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THE RICCI-DETURCK FLOW FROM AN INITIAL METRIC
WITH A MORREY-TYPE INTEGRABILITY CONDITION

MAN-CHUN LEE AND STEPHEN SHANG YI L1U

We study the short-time existence theory of Ricci-DeTurck flow starting
from rough metrics that satisfy a Morrey-type integrability condition. Using
the rough existence theory, we show the preservation and improvement of
distributional scalar curvature lower bounds provided the singular set for
such metrics is not too large. As an application, we use Ricci flow smoothing
to study the removable singularity related to scalar curvature. Our result
supplements those of Jiang, Sheng and Zhang.

1. Introduction

Let M" be a Riemannian manifold. The Ricci flow is a family of metrics g(¢)
evolving in the direction of their Ricci tensors,

%g’(l) = —2Ric(g(1).

Introduced by Hamilton in [7], the Ricci flow has seen successful applications
to a number of problems in geometry, most famously in Perelman’s resolution
of Thurston’s geometrization conjecture. It is a weakly parabolic system, and in
[5], DeTurck showed that it is diffeomorphic to a strictly parabolic system, the
Ricci-DeTurck h-flow. Precisely, let Sym, (7*M) denote the space of symmetric
2-tensors on M and let X : Sym,(T*M) — T M be given by

Xn(9)F =" (S, —Tf),

where I' and T are the Christoffel symbols of # and g respectively. Then the
Ricci-DeTurck /i-flow (here using the terminology as in [18] to emphasize the
dependence on the background metric /) is given by the equation

)
(1.0.1) 580 ="2 Ric(g(1) = Lx, (58 (1)
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Solutions to the Ricci—-DeTurck h-flow are related to a Ricci flow via pullback by
diffeomorphisms, that is, if g(z) solves (1.0.1) and x, : M — M is a family of
diffeomorphisms satisfying

Xin (81 f = 2 (f o x0) forall £ € C(M),

1.0.2
( ) Xxo =1id,

then x,g(¢) is a Ricci flow with initial data g(0).
In local coordinates, (1.0.1) is given by

0 ~ ~ ~ ~
(103) Egij = g”qV,,ng,-j —gkegiphqujkq[ — gkegjphquikqg

1 k¢

+ 38" 8" (Vigpk Vgt +2VigjpVy it — 2VigjpVigiq

- 26jgpk6£giq - 26igpk6€gqj)a

where V and R denote respectively the Levi-Civita connection and Riemann curva-
ture tensor of # and we are suppressing the dependence on ¢ for g(¢) in the notation
above.

Since the flow is a parabolic system, one usually expects that it will improve
the regularity of initial data. In view of this, there has been a wide variety of
literature extending the existence theory of Ricci Flow and Ricci—-DeTurck /-flow
to settings with less regularity. The foundational result in this area is by Shi in
[16], who showed the short-time existence of a solution to the Ricci—-DeTurck flow
from a metric that is complete with bounded curvature. A metric g is called L™
or bi-Lipschitz if A~'h < g < Ah almost everywhere on M with A > 1 and h is
some fixed smooth background metric. Building on the result of Shi, Simon in
[18] established the following regularization result: if (1 +8)"'h < go < (14 8)h
for some sufficiently small dimensional constant §, then there exists a short-time
solution to the Ricci—DeTurck i-flow on M x (0, T] which is smooth for ¢ > 0
with convergence back to gg in CI%C if go was additionally in Cl(())c. In Euclidean
space, Koch and Lamm in [10] used heat kernel estimates to show the existence and
uniqueness of a global and analytic solution to the Ricci—-DeTurck /#-flow on R” from
L initial metrics that are close in L to the Euclidean metric. Building on these
results, Burkhardt—Guim in [3] further studied Ricci flow from C? initial metrics
on closed manifolds, in particular relying on heat kernel estimates to establish
an iteration scheme to construct a short-time solution and applied this Ricci flow
existence theory to study scalar curvature lower bounds and a question of Gromov.
In the direction of more general L™ initial data, Lamm and Simon in [11] showed
the short-time existence for the Ricci—-DeTurck i-flow on complete four-manifolds
for rough initial metrics that are in L> N W22, They showed that solutions are
uniformly smooth for positive time and converge back to the initial data in Wli’cz
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sense as t — 0. In [4], Chu and the first named author developed this further and
considered the case where gg € L> N W!", showing the existence of the flow
starting from metrics which are L* and satisfy a small local gradient concentration
in a W' sense, and study a number of applications.

Motivated by the work [4], and the heat kernel based approach of Burkhardt—
Guim [3], in this work we consider the existence theory for metrics that are in L™
and satisfy a L? (p > 1) Morrey-type integrability condition (condition (iii) of
Theorem 1.1 below) and study a removable singularity theorem related to scalar
curvature. We will see that the Morrey-type condition allows for the use of heat
kernel estimates to establish a priori estimates that are important for the existence
theory. Our main theorem is the following existence theorem for the smooth -flow
with quantitative estimates.

Theorem 1.1. Suppose (M", h) is a complete Riemannian manifold satisfying

l?)c N WIL’CZ Riemannian metric on M and ¥ C M is a

compact set so that the following holds:

(2.0.1). Suppose gy is a C

(1) go is smooth on M \ X.

(i1) go is globally uniformly bi-Lipschitz on M; that is, there exists Ao > 1 such
that
Aathgoonh on M.

(iii) There exist Lg, &, ro > 0 and p > 1 such that for every xo € M and 0 <r < rg
p ry
£ 190l duy < Lor .
B(xo,r)

Then there are T, L > 0 depending only on n, Ay, Ly, p, 8, ro, h and a smooth
solution g(t) to the Ricci—DeTurck h-flow on M x (0, T'] such that:

(a) for any k € N, there is By (n, k, ro, Ao, Lo, p, 8, h) > 0 such that for all t €
0,T], xoe M,

sup |[VRe(t)] < —=
MPI g()l_t%(k_s/p)

(b) g(t) — go in C) (M) ast — 0;
(c) g(t) > g in Ci2(M\ ) ast — 0;
Moreover, the solution is unique within the class of solutions satisfying ().

