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SHALIKA NEWFORMS FOR GL(n)
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Let (1, V) be a generic irreducible representation of a general linear group
over a p-adic field. Jacquet, Piatetski-Shapiro, and Shalika gave an open
compact subgroup K, so that the subspace VX consisting of v € V fixed by K
is one-dimensional. If 7 has a Shalika model A, then we call vectors in A (V)
the Shalika forms of 7, and those in A (VX) the Shalika newforms. In this
article, in the case where 7 is supercuspidal, we show the nonvanishing of
Shalika newforms at a minimal point in a sense. This point is not the identity,
and the Shalika newform vanishes at the identity if the character defining
the Shalika model is ramified. In view of this result, in this case, we give
another Shalika form with nice properties.
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1. Main results

Let n = 2m be an even integer. The so-called Shalika period for an irreducible
cuspidal automorphic representation of GL,, over a number field was introduced
by Jacquet and Shalika [8] to characterize its pole at 1 € C of the partial exterior
square L-function. The local analogue of the Shalika period, which we call the
Shalika form, is defined as follows.

Let F be a p-adic field, and S the Shalika subgroup of G, = GL, (F) consisting

of matrices
[a b]
S = .
a
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Let ¢ : F — C* be a nontrivial continuous additive character. Let y : F* — C*
be a continuous character. Let = be an irreducible smooth representation of G,.
If 7 is realized in a subspace S, () of the space consisting of continuous functions
J : G,, — C such that

J(sg) = x odet(a)yr (tr(a™'b))J (g),

then we call J € S;;(x) a Shalika form of 7 relevant to x. If a globally generic
cuspidal automorphic representation IT = ), IT, of GL, over a number field
has a Shalika period relevant to a global character [ [, &,, then each IT, has a
realization in Sy, (§,), i.e., Shalika model relevant to &,, where v indicate the
places of the number field, and IT,, &, indicate the v-components. Shalika forms
and models for archimedean places are defined similarly. In the archimedean case,
the uniqueness of Shalika models relevant to the trivial character was showed by
Aizenbud, Gourevitch, Jacquet [1]. In the nonarchimedean case, that relevant to the
trivial one was showed by Jacquet and Rallis [7], and those relevant to nontrivial
ones by Chen and Sun [3]. Further, in this case, for generic square-integrable 7,
the Shalika model relevant to the trivial character characterizes the pole at 0 € C of
the local exterior square L-function defined in [8], which is a local analogue of the
original work.

Now let us dive into the heart of the matter. For various arithmetic applications,
it is important to discover good Shalika forms and study their properties. In the case
where 7 is unramified, the GL, (0)-invariant Shalika form, unique up to a scalars,
will play the expected roles, and its values are computed by Sakellaridis [15]. Our
concern is the ramified case. At first, we consider the specific Shalika form —
we call the Shalika newform, determined by the following newform theory due
to Jacquet, Piatetski-Shapiro, and Shalika [10]. Suppose that 7 is generic with
representation space V, conductor ¢, (> 0) and central character w,. Then, there

exists a unique v"*¥ € V up to a scalar such that

T[(k)vnew = Wx (kn,n)vnew

for k lying in the open compact subgroup

. L !
[(cr) =T (cy) i= GL,,(o)m[ ‘ wcﬂ]GLn(O)[ ' wcn]
= {k € GL,(0) | kn.1s -, kn.n—1 € p}

where o indicates the ring of integers of F, p = wo the prime ideal, and 1,,_; the
unit matrix of G,_;. With setting V as S (x), we call vV the Shalika newform
of w relevant to a fixed x, and denote by J"V.

To describe our main result, we make the following assumption on generic
irreducible (7, V) with V = S, (x), since our preparation is not yet sufficient



SHALIKA NEWFORMS FOR GL(n) 141

to deal with the general case. Let P, C G, denote the mirabolic subgroup. It is
known that, taking Bernstein and Zelevinsky’s derivatives of V repeatedly, a smooth
irreducible P,-submodule V; C V (the nondegenerate part of V) is obtained finally.
The assumption is:

(1-1) there exists a J € V; such that J(1,) # 0.

If 7 is supercuspidal (and admits a Shalika model relevant to x), then V =V}, and
this condition is empty. Let e denote the conductor of x. Our main result is this:

Theorem 1.1. Suppose that ¥r(0) = {1} # 1//(]3_1), and keep assumption (1-1).
(1) Ife =0, J"V does not vanish at the identity.

(ii) Ife > 0, J"Y does not vanish at

- e | -

w3e ¢

&n = o (1-3)e w_(rr;—Z)e

w(m—l)e

1 m

Remark 1.2. Although we do not give a proof in this article, it holds that
2(SNP,)P,(0) ife=0,
=(SNP,)g,P,(0) ife>0,

when the standard L-function of 7 equals 1, where P,(0) = P, NGL,(0), and supp
indicates the support.

supp(J"V|p,) {

In the case of ¢ > 0, an elementary argument shows that J"®V vanishes at 1,,.
In the case of e = 0 (resp. e > 0), 1, (resp. g,) is minimal in a certain order
among the points at which P, (0)-invariant Shalika forms do not necessarily vanish
(cf. Lemmas 4.7 and 4.9).

Apart from our work, Grobner and Matringe [5] showed the nonvanishing at 1,,,
when 7 is unitary and e = 0 without the assumption (1-1). However, our concern
is beyond the unitary case, and since there exist many non-unitary representations
satisfying (1-1), the nonvanishing at the point is expected in general.

But here a problem arises. From our aesthetic and various application perspec-
tives, we think it is not desirable that J™V vanishes at 1, in the case of e > O,
contrary to the nonvanishing of the Whittaker newform at 1,. Further, from some
results on representations (t, V) of connected reductive groups over the algebraic
closure of F, in the case where an L-function L(s, 7) is defined as a generator of a
fractional ideal of the principal ideal domain C[g*, ¢ ], s € C (g is the cardinality
of 0/p) spanned by some zeta integrals, and a functional equation between L(s, 7)
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and L(1—s, t") for the contragredient " holds, we infer that the desirable newform
theory should satisfy the following:

(i) For a suitable open compact subgroup K, and a homomorphism Q : K — C*,
the subspace Vg :={v € V | t(k)v = Q(k)v} is spanned by a vector v;.

(ii) The open compact subgroup K depends on the choice of the realization V,
and that of L-function (there are several L-functions and zeta integrals corre-
sponding to the representations of the L-group.).

(iii) If V consists of functionals on G of a certain type, then v, does not vanish at
the identity.

(iv) The zeta integral of v,, or its “suitable” arrangement, coincides with L(s, T),
and its suitable conjugate coincides with the product of L(s, t¥) and the root
number appearing in the functional equation.

For these reasons, in the case of ¢ > 0, we construct a Shalika form J, from J"V
via some translations and integrations assuming that

o J™W does not vanish at g, in the case of ¢ > 0, and

e C; = me.

In the case of ¢ = 0, assuming J"V(1,) # 0, we set J, = J"V. We will describe
some properties of J,; below. We set

l=c¢;—(m—1)e
and let O, be the ring of r x r matrices with entries in 0. For t € Z, we have
om=""_lo[" ]_1 Ro(t) = 0, N O (1)
r - ZD_t r ZD_Z ’ r - r r .

We define the ring

I L -1
RCn:Rn(lm[ wel,,,]on[ welm]’

and denote by K(c, ) the group of units of R,_, which is an open compact subgroup
of G, and equals I'(c;) in the case of e = 0. Explicitly, R, consists of matrices of
the form

A B . e —1
(1-2) [C D], w1thDeRm(l)andA,B,[w 1w,] Ceo,.
In the case of n =4,
0o 0 o0 o0
0o 0 o0 o0
R, = pé p° o o
poptplo
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The first property of J; is that
m(k)Jx = x odet(di)Jx, k€ K(cr),

where dj indicates the m x m block matrix of k in the lower right corner. For i € Z,
let

Bui=1{b€ ByNOy |det(h) € w'0*},

where B, indicates the Borel subgroup of G,,. The second property of J; is

o0

Lem=Yaqd ™ o= Y (" ])

i=0 bEBy.i/Bmo

Here ¢; has another expression:

(1-3) cl:f 2[5 ) ])de
{g€GL,, (F)|det(g)=wi 0>} "

(cf. Proposition 5.3), where dg indicates the Haar measure on GL,, (F') normalized
so that vol(GL,,(0)) = 1. Observe that J,(1,) = 1. Set

ZD_l
UC;-[ = welm—l € Grla
Wiy

where w,, indicates the standard antidiagonal Weyl element in G,,. Define J €
gﬂv (X B 1) by

(1-4) JEg) = Jn(w,'g v,

Let K(¢c;)* = U, 11 K(cx)ve, , which is the units group of the ring R:; consisting of
matrices of the form

A B .
[C D]’ with
(1-5) I
D e wmtRm (l)wmv CeO, [ZU ol ]» A, Be wmtom(l/)wm,
m—1
where I’ :=1[ — e. In the case of n =4,
o p! J p!
« _[ph o p oo
Cr pl pe 0 0
plope o

From the first property of J, it follows that

(k) JF = x odet(d) ' JF, ke K(cn)*
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Fori e Z, let

B, ={be B, |deth) cw'o*, by €o,byjepsj>1,bycorh> 1}

Then,
z : * —s+ * z : * |b |
E”L(S,T[v)— Clql( /), Cl — .]7.[( 1 ),
i=0 £EE;§1,[/lfn,0

where ¢ also has other expressions:
v e Al )
{8€GLy (F)|det(g)=w 0%} "

L
- H( e
{g€GL,, (F)|det(g)=m~7 0%} 8

Observe that J*(1,) equals &, the root number of 7. So, our J, and K(c;) satisfy
the above conditions except for (i) in the case of e > 0, the one-dimensionality.
This problem will be discussed in a future work.

