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We introduce a signed variant of (valued) quivers and a mutation rule that
generalizes the classical Fomin—Zelevinsky mutation of quivers. To any
signed valued quiver we associate a matrix that is a signed analogue of the
Cartan counterpart appearing in the theory of cluster algebras. From this
matrix, we construct a Lie algebra via a “Serre-like” presentation.

In the mutation Dynkin case, we define root systems using the signed
Cartan counterpart and show compatibility with mutation of roots as defined
by Parsons. Using results from Barot-Rivera and Pérez—Rivera, we show
that mutation equivalent signed quivers yield isomorphic Lie algebras, giving
presentations of simple complex Lie algebras.
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1. Introduction

The theory of cluster algebras has been one of the mathematical success stories of
the 21st century. From early in the theory’s development, it was clear that mutation
gave new ways to understand finite type phenomena in Lie theory when the Dynkin
classification arose in classifying mutation classes of finite type cluster algebras
[8]. This led to generalizations of Cartan matrices [1] and simple roots [13], and
then to new presentations of finite crystallographic reflection groups [3] and braid
groups [9]. As we get new presentations of objects in Lie theory, it is natural to ask
whether we get new presentations of the original object of the Dynkin classification:
simple complex Lie algebras.

Independently of the theory of cluster algebras, presentations of Lie algebras
associated to various unit forms were studied [2] and it was realised that as well as
the relations in the classical Serre presentation, one should add further relations
according to cycles appearing in a graphical representation of generalized Cartan
matrices. This theory was refined, and extended to the setting of quasi-Cartan
matrices appearing in the cluster algebras literature [1], in both the simply laced [4]
and skew-symmetrizable [14] cases. In these studies, graphs with two kinds of edges
play a central role. They have been denoted by solid and broken (dotted) edges,
but we will represent them by edges decorated with — and + signs, respectively, to
match the signs appearing in the generalized Cartan matrix.

Cluster algebras start with a skew-symmetrizable matrix, and the mutation rule is
a case-by-case operation which changes this matrix. In the simpler skew-symmetric
case, this can be represented graphically by a quiver where orientation corresponds
to sign, and the mutation rule can be described by a three step process. The graphical
description of the general skew-symmetrizable matrices has long been known: one
should use valued quivers, which have two positive integers attached to each arrow.

In this article we introduce signed variants of quivers and valued quivers, where
each arrow has a sign, together with a mutation rule of these objects. As in [7], our
theory starts with matrices, but the signs are already used to encode orientation. So,
in order to keep track of signs, we introduce a new variable ¢ which squares to 1.
We give a mutation rule for these generalized skew-symmetric (gss) matrices and
show that everything can be encoded graphically via signed valued quivers in the
mutation Dynkin case. We use earlier results on mutation [1], and recover various
classical phenomena on specialization to the classical case.

Given a signed valued quiver (Q, v) we define a Cartan counterpart C(Q, v).
As with traditional Cartan matrices, this has diagonal entries 2. It is modelled on a
definition from cluster algebras [7; 8], where the off-diagonal entries are always
nonpositive, but in our definition we get both positive and negative off-diagonal
entries. We define a Lie algebra g(Q, v) = g(C(Q, v)) depending on this Cartan
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counterpart, and using previous work of Barot—Rivera [4] and Pérez—Rivera [14]
we show the following result.

Theorem 4.15. If (Q, v) is a signed valued quiver of mutation Dynkin type and
(Q', v") = ur(Q, v) then we have an isomorphism of Lie algebras

o 9(Q', V) = g(Q, v).

As a corollary (Corollary 4.24) we obtain that each signed valued quiver (Q, v)
of mutation Dynkin type A gives a presentation of the simple complex Lie algebra
g(A).

One of the key tools in the study of semisimple Lie algebras is the theory of root
systems. These traditionally make use of simple roots, which form a basis of the
vector space spanned by all the roots. An alternative basis known as a companion
basis, which is adapted to a particular quiver in the mutation class of our Dynkin
diagram, was proposed by Parsons in the simply laced case [13], and later extended
to the skew-symmetrizable case [3]. We introduce a signed variant of companion
bases, and show that our refined variant is preserved by Parsons’s mutation rule.

Via iterated mutation of roots, the formal simple basis of our root system is
mapped to a signed companion basis in the original Dynkin root system: see
Theorem 3.22. Therefore, our theory of signed quiver mutation can be seen as a
combinatorial precursor of both of the above theories: presentations of Lie algebras,
and companion bases.

signed valued quiver (Q, v)

T

Lie algebra g(Q, v) root system P (g )

If we write g = g(Q, v), g = g(Q', V'), ® = P(g.v), and &' = Py ), then we
have mutations of all three of the above objects, as illustrated in the following
diagram:

Mk

(Q.v) Q' v)

This diagram suggests there might be some compatibility between mutation of the
Lie algebras and the root systems. We give a compatibility result for root space
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decompositions. Let b, h’ denote the Cartan subalgebras of g, g’, respectively, and
let g% denote the root space of @ € ®, where all & € b act by a(h).

Theorem 4.26. or(gF) = g B,

Notation. Fix n > 1. All matrices are n x n, and i, j, k are integers between 1 and
n. We mainly work in our signed setting, but use a tilde to identify objects coming
from the classical setting. So we use B to denote a skew-symmetric (ss) matrix,
and B to denote a generalized skew-symmetric (gss) matrix.

2. Mutation of signed valued quivers

2A. Generalized skew-symmetrizable matrices. An n x n matrix B = (b; i) with
integer entries is called skew-symmetrizable if there exist positive integers d; such
that a’ilgij = —djEji. The diagonal matrix D = diag(dy, ..., d,) is called the skew-
symmetrizing matrix or skew-symmetrizer, and DB = —(DB)” .

Definition 2.1. A generalized skew-symmetrizable (gss) matrix is an n X n matrix
B = (b;;) with entries b;; € Z[t]/ (t> — 1) which is skew-symmetrizable, i.e., there
existdy, ..., d, € Z-¢ such that

dibij = —djbji

foralli,j=1,...,n. If B is a gss matrix, its specialization B(1) is given by
evaluating r = 1.

Remark 2.2. If B is a gss matrix, its specialization B(1) is also skew-symmetrizable,
with the same skew-symmetrizing matrix D = diag(dy, ..., d,) as B.

Recall that for a nonzero real number a, its sign is sgn(a) =a/|a|, and sgn(0) =0.
We have sgn(ab) = sgn(a) sgn(b), and for a skew-symmetrizable matrix B we have
sgn(Eij) = —sgn(l;jl-). For every k € {1, ..., n}, Fomin and Zelevinsky’s mutation
rule for integer matrices B = ,ufz (B) = (l;l’. j) [7, Definition 4.2] can be written as
follows [1, (1.1)]:

_Eij ifi=korj=k,
bi; = 1 bij +sgn((bi)bixby;  if sgn((bixbyj)) =1,
bij otherwise.

We give a mutation rule for generalized matrices.
Definition 2.3. For a + bt € Z[t]/ (12 — 1), define its sign as
sgn(a + br) = sgn(a + b).

The important property of this definition is that if x = a € Z then sgn(x) =
sgn(a), and if x = tb € tZ then sgn(x) = sgn(b). It is also useful to note that, for
X,y € Z[t]/(t2 — 1), we have sgn(x) = sgn(x) and sgn(x) sgn(y) = sgn(xy).



MUTATION OF SIGNED VALUED QUIVERS, PRESENTATIONS OF LIE ALGEBRAS 249

Definition 2.4. Let B = (b;;) be a gss matrix and let k € {1, ..., n}. Define the
signed mutation B’ = i (B) = (bl’.j) of B as follows:

—bj; if i=k and sgnb;; =1, or j=k and sgnb;j =—1,
b — —tb;; if i=k and sgnb;;=—1, or j=k and sgnb;; =1,
Yo e (bijtsgn(bi)birby;) if sgn(bixby;) =1;
bij otherwise.

Example 2.5. Consider the gss matrix

0 —t 0
B=[|r 0 -2t],
0 ¢ 0

with skew-symmetrizing matrix diag(1, 1, 2). Its signed mutation at vertex k = 2 is

0 r —2t
wa(B)y=|-t 0 2.
t —1 0

The next result says that our mutation rule specializes to the classical Fomin—
Zelevinsky mutation of skew-symmetrizable matrices.

Proposition 2.6. Letrk € {1, ...,n}. Then u}“(B(1)) = (uxB)(1), i.e., the following
diagram commutes: i
k
B ——— uk(B)

| |

B(1) 7 (uiB)(1)

Proof. Note that sgn(b;;(1)) = sgn(b;;) and compare the definitions of p; and
FZ
[T O

Lemma 2.7. Let B = (b;;) be a gss matrix. Then:
(i) sgn(b;j) = —sgn(bj;),

(ii) sgn(bl’.j) = —sgn(b;;) if k=1, j,

(ii1) sgn(b;jbem) = sgn(b;;) sgn(bem),

(iv) sgn(bjxbij) = sgn(bjiby;).

Proof. All properties follow from the skew-symmetrizable property and
sgn(x) sgn(y) = sgn(xy). U

Fomin-Zelevinsky mutation preserves the property of being skew-symmetrizable;
in fact, the skew-symmetrizing matrix remains constant [7, Proposition 4.5]. We
have a similar result in our setting.
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Lemma 2.8. If B is a gss matrix with skew-symmetrizer D = diag(dy, ..., d,) and
B’ = ui(B), then B’ is also a gss matrix with skew-symmetrizer D.

Proof. We need to check all four cases of Definition 2.4. First, if k = i and
sgn(b;;) =1, then sgn(bj;) = —1,s0d; b/ —d;ibij =djbj; = —d; b’ The other
possibilities in the first two cases are 51m11ar Next suppose sgn(b; kbk ) =1. We
have d;b;ibyj = —dibiibrj = d;bjiby; and sgn(b;r) = sgn(by;j) = —sgn(bji), so
d,'b;j = l‘d,' (b,’j —{—sgn(b,-k)bikbkj) = l‘dj(—bji sgn(bjk)b kbkz) = d b/.‘. Finally,
in the fourth case, sgn(b;iby;) # 1, so sgn(b;iby;) #1, so d; b/ =dibijj=—djb;; =
—djb;.i. (]

Famously, Fomin—Zelevinsky mutation is an involution. The same does not hold
in our situation, but we do have the following:

Lemma 2.9. Let B be a gss matrix and let B" = ;L%(B). Then
b — l‘b,’j ifi=korj=k,
bij  otherwise.
Proof. Write B®) = uf(B). If i =k or j = k, Definition 2.4 gives b@ = tbg.)).
Now let i, j be such that sgn(b(o)b(o)) = 1. By Lemma 2.7 we have
sgn(bl(,i)b(l)) = sgn(b(l)) sgn(by 1)) =(— 1) sgn(b(o)) sgn(b(o)) = sgn(b(o)b(o)) =1,
so Definition 2.4 and Lemma 2.7 give
) ey (Dyz, (D7 M)
b = t(b +sgn(b;;)b;, by )
— t(t(bl(j)) + Sgn(bl(()))b(o)b(o)) + Sgn(b(l))bl(ll)b(l))
= 1(tb})’ +1sgn(b}, )b b))+t sgn(bi )by b))
(0) 0)y2,(0) 1 (0) (0)y7,(0) 1 (0)

= t(tbij +1tsgn(b;; )b, b —tsgn(b;; )b, by, )

_ 230 __ 1(0)

=1"b;; =b;;".

In all other cases we have bf? = bl.(jl.) = bl.(;)), concluding the proof. (]

As an immediate consequence, we get:
Proposition 2.10. wiH(B) =
2B. Signed valued quivers. The classical theory of mutation has a graphical in-

terpretation using valued quivers. To develop a corresponding interpretation for
mutation of gss matrices, we need the following definition.

Definition 2.11. An n x n gss matrix B is called pure if, for all i, j € {1, ..., n},
either b;j € Z or b;j € tZ.
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A quiver is called simple if its underlying graph is simple, so it has no loops and
has at most one arrow between any two vertices. A quiver is called cluster if it
satisfies the usual assumptions in cluster theory: it has no loops or 2-cycles. So the
Kronecker quiver is cluster, but is not simple.

We recall some standard notions which can be found in, for example, the intro-
duction of [6]. A valued graph (', a) is a set I of vertices together with nonnegative
integers a;; forall i, j € I' such that a;; = 0 and such that there exist positive integers
d; such that d;a;; =d;aj;. An orientation Q of (I', a) is a choice of order i — j or
J — i for each unordered pair i, j € I with d;; # 0. We can combine these data
structures using a valued quiver: this is a simple quiver Q together with an ordered
pair v(a) = (a;j, aj;) of positive integers for each arrow o : i — j, satisfying the
diaij = djaji condition.

We will need a signed variant of the previous definition.

