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THE GEOMETRIC CAUCHY PROBLEM
FOR CONSTANT-RANK SUBMANIFOLDS

MATTEO RAFFAELLI

Given a smooth s-dimensional submanifold S of Rm+c and a smooth distribu-
tion D ⊃ T S of rank m along S, we study the following geometric Cauchy
problem: to find an m-dimensional rank-s submanifold M of Rm+c (that is,
an m-submanifold with constant index of relative nullity m − s) such that
M ⊃ S and T M|S = D. In particular, under some reasonable assumption
and using a constructive approach, we show that a solution exists and is
unique in a neighborhood of S.

1. Introduction and main result

Given a manifold Qq≥3 and some class A of (m < q)-dimensional submanifolds,
the geometric Cauchy problem for the class A is to find all members of A passing
from a given (s < m)-dimensional submanifold S of Q with prescribed tangent
bundle along S. This problem, which represents a far-reaching generalization of
the classical Björling problem for minimal surfaces in R3 [18, Section 22.6], has
recently been examined, always with s = 1, for several combinations of Q and A;
see, e.g., [24; 5; 3; 16; 9; 23; 7; 2; 1].

In this paper, we are interested in the geometric Cauchy problem for constant-rank
submanifolds, that is, smooth embedded submanifolds of Rm+c whose Gauss map
has constant rank, or, equivalently, whose second fundamental form has constant
index of relative nullity [8]. These constitute one of the simplest and most natural
classes of submanifolds and, for this reason, also one of the most studied; see, e.g.,
[26; 25; 14; 17; 15; 29; 12; 10] and [13, Chapter 7].

Problem 1.1 (geometric Cauchy problem for constant-rank submanifolds). Let
S be a connected s-dimensional smooth embedded submanifold of Rm+c, and let
D ⊃ T S be a smooth distribution of rank m along S, that is, a smooth rank-m
subbundle of the ambient tangent bundle over S. Find all rank-s submanifolds of
Rm+c containing S and whose tangent bundle along S is precisely D.
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Some special cases of Problem 1.1 have already been considered: the case
m = 2 is classical [6, pp. 198–200]; the case of rank-one hypersurfaces (s =

c = 1) was first addressed by Markina and the author in [22]; and the rank-one
case in arbitrary codimension was solved by the author in [27]. The interest in
Problem 1.1 is motivated by the search for new approaches, alternative to the Gauss
parametrization [11; 28], to describe constant-rank submanifolds. The purpose of
this paper is to present a solution of Problem 1.1 without any assumption on s, m,
or c.

To state our main result, let D⊥ be the distribution of rank c whose fiber at p ∈ S
is the orthogonal complement of Dp in Rm+c, let π⊤ denote orthogonal projection
onto D, and let φp be the map

Tp S ×D⊥

p → Dp

(v, n) 7→ π⊤
∇v N ,

where ∇ is the Euclidean connection, and where N is any extension of n to a local
section of D⊥. It is easy to see that φp is well defined.

Theorem 1.2. Suppose that there exists a section N ∗ of D⊥ such that the shape
operator A∗

:= AN∗ of S in direction N ∗ is nonsingular, i.e.,

rank A∗
|p = s ∀p ∈ S.

The geometric Cauchy problem for rank-s submanifolds of Rm+c has a solution if
and only if φp(Tp S, N ∗

p) = Im φp for all p ∈ S. Moreover:

(i) The solution is locally unique, i.e., any two solutions coincide on an open set
containing S.

(ii) In this open set, the unique solution is given by{
p + x | p ∈ S, x ∈ Dp ∩ (Im φp)

⊥
}
,

where ⊥ denotes orthogonal complement in Rm+c.

