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We construct stable geometric and spectral transfer factors for a general
reductive group and develop some of their basic properties, assuming the
refined local Langlands correspondence. Using our definition of stable geo-
metric transfer factors, we show that the stable transfer conjecture for
orbital integrals implies the stable transfer of characters and vice versa. The
latter is also implied by local Langlands, and in particular this establishes
archimedean stable geometric transfer. Finally, we show how the stable
geometric transfer factors can be used to define stable spectral transfer
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1. Introduction

1.1. The stable transfer of distributions. Let G be a connected reductive group
over a local field F of characteristic zero. The notion of stable transfer was first
formulated by Langlands in [Lan13], primarily in the context of SL(2). By stable
transfer, we really mean one of two things: On the spectral side, given a local L-
parameter ¢ of G (F) and suitable test function f, we write ¢ (¢) for the associated
stable character of f at ¢. If ¢’ is a local L-parameter on another group G'(F)
that transfers to ¢, then the desired transfer f” should satisfy an identity of stable
characters

G (4t G
f7 (@)= f7(9).
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This we call stable spectral transfer. Here we are identifying the test function f’
with the stable character €', though ' = f¢ should be determined only up to its
stable character.

On the geometric side, given a strongly regular conjugacy class é§ of G(F), we
write £ (8) for the stable orbital integral of f at §. Then we also expect that the
spectral transfer induces a transfer of stable orbital integrals,

- r9

hence the overlap of notation, which is standard following Arthur. This we call
stable geometric transfer. Once again f' = f¢ should be determined only up to
its stable orbital integral. Implicit in the notation is the expectation that the stable
geometric transfer and stable spectral transfers agree with each other.

Whereas in endoscopy, the endoscopic geometric transfer f¢ = f¢° was given in
terms of the endoscopic transfer factor, also called the Langlands—Shelstad transfer,
roughly

=) AW,
14

it is expected that the stable geometric transfer f’ requires a stable transfer factor
Fey=[  o@.8r°eds.
A(G/Z)

where now ©(§’, §) is a stable distribution on G” and G that is often referred to
as the stable transfer factor, and A(G) is the set of stable regular semisimple
conjugacy classes of G.

These stable transfer factors have only been constructed in special cases [Lan13;
Joh17; JL20], while Shelstad has sketched a general approach in the archimedean
case [She21]. In particular, we note that in [Lan13] and [She21], only in special
cases of SL(2) is the stable transfer factor constructed explicitly, and in [Joh17;
JL20] for special cases related to GL(2). In related work, Sakellaridis has advanced
a theory of transfer operators in the relative setting, cf. [Sak21], we are motivated
here by the so-called group case.

1.2. This paper. We give a general formulation of stable geometric and spectral
transfer factors for general quasisplit connected reductive groups G over a local
field F. We will assume the refined local Langlands correspondence, for the most
part, where by refined we mean that the correspondence is uniquely characterised
by endoscopic character identities [Kall6]. We show that the latter implies the
existence of these transfer factors abstractly, and we shall also propose an explicit
formula for the geometric transfer. We prove properties related to it that, if the case
of endoscopy is any indication, will be needed for the primitivisation of the trace
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formula. Our construction builds directly on Arthur’s works, so that it is readily
adapted for application to the stable trace formula in full generality.

More precisely, we first associate a mesoscopic datum (G’, G, ") with auxiliary
datum (G’ , § "), defined in Section 2.4 and following, which can be viewed as a
weakened or ‘beyond’ endoscopic datum. In general, one expects a stable transfer

for=r°

of suitable test functions on G to the space of stable orbital integrals on G’ satisfying
the stable character identity

(1-1) (@)= fOE od),

where ¢’ is a bounded Langlands parameter for G’ and f'(¢’) is the stable character
of " at ¢ (resp. f G(¢)). This can be rephrased in terms of the existence of a
function f” on G’ such that the character identity holds, where the function f” is
not uniquely determined but its stable orbital integral is. Taking the refined local
Langlands conjecture for G, G’ as known (due to Shelstad in the archimedean case
[She82]), it is possible to specify the transfer in terms of Paley—Wiener functions
on the space of tempered Langlands parameters on G and G’, denoted ®(G) and
®(G'). The stable transfer for functions f is then a consequence of the refined local
Langlands conjecture, stated as Proposition 4.1. Note that we impose a simplifying
Hypothesis 2.1 that &’ (G’ ) and G have equal rank, which can be removed with a
more careful analysis by stratifying the transfer map according to Levi subgroups.

As noted by Arthur [Art24, §11], and stated differently by Langlands in [Lan13,
§2], the stable spectral transfer should lead to the transfer of stable orbital integrals.
That is, the transfer f” is required to satisfy

1-2) '@ = /A(G/Z)®(5’, 8)£¢(8)ds,

where the distribution ®(§’, §) is the focus of our study. Here f G (8) is the stable
orbital integral of f at the stable conjugacy class §. The existence of the stable
transfer factor follows as an application of the Schwartz kernel theorem and the
stable spectral transfer (Corollary 4.3). For applications to the trace formula, it will
likely be necessary to have explicit spectral and geometric characterisations of the
transfer f'.

1.3. Stable geometric transfer factors. The key result of this paper is an explicit
formula for ®(§’, §), and we distinguish our construction with a subscript ®§, (&,9).
Our stable geometric transfer factors rely heavily on the local character relations
satisfied by stable orbital integrals and stable characters developed by Arthur in
[Art96], which we recall in Section 3. In particular, we show that they satisfy an
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adjoint relation similar to their unstable counterparts, a result that appears to be new.
Our geometric transfer factors, defined in Section 4, take the form of a distribution

0:(.8) = [ 8. ¢)SE o¢'.8)d¢.
(G,

where S'(8', ¢') and S(¢, §) are the stable character and the kernel of the Fourier
inversion of stable orbital integrals respectively. As an illustration, consider the
Fourier transform and its inversion

fey= [ [T e s dyde,

formally interchanging the order of integration, the inner integral becomes the
delta distribution. The distribution ®§,(8/ , 0) is essentially a generalisation of this
observation. As we are working with stable objects, much of the theory of endoscopy
is essential to our constructions. Our definition of the stable transfer factor is
modelled after Shelstad’s heuristics [She21]. We first formulate in Conjecture 4.4
that O realises the kernel © of (1-2), then prove it at the end of Section 5.

1.4. Stable spectral transfer factors. With our stable geometric transfer factor in
hand, in Section 6 we apply the preceding results to construct stable spectral transfer
factors. Importantly, their definition depends on the stable geometric transfer factors
and the surjectivity of a certain stable transfer map .77 in Theorem 6.1, which we
prove unconditionally in the archimedean case, and conditional on local Langlands
in the nonarchimedean case. Assuming these, we show that the spectral transfer
factors @g,(qb’, @) are well-defined.

It is clear that our results in this paper rely heavily on local Langlands. It is an
important question to ask how one might give an intrinsic definition of the stable
geometric transfer factor @9(8’ , 6) without recourse to it. (Though it should be
noted that to even state the characterisation of the geometric transfer requires local
Langlands.) For the moment, we only explore the surjectivity of 77 without the
use of local Langlands. We show in the Appendix that one can instead turn to a
study of the descent of stable geometric transfer factors along the lines of Langlands
and Shelstad in the endoscopic case [LS87], which we initiate but do not complete
in Section A.1, and also a stable analogue (A-4) of Waldspurger’s kernel formula
for Fourier transforms on Lie algebras [Wal97]. Assuming these two identities
instead, we can then also define the stable spectral transfer factors.

The broader goal, of course, is the primitivisation of the stable trace formula,
following Arthur’s formalisation of Langlands’ beyond endoscopy proposal. As we
hope to show in future work, this framework of stable transfer will lay the local
foundations for work on the problem of primitivisation as outlined in [Art17].
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2. Mesoscopic data: a simplified case

We begin first by fixing notation and recalling basic definitions in §2.1-2.3, and
then introduce the notion of mesoscopic data and related constructions in §2.4-2.6.

2.1. Preliminaries. Let F be a local field of characteristic zero, with an algebraic
closure F. Let G be a quasisplit connected reductive group over F. We denote by
Z(M) the collection of Levi subgroups of G containing M, #°(M) the subset of
proper Levi subgroups in .Z (M), and &?(M) the collection of parabolic subgroups
of G containing M. Let Ay be the maximal split torus in the centre of a Levi
subgroup M of G. We then identify the Weyl group of (G, A,s) with the quotient
of the normaliser of M by M, thus

W (M) =W (M)=Normg(M)/M.

If My is a minimal Levi subgroup of G, which we shall assume to be fixed, and
denote ¥ = Z(My), Z = 2(My), £° = £°(Mp), and W& = WG (My). Also
write Py for a minimal parabolic (i.e., Borel) subgroup containing My. Also, we
fix a maximal compact subgroup K of G(F), which is hyperspecial when F is
nonarchimedean and G unramified over F.

As usual, we form the real vector space ay = Hom(X (M) r, R) where X(G)F
is the module of F-rational characters on G. We note by Hg : G(F) — ag
canonical homomorphism defined by eHe™.X) = |y (x)|, forx e G(F), x € X(G)F,
where | - | is the normalised valuation on F. We set ag r = Hg(G(F)) and
ag.r = Hg(Ag(F)), which are closed subgroups of ag, with associated dual
spaces aé,F = Hom(ag, r, 27iZ) and ﬁé,F = Hom(ag, r, 27iZ), which are closed
subgroups of iaf;. If F is nonarchimedean, all four groups are lattices; if F' is
archimedean, we have ag r = ag,r = ag and ag’ P = aé’ » = {0}. Fixing a Haar
measure on dg, we obtain a dual Haar measure on the real vector space iag;. If F
is nonarchimedean, we normalise measures so that ag/dg,r and iag;/ a(v;’ 7 have
volume 1. It follows that the volume of the quotient iaj; = iag/ a(v;’ # €quals the
index |ag /06, F|.

Let I' = I'r and Wy be the Galois and Weil groups of F/F. Let G* be a
quasi-split inner form of G with inner twist ¥ : G — G*. In other words, V is
an isomorphism such that ¥ o o (y)~! is an inner automorphism for all o € T".
Moreover, fix a bijection of canonical based root data W (G)" — lIJ(G), where G is
the complex dual group of G. Let (B, T') be a Borel pair of G where B is a Borel
subgroup of G and T a maximal torus of B, not necessarily defined over F. For
each pair (B, T) in G and (By, T1) in G we have a canonical isomorphism T~ T;.
Define a pinning by £ = (B, T, {X4}) where {X} runs over simple roots o of T
acting on the Lie algebra of the unipotent radical of B, and X, is an element of the
eigenspace associated to «. Any two pinnings are related by the adjoint action ad,
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for some g € G, the simply connected cover of G, unique up to translation by the
centre Z(Gsc). The restriction of adg to B and T are uniquely determined, so we
may define a canonical pinning by taking the inductive limit over all pinnings of
(B, T). If we denote by p(w) the action of I" on é, we can define a new action
pg(w) = adyp(g)ad,-1 that fixes the original pinning, giving an exact sequence
Wgp—>T — Out(é). Then LG is isomorphic to G W under this action, sending
(h, w) to (hp(w)(g)g~ "', w). The L-isomorphism Ly : LG — LG* induced by v/
allows us to identify the two groups. (We recall that an L-homomorphism here
is a continuous homomorphism that is analytic on G, semisimple on Wr in the
sense that the image of any w € Wp in G* is semisimple, and commutes with the
projections onto Wg.)

2.2. K-groups. We shall work with K -groups, following [Art99, §2], which stream-
lines endoscopy theory over archimedean local fields. It is an algebraic variety
constructed in the following manner: If F is p-adic, then G is just an ordinary
connected reductive group, whereas if F is archimedean, then G can have several
connected components

G=]_[G0ls aenO(G)v
o

a variety whose connected components G,, are reductive groups over F, equipped
with an equivalence class of frames (Y, u) = {(Vag, tap) : @, B € mo(G)} satisfying
natural compatibility conditions given in [Art99, §2]. Here V44 : G4, — Gg is an
isomorphism over F, and uqp is a locally constant function from I' = Gal(F/F)
to the simply connected cover G, sc of the derived group of G,. Any connected
reductive group is a component of a K -group that is unique up to weak isomorphism.