Definition 2.12. A signed valued quiver is a pair (Q, v) where Q is a simple quiver
and
v=W, ) :0 > Zx7Z

is a function on the arrows of Q such that, for all « € Q1, sgn(v;(«)) =sgn(va()) #
0. Moreover, there should exist positive integers d;, for i € Qy, such that d; v («) =
djvy(a) for all arrows o : i — j. The ordered pair v() is called the value of «
and the product v (a)va(a) is called the weight of «. We say that an arrow « is
positive and has sign +1 if vi(«) > 0, and is negative and has sign —1 if v (@) < O.
If (Q, v) is a signed valued quiver, its specialization (Q, v") is the valued quiver
with v () = (Jv1(@)], |va(a)|) for each o € Q.

For an arrow « : i — j with v(e) = (a, b), we often write « : i ta.b), j, or
sometimes o : j <42

Itis occasmnally convenient to write « : i — j when there is no arrow between
i and j, and o : i & j when there is an arrow of value (£1, £1).

If all the arrows in (Q, v) have value (£1, £-1), so a sign on the arrows is enough
to determine the values, we will simply talk about a signed quiver.

We now explain how to associate a signed valued quiver to a pure gss matrix. The

; 0.0

rough idea is that 4+, — signs of matrix entries correspond to orientation of arrows,
as in the classical setting, and 1, ¢ coefficients correspond to positive/negative sign
of arrows.

Definition 2.13. Let B = (b;;) be a pure gss matrix. Define its associated signed
valued quiver to be the pair (Q, v) = (Qp, vp) where

e (O has vertex set {1,...,n};
o there is an arrow i — j if and only if sgn(b;;) = 1;
e v: Q| —> ZxZis given by v(a) = (b;j(—1), —bj; (—1)).
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Given a signed valued quiver (Q, v), we define its associated gss matrix to be
the pure gss matrix B = B(Q, v) = (b;;), where

v (@) if 3 positive @ : i — j,
—vp(a) if I positive w: j — i,
bijj = { —tvi(a) if Inegativea:i — j,
tvy(a) if 3 negative o : j — i,
0 if there is no arrow between i and j.

Example 2.14. The signed valued quivers associated to the matrices B and w,(B)
in Example 2.5 are

2
(-1, -1) (-1,-2) (-1,-1) 2,1
1~ 2 3 and N

l+~——3

(-1,-2)

Proposition 2.15. The two constructions in Definition 2.13 are mutually inverse.

Proof. Start with a pure gss matrix B = (b;;). Let (Q, v) be its associated signed
valued quiver, and let A = (a;;) be the associated gss matrix of (Q, v). If b;; =0
then also bj; = 0, so there is no arrow between i and j, so a;; = 0. If b;; # 0 and
sgn(b;j) = 1, we get an arrow « : i — j in Q with v(a) = (b;j(—=1), —=b;;(=1)).
If b;; € Z then vi(a) = b;;. As sgn(b;;) = 1 we have b;; > 0, so « is positive, so
ajj=b;;. If b;j; =bt €tZ then v| (o) = —b < 0 because sgn(b;;) = 1. So « is negative,
so a;j = (—t)(=b) = bt = b;;. If b;j #0 and sgn(b;;) = —1, just swap i and j.
Now start with a signed valued quiver (Q, v). Construct the associated gss
matrix B = (b;;) and its associated signed valued quiver (R, w). If Q has no arrow
between i and j then b;; = 0, so neither does R. If o : i — j in Q is positive

then b;; = v («) is a positive integer, and bj; = —vy(a) € Z. So we get an arrow
o:i— jin R and w(a) = (vi(®), v2(a)). If instead « : i — j in Q is negative
then b;; = —tv(a) is a positive multiple of 7, and b;; = rv2(a) € Z. So we get an
arrow o : i — j in R and again w(«) = (vi(®), v2(a)). U

We would like to define mutation of signed valued quivers by first constructing
the associated (pure) gss matrix, then applying Definition 2.4, and then taking the
associated signed valued quiver. However, as the following example shows, the
mutation of a pure gss matrix may not be pure.

Example 2.16. Let QO be an oriented 3-cycle and give all arrows value (—1, —1).
Then the associated gss matrix B and the signed mutation B’ = u,(B) are

0 t —t 0 —1 —1+4¢
B=|-t 0 t]|] and B'=| 1 0 —r |.
t —t 0 1—t ¢t 0
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Definition 2.17. We say that a pure gss matrix B satisfies the positive 3-cycle
condition at k if, for all i, j # k with sgn(b;xby;) = 1, we have

b,‘jb,’kbkj e’.

Remark 2.18. In terms of the associated signed valued quiver of B, the positive
3-cycle condition at k says that, whenever we have arrows i — k — j and an arrow
between i and j in either direction, the product of the signs of the three arrows is
positive. We will apply the condition to signed valued quivers below.

Lemma 2.19. Let B = (b;;) be a pure gss matrix. Then B’ = ux(B) = (bl’.j) is pure
if and only if B satisfies the positive 3-cycle condition at k.

Proof. Since B is pure, we have bl/.j € ZUtZ if k =i, j by definition of uy. This
is also true if sgn(b;xbi;) # 1, and if sgn(bjxby;) = 1 and b;; = 0. So assume
sgn(bixbyj) =1 and b;; # 0. Then B’ is pure if and only if

b;j =1t(b;j +sgn(bix)bixbij) € ZUtZ
for all i, j such that sgn(b;;by;) = 1. Consider the Z and ¢Z situations separately:
. b;j € Z if and only if (b;;, bjx € tZ and by € Z) or (b;}, b € tZ and by € Z);
. bl’.j €t/ if and only if (b;;, bix, bij € Z) or (b;j € Z and bjy, by € tZ).
The cases described above reduce to b;;biiby; € Z. U

Remark 2.20. Under the assumptions of Lemma 2.19, the pure matrix B’ =
Ui (B) also satisfies the positive 3-cycle condition at k. This is a straightforward
consequence of the proof above. For example, if b; ;€ Z and b;j, b; € tZ and

by; € Z, Definition 2.4 yields b;kb;cj € Z, and so b;jb;kb,’(j eZ.

Before describing mutation of signed valued quivers, it helps to introduce some
terminology.

Definition 2.21. For arrows o =i {22, jand B=j Ld), p we define the following

operations:

e reverse a to get a* : j L9 i

e negate o to get —a i (za,=b), Js
e compose o and B to get [af] : i lac.bd), .
Definition 2.22. For arrows o : i %2, jand B:j Led), i we say that « is:
o smaller than B if |a| < |d| and |b| < |c];
e bigger than B if |a| > |d| and |b| > |c|;
e the same size as fifa=d and b =c.

We say that « is comparable to B if one of the three conditions above hold.
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For the rest of this section, let (Q, v) denote a signed valued quiver.

Lemma 2.23. For an oriented 3-cycle 1 %2 B3 1in (Q, v), where [aBy] is
positive, the composed arrow [af] is comparable to y.

Proof. Suppose our arrows have the following values:

2

(a,b/ &d}

l¢—3
(e.f)

Let D = diag(d,, d», d3) be the skew-symmetrizing matrix of Q, so that
dia=bdy, dyc=dd;, dse= fd,
with dy, d», d3 > 0. We have

d
lacl — | f1 = |bd|d3/di — |e|d3/d) = d—j(lbdl —lel),

so lac| > | f| <= |bd| > |e| and |ac| < |f| <= |bd| < |e|. Moreover, if |ac| = | f]|
and |bd| = |e| then, because [eBy] is positive, [¢B] and y must have the same sign,
so ac = f and bd = e. Therefore we are in one of the cases of Definition 2.22. [J

We now give the mutation procedure for signed valued quivers. Lemma 2.23
ensures that the second part of Step 3 always makes sense.

Definition 2.24. Let (Q, v) be a signed valued quiver which satisfies the positive
3-cycle condition at k € Q. Define the signed quiver mutation 11 (Q, v) as follows:

Step 1: If there are arrows i %> k LN Jj,add a new arrow —[aB]:i — j and replace
any arrow between i and j with its negation.

Step 2: Reverse any arrow going out of k, and reverse and negate any arrow going
into k.

Step 3: If we have two arrows y, § between i and j as a result of Step 1, then:
o if y,6:i — j, replace them with a single arrow having value v(y) + v(4);

eify:j—iandé§:i — j,reverse and negate the smaller (or same size) arrow,
and then combine them as above.

The diagram in Figure 1 exhibits the mutation explicitly; we assume a, b, ¢, d #0.
Recall that B(Q, v) denotes the associated gss matrix of a signed valued quiver

(Q,v).
Proposition 2.25. If (Q, v) satisfies the positive 3-cycle condition at k, then

miB(Q, v) = Bui(Q, v).
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k
o]
(a, b) (c,d) Mk (=b, —a) .
E— if | f1 = lac]
io oj
(e, f) (— e+bd —f+ac)
M (=b, —a) .
— if | £] < Jacl
(f —ac,e—bd)
k
o]
(a.b) (c.d) m (~b, —a) ¢
EEE——
io >0 j
(e, ) —(e+ac), —(f +bd))

Figure 1. The signed quiver mutation u(Q, v).

Proof. This is a case-by-case check using Definitions 2.4, 2.24, and 2.13. We do
not write out all the details; instead we write out some checks in full and then list
what other checks need to be done.

If O has a positive arrow « : i — k with v(a) = (a, b), then by =vi(¢) =a >0
and by; = —va(a) = —b < 0. So b}, = —tbjx = —ta and by; = —tby; =tb. As
sgn(by;) = +1 we get an arrow k — i with value (b; (—1), —b}, (1)) = (=b, —a).
So « has been negated and reversed, as instructed by Step 2. One checks that the
same thing happens if « is negative. Then one can check that arrows 8 : k — j, of
positive or negative sign, are reversed. Next one can check that if Q has an arrow
y 11 — j and there do not exist paths i - k — j or j — kK — i in Q, then y is
unchanged.

Now suppose that Q has arrows o : i — k, B:k— j,and y :i — j, all positive,
with v(a) = (a, b), v(B) = (¢, d), and v(y) = (e, f). Then

bi; = t(bij + bixbyj) =t (e +ac);
bl =t(bji —bjxbyi) = —t(f +bd).

As sgn(blfj) = +1 we get an arrow i — j with value (—e —ac, —f — bd). This
matches the first part of Step 3: we have replaced the arrows —y and —[wf] from
Step 1 with a single arrow, summing their values. One can do similar checks where
o, B, y have positive or negative sign, subject to the positive 3-cycle condition, and
get the same result in all cases. This argument also works if there are no arrows
between i and ;.

Finally suppose that Q has arrows o :i > k, 8 :k— j,andy : j —i. If y
is positive then, in the mutation of the associated gss matrix, b; ;= t(ac— f) and
b;.l. =t(e — bd). If instead y is negative then blfj = f —ac and b}i =bd —e. The
associated signed valued quiver depends on whether |ac| > | f]| or |ac| <|f]|: in
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the former case we get an arrow i — j with value (f —ac, e — bd), irrespective of
the sign of y, and in the latter case we get j — i with value (bd — e, ac — f). This
matches the second part of Step 3. (]

Example 2.26. Mutating the first signed valued quiver in Example 2.14 at vertex 2
gives the second.

Example 2.27. Consider the signed valued quiver

—1,-1
p LDy

(-1,-1) (1,1)
(=1,-1

l¢«———3
(=1,-D
The positive 3-cycle condition is satisfied at all vertices. We mutate at vertex 4 to
get the following signed valued quiver:

1,1
2. Dy

(—1,—1) (—2,-2)
(—1,-1°

l¢——3
(=L,=D
Now the 3-cycle 1 — 2 — 3 — 1 has negative product of signs, so the above signed
valued quiver does not satisfy the positive 3-cycle condition at vertices 1, 2, or 3.

2C. Mutation Dynkin type.

Definition 2.28. We say that two gss matrices B and B’ are mutation equivalent
if there exists a sequence of indices ij, ..., i, such that B = u; ...u; B. The
mutation class of B is the set of all gss matrices that are mutation equivalent to B.

If (Q, v) is a signed valued quiver, we can apply the previous definition by taking
the associated gss matrix B = B(Q, v). But, in general, the mutation class of a
signed valued quiver may include gss matrices which are not pure, and so have no
associated signed valued quiver. We will soon see that this problem does not occur
for the appropriate notion of Dynkin signed valued quivers.

Proposition 2.29. Let (Q, v) be a signed valued quiver whose underlying graph is
a tree. Let (Q’, V') be obtained by reversing and/or negating some arrows of (Q, v).
Then (Q, v) and (Q’', v') are mutation equivalent.

