4oy 4 e(y)xy”)

for A24+1=0, t > g and e(y) a unit in F[[y]. In fact, we can
show that for some e(y) and I, f ~ (x4 y*, y9+2 +axy? 4+ xy'),
while for others, we get a family of unimodal ICIS with the form

2+ v axy? +u(y)xy’ +xy'),

where u(y) = ug+ui1y? +ury?” +--- isaunit, ¢’ >t > g + 1,
plt—gq, ptt' —q. The details will be shown later.
(3.5.ii.2.4) The last remaining case is t = 5, ¢ = 3, s > 4. Then
f ~ (x*+ %,y +exy’). Using the same method as (3.5.i.2.2.4),
one can show f ~ (x2, y> +xy?). ([

Proof of the claim in (3.b.ii.2.3.3.1). We need to show F al dRz C Tg(F 'Kg) for
g= x>+ y* y1t2 £ axy9), where a = (2, 1), d = (4, ¢ +2) and 1% # —1.
Denote e; = (x> + y*,0), ez = (0, x> + y%), e3 = (Y2 + axy?,0), eq =
(0, Y12+ axy?), es = (2x, A7), eg = (4y>, (g +2)y** + Agxy?™").
Set the weights wt(x) =2, wt(y) = 1, wt(x2+y*) =4, wt(y4 T2+ ixy?) =g +2.
Then by (2-3), Tg(Flng) has the elements xiyjek with:
(@) k=1,4, wt(x'y/er) = (5, q +3);
(b) k=5, wi(x'y/) = 3;
(c) k=6, wt(x'y/) >2.
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We have
xes = (4xy°, (g +2)xyit! 4 agx?y?™) € T,(F'Kg)
and
yes —yi ey = (0, —x2yi~ 4 axyth) € Tg(Flng).
Therefore

xeo+Aq(yes — Y1 er) = (4xy*, (A2q + g +2)xyt) € T, (F'Ky).
We also have
Y ey = (0, x7y17 +y13) e T (F'Kg):
hence,
xeg —rgy?ley = (4xy3, (g + 2)xud™ — agy?td) € Tg(Flng).

Then

(q +2)(xes — Aqy?~'e2) + gy eq

= (Mg +2xy° +40qY°, (g +2)* + 12¢P)xy"™") e Ty (F'Kg).

Denote this element by e7.
Note that

xyes —2yey = (=237, axy?tl), yles —ayes = (2xy3, —22xy?t) € T,(F'Kg),
and thus

e7+20g(xyes —2yer) —2(q +2)(y es — Ayes)
= (0, (g +2)° + 12¢> +222q +2)%(g + 2)xy’™h)
= (0, (g +2°02 + Dxy™) e T,(F'Kg).

Since 1241 #0, we have (0, xy4*t!) e Tg(F1 KCg). The other elements in FalydR2
follow easily. ([
Proof of the claim in (3.b.ii.2.3.3.2). We have f ~ (x24+y*, y9t241xy? +e(y)xy).
If ptt —q, we can use an “o, B-trick” based on the implicit function theorem (see
Lemma 5.10) to show that f ~ (x? + y*, y9*2 4+ Jxy? +xy’) fort > g + 1. See
Remarks 5.11. For the case p | (t — g), we write

(3-5) e(y)=Y eyt Y ey,
i>0 j=0
pr'+j)

then f ~ (x2+y*, 92400y (14+e1yP +eay?P +- - )+xy" (eh+e) y+ehy>+---))
with p{t’—g. Therefore we can use o, B-trick again to reduce e +e}y+- - -. Then
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f~ @2 y*, yI 24 axyd +u(y)xy' +xy"), where u(y) = uo+u1 y? +usy? +- - -
as we want. O

4. The classification of order 2 in char F =2

In this section, we will show:

Proposition 4.1. A unimodal ICIS of order 2 in any field with characteristic equal
to 2 must have the form in Table 2.

symbol form condition

h3 (x +axy2, y?) re{0, 1)

i; (2 + ¥, xy?) k>3, kisodd

ii; 2+ y* 4+ 295 xy?) | k>3, kis even, A € {0, 1}
Jr (2 + 3, y* 4+ axy?) A efo,1)
k. (2 +2xy>, y* + pxy?) e fo,1)

I? (x4 xy%, yH

m; (x*+y*, xy?) s >3, sisodd
m?,)\ (2 +ax2y + %, xy?) AEF, s>4, siseven
n; (2 +xy? 4y, xy?) s >3, sisodd
ﬁf,,\ 2+ xy?+ax2y+y5,xyY) | AeF, s>4, siseven

Table 2. Possible ICIS of order 2 when char F = 2.

The following result is from [11]:

Proposition 4.2. Letchar F =2, f € I, and ord( f) =2. Then one of the following
cases OCCurs:

(@) f~(xy,g) forsome g em?. Inthis case, f ~ (xy, x"™+y") for some m,n>?2,
which is simple.

(b) f~ &%+h,g) forhem’ and g € m>. Moreover, if g ¢ m>, then f is simple.
Similarly to Proposition 3.3, we can show:

Proposition 4.3. If g € m°, then the modality of f ~ (x> +h, g) is at least 2.

Proof. For g € m°, then [ = j;(f) is of the form

[ ~ (x? +axy2 —i—by3 +cxy3 +dy4, 0) ~ (x? —i—axy2 —i—by3 +dy4, 0).
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It is easy to compute that the codimension of T}(IC4Z ) in Py 4 is at least 2 (note that
(0, xy%), (0, y*) ¢ P, 4). Therefore K-mod( f) > K4-mod(l) > 2 by Proposition 2.19.
O

Therefore, we need to work on the case f ~ (x> +h, g) with g € m*\ m°.
Proposition 4.4. If g € m3\ m*, then f ~ (x> 4+ rxy%, y3), A € {0,1} or f ~
(x2+y5, xy?), k is odd or f ~ (x* 4+ y* + uy**1, xy?), k is even, u € {0, 1}.
Proof. Set j3(g) = ax® 4+ bx%y +cxy> +dy>.

Ifd #0,let fo = (x%,dy?) ~ (x2, y?) be the weighted O-jet of f with respect
to (a,d), where a = (4, 3), d = (8,9). Then

F!,R? C span{(xy?, 0)) + Ty, (F'K fo).

By Proposition 2.16, f ~ (x2 4+ cxy?, y3) ~ (x2 + axy2, ), 1 € {0, 1}.
If d =0 and ¢ # 0, we still let fy = (x2, cxy?) ~ (x2, xy?) be the weighted 0-jet
of f with respect to (a, d), where a = (4, 3), d = (8, 10). In this case

Fl,R? Cspan{(y*, 0), k = 4) + T (F'K fo).

Then f ~ (x* +e(y)y*, xy?) ~ (e(y)"'x? + y*, xy?), e(y) € F[y] is a unit.
If k is odd, then there exists &(y)* = e(y). Apply ¢(x) = é(y)x, ¢(y) =y, then
[~ 205 ).
If k is even, write e(y) ™' =eg+e;y +-- -, then
(4-1) [~ (eox? +erx®y +eax?y? + -+ xy?)
~ (eox® +e1x?y + ¥, xy?)
~ ((eox® +e1x*y + y*) (1 — (e1/€0) ). xy°)
~ (eox” + y* — (e1/e0)y* !, xy?)
~ (x2 +yk —{—)»ka, xyZ)’
where A € {0, 1}.

If c=d =0, then j3(f) ~ (x2 4 h,0). Then g€ m?, a contradiction. O
Proposition 4.5. If g € m*, then f is equivalent to other forms in Table 2, that is,
jf, k%,u’ 2, mf, mf’el, n% or ﬁ%ﬁel.

Proof. Computing the complete transversal of j>(f) = (x2,0), we have f ~
(2 +a(y)xy"+b(y)y*, c(y)xy“+d(y)yY) witha(y), b(y), c(y), d(y) either units
or 0. If a(y) (resp. b(y), c(y), d(y))= 0, we regard r (resp. s, u, v) as co. By
Proposition 4.3, we have either u = 3 or v =4.

() v=4, s =3. Then f ~ (x2 +a(y)xy" +b»)y>, c(y)xy* +d(y)y*). Take
I = (x> 4 boy>, doy*) ~ (x* 4+ y3, y*) to be the weighted O-jet with respect to
a=(3,2), d=(6,8). Wehave F, , C span((0, xy”)) + T,(F'KI). Therefore
f~ @2+, y*+axy?) for & € {0, 1}, which is j2 in Table 2.
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(i) v=4, s > 3. If r > 3, then we choose [ = (x2, y*) be the weighted 0-jet of f
with respect to a = (2, 1), d = (4,4). We have F, , C span((xy>,0), (0, xy*)) +
TN}(FIICZ). Thus f ~ (x2 +axy3, y* + uxy®), &, u € {0, 1} after a scaling. That is,
f~ k/%’ . in Table 2. If r =2, then the weighted O-jet of f with respecttoa = (2, 1),
d = (4, 4) becomes [ = (x2 +aoxy2, y4) ~ (x? —|—xy2, y4). Computation shows that
F!, C T/(F'KI), then we have f ~ (x2+xy?, y*) ~ I2, which is in Table 2.
(iii) v > 4. Then we have s =3 and then f ~ (x2+a(Y)xy" +b(y)y*, xy>+d(y)y).
Choose | = (x2, xy?) as the weighted O-jet of f with respect to a = (1, 1),
d = (2,4). We have F, , C span((xy*,0), (5%, 0)| k = 3) + T)(F'Kl). Then
f~ (x2 4 ,uxy2 +e(y)y*, xy3), w e {0, 1}, s > 3. After a scaling we can assume
e(0)=1.