We call G* a quasisplit inner twist of G if G* is a connected, quasisplit group
over F equipped with a G*-inner class of compatible inner twists ¥, : G — G*
and a corresponding family of compatible, locally constant functions ug : I' > G, ..
We shall call a K-group G quasisplit if one of the isomorphisms ¥, is defined over
F, ie., G, is quasisplit. Unless otherwise indicated, we shall assume G to be a
quasisplit K-group over F.

The usual definitions for connected groups extend to K-groups in a natural
way. For example, there are similar notions of a Levi K-subgroup M of G, with
associated sets .2 (M) and &?(M). The isomorphism .4 induces a bijection of
Borel pinnings from G, to Gg, and taking inverse limits their canonical pinnings
are thus equivalent and Galois equivariant. A central induced torus Z of a K-group
G will have central embeddings Z >~ Z, C Z(Gy) for each «, where Z(Gy) is the
centre of G, and ¢ determines a character ¢, for each o. These isomorphisms
are required to be compatible with the isomorphisms v/, and v, respectively.
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We shall call such a pair (Z, ¢) a central datum for G. Finally, we note that
G(F)/Z(F)=G/Z(F).

2.3. Stable conjugacy classes. Let G’ be a reductive group with an embedding of
semisimple conjugacy classes into that of G. We recall that a semisimple element
¥’ € G'(F) is called G-regular if the image of its conjugacy class in G (F) consists
of regular semisimple elements, and strongly G-regular if the image consists of
strongly regular elements, that is, whose centralisers are tori. If ¢ is a semisimple
conjugacy class of G, we write G, 4 for the centraliser of a representative of ¢
in the component G, that contains ¢, and write G for the identity component of
G..+. We call c elliptic if it lies in an elliptic maximal torus in G, modulo the split
component Ag >~ Ag, of the centre of G.

We write I's(G) = I'ss(G(F)) for the set of semisimple conjugacy classes of
G(F), I'(G) =Teg (G (F)) for the subset of strongly regular, semisimple conjugacy
classes in G(F), and Ie;(G) = Treg en(G(F)) for the subset of regular elliptic
conjugacy classes. That is,

l—‘ell(G) C 1—1re>g(G) C FSS(G)‘

We also write I'G(G') = I'Geg(G'(F)) and I'G enl(G') = T'G-reg,e11(G'(F)) for the
set of G-regular (resp. G-regular elliptic) conjugacy classes in G'(F). Clearly each
of these sets are equal to the disjoint union over « of the corresponding sets for
each connected component, e.g.,

rG) =[] reGy

aemy(G)

and so on. The Weyl group W (M) >~ [], Normg, (My)/M, acts on I' en(M), and
we have a decomposition

I'(G)=@D Tg.a(M)/ W (M),

{M}

where the direct sum ranges over conjugacy classes of K-Levi subgroups M in the
sense of [Art99, p.221].

We say that two semisimple elements c; € G, and ¢ € G, are stably conjugate
if there is a g1 € Gy, (F) such that the mapping

¢ =Int(g1) © Yaya, : Ga, — Gay

maps ¢ to c1, and has the property that for any o € I', the automorphism g oo (¢) !
of G, isinner. Let Ay (G) = A (G(F)) be the set of semisimple stable conjugacy
classes in G(F). There is a canonical injective mapping § — §* from Ay (G) to
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Ass(G™*), which is a bijection if G is quasisplit. We also define subsets
Acl(G) C Arg(G) = A(G) C Agi(G)

as above, AG(G') = AGureg(G'(F)) and Ag ci1(G') = AG-reg,enn(G'(F)) analogously.
We also define

(-1 A(G) =P Ag.an(M)/ W (M)

{M}
for the W (M)-orbits as above. For any maximal torus T of G over F, we have the
finite abelian group K(T) = no(fF/Z(G)F). Given y € I'(G), there is a bijection
between the set of G(F') classes in the stable conjugacy class 6 of y and the set
of characters on the group K5 = K, = K(G,), so we set n(8) = |Ks|. (When F is
archimedean, this is only true because we are taking G to be a K-group.)

2.4. Mesoscopic datum. We caution that as was with endoscopy, it is likely neces-
sary to refine the datum introduced here, which is simply a weakened version of
endoscopic datum. Let us call a mesoscopic datum for a connective reductive group
G over F, or mesoscopic datum for short, a tuple (G’, G, &), where

(1) G’ is a connected quasisplit reductive group over F,

(2) G’ is a split extension
-G -G = Wr—1

such that the homomorphism Wr — Out(G’) given by this extension coincides
with the homomorphism Wr — Out(G’),

(3) & is an admissible L-embedding of G’ into £G.
As usual, we shall use G to stand in for the triple itself. Denote by G, the connected

quasisplit reductive group whose dual group is equal to ég/ =£'(GHN G. In contrast
to the endoscopic setting, it will be important to distinguish between the groups G’
and G’é,. We say that a mesoscopic datum G’ is elliptic if the connected component
of I'-invariants of the centres satisfy (Z (f}é/)r)o = (Z(é)r)o. The latter condition
is also equivalent to the property that

|Cent(¢(G)), G)/Z(G)"| < o0,

where Cent(¢'(G), G) is the centraliser of £€'(G') in G, and Z(G) the centre of G.

Given mesoscopic data (G, G, §) and (G|, G|, &]), we say they are isomorphic
if there exist an F-isomorphism « : G’1 — G’, an L-isomorphism 8 : G’ — G, and
an element g € (A}/l such that o : W (G) — W(G') and B : v(G) — \IJ((A}’I) are dual,
and Int(g) 0 &{ o B = &’. We denote by F;i(G) the set of isomorphism classes of
elliptic mesoscopic datum for G, and let G’ be a representative of such a class. Let
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Autg(G’) be the set of g € G that induce an isomorphism of mesoscopic data, i.e.,
Int(g) is an L-isomorphism of G’ onto itself, so that we may identify the group of
outer automorphisms as Outg (G') >~ Autg(G') /E/(G’). Any element in Outg (G’)
can be identified with an outer automorphism of G’ which is defined over F.

The definitions extend to K-groups in a straightforward manner. If G’ is a
mesoscopic datum for the component G, then so it is also for Gg for any B € mo(G).
We can therefore view G’ as a mesoscopic datum for the K-group G. We shall
write F(G) for the set of isomorphism classes of mesoscopic data G’ for G that
are relevant to G, by which we mean that there is an element in Ag.res(G') that
is an image of some element in Ar,(G) under £, in the sense defined below in
Section 2.5. We also write F¢;(G) for the set of elliptic mesoscopic data.

2.5. Images of semisimple elements. The isomorphism T ~ T, sends the coroots
of T in G to the roots of Ty in G, the B-simple coroots to the B;-simple roots,
and the Weyl group of T with contragredient action to the Weyl group of 7. We
impose the following simplifying assumption for convenience:

Hypothesis 2.1. Let G’ be a mesoscopic datum such that €' (G') and G have equal
rank.

If (B{, T{) is a Borel pair in G’ then there is an x € G such that Int(x) o g
maps 7| to 71 and B| to By. If (B’, T') is a Borel pair in G’, then we have an
isomorphism &’ (T") ~ T defined by the composition

(1) —&T)—>T —T.

Let us write TS/’ for the torus dual to £'(77), so that T/, C G... Dualising the maps
above gives an isomorphism 7/, >~ T. These isomorphisms map the coroots of
T{ in G, to a subsystem of coroots of T in G, the Weyl group WTE/’ of T’ into a
subgroup of the Weyl group W of T, and the roots of TS// into a subset of the roots
of T. Then the map TSI’/ WTg// — T/ Wr of Weyl group orbits is independent of all
choices. Since these orbits classify the conjugacy classes of semisimple elements in
G’S,(F ) and G (F), we thus have a canonical map of semisimple conjugacy classes
from G}, (F), and in fact G'(F), to G(F).

Suppose that T’ is defined over F, and recall that we are assuming that G is
quasisplit. If (B, T) is Borel pair in G such that 7" and TE/’ — T are defined over F
following Steinberg’s theorem, then we say T/, — T is an admissible embedding
of Té, in G. It is determined up to conjugation by elements in

{g€Gu(F):go(g ) eT(F), 0 eTl},

where as usual G denotes the simply connected cover of the derived group of G.
We say a strongly G-regular y’ € G'(F) is an image of y € G(F) if y lies in the
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image of the stable conjugacy class of y’. For arbitrary G-regular semisimple y’,
weset T/ = G;, and choose an admissible embedding of 77 in G. Then if y € G(F)
is regular semisimple and 7 = G, then we say that y’ is an image of y if there
exists x € G such that Int(x) maps y to the image y of y’ under T’ — T. The
correspondence (', y) is independent of the choice of admissible embedding.

Remark 2.2. If G’ has the same rank as G, it follows from Borel-de Siebenthal
theory regarding maximal reductive subgroups of complex reductive groups that G’
is simply an elliptic endoscopic group of G. Yet even in this case, the problem of
stable transfer remains to be addressed unless G’ is isomorphic to G. On the other
hand, if we do not require the ranks of Gé, and G’ to be equal, we have to stratify
the stable transfer mapping according to Weyl orbits of Levi subgroups of G in
a manner similar to [Art96], but we shall avoid this situation for the time being.
Note that Shelstad’s work suggests that it is also possible to reduce to the equal
rank case [She21].

2.6. Auxiliary data. The group G’ need not be an L-group, so there might not
be an L-isomorphism from G’ to “G’ which is the identity on G’. Thus given
any G’ € F(G), we shall fix an auxiliary datum (G', &) where G' — G’ is a z-
extension, by which we mean a split central extension of G’ by an induced torus
C’, and £ : ¢’ — LG’ is an L-embedding satisfying the conditions of [Art96,
Lemma 2.1]. Namely, we require that the z-extension

1-C -G 56 —1
over F satisfies:
(1) The central subgroup C’ is an induced torus.

(2) The dual exact sequence 1 — G' — G' — C' — 1 extends to a short exact
sequence of L-homomorphisms

1—>Q’E>L(~?/—>LC~‘/—>1.

(3) Every element of Outg(G’) extends uniquely to an outer automorphism of G’
over F' which leaves C’ pointwise fixed.

As a K -group, the z-extension G’ satisfies 7o(G’) = o(G"), and G; is a z-extension
of G/, by C’ for each « € 79(G). Moreover, for any frame (¢, u’) of G’ there is a
corresponding frame (', ii’) for G’ such that ratﬁaﬁ = Yoprp and ligg = uqp for
all o, B € my(G).

Fix a central datum (Z, ¢), where Z is a central induced torus of G, and ¢ is a
admissible character of Z(F) if F is local and a character of Z(F)\Z(A) if F is
global. We also choose Z and ¢ on G to be compatible with this datum. Let 7’ be
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the character dual to the Langlands parameter induced by the composition

WF_)g/iLG/_)Lé/’

where Wr — G’ is any section. By condition (3), Outg (G’) can be identified with
a finite group of F-rational outer automorphisms of G’ which leave C’ pointwise
invariant, thus fixing the central character 7j'. We write Z’ for the preimage of Z
in G’, and ¢’ for the product of 7’ and the pullback of £. We can assume that the
choice of auxiliary datum (G', &) is compatible under isomorphisms of mesoscopic
data G, and therefore depends only on the elements G’ € F(G).

Furthermore, we can also assume that &’ is of unitary type, in the sense that if
¢’ : Wg — G’ is an L-homomorphism such that the image of &’ o ¢’ projects to a
relatively compact subset of G, then the image of £ o ¢’ also projects to a relatively
compact subset of G. The analogous condition ensures that the relative endoscopic
transfer factors, defined for K-groups in [Art99, §2], have absolute value 1.

Remark 2.3. In the endoscopic case, we have an endoscopic set £(G) consisting of
ordinary endoscopic datum (G*, G¢, s¢, £°), where s¢ is a semisimple element in G
satisfying certain assumptions. The associated auxiliary endoscopic datum (G¢, E°)
is defined similarly, and also required to satisfy compatibility conditions, which
we refer for example to [Art99, §2] for details. In this paper, we shall generally
indicate endoscopic objects with the superscript ¢, and ‘stable’ objects with ’.

Remark 2.4. We shall show in Lemma 5.2 that the stable transfer is independent
of choice of auxiliary datum. Recent work of Kaletha provides an alternative
construction that amounts to a canonical choice of auxiliary datum [Kal22].

