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ON BRAVERMAN-KAZHDAN-NGO PAIRS

DIHUA JIANG, ZHAOLIN L1 AND GUODONG XI

The Braverman-Kazhdan program, later refined by Ngo, aims to understand
Langlands L-functions attached to a reductive group G and a representation
p:G—> GLy, of its L-group, plus certain additional desiderata. Such pairs
(G, p) are called Braverman—-Kazhdan-Ngo6 (BKN) pairs. We explain in this
paper how it is enough to consider BKN pairs (G, p), in order to understand
general Langlands L-functions. A key tool in the approach of Braverman
and Kazhdan is a certain reductive monoid attached to p. There are two
methods of constructing such a reductive monoid in the literature. We prove
that the two methods yield the same monoid when (G, p) is a BKN pair.
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1. Introduction

Let G be a split reductive algebraic group defined over a number field k, and
GV be the dual group over C with the root datum dual to G. For an irreducible
finite-dimensional algebraic representation (p, V,) of G" and an irreducible cus-
pidal automorphic representation w of G(A), where A is the ring of adeles of k,
R. Langlands introduced in [9] the automorphic L-function L(s, 7, p) associated
with (7, p) and proved that L (s, , p) can be defined as an Euler product of local
L-factors
L(s, 7, p) =[] Lo(s, 70, p)
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when s € C with Re(s) sufficiently positive, where |k| is the set of all local places
of k, m = ®,m, (the restricted tensor product decomposition), and the local L-factors
L, (s, m,, p) can be defined through the local Langlands conjecture. It is well known
that the local L-factors are well-defined when v is archimedean or any finite local
place at which 7, is unramified. The Langlands conjecture predicts that L(s, 7, p)
admits a meromorphic continuation to s € C and satisfies the standard global
functional equation. One of the central problems in the theory of automorphic
forms and in the Langlands program is to prove the Langlands conjecture for general
automorphic L-functions L(s, 7, p).

The Langlands—Shahidi method and the Rankin—Selberg method established the
Langlands conjecture for long lists of cases. However, the general situation of
the Langlands conjecture is still widely open. Around 2000, A. Braverman and
D. Kazhdan [4] proposed a framework to establish the Langlands conjecture for
general L-functions L(s, &, p), when (G, p) is a Braverman—Kazhdan—-Ngb pair
as defined below, via local and global harmonic analysis on G. It generalizes the
method of J. Tate’s thesis [28] and the work of R. Godement and H. Jacquet [6].

Definition 1.1 (Braverman—Kazhdan—Ng6 pair). Let G be a split reductive group
over a field of characteristic zero and let p : G — GLy, be a representation of its
dual group. The pair (G, p) is a BKN pair if it satisfies the following conditions.

(1) The kernel of p : G¥ — GLy, is trivial, where d,, is the dimension of p.

(2) There exists a character 0 : G — G,,, such that the exact sequence
15 Go— G5 Gy — 1

holds with Gy = [G, G] the derived group of G.
(3) The derived group Gg = [G, G] is simply connected.

(4) The dual morphism ?" : G,, — G" composed with the given representation
p is a scalar multiplication of G, on the vector space V,, i.e., the identity
p(@”(a)) =a -1y, holds for any a € G,,(C) = C*.

Note that in Definition 1.1, we take any field of characteristic zero as the ground
field, which puts the notion in algebraic terms, and keep in mind that the notion of
the BKN pairs may have a connection to the relative Langland duality of D. Ben-Zvi,
Y. Sakellaridis and A. Venkatesh [5].

The local conjecture in the Braverman—Kazhdan proposal for any local field F
of characteristic zero can be found in [13, Section 4] and [11, Section 2.1]. The
assumptions for a BKN pair are natural but restrictive. For the Langlands conjecture
on automorphic L-function, we may consider the following pairs (G, p), without
loss of generality.
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Definition 1.2 (L-pair). Let G be a reductive group that splits over a number field
k and let p : G¥ — GLy, be a representation of its dual group. We say (G, p) is an
L-pair if the restriction of p to any essentially simple component of the derived
group of GV is nontrivial.

Theorem 1.3. Let F be a local field of characteristic zero, let G be a split reductive
F-group, and let (G, p) be an L-pair. Then there is a canonical BKN pair (H,, pfp)
attached to (G, p) with the following property: Assume that the local Langlands
correspondence is known for G(F) and H,(F). If 7w is an irreducible admissible
representation of G(F), then there is an irreducible admissible representation o of
H, (F) such that the local L-factors and local e-factors

L(s,m,p)=L(s,0,psp) and e(s,m, p,¥)=€(s,0,pp, V)
hold as meromorphic functions of s for all nontrivial characters  : F — C*.

Theorem 1.3 is one of the main results of this paper, which will be proved in
Section 2. The BKN-pair assertion is proved in Section 2A (Theorem 2.4) and the
assertion on local L-factors is proved in Section 2B. With the help of the Borel
conjecture [1; 2; 26], one can make the representation o more explicitly in terms of
the given representation 7 in Theorem 1.3, which will be discussed in Section 3.
Theorem 1.3 suggests that in order to study the Langlands conjecture on general
automorphic L-functions via global zeta integral methods, such as the Rankin—
Selberg method, the Langlands—Shahidi method, the Miller—Schmid method and
the Bravermen—Kazhdan—Ng6 method, the harmonic analysis can be taken over
the BKN-pairs that have the extra nice structures as in Definition 1.1. This will be
further explained by the examples in Section 5, and in our forthcoming work.

As explained in [3; 4; 13], the Braverman—Kazhdan—-Ng6 approach to the Lang-
lands conjecture for automorphic L-functions and other related geometric problems
requires a good understanding of the L-monoids associated with the given group G
as its unit group. For a given BKN-pair (G, p), one has two different constructions
of L-monoids: one is from the Vinberg method [12; 14; 29], which is denoted by
M, and the other is from the general theory of M. Putcha and L. Renner [21],
which is denoted by M”. Note that the two methods construct the monoids with G
as the unit groups under the different assumptions on the structure of the algebraic
groups G. When G is from a BKN-pair, the two methods work and hence we have
both M, and M?. It is important to know whether M, = M? since both have
different geometric features.

Theorem 1.4. For any given BKN-pair (G, p), let M, be the L-monoid as con-
structed from the Vinberg method and let M? be the L-monoid as constructed from
the Putcha—Renner method. Then the two reductive monoids are isomorphic, i.e.,

M, = MP,
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The proof of Theorem 1.4 will be given in Section 4C.

Outline. Section 2 is devoted to the construction of the BKN-pair associated with
any given L-pair and proves Theorem 1.3. In Section 3, we discuss the Borel
conjecture on the local L-packets, which are important for us to understand the
known construction of global zeta integrals for families of L-functions. Section 4
is to discuss the relation between the monoid constructed via the Putcha—Renner
theory and the monoid constructed through the Vinberg universal monoid for any
given BKN-pair. Finally, in Section 5, we present a series of examples of the
BKN-pairs.

2. Braverman-Kazhdan-Ngo pairs

Let k be a field of characteristic zero, which can be a number field or a local field
of characteristic zero— the latter being the only ones considered in this paper. Let
G be a reductive algebraic group that is k-split. Take G to be the k-split reductive
algebraic group with its root datum dual to that of G Let p be a finite-dimensional
k-rational representation of G”. For a given L-pair (G, p), in Section 2A we
show that a particular pair constructed using a fiber product is a BKN-pair. For
convenience, we write (G, p)ggn for a BKN-pair and (G, p), for an L-pair.

