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THE RICCI–DETURCK FLOW FROM AN INITIAL METRIC
WITH A MORREY-TYPE INTEGRABILITY CONDITION

MAN-CHUN LEE AND STEPHEN SHANG YI LIU

We study the short-time existence theory of Ricci–DeTurck flow starting
from rough metrics that satisfy a Morrey-type integrability condition. Using
the rough existence theory, we show the preservation and improvement of
distributional scalar curvature lower bounds provided the singular set for
such metrics is not too large. As an application, we use Ricci flow smoothing
to study the removable singularity related to scalar curvature. Our result
supplements those of Jiang, Sheng and Zhang.

1. Introduction

Let Mn be a Riemannian manifold. The Ricci flow is a family of metrics ĝ(t)
evolving in the direction of their Ricci tensors,

∂

∂t
ĝ(t) = −2 Ric(ĝ(t)).

Introduced by Hamilton in [7], the Ricci flow has seen successful applications
to a number of problems in geometry, most famously in Perelman’s resolution
of Thurston’s geometrization conjecture. It is a weakly parabolic system, and in
[5], DeTurck showed that it is diffeomorphic to a strictly parabolic system, the
Ricci–DeTurck h-flow. Precisely, let Sym2(T ∗M) denote the space of symmetric
2-tensors on M and let X : Sym2(T ∗M) → T M be given by

Xh(g)k
:= gi j (0̃k

i j − 0k
i j ),

where 0̃ and 0 are the Christoffel symbols of h and g respectively. Then the
Ricci–DeTurck h-flow (here using the terminology as in [18] to emphasize the
dependence on the background metric h) is given by the equation

(1.0.1)
∂

∂t
g(t) = −2 Ric(g(t)) −LXh(g(t))g(t)
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Solutions to the Ricci–DeTurck h-flow are related to a Ricci flow via pullback by
diffeomorphisms, that is, if g(t) solves (1.0.1) and χt : M → M is a family of
diffeomorphisms satisfying

(1.0.2)

{
Xh(t)(g(t)) f =

∂

∂t
( f ◦ χt) for all f ∈ C∞(M),

χ0 = id,

then χ∗
t g(t) is a Ricci flow with initial data g(0).

In local coordinates, (1.0.1) is given by

(1.0.3)
∂

∂t
gi j = g pq

∇̃p∇̃q gi j − gkℓgi ph pq R̃ jkqℓ − gkℓg j ph pq R̃ikqℓ

+
1
2 gkℓg pq(

∇̃i gpk∇̃ j gqℓ + 2∇̃k g j p∇̃q giℓ − 2∇̃k g j p∇̃ℓgiq

− 2∇̃ j gpk∇̃ℓgiq − 2∇̃i gpk∇̃ℓgq j
)
,

where ∇̃ and R̃ denote respectively the Levi-Civita connection and Riemann curva-
ture tensor of h and we are suppressing the dependence on t for g(t) in the notation
above.

Since the flow is a parabolic system, one usually expects that it will improve
the regularity of initial data. In view of this, there has been a wide variety of
literature extending the existence theory of Ricci Flow and Ricci–DeTurck h-flow
to settings with less regularity. The foundational result in this area is by Shi in
[16], who showed the short-time existence of a solution to the Ricci–DeTurck flow
from a metric that is complete with bounded curvature. A metric g is called L∞

or bi-Lipschitz if 3−1h ≤ g ≤ 3h almost everywhere on M with 3 > 1 and h is
some fixed smooth background metric. Building on the result of Shi, Simon in
[18] established the following regularization result: if (1 + δ)−1h ≤ g0 ≤ (1 + δ)h
for some sufficiently small dimensional constant δ, then there exists a short-time
solution to the Ricci–DeTurck h-flow on M × (0, T ] which is smooth for t > 0
with convergence back to g0 in C0

loc if g0 was additionally in C0
loc. In Euclidean

space, Koch and Lamm in [10] used heat kernel estimates to show the existence and
uniqueness of a global and analytic solution to the Ricci–DeTurck h-flow on Rn from
L∞ initial metrics that are close in L∞ to the Euclidean metric. Building on these
results, Burkhardt–Guim in [3] further studied Ricci flow from C0 initial metrics
on closed manifolds, in particular relying on heat kernel estimates to establish
an iteration scheme to construct a short-time solution and applied this Ricci flow
existence theory to study scalar curvature lower bounds and a question of Gromov.
In the direction of more general L∞ initial data, Lamm and Simon in [11] showed
the short-time existence for the Ricci–DeTurck h-flow on complete four-manifolds
for rough initial metrics that are in L∞

∩ W 2,2. They showed that solutions are
uniformly smooth for positive time and converge back to the initial data in W 2,2

loc
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sense as t → 0. In [4], Chu and the first named author developed this further and
considered the case where g0 ∈ L∞

∩ W 1,n , showing the existence of the flow
starting from metrics which are L∞ and satisfy a small local gradient concentration
in a W 1,n sense, and study a number of applications.

Motivated by the work [4], and the heat kernel based approach of Burkhardt–
Guim [3], in this work we consider the existence theory for metrics that are in L∞

and satisfy a L p (p ≥ 1) Morrey-type integrability condition (condition (iii) of
Theorem 1.1 below) and study a removable singularity theorem related to scalar
curvature. We will see that the Morrey-type condition allows for the use of heat
kernel estimates to establish a priori estimates that are important for the existence
theory. Our main theorem is the following existence theorem for the smooth h-flow
with quantitative estimates.

Theorem 1.1. Suppose (Mn, h) is a complete Riemannian manifold satisfying
(2.0.1). Suppose g0 is a C0

loc ∩ W 1,2
loc Riemannian metric on M and 6 ⊆ M is a

compact set so that the following holds:

(i) g0 is smooth on M \ 6.

(ii) g0 is globally uniformly bi-Lipschitz on M ; that is, there exists 30 > 1 such
that

3−1
0 h ≤ g0 ≤ 30h on M.

(iii) There exist L0, δ, r0 > 0 and p ≥ 1 such that for every x0 ∈ M and 0 < r < r0

/
∫

B(x0,r)
|∇̃g0|

p dµh ≤ L0r−p+δ.

Then there are T, L > 0 depending only on n, 30, L0, p, δ, r0, h and a smooth
solution g(t) to the Ricci–DeTurck h-flow on M × (0, T ] such that:

(a) for any k ∈ N, there is Bk(n, k, r0, 30, L0, p, δ, h) > 0 such that for all t ∈

(0, T ], x0 ∈ M ,

sup
M

|∇̃
k g(t)| ≤

Bk

t
1
2 (k−δ/p)

;

(b) g(t) → g0 in C0
loc(M) as t → 0;

(c) g(t) → g0 in C∞

loc(M \ 6) as t → 0;

Moreover, the solution is unique within the class of solutions satisfying (a).

