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Let (π, V ) be a generic irreducible representation of a general linear group
over a p-adic field. Jacquet, Piatetski-Shapiro, and Shalika gave an open
compact subgroup K , so that the subspace V K consisting of v ∈ V fixed by K
is one-dimensional. If π has a Shalika model 3, then we call vectors in 3(V )

the Shalika forms of π , and those in 3(V K ) the Shalika newforms. In this
article, in the case where π is supercuspidal, we show the nonvanishing of
Shalika newforms at a minimal point in a sense. This point is not the identity,
and the Shalika newform vanishes at the identity if the character defining
the Shalika model is ramified. In view of this result, in this case, we give
another Shalika form with nice properties.
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1. Main results

Let n = 2m be an even integer. The so-called Shalika period for an irreducible
cuspidal automorphic representation of GLn over a number field was introduced
by Jacquet and Shalika [8] to characterize its pole at 1 ∈ C of the partial exterior
square L-function. The local analogue of the Shalika period, which we call the
Shalika form, is defined as follows.

Let F be a p-adic field, and S the Shalika subgroup of Gn = GLn(F) consisting
of matrices

s =

[
a b

a

]
.
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Let ψ : F → C× be a nontrivial continuous additive character. Let χ : F×
→ C×

be a continuous character. Let π be an irreducible smooth representation of Gn .
If π is realized in a subspace Sπ (χ) of the space consisting of continuous functions
J : Gn → C such that

J (sg)= χ ◦ det(a)ψ(tr(a−1b))J (g),

then we call J ∈ Sπ (χ) a Shalika form of π relevant to χ . If a globally generic
cuspidal automorphic representation 5 =

⊗
v5v of GLn over a number field

has a Shalika period relevant to a global character
∏
v ξv, then each 5v has a

realization in S5v (ξv), i.e., Shalika model relevant to ξv, where v indicate the
places of the number field, and 5v, ξv indicate the v-components. Shalika forms
and models for archimedean places are defined similarly. In the archimedean case,
the uniqueness of Shalika models relevant to the trivial character was showed by
Aizenbud, Gourevitch, Jacquet [1]. In the nonarchimedean case, that relevant to the
trivial one was showed by Jacquet and Rallis [7], and those relevant to nontrivial
ones by Chen and Sun [3]. Further, in this case, for generic square-integrable π ,
the Shalika model relevant to the trivial character characterizes the pole at 0 ∈ C of
the local exterior square L-function defined in [8], which is a local analogue of the
original work.

Now let us dive into the heart of the matter. For various arithmetic applications,
it is important to discover good Shalika forms and study their properties. In the case
where π is unramified, the GLn(o)-invariant Shalika form, unique up to a scalars,
will play the expected roles, and its values are computed by Sakellaridis [15]. Our
concern is the ramified case. At first, we consider the specific Shalika form —
we call the Shalika newform, determined by the following newform theory due
to Jacquet, Piatetski-Shapiro, and Shalika [10]. Suppose that π is generic with
representation space V , conductor cπ (≥ 0) and central character ωπ . Then, there
exists a unique vnew

∈ V up to a scalar such that

π(k)vnew
= ωπ (kn,n)v

new

for k lying in the open compact subgroup

0n(cπ )= 0(cπ ) := GLn(o)∩
[

1n−1
ϖ cπ

]
GLn(o)

[
1n−1

ϖ cπ

]−1

= {k ∈ GLn(o) | kn,1, . . . , kn,n−1 ∈ pcπ }

where o indicates the ring of integers of F , p =ϖo the prime ideal, and 1n−1 the
unit matrix of Gn−1. With setting V as Sπ (χ), we call vnew the Shalika newform
of π relevant to a fixed χ , and denote by J new.

To describe our main result, we make the following assumption on generic
irreducible (π, V ) with V = Sπ (χ), since our preparation is not yet sufficient
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to deal with the general case. Let Pn ⊂ Gn denote the mirabolic subgroup. It is
known that, taking Bernstein and Zelevinsky’s derivatives of V repeatedly, a smooth
irreducible Pn-submodule Vl ⊂ V (the nondegenerate part of V ) is obtained finally.
The assumption is:

there exists a J ∈ Vl such that J (1n) ̸= 0.(1-1)

If π is supercuspidal (and admits a Shalika model relevant to χ ), then V = Vl , and
this condition is empty. Let e denote the conductor of χ . Our main result is this:

Theorem 1.1. Suppose that ψ(o)= {1} ̸= ψ(p−1), and keep assumption (1-1).

(i) If e = 0, J new does not vanish at the identity.

(ii) If e > 0, J new does not vanish at

gn :=



ϖ e 1
ϖ 3e ϖ e

. . .
...

ϖ (n−3)e ϖ (m−2)e

ϖ (m−1)e

1m


.

Remark 1.2. Although we do not give a proof in this article, it holds that

supp(J new
|Pn )

{
⊋ (S ∩ Pn)Pn(o) if e = 0,
= (S ∩ Pn)gn Pn(o) if e > 0,

when the standard L-function of π equals 1, where Pn(o)= Pn ∩GLn(o), and supp
indicates the support.

In the case of e > 0, an elementary argument shows that J new vanishes at 1n .
In the case of e = 0 (resp. e > 0), 1n (resp. gn) is minimal in a certain order
among the points at which Pn(o)-invariant Shalika forms do not necessarily vanish
(cf. Lemmas 4.7 and 4.9).

Apart from our work, Grobner and Matringe [5] showed the nonvanishing at 1n ,
when π is unitary and e = 0 without the assumption (1-1). However, our concern
is beyond the unitary case, and since there exist many non-unitary representations
satisfying (1-1), the nonvanishing at the point is expected in general.

But here a problem arises. From our aesthetic and various application perspec-
tives, we think it is not desirable that J new vanishes at 1n in the case of e > 0,
contrary to the nonvanishing of the Whittaker newform at 1n . Further, from some
results on representations (τ, V ) of connected reductive groups over the algebraic
closure of F , in the case where an L-function L(s, τ ) is defined as a generator of a
fractional ideal of the principal ideal domain C[qs, q−s

], s ∈ C (q is the cardinality
of o/p) spanned by some zeta integrals, and a functional equation between L(s, τ )
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and L(1−s, τ∨) for the contragredient τ∨ holds, we infer that the desirable newform
theory should satisfy the following:

(i) For a suitable open compact subgroup K , and a homomorphism � : K → C×,
the subspace V� := {v ∈ V | τ(k)v =�(k)v} is spanned by a vector vτ .

(ii) The open compact subgroup K depends on the choice of the realization V ,
and that of L-function (there are several L-functions and zeta integrals corre-
sponding to the representations of the L-group.).

(iii) If V consists of functionals on G of a certain type, then vτ does not vanish at
the identity.

(iv) The zeta integral of vτ , or its “suitable” arrangement, coincides with L(s, τ ),
and its suitable conjugate coincides with the product of L(s, τ∨) and the root
number appearing in the functional equation.

For these reasons, in the case of e > 0, we construct a Shalika form Jπ from J new

via some translations and integrations assuming that

• J new does not vanish at gn in the case of e > 0, and

• cπ ≥ me.

In the case of e = 0, assuming J new(1n) ̸= 0, we set Jπ = J new. We will describe
some properties of Jπ below. We set

l = cπ − (m − 1)e

and let Or be the ring of r × r matrices with entries in o. For t ∈ Z, we have

Or (t)=

[
1r−1

ϖ t

]
Or

[
1r−1

ϖ t

]−1
, Rr (t)= Or ∩Or (t).

We define the ring

Rcπ = Rn(l)∩
[

1m
ϖ e1m

]
On

[
1m

ϖ e1m

]−1
,

and denote by K(cπ ) the group of units of Rcπ , which is an open compact subgroup
of Gn and equals 0(cπ ) in the case of e = 0. Explicitly, Rcπ consists of matrices of
the form

(1-2)
[

A B
C D

]
, with D ∈ Rm(l) and A, B,

[
ϖ e1m−1

ϖ l

]−1
C ∈ Om .

In the case of n = 4,

Rcπ =

 o o o o
o o o o
pe pe o o
pl pl pl o

 .
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The first property of Jπ is that

π(k)Jπ = χ ◦ det(dk)Jπ , k ∈ K(cπ ),

where dk indicates the m ×m block matrix of k in the lower right corner. For i ∈ Z,
let

Bm,i = {b ∈ Bm ∩Om | det(b) ∈ϖ io×
},

where Bm indicates the Borel subgroup of Gm . The second property of Jπ is

L(s, π)=

∞∑
i=0

ci q i(−s+1/2), ci =

∑
b∈Bm,i/Bm,0

Jπ
([

b
1m

])
.

Here ci has another expression:

(1-3) ci =

∫
{g∈GLm(F)|det(g)=ϖ io×}

Jπ
([

g
1m

])
dg

(cf. Proposition 5.3), where dg indicates the Haar measure on GLm(F) normalized
so that vol(GLm(o))= 1. Observe that Jπ (1n)= 1. Set

υcπ =

[
ϖ l

ϖ e1m−1
wm

]
∈ Gn,

where wm indicates the standard antidiagonal Weyl element in Gm . Define J ∗
π ∈

Sπ∨(χ−1) by

(1-4) J ∗

π (g)= Jπ (wn
t g−1υcπ ).

Let K(cπ )
∗
= υ−1

cπ
t K(cπ )υcπ , which is the units group of the ring R∗

cπ
consisting of

matrices of the form

(1-5)

[
A B
C D

]
, with

D ∈ wm
tRm(l)wm, C ∈ Om

[
ϖ l

ϖ e1m−1

]
, A, B ∈ wm

tOm(l ′)wm,

where l ′ := l − e. In the case of n = 4,

R∗

cπ
=

 o p−l ′ o p−l ′

pl ′ o pl ′ o
pl pe o o
pl pe pl o

 .
From the first property of Jπ , it follows that

π(k)J ∗

π = χ ◦ det(dk)
−1 J ∗

π , k ∈ K(cπ )
∗.
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For i ∈ Z, let

Be
m,i =

{
b ∈ Bm | det(b) ∈ϖ io×, b11 ∈ o, b1 j ∈ p−l ′

; j > 1, bhj ∈ o; h > 1
}
.

Then,

επ L(s, π∨)=

∞∑
i=0

c∗

i q i(−s+1/2), c∗

i =

∑
b∈Be

m,i/Be
m,0

J ∗

π

([
b

1m

])
,

where c∗

i also has other expressions:

(1-6) c∗

i =

∫
{g∈GLm(F)|det(g)=ϖ io×}

J ∗

π

([
g

1m

])
dg

=

∫
{g∈GLm(F)|det(g)=ϖ i−cπ o×}

Jπ
([ 1m

g−1

])
dg.

Observe that J ∗
π (1n) equals επ , the root number of π . So, our Jπ and K(cπ ) satisfy

the above conditions except for (i) in the case of e > 0, the one-dimensionality.
This problem will be discussed in a future work.

We remark that for a cohomological cuspidal automorphic representation 5 of
GLn over a number field, if one chooses local Shalika forms J5v and K (c5v ) at
bad places v, then the corresponding period in Theorem 6.7.1 of [6] becomes just
L(1/2,5)/ωε0(5 f )ω(5∞).

