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Motivated by recent works on statistics of matrices over sets of number
theoretic interest, we study matrices with entries from arbitrary finite subsets
A of finite rank multiplicative groups in fields of characteristic zero. We
obtain upper bounds, in terms of the size of A, on the number of such
matrices of a given rank, with a given determinant and with a prescribed
characteristic polynomial. In particular, in the case of ranks, our results can
be viewed as a statistical version of work by Alon and Solymosi (2023).
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1. Introduction

1.1. Motivation and set-up. For a finite subset A of a field K, we define Mm,n(A)

to be the set of m × n matrices with entries from A. It is also convenient to omit
one of the subscripts when m = n, writing Mn(A) = Mn,n(A). Various counting
questions regarding matrices in Mm,n(A) where A is a set of arithmetic significance
have been studied in a number of works. Here we are interested in the case when
m and n are fixed and the size of A grows, that is, when

A = #A → ∞.

Thus this is dual to the set-up when A is fixed, typically A = {0, 1} or A = {−1, 1},
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and m, n → ∞, which has also received a lot of attention; see [11; 17; 19; 25; 26;
32; 36; 37; 41; 42; 51] as well as the survey [52].

The direction originates from the case of A= K = Fq , where Fq is the finite field
of q elements [13; 24; 27; 28; 29; 44; 45; 54].

In characteristic zero, the most studied case is the case of integer entries, bounded
(in, say, L2 or L∞ norms) by some parameter H → ∞. This direction originates
from works of Duke, Rudnick and Sarnak [18], Eskin, Mozes and Shah [22] and
Katznelson [33; 34]; see also [10; 21; 30; 47; 48; 53] for further developments of
these techniques, based on geometry of numbers and homogeneous dynamics. More
recently, several different approaches to problems of arithmetic statistics for matrices
have emerged [1; 2; 3; 4; 5; 9; 14; 16; 15; 20; 31; 38; 39; 43; 50]. These works
are based on a variety of other techniques, including some inputs from Diophantine
geometry and analytic number theory. In particular, these new ideas have given
the means to approach various counting question for matrices with rational entries
whose numerators and denominators are bounded by a given height H , see [4], and
for matrices with entries which are polynomial values of integers from [−H, H ],
see [9; 39], in the same regime of fixed m and n and H → ∞.

There is also an emerging direction of studying matrices with entries from a
completely general set, where, surprisingly some nontrivial bounds are possible [8;
35; 40; 49].

More precisely, most of the above works study the following three subsets of
Mm,n(A):

• matrices of given determinant d ∈ K,

(1-1) Dn(A; d) = {X ∈ Mn(A) : det X = d},

• matrices with a given characteristic polynomial f ∈ K[T ],

(1-2) Pn(A; f ) = {X ∈ Mn(A) : det(T In − X) = f },

• matrices of given rank r ∈ N,

(1-3) Rm,n(A; r) = {X ∈ Mm,n(A) : rank X = r}.

As with Mn(A), we also adopt the notation Rn(A; r) = Rn,n(A; r).
Here we consider the above questions in a new setting, when the set A is an

arbitrary finite subset of a multiplicative subgroup 0 of finite rank in a field K of
characteristic zero. Besides the aforementioned works, our motivation also comes
from a result of Alon and Solymosi [6, Theorem 1], which shows that n×n matrices
with entries from finitely generated subgroups 0 of C∗ have a rank growing with
their dimension n. In our notation, the result of [6, Section 4] can be formulated
as Rn(A; r) = ∅, provided r < (c1 log n)c2 for some positive constants c1 and c2,
depending only on n and the rank of 0.
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It is also interesting to note that both the approach of Alon and Solymosi [6]
and our approach are based on the celebrated Subspace Theorem of Schmidt [46].
More precisely we use its implication for the number of nondegenerate solutions to
linear equations solved over 0, given in the currently strongest form by Amoroso
and Viada [7, Theorem 6.2]. This in turn has been used in [12, Corollary 16] to
estimate the total number of solutions; see Section 3 for details.

We emphasise that our bounds on the above quantities Dn(A; d) and Pn(A; f )

are uniform with respect to d and f , and the implied constants, while the bounds on
Rm,n(A; r) may only depend on the dimensions m and n of a matrix, and the rank
ϱ of 0. In Lemmas 3.2, 3.3, and 3.4 on the number of solutions to linear equations,
the implied constant may only depend on the number of summands n and the rank
ϱ of 0.

1.2. Notation. We recall that the notations U = O(V ), U ≪ V and V ≫ U are
equivalent to |U | ⩽ cV for some positive constant c, which, as above, may depend
only on m, n and ϱ throughout this work.

We also write U ≍ V as a shorthand for when both U ≪ V and V ≪ U hold.
When S is a finite set, we use #S to denote its cardinality.
Throughout this work we also use

A = #A

to denote the cardinality of A.
Finally, Fq denotes the finite field of q elements and In denotes the n ×n identity

matrix.

1.3. Trivial upper bounds. Before we formulate our results, we record the follow-
ing trivial bounds, which we use as benchmarks to illustrate the strength of our
results.

Clearly, for any n ≥ 1 and A ⊆ K of cardinality A,

(1-4) #Dn(A; d) ≪ An2
−1.