The result is new even if ¥ = @. Our work is motivated by the removable
singularity in view of scalar curvature. In [13], Lee and LeFloch introduced a
notion of distributional scalar curvature for metrics with lower regularity. In [8],
the authors showed that for metrics g € C° N WIL’CP (M) where M is complete
asymptotically flat with n < p < oo satisfying R, > 0 outside some compact

singular set X also has nonnegative ADM mass (with rigidity) provided the singular
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set is not too large in terms of Hausdorff measure. In the compact case, the authors
in [9] also show that distributional scalar curvature lower bounds can be preserved
and improved to classical scalar curvature lower bounds along Ricci flow for metrics
in WLP (M) for n < p < oo. These results are related to positive mass theorems
for lower regularity metrics and a conjecture of Schoen regarding the removable
singularity of L* metrics on T" with codimension three singularity and R, > 0 on
the regular part. In this work, we are primarily interested in the following question:
if we strengthen the regularity from C? slightly to the Morrey-type condition on
the gradient, then under what conditions on the singular set could we expect to
have scalar curvature rigidity. In Theorem 4.6 and Corollary 4.7, we use the rough
existence theory established in Theorem 1.1 to obtain similar results for metrics
which satisfy the Morrey-type condition, as long as the singular set is small in terms
of a notion of codimension considered in [14].

We now outline the rest of this work. In Section 2, we establish the a priori
estimates that will be used later. In Section 3, we prove Theorem 1.1. Finally, in
Section 4, we study the application outlined above.

2. A priori estimates

In this section, we establish quantitative estimates that will be important in the
proof of the main theorem. In general, we consider rough metrics g inside a
smooth background manifold (M, h) with sup,, [IRm(s)| < 4+00. Thanks to Shi’s
smoothing result [16], in our content we will as well assume

(2.0.1) sup |V Rm(h)| :=k; < 400 Vi €N,
M

where V denotes the connection of /. In the following and the rest of this work, we
denote by k; := sup,, |Vi Rm(h)| and we will specify using parentheses the quanti-
ties that certain numbered constants depend upon, e.g., C; = C;(n, ki, ..., k;) >0
denotes a positive constant C; that depends on the dimension and quantities ky, up
to k;. These constants may be changing line by line throughout and we will only
re-introduce the parentheses when the dependency changes. All distances, norms
and connection are measured with respect to the metric /4, unless noted otherwise.
We also use a A b to denote min{a, b}.

2.1. Parabolic boot-strapping. Following [16] and [18], the following lemma says
that given a first order interior estimate, we may parabolically bootstrap to obtain
higher order interior estimates.

Lemma 2.2. Suppose g(t) is a smooth solution to the Ricci—DeTurck h-flow on
M x [0, T] for some smooth background metric h satisfying (2.0.1) so that

() A7'h < g(t) < Ah on M x [0, T] for some A > 1;
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(1) there exists xo € M, By, y > 0 such that

By
T35

t2 2

IVg(x,1)| <

forallx € B (xo, 1+ %) ,te(0,T].
Then for any m € N, there are By, (n, vy, m, A, ko, ki1, ..., k) > 0 such that

m

(2.2.1) sup [V"g(x, 1) <
B(x0,1+y/2’”+1) l’f(m_s/p)

forallt € (0, T A1].

Sketch of Proof. The proof of the above Lemma is a standard induction argument,
using Bernstein and Shi’s trick and the nonscaling invariant order on ¢ given in
assumption (ii) above instead of the t~!/? found in Lemmas 4.1 and 4.2 of [18]. For
m € N, we obtain (2.2.1) by considering the evolution equation under the operator
a[ — gijﬁiﬁj of

t2m71728/p |6mg|2(|6m718|2 + Lt*m+1+§/p)’
together with standard cut-off argument. ([

2.3. Gradient estimate. We now show that the interior gradient estimate assumed
in Lemma 2.2 can be obtained for smooth solutions of the Ricci—-DeTurck A-flow
under the L> and Morrey-type integrability assumption. Once the C! estimate has
been established, Lemma 2.2 gives us all higher-order estimates.

Proposition 2.4. Suppose g(t) is a smooth solution to the Ricci—-DeTurck h-flow on
M x [0, T] for some smooth initial background metric h satisfying (2.0.1) so that

(i) A~'h < g(t) < Ah on M x [0, T] for some A > 1;

(1) there exists p > 1, Lo, ro, § > 0, such that for all xo € M and 0 < r < ry,

f |Vg(x,0)|”dup(x) < Lor—P*9;
B(xo.r)

(i) supyyjo.ry IVE(x, )| < +o00.

Then there are B (n, A, Lo, ko, k1, kp) and Ty (n, A, Lo, p, 8, ko, k1, k2) > 0 such
that

B
T35

2 2p

(2.4.1) sup |[Vg(x, 1)| <
M

forallx e M,t € (0, Ty AT].
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Proof. For the sake of convenience, we will suppress the dependence on ¢ and denote
g(t) by g unless explicitly stated otherwise. We might assume 7 < 1, p > § and
ro <1. We will use C to denote any constants depending only on n, ko, k1, k2, A, Lo
which might change line by line.

Let B; > 1 be a constant to be chosen. We let 77 to be the maximal time on
which (2.4.1) holds. We have T} > 0 thanks to (iii). Moreover, if 77 < T, then there
is a xg € M such that

= B
supy |[Vg(x, )] < —% on (0, Ty),

(2.4.2) B“ 2”
Vg (xo, Th)| = —2—
21" !
It suffices to estimate 7} from below. We assume 77 < T'; otherwise the result holds
trivially.

Our first step is to compute the evolution equation of |Vg|? under the operator
O, := 9/3t — A% — Vx where A8 = g"/V;V; consists in taking derivatives with
respect to the metric g instead of 4. By (1.0.1) and Young’s inequality,

9 - e . - -
(2.4.3) 5|Vg|2 <g"ViV;IVgl* = C|VgP + C|Vg|* + C|Vgl.
Since |@g| may not be smooth, define the smooth function Q by
- 1
Q:=(IVgl*+1)2,
which satisfies

(2.4.4) 0,0 <CQ*+C.