For the given L-pair (G, p), over k, let T be a maximal k-split torus of G and
TV be its dual, which is a maximal k-split torus of G”. Let X*(T') be the k-rational
characters of T and X, (T) be the k-rational cocharacters of 7. Then we have that
X*(T)=X.(TY) and X*(TY) = X.(T). Let ® = ®(G, T) be the set of roots of
G with respect to T and @Y = ®(G", T") be the set of roots of G with respect to
TV, which is dual to ®. Let (X, ®; XV, ®V) be the root data as in [27]. Let (B, T)
be a fixed Borel pair of G that determines the subset ®* of positive roots in ®.

2A. BKN-pair via fiber product. For a given L-pair (G, p)r as in Definition 1.2,
in order to prove Theorem 1.3, we are going to construct a BKN-pair (Gy, p°)BkN
via a fiber product associated to (G, p)r. The construction is purely algebraic and
we take any field £ of characteristic zero as the ground field.

We first construct the dual group (G,)"Y by considering the fiber product diagram

G¥ —"— GLy,

2-1) lpr I

(Gv)ad l) PGLdp

where d,, is the dimension of the representation p and p is the canonical morphism
induced from p via the canonical projection. Let H pv be the fiber product of GL,,
and (G").q over PGL, , defined by the diagram (2-1), which is the universal object
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fits into the commutative diagram

p

G\/
™~ v
Nfp ~

HY —" GLy,

bk

(G¥)aa —— PGL,

(2-2)

The morphisms
Ny G — H), pp:H) —GLg, and pr:H, — (G")u

are given by the universality of the fiber product, so that diagram (2-2) commutes.
The fiber product fits into the following commutative diagram with exact rows:

D\/
I —— Gy — H —— (GV)ag — |
2-3) - oo lﬁ
| — G, — GLyg, —— PGL;, — 1

which implies that the composition pg, o DXP(z) = zly, for any z € Gy, which is
Condition (4) of Definition 1.1. It is easy to see that H'Ov is a k-split reductive
algebraic group over k. We are going to prove that H, is a candidate for (G)"”
and its dual (Hpv)v is the candidate for the group G, for the BKN pair (G,, p°).

To make the notion clearer, we take H, to be the k-split reductive algebraic group
whose root datum is dual to that of H . In this way, we have that H) = (H,)". It
is clear that H, is equipped with a morphism

(2-4) Ot Hy — Gy,

which is dual to D¥p Gy — Hpv as in (2-3). Thus, we construct a pair which is
denoted by

(2-5) (Hp, pip)-

In order to show that the constructed pair (H,, pf,) is a BKN-pair, it remains to
show that the exact sequence

0
(2-6) 1= HS = Hy, 3 Gy — 1

holds, with the kernel H; of the morphism ?, equal to the derived group of H),
ie., H ; = [H,, H,], the kernel ker(py,) being trivial, and H ;’ simply connected
according to Definition 1.1.
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Proposition 2.1. With notation as given by the fiber product diagram in (2-2), the
kernel of the morphism pg, : H'Ov — GLy, is trivial.

Proof. Let A € X*(T") be the highest weight of p. Let ZV be the center of G”.

Then A : ZV¥ — G, is a character of Z¥. We claim that

(2-7) HZGux G0 " 2)1zeZ2} =Gy x G
(*=1,1d)(ZY)

In order to prove the isomorphism in (2-7), it suffices to show that the group
on the right-hand side G,, X ;-1 ja)(zv) G" is also a universal object for the fiber
product diagram in (2-1). First of all, we extend the representation p of GV to that
of the group G,, x G by defining the scalar multiplication of G,,:

(2-8) pf(a,g)=a-p(g) foraeG,andgecG".
When (a, g) = (A"'(2),2) € G,, x GV for z € Z", we have
P (W@, ) =271 p)=1.

The extended representation p° factors through the quotient group G, X G":
0.~L1d)(ZY)

29) Gn x G5 GLy @ gl a pg).
(A*I,Id)(ZV)

On the other hand, we have the natural projection
(2-10) Gn X GY (G l(a )] [g].
0L 1d)(ZY)
It is clear that the above construction fits into the fiber product diagram as in (2-1):

Gm X()fl,ld)(ZV) GY L} GLdp
2-11) lpr lpr
(G¥)aa ———— PGL,,

It remains to show the universality of the group Gy, X ;-1 1a(zv) G" With respect
to the fiber product diagram in (2-11).
Let X be any variety fitting into the commutative diagram

x — a,

(2-12) lfz lpr

(G¥)aa —— PGL,

We have to show that there exists a unique morphism f : X — G, X ;-1 14yzv) G~
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such that the following diagram commutes:

fi

It

pe
: Gm X()L—l’]d)(zv) G\/ e GLdﬂ

U

(G¥)aa ———— PGLy,

(2-13)

We first construct the map f and then prove that it is an algebraic morphism.
We first consider the morphism f> : X — (G"),q and the short exact sequence

15 2¥ =GB (G — 1.

For any x € X, we take a local section s, of the projection pr at f>(x), namely, take an
open affine neighborhood U, of f>(x) together with a morphism s, : U, — V, C G",
where V, is some open affine subvariety of GV, such that (pros,)(y) = y for any
y € U,. Let W, be an open affine neighborhood of x in X such that f,(W,) C U,
since f> is a morphism.

Write g, = s, (f2(x)) € GY. According to the commutative diagram in (2-13),
there is some a, € G,, such that

(2-14) fi(x) =axp(gy) = pt(ay, gx), Wwith (ax, g&¢) € Gy x G.

Since the local section is not unique, if we take another local section s/, at f>(x)
with similar open affine neighborhoods, then we have that g/ = s (x) and

fHix)=d.p(g,) =p'd,, g.), with (a,, g.) € Gy xG".

Hence
fi(x) =acp(ge) =a,p(g),

which can be rewritten as
IN—1N =1 7
p(gx(g) ) =a, a,.

Since (G, p) is an L-pair as in Definition 1.2, and pro p = p o pr by (2-1), there is
some z € Z" such that g,(g,)~' = z, which implies that

(ax, gx) = (@,, g (L)', 2).

Hence the image of (., gx) € G, x G in the quotient group G, X ;-1 14)zv) G,
which is denoted by [a,, g1, does not depend on the choice of the local sections
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and is uniquely determined by the given x € X. Therefore, we construct a map
(2-15) x = f(x) = [ax, g]

from X to the quotient group G, X (-1 1a)(zv) G". It is clear from the construction
that the map f fits into the commutative diagram (2-13). From the construction of
the map f, we have

g =5:(fr(x)) and ay= fi(x)-p(g) ' = fi(x) - p(sy(x) 7"

according to (2-14). Hence the map f is locally explicitly given by
x> f(2) = ar 8] = L) - p(sx (1)) 7 5x (f2(x))]

which is clearly algebraic and thus, a morphism.
It remains to prove the uniqueness of the morphism f : X — G, X 3-1 14)zv) G~
that fits into the commutative diagram in (2-13). Suppose that

XL G, x  GVixes[be bl
(A—1,1d)(ZV)
is another morphism fitting into the commutative diagram in (2-13), where b, € G,
and h, € G". For any x € X, since pr(hy) = [hy] = fo(x) € (G")ag, hy € GY is a
pre-image of f>(x) (with a choice of a section). With &, chosen, b, must satisfy
the equation

byp(hy) = pe(bx’ hy) = fl (x)

according to the commutative diagram in (2-13). From the discussion above, the
morphism f is independent of the choice of the local sections. Hence we must
have that f = f’, which proves the uniqueness of the morphism f.