We remark that for a cohomological cuspidal automorphic representation IT of
GL,, over a number field, if one chooses local Shalika forms Jp, and K (cpy,) at
bad places v, then the corresponding period in Theorem 6.7.1 of [6] becomes just
L(1/2, 1) /* (1 f)w(Tx).

Another motivation of the above construction is a theta lift from G4 to GSp,(F).
It is known that, in most cases, an irreducible, admissible representations 7 of
GSp,(F) is a theta lift from a generic, irreducible smooth representation 7 with
a Shalika model relevant to the central character of r. In a forthcoming paper,
we will construct a Whittaker “newform” for a generic, irreducible, admissible
representation v of GSp,(F) using the above J,, and show that the inequality
¢z > 2e holds for any generic 7w with a Shalika model. We think that this supports
the validity of our Shalika form J; and open compact subgroup K(c,).

Outline. In Section 2, we introduce fundamental terminologies used throughout.
In Section 3, we show the uniqueness of pre-Shalika models of V;. In Section 4,
we define an equivalence relation and ordering for the set consisting of elements
in P, at which P,(o)-invariant Shalika forms do not vanish necessarily (this set
changes depending on e). According to this order, 1, (resp. g,) is minimal in the
case of e =0 (resp. e > 0). Using Hecke operators, we show that all P, (0)-invariant
Shalika forms vanish on P,, assuming that /"% vanishes at the minimal point.
Theorem 1.1 follows from this result and the uniqueness of pre-Shalika models.
The above J;; is constructed in Section 5.

Notation. Throughout, F’ denotes a p-adic field with ring of integers 0. Letp=wo
denote the prime ideal of o and g the cardinality of the residue field. We fix an
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additive character ¢ : F — C* such that

) ={1} #yp),

where C* indicates the multiplicative group of the complex number field C. Let
x : F* — C* denote a continuous homomorphism, and e its (order of) conductor.
Let o(x) denote the p-adic order of x € F, and v(x) the p-adic norm: v(x) =¢g°™.
If G is a group, h, g are elements in G and H is a subgroup of G, then we write

h8 and H¥ for ghg~! and {h® | h € H}, respectively. We use this notation for the
groups:

G =GL(F),

B, = the standard Borel subgroup of G,

D, = the diagonal matrices in G,,

N, = the unipotent matrices in B,,

P, ={(pij) € G, | prj=0for j <r, p, =1},

U, = {(uij) € Ny | uij = 8;j for j <r},

K, = GL,(0),

&, = the symmetric group of degree r.

For a permutation w of the set {1, ..., r}, we also denote by w the permutation
matrix in G, defined by

wlgi 1w = [guw@).wi]s

and identify &, with a subgroup of G, naturally. When a positive integer / is clear
from the context, let * : G, — G,,; denote the embedding

gr—>é=[g 11],

and for a function f on a subset of G,; containing ér, let f denote the function
on G, by the pullback, where 1; € G, indicates the identity. For a set X and a subset
A C X, let Ch(x; A), x € X, denote the characteristic (indicator) function of A.

2. Preparation

Let r be an integer larger than 1. Denote also by y the homomorphism

(2-1) N=Nysnre [] vuip)eC”

1<i<r—1

Let 7 be an irreducible representation of G = G,.. It is known that Homg (7, Indg W),
the C-space of Whittaker models, is at most one-dimensional, where Ind indicates
the induction functor. If 7 has a Whittaker model, then 7 is called generic. In this
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case, let W, denote the image of  under it, and call W € W,, Whittaker forms of .
For a positive integer m, let I, (m) = I'(m) C G, be the open compact subgroup

(2'2) {kEKr |kr,1:~~-:kr,r—l Gpm}-

By the work of Jacquet, Piatetski-Shapiro, and Shalika [10], there exists a unique
WneW € W, such that

W) =1, 7(W =z k)W, kel (),

where ¢, and w, indicate the conductor and central character of 7, respectively.
We call WV the canonical Whittaker newform of .
If r is even, then the Shalika subgroup S, = S C G, is defined to be the subgroup

COHSiSting of the matrices
S = | lr/ |
a 1,/2

For x, let xy : S — C* denote the homomorphism
(2-3) s = x odet(a)y (tr(b)).

F. Chen and B. Sun [3] showed that Homg (77, Indg (xy)), the C-space of Shalika
models, is at most one-dimensional. If 7z has a Shalika model, we denote by S ()
the image of 7 under it, and call J € S, (x) Shalika forms of w relevant to x. By
definition,

(2-4) J(s8) = xy (5)J(g).

By the above Whittaker newform theory, there exists a unique J € S, (x) uptoa
scalar such that

n(k)J = wx(ker)J, kel (er),

which are called the Shalika newforms of w (relevant to x).
Let

Sy =SNP.
For an irreducible smooth representation t of P,, we call the C-space
Homp, (7, Indg;i (Xy)) = HOHle (T, xy)

the pre-Shalika models of T relevant to x, and will show that it is at most one-
dimensional in the next section. If t has a pre-Shalika model, we denote by [, (x)
its image of 7, and call vectors in [, (x) pre-Shalika forms of T relevant to .
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3. Pre-Shalika model

In this section, firstly we show that, for an arbitrary x, the irreducible smooth
representation

(3-1) Y = c-Indy (¥)

has a unique pre-Shalika model up to a scalar, where c-Ind indicates the compact
induction functor. By this uniqueness, the restriction to P, of a Shalika form of
a supercuspidal representation coincides with a pre-Shalika form of i, and vice
versa (cf. Propositions 3.10 and 3.11). Secondly, we compute the support of a
P, (o)-invariant pre-Shalika form, playing the essentially important role in this
article, of i, constructed by the pre-Shalika model, where

P,(0) :={p € P, | pij € 0}.

For an [-group G (cf. [2]), we denote by <7 (G) (resp. .# (G)) the category of smooth
(resp. smooth irreducible) C[G]-modules. For t € & (P,) U &7 (G,), we call the lift
of T to P; with [ > r the representation

o W (1) if T € @/ (P,)
"Tlelrlor(n) ifte (G

where W : &7 (Py) — &/ (Psy1) and Y : 7 (G) — &/ (Psy1) are the functors defined
by

P,
Uit cInd™ (txy), YT:te>txly,,.
Per+l s+

Here 7 x  (resp. T x 1y,,,) indicates the representation sending pu € P Usy1 to
Y (u)t(p) (resp. T(p)). Abbreviate Indg’; (xy) as " (x).

Proposition 3.1. Let T € #(G,). For even n > r, we have:
(1) Ifr is odd, then t, has no pre-Shalika model.
(i) Ifr is even, then
dim Homp, (7, 1" (x)) = dim Homg, (7, Ind§’ (v~ x,)).
This follows from induction on n and the following three lemmas.

Lemma 3.2. Ifr is odd, then any lift T, of T € &/ (G,) does not have a pre-Shalika
model relevant to any Y.

Proof. Let A € Homp,_ (7,41, I"*1(x)), and f € 1,41. By the definition of Y and
that of the pre-Shalika space,

M) =A@ ) =Y Wwesy2+DA(), uelU4.

Hence A(f) vanishes, and the assertion follows. O
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Lemma 3.3. For t € &/(G,) with n even, and an arbitrary ¥,
dimHomp, , (7,42, |]"+2(X )) =dimHomg, (7, Indgn” Wxy))-
Lemma 3.4. For v € &/ (P,) with n even, and an arbitrary ¥,
dim Homp, ,, (442, I"**())) = dim Homp, (z, I" (vx)).

To show the last two lemmas, we use the distributional technique of [loc. cit.] for
I-spaces X. For a C-vector space V, let . (X, V) denote the space of all Schwartz
functions on X with values in V. Linear functionals T on .(X, V) are called
V-distributions on X. Additionally, if X is an /-group, and 7T is right (resp. left)
invariant under an open compact subgroup, we say 7T is locally constant on the
right (resp. left).

Proposition 3.5. Let G be an [-group, and V a vector space over C. Let T be a
V -distribution on G.
() If T is right (resp. left) invariant, then T is the product of a right (resp. left)
Haar measure on G and a linear functional on V.
(1) If T is locally constant on the right (resp. left), then T is the product of a right

(resp. left) Haar measure on G, and a V*-valued continuous function on G,
where V* indicates the full-dual of V.