3. Stable kernels and adjoint relations

We now focus on the local setting. In preparation for the stable geometric transfer
factors, we require several constructions related to the (inverse) Fourier transforms
of stable orbital integrals and stable characters from [Art96], and develop some
properties that we shall require. Most of this section is essentially review, aside
from Lemma 3.2.

3.1. Stable orbital integrals. Let € (G) be the space of Harish-Chandra Schwartz
functions on G(F), and let € (G, ¢) be the subspace of ¢! equivariant functions,
i.e., such that

fx)=¢@) 7' f(x), xeG(F), zeZ(F).

First, if G is a connective reductive group, we define the normalised orbital integral

fo) =101 [ falyxdx,  f €€(G.0).

Gy (FO\G(F)
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where D(y) = det(1 —Ad(y))g/q, s the Weyl discriminant and dx a fixed invariant
measure on the orbit G, (F)\G(F). If G is a K-group, we set fG(y) = fu.G,
where G, is the component that contains y. Define

1G. o) ={fc: fe?(G. D)),

a topological space of functions on I'res (G), topologised in a manner so that the map
f — fc is open and continuous. Denote by Zcysp (G, ¢) the subspace of cuspidal
functions, that is, functions that vanish on the complement of I'reg e11(G). We may
view it as the space of functions that are annihilated by the restriction mapping
ag — ay from Z(G, ¢) to Z(M, ¢) for any proper Levi M of G. More precisely,
let P € #(M) such that B C P and T C M for a fixed pinning (B, T, {X}) of G.
Then (BNM, T, {Xy,,}) is a pinning of M, where ojs runs over simple roots of T’
relative to M. Fixing Haar measures on G (F) and M (F), we obtain measures on
the unipotent radical Np and maximal compact subgroup K by the formula

/G(F)f(g) dg= /M(F)/NP(F)/Kf(muk) dkdndm

for all f € €(G). The map f — fu is then given by

fu)= |

y (F)/Kf(k_ln_]ynk) dn dk.
.

In particular, the map on the level of functions depends on the choice of P and K,
but choosing measures appropriately, it can be shown that the map induced from
Z(G, ¢) to Z(M, ¢) indeed independent of these choices.

There is a natural measure on I'¢;(G) given by

= -1
/Fen(G)a(y)dy - % IW(G(F), T(F))| /T(F)a(t) dt,

for any o € C.(I'(G)), where {T} is a set of representatives of G (F)-conjugacy
classes of elliptic maximal tori in G(F), W(G(F), T(F)) is the Weyl group of
(G(F), T(F)), and dt is a fixed Haar measure on 7 (F). The corresponding mea-
sures on g (M) determine a measure

[ amdy =3 IWanDI™" [ atyu)dyu,
reG) o) Cen(G)
on I'(G).
The stable orbital integral of f € (G, ¢) at § € Ay (G) is given by

fC®=Yrw.
Y



ON THE DEFINITION OF STABLE TRANSFER FACTORS 159

where the sum is taken over the finite set of y € 'z (G) that lie in the stable class
8. We then define the subspace of Z(G, ¢)

ST(G,¢) ={fC: f € €(G, 1)},

and set
SIcusp(Ga $)=S81(G, ¢) mIcusp(G7 ¢)-

We call a tempered, ¢-equivariant distribution on G (F) stable if its value at any
f € ¥(G, ¢) depends only on f G We similarly define measures on A (G) and
A(G) by
[ p@as=3 weG. DI [ pwyar,
Aen(G) T(F)
{T}st

where B8 € C.(A(G), {T}« is a set of representatives of stable conjugacy classes of
elliptic maximal tori in G over F, and Wr(G, T) is the subgroup of elements in
the absolute Weyl group of (G, T') defined over F'; and

_ —1
/A(G)ma) ds = {% W (M)] /Ae”(

Note that for the induced torus Z, we have that I'(G)/Z(F) = I'(G/Z) and
A(G)/Z(F) = A(G/Z). Also, we have A(G")/Z'(F) = A(G'/Z") = A(G').

B(Sum) ddy.
M)

3.2. Conjugacy classes again. We shall construct certain ‘functorial’ sets that keep
track of the stable transfer mappings, parallel to A(G). Given G, the orbits of
Outs(G’) on Ae(G’) depend only on the isomorphism class of G’ in F(G). It
makes sense then to define the set

ALG = [] Aca(G)/Outc(G),
G'eFe(G)

which we can view as equivalence classes of pairs (G’, §"). That is, if we write
Ag.en(G', G) = Ag,en(G') /Outg(G'), then

AL(G)={(G,8):G € G € Fai(G), § € Ag.en(G')}.

We can similarly define AJGT, (M) for any M € . Taking the union over the
W (M)-orbits, we set

ALL(G) = [ AG M)/ W (M).
(M)

Fix an auxiliary datum (M, & ) for M" € F(M). We then define the set

Ag’e“(M) = ]_[ AG,ell(l‘z/),
M'eFen(M)
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which fibres over Ag’ (M), with the group [ | M,(Z '(F) x Outy(M')) acting tran-
sitively on the fibres. We again take the union of W (M) orbits of A’GT’ (M), and
set

AL(G) =] [ AL M)/ W (M),

{M}

which fibres over A~ _(G). For brevity, we write A%, (G) = A7 (G) and AL

reg reg (G) =
AT (G). We can also view elements of AZ(G) as equivalence classes of tuples
(G, G', €', 8). These constructions are readily seen to generalise the ‘endoscopic’
sets AY(G) and its variants in [Art02, §4], also denoted re (G) in [Art99, §2],

which we shall use in this paper without comment.

reg

3.3. Endoscopic geometric transfer factors. We briefly recall some basic facts
about endoscopic transfer factors, such as in [Art02, §4-5]. Given an endoscopic
datum G° € £(G), the geometric endoscopic transfer factor is a smooth function
A(-,-) on AG(Ge) x I'(G) such as defined in [Art99, §2]. The transfer factor
determines a map

f= @)=Y A Mey), 8 €r(G),

yel'(G)

from functions f € €(G, ) to f¢ = f% on Ag(G®). The Langlands—Shelstad
transfer then implies that f° belongs to SZ(G¢, £¢). Fix an auxiliary endoscopic
datum (Ge S ) of G¢, so that G¢ is an extension of G¢ by a central induced torus
C¢ with associated character 7°. The group C¢(F) acts simply transitively on the
fibres of the map AG(Ge) — Ag(G®),and H (W, Z(Ge)) acts simply transitively
on the set of Z(G®)-orbits of admissible embeddmgs Ee. Then if azd is the i image
in A(G) of a point (G*, G, aée z8¢) with a € H' (Wp, Z(G"’)) and z € Ce(F)
then the transfer factor satisfies A(azs, y) = x.(6°)n°(z) A(S, v), where x, is a
character on G¢ determined by a and the local Langlands correspondence for tori.

The transfer factors and consequently the Langlands—Shelstad transfer depend
only on the image of 8¢ in A®(G), and we can extend the transfer factors to
Af(G) x I'(G) and define the extended map

f=rk= @ r

Gee&ean(G)
That is, we define A(8°, y) to be zero unless there is an M such that (§¢, y) belongs
to the Cartesian product of AéeH(M)/ W (M) with I'g en(M)/ W (M). If there is
such an M, then (6, y) is the image of a pair (§%,, yu) in A%,ell(M) x I'g.en(M),
and we set

AV =86@ )= Y Au(, wym).
weW (M)
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Each sum contains at most one nonzero term, and depends only on §° and y .
Define also the adjoint transfer factor

Ay, 8%) =K, | 7 AGe, y)
on ['(G) x A€ (G). Then by [Art99, Lemma 2.3], we have the adjoint relations

> AEE)AC ) =8 v).  ¥. 1 €T(G),
8¢cAE_(G)

reg

where §( -, -) is the usual Kronecker delta, and

Y AG YA, 8) =588, 8.8 € A5(G),
Verreg(G)

where 5(8, 81) = 7¢(z) if 8; = z8 for some z € C¢(F) (or equivalently, if §, §;
have the same projection onto Afeg(G)) and equal to zero otherwise. The adjoint

relations imply that fg — fg is an isomorphism from Z(G, ¢) onto its image.

3.4. Stable virtual characters. Recall from [Art93, §3] the set T (G) of Wy-orbits
of essential triples t = (L, m,r) where L € ¥, m € T15(L), and r € R;, where
[To(L) is the set of equivalence classes of irreducible unitary representations of
L(F) which are square integrable mod centre, and R, is the R-group of 7. Let
T.11(G) be the subset of t such that the kernel of (1 —r) acting on ay, is equal to ag.
We define

T(G) = | [ Ten(M)/ W (M).
{M}

We also have a decomposition with respect to any central induced torus Z(F),
which we assume contains the maximal F'-split torus Ag,

TG =]]71(G,0),
¢
where ¢ runs over characters of Z(F), and T (G, ¢) is the subset of elements of
T (G) whose central character on Z(F) equals ¢. We also write
Ten(G, &) =Ten(G)NT(G, §).
The set T (G) parametrises a family of locally integrable functions
y > I(r,y), yel(G),

such that for any ¢, the functions I (z, y) for 7 € T (G, ¢) form an orthogonal
basis of Zcysp (G, ¢). Also, we have that I (t, yz) = I (7, y){(z) for any z € Z(F).
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This family of functions has a stable analogue. If F is nonarchimedean, by
[Art96, Lemma 5.1] one can construct a set ®,(G, ¢) parametrising a family of
functions

8§ —n(8)S(¢,8), §eAG),

which forms an orthogonal basis of SZ.,(G, ¢), where n(8) = |Ks|. Parallel to
T.1(M) above, the basis then provides constructions of the larger sets

0,(G) =] [ 922G, 0), @G =]]Pa(M)/W(M).
¢

{M}

The set ©(G) comes with an action ¢ — ¢, = ¢- p, where p; in the nonarchimedean
case is the unramified parameter which maps the Frobenius element to the image of A
in (Z(G)")? under the exponential map, noting that ag ¢ 1s equal to the Lie algebra

of (Z (G)F)O. If F is archimedean, we shall obtain this basis as a consequence of
Lemma 3.1 below.

In any case, if we take the local Langlands correspondence as known, we can
identify ®,(M, ¢) with the set of equivalence classes of cuspidal Langlands param-
eters ¢ : Ly — LM that are compatible with ¢ in the sense that the composition of
¢ with the projection “M — ' Z is the Langlands parameter defined by ¢. Here
Lf is W or Wg x SLy(C) depending on whether F is real or p-adic. We can take
instead

S@,8)= Y A@mI(y), yel(G),

mellx(G)

where A(¢, ) are the endoscopic spectral transfer factors defined below, and
[1>(G) is the set of equivalence classes of irreducible unitary representations
of G(F) that are square integrable mod centre. The orthogonality relation for
n(8)S(¢, &) defined this way follows from that of I (i, y).

The measure on T (G) is chosen to be

(3-1) fT 0 dT= 3 / a(t) di

. iay
teTai(G)/iag, 9T

for any o € C.(T (G)). Here we recall that ia*G’F = ia*G/a(V;’F, and also ia*(‘;’r =
iag/ aé’ .» where aé’r is the stabiliser of 7 in iaf;, a lattice that lies between aé’ F
and ag r»and dA is a fixed measure on iag, r. We then define the measure on 7' (G)
to be
f a(dr= |W(M)|—1/ a(ty) doy.
T(G) ) Ten(M)

ell
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Similarly, we define a measure on ®,(G) by setting

(3-2) foof@do=" 3 [ p@dx

n
pedr(G)/iay, ¢

for any B € C.(®P2(G)), where ia”é’d) = ia"é/aéyd,, where aé«b is the stabiliser of ¢
in iaf;. We then define the measure on ®(G) to be

_ -1
(3-3) Joo P ®) 40 = % WD [ B déu

for any B € C.(P1(G)).

3.5. Endoscopic spectral transfer factors. Now for each elliptic endoscopic group
G° € E(G), we define

®2(G*, G) = d2(G*, ¢)/Outs(G°).

