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AN AXIOMATIC APPROACH TO SYMMETRIC EXTENSIONS

PETER HOLY

We provide a collection of natural axioms centered around the symmetric
forcing theorem, which yield the concept of symmetric extensions, avoiding
the technicalities involved in standard presentations.

1. Introduction

Symmetric extensions are an important concept in set theory, originating from Paul
Cohen’s famous proof of the independence of the axiom of choice from ZF, and
they have since proven to be the key tool to obtain independence and consistency
results over ZF, in the absence of the axiom of choice. In their usual presentation,
they are based on technicalities like the concepts of genericity, forcing names and
their evaluations, and on the recursively defined forcing predicates, the definition
of which is particularly intricate for the basic case of atomic first order formulas.

In [1], Rodrigo Freire provided an axiomatic framework for set forcing over mod-
els of ZFC that is a collection of guiding principles for extensions over which one
still has control from the ground model. Freire showed that his axioms necessarily
lead to the usual concepts of genericity and of forcing extensions, and that one can
infer from them the usual recursive definition of the forcing predicates. In [2], this
was extended to class forcing by Freire and the author. Building on some of the
basic ideas of Freire, we introduce here an axiomatic framework for symmetric
extensions over models of ZF, that also avoids the technicalities connected with
any usual standard setup for symmetric extensions. In particular, the concepts of
genericity and, perhaps most importantly, the recursively defined forcing predicates
are avoided. Instead, we provide a natural collection of axioms centered around
the symmetric forcing theorem. That is, the conjunction of the definability of the
symmetric forcing relations and the truth lemma, stating that anything that holds
true in a symmetric extension is forced by a condition in the relevant (symmetrically)
generic filter. We show that this collection of axioms essentially induces the common
standard concepts: namely, we derive the relevant concept of genericity, the usual
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recursive definitions of forcing predicates, an analogue of the structure of names
for elements of symmetric extensions and their evaluations, and the preservation of
the axioms of ZF to symmetric extensions.

The aim of this paper is twofold. First, it provides a new viewpoint on a central
technical tool in modern set theory: within a suitable basic setup, requiring the
symmetric forcing theorem is sufficient to yield exactly the concept of symmetric
extensions. Second, it provides a self-contained way of introducing symmetric
extensions axiomatically. The only point in the paper where it is strictly necessary
to refer to some sort of standard setup is when we briefly argue that our axioms are
actually consistent, in Section 5.

In this introductory section, we provide a rough description of our axiomatic
framework, which will be followed with formal definitions in Sections 2 and 3.

In the standard setup for symmetric extensions, they are based on so-called
symmetric systems, that is, triples S = (P, G, F) where P is a forcing notion (i.e.,
a preorder, meaning a reflexive and transitive binary relation), G is a group of
automorphisms of P, and F is a normal filter on the set of subgroups of G. Models
of set theory have a large variety of symmetric systems, and these symmetric systems
usually give rise to a vast number of different symmetric extensions. Symmetric
systems themselves may already seem like a fairly technical notion, but in order to
capture the magnitude of complex possibilities offered by the technique of symmetric
extensions, it seems necessary for our basic setup to contain these notions. Thus,
just like usual (class) forcing notions were the basis of the axiomatic description of
(class) forcing in [1] (and [2]), we will make the usual notion of symmetric system
the basis of our symmetric extensions.

Let us fix a transitive ground model M € V for this discussion, and a symmetric
system S = (P, G, F) € M." For the sake of simplicity, we require that M = ZF.?
We think of conditions (that is, elements of the domain P) of P as having partial
information on properties of our extensions. If ¢ < p in °, we say that ¢ is
stronger than p, and we think of stronger conditions as having more information.
The automorphisms 7w € G will naturally extend to maps 2(r) on M, and we
consider x € M to be symmetric in case it is mapped to itself by a large number
of maps €2(;r), namely whenever w comes from a certain set in F. Any particular
symmetric extension is built out of such symmetric elements,> serving as names for
the elements of the symmetric extension, together with a choice of filter on P. We
think of such a filter as a selection of conditions which have correct information
about our symmetric extension, and we will refer to such conditions as being correct.