In fact, for A= K = Fq the bound (1-4) is tight. However, recent work by Shkredov
and Shparlinski [49] shows that a better bound is possible for real matrices when
n ≥ 3, without any further restrictions on the entries.

Also, for f = T n
+ cn−1T n−1

+ · · · + c0 ∈ K[T ],

(1-5) #Pn(A; f ) ≪ An2
−2.

Indeed, writing X = (xi, j )
n
i, j=1 and using f = det(T In − X) we see that X has a

fixed trace tr X =−cn−1, and hence we can express xn,n via other diagonal elements.
After this the equation det X = (−1)nc0 becomes an algebraic equation in n2

− 1
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variables. This equation is nontrivial as one can see by specialising all nondiagonal
elements of X to 0.

Furthermore, for any n ≥ m ≥ r ≥ 1 and A ⊆ K of finite cardinality A,

(1-6) #Rm,n(A; r) ≪ Anr+mr−r2
.

Indeed, without loss of generality, we can assume that the top left r × r submatrix
of X ∈ Mm,n(A) is nonsingular. Then we see that after fixing nr elements in the
top r rows of X and, the (m − r)r remaining elements in the first r columns of X ,
the remaining elements are uniquely defined.

2. Main results

2.1. Matrices of given rank. Recall the definition of Rm,n(A; r) given in (1-3) as
the set of m × n matrices over A of rank r .

Theorem 2.1. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup
of K∗. If n, m ≥2 with n ≥m ≥ r >0, for any finite subset A of 0 with cardinality A,
we have

#Rm,n(A; r) ≪

{
Anr+m−r if 2m ≤ n + r,
Anr+m−r+⌊(r−1)/2⌋(2m−n−r) otherwise.

When 2m > n + r , Theorem 2.1 gives us a saving against the trivial bound (1-6),
of

Anr+mr−r2

Anr+m−r+⌊(r−1)/2⌋(2m−n−r)
=

{
A(n−r)(r−1)/2 for r odd,

Ar(n−r)/2+(m−n) for r even.

When 2m ≤ n + r , the bound of Theorem 2.1 is tight. For instance, take K = Q,
0 = ⟨2⟩ and Ak = {2s

: 1 ≤ s ≤ 2k}, defining Ak = #Ak = 2k. In this case we have
knr

≍ Anr
k ways of fixing the first r rows with elements of the form 2s for 1 ≤ s ≤ k.

We then have km−r
≍ Am−r

k ways of choosing all the other rows to be 2s multiplied
by the first row for each 1 ≤ s ≤ k (to guarantee elements stay within Ak). Thus
the number of matrices of rank at most r satisfies

(2-1)
r∑

j=1

#Rm,n(Ak; j) ≍ Anr+m−r
k .

Therefore

#Rm,n(Ak; r) =

r∑
j=1

#Rm,n(Ak; j) −

r−1∑
j=1

#Rm,n(Ak; j)

≫

r∑
j=1

#Rm,n(Ak; j) + O(An(r−1)+m−(r−1)
k ) ≫ Anr+m−r

k .
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2.2. Matrices of given determinant. We recall the definition of Dn(A; d) given
in (1-1) as the set of n × n matrices over A with determinant d .

Theorem 2.2. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup
of K∗. For any d ∈ K and finite subset A of 0 with cardinality A,

#Dn(A; d) ≪

{
An2

−⌈n/2⌉ if d = 0,

An2
−⌈(n+1)/2⌉ if d ̸= 0.

Clearly Theorem 2.2 always improves the bound (1-4) (and also the stronger
bound from [49]), except when n = 2 and d = 0, in which case the bound is tight.
Indeed, specialising the lower bound (2-1) to the case when m = n and r = n − 1,
we immediately see that

#Dn(A; 0) ≫ An2
−n+1.

Hence for d = 0, Theorem 2.2 is tight when n = 2 and n = 3.

2.3. Matrices of given characteristic polynomial. Recall the definition of Pn(A; f )

given in (1-2) as the set of n × n matrices over A with characteristic polynomial f .
We first consider the case n = 2 separately, due to the compatibility of the

formulae for the trace and determinant in this case, which allows for a tighter bound
to be acquired than in the general case.

Theorem 2.3. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup
of K∗. For any d, t ∈ K not both zero, and finite subset A of 0 with cardinality A,

#P2(A; T 2
− tT + d) ≪ A.

We do not specify a bound in Theorem 2.3 when d = t = 0 because in this case,
the trivial bound of O(A2) is tight. This can be seen with the following construction.
Let Ak = {±2s

: 0 ≤ s < k}, with Ak = #Ak = 2k. A matrix X = (xi, j )
2
i, j=1 is in

P2(Ak; T 2) if and only if

det X = x1,1x2,2 − x1,2x2,1 = 0 and tr X = x1,1 + x2,2 = 0,

or equivalently,
x2

1,1 = −x1,2x2,1 and x1,1 = −x2,2.

By writing x1,1 = 2a+b, x1,2 = 22a and x2,1 = −22b with nonnegative integers
a, b < k/2, we see that

#P2(Ak; T 2) ≫ A2
k .