(iii) Given a local parametrization ξ : A → Rm+c of S, the solution can be locally
parametrized as follows. Let (E1, . . . , Em) be a smooth orthonormal frame for
D|ξ(A) whose first s elements span T S. For any j = 1, . . . , m − s, let Gi be the
group of permutations of the set {1, . . . , î, . . . , s, s + j} obtained by omitting
the element i , and, denoting by φk

i the coordinate function ⟨φ(Ei , N ∗), Ek⟩ =

⟨∇Ei N ∗, Ek⟩, let

(1) X j =

∑
i∈{1,...,s,s+ j}

(−1)h
∑
λ∈Gi

sgn(λ)φ
λ(1)
1 · · · φλ(s+ j)

s Ei ,
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where h = i for i = 1, . . . , s and h = s + 1 otherwise. Then

σ(a, b1, . . . , bm−s) = ξ(a) + b1 X1(a) + · · · + bm−s Xm−s(a)

is the desired parametrization.

Remark 1.3. A∗
= πS ◦ φ( ·, N ∗), where πS denotes orthogonal projection onto

T S.

Remark 1.4. The section N ∗ does not need to be global. The theorem remains valid
if one merely assumes the existence of a local section N ∗(p) in a neighborhood
Up of each point p ∈ S, along with the compatibility condition

N ∗(p) = ±N ∗(q) ∀p, q such that Up ∩ Uq ̸= ∅.

Remark 1.5. If the distribution D is obtained by restricting to S the tangent bundle
of an arbitrary submanifold M ⊃ S, then the map φp( ·, n) coincides with the
restriction to Tp S of the shape operator of M with respect to n. In this case
the theorem provides conditions for the existence of a constant-rank, first-order
approximation of M along S; cf. [27, section 6].

Remark 1.6. When s = 1, formula (1) reduces to X j = φ1 E1+ j −φ1+ j E1, and we
thus retrieve the third item in [27, Theorem 1.3]. The formula is new starting from
s = 2, when it reduces to X j = −(φ2

1φ
2+ j
2 −φ

2+ j
1 φ2

2)E1 +(φ1
1φ

2+ j
2 −φ

2+ j
1 φ1

2)E2 −

(φ1
1φ

2
2 − φ2

1φ
1
2)E j+2.

Clearly, when c=1, the condition on φp is automatically satisfied, and Problem 1.1
becomes generically well posed.

Corollary 1.7. Suppose that c = 1. If for each p ∈ S the shape operator of S in
direction n ∈ D⊥

p is nonsingular, then the geometric Cauchy problem for rank-s
hypersurfaces of Rm+1 has a solution.

The proof of Theorem 1.2 will be given in Section 3. It relies on the well-known
fact that any m-dimensional rank-s submanifold of Rm+c admits a foliation by totally
geodesic leaves of dimension m − s, along which the tangent space is constant;
the converse holds provided that the foliation is unique. In particular, as shown
in the next section, the tangent space is constant along the rulings precisely when
the ambient covariant derivative of any tangent vector field along S has vanishing
normal component (Lemma 2.5). This extends a classical result about developable
surfaces in R3 [20, Theorem 54.1]; see also [30].

2. Constant-rank submanifolds

The purpose of this section is to generalize [27, Lemma 3.7] to (m−s)-ruled
submanifolds.
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Definition 2.1. Let M be an m-dimensional embedded submanifold of Rm+c. We
say that M is (m−s)-ruled if it admits a foliation by (m−s)-dimensional totally
geodesic submanifolds of Rm+c, called rulings. In particular, we say that M is
properly (m−s)-ruled when the foliation is unique.

Given a s-dimensional embedded submanifold S of Rm+c, the following lemma
is the key to extending S to an (m−s)-ruled submanifold. Recall that two embedded
submanifolds S, S′ of a smooth manifold are said to intersect transversely if for
each p ∈ S ∩ S′, the tangent spaces Tp S and Tp S′ together span the ambient tangent
space.

Lemma 2.2. Let F be a distribution of rank m − s along S such that

dim(Tp S ⊕Fp) = m ∀p ∈ S.

Then the subset
{p + x | p ∈ S, x ∈ Fp}

defines an (m−s)-ruled submanifold MF in a neighborhood of S. Conversely, any
(m−s)-ruled submanifold containing S and whose rulings intersect S transversely
admits a description of this form.