I'As is common practice, we will use M for the domain of M, P for the domain of P, etc.
2The usual ways of avoiding this extra consistency assumption apply; see for example [5].
31In fact, we only use hereditarily symmetric elements later on.
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The motivation for using a filter of conditions can be explained exactly as in [2]:

« If we consider the information that a condition g has to be correct, then any
weaker condition p has less information than ¢, and this information should
therefore also be correct. This corresponds to the upwards closure property of
filters.

o If p and g are correct conditions, we consider the information that is jointly
collected by p and g to be correct. We require that there is a condition
that collects this joint information and that we consider to be correct. This
corresponds to the property of a filter that any two of its elements are compatible,
as witnessed by yet another element of the filter.

We require that for any condition p € P, there exists a filter G of correct
conditions of which p is an element, so that no condition is a priori incorrect. A
number of natural axioms will make sure that we have ground model control over
our symmetric extension, which we denote as Ms[G], in a sufficiently simple
way. We require the existence of a definable relation on our ground model which,
following [1], we call the P-membership relation. It is supposed to relate to partial
knowledge about the membership relation in symmetric extensions. If a, b € M and
p € P, we say that a is an element of b according to p, and write a €, b in case the
triple (p, a, b) stands in this relation.* If X C P, and a, b € M, we write a €x b to
abbreviate the statement 3p € X a €, b. We want to use € as the membership
relation of Ms[G]. In order to be able to obtain a transitive model Ms[G], we
require the relation €p to be well-founded. The relation €; will usually not be
extensional, but we nevertheless obtain a transitive e-structure Ms[G] as the image
of the homomorphism that is our evaluation map Fg, recursively defined by setting
Fg(b) ={Fg(a) | a g b} for every symmetric b in M. In order to be able to show
that Ms[G] is well-defined and satisfies the axioms of ZF, we will need to require
the following:

« Set-likeness of the P-membership relation: for any symmetric b € M, {a |
a €p b}isasetin M.

e High degrees of freedom for the P-membership relation: for any symmetric
relation S on M x P in M, we find b € M for which {(a, p) |a €, b} = S.

Furthermore, we also require the existence of forcing predicates definably over M,
individually for each first order formula. We do not require any particular defining
instances for these predicates, we only require them to be connected to truth in

“4This relation corresponds to the relation that (@, p) € b in the standard setup, given that a, b are
usual (hereditarily symmetric) forcing names. In this sense, the symmetric ground model objects that
we will make use of as names can immediately be seen to be very similar to the usual (hereditarily)
symmetric names for elements of symmetric extensions.
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generic extensions by the following two axioms (these requirements correspond to
what is usually known as the forcing theorem in any standard setup):

o Whatever holds in Ms[G] is forced by some condition in G.

o Whatever is forced by some condition in G holds true in Ms[G].

Let us mention two additional observations that this paper will help us make:
First, our framework will help us to establish what the right notion of genericity
with respect to symmetric systems is, namely that of symmetric rather than full
genericity, a notion that was only recently introduced in [4]. Second, we will make
the easy observation that one of the axioms in [1] and [2] was in fact unnecessary,
as it easily follows from the remaining axioms, namely the requirement that any
condition in P forces at least as much as any weaker condition in P does.

2. The basic setup

Let £(€) denote the collection of first order formulas in the language with the
binary elementhood relation €. We consider equality between sets to abbreviate the
statement that they have the same elements. We start by providing the definition of
a symmetric framework, which will be the basic formal concept in our approach.

Definition 2.1. A symmetric framework is a tuple of the form
(M$ Sa Rv Qv (”_go)(pe/:(e)a QS)
with the following properties.

e M is a transitive set-size model of ZF.
e S=(P,G, F)eM?
- P = (P, <) is a preorder with weakest element 1.

— @ is a group of automorphism of P.
— F is a normal filter on the set of subgroups of G.

e The P-membership relation R is a definable (over M) relationon P x M x M.
We denote the property R(p, a,b) asa €, b.” We also write

b= {(a,p)lae,b)’

SWe call a triple S with the next three properties a symmetric system.

SWe use preorders rather than (the perhaps more common restriction to) partial orders, dropping
the requirement of antisymmetry (this more general context naturally appears for example in the case
of (symmetric) iterations of forcing notions).