Another motivation of the above construction is a theta lift from G4 to GSp4(F).
It is known that, in most cases, an irreducible, admissible representations τ of
GSp4(F) is a theta lift from a generic, irreducible smooth representation π with
a Shalika model relevant to the central character of τ . In a forthcoming paper,
we will construct a Whittaker “newform” for a generic, irreducible, admissible
representation τ of GSp4(F) using the above Jπ , and show that the inequality
cπ ≥ 2e holds for any generic π with a Shalika model. We think that this supports
the validity of our Shalika form Jπ and open compact subgroup K(cπ ).

Outline. In Section 2, we introduce fundamental terminologies used throughout.
In Section 3, we show the uniqueness of pre-Shalika models of Vl . In Section 4,
we define an equivalence relation and ordering for the set consisting of elements
in Pn at which Pn(o)-invariant Shalika forms do not vanish necessarily (this set
changes depending on e). According to this order, 1n (resp. gn) is minimal in the
case of e = 0 (resp. e> 0). Using Hecke operators, we show that all Pn(o)-invariant
Shalika forms vanish on Pn , assuming that J new vanishes at the minimal point.
Theorem 1.1 follows from this result and the uniqueness of pre-Shalika models.
The above Jπ is constructed in Section 5.

Notation. Throughout, F denotes a p-adic field with ring of integers o. Let p=ϖo

denote the prime ideal of o and q the cardinality of the residue field. We fix an
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additive character ψ : F → C× such that

ψ(o)= {1} ̸= ψ(p−1),

where C× indicates the multiplicative group of the complex number field C. Let
χ : F×

→ C× denote a continuous homomorphism, and e its (order of) conductor.
Let o(x) denote the p-adic order of x ∈ F , and ν(x) the p-adic norm: ν(x)= q−o(x).

If G is a group, h, g are elements in G and H is a subgroup of G, then we write
hg and H g for ghg−1 and {hg

| h ∈ H}, respectively. We use this notation for the
groups:

Gr = GLr (F),
Br = the standard Borel subgroup of Gr ,

Dr = the diagonal matrices in Gr ,

Nr = the unipotent matrices in Br ,

Pr = {(pi j ) ∈ Gr | pr j = 0 for j < r , prr = 1},

Ur = {(ui j ) ∈ Nr | ui j = δi j for j < r},

Kr = GLr (o),

Sr = the symmetric group of degree r .

For a permutation w of the set {1, . . . , r}, we also denote by w the permutation
matrix in Gr defined by

w[gi, j ]w
−1

= [gw(i),w( j)],

and identify Sr with a subgroup of Gr naturally. When a positive integer l is clear
from the context, let ∗́ : Gr → Gr+l denote the embedding

g 7→ ǵ =

[
g

1l

]
,

and for a function f on a subset of Gr+l containing Ǵr , let f́ denote the function
on Gr by the pullback, where 1l ∈ Gl indicates the identity. For a set X and a subset
A ⊂ X , let Ch(x; A), x ∈ X , denote the characteristic (indicator) function of A.

2. Preparation

Let r be an integer larger than 1. Denote also by ψ the homomorphism

N = Nr ∋ n 7→

∏
1≤i≤r−1

ψ(ni,i+1) ∈ C×.(2-1)

Let π be an irreducible representation of G =Gr . It is known that HomG(π, IndG
Nψ),

the C-space of Whittaker models, is at most one-dimensional, where Ind indicates
the induction functor. If π has a Whittaker model, then π is called generic. In this
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case, let Wπ denote the image of π under it, and call W ∈ Wπ Whittaker forms of π .
For a positive integer m, let 0r (m)= 0(m)⊂ Gr be the open compact subgroup

{k ∈ Kr | kr,1, . . . , kr,r−1 ∈ pm
}.(2-2)

By the work of Jacquet, Piatetski-Shapiro, and Shalika [10], there exists a unique
W new

∈ Wπ such that

W new(1r )= 1, π(k)W = ωπ (krr )W, k ∈ 0(cπ ),

where cπ and ωπ indicate the conductor and central character of π , respectively.
We call W new the canonical Whittaker newform of π .

If r is even, then the Shalika subgroup Sr = S ⊂ Gr is defined to be the subgroup
consisting of the matrices

s =

[
a

a

][
1r/2 b

1r/2

]
.

For χ , let χψ : S → C× denote the homomorphism

(2-3) s 7→ χ ◦ det(a)ψ(tr(b)).

F. Chen and B. Sun [3] showed that HomG(π, IndG
S (χψ)), the C-space of Shalika

models, is at most one-dimensional. If π has a Shalika model, we denote by Sπ (χ)

the image of π under it, and call J ∈ Sπ (χ) Shalika forms of π relevant to χ . By
definition,

(2-4) J (sg)= χψ(s)J (g).

By the above Whittaker newform theory, there exists a unique J ∈ Sπ (χ) up to a
scalar such that

π(k)J = ωπ (krr )J, k ∈ 0(cπ ),

which are called the Shalika newforms of π (relevant to χ ).
Let

S◦

r = Sr ∩ Pr .

For an irreducible smooth representation τ of Pr , we call the C-space

HomPr (τ, IndPr
S◦

r
(χψ))≃ HomS◦

r
(τ, χψ)

the pre-Shalika models of τ relevant to χ , and will show that it is at most one-
dimensional in the next section. If τ has a pre-Shalika model, we denote by Iτ (χ)

its image of τ , and call vectors in Iτ (χ) pre-Shalika forms of τ relevant to χ .
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3. Pre-Shalika model

In this section, firstly we show that, for an arbitrary χ , the irreducible smooth
representation

(3-1) ψn := c-IndPn
Nn
(ψ)

has a unique pre-Shalika model up to a scalar, where c-Ind indicates the compact
induction functor. By this uniqueness, the restriction to Pn of a Shalika form of
a supercuspidal representation coincides with a pre-Shalika form of ψn , and vice
versa (cf. Propositions 3.10 and 3.11). Secondly, we compute the support of a
Pn(o)-invariant pre-Shalika form, playing the essentially important role in this
article, of ψn constructed by the pre-Shalika model, where

Pn(o) := {p ∈ Pn | pi j ∈ o}.

For an l-group G (cf. [2]), we denote by A (G) (resp. I (G)) the category of smooth
(resp. smooth irreducible) C[G]-modules. For τ ∈ A (Pr )∪ A (Gr ), we call the lift
of τ to Pl with l > r the representation

τl :=

{
9l−r (τ ) if τ ∈ A (Pr )

9l−r−1
◦ϒ(τ) if τ ∈ A (Gr )

where 9 : A (Ps)→ A (Ps+1) and ϒ : A (Gs)→ A (Ps+1) are the functors defined
by

9 : τ 7→ c-IndPs+1

ṔsUs+1
(τ ⋉ψ), ϒ : τ 7→ τ ⋉ 1Us+1 .

Here τ ⋉ψ (resp. τ ⋉ 1Us+1) indicates the representation sending ṕu ∈ ṔsUs+1 to
ψ(u)τ (p) (resp. τ(p)). Abbreviate IndPn

S◦
n
(χψ) as In(χ).

Proposition 3.1. Let τ ∈ I (Gr ). For even n > r , we have:

(i) If r is odd, then τn has no pre-Shalika model.

(ii) If r is even, then

dim HomPn (τn, In(χ))= dim HomGr

(
τ, IndGr

Sr
(ν(n−r)/2χψ)

)
.

This follows from induction on n and the following three lemmas.

Lemma 3.2. If r is odd, then any lift τr+1 of τ ∈A (Gr ) does not have a pre-Shalika
model relevant to any χ .

Proof. Let λ ∈ HomPr+1(τr+1, Ir+1(χ)), and f ∈ τr+1. By the definition of ϒ and
that of the pre-Shalika space,

λ( f )= λ(τr+1(u) f )= ψ(u(r+1)/2,r+1)λ( f ), u ∈ Ur+1.

Hence λ( f ) vanishes, and the assertion follows. □
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Lemma 3.3. For τ ∈ A (Gn) with n even, and an arbitrary χ ,

dim HomPn+2(τn+2, In+2(χ))= dim HomGn (τ, IndGn
Sn
(νχψ)).

Lemma 3.4. For τ ∈ A (Pn) with n even, and an arbitrary χ ,

dim HomPn+2(τn+2, In+2(χ))= dim HomPn (τ, In(νχ)).

To show the last two lemmas, we use the distributional technique of [loc. cit.] for
l-spaces X . For a C-vector space V , let S (X, V ) denote the space of all Schwartz
functions on X with values in V . Linear functionals T on S (X, V ) are called
V -distributions on X . Additionally, if X is an l-group, and T is right (resp. left)
invariant under an open compact subgroup, we say T is locally constant on the
right (resp. left).

Proposition 3.5. Let G be an l-group, and V a vector space over C. Let T be a
V -distribution on G.

(i) If T is right (resp. left) invariant, then T is the product of a right (resp. left)
Haar measure on G and a linear functional on V .

(ii) If T is locally constant on the right (resp. left), then T is the product of a right
(resp. left) Haar measure on G, and a V ∗-valued continuous function on G,
where V ∗ indicates the full-dual of V .

Proof. Suppose that T is right invariant. Let dr g denote a right Haar measure
on G. Let {Nα | α ∈ A} be a fundamental system of neighborhoods of the identity
consisting of open compact subgroups of G. For v ∈ V , define ϕαv ∈ S (G, V ) by

ϕαv (g)= Ch(g; Nα)v.

For each α ∈ A, define v∗
α ∈ V ∗ by

⟨v∗

α, v⟩ = vol(Nα)−1T (ϕαv ), v ∈ V .

Therefore v∗
α = v∗

β if Nα contains Nβ , since T (ϕαv ) equals [Nα : Nβ]T (ϕ
β
v ) by the

right invariance property of T . This implies that v∗
α is independent of the choice

of α. Since each ϕ ∈ S (G, V ) is right invariant under some Nα , we may express ϕ
as a finite sum of right translations of ϕαvi

with some vi’s. By the right invariance
property of T again, we have

T (ϕ)= T
(∑

i
ϕαvi

)
=
∑

i
vol(Nα)⟨v∗

α, vi ⟩

=
∑

i

∫
G
⟨v∗

α, ϕ
α
vi
(g)⟩ dr g =

∫
G
⟨v∗

α, ϕ(g)⟩ dr g.

This is the first assertion. The second then follows from the proof of Proposition 1.28
of [loc. cit.]. □
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Let G be an l-group. Let Q0 and U be its closed subgroups such that Q0∩U ={1},
and Q0 normalizes U . Set

Q = Q0U,

which is a closed subgroup of G. Let ξ : U → C× be a continuous homomorphism
stabilized by Q0. Let H ⊂ G be a closed subgroup, and ρ : H → C× a continuous
homomorphism. Assume that

(3-2) Q H =
{
g ∈ G | ξ(hg)= ρ(h) for all h ∈ H ∩ U g−1}

.

Observe the last set is left Q-, right H -invariant, closed, and an l-space in the
induced topology. Additionally, assume that

(3-3) Q ∩ H = (Q0 ∩ H)(U ∩ H).

Proposition 3.6. With the above assumptions, for an arbitrary π ∈ A (Q0), we have

dim HomH (c-IndG
Q(π ⋉ ξ), ρ)= dim HomQ0∩H (π,1Q∩H1

−1
H ρ),

where 1Q∩H ,1H indicate the modular characters on the groups.