Finally, it is easy to verify that the kernel of the morphism p¢, : H’ov — GLg, is
trivial from the commutative diagram

Ptp

~

0°
Gm X(}L—I’Id)(zv) G\/ E— GLdﬂ

U

(G¥)aa ——— PGL,,

(2-16)

In fact, if h € Hpv belongs to the kernel ker(pog,), then f(h) = [a, g] belongs
to the ker(p®). This means that 1 = p%(a, g) = ap(g) and p(g) = a~' € G,,.
Since (G, p) is an L-pair, we must obtain that g = z € Z", which implies that
a=p)~" =Az)"" and [a, g] = [AM(z)~', z] must be the identity element of
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Gm X (-1.1d)zv) G- Therefore, the given element 42 must be the identity element in
H pV . We are done with (H,, pfp) = (Go, 0°) being the candidate for the canonical
BKN pair associated with the given L-pair (G, p)y.. (]
The proof of Proposition 2.1 yields the following structure of the group H pv .
s
Corollary 2.2. The isomorphism H, = Gy X 31 1azv) G" as in the commutative
diagram in (2-16) is explicitly given by

he H — g(h)=lpph)- psp(h) ™", sn(pri)]1 €Gn  x G,
AL1d)(zv)

which is independent of the choice of the local section sy, near pr(h) from (G)uq to

GV.

Proposition 2.3. (1) The group H; defined via (2-0) is the derived group of H,
ie, H) =[H,, Hpl.

(2) The group H,, which is dual to Hpv as in (2-2), has the following properties:

(i) H, = Gy, X Gy, whose multiplication is given as in (2-17).
(ii) Its derived group Hy = [H,, H,]1 = Gy is simply connected.

Proof. Under the isomorphism of Corollary 2.2, we may identify G, X ;-1 1a)zv) T

with a maximal torus of H pv . One has an isomorphism

Gun X T"ZGyx(T")a:la, tl— (MD)a, [1]).
O 1d)(ZY)

Let (X, ®, XV, ®V) be the root datum of G and denote the root lattice, the coroot
lattice, and the weight lattice by Q, Q" and P respectively. We may denote by
a > @ the map X — P, which is dual to Q¥ < XV, and identify a maximal split
torus of H pv with G,,, X (T")aq. Then the root datum of H pv is given by

Z® 0V, {00V, Za® P, ({(a, 1), a) | € D)).

Associated with the natural morphism G — H,/, one has the map between the
root data given by

70" —- XV :(n,a”)— ni+a”,

with its dual
X—>7ZdP:a— ((a,A), a).

On the other hand, let G be the simply connected cover of Go. We consider
the semi-direct product G,, x; G with the multiplication given by
2-17)

(a1, g1)(a2, g2) = (a1a2, M(a2) " 'g1r(ar)g2) for a1, ar € Gy, g1, g2 € G-
Here the highest weight A € X*(T") is used as a cocharacter A € X, (T) of T. We
may use the same A to denote its image in X, (7,4) via the projection from T to Tqgq.
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Since G and G{f° share the same adjoint group, we have 7;°/Z5° = T,q, where T;*
is the maximal torus of Gy’ and Zf is the center of G{;. Hence the formula for the
multiplication in (2-17) is well-defined. Take the maximal split torus G, x; T*
of G, X, Gy Since A(G,,) commutes with 75, we have G, X, T = G, x 1.
Thus, the root datum of G,, x; Gy with respect to G,, x Tjj¢ is

(Z® P {((a, 1), @) |la €@}, Zd QY,{0}® D).
Denote the covering Gy* — Go by g > g, and consider the homomorphism
(2-18) Gm X Gy — G : (a, g) — Ma)g.
Then the associated map on the root data is given by

X—>Z®P:ar ((a,)),a),

with its dual
7®Q0¥ - XV :(n,a’)—ni+a’.

This proves that H, = G, X, G?)C. Hence the derived subgroup [H,, H,] is isomor-
phic to the derived subgroup of G,, x; G, which is clearly {1} x G{f.
Finally, from the above discussion, the projection
Gn X  G'=GyxG'/{0)7 2 2€Z") = (G la. gl [g]

(=1,1d)(ZY)
is the dual of the embedding

Gy = Gy X, Gy :g—(1,9),

which implies the kernel H; is also the subgroup {1} x Gg. Therefore we prove
that Hy = [H,, H,] is simply connected. U

By the above discussion with Propositions 2.1 and 2.3, we obtain the follow-
ing result over any field k of characteristic zero, which implies the first part of
Theorem 1.3.

Theorem 2.4. Let k be a field of characteristic zero. For any given L-pair (G, p)r,
the pair (H,, psp) of (2-5) is the canonical BKN-pair associated with (G, p)L.

2B. Local factors. Toward the proof of Theorem 1.3,we consider local L-factors and
local e-factors in the sense of Langlands over a local field F of characteristic zero.

We are going to prove a relation of the local L-factors and of the local e-factors,
whose definitions are given under the assumption that the local Langlands conjecture
holds for the relevant group G (F). More precisely, they are defined by

(2-19)  L(s,m,p):=L(s, podr) and (s, 7, p, V) :=€(s,p0¢z, %)

for any nontrivial character y : F — C*, if ¢, is the local L-parameter of 7. Note
that this definition of local L-factors is assumption-free when either  is unramified
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or F is archimedean. When F is non-archimedean and s is ramified, the local
Langlands conjecture for (G, F') remains to be proved in general, although many
cases have been proved.

To complete the proof of Theorem 1.3, we recall from the fiber product diagram
in (2-2) that there is a morphism

Vo, \4 Y
(2-20) G — H.

Let £ be the local Langlands group of F. Then the local L-parameters of G (F)
are the admissible homomorphisms

¢:Lp— GY(C)

up to conjugation by GY(C). Let ITr(G) be the set of equivalence classes of
irreducible admissible representations of G (F’), which are assumed to be of the
Casselman-Wallach type if F is archimedean.

By the assumption in Theorem 1.3, the local Langlands conjecture holds for the
L-pair (G, p), and the BKN-pair (H,, pfp)gkn over F. For any 7w € 17 (G), there
is a local Langlands parameter ¢, associated with . It is clear that the composition
77¥p o ¢ is a local Langlands parameter for the group H,(F). Hence by the local
Langlands conjecture for H,(F), we obtain that nfvp o ¢ is the local Langlands
parameter for some o € [1£(H,). In other words, we have the diagram

Lr —¥ GV(€) —L— GLy,(©)
Hy (©)
with ¢, = ’IFP o ¢5,. From the definition of local L-factors in (2-19), we obtain

L(s, 7, p) = L(s, podz) = L(s, ptp 0 N, 0 ¢r) = L(s, prp 0 ¢o) = L(s, 0, prp).

Similarly, we obtain €(s, , p, ) = €(s, 0, pgp, ¥) for any nontrivial character
Y F— C*. Combining with Theorem 2.4, this completes the proof of Theorem 1.3.

3. Borel’s conjecture

To provide more explicit information about the representation o for the given 7 in
Theorem 1.3, we recall the following conjecture by A. Borel in [2, 10.3.5].

Conjecture 3.1 (Borel). Let H be a connected reductive group over a local field F
and n : H — G a homomorphism with commutative kernel and cokernel. Denote
the induced map on the L-parameters by ® (). Then for any m € I1r(G) with an
L-parameter ¢, the pullback n*m of 7 is a finite direct sum of irreducible admissible
representations H (F) with L-parameter ® (n)(¢).
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This conjecture is refined and proved for several cases in [26]. The refined
conjecture requires the kernel of dn : Lie(H) — Lie(G), the corresponding Lie
algebra of H and G, respectively, is central and the cokernel of n is commutative.
We intend to show that the morphism
(3-1) np:Hy —> G
which is dual to the morphism nzp :GY — Hpv as defined in (2-2), satisfies this
condition.

Lemma 3.2. The morphism ny, : H, — G in (3-1) enjoys the following properties.
(1) The kernel of dny, is central.
(2) The cokernel of n, is a commutative group defined over F.
Proof. According to the proof of Proposition 2.3, the morphism in (2-18) and
Proposition 2.3, the morphism 7y, is explicitly given by

H, =Gy, %, G — G:(a, g A(a)g.