Let f(t) = exp(—A(t‘S/ P4 t)) for a constant A > 0 to be determined. For all ¢ < T,
(2.4.4) and (2.4.2) imply

Ab s_
(245) L, (fOQ—-Cr)=f(Q) (— » trl— A) 0+ f(H,0-C =<0,
by choosing A sufficiently large in the second inequality above and using the fact
that f(r) <1 for all # > O for the last inequality. Hence, by the maximum principle
we obtain

46) LraBT T —CTy < /MK(xo,Tl;y,O)f<0>Q(y,0)duh(y>,

where K is the heat kernel for the heat operator [,.
We now wish to obtain an estimate for the heat kernel K. We do this by modi-
fying an estimate established by Bamler, Cabezas-Rivas and Wilking in [2]. Let
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G(x, t;y,s) denote the heat kernel associated to the backwards heat equation
coupled with a Ricci flow A(¢). That is,
(0 + A% )G(x.t:-.-)=0 and lim G(x,1;-,5) =8:(-).

§—>1"

Then for all (y,s) e M x [0, T], G(-,-; y,s) is the heat kernel associated to the
conjugate equation

(8- A¥ =Ry ) GCoiy9)=0 and  lim G(-. 15 y,9) = 8,(x).
t—s

Proposition 3.1 of [2] gives the following estimate: for any n, A > O, there is a
C(n, A) < oo such that the following holds: Let (M, h(t)), t € [0, T] be a complete
Ricci flow satisfying

(2.4.7) |Rm(x, )| < Ar™' and Vol (Bh, (x, J?)) > A-12
for all (x,t) € M x (0, T]. Then

= 9 d2(x,y)
(2.4.8) G(x,t;y,8) < WGXP (— ol

for any 0 <2s <.
Let G(x, t; y, s) denote the heat kernel associated with the heat equation coupled
with the Ricci Flow A(z)

(3 —AY)G(-,-5y,9)=0 and lim G(-,1;y,5) =8,(x).
’ t—st

Choosing the Ricci flow &(t) above to be the one related to g(¢) via pullback
by diffeomorphisms generated by X, that is, h(t) = x,"g(t), then the heat kernel
K that we are interested is related to the heat kernel G also by pulling back
the diffeomorphisms generated by X. We first show that under our assumptions,
(2.4.8) can be used to obtain an estimate for G (x, t; y, 0). By our assumptions and
Lemma 2.2, we have the bound

sup |Ry, | = sup |Ry,| < Byt~ '1
M M
for some constant B;(n, A, ko, k1, k2, B1) < 0o and some small & = a(p, §) > 0.

Then
(8 — Al )G = R;,G = —B®"' G,

which gives

(8 — AL, ) (exp(a™'Bar®)G) = —Bor® T exp(a ™' Bar®) G+ Bar® L exp(a ' Bar®)G
> 0.
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Since G(x, t; y,s)= G(x, t;y,s)=234y(x) at time r =s > 0, the maximum principle
gives

G(x,t;y,8) < exp(oz_let“)G(x, t;y,8) < ZG(x, t;y,s)

if we shrink 77 depending on B, §, p. Note that our assumptions also ensure
that the Ricci flow h(t) = x, g () satisfies the assumptions (2.4.7) above. Finally,
writing K (x,t; y,s) = G(Xt_l(x), t; Xs_l(y), s) and after computations similar
to that of Lemma 2.9 of [3], we obtain the following estimate for K: there is a
C =C(n, A) > 0 such that

C exp(_d,f(x, y))

(2.4.9) K(x,t;y,s) < Y Cr

forany t € (0, T].
By (2.4.9), the co-area formula and Stokes’ theorem, we have on the right-hand
side of (2.4.6)

(2.4.10) /MK(XO, T1; y,0) f(0)Q(y, 0) dpn(y)

2
Co exp [ — d;, (X0, y)
CoTh

= 7
M T2
Tl

) (1902 +1)* dpu (»)

2

6 g () ([ 0 05
_ 0 _ Y 1)2dS(y))d
/0 T? exp( C0T1> BB(XO,r)(l gol+ ) ) dr

e~ ) ([, (TP + ) i)
= 7 c — —_— V 12d d 9
/0 o Xp( ot ) e B(W)(I gol”+1)> dun(y) ) dr

where d S is the surface area measure induced by duy and Cp above is the constant
obtained from (2.4.9). For p > 1, assumption (ii) and Holder’s inequality gives

/ ( )(|6g0|2 + 1)1/2 dun(y) < CLor"~'+%/p
B(xq,r

for all 0 <r < rg. If r > r9, we estimate it using trivial bound from (2.4.2) and
volume comparison:

c 1/2 b1
/B(x r)(|vg0|2+ 1) dpn(y) < Bit7 "7 -exp(Cr).
0,

Substituting this into (2.4.10) we obtain

o (Cy 72 2r ( ~ 1
- - il Y 1) d ) d
/0 TliJrl xp < C()Tl) C() /;f(xo,r)(l g0| + ) Hi (y) :
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ro C r2 n+ B
5/0 7t exP( CoT, 1) pd”r/ e R
1 T
B 00 o) CB 2
<CT,’ 2”/0 exp (—C—0> ”+nds+/ ] exp( ;CO) dr

1

1,8
_§+ﬁ CB] 1
<CT, + TH% exp <_2C0T1>’
1

So we have

1 CB
24.11) -e” ATIB T, Tty <CiT, AR +—L exp (—
4 1+3

)+CT1.
Tl

2CyTh

for some Ci(n, A, ko, k1, k2, Lg) > 0. By choosing B; = 8Cy, we see that T} is
bounded from below by a constant depending only on 8, p, ko, k1, kp, n, A, Lg. U

3. Short-time existence

In this section, we will prove short-time existence on metrics which are possibly
singular and satisfy the Morrey-type integrability condition. We first consider the
case when X = &, that is, when the initial data is smooth and satisfies the uniform
Morrey-type integrability condition. We note that since M is possibly noncompact,
the uniform short-time existence is not covered by the work of Simon [18].