Proof. We first prove a local version of the lemma. Let ξ : A → Rm+c be a local
parametrization of S, let (X1, . . . , Xm−s) be a local frame for F over A, and, for
B ⊂ Rm−s open, define σ : A × B → Rm+c by

σ(a, b1, . . . , bm−s) = ξ(a) + b1 X1(a) + · · · + bm−s Xm−s(a).

Since the partial derivatives of σ are linearly independent at (a, 0), they remain
linearly independent in some neighborhood Ua of (a, 0) in A × B. Moreover, after
shrinking Ua and B if necessary, we may assume that σ(Ua) is embedded and there
exists a neighborhood Va of ξ(A) in Rm+c such that

σ(Ua) = Va ∩ σ(A × B);

to see this, note that otherwise, by making B arbitrarily close to 0, the assumption
that S is embedded would be violated. Let M :=

⋃
a∈A Ua , and let q ∈ M . Since

M is an immersed submanifold, the rank theorem [21, Theorem 4.12] implies the
existence of a slice chart for M in Rm+c around q . Hence M satisfies the local slice
criterion for embedded submanifolds [21, Theorem 5.8], which is the desired local
conclusion.

To prove the full statement, let {ξi : Ai → Rm+c
}
r
i=1 be a set of local parametriza-

tions of S covering S, and let {σi : Ai × Bi → R}
r
i=1 be the corresponding maps σ ,

as defined earlier. Then we know that for each i there exists a neighborhood Ui of
(Ai , 0) in Ai × Bi such that σi (Ui ) is embedded. Shrinking U1, . . . , Ur along the
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second factor if necessary, we may assume that there are neighborhoods V1, . . . , Vr

of ξ1(A1), . . . , ξr (Ar ) in Rm+c such that

σi (Ui ) = Vi ∩
( r⋃

i=1
σi (Ui )

)
∀i = 1, . . . , r.

As before, this implies the existence of a slice chart for Mi = σi (Ui ) in Rm+c around
every q ∈ Mi . Hence M :=

⋃
i Mi is the desired (m−s)-ruled submanifold. □

Next we define constant-rank submanifolds and give two alternative characteri-
zations of them.

Definition 2.3. Let M be an m-dimensional embedded submanifold of Rm+c. The
index of relative nullity of M at a point p ∈ M is the dimension of the kernel 1 of
the second fundamental form α at p:

1 = {x ∈ Tp M | α(x, · ) = 0}.

We say that M is a constant-rank submanifold if the index of relative nullity is
constant. In particular, we say that M is rank-s when the index is equal to m − s.

Theorem 2.4 [19, Lemma 3.1]. The following statements are equivalent:

(1) M is rank-s.

(2) The Gauss map M → Gr(m, m+c) has rank s everywhere; here Gr(m, m+c)
denotes the Grassmannian of m-dimensional subspaces of Rm+c.

(3) M is properly (m−s)-ruled with constant tangent space along the (m−s)-
rulings.

Thus, rank-s submanifolds containing S are locally in one-to-one correspondence
with distributions F of rank m − s along S making MF properly ruled and satisfy

Tp MF = Tp+x MF ∀x ∈ Fp such that p + x ∈ MF .

The next lemma expresses the last condition in terms of the ambient covariant
derivative along S and represents the sought generalization of [27, Lemma 3.7].

Lemma 2.5. The tangent space of MF is constant along x ∈ Fp if and only if

∇v X ∈ Tp MF ∀v ∈ Tp S,

where X is any extension of x to a local section of F .