7In the standard forcing setup, this corresponds to the property that (a, p) € b.

Swe emphasize here that =p is not a symmetric relation in general, contrary to what one might
expect from the use of the = symbol. It is so, however, in the standard forcing setup, where =p is just
=, at least when we restrict our attention to subsets of M x P.
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e Q2 is a map with domain G, and for 7 € G, Q(r): M — M is such that {(r, x) |
x € Q(m)} is definable (over M).

» & is a second order unary predicate on P, i.e., a unary predicate on P(P), and
we require that (G) implies that G C P is a filter. If &(G) holds, we say that G
is a symmetrically generic filter. Whenever we quantify over G in the following,
we tacitly assume that we quantify over G’s such that &(G) holds.

o For every ¢ € L(€), I, is a definable (over M) predicate (which we also call
a forcing relation for ¢) on P x M™, where m denotes the number of free first
order variables of ¢.

If (q,a0,...,an-1) €y, we also write g I-@(ao, ..., an—1).

3. The basic axioms

In this section, we present our basic axioms for symmetric frameworks.

(1) Existence of generic filters: Vp € P 3G p € G.°
(2) Well-foundedness: The relation € p on M is well-founded.

Using axiom (2), we can define a notion of name rank, letting, fora € M,
rank a = sup{rank(b) + 1 | b €p a}.
Our next axiom describes how the maps €2 (;r) work.
(3) Extension: Forallbe M,and & € G,
Qm)(0) =r {(Q(7)(a), (p)) |laeM, pe P, ae,b}.

Note that the above induces an action of G on M, that is, if 7y, 11 € Ganda € M,
then, as can easily be verified by induction,

Q () (2(m1)(a)) = (o) (a).
Let the symmetry group of a € M be
sym(a) ={r € G| Q(x)(a) = a}.

We say that a € M is symmetric if sym(a) € F, and we let N denote the collection
of all symmetric objects (from M). We say (inductively, using the axiom of well-
foundedness) that b € N is hereditarily symmetric if a is hereditarily symmetric
whenever a €p b. We let HS denote the collection of all hereditarily symmetric
objects (from M). Elements of HS will serve as names for the elements of our
symmetric extensions defined below. Note that since F is normal, if a is symmetric,

9Remember from the penultimate item in Definition 2.1 that we require that &(G) holds.
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then Q () (a) is symmetric with sym(€2(rr)(a)) = 7w sym(a) n~' e F. This easy
fact will often be used without mention.

Assume that G is such that & (G) holds. Using axiom (2), the relation €5 on HS
is well-founded, and since HS € V, we may thus recursively define our evaluation
function Fg along the relation €¢, letting Fg(b) = {Fg(a) | a € b} for each
b € HS.!0 Let Ms[G] denote the e-structure on the transitive set F[HS]:!! That
is, let Ms[G] = (Ms[G], €), where Ms[G] = Fg[HS] = {Fg(a) | a € HS}. We
refer to Ms[G] as a symmetric extension of M.

The next two axioms should be seen as the most crucial ones, and they state that
a natural form of the forcing theorem holds, that is based on our forcing relations.
Given a finite tuple a = (a; | i < n) of elements of HS (we simply say a € HS in this
case), let Fg(a) = (Fg(a;) | i <n). We use analogous notation also for functions
other than Fg.

(4) Truth lemma: For all ¢ € L(€), all a € HS and all G,
Ms[G] = ¢(Fg(a)) if and only if 3p € G p - ¢(a).
(5) Definability lemma: For all ¢ € L(€), alla € HS and p € P,
plF@(a) if and only if VG 3 p Ms[G] = ¢(Fg(a))."?

Our final two axioms make sure that our setup is reasonable: the former assumes
that names have set-like properties with respect to the P-membership relation, and
the next makes sure that we have a sufficient amount of names available.'?

(6) Set-likeness: 1If b € HS, then {a | a €p b} € M.
If S € M is a subset of HS x P, we say that S is a symmetric subset of HS x P if

AF e FVm € FV(a, p) € S (2(@r)(a), w(p)) € S.

(7) Universality: There is a map I': M — HS that is definable over M, such that
if S € M is a symmetric subset of HS x P, then I'(S) is the unique T € HS
for which T =3 §.

