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HOW MANY SPRAYS COVER SPACE?

ALESSANDRO ANDRETTA AND IVAN IZMESTIEV

For all d ≥ 3 we show that the cardinality of R is at most ℵn if and only if Rd

can be covered with (n + 1)(d − 1) + 1 sprays whose centers are in general
position in a hyperplane. This extends previous results by Schmerl when d = 2.

1. Introduction

The general theme of this paper is the possibility of covering Rd with few small
sets — smallness means having finite or countable intersection with prescribed
geometric objects. For example R2 can be covered with countably many curves
with distinct axes [Davies 1974], but cannot be covered with finitely many curves
[Mazurkiewicz 1933]. (A curve C is the rotated graph of a function f : R → R,
and its axis is the image of the y-axis via the rotation; the smallness condition is
that C intersected any line parallel to its axis has cardinality 1.)

A spray in the plane is a subset of R2 together with a distinguished point (called
center) such that all circles centered in that point have finite intersection with the
spray. These objects were introduced in [Schmerl 2003], where it is observed
that CH, the continuum hypothesis, implies that the plane can be covered with
three sprays. In [de la Vega 2009] it is shown that CH is equivalent to the plane
being covered with three sprays with collinear centers — in fact the statement “the
cardinality of R is at most ℵn” (in symbols: 2ℵ0 ≤ ℵn) is equivalent to R2 being
covered with n + 2 sprays with collinear centers [Schmerl 2010]. Collinearity is
essential, since ZFC proves that the plane can be covered with three sprays centered
in arbitrary noncollinear points [de la Vega 2009; Schmerl 2010]. It is easy to check
that if a spray is measurable, then it must be null, so if the plane is covered with at
most countably many sprays, they cannot be all measurable. Any construction of a
covering of the plane with countably many sprays (or curves) requires the axiom of
choice.

The notion of spray can be extended to Rd for any d ≥3, with (d−1)-dimensional
spheres in place of 1-dimensional spheres, i.e. circles, and the natural question is
the relation (if any) between the size of the continuum and the number of sprays
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needed to cover Rd . By [Erdős et al. 1994, Theorem 2], 2ℵ0 ≤ ℵn implies that
R3 can be covered with 2n + 3 sprays such that their centers are coplanar, and no
three of them are collinear. In particular, CH implies that given five coplanar points
such that no three of them are collinear, then there are sprays centered around them
that cover R3. By [Schmerl 2012] R3 cannot be covered with three sprays, but the
problem whether the space can be covered with four sprays remains open.

We prove that 2ℵ0 ≤ ℵn is equivalent to R3 being covered with 2n + 3 sprays
whose centers are coplanar, and no three of them are collinear. Moreover 2n + 3
is optimal — in particular R3 cannot be covered with four sprays with coplanar
centers. In fact we prove a similar result for Rd with d > 3, namely: 2ℵ0 ≤ ℵn is
equivalent to Rd being covered with (n + 1)(d − 1)+ 1-many sprays whose centers
lie on a hyperplane H , and the affine span of any d of them is H (Theorem 5.4).
Again the number (n + 1)(d − 1) + 1 of sprays is optimal. Finally we show that,
irrespective of the size of the continuum, Rd can be covered with countably many
sprays whose centers lie on a hyperplane H , and the affine span of any d of them
is H (Theorem 5.8).

We do not know if Rd can be covered with d + 1-many sprays such that the
affine span of their centers is Rd , even in the case d = 3. In other words: can R3 be
covered with four sprays whose centers are not coplanar, i.e. form a tetrahedron?
We suspect that the answer is affirmative and that it can be proved in ZFC. If true,
this would be analogous to the fact that R2 can be covered with three sprays with
noncollinear centers.

The results in this paper lie on the interface between set theory and the geometry
of euclidean spaces. The reader may find them odd as a priori there is no obvious
relation between geometric notions (like being in general position, or lying on a
hyperplane, or having a specific dimension) and the value of 2ℵ0 = |R| = |Rd

| —
note that there is a Borel bijection between R and Rd . On the other hand there are
several results in this area that connect set-theoretic issues with geometric properties.
Examples are the classical theorems of Sierpiński — see Theorem 2.6 below and
the beginning of Section 4 for some context and references. Most of these results
deal with linear objects like lines, or hyperplanes in Rd , while sprays are essentially
nonlinear objects. We extend a construction in [Schmerl 2010] from R2 to Rd ,
transforming the quadratic problem of covering the space with sprays to the linear
problem of covering the space with sets having finite intersections with certain
families of hyperplanes. This latter problem has been studied before [Bagemihl
1959/60; Erdős et al. 1994; Simms 1997]. Extending these earlier results we are
able to prove our results on sprays.

The paper is organized as follows. After recalling the notations and the basic
notions that will be used throughout the paper, we show in Section 3 how to
transform a covering of Rd with sprays with centers on a given hyperplane into a
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covering of (an open subset of) Rd with small intersection with certain families
of hyperplanes. Section 4 is devoted to studying the following problem: given
distinct, nonzero vectors u1, . . . , uk in Rd , are there A1, . . . , Ak covering Rd such
that every plane orthogonal to ui has finite intersection with Ai ? It turns out that
this problem is closely related to the size of the continuum, and by the results in
Section 3 it is equivalent to the existence of sprays X1, . . . , Xk with centers on a
given hyperplane H , and covering Rd , as the (directions of the) ui s correspond
to the position of the centers of the X i s on H . Finally in Section 5 we prove the
results about the existence of sprays covering Rd and the size of the continuum.

This research was conducted while the first author was visiting TU Wien in 2024.
He would like to thank the Mathematics Department and the Institute of Discrete
Mathematics and Geometry for gracious hospitality and a stimulating environment.

2. Notation and preliminary results

2.1. Notation.

2.1.1. Set theory. We work in ZFC— this is the standard framework that most
mathematicians (implicitly or explicitly) adopt to prove theorems. Our notation is
standard: P(X) is the power set of X , the pointwise image of Z ⊆ X via some
f : X → Y is f [Z ] := { f (z) | z ∈ Z}, and the pointwise preimage of W ⊆ Y is
f −1

[W ] := {x ∈ X | f (x) ∈ W }.
The cardinality of a set X is denoted by |X |. A set X is finite if it is in bijection

with a natural number i.e. |X | < ℵ0; otherwise it is infinite i.e. ℵ0 ≤ |X |. We say X
is countable if either |X | < ℵ0, or else |X | = ℵ0 — this can be written in a compact
way as |X | ≤ ℵ0 or as |X | < ℵ1. A set X is uncountable if it is not countable, that
is ℵ1 ≤ |X |.

The set R is in bijection with the set of all infinite sequences of 0s and 1s, and for
this reason the cardinality of R is denoted with 2ℵ0 . By Cantor’s theorem ℵ1 ≤ |R|,
and Cantor’s continuum hypothesis CH asserts that the inequality can be replaced
with an equality. Since ℵ1 ≤ 2ℵ0 , CH can be stated as 2ℵ0 ≤ ℵ1. By Cohen’s results,
it is consistent that the cardinality of R be any ℵn+1, or even larger cardinals, like
ℵω+n+1. (But 2ℵ0 cannot be ℵω by König’s theorem.)

2.1.2. Geometry. The standard basis of Rd is denoted by e1, . . . , ed . A hyperplane
of a vector space is a linear subspace of codimension 1. The following notation
will be used throughout the paper.

Notation 2.1. Given a vector u ∈ Rd
\ {0} and p ∈ Rd let

Hu( p) = p + {v | v · u = 0}

be the hyperplane of Rd orthogonal to u passing through p, where · is the (standard)
inner product. We also let Hi (x) = {(p1, . . . , pd) ∈ Rd

| pi = x}.
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An affine subspace E of Rd is a translate of some vector subspace of Rd , that is
a set of the form p + V where V is a vector subspace of Rd ; the vector subspace
V is unique, and it is the vector space associated to E , while p + V = p′

+ V if
and only if p − p′

∈ V . In this paper, a (finite dimensional) affine space is an affine
subspace of some Rd . Elements of an affine space are called points, and since every
vector subspace V of Rd is also an affine space, we can refer to elements of it as
points or vectors, depending if we privilege the affine or vector space structure. If
E is an affine subspace of Rd and p, q ∈ E then q − p belongs to V , the underlying
vector space of E , and if v ∈ V then p + v belongs to E . The dimension of an
affine space is, by definition, the dimension of the associated vector space. An
affine hyperplane of Rd is a translate of linear subspace of dimension d − 1. More
generally, a hyperplane of an affine space E of dimension d is an affine subspace
of dimension d − 1. Given an affine space E with associated vector space V , the
affine envelope or affine span of a non-empty set S ⊆ E is p + span{q − p | q ∈ S}

where p ∈ S and span X is the smallest vector subspace of V containing X ⊆ V .
This definition does not depend on the point p, and the affine span of S is the
intersection of all affine subspaces of E containing S. Two affine subspaces E
and F of Rd are complementary if their associated vector spaces V and W are
complementary, that is Rd

= V ⊕ W . It is easy to check that the intersection of
two complementary spaces E, F is a single point. If V ⊕ W = Rd , then V and W
are orthogonal if ∀v ∈ V ∀w ∈ W (v · w = 0). In this case we call one of the two
subspaces the orthogonal complement of the other, and write V ⊥ to denote W , the
orthogonal complement of V . Two complementary affine subspaces E and F of
Rd are orthogonal if their underlying vector spaces are orthogonal.

Let E be an affine subspace of Rd . The sphere in E with center c ∈ E and radius
r ∈ R is the set

S(E; c, r) := {x ∈ E | ∥x − c∥ = r}.

We convene that S(E; c, r) is empty if r < 0, and it is the singleton {c} when
r = 0. Observe that if r > 0 then S(E; c, r) has cardinality 2 when dim(E) = 1;
if dim(E) ≥ 2, then S(E; c, r) has cardinality 2ℵ0 . Whenever the ambient space
(i.e. Rd , E , . . . ) is clear we will simply write S(c, r). A (k −1)-dimensional sphere
is a sphere in an affine subspace E of some Rd with dim E = k.

2.2. Families with finite mesh. Let N , d ≥ 2 be natural numbers and suppose that
Hi ⊆ P(Rd) with 1 ≤ i ≤ N are pairwise disjoint. Following [Erdős et al. 1994],
the sequence (Hi )

N
i=1 is (r, s) finitely determined if r ≥ 2 and s ≥ 1 are natural

numbers such that

• for any distinct p1, . . . , ps ∈ Rd , the set of all H ∈
⋃N

i=1 Hi such that
p1, . . . , ps ∈ H is finite;
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• the intersection of r sets belonging to distinct Hi s is a finite set.

We say that (Hi )
N
i=1 is of mesh r if r is least such that the sequence is (r, s) finitely

determined, for some s.