Proof. Our proof is a modification of that of Proposition 1 of [12]. Abbreviate π⋉ξ
and1Q∩H1

−1
H as πξ and1, respectively. We will construct a linear map from the C-

space HomH (c-IndG
Q(πξ ), ρ) to HomQ0∩H (π,1ρ). Denote the representation space

of π by Vπ , on which Q also acts by πξ . For φ ∈S (G, Vπ ), define fφ ∈ c-IndG
Q(πξ )

by

fφ(g)=

∫
Q
πξ (q−1)φ(qg) dr q.

The linear map φ 7→ fφ is bijective. For µ ∈ HomH (c-IndG
Q(πξ ), ρ), define a

Vπ -distribution Tµ on G by Tµ(φ)= µ( fφ). Observe that T = Tµ satisfies

(3-4)
T ◦ R(h)= ρ(h)T (h ∈ H),

T ◦ L(q)=1Q(q)T ◦πξ (q−1) (q ∈ Q).

Consider the double coset space Q\G/H . By (3-2), if g does not lie in Q H , then
ρ(h) ̸= ξ(hg) for some h ∈ H , and T (g) is zero by (3-4). Therefore, the support
of T is contained in Q H , and we may regard T as a Vπ -distribution on the closed
subset Q H (an l-space by (3-2)).

Let ϕ ∈ S (Q × H, Vπ ). Define ϕ ∈ S (Q H, Vπ ) by

ϕ(q−1h)=

∫
Q∩H

1Q(aq)πξ ((aq)−1)ρ(ah)ϕ(aq, ah) dr a.

The linear map ϕ 7→ ϕ is bijective. Therefore any Vπ -distribution T ′ on Q × H is
derived from a Vπ -distribution T on Q H satisfying (3-4) by setting T ′(ϕ)= T (ϕ).
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For q ′
∈ Q, h′

∈ H , we compute

R(q ′, h′)ϕ(q−1h)

=

∫
Q∩H

1Q(aq)πξ ((aq)−1)ρ(ah)ϕ(aqq ′, ahh′) dr a

=
πξ (q ′)

1Q(q ′)ρ(h′)

∫
Q∩H

1Q(aqq ′)πξ ((aqq ′)−1)ρ(ahh′)ϕ(aqq ′, ahh′) dr a

=
πξ (q ′)

1Q(q ′)ρ(h′)
L(q ′)R(h′)ϕ(q−1h).

Therefore T ′ is right invariant by (3-4). By Proposition 3.5, there exists a linear
functional µ′ on Vπ such that

(3-5) T ′(ϕ)=

∫
H

∫
Q
⟨µ′, ϕ(q, h)⟩ dr q dr h.

For b ∈ Q ∩ H , we compute

L(b, b)ϕ(q−1h)=

∫
Q∩H

1Q(aq)πξ ((aq)−1)ρ(ah)ϕ(b−1aq, b−1ah) dr a

=1Q∩H (b)
∫

Q∩H
1Q(baq)πξ ((aq)−1b−1)ρ(bah)ϕ(aq, ah) dr a

=1Q∩H (b)1Q(b)ρ(b)πξ (b−1)ϕ(q−1h).

Thus
T ′

◦ L(b, b)=1Q∩H (b)1Q(b)ρ(b)T ′
◦πξ (b−1).

Now from (3-5),

1H (b)⟨µ′, ϕ(q, h)⟩ =1Q∩H (b)ρ(b)⟨µ′, πξ (b−1)ϕ(q, h)⟩.

This means that µ′ lies in HomQ∩H (πξ ,1ρ). By restricting to Q0, we obtain a
µ′′

∈ HomQ0∩H (π,1ρ). The linear map µ′
7→ µ′′ is bijective by (3-3). We have

constructed the desired map µ 7→ µ′′. One can reverse the above steps, and easily
find that this map is bijective. □

Remark 3.7. The spaces HomH (c-IndG
Q(πξ ), ρ) and HomQ∩H (πξ ,1ρ) are both

zero if 1|U∩H ̸≡ 1.

Let n = 2m be an even integer. By Frobenius duality,

HomPn+2(τn+2, In+2(χ))≃ HomS◦

n+2
(τn+2, χψ),

HomPn (τ, In(νχ))≃ HomS◦
n
(τ, νχψ).

We will prove Lemma 3.4 by showing the spaces in the right hands are same-
dimensional. By the previous proposition, it suffices to check (3-2), (3-3) in the
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situation considered. Set G = Pn+2. Let hn+1 ∈ Sn+1 be the permutation

(3-6)
(

1 · · · m m+1 m+2 m+3 · · · n+1
1 · · · m 2m+1 m+1 m+2 · · · n

)
.

Abbreviate

(3-7) η = h́n+1 ∈ Pn+2.

Set H = ηS◦

n+2η
−1. Let ρ : H → C× be the homomorphism

h 7→ χψ(η
−1hη).

If we write a typical s ∈ S◦

n+2 asA tα X tβ
1 γ y

A tα
1

 ,
where A, X are m × m matrices, α, β, γ are m-dimensional row vectors, and y is
an element of F , then

sη =

A X tα tβ
A tα
γ 1 y

1

 , ρ(sη)= χ ◦ det(A)ψ(y + tr(A−1 X − A−1tαγ )).

Set Q0 = Ṕn ⊂ Gn+2, and U = Un+1Un+2. Set ξ = ψ |U . Observe that

(a) τn+2 = c-IndG
Q(τ ⋉ ξ),

(b) ρ(t́)= χψ(t) for t ∈ Sn ,

(c) Ś◦
n = Q0 ∩ H ,

(d) 1Q∩H1
−1
H (t́)= |det(A)| for t =

[
A ∗

A

]
∈ S◦

n .

It is easy to check (3-3). For (3-2), it suffices to see that any matrix p in the RHS
of (3-2) satisfies:

pn,1 = · · · = pn,m = pn+1,1 = · · · = pn+1,m = 0.

Let Ei, j denote the i-th row and j-th column matrix unit (having all entries 0
apart from 1 in position (i, j)). If pn+1,i ̸= 0 for i ∈ {1, . . . ,m}, then for some
h = 1n+2 + x Ei,n+2 ∈ H ,

ρ(h)= 1 ̸= ψ(xpn+1,i )= ξ(h p).

Hence, pn+1,1 = · · · = pn+1,m = 0. Now we may assume that p lies in Ṕn+1Un+2,
since the RHS of (3-2) is right H -invariant. If pn,i ̸= 0 for i ∈ {1, . . . ,m}, then for
some h′

=1n+2+yEi,n+1+yEi+m,n+2 ∈ H , we have ρ(h′)=1 ̸=ψ(ypn,i )= ξ(h′p).

Hence, pn,1 = · · · = pn,m = 0. Now (3-2) is checked, and the proof of the lemma
is completed.
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For Lemma 3.3, reset Q0 = Ǵn . Then (a) and (b) above hold. If one replaces S◦
n

with Sn at (c) and (d), then they hold. It is also easy to check (3-3), and the same
argument for (3-2) works. This means that HomS◦

n+2
(τn+2, χψ) and HomSn (τ, νχψ)

have the same dimension for τ ∈ A (Gn).
Similar to Proposition 3.1, the following holds.

Proposition 3.8. For an arbitrary χ , ψn has a unique pre-Shalika model relevant
to χ , up to a scalar.

Proof. Since ψn equals 9n−2(ψ2), the assertion is reduced to the evaluation of the
dimension of HomP2(ψ2, I2(χ)) by Lemma 3.4. Consider the space of correspond-
ing C-distributions on P2, and the corresponding double coset space N2\P2/N2.
As a complete system of its representatives, using {t́ ∈ P2 | t ∈ F×

}, we find that
all supports of the distributions are contained in N2. □

Since any irreducible smooth representation of Pn is equivalent to ψn , or a lift
from I (Gr ), r < n (cf. [2]), we obtain:

Theorem 3.9. An irreducible smooth representation of Pn has no or a unique
pre-Shalika model relevant to χ , up to a scalar.

From now, let (π, V )∈I (Gn) be generic. There exists a Jordan–Hölder sequence
of smooth Pn-modules Vl ⊂ · · · ⊂ V0 = V with the following properties (cf. [2]):

• Vl is equivalent to ψn .

• Each Vi/Vi+1 is equivalent to some lift from I (Gr ), r < n.

• π is supercuspidal if and only if V = Vl .

Proposition 3.10. If (1-1) is assumed, then, for any pre-Shalika form of ψn relevant
to χ , there exists a Shalika form in Vl whose restriction to Pn coincides with it.

Proof. By the assumption, for a Shalika form in Vl , its restriction to Pn is nontrivial,
and can be regarded as a pre-Shalika form of ψn . The assertion follows from the
irreducibility of Vl ≃ ψn ≃ Iψn (χ). □

Proposition 3.11. Assume that each Vi/Vi+1 has no pre-Shalika model relevant
to χ . Then, (1-1) is satisfied. Further, for a Shalika form J , the following statements
are equivalent.

(i) J does not vanish on Pn .

(ii) J lies in Vl .

In this case, J |Pn coincides with a pre-Shalika form of ψn .

Proof. Let V 0
i be the Pn-submodule

{J ∈ Vi | J |Pn ≡ 0} ⊂ Vi .
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Take the minimal Vr containing a Shalika form that does not vanish at the identity.
By definition, if r ̸= l, then we have Vr+1 = V 0

r+1 ⊂ V 0
r and Vr/Vr+1 has a pre-

Shalika model, conflicting with the assumption. Hence the first assertion follows.
This argument also implies the equivalence of (i) and (ii). The last assertion follows
from the proof of Proposition 3.10. □

The following is an easy sufficient condition for the lack of Shalika models.

Lemma 3.12. Let n = 2m be an even integer, and π ∈ I (Gn) be unramified. If χ
is ramified, then π has no Shalika model relevant to χ .

Proof. Assume that π has a Shalika model relevant to a ramified χ . Then there
exists a nontrivial Kn-invariant J ∈ Sπ (χ). Let J́ denote the restriction to Gm . By
the Iwasawa decomposition of Gn , J |Bn ̸≡ 0. By (2-4), J́ |Bm ̸≡ 0. By (2-4) and the
Cartan decomposition of Gm , there exists a d ∈ Dm such that J́ (d) ̸= 0. By (2-4)
and the Kn-invariance property of J ,

χ(t) J́ (d)= J́ (diag(t,

m−1︷ ︸︸ ︷
1, . . . , 1) d)= J́ (d diag(t,

m−1︷ ︸︸ ︷
1, . . . , 1))= J́ (d), t ∈ o×.

Since χ is ramified, it follows that J́ (d)= 0, a contradiction. □

We are also interested in the question whether the lift of τ ∈ I (Gr ) to Pn, n > r
has a Pn(o)-invariant vector, or not.

Lemma 3.13. If τ ∈I (Gr ) is ramified, then the lift τn, n> r to Pn has no nontrivial
Pn(o)-invariant vector.

Proof. Let f ∈ τn be Pn(o)-invariant. Define the subgroups T, N r
n ⊂ Pn by

T = {diag(t1, . . . , tn−1, 1) | t1 = · · · = tr = 1},

N r
n = {u ∈ Nn | ui j = 0, i < j ≤ r}.