10 may seem like we are taking some sort of transitive collapse of the structure (M[G], €gG),
however note that there is no reason to assume that € is extensional, or that € can be factorized in
order to obtain an extensional relation.

For the moment, this notation is ambiguous, for Mg[G] may not only depend on M, S and G,
but also on the P-membership relation. We will however show at the end of this section that under
additional assumptions, Mg[G] is uniquely determined.

IZNote that we already required the forcing relations to be predicates of our model in our basic
setup, however this axiom connects them with their intended meaning, and it thus seems justified to
consider it to be our version of the definability lemma.

3The uniqueness requirement in axiom (7) below could be avoided, however it is very natural and
easily available in any sort of setup for symmetric extensions.
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The statement of the following lemma was taken to be an axiom in [1] and [2].
However, it is easily provable (and would also have been easily provable in [1] or
[2]) from axiom (5), which has been overlooked in earlier work on the subject.

Lemma 3.1. Forall ¢ € L(€), foralla € HS, and p,q € P, if pl-¢(a) and g < p,
then q |- @(a).

Proof. Assume p I ¢(a) and g < p. Then, axiom (5) implies that
VG 3 p Ms[G] k= ¢(Fg(a)).

But since any G above is a filter, it contains p whenever it contains ¢, hence it
clearly follows that VG > ¢ Ms[G] = ¢(Fg(a)), which again by axiom (5) is
equivalent to g |- ¢(a), as desired. U

We close this section with a lemma which in particular shows that Ms[G] does
not depend on the choice of the P-membership relation.

Lemma 3.2. Assume that we have two symmetric frameworks
(M9 Sv Ra Q? (H_<p)<p€£(e)v 6) and (Mv S, R/, Q/s (“_;))(06[,(6)7 6/)v

which are based on the same model M and symmetric system S = (P, G, F), and
that G is such that both &(G) and &'(G) hold. We will write a €, b and a G/p bin
case R(p,a,b) or R'(p, a, b) hold. We will use HS' to denote the version of HS,
we use F(; to denote the version of Fg, and we use "' to denote the version of I
provided by the latter symmetric framework.

If a € HS, then there is b € HS' such that Fg(a) = F/(b).

Proof. Making use of the map I'', we define a translation function h: HS — HS' by
induction on name rank, and simultaneously show that for any ¢ € HS and & € G,
Q'(m)(h(c)) = h(Q(m)(c)). For c € HS, consider the set C = {(d, p) |d €, c}, and
let F =sym(c) € F. Let C' = {(h(d), p) | (d, p) e C} CHS x P. Letw € F and
pick (h(d), p) € C'. Then, (Q'(7)(h(d)), 7(p)) = (h(Q(7)(d)), 7 (p)) € C', and
thus we may invoke axiom (7), letting

h(c) =T'(C") e HS',

since sym(h(c)) > F by the above. Note that clearly, d €, ¢ if and only if 2 (d) e;,
h(c). Now, if = € G, then
Q' () (h(e)) =r {(Q (W) (h(d)), 7(p)) | d € c}
={(h(Q(m)(d)), (p)) | d €p c}.

On the other hand, A (2()(c)) =g {(h(2(7)(d)), w(p)) | d €, c} as well, thus
Q' () (h(c)) = h(2()(c)) by the uniqueness requirement in axiom (7).
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Concluding the proof of the lemma, we show by induction on name rank that for
any ¢ € HS, F/,(h(c)) = Fg(c). Let ¢ € HS. Inductively,

Fg(h(e)) = {Fg(h(d)) | h(d) €6 h(0)} = {Fg(d) | d €g ¢} = Fg(c),

as desired. O

4. Forcing predicates, density, and symmetry

We will use our axioms to verify some of the basic properties of forcing, including
that the forcing predicates satisfy their usual defining clauses, by arguments that
are partially similar to those in [1, Section 4] or [2, Section 4]. However, we
are making strong use of the universality axiom, the analogue of which was only
introduced much later in both [1] and [2], already in the proof of Lemma 4.2. We
will also show how automorphisms are to be applied to forcing statements. We start
by observing that we obtain the usual defining clause for the forcing relation for
negated formulae.