The spectral transfer factors A(¢¢, t) are then defined in [Art02, §5] to be uniquely
determined functions on (G, G) x T (G), satisfying

@)=Y AG D6,

el (G)

and A(¢°, z:7) = x: (z:) A(¢¢, T) for z; € Z,, where Z, = Z is a central subgroup
used to define a central extension R, of R,. Define

T5(G) = {(G*, ¢°) : G° € Ea(G), ¢° € @2(G, G))

and
T4(G) =] [ T5(M)/ W (M).
{M}
Then A (¢, ) can be extended to a function on T¢(G) x T(G) again as follows.
We define A(¢¢, t) to be zero unless there is an M such that (¢¢, ) belongs to the
Cartesian product of Te‘i(M )/ W (M) with Teu(M )/ W(M). If there is such an M,
then (¢°, ) is the image of a pair (¢},, Ty) in Tefl(M) X f(M), and we set

A, 1) = Ac(6, 1) =Y Au(@iy, Tn),

where the sum runs over Weyl orbit W(M)ty,.

The orthogonality relation of the stable virtual characters which is a consequence
of [Art96, Lemma 5.1] and its extension to strongly regular classes A(G) by (2-1),
is given by

(3-4) f n8)S(¢,8)S(¢1,8)dé =48(¢p, p1)n(9),
A(G/Z)
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where ¢ is again the Kronecker delta, and n(¢) is simply defined to be the value
n(¢)=/ n(8)S(¢,8)S(¢, ) ds.
Aai(G/Z)
It is parallel to the formula for the invariant virtual characters
[ @Iy dy =86 mn),
Ten(G/Z)

where the constant n(7) is defined by [Art93, Theorem 6.2]. We shall later derive a
dual orthogonality relation for S(8, ¢) in Lemma 4.7 below.

3.6. Fourier transforms. To define our stable transfer factors, we must recall some
constructions relating to the (inverse) Fourier transforms of orbital integrals. We
have for any f € H(G, ¢), the relations

(3-5) fon= [, 10nDfe@dr

T(G,

and

for=[ 1@y fet)dy.
I'(G/Z)

where we denote by I(t, y) = |D()/)|%®(‘E, y) the normalised virtual character
associated to 7, and / (y, t) on the other hand can be viewed as the coefficient in the
Fourier inversion of the orbital integral f;(y). They are smooth functions in both
variables, described in Theorems 4.1 and 4.3 of [Art94a]. We shall be interested
in their stable analogues. By [Art96, Lemma 6.3] there exist smooth functions
S, ¢) and S(¢,6) of p € ®(G, ¢) and § € A(G/Z), which are respectively ¢ and
¢ ~!-equivariant under translation by Z(F), such that

(3-6) fE©) = /M OS<6,¢)fG(¢> de
and
(3-7) @) = /A(G/Z>S(¢’5)fc(5) ds

for any f € H(G, ¢). The smooth functions are given by
(3-8) SG.= Y Y, AGYI(y DAT $)

yel(G) teT(G,)
and

(3-9) S@. )= Y. D AGDITYIAY,S).
1€T(G,¢) yel'(G)

Here A (6, y) is the endoscopic geometric transfer factor with adjoint A(y, §), and
A(¢, 1) is the endoscopic spectral transfer factor with adjoint A(z, ¢), as recalled
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above. While it is probably best to renormalise these transfer factors according to
the works of Kaletha (cf. [Kall6, §4]), we neglect to to do so here.
We record here the archimedean analogue.

Lemma 3.1. Let F be an archimedean local field. Then there exist smooth functions
S(¢p,8) and S8, @) of ¢ € ®(G, ) and § € A(G), which are respectively ¢ and
¢~ Y-equivariant under translation of 8 by Z(F), such that

fe® =  se.ori@rde. @ =[  S@.9f°0)ds.
®(G,0) AG/Z)

forany f € H(G, ¢).

Proof. As in the nonarchimedean case, the proof will follow in the same way as
[Art96, Lemma 6.3] from the property that the linear mapping

f=fE@= ) Ag.Dfc(). ¢ePG,0),
TeT(G.0)
is stable, and induces an isomorphism from SZ(G, ¢) to the graded vector space
STge(G, §) = D STeusp(M, )V,
{M}

(see also (4-1) below). These in turn can be deduced from [MW16, IV.2], in
particular théoréme IV.2.3(i) and corollaire IV.2.9. Moreover, the functions once
again take the form (3-8) and (3-9). U

3.7. An adjoint relation for stable kernels. We derive the following identity which
will play an important role in proving identities for our stable transfer factor. It is
the stable analogue of the relation (3-13) in [Art94a, Theorem 4.5] relating I (z, y)
to I (y, ) for elliptic virtual characters.

Lemma 3.2. The stable kernels satisfy the adjoint relation
(3-10) n(8)S(¢,8) =n(@)S@, ¢)
for ¢ € ©2(G, ¢) and & € Aey(G).

We can motivate the identity as follows. Applying the inversion formulae (3-7)
and (3-6) consecutively to

INOEY)

A(G/2)

S(o, 5)/ S, 1) fC(¢1) dprds,
@(G,¢)
and then interchanging the integrals, we have

/ / S(¢.8)S(S. p1)ds £O(p1)dep.
®(G,0)JAG/Z)
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Then if we had the relation (3-10), this is

f n(¢)”! n(8)S(¢,8)S(¢1,8)ds £ (#1) dén,
®(G.0) A(G/2)

so that the orthogonality relation (3-4) gives us the tautology
f 8, 1) O (@1) depr = f9(9),
@(G,¢5)

as expected.

Proof. For simplicity, we assume (Z, ¢) to be trivial, since it does not affect the
proof. We would like to compare

SG. ¢ =Y. D AGYIY DAL P)
y€l(G) teT(G,¢)
with

S5@. 0= Y. Y A 0IEAY,.

teT(G,¢) yel'(G)

We recall the identities satisfied by the endoscopic geometric and spectral transfer
factors, relating them to their adjoint functions from [Art96, (2.3) and (5.5)]:

(3-11) A, y) =n(8)A(y, )

and

(3-12) Az, ¢%) =12(G)"/Z(G) | 'n(t)n(p) " Age, ),
where

n(t) = Ry r[ldet(l —r)a; jasl,

and R , is the centraliser of r in the R-group R,. Recall that 7'(G) is the set of
WOG -orbits of essential triplets T = (L, m, r) where L € £, & is an equivalence class
of an irreducible unitary representation of L(F’) that is square integrable modulo
centre, and r € R;. The R-group of & is the quotient R, = W/ WfT), where Wfr) is
the subgroup of elements of w € W, such that the normalised intertwining operator
R(m, w) acts by a scalar. The subset T¢;(G) consists of T for which the kernel
of (1 —r) acting on a;, equals ag. Finally, we note that in the case at hand, we
shall identify 6 with its image §° = §* in Ag(G™), similarly ¢ with ¢° = ¢* in
D(G*, ¢%).
If t € Ten(G) we write v = (L, ", r) for the contragredient and set

i%(v) = Idet(1 =)o, jag |~
then it follows from the special case M = G of [Art94a, Theorem 4.5] that

(3-13) 1y, 1) =i%@IY, y).
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for any y € I'e;(G) and t € Tyisc(G), which we define below. But it is crucial that
the measures on 7' (G) assigned in [Art94a, §4] differ from that of [Art96, §4] by a
factor of |Ry. .|, which we must reconcile. This explains our notation 7°M(y, ) for
the kernel used in [Art94a]. We first explain the measures. We write Tyisc(G) for
the subset of WOG -orbits for which the set of regular elements

Wﬂ(r)reg = {w € Wr(r): ClLLU = C‘G}

is nonempty. Here W, (r) is the subset of elements in W(a,) = W;(T) - r which
stabilise w and which have the same projection onto the R-group as r. For any w
in this set, we write &, (w) for the sign of the element wr~! in the Weyl group Wfr).
The function i (t) = i%(7) is more generally defined on Ty (G) as

i@=WI™" Y ex(w)det(l = w)ay agl -

weWr (r)reg

For t € To;1(G), the group WfT) is trivial and i (7)) specialises to the former expression.
Now the measure on Tg;sc(G) is chosen in [Art94a] to be

fT o r AT = 3 |Rn7,|_1|aé’f/aé’F|_1f* (1) dA
disc

mna
TeTyise(G)/i 0 o.F

for any o € C.(T4isc(G)). On the other hand, recalling the measure chosen in (3-1)
compatibly with [Art96], it follows that the right-hand side can then be written as
the sum over 7 € T (G)/iay; of

. —1 —1
ol /ag .| f () di = |a, . /a} p] /

laG,r lClG’

O[(T)L) dh.
F

In particular, we see that the measure conversion from [Art94a] to [Art96] is given
by multiplication by | R, |~

We shall show that the factor i (7) in (3-13) must therefore be multiplied by the
same factor in order for the choice of measures to be consistent. We shall in fact
prove a slightly stronger result, that is, for the weighted kernels 1, (y, ), by which
Ig(y, 1) = I(y, v) is a special case. By our choice of measure, Theorem 4.1 of
[Art94a] asserts the existence of a smooth function Iy (y, ) ony € '(M)NGreg(F)
and t € Tyic(L) for L € £ such that

Iy, ) =Y W 1wg 1~ [ R I D S0
Ley disc

where Iy (y, f) is the weighted orbital integral of f € ¢ (G), and R, is the group
associated to T = (L, m, r). In particular, the kernel Iﬁ,}d(y, 7) of [Art94a] relates
to the kernel 1M (y, 1) = 1% (v, ©) of [Art96], which is the one we are using, by
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the renormalisation
My, 7) = Re | I3 (v, 7).

We may as well verify the formula using Arthur’s argument. Substituting this ex-
pression into the geometric side of the invariant local trace formula [Art94a, (5.1)],

> W (- pdmwiae) | Iu(y. Hgu(y)dy
Mey Fen(M/Z)

for g € C°(Greg(F)), we obtain the expression

D AW IWE | (= ntimAe/Ae) |Rer| ™ Iy (x, ) (V) d,
Ley Tdisc(L)
where
=) IWIIWG |~ (=Dt | (M/Z)I,‘;}d(y, t)gu(y)dy.
Me¥ el

By the local trace formula, this is equal to the spectral expansion

E IWoLIIWoGI_l(—l)dim(AL/AG)f ( )an,r|_liL(T)IL(Ts g fr()dr.
Taisc (L
Lez

The remainder of the argument follows that of [Art94a, §6]. Namely, considering
the difference of the spectral and geometric expansions as distributions in fg, we
see that the difference is a finite sum of smooth symmetric functions on the strata
Tyisc (L) of T(G) as L varies. Since fg ranges over Z(G), we can separate the
contributions of the various strata, and it follows that

it(OI(r,8)=1,(t,8), LeL, teTuc(l).

From this, the same argument as Arthur’s gives the parallel expansion

Ieg)= 3 IWNWE 1™ [ I y)gu () dy
Mes n(M/Z)

of [Art94a, (4.1)"]. Then comparing the expansions for /1 (t, g) and I; (z, g) that
we have obtained, we have again that

(=DImAeAD Iy, o) = it (0 Iz, p).

Using the fact that i“ (V) =i’ (t) and setting M = L = G, we conclude that the
identity (3-13) should be indeed multiplied by |R ,|~! to give

(3-14) [(y,7) =R, | ' iC(DI(Y, y)

by our choice of measures.
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Now we can prove the proposition. Combining the identities (3-11), (3-12), and
(3-14), it follows that S(§, ¢) is equal to
n(é)
1Z(GOT/Z(G)  |n(9)

Yo D @R T iC@AY, I, y)AG, T),

1eT(G) yel'(G)
which simplifies to

n®n@) " Y Y AW, HIY, »AG, 1),

€T (G) yel'(G)

where we have used the fact that the quotient Z (ée)r /Z (G)r is trivial for G¢ = G*.
Finally, we see that if

I(x", y)=1(z,y),
then the desired formula follows. We simply deduce this from the properties that
fe=Ffe). fe@)= fo(0),

(see for example, the proof of [Art93, Theorem 6.1]) and comparing the expansions
on the either side of the first identity using (3-5),

[ Ivofc@di= [ 1y.ofc@di=[ 1¢.1)f@dr
T(G) T(G) T(G)
and again varying f¢ in Z(G) accordingly. From this we have that

I(y,t")=1(y, 1),

then using the fact that i (") = ig(7) and the relation (3-14), the claim follows.
Note that from the proof above we also find the parallel statement for the invariant
kernels, namely, I (y, t) = i%()I(t,y) where i%(z) = |R,,,,|_1iG(r). O

At various times in the following sections, we will want to interchange the order
of integration of stable kernels in a manner similar to the heuristic above. We will
give a justification for it in Section 5.3.