Proof. Let ξ : A → Rm+c be a local parametrization of S around p, and let (X j )
m−s
j=1

be a local frame for F over A. Then the map σ : A × Rm−s
→ Rm+n defined by

σ(a, b1, . . . , bm−s) = ξ(a) + b1 X1(a) + · · · + bm−s Xm−s(a)
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is a local parametrization of MF in a neighborhood of p. Since the tangent space
T(a,0,...,0,b j ,0,...,0)σ of σ at σ(a, 0, . . . , 0, b j , 0, . . . , 0) is spanned by

∂1ξ(a) + b j∂1 X j (a), . . . , ∂sξ(a) + b j∂s X j (a), X1(a), . . . , Xm−s(a),

it follows that

T(a,0,...,0,b j ,0,...,0)σ = T(a,0)σ = span
(
∂1ξ(a), . . . , ∂sξ(a), X1(a), . . . , Xm−s(a)

)
if and only if ∂i X j (a)∈ T(a,0)σ for every i = 1, . . . , s; by linearity, this is equivalent
to all directional derivatives of X j being in T(a,0)σ at a. Now, to complete the proof,
it is enough to note that any of the elements of the frame (X j )

m−s
j=1 may be chosen

to coincide with x at p. □

Remark 2.6. It is easy to see, using orthogonality of Tp MF and (Tp MF )⊥, that the
condition ∇v X ∈ Tp MF in Lemma 2.5 only depends on X through X p = x ∈ Tp MF .
Hence the lemma continues to hold if “local section of F” is replaced by “local
section of T MF”.

Remark 2.7. By the properties of the covariant derivative, Lemma 2.5 implies that
the tangent space of MF is constant along every x ∈ F if and only if

∇vi X j ∈ Tp MF ∀i, j,

where (v1, . . . , vs) is a basis of Tp S and (X1, . . . , Xm−s) a local frame for F
around p.

3. Proof of the main result

In this section we prove Theorem 1.2. The proof of the first two items is based on
the following lemma.

Lemma 3.1. Suppose that there exists a section N ∗ of D⊥ such that the shape
operator A∗ of S in direction N ∗ is nonsingular at p. Then

Tp S ∩ φp(Tp S, N ∗

p)
⊥

= {0}.

Proof. Let πS denote orthogonal projection onto T S, so that

AN = πS ◦ φ( ·, N ).

Suppose, towards a contradiction, that there exists a nonzero vector v ∈ Tp S such
that

⟨v, φ(w, N ∗)⟩ = 0 ∀w ∈ Tp S.

Since φ( ·, N ) is self-adjoint with respect to the metric, this implies

A∗(v) = 0,
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contradicting the assumption that A∗ has full rank at p. □

Proof of Theorem 1.2(i)–(ii). According to Lemmas 2.2 and 2.5, we need to find an
(m−s)-dimensional subspace Fp of Dp satisfying Tp S ∩Fp = {0} and

∇vx ∈ Dp ∀(v, x) ∈ Tp S ×Fp,

where x is being extended arbitrarily to a local section X of D. Note that the latter
condition is equivalent to

(2) ⟨∇vx, n⟩ = 0 ∀(v, x, n) ∈ Tp S ×Fp ×D⊥

p ;

using orthogonality of x and n, we can rewrite (2) as

⟨x, φp(v, n)⟩ = 0 ∀(v, x, n) ∈ Tp S ×Fp ×D⊥

p

or, more succinctly, as

Fp ⊂ (Im φp)
⊥.

Suppose that there exists a section N ∗ of D⊥ such that the shape operator A∗

of S in direction N ∗ is nonsingular at p, and set

F∗

p := Dp ∩ φp(Tp S, N ∗

p)
⊥.

Then, since AN∗ = πS ◦ φ( ·, N ∗), we deduce that F∗
p is a subspace of dimension

m − s; besides, it has trivial intersection with Tp S by Lemma 3.1. Observing that

(Im φp)
⊥

⊂ φp(Tp S, N ∗

p)
⊥,

we conclude that F∗ can only define a solution of our problem when Im φp =

φp(Tp S, N ∗
p).