Proof of Existence in Theorem 1.1 when ¥ = @. Without loss of generality, we
assume M to be noncompact. By [19] and | Rm(4)| < ko, there is p € C° (M) such
that [Vp|2 4 |V2p| < 1 and

loc

Cn, ko)~ (dn(-, p)+1) < p(-) < C(n, ko)(dn(-, p)+1)

for some C(n, ko) > 0. Let ¢ be a smooth function on [0, +00) such that ¢ =1 on
[0,1], p=0o0n [2, +00) and 0 < —¢’ < 10. Fix R; — +0o0 and define a smooth
metric

8i,0=¢(p/Ri)go+ (1 —¢d(p/Ri)h

on M which coincide with /4 at spatial infinity of M and coincide with gg on compact
subset of M as i — +o00. Then we might apply Theorem A.1 of [11] (which is a
modification of Shi’s classical existence theory in [16]), to find short-time solution
to the Ricci-DeTurck h-flow g; () on M x [0, S;] for some maximal existence time
S; > 0 such that g;(0) = g; o and sup,, |V"g;(-,1)| < 4oo for all ¢ € [0, S;] and
all m e N.
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Since

= C(n$k0) -
(3.0.1) [Vgiol < Tlgo—h|+¢-lvgo|,

1

the metric g; o satisfies the assumption of Proposition 2.4 uniformly for all i —
+o00. Hence, Proposition 2.4 and Lemma 2.2 apply to show that there is a
T (n, Ao, Lo, p, 8, h) > 0 such that T < §; with the solution g;(¢) obtained above
also satisfying (a) for all # € (0, 7] uniformly for all i — 4-co0. We therefore obtain a
smooth Ricci-DeTurck A-flow g(z) on M x (0, T'] by taking subsequence i — +00
using the Arzela—Ascoli theorem. Since |V g;| has a uniform integrable bound in ¢,
we see that g(¢) exists as a C° metric on M x [0, T]. Indeed, by shrinking 7" we

loc

have
(3.0.2) QA 'h < g(t) <2Ah
on M x [0, T] by integrating 9, g in time. O

We now want to consider the case when X is a nonempty compact subset of M.
We start with constructing a C* approximation of gg, see also [12; 17; 14; 6] for
the other similar approximation schemes.

Lemma 3.1. Suppose gy is a CI%C metric on M and is smooth away from a compact
set X.. Moreover, suppose that

(1) thereis a Ao > 1 such that on M,
Ag'h < go < Aoh;
(ii) there exist Lo, §,r9 > 0 and p > 1 such that for every xo € M, 0 <r < ry,

f 1V golPdjuy, < Lor P+,
B(xg,r)

Then there is a sequence of smooth metrics gio on M satisfying the following
conditions:
(a) Fori sufficiently large,
Ag)'h<gig<2Aoh on M.

(b) There exist Ly, r; > 0 such that for every xo € M and 0 <r <ry,

f \VgiolPdup < Lir=P*.
B(xo,r)

. 0 .
(¢) gi,o—> g inCy onMasi— o0.

(d) gi0—> goinCX on M\ T asi — oc.

(e) gio— goin WIL’CP(M) asi — +oo.
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Proof. Without loss of generality, we will assume M to be noncompact. By the
embedding theorem of Morrey (see for example “Morrey’s Lemma” [1, (1.3) ]),
assumption (ii) implies that gg is locally Holder continuous with exponent §/p < 1
on M. Since X is compact, there is a point p € M and R > 0 such that ¥ € B(p, R).

Note that K = B(p, R) is compact. We now cover K by finitely many open
coordinate charts {Uk},ivzl. Also let Uy = M \ K. Let ¢ be a partition of unity
subordinate to Uy U U,ivzl Uk. Then we can decompose the metric gg = Z/iv:o gl(j
on each chart by gé = @rgo. We might assume each Uy is diffeomorphic to unit
ball Br:(1) in R”. Fork =1, ..., N, let n be the standard mollifier with compact
support inside Br-(1) and /U n(y)dy = 1. For k > 1, we define

k

gho(x) = /Urg’é(x—i‘ly)n(y) dy.

for x € Uy. Since ¢y is compactly supported in Uy for k > 1, we see that gﬁ o) =0
for x — dUy and sufficiently large i. Hence, gﬁfo extends trivially on M. Thus
we define g; o := lecv:] gf‘,o + gg to be a metric on M. Near the infinity of M,
8io = gg = go, while on compact set, g; ¢ is a mollification of go. It suffices
to check that the above properties are satisfied on compact sets. For (a) and (b)
above, it suffices to show that they are satisfied on compact set. Clearly by the
standard mollification, we have (e) and (d) since gy € Wllo’,:’7 M)YNCR(M\X) so
that gffo — g asi — 400 in Wli)’cp(M) NCX (M \ ) for each k.

To see (), If x ¢ U,IC\’:1 Uk, then the result holds directly. If x € K, then x € Uy, for
some k=1, ..., N. Fix any ¢ > 0. By the Holder continuity of g, for i sufficiently
large, |g’(§(x —i7ly) - g’é(x)l < Cli~'y|* < & for any x, y € Uy. Here C depends

also on the choice of partition of unity. Hence, since / n(y)dy =1,
Uy
gk sl =| [ ghex =iy dy = gh)|
k
< [ lg =iy = bl dy
k
< [ ity no)dy
Uy
5/ en(y)dy =e.
Uy

From this, (a) also follows for i sufficiently large.

It remains to prove (b). It suffices to show (b) for each gff o- We choose r; < rg
so that for each xg € supp(¢x), B(xg, r1) € Uy. For fixed y with |y| < 1, note that
z:=x—i~'yis a translation with determinant of Jacobian uniformly bounded from
above and below. We use the fact that mollification and differentiation commute,
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ie., dgi(x) = (n; *dg)(x), then by Minkowski’s integral inequality,

ntiscoreanse) =(f,, |,
< [ ([ Josbes —i—1y>n(y>|”dx)‘l’dy

< [, na(f, (xo’r)lag(;(x—i—1y>|”duh<x>)‘]’

1
< (c / |ag’5(z)lpdz) ’
B(xo+i~'y,r)

S (CLOrnfp‘l’(S)%‘

1

0ghtx =i~ v dy| dpua) )

Here C depends on the choice of a partition of unity. So (b) is satisfied. (|
Now we are ready to prove Theorem 1.1 under the presence of singular sets .

Proof of Theorem 1.1 when ¥ # & . Let g; ¢ be the smooth approximation of g
obtained from Lemma 3.1. By properties (a), (b) in Lemma 3.1 above, we know
that for i sufficiently large, that

(.1.1) (2A0)~'h < gi0 <2A0h,
and forall xp e M and 0 <r < ry,

(3.1.2) £ Vgl dpy < Lrr®
B(xo,r)

for some L > 0.