The result is new even if 6 = ∅. Our work is motivated by the removable
singularity in view of scalar curvature. In [13], Lee and LeFloch introduced a
notion of distributional scalar curvature for metrics with lower regularity. In [8],
the authors showed that for metrics g ∈ C0

∩ W 1,p
loc (M) where M is complete

asymptotically flat with n ≤ p ≤ ∞ satisfying Rg ≥ 0 outside some compact
singular set 6 also has nonnegative ADM mass (with rigidity) provided the singular
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set is not too large in terms of Hausdorff measure. In the compact case, the authors
in [9] also show that distributional scalar curvature lower bounds can be preserved
and improved to classical scalar curvature lower bounds along Ricci flow for metrics
in W 1,p(M) for n < p ≤ ∞. These results are related to positive mass theorems
for lower regularity metrics and a conjecture of Schoen regarding the removable
singularity of L∞ metrics on Tn with codimension three singularity and Rg ≥ 0 on
the regular part. In this work, we are primarily interested in the following question:
if we strengthen the regularity from C0 slightly to the Morrey-type condition on
the gradient, then under what conditions on the singular set could we expect to
have scalar curvature rigidity. In Theorem 4.6 and Corollary 4.7, we use the rough
existence theory established in Theorem 1.1 to obtain similar results for metrics
which satisfy the Morrey-type condition, as long as the singular set is small in terms
of a notion of codimension considered in [14].

We now outline the rest of this work. In Section 2, we establish the a priori
estimates that will be used later. In Section 3, we prove Theorem 1.1. Finally, in
Section 4, we study the application outlined above.

2. A priori estimates

In this section, we establish quantitative estimates that will be important in the
proof of the main theorem. In general, we consider rough metrics g0 inside a
smooth background manifold (M, h) with supM |Rm(h)| < +∞. Thanks to Shi’s
smoothing result [16], in our content we will as well assume

(2.0.1) sup
M

|∇̃
i Rm(h)| := ki < +∞ ∀i ∈ N,

where ∇̃ denotes the connection of h. In the following and the rest of this work, we
denote by ki := supM |∇̃

i Rm(h)| and we will specify using parentheses the quanti-
ties that certain numbered constants depend upon, e.g., C j = C j (n, k1, . . . , ki ) > 0
denotes a positive constant C j that depends on the dimension and quantities k1, up
to ki . These constants may be changing line by line throughout and we will only
re-introduce the parentheses when the dependency changes. All distances, norms
and connection are measured with respect to the metric h, unless noted otherwise.
We also use a ∧ b to denote min{a, b}.

2.1. Parabolic boot-strapping. Following [16] and [18], the following lemma says
that given a first order interior estimate, we may parabolically bootstrap to obtain
higher order interior estimates.

Lemma 2.2. Suppose g(t) is a smooth solution to the Ricci–DeTurck h-flow on
M × [0, T ] for some smooth background metric h satisfying (2.0.1) so that

(i) 3−1h ≤ g(t) ≤ 3h on M × [0, T ] for some 3 > 1;
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(ii) there exists x0 ∈ M , B1, γ > 0 such that

|∇̃g(x, t)| ≤
B1

t
1
2 −

δ
2p

for all x ∈ B
(
x0, 1 +

γ

2

)
, t ∈ (0, T ].

Then for any m ∈ N, there are Bm(n, γ, m, 3, k0, k1, . . . , km) > 0 such that

(2.2.1) sup
B(x0,1+γ /2m+1)

|∇̃
m g(x, t)| ≤

Bm

t
1
2 (m−δ/p)

for all t ∈ (0, T ∧ 1].

Sketch of Proof. The proof of the above Lemma is a standard induction argument,
using Bernstein and Shi’s trick and the nonscaling invariant order on t given in
assumption (ii) above instead of the t−1/2 found in Lemmas 4.1 and 4.2 of [18]. For
m ∈ N, we obtain (2.2.1) by considering the evolution equation under the operator
∂t − gi j

∇̃i ∇̃ j of

t2m−1−2δ/p
|∇̃

m g|
2(

|∇̃
m−1g|

2
+ Lt−m+1+δ/p),

together with standard cut-off argument. □

2.3. Gradient estimate. We now show that the interior gradient estimate assumed
in Lemma 2.2 can be obtained for smooth solutions of the Ricci–DeTurck h-flow
under the L∞ and Morrey-type integrability assumption. Once the C1 estimate has
been established, Lemma 2.2 gives us all higher-order estimates.

Proposition 2.4. Suppose g(t) is a smooth solution to the Ricci–DeTurck h-flow on
M × [0, T ] for some smooth initial background metric h satisfying (2.0.1) so that

(i) 3−1h ≤ g(t) ≤ 3h on M × [0, T ] for some 3 > 1;

(ii) there exists p ≥ 1, L0, r0, δ > 0, such that for all x0 ∈ M and 0 < r < r0,

/
∫

B(x0,r)
|∇̃g(x, 0)|p dµh(x) ≤ L0r−p+δ

;

(iii) supM×[0,T ] |∇̃g(x, t)| < +∞.

Then there are B1(n, 3, L0, k0, k1, k2) and T1(n, 3, L0, p, δ, k0, k1, k2) > 0 such
that

(2.4.1) sup
M

|∇̃g(x, t)| ≤
B1

t
1
2 −

δ
2p

for all x ∈ M, t ∈ (0, T1 ∧ T ].
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Proof. For the sake of convenience, we will suppress the dependence on t and denote
g(t) by g unless explicitly stated otherwise. We might assume T ≤ 1, p > δ and
r0 ≤ 1. We will use C to denote any constants depending only on n, k0, k1, k2, 3, L0

which might change line by line.
Let B1 ≥ 1 be a constant to be chosen. We let T1 to be the maximal time on

which (2.4.1) holds. We have T1 > 0 thanks to (iii). Moreover, if T1 < T , then there
is a x0 ∈ M such that

(2.4.2)


supM |∇̃g(x, t)| ≤

B1

t
1
2 −

δ
2p

on (0, T1),

|∇̃g(x0, T1)| ≥
B1

2T
1
2 −

δ
2p

1

.

It suffices to estimate T1 from below. We assume T1 ≤ T ; otherwise the result holds
trivially.

Our first step is to compute the evolution equation of |∇̃g|
2 under the operator

□g := ∂/∂t − 1g
− ∇X where 1g

= gi j
∇i∇ j consists in taking derivatives with

respect to the metric g instead of h. By (1.0.1) and Young’s inequality,

(2.4.3)
∂

∂t
|∇̃g|

2
≤ gi j

∇̃i ∇̃ j |∇̃g|
2
− C−1

|∇̃
2g|

2
+ C |∇̃g|

4
+ C |∇̃g|.