4. Stable geometric transfer factors

4.1. Local Langlands correspondence. Our construction of stable transfer factors
relies on the transfer of L-parameters. Thus it is necessary to assume the local
Langlands conjecture in order to formulate that definition. The local Langlands
group L is defined to be W if F is archimedean and Wg x SU(2) if F is nonar-
chimedean. Recall that an L-homomorphism in this context is a homomorphism
¢ : Lr — LG that commutes with projections onto W of its source and target. We
say it is admissible if it is continuous and sends elements of Wr to semisimple
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elements of /G, and relevant if its image being contained in a Levi subgroup *M
of LG implies that M is the L-group of a Levi subgroup M of G over F.

Let ®*(G) be the set of G-conjugacy classes of relevant, admissible L-homo-
morphisms ¢. By abuse of notation, let ®(G) = ®Pemp(G) be the subset of bounded
or tempered Langlands parameters ¢ € ®(G), that is, whose image projects onto a
relatively compact subset of G. Their corresponding L-packets Iy are expected
to consist of tempered representations. We also let ®,(G) be the set of cuspidal
parameters ¢, whose image does not lie in a proper parabolic subgroup © P of LG.
(The sets described above by the same notation were introduced by Arthur in order
to avoid the use of the local Langlands correspondence.) The local Langlands con-
jecture, at the most basic level, asserts that the set ITT(G) of irreducible admissible
representations of G(F') can be written as a disjoint union of finite packets Iy as ¢
ranges over ®1(G). In other words, there exists a surjective map I[1(G)t — &1 (G)
with finite fibres, which restricts to a surjective map of tempered representations to
tempered parameters I1(G) = [Memp(G) — Premp(G).

In the present context, given G’ € F(G) with auxiliary datum (G’, &), the
associated Langlands parameters are G-conjugacy classes of homomorphisms
Wr — G/, and composing with £’ we have a map into an L-group “G’. We shall
write [1(G, ¢) for the subset of representations with central character equal to ¢,
and similarly ®(G, ¢), whereby

(G) =] [2G.0).
¢

By construction, for any G’, the auxiliary data (G', &) and central datum (Z, ¢)
are chosen such that any ¢’ € ®(G’, £’) maps to a parameter ¢ € (G, ¢), again
with parallel restrictions to tempered parameters.

The existence of this surjective map for ®(G) (and the relevant endoscopic
character identities) allows us to deduce the existence stable transfer mapping. In
particular, as a result of the refined local Langlands correspondence, the set ®(G)
parametrises tempered L-packets of G(F'), and the space of stable orbital integrals
on regular semisimple elements of G (F) corresponds to the Paley—Wiener space
on ®(G) under the map given by taking stable characters.

The local Langlands correspondence implies stable transfer. The proof follows
[Mok18, p. 999] and relies on the trace Paley—Wiener theorem for Schwartz functions
[Art94b]. This result was recently established for G’ of general rank [Sun24], under
the nonarchimedean local Langlands correspondence. Nonetheless, we include the
proof below for the equal rank case to illustrate the main idea.

Proposition 4.1. Assume the refined local Langlands correspondence for G and
G’ over F nonarchimedean. Then for any local field F of characteristic zero and
f €€(G, ), there exists a unique f' € ST(G', ') characterised by (1-1).
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Proof. If F is nonarchimedean, the action ¢ — ¢, of iay; on ®>(G) makes it into
a disjoint union of compact tori of the form iag 4 = iaG/ acv;’ > Where aé, ¢ 1s the
stabiliser of ¢ in iay;. The orthogonal basis n(8)S(¢, ) makes SZus,(G, ¢) into
the Paley—Wiener space on ®,(G, ¢), in the sense that it is the space of functions
on ®;,(G, ¢) supported on finitely many connected components, and which on the
component of any ¢ pullback to a finite Fourier series on iag; ¢ [Art96, p.541].
Moreover, the larger graded vector space

(4-1) STee(G, &) = P STeusp(M, )V
{M}

can be identified with the natural Paley—Wiener space on ®(G, ¢). It is a conse-
quence of [Art96, Theorem 6.1] that we may identify SZ. (G, ¢) with SZ(G, ¢). If
F is archimedean, we recall that ® (G, ¢) is the space of {-equivariant tempered
Langlands parameters, and is a basis for SZ(G, ¢).

Now for general F, the space SZ(G, ¢) corresponds to the Paley—Wiener space
of ®(G, ¢) by the map

¢— 9, fe?G, 0.

Moreover, the L-embedding & induces isomorphisms on the corresponding maximal
tori, and it follows that the function

¢'— [OGE 0¢). ¢ DG
belongs to the Paley—Wiener space on the set of tempered local Langlands parameters

of G'(F). Then there exists a function f’ € €(G’, '), uniquely determined up to
its stable orbital integral, such that f'(¢') = f¢(& o ¢). O

Remark 4.2. Suppose F is a nonarchimedean field over which G is unramified. Let
H(G, K) denote the spherical Hecke algebra of G(F), where K is a hyperspecial
maximal compact subgroup of G(F). The Satake isomorphism implies an algebra
homomorphism of Hecke algebras induced by the restriction of the embedding
£': G — LG, compatible with this spectral mapping f — f'.

The goal of the stable transfer factors is to provide a parallel construction in terms
of stable orbital integrals. We first note that the stable spectral transfer immediately
implies an abstract stable geometric transfer.

Corollary 4.3. Given (1-1), there exists a stable distribution ©® on G x G’ such that
f@y=[  06.8f%sads.
A(G/2Z)

Proof. The stable transfer mapping of Proposition 4.1 gives a continuous linear
map from ¢ (G, ¢) — SZ(G', ¢’). In particular, the K-invariant functions in the
Harish-Chandra Schwartz space form a nuclear Fréchet space, so that €(G, ¢) is
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an LF space, that is, a countable strict inductive limit of Fréchet spaces, in the
case where F' is nonarchimedean. If F is archimedean, it is simply nuclear Fréchet
[Tre16, §51]. Then an application of the Schwartz kernel theorem [Gro55, 1II, §3,
théoreme 12] (also [Trel6, Theorem 51.7]) applied to nuclear LF spaces allows us
to identify this mapping with the existence of the integral kernel as desired. ([l

One main goal of this paper is to propose an explicit construction for this kernel.

4.2. Stable geometric transfer factors. We write S'(-,-)=S é'( -, +) for the kernel
functions associated to G’ € F(G). We can now introduce our stable geometric
transfer factor as a stable distribution on Ag(G’) x A(G),

(4-2) 03,8 = [ . S $)SE 09 ds

where we identify £ o ¢’ with the image of ¢ in ® (G, ¢) determined by &’. (Recall
that the stable character ¢ (¢) is independent of choice of auxiliary datum.) We
distinguish this distribution from the abstract one in Corollary 4.3 by the subscript.
Notice that unlike the endoscopic transfer factor, we cannot require that ®¢, vanish
if &’ is not an image (we are indebted to the referee for this observation). By
construction, it is clear that the stable transfer factor depends only on the stable
conjugacy classes of its inputs. It also implicitly depends on the normalisation of
the Langlands—Shelstad transfer factors.

The stable transfer factors can be extended to distributions on A% (G) x A(G)
as follows. Set ®§,(5’, 8) to be zero unless there is an M such that (&', §) belongs
to the Cartesian product of Ag,eu(M)/ W (M) with Agen(M)/ W(M). If there is
such an M, then (&', §) is the image of a pair (§),, §)7) in Ag,eu(M) X Ag.en(M),
and we set

4-3) O (8.8 =0z (0.8 = Y O (). wd).
weW (M)

where again each sum contains at most one nonzero term, and depends only on §
and 6.

The candidate kernel is the main construction of this paper, which we conjecture
realises the kernel of stable geometric transfer, and which we attribute to Shelstad
[She21]. Note that as in the case of endoscopy, the stable transfer factor is not
unique as it depends on various choices of data that we shall elaborate in the next
section.

Conjecture 4.4. The distribution (4-2) is a kernel satisfying Corollary 4.3. That is,
we may take © = O,

We shall use our stable transfer factor (4-2) to study the stable transfer of orbital
integrals (1-2), and relate it to the stable transfer of characters (1-1). But first we
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develop some basic properties that are parallel to that of the endoscopic transfer
factors.

Remark 4.5. In [Tho20; She21] it is explicitly computed that the stable transfer
factor for G = SL;(R) and G’ = SO, (R) gives a divergent infinite sum, but can be
used to produce the stable transfer of compactly supported functions.

Lemma 4.6. Let G’ € Fo;1(G).
(1) Forany z € Z’(F) whose image in Z(F) equals z¢g, we have

®:(8'z,826) =¢'(2) 'Oz, )¢ (z6).

*

G',C
e)‘/(H@’(s/))@g,(a/, 6) — e)»(HG(a))@é/((S/’ (S)

(ii) Given the injective linear map . — X' from af; o to a*, _, we have

whenever §' is an image of é.

Proof. From the definition, we first write
0p(2.626)= [ 562.9)SE 09’ 526)dg.
(G5

and the equivariance properties of the stable kernels (which follow from that of the
endoscopic transfer factors and invariant kernels, cf. [Art96, Lemma 6.3]) yield

S'(8'z,¢)SE 0¢',826) =¢'(2) 'S8, ¢)SE o', 8)¢ (z6).

The first result follows.

In the second place, the map from af; ¢ to a*(i;/’ can be viewed as a map of the

C
complex Lie algebras of

26" = (ZGH",
where the isomorphism follows from the fact that G’ is elliptic. It follows then that

there is an injection from (Z(GHT to (Z((A}/)F)O dual to the projection G’ — G
given by property (1) of the auxiliary datum. Then the second identity follows. [J

4.3. Adjoint relations. Define the adjoint stable geometric transfer factor
(4-4) OF (0. 8) =n() 20z, 9),

and its extension analogous to (4-3).The stable geometric transfer factors then satisfy
adjoint relations parallel to those of the endoscopic geometric transfer factors in
Section 3.3. But first, we derive an orthogonality relation for the S(8, ¢) analogous
to (3-4).

Lemma 4.7. Let 51,8, € Aet(G) and ¢ € ©»(G, ¢). Then
/ n($)S(82, 9)S(81, ¢) dp =n(81)8(81, 82)-
®2(G,¢)
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Proof. The proof is based on an application of the simple local stable trace formula
from [Art99, §9-10]. Let f = f; x f> with f; € Geusp(G, ¢), hence f; g(y) is
supported on e (G) for i = 1, 2. Since G is quasisplit, we have a stable linear
form Geusp(G, ¢) given by

S‘gsc(f) - ]cp (G

2

on@)—‘ff (@) fL(p) do

that is equal to

SO(f) = / n(8)"" £88) £ (5)ds.

Aa(G/Z)

We first consider the spectral expansion. Applying the relation (3-10) to (3-7), we
may write

=

Ae(G/Z)

S(¢,8) £, (8) ds = n(¢) /A (G/Z)n(5)_15(5,¢)ﬁG(5)d5-

We then vary f; in a manner such that fiG has compact support modulo Z(F') on
A(G) and so that fl.G approaches the ¢ ~!-equivariant Dirac measure at the image of
8; Z(G) in A¢i(G) respectively for i =1, 2. The function fl.G (¢) thus approaches
n(@)n(8;)"'S(6;, ¢), and Sgsc(f) approaches

n(81)"'n(8y)"! /q) 095G 9)5C1 P do.

On the geometric side, we see that as f; approach the Dirac measures on §; Z(F)
respectively, the geometric expansion

/ n(8)"" £88) £2(5)ds
Aei(G/Z)

approaches n(8;)~'8(81, 8,). Equating both sides, the identity follows. U

We now state the orthogonality relation for the distributions @g,(S’ ,0) and
®§‘f (8’, 8). Note that our proof involves an interchange of the order of integration of

the stable kernels, understood distributionally. We delay the proof of this property
to Section 5.3, where we shall require it again for (5-9).