We now turn our attention to the case n ≥ 3. Our bound is based on fixing only
the coefficients of T n−1 and T n−2 in the characteristic polynomial f ∈ K[T ], as
motivated by the techniques of [4]. While we do not present a matching lower
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bound, the strength of [4, Theorem 2.3] which uses this approach indicates its
unexpected power.

Before stating Theorem 2.4 for fixed characteristic polynomial, we introduce the
function

(2-2) α(n) =
n(n−1)

2
+ max

{⌊
n−1

2

⌋
+

⌊
n(n−1)

4

⌋
,
⌊

n
2

⌋
+

⌊
n(n−1)

4
−

1
2

⌋}
.

Theorem 2.4. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup
of K∗. For any monic polynomial f of degree n ≥ 3, and any A ⊆ 0 of finite
cardinality A, we have

#Pn(A; f ) ≪ Aα(n)

where α(n) is given by (2-2).

We note that
lim

n→∞
α(n)/n2

=
3
4 .

Direct calculations show that Theorem 2.4 improves (1-5) and also the bound

#Pn(A; f ) ≪ #Dn(A; (−1)nc0) ≪

{
An2

−⌈n/2⌉ if f (0) = 0,

An2
−⌈(n+1)/2⌉ if f (0) ̸= 0,

which follows from Theorem 2.2.

Remark 2.5. In the proof of Theorem 2.4 we derive more precise bounds which
depend on some properties of the coefficients of Xn−1 and Xn−2 from f . See
Appendix B, where these bounds are presented.

Finally, we observe that Theorems 2.3 and 2.4 imply upper bounds on the number
of cyclotomic matrices X ∈Mn(A), that is, matrices with Xk

= In for some positive
integer k.

3. Linear equations in finite rank multiplicative groups

3.1. Counting nondegenerate solutions. We start with the best known bound in
the case of arbitrarily many summands in an arbitrary field of characteristic zero
due to Amoroso and Viada [7, Theorem 6.2], however as in [12] the previous bound
of Evertse, Schlickewei and Schmidt [23] is also suitable for our purpose (as well
as other bounds of this kind).

Let K be a field of characteristic zero, and let 5 be a subgroup of (K∗)n . We
say that a solution to the equation

(3-1) a1x1 + · · · + anxn = 1, (x1, . . . , xn) ∈ 5,

is nondegenerate if ∑
i∈I

ai xi ̸= 0

for all I ⊆ {1, 2, . . . , n}.
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Lemma 3.1. Let K be a field of characteristic zero, and 5 a rank ϱ subgroup
of (K∗)n . For any a1, . . . , an ∈ K∗, the number of nondegenerate solutions to (3-1)
is at most (8n)4n4(n+ϱ+1).

3.2. Counting arbitrary solutions. Since the entries of our matrices are drawn
from a subgroup 0 of K∗, we specialise Lemma 3.1 to the case 5 = 0n .

The following result is essentially [12, Corollary 16]. Although it is presented in
[12] for K = C with integer coefficients, it extends to arbitrary fields of characteristic
zero in the natural way.

Lemma 3.2. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup of K∗.
Suppose that A ⊆ 0 is a finite set of cardinality A. For any a1, . . . , an ∈ K∗, the
number of solutions to

a1x1 + · · · + anxn = 0, x1, . . . , xn ∈ A,

is O(A⌊n/2⌋).

It is easy to see that the bound of Lemma 3.2 is tight, since for any choice of 0

and A, if n = 2k then we can choose

a1 = · · · = ak = 1 and ak+1 = · · · = a2k = −1,

allowing us to construct Ak
= A⌊n/2⌋ solutions by setting xi = xk+i for all i ∈

{1, . . . , k}. If n = 2k + 1, then we may similarly consider

a1 = · · · = ak−1 = 1, ak = · · · = a2k = −1, and a2k+1 = 2,

which allows us to once again construct Ak
= A⌊n/2⌋ solutions by setting xi = xk+i−1

for all i ∈ {1, . . . , k − 1} and x2k−1 = x2k = x2k+1.
For problems such as counting matrices of a given nonzero determinant, we also

require a non-homogeneous (and a slightly stronger) version of Lemma 3.2 where
the right-hand side of the corresponding equation is an arbitrary a0 ∈ K∗. We derive
it as an application of Lemma 3.2, which we use to handle the vanishing subsums
present in degenerate solutions.

Lemma 3.3. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup of K∗.
Suppose that A ⊆ 0 is a finite set of cardinality A. For any a0, a1, . . . , an ∈ K∗, the
number of solutions to

a1x1 + · · · + anxn = a0, x1, . . . , xn ∈ A,

is O(A⌊(n−1)/2⌋).

Proof. Dividing all coefficients of the above equation by a0 we see that it is sufficient
to consider the equation

(3-2) a1x1 + · · · + anxn = 1, x1, . . . , xn ∈ A.
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Let A denote the number of solutions to (3-2), and for each such solution
x = (x1, . . . , xn), associate a subset I(x) ⊆ {1, . . . , n} with the largest cardinality
such that ∑

i∈I(x)

ai xi = 0.

For each I ⊆ {1, . . . , n}, let AI denote the number of solutions of (3-2) such
that I(x) = I. As such, there is a particular set J which maximises the number of
corresponding solutions such that

A =

∑
I⊊{1,...,n}

AI ≪ AJ .