If w =0 and s is odd, using the «, B-trick in Remarks 5.11, we have f ~
(x2+y%, xy¥) ~m?2 If =0 and s is even, we have

(4-2) [~ e+ 0

~((I+ey+ey’ +--)x>+y", xy%)

~ (Pt eax’y +ex’y’ +y°, xyY),
where e(y) ! =eg+e1y + ezy2 + - .-, and the e3-term vanishes since 63x2y3 is
killed by the xy3 term in the second component. We apply

X
P(x) = ma () =y;

then f ~ (x2+e1(1 +e2y>) " 'x%y + 5, xy3) ~ 2+ e1x?y +y*, xy3), e; € F.
That is, f ~ m?

s,e1’
If # =1 and s is odd, we have f ~ (xZ+xy? + y*, xy>) ~ nf by «, B-trick. If
u =1 and s is even, as above, we have

(4-3) f~ e @ +xyh) 4+ xy7)
~((I+ey+ey 4+ )x+y%, xy%)
~ (2 xy? 4 erx?y +eax?y? + 5, xyd).
Then applying
X
¢(x) = PRV p() =y,
14+e)"y

we have

@4~ A+ Fe(l+ey?) Iy + 3%, xy?)
~ P xy?eix’y + 5, xy?)

with e; € F. Thatis, f ~ 73, O
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5. The classification of order 3

In this section we assume f = (f1, f2) € Flx, y]2 with ord( f1) = 3, ord(f>) = 3.
We also assume char F = p > 3 in this part. We begin by classifying 3-jets.

5.1. The classification of 3-jets. Choose a suitable coordinate system such that
J3(f1) = ax® +bx?y +cxy* +dy’ witha, b,c,d € F and a # 0. Then j3(f}) ~
X3+ gxzy + f—l)cy2 + §y3 ~ (x —e1y)(x —eyy)(x —e3y) ~ lill3 since F is
algebraically closed, where /;, i =1, 2, 3, are linear forms in R.
Lii=lh=1 Letg(x) =11, ¢(y) =y, then ¢ (j3(f1)) =x°, ie., j3(fi) ~x>. We
have j3(f1’ f2) ~ (-x3’ ay3 + bxy2 + szy)-
Lllfa=b=c=0, j3(f)~ (x30).
[2Ifa=b=0, c£0, j3(f)~ (x>, x%y).
I3Ifa=c=0,b#0, j3(f)~ (3 xy?).
L4Ifa =0, b,c #0, j3(f) ~ (3, x%y +b'xy?), where b’ = 2. Let ¥ = 2b'x,
¥ =y, then j3(f) ~ (&3, 2825 + %7%) ~ (&%, x> + 222y + xy?) ~ (2%, x(x + y)?).
Let g (x) =x, ¢(y) =y —x, then j3(f) ~ (x*, xy?).
L5If a # 0, b*> # 3ac, we have
(5-1) B~ O3y +bxy? +xPy)
~ (x3, (y+%b/x)3+c/x2y— %b/zxzy_ 2—17b/3x3)
~ (2 (o 300) (= B2+ )
where b’ = b/a, ¢’ = c¢/a. Using the automorphism ¢ (x) = x, ¢p(y) =y — %b’x
we have
B~ (@7 4 (= 50%)x%y).

1y ¢(y) =y since ¢’ — %b/z #0,

Using the automorphism ¢ (x) = (¢ — %b/z)
we have j3(f) ~ (x3, y? +x?y).

1.6 If a #£ 0, b> = 3ac, as above, we have j3(f) ~ (x3, y3+ (c’ — %b’z)xzy) ~
(x?, y%).
LI} =1 #13. Let ¢(x) =11, ¢(y) = Lo, then j3(f1) ~ x*y. We have j3(f) ~
(x2y, ax3 +bxy* +cy?).

Ml1Ifa=b=c=0, j3(f)~ (x2y,0).

N2Ifa=b=0,c#0, j3(f) ~ %y, y?). Letp(x) =y, ¢(y) = x, we get
B3 ~ (3, xyh).

M3Ifb=c=0,a#0, j3(f)~ (x2y, x*) ~ (x3, x%y).

M4Ifa=c=0,b#0, j3(f)~ (x%y, xy?).



UNIMODAL ISOLATED COMPLETE INTERSECTION SINGULARITIES 91

IL51fc=0,a,b#0, j3(f)~ (xy, ax’+bxy?). Let ¢ (x) = x, ¢ (y) =+/a/by,
we have j3(f) ~ (x?y, x* +xy?).

IL.6 If ¢ #0, a # 0, we have
(52) j3(N)~ Py +axy? +00%) ~ (. (v 4 §a'x) + (0 = 3a)x),
where a’ =a/c, b’ =b/c. Let p(x) = x, ¢p(y) =y + 1a/x, we have
(5-3) ()~ (P (y — 3d'x), y +(' - ’3)x3)
~ (xzy - %a’x3, y+ a’3(b/ 27“ )xzy).
Let ¢(x) = x, ¢(y) = —%a’y, we have j3(f) ~ (x* +x%y, y? + Ax%y), where

= (270 —a'")/a"® = 27bc*> —a’)/a® € F. If . =0, we are back in case I. Hence
we assume A # 0 here.

IL7If ¢ # 0, a = 0, as above, j3(f) ~ (x*(y — 3a'x), > + (b’ — 5:a"%)x3) ~
%y, P +b'x) ~ Py, x4 y).
III. [y # Iy # [3. Multiplying by a unit, one can assume /3 = %ll + %lz. Suppose
[y =ux+vy, I =rx+sy. Let

¢ (x )_“+” +ﬂy, d(y) =

where i2 = —1. Then ¢(;) = x + iy, ¢>(lz) =x— 1y, ¢(13) =x and j3(f1) ~
¢ (lial3) = x> 4+ xy?. Hence j3(f) ~ (x> +xy%, axy? + bx?y +cy?).

M1 Ifa=b=c=0, j3(f)~ (x3+xy2,0).
M2Ifb=c=0,a#0, j5(f)~ (3, xy?).
ML3Ifc=0, b#0, j3(f)~ (x3+xy?, axy>+bx?y) ~ (x3+xy?, —ax3+bx?y) ~

(x* +xy%, x2(y — (a/b)x)). Let ¢ (x) = x, ¢(y) = y + (a/b)x; we have j3(f) ~
(x2y, x3 +x(y + (a/b)x)?), which goes back to II.

MA4Ifc#0,a=b=0, j3(f) ~ (x> +xy?, y?), which goes back to 1.

IIL5 If ¢ # 0, one of a, b # 0, then write j3(f) ~ (x> +xy2, y> +uxy? +vx?y),
where u, v € F and one of u, v # 0. We have j3(f) ~ (x> +xy2, y> + uxy? +
vxzy +o(x3 +xy2)). Choose «, r, s € F such that

x40y,

(5'4) S#O, u+o=r-+2s, v:2rs+s2’ CZ:I"SZ.
These equations then reduce to

(5-5) s4+(3—v)s2—2us—v=0, 2r=2—s,a=rs2;
s

hence such «, r, s exist. Then j3(f) ~ (x> 4+ xy%, (y +rx)(y +sx)?). Using the
automorphism ¢ (x) =x + y/s, ¢(y) =y +rx, we have reduced it to case I or 1.
Hence:
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Proposition 5.1. Let f € F[x, y]*> with ord(f) = 3 be a unimodal complete inter-
section singularity, then j3(f) is equivalent to one of the following:

(x},0), (3, x%y), 3, xpD), 7,y +x%y), 3y,
(5-6)  (x*y,0), (x*y,xy?), (x*y, x> +xy%), (> +x7y, y> +rx?y)(h #£0),
(xzy,x3+y3), (x3+xy2,0).