Examples 2.2. (i) Let c1, c2, c3 be noncollinear points of R3, and let Hi be the
collection of all spheres of with center ci . Then (Hi )

3
i=1 is (3, 1) finitely

determined, and of mesh 3.

(ii) Let u1, u2, u3 be a basis for R3, and let Hi be the set of all planes orthogonal
to ui . Then (Hi )

3
i=1 is (3, 1) finitely determined, and of mesh 3.

The reason for the notion of mesh is the following very general result by Erdős,
Jackson, and Mauldin [Erdős et al. 1994, Theorem 2]:

Theorem 2.3. For all d ≥ 2, n ≥ 0, and δ = 0, 1 the following are equivalent:

(a) 2ℵ0 ≤ ℵδ+n;

(b) for any r ≥ 2, letting N = (n +1)(r −1)+1, and for any sequence of pairwise
disjoint Hi ⊆ P(Rd) with 1 ≤ i ≤ N of mesh r , there are A1, . . . , AN covering
Rd such that ∀1 ≤ i ≤ N ∀H ∈ Hi (|H ∩ Ai | < ℵδ).

Actually the result in [Erdős et al. 1994] is more general than Theorem 2.3, as
Rd can be replaced by an arbitrary infinite set X , and 2ℵ0 can be replaced by |X |.
Also δ can be any ordinal, not just 0 or 1.

The main use of Theorem 2.3 in this paper is the direction (a)⇒(b). Given
(Hi )

N
i=1 of mesh r in Rd , then |R| ≤ ℵδ+n implies that there are A1, . . . , AN ⊆ Rd

covering Rd such that for all H ∈ Hi , the set H ∩ Ai is finite if δ = 0 or countable
if δ = 1. Actually, the “forward implication” (i.e. from a bound on the size of the
continuum, to the existence of specific subsets of the space) in [Bagemihl 1959/60;
1968; Davies 1962; 1963a; 1963b; Komjáth 2001] follows from Theorem 2.3.

2.3. Points and vectors in general position.

Definition 2.4. A set of vectors of Rd is in general position if any subset of size ≤ d
is linearly independent — in other words: the vectors are as linearly independent as
possible.

The following is a straightforward generalization of Examples 2.2(ii).

Example 2.5. If u1, . . . , uN are vectors in general position in Rd , and Hi :=

{Hui ( p) | p ∈ Rd
} is the family of all affine hyperplanes orthogonal to ui , then

(Hi )
N
i=1 is of mesh d .

By Example 2.5 and Theorem 2.3, if u1, . . . , u(n+1)(d−1)+1 are vectors in general
position in Rd , then

• 2ℵ0 ≤ ℵn implies that there are A1, . . . , A(n+1)(d−1)+1 covering Rd such that
Hui ( p) ∩ Ai is finite for every p ∈ Rd and 1 ≤ i ≤ (n + 1)(d − 1) + 1;
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• 2ℵ0 ≤ ℵn+1 implies that there are A1, . . . , A(n+1)(d−1)+1 covering Rd such that
Hui ( p) ∩ Ai is countable, for every p ∈ Rd and 1 ≤ i ≤ (n + 1)(d − 1) + 1.

Therefore CH implies that if u1, . . . , ud are a basis of Rd , there are A1, . . . , Ad

covering Rd such that every affine hyperplane orthogonal to ui has countable
intersection with Ai .

In fact, the implications above are actually equivalences [Komjáth and Totik
2006, pp. 71, 327–328].

Theorem 2.6 (Sierpiński). CH is equivalent to either one of the following:

(a) There are A1, A2 covering R2 such that every vertical line has countable
intersection with A1 and every horizontal line has countable intersection
with A2.

(b) There are A1, A2, A3 covering R3 such that every plane orthogonal to ei has
countable intersection with Ai .

Definition 2.4 can be extended to points in affine spaces.

Definition 2.7. Let S be a set of points of an affine space E of dimension d. We
say that S is

• in general position in E if the affine span of any of its subset of size k + 1 has
dimension k, for all k ≤ d ,

• well-placed in E if S ⊆ H for some hyperplane H of E , and S is in general
position in H .

It is common practice in geometry to use “general position” for vectors (a linear
algebra notion, Definition 2.4) and for points (an affine notion, Definition 2.7),
and this could give rise to some ambiguity when the affine space is Rd . For
example, the vectors (−1, 1), (0, 1), (1, 1) are in general position, but the set of
points {(−1, 1), (0, 1), (1, 1)} is not. For this reason we will use the terms “vectors”
and “points” to help the reader sort out which of the two notions is being used.

Remarks 2.8. Let E be an affine space of dimension d ≥ 2 and let S ⊆ E .

(a) If S is in general position (well-placed), and S′
⊆ S then S′ is in general position

(well-placed). In other words, the notions of being in general position/well-
placed are downward persistent with respect to inclusion.

(b) Suppose S is well-placed:
• if |S| ≥ d then the hyperplane in the definition is unique, being the affine

span of any subset of size d;
• if |S| ≤ d then S is in general position in E .

(c) Suppose H is a hyperplane of E , and S ⊆ H . Then S is well-placed in E if
and only if S is in general position in H .
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(d) The set of points S is in general position in E if and only if the vectors in
{q − p | q ∈ S \ { p}} are in general position in Rd , for any p ∈ S.

Every set of points in R is in general position, a set of points in R2 is in general
position if no three of them are collinear, a set of points in R3 is in general position
if no four of them are coplanar, and so on. A set of points in R2 is well-placed if
they are collinear, a set of points in R3 is well-placed if they are coplanar, and no
three of them are collinear, a set of points in R4 is well-placed if they belong to the
same 3-dimensional affine subspace, and no four of them are coplanar, and so on.

Finally observe that for any affine space E of dimension d ≥ 2

(1)
if S ⊆ E is a set of points in general position or well-placed in E , then the
affine span of any subset of S of size k + 1 has dimension k, for any k < d .

Lemma 2.9. Suppose c1, . . . , ck+1 are distinct points in general position in Rd ,
with d ≥ k. Let H be an affine hyperplane orthogonal to ck − ck+1, let π : Rd

→ H
be the orthogonal projection. Let c̄k = π(ck) = π(ck+1) and let c̄i = π(ci ) for i < k.
Then the points c̄1, . . . , c̄k are distinct and in general position in H.

Proof. If c̄i = c̄k for some i < k, then ci , ck, ck+1 must be collinear, and if c̄i = c̄ j

for some i < j < k, then ci − c j and ck − ck+1 must be parallel, so the four points
ci , c j , ck, ck+1 are coplanar. In either case this contradicts the assumption that
c1, . . . , ck+1 are in general position. Therefore the points c̄1, . . . , c̄k are distinct.

In order to conclude the proof it is enough to show that the vectors c̄1 − c̄k ,
c̄2 − c̄k , . . . , c̄k−1 − c̄k of Rd are linearly independent. Suppose

0 = r1(c̄1 − c̄k) + r2(c̄2 − c̄k) + · · · + rk−1(c̄k−1 − c̄k).

As c̄i is the projection of ci along the vector ck+1 − ck , there are s1, . . . , sk ∈ R

such that c̄i = ci + si (ck+1 − ck). Substituting in the previous formula we obtain

0=r1(c1−ck)+· · ·+rk−1(ck−1−ck)+[r1(s1−sk)+· · ·+rk−1(sk−1−sk)](ck+1−ck),

and since c1, . . . , ck+1 are in general position in Rd , then [r1(s1 − sk) + · · · +

rk−1(sk−1 − sk)] = 0 and r1 = · · · = rk−1 = 0, which is what we had to prove. □

Lemma 2.10. Suppose H is a hyperplane of an affine space E of dimension d + 1.
Let π : E → H be the orthogonal projection, and let h be the distance between a
point c ∈ E and H. Given R let r =

√
R2 − h2 if R ≥ h and r = −1 if R ≤ h. Then

S(E; c, R) ∩ H = S(H ; π(c), r).
Conversely, if r > 0 then S(E; c,

√
r2 + h2) ∩ H = S(H, π(c), r).

Proof. Without loss of generality we may assume that E = Rd+1, that H = Rd
×{0},

c = (0, . . . , 0, h), and π(c) = 0, so that h = ∥c − 0∥. It is clear that R < h if and
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only if S(c, R)∩ H =∅, and that R = h if and only if S(c, R)∩ H = {π(c)} = {0}.
If R > h then r2

+ h2
= R2 so

x ∈ S(E; c, R) ∩ H ⇐⇒ x = (x1, . . . , xd , 0) ∧ (
∑d

i=1 x2
i ) + h2

= R2

⇐⇒ x2
1 + · · · + x2

d = r2

⇐⇒ ∥x∥ = r

⇐⇒ x ∈ S(H ; π(c), r).

The equivalences above prove the second part of the statement as well. □

Lemma 2.11. Suppose c1, c2 are distinct points of an affine space E of dimension
d ≥ 2, and let r1, r2 > 0 be such that |r1 − r2| ≤ ∥c1 − c2∥ ≤ r1 + r2. Then

S(E; c1, r1) ∩ S(E; c2, r2) = S(H ; c, r),

where c is a point of the open segment (c1; c2), H is the hyperplane passing through
c and orthogonal to c1 − c2, and r ≥ 0.

Proof. We may assume that E = Rd . The hypothesis |r1−r2| ≤ ∥c1−c2∥ guarantees
that neither sphere properly contains inside the other sphere, while the hypothesis
∥c1 − c2∥ ≤ r1 + r2 ensures that if neither sphere contains the other, then they are
close enough to intersect.

Let x be a point of S(c1, r1)∩ S(c2, r2), and let P be the plane passing through
c1, c2, x. (If d = 2 then P coincides with R2.) Consider the triangle with vertices
c1, c2, x.

If r1 + r2 = ∥c1 − c2∥ then the two spheres are tangent in the point c := x which
belongs to the open segment (c1; c2), so the triangle is degenerate and letting r = 0
we have S(H ; c, r) = {c}.

So we may assume that r1 + r2 > ∥c1 − c2∥ and that the triangle

c1 c2

x

c

r1 r2r

is nondegenerate. Let c be the projection of x on the open segment (c1; c2), let
r = ∥x − c∥ > 0, and let H be the hyperplane orthogonal to c1 − c2 passing through
c. Observe that r , the point c, and the hyperplane H , depend only on the points
c1, c2 and on r1, r2, and not on the point x or the plane P . Therefore, for all x ∈ Rd ,

x ∈ S(c1, r1) ∩ S(c2, r2) ⇐⇒ ∥x − c1∥ = r1 ∧ ∥x − c2∥ = r2

⇐⇒ x ∈ H ∧ ∥c − x∥ = r. □
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Proposition 2.12. Let E be an affine space of dimension d ≥ 2, let c1, . . . , ck be
points in general position in E with k ≤ d, and let K be the affine span of the ci s.
Let Si be a sphere centered in ci for i ≤ k.