Considering now just solutions y for which I( y) =J in the interest of bounding
AJ , we may split (3-2) into the maximal degenerate part

(3-3)
∑
i∈J

ai xi = 0

and nondegenerate part

(3-4)
∑

i∈{1,...,n}\J

ai xi = 1.

Because solutions to (3-4) are nondegenerate by construction, the number of
solutions is B ≪ 1 by Lemma 3.1 with 5 = 0n−#J .

By construction, #J ≤ n−1 and hence the number of solutions C to (3-3) satisfies

C ≪ A⌊(n−1)/2⌋

by Lemma 3.2 (except at n = 1, in which case the theorem we presently prove is
trivial). This leads to the overall bound

A ≪ AJ ≪ BC ≪ A⌊(n−1)/2⌋,

concluding the proof. □

As we saw when illustrating the tightness of Lemma 3.2, for the appropriate
choice of a1, . . . , an−1 we have A⌊(n−1)/2⌋ solutions to

a1x1 + · · · + an−1xn−1 = 0.

Choosing now an = 1 and a0 = xn for some fixed xn ∈ A, we see that Lemma 3.3
is also tight.

We also require a bound on the number of solutions to a rather special system of
two equations with elements of 0.
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Lemma 3.4. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup of K∗.
Suppose that A ⊆ 0 is a finite set of cardinality A. The number of solutions to the
system of equations

(3-5) x1 + · · · + xn = x2
1 + · · · + x2

n = 0, x1, . . . , xn ∈ A,

is O(A⌊2n/5⌋).

Proof. For each partition

{1, . . . , n} =

h⊔
i=1

Ii

into h ≥ 1 disjoint sets I j , with #I j ≥ 2, j = 1, . . . , h, we count solutions to
x1 + · · · + xn = 0, which form nondegenerate solutions to each of the equations∑

i∈I j

xi = 0, j = 1, . . . , h.

Fixing one term of each equation and counting solutions in the remainder using
Lemma 3.1, there are O(Ah) such solutions.

Let k be the number of sets I j with #I j = 2, where, without loss of generality,
we can assume that

I j = {2 j − 1, 2 j}, j = 1, . . . , k.

Hence h ≤ k + ⌊(n − 2k)/3⌋ and thus there are at most

(3-6) T1 ≪ Ak+⌊(n−2k)/3⌋
= A⌊(n+k)/3⌋

such solutions.
On the other hand, since we now have x2 j = −x2 j−1 for j ≤ k, the equation

x2
1 + · · · + x2

n = 0 becomes

2
k∑

j=1

x2
2 j−1 +

n∑
j=2k+1

x2
j = 0,

which by Lemma 3.2 has at most

(3-7) T2 ≪ A⌊(n−k)/2⌋

solutions, after which the remaining variables x2 j , j = 1, . . . , k, are uniquely
defined.

Choosing, for each k ∈{0, . . . , ⌊n/2⌋}, one of the bounds (3-6) or (3-7), whichever
is smaller, we deduce that the number of solutions to (3-5) is O(Aκn ), where

κn = max
k∈{0,...,⌊n/2⌋}

min
{
⌊(n + k)/3⌋ , ⌊(n − k)/2⌋

}
.
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By noticing that if k ≤ n/5 then (n + k)/3 ≤ 2n/5, and similarly that if k ≥ n/5
then (n − k)/2 ≤ 2n/5, it follows that

κn ≤
2n
5

,

and by the integrality of κn the result follows. □

Remark 3.5. It is not difficult to further show that κn = ⌊2n/5⌋ in the proof of
Lemma 3.4, with the maximum attained at k = ⌊n/5⌋.

4. Proofs of main results

4.1. Proof of Theorem 2.1. Our proof employs several ideas introduced in [39,
Theorem 2.1], with the appropriate alterations made to use Lemmas 3.2 and 3.3,
which are the new tools available in our setting.

As in the derivation of (1-6), we simplify by counting the size of the set
R∗

m,n(A; r) of matrices in Rm,n(A; r) in which the top left r × r submatrix is
nonsingular.

For arbitrary X = (xi, j )
n
i, j=1 ∈R∗

m,n(A; r), we may write X as the block matrix

X =

[
X1 X2

X3 X4

]
,

where

X1 = (xi, j )
r
i, j=1

is the r × r nonsingular submatrix which exists by assumption.
There are at most

A ≪ Ar2

possible values for the entries of X1.
Observe that for each integer k ∈ {r + 1, . . . , m}, the k-th row of X is a unique

linear combination of the first r rows, given by coefficients ρ1(k), . . . , ρr (k) ∈ K.
We say that X3, the matrix immediately below X1, is of type t ∈ {1, . . . , r} if t
is the largest number of nonzero values among the coefficients ρ1(k), . . . , ρr (k)

taken over each k ∈ {r + 1, . . . , m}. Suppose that, in particular the h-th row is such
that t of the coefficients are nonzero, that is, h corresponds with the row which
maximises the value of t . Without loss of generality we assume that it is the first t
coefficients ρ1(h), . . . , ρt(h) which are nonzero. It is therefore possible to choose
a nonsingular t × t submatrix of

(xi, j )1≤i≤t,1≤ j≤r ,
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which we assume, without loss of generality, to be

(xi, j )
t
i, j=1.