Since |∇̃g| may not be smooth, define the smooth function Q by

Q :=
(
|∇̃g|

2
+ 1

) 1
2 ,

which satisfies

(2.4.4) □g Q ≤ C Q3
+ C.

Let f (t) = exp
(
−A(tδ/p

+ t)
)

for a constant A > 0 to be determined. For all t < T1,
(2.4.4) and (2.4.2) imply

(2.4.5) □g ( f (t)Q − Ct) = f (t)
(

−
Aδ

p
t

δ
p −1

− A
)

Q + f (t)□g Q − C ≤ 0,

by choosing A sufficiently large in the second inequality above and using the fact
that f (t) ≤ 1 for all t ≥ 0 for the last inequality. Hence, by the maximum principle
we obtain

(2.4.6) 1
4 f (T1)B1T

−
1
2 +

δ
2p

1 − CT1 ≤

∫
M

K (x0, T1; y, 0) f (0)Q(y, 0) dµh(y),

where K is the heat kernel for the heat operator □g.
We now wish to obtain an estimate for the heat kernel K . We do this by modi-

fying an estimate established by Bamler, Cabezas-Rivas and Wilking in [2]. Let
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G̃(x, t; y, s) denote the heat kernel associated to the backwards heat equation
coupled with a Ricci flow h(t). That is,(

∂s + 1ht
y,s

)
G̃(x, t; · , · ) = 0 and lim

s→t−
G̃(x, t; · , s) = δx( · ).

Then for all (y, s) ∈ M × [0, T ], G̃( · , · ; y, s) is the heat kernel associated to the
conjugate equation(

∂t − 1
ht
x,t − Rht

)
G̃( · , · ; y, s) = 0 and lim

t→s+

G̃( · , t; y, s) = δy(x).

Proposition 3.1 of [2] gives the following estimate: for any n, A > 0, there is a
C(n, A) < ∞ such that the following holds: Let (M, h(t)), t ∈ [0, T ] be a complete
Ricci flow satisfying

(2.4.7) | Rm(x, t)| ≤ At−1 and Volht

(
Bht (x,

√
t)

)
≥ A−1tn/2

for all (x, t) ∈ M × (0, T ]. Then

(2.4.8) G̃(x, t; y, s) ≤
C

tn/2 exp
(

−
d2

s (x, y)

Ct

)
for any 0 ≤ 2s ≤ t .

Let G(x, t; y, s) denote the heat kernel associated with the heat equation coupled
with the Ricci Flow h(t)(

∂t − 1
ht
x,t

)
G( · , · ; y, s) = 0 and lim

t→s+

G( · , t; y, s) = δy(x).

Choosing the Ricci flow h(t) above to be the one related to g(t) via pullback
by diffeomorphisms generated by X , that is, h(t) = χ∗

t g(t), then the heat kernel
K that we are interested is related to the heat kernel G also by pulling back
the diffeomorphisms generated by X . We first show that under our assumptions,
(2.4.8) can be used to obtain an estimate for G(x, t; y, 0). By our assumptions and
Lemma 2.2, we have the bound

sup
M

|Rht | = sup
M

|Rgt | ≤ B2t−1+α

for some constant B2(n, 3, k0, k1, k2, B1) < ∞ and some small α = α(p, δ) > 0.
Then (

∂t − 1
ht
x,t

)
G̃ = Rht G̃ ≥ −B2tα−1G̃,

which gives(
∂t −1

ht
x,t

)
(exp(α−1B2tα)G̃) ≥ −B2tα−1 exp(α−1B2tα)G̃+B2tα−1 exp(α−1B2tα)G̃

≥ 0.
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Since G(x, t; y, s)= G̃(x, t; y, s)= δy(x) at time t = s > 0, the maximum principle
gives

G(x, t; y, s) ≤ exp(α−1 B2tα)G̃(x, t; y, s) ≤ 2G̃(x, t; y, s)

if we shrink T1 depending on B2, δ, p. Note that our assumptions also ensure
that the Ricci flow h(t) = χ∗

t g(t) satisfies the assumptions (2.4.7) above. Finally,
writing K (x, t; y, s) = G(χ−1

t (x), t; χ−1
s (y), s) and after computations similar

to that of Lemma 2.9 of [3], we obtain the following estimate for K : there is a
C = C(n, 3) > 0 such that

(2.4.9) K (x, t; y, s) ≤
C

tn/2 exp
(
−

d2
h (x, y)

Ct

)
for any t ∈ (0, T ].

By (2.4.9), the co-area formula and Stokes’ theorem, we have on the right-hand
side of (2.4.6)

(2.4.10)
∫

M
K (x0, T1; y, 0) f (0)Q(y, 0) dµh(y)

≤

∫
M

C0

T
n
2

1

exp
(

−
d2

h0
(x0, y)

C0T1

) (
|∇̃g0|

2
+ 1

) 1
2 dµh(y)

=

∫ ∞

0

C0

T
n
2

1

exp
(

−
r2

C0T1

) (∫
∂ B(x0,r)

(
|∇̃g0|

2
+ 1

) 1
2 d S(y)

)
dr

=

∫ ∞

0

C0

T
n
2 +1

1

exp
(

−
r2

C0T1

)
2r
C0

(∫
B(x0,r)

(
|∇̃g0|

2
+ 1

) 1
2 dµh(y)

)
dr,

where d S is the surface area measure induced by dµh and C0 above is the constant
obtained from (2.4.9). For p ≥ 1, assumption (ii) and Hölder’s inequality gives∫

B(x0,r)

(
|∇̃g0|

2
+ 1

)1/2 dµh(y) ≤ C L0rn−1+δ/p

for all 0 < r < r0. If r > r0, we estimate it using trivial bound from (2.4.2) and
volume comparison:∫

B(x0,r)

(
|∇̃g0|

2
+ 1

)1/2 dµh(y) ≤ B1t
δ

2p −
1
2 · exp(Cr).

Substituting this into (2.4.10) we obtain

∫ ∞

0

C0

T
n
2 +1

1

exp
(

−
r2

C0T1

)
2r
C0

(∫
B(x0,r)

(
|∇̃g0|

2
+ 1

) 1
2 dµh(y)

)
dr
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≤

∫ r0

0

C

T
n
2 +1

1

exp
(

−
r2

C0T1

)
rn+

δ
p dr +

∫ ∞

r0

2B1

T
n
2 +

3
2 −

δ
p

1

exp
(

Cr −
r2

C0T1

)
dr

≤ CT
−

1
2 +

δ
2p

1

∫ ∞

0
exp

(
−

s2

C0

)
sn+

δ
p ds +

∫ ∞

1√
T1

C B1

T
1+

n
2

1

exp
(

−
r2

2C0

)
dr

≤ CT
−

1
2 +

δ
2p

1 +
C B1

T
1+

n
2

1

exp
(

−
1

2C0T1

)
.