Since each g; ¢ is smooth and satisfies (3.1.1) and (3.1.2) above for i large enough,
by fullrefon, we obtain constants 7 (n, h, Ag, p, 8, h, L, r;) > 0 and a sequence of
Br(n, h, Ao, p, 8, h, L,r;) > 0 and solutions g;(¢) to the Ricci—-DeTurck h-flow
on M x [0, T] such that g;(0) = g; o satisfying

~ 0 B,
sup [V7gi ()] < —
M

(2=

on M x (0, T].

So by the Arzela—Ascoli theorem and taking a subsequence, we obtain smooth
g(t) =1lim;_ gi(t) on M x (0, ST with g(¢) satisfying (a) and (b). Since g; o0 — go
inCy(M\ X)asi— +oo, g(t) € Cp) (M \ X) x [0, T']) using [4, Proposition
2.2].

It remains to show the uniqueness within the class of solution satisfying the
property (a). If M is compact, it follows from [3] since g(¢) attains gg in CloOC sense.
It remains to consider the case when M is noncompact. It follows almost identically

to the proof of [4, Theorem 3.1] with modification. We give a sketch here. Suppose
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g(t) and g(¢) are two solution on M x (0, T'] satisfying derivatives estimates in (a).
Clearly, both g(z) and g(z) converge to go in Cl%C as t — 0. Instead of using the

- - _1,8
concentration of gradient, we use the fact that |Vg|+|Vg| < Ct 2% to show that
the tensor @ = g — ¢ satisfies

d 1,8
(3.1.3) a—/ n4la|2duh§Cf o2 duy, + Ct *f o2 dpuy,
tJIMm M M

which is analogous to [4, (3.20)]. Here 7 is a smooth cut-off function on M with

_1lys .
compact support on B(x, 2). Since r~ 2727 is integrable in ¢ near t = 0, the argument
can be carried over. ([

4. Applications: preserving the distributional scalar curvature lower bound

In this section, we use the existence theory established above to study the preserving
of weak scalar curvature lower bound along the Ricci flow smoothing. In [13],
Lee—LeFloch introduced a notion of distributional scalar curvature that is defined
for metrics with low regularity. In particular, for any g € L7° N WIL‘CZ with locally

loc
bounded inverse g~! € L., they define the scalar curvature distribution R, by

- ( d d

for every compactly supported smooth test function # : M — R and where

k U v (s Y V
W= Eg (Vigjg +Vgie— V(&']')

VE = gl wk — gh

Fi=try Ric — Vig Wi + Vgt Wi, + ¢ (Wl wl, — whwh)
and dug/duy € Ly, N WIL’CZ is the density of d ., with respect to dyu,. Let a be a
constant. We say R, > a in the distributional sense when (R, —a, u) > 0 for every
nonnegative smooth test function . Clearly, when g is C2, the distributional scalar
curvature R, coincides with the classical scalar curvature.

Our main motivation is to study metrics on compact manifolds which are smooth
outside some singular sets. In other words, we want to consider the question of
whether a scalar curvature lower bound can be extended to a distributional scalar
curvature lower bound across a set where the metric is singular. In [8], the authors
consider this for when g € C°N le)’cp (M) for n < p < oo and the singular set is
small in the sense of Hausdorff dimension, see [8, Lemma 2.7]. In this work, we
use a notion of codimension for compact subsets ¥ C M based on the volume
growth of tubular neighborhoods of X.
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Definition 4.1. For a complete smooth Riemannian manifold M”" with smooth
background metric 4, a compact set X of M is said to have codimension at least
dy > 0 if there exist » > 0 and C > O such that forall0 <& <b

Vol, (Z(e)) = Vol, ({x € M 1 dj(x, £) < &}) < Ce.

We show that when g satisfies the L and the Morrey-type condition, and satisfies
a scalar curvature lower bound outside of a compact set X, then the corresponding
distributional scalar curvature lower bound holds when X is not too large in the
sense of Definition 4.1.

Proposition 4.2. Let M" be an n-dimensional manifold with smooth background
metric h satisfying (2.0.1). Suppose the metric g satisfies the following conditions:

(i) There is a A > 0 such that A~'h < g < Ah on M.

(ii) For p>2,8 > 0,rg > O there is a L such that for all xo € M and 0 < r < ry,

(4.2.1) ]L \VelPduy < Lr—P+e.
B(xo,r)

(iii) There is a compact ¥ C M with codimension d at least 2— g for some0 <68 <8
such that g is smooth on M \ ¥ and Ry > a holds in the classical sense on
M\ X.

Then for all smooth compactly supported nonnegative test functions u, the distribu-
tional scalar curvature satisfies (R, —a, u) > 0.

Proof. Fix a smooth compactly supported nonnegative function . We will use C to
denote any constants depending only on n, A, p, §, ro, L > 0 and u which might be
adjusted from line to line. As in [8], for any ¢ > 0, we let 1, be a smooth nonnegative
function so that n, =1 on X(¢) and n, =0 on M \ ¥ with |Vne| < Ce~!. Then

(Rg —a, M) = (Rg —a, 775”) + (Rg —a, (1 - 778)”)'
Since the support of (1 —n,)u is outside X, we have

(R —a, (1 — ne)u) = fM\E(S)(Rg —a)(1 —nudu, >0,

because g is smooth and satisfies R, > a in the classical sense outside of X (¢). So
it suffices to show

lim |(Rg —a, ngu)| =0.

e—>0
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Then, again as in Lemma 2.7 of [8], we have by the definition of V, F and the
Holder inequality that

(4.2.2)
du
[(Rg —a, neu </ \4E ‘ (nsu—)‘du +/ |F —al- naumduh
<I+I+I+1V,
where

1
B=c( [, 19glPdun)” Vol (E@))' 7,
X(e)
p—1

H::C(/ I@gl”duh) (/ |6778|”%1dﬂh)T»
X (e) X(e)

2
= C(/E( )ng”duh)” Vol (S(e))' 77,

IV := C Vol,(Z(¢)),

=

where the constants depend on 7, A and the C! norm of u.
Since ¥ has codimension at least d, by definition there is C > 0 such that

Vol, (2 (g)) < Ce?

for all ¢ sufficiently small. Since ¥ is compact and M carries the structure of a
metric space with distance function dj,, X is totally bounded, that is, for every fixed
radius, it can be covered by a finite number of balls of that radius measured with
respect to dj,. In particular, it can be covered by a finite number of balls of radius
/2. Let N be the minimal such number of balls, B(x, 5),k=1,..., N. We first
claim that

ch (v.5) c ze@.