5.2. The classification of unimodals. We have the following classification of
unimodal ICIS of order 3:

Proposition 5.2. A unimodal ICIS of order 3 in any field with characteristic not
equal to 2, 3 must have one of the forms in Table 3.

symbol form condition
H (3 +x2y, y3 +Ax2y) A#£0
I (3, y3 +x2y)
J %, y%)
K, (3 +xy% x2y +y") r>4
L, 2y +y", xy? +x%) r,s>4
M, (& + ", xy?) r>4
Ny, (7 +2xy?, 2%y +yh A1, 12)
Proo o +xy? +xy", 2%y +yh) r>4
Poos 3 +xy +y5, x%y +yh) s>5
Prsa (3 +xy® +xy" +1y%, X2y +yh r>4,s>5,
rEF
Py | 3 +xyd+uxy +uys, x2y+y*), where | r>4,5>5,
u=ug+uy+---,v=v9o+viy+---, | pl2r—2s+3
R, @3 +xy3 2y +y9) t>5
X 3+ y* Py +ayt) r € {0, 1}
Y; (P + 5, 22y +2y°) 1 e {0, 1}
Z; (3 +12xy% + 193, x2y + %) re{0,1}

Table 3. Possible ICIS of order 3 when char F # 2, 3.

We will prove Proposition 5.2 step by step:
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Proposition 5.3. If j3(f) is contact equivalent to one of the following forms:
G-7) @y +aty), Y, @Pyad 7 @7+ aty, Y Ay ( #£0),

then j3(f) is 3-determined. In particular, f is contact equivalent to j3(f) of the
above forms.

Proof. After some computation, one can show m*Ccm- ff (K f) when j3(f) has
forms in 5.2. Hence by Theorem 2.6, j3(f) is 3-determined. Here we compute the
case when j3(f) ~ (x3, y3 + x%y) as an example.

Let

er = (x2,0), e2=(0,x7), e3= (> +x%y,0),
es =0,y  +x%y), es = (3x%,2xy), e = (0,3y* +x7).

Then Tf(ICf) is generated by ej, ez, e3, e4, xes, yes, xeg, yeg, and we have

0, x*) = xes emT;(Kf),
0,x°y) = ye e mT; (),
(0, x%y?) = L (x%es — xe2) emTp(Kf),
0, xy%) = S (xyee — (0,x%y))  emT (K[,
(0, ") = yes — (0, x*y?) emTy(Kf),
(x*,0) = xe, e mT(Kf),
(x?y, 0) = ye emT (K f),
(x2y%,0) = 2(y%es —2(0, xy*)) emT (K [),
(xy%,0) = xe3 — (x*y, 0) emTp(Kf),
(5%, 0) = ye3 — (x?y%, 0) emT (K f),
This implies m* - R C m - T¢ (K f), as claimed. O

Proposition 5.4. If j3(f) ~ (x3,0), (x%y, 0), (x> +xy?2, 0), then K-mod(f) is at
least 2.

Proof. We just prove the case when j3(f) ~ (x2y +xy?2, 0). The others are similar.

In this case a complete transversal in Jy4 is spanned by (0, x*), (0, x? yz), (0, y4);
hence js(f) ~ (x3 + xy?, ax* + bx?>y* + c¢y*) by Theorem 2.8. Let g = (x> +
xy?, ax* 4+ bx?y? + cy*). After computation, we have (0, xy?), (0, y*) ¢ P34 for
almost all a, b, c. Hence, the codimension of fg (K4g) in P34 is 2, which is, the
modality of f > 2 by Proposition 2.19. ([

Proposition 5.5. If j3(f) ~ (x3, xy?), then f ~ (x> + ", xy?), r > 4.
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groof We can compute the complete transversal as follows: By Proposition 2.5,
T (K f) is generated by

e1=(x*0), e2=(0,x%), e3 = (xy%,0), ea = (0,xy%), xes, yes, xes, yes,
where es = (3x2, y?), e = (0, 2xy). A similar computation shows that
@%,0), (+%y,0), (*y%,0), (xy*,0), (0,x%), (0,x°y), (0.x%y%), (0,xy%), (0, y")

lie in T"f (K f) while (y*, 0) ¢ Tf (K f). In fact, one can easily show that (', 0) ¢
Tr(Kf) for any [ > 3. Hence, a complete transversal is spanned by {(y!,0)|1>4).
By Theorem 2.8, we have

(5-8)  f~+ Y by, xy?) ~ P +e(y)y, xy?) (r =4, e(y) a unit)
>4

~ (@YX
In the last line, we take the automorphism ¢ (x) = e(y)l/ 3x and o(y)=y. Ol
Proposition 5.6. If j3(f) ~ (x%y, xy?), then f ~ (x*y +y", xy>+x°), r, s > 4.

Proof. Using a computation like Proposition 5.5, a complete transversal is given by
{(y!,0), (0, x') | I > 4}. Hence, by Theorem 2.8,

(5-9) f~EPy+ Y ay xy? + Y bixh)
>4 >4

~ (x*y4a(y)y", xy? +b(x)x*),

where a(y), b(x) are units in F[[x, y]] and r, s > 4.
Using the automorphism ¢ (x) = a(y)l/zx and ¢ (y) =y, we have

(5-10) f~ 2y 4y, a " 2xy? +a(y)?ba(y) ' ?x)x*)
~ (Y 7, xy? Felx, y)xt),

where e(x, y) is a unit. We write e(x, y) = Zizo e;(x)y'; then

f~ (xzy +y xyt + (Z e (x)yi)xs)

i>0

~ (xzy +y", xy? + (Z e; (x)yi)xs —x 2y + yr)( > ek(X)y'H))
i>0 k>1
~ <x2y +y", xy2 +eo(x)x® =) xsfzek(x)ywk*l).
k>1

Note that the order of x changes from s to s — 2, and the order of y changes from 0
to . Repeating the operation, we get f ~ (x?y + y", xy? 4+ eo(x)x* +d(x, y)),
where d(x, y) = y"*/%¢/(x, y) or xy"¢~D/2¢/(x, y) depending on whether s is even
or odd, and €'(x, y) = Y ;- ex(x)y*~!, which is a unit in F[[x, y]. The order of
dis>3r(s—D+1.
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Using the automorphism ¢ (x) = x and ¢ (y) = eo(x)'/?y. Then

(5-11) F~ (o) 2x?y +eo(x) 2y, xy* +x* +di (x, y))
~ (xy +eo(x) T2y xy? X di(x, y)),

where di (x, y) =d(x, eo(x)'/?y). Write eg(x)" D2 =" u;x’; then

f~ (x2y+(Z uixi)y’,xy2+x“+d1 (x,y)>

i>0

~ (R (D )y =y 2 ) (8 w1, 1y (1)
i>0 k>1

~ (XZY+uOyr_ > ey 20t > gy "2di (x,y), xy*+x°+d, (%)’))-
k>1 k>1

Repeating the operation, we get f ~ (x2y +uoy” +da(x, y), xy> + x* +d; (x, y)),
where the order of d»(x, y) is > %s(r —1)+1.
Taking the automorphism ¢(x) = ax, ¢(y) = By, where «, 8 € F satisfy
a?B =upp’, af* = B°, we have

(5-12) F~ @y +y +da(x, y), xy* +x" +di(x, y)).

Specifically, d; (x, y) has order %rs if s is even and %r(s — 1)+ 1if s is odd, while
Jz(x, v) has order %rs if r is even and %(r —1)s 4+ 1if r is odd.
Now we exchange the position of x, y so that r > s. Let

(5-13) g=jr(f) =y +y", xy* +x°).

Using a similar computation as in the proof of (3.5.ii.2.3.3.1) in Proposition 3.6, we
can show m" 1 R? ng (Kg). This means g is (2r —3)-determined by Theorem 2.6.
Since s > 4, min{ord d; (x,y),ord Jz(x, v)} > 2r — 3. Therefore f ~ jo,_3(f) =
(x2y 4", xy? +x%). O

Proposition 5.7. If j3(f) ~ (x2y, x> +xy?), then f ~ (x*>y+y", x> +xy?), r > 4.

Proof. A complete transversal is given by {(y!, 0) | [ > 4}; hence

f~ (xzy + Y ay, x? +xy2> ~ (y ey, ¥ +xy?),
I>4

where r > 4.
Using the automorphism ¢ (x) = e(y)l/zx and ¢ (y) = y, we have

f~ @2y +y", e(3)x® +xy?).
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Write e(y) =) .~ e;y'. Then

(-14)  f~ (xzy +), (Z eiyi)x3 +xy? —x(x?y + y’)(Z eky"“))
>0 k>1

- (x2y+y’,eox3+xy2— )3 ekxyr—i-k—l)
k>1

- (x2y+yr’ eox’ —|—xy2(1 = ekxyr+k—3)>'
k>1

Set ug(y) = e(y), vi(y) =1— ;- exxy 3. Then vi(y) € 1 +m" % and

5-15) [~ (xzy +y", eox> + ul(y)xyz) ~ (x2y +y", eovl(y)_lx3 +xy2).