So we have

1
4

e−AT
δ
p

1 −AT1 B1T
−

1
2 +

δ
2p

1 ≤ C1T
−

1
2 +

δ
2p

1 +
C B1

T
1+

n
2

1

exp
(

−
1

2C0T1

)
+ CT1.(2.4.11)

for some C1(n, 3, k0, k1, k2, L0) > 0. By choosing B1 = 8C1, we see that T1 is
bounded from below by a constant depending only on δ, p, k0, k1, k2, n, 3, L0. □

3. Short-time existence

In this section, we will prove short-time existence on metrics which are possibly
singular and satisfy the Morrey-type integrability condition. We first consider the
case when 6 = ∅, that is, when the initial data is smooth and satisfies the uniform
Morrey-type integrability condition. We note that since M is possibly noncompact,
the uniform short-time existence is not covered by the work of Simon [18].

Proof of Existence in Theorem 1.1 when 6 = ∅. Without loss of generality, we
assume M to be noncompact. By [19] and | Rm(h)| ≤ k0, there is ρ ∈ C∞

loc(M) such
that |∇̃ρ|

2
+ |∇̃

2ρ| ≤ 1 and

C(n, k0)
−1(dh( · , p) + 1) ≤ ρ( · ) ≤ C(n, k0)(dh( · , p) + 1)

for some C(n, k0) > 0. Let φ be a smooth function on [0, +∞) such that φ ≡ 1 on
[0, 1], φ ≡ 0 on [2, +∞) and 0 ≤ −φ′

≤ 10. Fix Ri → +∞ and define a smooth
metric

gi,0 = φ(ρ/Ri )g0 + (1 − φ(ρ/Ri ))h

on M which coincide with h at spatial infinity of M and coincide with g0 on compact
subset of M as i → +∞. Then we might apply Theorem A.1 of [11] (which is a
modification of Shi’s classical existence theory in [16]), to find short-time solution
to the Ricci–DeTurck h-flow gi (t) on M ×[0, Si ] for some maximal existence time
Si > 0 such that gi (0) = gi,0 and supM |∇̃

m gi ( · , t)| < +∞ for all t ∈ [0, Si ] and
all m ∈ N.
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Since

(3.0.1) |∇̃gi,0| ≤
C(n, k0)

Ri
|g0 − h| +φ · |∇̃g0|,

the metric gi,0 satisfies the assumption of Proposition 2.4 uniformly for all i →

+∞. Hence, Proposition 2.4 and Lemma 2.2 apply to show that there is a
T (n, 30, L0, p, δ, h) > 0 such that T ≤ Si with the solution gi (t) obtained above
also satisfying (a) for all t ∈ (0, T ] uniformly for all i →+∞. We therefore obtain a
smooth Ricci–DeTurck h-flow g(t) on M × (0, T ] by taking subsequence i → +∞

using the Arzelà–Ascoli theorem. Since |∇̃gi | has a uniform integrable bound in t ,
we see that g(t) exists as a C0

loc metric on M ×[0, T ]. Indeed, by shrinking T we
have

(3.0.2) (23)−1h ≤ g(t) ≤ 23h

on M × [0, T ] by integrating ∂t g in time. □

We now want to consider the case when 6 is a nonempty compact subset of M .
We start with constructing a C∞ approximation of g0, see also [12; 17; 14; 6] for
the other similar approximation schemes.

Lemma 3.1. Suppose g0 is a C0
loc metric on M and is smooth away from a compact

set 6. Moreover, suppose that

(i) there is a 30 > 1 such that on M ,

3−1
0 h ≤ g0 ≤ 30h;

(ii) there exist L0, δ, r0 > 0 and p ≥ 1 such that for every x0 ∈ M , 0 < r < r0,

/
∫

B(x0,r)
|∇̃g0|

p dµh ≤ L0r−p+δ.

Then there is a sequence of smooth metrics gi,0 on M satisfying the following
conditions:

(a) For i sufficiently large,

(230)
−1h ≤ gi,0 ≤ 230h on M.

(b) There exist L1, r1 > 0 such that for every x0 ∈ M and 0 < r < r1,

/
∫

B(x0,r)
|∇̃gi,0|

p dµh ≤ L1r−p+δ.

(c) gi,0 → g0 in C0
loc on M as i → ∞.

(d) gi,0 → g0 in C∞

loc on M \ 6 as i → ∞.

(e) gi,0 → g0 in W 1,p
loc (M) as i → +∞.
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Proof. Without loss of generality, we will assume M to be noncompact. By the
embedding theorem of Morrey (see for example “Morrey’s Lemma” [1, (1.3) ]),
assumption (ii) implies that g0 is locally Hölder continuous with exponent δ/p < 1
on M . Since 6 is compact, there is a point p ∈ M and R > 0 such that 6 ⋐ B(p, R).

Note that K = B(p, R) is compact. We now cover K by finitely many open
coordinate charts {Uk}

N
k=1. Also let U0 = M \ K . Let ϕk be a partition of unity

subordinate to U0 ∪
⋃N

k=1 Uk . Then we can decompose the metric g0 =
∑N

k=0 gk
0

on each chart by gk
0 = ϕk g0. We might assume each Uk is diffeomorphic to unit

ball BRn (1) in Rn . For k = 1, . . . , N , let η be the standard mollifier with compact
support inside BRn (1) and

∫
Uk

η(y) dy = 1. For k ≥ 1, we define

gk
i,0(x) :=

∫
Uk

gk
0(x − i−1 y)η(y) dy.

for x ∈ Uk . Since ϕk is compactly supported in Uk for k ≥ 1, we see that gk
i,0(x) = 0

for x → ∂Uk and sufficiently large i . Hence, gk
i,0 extends trivially on M . Thus

we define gi,0 :=
∑N

k=1 gk
i,0 + g0

0 to be a metric on M . Near the infinity of M ,
gi,0 = g0

0 = g0, while on compact set, gi,0 is a mollification of g0. It suffices
to check that the above properties are satisfied on compact sets. For (a) and (b)
above, it suffices to show that they are satisfied on compact set. Clearly by the
standard mollification, we have (e) and (d) since g0 ∈ W 1,p

loc (M)∩ C∞

loc(M \6) so
that gk

i,0 → gk
0 as i → +∞ in W 1,p

loc (M) ∩ C∞

loc(M \ 6) for each k.
To see (c), If x /∈ ∪

N
k=1Uk , then the result holds directly. If x ∈ K , then x ∈ Uk for

some k = 1, . . . , N . Fix any ε > 0. By the Hölder continuity of g0, for i sufficiently
large, |gk

0(x − i−1 y) − gk
0(x)| < C |i−1 y|

α < ε for any x, y ∈ Uk . Here C depends
also on the choice of partition of unity. Hence, since

∫
Uk

η(y) dy = 1,

|gk
i,0(x) − gk

0(x)| =

∣∣∣∫
Uk

gk
0(x − i−1 y)η(y) dy − gk

0(x)

∣∣∣
≤

∫
Uk

|gk
0(x − i−1 y) − gk

0(x)|η(y) dy

≤

∫
Uk

|i−1 y|
αη(y) dy

≤

∫
Uk

εη(y) dy = ε.

