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Radial representations of finitely generated free groups are studied. The
associated C*-algebra is located between the reduced and full group
C*-algebras and its primitive ideal space is described concretely as a
topological space.

Introduction

Spherical functions on finitely generated free groups have been investigated from
various points of view. Among them, fundamental is the framework of Poisson
boundaries, which allows us to take analogies with the case of semisimple Lie
groups. In fact, studies of spherical functions go more or less around it and, as
their basic properties, irreducibility and inequivalence of the associated spherical
representations are established under this background.

Other than spherical representations, a series of nonirreducible representations
are associated with radial functions. Within that class interesting are positive
definite functions of Haagerup, which include the standard trace as a limit case. For
nonirreducible representations associated with positive definite radial functions, a
generalization of Plancherel formula is described in [22] via spectral decomposition
of radial functions based on the radial algebra which is commutative. Notice here
that, different from the semisimple case, noncommutative free groups are not type I
and the uniqueness of decomposition into irreducible representations breaks down.

In other words, to obtain a Plancherel formula, we need to specify a maximal
commutative subalgebra first and the above-mentioned Plancherel formula is based
on the algebra of radial functions. As an instance, the standard trace belongs to the
radial class and its Plancherel measure turns out to be the so-called Kesten measure,
which is supported by the regular spectrum and equivalent to the Lebesgue measure.

In this paper, we look into the primitive ideal space of radial representations and
show that it is given by primitive ideals of spherical representations. Furthermore,
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its hull-kernel topology is described explicitly in terms of the spectral parameter
which distinguishes equivalence classes of spherical representations.

During the process of description, we also see that the kernel of the regular repre-
sentation is represented by a CCR algebra under the universal radial representation
and a complete description of the primitive ideal space of the radial representation
is obtained in terms of primitive ideals of this CCR algebra.

The author is grateful to Tomohiro Hayashi for many discussions on the subject.

1. Background review

We shall work with the countable discrete group G generated freely by a finite
set {s1, ..., s;} and representations of G by bounded linear operators on a Hilbert
space H. By freeness, such a representation is specified by assigning a finite family
(Si)1<i< of bounded invertible operators on J{ so that a unitary representation
corresponds to a family of unitary operators.

Let CG =) gec g be the algebraic group algebra of G, which is naturally
identified with the convolution algebra of functions on G having finite supports.
The completion £'(G) of CG with respect to the £!-norm consists of summable
sequences labeled by elements in G so that the convolution product makes £!(G) a
unital Banach algebra.

The *-operation g — g* = g~ on CG is obviously extended to £!(G) iso-
metrically. Thus unitary representations of G are in one-to-one correspondence
with *-representations of CG or 2'(G) on Hilbert spaces. The associated universal
C*-algebra is called the group C*-algebra of G and denoted by C*(G). The parity
automorphism @ of C*(G) is defined by w (g) = (—1)/¢lg, where |g| denotes the
length of g € G with respect to the generator {s, ..., s;}.

Among *-representations, the regular representation on £2(G) plays a central
role in what follows: the left regular representation is denoted by A. The image
A(C*(G)), also denoted by C(G), is the reduced group C*-algebra and known to
be simple ([13]). Recall that the regular representation is related with the standard
trace T on C*(G) specified by 7(g) = 8, for g € CG C C*(G): Let 71/2 be the
GNS vector of t. Then, for f = dec f(g)g € CG, fr'/2 =12 f is identified
with the function f € 22(G) so that A( f) is realized by left multiplication of f on
the GNS representation space of 7.

The parity automorphism zo is implemented on C;(G) by the parity operator P
on £?(G) defined by P(gt'/?) = w (g)t!/?.

We shall now review (more or less well-known) relevant facts on spherical
representations of free groups together with some comments.

Spherical functions on free groups are introduced and studied as counterparts of
the semisimple case (see [3; 6; 9; 16] for example).

1
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A function of g € G is said to be radial if it depends only through the length |g|.
Radial functions supported by finite sets constitute a commutative *-subalgebra A
of CG. Let G, = {g € G; |g| = n} with its indicator function denoted by 15,. Note
that the number of elements in G, is |G,| =2[(2] —1)"~! (n > 1). As a linear base
of A, elementary radial functions are introduced by

1
|Gl

n 1Gn (n=07 1525~~')5
which are hermitian /) = h,, with h the unit element of CG and fulfill the recurrence
relation

hlhnzrhn—l+(1_r)hn+l n>1)

with r = 1/2[ satisfying 0 <r < 1/2.
If we introduce a polynomial sequence p,(¢) of indeterminate ¢ by po(t) =1,
pi1(@) =t and tp, (1) = rpp—1(t) + (1 =r) ppy1 (1) (n = 1), then hy, = p,(hy) and

ad 1—r—rtz

t l’l:—.
an()z l—r—tz+rz?
n=0

Consequently the correspondence p, (t) — h, gives rise to an algebra homomor-
phism of C[z] onto A, which is in fact an isomorphism because A is infinite-
dimensional.