Proposition 4.8. Given §', 8] € A7 (G') for G' € Fan(G), we have
(4-5) / n(8)OX (S, )0z (87, 8)ds = n(8)5(8'. 8)).
AG/Z) §

Similarly, given §, 8§; € A(G), we have

(4-6) / n(8’)®*i“,1(8’, 8)O¢z (8, 81)ds =n(8)8(8, 81).
A(G) § §
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Proof. The first identity will be a consequence of the second. We start with the first.
We will first show that for any &', 8] € ACFH(G’), we have

4-7) / n(8)e (s, 8)©;/(8}, 8)ds = n(8"8(8', 8)).
Aen(G/Z) §

Then the required formula will follow from (4-3) and the decomposition of the
integral over A(G) into

SIWDIT [ n(nOF . 81O (1. bu)dé.
o) Aen(M)

where we note that the sum contains at most one nonzero term. From the definitions,
we first write (4-7) as

/ n@) | __ S.¢)SE ¢ 8)d¢’ / . S8, )SE 0 ¢, 8) dep) d.
Aa(G/Z) @(G'¢) ®(G'.¢)

Suppose first that the integration over A.(G/Z) and ® (G’ , ;: ") can be interchanged.
Then the integral over é can be evaluated using the orthogonality relation (3-4) for
S(¢, 6) and (3-3). It follows then that the latter is equal to

[ . 6E ¢ & opnE og)S' @ ¢)de [ . SG4)d;,
@(G'.¢") @(G'.¢")
and reducing to the terms with ¢ = ¢, the two integrals combine to
[ . nEo¢)S' . ¢)S 6] ¢)dg.
@(G'.¢")

We claim that n(§ "o ¢') equals n(¢’), so that the orthogonality relation from
Lemma 4.7 yields the required identity (4-7).
To prove the claim, let us compare
n og) = / n@)SE od',8)SE o', 8)ds
Aai(G/Z)
with
n(¢') = / n(HS'(¢’,8)8'(¢',8)ds’,
Aen(G)

where we note that the latter integrand depends only on the image of 8" € Ay (G')in
the set Ae(G)/Z'(F) = Aen(G'/Z") = Aeni(G’). We can define an inner product
on SZ(G) by

(4-8) @%b = /

n(8)~'a%(8)bG (8) ds,
A(G/2Z)
whose restriction to SZ¢usp(G, ¢) reduces to an integral over elliptic elements
Ac1(G). Note that any function in SZ(G) is bounded on A(G). Since the families
of functions {n(8)S(¢, 8)} and {n(8")S’(¢’, &)} are orthogonal bases of SZc,sp (G, ¢)

and SZeysp(G', ¢'), the identity will follow from showing that the stable transfer
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map is an isometry. Let us then consider
@, b%) = / n(8)~"'a% (8% (5) d5'.
A(G)
Once again the integrand is
n@) [ 0800 82)a% (8)b(62) dé don,
AG1Z) MG/ 2Z)
then by (4-4) and (4-6) we see that the inner product is equal to

/ ] n(82)718(81, 82)a® (81)b% (82) d8, ds,,
AG/2Z)J A(G/Z)

and evaluating at §; = §,, we obtain (%, b9) as desired.
It remains to prove the second required identity (4-6). In this case, beginning the
argument parallel to the above leads to

/ 8¢, dn(@)SE 0 ¢, 8)dg’ / . SE o¢),81)dg,
(G, (G,¢)

and hence

[ L n(@)SE 0d',8)SE 0¢’, 81)de.
(G5

We see that this closely resembles the orthogonality relation of Lemma 4.7, and
indeed we shall use a variation on the proof of the latter. In particular, recall that
we may choose a suitable family of test functions f; € Geusp(G, ¢) such that f[.G (@)
approaches n(@n ;)" 'SG;, ¢) fori =1, 2. Replacing ¢ by §/ o ¢’ and choosing
¢’ compatibly, we thus obtain a family of functions on eusp(G’, ¢'), which we
write as f;, so that the above equation is given as the limit of

/ @) fiE 0d) fo(E o) de' = / (@) fi@) fa(¢) dg’
(G5 @(G".¢)

as f1, f» vary, where we note that the cuspidality of f; follows from that of f;.
That is, f; is supported on the set ' (G) which we can identify with a subset of
[g.en(G’) by Section 2.5. Applying the local stable trace formula in this case to
G’, we have that the latter is equal to

f RGOSRV COT L
Aen(G)

Since f; is chosen so that fl.G approaches the ¢ ~!-equivariant Dirac measure at the
image of §; Z(G) in A¢;(G), it follows that f; vanishes unless 8" is an image of
some §;. Moreover, for such 8’ we have

(G /Z(GH) = m0(GY, 1 Z(G)D),

since (A}g, is isomorphic to Ggl. and G’ is elliptic, so that n(8") = n(é;), thus giving
n(8)8(d1, 62). O
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5. Stable transfer: geometric and spectral

5.1. The stable transfer conjecture. Let us now return to our main Conjecture 4.4.
We may reformulate it again as follows, with the proposed formula (4-2) for the
transfer in Corollary 4.3.

Conjecture 5.1. For every f € €(G, ¢), there exists an f' € ST(G', ') such that
(5-1) f%8r=f O (8. 8)f () ds, & € Ag(G),
A(G/Z)

from G to G’, where f9(8) denotes the stable orbital integral of f at a strongly
regular stable conjugacy class 6.

The stable transfer depends on the choice of auxiliary data, transfer factors, and
Haar measures. In particular, we can view the conjecture as a transfer of Haar
measures from G to G’. We shall establish this at the end of the section.

As in the case of endoscopy, our transfer factors are defined only up to nor-
malisation, so it is more appropriate to speak of families of transfer factors. We
shall say that f € 4(G) and f’ € % (G’) have matching (stable) orbital integrals if
there exists a distribution @g,((S/ ,8) on A(G") x A(G) such that (5-1) holds for all

s €Ag (C~¥’ ). Further, we call ®§, (&', 8) a stable transfer factor if for each f € €(G)
there exists f’ € ¢ (G) such that f and f’ have matching orbital integrals. We may
as well require that @g,(S’, 8) be nonzero only if §" is an image of §. Conjecture 5.1

then can be rephrased as the existence of a function f’ € ¥(G’, ') with matching
stable orbital integrals and, implicitly, that our proposed distribution (4-2) is a stable
transfer factor in the latter sense.

Of course, we remind the reader that this conjecture is by no means new. We
discuss some known or simple cases.

(1) When G’ = {1}, it is trivially verified in [Lan13, p. 178]. In that case, f’is a
constant, equal to the integral over A(G) of the product of £¢(8) with the stable
character S(¢, §), the latter being equal to @g/(l, ).

(2) When G = SL(2) and G’ a torus, this is again verified in [Lan13, §2] and
in the archimedean case, [She21, §27] (see also [Tho20, §8]). We explain the
transfer factors here in brief. In the split case G’ = GL(1), the representations
are simply one-dimensional characters x. The stable character on G is a stably
invariant function on regular semisimple elements, evaluating on the split torus to

IDCGEENI (x @)+ x 1)),

where we embed GL(1) by the usual § () = diag(z, t~1), and zero on elliptic classes.
Then for § € G(F), the stable transfer factor can be computed by comparing stable
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characters on G and G,
0(8,8) =1D%®)|7'(5(8,8)+807",8"),

where §( -, -) is understood as the delta distribution as in [Lan13, (2.13)].
In the nonsplit case, for the real elliptic torus G'(R) = T (R), we parametrise its
elements by s(6) with 0 <6 < 2. The stable transfer factor @g,(s (@), 8) is given

by
- 3
Yoo T Y e
|619 _eflel |et _eftl
neZ
depending on whether § lies in the elliptic or the split torus of G respectively. In the
p-adic case, the cases separate into whether G’ is ramified, and in both cases the
stable transfer is computed explicitly in [Lan13, §2.4], where we refer the reader
for explicit formulas.

Now let us examine slightly more general cases, without using the local Langlands
correspondence. We call a function f € € (G, ¢) cuspidal if fj; vanishes for every
proper Levi subgroup M of G (see also Section 6.1). We denote by %eusp(G, ¢)
the subspace of cuspidal functions. It is the subspace of € (G, ¢) whose image in
SZ(G, ¢) equals SZeusp(G, &).

Let f € Geusp(G, ¢). The property that f is cuspidal implies that the image f”, if
it exists, must vanish unless there are elliptic maximal tori 7 C G and T’ C G’ with
admissible L-embeddings T C ©G and “T’ C *G’ such that &’ (- T’) is contained
in LT. The problem thus reduces to that of tori. Similarly, it is also possible to
consider minimal Levi subgroups M C G and M’ C G’, which are maximal tori,
and restricting to stable conjugacy classes in M (F) and M'(F), though we will not
study this here.

Lemma 5.2. The transfer f — f' is independent of choice of auxiliary datum.

Proof. Suppose (G, 51’ ) and (G, %) are two auxiliary data with fixed central data
(Z1, ¢1) and (Z», &), and associated stable transfer factors ®§{ and ®§2,. Let 6/12

be the fibre product of G/ and G/, over G’. We have
Z(Gly) = (Z(G)) x Z(Gy)) /diag_(Z(G"))

where diag_(Z (é/ )) is the anti-diagonal embedding. Given w € W, let g, =
(g(w), w) be an element in G’ such that ad,, acts by p’ on G’. Also let

El(gw) = (G(w), w),  i(w) e Z(G)),

fori =1, 2. Let z12(w) be the image of (z1(w), za(w)~!) in Z(é 12)» which is a
cocycle of Wr valued in Z (G/ |»)> and by duality determines a character 7, of G/12'
Its restriction to C; x C, determining the fibre product G X G/ over G’ is equal to
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i1} x (75)~", and pulling back the central datum (Z, ¢) we obtain the character 21’2
on (712. Fori=1,2,letd] € AG(GQ) be such that (81, 8}) € @12. Then we have

(5-2) O (83, 8) = £15(8]. 8)) O (81, 8).

from Lemma 4.6(i) and the definition of El’ 5
The isomorphism SZ (é’ , El) with S7 (G’ , 4:2) induced by the linear isomorphism
fi = fo from €(G', £)) to €(G), £») defined by

F2(85) = £12(84, 85) f1(8)),

where §; is any element such that (81, 63) € G/lz- The isomorphism commutes with

the transfer mappings f — f/ = f G!. Then taking the inductive limit over such
maps we see that the stable transfer mapping is independent of choice of auxiliary
datum. O

As a consequence, the distribution f'(¢’) depends on ¢’ rather than ¢’ = &' o ¢/
However, f’(¢’) does still depend on the choice of transfer factor. We shall think
of O asa family of transfer factors, one for each choice of (G’, £’). Let us briefly
indicate this. The (absolute) Langlands—Shelstad transfer factor that we have been
discussing is based on the canonical relative transfer factor

AGC, v, 8, 7), 8.8 eAg(GY), vy, 7elgG),

associated to each G, G¢, and (Ge, Ze) (see for example [Art99, §2]). Recall that
our assumption that £’ is of unitary type ensures that |A(8¢, y, 8¢, 7)| = 1. The
pair (8¢, 7) are chosen base points used to define the absolute transfer factor

(5-3) A, y) = AG Y, 8, 7)AG, 1),

defined to be zero unless 6¢ is an image of y. If we call an absolute transfer factor
any function A(§%, y) on AG(G/) x I'(G) such that (5-3) holds if §¢ is an image
of y, and is zero otherwise, then the space of absolute transfer factors forms a
U (1)-torsor. Following [Art06, §2], we call A a transfer family for (G, G°) that
varies according to (G¢, £¢), uniquely determined up to a multiplicative constant
of absolute value one.

As the stable transfer factor ©¢, depends on the transfer family A, we can in
particular define a stable transfer family depending on A. The relation (5-2) allows
us to relate stable transfer factors associated to different auxiliary data. Similarly,
suppose ¢ : G| => G is an isomorphism of mesoscopic data equipped with a dual
L-isomorphism 7 : G5 => G|. and (é/l, £ 1) is an auxiliary datum for G|, we obtain
an auxiliary datum

(G, &) =1(G}, &)
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~

for G/, such that ¢ canonically extends to an F-isomorphism G’l = G’z We also
have canonically a corresponding L-isomorphism £z : LG’I = LG/Z such that

55 = Ltoél' of L.
Then if ®§], (8!, 8) is a transfer factor for (G, §{), it follows that ®§1, (t8),8) is a
transfer factor for (G/ , 52’) A similar relation also holds in the endoscopic case.