By the inclusion Pn ⊂ N r
n Ǵr T Pn(o) and the definition of τn , it suffices to show

that f vanishes on Ǵr T . The restriction to Gr of the right translation of f by t ∈ T
is Kr -invariant. However, it is identically zero since τ is ramified. □

Combining these lemmas and Proposition 3.1, we have:

Proposition 3.14. Any lift of τ ∈ I (Gr ) has no Pn(o)-invariant pre-Shalika form
relevant to χ if one of τ, χ is ramified and another is unramified.

4. A vanishing theorem for Shalika forms

Let n = 2m be an even integer. Let π ∈ I (Gn). For a nonnegative integer M , let
0(M)⊂ Gn be the open compact subgroup defined in Section 1, and define

0◦
= 0◦(M)= {k ∈ 0(M) | kn,n − 1 ∈ pM

}.
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For f = ( f1, . . . , fn−1) ∈ Zn−1, let

ϖ f
= diag(ϖ f1, . . . ,ϖ fn−1),

and let T f denote the Hecke operator that acts on right 0◦-invariant vectors ξ in π
by

T f ξ =

∫
Gn

Ch(k;0◦ϖ́ f 0◦)π(k)ξ dk,

where dk indicates the Haar measure on Gn normalized so that vol(0◦)= 1. In this
section, we show:

Theorem 4.1. Let χ be a character of F with conductor e. Let π ∈ I (Gn) be
generic with a Shalika model relevant to χ . Let J ∈ Sπ (χ) be 0◦(M)-invariant for
an M. If J is a (simultaneous) eigenvector for all T f , f ∈ Zn−1, and vanishes at 1n

(resp. gn) in the case of e = 0 (resp. e > 0), then J vanishes on Sn Pn0(M).

To show the vanishing of J on Sn Pn0(M), it suffices to show it on Ǵm . We use
the notation

(4-1) u(x)= ux =

[
1r

t x
1

]
∈ Ur+1, x ∈ Fr

and introduce reduced elements of Gm . Let β ∈ Fm−1 and d =diag(d1, . . . ,dm)∈Dm .
Set

c = o(dm), ai = o(di ), bi = −o(βi ), i ∈ {1, . . . ,m − 1}.

If a1 ≤ · · · ≤ am−1, then we say d is aligned, and set j1, . . . , jr by

(4-2) a j1 = a1 = · · · = a j2−1 < a j2 = · · · = a jr −1 < a jr = · · · = am−1.

Understand jr−1 = 0 if r = 1. If js ≤ i < js+1, s < r (resp. jr ≤ i ≤ m − 1), then
let s(i) denote s (resp. r). Let S(b) = {s | β js ̸= 0}. We say duβ is reduced if, in
addition, the following conditions are satisfied:

(a) βi = 0 for all i ̸∈ { j1, . . . , jr }.

(b) β js = 0 for all s ∈ {1, . . . , r} such that β js ∈ o.

(c) For s, t ∈ S(b), if s < t , then b js < b jt .

(d) For s, t ∈ S(b), if s < t , then a js − b js < a jt − b jt .

For g1, g2 ∈ Gm , if Ḱ 1
m−1g1Km = Ḱ 1

m−1g2Km (resp. Ḱm−1g1Km = Ḱm−1g2Km),
where K 1

m−1 = SLm−1(o), then we say g1 is equivalent (resp. quasi-equivalent)
to g2, and denote

g1 ≈ g2 (resp. g1 ∼ g2).

A reason why we define the above relations for elements in Gm is the following.
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Lemma 4.2. Any (S◦
n , Pn(o))-double coset in Pn contains the embedding of an

element of the form duβ ∈ Gm .

Proof. Since Pn is isomorphic to Gn−1 ⋉Un , any left coset of Pn(o) intersects with
Bn by the Iwasawa decomposition of Gn−1. Therefore, any (S◦

n , Pn(o))-double
coset intersects with B́m . The assertion follows from the Cartan decomposition
of Gm . □

For a while, in preparation for the proof of the theorem, we will discuss the
above concepts. In case of m > 2, define w′

m−1 ∈ K 1
m−1 by

w′

m−1 =

{
wm−1 if m ∈ 1 + 4Z,

diag(−1,

m−2︷ ︸︸ ︷
1, . . . , 1)wm−1 otherwise,

where wm−1 indicates the standard antidiagonal Weyl element in Gm−1, and for
g ∈ Gm , denote

gı
= gẃ

′

m−1 .

Observe that g ∼ gı , and that, if g = duβ , then

gı
= diag(dm−1, dm−2, . . . , d1, dm)×

{
u(βm−1, βm−2, . . . , β1) if m ∈ 1 + 4Z,

u(−βm−1, βm−2, . . . , β1) otherwise.

Proposition 4.3. We keep the notation from above.

(i) Let d ∈ Dm be aligned. For an arbitrary β ∈ Fm−1, there exist d ′
∈ Dm ,

γ ∈ Fm−1 with the following properties.
• o(d ′

i )= o(di ) for all i .
• d ′uγ is equivalent to duβ and reduced.

(ii) Any equivalence class of Gm contains a reduced element.

Proof. (i) There exists a Weyl element w ∈ K 1
m−1 such that

o((ẃdẃ−1)i )= o(di ), o((β tw) js(i))≤ o((β tw)i ), i ∈ {1, . . . ,m − 1}.

Set d = ẃdẃ−1 and β ′
= β tw. Then,

duβ ≈ ẃduβẃ−1
= ẃdẃ−1ẃuβẃ−1

= d ′uβ ′ .

Preserving the equivalence class, we will translate β ′ step by step to satisfy condi-
tions (a)–(d), and attain γ . Assume that there exists an i ̸∈ { j1, . . . , jr } such that
β ′

i ̸= 0. Since o(β ′

js(i))≤ o(β ′

i ), we can choose a v ∈
t Nm−1(o) such that

(β ′tv)k =

{
0 if k = i,
β ′

k otherwise.
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By the lemma below, d ′u(β ′tv) ≈ d ′uβ ′ . Iterating such translations, we attain a
β ′′ satisfying d ′uβ ′′ ≈ d ′uβ ′ and condition (a). Similarly, if there exist s, t ∈ S(b′′)

(b′′ is defined by b′′

i = −o(β ′′

i )) such that s < t and b′′

js ≥ b′′

jt , then we can choose a
v′

∈
t Nm−1(o) such that

(β ′′tv′)k =

{
0 if k = jt ,
β ′

k otherwise.

Iterating such translations, we attain β ′′′ satisfying d ′uβ ′′′ ≈ d ′uβ ′′ and also condition
(c). Set β ′′′′

∈ Fm−1 by

β ′′′′

i =

{
0 if β ′′′

i ∈ o,

β ′′

i otherwise.

Then, d ′uβ ′′′′ = d ′uβ ′′′u(β ′′′′
− β ′′′) ≈ d ′uβ ′′′ , and β ′′′′ satisfies also condition

(b). Assume that some β ′′′′

js does not lie in
⋃r

k=s+1(d
′

jkβ
′′′′

jk /d
′

js )o. Let d ′◦
=

diag(d ′

1, . . . , d ′

m−1). Then, we can choose a v′′
∈ (d ′◦)−1 Nm−1(o)d ′◦(⊂ Nm−1(o))

such that

(β ′′′′tv′′)k =

{
0 if k = js,
β ′′′′

k otherwise.

Observe that

d ′u(β ′′′′tv′′)= d ′v́′′u(β ′′′′)v́′′−1
= d ′v́′′d ′−1d ′u(β ′′′′)v́′′−1

≈ d ′u(β ′′′′).

Iterating such translations, we attain the desired γ .

(ii) By the proof of Lemma 4.2, any equivalence class contains an element of the
form duβ . We may choose a Weyl element w in K 1

m−1 so that ẃdẃ−1 is aligned.
Now the assertion follows from (i). □

Lemma 4.4. Let d ∈ Dm be aligned. For β ∈ Fm−1, v ∈ Nm−1(o), it holds that

du(βv)≈ du(β), d ı u(β tv)≈ d ı u(β).

Proof. Since d is aligned, (t v́)d ∈ Ḱ 1
m−1, and du(βv)=d t v́uβ t v́−1

= (t v́)dduβ v́−1
≈

duβ . Another equivalence is proved similarly. □

Let
P̃m = {g ∈ Gm | gmi = 0, i ∈ {1, . . . ,m − 1}}.

For
p =

[
h ∗

∗

]
∈ P̃m, h ∈ Gm−1,

we call o(det(h)) the weight of p, and denote it by wt(p). Observe that

(4-3) wt(p1 p2)= wt(p1)+ wt(p2), p1, p2 ∈ P̃m .

Lemma 4.5. Let p, p′
∈ P̃m . If p ∼ p′, then wt(p)= wt(p′).
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Proof. Assume p′
= h́ pk for some h ∈ K 1

m−1, k ∈ Km . Write

p =

[
g tβ

t

]
, p′

=

[
g′ tβ ′

t ′

]
, k =

[
x t y
z w

]
∈ Km

by β, β ′, y, z ∈ om−1, w, t, t ′
∈ o and m − 1 by m − 1 matrices g, g′, x with entries

in o. Then we have [
g′ tβ ′

t ′

]
=

[
h(gx +

tβz) h(gt y +
tβw)

t z tw

]
.

It follows that z = 0, and x ∈ Km−1, and

wt(p′)= o(det(g′))= o(det(h(gx +
tβz)))= o(det(gx))= wt(p).

This completes the proof. □

For (a, b, c) ∈ Zm−1
× Zm−1

× Z, let

p(a, b, c)=ϖ (a,c)u(ϖ−b1, . . . ,ϖ−bm−1) ∈ P̃m .

Proposition 4.6. We keep the notation from above.

(i) Any quasi-equivalence class of Gm contains a p(a, b, c).

(ii) If both p(a, b, c) and p(a′, b′, c′) are reduced, then

p(a, b, c)∼ p(a′, b′, c′) (⇐⇒) (a, b, c)= (a′, b′, c′).

Proof. (i) By Proposition 4.3, any equivalence class contains a reduced duβ . Set
c = o(dm), and ai = o(di ), bi = −o(βi ) for i < m. Then, p(a, b, c)∼ duβ .

(ii) We only show that (a, b, c) = (a′, b′, c′) if there exist h ∈ Km−1 and k ∈ Km

such that h́ p(a, b, c)k = p(a′, b′, c′). From Lemma 4.5, c = c′ is derived. Set
β = (ϖ−b1, . . . ,ϖ−bm ), β ′

= (ϖ−b′

1, . . .ϖ−b′
m ). Write

k =

[
x t y
z w

]
by y, z ∈ om−1, w ∈ o and m − 1 by m − 1 matrix x with entries in o. Then,[

ϖ a′

ϖ a′ tβ ′

ϖ c

]
=

[
hϖ a(x +

tβz) hϖ a(t y +
tβw)

ϖ cz ϖ cw

]
.

Therefore, w = 1 and z = 0. Since k lies in Km , x lies in Km−1. Therefore,
ϖ a′

= hϖ ax , and a = a′ follows from the Cartan decomposition of Gm−1. Now,
set j1, . . . , jr by (4-2). Since both p(a, b, c) and p(a, b′, c) are reduced,

(4-4) βi = β ′

i = 0, i ̸∈ { j1, . . . , jr }.
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The remained task is to show β js = β ′

js , s ∈ {1, . . . , r}. By the symmetry argument,
it suffices to show β js = β ′

js for each s ∈ S(b′). Since x = ϖ−a(h−1)ϖ a lies in
Km−1 ∩ϖ−a Km−1ϖ

a , we have

(4-5) xik ∈

{
pa js(k)−a js(i) if i < k,
o otherwise.