The spectrum of A(h) is exactly

o =[=2/r(1—r),2\/r(1—=r)]

(called the regular spectrum) without eigenvalues inside ([8; 4]).

Let E : CG — A be the averaging map defined linearly by E(g) =h 4 (g € G C
CG), which satisfies algebraic properties of conditional expectation: E(a) = a,
E(f"Y=E(f)"and E(af) =aE(f) fora € A and f € CG. A radial function ¢
is then in one-to-one correspondence with a linear functional ¢ of A by the relation
¢(g) =¢oE(g) (g € G). The averaging map E is also characterized by the equality
T(f¢p) =t(E(f)¢) for f € CG and a radial function ¢.

Given a complex number ¢ € C, let §, be the multiplicative linear functional of
A evaluated at ¢, i.e., 8.(h,) = p,(c) (n = 0). When ¢ = §,, the associated radial
function &, is called a spherical function (this being justified by a characterization
in [6, Lemma 1.5]) with ¢ referred to as the spectral parameter.

A multiplicative functional 8. of spectral parameter ¢ € C is £'-bounded if and
only if c=a+ib (a, b € R) is in the elliptic disk

b2
a2+—<1
(1=2r)2 —



412 SHIGERU YAMAGAMI

(when r = 1/2, this shrinks to the interval [—1, 1] C R) and §. is C*-bounded if
and only if —1 < ¢ <1 ([3; 14]). Notice that C*-bounded multiplicative functionals
are automatically *-preserving.

With this spectral property of ¢ in hand, we see that a spherical function &, of
spectral parameter ¢ is positive definite if and only if —1 <c¢ <1.

Let A be the closure of A in the full group C*-algebra C*(G). Then, by Haagerup
(see [20; 22]), E is extended to a conditional expectation (also denoted by E) of
C*(G) onto A C C*(G).

Since E preserves positivity, any positive functional ¢ of A induces a positive
functional ¢ o E of C*(G). If we take an evaluation functional §, on A atr € [—1, 1]
as a ¢, it gives rise to a spherical state on C*(G), which is also denoted by &, i.e.,
& = &, o E and the spectrum of A is identified with [—1, 1], i.e., A= C([—1, 1))
(C(K) standing for the continuous function algebra of a compact set K).

Remark that the spherical state ¢; is the obvious extension of a positive definite
spherical function of spectral parameter —1 < ¢ < 1 with €x(g) = (£1)!¢/ mul-
tiplicative on G, i.e., the trivial/parity character (one-dimensional representation)
of G.

The GNS-representation of &, is called a spherical representation.

Theorem 1.1 [6; 10; 20]. Spherical representations are irreducible and mutually
disjoint for different t € [—1, 1].

Spherical representations of spectral parameter in o, appear as irreducible compo-
nents of the regular representation in a form of Plancherel formula and are referred
to as being principal, whereas ones parametrized by [—1, 1] \ o, are said to be
complementary.

As will be reviewed below, these series of representations (except for the residual
values ¢ = +£1) are realized as an analytic family of representations on a single
Hilbert space.

We now introduce another analytic family (1.) of representations on £%(G) due
to Pytlik and Szwarc. (The original notation is changed to A, in view of the fact that
this is a deformation of A.) Here are basic properties: (1;) is a family of bounded
representations of G on £?(G) parametrized by a complex number z satisfying
2% & (1, 00).

Theorem 1.2 [16]. (i) For each g € G, ),(g) is a finite-rank perturbation of A(g):
there is a finite dimensional subspace L4 of €2(G) satisfying r.(g) = A(g) on
LgL for each z.

(1) For any g € G, L,(g) is continuous in z and holomorphic on

[z €C\ (oo, —1TL[1, 00))}.
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(iii) The equality 1.(g)* = A=(g") holds for any g € G and any z. Consequently
A; is unitary if 7 is real, i.e., if z € [—1, 1].

(iv) For 72 ¢ [1, 00), T'/? is a cyclic vector of ), and satisfies
@t =2 (g0
In particular, the function z\8! is positive definite for —1 < z < 1 (see [7]) and
Ao = A
(v) Limits Ay = lim._, +| A, are unitary representations of G on £*(G) satisfying
+r!'2 (g=e),

2 —1
(g=a),
otherwise,

hii(a)gr'? = { Far!
agt!’?
forae Gyand g € G.