Let g be the Lie algebra of G and go := [g, g], which is the Lie algebra of Gj°. Let
g, be the Lie algebra of G,,, then the morphism d7 is given by

dngp 9. D go—> 9: (A, X) > dA(A) + X,
where dX : g, — g is the differential of A : G,, — G. Hence we have the kernel of
dn given by
{(A, —dA(A)) | A € ga}.

According to the multiplication of H, given in Proposition 2.3, the Lie bracket in
9a D go is given as

[(A1, X1), (A2, X2)1h, = (0, —[[dA(A2), X1], X2D),

where the brackets on the right-hand side of the equality is the Lie bracket in g.
Then, for any A € g, and (A’, X') € g, D go, we have

[(A, —dr(A)), (A", X)]n, = (0, [[dA(A), dA(A)], XD =0,

since [dA(A"), dA(A)] = dA([A, A’]) = 0, where [A, A’] denotes the trivial Lie
bracket in g,. This proves part (1).

As for part (2), note that G/ngp(Hy) = G/A(G,)Go, and since G/ Gy is already
abelian, we obtain G /ng,(H)) is also abelian and defined over F' since every group
is defined over F. We are done. U

Assume that the general Borel conjecture holds for the morphism nyg, : H, — G,
which under the above Condition of the Lemma 3.2 is proved for many cases in
[26, Theorem 3]. We deduce that the o appearing in Theorem 1.3 occurs as a
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direct summand in the direct sum decomposition of the pull-back of = under the
morphism 7¢,, with expected multiplicity [26, Conjecture 2]. Hence Theorem 1.3
can be improved:

Theorem 3.3. Assume that the local Langlands conjecture over F holds for a
given L-pair (G, p), and its associated BKN-pair (H,, pfy)BkN. Assume that the
Borel conjecture holds for the morphism ng, : H, — G as in (3-1). Then for any
m € IIp(G), there exists a o € T1p(H)), which occurs in the direct decomposition
of the pull-back of 7 via the morphism ny,, such that

L(S,]T,p)=L(S,U, pfp) and E(S’n’p’ W)=€(S,0',,0fp, W)

for any nontrivial character . F — C*.

4. L-monoids and BKN-pairs

By Theorem 1.3, for any given L-pair (G, p), in order to understand the Langlands
L-function associated with (G, p)r, locally and globally, it is enough to work with
the associated BKN-pair (H,, pf,)gkn, Which is the pair given by Definition 1.1.
In this section, we may take any BKN-pair (G, p)gkn from Definition 1.1.

As explained in [13], the Schwartz space in the Braverman—Kazhdan proposal
may depend on the geometry of the L-monoid M that contains G as the unit group,
which is the open subset of all invertible elements. From [13, Proposition 5.1], one
can deduce the existence of such L-monoid M?”, following the general theory of M.
Putcha and L. Renner [21]. For the BKN-pair (G, p)gkn. since the derived group
Go =[G, G] is simply connected, one may also construct a monoid M, from the
construction of the Vinberg universal monoid [12; 14; 29] that also contains G as
the unit group. The goal of this section is to prove Theorem 1.4, which states that
these two constructions yield the same monoid.

4A. Construction via the Vinberg method. We now explain how to construct the
Vinberg L-monoid M, of a BKN pair (G, p)pkn.

Take k to be a field of characteristic zero and fix an k-Borel pair (B, T) of
G. By Definition 1.1, the derived group Gy = [G, G] is simply connected. Let
(Bo, Tp) = (B N Gy, T N Gy) be the corresponding k-Borel pair of Gg. Let Z
be the center of G and Z; the center of Gy. Then we have the adjoint group
Gaa=G/Z =Gy/Zy, and in particular, Tog = To/Zo =T/ Z.

Associated with (G, By, Tp), we take A to be the set of simple roots and A to be
the set of the associated fundamental weights. For each fundamental weight w € A,
denote by p,, the associated irreducible rational representation of G with highest
weight . Denote by V,, the underlying space of p,. Define G(J)r = (Ty x Go)/ ZOA,
where ZOA denotes the diagonal embedding of the center Zy of Gg into Ty x Gy.
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We may extend the representation p,, of Gg to GaL by

(4-1) pd(t, ) = w(wot™"))pw(g) for(t, 8) € Ty x G,

where wy is the longest Weyl element in the Weyl group W = W (G, Tp). Each
root & € A can also be extended to G(J)r viaat(t, g) :=a(?).

Following [29], we construct the Vinberg universal monoid. Define a map ¢ by
composing the representation

@2 (M) I 03): Gi = (1 6a)x(T1 GL(V.))

a€EA aEA weA

with the embedding

( I Gm) x( I GL(Va,)>—> ( I Al)x( 8l End(Va,)).

aEA weA aEA weA
Take M™ to be the normalization of the closure of the image L(G(}L) of G, which
is the Vinberg universal monoid associated with the given reductive group G from
(G, p)kn. Denote by G the unit group of the monoid M™. It is clear that
Gt x G* acts on M* by

m(gi, g2) = g 'mgy  for m e M", (g1, 8) € GT x G™.

Let G;,. = [G™, G*] be the derived group of the unit group G*. The abelian-
ization morphism from M™ to the GIT quotient M™ (Gz{er X G(;“er) by G:{er X GL
is denoted by

(4-3) at i MT - MY )GE x G ) = T] AL

a€A
It is a flat morphism as algebraic varieties with equidimensional reduced fibers [12;
14; 29].

Since the derived group G of G is split and simply connected, its dual group
Gy is of adjoint type. Let G,"*° be the simply connected cover of Gj. Then G"*
is the dual group of the adjoint group G,q of G. Let T,," be the maximal torus of G |
that is dual to Ty and T,**° be the maximal torus of G,"*° that is dual to the torus
Tq. It is clear that T,y = To/Zo = T /Z and we have the following exact sequences

1> Zy—>To—>To/Zo—1 and 1— Z)* > T > T — 1,

where Z,** is the center of G;"*" and is the Cartier dual of Z. Let T be the maximal

torus of GV that is dual to 7. Then X*(T) = X.(TY) and X*(T") = X..(T).

Let A be the highest weight of p. In this case, we may write p = p,. This
dominant weight A can be viewed as a dominant cocharacter in X,.(7) of T. By
composing with the canonical map T — T/Z = Ty/Zo = Tp,aa, We regard such
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A € X, (T) as an element in X, (Tp aq4), Which is still denoted by A if it does not
cause any confusion. Then we obtain its composition

(4-4) Gm — To/Zo— [ | G,

aeA

which extends to Al — [T, A! and is still denoted by A. The monoid M;
associated with A or the representation p is defined to be the fiber product

M}L—)M—’_

(4-5) | |

A
Al 2 [T AY

where the abelianization morphism 7 is as given in (4-3). The normality of M;,
follows from [22, Proposition 2, Theorem 9].
Let G, be the unit group of M,, which fits into an exact sequence

(4-6) 1> Gy— G, 2 G, — 1

where m,, is the abelianization morphism of G ;. More precisely, by the definition
of G(")Ir and by (4-2), (4-4) and (4-5), the unit group G, fits into the fiber product

G, —— Gy =(Ty x Go)/ Z§

(@-7) l lpr.

Gn —— Taa=To/Zo
and the multiplication of the group G, is induced from these of G,,, and G(T .
Lemma 4.1. We may write G, = G,, X, Go, with the multiplication given by
4-8) (a1, g1)(az, g2) = (a1a2, M(a2) ™' g1h(@2)g2) for ar, az € Gy, g1, 82 € Go.
Since May) € Ty/ Zo, the product A(az)gir(ax) " is well-defined.
Proof. We have an isomorphism of varieties
(To x Go)/ Z{ = (To/ Zo) x Go : [(1, )] > (1], 1" g)

with inverse given by (Ty/Zy) x Go 2 ([t], g) — [(t, tg)] € (Ty X Go)/ZOA. Then
the projection pry : (Tp x Go)/ ZOA transfers to the canonical projection

(To/ Zo) x Go — To/ Zo.