This means that each of the At choices for (xh,1, . . . , xh,t) defines fully the
coefficients (ρ1(h), . . . , ρt(h)) and subsequently (ρ1(h), . . . , ρr (h)) by including
the zero values. Thus the values of xh, j for j ∈ {t + 1, . . . , r} are also fixed, that is,
the rest of the corresponding row of X3. Since h has been chosen to maximise the
value of t , we can apply the same bound to each row of X3 to deduce that for each
X1 there are

Bt =

m∏
j=r+1

At
≪ At (m−r)

corresponding possible matrices X3 of type t .
Given such an h as described above, for each column indexed by j ∈{r+1, . . . , n}

we have an equation

(4-1) ρ1(h)x1, j + · · · + ρr (h)xr, j = xh, j

determining the value of xh, j in terms of the value in the j-th column of the first r
rows.

Solving this equation in (x1, j , . . . , xr, j , xh, j ) for each j as described above fixes
the upper right r × (n − r) submatrix X2, along with the remainder of the h-th row.
This means that for each i ∈ {r + 1, . . . , m} \ {h} the analogous equation

ρ1(i)x1, j + · · · + ρr (i)xr, j = xi, j ,

with potentially fewer nonzero coefficients, has a fixed left-hand side, and thus xi, j

on the right-hand side is uniquely determined.
Let Ct be the maximum number of solutions to (4-1) where there are exactly

t nonzero coefficients amongst ρ1(h), . . . , ρr (h) in variables (x1, j , . . . , xr, j , xh, j )

for each j ∈ {r + 1, . . . , n}. Given that we require n − r such equations for each j
to count all remaining values of X , summing over all possibles types t , we have an
overall bound of

(4-2) #Rm,n(A; r) ≪ #R∗

m,n(A; r) ≪ A

r∑
t=1

BtC
n−r
t .

Subtracting xh, j from both sides of (4-1), we have an equation of the same form
as in Lemma 3.2 with t + 1 nonzero coefficients, and so we have

Ct ≪ A⌊(t+1)/2⌋+r−t ,

where the factor of Ar−t
= A(r+1)−(t+1) counts the number of solutions in the “free”

variables corresponding to the zero coefficients.
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Now, computing the bound in (4-2) we have

#Rm,n(A; r) ≪ A

r∑
t=1

BtC
n−r
t ≪ Ar2

r∑
t=1

At (m−r)(A⌊(t+1)/2⌋+r−t)n−r

≪

r∑
t=1

Ar2
+t (m−r)+⌊(t+1)/2⌋(n−r)+(r−t)(n−r)

≪ max
t∈{1,...,r}

Ar2
+t (m−r)+⌊(t+1)/2⌋(n−r)+(r−t)(n−r).

By defining

δ(n, m, r, t) = r2
+ t (m − r) +

⌊
t+1

2

⌋
(n − r) + (r − t)(n − r),

we may write

(4-3) #Rm,n(A; r) ≪ max
t∈{1,...,r}

Aδ(n,m,r,t).

Simplifying, we find that

δ(n, m, r, t) = mt +

⌊
t+1

2

⌋
(n − r) − nt + nr

= nr + t
(

m −
n+r

2

)
+

{n−r
2 for t odd,

0 for t even.

If 2m ≤ n + r , then the maximum value of δ over t corresponds to

(4-4) t = 1.

If 2m > n +r , then δ(n, m, r, t) is strictly monotonically increasing over integers
t of the same parity. Thus it suffices to check the two possibilities t ∈ {r, r −1}. As
such, we consider that

δ(n, m, r,r) − δ(n, m, r, r − 1)

= r
(

m −
n+r

2

)
− (r − 1)

(
m −

n+r
2

)
+ (−1)r+1 n−r

2

=

(
m −

n+r
2

)
+ (−1)r+1 n−r

2

=

{m − r for r odd,

m − n for r even.

In particular, for odd r , we have δ(n, m, r, r)≥ δ(n, m, r, r −1), while for even r ,
we have δ(n, m, r, r)≤ δ(n, m, r, r −1). Therefore the choice of t which maximises
δ is given by

t =

{r if r is odd,

r − 1 if r is even,
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or equivalently

(4-5) t = 2
⌊

r −1
2

⌋
+ 1.

Therefore, in the case when 2m ≤ n + r , with the choice of t in (4-4),

δ(n, m, r, t) = nr +

(
m −

n+r
2

)
+

n−r
2

= nr + m − r,

while for 2m > n + r , with the choice of t in (4-5), we have

δ(n, m, r, t) = nr +

(
2

⌊
r −1

2

⌋
+ 1

) (
m −

n+r
2

)
+

n−r
2

= nr + m − r +

⌊
r −1

2

⌋
(2m − n − r).

Substituting these into (4-3), we conclude the proof.

4.2. Proof of Theorem 2.2. For the case when d = 0, we may write Dn(A; 0) as
the set of matrices which have rank strictly less than n. Therefore,

#Dn(A; 0) =

n−1∑
r=1

#Rn(A; r).

Applying now Theorem 2.1 (when 2m > n + r , which in our case m = n is
equivalent to r < n), we deduce

(4-6) #Dn(A; 0) ≪

n−1∑
r=1

Anr+n−r+⌊(r−1)/2⌋(n−r)

≪ max
r∈{1,...,n−1}

Anr+n−r+⌊(r−1)/2⌋(n−r).