Corollary 1.3. According to an orthogonal decomposition £*(G) = Ct'/? &
2(G) @ --- @ L2(G()), where G(i) consists of words whose right ends are
in {s;, sl._l}, Ax1 is unitarily equivalent to a direct sum of A by multiplicity | and the
parity/trivial character of G.
Proof. Let G* = G\ {e}. Since A_1(g)(G*t'/?) = G*t'/? for g € G by (v), A_1(g)
induces a free action of G on G* with G* = G(1) U - - - LU G () the decomposition
of G* into orbits. Thus A_; on £2(G*) is decomposed into the direct sum of
subrepresentations on £2(G(i)) (1 <i <) so that the restriction of A_; on £2(G(i))
is unitarily equivalent to the regular representation of G.

Likewise A1 and the parity operator P leave £2(G(i)) invariant so that PA; (x) P =
A_1(@ (x)) (x € C*(G)). From the decomposition of A_1, this implies that A; on
02(G(i)) is unitarily equivalent to A o = PAP = A as well. O

Remark 1. The above corollary is taken from [16] 2.4 Remark (3), where it is
pointed out that A_; on 02(G*) is considered by J. Cuntz to illustrate K-amenability
of free groups.

The following supplements to [16] are extracted from [19; 20] with the case of
critical values v = 4/r/(1 —r) added in [22, Corollary 4.4].

Theorem 1.4. Let A, be a unitary representation, i.e., v € [—1, 1].

1) If |lv| < /r/(1 —r), Ay is unitarily equivalent to M.
(1) If /r/(1 —r) < |v| < 1, Ay, is unitarily equivalent to a direct sum of A and the
spherical representation of spectral parameter

(V) = —+(1—r)v
v

with the spectrum of L, (h1) equal to o, U{c,(v)}.
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Given a positive functional ¢ of A, the GNS representation space

Ry, =C*(G)(¢o E)'/?

((po E)'/? being the GNS-cyclic vector) turns out to be a C*(G)-A-bimodule: The
left action of C*(G) is just the (left) GNS-representation based on ¢ o E and the
right action of A is given by (x(¢ o E)'?)a = (xa)(p o E)'/? (x € C*(G), a € A).

If v is another positive functional of A, the space Hom(R,, Ry ) of intertwiners
is naturally isomorphic to Hom(L?(¢), L?(y)) ([22]). Here L?(¢) denotes the GNS
representation space of ¢ and Hom(L2(<p), L?(yr)) denotes the space of intertwiners
between A-modules L2(¢) and L2(V).

In view of L?(¢) = L*(A)[¢] with L?(A) the standard space of the second dual
W*-algebra A*™ and [¢] the support projection of ¢ in A**, we have

Hom(L?(¢), L*(¥)) = A™[@][V].

Thus Hom(L?(¢), L?(3)) is isomorphic to the L>-space on [—1, 1] with respect
to the common measure class of ¢ and ¥ in the Lebesgue decomposition.

When ¢ = §; with &; = g o E a spherical state on C*(G), R,, is simply denoted by
R;. As observed in [22], (R;)_1<¢<1 is a continuous family of C*(G)-A-bimodules
and therefore it provides a Borel field structure so that the following holds.

Theorem 1.5 (Plancherel Formula). Under the identification of ¢ with the asso-
ciated Radon measure ¢(dt) on the spectrum [—1, 1] of A, we have a natural
isometric isomorphism between R, and the direct integral f[ 1] R, /o (dt) speci-
fied by the correspondence

Ry 3 (9o E)/? > f e/ Jo(dt) eyg Vo(dr).
[-1,1]

For the positive definite function ¢, = ¢, 0 E (—1 < v < 1) of Haagerup, where
¢y (hy) =" (n > 0), the accompanied Radon measure ¢,,(dt) takes the following
form ([22]):

1) If [v| </r/(1 —r), p,(dt) is supported by the interval o, and of the form
vil—v ar(l—r)—12 i
27 (1=t (¢, (v) —1)

(ii) If o/r/(1 —r) < |v| <1, adding to the continuous measure in (i), there appears
an atomic measure of the form

(/’v(dt):

l—c¢ (Uz)

m(g(t - C,»(U)).
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In the special case v = 0 for which ¢y = 7, @o(dt) is reduced to the Kesten measure

1 V4r(l—r)—1¢2
r( r) dt

2rr 1—1¢2

@o(dt) = lim ¢, (dt) =
v—>0

on o, = [—2/r(1 —r), 24/r(1 —r)] as stated in [3] (see also [18; 14]).