Then G,, x Gy is the fiber product of (Ty/Zy) x Gy with G, over Ty/Z( according
to the transitivity of the product (see the second to last paragraph in [7, p. 89], for
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instance):

G x Go 225 (Ty/ Zo) x G

4-9) l lprl

G, % Taa=To/Zg
with morphisms
g =AxId: G, x Gy — (To/Zo) x Gy : (a, g) — (A (a), g)
and
g =71, :Gy xGyg— Gy, : (a, g) — a.

Moreover, for any variety X with f; = (fl(l), 1(2)) : X = (Ty/Zp) x Gy and
f2: X — Gy, such that pry o fj = Ao f, there is a unique morphism f : X — G, x Go
such that (A x Id) o f = f and g20 f = fo, which is given by x = (f2(x), f7 (x)).

Under the isomorphism (Ty/Zg) x Go = (To x Go)/Z A the morphism qi induces
the corresponding morphism ¢ : G, x Go — (Tp X G())/ZOA is given by (a, g) —
[(A(a), L(a)g)]. Then we obtain the fiber product diagram

Gm X Go —2 (To x Go)/Z2

(4-10) lqz lprl

Gp —— Tu=To/Z

with G, x Gy as the fiber product. Moreover, using the above identification, for
any variety X with f; = (fl(l), fl(z)) X — (Tp x Go)/ZOA and f>: X — G,, such
that pr; o fi = X o f3, there is a unique morphism f : X — G,, x Gg such that
giof=fiandgyo f = frand is given by x > (fa(x), @)~ P ). Tt
remains to determine the multiplication structure explicitly.
For given (a1, g1), (a2, g2) € G, x Gy, we have
q2((a1, g1)) - q2((az, g2)) = a1az
and
q1((ai1, g1)) - q1((az, g2)) = [(A(a1), A(a1)g1)] - [(A(a2), A(az)g2)]
= [(A(a1)A(a2), A(a1)g11(a2)g2)],
where the first multiplication is in G,, and the second multiplication is in (7p x
Go)/ ZOA. In this way, we get the morphisms
(G x Go) X (G x Go) = Gy = ((a1, 81), (a2, 82)) > araz

and
(G x Go) x (G, x Go) — (To x Go)/Z§

((a1, g1), (a2, g2)) = [(Aa)A(az), M(ar)g1A(az2)g2)],
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whose corresponding morphism (G, x Gg) X (G, X Gg) — (G, x Go) is given
by

4-11)

(a1, 1) - (a2, &) = (a1a2, Marax) "' Ma1)gir(a2) g2) = (a1a2, Ma2) "' g1r(a2) g2)

according to the last paragraph.

As the fiber product of the fiber product diagram in (4-10), the group G,, x Go
with the multiplication given in (4-11) is isomorphic to the group G, because of
the universality. U

From the proof of Lemma 4.1, it is easy to obtain that when the cocharacter A :
Gm — To/ Zo factors through G,,, — Ty — To/ Zy, or equivalently, the representation
p5. can factor through the adjoint group G, the unit group G, is isomorphic to the
direct product G,, x G, which is explicitly given by

4-12) G, =G, x Go, with (a, g) — (a, L(a)g).
For convenience, we state it as a corollary.

Corollary 4.2. If the representation p; can factor through the adjoint group (G")aq,
then the unit group G, is isomorphic to the direct product G,, x Gg, which is
explicitly given as in (4-12).

For any BKN-pair (G, p)skn With p = p;, one checks easily that the natural
homomorphism

G — H) = (Gnx G ) z2€Z} g1, 8)]
is an isomorphism. By Proposition 2.3 and Lemma 4.1, we obtain the following

Corollary 4.3. For a given BKN-pair (G, p)ggkn with p = p;, the group G is
isomorphic to the unit group G; = G, = G(M,), where M, = M, _is the L-
monoid as constructed via the Vinberg method in (4-5).

4B. Construction via the Putcha—Renner method. Given a BKN-pair (G, p)gkn
with p = p; as before, we are going to recall the construction of the monoid M?”
via the Putcha—Renner method and show that G = G (M?), the unit group of the
monoid M°”.

A series of papers by Putcha [15; 16] and Renner [17; 18; 19; 20] classified
the reductive monoid characterized by the toric embedding of maximal tori. The
survey [21] is also a good reference. An explicit construction over not necessarily
algebraically closed fields is given in [14].

Following the notation in [14], we denote by Q2 (p) the set of weights of p and by
&(p) the convex cone generated by €2(p). According to [13, Proposition 5.1], since
the central character of p is the scalar multiplication, it follows that £(p) is strictly
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convex. Let £(p)" be the sub-monoid of X*(T") consisting of & € X*(T') such that
the restriction of o to (p) takes non-negative values. Let a1, ..., ar € X*(T)
such that their orbits under the Weyl group W generate £(p)". By replacing «;
by a W-conjugate if necessary, we may assume that each ¢; lies in the positive
Weyl chamber. Let w,, : G — GL(Vj,) be the representation of G with «; being the
highest weight, where d; is the dimension of the representation. Then the monoid
M? is defined as the normalization of the closure of the image G under

k k
[ [@o : G — [ [End(vy).
i=1 i=1

According to [14, Proposition 5.1], the monoid M? is independent of the choice
of the generators «y, ..., o and is characterized by the property that for every
maximal torus 7" of G, the normalization of its closure in M?” corresponds to the
strictly convex cone generated by the set of weights €2(p) in the sense that the ring
of regular functions on this toric embedding is k[£(p)"].

4C. Proof of Theorem 1.4. For a given BKN-pair (G, p)gkn With p = p, as before,
we constructed in Section 4A a monoid M, with G = G(M,,), the unit group of
M,, and in Section 4B a monoid M” with G = G(M?), the unit group of M?*.
To prove Theorem 1.4, it is enough to prove that M, = M?.

We regard A as a dominant element in X, (7 aq) = X *(TOV’SC) as in Section 4A.
Recall from Corollary 4.3 that G = G, = G, X3 Go. When A =0, it is clear that p
does not satisfy (4) in Definition 1.1. Hence we are able to the condition that A # 0.

Take the maximal split torus T, = G, x Ty and recall the commutative diagram

T, =G, xTy —— G, =G, X, Gg )Mp > Al
| | | |
TO+ = (TO X TO)/ZOA ” Gg— ” M+ + ” HaEA Al

where every square is Cartesian and the left vertical arrow is given by
G x Ty — (To x Go)/ Z§ : (a, t) = [A(a), Ma)t].

Recall M™ is the normalization of the image of the following map

aeA

2 Gy =(To x Go)/Z§ — ( Il N) X (wI;IA End(Vw)>,

Ir. 81— ([T a®)) x( TT @@ot™)pu())-

aeA weA
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Regard ¢ as a representation of GaL and denote the convex cone generated by all
of the weights in ¢ by §7 C X *(TO+) ®R. Let T(")'r denote the Zariski closure of
T," in M. According to [21, Theorem 5.4], T is a normal affine toric variety.
It follows from [21, Section 3.3] that T = Spec k[ X (Tg)], where the character
lattice X (TS’) of 78’ is given by

X(TH=e"nX*T,").

Let T, denote the Zariski closure of T} in M p- Note A # 0. Then the commutative
diagram _
T, — Al

| 2

Tt 1

TO — HaEA A
is Cartesian.

Identify the character lattice X*(73) of Ty, = G, x Ty with Z & X*(Tp). Denote
by &, C X*(T,) ®z R the convex cone generated by the characters

(1,0) and ({0 —wow, A), @), € A.

Here o’ denotes any weight in p,, and ( , ) denotes the pairing between X* (7 aq)
and X, (T .q). Note o' — wow € X*(T) a4), so the pairing is well-defined.