Defining
δ(n, r) = nr + n − r +

⌊
r −1

2

⌋
(n − r)

for the exponent in the above expression, we have

δ(n, r) = nr +n −r +
r
2
(n −r)+ (r −n) ·

{1
2 if r is odd,

1 if r is even,

= r
(

3
2

n −
r
2

− 1
)

+ n + (r − n) ·

{1
2 if r is odd,

1 if r is even.

Straightforward computations similar to those in the proof of Theorem 2.1 show
that δ(n, r) is increasing over integers r of the same parity, and that as a function
of r ∈ {1, . . . , n − 1}, it is maximised at r = n − 1. Substituting this back in (4-6)
we deduce

(4-7) #Dn(A; 0) ≪ An2
−⌈n/2⌉,

proving the case d = 0.
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Suppose now that d ̸= 0. Take a matrix X ∈ Dn(A; d) and consider the Laplace
expansion for the determinant across the first row given by

(4-8) det X = d =

n∑
j=1

(−1) j+1x1, j det X1, j ,

where X1, j is the submatrix of X obtained by removing the first row and the j-th
column.

Suppose firstly that none of the minors det X1, j in (4-8) are zero. In this case,
we have at most

A ≪ An2
−n

possibilities for the bottom n − 1 rows of X . Given that none of the minors are
zero, we solve (4-8) in the variables x1, j in

B ≪ A⌊(n−1)/2⌋

ways by Lemma 3.3, leading to an overall bound of

(4-9) AB ≪ An2
−n+⌊(n−1)/2⌋

= An2
−⌈(n+1)/2⌉.

Now, suppose that at least one of the minors det X1, j is zero, which now excludes
the possibility n = 2. We can assume, without loss of generality, that in particular,
det X1,1 = 0. Thus, there are at most

C = #Dn−1(A; 0) ≪ A(n−1)2
−⌈(n−1)/2⌉

= An2
−2n+1−⌈(n−1)/2⌉

possibilities for X1,1 by (4-7).
We can then fix the elements x1,1, x2,1, . . . , xn,1 in

D = An

ways, leaving only the first row less the top left entry unfixed. Under these assump-
tions, (4-8) becomes

(4-10) d =

n∑
j=2

(−1) j+1x1, j det X1, j .

Let Et be the number of solutions to (4-10) under the assumption that exactly t
of the matrix minors are nonzero. We assume, without loss of generality, that it is
the first t coefficients of the variables x1,2, . . . , x1,(t+1) which are nonzero.

If t = 1 then

d = −x1,2 det X1,2,
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where det X1,2 ̸= 0 is already fixed. This defines x1,2 uniquely, while the remaining
variables can be fixed in An−2 ways leading to a bound of

E1 ≪ An−2.

If t = 2, then we have an equation

d = −x1,2 det X1,2 + x1,3 det X1,3

with O(1) solutions by Lemma 3.3, while the remaining elements can be fixed in
An−3 ways leading to a bound of

E2 ≪ An−3.

If 3 ≤ t ≤ n−1, which may only happen when n ≥ 4, we can solve for the nonzero
coefficients in A⌊(t−1)/2⌋ by Lemma 3.3 ways and the remaining coefficients in
An−1−t ways leading to

Et ≪ An−1−t+⌊(t−1)/2⌋.

We observe that for t = 1 this also formally coincides with the above bound on E1.
Combining these, we have a total bound on the number of matrices in Dn(A; d)

which have a singular submatrix in the Laplace expansion as

CDEt ≪ An2
−2n+1−⌈(n−1)/2⌉

· An
·

{
An−3 if t = 2,

An−1−t+⌊(t−1)/2⌋ if t = 1 or 3 ≤ t ≤ n − 1,

=

{
An2

−⌈(n+3)/2⌉ if t = 2,

An2
−⌈(n−1)/2⌉−t+⌊(t−1)/2⌋ if t = 1 or 3 ≤ t ≤ n − 1.

One can easily check that the expression is maximised at t = 1. Therefore, for
1 ≤ t ≤ n − 1 we have

(4-11) CDEt ≪ An2
−⌈(n+1)/2⌉.

Hence, combining (4-9) and (4-11), we have overall

#Dn(A; d) = AB+

n−1∑
t=2

CDEt ≪ An2
−⌈(n+1)/2⌉,

concluding the proof.

Remark 4.1. We note that while the bound of Theorem 2.2 for d ̸= 0 is dominated
by (4-9), we can eliminate the other bottleneck coming from (4-11), which corre-
sponds to the case t = 1, by showing that this case is impossible. Since this general
argument can be useful for other similar questions, we present it in Appendix A;
see Proposition A.1.
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4.3. Proofs of Theorems 2.3 and 2.4.

4.3.1. The case n = 2 (Theorem 2.3). For each matrix

X =

[
x1,1 x1,2

x2,1 x2,2

]
∈ P2(A; T 2

− tT + d),

the entries are related to the coefficients of the characteristic polynomial by the
equations

(4-12) x1,1x2,2 − x1,2x2,1 = d = det X

and

(4-13) x1,1 + x2,2 = t = tr X .