Let  be the GNS-representation of the spherical state ¢, for a spectral parameter
s =2/r(1 —r) and H = C*(G)¢ be the representation space of 7 with the GNS-
vector denoted by ¢ = &./%. Notice that the spectral parameter s = 2/7(1 —r) is
critical in the sense that it is located at the boundary of principal and complementary
series. It is also critical from the viewpoint of C*-completion relative to £7(G) (see
[2; 11]).

As a deformation of m, an analytic family (77.) of bounded representations on JH
is constructed in [15] for ¢ € C satisfying ¢? ¢ (1, o0) in such a way that 7y = 7
and the following properties hold.

(i) For each g € G, there is a finite dimensional subspace H, of H so that
m.(g) =m(g) on J—CgL for any c, i.e., m.(g) — mw(g) is a finite-rank operator.

(i) For any g € G, m.(g) is continuous in ¢ and holomorphic on
{c e C\ ((—o0, —1TU[1, c0))}.

(iii) We have 7.(g)* = m=(g~") for g € G and any parameter c. Consequently 7.
is unitary if c € [—1, 1].

(iv) If ¢ # %1, g is a cyclic vector of 7. and satisfies (¢|m(g)s) =¢&.(g) =d.(h|q))
(g € G).
(v) For c = =1, we have m11(g)s = ¢+1(g)s (g € G) but ¢ is not cyclic.

From property (iv), we see (¢|(mw.(h1) — c)?’c) =0, ie., m.(h))c = cc for
c € (—1, 1), and then, by analytic continuation on ¢, 7.(h1)¢ = c¢ for any c. Thus
¢ is an eigenvector of m.(h) of eigenvalue c.

More is known on the spectrum of 7. (h):

Theorem 1.6 [19, Theorem 5; 15, Lemma 3]. Any spectral parameter ¢ € C in
the closed elliptic disk of £'-boundedness is an eigenvalue of w.(hy) with ¢ its
eigenvector so that m.(h))c+ C ¢t and the spectrum of w.(h\) as a bounded
operator on the reducing subspace ¢~ C H is contained in the regular spectrum

o, =[-2/r(1=r),2/r(1=r)].

Remark 2. A common-space-realization I1, of the complementary component
of A, in [19] turns out to be extended to the region z> ¢ [1, o0) by an analytic
continuation, which seems to be globally similar to (;r;) in [15].
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2. The primitive ideal space

We begin with a universal construction of radial bimodules. For two positive
functionals ¢ and ¥ of A satisfying ¢ < i, the spherical decomposition in the
Plancherel formula enables us to define an isometric embedding by

?§ xo(dt +—>7§ |29
[—1,1] [=1,1] Y (dt)

(¢(dt)/ ¥ (dt) being the Radon—Nikodym derivative), which in turn is converted
to an isometric embedding of R, into R, thanks to the identity (¢ o E)/? =
Vdo/dy (y o E)'/? in the standard representation space L*(C*(G)) of the second
dual C*(G)** (see [21]).

By the way of this construction, embeddings R, — Ry, give an inductive system
of C*(G)-A-bimodules and we obtain the universal C*(G)-A-bimodule R as an
inductive limit. The image of the left action of C*(G) on R is then called the radial
C*-algebra of G and denoted by C}: ;(G), which is minimally universal with respect
to radial representations in the sense that it includes all R, and satisfies the property
stated in Proposition 2.1 below. Our main concern is in describing the primitive
ideal space of C ;(G).

Note that C7; ;(G) itself is realized without minimality by a direct sum represen-
tation on @w R,. Remark also that we have a series of natural *-homomorphisms

CG — C*(G) — C:y(G) — CX(G)

rad

with the total composition CG — C}(G) being injective because so is the regular
representation of G. As a result, the obvious *-homomorphism CG — C? (G) is
injective as well.

In terms of this universal radial bimodule, irreducibility of spherical representa-
tions is now rephrased in the following manner:

Proposition 2.1. The von Neumann algebra End(c+GyRa) of self-intertwiners is
isomorphic to A** through the right multiplication of A**, i.e., End(c+G)Ra) is
generated by the right action of A and isomorphic to the second dual W*-algebra
A*™* associated with A.

Here c+G)Ra indicates that R is a C*(G)-A-bimodule and a bounded linear
operator T on R is called a self-intertwiner if T (x&a) = xT (§)a for x € C*(G),
acAand& eR.