Therefore, we have

(4-6) (xik) jr ≤i,k<m ∈ Km− jr , (xik) js≤i,k< js+1 ∈ K js+1− js (s < r).

From the identity ϖ atβ ′
= hϖ a(t y +

tβ), we obtain β −β ′t x ∈ om−1, that is,

βi ∈ o+

m−1∑
k=1

xikβ
′

k = o+

∑
t∈S(b′)

xi jtβ
′

jt .

Assume that x js js ̸∈ o×. Then, by (4-6), there exists an l ∈ { js + 1, . . . , js+1 − 1}

such that xl js ∈ o×. By (4-5), βl lies in

o+

∑
t∈S(b′)

xl jtβ
′

jt = o+ xl jsβ
′

l js +

∑
s>t∈S(b′)

xl jtβ
′

jt +

∑
s<t∈S(b′)

xl jtβ
′

jt

∈ o+ϖ
−b′

js o×
+ p1−b′

js +

∑
s<t∈S(b′)

pa jt −a js −b′

jt

=ϖ
−b′

js o×,

conflicting with (4-4). Hence, x js js ∈ o×, and

β js ∈ o+

∑
t∈S(b′)

x js jtβ
′

jt =ϖ
−b′

js o×.

This completes the proof. □

Now, let J be a Pn(o)-invariant Shalika form relevant to a character χ . In order to
know the value J́ (g), g ∈ Gm , it suffices to know that at p(a, b, c) quasi-equivalent
to g by the identity

(4-7) J́ (h́gk)= χ(det(h)) J́ (g), h ∈ Km−1, k ∈ Km .

A necessary condition for J́ (p(a, b, c)) ̸= 0 is as follows.

Lemma 4.7. With notation as above, assume that J́ (p(a, b, c)) ̸= 0.

(i) c, ai , ai − bi ≥ 0 for all i .

(ii) If p(a, b, c) is reduced, then for S(b)= {s1 < · · ·< sl},

0 ≤ a js1
− b js1

≤ · · · ≤ a jsl − b jsl .
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Proof. This follows from the next (obvious) lemma and the identity

(4-8) J
([

p
1m

][
1m X

1m

])
= ψ

(
ϖ cxmm +

m−1∑
i=1

ϖ ai (xi i +ϖ−bi xmi )

)
J́ (p)

where p = p(a, b, c). □

Lemma 4.8. Let � be a field. Let G be a group, and H, K be its subgroups. Let ξ
and ω be homomorphisms into �× of H and K , respectively. Let J be a �-valued
function on G such that

J (hgk)= ξ(h)ω(k)J (g), h ∈ H, g ∈ G, k ∈ K .

Then J (g0) vanishes at g0 ∈ G if there exists an h ∈ H such that hg0 ∈ K and
ξ(h) ̸= ω(g−1

0 hg0). □

In the case where χ is ramified, the following stronger statement can be made.
Let e > 0 be the conductor of χ . Let pe(a, b, c)= p(a+, b+, c+) with

a+
= (a1 + e, a2 + 3e, . . . , am−1 + (2m − 3)e),

b+
= (b1 + e, . . . , bm−1 + (m − 1)e),

c+
= c + (m − 1)e.

Lemma 4.9. With notation as above, assume that J́ (pe(a, b, c)) ̸= 0. Then:

(i) 0 ≤ b1 ≤ · · · ≤ bm−1.

(ii) 0 ≤ a1 − b1 ≤ · · · ≤ am−1 − bm−1 ≤ c (therefore, 0 ≤ a1 ≤ · · · ≤ am−1).

In particular, pe(a, b, c)= p(a+, b+, c+) is reduced and j1 = 1, . . . , jm−1 = m−1,
where j1, . . . , jm−1 are defined for a+.

Proof. Let d =ϖ (a,c), and β= (ϖ−b+

1 , . . . ,ϖ−b+

m−1). For s =diag(s1, . . . , sm−1, 1)
with s j ∈ o×, it holds that

J́ (du(s1β1, . . . , sm−1βm−1))= J́ (dsuβs−1)= χ(det(s)) J́ (duβ).

By Lemma 4.8, b+

i ≥ e for all i . For x ∈ o and i ≤ m−2, there exists a v ∈
t Nm−1(o)

such that

(β tv) j =

{
βi+1(1 + xβi/βi+1) if j = i + 1,
β j otherwise.

By (4-7) and Lemma 4.4, J́ (du(β)) = J́ (du(β tv)). Therefore, if bi > bi+1 for
some i ≤ m −2, then o(βi/βi+1) is less than e, and J́ (duβ) vanishes by Lemma 4.8.
Hence (i) follows. If a1 < b1, then J́ (duβ)= 0 by (4-8) and Lemma 4.8. Hence,
a1 ≥ b1. Set γ = (d1β1/dm, . . . , dm−1βm−1/dm). Similar to (i), noting that

J́ (duβ)= χ(det(d))J
([1m

d−1uγ

])
,
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we can show that J́ (duβ) = 0 assuming o(γm−1) > −e (which is equivalent to
am−1−bm−1−c>0) or o(γi+1/γi )< e (which is equivalent to ai+1−bi+1<ai −bi ),
for i ≤ m − 2. Hence, (ii) follows. □

Now we begin the proof of the theorem dividing the cases whether e, the conductor
of χ , is zero or not. Let J be a Shalika form as in the theorem. In the case
e = 0, by (4-7) and Proposition 4.6, it suffices to show J́ (p(a, b, c)) = 0 for
all reduced p(a, b, c) satisfying the conditions in Lemma 4.7. Equipping the set
of these elements with a suitable linear order so that the set is well-ordered, and
p(0, 0, 0) is minimal, we prove J́ (p(a, b, c))= 0 by transfinite induction, assuming
J́ (p(0, 0, 0))= 0.

Our proof for the case of e > 0 is similar, but the set consists of pe(a, b, c)
satisfying the conditions in Lemma 4.9, and is equipped with another order so
that pe(0, 0, 0) is minimal. To this end, we use the Hecke operators T f , f ∈ Zn−1.
Choose a p′ less than p among the set. Since p′ is less than p and J is a Hecke
eigenvector, J́ (p′)= 0 by the induction hypothesis and T f J́ (p′)= 0. An elementary
computation shows that

T f J́ (p′)=
∑

σ∈Sn−1/S( f )

∑
v∈N ( f σ )

J
([

p′

1m

]
vϖ́ f σ

)
=

∑
σ∈Sn−1/S( f )

∑
v∈N ( f σ )

ψ(tr(p′Xv))J
([

p′

1m

][
v+ϖ

f σ
+

v−ϖ́
f σ
−

])
,

where

S( f )= {σ ∈ Sn−1 | f σ = f },

f σi = fσ(i),

f σ
+

= ( f σ1 , . . . , f σm ),

f σ
−

= ( f σ(m+1), . . . , f σ(n−1)),

N ( f σ )=
{
v ∈ Nn | vin ∈ o/pmax{ f σi ,0}, vi j ∈ o/pmax{ f σi − f σj ,0}

( j ≤ n − 1)
}
,

v =

[
1m Xv

1m

][
v+

v−

]
, v+, v− ∈ Nm(o).

Here, Xv is an m by m matrix with entries in o. Since p′ satisfies the conditions in
Lemma 4.7, ψ(tr(p′Xv))= 1, and thus each term of the above expansion is of the
form

(4-9) χ(det(ϖ f σ− )) J́ (ϖ́− f σ− v−1
−

p′v+ϖ
f σ+ ).

We prove J́ (p)= 0 by showing that this term equals c J́ (p) for a nonzero constant
c independent of the choice of σ , or the element ϖ́− f σ− v−1

− p′v+ϖ
f σ+ is quasi-

equivalent to a p′′ which is less than p or does not satisfy the conditions in
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Lemma 4.7, 4.9. We will use the identity

(4-10) wt(ϖ́− f σ− v−1
−

p′v+ϖ
f σ+ )= wt(p′)+

m−1∑
i=1

f σi −

n−1∑
i=m+1

f σi (≤ wt(p)),

derived from (4-3), repeatedly. For positive integers s < t , let

et
s = (

s−1︷ ︸︸ ︷
0, . . . , 0, 1, 0, . . . , 0) ∈ Zt .

Case of e = 0: In this case, the quasi-equivalence preserves the value of J by (4-7).
The order for the set of reduced p(a, b, c) satisfying the conditions in Lemma 4.7
is as follows. Let

(4-11) A = {a ∈ Zm−1
≥0 | a1 ≤ · · · ≤ am−1}.

We equip A with the following linear order. Set a < a′ if one of the following
conditions holds:

(i)
m−1∑
i=1

ai <
m−1∑
i=1

a′

i .

(ii)
m−1∑
i=1

ai =

m−1∑
i=1

a′

i and a j < a′

j for the last j such that a j ̸= a′

j .

Let
B =

{
b ∈ Zm−1

≥0 | bi < b j if i < j and bi b j ̸= 0
}
.

We equip B with a linear order by the following rule. For b, b′
∈ B, let S(b) =

{i1 < · · ·< it } and S(b′)= { j1 < · · ·< ju} be the total sets of indices at which the
entries of b and b′ are nonzero, respectively. Let k be the maximal number such
that

it−k+1 = ju−k+1, . . . , it = ju, bit−k+1 = b′

ju−k+1
, . . . , bit = b′

ju .

Understand k = 0 if (it , bit ) ̸= ( ju, b′

ju ), or, at least one of S(b), S(b′) is empty. By
definition, (it−k, bit−k ) ̸= ( ju−k, b′

ju−k
). Set b< b′ if one of the following conditions

holds:

(i) bit−k < b′

ju−k
.

(ii) bit−k = b′

ju−k
, and ju−k < it−k .

We equip A× B ×Z≥0 with a linear order by setting (a, b, c) < (a′, b′, c′) if a< a′,
or a = a′ and b < b′, or a = a′, b = b′ and c < c′. Obviously, (A, <), (B, <) are
well-ordered sets, and so is (A × B ×Z≥0, <). A coordinate (a, b, c) satisfying the
conditions in the lemma is identified with the quasi-equivalence class of the reduced
p(a, b, c) by Proposition 4.6, and such coordinates consist a subset of A× B ×Z≥0,
which is also well-ordered.
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To begin with, we will show

(4-12) J́ (p(0, 0, c))= 0, c ∈ Z.

By Lemma 4.7, it suffices to show this for c > 0. Set

f = (ϖ c, . . . ,ϖ c), p′
= p(0, 0, 0).

Then, S( f )= Sn−1, and (4-9) is of the form

χ(ϖ)c(m−1) J́ (uxϖ
cem

m )

where x ∈ om−1, and equals χ(ϖ)c(m−1) J́ (p(0, 0, c)). Thus (4-12) follows.
Now, we start the induction. By (4-12), we may assume that a jr > 0. By

Lemma 4.7, a jr ≥ b jr .
First, suppose that b jr = 0. Set

f = (0, . . . , 0,

m− jr︷ ︸︸ ︷
−1, . . . ,−1),

p′
= duβ = p(a′, b, c), a′

= a′
= a − (0, . . . , 0,

m− jr︷ ︸︸ ︷
1, . . . , 1).