Since vi(y) € 1 +m" 2, we have v;(y) "' € 1 +m" 2. Set u;(y) = eovi(y)~'; then

ui(y) €eg+m 2 and f~ (x%y+y", ui(y)x® +xy?). Writing

(5-16) () =e+ Y vyt
k>r—2
we have
<x2y+ g (eo+ > vkyk)x3+xy2)
k>r—2
~<x2y (eo+ > vky")x3+xy2—X(x2y+y’)< > vky"’l))
k>r—2 k>r—2
~<x y+y L exd+xy?— Y vkxy”rk’l)
k>r—2
N(x y+y’,eox3+xy2<1— > vky’+k’3)).
k>r—2

Set vp(y) =1—) 4o, » vy tE3; then va(y) € 1 4+ m? 5. Setting us(y) =
eov2(y) 7! € eo+m¥ 7, we have f~ (¥2y + ¥, ua(y)x’ +xy7).

Repeating the operation, we can get a sequence of units u(y), uz(y), ..., uy(y),

. with u, (y) € eg + "I and £ ~ (x2y + v, u,(y)x> + xy?).

Since r > 4, the orders of u, (y) —e are strictly increasing. Noting that (x2y+y",
eox> + xyz) has finite Tjurina number (and hence is finite determined), we have
f~2y+y", eox+xy?) ~ (x2y+y", x3+xy?) by using Remark 2.7 and applying
the automorphism ¢ (x) = ax, ¢(y) = By, where o’ = " and egar® = af>. [

The situation becomes complicated when j3( f) ~ (x>, x?y). A complete transver-
sal is given by {(xy'=1,0), (4/,0), (0, y') | I > 4}. Then

(5-17) f~ <x3+Za,~xyi+ ijyj,x2y+chyk>

i>3 jz4 k=4
~ 3 Famxy +b()y*, x2y +c(n)y"),

where r > 3, s >4, t >4, and a(y), b(y), c(y) are units or 0.
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First we have the following criterion:

Proposition 5.8. The modality of f ~ (x> +a(y)xy" +b()y*, x>y +c(y)y') is at
least2 ifr >4, s >6andt > 5.
Proof. If r >4, s > 6 and t > 5, set g = ju(f) = (x3, x?y), then all jets in JL(g)
are equivalent to g, := (x> +axy*, x2y 4+ ¢y?), where Ji(g) is formed by jets in
Js(g) withr >4, s >6andt > 5.

Analogously to Proposition 3.3, we can show (»°,0), (0, y°) ¢ T, (Ksgac)-

ac

Hence cod(g,.) > 2. By Propositions 2.19 and 2.21, K-mod( f) > Ks-mod(f) > 2.
O

Remark 5.9. If a(y) (resp. b(y), c(y)) =0, we regard r (resp. s, t) = 00 here.

Now we assume » <4 ors <6ort <5anda(y), b(y), c(y) are units. We can
simplify (5-17) by the trick using in [11].

First we recall the implicit function theorem:
Lemma 5.10 (cf. [9, Theorem 6.2.17]). Let K be a field and F € K[ x1, ..., Xn, ¥
be such that

oF
(5-18)  F(x1,..., x4, 0) € {x1, ..., xn), a(xl,...,xn,o)gé(xl,...,xn)-
Then there exists a unique y(x1, ..., Xp) € (X1, ..., Xn)K[[x1, ..., x, 1| such that
F(xi, ..., x5, y(x1,...,x,)) =0.

Back to f in (5-17): if
(5-19) 3r—2s#0 and p{3r—2s,
applying ¢ (x) = a(y)"/*x and ¢ (y) = y, we get

[~ +xy"+y'b(y). Xy +y'e1(y),

where b(y) = b(y)/a(y) and ¢1(y) = c(y)/a(y).
Write b(y) = ) _ b;y'. Consider the function

i>0 .
F(Z) — Z2s—3r Z bl_ylz2l _ bO-
i>0
We have F(1) € (y) F]ly], and
F'(1)=Q@2s—=3r) Y biy' =2 ibiy'
i>0 i>1
is a unit by (5-19). Applying Lemma 5.10 to the function G(z) = F(z+ 1), we find
Z(y) with G(z(y)) = 0. Let z(y) = Z(y) + 1; then z(y) is a unit and F(z(y)) = 0.
Using the automorphism ¢ (x) = z(y)"x and ¢(y) = z(y)zx, we have f ~
(x? 4+ xy" + boy*, x>y + y'ca(y)). Then apply &(x) = ax, &(y) = B(y) with
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a, B € F satistying o® = af”, af” = boB* (such «, B exist since 3r — 2s # 0).
We have

(5-20) f~ O3 +xy + 35, X2y +y'EL)),

where ¢(y) is the image of ¢;(y) under the automorphism &.
Similarly, if

(5-21) 2s—3t4+3#0 and p{2s—3t+3,
we have
(5-22) [~ F+amxy +y . 2%y + 0,

where a(y) is the image of a(y) under the similar automorphism.
If

(5-23) r+1—t#0 and pfr+1-—t¢,
we have
(5-24) f~ O3+ xy + b))y, X2y +yh).

If (5-19), (5-21), (5-23) all fail, then r, s, ¢ satisfy
(5-25) 3r—2s=ap, 2s—3t+3=bp, r+1—t=cp.

But the minimal solution of (5-25) withr >3, s >4, t >4 and p > 5 is exactly
r=4, s =6, t=2>5, in which case f is not unimodal.

Remarks 5.11. (i) We call the technique we use here the «, B-trick, since we can
easily apply ¢ (x) = ax, ¢(y) = By in (5-17) and get the result.
For example, when (5-19) holds, choose «, 8 as the simultaneous solution of

(5-26) o’ =ap’a(By), ap’a(By)=Ppb(By);

then apply ¢ on (5-17), we can get (5-20). The trick was shown in [5]. The implicit
function theorem provides a complete proof with the same result. But it is useless
in some special characteristics, e.g., if p | 3r — 2s here.

(ii)) We call the technique used in Propositions 5.6 and 5.7 the r, s-trick. It has no
restriction on characteristic, although the process is a little tedious. Later we will
use the r, s-trick again but omit the process.

Proposition 5.12. If s =4, then f ~ (x> + y*, x2y + Ay*) ~ X, in Table 3, where
A=0or 1.
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Proof. Let h = (x3 + y*, x?y) be the weighted O-jet of f with respect to (a, d),
where a = (4, 3), d = (12, 11).

We choose T = span((0, y*) as a complete transversal. Then we have F al 4 C
T+ ﬁl(FidICh). By Proposition 2.16, f ~ (x> + y*, x>y +ay*) for some a € F.
After an obvious scaling, f ~ (x> 4+ y*, x%y + y*) or (x* 4+ y*, x%y). U

Proposition 5.13. Ifs =5 andr =3, then f ~ N, R;, P, 5, Z) in Table 3.

Proof. In this case p {3r —2s. By (5-20), we have j,(f) ~ (x3 +xy°, x2y + 10y,
which is weighted homogeneous of degree 0 with respect to (a; d), where a =
(3.2), d = (9, 8). Write g = jy(f). Next we find T C F, ;,R*\ F} ,R* such that
F1 R2 CT+T, ¢(F'Kg). Then by Proposition 2.16, f ~ g+t withr € T..

After some computation (easily done by hand), we know that for A9 #£0, 1, & 139
Fa1 dR2 - T (F'Kg) (note that char F # 2, 3, hence - 15 18 well-defined). In that
case f ~ g = (x> +xy3, x%y + 1oy*) ~ (x3 + Axy?, x2y + y*), where A = 1/A0.

If 1o =0, then F,, JR>CTHT,(K-g) where T is spannedby{(O y5) 0,9, ...}.
Hence f ~ (x3 —|—xy ,x2y +ey') witht > 5 or f ~ (x> +xy3, x2y) (which is not
an ICIS). Using the r, s -trick we can show f ~ (x3 4 xy3, x%y + y").

If A g=1orXiy= 12, we write g ~ (x> 4+ Axy?, x2y + y*) with A = 1, 12. The
process will be shown later in Proposition 5.15. (]

Proposition 5.14. Ifs =5 andr > 4, then f ~ Ny or Y, in Table 3, where A € {0, 1}.

Proof. We have f ~ (x> +a(y)xy" +b(y)y>, x>y +c(y)y").

Ift =4, let g=js(f) = (x>, x®y+cy*) ~ (x3, x2y +y*) be the 4-jet of f. Then

g is weighted homogeneous of degree 0 with respect to (a; d), where a = (3, 2),
= (9, 8) as in Proposition 5.13. After the same computation, we have F al dR2 C
T,(F'Kg). Thatis, f ~ (x>, x%y +y*).

If t > 5, let h = (x3 4+ by3, x%y) ~ (x> + y3, x%y) be the weighted 0-jet with
respect to (a, d), where a = (5, 3), d = (15, 13). Computation shows that Fal’dR2 C
T+ Tg(Flng) for T = span({(0, y5)) (whether p =5 or not). Hence f ~ (x° —I—y5,
x?y 4+ay?®). An obvious scaling shows f ~ (x* +y>, x>y +1y°) for A € {0, 1}. O

Proposition 5.15. If s > 6 and t =4, then f ~ N, Pr.o, Pso.ss Prs., IN’,,S or Z
in Table 3.