Proof. Suppose that T is right invariant. Let d,g denote a right Haar measure
on G. Let {N, | @ € 2} be a fundamental system of neighborhoods of the identity
consisting of open compact subgroups of G. For v € V, define ¢ € .7 (G, V) by

¢, (8) = Ch(g: No)v.
For each o € 2, define v} € V* by
(v, v) =Vol(Ny) "' T(¢%), wveV.

o’

Therefore v}, = v;§ if N, contains Ng, since T (¢})) equals [N : N/g]T(gof ) by the
right invariance property of 7. This implies that v}, is independent of the choice
of «. Since each ¢ € (G, V) is right invariant under some N,, we may express ¢
as a finite sum of right translations of ¢y with some v;’s. By the right invariance
property of T again, we have

T(p)= T(Z <P(U¥1> = ZVO](Na)(v;, v;)
=% [ i e @) dg = [ 09 drg

This is the first assertion. The second then follows from the proof of Proposition 1.28
of [loc. cit.]. O
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Let G be an [-group. Let Q¢ and U be its closed subgroups such that QoNU = {1},
and Q¢ normalizes U. Set

0= 00U,

which is a closed subgroup of G. Let £ : U — C* be a continuous homomorphism
stabilized by Qq. Let H C G be a closed subgroup, and p : H — C* a continuous
homomorphism. Assume that

(3-2) QH={geG|&h®) =p(h) forallh e HNUS '}.

Observe the last set is left O-, right H-invariant, closed, and an /-space in the
induced topology. Additionally, assume that

(3-3) ONH=(QoNH)UNH).

Proposition 3.6. With the above assumptions, for an arbitrary w € </ (Qy), we have
dim Homy (C—Indg (m x &), p) =dimHomgny (7, AQQHA;II 0),

where A gnu, Ap indicate the modular characters on the groups.

Proof. Our proof is a modification of that of Proposition 1 of [12]. Abbreviate 7 x &
and Apnpy A;l as g and A, respectively. We will construct a linear map from the C-
space Hompy (C—Ind(Q; (7we), p) to Homg g (r, Ap). Denote the representation space
of w by V, on which Q also acts by 7¢. For ¢ € .7 (G, V), define fy € c—Indg (7r¢)
by

falg) = fQ (@b (qg) dra.

The linear map ¢ +— f is bijective. For u € HomH(C-Indg(n,;), p), define a
V-distribution 7, on G by T, (¢) = u(fy). Observe that T = T}, satisfies

ToR(h)=pMW)T (he H),
ToL(g)=Ao@)Toms(q™) (g€ Q.
Consider the double coset space Q\G/H. By (3-2), if g does not lie in Q H, then
p(h) £ &(h8) for some h € H, and T (g) is zero by (3-4). Therefore, the support
of T is contained in Q H, and we may regard T as a V,-distribution on the closed

subset Q H (an [-space by (3-2)).
Letp € #(Q x H, V). Define ¢ € S (QH, V) by

(3-4)

g 'h) = / Aglaq)me((aq)~ ") p(ah)p(aq, ah) d,a.
ONH

The linear map ¢ > @ is bijective. Therefore any V,-distribution 7’ on Q x H is
derived from a V;-distribution 7 on Q H satisfying (3-4) by setting 7' (¢) = T (@).
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For ¢’ € Q, h' € H, we compute
R(q", W)(q "' h)
— [ Botaams(@) o (ahplagy’ ah')dya

_ T (q")
Ao(q)p (') JonH

me(q") , Ny 1
=——=2 7  1(G")Rh h).
Ao(@)p() (@)R()e(qh)

Therefore T' is right invariant by (3-4). By Proposition 3.5, there exists a linear
functional @’ on V, such that

(3-5) T'(p) = /H /ch 0(q. h)) dq d.h.

Aolaqq)me((agq") " plahhYp(aqq', ahh') dya

For b € QN H, we compute
LoD ' = [ Agaq)me((aq)™pah)p(b ag. b~ ah) d,a
ONH
=80 ® [ Aobag);(aq)™'b™)pba)p(ag, ah) dra

= Agnu (b)Ag(b)p(b)me (b~ Dg(q ' h).
Thus

T' o L(b, b) = Agnu (b)Ao(b)p(b)T omz (b~ ).
Now from (3-5),

Agb) (i, (g, ) = Aonua () p(b) (1, e (b~ Ho(q, h)).

This means that p lies in Homgng (¢, Ap). By restricting to Qg, we obtain a
w” € Homgng (r, Ap). The linear map p' +— u” is bijective by (3-3). We have
constructed the desired map u — u”. One can reverse the above steps, and easily
find that this map is bijective. U

Remark 3.7. The spaces Homgy (C—Indg (1), p) and Homgpny (e, Ap) are both
zero if Alyng # 1.

Let n = 2m be an even integer. By Frobenius duality,
Homp, ,, (Tat2, I""%(x)) = Homg: _ (Tu12, xy),
Homp, (7, 1" (v))) =~ Homg: (7, vy ).

We will prove Lemma 3.4 by showing the spaces in the right hands are same-
dimensional. By the previous proposition, it suffices to check (3-2), (3-3) in the
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situation considered. Set G = P,4». Let h,+1 € 6,41 be the permutation

(3-6) 1 -+ m m+1 m+2 m+3 --- n+l1

1 --- m 2m+1 m+1 m+2 --- n ’
Abbreviate
3-7) N =1 € Puya.

Set H = nS;Jrzn_l. Let p : H — C* be the homomorphism

hi> xy (™ 'hn).

If we write a typical s € S7_, as
Ala X!
Ly
A t ’

—R=

where A, X are m x m matrices, «, 8, y are m-dimensional row vectors, and y is
an element of F, then

A X 'a'B
t
s = ;‘ L p(s™) = x odet(A)yY (y +tr(A7 X — AV ary)).
1

Set Qo= P, C Gy, and U = U, 41 Uysa. Set & = r|y. Observe that
(@) Ty =c-Indg(r x £),

(b) p(f) = xy (1) for t € S,

(©) Sg=QoNH,

(@) Agrn AR () =|det(A)] forr =[*

A

It is easy to check (3-3). For (3-2), it suffices to see that any matrix p in the RHS
of (3-2) satisfies:

|es:.

Pnl="""=DPnm = DPnt1,1 == Ppyim =0.

Let E; ; denote the i-th row and j-th column matrix unit (having all entries O
apart from 1 in position (i, j)). If py+1; #0 fori € {1, ..., m}, then for some
h=1,42 +xE;iqn2 € H,
p(h) =1# Y (xppi1.i) =&(hP).

Hence, p,1+1.1 ="+ = pu+1.m = 0. Now we may assume that p lies in 13n+1Un+2,
since the RHS of (3-2) is right H-invariant. If p, ; #0fori € {1, ..., m}, then for
some h' = 1n+2+yEi,n+l +yEi+m,n+2 € H, we have /O(h/) =1 7& W(ypn,i) :g(h/f’)
Hence, p, 1 =+ = pu.m = 0. Now (3-2) is checked, and the proof of the lemma
is completed.
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For Lemma 3.3, reset Q¢ = Gn Then (a) and (b) above hold. If one replaces S,
with S, at (c) and (d), then they hold. It is also easy to check (3-3), and the same
argument for (3-2) works. This means that Homge  (Tp42, Xy) and Homg, (7, v xy)
have the same dimension for T € &/(G,,).

Similar to Proposition 3.1, the following holds.

Proposition 3.8. For an arbitrary x, ¥, has a unique pre-Shalika model relevant
to x, up to a scalar.

Proof. Since 1, equals W"~2(4r,), the assertion is reduced to the evaluation of the
dimension of Homp, (¥, 12(x)) by Lemma 3.4. Consider the space of correspond-
ing C-distributions on P, and the corresponding double coset space N,\ P>/ N>.
As a complete system of its representatives, using {f € P, | t € F*}, we find that
all supports of the distributions are contained in N,. ([

Since any irreducible smooth representation of P, is equivalent to i, or a lift
from .#(G,), r < n (cf. [2]), we obtain:

Theorem 3.9. An irreducible smooth representation of P, has no or a unique
pre-Shalika model relevant to x, up to a scalar.

From now, let (77, V) € .#(G,) be generic. There exists a Jordan—Holder sequence
of smooth P,-modules V; C --- C Vy = V with the following properties (cf. [2]):

e Vj is equivalent to .
e Each V;/ V1 is equivalent to some lift from .#(G,), r < n.
e 7 is supercuspidal if and only if V = V.

Proposition 3.10. [f (1-1) is assumed, then, for any pre-Shalika form of Vr, relevant
to x, there exists a Shalika form in V; whose restriction to P, coincides with it.

Proof. By the assumption, for a Shalika form in V}, its restriction to P, is nontrivial,
and can be regarded as a pre-Shalika form of i,,. The assertion follows from the
irreducibility of V; >~ ¥, >~ 1y, (x). [l

Proposition 3.11. Assume that each V;/ Vi1 has no pre-Shalika model relevant
to x. Then, (1-1) is satisfied. Further, for a Shalika form J, the following statements
are equivalent.

(1) J does not vanish on P,.
(1) J liesin V).
In this case, J|p, coincides with a pre-Shalika form of .