Proof. 1t is enough to show we can reverse or negate a single arrow. We start with
negation. As the underlying graph of Q is a tree, there is a unique (undirected) path
between any two vertices. Given an arrow « :i — j in Q, let

P_(a) = {k € Qp | the unique path from k to i does not pass through j}
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and write this as the disjoint union
P_(@) = P2 (@) UPL (),

where P°(«) and P! () denote the subsets where the path has even and odd length,
respectively. By Lemma 2.9, ,u% just changes the sign of all arrows incident to k.
Note that ,ui,u% = Miu% for any h, k € Qg. So

<ke113(a)ui>(Q’v)=( l_[ ’u/%)( l_[ M%)(Q,v)

kePl(x) keP%(a)
is (Q, v) with o negated, because [, P() Mi changes the sign of all arrows
incident with P_ (), and [ ;. p1 @ ,u% changes the sign of all arrows incident with
P_(a) —{i}.

Now we consider reversing arrows. If Q’ is another orientation of Q, we know
from classical results that the (unsigned) quivers Q and Q' are mutation equivalent
via mutations only at sources (see, e.g., [11, Proposition 2.2.8] for a proof). From
Definition 2.24, source mutations just reverse arrows, so this sequence of signed
mutations gives the result. ([

We want a data structure that includes the classical Dynkin diagrams. We will
use graphs with a choice of ordering i < j,i = j, ori > j whenever i and j have
at least 2 edges between them.

Definition 2.30. The unsigned diagram T' = T'(Q, v) of a signed valued quiver
(Q, v) has the same vertex set as Q. If Q has an arrow « : i — j then " has
v ()vy (o) edges between i and j, with ordering i > j <= |vi(«)| > |v2(e)| and
i < j <= vi(@)]| <|va(a)].

Recall the Dynkin diagrams of types A,, B, C,, Dy, E,, F4, and G»: see, e.g.,
[15, Section V.15].

Definition 2.31. A gss matrix is called Dynkin if it is pure and the unsigned diagram
of its associated signed valued quiver is a Dynkin diagram. A gss matrix is called
mutation Dynkin if it is mutation equivalent to a Dynkin gss matrix.

Proposition 2.29 tells us that any two gss matrices which are Dynkin and of the
same type are mutation equivalent. The mutation classes of different Dynkin types
are distinct: this follows from the classical result (see [8, Theorem 1.7]) together
with Proposition 2.6.

Example 2.32. The signed valued quiver

1,1 —-1,-1 1,2
1 (1.1) 2( >3 ( )4

has unsigned diagram
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and so is Dynkin of type B4. The signed valued quiver

2,2
1 22,

is not mutation Dynkin.

Definition 2.33. Let B be a gss matrix. A p-cycle in B is a p-tuple (i1, ..., i)
withi; € {1, ..., n} distinct such that b;, ; ., #Oforall j € {1, ..., p} (we interpret
all subscripts modulo p).

The cycle is called:

o oriented if sgn(b; y=1forall je{l,...,p}

l/l+1
o chordless if forall j € {l,...,p}andallke{l,..., p}\{j+1,j—1} we
have b;.;, = 0.

ijik
Note that if B is pure then a chordless cycle in B corresponds to a chordless

cycle in Qp, as defined in the introduction of [1].
The following definition is reminiscent of the condition in [1, Proposition 1.4].

Definition 2.34. A p-cycle (i, ..., i,) in a pure gss matrix B is called dangerous
if it is chordless and
b:

lj,ijJr]

et?7.

—

1

J

Remark 2.35. A dangerous 3-cycle must contain a vertex which does not satisfy
the positive 3-cycle condition, and therefore has a mutation which is not pure. We
will prove that a similar phenomenon holds for all dangerous p-cycles, but first we
illustrate this graphically.

Example 2.36. The first quiver below has a dangerous oriented 5-cycle (1, 2, 3, 4, 5).
We construct a dangerous oriented 3-cycle (3, 4, 5) by mutating twice:

/ \ // "

,’X

/
o

5‘T4 5<T4 54

Lemma 2.37. Let B be a pure gss matrix with a dangerous oriented p-cycle
(i1s...,1p). Then
Mi, o Mi, - - iy (B)

is not pure.

Proof. Let B = (bg?)) = Wi, - iy (B) for h =0, ..., p—3. We want to show
BP~2) is not pure.
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We claim that B® has a dangerous oriented (p — h)-cycle (ipy1, ..., ip—1,1p)
forall h =0, ..., p—3. The base case for B is true by assumption, so assume it
holds for B™ and we need to show it holds for B#tD = Un+1B "),

As the cycle (i1, --.,ip—1,1p) in B is chordless, we have bl(hltll) = bl.(}_’i)_+l
for j=h+1,....,p— 1. as we are always in the fourth case of Deﬁnltion]2].4.
Then using the third case we get

b(h+1) 10+ l(b(h) b(h) )) = tb(h) b(h)

Iplh+2 Iplp1insling2 Epin+1 in1in42

so we have shown that (i 42, ...,i,_1, ip) is a chordless oriented (p —h —1)-cycle,
and it follows directly that

p—1 p—1
(h+1) \ g (h+1D) _ (h) (h) p—hzy — ;p—h-1
( l_[ bij,ij+1)bipih+2 - t( l_[ b"j’ijﬂ)bipihﬂ e(t Z)=t Z,

showing that our cycle is dangerous.
Thus B?~% has a dangerous 3-cycle so, by Lemma 2.19, B?’~? is not pure. [J

Remark 2.38. One can show that any pure gss matrix with a dangerous p-cycle
is mutation equivalent to a gss matrix which is not pure, whether the cycle is
oriented or not. First, by mutating if necessary, we get some 1 < j < p with
sgn(b,-jflij) = sgn(b,-ﬂ-jﬂ) = 1. Then, as in the proof of Lemma 2.37, we mutate at
J to create a dangerous (p — 1)-cycle, and continue this process.

Example 2.39. It is not necessary to have a dangerous cycle in order to be mutation
equivalent to a gss matrix which is not pure. The following valued quiver is acyclic,
but mutating at the vertex 5 creates a dangerous 4-cycle (1, 2, 3, 4). Then, following
the procedure described in Remark 2.38, we mutate at 4 to give us composable
arrows passing through 1, then mutate at 1 to get our dangerous (unoriented) 3-
cycle (2, 3, 4). Then the vertex 3 does not satisfy the positive 3-cycle condition, so
mutating at 3 would give a gss matrix which is not pure.

1 2 1 ——2 1—>2 1+—2
7\5/7 s f\S/T . 4 T i f /I
— - — +

4/ \3 4@3 4‘/T>3 4—)3

We now record some useful results about cycles in mutation Dynkin valued
quivers.

Lemma 2.40. Let (Q, v) be a mutation Dynkin (unsigned) valued quiver. Then:

(1) Every chordless cycle in Q is oriented.

(2) For any 3-cycle C = (i, j, k) in Q, the values of the arrows in C are either
{(, D), , D), d, D}or{,1),(,2), 2, 1)}, ordered clockwise or anticlockwise.
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Proof. For (1), by [1, Theorem 1.2] we know that every chordless cycle in a
skew-symmetrizable matrix of mutation Dynkin type is oriented. As for (2), by [8,
Lemma 7.6] we know that the edge weights for a 3-cycle are {1, 1, 1} or {1, 2, 2}.
But the values {(1, 1), (1, 2), (1, 2)} are not skew-symmetrizable. U

Proposition 2.41. Ifthe specialization B(1) of B is mutation Dynkin, and B con-
tains no dangerous cycles, then every gss matrix mutation equivalent to B is pure.

Proof. Suppose, for contradiction, that there is a mutation sequence (ky, ..., k¢)
such that

L
B =y, ..y B = (b))

is not pure. Let £ be minimal, so any mutation sequence of length smaller than ¢
yields a pure gss matrix. We will prove by downward inductiononm =£—1,...,0
that B has a dangerous oriented (¢ — m + 2)-cycle. The case m = 0 will give
our contradiction.

For the base case, take m = £ — 1. As B = ,ukKB(Z_l) is not pure, then B=D
does not satisfy the positive 3-cycle condition at k;, and so it contains a dangerous
3-cycle by Remark 2.35. Such a 3-cycle must be oriented by Lemma 2.40.

Now suppose that m < £ — 1 and assume that

B contains a dangerous oriented (¢ —m + 1)-cycle C = (i1, ..., ip—m+1).

Our proof has two steps: first we will show that the next vertex we mutate at does
not belong to C, i.e., that k1 ¢ {i1, ..., i¢—m+1}.- Then we show that B™ has a
dangerous oriented (¢ — m + 2)-cycle on the vertices of C together with k4.

Step 1: Suppose for contradiction that k,,+ € {i1, ..., ig—m+1} and, without loss of
generality, k,,+1 = i;. By Lemma 2.40(i), C is oriented, and we can represent the
specializations C(1) and (;, (C)) (1) as in the following diagram:

V-

[0 Olp—mt1 20 +———— Olp—mt1
o] i
i30 Olp—m i30 Olg—m
l N vl
oO--0 oO--0
By Lemma 2.37, we have that p;, ... u; (B*D) is not pure. Since B™*1 =

[k B™ and ky,+1 = i1, we have

Wipy oo iy By = i,y ()2 (BY™).

But since “1'21 just changes the sign of arrows incident to i1 by Lemma 2.9, we also
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have that j;,_,_, ..., (B™) is not pure. But now

Wipopy - iy (B = iy oo Wis by, - - - iy (B)

exhibits a mutation sequence of length £ — 2 from B to a non-pure matrix, contra-
dicting the minimality of £.

Step 2: Next we want to show that B" has a dangerous oriented (£ — m + 2)-
cycle. This is equivalent to such a cycle existing for ju,, ., (B”*V) = ug  (B™),
because applying py, ., twice has the only effect of changing the sign of the arrows
incident with &, by Lemma 2.9.

To simplify notation, let

k=kny1, BV =), wmB")=b]), and a:=bj,x

for1 <h <{¢—m+ 1. We will show that exactly two a; are nonzero, and they are
consecutive, of the form a; and a;, ;. We do this by ruling out all other possibilities.
Then we will show that (i1, ..., i, kpy1,ij41,...le—m+1) is a dangerous oriented
(€ —m + 2)-cycle in B,

« First suppose for contradiction that at most one ay, is nonzero. Then, for & # j,
we have b,-h,,-kb,-k,,-j = —apa; = 0. Consider the values of b;h iner® We showed in
Step 1 that k # iy, for all i, so we are never in the first two cases of Definition 2.4,
and as aya; = 0 we are never in the third case. Thus

(H b;

t;,,i,,+|:b foralll<h<{¢—m+1.

inyint1

By assumption, B™*1 contains a dangerous oriented (£ —m + 1)-cycle C =
(i1, ..., 1ig—m+1), and therefore 1y (Bm+Dy = M,%(B(’")) contains the same danger-
ous cycle by (1). But then, by Lemma 2.9, B contains a dangerous oriented
(£ —m + 1)-cycle, so by Lemma 2.37 the matrix

Mig_pyy -+ - Miy (B(m)) = Mip_pyy + - Miy My, - - - Mk (B)

is not pure. But this mutation sequence has length £ — 1, contradicting the minimality
of £. Thus we can assume at least two of the a;,’s are nonzero.

o Now suppose for contradiction that there exist #; < hy < h3 in C such that
Qpys Apys apy # 0 and a; = O for all j such that iy < j < hy and hy < j < h3.
Then at least one of the chordless cycles (ip,, ..., in,, k) or (ip,, ..., in;, k) is not
oriented, as illustrated in the following picture:

2 2
1<Zk<>3 or lzk>>3
N \ Y/ N N Y

5+—4 5+—4



262 JOSEPH GRANT AND DAVIDE MORIGI

This contradicts Lemma 2.40, and therefore cannot happen.

» The only case left to exclude is when there is some h| < hy with hp —hy > 1
such that ay,,ay, # 0 and a; = O for all j # hy, ho. This case is similar to
the one examined above: as shown in the figure below, at least one of the cy-

cles (inys inj41, -+ ihys k) OF (ipy, iny+1, - - - » Iny, k) is nonoriented in B™+D and
therefore this case can never happen.
2 \ / 2
1+—k<+—3 or 1—k—3
N V4 N\ v
5+—4 5+—4

So we have shown thata;,a;11 #0,and a, =0 for h # j, j + 1.
Hence, by Lemma 2.40(ii), the valued quiver associated to the cycle (ij, i1, k)
in B+ (1) is one of the following:

k k k k
(1.1 (11 (1.1 (1.2) @1 (L1 (1,2) @
EANTRTIAS Ve Uy ETNAL

(1,1)/k,\(1,1) (1,2) k\(l,l) (1,1)/k\(2,1) (2,1)/ \(1,2)

ij —W lj+1 W [j+1 W [j+1 lj W [ j+1

We can assume that bij,ij Hbij,kbk, i1 € Z, since otherwise we could use Lemma
2.37 to contradict the minimality of £. Furthermore, the two rightmost cycles
(ij,ij+1,k) in the picture cannot appear in B™*V since otherwise b}, ; ., =1b;, ;...
and the chordless cycle (iy, ..., ii—n+1) in ,uk(B(m“)) would not be oriented, con-
tradicting Lemma 2.40(i). The other valued quivers yield b, i = =0, and therefore
(1sovsijkyijyr, .. ig—my1) is a chordless (£ —m + 2) -cycle in Mk(B(m+1)),
and thus in B™.