(a) There are r ∈ R and an affine subspace H of E of dimension d − (k − 1),
such that H ∩ K is a singleton {c} and H and K are orthogonal, so that
S1 ∩ · · · ∩ Sk = S(H ; c, r).

(b) If ck+1 ∈ E \ {c1, . . . , ck} and {c1, . . . , ck, ck+1} is not in general position in
E , then there is R ∈ R such that

S1 ∩ · · · ∩ Sk ⊆ S(ck+1, R).

Proof. We may assume that E = Rd .
If d = 2 then the result is clear. Part (a) amounts to say that: given two circles

C1, C2 in the plane with distinct centers c1, c2, either I := C1 ∩C2 is empty, or else
there is a point c on the open segment (c1; c2) such that I = {c}, or else I is the set
of two points on line orthogonal to (c1; c2) passing through c, and symmetric with
respect to c. Part (b) says that if three points are collinear, then given any two circles
centered in the first two points there is a (possibly degenerate) circle centered in
the third point that passes through the intersection of the first two circles.

Therefore we may assume that d ≥ 3.

(a) We proceed by induction on k. If k = 1 the result is trivial, so we may assume
the result holds for some k towards proving it for k + 1 ≤ d . Suppose S1, . . . , Sk+1

are spheres centered in distinct points c1, . . . , ck+1. By an isometry we may assume
that K , the affine span of the ci s, is contained in Rd−1

×{0}. Let Sk := Sk ∩ Sk+1.
We have three cases:

(1) Sk = ∅.

(2) Sk is a singleton.

(3) Sk is a nondegenerate sphere in some affine hyperplane H of Rd (Lemma 2.11).

If either (1) or (2) holds, then S1 ∩ · · ·∩ Sk+1 is empty or a singleton, and the result
follows trivially. So we may assume case (3). The hyperplane H is orthogonal
to the open segment (ck; ck+1), and c̄k , the center of Sk , belongs to this segment.
Let π : Rd

→ H be the orthogonal projection. Then π(ck) = π(ck+1) = c̄k and for
i < k let c̄i := π(ci ). By Lemma 2.10 for every i < k the set Si := Si ∩ H is a
sphere of H with center c̄i . As Sk ∩ Sk+1 ⊆ H

S1 ∩ · · · ∩ Sk ∩ Sk+1 = S1 ∩ · · · ∩ Sk .

By Lemma 2.9 c̄1, . . . , c̄k are in general position in H ∼= Rd−1, and since d −1 ≥ 2,
by inductive assumption we can conclude that S1 ∩ · · · ∩ Sk = S(H ′

; c, r) where
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H ′ a subspace of H (and hence of Rd) of dimension (d − 1) − (k − 1) = d − k,
such that {c} = H ′

∩ K , and H ′ is orthogonal to K .

(b) By assumption ck+1 belongs to K , and k − 1 = dim(K ). By part (a) there
is a subspace H orthogonal to K , of dimension d − (k − 1), and r ∈ R such that
S1 ∩ · · ·∩ Sk = S(H ; c, r) where c is the unique element of H ∩ K . It is enough to
find R such that S(H ; c, r) is contained in S(E; ck+1, R). This is clear if r < 0;
otherwise take R =

√
∥ck+1 − c∥2 + r2, this value works by Pythagoras theorem as

the vectors x − c and ck+1 − c are orthogonal whenever x ∈ S(H ; c, r). □

Theorem 2.13. Let E be an affine space of dimension d ≥ 2 and let c1, . . . , cd be
distinct points in general position in E.

(a) For all spheres Si in E centered in ci with 1 ≤ i ≤ d, the set S1 ∩ · · · ∩ Sd is
finite.

(b) For all k < d and 1 ≤ i ≤ k there are spheres Si in E centered in ci such
that S1 ∩ · · · ∩ Sk is a nondegenerate sphere in a subspace of dimension
d − (k − 1) ≥ 2.

Proof. Recall that a nondegenerate sphere in space of dimension n has cardinality
2ℵ0 or 2 depending whether n > 1 or n = 1. Part (a) then follows at once form
Proposition 2.12.

(b) We prove by induction on k a stronger statement: for any rk > 0 and for any
affine space E of dimension d > k, there exist r1, . . . , rk−1 > 0 such that

S(E; c1, r1) ∩ · · · ∩ S(E; ck, rk) = S(H ; c, r),

for some r > 0, c ∈ H and H a subspace of E of dimension d − (k − 1).
The base case k =1 is immediate, so we may assume that the result holds for some

k towards proving it for k+1<d . Fix rk+1 >0 and pick rk >0 such that |rk−rk+1|<

∥ck − ck+1∥ < rk + rk+1. By Lemma 2.11 S(E; ck+1, rk+1) ∩ S(E; ck, rk) is a
nondegenerate sphere S(E; c̄k, r̄k) in some hyperplane E of E . Let π : E → E be
the orthogonal projection. By Lemma 2.9 the points

c̄1 = π(c1), c̄2 = π(c2), . . . c̄k−1 = π(ck−1), c̄k = π(ck) = π(ck+1)

are distinct and in general position in the affine space E of dimension d − 1 > k.
Since r̄k > 0, by inductive assumption there exist r̄1, . . . , r̄k−1 > 0 such that

S := S(E, c̄1, r̄1) ∩ · · · ∩ S(E, c̄k, r̄k)

is a nondegenerate sphere in a subspace H of dimension (d − 1)− (k − 1) = d − k.

Letting ri =

√
r̄2

i + h2
i where hi is the distance between ci and the hyperplane E ,

we have

S = S(E, c1, r1) ∩ · · · ∩ S(E, ck, rk) ∩ S(E, ck+1, rk+1)
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as required. □

Corollary 2.14. Suppose E is an affine space of dimension d ≥ 2 and c1, . . . , cd+1

are distinct points that are not in general position in E. Then there are spheres Si

centered in ci such that S1 ∩ · · · ∩ Sd+1 is infinite.

Proof. Let k be the dimension of the affine span K of {c1, . . . , cd+1}. By assumption
k < d , and without loss of generality we may assume that c1, . . . , ck+1 are in general
position in K . By part (b) of Theorem 2.13 there are spheres S1, . . . , Sk+1 centered
in c1, . . . , ck+1 whose intersection is a nondegenerate sphere in a space of dimension
≥ 2. By repeated applications of part (b) of Proposition 2.12, there are spheres
Sk+2, . . . , Sd+1 centered in ck+2, . . . , cd+1 such that

S1 ∩ · · · ∩ Sk+1 ⊆ Si for k + 2 ≤ i ≤ d + 1

and hence S1 ∩ · · · ∩ Sk+1 = S1 ∩ · · · ∩ Sd+1 is infinite. □

Observe that by (1), both “S is in general position” and “S is well-placed” imply
the assumption of the next corollary.

Corollary 2.15. Suppose S is a set of at least d points of an affine space E of
dimension d ≥ 2. Assume that any d-many points of S span a subspace of dimension
d −1. Then the intersection of d-many spheres centered in these points is a finite set.

Lemma 2.16. Suppose N ≥ d and c1, . . . , cN are distinct points of Rd such that
any d of them span an affine subspace of dimension d − 1. If Hi is the collection of
all spheres of Rd with center ci , then (Hi )

N
i=1 is of mesh d.

Proof. It is enough to consider the case N = d. If d = 1 this is trivial since a
sphere in R is just a pair of points that are symmetric with respect to the center, and
if d = 2 it follows immediately from the fact that the intersection of two circles
with distinct centers has size at most 2. If d = 3 this follows from the fact that the
intersection of three spheres in R3 with noncollinear centers has size at most 2. The
case for d > 3 follows from Theorem 2.13. □

2.4. Sprays. J. Schmerl [2003] defined a spray to be a set X ⊆ R2 such that C ∩ X
is finite, for all circles C centered in some given point. Thus a spray X is a very
sparse subset of the plane, and one may investigate what happens if one relaxes the
finiteness condition on C ∩ X with, say, being countable.

Definition 2.17. Let E be an affine subspace of Rd , with d ≥ 2 be a natural number.
An ℵδ-spray in E with center c is a set X ⊆ E such that |S(E; c, r)∩ X | < ℵδ for
every r > 0. When δ = 0 it is called a spray, when δ = 1 we speak of σ -spray.

Note that a center need not to belong to the ℵδ-spray, and that a ℵδ-spray may
have more than one center.
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By Lemma 2.16, if c1, . . . , c(n+1)(d−1)+1 are either in general position, or well-
placed in Rd , then

• 2ℵ0 ≤ ℵn implies that there are X1, . . . , X(n+1)(d−1)+1 covering Rd such that
each X i is a spray centered in ci ;

• 2ℵ0 ≤ ℵn+1 implies that there are X1, . . . , X(n+1)(d−1)+1 covering Rd such that
each X i is a σ -spray.

In particular if the points are well-placed, that is if we assume that the ci s lie on
a hyperplane, then:

Theorem 2.18. Let d ≥ 2, n ≥ 0, and δ = 0, 1. Assume that c1, . . . , c(n+1)(d−1)+1

are well-placed points in Rd . If 2ℵ0 ≤ ℵδ+n then there are X1, . . . , X(n+1)(d−1)+1

covering Rd such that each X i is an ℵδ-spray centered in ci .

By (1) and Corollary 2.15, the thesis of Theorem 2.18 holds if c1, . . . , c(n+1)(d−1)+1

are in general position in Rd . The reason for focusing on well-placed points is that
under this assumption the implication in Theorem 2.18 can be reversed, and this is
the main goal of this paper. In Section 3 we argue that any covering of Rd with
sprays (σ -sprays) with well-placed centers ci s can be transformed into a covering (of
an open subset) of Rd with sets whose intersection with the hyperplanes orthogonal
to ui is finite (countable) for all i , where the vector ui is obtained from the point ci .
Appealing to the results from Section 4 the equivalence will be established.

The case of points in general position, but not well-placed, i.e. not belonging to a
hyperplane, is more problematic. If d = 2 and three points are not collinear (i.e. are
in general position, but not well-placed in R2) then by [Schmerl 2010, Theorem 1],
the plane is the union of three sprays centered in these points, irrespective of the
size of the continuum. The analogous statement for d > 2 is open, and if true it
would show that the assumption that the points are well-placed cannot be dropped.

Conjecture 2.19. For all d ≥ 3, for all c1, . . . , cd+1 in general position in Rd , there
are X1, . . . , Xd+1 covering Rd , with X i a spray centered in ci for 1 ≤ i ≤ d + 1.

2.5. Elementary results about sprays. The following basic facts are nonetheless
useful.

Gluing: If X and Y are ℵδ-sprays in an affine space E with the same center c,
then X ∪ Y is a ℵδ-spray in E with center c.