Proof. Let Vl.O be the P,-submodule

{(JeVilJlp,=0}1CV,.
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Take the minimal V, containing a Shalika form that does not vanish at the identity.
By definition, if r # [, then we have V, ;| = Vro+1 C V,O and V,/V,1 has a pre-
Shalika model, conflicting with the assumption. Hence the first assertion follows.
This argument also implies the equivalence of (i) and (ii). The last assertion follows
from the proof of Proposition 3.10. (]

The following is an easy sufficient condition for the lack of Shalika models.

Lemma 3.12. Let n = 2m be an even integer, and w € #(G,) be unramified. If x
is ramified, then w has no Shalika model relevant to x.

Proof. Assume that 7 has a Shalika model relevant to a ramified y. Then there
exists a nontrivial K,-invariant J € S, (x). Let J denote the restriction to G,. By
the Iwasawa decomposition of G, J|p, # 0. By (2-4), J |B, # 0. By (2-4) and the
Cartan decomposition of G,,, there exists a d € D,, such that J (d) #0. By (2-4)
and the K,-invariance property of J,

-1 -1
) . P, . P, )
x (O J(d) = J(diag(t, 1,...,1)d) = J(ddiag(t, 1,...,1)) =J(d), teo™.
Since x is ramified, it follows that J (d) =0, a contradiction. O

We are also interested in the question whether the lift of T € .#(G,) to P, n > r
has a P, (0)-invariant vector, or not.

Lemma 3.13. If t € 7 (G,) is ramified, then the lift t,, n > r to P, has no nontrivial
P, (0)-invariant vector.

Proof. Let f € 1, be P,(0)-invariant. Define the subgroups 7', N, C P, by
T={diag(t17~~'atn71s 1) |t1 ==t}’=1}a
N, ={ueN,|ujj=0,i<j<r}
By the inclusion P, C N), G,TPn (0) and the definition of T, it suffices to show

that f vanishes on G, T. The restriction to G, of the right translation of f byt e T
is K,-invariant. However, it is identically zero since t is ramified. ([

Combining these lemmas and Proposition 3.1, we have:

Proposition 3.14. Any lift of T € .#(G,) has no P,(o0)-invariant pre-Shalika form
relevant to x if one of T, x is ramified and another is unramified.

4. A vanishing theorem for Shalika forms

Let n = 2m be an even integer. Let 7 € .#(G,). For a nonnegative integer M, let
I'(M) C G, be the open compact subgroup defined in Section 1, and define

I°=T°(M)={k € (M) | kn,, — 1 €p™}.
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For f =(f1,..., fa_1) € 2"}, let
ol = diag(wf‘, - wf"*‘),
and let 7'y denote the Hecke operator that acts on right I"°-invariant vectors § in
by
TiE = /G Ch(k; T°w/ T°) 7 (k)& dk,

where dk indicates the Haar measure on G, normalized so that vol(I'°) = 1. In this
section, we show:

Theorem 4.1. Let x be a character of F with conductor e. Let m € (G,) be
generic with a Shalika model relevant to x. Let J € Sy (x) be I'°(M)-invariant for
an M. If J is a (simultaneous) eigenvector for all Ty, f € 7", and vanishes at 1,
(resp. gn) in the case of e = 0 (resp. e > 0), then J vanishes on S, P,I'(M).

To show the vanishing of J on S, P,I"(M), it suffices to show it on Gm We use
the notation

1, 'x ,
(4-1) u(x):ux:[ l]eU,H, xeF

and introduce reduced elements of G,,. Let 8 € F m=1landd = diag(dy, ...,dn) € D,,.
Set

c=o(dy), a; =o(d;), by=—o0(B;), ie{l,...,m—1}
Ifa; <---<a,_1, then we say d is aligned, and set ji, ..., j. by
(4—2) aj=d1=-"=dj-1 <4j, =-=d4j 1 <dj, = - =dp—1.

Understand j,—; =0ifr = 1. If j; <i < js41, s <r (resp. j, <i <m — 1), then
let s(i) denote s (resp. r). Let S(b) = {s | B, # 0}. We say dug is reduced if, in
addition, the following conditions are satisfied:

(@ pi=0foralli g{ji, ..., Jjr}.

(b) Bj, =0foralls €{l,...,r}suchthat B8; €o.
(c) Fors,t € S(b),if s <t,thenb; <bj,.

(d) Fors,t e S(b),if s <t,thena; —bj; <aj —bj,.
For g1, g0 € Gy, if Iéyln_]gle = 16,31_182Km (resp. Kim—lgle = K,vm—lg2Km),
where K}}l_l = SL,,—1(0), then we say g; is equivalent (resp. quasi-equivalent)
to g2, and denote

g1~ g (resp. g1~ &2).

A reason why we define the above relations for elements in G,, is the following.
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Lemma 4.2. Any (S;, P,(0))-double coset in P, contains the embedding of an
element of the form dug € G,.

Proof. Since P, is isomorphic to G, X U,, any left coset of P, (o) intersects with
B, by the Iwasawa decomposition of G,_i. Therefore, any (S, P,(0))-double
coset intersects with B,,. The assertion follows from the Cartan decomposition
of G,,. O

For a while, in preparation for the proof of the theorem, we will discuss the
above concepts. In case of m > 2, define w), | € K}L_l by

/
Wy, 1

[wml 5 ifmel+4z,
m—

—1 — X Y N .

diag(—1,1,..., Dwy,—; otherwise,

where w,,_| indicates the standard antidiagonal Weyl element in G,,_;, and for
g € G, denote

l w

§ =8 "
Observe that g ~ g', and that, if g = dug, then

u(ﬁm—laﬁm—Za---7ﬂl) 1fm€1+4za

"= diag(dp_1, dpm—2, .- ., d1, dn .
g =diag(dp—1 2 1 )X{M(—lgm—l,ﬂm—b---aﬁl) otherwise.

Proposition 4.3. We keep the notation from above.
(1) Let d € Dy, be aligned. For an arbitrary B € F™=1 there exist d' € D,,,
y € F"~' with the following properties.

e o(d)) =o(d;) forall i.
o d'u, is equivalent to dug and reduced.

(i1) Any equivalence class of G, contains a reduced element.

Proof. (i) There exists a Weyl element w € Krln_l such that

o((wdw™");) = o(dy), o((B'w)j) <o((B'w)), iefl,....m—1}.
Setd = wdw~" and B/ = B'w. Then,

duﬂ ~ lf)duﬁli)_l = wdw_lzf)uﬂzf)_l = d/uﬁ/.

Preserving the equivalence class, we will translate B’ step by step to satisfy condi-
tions (a)—(d), and attain y. Assume that there exists an i & {ji, ..., j-} such that
B; # 0. Since O(ﬁ;‘m)) < o(B]), we can choose a v € ' N,,_1 (0) such that

0 ifk=i,
B, otherwise.

B ) = {
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By the lemma below, d'u(B"'v) ~ d’'up . Iterating such translations, we attain a
B satistying d'ugr ~ d'ug and condition (a). Similarly, if there exist s, t € S(b")
(b" is defined by b = —o(B]")) such that s < ¢ and b;i > b;/t , then we can choose a
v/ € 'N,,_1(0) such that

(IB//I /) — 0 1fk:.]l$
B, otherwise.

Iterating such translations, we attain 8"’

(c). Set B € F"~! by

satisfying d'ug» ~ d'u g and also condition

ﬂ”” {0 if 131'/// € 07
1

B! otherwise.

Then, d'ugn = d'ugru(" — B”) ~ d'ugr, and " satisfies also condition
(b). Assume that some ,3”” does not lie in (_J;_ Hl(d;kﬁ””/d/ )o. Let d”° =
diag(dy, ...,d,_,). Then, we can choose a v" € (d"°)~ INm—1(0)d"®(C Nyp—1(0))

such that
0 if k = js,

B." otherwise.

(ﬁ////tv//)k — {

Observe that
d/u (ﬂ////t //> _ d/ 21/ (IB////)U// 1 __ d/ ///d/ ld/u(,B””)v” 1 ~ d/u(,B””)

Iterating such translations, we attain the desired y.

(ii) By the proof of Lemma 4.2, any equivalence class contains an element of the
form dug. We may choose a Weyl element w in K;Hl so that wdw~! is aligned.
Now the assertion follows from (i). O

Lemma 4.4. Let d € D,, be aligned. For B € F"~', v € N,_1(0), it holds that

du(Bv) ~du(p), d'u(p'v)~d'u(p).
Proof. Since d is aligned, (‘0)? € K |, and du(Bv) =d"bug v~ = (0)?dugi "

m—1° ~
dug. Another equivalence is proved similarly. (]

Let
P,={g€Gplgn=0,ie{l,....m—1}}.

For
p= [h *] € Pu, heGp,
we call o(det(h)) the weight of p, and denote it by wt(p). Observe that

(4-3) Wt(p1 p2) = Wt(p1) + Wt(p2),  p1, p2 € P

Lemma 4.5. Let p, p' € P,,. If p ~ p/, then wt(p) = wt(p').
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Proof. Assume p’ = ﬁpk forsome h € K! . k € K,,. Write

m—1°

o R L

Z w

by B, B8, y,z€0™ ! w,t,t' €oand m — 1 by m — 1 matrices g, g/, x with entries
in 0. Then we have

[g/ ’5] _ [h(gx +'B2) h(g'y+ ’ﬂw)].