From this, (a) also follows for i sufficiently large.
It remains to prove (b). It suffices to show (b) for each gk

i,0. We choose r1 < r0

so that for each x0 ∈ supp(ϕk), B(x0, r1) ⋐ Uk . For fixed y with |y| ≤ 1, note that
z := x − i−1 y is a translation with determinant of Jacobian uniformly bounded from
above and below. We use the fact that mollification and differentiation commute,
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i.e., ∂gi (x) = (ηi ∗ ∂g)(x), then by Minkowski’s integral inequality,(∫
B(x0,r)

|∂gk
i,0(x)|pdµh(x)

) 1
p

=

(∫
B(x0,r)

∣∣∣∫
Uk

|∂gk
0(x − i−1 y)η(y) dy

∣∣∣p
dµh(x)

) 1
p

≤

∫
Uk

(∫
B(x0,r)

|∂gk
0(x − i−1 y)η(y)|pdx

) 1
p
dy

≤

∫
Uk

η(y) dy
(∫

B(x0,r)
|∂gk

0(x − i−1 y)|p dµh(x)
) 1

p

≤

(
C

∫
B(x0+i−1 y,r)

|∂gk
0(z)|

pdz
) 1

p

≤ (C L0rn−p+δ)
1
p .

Here C depends on the choice of a partition of unity. So (b) is satisfied. □

Now we are ready to prove Theorem 1.1 under the presence of singular sets 6.

Proof of Theorem 1.1 when 6 ̸= ∅ . Let gi,0 be the smooth approximation of g0

obtained from Lemma 3.1. By properties (a), (b) in Lemma 3.1 above, we know
that for i sufficiently large, that

(3.1.1) (230)
−1h ≤ gi,0 ≤ 230h,

and for all x0 ∈ M and 0 < r < r1,

(3.1.2) /
∫

B(x0,r)
|∇̃gi,0|

p dµh ≤ Lr−p+δ

for some L > 0.
Since each gi,0 is smooth and satisfies (3.1.1) and (3.1.2) above for i large enough,

by fullrefon, we obtain constants T (n, h, 30, p, δ, h, L , r1) > 0 and a sequence of
Bk(n, h, 30, p, δ, h, L , r1) > 0 and solutions gi (t) to the Ricci–DeTurck h-flow
on M × [0, T ] such that gi (0) = gi,0 satisfying

sup
M

|∇̃
k gi (t)| ≤

Bk

t
1
2 (m−

δ
p )

on M × (0, T ].
So by the Arzelà–Ascoli theorem and taking a subsequence, we obtain smooth

g(t) = limi→∞ gi (t) on M ×(0, S] with g(t) satisfying (a) and (b). Since gi,0 → g0

in C∞

loc(M \ 6) as i → +∞, g(t) ∈ C∞

loc ((M \ 6) × [0, T ]) using [4, Proposition
2.2].

It remains to show the uniqueness within the class of solution satisfying the
property (a). If M is compact, it follows from [3] since g(t) attains g0 in C0

loc sense.
It remains to consider the case when M is noncompact. It follows almost identically
to the proof of [4, Theorem 3.1] with modification. We give a sketch here. Suppose
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g(t) and ĝ(t) are two solution on M × (0, T ] satisfying derivatives estimates in (a).
Clearly, both g(t) and ĝ(t) converge to g0 in C0

loc as t → 0. Instead of using the

concentration of gradient, we use the fact that |∇̃g|+ |∇̃ ĝ| ≤ Ct−
1
2 +

δ
2p to show that

the tensor α = g − ĝ satisfies

(3.1.3)
∂

∂t

∫
M

η4
|α|

2 dµh ≤ C
∫

M
η2

|α|
2 dµh + Ct−

1
2 +

δ
2p

∫
M

η4
|α|

2 dµh

which is analogous to [4, (3.20)]. Here η is a smooth cut-off function on M with
compact support on B(x, 2). Since t−

1
2 +

δ
2p is integrable in t near t = 0, the argument

can be carried over. □

4. Applications: preserving the distributional scalar curvature lower bound

In this section, we use the existence theory established above to study the preserving
of weak scalar curvature lower bound along the Ricci flow smoothing. In [13],
Lee–LeFloch introduced a notion of distributional scalar curvature that is defined
for metrics with low regularity. In particular, for any g ∈ L∞

loc ∩ W 1,2
loc with locally

bounded inverse g−1
∈ L∞

loc, they define the scalar curvature distribution Rg by

(4.0.1) ⟨Rg, u⟩ :=

∫
M

(
−V · ∇̃

(
u

dµg

dµh

)
+ Fu

dµg

dµh

)
dµh

for every compactly supported smooth test function u : M → R and where

9k
i j :=

1
2

gkℓ
(
∇̃i g jℓ + ∇̃ j giℓ − ∇̃ℓgi j

)
V k

:= gi j9k
i j − gik9

j
j i

F := trg R̃ic − ∇̃k gi j9k
i j + ∇̃k gik9

j
j i + gi j

(
9k

kℓ9
ℓ
i j − 9k

jℓ9
ℓ
ik

)
and dµg/dµh ∈ L∞

loc ∩ W 1,2
loc is the density of dµg with respect to dµh . Let a be a

constant. We say Rg ≥ a in the distributional sense when ⟨Rg − a, u⟩ ≥ 0 for every
nonnegative smooth test function u. Clearly, when g is C2, the distributional scalar
curvature Rg coincides with the classical scalar curvature.

Our main motivation is to study metrics on compact manifolds which are smooth
outside some singular sets. In other words, we want to consider the question of
whether a scalar curvature lower bound can be extended to a distributional scalar
curvature lower bound across a set where the metric is singular. In [8], the authors
consider this for when g ∈ C0

∩ W 1,p
loc (M) for n ≤ p ≤ ∞ and the singular set is

small in the sense of Hausdorff dimension, see [8, Lemma 2.7]. In this work, we
use a notion of codimension for compact subsets 6 ⊂ M based on the volume
growth of tubular neighborhoods of 6.



388 MAN-CHUN LEE AND STEPHEN SHANG YI LIU

Definition 4.1. For a complete smooth Riemannian manifold Mn with smooth
background metric h, a compact set 6 of M is said to have codimension at least
d0 > 0 if there exist b > 0 and C > 0 such that for all 0 < ε ≤ b

Volh (6(ε)) = Volh ({x ∈ M : dh(x, 6) < ε}) ≤ Cεd0 .