Projection: Suppose that X1, . . . , Xn are ℵδ-sprays in an affine space E of
dimension d + 1, and X1 ∪ · · · ∪ Xn = E with centers c1, . . . , cn . Suppose H
is a hyperplane of E , and let π : E → H be the orthogonal projection. Then
X1 ∩ H, . . . , Xn ∩ H are ℵδ-sprays in H with centers π(c1), . . . , π(cn) ∈ H ,
that cover H .
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Projection follows from Lemma 2.10. Observe that the points π(c1), . . . , π(cn)

need not be distinct, even if the c1, . . . , cn are distinct. This, together with glu-
ing, allows to transform n-many ℵδ-sprays covering Rd+1 into n′-many ℵδ-sprays
covering Rd , with n′ < n.

Proposition 2.20. Let δ ∈ Ord and suppose R2
= X1 ∪ X2 where X1 is an ℵδ-spray

and X2 is an ℵδ+1-spray. Then 2ℵ0 ≤ ℵδ.

Proof. For i = 1, 2, let ci be the center of X i , and for r > 0 let

Ci (r) := { p ∈ R2
| ∥ p − ci∥ = r}

be the circle centered in ci of radius r . If c1 = c2 then by gluing X1∪X2 would be an
ℵδ+1-spray in R2, and every circle centered in c1 is contained in X1 ∪ X2 = R2 is of
cardinality ≤ ℵδ . As any circle is in bijection with R, the result follows. Therefore
we may assume that c1 ̸= c2. Applying an isometry if needed, we may assume that
c1 = (0, 0) and c2 = (a, 0) for some a > 0.

Towards a contradiction, suppose 2ℵ0 > ℵδ. Fix distinct reals rα in the interval
(a/2; a), for α < ℵδ. By assumption X2(α) := X2 ∩ C2(rα) has size ≤ ℵδ, so the
set

{r ∈ (a/2; a) | C1(r) ∩ (
⋃

α∈ℵδ
X2(α)) ̸= ∅}

has size ≤ ℵδ . As |R| > ℵδ we may pick r ∈ (a/2; a) outside of this set. For each
α ∈ ℵδ the set C1(r)∩C2(rα) has size 2, and its points belong to X1. As the C2(rα)s
are disjoint, it follows that C1(r) ∩ X1 has size ≥ ℵδ, contradicting that X1 is an
ℵδ-spray. □

When δ = 0 we obtain at once:

Corollary 2.21. R2 is not the union of a spray and a σ -spray. In particular, R2 is
not the union of two sprays.

Corollary 2.22. The following are equivalent:

(a) CH holds.

(b) R2 is the union of two σ -sprays with prescribed, distinct centers.

Proposition 2.23. Let n ≥ d ≥ 3, and suppose that the points c1, . . . , cn belong
to an affine hyperplane H of Rd . Suppose there is L ⊆ H an affine subspace of
dimension d − 2 such that {π(c1), . . . , π(cn)} has size ≤ d − 1, where π : H → L
is the orthogonal projection. Then there are no sprays X1, . . . , Xn that cover Rd

with X i centered in ci , for i ≤ n.

Proof. Towards a contradiction, let d ≥ 3 be least such that the statement fails, and
suppose X i is a spray centered in ci such that Rd

= X1 ∪· · ·∪ Xn . Then H ∼= Rd−1

is covered by the sprays X1 ∩ H, . . . , Xn ∩ H centered in {π(c1), . . . , π(cn)}. This
means that Rd−1 can be covered by d − 1-many sprays whose centers lie on the
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hyperplane L . This contradicts the minimality of d , if d − 1 ≥ 3. If d = 3, then we
would have that R2 can be covered by two sprays, against Corollary 2.21. □

In [Schmerl 2012, p. 1169] it is observed that the next result follows from results
of Sikorski.

Theorem 2.24. For d ≥ 2 the space Rd is not the union of d-many sprays.

Proof. The case d = 2 is Corollary 2.21. Suppose d ≥ 3 and that c1, . . . , cd are
centers of sprays X1, . . . , Xd that cover Rd . Let H be a hyperplane containing
these points, and apply Proposition 2.23 with n = d − 1: if L is an affine subspace
of H of dimension d − 2 > 0 that is orthogonal to the vector cd − cd−1, then
{π(c1), . . . , π(cd)} has size ≤ d − 1 since π(cd) = π(cd−1). But Proposition 2.23
implies that the X i s cannot cover Rd . □

A similar argument shows:

Theorem 2.25. For d ≥ 2 the space Rd is not the union of (d − 1)-many σ -sprays.

Theorem 2.26. For d ≥ 2 the following are equivalent:

(a) CH;

(b) for all well-placed c1, . . . , cd ∈ Rd there are X1, . . . , Xd covering Rd such
that each X i is a σ -spray with center ci ;

(c) there are well-placed c1, . . . , cd ∈ Rd and X1, . . . , Xd covering Rd such that
each X i is a σ -spray with center ci .

Proof. (a)⇒(b) follows from Theorem 2.18; (b)⇒(c) is trivial, while (c)⇒(a) is
established by induction on d ≥ 2.

When d = 2 the result follows at once from Proposition 2.20. Suppose the result
holds for some d towards proving it for d +1. Fix σ -sprays X1, . . . , Xd+1 covering
Rd+1 and centered in well-placed c1, . . . , cd+1. Let H ⊆ Rd be the hyperplane
determined by the ci s. Let H ′ be a hyperplane orthogonal to cd+1 − cd , and let
π : Rd+1

→ H ′ be the orthogonal projection. By projecting and gluing X1 ∩ H ,
X2 ∩ H , . . . , (Xd ∪ Xd+1) ∩ H are σ -sprays centered in the points π(c1), π(c2),
. . . , π(cd) = π(cd+1) which are well-placed, and belong to H ′ ∼= Rd . By inductive
assumption, CH holds. □

3. Transforming sprays into linear objects

In this section we construct, for every d ≥ 2, a continuous map 8 that transforms
any spray of Rd with center c into a set A ⊆ Rd such that A ∩ H is finite, for every
hyperplane H orthogonal to some vector u, and conversely. (The vector u depends
only on the point c.) This is an extension and an elaboration of the construction
used by Schmerl when d = 2 to prove that if R2 is the union of (n +2)-many sprays
with collinear centers, then 2ℵ0 ≤ ℵn [Schmerl 2010, Theorem 7].
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Let p1, . . . , pd be distinct points of an affine space E of dimension d − 1 ≥ 1.
For each q ∈ E the vectors p1 − q, . . . , pd − q are linearly dependent, and hence

(2) U p1,..., pd (q) := {(u1, . . . , ud) ∈ Rd
| u1( p1 − q) + · · · + ud( pd − q) = 0}

is a vector subspace of Rd of dimension ≥ 1. When the points p1, . . . , pd are clear
from the context we write U(q). Note that if ei ∈ U(q) then q = pi , and hence

(3) q /∈ { p1, . . . , pd} ⇒ e1, . . . , ed /∈ U(q).

Theorem 3.1. Suppose p1, . . . , pd , q ∈ E , an affine space of dimension d − 1,
and that p1, . . . , pd are distinct. For every (u1, . . . , ud) ∈ U(q) \ {0} letting b :=

−
∑d

i=1 ui and c := −
∑d

i=1 ui (∥ pi∥
2
− ∥q∥

2) we have

∀x ∈ E
(
u1∥x − p1∥

2
+ · · · + ud∥x − pd∥

2
+ b∥x − q∥

2
+ c = 0

)
.

Proof. For notational ease let Fi (x) = ∥x − pi∥
2 and F(x) = ∥x − q∥

2. For x ∈ E
and 1 ≤ i ≤ d

Fi (x) − F(x) = ∥x − pi∥
2
− ∥x − q∥

2

= ∥x∥
2
+ ∥ pi∥

2
− 2x · pi − ∥x∥

2
− ∥q∥

2
+ 2x · q

= ∥ pi∥
2
− ∥q∥

2
− 2x · ( pi − q).

Since (u1, . . . , ud) ∈ U(q), this implies

d∑
i=1

ui (Fi (x) − F(x)) =

d∑
i=1

ui (∥ pi∥
2
− ∥q∥

2) − 2x ·

d∑
i=1

ui ( pi − q) = −c.

By the definition of b one obtains
( d∑

i=1
ui Fi (x)

)
+ bF(x) + c = 0 for all x ∈ E , as

required. □

The definition of ℵδ-spray was given for Rd , but it can be adapted to the space

Hd
:= Rd−1

× (0; +∞) ⊆ Rd

as follows: an ℵδ-spray in Hd is a set X ⊆ Hd together with a point c, the center of
X , belonging to the hyperplane Rd−1

×{0} of Rd , such that |S ∩ X | < ℵδ for any
sphere S of Rd centered in c. (Observe that c does not belong to H.)

If X1, X2, . . . are ℵδ-sprays in Rd with centers c1, c2, . . . ∈ Rd−1
× {0}, then

X1 ∩ Hd , X2 ∩ Hd , . . . are ℵδ-sprays in Hd with the same centers; moreover, if
X1, X2, . . . cover Rd , then X1 ∩ Hd , X2 ∩ Hd , . . . cover Hd . Therefore we may
focus on covering Hd with ℵδ-sprays in Hd with centers on Rd−1

× {0}.
Let c1, . . . , cd be points in general position in Rd . These points belong to

a hyperplane, and without loss of generality we may assume that c1, . . . , cd ∈
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Rd−1
× {0}. Let Rd

+
= {x ∈ Rd

| ∀i ≤ d (xi ≥ 0)}, let

(4) 8 : Hd
→ Rd

+
, x 7→ (∥x − c1∥

2, . . . , ∥x − cd∥
2),

and let Ed
= ran 8. Then 8 is a homeomorphism between Hd and the open set Ed .

The map 8 transforms any sphere centered around ci into a subset of a hyperplane
of Rd orthogonal to ei , and conversely. To be specific — and recalling Notation 2.1 —
if S is the sphere of Rd centered in ci of radius r , then 8[S ∩Hd

] is the intersection
between E and the hyperplane Hi (r2) of Rd ; conversely, 8−1

[Hi (r2)∩E]= S∩Hd .
Therefore if X ⊆ Hd is an ℵδ-spray centered in ci , then 8[X ] ⊆ E is such that
|8[X ]∩ Hi (r)| < ℵδ for every r > 0; conversely if Y ⊆ E intersects all hyperplanes
orthogonal to ei in a set of size <ℵδ then 8−1

[Y ]⊆ Hd is an ℵδ-spray centered in ci .
Suppose cd+1 ∈ Rd−1

× {0} is distinct from c1, . . . , cd . Letting pi = ci and
q = cd+1 in (2), fix u = (u1, . . . , ud) ∈ U(cd+1) \ {0}. By Theorem 3.1 there are
b, c such that u1∥x − c1∥

2
+ · · · + ud∥x − cd∥

2
+ b∥x − cd+1∥

2
+ c = 0, for all

x ∈ Rd . The set

P = {(w1, . . . , wd+1) | u1w1 + · · · + udwd + bwd+1 + c = 0}

is an affine hyperplane of Rd+1, and since u is not a multiple of any ei with
1 ≤ i ≤ d by (3), it follows that P is not orthogonal to any such vector. Therefore
the projection π : Rd

× R → Rd is a bijection between P and Rd . The map

8̌ : Hd
→ Rd+1

+
, x 7→ (∥x − c1∥

2, . . . , ∥x − cd+1∥
2),

is a homeomorphism on its image Ě , and clearly Ě ⊆ P . Then

Ě = {(r1, . . . , rd+1) ∈ Rd+1
+

| (r1, . . . , rd) ∈ E ∧ (r1, . . . , rd+1) ∈ P},

that is: Ě is the subset of P that projects onto E , and π is a homeomorphism from
Ě to E .