The first inclusion is obvious. Now suppose x e B(xy, 5) for some k. By minimality
of N, B(xg, 2) N % # @ and so dj (X, x¢) < 5. Then by the triangle inequality we
have

£ £
dn(Z, x) <dp(Z, x) +dp(xg, x) < §+§ =e.

So the second inequality holds. Hence, we have

ZVolh ( (xk, )) < Vol (Z(e)) < Ce“.

By taking ¢ small enough, we can also assume there is a constant D = D(n, h)
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such that

D~ 'e" < Vol,(B(¢)) < D&".
So we have
(4.2.3) N <Ce?™.

Similarly by the triangle inequality, we have that

Y(e) C U B (xk, 328)
since if x € ¥ (¢), there is y € ¥ such that dj,(y, x) <&, and by £ C U;{V:l B (xk, %),
there is an x; such that d (xi, y) < 5, 50 dj(x, xx) < dp(x, y) +dp(y, xp) < %8

Clearly, we have from definition that

IV < Ce?.

With (4.2.3) and the Morrey assumption (ii), we can estimate the terms on the
right-hand side of (4.2.2) above. For I, we have

1

N
I=C (Z / ng"duh) Vol (5(e)'
=l B(x, %)

1
< C(NL&"P)7 Vol (S(e)) 7
< C(gd—n-ﬁ-n—p-i-a)%gd(]_%,)
= Ced_H%.

d—2+%

Arguing in the same way, we have Il < Ce¢ » . Finally, using |Vp| < Ce™!,

we get
(4.2.4) 1 <ce™2

sothat Il - Qase — Osinced >2— = for some 8’ < §. Substituting these back
into (4.2.2) and by the value of d, we get that the right-hand side of (4.2.2) vanishes
as ¢ — 0T, and so we are done. |

4.3. Preservation of the distributional lower bound. We now consider the preser-
vation of distributional scalar curvature lower bounds along the Ricci flow. In [9],
the authors showed that scalar curvature lower bounds in the distributional sense
as above are preserved along the Ricci flow for initial metrics g € W7 (M") for
3 <n < p < o0. In this section, we improve the result by relaxing the regularity
to Morrey-type condition with 2 < p < n. We follow the approach of [9] with
modifications.
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Lemma 4.4. Let (M", h) be a closed manifold and gy is a C° metric on M
satisfying. Let gy and g(t) be as in Theorem 1.1. Then there is a constant
C=Cmn,M,h, A, Ly, p, 5, rg) <-+o0 such that we have

T -
/O /M V25(t) 2 dppdt < C.

Proof. Recall that from (1.0.1), standard computations and the Cauchy—Schwarz
inequality yields

q - e~ - -
E|Vg|258ljvz‘vj|vé’|2—C1|V28|2+C2|Vg|4+c3

for constants Cy, Cy, Cs that are only depending on n, i where we have gradient
estimate:

~ ~ k)
Cy|Vg|* < CyBy | Vg2t T,

so defining f (x, t) = |Vg|? exp(—Ar%/P) for some constant A > 0 to be determined,
we have

9 e~ o~ - 148 143
&f(z)sexp(—Azé/P>g”viVj|Vg|2—cl|v2g|2+czf(z>r h—Afme 4G

Here we used the fact that exp(—At‘S/ P), for t € [0, T], is uniformly bounded above.
Integrating by parts and Young’s inequality yields

d 52 12 -143
E/Mfduh s/M—cnv gl duh+/M(cz+c4—A>f(t>r »dun + Cs.

Now we choose A large enough so that it dominates C, 4+ C4 and we obtain
9 =2 2
= [ fdui+ [ C11VgPduy < C.
ot Jm M
Since M is compact, by covering argument we see that
(4.4.1) [ 1980l dpn = Cn, M. h.ro. Lo, p. 9).
M

With this, we integrate in time from O to T to obtain the result. (]

Now let M be a closed manifold and let g(¢) be the Ricci-DeTurck A-flow on
M. Consider the heat kernel:

(0, —Ax—=Vx)K(-,-;y,5)=0, tlim+K(-,t;y,s):8y(-)
—
and moreover satisfies for the conjugate heat operator:

(_aS_Ay_vX+R)K(xat77):O7 lim K(xst77s):8x()a

s—>t~
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where the Laplacian operators are taken with respect to g(¢). Let & be an arbitrary
nonnegative C* function on M. We consider the conjugate heat equation with #
as final data, that is,

ot
ul—r =1,

iu =—Au—Vxu+Ru onMx][0,T],
4.4.2)

where R is the scalar curvature with respect to g(¢). By the maximum principle,
the solution is nonnegative and given by convolving with the fundamental solution:

uGrn) = [ K. T3 0i() dpgery(v)-
Similar to Proposition 4.1 of [9], we have the estimates for u in the following
lemma.

Lemma 4.5. Let (M, h) be a closed Riemannian manifold and g is a CI%C N Wli’cp

metric on M satisfying assumptions in Theorem 1.1 with p > 2. Suppose g(t) is the
unique solution obtained from Theorem 1.1 and u is a solution obtained as above.
Then there exists Co > 0 depending only onn, M, h, A, Lo, p, 8, it such that

(@) u(-,t) <Co,forallt €[0,T].
®) [ Vewu(-.0)dpg) < Co.for all 1 €[0, T,

(c) For any a € R, / (Rg(ry —a)ud g is monotonically nondecreasing with
M

respect to t.

Proof. The proof is identical to that of [9, Proposition 4.1] using Lemma 4.4 and
the integrable interior estimates from Theorem 1.1. U

With these two lemmata, we have the following main application for the compact
case.

Theorem 4.6. Let (M", h) be a closed manifold and gy be a C° metric satisfying

(i) thereisa A > 0 such that A~'h < go < Ah on M;
(1) there exist p > 2,8 > 0, ry, L > 0 such that for all xo € M and 0 < r < ry,

(4.6.1) f 1V g0lP dpuy < Lr—P+:
B(xg,r)

(iii) Rg, > a in the distributional sense on M for some a € R.

Let g(t),t € (0, T] be the Ricci—-DeTurck h-flow from gy obtained in Theorem 1.1
with2 < p <n. Then for any t € (0, T], Rg(+) > a in the classical sense on M.