Next we check that F∗ does indeed define a solution. To this end, let M∗
:= MF∗

be an embedded submanifold containing S, whose existence is guaranteed by
Lemma 2.2. First note that, by construction, the shape operator A∗ of S is nothing
but the restriction to T S of a shape operator of M∗. Hence, as the tangent space is
constant along F∗, the index of relative nullity of M∗ equals m − s along S. By the
same reason, extending N ∗ via parallel translation in the ambient space to a unit
normal vector field along M∗, we have that

A∗

p+x(v) = A∗

p(v) ∀v ∈ Dp ≡ Tp+x M∗,

which implies that the index of relative nullity of M∗ is constant, as claimed. □

It remains to prove Theorem 1.2(iii). To set the stage, we first recall the notion
of ((m−1)-fold) vector cross product.
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Let V be an m-dimensional oriented inner product space, and let (e1, . . . , em)

be an orthonormal basis of V . A vector cross product on V is a multilinear map
· × · · · × · : V m−1

→ V such that

⟨e1 × · · · × em−1, e1⟩ = · · · = ⟨e1 × · · · × em−1, em−1⟩ = 0,

⟨e1 × · · · × em−1, e1 × · · · × em−1⟩ = det(⟨ei , e j ⟩)
m−1
i, j=1,

(e1, . . . , em−1, e1 × · · · × em−1) is positively oriented.

It is well known that there is only one vector cross product on V . It is given by

v1 × · · · × vm−1 = ⋆(v1 ∧ · · · ∧ vm−1),

where ⋆ denotes the Hodge star operator and ∧ the wedge product on V ; see [4].
More generally, if v1, . . . , vm−1 are continuous sections of a smooth oriented vector
bundle over a smooth manifold, then both ⋆ and ∧ are globally defined, and the
previous equation defines their cross product.

Our proof of Theorem 1.2(iii) is based on the following lemma.

Lemma 3.2. Let W be an s-dimensional subspace of V , and let ρ be a linear map
W → V ; without loss of generality, we may assume that the first s elements of
(e1, . . . , em) span W and the first r elements span coim ρ = (ker ρ)⊥. Suppose
that the orthogonal complement ϕ(W )⊥ of ϕ(W ) in V has trivial intersection with
coim ρ. Then

x j = ϕ(e1) × · · · ×ϕ(er ) × er+1 × · · · × êr+ j × · · · × em, j = 1, . . . , m − r

defines an orthogonal basis of ϕ(W )⊥; here the hat indicates that er+ j is omitted.

Proof. By construction, the vector x j belongs to the intersection between ϕ(W )⊥

and the subspace spanned by e1, . . . , er , er+ j . Since ϕ(W )⊥ has trivial intersection
with span(e1, . . . , er ), it follows that x1, . . . , xm−r all lie in orthogonal subspaces,
showing that they indeed span ϕ(W )⊥. □

Proof of Theorem 1.2(iii). Let (E1, . . . , Em) be a smooth orthonormal frame for
D|ξ(A) whose first s elements span T S. Equipping D|ξ(A) with the orientation
naturally induced by that frame, the vector cross product becomes well defined on
D|ξ(A). Then, for each j = 1, . . . , m − s, let

(3) X j = φ(E1, N ∗) × · · · ×φ(Es, N ∗) × Es+1 × · · · × Ês+ j × · · · × Em,

where the hat indicates that Es+ j is omitted. Since coim φ = T S by assumption,
we deduce from Lemmas 3.1 and 3.2 that (X1, . . . , Xm−s) is an orthogonal frame
for φ(T S, N ∗)⊥.

It remains to compute (3) in coordinates. Let φk
i = ⟨φ(Ei , N ∗), Ek). Then

φ(Ei , N ∗) = φ1
i E1 + · · · +φm

i Em .
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Substitution into (3) gives

X j =
(
φ1

1 E1 +· · ·+φs
1 Es +φ

s+ j
1 Es+ j

)
×· · ·× (φ1

s E1 +· · ·+φs
s Es +φs+ j

s Es+ j )

× Es+1 × · · · × Ês+ j × · · · × Em,

which implies (1). □
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