1z rw

It follows that z =0, and x € K,,,_1, and
wt(p') = o(det(g")) = o(det(h(gx +'B2))) = o(det(gx)) = wt(p).
This completes the proof. (]
For (a,b,c) e Z" ' x 7" ' x Z, let
pa,b,c)= oY@, ) e Fm

Proposition 4.6. We keep the notation from above.

(1) Any quasi-equivalence class of G, contains a p(a, b, c).

(ii) If both p(a, b, c) and p(a’, b, c') are reduced, then

pla,b,c)~ p(a',b,c) (<) (a,b,c)=(d, b, ).

Proof. (i) By Proposition 4.3, any equivalence class contains a reduced dug. Set
¢ =o0(dn), and a; = o(d;), b; = —o(B;) fori <m. Then, p(a, b, c) ~ dug.

(ii) We only show that (a, b, ¢) = (a’, b’, ¢’) if there exist h € K, and k € K,
such that Ap(a, b, c)k = p(d’, b’, ¢’). From Lemma 4.5, ¢ = ¢’ is derived. Set
B=(@ ", .. ot g =@, .. o). Writ

=[]
z w
by y,z€ 0™ !, weoand m—1bym— 1 matrix x with entries in 0. Then,

[af”/ w""ﬂ’] _ [hw”(x +'B2) hwa(’y+’ﬁw)].

oad wz ww

Therefore, w = 1 and z = 0. Since k lies in K,,;, x lies in K,,_;. Therefore,
o = hw“x, and a = a’ follows from the Cartan decomposition of G,,_1. Now,
set ji, ..., jr by (4-2). Since both p(a, b, ¢) and p(a, b’, ¢) are reduced,

(4-4) Bi=p=0, ié{j ... .0}
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The remained task is to show B; = ;&’ s € {1, ..., r}. By the symmetry argument,
it suffices to show g; = '3;; for each s € S(b'). Since x = w~*(h~Hw? lies in
K,_1Nw™K,_1o% we have

4 —ai e
{p swo " Yse if | < k,

4-5 Xix €
(4-5) ik otherwise.

Therefore, we have
(4-6) Xik) jy<ik<m € Km—j,»  (Xik) jy<ik<jour € Kjooi—jy (s <7).

From the identity w® ' = hew®('y +'B), we obtain g — f''x € 0™, that is,

Bi eo+2xlkﬂk_o+ Z xij,B

teS(b')

Assume that x; ; ¢ 0*. Then, by (4-6), there existsan/ € {j, + 1, ..., jo41 — 1}
such that x;;, € 0™. By (4-5), f lies in

o+ Y B =otxby Y Wi+ Y Wb
1eS®’) s>1eS(b) s<teS(b)
cot+am o 4+p' i Z pt b
s<teS(b')
= Pio*,
conflicting with (4-4). Hence, x; ; € 0*, and
—b.
,BjJ ST Z )ijjtﬂ}[ =w Tisp*.
1eS®’)
This completes the proof. (]

Now, let J be a P, (0)-invariant Shalika form relevant to a character y. In order to
know the value J(g), g € G, it suffices to know that at p(a, b, ¢) quasi-equivalent
to g by the identity
(4-7) J(hgk) = x (det(h)J (g), he€Kp_1,k€Kp.

A necessary condition for J (p(a, b, c)) #0is as follows.

Lemma 4.7. With notation as above, assume that J (p(a, b, c)) #0.
(1) c,a;,a; —b; =0 foralli.

(i1) If p(a, b, ¢) is reduced, then for S(b) = {s1 < --- < 51},

0<aj, —bj, =---=<aj —bj,.
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Proof. This follows from the next (obvious) lemma and the identity

m—1

O (L e w(w"xmm LA w—”fx,m)f(p)

where p = p(a, b, ¢). ([l

Lemma 4.8. Let 2 be a field. Let G be a group, and H, K be its subgroups. Let &
and w be homomorphisms into Q* of H and K, respectively. Let J be a Q-valued
function on G such that

J(hgk) =&)w(k)J(g), heH,geG, kek.
Then J(go) vanishes at go € G if there exists an h € H such that h® € K and
§(h) # w(gy ' hgo). O

In the case where y is ramified, the following stronger statement can be made.
Let e > 0 be the conductor of . Let p.(a, b, c) = p(a™t, b, c*) with

at =(aj+e,ay+3e,...,an_1+(2m—73)e),
bt =(bi+e,...,bu_1+ (m—De),
ct=c+@m—1e.
Lemma 4.9. With notation as above, assume that J (pe(a, b, c)) #0. Then:

() 0<by =<---<bp_1.

(i) 0<a;—b; <---<ay_1—by_1 <c (therefore,0 <a; <--- <amy_1).

In particular, p.(a, b, c)=p(a™,b", c")isreduced and jy =1, ..., jju_1=m—1,
where ji, ..., jm_1 are defined for a™*.

Proof Letd = @9 and = (@1, ..., & Un-1). Fors =diag(si, . .., Sm_1, 1)

with s; € 0, it holds that

J(dusiBr. ... sm_1Bn-1)) = J (dsups™") = x(det(s))J (dup).

By Lemma 4.8, b;“ >eforalli. Forx €oandi <m—2, there existsav €’ N,,_1(0)
such that o
Bi+1(1 +xBi/Bi+1) if j=i+1,

Bj otherwise.

(B'v); :{

By (4-7) and Lemma 4.4, J(du(B)) = J(du(B'v)). Therefore, if b; > b, for
some i <m —2, then o(B;/Bi+1) is less than e, and j(duﬂ) vanishes by Lemma 4.8.
Hence (i) follows. If a; < by, then f(dulg) = 0 by (4-8) and Lemma 4.8. Hence,
a; >by. Sety =(d1B1/dm, --.,dn—1Bm—1/dn). Similar to (i), noting that

Fdug) = x@eta@ns ([ 4, ):
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we can show that J (dug) = 0 assuming o(y,,—1) > —e (which is equivalent to
am—1—bpm—1—c>0)oro(yi+1/y:i) <e (whichis equivalent to a; 1 —b; 11 < a; —b;),
for i <m — 2. Hence, (ii) follows. U

Now we begin the proof of the theorem dividing the cases whether e, the conductor
of x, is zero or not. Let J be a Shalika form as in the theorem. In the case
e = 0, by (4-7) and Proposition 4.6, it suffices to show f(p(a, b, c)) = 0 for
all reduced p(a, b, c) satisfying the conditions in Lemma 4.7. Equipping the set
of these elements with a suitable linear order so that the set is well-ordered, and
p(0, 0, 0) is minimal, we prove J (p(a, b, ¢)) =0 by transfinite induction, assuming
J(p(0,0,0)) =0.

Our proof for the case of e > 0 is similar, but the set consists of p.(a, b, c)
satisfying the conditions in Lemma 4.9, and is equipped with another order so
that p.(0, 0, 0) is minimal. To this end, we use the Hecke operators T, f € 71,
Choose a p’ less than p among the set. Since p’ is less than p and J is a Hecke
eigenvector, J( p’) =0 by the induction hypothesis and 7' J( p’) =0. An elementary
computation shows that

Tri(ph= ¥ ) J([p/ lm}vzﬁ“’w>

0'66,171/6(](‘) UEN(f”)

’ rs
> > wwexo([7 [, L e])
0€6,_1/S(f) veN (f7) ’ L v/

where
S(f)={oeCu1|f7=f}
7= fow
fL=UT o )
f2= Sy famy)s
N7 ={v e Ny |vin € o/p™ 0 vy € 0/p™ =00 (j <=1},

v:[l’" f”][w ; ], vy, v_ € Ny (0).

Here, X, is an m by m matrix with entries in o. Since p’ satisfies the conditions in
Lemma 4.7, ¥ (tr(p’X,)) = 1, and thus each term of the above expansion is of the
form

(4-9) x (det@ ) J (v poya ).

We prove J (p) = 0 by showing that this term equals cJ (p) for a nonzero constant
¢ independent of the choice of o, or the element &/~ v~ v w7 s quasi-
equivalent to a p” which is less than p or does not satisfy the conditions in
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Lemma 4.7, 4.9. We will use the identity

m—1 n—1
4-10)  wi@ o puga )y =wip)+ Y 7 - X [T wip)),
i=1 i=m+1

derived from (4-3), repeatedly. For positive integers s < ¢, let

s—1

——
e =(,...,0,1,0,...,0) 7"

Case of e = 0: In this case, the quasi-equivalence preserves the value of J by (4-7).
The order for the set of reduced p(a, b, ¢) satisfying the conditions in Lemma 4.7
is as follows. Let

(4-11) A=f{aeZli'ay < <am_i}.

We equip A with the following linear order. Set a < a’ if one of the following
conditions holds:
m—1

) m—1
i Y ai< ) a.
i=1 i=1

m—1 m—1
() > aj= ) a anda; < a;. for the last j such that a; ;éa}.
i=1 i=1
Let
B={beZ? " | b <bjifi < jand b;b; #0}.