Proof. Consider the 4-jet j4(f) = (x> +axy’, x>y +cy*) ~ (3 +axy3, 22y +yH),
where A =a/c. If A # 1,12, a computation similar to that of Proposition 5.13
shows j4(f) ~ (x> +1xy3, x2y + y*) and furthermore f ~ (x> 4+ Axy3, x2y +yH).
We have

F)  R* C span((y°, 0)) + T, (F'Kg).

Then, by Proposition 2.16, f ~ (x34+12xy3, x?y+y*) or (x> +12xy34+y3, x2y+yH).
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If o = 1, we write g ~ (x> +xy?, x%y +y*). Then F) ;R* C T + T,(F'Kg)
with T = span((y’, 0), (xy/,0) |1 =5, j > 4). Hence

[~ 1y +u(xy” +v0)y* 22y +yh)

withr > 5, s > 4.
If v(y) =0, write u(y) = uo+uy +- - -. Through the process

(5-27)  f~ @ Hxy +u@y)xy”, x2y+y*
~ ((x3+xy3+u(y)xy’)(l—§y), x2y+y4>
0

2
~ (x3+xy3+(uo+<u2—Z—(l)>y2+' - )xy’—Z—;x(xzy+y4), x2y+y4>
2
~ <x3+xy3+(uo+(uz—h)y2+- - )xy’, x2y+y4),
uo
we reduce u; to 0. Repeating the process, we can reduce u(y) to ug € F and finally
to 1. Then f ~ (x> +xy° +xy", x2y + yH) ~ P .

If u(y) =0, similarly we can get f ~ (x3+ xy3 + v, xzy + ")~ Poos.

If u(y), v(y) # 0, apply ¢ (x) = a(») >, ¢(y) = ()% This leads to f ~
B +xy3Fua()FOxy" +Fv(»)a(»)* %y, x2y+y*). Using the a, B-trick, if
p12r —2s—3, there exists a(y) such that a(y)2r — 6u(y) = a(y)>*~°v(y). By the
same process as for (5-27), we have f ~ ()c3 —i—)cy3 +uoxy” +ugpy’, xzy + y4) ~
(7 +xy? +xy" +ayS, 27y +yH) ~ P

If p|2r —2s — 3, we get a family P . ([
Proposition 5.16. Ifr =3, s > 6, t > 5, then f ~ R, in Table 3.

Proof. In this case, let g = j4(f) = (x> + xy>, x?y). An ordinary complete
transversal is given by T = span((0, y3), (0, %), ...). Hence f ~ (x> + xy°,
x2y 4 e(y)y'). Using the r, s-trick we get f ~ (x> +xy3, x>y +y"), t>5. O

The above propositions finish the proof of Proposition 5.2.

6. The classification of order 3 when char F =2

The process of classification in the field of characteristic 2 is quite similar to that of
other characteristics. We first classify 3-jets and then classify all germs.

6.1. The classification of 3-jets. Same as in Section 5, for f = (fi, f>) with
ord(f1) = 3, we have j3(f1) ~ (x —e1y)(x —e2y)(x — e3y) ~ [11l3 since F is
algebraically closed, where ey, e, e3 are the roots of j3(fi(x, 1)), and /;, i =1, 2, 3,
are linear forms in R. Here we repeat the discussion at the beginning of Section 5.

Ll =L=1I. Letgp(x) =1, ¢(y) =y, then p(j3(f1)) = x3, ie., j3(f1) ~x>. We
have j3(fi, f2) ~ (x3, ay’ + bxy? + cx?y).
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Lilfa=b=c=0, 5(f)~ (0.

[2Ifa=b=0,c#0, j3(f)~ (x>, x%y).

I3Ifa=c=0,b#0, j3(f)~ (x3, xy?).

L4Ifa=0, b,c#0, j3(f)~ (x3, bxy> +cx?y) ~ (x3, xy> + x%y).

L5 If a # 0 and b? # ac, then we have j3(f) ~ (x3, y> +b'xy* + 'x%y) ~
(x3, (y+b’x)3+(c’—b’2)x2y), where b’ =b/a, ¢’ = c/a. Using the automorphism

P(x) =x, ¢p(y) =y — b'x, we have j3(f) ~ (&3, y> + (¢ = b*)x>(y — b'x)) ~
(x3, y3 +x2y) since b? # ac.

1.6Ifa #0, b*>=3ac, as above, we have j3(f)~ (x3, y3+ (' —b'H)x2(y—b'x)) ~
(x?, ).

II. l] = 12 ;ﬁ 13. Let ¢)(x) = ll, ¢>(y) = 12, then J3(f1) ~ xzy. We have ]3(f) ~
(x%y, ax® 4+ bxy? +cy?)

Ml1Ifa=b=c=0, j3(f)~ (xy,0).

U2Ifa=b=0,c#0, 5(f)~ &y, y). Let (x) =y, ¢(y) = x, we get
S~ O3 xy?).

N3Ifb=c=0,a#0, 3(f)~ (x?y,x%) ~ (x*, x?y).

M4Ifa=c=0,b#0, j3(f)~ (x%y, xy?).

IL5Ife=0, a,b#0, j5(f)~ (x%y, ax’+bxy?). Let ¢ (x) =x, ¢(y) = a/by,
we have j3(f) ~ (x2y, x> +xy?).

IL6If ¢ #0, b #0, then j3(f) ~ (x%y, Y +b'xy* +a'x>) ~ (x%y, (y +b'x)> +
(a’ —b/3)x3), where a’ = ajc, b= b/c. Letting p(x) =x, ¢p(y) =y —b'x, we have
B~ @ =b'x), ¥+ @ = bP)x%) ~ (Py = b'x3, y 4 (@ = b7) /b)x?y).
Letting ¢ (x) = x, ¢ (y) = —b'y, we have j3(f) ~ (3 +x2y, y3 +Ax2y), where
A= (a —b?) /b = (ac® —b®)/b? € F. We still assume A # 0 here.

IL7If ¢ # 0, b =0, as above, j3(f) ~ (x*(y —b'x), y> + (@' — b?)x?) ~
(x%y, y? +a'x) ~ (x%y, X +y7).

1. I} # [ # [3. Multiplying by a unit, one can assume /3 =[] + ;. Suppose [} = x,
I, = y; then j3(f1) ~ x2y +xy2. Hence j3(f) ~ (x%y +xy?, ax? + bx%y +cy?).

.1 Ifa=b=c=0, then j3(f) ~ (x%y +xy2, 0).

M2Ifa=c=0,b#0,then j3(f)~ (x>y +xy%, x2y) ~ (x2y, xy?).

II1.3 If exactly one of a, c is equal to 0, assume a # 0 and ¢ = 0. Then j3(f) ~
(x2y 4+ xy%, X3+ b'x%y) ~ (x%y + xy?, x*(x + b'y)), where b’ = b/a. Using the
automorphism ¢ (x) = x, ¢(y) = (y — x)/b’, we reduce the situation to I or II
depending on whether ' = 0.
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.4 If a,c #0and b =0, then j3(f) ~ (x>y +xy%, x>+ 'y ~ (x%y + xy?,
X34+ y 4N Pxy? 4y ~ (P y+xy?, (x4cey)(x 42 y)?), where ¢ =c¢/a.
It’s easily to see that this reduces to I or II depending on whether ¢’ = 1.

M5 Ifa,b,c #0, j3(f) ~ (x2y +xy?, x3 + b'x?y + ’xy?), where b’ = b/a,
¢’ =c/a. Let a be the root of > + b'a = ¢’. Then
f~2y+xy? 2+ (@+b)x2y +axy?* +c'y?
~ (x%y +xy7, X (x + Ay) + oy (x + 1y))
~ (%y +xy?, (A (x a2y,

where . = o 4+ b = c¢/a. This reduces it to case I or IL.
Hence we get the result:

Proposition 6.1. Let f € F[[x, y]? be a unimodal complete intersection singularity
with ord(f) = 3 in a field F with characteristic 2, then j3(f) is contact equivalent
to one of the following:

(x3,0), 3, x%y), (3, 09D, (3, 2y 4+, @3y +x%y), 3y,
(6-1) (x%y,0), (x2y, xy%), %y, x> +xy?), (3 +x2y, 3 +2x2y) (A £0),
(2, 3493, (2y +xy2,0).