Proof. By [22], the space End(XR,) of self-intertwiners is generated by the right
action of A and R contains L?(A) as an A-A-subbimodule, whence the problem
is reduced to showing that End(RR) is generated by the right action of A as a von
Neumann algebra.
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To see this, observe first that the projection e, to the subspace R, belongs
to End(c+(G)Ra) and satisfies limy1c €, = 13 in the o-strong operator topology.
Let T € End(c+GyRa). If its reduction e,Te, € End(c+G)Ha) commutes with
e, End(Ry)e, for any ¢ € A%, a’ € End(Ry) and &, n € Ry, with ¢ € A% satisty

(élTeqoa/n) = (SlewT%a/e’(pﬂ) = ($|e(pale(pTe<p77) = (€|Cl/€(an) (o=>1v)

and then we have (§|Ta’n) = (€]a’Tn) by taking limit ¢ 1 oco. Since the inductive
(algebraic) limit of C*(G) (¥ o E)'/? for ¥ 1 oo is dense in R, this implies Ta'=a'T,
i.e., T € End(R,)’. As a final step, apply the double commutant theorem of von
Neumann. U

Corollary 2.2. For a positive functional ¢ of A, End(R,) = A™[¢], where [¢]
denotes the support projection of ¢ in A**.

We use the notation C(JH) to stand for the compact operator algebra on a Hilbert
space JH.

Proposition 2.3. For a continuous function f € C([—1, 1]) vanishing on o, C
[—1, 1], we have 7, (f (h1)) = f(t)|s)(g]| (—1 <t < 1) and the representation m;
fort € (—1, 1)\ o, is well-behaved in the sense that C(H) C 7, (C*(G)).

Proof. By the spectral property in Theorem 1.6, m;(f (k1)) = f(#®)|c)(s| =0 if
t € oy.
For t € [-1, 1]\ o,, the spectrum of 7, (f (k1)) is supported by the point ¢ with
|¢) a unique eigenvector and hence 7, (f (k1)) = f(¢)|5)(g| by functional calculus.
Thus 7, (C*(G)) contains a rank-one projection |¢)(¢| and the irreducibility of
7, for —1 <t < 1 implies C(H) C 7, (C*(G)). O

Remark 3. Properties of complementary series representations concerning compact
operator algebras are also pointed out in [20].

Proposition 2.4. Primitive ideals of C*(G) associated to pure states &; are different
fort € [—1, 11\ o, and coincide with the kernel of the regular representation A for
t € oy

Proof. Clearly characters 1 give rise to ideals different from those for ¢, (—1 <
t < 1) and we focus on irreducible representations ; (—1 <t < 1).

If two primitive ideals coincide for spectral parameters in (—1, 1), the associated
C*-algebras m; (C*(G)) for various ¢ € (—1, 1) are canonically isomorphic and give
rise to the same spectrum of m; (k). In the case when one of ¢ is outside of o, this
necessitates the coincidence of ¢ by Theorem 1.6.

Lett € o,. If x € C*(G) is in the kernel of A, then the Plancherel formula ensures
7 (x*x) = 0 for almost any ¢ € o, with respect to the Kesten measure (being
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equivalent to the Lebesgue measure on o,) and we can find a sequence ¢, € o,
converging to ¢ so that 77, (x*x) = 0. Since &y is weak*-continuous in #’, we have

& (y"x*xy) = lim &, (y*x"xy) =0

for any y € C*(G). Thus, by cyclicity of ¢, we have 7;(x*x) =0, i.e., ker A C ker 7;
with A(ker ;) a closed ideal of a simple C*-algebra C}(G), which proves that
kerm, =ker A. O

Corollary 2.5. (i) We have 7r;(C*(G)) N C(H) = {0} for t € o;.
(1) For f € C([—1, 1]), the condition f(h;) € ker & is equivalent to f| = 0.

Proof. (1) If n,(C*(G)) N C(H) # 0, C(H) C 7;(C*(G)) by irreducibility of ;.
In view of ker 7, = ker 7t; for ¢’ € o,, this implies 7 = 7; ([5] Corollary 4.1.10),
which contradicts with the disjointness of 7; and 7 for ¢ # ¢’ in o,.

(ii) From the kernel coincidence, the spectrum of (k1) is
0c*(G)/kern (h1 +kerm) = ocx(G)/kera (1 +kerd) = o (A(hy)) = oy,
whence w(f(h1)) = f((h1)) =0 if and only if f|, =0. U

Proposition 2.6. Let —1 <t < 1. In the orthogonal decomposition mw;(h)) =
116)(s| @ m: (h1) |1, the spectrum of 7w, (hy)| 1 is o, and therefore the spectrum of
. (hy) is {t}Uo,.