We equip B with a linear order by the following rule. For b, b’ € B, let S(b) =
{ii<---<i;}and S(b') = {ji <--- < J,} be the total sets of indices at which the
entries of b and b’ are nonzero, respectively. Let k be the maximal number such
that

. . . . / /
U—k+1 = Ju—k+15---5> 1t = Ju, bl‘,,kJr] = bjule»l’ L) bl‘, =b]u

Understand k = 0 if (i, b;,) # (Ju, b}u), or, at least one of S(b), S(b’) is empty. By
definition, (i;—, b, ,) # (ju—k, b;'H)‘ Set b < b’ if one of the following conditions
holds:

@) b, , < b./l.u—k'
(i) b, , = b;.H, and j,_j < i;_¢.

We equip A X B x Z( with a linear order by setting (a, b, ¢) < (a’, b, ¢') ifa < d/,
ora=d andb <b',ora=ad',b=1>"and ¢ < ¢’. Obviously, (4, <), (B, <) are
well-ordered sets, and so is (A X B x Zx¢, <). A coordinate (a, b, c¢) satisfying the
conditions in the lemma is identified with the quasi-equivalence class of the reduced
p(a, b, c) by Proposition 4.6, and such coordinates consist a subset of A x B x Z>,
which is also well-ordered.
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To begin with, we will show
(4-12) J(p0,0,¢)=0, ceZ
By Lemma 4.7, it suffices to show this for ¢ > 0. Set
=@ ...,@°, p'=p0,0,0).
Then, G(f) = G,_1, and (4-9) is of the form
X (@)D J (wya )

where x € 0™, and equals x ()™ J(p(0, 0, ¢)). Thus (4-12) follows.
Now, we start the induction. By (4-12), we may assume that a; > 0. By
Lemma 4.7, a; > b;,.
First, suppose that b; = 0. Set
m—jr

,—/—
f=0,...,0,—1,...,—1),
——
p'=dug=p(d,bc), d=d=a—(0,...,0,1,...,1).

m_jr

Observe that p’ is reduced, and satisfies the conditions in Lemma 4.7. By the
induction hypothesis and (4-10) we may assume that

f_(::(), U+:]m

since otherwise @/~ v_! p’v @ /7 has the weight less than that of p, and is less
than p by the definition of the order. Write

T [U/ 1], v' € Ny_i1(0).
Let d° = diag(dy, ..., dy,—1). Since d is aligned, we have
v i=d°"Wd® € Ny_1(0), d™'vIld = (V") € Ny (o).
Then,
o T p = dd v dug = AW ug ~ & du(B”).

Put y = g"v". Let E; ={i € {1,...,m — 1} | fo., = —1}. By the induction
hypothesis again, we may assume that

(4_13) .figZO, i5m+jl’—17

since otherwise, @ /v p/(~ &~/ Yduy) is quasi-equivalent to an element less
than p by Proposition 4.3, 4.6 (compare the A-part). Therefore:
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L] Eg:{jra~~~sm_1}ifajr_ai 1>1'

Jr—

L4 Eo—C{jr_],...,m—l}ifajr—aj_l=1_

If i <k, then we have

, o/p ifi & E, >k,
vl‘k e .
{0} otherwise,
o e % % (o/p) ifi g Ey 3k,
=40y otherwise.

Since E; C {j,-1,...,m — 1}, and B = 0 for k > j,._; (recall that p is reduced,
and b; =0 is assumed), we have

(4-14) =B+ {ZkeE viBe ifi ¢ Es,

otherwise,

_ﬂ l,]r ﬂ]r 1fl<.]r—leE0"
' otherwise.

Therefore,
)/jr—l = ﬂjr-l ’ yjr—l“l‘l == Vm_l = O'

Ifi <j,_1€E;andb; , > 0, then by (4-14),

Jsti)
=B+, By ep"’-*<">+p“-"’*l‘“-/‘s<f>"’-"r*1 Cpio,

—bj .. % aj ,—aj. . —bj
ij(i) = IBjs(i) Js(z) Jr ﬂ]r ]s(t)o +p Jr—1 Is(i) Jr—1

C w_bismg +p1 b-/s(t) —w b-/ﬁva)gx

(use Lemma 4.7, and the fact a,’{ =ay fork < j.). Iti < j,—1 € E; and bsy =0
(i.e., Bsi) =0), then B; =0 and

)i = ljr Bij._, ifBj,_, #0and Uz{,jr_l €o0%,
r .
0 otherwise.
It follows that &~/ du,, is quasi-equivalent to p if B;_, = 0. From now, assume

that 8; , #0,1.e., b; _, >0. From the above argument, we conclude that w7 du,
is quasi-equivalent to p(a, b’, ¢) with

bl/=07 i¢{j1"--’jr}v
, . {bjrl +aj —aj_, or0 ifbjS =0and j,_; € E;,

Js(<r—1y b;, otherwise,

(b b ) = (0’ bjr*l) if jr—l € E,,
R (bj,_,,0) otherwise.
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Therefore, if j,_; € E,, then b’ is of the form
jrfjr—l m_jr
, , —— ——— ,
by, ..., _1,0,...,0,bj ,,...,0), bj.v<<r7n <bj(<bj_))
and, by the proof of Proposition 4.3(i), p(a, b’, ¢) is quasi-equivalent to the reduced
Jr—Jr=1 m—jy
—_——
pla,(..,0,...,0,b;_,,...,0),0),
which is less than p. Otherwise, p(a, b, ¢) = p. This settles the case of bj, = 0.
Next, suppose that b; > 0. Set

m=Jr

— / VAN
f=a,...,1,0,...,0), p =dug=p(a,b, c),
.jr_l .jr_l

—— ——
ad=a-(,...,0,1,...,1), ¥=b—-(0,...,0,1,0,...,0).

Observe that d' is aligned, and that p(a’, b’, ¢) is reduced element satisfying the
conditions in Lemma 4.7. Write

V4 = Uglx, Vo € Np—1(0).

Let E; = {i | f7 = 1}. By (4-10) and the induction hypothesis, we may assume
that £, C {1, ..., m — 1}. Therefore, v_ = 1,,, and

o vl et =du,gﬁouxwfi = diou(B' (vo) Huyw ¥,
Set B/ = B'(vo)~!. Let y;x(€ 0) denote the i, k entry of vo_l. Then,

-1 e
Y i—iv1 YikBe ifi € Eq,
0 otherwise.

=i+ |

Since d' is aligned, dvpd ' € K!

m—i» and

dioupu !t~ du(f' +x)yo 't =doTu(f' +x)m ),
Set y = (B’ +x) ~/¥. Now by the induction hypothesis, we may assume
Eo‘ C{l,...,m—jr_l},

and have

_ -1 e
(4-15) Vi = {w Mo+ B+ 20 YikBe)  if i € Eo,

Bi otherwise.
There are three cases:

() bj, =1, (i) aj —aj_,>landb; >2; (ii) aj —a;_, =1and bj, > 2.
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In case (i), all the g; are zero, and

o p if x; € 0 for some i € E,,
do’+u, ~ )
p(a,0,¢) (~ p(a,0,c)) otherwise.
Of course, p(a, 0, ¢) is less than p.
In case (ii), since aj, —aj,_, > 1, E; = {1, ..., m— j.} by the induction hypothesis.
From (4-15), it follows that
Yi=Bi (i >m—jr),
m—1
o) =o(xi+fi+ X yuh) =12 b (i =m—jp),
k=i+1
O(Vm—jr) = _bjr-
Therefore, dw /+ u, is quasi-equivalent to p.
In case (ii1), we may assume that E, C {1, ..., m—j._;} by the induction hypothesis.
From (4-15),
Yi =Bi (i >m—jr—1),
o(yi) = —b;j, (i € Ey),
o(yi) €{0,=bj, ., 1=b;} Ge{l,....m—jr—1}\Ep).
By the proof of Proposition 4.3, dw /+ u, is quasi-equivalent to p(a, b’, ¢)' with b’
of the form
jrfjrfl m_jr

(bl""’bjr—l_l’ }M,O,...,O v 0,...,0), b./,-rfle{O,bj,_l,bj,—l}, b;’,fbjr'

[ P

Ifb;  =bj —1(=1), then

/ / / / — — . — .
bj =bj_, or bj—b; =1l(=a;—aj.,),

and, by the proof of Proposition 4.3 again, p(a, b’, ¢)' is equivalent to

m—jr—1
—_—

1
pla,(by,....bj_,_1,b;, —1,0,...,0),¢c) (< p),

or

Jr=Jr=1 m=Jr
p(a’ (blv ""bj,_|—1907 ""07 b./ir’ Ov ---’0)’c)l (S p)

Otherwise, obviously, p'(a, b’, ¢) < p. We get the desired conclusion in the case
of e=0.
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Case of e > 0: The order for the set of reduced p.(a, b, c) satisfying the conditions
in Lemma 4.9 is as follows. Let

(4-16) AT=BT={aecZl' a1 < Zam}.

equipped with the linear order defined by setting a < a’ if one of the following
conditions holds:

) m—1 m—1
i Y ai< ) a.
i=1 i=1
B m—1 m—1
(i1) Zl a; = Z a/,and a; > a}(!) for the last j such that a; ;éa}.
i=

i=1

We equip AT x BT xZ( with a linear order by setting (a, b, ¢) < (a’, D', ¢) ifa <d’,
ora=d andb <b',ora=a’,b=>b"and ¢ < . Obviously, (AT x BT x Z~, <)
is also an well-ordered set. A coordinate (a, b, c) satisfying the conditions in the
lemma is identified with the quasi-equivalence class of the reduced p.(a, b, c¢), and
such coordinates consist a subset of AT x Bt x 7.