Lemma 4.1. Forall ¢ € L(€), p € P and a € HS, we have

pl-—@(a) if and only if Vg < p q JF- p(a).

Proof. Let us assume that

() pl-—p@).
By axiom (5), equivalently

(i) YG 3 p Ms[G] = —¢(Fg(a)).
By axiom (4), this is equivalent to
(iii) VG > pVq € G q J¢(a).
We want to argue that this in turn is equivalent to our desired statement that
(iv) Yg < p q JFe(a).

Thus, assume first that (iii) holds, and let ¢ < p. By axiom (1), we may pick a
generic filter G > g, which will thus also contain p as an element. By (iii), we thus
have that ¢ J- ¢(a), as desired.

Conversely, assume that (iv) holds. Let G be a generic filter that contains p as
an element, and assume for a contradiction that there is » € G such that r I ¢(a).
Since G is a filter, we may pick g below both p and r. By Lemma 3.1, it follows
that ¢ IF ¢(a), contradicting (iv). O

The next lemma provides us with objects that represent ground model elements
in our symmetric extensions.
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Lemma 4.2 (ground model elements). There is a definable map ™ : M — HS, a +> a,
such thatVYa € M VG
Fg(a) =a A sym(a) =G.

Proof. Using axiom (7), by recursion on von Neumann rank in M, for b € M, let
b=T({(a,1)|aeb}). Now, for any b € M, F;(b) = b and sym(b) = G is easily
shown by induction on the rank of b, using that 7w (1) = 1 for the latter. (]

It DC P, we let sym*(D) = {m € G| n[D] = D}. A subset D of P is
symmetrically dense if it is dense (i.e., Vp € P g < p g € D) and sym*(D) € F.
We will show that our axioms imply generic filters to intersect all symmetrically
dense subsets of P in M.

Lemma 4.3. Let D € M be such that D C P is symmetrically dense, and let G € &.
Then GND # @.

Proof. Let D = T({(&,d) | d € D}). Clearly, D is symmetric with sym(D) =
sym*(D). Let p € P and assume pl- D = @. Then 3¢ < p g € D, hence & €y D,
so Fg (D) # & whenever g € G, that is, by axiom (5), g I D # &, contradicting
Lemma 4.1. Thus, again by Lemma 4.1, 11~ D # @. It follows that for all G,
Fc;(D) # @, and hence DN G # @. O

We next need another auxiliary result on symmetric open dense sets (which could
easily be extended to arbitrary dense sets, but the current version is sufficient for
our purposes). We say that a subset A of a preorder P is open if it is downward
closed, that is if p € A and ¢ < p, then also g € A.

Lemma 4.4. If D C P is open and symmetric, with D € M, then D is dense below
p if and only if
(MHYYG>pDNG #0.

Proof. Assume first that (1) holds. Let r < p, and using axiom (1), let G be a
generic filter with » € G. It follows that also p € G, and thus using (), we obtain
s € DN G. Since D is open and G is a filter, we obtain g below both r and s that
is an element of D N G, showing that D is dense below p.

On the other hand, assume that D is dense below p, and let G be a generic filter
containing p as an element. Let E=DU{g € P |Vr <qr & D}. Then E is clearly
dense, as for any g € P, either some r < ¢ is in D or, if not, then g € E. But E is
also symmetric. Let w be such that n[D] = D. If g € D, thenn(q) e D C E. If
q € E\ D, this is because no r < ¢ isin D. But then no r < m(g) is in 7[D] = D;

141 may be surprising that we do not obtain that our generic filters intersect a/l dense subsets of [P.
However, it was already noted in [4] that intersecting all symmetrically dense sets seems to be the
right notion of genericity in the context of symmetric extensions. This could be seen to be further
supported by Lemma 4.3, the proof of which does not extend to dense subsets of P.
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that is, m(g) € E. By Lemma 4.3, it follows that G N E # &. Since p € G and G
is a filter, it thus follows that G N D # @, as desired. |

It is now possible to show that the usual defining clauses for the forcing relation
can be recovered from our basic axioms, as well as how automorphisms from G
can be applied to forcing statements. This is shown by a simultaneous induction on
formula complexity, and for atomic formulas, on name rank (or, more precisely,
by induction on pairs of name ranks, with the componentwise ordering'®). For
a,b e HS and p € P, let a €, b abbreviate the statement that 3g > p a €, b.