Proof. Fix any t > 0. It suffices to show

(Re(y —a,u)>0
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for any arbitrary nonnegative function u € C*°(M), where (R, u) is defined as in
(4.0.1). We follow the strategy as in Theorem 5.1 of [9], but modify it for our
setting.

We pay extra attention to the construction of g(¢). Let g; o be as in Lemma 3.1 and
gi(¢) be solutions to the Ricci—DeTurck /i-flow starting from g; ¢ as in Theorem 1.1
above so that g(¢) is the smooth limit of g;(¢) asi — +ooon M x (0, T].

Let u; be the solution to (4.4.2) (with respect to g; (¢)) with u; ; = and u; o(x) =
u;(x, 0). Note that u; satisfies the conclusion in Lemma 4.5 above uniformly as
i — +o00. In particular, we have

(4.6.2) /M(Rgi (1) — @i ditg ) = /M(Rgi.o —auip dlugi,o'

Since by hypothesis we have that (R,, —a, u; o) > 0, what remains is to examine
the difference

|<Rgi,o —a,uio) — (Rgy —a, Mi,0)| .
By the triangle inequality,

‘<Rgi,o —a, ujo) — <Rgo —a, Mi,O)‘

< }<Rgi,0’ ”i,O) - <Rg0, ui,0>| + |(l| )/‘Mlxll"() dMgi.o - /Mui»o d'bLgO

Since g;.0 — go globally in C°, we observe that

dirg,  ditgi
dup  dpp

=0.

die,
11 H /"Lgt.() 1
CO(M)

i— 00 d/’bgo

=0 and lim H

11— 0

CoO(M)

To handle the second term above, by (a) of Lemma 4.5, we have

al | [ wodig, ~ [ wodpg| <1al| [ uo Wao 1\ gy
M 8i,0 M 80| — M dﬂgo 80
SCHd/’Lgi,o_l
dlig CO(M)

for some positive constant C depending on a, n, ki, k2, A, p, 8, .

For the first term, we expand out the definition of distributional scalar curvature.
Let V, F be the vector and scalar fields associated with gg, and let V;, F; be
the vector and scalar fields associated with g; ¢ that appear in the definition for
distributional scalar curvature (4.0.1). Then by triangle inequality, we have

[(Rg, 0. ti,0) — (Rgy, ui0)| ST+ I+ T +1V,
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(Mzo g'o)‘ diup,

~ du dig,
i i= 4 ‘V (Mi,o 8 — w2 du,
M dup duy

where

I :=

d
1= [ Fuio— Fuiol | =52 du,
d
v := /|Ful |' oo _Haol gy,
dup  dupp

and we estimate each term separately. In the following, the constants C,,, will come
from (a) and (b) of Lemma 4.5 and the Morrey condition on go. In other words, C,,
will at most depend on n, k1, k2, A, p, 8, i, L, h. The constants may be changing
line by line.

Before handling each term, observe that since M is compact, we have g; o — go
in WP (M) by (e) of Lemma 3.1 above.

By Holder’s inequality,

g: 0 /"Lgl

1=/M|V—Vl~||wi,o| du +/ IV = Villuiol |V du

<C /M V80— Vgiol |w,-,o| dun+Cs /M V90— VgiolVeiol duw
) ) 1 ) ! p2
=i (f 1980 Veolrdu)” ([ 1Vuiol’dpn)” Volu(u)

. B 1 . 1 s
+C, (/MIVgi,o—Vgoll’duh)” <fMIVgi,o|”duh>' Vol, (M) 7
< Cillgi.o—gollwrramy +C2llgi,0— gollwrr(ary

where for the last inequality we are using the fact that g; ¢ satisfies the Morrey-type

condition and a covering argument from the fact that M is compact. Next we have

Mgo dlugi,o 6 <dﬂgo _ d/"Lgi.O) ‘ dl/«h
dup  duy

H—/ V11V ol
dur dps

duh+/ V| us.ol
M

dug, dig S e =
<C°,/ 1 g0l Vuiof| £~ =5 dun+Cs [ 198011V80—Vgiol das
d,bLh M
d dite. . 1 . 1 o2
=G Hﬁ—“—g ( [ 19golrdun)” ([ 1VuioPdps)” Volu(a)7
dpLh d,LLh CO(M) M M

- = ] - ; =
+Ci( [ 1Vg0=Vgioldma)" ([ 198017 )" Volu(b)
< H dig, _ ditg,

+Cyllgio—gollwiran-
du m 4llgi.0 gOHWlP(M)

CO(M)
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For the last two terms, we have

diig,
dup
2

4 » =2
< Cs(f 1R = FI¥ dus)" Vol ()T = Csllgio = 8ol ury:

111=/ \Fiuio— Fui ol
M

du < Cs /M|F,- — Fldw,

dit,, d
IV=/ | Fuiol Hgio  Glg
M dup  duppy
d din, - 1 2
< Cs H idad ot ] (/ |Vg0|Pth) ? Vol (M) 7
d,bLh d,LLh CO(M) M
< Ce H dpg,  ditg, ‘
dup dpp CO(M)

Combining all of the above, we get
|[(Rg,o — a. i 0) — (Rgy —a, ui0)| < Cb;

for some constant C = C(n, k1, k2, A, p, 8, u,a, L, Vol,(M)) and b; is a positive
function of i which satisfies lim;_, oo b; = 0. Combining this with (4.6.2), we obtain

/M(Rg,~<r> —audpig i = /M(Rgi,o —auioditg, = —Cb;.

Finally, observing that g; () converges smoothly to g(¢) as i — oo for each ¢ > 0,
we let i — oo in the inequality above to obtain the desired result. U

Together with Proposition 4.2, we have a removable singularity result as an
application.

Corollary 4.7. Suppose (M", h) is a closed manifold and go is a C° N WP metric
on M satisfying the assumption in Proposition 4.2 with a = 0. If the Yamabe
invariant of M is nonpositive or equivalently M does not admit metric with positive
scalar curvature, then g, then gg is Ricci-flat outside X.