Observe that p′ is reduced, and satisfies the conditions in Lemma 4.7. By the
induction hypothesis and (4-10) we may assume that

f σ
+

= 0, v+ = 1m

since otherwise ϖ́− f σ− v−1
− p′v+ϖ

f σ+ has the weight less than that of p, and is less
than p by the definition of the order. Write

v−1
−

=

[
v′

1

]
, v′

∈ Nm−1(o).

Let d◦
= diag(d1, . . . , dm−1). Since d is aligned, we have

v′′
:= d◦−1v′d◦

∈ Nm−1(o), d−1v−1
−

d = ´(v′′) ∈ Nm(o).

Then,

ϖ́− f σ− v−1
−

p′
= ϖ́− f σ− dd−1v−1

−
duβ = ϖ́− f σ− d ´(v′′)uβ ≈ ϖ́− f σ− du(β tv′′).

Put γ = β tv′′. Let Eσ = {i ∈ {1, . . . ,m − 1} | f σm+i = −1}. By the induction
hypothesis again, we may assume that

(4-13) f σi = 0, i ≤ m + jr−1,

since otherwise, ϖ́− f σ− v−1
− p′(≈ ϖ́− f σ− duγ ) is quasi-equivalent to an element less

than p by Proposition 4.3, 4.6 (compare the A-part). Therefore:
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• Eσ = { jr , . . . ,m − 1} if a jr − a jr−1 > 1.

• Eσ ⊂ { jr−1, . . . ,m − 1} if a jr − a jr−1 = 1.

If i < k, then we have

v′

ik ∈

{
o/p if i ̸∈ Eσ ∋ k,
{0} otherwise,

v′′

ik ∈

{
ϖ a′

k−a′

i (o/p) if i ̸∈ Eσ ∋ k,
{0} otherwise.

Since Eσ ⊂ { jr−1, . . . ,m − 1}, and βk = 0 for k > jr−1 (recall that p is reduced,
and b jr = 0 is assumed), we have

(4-14) γi = βi +

{∑
k∈Eσ v

′′

ikβk if i ̸∈ Eσ ,
0 otherwise,

= βi +

{
v′′

i, jr−1
β jr−1 if i < jr−1 ∈ Eσ ,

0 otherwise.

Therefore,
γ jr−1 = β jr−1, γ jr−1+1 = · · · = γm−1 = 0.

If i < jr−1 ∈ Eσ and b js(i) > 0, then by (4-14),

γi = βi + v′′

i, jr−1
β jr−1 ∈ p−b js(i) + pa jr−1−a js(i)−b jr−1 ⊂ p−b js(i) ,

γ js(i) = β js(i) + v
′′

js(i), jr−1
β jr−1 ∈ϖ

−b js(i)o×
+ pa jr−1−a js(i)−b jr−1

⊂ϖ
−b js(i)o×

+ p1−b js(i) =ϖ
−b js(i)o×

(use Lemma 4.7, and the fact a′

k = ak for k < jr ). If i < jr−1 ∈ Eσ and bs(i) = 0
(i.e., βs(i) = 0), then βi = 0 and

γi =

{
v′′

i, jr−1
β jr−1 if β jr−1 ̸= 0 and v′

i, jr−1
∈ o×,

0 otherwise.

It follows that ϖ́− f σ− duγ is quasi-equivalent to p if β jr−1 = 0. From now, assume
that β jr−1 ̸= 0, i.e., b jr−1 > 0. From the above argument, we conclude that ϖ́− f σ− duγ
is quasi-equivalent to p(a, b′, c) with

b′

i = 0, i ̸∈ { j1, . . . , jr },

b′

js(<r−1)
=

{
b jr−1 + a js − a jr−1 or 0 if b js = 0 and jr−1 ∈ Eσ ,
b js otherwise,

(b′

jr−1
, b′

jr )=

{
(0, b jr−1) if jr−1 ∈ Eσ ,
(b jr−1, 0) otherwise.
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Therefore, if jr−1 ∈ Eσ , then b′ is of the form

(b′

1, . . . , b′

jr−1−1,

jr − jr−1︷ ︸︸ ︷
0, . . . , 0,

m− jr︷ ︸︸ ︷
b jr−1, . . . , 0), b′

js(<r−1)
≤ b js (< b jr−1)

and, by the proof of Proposition 4.3(i), p(a, b′, c) is quasi-equivalent to the reduced

p(a, (. . . ,

jr − jr−1︷ ︸︸ ︷
0, . . . , 0,

m− jr︷ ︸︸ ︷
b jr−1, . . . , 0), c),

which is less than p. Otherwise, p(a, b′, c)= p. This settles the case of b jr = 0.
Next, suppose that b jr > 0. Set

f = (

m− jr︷ ︸︸ ︷
1, . . . , 1, 0, . . . , 0), p′

= duβ = p(a′, b′, c)ı ,

a′
= a − (

jr −1︷ ︸︸ ︷
0, . . . , 0, 1, . . . , 1), b′

= b − (

jr −1︷ ︸︸ ︷
0, . . . , 0, 1, 0, . . . , 0).

Observe that d ı is aligned, and that p(a′, b′, c) is reduced element satisfying the
conditions in Lemma 4.7. Write

v+ = v́0ux , v0 ∈ Nm−1(o).

Let Eσ = {i | f σi = 1}. By (4-10) and the induction hypothesis, we may assume
that Eσ ⊂ {1, . . . ,m − 1}. Therefore, v− = 1m , and

ϖ́− f σ− v−1
−

p′v+ϖ
f σ+ = duβ v́0uxϖ

f σ+ = d v́0u(β t(v0)
−1)uxϖ

f σ+ .

Set β ′
= β t(v0)

−1. Let yik(∈ o) denote the i, k entry of v−1
0 . Then,

β ′

i = βi +

{∑m−1
k=i+1 yikβk if i ∈ Eσ ,

0 otherwise.

Since d ı is aligned, d v́0d−1
∈ K 1

m−1, and

d v́0uβ ′uxϖ
f σ+ ≈ du(β ′

+ x)ϖ f σ+ = dϖ f σ+ u((β ′
+ x)ϖ− f σ+ ).

Set γ = (β ′
+ x)ϖ− f σ+ . Now by the induction hypothesis, we may assume

Eσ ⊂ {1, . . . ,m − jr−1},

and have

(4-15) γi =

{
ϖ−1

(
xi +βi +

∑m−1
k=i+1 yikβk

)
if i ∈ Eσ ,

βi otherwise.

There are three cases:

(i) b jr = 1; (ii) a jr − a jr−1 > 1 and b jr ≥ 2; (iii) a jr − a jr−1 = 1 and b jr ≥ 2.
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In case (i), all the βi are zero, and

dϖ f σ+ uγ ∼

{
p if xi ∈ o× for some i ∈ Eσ ,
p(a, 0, c)ı (∼ p(a, 0, c)) otherwise.

Of course, p(a, 0, c) is less than p.

In case (ii), since a jr −a jr−1 > 1, Eσ = {1, . . . ,m − jr } by the induction hypothesis.
From (4-15), it follows that

γi = βi (i > m − jr ),

o(γi )= o
(

xi +βi +

m−1∑
k=i+1

yikβk

)
− 1 ≥ −b jr (i ≤ m − jr ),

o(γm− jr )= −b jr .

Therefore, dϖ f σ+ uγ is quasi-equivalent to p.

In case (iii), we may assume that Eσ ⊂{1, . . . ,m− jr−1} by the induction hypothesis.
From (4-15),

γi = βi (i > m − jr−1),

o(γi )≥ −b jr (i ∈ Eσ ),

o(γi ) ∈ {0,−b jr−1, 1 − b jr } (i ∈ {1, . . . ,m − jr−1} \ Eσ ).

By the proof of Proposition 4.3, dϖ f σ+ uγ is quasi-equivalent to p(a, b′, c)ı with b′

of the form

(b1, . . . ,b jr−1−1,

jr − jr−1︷ ︸︸ ︷
b′

jr−1
,0, . . . ,0,

m− jr︷ ︸︸ ︷
b′

jr ,0, . . . ,0), b′

jr−1
∈ {0,b jr−1,b jr −1}, b′

jr ≤ b jr .

If b′

jr−1
= b jr − 1(≥ 1), then

b′

jr ≤ b′

jr−1
or b′

jr − b′

jr−1
= 1(= a jr − a jr−1),

and, by the proof of Proposition 4.3 again, p(a, b′, c)ı is equivalent to

p(a, (b1, . . . , b jr−1−1,

m− jr−1︷ ︸︸ ︷
b jr − 1, 0, . . . , 0), c)ı (< p),

or

p(a, (b1, . . . , b jr−1−1,

jr − jr−1︷ ︸︸ ︷
0, . . . , 0,

m− jr︷ ︸︸ ︷
b′

jr , 0, . . . , 0), c)ı (≤ p).

Otherwise, obviously, pı (a, b′, c)≤ p. We get the desired conclusion in the case
of e = 0.
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Case of e > 0: The order for the set of reduced pe(a, b, c) satisfying the conditions
in Lemma 4.9 is as follows. Let

(4-16) A+
= B+

= {a ∈ Zm−1
≥0 | a1 ≤ · · · ≤ am−1}.

equipped with the linear order defined by setting a < a′ if one of the following
conditions holds:

(i)
m−1∑
i=1

ai <
m−1∑
i=1

a′

i .

(ii)
m−1∑
i=1

ai =

m−1∑
i=1

a′

i , and a j > a′

j (!) for the last j such that a j ̸= a′

j .

We equip A+
×B+

×Z≥0 with a linear order by setting (a, b, c)<(a′, b′, c′) if a<a′,
or a = a′ and b< b′, or a = a′, b = b′ and c< c′. Obviously, (A+

× B+
×Z≥0, <)

is also an well-ordered set. A coordinate (a, b, c) satisfying the conditions in the
lemma is identified with the quasi-equivalence class of the reduced pe(a, b, c), and
such coordinates consist a subset of A+

× B+
× Z≥0.

To begin with, we will show

(4-17) J́ (pe(0, 0, c))= 0, c ∈ Z.

By Lemma 4.9, it suffices to show this for c > 0. Set

f = (ϖ c, . . . ,ϖ c), p′
= duβ = pe(0, 0, 0).

Then, S( f )= Sn−1, and it is easy to see that (4-9) is of the form

χ(ϖ)c(m−1) J́ (ϖ cem
m ux duβ),

where x ∈ om−1. Define x ′ by ux ′ = d−1ux d . From (4-7) it follows that

J́ (ϖ cem
m ux duβ)= J́ (ϖ cem du(x ′

+β))= J́ (tϖ cem du(β)t−1)= J́ (ϖ cem duβ)= J́ (p)

for
t := diag(1 + x ′

1/β1, . . . , 1 + x ′

m−1/βm−1, 1),

since o(βi )= −ie and o(x ′

i )≥ (m − 2i)e for i ∈ {1, . . . ,m − 1}. Therefore, (4-17)
follows.

Now, we start the induction. For positive integers r < s, and x ∈ Fr , let

vs
r (x)=

[1s−r−1
1 x

1r

]
.