Theorem 4.5. Forany p € P, ¢, ¥ € L(€),and a, b, a € HS, we have:
(1) plFa € b ifand only if
Vr<pds<rdxeHS[xEb Aslta=x].
(1) plFa Cbifand only if
VxeHSVreP[x€a—> Yg<p,ris<gqgsl-xeb].
(i) plFa=bifandonlyif(plFa b N plFb Cal.
(iv) plFle A Y](a) if and only if pl-@(a) A pl-y(a).
) plFle V¥ 1(a) ifand only if Vr < p3q <r [gl-@(@) Vv ql-y(a)l.
(vi) plk3xe(x,a) ifand only if Vr < pIq <r3Ix € HS g IF @(x, a).
(vii) plFVYxe(x,a) if and only if Vx € HS plko(x, a).
(viii) Forany w € G, pIF@(a) if and only if w (p) IF o(R(7)(a)).

Proof. (i) In order to start the induction, if a = b = &, note that by axiom (5), no
condition forces a € b, and also the statement on the right hand side of our claimed
equivalence is always wrong. Let us assume that p IFa € b. By axiom (5), this is
equivalent to

YG > p Fgla) € F (D).

By the definition of Fg, this in turn is equivalent to
VG 3 p3x e HS [Fg(a) = Fg(x) A x €g b].

Using axiom (4), we obtain the following equivalent form.
VGo>pdxeHS[FreGriFa=x A x €g b].

Now we make use of Lemma 3.1, equivalently obtaining that

VG>pIdseGIxeHS [slFa=x A x & D).

15That s, (ro, sg) < (r1, sy) if and only if ry < r{ and 5o < s1, and for the strict ordering, we
require that one of these inequalities is strict.
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Now note that D :={s € P |3x e HS [slFa =x A x € b]} is open with symmetry
group sym(a) Nsym(b) € F: Inductively, noting that rank(x) < rank(b), by (viii),
for any 7w € sym(a), s IFa = x if and only if 7 (s) IF Q () (a) =a = Q(7w)(x), and
for any m € sym(b), x € b if and only if Q(7)(x) €x(5) Q2(r)(b) = b. Therefore,
if s € D and w € sym(a) Nsym(b), also w(s) € D, as witnessed by 2 () (x) € HS.
Thus, as desired, Lemma 4.4 equivalently yields:

Vr<pds<rdxeHS[x€b A slFa=x].

(i) In order to start the induction, if @ = b = &, note that by axiom (5), any
condition forces a C b, and also the statement on the right hand side of our claimed
equivalence is always true. Let us assume that plFa C b. By axiom (5), this is
equivalent to

VG 3 p Fg(a) € Fg(b).
By the definition of F and axiom (4), this in turn is equivalent to
YVGo>pVxeHSVYreP[(x€ anrnreG)—3seCGslkxeb].

Since all relevant r will be compatible with p, we may equivalently assume that
r < p, and thus obtain the following equivalent form.

VxeHSVr<pVGar[x€a—>3IseGslkxeb].

Now note that {s € P | s I x € b} is open with symmetry group sym(x)Nsym(b) € F:
Inductively, noting that rank(x) < rank(a), by (viii), we argue analogous to the
proof of (i). Thus, Lemma 4.4 equivalently yields:

VxeHSVr<pl[x€ a—Vg<rds<gqgslxeb].
Finally, it is easy to check that we equivalently obtain our desired statement below.
VxeHSVrePlx€ a—>Vg<r,pds<qgsl-xeb].
(iii) and (iv) are very easy, using axioms (5) and (4), and (viii) inductively in the
case of (iv), as in the verification of the next item.
(v) Assume that
pl-e Vv ¥)(a).
By axiom (5), this is equivalent to
VG > p Ms[Gl k= (¢ Vv ¥)(Fg(a)).
This in turn is equivalent to
VG 3 p [Ms[G] = 9@ v Ms[G] = ¥ (@)].
By axiom (4), we obtain the following equivalent form.