6.2. The classification of unimodals.

Proposition 6.2. A unimodal ICIS of order 3 in any field with characteristic 2 must
have one of the forms in Table 5 (on this page and the next).

symbol form condition
H, 3+ x%y, ¥y + ax2y) A#£O
1 o3,y +x2y)
J **, )
K, 3+ xy2, X2y +y) r>4
L, (xzy—i—y’,xyz—i—xS) r,s >4
M? (x> +y3, x%y)
M, (x? 4y, xy?) r>4
Mr2 (x3—|—y’,x2y —|—xy2) r>4, riseven
1\7[,2 (x3+y’+eyl,x2y+xy2), where | r >4, r is odd,
e=e0+ely2+ezy4+~-- I >r, liseven
N, (2 +axy?, X2y 4+ y*) A #£1
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symbol form condition
Nf 3, 22y + y* 4+ axy?) reF
P @3 Fxy>+xy", 2y +y%) r>4
Poo. s @3+ xy3+y5, 2y +yH s>5
Py | P +xyd+xy" +ay5, x2y+y%) | r>4, s>5 AeF
R; 3 +xy3 x2y+yh) t>5
X2 7+ 5%, X%y + pxy?) € {0, 1}
i% 3+ y +xy3, X2y +axyd) ALEF
Y, o +y°, %%y +2y%) ref0,1)

Table 5. Unimodal ICIS of order 3 when char F = 2 (starts on previous page).

The remaining propositions in this section finish the proof.
Proposition 6.3. If j3(f) is contact equivalent to one of the following forms:
62) %y +a%y), N, @ty Ay A D, Pyt ),
then j3(f) is 3-determined, and so f is contact equivalent to the j3(f) in (6-2).

Proof. If g is one of the first three germs, we can show m* C m - fg (Kg) as before;
hence g is 3-determined.

For ¢ = j3(f) = (x?y,x* +y%), T,(Kg) is spanned by {(x?y,0), (0, x2y),
(x3 + y3, 0), (0, x> + y3), (0, x2), (x2, y2)}, and a complete transversal is spanned
by {(x",0) | r > 4}. Hence f ~ (x>y 4+ e(x)x", x> + y?) by Theorem 2.8 where
e(x) € F[x] is a unit and r > 4. Applying the automorphism ¢ (x) = x, ¢ (y) =
y—e()x"2 f~ (P, X} + (v +e()x" ) ~ (xPy, x + 37 e(x)Px 70 ~
(x2y, u(x)x3 +y3), where u(x) = 1 + e(x)>x3° is a unit in F[[x]. Applying

Pp(x)=x,0(y) =ux)'Py, then f ~ (x*y, x? 4+ y). O
Proposition 6.4. If j3(f) ~ (x3, xy?), then f ~ (x> +y", xy?) ~ M,, r > 4 in
Table 5.

Proof. The complete transversal is still given by {(y", 0) | » > 4}. Then the process
is same as Proposition 5.5. ([l

Proposition 6.5. If j3(f) ~ (x>, x2y +xy?), then f ~ M? or M? in Table 5.

Proof. A complete transversal is T = span((y", 0), r > 4); then f ~ (x> +u(y)y",
X%y +xy?).
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If  is even, using the o, B-trick we have f ~ (x> +y", x2y +xy?) since 2{r —3.
If r is odd, write

f~ & ey +ey® 4y +xy%)
= (P + (o +eay* +eayt + - )y (e +esy? + - )y K2y £ xy?).

There exists e(x)? = eg + e2y2 + - .- that allows us to use the «, B-trick again.
Resetting the symbols, we get a family f ~ (x3+y"+(eg+e1 y>+- - - )vh, x2y+xy?).
O
Proposition 6.6. If j3(f) ~ (x?y,xy?), then f ~ (x*y + ¥, xy* + y*) ~ Ly,
r,s >4 in Table 5.
Proof. The complete transversal is the same as Proposition 5.6, and the later process
also follows from Proposition 5.6. ([
Proposition 6.7. If j3(f) ~ (x%y, x>+ xy?), then f ~ (x>y +y", x> +xy?) ~ K,
in Table 5, r > 4.

Proof. Same as Proposition 5.7. O

If j3(f) ~ (x3, x%y), a complete transversal is given by
{(xy",0), (»*,0), (0, xy"), (0, y*) | r,u >3, s, v>4}.
Then

(6-3) f~ G +axy” +b)y, x2y +c()xy" +d(y)yY),
withr,u>3,s,v>4

Proposition 6.8. If f is of the form (6-3) andr > 4, s > 6, v > 5, then f has
modality at least 2.

Proof. Forr =4, s > 6, v>15, we write g = j4(f) = (x3, x2y), and any 5-jet in
an open dense subset of J{(g) is of the form g, = 3 +axy*, x2y +cxy3 +dy’)
with a, ¢, d € F, where J{(g) is formed by jets in J5(g) withr >4, s > 6, v > 5.
Computation, perhaps in a program such as Singular, shows (>, 0), (0, y3) ¢ P45
in each case; hence cod(g,.) = 2 for all a, ¢ € F. By Propositions 2.19 and 2.21,
K-mod(f) = Ks-mod(f) > inf{cod(gac)} = 2. U

Proposition 6.9. If f is of the form (6-3) with s = 4, then f is contact equivalent
to the form ~ (x> +y*, x>y + uxy®) with u =0, 1 or (x> + y* +xy3, x2y + Axy?)
with A € F. That is, f ~ XIZL or X% in Table 5.

Proof. In this case f ~ (x> +y*+a(y)xy", x>y +c(y)xy* +d(y)y") after a scalar
transform. Let g = (x3+y*, x?y), then g is weighted homogeneous of degree 0 with
respect to (a, d), where a = (4, 3), d = (12, 11). Let T = span{(xy>, 0), (0, xy°)),
then we check that Fal’dR2 cT+ Tg(Flng), which means f ~ (x3 + y* +axy?,
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x2y 4+ bxy?) for a, b € F. Take a scalar transform; we have f ~ (x> + y*, x%y),
3+ y* 2y +xy?) or (3 +y*+xy3, X2y + axy?) with A € F. U

Proposition 6.10. If f is of the form (6-3) with v =4, s > 4, then f ~ N,, N} or
Pr oo, Pooss Prs) in Table 5.

Proof. If r > 4, let g = (x3, x?y+y*) be the weighted O-jet of f with respect to (a, d),
where a = (3, 2), d = (9, 8). Let T =span((0, xy*)); then F, ;,R* C T+T,(F'Kg),
which means f ~ (x3, x2y + y* + Axy?) for L € F.

If r =3, let g = (x* +a)xy>, x>y + y*), a(0) € F* be the weighted 0-jet
of f with respect to (a,d), where a = (3,2), d = (9,8). If a(0) # 1, then
FalydR2 - Tg(FIICg) automatically holds; hence f ~ (x3+Axy3, x2y+y*%), L e F*.

In the case a(0) = 1, T is spanned by {(xy",0), (¥*,0) | r > 4,s > 5}, and
f~3+x +u(y)xy” +v(y)y*, x>y + y*). Similar to Proposition 5.15, for
v(y) =0 (resp. u(y) =0), we have f ~ P, o (resp. Py s). Otherwise, since p=2, we
have p{2r—2s—3forany r, s. Then f ~ (x> +xy>+e(y)xy +e(y)y*, x2y+y*) ~
(34 xy3Feoxy” +egy’, x2y +yH) ~ (B3 Fxyd 4 xy FayS, X2y +yH ~ Py O

Proposition 6.11. If f is of the form (6-3) with s =5, then f ~ Y, or R, in Table 5.

Proof. If r > 4, let g = (x> + by, x2y) with b € F* be the weighted 0-jet of
f with respect to (a, d), where a = (5, 3), d = (15, 13). As in Proposition 5.14,
f~3 4y, x2y +4y%), A € {0, 1}.

If r =3, let g = (x> +axy?, x%y) with a € F* be the weighted 0-jet of f with
respect to (a, d), where a = (3, 2), d = (9, 8). As in Proposition 5.16, we have
f~34+xy3 x2y+y), t >5. O

Proposition 6.12. If f is of the form (6-3) with s > 6, v > 5, then f ~ R, in Table 5.

Proof. In this case we have r = 3 by Proposition 6.8. Under the assumption
s, v > 4, we can choose g = (x> +axy?, x?y) to be the weighted O-jet of f with
respect to (a, d), where a = (3,2), d = (9, 8). Let T = span{((0, yl)l [ > 5); then
Fal’dR2 C T + T,(F'Kg). Therefore f ~ (x> +xy, x%y + e(y)y"). Using the
r, s-trick as in Proposition 5.16, we have f ~ (x3 +xy3, x2y + '), t > 5. O

7. The classification of order 3 when char F =3

Next we repeat the discussion in the case char F' = 3.

7.1. The classification of 3-jets. As in Section 5, for f = (f1, f>) with ord(f1) =3,
we have j3(f1) ~ x>, x%y or x3 + xy2.

L j3(f1) ~ x3. We have j3(fi, f) ~ (x3, ay3 + bxy? + cx2y).
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L1If c =0, then j3(f) ~ (x3, x%y) or (x3, xy?) or (x3, y3 4+ xy?) or (x3,0),
depending on whether a, b = 0.