By the Cartesian diagram above, one calculates directly that T, = Speck[X (T,
where the character lattice of T, is given by

X(T)) =& NX D).

On the other hand, by the same arguments as in Proposition 2.3, the Langlands

dual group of G = G, is
G;"/ = G’ﬂ X(}\‘_I’Id)(z(\)/,sc) G(\)/sSC g G\/‘

The isomorphism is induced from 0 : G,, — G" and the homomorphism Gg g
GV, which is dual to the quotient G — G,9 = G,aq- Under this isomorphism, we
may write the representation p of GV as the representation of G} given by

G =Gy, X 01 1) (20 Gy* — GL(V,) : (a, 8) > aly, - pj(g).

where p; denotes the highest weight representation of Gg ¢ associated with A €
X* (T\/,SC)
O ) . V.,SC . . .
Take the maximal torus Gy, X ;-1 14)(zy) Ty > which has the isomorphism
Gm X(}L_]’Id)(z(\)/,sc) TO\/’SC ; Gm X (TOV,SC)ad = Gm X TOV = T}L\/ .

la, 1] = (A(D)a, [1]).
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Identify the character lattice X*(Gm X (5-1 1)z ) T,"*) with Z @ X*(T,’). Then
the weights of p, are given by
(1,2 =)

where ' € X*(T,"*) denotes any weight p}. Note A’ — A € X*(T,’). So &(p) C
X.(T;) ®7 R is equal to the convex cone generated by the weights above. Let ()Y
be its dual cone.

Let T* denote the Zariski closure of T} in M”. Similarly 7% is the normal affine
toric variety Spec k[ X (T*)], where

X(TH =60 NX Ty =&(p)".

We next prove that &, = £(1)Y, which implies that T = T*. Then by [21, Theorem
5.4] this isomorphism extends to an isomorphism M, = M?.

Proposition 4.4. With notation as above, the cones coincide: &, = &(\)".

For the proof, we notice that the isogeny Ty — 70 44 induces isomorphisms
X*(To,20) @2 R=X*(To) ®2 R and X (Tp) ®7 R = X (To.20) ®z R.

So we can use the same notation ( , ) to denote the pairing between X*(7p ,0) @7zR =
X*(Ty) ®z R and X, (Tp) ®7 R = X, (Tp .q) ®7 R. If the context is clear, we may
also use ( , ) to denote the pairing between

X" (T)®R7R=R®X*(T)) 7R and X.(T3)®7R=R® X.(Tp) @7 R.
Proof. We first prove that &, C £(A)". By definition,
((1,0), (1,A —=2)=1>0,

and
(0" = wow, 1), @), (1,1 = ) = (& — wow, A) + (', ' — 1)

= (0, \) — (wow, A).

Any weight in the highest weight representation associated with A lies in the convex
hull of {WA}. It follows that for a fixed «’, one has

(@', )) > (o, wr) = (w ', 1)
for certain w € W, which implies that
({0 — wow, 1), @), (1, 1 = 1)) = (wo(wow ™'’ — w), A).
Since w is the highest weight in p,, we have

w—wow o' =Y nga, ng >0,
aEA
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and
wo(wow ™o —w) = 3 ng(—woa).
aeA
Since —woA = A and X is dominant we obtain (wo(wow '@’ — w), A) > 0, which
implies that &, C £(1)".
It remains to prove that £(1)Y C &,. Suppose that (a, u') € E(A)Y. Then u' =wpu
for certain w € W and dominant u € X, (7p) ®z R. It follows that

(@, 1), (LA = 1) =a+(wp, 2 = 1) =a+ (u, w™'a) = {wp, 1) = 0.
By taking A" = wwgA, we obtain
a > (wu, A) — (@, wor) = (W — wou, A).
Since u is dominant, we write @ = Zw <A Moo for my, > 0. This implies

(a, n) = (a—(wp —wop, A)(1,0) + 3 meu((ww —wow, 1), ww) €&, O

weA

5. Examples

We provide the explicit BKN-pairs (H,, pfp)pkn for some examples of L-pairs
(G, p)r in order to illustrate the discussions above.

5A. Symmetric powers of GL;. We take the L-pair (G, p)r to be (GL,, sym”).
Since p = sym”, the symmetric n-th power of GL,, we must have that the highest
weight A, = nw;, where w is the first fundamental weight of GL,(C).

In the case G = GL,, we have Gy = SL,. We take T to be the maximal torus
of GL; consisting of all diagonal matrices, then 7o = T N SL, consisting of all
diagonal matrices in SL,, and then Zy = {£I,} C Ty. Since the cocharacter is given
by

A= : G, > TH/Z0 =Gy, x> x".

We have H, = G,, x, SL,. We conclude that H, = G,, x SL, when n is even and

H, = GL, when n is odd, which can be verified as follows.
When 7 is even, since A could lift to a cocharacter

x"? 0
)\:Gm%TO:x'_)(O x—n/2>’

by Corollary 4.2, which is a special case of Lemma 4.1, we have G, = G,, x SL;.
When 7 is odd, there is an algebraic group isomorphism

‘ qnth/2 0
GmxiSLy > Gla: (@) > | o a-wp2 )8
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with inverse given by

o (deto. (38 0
e .
8 8 0 det®—1/2 g 8

On the dual side, by Corollary 2.2, we have
G) =Gy, x SLy/{(£1)", £}

When n is even, we have (+1)" = 1 and hence Gx is isomorphic to G,, x PGL,.
When # is odd, we have the following isomorphism of algebraic groups:

(5-1) G/ =GL,:(a,g) > aly-g.

Finally, we consider the representation pg,. When 7 is even, the representation
is given by

(5-2) prp = Stg,, ® sym,,

where stg,, is the standard representation of G,, acting by scalar, and sym; is
the induced symmetric n-th power on PGL,. When 7 is odd, according to the
isomorphism (5-1), the representation py, is given as follows. For any g € GL,,
choose a € G,, such that a®> = det g, which implies that a~'¢ € SL,. Hence

(5-3) pip(g) =a-sym"(a”'g).
Note that this is not the symmetric n-th power of GL,. We summarize the discussion

as a proposition.

Proposition 5.1. For any integer n > 1, let A = nw; be the dominant weight for the
symmetric n-th power representation p;, of GL,. Then the BKN-pair (H,, py)BkN
associated to the given L-pair (GLy, p,)r is explicitly given as follows.

(1) The group H, is given by

G,, x SL, if n is even,

H,=G,, x; SL, =
P Pm AR {GL2 if 1 is odd.

(2) The dual group H pv is given by

G,, x PGL, ifniseven,

HY =
GL, if n is odd.

o

(3) The representation ps is given by

_ [stg,, ® symy asin (5-2) if n is even,
Ple = Pip(g) = a-sym” (a"'g) asin (5-3) ifn is odd.
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(4) The generalized determinant O, : H, — G, is given by

N {Gm x SL, : (a,g)— a ifniseven,
H,=

GL,: gt+>detg if n is odd.

We also refer to [10; 24; 25] for discussions of this case.

5B. The standard representation of GL,,. In this case, the L-pair is (GL,, o)L,
with p, being the standard representation of GL,, associated to the first fundamental
weight w;. To explicate the associated BKN-pair (H,, pr,)knN, We take T to be the
maximal torus of GL,, consisting of all diagonal matrices, and Z be the center of
GL,, consisting of all scalar matrices. Then 7o = T NSL,, and Zy = ZNSL,, = u,,
where u,, is the group of the n-th roots of unity. Consider the isomorphism

t 1,—
To/Zo = T)Z =G " diag(ty, ... t,) (—‘ " ‘).

n t}’l

The highest weight A = w; of the standard representation defines a cocharacter
A:Gm—>T/Z§GZ[1, t— diag(t, 1,..., ) — (¢, 1,..., 1).
Then H, = G,, x, SL,,, with group law given by

(G, X, SL,) x (G,, x,SL,,) = G, x;, SL,, :
((a, ), (@, g)) — (ad, diag((a)7",1,..., 1)g-diag(a’,1,...,1)-g).