We show that when g satisfies the L∞ and the Morrey-type condition, and satisfies
a scalar curvature lower bound outside of a compact set 6, then the corresponding
distributional scalar curvature lower bound holds when 6 is not too large in the
sense of Definition 4.1.

Proposition 4.2. Let Mn be an n-dimensional manifold with smooth background
metric h satisfying (2.0.1). Suppose the metric g satisfies the following conditions:

(i) There is a 3 > 0 such that 3−1h ≤ g ≤ 3h on M.

(ii) For p ≥ 2, δ > 0, r0 > 0 there is a L such that for all x0 ∈ M and 0 < r < r0,

(4.2.1) /
∫

B(x0,r)
|∇̃g|

p dµh ≤ Lr−p+δ.

(iii) There is a compact 6 ⊂ M with codimension d at least 2−
δ′

p for some 0<δ′ <δ

such that g is smooth on M \ 6 and Rg ≥ a holds in the classical sense on
M \ 6.

Then for all smooth compactly supported nonnegative test functions u, the distribu-
tional scalar curvature satisfies ⟨Rg − a, u⟩ ≥ 0.

Proof. Fix a smooth compactly supported nonnegative function u. We will use C to
denote any constants depending only on n, 3, p, δ, r0, L > 0 and u which might be
adjusted from line to line. As in [8], for any ε >0, we let ηε be a smooth nonnegative
function so that ηε ≡ 1 on 6(ε) and ηε ≡ 0 on M \ 6 with |∇̃ηε| ≤ Cε−1. Then

⟨Rg − a, u⟩ = ⟨Rg − a, ηεu⟩ + ⟨Rg − a, (1 − ηε)u⟩.

Since the support of (1 − ηε)u is outside 6, we have

⟨Rg − a, (1 − ηε)u⟩ =

∫
M\6(ε)

(Rg − a)(1 − ηε)u dµg ≥ 0,

because g is smooth and satisfies Rg ≥ a in the classical sense outside of 6(ε). So
it suffices to show

lim
ε→0

∣∣⟨Rg − a, ηεu⟩
∣∣ = 0.
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Then, again as in Lemma 2.7 of [8], we have by the definition of V, F and the
Hölder inequality that
(4.2.2)∣∣⟨Rg − a, ηεu⟩

∣∣ ≤

∫
M

|V | ·

∣∣∣∣∇̃ (
ηεu

dµg

dµh

)∣∣∣∣ dµh +

∫
M

|F − a| · ηεu
dµg

dµh
dµh

≤ I + II + III + IV,

where

I := C
(∫

6(ε)
|∇̃g|

pdµh

) 1
p

Volh(6(ε))
1−

1
p ,

II := C
(∫

6(ε)
|∇̃g|

pdµh

) 1
p
(∫

6(ε)
|∇̃ηε|

p
p−1 dµh

) p−1
p

,

III := C
(∫

6(ε)
|∇̃g|

pdµh

) 2
p

Volh(6(ε))
1−

2
p ,

IV := C Volh(6(ε)),

where the constants depend on n, 3 and the C1 norm of u.
Since 6 has codimension at least d, by definition there is C > 0 such that

Volh(6(ε)) ≤ Cεd

for all ε sufficiently small. Since 6 is compact and M carries the structure of a
metric space with distance function dh , 6 is totally bounded, that is, for every fixed
radius, it can be covered by a finite number of balls of that radius measured with
respect to dh . In particular, it can be covered by a finite number of balls of radius
ε/2. Let N be the minimal such number of balls, B(xk,

ε
2), k = 1, . . . , N . We first

claim that

6 ⊂

N⋃
k=1

B
(

xk,
ε

2

)
⊂ 6(ε).

The first inclusion is obvious. Now suppose x ∈ B(xk,
ε
2) for some k. By minimality

of N , B(xk,
ε
2) ∩ 6 ̸= ∅ and so dh(6, xk) < ε

2 . Then by the triangle inequality we
have

dh(6, x) ≤ dh(6, xk) + dh(xk, x) <
ε

2
+

ε

2
= ε.

So the second inequality holds. Hence, we have

N∑
k=1

Volh
(

B
(

xk,
ε

2

))
≤ Volh(6(ε)) ≤ Cεd .

By taking ε small enough, we can also assume there is a constant D = D(n, h)
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such that
D−1εn

≤ Volh(B(ε)) ≤ Dεn.

So we have

(4.2.3) N ≤ Cεd−n.

Similarly by the triangle inequality, we have that

6(ε) ⊂

N⋃
k=1

B
(

xk,
3ε

2

)
since if x ∈6(ε), there is y ∈6 such that dh(y, x)< ε, and by 6 ⊂

⋃N
k=1 B

(
xk,

ε
2

)
,

there is an xk such that dh(xk, y) < ε
2 , so dh(x, xk) ≤ dh(x, y) + dh(y, xk) < 3ε

2 .
Clearly, we have from definition that

IV ≤ Cεd .

With (4.2.3) and the Morrey assumption (ii), we can estimate the terms on the
right-hand side of (4.2.2) above. For I , we have

I ≤ C
( N∑

k=1

∫
B(xk ,

3ε
2 )

|∇̃g|
pdµh

) 1
p

Volh(6(ε))
1−

1
p

≤ C
(
N Lεn−p+δ

) 1
p Volh(6(ε))

1−
1
p

≤ C(εd−n+n−p+δ)
1
p ε

d
(

1−
1
p

)
= Cε

d−1+
δ
p .

Arguing in the same way, we have III ≤ Cε
d−2+

2δ
p . Finally, using |∇̃η| ≤ Cε−1,

we get

(4.2.4) II ≤ Cε
d−2+

δ
p

so that II → 0 as ε → 0 since d ≥ 2 −
δ′

p for some δ′ < δ. Substituting these back
into (4.2.2) and by the value of d , we get that the right-hand side of (4.2.2) vanishes
as ε → 0+, and so we are done. □

4.3. Preservation of the distributional lower bound. We now consider the preser-
vation of distributional scalar curvature lower bounds along the Ricci flow. In [9],
the authors showed that scalar curvature lower bounds in the distributional sense
as above are preserved along the Ricci flow for initial metrics g ∈ W 1,p(Mn) for
3 ≤ n < p ≤ ∞. In this section, we improve the result by relaxing the regularity
to Morrey-type condition with 2 ≤ p ≤ n. We follow the approach of [9] with
modifications.
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Lemma 4.4. Let (Mn, h) be a closed manifold and g0 is a C0 metric on M
satisfying. Let g0 and g(t) be as in Theorem 1.1. Then there is a constant
C = C(n, M, h, 3, L0, p, δ, r0) < +∞ such that we have∫ T

0

∫
M

|∇̃
2g(t)|2 dµhdt ≤ C.