As regards the general case, we have as usual the following reduction, which
will allow us to work with G’ in place of G’ in many cases.

Lemma 5.3. If Conjecture 5.1 holds for G with G g4er simply connected and (Z, ¢)
trivial, then it holds for arbitrary G and (Z, ¢).

Proof. Suppose that G, G" and (Z, ¢) are arbitrary. Let G be a z-extension of G by
the central induced torus C, and let (Z , E) be the pullback of (Z, ¢) to G. Since
G(F)= G(F)/é(F), we can identify I(G, E) with Z(G, ¢). Moreover, there is a
bijection between isomorphism classes of mesoscopic data F(G) and F (G). For
any G’, we can find a extension G’ equipped with an L-isomorphism &’ : G’ — LG’
and a natural embedding of G into G, so that (G’, ¢’) is an auxiliary datum for
both G’ and G'. We have a natural projection 7 of Z(G) onto Z(G, £) = Z(G, ¢)
given by
a) > [, @iz
Z(F)

for any a € Z(G). Similarly, we define a projection 7" of SZ(G') onto SZ(G', ') =
ST(G’, ¢’). Tt then follows from Lemma 4.6(i) that the projections commute with
the stable transfer mappings from Z(G) to SZ(G’) and Z(G, ¢) to SZ(G', ¢'),

I(G) —— SI(G))
ln lﬂ,
(G, t) —— SI(G', ¢
where the horizontal maps are the stable transfer mappings. The result follows. [
5.2. Geometric transfer and spectral transfer. The stable geometric transfer leads

us naturally to a proof of the following stable character identity, which is simply a
restatement of the conjectural formula [Lan13, (2.3)] in different terms.

Corollary 5.4. The stable spectral transfer (1-1) implies that for any § € A(G), we
have

(5-4) S(E o0g¢,8) = /A(G/) 0 (8, 8)S' (¢, 5" ds'.

Proof. As noted in [Lan13, §2.1], this follows from the stable spectral transfer (1-1),
which follows by Propositions 4.1 and 4.3, and the fact that the functions S(¢, 8)
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and S’(¢’, ') are bases of the respective spaces SZcsp(G, ¢) and SICHSP(G/ N
[Art96, Lemma 5.1], which then extend to the full spaces SZ(G, ¢) and SZ(G’, ')
as before.

We also note that this can also be seen directly from a combination of geometric
and spectral transfer. Consider the stable spectral transfer (Proposition 4.1). Using
the Fourier expansions for f’(¢’) in (3-7), we have

(5-5) / S' (¢, 8) f(8") ds' = / SE ¢, 8)0(5)ds.
A(G’) AG/Z)

Applying the stable geometric transfer, Corollary 4.3 which follows from (1-1), the
left-hand side is equal to

(5-6) f S'(¢, 8) / ©:(8,8) fC(8)dsds'.
A(G) AG/Z)
Letting f approach the ¢ ~!-equivariant Dirac measure at a fixed §; Z(F), we have
[, S@.8105 . 80d8 = SE o¢'.81)
A(G")

as required. ]

In [Lan13], the integration is taken over the Steinberg—Hitchin base, the variety
of stable semisimple conjugacy classes of G'(F). Its measure is determined by
the Haar measure on G’, in particular the singular locus has measure zero, and
coincides with A(G’).

Remark 5.5. We can also give a heuristic derivation of the previous result using
(4-2). By definition, the right hand side of (5-4) is

[ ] . S DSE o). 8)dg]S ¢, 8
A(GHJ (G'.¢)
and supposing we may interchange integrals, we then have
[ ] S 6DS@.8)ds'SE 0gi.8)dg;.
®(G',¢) S AG)

Then applying Lemma 3.2 to the inner integral leads to the orthogonality relation
(3-4) for the stable virtual characters S(¢, 6),

/ n(8)S(@'. 818 (¢).8)ds" =8(', ¢p)n(@"),
Aen(G)
for a positive real number n(¢’). Then evaluating the outer integral at ¢’ = ¢], we

obtain S(€' 0 ¢/, 8) as desired.

As was observed heuristically in [She21, §26], the stable transfer can be easily
seen to be functorial in the following sense. Given G, let G’ € F(G) and G” € F(G')
with accompanying auxiliary data.
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Corollary 5.6. With hypotheses as above, we have f ¢ = (f G/)é”.

Proof. The result can be seen to hold for stable characters by composing maps of
Paley—Wiener spaces using the argument in Proposition 4.1 and Corollary 5.4. [J

Remark 5.7. To see this on the level of stable orbital integrals heuristically, assume
for simplicity that G’ and G” are L-groups, which we identify as G’ and “G”. Then
we have L-embeddings

LG// §_’; LG/ i LG,
and denote by & the composition. First, we claim that
(5-7) O (8", 8) = / O (8", 8105 (5, 8) ds'.
A(G')
To see this, we expand the transfer factor ®¢»(§”, 8’) in the right-hand side
/ / o S//(a//, ¢//)S/(§HO¢//, 8/) d¢//®§/(8/,8) da/
A(G/) (D(G”,CH)
Formally interchanging the order of integration, this is

/ o S”(S”, ¢//)/ S/(é//o(b//, 8’)@%/(5/, 6) d6/d¢//,
©(G//)§//) A(G/)

and we can apply Corollary 5.4 to see that the inner integral is equal to S(§’ 0 &” o
@",8) = S(E" o¢”, ). In other words, we have

/ o S//(SN, ¢//)S(§/// O¢N, 8) d¢//,
¢(G//y§//)
which is equal to @z~ (8", §), the left-hand side. Finally, writing (f é')éﬁ as
/ @ (8,8 / ©:(8.8) fC(8)ds ds’,
A(G)) AG/Z)
then interchanging integrals and applying (5-7) gives the result.
5.3. Proof of Conjecture 5.1. By definition we may write (5-1) as
(5-8) [ | . S $)SE ¢ 6)de' () ds.
AG/Z2) S @(G' ¢

On the other hand, Let f”(¢’) be the transfer given by (1-1). Applying the inversion
formulas together with spectral transfer, we have

£ = / 8@ ) f (@) d
®(G',¢")
= S, ¢)fE ogdg

(G,

(5-9) = S, ¢ /A(G/Z) SE o¢.8)f0(5)dsdo.

(G,
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and in particular we note that this last expression is bounded. So we see that the
result amounts to interchanging orders of integration. We shall consider this in two
ways.

Firstly, consider (5-9). The stable kernels S, S are smooth and locally integrable
on G(F), and the inner integral converges absolutely for f € € (G, ¢). The outer
integral, by (3-2) and (3-3), decomposes into

Swonrt 3 S SE o). 8 ax,

(M) gedy (W' .20 i, MY

where in the integrand we have only indicated the terms depending on ¢’ for now.
Using the canonical projection of ia}, onto iag;, we can choose A € iay; such that
(E' 0 @), = &' o ¢y, since ia’g, acts on ®(G’, ') and iag; on ®(G,¢), and the
embedding & induces an embedding of ®(G’, ¢’) into ®(G, ¢). Moreover, recall
from [Art96, §5] the property that

S(¢3.,8) = S(¢, 8)e* )\ eiak, s € Aai(G).

We see that by the adjoint relation (3-10) and the identity n(¢;) = n(¢) which
follows from the definition of n(¢), the same property also holds for S(§, ¢,). The
latter integral is therefore equal to a sum over M and ¢’ of

(5-10) S8, ¢)SE o', 5) / o (He (8 J(HG®) g3
.

! s

If F is nonarchimedean, the inner integral is taken over compact tori ia*M, " while
in the archimedean case, absolute convergence follows from the growth conditions
of the functions I/ (y, w) and I (s, y) from Theorems 4.1 and 4.3 of [Art94a]. In

particular, the functions S(8, ¢) and S(¢, §) are smooth and compactly supported
on ®(G, ¢) when F is nonarchimedean, and

|D3DsS (8, §)| < c(@)(1+ o lD)"

where n is a positive integer and c(8) is a locally bounded function on A (G), both

depending on a given pair of invariant differential operators Ds and D, transferred

from A (F) and iaj}, respectively. Moreover, we write (14 for the linear form that

determines the infinitesimal character of ¢, which is a Weyl orbit of elements in the

dual of a complex Cartan subalgebra of G, equipped with a suitable Hermitian norm

| - |I. In particular, for every fixed ¢’, the given expression converges absolutely.
So write (5-9) as

Jim S w3 S@a [ SE 0.8 C@ds i,
{M'}

a-
g li<t M9
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where the inner sum runs over ¢’ € ®,(M’, ')/ ia*M, such that [|ug || < t. The
integrands now converging absolutely, the Fubini theorem for measurable functions
(e.g., [Bil95, Theorem 18.3]) then allows for the change of order of integration.
Finally, applying the dominated convergence theorem, we interchange the limit and
integral to obtain the desired formula (5-1).
Alternatively, define functionals on SZ(G, ¢) by
Ty fOO) > [OEog)= [ SEod5)®)ds

A(G/

and on SZ(G', ¢’)

Ty f @)= @)= [ SE.¢)r ) ds.
(G5
which we may view as distributions on A(G/Z) and d(G',Z") respectively. Pre-
composing with the mapping f — f” of (1-1) we can consider the latter also as a
distribution on G. Then using the property that the tensor product of distributions
Ty ® TS’, is commutative [Tre16, Theorem 40.4], so the order of integration can be
interchanged, interpreted distributionally.

6. Stable transfer spaces and spectral transfer factors

6.1. Spaces of distributions. Let D(G, ¢) be the space of ¢-equivariant invariant
distributions that are supported on the preimage in G (F') of finitely many conjugacy
classes in G(F) = G(F)/Z(F). For F nonarchimedean, it is equal to the space
of ordinary orbital integrals, whereas if F' is archimedean, it also includes radial
derivatives of orbital integrals. Let (G, ¢) be the space of {-equivariant invariant
distributions spanned by the invariant characters of G(F’), hence generated by
characters attached to the set [1(G, ¢) of irreducible representations of G (F) whose
central character restricts to ¢ on Z(F). A distribution D in either D(G, ¢) and
F (G, ¢) can be regarded as a linear form

D(f) = fc(D)

on either H(G, ¢) and Z(G, ¢).

Let I be a continuous, invariant linear form on H(G, ¢). We say that I is
supported on characters if (f) = 0 for any f such that fg = 0. If so, then there is
a continuous linear form 7 on T (G, ¢) such that

[(fo)=1(f)

for all f € H(G, ¢). If D € F(G, ¢), it is clear that it is supported on characters.
On the other hand, if D € D(G, ¢), it can be expressed in terms of strongly regular
invariant orbital integrals, which are supported on characters by [Art88]. Together
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with the fact that characters are locally integrable functions, it follows that we
can generate Z(G, ¢) by either irreducible tempered characters or strongly regular
orbital integrals, both denoted fg.

We denote by Zeusp(G, ¢) the subspace of functions in Z(G, ¢) supported on
Cen(G). If Z contains the split component of the centre of G, there is a surjective
linear map

F(G.,¢) = Teup(G. ©)

canonically given by the elliptic virtual characters I (t, y) associated to any D €
F (G, ¢). There is also a canonical linear section defined by the set T, (G, ¢) in
F(G, ¢) whose image forms a basis in Zcusp (G, ¢) [Art96, §4]. We also denote by
SZeusp(G, ¢) the image of Zeysp (G, ¢) in SZ(G, ¢), and Heysp(G, ¢) the preimage
of Icusp(Ga ¢) in H(G, ¢).