[2Ifc#0, b=0, then j3(f)~ (x3, y3 +x2y).

L3 If b,c # 0, we can write j3(f) ~ (x3, y(x + %by)2 + (a — %bz)y3) ~
(%, 102y (y+526) "+ (a— 16?) (y+2/b)x)%). Using p(x) =x, ¢ (y) =y+2/b)x,
we then get j3(f) ~ (x3, }sz(y— (2/b)x)y*+ (a — ‘1‘52)},3) ~ (x3, ay’ — %bxyz) ~
(x3, xy%) or (x3, y3 +xy?) depending on whether a = 0.

IL j3(f) ~ (x%y, 0). We have j3(f) ~ (x%y, ax’ +bxy* +cy).

IL1 If ¢ = 0, then j3(f) ~ (x2y,ax3 + bxy2) ~ (xzy,x3) or (x2y,xy2) or
(x2y, x3 4+ xy?) or (x2y, 0) depending on whether a, b equal 0.

M2 1Ifc #0, b =0, then j3(f) ~ (x%y, ax® + cy3) ~ (x2, (a'Px + c'3y)3),
which is back to case I.

IL3If b, c #0, a =0, then j3(f) ~ (x2y, y> +xy?).

IL41f a, b, c # 0, we change notation, obtaining j3(f) ~ (x2y, y> +ax>+bxy?).
Applying the automorphism ¢ (x) = x, ¢(y) = y + ax, where « is a nonzero root
of a3 —ba?+a =0, we have

Ja(f) ~ (xzy +ax’, y3 + (oz3 +ba® + a)x3 + bxy2 + Zbaxzy)
~ (x2y4ax?, yP+ bxy? +2ba(x?y + ax?))
~ (2 +ax’, y +bxy?) ~ ( +x%y, ¥ +axy?),
with A # 1; here we used that o £ b (since a # 0).
L. j3(f1) ~ x3 4+ xy%. We have j3(f) ~ (x> + xy?, axy? + bx%y + c¢y®). The
argument is the same as in Section 5, except for the characteristic being 3, with no

other changes.
In conclusion:

Proposition 7.1. Let f € F[[x, ylI> be a unimodal complete intersection singularity
with ord( f) = 3 in a field F with characteristic 3, then j3(f) is contact equivalent
to one of the following, where A # 1:

(3,0, (3, x%y), 3 xpD), @,y +xy?), 3,y +xty), (3, pY),
(x2y,0), (x%y,xy?), 2y, 2> +x0%), 2y, v +xyD), (3 +x2y, 37 +axy?),
(x3 +xy2, 0).

7.2. The classification of unimodals.

Proposition 7.2. A unimodal ICIS of order 3 in any field with characteristic 3 must
have one of the forms in Table 6.



UNIMODAL ISOLATED COMPLETE INTERSECTION SINGULARITIES 107

symbol form condition
H 3+ x%y, y3 +ax?y) A#0
A (3 + 2%, ¥+ x2y) re (0, 1)
A (3 + 2% ¥ +xy?) refo, 1)
I (3 +2x2y?, 33 + pxy?) e fo,1)
K, 3+ xy%, X2y +y) r>4
K} O +xy2+x", x%y) r>4
Iﬁ(vf,k P +xy*+rxy3 +x7, x%y) r>4,1eF,3|r
L, 2y +y", xy?+x%) r,s >4
M} (% 4y, xy?) r>4
M},A ( +axy 4y, xy?) r>4,AeF,3]|r
Nf 3+ axy3, 22y 4+ Y r#£E
N} (5 Py +yh s €{5,6)
P 3+ xy? +xy", X2y +y%) r>4
Py s @3 +xy3 4y, 2y 4+ s>5
Prsa (3 +xy +xy" +Ay%, 2y +y) r>4,s>5A1eF
Py | (3 +xy3+uxy +vy', x2y+y*), where r>4, s>5,
u=uopt+uy+---,v=v9+viy+---, 3|2r—2s
R, 3 +xy3, X2y + ) t>5
X 3+ y* 2y +ayh A e {0, 1}
Y; (47, X2y +4y°) 1€ {0, 1}

Table 6. Unimodal ICIS of order 3 when char F = 3.

As for the assignment of cases, most of the discussion is the same as before, so
we just make a table to present the results. See Table 7 on the next page.
When j3(f) ~ (x3, xy?), (x%y, y3+xy?), (x3, x2y), we need further discussion.

Proposition 7.3. If j3(f) ~ (x*, xy?), then f ~ M} or M?,.

Proof. We have f ~ (x> +e(y)y", xy?) with r > 4, e(y) € F[[y] is a unit.

If 317, using «, B-trick we have f ~ (x3 4+ y", xy?).

If 3 | r, reset notations, write f ~ (e(y)x3 +y", xyz) ~(x3 4 elx3y +y, xyz),
where e € F. TheanZl’/VIffel. g
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() complete transversal f

(&, xy?) (v, 0),r=4 ey xy?), r =4
o,y +xy?) "0 O+ 2%y 4+ xy?), 2 € {0, 1}
o,y +x%y) %, 0) &+ a4y +x%y), A €10, 1)

@, %) (?%,0), (0, x%y?) O +axy?, v 4 ux?y?),

A, e d{0, 1}

(xzy,xyz) ", 0),0,x%),r,s >4 (x2y+y’,xy2+xs), r,s >4
(x2y, x3 +xy?) »".0),r>=4 2y +y, 3+ xy?), r>4
¢y, y* +xy?) 0,x"), r>4 2y, ¥ +xy? +e(x)x’), r >4

3422y, y34+axy?) 3-determined (3 +x%y, ¥+ rxy?)
(x?, x%y) 0", 0), (xy%,0), (0, y) | (& +a()y" +b()y*, xy> +c(3)y")

Table 7. Determination of cases for unimodal ICIS of order 3 when
char F = 3.

Proposition 7.4. If j3(f) ~ (x%y, y3 +xy?), then f ~ Kf or kvzk.

Proof. We have f ~ (x2y, y> 4+ xy? +e(x)x").
If 31r, using a, B-trick we have f ~ (x2y, y> +xy?+x") ~ K?.
If 3| r, similar as above, f ~ (y* +xy>+Axy’+x", x2y) ~ K}, with A € F. O

When j3(f) ~ (x3, x%y), the following result is the same as the case char F > 3.

Proposition 7.5. If j3(f)~ (x>, x?y), then f~(x>+a(y)y" +b(y)y*, xy> +c(y)y")
withr,t >4, s >3, a(y), b(y), c(y) are units. And whenr >4, s >6,t>5, f is
not unimodal.

We omit the discussion, which is similar to that of Proposition 5.16, and give
the result directly in Table 8. This finishes the proof of Proposition 7.2.

8. Checking the modality

Let T'5(f) = R™ [({fi, ..., fm) - R™ + m(3f/dx), ..., 0f/0x,)). Choose an
F-basis g1, ..., gq of TH*¢(f). T. H. Pham, G. Pfister, and G. M. Greuel have
shown in [11] that Fy(x) = F(x,t1,...,t5) = f +t181 + - - - + 1184 represents
a formally semiuniversal deformation of f, where t = (¢1,...,;). If F(x,1t) is
equivalent to a family of ICIS of at most one parameter for t € F9, then f is
unimodal. Here we check f ~ 1, ~ (x? +y*, 972 + axy?), ¢ > 3, A2 ¢ {0, —1}
in Table 1 as an example.
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weighted jet weight complete form
transversal
s=4 (3 +y*, x%y) (4,3;12,11) 0,y 34yt 2y+uy?),
wel0, 1}
s=5, | (34xy3 2y+ayH | (3,2:9,8) 0 3 4xy3, x2y+ayh),
r=3 r¢{0, 1} A ¢1{0, 1}
s=5, | P+xy?, 2y+ah | (3,2:9,8) | (0,y),1=5 | (P4xyd xty+y),
r=3 A=0 r>5
s=5, | (P+xy?, 2y+ah) | (3,2:9,8) | (1", 0), (35, 0) | (FHxyP+u(y)xy”
r=3 A=1 +o()y*, x?y+yh)
where u(y), v(y) are
units in Fllx, y]l,
r>4,s>5
s=5, (3, x?y+yh) (3.2,9,8) | (°.0), 0% 0) | (FP+ry", xPy+y?),
r>4, s=5,6,1=0,1
t=4
s=5, (x*+y°, x%y) (5.3:15,13) 0, y°) 3+, x2y+py?),
r>4, ne{0, 1}
t>5
>6, | (P+rxy’, x2y+yH | (3,2:9.8) 0 (3 +axy?, x2y+y%),
1=4 A ¢{0, 1} 2 ¢{0, 1}
5>6, | (P+rxyd xty+yH | (3,2:9,8) | (3°,0), (0%, 0) | (P4ayT, x2y+yh),
t=4 A=0 §s=5,6,1=0,1
56, | (P+rxyd xty+yh | (3,2:9.8) | (1", 0), (3°,0) | (P +xyP+u(y)xy”
t=4 +o(y)y*, x2y+y*)
where u(y), v(y) are
units in Flx, y]l,
r>4,s>5
r=3, (+xy?, x%y) (3.2,9,8) | (0,y),t=5 | (F+xy* x2y+y0),
§>6, t>5
t>5

Table 8. Summary of omitted arguments completing the proof of Proposition 7.2.