Now we have found our cycle in B It just remains to show that the product
of its signs is (—1)¢~".

By the usual minimality argument, the 3-cycle (i, k,i;41) in B+ must be
oriented. So we have b,-.,.,kbk,,-.,.ﬂbm,,,-j € Z. By assumption, we have

—m+1

L L—m+1—.
1_[ bi;ij, €1 Y/
j=1

so together we get

i1 C—m—1
Z m+1
(l_[ biy, lh+l> ij, kb l]+1( l_[ by, lh+l) Z.

h=j+1
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Next, since ap, =0 for h # j, j + 1 we have b,, dpel = bi, i, when h # j, and
Definition 2.4 gives bl k= tblj,k and bk,i_,-+1 = bk,,m.
Therefore
£—m—1 j—1 {—m—1
/
(1—[ bl/, l/,+1) ij, kbk,ij+1 < 1_[ blh ’h+l> (1_[ bilnih+l) ij, kbk sl ( 1_[ blh lh+l>
h=j+1 h=1 h=j+1
c tf—m+lz;

so our chordless (£ —m+2)-cycle in B™ ig dangerous and our downwards induction
is complete. U

Theorem 2.42. Every mutation Dynkin gss matrix is pure.

Proof. By definition, a mutation Dynkin gss matrix is mutation equivalent to a pure
gss matrix B such that B(1) is Dynkin. As every Dynkin diagram is a tree, B has
no dangerous cycles, so the result follows by Proposition 2.41. U

Theorem 2.43. The mutation class of Dynkin type A consists of all gss matrices
B such that B(1) is of (unsigned) mutation type A and B contains no dangerous
cycles.

Proof. If B is mutation Dynkin then B(1) must be of (unsigned) mutation type A
by Proposition 2.6. Then B cannot contain a dangerous cycle, as the cycle would be
oriented by Lemma 2.40, and Lemma 2.37 would say that B is mutation equivalent
to a non-pure matrix, contradicting Theorem 2.42.

Now suppose that B is a gss matrix with no dangerous cycles and that B =
B(1) is mutation Dynkin. Then there exists a sequence i1, . .., i, such that B’ =
usz - uflzé is Dynkin. Define the gss matrix B’ = j;, ... u;, B, so B'(1) = B'.
Then B’ is pure by Proposition 2.41, so it is mutation Dynkin, and therefore so is
i3 ...} B'. But, by Proposition 2.10, this is B. O

3. Roots

3A. The Cartan counterpart. Given a skew-symmetrizable matrix B, its Cartan
counterpart is the n x n matrix C(B) = (cij) with ¢;; =2 and ¢;; = —|l;ij|: see [8,
Section 1.3], following [7, Remark 4.6].

We revise some definitions from the introduction of [1]. Let C denote a sym-
metrizable matrix (so DC = (DC)? for D diagonal) and Ba skew-symmetrizable
matrix. We say C is

o quasi-Cartan if its diagonal entries ¢;; are all equal to 2;
o positive if the symmetrized matrix DC is positive definite;

e a quasi-Cartan companion of B if it is quasi-Cartan and |¢;;| = |Ei | for all

i #].
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The Cartan counterpart of a skew-symmetrizable matrix B is an example of a
quasi-Cartan companion of B, but it will not be positive in general, even if B is
mutation Dynkin: for example, if we start with a linearly oriented A3z quiver and
mutate to get a 3-cycle, the Cartan counterpart has determinant 0 and so cannot be
positive.

In this section we give a signed variant of the Cartan counterpart.

Definition 3.1. Given a gss matrix B = (b;;), its Cartan counterpart is the n x n
integer matrix C(B) = (¢;;), where

2 ifi = j,
Y lal— b ifi # j and b;; = a + bt.

For C = C(B), note that DB = —(BD)” implies DC = (CD)".
The following two results are immediate from the definitions.

Lemma 3.2. If B is a pure gss matrix, C (B) is a quasi-Cartan companion of B(1).
Proposition 3.3. If Bisa skew-symmetrizable matrix then C (l}) = C(IB).

Remark 3.4. We interpret Proposition 3.3 as saying that the canonical way to
embed valued quivers into signed valued quivers is to give all arrows negative sign.

If (Q, v) is a signed valued quiver, write C(Q, v) = C(B(Q, v)). The following
result is immediate from Definitions 2.13 and 3.1.

Lemma 3.5. If (Q, v) is a signed valued quiver then C(Q, v) = (c;j), where

2 ifi=,

_Jui(e) ifda:i — j,
‘= v(a) ifda:j—i,

0 if there is no arrow between i and j.

Example 3.6. Consider the following signed valued quiver of mutation type As:

2
(1,1/ \(—11,—1)
l«———3
(=1,-1

Its associated gss matrix and Cartan counterpart are as follows.

0 1 —t 2 1 -1
B={-1 0 1], C(B) = 1 2 -1].
t =t 0 -1 -1 2

We give a signed variant of Definition 2.30.



MUTATION OF SIGNED VALUED QUIVERS, PRESENTATIONS OF LIE ALGEBRAS 265

Definition 3.7. The signed diagram I' =" (Q, v) of a signed valued quiver (Q, v)
is the unsigned diagram I'(Q, v) together with a sign & j = &j; attached to each
unordered pair {i, j} of vertices which are joined by at least one edge. If Q has an
arrow o : i — j then the sign of {i, j} is &;; = sgn(v(a)).

For a signed valued quiver of mutation type Dynkin, the next result shows that its
Cartan counterpart and the associated signed diagram capture the same information.
Note that a similar definition of the diagram of a quasi-Cartan matrix appears in [1,
Definition 2.2], without recording the ordering on multiple edges.

Lemma 3.8. Suppose B is a mutation Dynkin gss matrix with associated signed
valued quiver (Q,v). Let I' =T(Q,v) and C = C(Q,v). Then, fori # j, the
number of edges between i and j in I is c;jcj;, withi > j if and only if |c;j| > |cji].
Moreover, if €;j denotes the sign of an edge between i and j in I", then

0 if there are no edges between i and j,
S &ij  Ifthereis one edge between i and j,
Y gij  ifthereared > 1 edges betweeni and j,andi < jinT,

gijd if there are d > 1 edges between i and j,andi > jinT.

Proof. This is a case-by-case check according to whether we have arrows o : i — j,
o : j — i, or no such arrows.

The idea is to use Lemma 3.5 together with the fact that the (unsigned) valued
quiver associated to B(1) is ‘“2-finite” (see the comment after Theorem 8.6 in [8]):
by Proposition 2.6 any arrow in (Q, v) has weight < 3. This property implies that,
for i, j vertices of I'(Q, v), the data given in Definition 3.7 uniquely determines
the (i, j)-th and (j, i)-th entries of C(Q, v), and vice versa. O

We now describe how Cartan counterparts change under mutation.

Lemma 3.9. Let (Q, v) be mutation Dynkin and let (Q',v') = ux(Q, v). Let
C=(cj)and C' = (c; i) be their respective Cartan counterparts. Then
, Cij if neither or both of i, j — k in Q,
o
Y cij —cikcxj  if exactly one of i, j — k in Q.

Proof. Write B= B(Q, v) and B’= B(Q’, v). By Definition 2.4 of signed mutation,
if neither or both i, j — k, then bgj =b;;ifi, j#kor bl/.j =—b;jifi < k=jor
k =i — j, and therefore in this case the statement follows trivially.

Ifi > k=, then bl/'k = —tbji, S0 Cl/-j = —Cjj = Cik — CikCkj @S Ckj = Ckk = 2. A
similar argument works for j — k =1.

The only case left to examine is if there is exactly one arrow i, j — k and k #1, j.
Without loss of generality, suppose i — k.
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o If by; =0, then we have b;j = b;j. Therefore:
C,{j = Cij — CikCkj,
since ¢y = 0.
o If by; # 0, then we have i — k — j. The signed mutation rule yields b; ;=
t(b,'j + bikbkj).
— If b;; =0 then ¢;; =0 and bl’.j =tbirby;. So, as B is pure, one checks that
in each case we have clfj = —CikCkj = Cij — CikCkj-
— If b;; # O then, by Lemma 2.40, sgn(b;;) = —1 since all 3-cycles in B
are oriented. Now we use that B is pure and satisfies the positive 3-cycle
condition at k. If bijs bikbkj € Z then Cij = —b,'j and CikCkj = bikbkj- If

(i, j, k) is a 3-cycle in B’, then it is oriented by Lemma 2.40. Therefore
b;j = t(b,'j —{-bikbkj) implies b,’j —{-bikbkj > 0. So

cij = —|bij +bixbyj| = —(bij + bixbyj) = cij — cixcyj.
The case b;;, bjibij € tZ can be treated similarly.

Therefore we get the statement. U

3B. Root systems. Given an n x n gss matrix B, let S = {af, ..., af}, where
B are formal simple roots and let Vg be the real vector space with basis Sg. We

i
sometimes drop the super/subscript B when it is clear from context.

o

Definition 3.10. Let C = C(B) = (c;;) be the Cartan counterpart of B. Define
linear functions s; = 5,5 : Vg — Vp called simple reflections by letting

silaj) =aj —cjjo;

and extending linearly to V. Let Wp denote the subgroup of GL(Vg) generated
by si, 1 <i <n.

Definition 3.11. Suppose B is mutation Dynkin. The root system of B is the orbit
(DB = WB . SB of SB under WB.

If B is Dynkin then this is exactly the classical root system, by Theorem 2 of
[15, Section V.10]. In particular, if B is Dynkin then Wp is finite. We will show in
Theorem 3.21 that the name “root system” is justified in the mutation Dynkin case.

Recall that we have a skew-symmetrizing matrix D such that DB is skew-
symmetric. If C = C(B) then DC is symmetric, and so DC = (DC)" =CT D.

Definition 3.12. Let M = DC and define an inner product (i.e., a symmetric,
positive-definite bilinear form) on Vg by (u, v) = u’ Mv.
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For B € ®p, define ¥ =28/(B, B). Then

i 2(0[,',Olj) i 2m,-j i Zijdj o
= _Cji

(al’av)_ -
(aj o) mjj  cjjd;

J

and the length of ; is |o;| = (o, ;) = my; = 2d;.
Proposition 3.13. The inner product (—, —) is Wg-invariant.

Proof. Since M = CT D = DC, then m;; = cid; =d;c;j fori, j=1,...,n. Using
this and ¢;; = 2, we get

(si(aj), si(ax)) = (oj — cijoy, o — Cit;)
=M jk — CikM ji — CijMik + CijCikMij
=m ji — cik¢ijdi — ¢ijcridi + 2c¢ijcikd;
=m i +cijcikd; — cijCridk
=mj + cjj(cixd; — ciidy)

=mj = (@, ). U

Remark 3.14. Our convention in Definition 3.10 differs from some other texts,
such as [10], where s; () is defined using cj; and not ¢;;. Later, in Definition 4.1,
we will define a Lie algebra relation (R4) which specialises to (ad e;) i (e )=0
for a classical Cartan matrix: we use this convention in order to match certain other
results in the literature [2; 4; 14]. Then, if we want the root space decomposition
of our Lie algebra to be compatible with Definition 3.11, this forces us to use the
conventions in Definition 3.10.

For convenience, the following table collects in one place the construction of
classical Lie-theoretic objects from the Cartan matrix C when using our conventions.

C<g [hi,e;]=cije; and (ade;)' U (e;) =0
C+ T lcij| > |cjil<=i>jinT
C+(—-) cij = (j, &)

CoW silaj) =aj —cijo;

The following definition was given in [13, Definition 4.1] for the simply laced
case, and extended to the skew-symmetrizable case in [3, Section 6]. Let ® be
a root system of Dynkin type A with rank n and let B be a skew-symmetrizable

matrix of mutation class A. A subset {y;}!_; of ®, is called a companion basis for
B if

() {yi}_, is a Z-basis of Z®,, and

(i1) the matrix A with a;; = (y;, yl.v) is a positive quasi-Cartan companion of B.
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Note that [3] asks for a;; = (y;, yl.v) in the above definition, but we have adapted
the condition to match our convention as outlined in Remark 3.14.

Definition 3.15. Let B be a mutation Dynkin gss matrix of Dynkin type A. We
say that {y;}!_, C ®4 is a signed companion basis for B if:

() {yi}_, is a Z-basis of Zd,, and
(i) the matrix C with ¢;; = (y;, ¥;") is equal to C(B).

Lemma 3.16. If {y;}!_, C ®x is a signed companion basis for B, then it is a

companion basis for B(1).