VG3plAgeGqgltea) v g eGql-y(a)l.
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Now note that {g € P | g I ¢(a) V q |- (a)} is open with symmetry group sym(a) €
F, using (viii) inductively for ¢ and vr. Thus, Lemma 4.4 equivalently yields our
desired equivalent form:

Vg <par<qrlte@) Vv rikya).
(vi) Assume that p I 3x¢(x, a). By axiom (5), this is equivalent to
VG 5 p Ms[G] = 3x ¢(x, Fg(a)).
This in turn is equivalent to
VG 5 p3x € HS Ms[G] E ¢(Fs(x), Fs(a)).
By axiom (4), we equivalently obtain that
VG 3 pdx €eHS3q € G ql-o(x, a).

Now note that {g € P | 3x € HS g |- ¢(x, @)} is open and symmetric, using (viii)
inductively for ¢. Then, as desired, Lemma 4.4 equivalently yields

Vr < p3q <r3x e HS qlFp(x, a).

(vii) is again an easy consequence of axioms (5) and (4), inductively using (viii)
for ¢.

(viii) By (i), plFa € b if and only if
Vi<pads<rdxeMI[xEb A slFa=x].

Note that rank(x) < rank(b) for any possible witness x in the above. Using axiom (3),
and by (viii) inductively, we obtain that

Q)(x) Exs) Q) (D) A 7(s) |- Q()(a) = Q) (x).

Using (i) again, it follows that w(p)IFQ(r)(a) € Q@) (b), as witnessed by
Q(m)(x). The reverse direction follows making use of 7' eg. The argument for
C is analogous, using (ii).

For the case of negations, assume that p |- —¢(a). By Lemma 4.1, equivalently,
Vg < p q JFe(a). Applying 7 inductively, and using Lemma 4.1 again, we obtain
that

7(p) Ik —p(Q () (a)).

The reverse direction is again obtained by simply using 77 ~! in the same way (note
that Q (7~ 1)Q () = idy). The remaining cases are essentially analogous to the
case of negations, using (iv)—(vii) instead of Lemma 4.1, and using (viii) inductively
in each case. O
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5. ZF in symmetric extensions

In this section, we consider the following statement.
() Preservation of axioms: VG Ms[G] = ZF.'¢

Let us start with the important remark that our axioms (1)—(7), as well as (x),
hold in the standard setup for symmetric extensions (and are thus, in particular,
consistent relative to ZF), as described, for example, in [4]:!7 Given a countable
transitive model M of ZF and a symmetric system S € M, interpreting a €, b as
(a, p) € b, letting &(G) hold if and only if G is a filter on [P that intersects every
symmetrically dense subset of P, and using the standard inductive definitions for
the forcing predicates (which are exactly the ones we derived in Section 4), we
arrive at a symmetric framework. The easy standard result known as the Rasiowa-
Sikorski lemma implies that (1) for every p € P, there is a (fully) P-generic filter
over M that contains p as an element. Axioms (2) and (3) are immediate from
our above definitions. Verifying axioms (4) and (5) amounts to the proof of the
forcing theorem in the standard setup for symmetric extensions (see for example
[4]).'8 Axiom (6) is immediate from our definitions, and axiom (7) follows taking,
in the notation of that axiom, 7' = S, by a straightforward calculation using axiom
(3). It is well-known [4] how to verify (x) with respect to M and S in this context.

We can however also derive axiom (%) from axioms (1)—(7). There are two
different ways to do so. The first possibility is to make use of Lemma 3.2, showing
that Ms[G] is just the standard symmetric extension of M by the S-generic filter G,
and thus, again by the same standard arguments [4], Ms[G] = ZF. The second
possibility is to actually verify the axioms of ZF in Ms[G] using axioms (1)—(7).
The advantage of this second option, which we choose in the below, is that the
argument is self-contained.

Theorem 5.1. Axioms (1)—(7) imply axiom (x).

Proof. Since Ms[G] is a transitive e-structure, it clearly satisfies Regularity and
Extensionality. Using axiom (7), Ms[G] satisfies Pairing: If a, b € HS, let c =g
{(a, 1), (b, 1)}. Then sym(c) > sym(a)Nsym(b) € F, and F5(c) ={Fg(a), Fc(b)}.
By Lemma 4.2, Ms[G] satisfies Infinity.