Suppose firstly that t = 0 and d ̸= 0. Hence by (4-13) we have x1,1 = −x2,2,
which, when substituted into (4-12) yields

−(x1,1)
2
− x1,2x2,1 = d.

For each possible value of x1,2, we have an equation in (x1,1)
2 and x2,1 with

O(1) solutions by Lemma 3.3, solving over the set A∪{x2
: x ∈A}, which contains

no more than twice the number of elements in A. This induces at most two values
for x1,1 and then for each of these, a unique value of x2,2 by (4-13). Hence up to a
constant, the value of x1,2 determines the rest of the matrix, so there are only O(A)

such matrices.
Now, suppose that t ̸= 0. The equation (4-13) has O(1) solutions in x1,1 and

x2,2 by Lemma 3.3. Assuming these values are now fixed, we trivially have O(A)

solutions to (4-12) in x1,2 and x2,1 because either value uniquely determines the
other. Thus there exist O(A) such matrices.

4.3.2. The case n ≥ 3 (Theorem 2.4). We construct an upper bound on #Pn(A; f )

by acquiring an upper bound on the larger set of matrices X = (xi, j )
n
i, j=1 ∈Mn(A)

for which only the coefficients cn−1 and cn−2 of the characteristic polynomial

f = det(T In − X) =

n∑
k=0

ck T k

are fixed.
Given that cn−1 and cn−2 are given by

(4-14) cn−1 = −tr X and cn−2 =
1
2((tr X)2

− tr X2),

we may instead equivalently fix t1 = tr X and t2 = tr X2.
Fixing t1 leads to an equation

(4-15) t1 =

n∑
i=1

xi,i ,
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while fixing t2 we have

t2 =

n∑
i=1

n∑
j=1

xi, j x j,i =

n∑
i=1

x2
i,i + 2

∑
1≤i< j≤n

xi, j x j,i ,

which leads to the equation

(4-16) 1
2

(
t2 −

n∑
i=1

x2
i,i

)
=

∑
1≤i< j≤n

xi, jx j,i .

We first note that there are at most

A ≪ An(n−1)/2

possibilities for the elements xi, j for 1 ≤ i < j ≤ n.
We begin by first counting the set of matrices for which

(4-17) t2 =

n∑
i=1

x2
i,i ,

and within this consider two cases,

(t1, t2) = (0, 0) and (t1, t2) ̸= (0, 0).

If (t1, t2) = (0, 0), then the number of possible values for the main diagonal is
A⌊2n/5⌋ by Lemma 3.4. If either t1 ̸= 0 or t2 ̸= 0, then we may solve (4-15) or (4-17)
respectively for all the xi,i in A⌊(n−1)/2⌋ ways by Lemma 3.3, where in the second
case we count the solutions over {x2

: x ∈ A} ⊆ 0 which is no larger than A, thus
fixing each xi,i up to a constant. This means that overall the number of possibilities
for the main diagonal is given by

B ≪

{
A⌊2n/5⌋ if (t1, t2) = (0, 0),

A⌊(n−1)/2⌋ otherwise.

From (4-17), the left-hand side of (4-16) is zero and hence the number of
possibilities for xi, j with 1 ≤ j < i ≤ n is

C ≪ A⌊n(n−1)/4⌋

by Lemma 3.2.
This means that the set of matrices with a fixed trace and trace squared which

satisfy (4-17) is given by

(4-18) ABC ≪ An(n−1)/2+⌊n(n−1)/4⌋
·

{
A⌊2n/5⌋ if (t1, t2) = (0, 0),

A⌊(n−1)/2⌋ otherwise.
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Now we consider the complementary case to (4-17) of matrices for which

(4-19) t2 ̸=

n∑
i=1

x2
i,i .

By considering solutions to (4-15), we can see that the number of possibilities
for x1,1, . . . , xn,n is

D ≪

{
A⌊n/2⌋ if t1 = 0,

A⌊(n−1)/2⌋ if t1 ̸= 0,

by Lemma 3.2 and Lemma 3.3 respectively.
Now, in this case, from (4-19), the left-hand side of (4-16) is nonzero and hence

the number of possibilities for xi, j with 1 ≤ j < i ≤ n is

E ≪ A⌊n(n−1)/4−1/2⌋

by Lemma 3.3.
Thus the number of matrices of a fixed trace and trace squared satisfying (4-19)

is

(4-20) ADE ≪ An(n−1)/2+⌊n(n−1)/4−1/2⌋
·

{
A⌊n/2⌋ if t1 = 0,

A⌊(n−1)/2⌋ if t1 ̸= 0.

Clearly, the second bound in (4-20) is always dominated by the first bound
in (4-20). One also checks that for n ≥ 3 we have ⌊2n/5⌋ ≤ ⌊(n − 1)/2⌋. Hence,
the first bound in (4-18) is always dominated by the second one.

Therefore, the bounds (4-18) and (4-20) imply

Pn(A; f ) ≪ Aα(n),

where α(n) is given by (2-2).

5. Further questions

There are various possible generalisations and extensions of the problems we
consider here. Firstly, it is quite natural to consider special types of matrices
such as those with symmetry constraints including symmetric, skew symmetric,
or Hermitian matrices, as considered in [18; 21; 27]. We expect these questions
require new ideas. For instance, the method of fixing the trace and trace of the
square as in Theorem 2.4 lends itself particularly poorly to counting symmetric
matrices.