For any k ∈ R the set

L(u, k) := {(r1, . . . , rd) | u1r1 + · · · + udrd + bk + c = 0}

= {(r1, . . . , rd) | (r1, . . . , rd , k) ∈ P}

is an affine hyperplane of Rd orthogonal to u, and all affine hyperplanes of Rd

orthogonal to u are of this form. Arguing as before, if X ⊆ Hd is an ℵδ-spray
centered in cd+1 then 8[X ] is a subset of E that intersects every L(u, k) in a set of
size < ℵδ; conversely if Y ⊆ E is such that every L(u, k) intersects Y in < ℵδ-many
points, then 8−1

[Y ] is an ℵδ-spray centered in cd+1.
Let us summarize what we proved so far.

Theorem 3.2. Suppose c1, . . . , cd are in general position in Rd , and without loss of
generality we may assume that they belong to Rd−1

×{0}. There is a nonempty open
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set Ed
⊆ Rd and a homeomorphism 8 : Hd

→ Ed that transforms any ℵδ-spray of
Hd centered in ci into a subset of Ed that intersects any hyperplane orthogonal to
ei in a set of size < ℵδ, and conversely.

Let c ∈ Rd−1
×{0} be distinct from the ci s, and let u ∈ Uc1,...,cd (c) \ {0}. Then 8

maps any ℵδ-spray centered in c into a subset of E that intersects any hyperplane
orthogonal to u in a set of size < ℵδ, and conversely.

The following picture when d = 2 may help to visualize the previous construction.

c0 c1 c

H
8
⇝

E

We can now sketch Schmerl’s argument that if the plane is covered with three
sprays with collinear centers, then CH holds. First of all we may assume that the
centers lie on the x-axis so that the three sprays cover H2. Then E2 can be covered
with three sets A1, A2, A3 such that the intersection of Ai with any line orthogonal
to some vector ui is finite (i = 1, 2, 3), and by a theorem of Bagemihl [1961] this
implies CH. Our strategy is to replace lines in R2 with hyperplanes in Rd , and this
is the topic of the next section.

4. Hyperplane sections

Over the last century several results were obtained, establishing connections between
the size of the continuum and elementary properties of the euclidean spaces. The
first such result is Sierpiński’s theorem form → from from 1919, asserting that
CH is equivalent to a covering of the plane with two sets such that the intersection
of the first set with any vertical line is countable and the intersection of every
horizontal line with the second set is countable (see Theorem 2.6(a)). Sierpiński
[1951] sharpened his previous result by replacing “countable” with “finite”, but
at the cost of increasing the dimension: CH is equivalent to a decomposition
A1, A2, A3 of R3 such that the intersection of any line with direction ei with Ai is
finite (Theorem 2.6(b)), and this was quickly generalized by Kuratowski to higher
dimensions [Kuratowski 1951]: 2ℵ0 ≤ ℵn if and only if there is a decomposition
A1, . . . , An+2 of Rn+2 such that every line parallel to ei has finite intersection
with Ai . In the 1960s, Bagemihl and Davies showed that Kuratowski’s result
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could be proved for R2 by taking intersections with lines of prescribed directions
[Bagemihl 1960; 1961; 1968; Davies 1962; 1963b].

A line is a hyperplane in R2, so Sierpiński’s result from 1919 could be stated
as: if d = 2 then CH is equivalent to a decomposition of Rd into A1, . . . , Ad

such that every hyperplane orthogonal to ei has countable intersection with Ai . By
Corollary 4.7 this result holds for all d ≥ 2. Sierpiński [1951] states and proves it for
d = 3, and he observes that the analogous result with “finite” replacing “countable”
is false: there is no decomposition A1, A2, A3 of R3 such that every plane orthogonal
to ei has finite intersection with Ai . Erdős, Jackson, and Mauldin prove that CH
is equivalent to R3 being decomposable in five pieces A1, . . . , A5 so that every
plane orthogonal to ui has finite intersection with Ai , where u1, . . . , u5 are vectors
in general position in R3 [Erdős et al. 1994, Corollary 6], but no decomposition
exists if we just allow four vectors and four sets [Erdős et al. 1994, Lemma 1]. In
that Lemma it is stated (but not proved) that an analogous result holds when CH

is weakened to 2ℵ0 ≤ ℵn , but the case for Rd with d > 3 is not mentioned. Since
we need a detailed analysis of the positions of the various (hyper)planes we will
state and prove these results in full generality below. Much of what follows is an
elaboration of ideas from [Erdős et al. 1994], and in doing so we fill a gap in the
proof of Lemma 1 of that paper.

This section is devoted to the following problem:

Problem 4.1. Given u1, . . . , un distinct, nonzero vectors of Rd , what conditions
on the cardinality of R are equivalent to the existence of A1, . . . , An covering Rd

such that each Ai ∩ Hui ( p) is finite (or countable)?

Lemma 4.2. Suppose u1, . . . , ud ∈ Rd are linearly independent, and d ≥ 2. There
is a linear isomorphism T : Rd

→ Rd that maps every hyperplane orthogonal to ui

to a hyperplane orthogonal to ei , and conversely, for any i ≤ d.

Proof. The inner product u ·v of two vectors in Rd is the matrix-product utv, where
superscript “t” stand for “transpose”. Let M be the matrix of the linear transfor-
mation that maps ei to ui for i = 1, . . . , d, and let T be the linear transformation
given by the matrix M t. Then T is an isomorphism, since det(M t) = det(M) ̸= 0.
For all x ∈ Rd

ut
i x = (Mei )

tx = et
i (M tx)

so x is orthogonal to ui if and only if ei is orthogonal to T (x). □

Lemma 4.3. Let m ≥ 1, let v be a unit vector of Rm , let ε > 0 and let κ be an infinite
cardinal. For all X ⊆ Rm with ℵ0 ≤ |X | < κ ≤ 2ℵ0 , there is S ⊆ {rv | |r | < ε} ⊆

(−ε; ε)m such that |S| = κ and (X − X) ∩ (S − S) = {0}.

Proof. Let V = {rv | r ∈ R}, let G be the subgroup of (Rm, +) generated by X , and
let H = G ∩ V . Then |H | ≤ |G| = |X | < 2ℵ0 and |V/H | = 2ℵ0 .
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Suppose first H is dense in V . We can construct T ⊆ {rv | |r | < ε} a transversal
for the quotient, i.e. a set picking exactly one element from each coset of V/H .
Then 2ℵ0 = |T | = |V/H |, and let S ⊆ T be of size κ . If s1 − s2 = x1 − x2 for some
s1, s2 ∈ S and x1, x2 ∈ X , since s1−s2 ∈ H ⊆ G this means that the cosets s1+H and
s2+H are the same, so s1 = s2 by definition of S. Therefore (S−S)∩(X −X)={0}.

Now suppose that H is not dense in V . Then there is 0 < δ < ε such that
the segment (0; δv) is disjoint from H . Let S ⊆ (0; δv) be of size κ . As H is a
group, then (−δv; δv) ∩ H = {0}, so the intersection of S − S ⊆ (−δv; δv) with
G − G ⊇ X − X is {0}. □

The next result asserts that if the sets Ai ⊆ Rd have small intersection with the
hyperplanes orthogonal to ui , and if 2ℵ0 is large enough, then there is a set Z ⊆ Rd

such that no translate of it can be covered by the Ai s — in particular the Ai s do not
cover Rd .

Theorem 4.4. Let δ ∈ Ord, d ≥ 3 and let N = 2(d − 1). Suppose u1, . . . , uN are
distinct, nonzero vectors of Rd . Suppose A1, . . . , AN are subsets of Rd such that
for all p ∈ Rd , and for all 1 ≤ i ≤ N

|Hui ( p) ∩ Ai | < ℵδ.

If 2ℵ0 > ℵδ then for every ε > 0 there is Z ⊆ (−ε; ε)d of size ℵδ+1 such that

∀ p ∈ Rd (
p + Z ⊈

⋃N
i=1 Ai

)
.

Before proving this let us draw a few corollaries. With the same notation as
before let us state a contrapositive of the preceding result:

Theorem 4.5. Let δ ∈ Ord, d ≥ 3 and N = 2(d − 1). Suppose u1, . . . , uN are
nonzero vectors of Rd . Suppose D ⊆ Rd is such that Int(D) ̸= ∅. If A1, . . . , AN

cover D and for all p ∈ Rd and for all 1 ≤ i ≤ N

|Hui ( p) ∩ Ai | < ℵδ.

Then 2ℵ0 ≤ ℵδ.

Proof. Towards a contradiction, suppose 2ℵ0 ≥ ℵδ+1. Let ε > 0 be small enough
so that p + (−ε; ε)d

⊆ D for some p ∈ Rd , and, towards a contradiction, suppose
A1, . . . , AN are as in the statement. Let Z ⊆ (−ε; ε)d be as in Theorem 4.4: then
p + Z is contained in D but on other hand it is not contained in A1 ∪ · · · ∪ AN , a
contradiction. □

The presence of the set D in the statement of Theorem 4.5 may seem unwarranted
right now, but it will be crucial for the results in Section 5. For the time being the
reader can safely replace D with Rd without losing much.
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Theorem 4.6. For all d ≥ 3 and all D ⊆ Rd such that ∅ ̸= Int(D), the following
are equivalent:

(a) CH holds.

(b) For all nonzero vectors u1, . . . , ud spanning Rd , there are A1, . . . , Ad cover-
ing D such that Hui ( p) ∩ Ai is countable for all p ∈ Rd and 1 ≤ i ≤ d.

(c) There are nonzero vectors u1, . . . , u2d−2 and there are A1, . . . , A2d−2 cover-
ing D such that Hui ( p) ∩ Ai is countable for all p ∈ Rd and 1 ≤ i ≤ 2d − 2.

Proof. The implication (a)⇒(b) follows from Theorem 2.3 and Example 2.5, while
(b)⇒(c) is trivial — take Ad+1 =· · ·= A2d−2 =∅. The implication (c)⇒(a) follows
from Theorem 4.5 when δ = 1. □

Corollary 4.7. For all d ≥ 3, CH is equivalent to the existence of A1, . . . , Ad

covering Rd such that Hi (x) ∩ Ai is countable, for all x ∈ R and all 1 ≤ i ≤ d.