Proof. Let o (o”) be the (essential) spectrum of 7;(h1) on H, i.e., o’ consists of
accumulation points of o or eigenvalues of infinite multiplicity of , (k). Since
7, (hy) for various ¢ coincide up to finite-rank operators, o’ does not depend on
t € [—1, 1] (Weyl’s stability theorem, see [17] XIII.4 for example).

By Proposition 2.4, kerwr, = ker A for t € o, and the spectrum of 7,;(h;) in
;(C*(G)) is equal to that of A(h) in C)(G). Consequently, if ¢ € 0, 0 = 0, and
hence o’ = o,

Now o (77;(h1)|.+) C o, (Theorem 1.6) is combined with o, = o' Co(m(hy) [c1)
to conclude that o (7; (h1)|.1) = 0. ]

Proposition 2.7. The continuous family 7w, (—1 <t < 1) of representations gives
rise to the same *-homomorphism C*(G) — B(H)/C(H) by taking the quotient to
the Calkin algebra B(H)/C(H).

In particular, we have m,(ker) C C(H) for —1 <t < 1. Recall that 1 = 7
with s =2/r(1 —r) and kermr; =kerm fort € o,.

Proof. Since m;(g)—m(g) is a finite-rank operator for each g € G, the same holds for
m;(x)—m(x) if x e CG. Since x € C*(G) is norm-approximated by a sequence x,, in
CG and 7, : C*(G) — B(H) is contractive in norm, lim,, _, o ||77;(x,) — 7, (x)|| =0
shows that 7, (x) — 7 (x) is norm-approximated by a sequence (77, (x,) — 7 (X)) n>1
of finite-rank operators. Thus 7, (x) — 7 (x) is a compact operator on J{. U
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Corollary 2.8. For —1 <t <1, we have kerm = 71,_1 (C(H)) D kerm; and hence
i (ker ) = 1, (C*(G)) N C(H).

Proof. Since 7(C*(G)) N C(FH) =0 (Corollary 2.5) and
71,(C*(G)) + C(H) = n(C*(G)) + C(3),

we see
C*(G) /7, (C(30) Z 7, (C*(G))/ (7 (C*(G)) N C(H)
= (m(C*(G)) + €(3H)) /€(H)
=x(C*(G)) =C*(G)/kerm,
which means that kerr = nt_l (C(H)) D ker ;. [l

By the continuity of 7,;(g) in ¢t € [—1, 1] for each g € G, a norm-continuous
family (7,(x))_1<;<1 of operators in B(J() is associated to any x € C*(G) as a
uniform limit of continuous functions and the correspondence x +— (;(x)) defines
a *-homomorphism IT of C*(G) into C([—1, 1]) ® B(H) so that

ker[T= () kerm = (| kerm

—l<t<1 te(=1,)\o,

and IM(kerw) C C([—1, 1]) ® C(H) by Corollary 2.8.
In view of kernw, = kermw (¢ € o,), I1(kerm) is in fact included in the ideal
Co, ([—1, 1) ® C(H) of C([—1, 1]) ® C(H), where

Co,([=1, 1D ={f € C({-1,1D); flo, =0} = Co([—1, 1]\ 07)

is the ideal of C([—1, 1]) vanishing on o, C[—1, 1]. Recall also that 7, is irreducible
for —1 <t < 1, whereas 4 is decomposed as 1| @7/, according to the orthogonal
decomposition H = C¢ @ ¢+.

Choose f € Cs, ([—1, 1]) so that f(£1) =1. By Theorem 1.6 or Proposition 2.6,
f(hy) € A satisfies 71 (f(h1)) = |¢)(¢| and then

w1 (2f (h) +x(1 = f(h1)) =z19) (s + 721 ()1 =) (5D = zl6) (s | + 7L (x)
(z € C, x € C*(G)) reveals that 741 (C*(G)) = Cls)(s| ® 7L (C*(G)).
Consequently, Corollary 2.8 is used again to see
kerm =7 (C(H) =74, (Cl§) (5| @ 7L(C*(G)) NE(sh))
= ()" (C(¢h)) Dkerm)
and hence ker v/ ker 7, = 7/, (ker m) = 7/, (C*(G)) N C(¢™).

Define the residual representation of C*(G) on ¢+ @ ¢+ to be a direct sum
n’ = nm) @ w’, which satisfies ker7’ = kernm/, Nkern! C kerm, n'(kerm) C
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7' (C*(G)) N (C(cH) ®E(sh)) and M (ker ') C C with
C={feCs(-1,1D)®CIH); f(£1) e Clo)(sl}
a C*-subalgebra of Cy, ([—1, 1]) ® C(FH).