Proof. By Theorem 2.42 and Lemma 3.2, C is a quasi-Cartan companion of B(1).
As {y;}!_| C @, is a Z-basis for Z®, it is related to the Cartan matrix of A by a
change of basis, so positivity of the Cartan matrix implies positivity of C. ]

The following lemma is useful. For a proof, see for example [10, I11.9.2].

Lemma 3.17. If f : Vg — Vg is an isomorphism such that f(®) = & then
sre)f = fssforall§ € D.

Now let B = B(Q,v), B'= B, ® = ®p = {o;}, and &' = ®p = {a}. The
following formulas send our base roots to the inward mutation of roots as defined
by Parsons [13, Theorem 6.1]. Note that p; (') € ® follows by Lemma 3.17 and
Definition 3.11.

Definition 3.18. The mutation of roots at k is the function p; : @’ — & defined by
extending the following rule linearly:

oy sp(a;) ifi — kin Q,
Pk - o; g .
o otherwise.

Notice that the direction of the morphism ®" — & is opposite to what one might
at first expect.

The formula in the next result comes from the outward mutation of roots [13,
Theorem 6.1].

Lemma 3.19. Mutation of roots is a bijection with inverse p, o @ given by

, si@)  ifk—jin0
Py - oj—> ’

o otherwise.

Proof. We check that the maps from Definitions 3.18 and 3.19 are inverse. Note
that we have an arrow i — k in Q if and only if we have an arrow k — i in Q’.
We just check the composition &' — & — &’; the other composition is similar. If
we do not have an arrow i — k in Q, then alf = o > ozlf. If we do have i — &k
in Q, then o] > sp(a;) = a; — ¢ = () — ¢p,;0) — cricy. But ¢; = —cy; by
Lemma 3.9, so this is «;. O
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Lemma 3.20. Write y; = «]. Then

(o (¥i)s Pe(¥))")
_ | (ais o) if neither or both of i, j — k in Qp,
(s, Otjy) — (o, o) (otks oe]Y) if exactly one of i, j — k in Qp.

Proof. The check for the case where neither of i, j has an arrow to k is trivial.
For the remaining checks, we first note that the Wp/-invariance of (—, —) implies
Wy -invariance of (—, (—)V).

If both i, j have arrows to k then (o (yi), pk(¥j)") = (S, (5, )Y) =
(o, a]Y) as required.

The check for the case where only i — k is an easy computation, using that
(—, (—)Y) is linear in the first component:

(o (v1), pr(y)™) = (sketi, @) = (o —criog, o) = (i, o) — (e, o) (o, @f).

The check for j — k follows from the previous check and reflection invariance:

(o (), pr(y)¥) = (e, (sxeej)”) = (sei, o)) = (e, o)) — (e, o) (o, o). O
Recall the definition of a (reduced) root system R in a real vector space V with

inner product (see [15, V.2] or [10, 111.9.2]):

(1) R is finite, spans V, and 0 ¢ R.

(2) For all @ € R we have s,(R) = R.

(3) For all o, B € R we have (a, 8Y) € Z.

(4) For all @ € R we have R N Ra = {£a]}.

A vector space isomorphism f : V — V' is an isomorphism R => R’ of root
systems if f(R) = R’ and for all «, 8 € R we have (f (), f(B))v = (a, BY)v.

Theorem 3.21.If B is mutation Dynkin then ® g is a root system and py. : ®y, — Pp
extends to an isomorphism of root systems.

Proof. By induction, we just need to check that ®p is a root system when B’ = 1 B
is Dynkin. Property 1 holds by Lemma 3.19, property 2 holds by Lemma 3.17,
property 3 holds by Lemma 3.20, and property 4 holds by linearity of p;. Then
Lemmas 3.9 and 3.20 show that p; preserves the inner products, and so is an
isomorphism of root systems. ]

Recall that Sp = {«1, ..., @, } is a basis for V.

Theorem 3.22. Suppose B is mutation Dynkin, so B = i, . .. ik, BA where B A
is a skew-symmetric matrix of Dynkin type and By = t Bn. Write ® = &g and
PA=Dp,. Let p=pg, ... px, : ©— Pa. Then p(Sp) is a signed companion basis
for B.
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Proof. We use induction on £. The base case £ = 0 is clear. So suppose the
statement is true for mutation sequences of length ¢ and let B’ = 4, B. The
mutation in Definition 3.18 clearly preserves Z-bases of Z® . By induction we
know that C(B);j = (p(e;), p(aj)"), then comparing Lemmas 3.9 and 3.20 shows
that C(B')ij = (Pkps, P (i), Py, p(@j)Y), so we are done. O

Corollary 3.23. If (Q, v) is mutation Dynkin then C(Q, v) is a positive quasi-
Cartan companion of B(1).

Proof. Combine Theorem 3.22 and Lemma 3.16. ([

Given Corollary 3.23, we could apply results of [4; 14] to get presentations
of simple Lie algebras from mutation Dynkin signed valued quivers. We want to
understand homomorphisms between these presentations, so we conduct a more
in-depth analysis in Section 4.

3C. Mutation type A. In this subsection we give a recursive description of the
root system associated to a gss matrix of mutation Dynkin type A.
Recall from [5, Section 2] the classification of (unsigned) quivers of mutation
type A. Roughly, all such quivers look like the following diagram:
o (@] o [0}
@] O<—— O o (¢] [¢] [¢] O——oO

o

Let M# denote the set of signed valued quivers of mutation type A, and let
(Q,v) € Mfl‘. By Theorem 2.43, we know that (Q, v) is one of the following
shapes, with signs of certain arrows labelled in red by y, §, ¢ € {£1}.

—

(@ 0=, "ohb
-V nsl\s
_ A
(b) 0= (Mt n-205on

By Theorem 2.43, the product of the signs of the arrows in the 3-cycle in (b) is
yde =1.
Let ® = ®(Q, v) with simple roots {ay, ..., o,}. If B =" Loy € D, let
m; : ® — Z pick out the coefficient of «;, so m;(B) = A;.
For a full subquiver Q' of Q on vertices {i, ..., it}, let $y;,
system associated to (Q’, v|¢/).

i} denote the root

.....

Proposition 3.24. Let (Q, v) € M2, and ¢ be the sign of the arrow between n — 1
and n in Q. The root system ® g ) is as follows:
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(a) If (Q, v) is of type (a), then

@) Pw =Py, a-yU{B—emu_1(B)an | B € Ppi,..n—1y} U {Ean}.
(b) If (Q, v) is of type (b), then

3) Doy =P, -y UPn,n—2n UlE(a—1 —eay)).

Proof. Let © (g, denote the right hand side of (2) if Q is of type (a) or the right
hand side of (3) if Q is of type (b).

We proceed by induction on n. If n =1 then (Q, v) is of type (a) and ®p ,) =
{#a}, so the claim is true.

For n > 1, we start by showing that ® g ) € ®(g,v).

(a) Suppose Q is of type (a). Then @y
Furthermore, for 8 € &

n—1) € @ (p,v) by definition of root system.

.....

n—1} We have

.....

sn(B)=B—=Y_mi(B)cnicty = B — emu_1(B)an.

i=1
Hence, since £, € ®(p ) by definition, we get © (g ) € P(0,v)-
(b) Suppose Q is of type (b). Once again, by definition of root system, we have
(D{l _____ n—1}, (D{l _____ n—2.n) € (D(QJ,). Furthermore
su(Eoy—1) = £(ap—1 — eay),
and therefore O g ) € P (g v)-

To prove the inverse inclusion, it is enough to show that ® g ,) is closed under
reflections.
(a) Let B e @y
First, we need to show that s; (8) € © (g v for 1 <i <n. Buts;(B) € Py,
O, fori=1,...,n—1 by definition, and s, (8) = B — em,_1(B)a, € O v).

Second, consider B — em,—_1(B)a,. If i #n — 1 then m,_;(s; (B)) = m,—1(B),
SO

..... n—1}-.

n—1} -

si(B—emp_1(B)an) = 5i(B) — emy—1(si(B))an € O v)-
For i =n — 1 we split into two cases.
Case 1: B==a, 1. lf B=ay,_1,thens, 1(B—em,_1(B)oy) =s,—1(0tp—1—€a,) =
—oy_1 —&(ay —&ay—1) = —€a, € O v). The check for B = —a,_ is analogous.

Case 2: B € @y, -1y with B # F*a,_1. If m,—1(B) = 0 then we have already
checked that W - (B —em,_1(B)a,) = W - B € ©(g,v), SO we can assume that

mu—1(B) #0.
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We claim that there is exactly one neighbour j # n of n — 1 such that m ; (8) # 0.
To see this we use the inductive hypothesis. If Qy, . ,—1) is of type (a) then the
only neighbour j #n of n —11is j =n —2, and as 8 # %o, the only possibility
given the inductive hypothesis is that m,_,(8) # 0. We write n for the sign of the
arrow betweenn —2 and n — 1.

n )

[0} [0} o
n—2 n-—1 n

n—3 n-—1 n
By the inductive hypothesis, 8 belongs to the union

D,y U P p—3 -1y U{E(p—2 — Cay_1)}.

We have m,_1(8) # 0, so B cannot belong to the first of these sets. If it belongs to
the second, we have m,_,(8) =0 and we set j =n — 3 and let n denote the sign of
the arrow between n — 3 and n — 1. If it belongs to the third, we have m,_3(8) =0;
weset j=n—2and n=2¢.
So we have the diagram
n e

o o o
J n—1 n

with m ;(B) # 0. By checking each of the above cases, we know that m,_1(8) =
—nm ;(B). Therefore

sn—1(B) = .#Z lmi(ﬂ)ai +mi(B)sn—1(a;) +mu_1(B)sn—1(an—1)
i#jn—

= > miBai+m;j(B) (aj — notn_1) — mu_1(B)on_1

i#jn—1
= ﬂ - mn—l(ﬂ)an—l,
so we have 5,1 (B—emp—1(B)an) = B—mu_1(B)on—1—mp_1(B) (an — EQp—1) =
B—emu_1(B)an € O v).

Third, consider a,. As ©g ) = —O(g, v, it is enough to consider «,,. If
i #n—1 then s; (o) € {+a,}. Fori =n —1 we have s,_1 (o) = o, — €. Let
/3 = —&0u_1 € (b{l,..,,n—l}- Then

B—emu_1(B)oy, = —ea,—1+a, =s,—1(ay)

SO §; (O(n) € ®(Q,v)-
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(b) Let B € Cb{l
by definition.
Further, if m,,_1(B) =0, then B &y, and s0s,(B) € (1,121 SO0 v)-
Therefore, we can assume m,_;(8) # 0.
If B =+oay,_1, then 5,(B) = E(ay—1 — €a,) € O v). Otherwise, using the same
argument as for case (a), we have m,_1(8) = —ym,—»(8). Thus

.....

sn(B) =B —dmy_2(B)ay —emu—_1(Bay, =B — (8 —ey)mp2(Bla, =B € ®(Q,v),

where the last equality follows since yde = 1.
One proves similarly that W - (®y, ,—2.4)) € Og,v)-

Finally, one checks that s; fixes £(o,—1 —ea,) fori =1,...,n — 2, and that
Sn—1(ap—1 — eay) = —ea, and s, (ay—1 — €0y) = Apy—1. SO 5;(E(atp—1 — cay)) €
®(Q,v) foralli = 1, N (B

Hence ®(p,,) € ©(g,v), and we are done. O

4. Presentations of Lie algebras

4A. Presentations. In this section we work with Lie algebras over the complex
numbers. We use iterated bracket notation:

[xlv x27 LI ] xn] = [x19 [x29 [ s xn]]]
We first consider four types of relations:

Definition 4.1. Let C = (¢;;) be a quasi-Cartan matrix. Define the Lie algebra
g4(C) with generators {h;,e;; | ¢ € {£1},1 < i < n} subject to the following
relations, for ¢, § € {£1}:

R1) [hi, hj]1=0;
(R2) [ei, e—i] = hi;
(R3) [hj, esj] = ecijes);
(R4) (ades;)"M*1(es;) =0, where M = min{0, edc;;}.

Note that if C is a Cartan matrix of Dynkin type A, then Definition 4.1 reduces
to the classical Serre presentation of the Lie algebra g(A) [15].

We record two useful calculational results which always hold in g4(C). We will
use both often.

Lemma 4.2. [h,‘, 6811'1 Yoo egm] = Zi:l 8kcik[egljl PN e‘gzjz].
Proof. Use (R3), induction, and the Jacobi identity. U

Lemma 4.3. If § = sgn(c;;) then [e;, esj] =[e_;, e_5;] = 0.
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Proof. This follows from (R4). To show that the first term is zero, set ¢ = 1
and § = sgn(c;;), so dc;; > 0 and thus M = 0. For the second, set ¢ = —1 and
8 = —sgn(c;j). ([l

The next set of relations depends on chordless cycles of C. If C is mutation
Dynkin then, by [1, Proposition 2.6], there are only four possibilities for the
unsigned diagram of the cycle. Either every edge has weight 1, or we are in one of
the following three cases:

i i
i3 — iy i3 —— iy iy =———13

Bs-cycle Cs-cycle Fy-cycle

These cycles occur in mutation types B,, C,, and Fj, respectively. Note that the
Bs-cycle and the C3-cycle also appear in mutation type Fj.