Cantor’s theorem says that 2ℵ0 > ℵδ if δ = 0, so when d = 3 Theorem 4.4 implies
the following result, which is Lemma 1 of [Erdős et al. 1994]:

Corollary 4.8. Suppose u1, . . . , u4 are nonzero vectors of R3. There are no
A1, . . . , A4 covering R3 such that Hui ( p) ∩ Ai is finite, for all p ∈ R3 and all
1 ≤ i ≤ 4.

Remark 4.9. Corollary 4.8 is a negative result, asserting that R3 is not the union of
four sets such that each intersects any plane orthogonal to a given vector in a finite
set. But looking at the proof of Theorem 4.4, it could be recast in a positive way:

Suppose k is an infinite field. If there are nonzero vectors u1, . . . , u4 of k3

and sets A1, . . . , A4 covering k3 such that every hyperplane orthogonal
to ui has finite intersection with Ai , then |k| = ℵ0.

Proof of Theorem 4.4. Let A1, . . . , AN and ε > 0 be as in the statement. We
consider two cases, depending whether the ui s span Rd .

Case 1: the vectors u1, . . . , uN do not span Rd .
Let v be a nonzero vector such that v · ui = 0 for all 1 ≤ i ≤ N , and let

V = {rv | r ∈ R}. Since |V | = 2ℵ0 ≥ ℵδ+1 we can take Z ⊆ V ∩ (−ε; ε)d of
size ℵδ+1. Since p + V ⊆ Hui ( p) we have |( p + V ) ∩

⋃N
i=1 Ai | < ℵδ, and hence

p + Z ⊈
⋃N

i=1 Ai .

Case 2: the vectors u1, . . . , uN span Rd .
Without loss of generality we may assume that (u1, . . . , ud) is a basis of Rd . We

first prove the result under the additional assumption that

(u1, . . . , ud) is the standard basis (e1, . . . , ed).
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Let

U = span{ud+1, . . . , uN }, U j = span{e j , ud+1, . . . , uN } for 1 ≤ j ≤ d.

From dim U ≤ d − 2 it follows that dim U j ≤ d − 1, so there is a nonzero vector
orthogonal to U j .

Claim 4.4.1. There is 1 ≤ j ≤ d such that there is v ∈ U⊥

j \ {0} that is not multiple
of any ei .

Proof of the claim. Suppose dim U j ≤ d −2 for some j , so that dim(U⊥

j ) ≥ 2. Then
not every vector in U⊥

j can be multiple of some ei .
Therefore we may assume that dim U j = d −1 for all j , and hence dim U = d −2.

Towards a contradiction, suppose that for every j ∈ {1, . . . , d} there is j∗
̸= j such

that e j∗ ∈ U⊥

j — such j∗ is unique since dim(U⊥

j ) = 1. Fix j and let i = j∗ so that
i∗

̸= j∗. As d ≥ 3 pick k distinct from i∗, j∗. Both vectors ei∗ and e j∗ are orthogonal
to U and to ek , so both belong to U⊥

k , which is impossible as dim(U⊥

k ) = 1. □

Fix j and v = (a1, . . . , ad) as in the Claim. By reindexing, if needed, we may
assume that j = d , that is ad = 0, and that a1, a2 are nonzero. By rescaling we may
assume that

v = (1, a2, . . . , ad−1, 0), a2 ̸= 0,

and that

(5) d ≤ k ≤ N ⇒ v · uk = 0.

Let ν := max {1, |a2|, . . . , |ad−1|}. For 1 ≤ i ≤ d let X i ⊆ (−ε/2; ε/2) such that
|X1|=ℵδ+1 and |X i |=ℵδ for all 2≤ i ≤d . By Lemma 4.3 with m =1 and κ =ℵδ+1,
let S ⊆ (−ε/(2ν); ε/(2ν)) be of size ℵδ+1 such that (S−S)∩(a−1

2 X2−a−1
2 X2)={0},

and let
V = {sv | s ∈ S}.

By (5), if q ∈ Rd and s ∈ S then

(6) d ≤ k ≤ N ⇒ q + V ⊆ Huk (q + sv).

As V ⊆ (−ε/2; ε/2)d it follows that

Z := V +

d∏
i=1

X i

is a subset of (−ε; ε)d , and it is of cardinality ℵδ+1. Fix p = (p1, . . . , pd)∈ Rd and,
towards a contradiction, suppose that p+Z ⊆

⋃N
i=1 Ai . Observe that Z =

⋃
x∈X1

Zx ,
where

Zx := V +
(
{x} ×

d∏
i=2

X i
)
.
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Claim 4.4.2. The sets Zx are pairwise disjoint.

Proof. If Zx ′ ∩ Zx ′′ ̸= ∅, then there are s ′, s ′′
∈ S, x ′

i , x ′′

i ∈ X i for 2 ≤ i ≤ d such
that

s ′v + (x ′, x ′

2, . . . , x ′

d) = s ′′v + (x ′′, x ′′

2 , . . . , x ′′

d ).

The second component yields that s ′a2 + x ′

2 = s ′′a2 + x ′′

2 , and hence

s ′
− s ′′

= a−1
2 (x ′′

2 − x ′

2) ∈ (S − S) ∩ (a−1
2 X2 − a−1

2 X2) = {0} .

It follows that s ′
= s ′′

= s, and hence

sv + (x ′, x ′

2, . . . , x ′

d) = sv + (x ′′, x ′′

2 , . . . , x ′′

d ).

Looking at the first component we obtain s + x ′
= s + x ′′ and hence x ′

= x ′′. □

Summarizing,

(7) p + Z =
⋃

x∈X1

p + Zx and x ′
̸= x ′′

⇒ p + Zx ′ ∩ p + Zx ′′ = ∅.

Claim 4.4.3. |Ad ∩ ( p + Z)| < ℵδ+1.

Proof. As the last component of v is 0, the set V does not contribute to Z on the
d-th coordinate, so for all w ∈ R

( p + Z) ∩ Hd(pd + w) = ( p +

d∏
i=1

X i ) ∩ Hd(pd + w)

= p +
(( d∏

i=1
X i

)
∩ Hd(w)

)
and this set is p+

(∏d−1
i=1 X i

)
×{w} if w ∈ Xd , and it is empty if w /∈ Xd . Therefore

p + Z ⊆
⋃

w∈Xd

Hd(pd + w) and

Ad ∩ ( p + Z) ⊆
⋃

w∈Xd

Ad ∩ Hd(pd + w).

By assumption |Ad ∩ Hd(pd + w)| < ℵδ for any w ∈ R, and |Xd | = ℵδ; therefore
|Ad ∩ ( p + Z)| ≤ ℵδ < ℵδ+1. □

As |X1| = ℵδ+1 and by (7), there is x̄1 ∈ X1 such that p + Z x̄1 is disjoint from
Ad . This implies that

p + Z x̄1 ⊆ A1 ∪ · · · ∪ Ad−1 ∪

N⋃
k=d+1

Ak .

Claim 4.4.4. There is an s̄ ∈ S such that p+ s̄v + ({x̄1}×
∏d

i=2 X i ) is disjoint from⋃N
k=d+1 Ak .
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Proof. Towards a contradiction, suppose that for all s ∈ S and all 2 ≤ i ≤ d there
are xi (s) ∈ X i such that

p + sv + (x̄1, x2(s), . . . , xd(s)) ∈

N⋃
k=d+1

Ak .

As |X i | = ℵδ for 2 ≤ i ≤ d, there are x ′

i ∈ X i and S′
⊆ S of size ℵδ+1 such that

xi (s) = x ′

i for all s ∈ S′. Therefore

∀s ∈ S′
(

p + sv + (x̄1, x ′

2, . . . , x ′

d) ∈

N⋃
k=d+1

Ak
)
.

As |S′
| = ℵδ+1 there is S∗

⊆ S′ of size ℵδ+1, and there is k with d < k ≤ N such
that

(8) ∀s ∈ S∗
(

p + sv + (x̄1, x ′

2, . . . , x ′

d) ∈ Ak
)
.

Fix s∗
∈ S∗ and let

Qk := Huk

(
p + s∗v + (x̄1, x ′

2, . . . , x ′

d)
)
.

By (6) with q = p + (x̄1, x ′

2, . . . , x ′

d) we have

∀s ∈ S∗
(

p + sv + (x̄1, x ′

2, . . . , x ′

d) ∈ Qk
)
.

Therefore by (8) p + sv + (x̄1, x ′

2, . . . , x ′

d) ∈ Ak ∩ Qk for all s ∈ S∗, and this is a
contradiction, since |Ak ∩ Qk | < ℵδ, and yet it must contain ℵδ+1 points. □

Let s̄ be as in Claim 4.4.4. Then | p + s̄v + ({x̄1} ×
∏d

i=2 X i )| = ℵδ and

(9) W1 := p + s̄v + ({x̄1} ×
∏d

i=2 X i ) ⊆ A1 ∪ · · · ∪ Ad−1.

As W1 is included in H1(p1 + s̄ + x̄1), and |H1(p1 + s̄ + x̄1) ∩ A1| < ℵδ, then
|W1 ∩ A1| < ℵδ. As |X2| = ℵδ, there is some x̄2 ∈ X2 such that the set W2 :=

p + s̄v + ({x̄1}× {x̄2}×
∏d

i=3 X i ) is disjoint from A1, and hence it is contained in
A2 ∪· · ·∪ Ad−1 and in the hyperplane H2(p2 + s̄a2 + x̄2). As before |W2 ∩ A2| < ℵδ .
Repeating this argument we construct x̄3 ∈ X3, . . . , x̄d ∈ Xd such that

p + s̄v + (x̄1, . . . , x̄d) /∈ A1 ∪ · · · ∪ Ad−1

against (9). This concludes the proof, assuming that u1, . . . , ud is the standard
basis.

If u1, . . . , ud is an arbitrary basis of Rd , by Lemma 4.2 there is a linear injective
transformation T : Rd

→ Rd that maps every hyperplane orthogonal to ui to a
hyperplane orthogonal to ei , for 1 ≤ i ≤ d. The transformation T maps parallel
hyperplanes to parallel hyperplanes, so for d ≤ k < N let ūk be a vector such that
T maps every hyperplane orthogonal to uk to a hyperplane orthogonal ūk . For
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1 ≤ k ≤ d set ūk to be ek . As T −1 is continuous, pick ε̄ > 0 small enough so that
T −1

[(−ε̄; ε̄)d
] ⊆ (−ε; ε)d . Arguing as above there is a Z ⊆ (−ε̄; ε̄)d such that

p + Z ⊈
⋃N

i=1 T [Ai ] for all p ∈ Rd . Then Z = T −1
[Z ] ⊆ (−ε; ε)d is such that

p + Z ⊈
⋃N

i=1 Ai for all p ∈ Rd . □

The next result extends Theorem 4.4 by relaxing the size of the continuum.