Proposition 2.9. We have the equality TI(ker ©") = C and the associated isomor-
phism C = ker '/ ker I1 induces a bijection between Prim(C) and

Prim(ker ") \ Prim(ker IT) C Prim(C*(G))

so that Prim(C) is the set of primitive ideals of spherical representations in the
complementary series, i.e.,

{kermy;t € (—1,1)\ o} u{keres;}.

Proof. We first describe pure states of C. Let Co = {f € C; f(£1) = 0}. Since a
closed ideal of Cy is isomorphic to Co((—1, 1)\ 0,) ® C(H) and satisfies C/Coy =
C @ C, irreducible representations of C are given by evaluation at ¢ € [—1, 1]\ o,
and hence pure states of C are evaluations followed by applying pure states of fibers
(C(H) or C|g)(g]). In particular, C is a CCR (completely continuous representation)
algebra.

The equality then follows from the Stone—Weierstrass theorem on CCR C*-
algebras due to Kaplansky (see [1] for a survey) if these pure states are separated
by elements in IT(ker z”).

To see this, we recall Proposition 2.3 that 7, (f(h1)) = f(¢)|¢)(g]| holds for
feCo([—1,1]) and r € [—1, 1], whence f(h;) € kern’.

Let ¢ and ¢ be pure states of C given by ¢(x) = (§|x(s)§) and ¥ (x) = (n|x(t)n),
where s, 1 € [—1, 1]\ 0, and &, n are unit vectors in H.

If s A1 with t € (—1, 1), 7, is irreducible and we can find y € C*(G) such that
m:(y) = |n)(s| by Kadison’s transitivityl. Then yf (h;)y* € kernr’ is represented
by

ms(yf (h)y) = fOms (M)Wl mfh)y™) = fFOIn)(n].

Thus, for a choice f € Cy, ([—1, 1]) satisfying f(s) =0and f(t) =1, ¢ and ¢ are
separated by TT1(yf (h1)y™*):

e(TI(yf (h1)y™) = Elmsvf (h)yHE) = f($)(Elms () 6) (m:(¥)s1E) =0,
V(I (yf (h)y™) = i, (v f (h)y )n) = fF@O (Ol (v) ) (m: (¥)sn) = 1.

When both s # ¢ come from {£1}, we may assume that s = —1 and t = 1,
with ¢(x) = (slx(=D¢) and ¥ (x) = (slx(1)g) for x = (x(¢))-1<<1 € C. Then

I'We can dispense with Kadison’s transitivity if 7 is approximated by 7 (y)s.
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o(IT(f(hy))) = f(—1) and Y (T1(f(h1))) = f(1) and we see that ¢ and ¥ are
separated by f(h) e kern’ if f € C,, ([—1, 1]) satisfies f(—1) # f(1).

Finally consider the case s = t. Since states are unique for t = +1, we assume
—1 <t <1withep(x)=(£|x()&) and ¥ (x) = (n]|x(¢)n). Then the condition ¢ # ¥
is equivalent to [(&§|n)| < 1 and yf(h1)y* € ker 7" described above is evaluated by

eIy f(h)y") = fFOEIMMIE), YIS (h)y™) = f(1).
Thus ¢ and v are separated by yf (h;)y* € kern” if f(r) #0. ([
Lemma 2.10. We have ker m = kern’.

Proof. To see this, we use the continuous deformation (1,)_1<y,<1 of the regular
representation A = ¢ in [16]. Recall that these are unitary representations of G
with the following properties (Theorem 1.4):

(i) Ay is unitarily equivalentto A if v € o, to T, @A if v € (—1, 1) \ 0, and to
[ times

e e
€EL1DAD---PArifv==].

(i1) ker A, =kerm,, (vyNker A =kerm ) Nkermw =kerm,, () if [v| > /7/(1 =),
ker A, = ker A if |v| < /r/(1 —r), and finally ker Ay} = kerey; NkerA =
kere,| Nker . Notice that ¢, (v) € o, for v = £4/r/(1 —r).

(7). would be unitarily equivalent to A ® 1¢—1 but its validity is irrelevant here.)

As observed for (7;) before, the family () _1<, <) of *-representations of C*(G)
satisfies A, (x) —A(x) € C(£2(G)) for x € C*(G) and gives rise to a *-homomorphism
A:C*(G) — C(—1,1]) ® B(t*(G)) in such a way that A(ker ) = A(kerm) C
C([—1,1]) ® C(£?*(G)). In view of norm-continuity of A, (x) in v € [—1, 1] and
Theorem 1.4,

ker A = N keri, = N ker r; = ker Il
Jr](d=r)<lv|<1 4r(1—r)<t2<1

and A(kerr) = A(kerm) C C([—1, 1]) ® C(¢2(G)). Note here that

{e,);r/(A=r) < v <1} ={teR;dr(l—r) <1® <1}.