In cycles with double edges, the vertices correspond to roots which are either
long or short: i === j tells us that i is long and j is short. So in the Bz-cycle
displayed above, the vertex i; is short and the vertices i» and i3 are long.

Definition 4.4. Define the Lie algebra g5(C) as g4(C) subject to the following
extra relations. To each chordless cycle iy, iy, ..., i; where every edge has weight
1 we impose the relations:

(RS) [egyirs €crins ---» €50, ] =0 where g,11 = —sgn(Ci, iy, )Eq

where ¢ € {£1}.

Notice that for each chordless cycle as above we impose 4¢ relations: 2¢ going
clockwise (two for every starting point i ;) and 2¢ going anticlockwise.

To each chordless cycle with an edge of higher weight, we only impose the
subset of these relations where i1 and i, are not both long.

We unpack Definition 4.4 for the three cycles with double edges, using the three
diagrams above.

For the Bs-cycle we impose only 3-cycle relations which do not go “long, short,
long”. Explicitly, these are

[eslio(l)’ €erig02)» e€3ia(3)]’ where Eq+1 = _Sgn(cia(q)aia(q+l))8q

for ey e {1} and o € Dih(3) such that {o (1), 0 (3)} # {2, 3}, where Dih(p) denotes
the dihedral group of order 2p.

For the C3-cycle there is no path of length 3 which starts and ends at a long root,
so we impose all twelve 3-cycle relations. Explicitly, these are

[eslig(l)a eszia(z)s e€3ia(3)]s Where 8q+1 = _Sgn(cig(q),i(,(qu]))eq
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for o € Dih(3).
For the F4-cycle we impose only 4-cycle relations which do not go “long, short,
short, long”. Explicitly, these are

[eé‘lig(l)a eszio(z)v €S3i0(3)7 684i5(4)]7 Where 8(]-1—1 - _Sgn(cig(q),ig(q+l))8q

for o € Dih(4) such that {o (1), 0 (4)} # {1, 4}.

In the introduction of [14], following [4], a Lie algebra which we denote g4(C)
is defined. We write its generators as fz,- and é.;. The relations are similar to our
relations in Definition 4.1, except that the second and third relations are swapped
and their relation [/;, ésj] = —ecijé,; has a minus sign.

Lemma 4.5. The map
Cei > €egiy  hij > —hy,

extends to an isomorphism g4(C) => g4(C).

Proof. Since the map is clearly bijective, the proof consists of straightforward
checks that the relations (R1) to (R4) are preserved by the map defined above. [J

Remark 4.6. To state their fifth relation in non-simply laced types and define their
Lie algebra gs5(C), Pérez and Rivera use a 3-cycle denoted C¢ (i1, iz, i3), but the
diagram which defines it seems to contain a typo as only directed edges should be
weighted. If we replace their diagram by

/N

lz—)lg

and interpret their statements correctly, our relations for the Bz- and Csz-cycles are
consistent with theirs, and the isomorphism of Lemma 4.5 extends to an isomorphism
g5(C) = g5(C) for all positive quasi-Cartan matrices C which are not of mutation
type Fj.

However, Pérez and Rivera include all potential relations in Fy-cycles, while
we only include 12 of the 16 possible relations. We will show in Lemma 4.8
below that imposing all 16 relations would give the zero Lie algebra. We believe
there is an error in [14, Lemma 5.3]: the final paragraph of their proof states that
[e_ci, e—es, €or, €571 = 0 but we think this should be nonzero.

4B. Relations. In this section we first explain why we excluded certain relations
in Definition 4.4, and then we show that we could have imposed fewer relations in
Definition 4.4 to get the same Lie algebra.

Here we explain why we do not include relations starting and ending at a long
root. To simplify notation, we replace the vertices i; by j in our diagrams.
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We start by considering the Bs-cycle and its Cartan counterpart,

1
513 512 2 b2 i3
C=|261p 2 623},
3—m8 2
823

2813 823 2

where the signs 812, 623, 613 € {£=1} are such that §1,8,3613 = 1. The relations we
did not include in Definition 4.4 are

4) [e—c5128132, €ss131, €—3] =0,

(5) [6—851351239 6851215 e—82] = O

Lemma 4.7. If C is a quasi-Cartan matrix coming from a Bs-cycle, then the
quotient of gs(C) by the ideal generated by any of the relation (4) or (5) is the zero
Lie algebra.

Proof. We show that if we impose a relation from (4) to gs(C) we get the zero Lie
algebra, as the other check is similar.
Since ad(egs,,5,52) is a derivation, we have

O = [685125132, 6—88125132’ 688131’ 6—83]
= 61201312, €e5151, €—e3] + [€—c5128132, €e8128132> €es1315 €—¢3]
= 8812813(28812813 - 8823)[685131v e—83] - [8—881251321 e881251329 €_¢g3, 885131]~
(R5) yields [egs,,5,52, €—¢3, €cs,51] =0, since —sgn(c23)€812813 = —£812023813 = —¢

and —sgn(c31)(—&) = €813. Therefore, as €512613(2e812813 — €823) # 0, we get
[ess,31, e—¢3] = 0. As a consequence, Lemma 4.2 yields

0=[e_gs,51, €cs51, €—e3] = —€813[h1, e_3] = e_¢3.

Hence we get e3 = e_3 = 0. Similar computations yield e; =e_; = ey =e_p =0,
and thus &; = 0 by (R2). Hence gs5(C) with an additional relation (4) is the zero
Lie algebra. U

Now consider the F4-cycle and associated Cartan counterpart,

S 2 63 O
8 ) =
14 23 C 0 823 2 834 )
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where the signs 812, 814, 823, 34 € {£1} are such that §12873634814 = —1. The
relations we did not include in Definition 4.4 are

(6) (65128238344 €£81282335 €812 €s1]1 =0,

(7) [6—85125235341’ 885235342’ 8—88343’ 684] = O

Lemma 4.8. If C is a quasi-Cartan matrix coming from a Fy-cycle, then the quotient
of g5(C) by the ideal generated by any of the relation (6) or (7) is the zero Lie
algebra.

Proof. Once again, we show that if we impose one of the relations from (6) to
g5(C) we get the zero Lie algebra, as the other check is similar.
We have

O0=1[€e5128038344> €—£8126238344> Ce8128233+ €—£81225 €e1]
=6012023034[h4, €55,25233, €—£81225 €e1] T [€—£81,8038344» Ce8128238344> €6812833+ €—58122> €l ]

We will show the second summand is zero. By (R4) we have [e.s,,5,35:44, €£5128233] =
0 and [eg5,,60383445 €—es,2] = 0. Therefore

[€65128238344> €£8125233> €—8122> €e1] = [€£5128233+ Ce8128238344> €—£8122> €el]
= [6851252337 6—85]225 685]252353447 eé‘l]

= _[6851282337 6—88122v €cl, 888123233344]
=0,

where the final equality is by (R5). Therefore

0 = €812823034[ N4, €55,,5233, €—55152, €e1]
= £0612623634(2€612023834 + €814)[€£5,15,33, €—£8,,25 €c1]

SO since £812823634(2€612823634 +€814) 7 0 we get [eg5,,60335 €—e51225 €11 = 0. By
applying [e_¢s5,,5,,3, —] and using a similar strategy to above we get [e_¢5,,2, €:1] =0.
Finally, applying [e,s,,2, —] yields e;; = 0. Similar computations yield e.; = 0 for
all i, and therefore also #; = 0 by (R2). Hence g5(C) with an additional relation
(6) is the zero Lie algebra. O

Now we want to show that, for any chordless cycle in a signed valued quiver of
mutation Dynkin type, most of the (R5) relations are redundant. If our cycle is of
type B3 or F; we need to take at most two of the (RS) relations; in other cases just
one (R5) relation is enough.

First we present a lemma that holds for arbitrary Lie algebras, and will be useful
in the following (see [4, Lemma 4.2]).

Lemma 4.9. Let g be a Lie algebra, and x1, . .., x; € g such that [x;, x;] =0 for
all |i — j| # 1. Then [x;, ..., x1]1= (=D [xy, ..., x]
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We start by analysing the simply laced case.

Lemma 4.10. Let (Q, v) be a signed quiver of mutation Dynkin type with a chord-
less cycleiy — ip— .. .i; — iy where every edge has weight 1 and i, — i, has sign

8q.q+1. Let &1 € {1} and quotient g4(C) by the relation (e ;,, €c,iys - - - » €5,i, ] =0,
where e,11 = —84 41+184. Then
[682[27 e es,i,» ee,+1i1] = 0’
where &,41 = —0;1;.
31
5:1/, ° \ilz
1; © Ol
Si—1t T l523
it—10 oi3
»
O--0

Proof. To simplify the notation we let i, = ¢g. Let C = C(Q, v) be the Cartan
counterpart of (Q, v) and note that 8, 41 = ¢4 4+1, as every edge has weight 1.

Suppose [eg,1, €,2, - - -, €] =0 and apply [e_¢,1, —]. Using the Jacobi identity,
(R2), and Lemma 4.2, we get

O == [e—sllv esllv 6822’ L) es,t]
= —Sl[hl, 68229 R eé‘ft] + [6811’ 6—811’ 6822’ L) eS,t]
== _81)"[8822’ L) eé‘,[] + [6611’ 6—8117 68227 ey eé‘;l‘]
where A = Z;zz gjcy1j. As our cycle is chordless, ¢;; =0for j =3,...,r—1, and

the weight 1 assumption implies cj2 = §12 and ¢, = &1, SO
A=excn+ecr =e1(=8+ (=1 1812823 - 8-1,:811)

Now, since @ is mutation Dynkin, the cycle C is not dangerous, and therefore
812 .. 8i-1.481, = (=1)'T!, which implies A = 0. So [e¢,1, e_¢,1, €ey2, - - - » €] = 0.

We have [e_¢,1, €s,0] = [€—¢,1, €—¢,5,,2], SO by Lemma 4.3 this is zero. Also, as
our cycle is chordless, we have [e_,, 1, e;;j1=0 for j =3,...,t— 1. Therefore,
repeatedly using the Jacobi identity gives

[e€|19 ] es,_ﬂ—l’ 6—8117 eé‘,l‘] = O
Applying [e_.,1, —] once again, we get

0 - [8—811’ 6811’ L) e(‘,‘/_]l‘—]a e—€|15 es,t]
== _8l[hl’ 6822’ ey eé‘,,]tfl’ e*é‘]l’ eé‘[l‘] + [eé‘llv e*é‘llv ey eS,,1t717 e*&]l’ eé‘tl‘]

= _gll‘L[e€227 R eé‘,,lt—la e—é‘lla eé‘,[] + [eé‘]l’ ey e‘?f,]t—h 6—8117 6—8115 eé‘,[]



MUTATION OF SIGNED VALUED QUIVERS, PRESENTATIONS OF LIE ALGEBRAS 279

where u =¢e3cip—€1c11+&c1y =A—281 = —2¢1 #0. Also, the second summand of
the above equation is zero, since [e_¢,1, e—¢,1, €] = 0 by (R4). As a consequence,
by skew-symmetry we have

[6822’ 6833’ ey eé‘,,ltfl’ eé‘,l‘a e*é‘ll] = 0

which proves the claim since &1 = (—1)"812823 - - - 8;—1./8:161 = —&1. |
Corollary 4.11. Under the assumptions of Lemma 4.10, all the relations of type
(RS5) associated to the cycle iy — iy — ...i; — i are satisfied.
Proof. Notice that g,11 =—8;16 = —(=D*18, ... 8:—1.18;161 = —¢&1, and therefore
applying Lemma 4.10 2¢ times we get all the possible clockwise assignments of
signs that satisfy the conditions of (R5).

The above computation also shows that &, = §;1¢;. Therefore, using (R4) and

Lemma 4.3 one sees that e;;, commutes with e, ;, for all i — j| # 1. Thus
Lemma 4.9 implies that

1
[eé‘,i;a ey esli]] = (_1)t+ [eé‘|i1 9y eé‘;i;] = 0
Hence, using the same argument as above we also get all possible anticlockwise
assignments of signs that satisfy the conditions of (RS5). (]

We now give the statement for Bz, C3 and F4-cycles. We consider signs on such
cycles as follows.