Proof. By Proposition 4.2 and Theorem 4.6, there exists a Ricci—-DeTurck .-flow on
M starting from gp in sense of c'mn Cp(M\ X) so that Ry > 0. It follows
from the strong maximum principle that Ricg(,) = 0 for all # > 0. The result follows

from smooth convergence away from X by letting r — 0. U

Remark 4.8. In case the metric g is Lipschitz across the singularity, we are free
to choose § = p. Consider the case where the singularity is in the form of a
hypersurface, it was well-known that without additional assumption on mean
curvature, the scalar curvature rigidity is in general false while Miao [15] and
Shi and Tam [17] showed that the mean curvature inequality is indeed necessary
and sufficient. With this in mind, we see that ' < § is necessary.



396 MAN-CHUN LEE AND STEPHEN SHANG YI LIU

Acknowledgement

Man-Chun Lee was partially supported by Hong Kong RGC grant (Early Ca-
reer Scheme) of Hong Kong, nos. 24304222 and 14300623, and an NSFC grant,
no. 12222122,

References

[1] D. Adams, Morrey spaces, Birkhduser, 2015.

[2] R. H. Bamler, E. Cabezas-Rivas, and B. Wilking, “The Ricci flow under almost non-negative
curvature conditions”, Invent. Math. 217:1 (07 2019), 95-126.

[3] P. Burkhardt-Guim, ‘“Pointwise lower scalar curvature bounds for CY metrics via regularizing
Ricci flow”, Geom. Funct. Anal. 29:6 (2019), 1703-1772.

[4] J. Chu and M.-C. Lee, “Ricci—-DeTurck flow from rough metrics and applications to scalar
curvature problems”, J. Funct. Anal. 289:2 (2025), art.id. 110916, 41 pp.

[5] D. M. DeTurck, “Deforming metrics in the direction of their Ricci tensors”, J. Differ. Geom.
18:1 (1983-01), 157-162.

[6] J. D. E. Grant and N. Tassotti, “A positive mass theorem for low-regularity Riemannian metrics”,
preprint, 2014. arXiv 1408.6425

[7] R.S. Hamilton, “Three-manifolds with positive Ricci curvature”, J. Differ. Geom. 17:2 (1982-01),
255-306.

[8] W. Jiang, W. Sheng, and H. Zhang, “Removable singularity of positive mass theorem with
continuous metrics”, Math. Z. 302:2 (2022), 839-874.

[9] W.Jiang, W. Sheng, and H. Zhang, “Weak scalar curvature lower bounds along Ricci flow”, Sci.
China Math. 66 (2023), 1141-1160.

[10] H. Koch and T. Lamm, “Geometric flows with rough initial data”, Asian J. Math. 16:2 (2012-06),
209-235.

[11] T. Lamm and M. Simon, “Ricci flow of W22 metrics in four dimensions”, Comment. Math.
Helv. 98 (09 2023), 261-364.

[12] D. A. Lee, “A positive mass theorem for Lipschitz metrics with small singular sets”, Proc. Amer.
Math. Soc. 141:11 (2013), 3997-4004.

[13] D. A. Lee and P. G. LeFloch, “The Positive Mass Theorem for Manifolds with Distributional
Curvature”, Commun. Math. Phys. 339:1 (2015), 99-120.

[14] M.-C. Lee and L.-F. Tam, “Continuous metrics and a conjecture of Schoen”, Trans. Amer. Math.
Soc. 378:3 (2025), 1531-1550.

[15] P. Miao, “Positive mass theorem on manifolds admitting corners along a hypersurface”, Adv.
Theor. Math. Phys. 6:6 (2003), art. id. 4.

[16] W.-X. Shi, “Deforming the metric on complete Riemannian manifolds”, J. Differ. Geom. 30:1
(1989-01), 223-301.

[17] Y. Shi and L.-F. Tam, “Scalar curvature and singular metrics”, Pac. J. Math. 293:2 (2016),
427-470.

[18] M. Simon, “Deformation of C 0 Riemannian metrics in the direction of their Ricci curvature”,
Comm. Anal. Geom. 10:5 (2002), 1033-1074.


https://doi.org/10.1007/s00222-019-00864-7
https://doi.org/10.1007/s00222-019-00864-7
https://doi.org/10.1007/s00039-019-00514-3
https://doi.org/10.1007/s00039-019-00514-3
https://doi.org/10.1016/j.jfa.2025.110916
https://doi.org/10.1016/j.jfa.2025.110916
https://doi.org/10.4310/jdg/1214509286
http://msp.org/idx/arx/1408.6425
https://doi.org/10.4310/jdg/1214436922
https://doi.org/10.1007/s00209-022-03081-w
https://doi.org/10.1007/s00209-022-03081-w
https://doi.org/10.1007/s11425-021-2037-7
https://doi.org/10.4310/AJM.2012.v16.n2.a3
https://doi.org/10.4171/CMH/553
https://doi.org/10.1090/S0002-9939-2013-11871-X
https://doi.org/10.1007/s00220-015-2414-9
https://doi.org/10.1007/s00220-015-2414-9
https://doi.org/10.1090/tran/9379
https://doi.org/10.4310/ATMP.2002.v6.n6.a4
https://doi.org/10.4310/jdg/1214443292
https://doi.org/10.2140/pjm.2018.293.427
https://doi.org/10.4310/CAG.2002.v10.n5.a7

RICCI-DETURCK FLOW WITH MORREY-TYPE INTEGRABILITY 397

[19] L.-F. Tam, “Exhaustion functions on complete manifolds”, pp. 211-215 in Recent advances in
geometric analysis, Advanced Lectures in Mathematics 11, International Press, Somerville, MA,
2010. MR

Received July 13, 2024. Revised September 19, 2025.

MAN-CHUN LEE

DEPARTMENT OF MATHEMATICS
CHINESE UNIVERSITY OF HONG KONG
HoNG KONG

mclee @math.cuhk.edu.hk

STEPHEN SHANG Y1 L1U

DEPARTMENT OF MATHEMATICS

HONG KONG UNIVERSITY OF SCIENCE AND TECHNOLOGY
HoNG KONG

masyliu@ust.hk


http://msp.org/idx/mr/2648946
mailto:mclee@math.cuhk.edu.hk
mailto:masyliu@ust.hk

	1. Introduction
	2. A priori estimates
	2.1. Parabolic boot-strapping
	2.3. Gradient estimate

	3. Short-time existence
	4. Applications: preserving the distributional scalar curvature lower bound
	4.3. Preservation of the distributional lower bound

	Acknowledgement
	References