Motivated by recent work on counting commuting pairs of matrices [14; 40], one
can also ask about an upper bound on the number of commuting pairs XY = Y X
with X, Y ∈ Mn(A). Once can also ask about multiplicative dependencies in
s-tuples of matrices from Mn(A), similarly to questions studied in [16; 31]. For
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example, Theorem 2.2 combined with Theorems 2.3 and 2.4 enables us to apply
some ideas from [31] for such questions (at least for sets A ⊆ Z).

Since the work of Blomer and Li [9] is a part of our motivation, it is natural to
investigate the same type of applications as in [9] and thus study the statistics of gaps
between values of linear forms in elements of finite rank multiplicative subgroups
of R∗. One can also generalise the results here to matrices with polynomials entries,
evaluated on elements of A ⊆ 0, similarly to [9; 39].

Finally, one can ask about similar questions over fields of positive characteristic,
for example for subsets of finitely generated multiplicative group in the field of
rational functions over a finite field.

Appendix A. Vanishing minors in Laplace expansion

Proposition A.1. Let K be a field, and suppose n ≥ 2. For any nonsingular matrix
X ∈ Mn(K) with nonzero entries, the Laplace expansion about any row or column
has at most n − 2 zero minors.

We also remark that the assumption that X has nonzero entries is stronger than
necessary. It is sufficient to require that the span of the rows or columns not
including the one being expanded about contains a vector with no zero entries.

Proof. Without loss of generality, we can consider expansion about the top row. Let
X = (xi, j )

n
i, j=1 ∈ Mn(K), and similarly define

X̃ =


xn,1 xn,2 · · · xn,n

x2,1 x2,2 · · · x2,n
...

...
. . .

...

xn,1 xn,2 · · · xn,n

 ∈ Mn(K)

as the matrix obtained by replacing the first row of X with the bottom row. Clearly
X̃ is singular, and hence the Laplace expansion about the first row yields

(A-1) 0 = det X̃ =

n∑
j=1

(−1) j+1xn, j det X1, j ,

where, as before, X1, j is the submatrix of X obtained by removing the first row
and the j-th column of X , or equivalently X̃ .

It is impossible for det X1, j to be zero for all j ∈ {1, . . . , n}, otherwise det X = 0,
contradicting the assumed nonsingularity of X . It is likewise impossible for exactly
n − 1 of the cofactors det X1, j to be zero, otherwise, because in this case, since all
the xn, j are nonzero, the right-hand side of (A-1) is also nonzero.

Therefore, at most n − 2 of the cofactors may be zero. □
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Appendix B. Tighter bounds from the proof of Theorem 2.4

By careful consideration of the bounds in (4-18) and (4-20) over distinct cases
based on the value of t1, t2, and n, determining the particular maximum in each
instance, one can prove a tighter bound on #Pn(A; f ) than that of Theorem 2.4.
We present this bound below, without proof.

It is convenient to define

(B-1) β(n) =
3
4 n2

−
1
4 n.

Theorem B.1. Let K be a field of characteristic zero, and 0 a rank ϱ subgroup
of K∗. For any monic polynomial

f =

n∑
k=0

ck T k
∈ K[T ]

of degree n ≥ 3, and A ⊆ 0 of finite cardinality A, we have

#Pn(A; f ) ≪ Aβ(n)
·


A−λ(n) if cn−1 = cn−2 = 0,

A−µ(n) if cn−1 = 0 and cn−2 ̸= 0,

A−ν(n) if cn−1 ̸= 0,

where β(n) is given by (B-1) and furthermore

λ(n) =


1 if n ≡ 0, 3 (mod 4),
3
2 if n ≡ 1 (mod 4) and n ̸= 5,
1
2 if n ≡ 2 (mod 4) or n = 5,

µ(n) =

{
1 if n ≡ 0, 3 (mod 4),
1
2 if n ≡ 1, 2 (mod 4),

ν(n) =


1 if n ≡ 0, 3 (mod 4),
1
2 if n ≡ 1 (mod 4),
3
2 if n ≡ 2 (mod 4).

In the case when K = R we can further improve the bound in a few particular
cases by noticing that when t2 = 0, the left-hand side of (4-16) must be nonzero,
allowing the use of Lemma 3.3 rather than possibly Lemma 3.2. This leads to the
following result.

Theorem B.2. Suppose 0 is a rank ϱ subgroup of R∗ and n ≥ 3 with n ≡ 0, 1
(mod 4). For any monic polynomial

f =

n∑
k=0

ck T k
∈ R[T ]
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of degree n and A ⊆ 0 of finite cardinality A, we have:

• If cn−1 ̸= 0 and 2cn−2 = c2
n−1,

#Pn(A; f ) ≪ Aβ(n)
·

{
A−2 if n ≡ 0 (mod 4),

A−3/2 if n ≡ 1 (mod 4),

where β(n) is given by (B-1).

• If cn−1 = cn−2 = 0 and n = 5,

#P5(A; f ) ≪ Aβ(5)−3/2.

Note that for n ≡ 2, 3 (mod 4), the fact that 0 ⊆ R∗ does not offer any advantage.
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