. . . Sin .
11 11 1 s — 1D
b% Xz b;]/ XQ Sar 53
i3 —— 0> i3 — iy g =13
423 323 d34

Bs-cycle Cs-cycle Fy-cycle
Lemma 4.12. Let (Q, v) be a signed valued quiver of mutation Dynkin type.
(1) Suppose Q contains a Bz-cycle. Then the following two relations imply all the
other (RS) relations
[eciys €—s1peirs 5126032131 = 0
forall e € {1}.

(2) Suppose (Q, v) contains a C3-cycle. Then any one (RS) relation for this cycle
implies all other (RS) relations for this cycle.

3) Suppose Q contains an Fy-cycle. Then the following two relations imply all
the other (RS) relations
[eé‘iza 6—5238i37 8823534€i45 6—523534541&,‘!'1] = 0

forall e € {£1}.
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Proof. Again, leti; = j. For the C3-cycle, the same argument as in Lemma 4.10 goes
through in all cases except one: that [e,, 1, eg,2, €.;3] =0 implies [e;,2, €¢,3, €511 =0.

Therefore, suppose [eg,1, €¢,2, €,3] = 0. As in the proof of Lemma 4.10, we get
that [eg, 1, €s,2, €—¢,1, €¢;3] = 0. Our Cartan matrix is

2 26812 263
C=161p 2 6
331 b3 2

so, applying [e_,, 1, —] once more, we get
— Lv=&1ls Tepls Yepls =11 YE35 1
0=[e_¢ 1, €1, €c52, ¢ 1, €553]
0 = —¢£] [hla 6822a e—sll, 6833] + [68115 e—slla 68225 e—é‘lla 6833]5
- €225 €—¢g115 €3 e1ls €22y €C—¢115 €—g115 €331
0= —ce1ulesn, e—g 1, €e3] + 1, €62, €11, €—¢1, €533]

where u = 2612(—8126) — 2e1 + 281362381261 = —2¢;. Notice that, in contrast to
the simply laced case, relation (R4) does not imply that the second summand is 0.
In any case, we have

2[68227 e—é‘] 1, 6833] + [881 1, 88227 8—81 1, e—&‘] 1, 6833] == 0
Applying [e_,,1, —] again, we get
0 == 2[8—8| 1, 68229 e—€| 1, 6833] + [e—&‘] 1, e&‘] 1, e8227 e—&‘] 1, e—8| 1, 8833]
== 2[68229 e*&‘] 1, e*&‘] 1, 6633] — &1 [hl ) 88229 e*&‘] 1, e*&‘] 1, 6633]
+ [e€| 1, e—81 1, 68225 e—&] 1, 6—6‘1 1, 6833]
=Q2- 811))[86229 €_g1, €—¢g(1, 8833] + [88117 €gy2, €_g11, €—g11, €—g(1, e633]

= (2 - 811))[6822, 6—8117 6—8115 6833]9
where the last identity follows from (R4), since [e_;,1, €—¢ 1, €—¢,1, €¢,3] = 0. Here
V=£&C12 — 281C11 —1—836‘13 = 282312 - 481 + 283531
= —2&1 —4e1 + 2610612023031 = —4eq,
s0 2 —¢g1v =6 # 0, and therefore we get
[68229 e—ella e—é‘lls 6833] = O
Finally, if we apply [e., 1, —] we get
— Lte1ly Cepay —E1ly E=E€11s Ye35] — LYl =11y =11y TEnly Te3
0 =[ec 1, €02, €11, e 1, €e33] = [€c)1, g1, €—¢ 15 €62, €653]
= €] [hl y €—g11s €552, 8833] + [e—all’ €eil, €—g115 €5y2, 6833]

= glkl[efell’ €gy2, 8833] + 81[678117 hi, €gy2, 8833] + [67811’ €_g115 €115 €552, 8833]

= 81)\'1[6—8119 68229 6833] + 81)\'2[6—8119 68229 6833] + [6—8117 6—6117 68227 68117 6833]'
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Now, e¢,1 and e,,3 commute by (R4), and therefore the last term is zero. Direct
computation shows that A} = —ec11 +&2c12 + &3¢13 = =261 (812023 — 612 — 1) #0
and Ay = eyc12 + €3¢13 = 262(812 — 831623) = 0. Therefore

0 = [6—8119 68229 6833] = [6822’ 6—8117 6833] = _[68229 68339 6—811]

and, as g4 = —d831&63 = —&1, we have the claim.
In particular, for type Cs-cycles, a result that is analogous to Corollary 4.11
follows, and therefore we just need one relation from (R5) to get all the others.
For Bs-cycles, Definition 4.4 specifies that we should introduce 8 relations.
However, the argument of Lemma 4.10 works in all cases but for

[esizv €_53¢i35 632333|8i1] = [8—52381'35 €5)3831€0) e—é‘iz]-

Thus we can reduce (R4) to 4 relations. But Lemma 4.9 allows us to get the
anticlockwise relations in term of the clockwise ones, and therefore we just need
the two relations from the statement.

For Fy-cycles, Definition 4.4 specifies that we should introduce 12 relations.
However, the argument of Lemma 4.10 works in all cases but for

[e£i4a 6—8418i1 ) 68415|28i27 65418125138i3] == [6—841£i1 ) 68415128i27 83415128138i37 e—£i4]'

Thus we can reduce (R4) to 4 relations. But Lemma 4.9 allows us to get the
anticlockwise relations in term of the clockwise ones, and therefore we just need
the two relations from the statement. ([

Remark 4.13. Computer calculations with GAP (http://gap-system.org) suggest
that even in types B and F, in the Lie algebra g4(C) any one of our relations from
(R5) implies all the others.

4C. Homomorphisms.

Definition 4.14. Let (Q, v) be a signed valued quiver of mutation Dynkin type. We
define g(Q, v) = g5(C), where C = C(Q, v) is the Cartan counterpart of (Q, v).

Fix k € Qp, and let C" = C (ux (Q, v)) and g(ur (Q, v)) = g5(C’), with generators
of gs(C’) written as i} and e.,.

In the following formulas we write i S5 k, where § € {£1}, to denote the sign of
an arrow i — k. Write C = (¢;;).

Theorem 4.15. There is an isomorphism of Lie algebras

o 9 (Q, v)) = g(Q, v)

given by the formulas
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(=)™ lcxi | re 8 .
' ————ad % (e_sex)(€ei) ifi >kin Q,
ey — lci!
€si otherwise;
s hi —cixhy ifi > kin Q,
' hi otherwise.
Its inverse Yy : g(Q, v) => g(ur(Q, v)) is given by
(—S)cki | . cpre S .
adlsil(el (') ifi S kinQ,
e | Teal (es)(ey;) If 0
€gi otherwise;
B hi; 4 cixh), ifi > kin Q,
h; otherwise.

The rest of this section is devoted to proving Theorem 4.15. Our proof will rely
on the isomorphisms of Lie algebras given in [4] (for simply laced types) and [14]
(for nonsymmetric Cartan matrices).

We recall some notation from [14]. We have elementary matrices

o __ T
E;. =1+oege,

where [ is the n x n identity matrix, o € Z, e, is the r-th basis vector of the space of
column vectors R", and e/ is its transpose. Write I, = E;z, so that conjugating by
I, negates the rth row and column. If C is a quasi-Cartan matrix with symmetrizer

D and s #r, let
TS(C)= D 'E°.DCE?° and J,(C)=D"'I,DCI,.

Note that 72(C) = C and J, is self-inverse.
We now state the fundamental results of Barot—Rivera and Pérez—Rivera in terms
of our notation and conventions.

Proposition 4.16 (Barot-Rivera, Pérez—Rivera). For any positive quasi-Cartan
matrix C and 1 <r <n, there is an isomorphism of Lie algebras g5(J.(C)) — gs(C)
sending
o { e HiEL { hi i,
—e_gr Ifi=r; —h, ifi=r.
Proof. By [14, Proposition 2.12], following [4, Proposition 2.6] in simply laced
types, there is an isomorphism gs(J,(C)) — §s5(C) sending €, to é_,, f/r to —h,,
and fori #r, e, — é; and fz: +— h;. We compose this with isomorphisms from
Lemma 4.5 to get the isomorphisms gs(J,(C)) — §5(J,(C)) — g5(C) — g5(C)
in the given formula. (]
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Proposition 4.17 (Barot—Rivera, Pérez—Rivera). For any positive quasi-Cartan
matrix C and any 1 <r,s <n withr # s, if c;, = —1 or —2 then there is an
isomorphism of Lie algebras gs(Ts, " (C)) — g5(C) sending

egi ifi #r, . o
el > (o)l > {h‘ A
ad | (ep5) (eer) if i =r; hy —crshs ifi=r.
lCsr |
Proof. By [14, Proposition 2.14], following [4, Proposition 2.8] in simply laced
types, there is an isomorphism gs(J,(C)) — §5(C). Note the typo in the statement
of [14, Proposition 2.14]: the superscript on T should have a minus sign. According
to equations (4.2) and (4.3) of [14], this isomorphism sends &, > é,; and h} — h;
for i # r, and for i = r it sends:

a [€er, €es] if ¢ = —1, il/ N ]:\lr - Crs]:ls if ¢ = —1,
“ %[éss’ Ces, €or] if cgp = =2; hy + hy if ¢gp = —2.
By the usual Dynkin classification, together with Lemma 2.40, we have that c;, = —2
implies ¢, = —1. So we can unify the formulas for i = r as follows:
A (_1)6” |Clvr| 2 5 T r T
€ep ad'“"'(egs) (€er), hr = hy — Cpshs.

[Csr |

Now conjugate by the isomorphisms from Lemma 4.5. For e, we get e, — €é, .,

giving one &, then from adlsrl(8,4)(6s;) we pick up another ¢! ¢+, This gives the
formula in the statement. O

Lemma 4.18. For any positive quasi-Cartan matrix C and any 1 <r,s <n with
r #s, if csy = —3 then there is an isomorphism of Lie algebras gs(T>.(C)) — gs(C)
sending

Cei ifi#r, h/r—>{hl ifi#r,

DR B pay s
?ad (ees)(eer) lfl:r§ hy + hy ifi=r.

Proof. By Lemma 2.40, the weight 3 cannot occur in a chordless cycle, so the only
possibility is classical type G,. Up to relabelling, this means we must have

(23 3. (23
C_<—1 2) and TIQC_(C 2).

Then our candidate isomorphism acts as follows:

h&l—)//ll, hél—)hl—l-//lz, e’1|—>el,

’ 1 / 1 1
ey > —¢ler,er, e e], e ey, e > —gle—j e, e, 6]
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The checks that this preserves relations (R1)-(R4) are straightforward, except for
the relation [e], ¢’ ;1= A}, but a careful calculation shows that

[le1. e1, e1, eal, [e—1, e—1, e—1, e2]] =3 (c11 +c12) (11 + 2¢12) (Beathy + c12h2)
= —36(h| + hy).

Then the inverse is easy to write down directly. ([
We will consider cases where c;, is positive, as well as negative, so we define:

T " (C) if ¢5r <0,

U, (C)= X
r(©) {JrTq‘f’Jr(C) if cyy > 0.

In Lemma 4.20 we will see that we can interpret Uy, in a more straightforward way
just in terms of the transformation 7y, “", regardless of whether c;, is positive or
negative. For the moment we stick to the definition above because the setting of
the proof of the next result requires ¢, < 0.

Proposition 4.19. For any positive quasi-Cartan matrix C and any 1 <r,s <n
with r # s, there is an isomorphism of Lie algebras gs(U, (C)) — g5(C) sending

€si ifi #r, h e
i ifi #r
e | Coper N i fisr,
—|C T ad'“r!(e_ses) (€er) ifi =773 hy —crshs ifi=r,

Srl-

where § = sgn(cs,).

Proof. When ¢, = 0 we have U, (C) = C and we interpret our homomorphism as
the identity map. When ¢, < O we have § = —1 and the formulas reduce to those
in Proposition 4.17 (or Lemma 4.18); this also works for ¢;, = 0. When ¢, > 0 we
compose the isomorphisms from Propositions 4.16, 4.17 and Lemma 4.18:

9(Us(C)) = g(J, T J,(C)) 422 g(Tr J,(C)) ¢4 g(J,(C)) <2 g(O).
Write C® = J, T J.(C), CP =Ty J.(C), etc., using the same superscripts for
the generators of the Lie algebras. Then the isomorphism sends 4} = hl@ > h; for
i #r,and

no=h® > - D+ cDpD s b+ cOhy = h, —cp5hy

where CV = J,.(C) gives cfi) = —cys. S0 the result for /; does not depend on §.
The isomorphism sends eg) > ey fori #r, and

)
cor +1
Cer €_er

(—g)lesr]

o e e eer)
srl-

ad " 1(e y(e ) 1>

|C§,1f)|! —&s —er
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as |c§p| = |csr|. So when 6 = 1 we have an ad‘c”l(e_ss); when § = —1 we have an
ad‘c”l(ess). The —§ in our formula covers both cases. O
Lemma 4.20. U (C) = T, <" (C).