Proof. Recall that from (1.0.1), standard computations and the Cauchy–Schwarz
inequality yields

∂

∂t
|∇̃g|

2
≤ gi j

∇̃i ∇̃ j |∇̃g|
2
− C1|∇̃

2g|
2
+ C2|∇̃g|

4
+ C3

for constants C1, C2, C3 that are only depending on n, h where we have gradient
estimate:

C2|∇̃g|
4
≤ C2 B1|∇̃g|

2t−1+
δ
p ,

so defining f (x, t) = |∇̃g|
2 exp(−Atδ/p) for some constant A > 0 to be determined,

we have

∂

∂t
f (t)≤ exp(−Atδ/p)gi j

∇̃i ∇̃ j |∇̃g|
2
−C1|∇̃

2g|
2
+C2 f (t)t−1+

δ
p − A f (t)t−1+

δ
p +C3.

Here we used the fact that exp(−Atδ/p), for t ∈ [0, T ], is uniformly bounded above.
Integrating by parts and Young’s inequality yields

∂

∂t

∫
M

f dµh ≤

∫
M

−C1|∇̃
2g|

2dµh +

∫
M

(C2 + C4 − A) f (t)t−1+
δ
p dµh + C3.

Now we choose A large enough so that it dominates C2 + C4 and we obtain

∂

∂t

∫
M

f dµh +

∫
M

C1|∇̃
2g|

2dµh ≤ C3.

Since M is compact, by covering argument we see that

(4.4.1)
∫

M
|∇̃g0|

2 dµh ≤ C(n, M, h, r0, L0, p, δ).

With this, we integrate in time from 0 to T to obtain the result. □

Now let M be a closed manifold and let g(t) be the Ricci–DeTurck h-flow on
M . Consider the heat kernel:

(∂t − 1x − ∇X ) K ( · , · ; y, s) = 0, lim
t→s+

K ( · , t; y, s) = δy( · )

and moreover satisfies for the conjugate heat operator:(
−∂s − 1y − ∇X + R

)
K (x, t; · , · ) = 0, lim

s→t−
K (x, t; · , s) = δx( · ),
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where the Laplacian operators are taken with respect to g(t). Let ũ be an arbitrary
nonnegative C∞ function on M . We consider the conjugate heat equation with ũ
as final data, that is,

(4.4.2)

{ ∂

∂t
u = −1u − ∇X u + Ru on M × [0, T ],

u|t=T = ũ,

where R is the scalar curvature with respect to g(t). By the maximum principle,
the solution is nonnegative and given by convolving with the fundamental solution:

u(x, t) =

∫
M

K (y, T ; x, t)ũ(y) dµg(T )(y).

Similar to Proposition 4.1 of [9], we have the estimates for u in the following
lemma.

Lemma 4.5. Let (M, h) be a closed Riemannian manifold and g0 is a C0
loc ∩ W 1,p

loc
metric on M satisfying assumptions in Theorem 1.1 with p ≥ 2. Suppose g(t) is the
unique solution obtained from Theorem 1.1 and u is a solution obtained as above.
Then there exists C0 > 0 depending only on n, M, h, 3, L0, p, δ, ũ such that

(a) u( · , t) ≤ C0, for all t ∈ [0, T ].

(b)
∫

M
|∇g(t)u( · , t)|2 dµg(t) ≤ C0, for all t ∈ [0, T ].

(c) For any a ∈ R,
∫

M
(Rg(t) − a)u dµg(t) is monotonically nondecreasing with

respect to t .

Proof. The proof is identical to that of [9, Proposition 4.1] using Lemma 4.4 and
the integrable interior estimates from Theorem 1.1. □

With these two lemmata, we have the following main application for the compact
case.

Theorem 4.6. Let (Mn, h) be a closed manifold and g0 be a C0 metric satisfying

(i) there is a 3 > 0 such that 3−1h ≤ g0 ≤ 3h on M ;

(ii) there exist p ≥ 2, δ > 0, r0, L > 0 such that for all x0 ∈ M and 0 < r < r0,

(4.6.1) /
∫

B(x0,r)
|∇̃g0|

p dµh ≤ Lr−p+δ
;

(iii) Rg0 ≥ a in the distributional sense on M for some a ∈ R.

Let g(t), t ∈ (0, T ] be the Ricci–DeTurck h-flow from g0 obtained in Theorem 1.1
with 2 ≤ p ≤ n. Then for any t ∈ (0, T ], Rg(t) ≥ a in the classical sense on M.

Proof. Fix any t > 0. It suffices to show

⟨Rg(t) − a, ũ⟩ ≥ 0
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for any arbitrary nonnegative function ũ ∈ C∞(M), where ⟨R, u⟩ is defined as in
(4.0.1). We follow the strategy as in Theorem 5.1 of [9], but modify it for our
setting.

We pay extra attention to the construction of g(t). Let gi,0 be as in Lemma 3.1 and
gi (t) be solutions to the Ricci–DeTurck h-flow starting from gi,0 as in Theorem 1.1
above so that g(t) is the smooth limit of gi (t) as i → +∞ on M × (0, T ].

Let ui be the solution to (4.4.2) (with respect to gi (t)) with ui,t = ũ and ui,0(x) =

ui (x, 0). Note that ui satisfies the conclusion in Lemma 4.5 above uniformly as
i → +∞. In particular, we have

(4.6.2)
∫

M
(Rgi (t) − a)ũ dµgi (t) ≥

∫
M
(Rgi,0 − a)ui,0 dµgi,0 .

Since by hypothesis we have that ⟨Rg0 − a, ui,0⟩ ≥ 0, what remains is to examine
the difference ∣∣⟨Rgi,0 − a, ui,0⟩ − ⟨Rg0 − a, ui,0⟩

∣∣ .
By the triangle inequality,∣∣⟨Rgi,0 − a, ui,0⟩ − ⟨Rg0 − a, ui,0⟩

∣∣
≤

∣∣⟨Rgi,0, ui,0⟩ − ⟨Rg0, ui,0⟩
∣∣ + |a|

∣∣∣∫
M

ui,0 dµgi,0 −

∫
M

ui,0 dµg0

∣∣∣
Since gi,0 → g0 globally in C0, we observe that

lim
i→∞

∥∥∥∥dµgi,0

dµg0

− 1
∥∥∥∥

C0(M)

= 0 and lim
i→∞

∥∥∥∥dµg0

dµh
−

dµgi,0

dµh

∥∥∥∥
C0(M)

= 0.

To handle the second term above, by (a) of Lemma 4.5, we have

|a|

∣∣∣∫
M

u0 dµgi,0 −

∫
M

u0 dµg0

∣∣∣ ≤ |a|

∣∣∣∣∫ M
u0

(
dµgi,0

dµg0

− 1
)

dµg0

∣∣∣∣
≤ C

∥∥∥∥dµgi,0

dµg0

− 1
∥∥∥∥

C0(M)

for some positive constant C depending on a, n, k1, k2, 3, p, δ, ũ.
For the first term, we expand out the definition of distributional scalar curvature.