By (4-17), we may assume that am−1 > 0. By Lemma 4.9, al ≥ bl . Let l be the first
number such that al > 0.
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First, suppose that al = bl . Set

h = al = bl, f = hen
1, i = σ(1),

p′
= duβ = p

(
(

l︷ ︸︸ ︷
0, . . . , 0, al+1, . . . , am−1), (

l︷ ︸︸ ︷
0, . . . , 0, bl+1, . . . , bm−1), c

)ı
.

Observe that d ı is aligned, and p′ is reduced. The expansion of T f J́ (p′) is∑
1≤i≤n−1

∑
x∈(o/ph)n−i

J
([

p′

1m

]
vn

n−i (x)ϖ
hen

i

)
.

In case of i ≥ m, the weight of ϖ́− f σ− v−1
− p′v+ϖ

f σ+ is less than wt(p). In case of
i ≤ m − 1, we have v− = 1m , and (4-9) equals

J́ (duβvm
m−i (x

′)ϖ hem
i ),

where x ′
= (x1, . . . , xm−i ). We compute

uβvm
m−i (x

′)= v́m−1
m−i−1(x1, . . . , xm−i−1)uβ ′,

β ′

j =

{
βi + (xm−i − x1βi+1 − · · · − xm−i−1βm−1) if j = i,
β j otherwise.

Here since βk/β j lies in pe if k > j by Lemma 4.9, and xi lies in o, we have

(4-18)
β ′

j

β j
∈ 1 + pe, j ∈ {1, . . . ,m − 1}.

Since d ı is aligned, d v́m−1
m−i−1(x1, . . . , xm−i−1)d−1 lies in Nm(o), and therefore,

duβvm
m−i (x

′)ϖ hem
i = d v́m−1

m−i−1(x1, . . . , xm−i−1)uβ ′ϖ hem
i

≈ duβ ′ϖ hem
i = dϖ hem

i u(β ′′),

where

β ′′
= β ′ϖ−hem

i , β ′′

j =

{
ϖ−hβ ′

i if j = i,
β ′

j otherwise.

If i < l, then dϖ hem
i u(β ′′) is quasi-equivalent to an element pe(a′, b′, c) with a′< a

by the proof of Proposition 4.3. If i > l, then dϖ hem
i u(β ′′) is quasi-equivalent to

an element which does not satisfy Lemma 4.9(ii). If i = l, then

J́ (dϖ hem
l u(β ′′))= J́ (dϖ hem

l u(β ′ϖ hem
l ))= J́ (dϖ hem

l u(βϖ hem
l ))= J́ (p)

by (4-18). This settles the case of al = bl .
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Next, suppose that al > bl . Set

h = al − bl, f = −hen
1, i = σ(1),

p′
= duβ = p

(
(0, . . . , 0, bl, al+1, . . . , am−1), (0, . . . , 0, bl, bl+1, . . . , bm−1), c

)
.

The expansion of T J́ (p′) is∑
1≤i≤n−1

∑
x∈(o/ph)i−1

J
([

p′

1m

]
ú(x)ϖ−hen

i

)
.

In case of i ≤ m, the weight of ϖ́− f σ− v−1
− p′v+ϖ

f σ+ is less than wt(p). In case of
i > m, f σ

+
= 0, v+ = 1m , and (4-9) equals

χ(ϖ)−h J́ (ϖ hem
i−m ú(−x ′)p′),

where x ′
= (xm+1, . . . , xi−1). Since d is aligned, d−1ú(−x ′)d lies in Nm(o), and

ú(−x ′)p′
= ú(−x ′)duβ = d(d−1ú(−x ′)d)uβ = du(β ′)d−1ú(−x ′)d ≈ du(β ′),

with

β ′

j =

{
β j (1 + xm+ jϖ

(i−m− j)e+(ai−m−bi−m)−(a j −b j )) if j < i − m,
β j if j ≥ i − m.

We have J́ (ϖ hem
i−m u(−x ′)p′)= J́ (ϖ hem

i−m du(β ′)). By the induction hypothesis and
Lemma 4.9(ii) again, we may assume that i = m + l, and

β ′

j = β j (1 + xm+ jϖ
(l− j)e+(al−bl )−(a j −b j )) ∈ β j (1 + pe)

for j < i − m = l. Therefore,

J́ (ϖ hem
l du(β ′))= J́ (ϖ hem

l du(β))= J́ (p).

This completes the proof of the theorem. □

Now, according to Reeder’s oldform theory [14], any Pn(o)-invariant vector in a
generic π is a linear combination of T ′

f v
new, f ∈ Zn−1

≥0 , where vnew is the newvector
and T ′

f is the Hecke operator defined by

T ′

f ξ =

∫
Gn−1

Ch(k; Ḱn−1ϖ́
f Ḱn−1)π(k)ξ dk

for Pn(o)-invariant ξ ∈π , where dk indicates the Haar measure on Gn−1 normalized
so that vol(Ḱn−1)= 1. An elementary computation shows that

π(g)T ′

f ξ =

∑
σ∈Sn−1/S( f )

∑
v∈N ′( f σ )

π(gvϖ f σ )ξ,
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where

N ′( f σ )= {v ∈ Nn | vi j ∈ o/pmax{ f σi − f σj ,0}
, j ≤ n − 1, vin = 0}.

Therefore, if J is the Shalika newform, then T ′

f J́ (p), p ∈ P̃m is a linear combination
of J́ (g), g ∈ Gm . Therefore, from Theorem 4.1, the following conclusion is deduced:

If we assume that the Shalika newform in Sπ (χ) vanishes at the minimal point,
then

J |Sn Pn0(cπ ) ≡ 0

for any Pn(o)-invariant Shalika form J ∈ Sπ (χ), where cπ indicates the conductor
of the generic π .

4.1. Proof for Theorem 1.1. There exists a nontrivial Pn(o)-invariant vector in ψn .
For example, we can define the Pn(o)-invariant ξn ∈ ψn by

ξn(ϖ́
f )=

{
1 if f = 0 ∈ Zn−1,

0 otherwise.

By Proposition 3.8, ψn has a nontrivial Pn(o)-invariant pre-Shalika form. By the
assumption (1-1) and Proposition 3.10, there exists a Pn(o)-invariant Shalika form
whose restriction to Pn is nontrivial. Now the assertion follows from the above
conclusion.

5. Zeta integrals

Let n = 2m be an even integer, and π ∈ I (Gn) be generic with a Shalika model
relevant to χ . Let J new be a Shalika newform (recall this is unique up to a scalar).
Assume that J new does not vanish at gn of Theorem 1.1. This condition is empty if
π is supercuspidal. Assume that

cπ ≥ me.
Put

l = cπ − (m − 1)e (≥ e).

Let K(cπ ) be as in Section 1. First of all, we construct a Jπ ∈ Sπ (χ) such that

Jπ (1n)= 1, π(k)Jπ = χ ◦ det(dk)Jπ , k ∈ K(cπ ),

where dk indicates the m × m block matrix of k in the lower right corner. In the
case where χ is unramified, there is nothing to do. Suppose that χ is ramified.

Lemma 5.1. Let � be a field. Let f be a �-valued function on a group G such that
f (gk)= ξ(k) f (g) for a subgroup K and a homomorphism ξ : K →�×.

(i) For the right translation f h by h ∈ G,

f h(gk)= ξ(h−1kh) f h(g), k ∈ K h .
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(ii) Let K ′ be a subgroup containing K . Assume that ξ is extended to ξ ′
: K ′

→�×.
Define an �-valued function on G by

f ′(g)=

∫
K ′/K

ξ ′(k ′)−1 f (gk ′) dk ′.

Then,
f ′(gk)= ξ ′(k ′) f (g), k ′

∈ K ′.

Proof. Obvious. □

Let r be a positive integer. For a set A, let (A)r denote the r -tuple product of A.
Let Mr and Or denote the ring of r ×r matrices with entries in F and o, respectively.
If a subgroup K ⊂ Gn consists of matrices[

a b
c d

]
, a ∈ A, b ∈ B, c ∈ C, d ∈ D

for subsets A,B,C,D ⊂ Mm , we call K the subgroup relevant to A,B,C,D. Let

δm = diag(ϖ e,ϖ 3e, . . . ,ϖ (2m−3)e,ϖ (m−1)e) ∈ Gm,

and, for t ∈ (o×)m−1, let

vm(t)= u((ϖ−(m−1)et1,ϖ−(m−2)et2, . . . ,ϖ−etm−1)), Jt =π
([

1m
vm(t)

])
J new,

where u(x), x ∈ Fm−1, indicates the element in (4-1). From (2-4) and the assumption
J new(gn) ̸= 0, it follows that J1(δ́m) ̸= 0. By (2-4),

Jt(δ́m)= χ
(m−1∏

i=1
ti
)
J1(δ́m).

Firstly, we set
J1 =

∫
(o×)m−1

χ(t)−1Jt dt,

which is not zero at δ́m . For u = diag(u1, . . . , um) with ui ∈ o×, it holds that

π
([

1m
u

])
J1 =

∫
(o×)m−1

χ(t)−1π
([

1m
u

][
1m

vm(t)

])
J dt

=

∫
(o×)m−1

χ(t)−1π
([

1m
vm(t ′)

][
1m

u

])
J dt = χ

( m∏
i=1

ui

)
J1,

where t ′
= (t1u1/um, . . . , tm−1um−1/um). By (i) of the lemma, Jt is invariant under

the subgroup relevant to

Om, {b | bi j ∈ pm−1
}, {c | ci j ∈ o; i < m, cmj ∈ pc

},

{d | di i ∈ 1 + pe, di j ∈ o; i < j, dmj ∈ pc
; j < m, di j ∈ pme

; j < i < m}.
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Therefore,

π(k)J1 = χ
( m∏

i=1
km+i,m+i

)
J1

for k lying in the subgroup relevant to

Om, {b | bi j ∈ pm−1
}, {c | cmj ∈ pc

; ci j ∈ o, i < m},

{d | di j ∈ o; i ≤ j, dmj ∈ pc
; j < m, di j ∈ pme

; j < i < m}.

By (2-4),

J1(δ́m)= J1

([1m
δ−1

m

])
̸= 0

Secondly, we set

J2 = π
([1m

δ−1
m

])
J1.

Then J2(1n) ̸= 0, and, by (i) of the lemma,

π(k)J2 = χ
( m∏

i=1
km+i,m+i

)
J2

for k lying in the subgroup relevant to

Om, {b | bi j ∈ pn−2
}, {c | cmj ∈ pl, ci j ∈ o; i < m},{[

u t (p(m−2)e)m−1

(pcπ )m−1
∗

]
∈ Km | ui j ∈ 1 + p(n−4)e

; i ̸= j
}
.

Thirdly, we set

J3 =

∫∫∫
π

([
1m

u t x
y 1

])
J2 du dx dy

where the integral in x is over (o/p(m−2)e)m−1, that in y is over (pl/pcπ )m−1, and
that in u over

Km−1/{u ∈ Km−1 | ui j ∈ 1 + p(n−4)e
; i ̸= j}

≃ SLm−1(o)/{u ∈ SLm−1(o) | ui j ∈ 1 + p(n−4)e
; i ̸= j}.