Thus pure states of kerr/ker I1 = ker A/ ker A = A(ker 1) are given by pure
states of A, (ker A) after the evaluation at v satisfying |v| > /r/(1 — r). Here recall
that

0 (vl =r/(1=r)),
Ao(kerd) = {, wykerm) (Vr/(1—r) <|u| <),
C (v ==1).

Hence the set of associated primitive ideals of ker A/ ker A = ker 7/ ker IT is

{kerms;t e (—1,1)\ o,}U{keres}.
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At this point, there might be overlapping in the union but the comparison of this
with Proposition 2.9 enables us to conclude that these are in fact distinct and
kerm/kerm’ =0. O

Remark 4. We have an inclusion C*(G) f (h;)C*(G) Ckern for f € Cy,. ([—1, 1])
and the equality ker 7’ = ker 7t is rephrased by

kerr= (] CHG)fh)CHG).
FA=1,11\o;

Here f 1 [—1, 1]\ o, means an inductive limit on f € C,, ([—1, 1]) satisfying
0<f=1

We summarize our considerations so far:

Theorem 2.11. Primitive ideals of the radial C*-algebra C} ,(G) are exactly
kernels of spherical representations of G:

Prim(C? (G)) = {kerw}u{kerm,;;t € (—1,1)\ o, } U {kerei;}

rad

with the primitive ideal space of ker A/ ker A = ker i/ ker I1 identified with
{kerm;;t € (—1,1)\ o} U {keres}.

We now look into the topology of the primitive ideal space A = Prim(C}; ;(G)),
which is a closed subset of Prim(C*(G)). Since primitive ideals in A are of the
form [¢t] =kerm; (—1 <t < 1) or [£1] =kerey, A is identified with a quotient
of [—1, 1] in such a way that o, is shrunken to one point in A.

We first check the continuity of [f] € A int € [—1, 1]: If a sequence (z,) in [—1, 1]

converges to t € [—1, 1], then ﬂnzl kerm;, C kerm, because x € ﬂnzl kerm;, and
y € C*(G) satisty
1/2 . 1/2 .
I Gew)s = lrve, 21 = lim fleye, Il = lim |, (6, ()s | =0.

Theorem 2.12. For a nonempty subset T of (—1, 1)\ o,, we have
([t1;t €Ty ={[t];t € T} U {kern}

in A =Prim(C}, ;(G)). Here the left hand side is the closure in A and T denotes
the closure of T in [—1, 1].

Since ker €11 and ker w are maximal ideals, they are closed as one-point sets.
Thus the closure operation in A is completely described by this.

Proof. Let us begin with showing that A contains relatively open intervals in
[—1, 1]\ o, as open subsets of A: For a continuous function f € C([—1, 1]),
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Proposition 2.6 gives
max{|f(); 1" € {t}Uor} (-1<t<]),
le: (f (h)| = f(£D)] (r==1).

Since relatively open subsets of [—1, 1]\ o, are then realized in the form

{rel=1 11\ o |l (f ()] > 0}

with f =0 on o, (relatively open subsets being disjoint unions of countably many
relatively open intervals), they are open in A as well because A 3 [¢]+— ||z, (f (k1) ||
is a lower semicontinuous function ([5] Proposition 3.3.2).

Thus a relatively open subset [—1, 1]\ (o, U T)of [—1,1] \ o, is open in A and
hence its complement [T]U {kerr} in A is closed. Consequently

ll7r: (f (R = {

[T1C[T]CI[T]U{kerm}.

Here the first inclusion is due to the continuity of [¢] in t € [—1, 1]. Since T is

nonempty, its closure [7'] in A contains ker = (Corollary 2.8) and the assertion is
proved. ]

Corollary 2.13. Open sets of A are exactly of the following form:
(1) [U]with U C [—1, 1]\ o, an open subset in the relative topology of [—1, 1].
(11) A\ F with F a subset (including the empty set) of {[1], [—1]}.

Corollary 2.14. The radial C*-algebra C?, ;(G) of G is isomorphic to C*(G) / ker I
and the center of C} ;(G) is trivial.

Proof. Let f: A — C be a continuous function. Since kerw € {kerm;} (—1 <1t < 1),
f([tD = f(kerm) for —1 <t < 1 and then for —1 < ¢ < 1 by continuity of [¢]
in ¢t. Thus f is constant on A and the assertion follows from the Dauns—Hofmann
theorem ([12], §4.4). |
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