Proof. As noted in the proof of [4, Lemma 2.4], it is easily verified that E I; =
LE Pifi € {r,s}, and E7 I; = I; E], otherwise. From this, it follows from the
definitions that

JiT 7 ifielr s},

T Ji = o e
JiTS ifi ¢ {r,s}

and so we get J, T,,° J, = T, and the statement follows. O

sr?
We get the next result by using the definition of Uy, in terms of E?,.
Lemma 4.21. U Uy = U, Ugy,.
Now we use our signed valued quiver (Q, v). Given the previous lemma, we can

unambiguously write the product in the following lemma.

Lemma 4.22. C(u(Q,v) = ([T;_x Uki) C(Q, V).

Proof. We understand C (. (Q, v)) by Lemma 3.9, so we just need to understand
(TTimx Uk) C(Q, v). If ¢ < O then a useful formula for C’ = U, (C) = Ty, “" (C),
when ¢;, < 0, is given in [14, equation (4.1)]. First note that their three-case
equation can be expressed as the following two-case equation:

, {cxy ifx=randy=r)or (x #r and y #r),

C =
o Cxy —CxsCsy if (x=randy#r)or(x #rand y =r).

A similar computation shows that this formula also holds when ¢, > 0.

Suppose that the vertices i with arrows i — k are precisely i =ry, ..., rp. Let
CO =Cand cth = Uk,qC(”), and write C' = C®. We use the above formula
to calculate c;y in four cases, depending on whether or not x, y € {ry, ..., r¢}.

o Ifx,y ¢ {ry,...,re then C%H) = c)%) at each stage, 50 ¢}, = Cx,.

elfx=r,and y ¢ {ry,...,re}then C;y = cfc';,ﬂ) = c)(f;) —c)(c'ﬁ)cgly‘) = Cyy — CxsCsy.

e The case x ¢ {r1,...,r¢} and y = r, is exactly the same.

e Suppose x =r, and y = r, with u < v; the case v < u is similar. Then

D = o) _ (00 and (D = () _ ()W)

xy Xy xs ©sy Xy xs ©sy
with c,(cgﬂ) = cg) for p # u, v. So, using c;s = 2, we have
+1 +1) (u+1
hy = lf) — el =l — el
= () —elel) = (e el

= ) cclt) 4 e =y,
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and our answer agrees with Lemma 3.9 in all cases. ]

Lemma 4.23. Let k,i € Qg, and c;; = 61, where § € {+1}. Then
[€seks €scks €—seks €—seks €ei]l = 2A (A — )eg;.

Proof. Using the Jacobi identity, (R2), (R3) and (R4) we have

[eseks €scks €—seks €—seks €eil
= Selesck, Mis €—seks €ei]l + [€seks €—seks €scks €—seks €xil
=0e(—28e + Ad¢)[escks €—sek, €eil + S€l€seks €—sek, Pk, €eil
= (=24 Mlesck, €—sek, €eil + Alesck, €—sek, €eil
= (—2+ A+ A)delhyg, egi]
=2A(A — 1eg;. U

Proof of Theorem 4.15. If (Q, v) has arrows i — k precisely for vertices i =
ri, ..., re, we get the Lie algebra homomorphism

g(ui(Q, v)) = g(Q, v)
by composing the morphisms from Proposition 4.19, using Lemma 4.22, as follows:
@k 9(uk(Q, v)) = Q(Usrg Usrp_y -+ Usry C)—
Q(Usrg_l T Usr1 C) —> > Q(Usr] C) — Q(C) - Q(Q, l)).

This gives the formula for ¢y in the statement of the theorem.

Now we prove that ¢; and ¥ are inverse. For simplicity we omit the index k.
We will prove that ¢ o ¢ = id on the generators. For generators at vertices i, where
i does not have an arrow going into k, the identity follows by definition of v and ¢.
Therefore, we can assume there is an arrow ;| — k in Q.

We have

@ oY (h;) = @(h; + cikhy) = hi — cixhy + cichi = h;.
To show that ¢ o ¥ (e.;) = e,; we divide into cases according to the value of cy;.

o If cry =8 € {£1} then p o (ee) = —ep([ef,y, €r;]) = —& - —elesck, €—sek» €eil =
delhy, es;] = 8ed¢ces; = e.;, where we used [e_sqk, €] = 0 from Lemma 4.3.

o If ¢j; =26 € {£2} then

1 1
Qo y(esi) = 50([€5eps €sexs €6i]) = 7l€s6ks €s6ks €—s6ks €—sek» €ci] = e

where the last equality follows from Lemma 4.23.
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o If ¢;; = 356 € {£3} then
pop(es)

= —£60([€51- €5err Eher €hi]) = 356k Eseks €56k €—seks €5k s €—seks s
= 25 (8lesck, €scks Micr €—soks €—sekcs €si + [€56k, €scks €—sekr €5k €—sskr €—seks €si])
= 26 (86(—28e — 28e + 388)[€5ek, €scks €—sek» €—ssk - €si]
+ 3¢lescks €seks €—seks Nk, €—sek €ei]l + [€scks €sek s €—sek > €—sek > €5cks €—beks €eil)
= %(_[eﬁskv sck> €—5eks €—sck» €ei ]| + 8&(—28 + 38¢)[esck, €scks €—sck> €56k €ei ]
+5¢lescks eseks €—seks €—seks Nk, €si )
= 35 (86(388)[esek, €seks €—seks €—seks €xil)
= 3¢ (Blesek, €seks €—sek €—seks €ci]) = eei,
where the last equality follows from Lemma 4.23.
One checks ¥ o ¢ = id similarly. (]

Corollary 4.24. If the signed valued quiver (Q, v) is mutation Dynkin of type A
then g(Q, v) = g(A).

Remark 4.25. By considering mutation theories from higher cluster categories,

one expects to find other presentations of semisimple Lie algebras, in analogy with
[12].

4D. Root space decompositions. Let (Q, v) be a signed valued quiver of mutation
Dynkin type, and (Q’, v) its mutation at k. In this section we give a compatibility
result between root space decompositions of the Lie algebras g = g(Q, v) and
g =g(0 ).

For basics about root space decomposition of simple Lie algebras we refer to
[10, Section I1.8].

Let b, b’ denote the Cartan subalgebras of g, g’ generated by h; and h}, re-
spectively. Denote by @ (resp. ®’) the root system associated to (Q, v) (resp.
(Q', v")) according to Definition 3.11. We define a map ® x h — C by «;(h;) =cj;
[15, Section V1.4].

By Corollary 4.24 we know that g and g’ are simple complex Lie algebras. By
Theorem 3.21 their root systems are & and ®’. So we have root space decomposi-
tions

g=ho P d=ve P ¢’
ped ped’
where
¢ ={x eg|[h x]=Bh)x forall h € b).

By (R4) we have [h,‘, ej] =¢jjej = ozj(h,-)e‘,-, Soe; € gaj.
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Recall the isomorphism of root systems py : ®" — & from Definition 3.18.
Theorem 4.26. o (@F) = g8,

Proof. Suppose x’' € g'?', so that [h/,x'] = B/(h)x’ for all b’ € /. Therefore
o (x) € g7 if and only if

(7, i (x)] = p(B) (M) (x)

for all i € b.

Now, fix 2 € . Notice that ¢, induces an isomorphism @y : h' = b by
definition, and therefore we can write & = ¢y (h’) for some i’ € . In particular,
since ¢y is a Lie algebra homomorphism, then we can rewrite the left hand side of
the above equation as

(7, o (] = @ ([, x']) = @i (B'(W)x) = B/ ()i ().
Hence the result follows if we prove that

(®) B' (') = pr(B)(h),

where h = ¢ (1).

It is enough to prove (8) for & = h; and p’ = o, where h; is a generator of b’
and a;. is a simple root; the result will then follow by linearity.

Let C =C(Q,v) = (¢jj) (resp. C'=C(Q', V') = cgj) denote the Cartan counter-
part of (Q, v) (resp. (Q’, v')). Then Definition 3.18 and Theorem 4.15 imply

h; —cixhy ifi —k, aj —ckjay  if j—k,

wmm={ mwp={

h; otherwise; a; otherwise.
Therefore, using a¢(h,,) = cpme and cx = 2 we get

Cij — CkjCik — CikCkj + CikCrjcrk = cij it i, j — k,

Cii — CikCki ifi - kand j k,

P pu () = | T 7 i 7
Cij — CkjCik ifi A kandj—k,
Cij ifi, j /> k.

Therefore, by Lemma 3.9 we have py (oz;.)gok (h) = cgj = a;. (h}).

Thus we have the inclusion ¢ (g”?) € g”#). The other inclusion follows from
the classical result that root spaces are 1-dimensional (see, e.g., Theorem 2(b),
Chapter VI in [15]), together with the fact that the map ¢y is an isomorphism by

Theorem 4.15. O
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4E. An example of type A3. We conclude with an example involving the signed
quiver

0=1<2<3,

which has associated gss matrix and Cartan counterpart

0 —t O 2 -1 0
B=|t 0 —¢ and C=|-1 2 -1
0o ¢+ O 0-1 2

Since B is skew-symmetric, D is the identity matrix. Its simple roots are § =
{o1, a2, a3} and the group W is generated by {sy, 52, s3}. Its root system is

S=W-S==x{o), a2, a3, o] + 2, aa+ 03, o) + a2+ a3}

The Lie algebra g is generated by {e;, fi, h;}i=1,2,3 where we write f; =e_;. We
have the usual (R1), (R2), and (R3) relations, and our (R4) relations are

e=1,8=1: [ey,e1,ex]=le1,e3]l=[ez, er,e1]=1e2, €2, €3] =[e3, €3, 2] =0,
e=1,8=~—1: [e1, ol =le1, f3]1=le2, f3]1=0,

together with the relations obtained by interchanging e’s and f’s and some redundant
relations. There are no (R5) relations. So g has dimension 15 with basis

hi, ha, hs,
e1, ez, e3, [e1, ex], [e2, e3], [e1, ez, e3],

fl’ f2, f3a [flv f2]5 [fZ’ f3]a [fl’ f2» f3]

Classically, it is isomorphic to the Lie algebra s(4(C) of traceless 4 x 4 matrices by
sending the above ordered basis to

X11 — X22, X22 — X33, X33 — X44,
X12, X23, X34, X13, X24, X14,
X21, X32, X43, —X31, —X42, X43,

where x;; denotes a matrix with 1 in the (i, j) entry and O everywhere else. We
define an action of «j on h; by «;(h;) = ¢;;. Consider weight spaces gf for B € ®.
By construction we have [h;, e;j] = c;je;, so eg; € g°*/, and Lemma 4.2 gives the
other weight spaces, such as [e], e>] € g*1 72,

Now we perform signed mutation of Q at the vertex 2 to get

2
o= /N
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which has associated gss matrix and Cartan counterpart

0 t —t 2 —1 —1
B=|-t 0 1 and C'=|-1 2 1
r =1 0 -1 1 2

Its simple roots are S = {a}, &), o3} and the group W' is generated by {s|, s}, s5}.
We get roots

/ / / / / / / / / / / /
sil@) =)+, s1(0g) =) +a3, s(0) = —a; +as,
so we get
O =W .S =x{a], o), &}, @]+, o) +af, —a)+aj).
The mutation of roots function acts as follows:
pr:® — D,
o) ap,
o > o,
ol > ap + as,
o) + o) = o) +as,

/ /
o) + o3 > o) oy a3,

/ /
—0) + o3 > o3,

Our Lie algebra g is generated by {e}, f/, h;}i=1,2,3 where we write f/ =e¢’;
Our (R4) relations are

e=1,8=1: [e],¢),es]=]e], e}, 5] =1e), ey, €] =1e), e5] = e}, €5,€5] =0
e=1,8=—1: [}, Ll=1e|, Ll1=1es, €5, fi]=le5, €5, f,]1=0,

together with the relations obtained by interchanging e¢’s and f’s and some redundant
relations. Our (RS5) relations are

61762’f3]_ 627 f39 fl 63761962] 0

together with the relations obtained by interchanging e’s and f’s and the (redundant)
relations going the other way round the cycle. So g has dimension 15 with basis

hy. by Ry ey, e, €5 ey el ley.esl, ). 31, fu fa. fa. LAY o1 LA 3D LS. €5,

Lemma 4.2 gives the weight spaces: for example, [e}, f;] € g%,
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The isomorphism ¢; : g’ — g of Lie algebras acts as follows:

h = hy, ey el i fi,
hy > ha, ey — e, fa f,
W+ hy + h3, ey > —[ea, e3], 3> 1f2, fil.

Note that it preserves weight spaces, as predicted by Theorem 4.26. For example,

@ ” @’ oy oy — oy
(WP 1Bed)+ 2 (gF |fed)  —fHeg ™ guse, f]

Composing this isomorphism with the classical realization of g as sl4(C), we get

’ 1 /
e — X12, €y = X723, €3 = —X24.
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