16pye to axiom (5), this statement could equivalently be replaced by a scheme of axioms, consisting
of statements of the form 1 I ¢ for every ¢ € ZF.

7Earlier references tend to make use of fully generic rather than just symmetrically generic filters,
leading to a somewhat more restricted setting which however simplifies the verification of (x), as it is
possible to make use of the fact that symmetric extensions are submodels of fully generic extensions
in this setting (for example in [3]).

18Since [4] is not yet published, let us remark here that the arguments needed here are very similar
to the arguments for the standard forcing theorem for forcing.
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Let us treat the union axiom: Let a € HS. We need to show that for some b € HS,
\J Fg(a) € Fg(b). Let X ={c | c €p a} € M by axiom (6). Let Y ={d | 3c €
X d ep c} € M by axiom (6). Using axiom (7), let b =r {(d, 1) | d € Y}. It is
straightforward to check that Fg (b) 2 | Fg(a). It remains to show that b € HS. Let
7 € sym(a). It follows that Q (7)[X] = X, which in turn implies that Q (7)[Y] =Y.
It clearly follows that Q2 (7)(b) = b, and hence that sym(b) D sym(a) € F.

Next, Ms[G] satisfies collection: Let a, t € HS, let ¢ be a first order formula,
and assume pl-Vx € a3y ¢(x,y,t). We will find b € HS such that plFVx €
ady eb ¢o(x,y,t). Let X ={c | c €p a} € M. Using the axiom of collection
in M, let Y C HS, Y € M, be such that whenever ¢ € X and s € P are such
that s < p and s IFc € a, if there is y € HS such that s IF¢(c, y, t), then there is
y € Y such that s lF¢(c, y,1). Let Y* ={Qm)(y) |yeY Am eG}e M. Let
b=r{(y,1)]|yeY*)eHS. Nowifce X and g < p forces that ¢ € a, by
Theorem 4.5, there is s < g and y € HS such that s |- ¢(c, y, ). This shows that
plFVx eadyeb ¢p(x,y,t), as desired.

Let us show that Ms[G] satisfies separation: Let a, ¢t € HS and let ¢ be a first
order formula. Let X ={c|c€pa} e M. Let

b=r{(c,p)|lceX A plFlcea A ¢(c,1)]}.

Clearly, b € HS for sym(b) 2 sym(a) Nsym(?), since [ X] = X for = € sym(a),
and by Theorem 4.5 (viii). From the definition of b, it easily follows that F(b) =
{x|x € Fgla) N Ms[G] E ¢(x, Fg(1))}.

Finally, we argue that the power set axiom is preserved to Ms[G]: Let a € HS,
and let X ={c|cepa}e M. For symmetricd CHS x P in M, let x; =g d. Let

b=pgr{(x4,1)]d C X x P is a symmetric subset of HS x P in M}.

IfreGandd C X x Pin M, let t*(d) = {(Q(m)(c), ®(p)) | (¢, p) € d}. If
m € sym(a) and d is a symmetric subset of HS x P, then Q()[X] = X and
Q(m)(xq) = Xz(ay, With sym™(7*(d)) > 7 sym*(d) 7~! € F by the normality of
F, and thus it follows that Q(;r)(b) = b. Now assume that ¢ € HS is such that
Fg(e) € Fg(a) in Ms[G]. Using axiom (4), let p € G force that e C a. Let

d={(c,r)eXxP|3q,f fegenr<qgnrl-f=c}

and let x = x4 =g d. Note that sym(x) = sym(e) by Theorem 4.5(viii). Since
Fg(x) € Fg(b) by the definition of b, it suffices to check that Fg(e) = Fg(x).
Assume first that y € Fg(e). Then there is ¢ € G and f € HS such that f €, e
and y = Fg(f). Hence there is r < p,q in G and c € X such thatr I f =, i.e.,
(c,r) € d. This however implies that y = Fg(f) € Fg(x). On the other hand, if
y € Fg(x), then there is (c,r) € d with r € G and y = Fg(c). But then there is
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g € G and f €, e such that r I f = c¢. This implies that y = Fg(c) € Fg(e), as
desired. U
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