Theorem 4.9. Let δ ∈ Ord, d ≥ 3, n ≥ 0, and let N = (n + 1)(d − 1)+ 1. Suppose
u1, . . . , uN are distinct, nonzero vectors of Rd , and that A1, . . . , AN ⊆ Rd are such
that for all p ∈ Rd

∀1 ≤ k ≤ N
(
|Huk ( p) ∩ Ak | < ℵδ

)
.

If 2ℵ0 > ℵδ+n then for every ε > 0 there is Zn,ε ⊆ (−ε; ε)d of size ℵδ+n+1 such that

∀ p ∈ Rd (
p + Zn,ε ⊈

N⋃
k=1

Ak
)
.

Let us draw some consequences from Theorem 4.9.

Theorem 4.10. Let δ ∈ Ord, let n ≥ 1, and let d ≥ 3. Let also (n +1)(d −1) < N ≤

(n + 2)(d − 1). For all D ⊆ Rd such that Int(D) ̸= ∅, the following are equivalent:

(a) 2ℵ0 ≤ ℵδ+n .

(b) For all u1, . . . , u(n+1)(d−1)+1 in general position there are A1, . . . , A(n+1)(d−1)+1

covering D such that |Ak ∩ Huk ( p)| < ℵδ for all p ∈ Rd and all 1 ≤ k ≤

(n + 1)(d − 1) + 1.

(c) For all distinct nonzero vectors u1, . . . , uN such that (n + 1)(d − 1) + 1 of
them are in general position, there are A1, . . . , AN covering D such that |Ak ∩

Huk ( p)| < ℵδ for all p ∈ Rd and all 1 ≤ k ≤ N.

(d) There are distinct nonzero vectors u1, . . . , uN and there are A1, . . . , AN cover-
ing D such that |Ak ∩ Huk ( p)| < ℵδ for all p ∈ Rd and all 1 ≤ k ≤ N.

Proof. The implication (a)⇒(b) follows from the Erdős–Jackson–Mauldin result
we stated as Theorem 2.3, together with Example 2.5.

The implication (b)⇒(c) is easy. Let u1, . . . , uN be as in (c). Without loss of
generality we may assume that u1, . . . , u(n+1)(d−1)+1 are in general position in Rd ,
and let A1, . . . , A(n+1)(d−1)+1 be as in (b). Letting A(n+1)(d−1)+2 = · · · = AN = ∅
we have sets as in (c).

The implication (c)⇒(d) is trivial.

Assume (d) and towards a contradiction suppose that 2ℵ0 >ℵδ+n . By a translation,
we may assume that (−ε; ε)d

⊆ D. The hypotheses of Theorem 4.9 are satisfied so
there is a set Z ⊆ D that is not contained in

⋃N
k=1 Ak , so the sequence A1, . . . , AN

does not cover D. □
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When d = 3 Theorem 4.10 yields the following results — recall that vectors in
R3 are in general position if any three of them are linearly independent. First we
consider the case when the intersection of a plane with a set is finite.

Corollary 4.11. Let D ⊆ R3 be such that ∅ ̸= Int(D), and let n ≥ 1. The following
are equivalent.

(a) 2ℵ0 ≤ ℵn .

(b) For all u1, . . . , u2n+3 vectors in general position in R3, there are A1, . . . , A2n+3

covering D such that every plane orthogonal to ui intersects Ai in a finite set,
for all 1 ≤ i ≤ 2n + 3.

(c) There are nonzero vectors u1, . . . , u2n+4 in R3, and sets A1, . . . , A2n+4 covering
D such that every plane orthogonal to ui intersects Ai in a finite set, for all
1 ≤ i ≤ 2n + 4.

With n = 1, this recovers the result of [Erdős et al. 1994; Simms 1997] that CH
is equivalent to each of the following:

• For all u1, . . . , u5 in general position there are A1, . . . , A5 covering R3 such
that any plane orthogonal to ui has finite intersection with Ai .

• There are nonzero vectors u1, . . . , u6 and A1, . . . , A6 covering R3 such that
any plane orthogonal to ui has finite intersection with Ai .

If the intersections between planes and sets are taken to be countable we have a
result analogous to Corollary 4.11, with a shift of 2 in the number of vectors/pieces.

Corollary 4.12. Let D ⊆ R3 be such that ∅ ̸= Int(D), let n ≥ 1 and let N be such
that 2n + 2 ≤ N. The following are equivalent:

(a) 2ℵ0 ≤ ℵn .

(b) For all u1, . . . , u2n+1 vectors in general position there are A1, . . . , A2n+1 cov-
ering D so that every plane orthogonal to uk intersects Ak in a countable set,
for all 1 ≤ k ≤ 2n + 1.

(c) For all vectors u1, . . . , u2n+2 nonzero vectors such that at least 2n + 1 of them
are in general position, there are A1, . . . , A2n+2 covering D such that every
plane orthogonal to uk intersects Ak in a countable set, for all 1 ≤ k ≤ 2n + 2;

(d) There are vectors u1, . . . , u2n+2 and sets A1, . . . , A2n+2 covering D such that
every plane orthogonal to uk intersects Ak in a countable set, for all 1 ≤ k ≤

2n + 2.

Table 1 summarize the results proved so far. On the left, for any dimension d
and any n such that 2ℵ0 ≤ ℵn , we give (n + 1)(d − 1)+ 1, the minimum number of
vectors/pieces of a covering of Rd so that each piece has finite intersection with
any hyperplane orthogonal to the given vector. The maximum number for such a
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n
d ↓ 1 2 3 4 . . .

2 3 4 5 6 . . .
3 5 7 9 11 . . .
4 7 10 13 16 . . .
5 9 13 16 20 . . .
...

. . .

n
d ↓ 1 2 3 4 . . .

2 2 3 4 5 . . .
3 3 5 7 9 . . .
4 4 7 10 13 . . .
5 5 9 13 17 . . .
...

. . .

Table 1. Minimum number of pieces of a decomposition of Rd equivalent
to 2ℵ0 ≤ ℵn , for finite intersections (left) and for countable intersections
(right).

decomposition is (n+2)(d −1), the integer in the square with coordinates (d,n+1)

decreased by 1. The table on the right is similar, but the intersections with the
hyperplanes are countable.

Proof of Theorem 4.9. Fix δ ∈ Ord and d ≥ 3, and proceed by induction on n.
If n =0 then N =d <2(d−1), and pick ud+1, . . . , u2(d−1) so that u1, . . . , u2(d−1)

are distinct nonzero vectors of Rd , and let Ad+1 = · · · = A2(d−1) =∅. Given ε > 0,
if 2ℵ0 > ℵδ+0 then the assumptions of Theorem 4.4 are fulfilled, so we can find the
set Z as required. Therefore we may assume the result holds for some n̄ towards
proving it for n̄ + 1.

Suppose 2ℵ0 > ℵδ+n̄+1. Let N = (n̄ + 2)(d − 1) + 1, and let u1, . . . , uN and
A1, . . . , AN be as in the statement. Given ε > 0 we must construct Z = Z n̄+1,ε such
that

Z ⊆ (−ε; ε)d , |Z | = ℵδ+n̄+2, ∀ p ∈ Rd (
p + Z ⊈

⋃N
k=1 Ak

)
.

Let N = (n̄ + 1)(d − 1)+ 1. Then u1, . . . , uN and A1, . . . , AN satisfy the hypothe-
ses of the statement for n̄. By the inductive assumption there is Z = Z n̄,ε/2 ⊆

(−ε/2; ε/2)d of size ℵδ+n̄+1 such that

(10) ∀ p ∈ Rd (
p + Z ⊈

N⋃
k=1

Ak
)
.

As N − N = d − 1, there is a unit vector v such that

(11) N < k ≤ N ⇒ v · uk = 0.

The subspace V = {rv | r ∈ R} is of cardinality 2ℵ0 ≥ ℵδ+n̄+2 > ℵδ+n̄+1 = |Z |. By
Lemma 4.3 with m = d and κ = ℵδ+n̄+1 we obtain Y ⊆ {rv | |r | < ε/2} ⊆ V of
size ℵδ+n̄+2 such that

(Y − Y ) ∩ (Z − Z) = {0} .

Let
Z := Y + Z =

⋃
y∈Y

y + Z =
⋃
z∈Z

z + Y.
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Observe that Z ⊆ (−ε; ε)d and |Z | = ℵδ+n̄+2. We must argue that p + Z ⊈
N⋃

k=1
Ak

for all p ∈ Rd .
Towards a contradiction, let p̂ ∈ Rd be such that p̂ + Z ⊆

N⋃
k=1

Ak .

Claim 4.9.1. If y, y′
∈ Y and ( y + Z) ∩ ( y′

+ Z) ̸= ∅ then y = y′.

Proof. Suppose y+ z = y′
+ z′ with y, y′

∈ Y and z, z′
∈ Z . Then y− y′

= z′
− z ∈

(Y − Y ) ∩ (Z − Z) = {0}, so y = y′. □

By (11) V is contained in Huk (0), for N < k ≤ N . By assumption |Ak∩Huk (q)|<

ℵδ , and since Y ⊆ V , then |Ak ∩ (q + Y )| < ℵδ , for each q ∈ Rd . Therefore for any
N < k ≤ N ,

(12) |Ak ∩ ( p̂ + Z)| = |Ak ∩ ( p̂ + Y + Z)| =
∣∣ ⋃

z∈Z
Ak ∩ ( p̂ + z + Y )

∣∣ ≤ ℵδ+n̄+1.

Claim 4.9.2. There is ŷ ∈ Y such that ( p̂ + ŷ + Z) ∩
⋃

N<k≤N
Ak = ∅.

Proof. Towards a contradiction, suppose that for all y ∈ Y there are z( y) ∈ Z and
N < k( y) ≤ N such that p̂ + y + z( y) ∈ Ak( y). As

ℵδ+n̄+2 = |Y | > ℵδ+n̄+1 = Z >
∣∣{k | N < k ≤ N }

∣∣,
there is Ŷ ⊆ Y of size ℵδ+n̄+2, and ẑ ∈ Z and N < k̂ ≤ N such that z( y) = ẑ and
k( y) = k̂ for all y ∈ Ŷ . Therefore ∀ y ∈ Ŷ ( p̂ + y + ẑ ∈ Ak̂). By Claim 4.9.1 the
map Ŷ → Ak̂ , y 7→ p̂ + y + ẑ is injective, so |Ak̂ ∩ ( p̂ + Y + Z)| ≥ |Ŷ | = ℵδ+n̄+2,
against (12). □

Fix ŷ as in Claim 4.9.2. Then ( p̂+ ŷ)+ Z ⊆ A1 ∪· · ·∪ AN against (10). Having
reached a contradiction, we conclude that p + Z ⊈

⋃N
k=1 Ak for all p ∈ Rd . □

Remark 4.13. Theorems 4.4 and 4.9 (together with Theorem 2.3) provide a com-
plete solution to Problem 4.1 when the vectors are in general position, yet some
further generalizations are possible. For the sake of readability we have opted for
less generality, and here we would like to mention some of these extensions. (The
proof of these results will appear elsewhere.)