To begin with, we will show

(4-17) J(p.(0,0,¢)) =0, ceZ.
By Lemma 4.9, it suffices to show this for ¢ > 0. Set
f=@...,o%, p =dug=p.0,0,0).
Then, G(f) = G,_1, and it is easy to see that (4-9) is of the form
X (@)D (@ Pusdug),
where x € 0”~!. Define x’ by u, = d~'u,d. From (4-7) it follows that
J(@“nudug)=J (@ du(x'+8)=J tw du(B)t™)=J (@ dug)=J (p)

for
t:=diag(1+x1/B1, ..., 1+x,_1/Bm-1, 1),
since o(B;) = —ie and o(xl.’) > (m—2i)efori € {l,...,m— 1}. Therefore, (4-17)

follows.
Now, we start the induction. For positive integers r < s, and x € F", let

1s—r—l
vy (x) = |: 1 x:| .

r

By (4-17), we may assume that a,,_; > 0. By Lemma 4.9, a; > b;. Let [ be the first
number such that a; > 0.
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First, suppose that a; = b;. Set

h=a=b, f=hel, i=c(l),

l 1
/ l
p :duﬁ:p((07"’707al+17"’7am—1)9 (01"'709bl+19"'7bm—1),c) .

Observe that d' is aligned, and p’ is reduced. The expansion of Ty J( p))is
> X (7, o).
1<i<n—1 xe(o/phyn—i

In case of i > m, the weight of &~/ v~ p'v @ /7 is less than wt(p). In case of
i <m—1, we have v_ = 1,,, and (4-9) equals

j(duﬁv,’:l’_i (x"awhe'"),

where x" = (x1, ..., x—;). We compute
cm—1
ugvy_ (X)) =000 (X1, X—i— 1)U
g = Bi+ i —x1Bix1 — = Xm—i—1Bm_1) ifj=i,
! Bj otherwise.

Here since Bi/f; lies in p¢ if k > j by Lemma 4.9, and x; lies in o, we have

B
(4-18) Lel+p®, je{l,....m—1}.
Bj
Since d' is aligned, dﬁ,’Z:l.lil(xl, vooy Xm—i—1)d ! lies in N,,(0), and therefore,
m / he" __ 3-om—1 he'
dugv,, ;(x)o™ =dv, —;_[(X1,..., Xp_i—Dugw

~dugw =do"u(p"),
where

Bl =pw ™",

13// _ {w_h:Bi/ if j =1,

J B; otherwise.

Ifi <, then dew"" u(B”) is quasi-equivalent to an element p,(a’, b, ¢) witha’ <a
by the proof of Proposition 4.3. If i > [, then dw "¢ u(B") is quasi-equivalent to
an element which does not satisfy Lemma 4.9(ii). If i =/, then

Jda"u(B")) = J(do" T u('w" ")) = J(da" T uBa)) = T (p)

by (4-18). This settles the case of a; = b;.
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Next, suppose that a; > b;. Set
h=al_bls f:—he’il’ l=0(1)a
p/:duﬂ=p((07"'9O’blaal+lv"-’am—l)v (09"'507blvbl+]7"'7bm—1)9c)'

The expansion of TJ(p)is
X 2 (7, Jiwe),
1<i<n—1 xe(o/phyi-! "

In case of i <m, the weight of &/ v~ p'v @ /7 is less than wt(p). In case of
i >m, f{ =0,vy =1, and (4-9) equals

X (@) " J (@i (—x') p'),
where X' = (Xp41, ..., Xi—1). Since d is aligned, d~'ii(—x")d lies in N,,(0), and
i(—x")p' = i(—x")dug = d(d " i(—x"Yd)ug = du(B)d i(—x")d ~ du(B),

with

ﬁ/ _ lB](l +xm+jw-(i7m7j)e+(ai7m7bi7m)7(aj7bj)) 1f] < — m,

T8, if j>i—m.
We have J (@ "““nu(—x")p') = J (w"e“ndu(B)). By the induction hypothesis and
Lemma 4.9(ii) again, we may assume that i = m + [, and
B =B (1 4y o (700 € B (14 p°)
for j <i —m =[. Therefore,
J(@" du(B)) = J(@"" du(B)) = J (p).

This completes the proof of the theorem. (]
Now, according to Reeder’s oldform theory [14], any P, (0)-invariant vector in a

generic 7 is a linear combination of 7;v", f € 7"t new

>0 > is the newvector
and TJQ is the Hecke operator defined by

where v

T}E :/ Ch(k; Ky_1557 K1) 7 (k)€ dk
G-

for P,(0)-invariant £ € 7r, where dk indicates the Haar measure on G,,_; normalized
so that vol(K,,—;) = 1. An elementary computation shows that

7 (THe = Z Z (g /! )E,
0€6,-1/6(f) veN'(f7)
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where
N'(f7)={v € Ny | vyj € ofp"™ =IO j<n—1, vy, = 0}.
Therefore, if J is the Shalika newform, then T/ J (p),pe P is a linear combination

of J( g), g € Gy,. Therefore, from Theorem 4. 1 the following conclusion is deduced:
If we assume that the Shalika newform in Sy (x) vanishes at the minimal point,
then
J1s,Pre) =0
for any P, (o)-invariant Shalika form J € Sy (x), where ¢, indicates the conductor
of the generic .

4.1. Proof for Theorem 1.1. There exists a nontrivial P,(0)-invariant vector in .

For example, we can define the P,(o)-invariant &, € v, by
1 if f=0e2z2"!,
0 otherwise.

sn(a’vf)z{

By Proposition 3.8, 1, has a nontrivial P,(0)-invariant pre-Shalika form. By the
assumption (1-1) and Proposition 3.10, there exists a P, (0)-invariant Shalika form
whose restriction to P, is nontrivial. Now the assertion follows from the above
conclusion.

5. Zeta integrals

Let n = 2m be an even integer, and w € .#(G,) be generic with a Shalika model
relevant to x. Let J"V be a Shalika newform (recall this is unique up to a scalar).
Assume that J"% does not vanish at g, of Theorem 1.1. This condition is empty if
7 is supercuspidal. Assume that

C; = me.
Put
[=c¢c;,—(m—1De (=e).

Let K(c;) be as in Section 1. First of all, we construct a J, € S; () such that
Jr (1) =1, w(k)Jr = x odet(dr)Jr, keK(cr),

where dj indicates the m x m block matrix of k in the lower right corner. In the
case where x is unramified, there is nothing to do. Suppose that x is ramified.

Lemma 5.1. Let Q2 be a field. Let f be a Q-valued function on a group G such that
f(gk) =&(k) f(g) for a subgroup K and a homomorphism & : K — Q*.

(i) For the right translation f" by h € G,
Mgk =6n""kn) f"(9). kek™
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(ii) Let K' be a subgroup containing K. Assume that & is extended to &' : K' — Q*.
Define an Q2-valued function on G by

fl(g) = /K,/Ks’(k/) Lf (k) dk.
Then,
flgk)y=¢£"(K)f(g), K ek’
Proof. Obvious. 0

Let r be a positive integer. For a set A, let (A)” denote the r-tuple product of A.
Let M, and O, denote the ring of r x r matrices with entries in F and o, respectively.
If a subgroup K C G, consists of matrices

[‘C’ z] acA, beB, ceC, deDd

for subsets 2, B, €, D C M,,, we call K the subgroup relevant to 2, 5, €, ®. Let
8n = diag(w®, w3, . wnIe mgm=bey G,

and, for € (0%)" !, let
o (O =@ Ve o), S=w ([ )

where u(x), x € F"~!, indicates the element in (4-1). From (2-4) and the assumption
J"¥(g,) # 0, it follows that J;(5,,) # 0. By (2-4),

RACI (mj ) 316n).