Let V, F be the vector and scalar fields associated with g0, and let Vi , Fi be
the vector and scalar fields associated with gi,0 that appear in the definition for
distributional scalar curvature (4.0.1). Then by triangle inequality, we have∣∣⟨Rgi,0, ui,0⟩ − ⟨Rg0, ui,0⟩

∣∣ ≤ I + II + III + IV,
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where

I :=

∫
M

|V − Vi |

∣∣∣∣∇̃ (
ui,0

dµgi,0

dµh

)∣∣∣∣ dµh,

II :=

∫
M

|V |

∣∣∣∣∇̃ (
ui,0

dµg0

dµh
− ui,0

dµgi,0

dµh

)∣∣∣∣ dµh,

III :=

∫
M

|Fi ui,0 − Fui,0|

∣∣∣∣dµgi,0

dµh

∣∣∣∣ dµh,

IV :=

∫
M

|Fui,0|

∣∣∣∣dµgi,0

dµh
−

dµg0

dµh

∣∣∣∣ dµh,

and we estimate each term separately. In the following, the constants Cm will come
from (a) and (b) of Lemma 4.5 and the Morrey condition on g0. In other words, Cm

will at most depend on n, k1, k2, 3, p, δ, ũ, L , h. The constants may be changing
line by line.

Before handling each term, observe that since M is compact, we have gi,0 → g0

in W 1,p(M) by (e) of Lemma 3.1 above.
By Hölder’s inequality,

I =

∫
M

|V −Vi ||∇̃ui,0|

∣∣∣∣dµgi,0

dµh

∣∣∣∣ dµh +

∫
M

|V −Vi ||ui,0|

∣∣∣∣∇̃ dµgi,0

dµh

∣∣∣∣ dµh

≤ C1

∫
M

|∇̃g0 −∇̃gi,0||∇̃ui,0| dµh +C2

∫
M

|∇̃g0 −∇̃gi,0||∇̃gi,0| dµh

≤ C1

(∫
M

|∇̃gi,0 −∇̃g0|
pdµh

) 1
p
(∫

M
|∇̃ui,0|

2dµh

) 1
2

Volh(M)
p−2
2p

+C2

(∫
M

|∇̃gi,0 −∇̃g0|
pdµh

) 1
p
(∫

M
|∇̃gi,0|

pdµh

) 1
p

Volh(M)
p−2

p

≤ C1∥gi,0 −g0∥W 1,p(M) +C2∥gi,0 −g0∥W 1,p(M),

where for the last inequality we are using the fact that gi,0 satisfies the Morrey-type
condition and a covering argument from the fact that M is compact. Next we have

II =

∫
M

|V ||∇̃ui,0|

∣∣∣∣dµg0

dµh
−

dµgi,0

dµh

∣∣∣∣ dµh +

∫
M

|V ||ui,0|

∣∣∣∣∇̃ (
dµg0

dµh
−

dµgi,0

dµh

)∣∣∣∣ dµh

≤ C3

∫
M

|∇̃g0||∇̃ui,0|

∣∣∣∣dµg0

dµh
−

dµgi,0

dµh

∣∣∣∣ dµh +C4

∫
M

|∇̃g0||∇̃g0−∇̃gi,0| dµh

≤ C3

∥∥∥∥dµg0

dµh
−

dµgi,0

dµh

∥∥∥∥
C0(M)

(∫
M

|∇̃g0|
pdµh

) 1
p
(∫

M
|∇̃ui,0|

2dµh

) 1
2

Volh(M)
p−2

p

+C4

(∫
M

|∇̃g0−∇̃gi,0|
pdµh

) 1
p
(∫

M
|∇̃g0|

pdµh

) 1
p

Volh(M)
p−2

p

≤ C3

∥∥∥∥dµg0

dµh
−

dµgi,0

dµh

∥∥∥∥
C0(M)

+C4∥gi,0−g0∥W 1,p(M).
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For the last two terms, we have

III =

∫
M

|Fi ui,0 − Fui,0|

∣∣∣∣dµgi,0

dµh

∣∣∣∣ dµh ≤ C5

∫
M

|Fi − F |dµh

≤ C5

(∫
M

|Fi − F |
p
2 dµh

) 2
p

Volh(M)
p−2

p ≤ C5∥gi,0 − g0∥
2
W 1,p(M)

,

IV =

∫
M

|Fui,0|

∣∣∣∣dµgi,0

dµh
−

dµg0

dµh

∣∣∣∣ dµh

≤ C6

∥∥∥∥dµg0

dµh
−

dµgi,0

dµh

∥∥∥∥
C0(M)

(∫
M

|∇̃g0|
pdµh

) 1
p

Volh(M)
p−2

p

≤ C6

∥∥∥∥dµg0

dµh
−

dµgi,0

dµh

∥∥∥∥
C0(M)

.

Combining all of the above, we get∣∣⟨Rgi,0 − a, ui,0⟩ − ⟨Rg0 − a, ui,0⟩
∣∣ ≤ Cbi

for some constant C = C(n, k1, k2, 3, p, δ, ũ, a, L , Volh(M)) and bi is a positive
function of i which satisfies limi→∞ bi = 0. Combining this with (4.6.2), we obtain∫

M
(Rgi (t) − a)ũ dµgi (t) ≥

∫
M
(Rgi,0 − a)ui,0 dµgi,0 ≥ −Cbi .

Finally, observing that gi (t) converges smoothly to g(t) as i → ∞ for each t > 0,
we let i → ∞ in the inequality above to obtain the desired result. □

Together with Proposition 4.2, we have a removable singularity result as an
application.

Corollary 4.7. Suppose (Mn, h) is a closed manifold and g0 is a C0
∩ W 1,p metric

on M satisfying the assumption in Proposition 4.2 with a = 0. If the Yamabe
invariant of M is nonpositive or equivalently M does not admit metric with positive
scalar curvature, then g0, then g0 is Ricci-flat outside 6.

Proof. By Proposition 4.2 and Theorem 4.6, there exists a Ricci–DeTurck h-flow on
M starting from g0 in sense of C0(M)∩ C∞

loc(M \6) so that Rg(t) ≥ 0. It follows
from the strong maximum principle that Ricg(t) ≡ 0 for all t > 0. The result follows
from smooth convergence away from 6 by letting t → 0. □

Remark 4.8. In case the metric g is Lipschitz across the singularity, we are free
to choose δ = p. Consider the case where the singularity is in the form of a
hypersurface, it was well-known that without additional assumption on mean
curvature, the scalar curvature rigidity is in general false while Miao [15] and
Shi and Tam [17] showed that the mean curvature inequality is indeed necessary
and sufficient. With this in mind, we see that δ′ < δ is necessary.
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