First we choose generators

>, 0), (»2,0), (»*,0), (0, ), (0,y%),

, (0’ yq+2) c Tl,sec(f).

Note that 71:5¢¢( f) = (mR?)/ Tf (K f). In the proof of (3.b.u.2.3.3.1) in Proposition
3.6, we have shown that (0, xy9t!) € Tr(Kf), so (0, y4+3) € T;(Kf). Also
(0, y9+2) generates (0, xy?), while (y3, 0) and (0, y9*') generate (0, xy?~!). Then
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we add (0, x), (0, xy), ..., (0, xy? —2) as generators. These generators form a basis
of Tl,seC(f).
Let
gl - (yzv 0)7 g2 - (y3v 0)9 83 - (07 )’2), RN gq+3 = (Ov yq+2)9
a4 = (0,xy), ..., gogs1=(0,xy77).
We consider F(x,t) = f+1t1g1+---+1tyr1824+1, Where t = (11, ..., 1rg41). We

write F(x,t) = (G1, G2) € R%.

If 1y #0 or 13 # 0 or 7,44 # 0, then j>(G1) is nondegenerate, which means G is
simple by Proposition 3.5. From now we assume | =13 =544 =0.

If t £ 0 or t4 # 0, then jr(Gy) ~ (x2 4+ y%). By Proposition 3.5, G is simple.
From now we assume #t, =t4 = 0.

Now G is of the form

G~ (2 4y 12yt fasyt 4 Aty 1gsxy? g p1xy? )

~‘<x2+-y4,§:tu4)”-%x z:lj+q+3yj>,
i>u J=v
where g > 3, A2 ¢ {0, 1}, u > 4, v > 2. Comparing with (3-1) and Proposition 3.6,
this corresponds tothe case o =1, s =4, u =t >4, v=q > 2, where o, 5, t, ¢
are taken in the sense of (3-1).
By Proposition 3.6 (3.a.i), in most cases, G is at most unimodal. The only unsure
case is that there exists ¢’ < ¢ < ¢’ such that

G~ (x> +y*, yI 2+ Vxy? +ugxy' +xy" +urxy' )

withg' >3, t+p<qg—2,2*=—land p|t—¢’, p1t’'—q’, which is of the form

ly 1, in Table 1 containing two parameters uo and u. Then we must have
p+3<p+q <t<q-—p-2,

thatis, ¢ > 2p + 5. If we set ¢ < 2p + 4, then this will not happen. That is, /, ; is
unimodal for g <2p +4.

Using the same method, we can give tables to show when the modality of the
above class is 1.

Remark 8.1. If it’s false that (x> 4 y*, y° 4+ 1xy3 +axy? 3 +xy*P £ bxy?P3) is
contact equivalent to (x4 y*, y° + Axy3 +cxyP3 4 xy*P 4 dxy?P+3) for general
a,b,c,d € F, then we can ensure that the singularities given in Table 9 are the
only unimodal ICIS. Conversely, if all singularities of the form l~q, ¢.r are equivalent
(or at least can be presented as a one-parameter family), then all the singularities
given in Table 1 are unimodal. Unfortunately, we cannot judge this equivalence yet.
We post it as a conjecture.
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symbol form condition when is it
unimodal
hq (o +y%, xy) q=3 q=<2p+3

i (%, y)

i (x2, y> +xy?)

i° (%, y° +xy*) p=>5
Ji (244 y) t>5 1<2p+4
Ji 24y y +ay'h t>5 plt 1<2p+4
kq (2 4+ 4, y1H3 £ xy9) q=>3 g<2p+3
Iy (34 yIT2 4 xy) q=3,27¢{0,~1} |g=<2p+4
iq_,_,/ (24 y*, Y2 4 axyd 4 uxy' +xy'), AMV=—1,4g>3, qg<2p+3
where u = ug+u1y? +ury*? +- - t>g+1,t'>t+1,

plt—q,ptt' —q

Table 9. Unimodularity criteria (see Remark 8.1).

Conjecture 8.2. Let F be an algebraically closed field with characteristic p. Then
the isolated complete intersection singularity

(2 +y*, ¥+ axy® +axy? T3 4+ xy¥P 4 bxy?rtd)
is not contact equivalent to

(2 y*, Y+ axy? FexyP P 4 xyMP 4 gxy?rt?)
for general a, b, c,d € F.

The modality of singularities in Table 2 (i.e., of order 2 in characteristic 2
field) does not need to be checked, since every germ of the form (x%+h, g) with
g € m*\'m? is equivalent to a form in Table 2, which has at most one parameter.

Using the same method to check Table 3, we find the results in Table 10. Thus
every singularity in Table 3 is unimodal. This is because those of modality 2 must
have a deformation to 13” But (xy", 0), (%, 0) (k >4, [ > 5) do not exist in a
basis of 7'1%¢¢( f) at the same time for every f. Then such a deformation does not
exist.

For the case ord( f) = 3, char F = 2, see Table 11.

When an ICIS in Table 11 can deform to A7Ir2, it may have two parameters. This
leads to another conjecture:
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symbol form condition when is it
unimodal
H (3 4+ x%y, y3 +ax2y) A#£0
I (3, ¥ +x%y)
J )
K, O +xy?, 2%y +y") r>=4
L, @2y +y", xy> +x%) r,s >4
M, o+ 5", xy?) r=3
N, 3+ axy?, 22y + 9 A é{l,12}
Proo (o +xy +xy", X%y + 54 r>=4
Py s 3 +xyd+y5, 2y + Y §s>5
P (0 +xy? +xy" +ay5, 2%y + 34 r>4,s=5,
AEF
}~’” (3 +xy3 +uxy” +vy*, x2y + y4), where | r>4, s>5
u=uo+uy+---,v=v9+viy+---, | pl2r—2s+3
R, 3 +xy3 2y +y) t>5
X5 o+ 3% 2y + 0y A e{0, 1}
Y (3 4%, X%y +21y°) A ef0,1)
Z, (3 +12xy3 + A4y3, x2y +yH e {0, 1)

Table 10. Unimodularity criteria when ord(f) = 3, char F # 2, 3.

Conjecture 8.3. Let F be an algebraically closed field with characteristic 2. Then
the isolated complete intersection singularity (x> +y> +ay®+by?, x2y+xy?) is not
contact equivalent to (x> 4+ y° + cy® +dy®, x*y + xy?) for general a, b,c,d € F.

If the conjecture holds, then all unimodal ICIS of order 3 in a characteristic 2
field are presented in Table 11.

For the case of ord(f) = 3, char F = 3, we can check that every singularity in
Table 6 is unimodal.

In conclusion, we get the following classification theorem:

Theorem 8.4. Let F be an algebraically closed field with arbitrary characteristic.
Then every unimodal isolated complete intersection singularity (ICIS) in F([[x, y]
has the form in Tables 1, 2, 3, 5, 6. Besides Tables 1, 5, every form in the other tables
is unimodal. If additionally Conjecture 8.2 (resp. Conjecture 8.3) holds, then all the
unimodal ICIS in Table 1 (resp. Table 5) are presented in Table 9 (resp. Table 11).



UNIMODAL ISOLATED COMPLETE INTERSECTION SINGULARITIES

symbol form condition when is it
unimodal

H (3 +x%y, y3 +ax2y) A#0

I (3, y3+x%y)

J @, 3

K, 3 +xy2 X2y +y") r>4

L, 2y + 5", xy? +x°) r,s >4

M? (43, x%y)

M, 3 +y", xy?H) r>4 r<8§
M,2 (x3+y’,x2y +xy2) r=>4,riseven r<8
Ilf/vlr2 (x3+y’+ey],x2y +xy2), r>4, risodd, 1 <7

wheree:eo+ely2+e2y4+--~ l>r,liseven

N, 3+ axy3d, x2y 4+ 9% AFEL

Nf 3, X2y + y* + axy?) AEF

P 3+ xyd+xy", 2y +y4) r>4 r<7
Poc.s (3 +xyP +y' x2y +yh s>5 s<8
Posa (x3+xy3+xy’+kys,x2y+y4) r>4,s>5, r<s+1,r<7

reF ors<r,s <8

R, @3 +xy3 2y +y9) t>5

X ( +y* x%y + pxy?) ne 0,1}

X2 (0 4+ y* +xy°, %%y + Axy?) AeF

Y, (7 + 37, %y +4y%) re{0,1}

Table 11. Unimodularity criteria when ord( f) = 3, char F = 2.
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