As algebraic groups, we have the isomorphism
Gm X, SL, =GL,, : (a, g) — diag(a, 1,...,1) g,
with the inverse given by
GL, > g (detg, diag(det "'g, 1,...,1)-g) € G,, X, SL,,.
On the dual side, we have

G;L/ = G:;’m X SLn/{(w)»(Z)_l, 2) | € Uy C SLn}
=Gy xSL,/{(z™",2) | z € un C SL,},

which is isomorphic to GL,, via the map
G, — GL, : [(a, &)l +> ag.

Finally, according to the construction of pg, in this case, it is still the standard
representation of GL,,.
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To summarize the discussion:

Proposition 5.2. Let A be the highest weight for the standard representation p),
of GL,,. Then the BKN-pair (H,, pfp)BkN associated to the L-pair (GL,, p;) L is
explicitly given as follows.

(1) The group H, is given by
H, =G, x, SL, =GL,.
(2) The dual group H pv is given by
H pv =GL,.
(3) The representation psy is given by

Pp = P = SlGL, »
the standard representation of GL,,.
(4) The generalized determinant 0, : H, — G,, is given by
H,=GL, — G, : g — det(g).
5C. The adjoint representation of GL,. Let G = GL, and p, be the adjoint
representation of GL,(C) and A be its highest weight. In this case, we have

Go=SL,. Take T and Ty as in Section 5B.
Since the character A can be lifted to a cocharacter

G — Tp:a > diag(a, 1,...,1,a7 "),

by Corollary 4.2, which is a special case of Lemma 4.1, we obtain H, = G, x SL,.
On the dual side, we have

H) =Gy x SLy/{(02(2)) ™", 2) | 2 € tt C SLy} = Gy X (SLy/ ),

where u, is the finite group scheme of n-th roots of unity, and the last equality is
because w; (z) =1 for all z € u,,. As algebraic groups, we obtain G} = G,, x PGL,.

Finally the corresponding representation is pg, = stg,, ® Ad, where Ad is the
adjoint representation of PGL,, induced from that of SL,,. To summarize:

Proposition 5.3. Let X be the highest weight for the adjoint representation p; of
GL,. Then the BKN-pair (H,, pty)BkN associated to the L-pair (GL,, p;)r is
explicitly given as follows.

(1) The group H, is given by

H, =G, x; SL, = G,, x SL,.
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(2) The dual group Hpv is given by
H pv = G, x PGL,,.
(3) The representation psp is given by
pp = Stg,, ® Ad,
where Ad is the adjoint representation of PGL,, induced from that of SL,,.
(4) The generalized determinant 0g, : H, — G, is given by
Gu xSL, = G, : (a, g) — a.

5D. The symmetric square representation of GL,. In this case, we consider the
L-pair (GL,,, p))r with G =GL,, and p, being the symmetric square representation
GL, — GL,(1+1)/2, associated to the highest weight 2w,. Take T and Tj as in
Section 5B.

The highest weight A = 2w; € X*(T") = X.(T) of the symmetric square
representation of GV gives a cocharacter

A:G, — T, avw>diag@1,...,1).

Similar to the previous case, we can write H, as the image of the following
homomorphism

G, %, SL, = G,, xGL,, : (a, g) — (a, diag(az, ,....,1)-9)
which is clearly equal to
{(a, g) € G, x GL, | det(g) = a?}.
More specifically, when n = 2/, we have the following isomorphism
G x SLu/{z™ el [ z€ W} = Hpo (@, )]0 (@', g-aly),

which is the same as in [23].
On the dual side, we have

Hy =Gy x SLy/{z 7, 2ly) | 2 € pa),
with the isomorphisms
G X SL/{(z7%.210) | 2 € pn} = Gy x GL, /{(z %, 210) [ 2 € G} -
[(a, &)]— [(a, g)]

and
GL,/{£1,} =Gy x GL,/{(z %, 2L,) | z € Gy} : [g] = [(1, ©)].
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Then the unique morphism GL,, — H pv is given by the central isogeny
GL, — GL,/{xl.} : g = [g].

Since the symmetric square representation has its kernel equal to {£I,}, the given
representation p; descents to a representation p" of GL,, /{Z£I,}.
Dual to the morphism G¥ — G}, we have the morphism G, — G, which is
explicitly given by
(@, 8) € Gy x GL, | det(g) = a’} = GL, : (a, 8) = g.

To summarize:

Proposition 5.4. Let A = 2w; be the highest weight for the symmetric square
representation p;. of GL,. Then the BKN-pair (H,, pfy)BkN associated to the given
L-pair (GL,, p,) 1 is explicitly given as follows.

(1) The group H, is given by
H, =Gy %, SL, = {(a, g) € Gy x GL, | det(g) = a’}
(2) The dual group H pv is given by
Hpv =GL,/{£1,}
(3) The representation psy is given by the descending of p;, from GL, to H;/.
(4) The generalized determinant 0g, : H, — G, is given by
H,=({(a, g) € G, x GL, | det(g) = a*} — Gy, : (a, g) > a.

SE. The doubling case of Sp,,. In this case, the given L-pair is (Sp,,,, o1)r with
G = Sp,, = Go. Let T = T be a maximal torus of G. Let p, be the standard
representation of SO,,4; with A its highest weight. Since 7 = Ty and X is already
a cocharacter of Ty, by Corollary 4.2, which is a special case of Lemma 4.1, we
have in this case H, = G,, X Sp,,,. On the dual side,

H, =Gy x Sping,, 1 /{(1, £12,11)} = Gy X SO241.

Finally due to the construction of pg,, we see in this case that pg, = stg,, ® stso,,,
where stg,, is the standard representation of G,, and stso,,,, is the standard presen-
tation of SOy;,+1. In summary:

Proposition 5.5. Let A be the highest weight for the standard representation p;. of
SOz,41. Then the BKN-pair (H,, pfy)BkN associated to the L-pair (Sp,,, p3)L is
explicitly given as follows.
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(1) The group H, is given by
H, =Gy, x; Spy, = Gy x Sp,,.
(2) The dual group H pv is given by
H;/ = Gm X SOZn+1-
(3) The representation ps is given by

Pip = Stg,, ® Sts0,,,>

where stg,, is the standard representation of G, and stso,,,, is the standard
presentation of SOy, 1.

(4) The generalized determinant Og, : H, — G, is given by
H, =Gy X Spy, — G : (a, g) > a.

This example explains that in [8], the authors must take the group G,, x Sp,,
for the local theory of the Braverman—Kazhdan—Ng6 proposal in the case of the
standard L-functions of Sp,,,.

Acknowledgement

We would like to thank Shengkai Mao for numerous helpful discussions. We are
also very grateful to X. Griffin Wang for providing a helpful reference that improves
the proof of Theorem 1.4. Finally, we express our sincere appreciation to the referee
for valuable comments and suggestions, which have greatly improved the clarity
and quality of this paper.