By (ii) of the lemma,
π(k)J3 = χ ◦ det(dk)J3

for k lying in the subgroup relevant to

Om, {b | bi j ∈ pn−2
}, {c | cmj ∈ pl

; ci j ∈ o, i < m},{
d =

[
u tom−1

(pl)m−1
∗

]
∈ Km | u ∈ Km−1

}
.
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By (2-4),

J3(1n)=

∫∫∫
J2

([
1m

u t x
y 1

])
du dx dy =

∫∫∫
J2

([
u t x
y 1

1m

])
du dx dy

is nonzero, where the integral region is the same as above. Finally, we set

Jπ = c
∫
π
([

1 x
1

])
J3 dx,

where the integral in x is over Om/{b | bi j ∈ pn−2
}, and c is the nonzero constant

taken so that Jπ (1n)= 1. Another desired property of Jπ follows from (ii) of the
lemma. Let K(cπ )

∗ be the open compact subgroup consisting of the matrices (1-5),
and J ∗

π ∈ Sπ∨(χ−1) be the Shalika form (1-4). By (i) of the lemma,

π∨(k)J ∗

π = χ ◦ det(dk)J ∗

π , k ∈ K(cπ )
∗.

Now let us compute the Godement–Jacquet zeta integrals of these Shalika forms
and specific Schwartz functions. For a finite dimensional vector space V over F ,
let S (V ) denote the Schwartz space of V . Define ϕcπ ∈ S (Mm) as follows. In
the case where χ is unramified, ϕcπ (x)= Ch(x; Rcπ ) (see (1-2) for the definition
of Rcπ ). Suppose that χ is ramified. Define χ0 ∈ S (F) by

χ0(x)= Ch(x; o×)χ(x).

Define φ◦
χ ∈ S (Mm−1) by

φ◦

χ (x)=

∏
1≤i ̸= j≤m−1

Ch(xi j ; o)

m−1∏
i=1

χ0(ϖ
exi i ).

Define φχ,l ∈ S (Mm) by

φχ,l

([
x t y
z w

])
=

Ch(y, z; (p−l)m−1
× om−1)χ0(ϖ

ew)

vol(SLm−1(o))

∫
SLm−1(o)

φ◦

χ (xu) du.

Observe that

(5-1) φχ,l(vk)= χ ◦ det(k)φχ,l(v), k ∈ 0m(l).

Define ϕcπ ∈ S (Mn) by

ϕcπ

([
a b
c d

])
= Ch

([
a
c d

]
; Rcπ

)
φχ,l(b).

We have defined ϕcπ so that Jπϕcπ is right K(cπ )-invariant.
For J ∈ Sπ (χ) and ϕ ∈ S (Gn), define the Godement–Jacquet zeta integral

Z(s, J, ϕ)=

∫
Gn

Jϕ(g) |det(g)|s dg,
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which is absolutely convergent when ℜ(s) is sufficiently large. Originally, their
zeta integrals are defined for ϕ and matrix coefficients of π (cf. [4]), but Z(s, J, ϕ)
can be understood as one of them by the proof of Proposition 3.1 of [9], as follows.
Take an open compact subgroup K ⊂ Gn such that ϕ is left K -invariant. The
linear form J 7→ cK

∫
K J (k) dk on Sπ (χ) is smooth and thus belongs to π∨,

where cK = vol(K )−1. Therefore, fK ,J (g) := cK
∫

K J (kg) dk, g ∈ Gn is a matrix
coefficient of π . When ℜ(s) is sufficiently large, we have

Z(s, J, ϕ)= cK

∫
Gn

(∫
K
ϕ(kg) dk

)
J (g) |det(g)|s dg

= cK

∫
K

(∫
Gn

ϕ(kg)J (g) |det(g)|s dg
)

dk

= cK

∫
K

(∫
Gn

ϕ(g)J (k−1g) |det(g)|s dg
)

dk

= cK

∫
Gn

(∫
K

J (kg) dk
)
ϕ(g) |det(g)|s dg = Z(s, fK ,J , ϕ).

Now, for k ∈ Z, let

Bm,k = {b ∈ Bm ∩Om | o(det(b))= k} and ck =
∑

Bm,k/Bm,0

J́π (b).

Proposition 5.2. With the above notation,

Z
(

s +
n−1

2
, Jπ , ϕcπ

)
= ql(m−1)vol(K(cπ ))

∞∑
i=0

ci q i(−s+1/2)
×

{
1 if e = 0,
g(χ, ψϖ−e)m otherwise.

Proof. Since the proofs are similar, we only treat the case e > 0. We observe what
g ∈ Gn contributes to the zeta integral. Using a complete system of representatives
for 0n(cπ )/K(cπ ) (cf. Lemma 2.1 of [13]), we may assume that g is of the form

(5-2)
[

a + bdc bd
dc d

]
=

[
1m b

1m

][
a

d

][
1m
c 1m

]
,

where a, b, c, d are m × m block matrices. We claim that d lies in 0m(l), using the
identity

(5-3)
[

1m b′

1m

]
g =

[
(a + bdc)+ b′dc bd + b′d

dc d

]
.

If g contributes to the zeta integral, then (5-2) lies in supp(ϕcπ ); therefore

(5-4) (dc)mj ∈ pl, (dc)i j ∈ pe, i ∈ {1, . . . ,m − 1}, j ∈ {1, . . . ,m},

and we may write

d =

[
d◦

∗

∗ dmm

]
∈

[ Om−1
t (o)m−1

(pl)m−1 o

]
.
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By the K(cπ )-invariance property of Jπϕcπ , we may assume that d◦ is an upper
triangular matrix. It suffices to show that det(d) ∈ o×. Assume that det(d) ∈ p.
Then dkk ∈ p for some k ∈ {1, . . . ,m}. Using the assumption (5-4), and that d◦ is
an upper trianglar matrix, we find that it is possible to take a b′ so that

b′

kk ∈ p−1, b′

j j = 0, j ∈ {1, . . . ,m} \ {k}, b′dc ∈ Om, b′d ∈ oEkk,

where Ekk indicates the k-th row and k-th column matrix unit. But, since (5-3) also
lies in supp(ϕcπ ), and

Jπϕcπ
([

1m b′

1m

]
g
)
= ψ(b′

kk)Jπϕcπ (g)

by (2-4), g does not contribute. Hence, the claim. Now, it is easy to see that[
c

]
=

[
d−1

][
dc

]
∈ Rcπ

and we may assume that

bi i ∈ϖ−eo×, i ∈ {1, . . . ,m},

bmj ∈ o, b jm ∈ p−l, j ∈ {1, . . . ,m − 1},

by (5-1). Therefore, bdc lies in Om , and so does a. Now the assertion follows from
the argument of Lemma 4.2. □

By the way, the proof for (1-3) is as follows.

Proposition 5.3. Set Gk
m = {g ∈ Gm | o(det(g))= k}. Then

ck = vol(Km)
−1
∫

Gk
m

Jπ
([

g
1m

])
dg.

Proof. Let g ∈ Gk
m \ Om . Then, there exists an x ∈ Om such that tr(gx) ̸∈ o.

Therefore, Jπ (ǵ)= 0 by Lemma 4.8, and the identity:[
g

1m

][
1m x

1m

][
g

1m

]−1
=

[
1m gx

1m

]
.

Corresponding to the decomposition Gk
m = Gk

m ∩Om ⊔(Gk
m \Om), the homogeneous

space Gk
m/Km decomposes into (Gk

m∩Om)/Km⊔(Gk
m\Om)/Km . Now the assertion

follows from Bm,k/Bm,0 ≃ (Gk
m ∩Om)/Km and the fact Jπ is invariant under Ḱm . □

For ϕ ∈ S (Mn), let ϕ♯ be the Fourier transform of ϕ relevant to ψ

ϕ♯(x)=

∫
Gn

ϕ(y)ψ(tr(yx)) dy,

where dy indicates the self-dual Haar measure on Mn . We define

ϕ∗

cπ
(x)= ϕ♯cπ (υ

−1
cπ

t xwn),
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where υcπ is the matrix defined in Section 1. For a function f on Gn , let f ∨ denote
the function defined by f ∨(g)= f (g−1). Then J ∗

πϕ
∗
cπ

is right K∗
cπ

-invariant, and

(5-5) qcπ s Z(s, J ∗

π , ϕ
∗

cπ
)= Z(s, J∨

π , ϕ
♯
cπ
).

Now, in general,

(5-6) Z(s, J∨,ϕ♯)=

∫
Gn

J (g−1)ϕ♯(g) |det(g)|s dg

= cK

∫
Gn

J (g−1)
∫

K
ϕ♯(gk)dk |det(g)|s dg

= cK

∫
K

∫
Gn

J (k−1g−1)ϕ♯(g) |det(g)|s dg dk = Z(s, f ∨

K ,J ,ϕ
♯),

where K indicates an open compact subgroup of Gn such that ϕ is left K -invariant
(therefore, ϕ♯ is right K -invariant). An explicit description for ϕ∗

cπ
is as follows.

When χ is unramified, it is given by

ϕ∗

cπ

([
a b
c d

])
= Ch

([
a b
c d

]
; R∗

cπ

) m∏
j=2

Ch(b j1; p
l),

where R∗
cπ

is the ring (cf. (1-5)). In the case where χ is ramified, define φ◦∗
χ ∈

S (Mm−1) by

φ◦∗

χ (x)=

∏
1≤i ̸= j≤m−1

Ch(xi j ; o)

m−1∏
i=1

χ−1
0 (xi i ).

Define φ∗

χ,l ∈ S (Mm) by

φ∗

χ,l

([
w y
t z x

])
=

Ch(y, z; om−1
× (pl)m−1)χ−1

0 (w)

vol(SLm−1(o))

∫
SLm−1(o)

φ◦∗

χ (xu) du.

Then, the explicit form of ϕ∗
cπ

is

ϕ∗

cπ

([
a b
c d

])
= g(χ, ψϖ−e)mφ∗

χ,l(d)Ch
([

a b
c

]
; R∗

cπ

) m∏
j=2

Ch(b j1; p
−l).

For k ∈ Z, let

Be
m,k = {b ∈ Bm | o(det(b))= k, b11 ∈ o, b1 j ∈ pe−l

; j > 1, bi j ∈ o; i > 1},

and
c∗

k =

∑
Be

m,k/Be
m,0

J́ ∗

π (b).

Similar to Proposition 5.3 and Proposition 5.2, we can show (1-6) and the following,
respectively.
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Proposition 5.4. With the above notation,

Z
(

s +
n−1

2
, J ∗

π , ϕ
∗

cπ

)
= ql(m−1)vol(K(cπ )∗)

∞∑
i=0

c∗

i q i(−s+1/2)
×

{
1 if e = 0,
g(χ, ψϖ−e)m otherwise.

From (5-5), (5-6), and the functional equation in [4], it follows that

Z
( n+1

2 − s, J ∗
π , ϕ

∗
cπ

)
L(1 − s, π∨)

= επ
Z
(
s +

n−1
2 , Jπ , ϕcπ

)
L(s, π)

where both the L-functions and the root number επ are same as those defined by
Whittaker forms (cf. [11]). By Propositions 5.2 and 5.4, the both sides lie in C[q−s

]

and C[qs
], respectively. Hence, both sides are nonzero constant. Thus we have:

Theorem 5.5. With the above notation and assumptions,

∞∑
i=0

ci q i(−s+1/2)
= L(s, π),

∞∑
i=0

c∗

i q i(−s+1/2)
= επ L(s, π∨).
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