Focusing on d = 3 and δ = 0, the requirement on the size of the intersections in
Theorem 4.4 could be relaxed to

|Ai ∩ Hui ( p)| < ℵ0 for i = 1,2, |Ai ∩ Hui ( p)| ≤ ℵ0 for i = 3,4,

strengthening a theorem of Bagemihl [1959/60] that there are no A1, A2, A3 covering
R3 so that all planes orthogonal to e2, e3 have countable intersections with A2, A3

and all planes orthogonal to e1 have finite intersections with A1. (By Theorem 2.6
and Lemma 4.2 CH is equivalent to the fact that the sets Ai ∩ Hui ( p) are countable
for three distinct is, if u1, . . . , u4 are in general position.)
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Another possible generalization of Theorem 4.4 is that for any u1, . . . , un ∈

span(e1, e2) \ {0} and v1, . . . ,vm ∈ span(e1, e3) \ {0}, there are no A1, A2, A3,
B1, . . . , Bn , C1, . . . ,Cm covering R3 such that each Ai ∩ Hei ( p), B j ∩ Hu j ( p),
Ck ∩ Hvk ( p) is finite. (Clearly (e1, e2, e3) can be replaced with any other basis.)
This shows that Corollary 4.11 can fail badly, if the vectors are not in general position.
On the other hand, not being in general position does not preclude a positive result.
For example CH is equivalent to the existence of A1, . . . , A6 covering R3 such that
each Ai ∩ Hui ( p) is finite, where u1 = e1, u2 = e2, u3 = e3, u4 ∈ span(e1, e2)\ {0},
u5 ∈ span(e1, e4) \ {0}, u6 ∈ span(e2, e3) \ {0}.

5. The main results

Combining Theorem 3.2 with the results from Section 4 we are ready to prove the
results about sprays in Rd .

Theorem 5.1. Let c1, . . . , c4 be four coplanar points in R3. There are no X1, . . . , X4

covering R3 such that X i is a spray with centers ci .

Proof. Let X1, . . . , X4 be sprays in R3 with ci the center of X i .
If c1, . . . , c4 belong to the same line ℓ, let P be a plane orthogonal to ℓ, and let

π : R3
→ P be the orthogonal projection. Then Y :=

⋃
1≤i≤4 X i ∩ P is a spray of

P centered in π(c1) = · · · = π(c4) ∈ P . Since Y cannot cover P then X1, . . . , X4

cannot cover R3.
Suppose c1, . . . , c4 are not collinear. By relabeling and applying an isometry, we

may assume that c1, c2, c3 are not collinear and belong to R2
×{0}. By Theorem 3.2

there is an open E3
⊆ R3 and there are A1, . . . , A4 covering E3 such that Ai ∩ Hi (r)

are finite for i = 1,2,3, and A4 ∩ Hu( p) is finite, where u = (u1,u2,u3) ̸= 0 is
such that u1(c1 − c4) + u2(c2 − c4) + u3(c3 − c4) = 0 and r and p range in R and
R3, respectively. The result follows from Theorem 4.4. □

The next result uses the vector space Uc1,...,cd (q) defined in (2).

Proposition 5.2. Suppose H is an affine hyperplane of Rd , c1, . . . , cn ∈ H are
distinct, well-placed points in Rd , and n ≥ d. For k ≤ n let uk ∈ Uc1,...,cd (ck) \ {0}.
Then the vectors u1, . . . , un are in general position in Rd .

Proof. As the definition of U(ck) is not affected by a translation of H , we may assume
that 0 /∈ H , so that the vectors (c1, . . . , cd) form a basis of Rd . Let uk = (u1

k, . . . ,ud
k ).

We claim that
∑d

i=1 ui
k ̸= 0, for any k ≤ n. Otherwise

0 =

d∑
i=1

ui
k(ci − ck) =

d∑
i=1

ui
k ci = u1

k c1 +

d∑
i=2

ui
k ci

= −
( d∑

i=2
ui

k
)
c1 +

d∑
i=2

ui
k ci =

d∑
i=2

ui
k(ci − c1)
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shows that c1, . . . , cd are not in general position in H , against our assumption.
Scaling of vectors does not affect their general position, so we may assume that∑d

i=1 ui
k = 1 for all k ≤ n. Then

∑d
i=1 ui

k(ci − ck) = 0 implies that

ck =

d∑
i=1

ui
k ci

that is to say: (u1
k, . . . ,ud

k ) are the components of the vector ck with respect to the
basis (c1, . . . , cd). Therefore the general position of the vectors uks follows from
the general position of the points cks in H . □

The very same proof yields:

Proposition 5.3. Let H be a hyperplane of Rd , and suppose {ck | 1 ≤ k < ω} ⊆ H
are distinct points in general position in H. For all k ≥ 1 let uk ∈ Uc1,...,cd (ck) \ {0}.
Then the vectors {uk | 1 ≤ k < ω} are in general position in Rd .

Theorem 5.4. Fix d ≥ 2 and n ≥ 1, and let N = (n + 1)(d − 1) + 1 and M =

(n + 2)(d − 1). The following are equivalent:

(a) 2ℵ0 ≤ ℵn .

(b) For all distinct, well-placed points c1, . . . , cN ∈ Rd there are sprays X1, . . . , X N

covering Rd with X i centered in ci .

(c) There are sprays X1, . . . , X M covering Rd with X i centered in ci such that
c1, . . . , cN are distinct and well-placed.

Proof. (a)⇒(b) follows from Theorem 2.18 with δ = 0, and (b)⇒(c) is trivial —
set X N+1 = · · · = X M = ∅ and cN+1, . . . , cM any points belonging to the same
hyperplane passing through c1, . . . , cN . So it is enough to prove (c)⇒(a).

If d = 2 then N = M = n+2 and (c) says that R2 is the union of n+2 sprays with
aligned centers, so 2ℵ0 ≤ ℵn follows from [Schmerl 2010, Theorem 7]. Therefore
we may assume that d ≥ 3. Towards a contradiction, assume 2ℵ0 ≥ ℵn+1 and
suppose that c1, . . . , cM ∈ Rd are well-placed, and that X1, . . . , X M are sprays as
above. For ease of notation, let ui = ei for 1 ≤ i ≤ d . By Proposition 5.2 the vectors
u1, . . . , uN are in general position in Rd , and the map 8 : Hd

→ Ed transforms the
X i into a covering A1, . . . , AM of Ed such that every hyperplane orthogonal to ui

intersects Ai in a finite set. But this contradicts Theorem 4.10 with δ = 0. □

In particular:

Theorem 5.5. The following are equivalent.

(a) CH holds.

(b) For all well-placed c1, . . . , c5 ∈ R3 there are sprays X1, . . . , X5 covering R3

with X i centered in ci .
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(c) There are sprays X1, . . . , X6 covering R3 with X i centered in ci such that
c1, . . . , c6 are well-placed.

More generally:

Theorem 5.6. Fix d ≥2 and n ≥1, and let M = (n+2)(d−1), N = (n+1)(d−1)+1,
M = (n + 1)(d − 1) = N − 1, and N = n(d − 1)+ 1. The following are equivalent:

(a) 2ℵ0 ≤ ℵn .

(b) For all well-placed points c1, . . . , cN ∈ Rd there are sprays X1, . . . , X N cov-
ering Rd with X i centered in ci .

(c) There are sprays X1, . . . , X M covering Rd with X i centered in ci such that
c1, . . . , cM are well-placed.

(d) For all well-placed points c1, . . . , cN ∈ Rd there are σ -sprays X1, . . . , X N

covering Rd with X i centered in ci .

(e) There are σ -sprays X1, . . . , X M covering Rd with X i centered in ci such that
c1, . . . , cM are well-placed.

Proposition 5.3 is the bridge connecting Problem 4.1 with the next problem.

Problem 5.7. Given c1, . . . , cn distinct points of H , a hyperplane of Rd , what
conditions on the cardinality of R are equivalent to the existence of X1, . . . , Xn

covering Rd , each X i a spray (or σ -spray) centered in ci ?

Theorem 5.6 yields a complete solution to Problem 5.7 when the ci s are well-
placed, i.e. in general position in H . Using the results mentioned in Remark 4.13 it
is possible to distill a few more results on sprays in R3. Let us mention just two
of them. The first is that given four coplanar points c1, c2, c3, c4 in R3, there exist
no X1, X2, X3, X4 covering R3 such that X1, X2 are sprays centered in c1, c2, and
X3, X4 are σ -sprays centered in c3, c4. The second result is that the six points in
R2

× {0} of Figure 1 are not in general position in the plane, and

• no five sprays centered in these points can cover R3, but

• CH is equivalent to the existence of six sprays, centered in these points, covering R3.

Figure 1. CH is equivalent to the existence of six sprays centered in these
points and covering R3. Unconditionally, no five sprays centered in these
points can achieve this.
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5.1. Covering the space with infinitely many sprays. We have seen how covering
the space with sprays with well-placed centers is equivalent to giving an upper
bound for the size of the continuum, the larger the number of sprays, the weaker
the bound. Next we show that, irrespective of the size of the continuum, the space
can be covered with ℵ0-many sprays with well-placed centers.

A drizzle in Rd with center c is a set X ⊆ Rd such that any sphere centered in c
intersects X in at most one point — thus a drizzle is a very sparse spray.

Theorem 5.8. If {cn | n ≥ 1} are distinct, well-placed points in Rd , with d ≥ 2, then
there are Xn covering Rd such that Xn is a drizzle centered in cn .

Proof. Without loss of generality we may assume that the cns belong to Rd−1
×{0}.

Pick un ∈ U(cn) \ {0}, where U(q) = Uc1,...,cd (q). By Proposition 5.3 the vectors
un (n ≥ 1) are in general position in Rd . By [Davies 1974] there are sets Ak

(k ≥ 1) such that for all p ∈ Rd , Huk ( p)∩ Ak has at most one point, and such that
Rd

=
⋃

n≥1 A2n =
⋃

n≥0 A2n+1. The map 8 : Hd
→ Ed of (4) can be extended to

the closures of Hd and Ed , so we can assume that X2n := 8−1
[A2n] is a subset of

Cl(Hd) = Rd−1
×[0; +∞), and that

⋃
n≥1 X2n = Cl(Hd). Letting τ : Rd

→ Rd be
the reflection with respect to the hyperplane Rd−1

×{0}, let X2n+1 = τ [8−1
[A2n+1]].

Then
⋃

n≥0 X2n+1 = τ [Hd
] = Rd−1

× (−∞; 0). Therefore Rd
=

⋃
n Xn , and by

construction each Xn is a drizzle centered in cn . □
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