References

[1] J. D. Adler and D. Prasad, “Multiplicity upon restriction to the derived subgroup”, Pacific J.
Math. 301:1 (2019), 1-14. MR

[2] A. Borel, “Automorphic L-functions”, pp. 27-61 in Automorphic forms, representations and
L-functions (Corvallis, OR, 1977), Proc. Sympos. Pure Math. 33, Amer. Math. Soc., Providence,
RI, 1979. MR

[3] A. Bouthier, B. C. Ngb, and Y. Sakellaridis, “On the formal arc space of a reductive monoid”,
Amer. J. Math. 138:1 (2016), 81-108. MR

[4] A. Braverman and D. Kazhdan, “y-functions of representations and lifting”, Geom. Funct. Anal.
(2000), 237-278. MR

[5] Y. S. D. Ben-Zvi and A. Venkatesh, “Relative Langlands duality”, preprint, 2024. arXiv
2409.04677

[6] R. Godement and H. Jacquet, Zeta functions of simple algebras, Lecture Notes in Mathematics
260, Springer, 1972. MR

[7] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics 52, Springer, 1977. MR


https://doi.org/10.2140/pjm.2019.301.1
http://msp.org/idx/mr/4007368
http://msp.org/idx/mr/546608
https://doi.org/10.1353/ajm.2016.0004
http://msp.org/idx/mr/3462881
https://doi.org/10.1007/978-3-0346-0422-2_9
http://msp.org/idx/mr/1826255
http://msp.org/idx/arx/2409.04677
http://msp.org/idx/arx/2409.04677
http://msp.org/idx/mr/342495
http://msp.org/idx/mr/463157

336 DIHUA JIANG, ZHAOLIN LI AND GUODONG XI

[8] D. Jiang, Z. Luo, and L. Zhang, Harmonic analysis and gamma functions on symplectic groups,
Mem. Amer. Math. Soc. 1473, American Mathematical Society, 2024. MR

[9] R. P. Langlands, “Problems in the theory of automorphic forms”, pp. 18-61 in Lectures in
modern analysis and applications, Lecture Notes in Math. 170, Springer, 1970. MR

[10] Z. Luo, “An introduction to the proposal of Braverman and Kazhdan”, pp. 379-436 in On the
Langlands program: endoscopy and beyond, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap.
43, World Scientific, Hackensack, NJ, 2024. MR

[11] Z.Luo and N. B. Chau, “Nonabelian Fourier Kernels on SL, and GL;”, 2024. arXiv 2409.14696

[12] B. C. Ng6, “On a certain sum of automorphic L-functions”, pp. 337-343 in Automorphic forms
and related geometry: assessing the legacy of I. 1. Piatetski-Shapiro, Contemp. Math. 614, Amer.
Math. Soc., Providence, RI, 2014. MR

[13] B. C. Ngo, “Hankel transform, Langlands functoriality and functional equation of automorphic
L-functions”, Jpn. J. Math. 15:1 (2020), 121-167. MR

[14] B. C. Ngb, Letter to Y. Sakellaridis on semigroups and basic functions, available at https://
personal.math.ubc.ca/~cass/beijing/pdf/ngo-semigroup-test.pdf.

[15] M. S. Putcha, “Reductive groups and regular semigroups”, Semigroup Forum 30:3 (1984),
253-261. MR

[16] M. S. Putcha, Linear algebraic monoids, London Mathematical Society Lecture Note Series 133,
Cambridge University Press, 1988. MR

[17] L. E. Renner, “Reductive monoids are von Neumann regular”, J. Algebra 93:2 (1985), 237-245.
MR

[18] L. E. Renner, “Classification of semisimple algebraic monoids”, Trans. Amer. Math. Soc. 292:1
(1985), 193-223. MR

[19] L. E. Renner, “Classification of semisimple varieties”, J. Algebra 122:2 (1989), 275-287. MR

[20] L.E. Renner, “Algebraic varieties and semigroups”, pp. 81-101 in The analytical and topological
theory of semigroups, Expositions in Mathematics 1, de Gruyter, Berlin, 1990. MR

[21] L. E. Renner, Linear algebraic monoids, Encyclopaedia of Mathematical Sciences 134, Springer,
Berlin, 2005. MR

[22] A. Rittatore, “Very flat reductive monoids”, Publ. Mat. Urug. 9 (2001), 93-121. MR

[23] F. Shahidi, “On non-vanishing of twisted symmetric and exterior square L-functions for GL(n)",
Pacific J. Math. (1997), 311-322. MR

[24] F. Shahidi, “Local factors, reciprocity and Vinberg monoids”, preprint, 2017. arXiv 1710.04285

[25] F. Shahidi and W. Sokurski, “On the resolution of reductive monoids and multiplicativity of
y-factors”, J. Number Theory 240 (2022), 404-438. MR

[26] M. Solleveld, “Langlands parameters, functoriality and Hecke algebras”, Pacific J. Math. 304:1
(2020), 209-302. MR

[27] T. A. Springer, Linear algebraic groups, 2nd ed., Progress in Mathematics 9, Birkhduser, 1998.
MR

[28] J. T. Tate, “Fourier analysis in number fields, and Hecke’s zeta-functions”, pp. 305-347 in
Algebraic number theory (Brighton, 1965), Academic Press, London, 1967. MR

[29] E.B. Vinberg, “On reductive algebraic semigroups”, pp. 145-182 in Lie groups and Lie algebras:
E. B. Dynkin’s Seminar, Amer. Math. Soc. Transl. Ser. 2 169, Amer. Math. Soc., Providence, RI,
1995. MR


https://doi.org/10.1090/memo/1473
http://msp.org/idx/mr/4727522
http://msp.org/idx/mr/302614
http://msp.org/idx/mr/4739681
http://msp.org/idx/arx/2409.14696
https://doi.org/10.1090/conm/614/12270
http://msp.org/idx/mr/3220933
https://doi.org/10.1007/s11537-019-1650-8
https://doi.org/10.1007/s11537-019-1650-8
http://msp.org/idx/mr/4068833
https://personal.math.ubc.ca/~cass/beijing/pdf/ngo-semigroup-test.pdf
https://doi.org/10.1007/BF02573457
http://msp.org/idx/mr/765495
https://doi.org/10.1017/CBO9780511600661
http://msp.org/idx/mr/964690
https://doi.org/10.1016/0021-8693(85)90157-7
http://msp.org/idx/mr/786751
https://doi.org/10.2307/2000177
http://msp.org/idx/mr/805960
https://doi.org/10.1016/0021-8693(89)90216-0
http://msp.org/idx/mr/999073
http://msp.org/idx/mr/1072785
http://msp.org/idx/mr/2134980
http://msp.org/idx/mr/1935829
https://doi.org/10.2140/pjm.1997.181.311
http://msp.org/idx/mr/1610812
http://msp.org/idx/arx/1710.04285
https://doi.org/10.1016/j.jnt.2022.02.002
https://doi.org/10.1016/j.jnt.2022.02.002
http://msp.org/idx/mr/4458245
https://doi.org/10.2140/pjm.2020.304.209
http://msp.org/idx/mr/4053201
https://doi.org/10.1007/978-0-8176-4840-4
http://msp.org/idx/mr/1642713
http://msp.org/idx/mr/217026
https://doi.org/10.1090/trans2/169/10
http://msp.org/idx/mr/1364458

ON BRAVERMAN-KAZHDAN-NGO PAIRS

Received December 12, 2024. Revised August 4, 2025.

DIHUA JIANG

SCHOOL OF MATHEMATICS
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MN 55455
UNITED STATES

jiang034 @umn.edu

ZHAOLIN LI

SCHOOL OF MATHEMATICS
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MN 55455
UNITED STATES

11001870 @umn.edu

GUODONG XI

SCHOOL OF MATHEMATICS
UNIVERSITY OF MINNESOTA
MINNEAPOLIS, MN 55455
UNITED STATES

xi000023 @umn.edu

337


mailto:jiang034@umn.edu
mailto:li001870@umn.edu
mailto:xi000023@umn.edu

	1. Introduction
	2. Braverman–Kazhdan–Ngô pairs
	2A. BKN-pair via fiber product
	2B. Local factors

	3. Borel's conjecture
	4. L-monoids and BKN-pairs
	4A. Construction via the Vinberg method
	4B. Construction via the Putcha–Renner method
	4C. Proof of 0=thm.101=Theorem 1.4

	5. Examples
	5A. Symmetric powers of GL2
	5B. The standard representation of GLn
	5C. The adjoint representation of GLn
	5D. The symmetric square representation of GLn
	5E. The doubling case of Sp2n

	Acknowledgement
	References