Firstly, we set
hi=f a0
Clos

which is not zero at (Sm For u = diag(uy, ..., u,) with u; € 0, it holds that

([ D= [ o ([ ][]
(o)

= [ xo ([ M])Jdr=x(ﬁu,.)fl,

where t' = (fju1 /up, .. ., ty—1Um—1/Un). By (i) of the lemma, J; is invariant under
the subgroup relevant to

Om, {b|bijep™ ", {clcijeoyi <m,cpyj€pl,

{d|d,-i€l+pe,d,~jeo;i<j,dm‘,-epc;j<m,dl~jepme;j<i<m}.
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Therefore,

m) s = x(

m
km+i,m+i)-]1

i=1

for k lying in the subgroup relevant to
Om. (b1bijep™ "}, {clemj€picij€0,i <mj,
{dldijeoi<j dyep’j<m,dijep™;j<i<m)
By (2-4),
néw=n([" 41]) #0

ser(( )

Then J,(1,) # 0, and, by (i) of the lemma,

Secondly, we set

k) Iy = x (T kvt )
i=1

for k lying in the subgroup relevant to

Om, {blbyjep"?}, {clemjep cijeoii<ml,

t ((y(m—2)eym—1-
{I:(pcnb;m—l (p * ) ] € Km |ulj € 1+P(n_4)e; i 75 ]}

Thirdly, we set
aF
J3:f//n< u’x:|>J2dudxdy
L v

where the integral in x is over (o/p™~2¢)"~! thatin y is over (p'/p~)"~!, and
that in u over

Kn1/{u € Koy [uij € 14+p" 0 # j)
>~ SLm_l(U)/{u (S SLm—](U) | ujj € 1 +p(n—4)e; i # J}

By (ii) of the lemma,
7w (k)Js = x odet(dy)J3

for k lying in the subgroup relevant to

Om, {b|bijep™™?), fclemjepicijeo,i<m),

t am—1
{d: [(pl)um_l 0* ] €Ky luce Km_l}.
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By (2_4)a

B, )—f//12<|: " xD dudxdy—///Jz([?z 1 D du dx dy

is nonzero, where the integral region is the same as above. Finally, we set

Jn:c/n([l ﬂ)hdx,

where the integral in x is over O,,/{b | b;; € p"~2}, and c is the nonzero constant
taken so that J;(1,) = 1. Another desired property of J, follows from (ii) of the
lemma. Let K(c;)* be the open compact subgroup consisting of the matrices (1-5),
and J¥ € S;v( x 1) be the Shalika form (1-4). By (i) of the lemma,

7V (k) JF = x odet(di) JF, k € K(cq)*.

Now let us compute the Godement—Jacquet zeta integrals of these Shalika forms
and specific Schwartz functions. For a finite dimensional vector space V over F,
let (V) denote the Schwartz space of V. Define ¢.. € .(M,,) as follows. In
the case where yx is unramified, ¢, (x) = Ch(x; R.,) (see (1-2) for the definition
of R, ). Suppose that x is ramified. Define xo € .7 (F) by

xo(x) = Ch(x; 0™) x (x).
Define ¢; € .Y (My,—1) by

m—1
0= [ Chexijio) [] xo(@xin).

l<i#j=m—1 i=1

Define ¢, ; € (M) by

x y7\ _ ChOy zs (p7)" ! x 0"~ xo(@ “w) o
¢X’l<[z w]) - vol(SL,,_1(0)) /SL,nq(o)d)X Ort) .

Observe that
(5-1) ¢x.1(vk) = x odet(k)gy 1 (v), keTly().
Define ¢, € .7(M,) by

eo([¢ al) = on([Z o] B )i

We have defined ¢ so that J; ¢ is right (¢, )-invariant.
For J € S;(x) and ¢ € .¥(G,,), define the Godement—Jacquet zeta integral

Z(s. ], ¢) = /G T(g) |det(g)|’ dg.
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which is absolutely convergent when N (s) is sufficiently large. Originally, their
zeta integrals are defined for ¢ and matrix coefficients of w (cf. [4]), but Z(s, J, )
can be understood as one of them by the proof of Proposition 3.1 of [9], as follows.
Take an open compact subgroup K C G, such that ¢ is left K-invariant. The
linear form J +— cg fK J(k)ydk on S;(x) is smooth and thus belongs to 7",
where cx = vol(K)~!. Therefore, frk.i(8) =ck fK J(kg)dk, g € G, is a matrix
coefficient of w. When N (s) is sufficiently large, we have

26 d ) =cx [ ([ otkerdk) () ldeto)l’ dg
=cx [ ([, oke)I (o) ldet(@)" dg ) ok

c

(/G () J (k™ 1g) |det(g)[* dg) dk

n

«J,

K

=cx [ ([ Ike)dk) (o) 1det(g)]" dg = Z(s. fi.s. 9).
Now, for k € Z, let

Bui={beB,NO, |o(deth)) =k} and c;= Y J.(b).
Bm,k/Bm.O
Proposition 5.2. With the above notation,

Z<s—|—ﬂ, Jﬂ,%,)

2 o0
j 1 ife=0
= ¢'" Dyol(K(c ciq' TS % ’
1 (K (ex)) ; “a g(x, Ymy-e)™  otherwise.

Proof. Since the proofs are similar, we only treat the case e > 0. We observe what
g € G, contributes to the zeta integral. Using a complete system of representatives
for ') (¢;) /KK (¢ ) (cf. Lemma 2.1 of [13]), we may assume that g is of the form

a+bdc bd] _[l, b1[a 1,
-2 I e | R [
where a, b, ¢, d are m x m block matrices. We claim that d lies in I';,,(/), using the

identity

1, b _ (a+bdc)+bdc bd+b'd
(5-3) [ Je=1 0 2

If g contributes to the zeta integral, then (5-2) lies in supp(¢,, ); therefore
(5-4) doymj €', (de)ijep®, iefl,...,m—1}, jell,....,m},
and we may write

=[] el )
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By the K(c,)-invariance property of J;¢. , we may assume that d° is an upper
triangular matrix. It suffices to show that det(d) € 0*. Assume that det(d) € p.
Then dyy € p for some k € {1, ..., m}. Using the assumption (5-4), and that d° is
an upper trianglar matrix, we find that it is possible to take a b’ so that

byuep™, by;=0 jell,....m)\{k}, bdceO,, bdeoEy,

where Ej; indicates the k-th row and k-th column matrix unit. But, since (5-3) also
lies in supp(¢gc, ), and

e ([ 1 ]6)= v G dree, @

by (2-4), g does not contribute. Hence, the claim. Now, it is easy to see that

o=l el e

and we may assume that

0%, iefl,...,m},

b,’,‘EZD'_
bmj€0,bjmep™, jell,....m—1},

by (5-1). Therefore, bdc lies in O,,, and so does a. Now the assertion follows from
the argument of Lemma 4.2. ([

By the way, the proof for (1-3) is as follows.
Proposition 5.3. Set G’,‘n ={g € G, | o(det(g)) = k}. Then

ex = vol(K,) ™! /ka J,T([g 1m]) dg.

Proof. Let g € G; \ Ou. Then, there exists an x € O, such that tr(gx) & o.
Therefore, J;(¢) = 0 by Lemma 4.8, and the identity:

T =
] m ] m lm - ] m )
Corresponding to the decomposition G; = ka NO, U (Gﬁ1 \ Op), the homogeneous

space G’,‘n/Km decomposes into (G; NOw) /K I_I(G’,‘n\(’)m)/l(m. Now the assertion
follows from By, /B0 = (G',‘n NO,,)/ K, and the fact J; is invariant under K m. L

For ¢ € .7(M,), let ¢* be the Fourier transform of ¢ relevant to v
= [ oo,
Gn

where dy indicates the self-dual Haar measure on M,,. We define

ot () =@l (v xwy),
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where v, is the matrix defined in Section 1. For a function f on G,, let /" denote
the function defined by fV(g) = f(g~'). Then J*¢;

¢ isright K} -invariant, and
T T

(5-5) q " Z(s, TE i) = Z(s, T, o).
Now, in general,
(5-6) Z(s,J,¢") = /G J (g7 He*(g) det(g)I° dg
_ —1 ft s
= cx fG,,’(g ) /K«) (gk) dk |det(g)|* dg
_ —1_—1\, .1 K _ \Y2 i
=cx [ [ T gTheb ) ldet(e)* dgdk = Z(s. i 5. 9,

where K indicates an open compact subgroup of G, such that ¢ is left K-invariant
(therefore, ¢F is right K -invariant). An explicit description for @, is as follows.
When yx is unramified, it is given by

e (2 )= 2 ) ewon .
j=2

where R is the ring (cf. (1-5)). In the case where x is ramified, define ¢;* €
S (Mp—1) by

m—1
¢r)= ] Chexijio) [T Gin)-
i=1

I<i#j<m—1

Define ¢;’l € S (M,,) by

Ch(y, z; 0"~ x (p))y" 1) xy " (w)
* w y|l\__ 0 o%
x l([fz x])‘ vol(SL,,_1(0)) /SL,,,_l(o)(pX (ru) du.

Then, the explicit form of ¢ is

ot (2 2= st vo-orasen[¢ ) ) TTemon: v
j=2

For k € Z, let
mk—{beBm|0(det(b))_k biy €o0,byj ep’” l,]>1 bijj €o0;i > 1},

= ) L.

B/ Buo

and

o

Similar to Proposition 5.3 and Proposition 5.2, we can show (1-6) and the following,
respectively.
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Proposition 5.4. With the above notation,

—1
Z(s+ U wj‘ﬂ)

= 1 ife=0
— l(mfl)Vol K(c * C?k i(—s+1/2) % =Y,
K (1(en) ); & 9(x, U—e)™ otherwise.

From (5-5), (5-6), and the functional equation in [4], it follows that

Z("5 =595, 0%) _. Z(s+ "5 Tr. 0e,)
L(—s,7Y) g L(s, )

where both the L-functions and the root number ¢, are same as those defined by
Whittaker forms (cf. [11]). By Propositions 5.2 and 5.4, the both sides lie in C[g™*]
and C[q°], respectively. Hence, both sides are nonzero constant. Thus we have:

Theorem 5.5. With the above notation and assumptions,

o o
Zciqi(_s-‘rl/z) — L(S, 7.[)’ ch*qz(—s-i-l/Z) — gﬂL(s, 7_[\/)'
i=0 i=0
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