Let SD(G, ¢) and SF(G, ¢) be the stable subspaces of stable distributions
in D(G, ¢) and F(G, ¢). Any distribution S in SD(G, ¢) and SF(G, ¢) can be
identified with a linear form f¢ — f9(S) on SZ(G, ¢). We say a linear form S
on H(G, ¢) is stable if its value at f depends only on the endoscopic transfer f¢ in
the case G¢ = G*. If G is quasisplit, there is a unique linear form Son ST(G*, ¢*)
associated to S such that

S(f*)=S(f)

for any f € H(G, ¢). In general, for any stable distribution S there is a unique
continuous linear form S on SZ(G, ¢) such that

S(f) =58(f).
One also has an alternative description of the cuspidal subspaces as follows. The
restriction map a® — aM from SZ(G(F)) to SZ(M(F)) give a filtration
FM(ST(G)) = {a® € ST(G) :a* =0, L C M}

of ST(G(F)) over the partially ordered set .’/ Wy. We can then identify SZ.ys,(G)
with F9(SZ(G)). Then the graded component

(6-1) GY"(ST(G)) = FM(ST(G))/ Y FH(ST(G))
LOM

attached to {M} is canonically isomorphic to SZcysp (M YW )

6.2. Transfer spaces. For any G' € F.1(G), let SI(G/ , G) be the subspace of
functions in SZ(G’, ¢) which depend only on the image of Ag(G)) in AT(G),
which we denote by A(G’, G). We define the cuspidal subspace Slcusp(é’, G) to
be the intersection

ST(G', G) N STeuep(G', &) = STonsp(G', 7106 (@),
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Assuming the stable transfer conjecture, it follows from the definitions that f — f’
maps ¢’ (G) continuously to SZ(G’, G) and 6eusp(G) continuously to SZeuep (G', G).
If we define a function

(6-2) a8 =aC () = /

Oz (8, 8)a%(8) ds
A(G/Z)

on A(;(é/ ), the stable transfer gives a continuous map from SZ(G) to SI(G’ , G)
and SZcy5,(G) to ST (G’, G). Define the topological vector space

> ~
STZp(G) = P STuyp(G', G)
G'eFan(G)
of smooth functions on AefH(G). For any function a® e S8Zeusp(G), we define the
direct sum of images of a©,

a’ =a% = @ a'.
G'eFai(G)
Then the map

(6-3) T7 a% - a7

is a continuous linear map from SZ;,sp(G) to SIfusp(G). The following is a natural
analogue of the endoscopic mapping in [Art96, Proposition 3.5] and [MW16, 1.4.11]
in the nonarchimedean case and [MW16, 1.4.12] in the archimedean case. The most
difficult part of lies in proving the surjectivity, which we shall return to in the next
section. For now we simply take it on as an assumption.

Theorem 6.1. Assume that 77 is surjective. Then it is an isometric isomorphism.

Proof. 1t is straightforward to see using the adjoint relations (4-5) and (4-6) that

77 is invertible on its image, with inverse a®7 — a© given by

(6-4) a® () =n(s) f n(8)0z (s, §Ya% 7" (8 ds'
AQ(G)

for any 8 € A(G) and a%7 € SIfusp(G). The map is moreover an isometry with

respect to the inner product (4-8) on SZ¢usp(G) and

(6-5) @ b"y= Y «G.GNd.b)
G'eFan(G)
on SICJT,SP(G), where (G, G') = |Outg(G’)|~!. The inner product can first be

expanded as

Z (G, G/)/ n(S/)_la/(3/)b’(3/) ds’,
Ag.en(G)

G'eFai(G)
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as a’, b’ are cuspidal hence supported on the elliptic set. Expanding «’, the integrand
is equal to

n(§H! O (8, 8)a’ () ds b’ (8) = n(8)

a%(8)0 (8, 8")b'(8') ds.
Aa(G/Z)

Aa(G/Z)
Summing the integral over G’, we see that the constant |Outg(G’) |~! normalises
the measure on the quotient of A 1(G’) by Outg(G’), then applying (6-4) to b°
we have, as required,

@, b") = / / n(8)a%(8)0 (8, 8")b% (8')ds db’
AL(G) S Aa(G/2)

ell

- / n(8)"'a%(8)bG (8) ds
Aai(G/Z)
= (a%,b9). O

6.3. Surjectivity. We now turn to the spectral analogue of our constructions so far.
Our main goal will be to define stable spectral transfer factors. Assume that the
spectral transfer (1-1) holds. We can then define a spectral basis parallel to Aﬁl(G),
namely,
7 (G = |[ @G 7)/0uta(G),
G'eFai(G)

which can again be written as the set of pairs (G', ¢’). It parametrises a basis of
SICfusp(G). Also define

(6-6) o7(G) = [ o o/ wm),

{M}
which can also be described as the union over Wy-orbits {M} in . and W (M)-
orbits {M'} in Fe(M) of the quotient of ®,(M’, ) by Outy (M) x W (MM,
where W (M)M " is the stabiliser of M’ in W(M). We again have a decomposition
according to central character,

(6-7) o7 (G) =[] 276 0.

¢
With these definitions in place, we return in earnest to the surjectivity of the map
77 in (6-3), which is required in order to define our stable spectral transfer factors.
It can be obtained as a consequence of the refined local Langlands correspondence.

Lemma 6.2. Suppose the refined local Langlands correspondence holds for G
over F. Then I7 is surjective.

Proof. Again relying on the local Langlands correspondence over F, we can identify
ST(G', ') with the natural Schwartz space on a basis ®(G’, £’) of the vector space
spanned by tempered, stable, ¢’-equivariant characters on G'(F), and similarly
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for SZ(G, ¢) and ®(G, ¢). The elements in ®(G’, ') are indexed by tempered
Langlands parameters ¢’ of G, and in particular decomposes into a disjoint union
of cuspidal Langlands parameters attached to Levi subgroups M’ of G'. We define
a space @7 (G, ¢) analogous to A7 (G) in Section 3.2, which fibres over ®7 (G, ¢),
and SIC];SP(G, ¢) can be identified with the natural equivariant Schwartz space on it
as a consequence of the trace Paley—Wiener theorem for Schwartz functions on G
[Art94b].

Suppose that ¢, is a finite linear combination of linear forms in ®7 (G, ). We
can assume that ¢; is the image of some ¢’ € ®(G’, ') for some G’ € Fe(G),
such that a” (¢p) = a’(¢') for any a” € SI” (G, ¢). The value at ¢ of any function

a’ in ST7 (G, ¢) is then given by a finite linear combination

a” (@) =) cpd(@), ¢ €d(G.),G €FalG).
¢/

As an invariant distribution on G’ (F), any ¢’ can be identified with a locally
integrable function whose restriction to Ag(G’) is smooth. The set Ag(G’) maps
onto an open subset of AT (G) with finite fibres, and we can thus write a” (¢;) as

s @1 8007 61) oy

for some smooth, ¢-equivariant function 77 (¢1) on A7 (G), whose integral against

any a” =a%7 converges with respect to the measure d8;. Applying (6-2), we then
have
[ 1618a®)ds, a®eSIG.0),
A(G/Z)
where

1¢1.9)= [

"G 17 ($1, 810z (81, 8)

is again a smooth, ¢-equivariant function on A(G), whose integral against any
a® converges with respect to the measure d6. Letting a® now approximate the

;—‘ -equivariant Dirac measure at § Z(F'), it follows that if the function
a—a’(¢), aebG,0),

induced by ¢; vanishes, then so does I (¢, §). By the inversion formula (4-5), it
follows that 17 (¢y, 81) also vanishes on AT (G), and hence ¢, itself vanishes. The
mapping .77 is thus locally surjective.

To see that it is surjective, we can define a spectral transfer factor describing the

local mapping a — a”,

S@n=d@)= [ O (@1 9)a@d, acb(G.0),

Q)
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compatible with the decompositions (6-6) and (6-7) as below, hence with the
characterisations of SZ(G, ¢) and SZ7 (G, ¢) as Schwartz spaces of functions on
®(G, ¢) and ®7 (G, ¢) respectively. Thus the surjectivity extends. ([

6.4. Stable spectral transfer factors. Our discussion here now parallels the geo-
metric case, so we may be brief. Let f € Gusp(G, ¢). For any G’ € Fai(G), the
transfer f’ is a function in SZeusp(G’, )6 and f'(¢') is defined for every
¢ € ®2(G', '). If 77 is surjective, we may define a stable spectral transfer factor
®§,(¢/ , ) to be any distribution on ®»(G’, ') x ®2(G, ¢) such that the identity

F@= [ 0.0.9)/@de
2(G.¢)

holds. The stable transfer factors can again be extended to distributions on ®7 (G) x
®(G) as follows. Set ®§,(8/, ) to be zero unless there is an M such that (¢', ¢)
belongs to the Cartesian product of Ageu(M)/ W (M) with Ag en(M)/W(M). If
there is such an M, then (¢', ¢) is the image of a pair (¢}, ¢u) in CDZF(M) XDy (M),
and we set

(6-8) On (. )= Oz 5@ . 9)= Y. O (@D whn).

weW (M)

where again each sum contains at most one nonzero term, and depends only on ¢’
and ¢. Finally, define the adjoint spectral transfer factor

Oz (¢, ) =n(@) ?0:(@', ¢),

which complements the adjoint stable geometric transfer factors quite nicely. As in
the geometric case, their definition is imposed upon us by the adjoint relations they
satisfy, parallel to Proposition 4.8.

Proposition 6.3. Given ¢/, ¢| € ®7(G') for G' € Feu(G), we have
(6-9) /q)(G)n(qb)@g/((/ﬁ/, $)O: (. )dp =n(@)3(¢'. 9.
Similarly, given ¢, ¢ € ®(G), we have

(6-10) /¢(G,)n(¢/)@g/(¢/, $)Oz ($1,9)dg’ =n($)5(@, p1).

Proof. Since we do not have an explicit description of the spectral transfer factors,
the proof will follow instead from interpreting the linear isometry .77 spectrally.
We recall the spectral form of the inner product on SZysp(G),

@, % = / n(@) 'a%(@bC(p)de, a“, bl € STousp(G).
D, (G)

2
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We then have the spectral form of the inner product on SI£SP(G) in (6-5),

@, p")= Y G G /%(G,)n(qs’)*la/(qs’)b/(qs’) de'.

G'eFei(G)

Then defining the spectral analogue of the inverse of .77,
@ =n@) [, 1O, 1a%7 () dg,
2

and using the definition of @g,(q}’ , @) and its adjoint above, it follows by the same
argument as in the proof of Theorem 6.1 that (a”, b") = %, b%). In particular,
®§,(¢/ ,¢) and O (¢, ¢') represent kernels of inverse transforms of each other. [J

Appendix: On the surjectivity of .77 (without local Langlands)

The proofs of surjectivity of the analogous endoscopic map for nonarchimedean
fields [Art96, Lemma 3.4] and [MW16, 1.4.11] both involve a reduction to the Lie
algebra at the identity element, either by passing to germs of orbital integrals or
Harish-Chandra descent to the Lie algebra of unipotent subgroups. In both cases,
the descent of transfer factors and properties of the Fourier transform on the Lie
algebra are employed. In order to discuss the latter, we need some preparations.

A.1. Descent principles. We explore the relationship between descent and transfer.
The descent properties will be required later to define our stable spectral transfer
factors. As in the case of endoscopy [LS90], this reduces to the descent of transfer
factors, which we shall have to take on as a hypothesis in this paper. Given
G' € F(G) and d’ € Ai(G), let d’ be its preimage in A (G'). We shall investigate
the behaviour of

1SN YU G
1@ =, 0001 @ ds

for 8 near to d’. If d’ is not the image of any semisimple element in A(G),
then no strongly G-regular element in G/, (F) can be the image of an element in
G(F), thus f' vanishes on AG(G;},). It follows then that f’ vanishes for all d’ in a
neighbourhood of @’ in G’(F). We shall therefore assume that d’ is the image of
some d € A(G).

We can find a representative d; = x~'d’x in the stable conjugacy class of d’
such that G;i is quasisplit over F, and we can multiply x by an element of G;i if
necessary so that

Int(x™") : Gy — Gy

is defined over F. Then x acts on the preimage G/, of G} in G’,sothat f/(x~'8'x) =
£'(8") for all §’ € Ag (G 4), which can also be seen to follow from the same property
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for stable orbital integrals [LS90, §1.3]. In particular, replacing d’ by d| if necessary,
we may assume that G/, is quasisplit over F.

The group G/, induces a mesoscopic datum for G in the following sense. More
generally, we call d’ a T'-image of d in G if there exists an admissible embedding
of tori 7" — T* sending d’ to d* in G* and an x € G, such that

(Int(x) o ¥)(d) =

and both Int(x) o ¥ and the preimage of T are defined over F. Varying over T’
we obtain all images of d. Let d’ be a T'-image of d for some torus 7/, and let
d* be the image of d’ under an admissible embedding of 7’ in T*, which we may
choose to be such that GJ. is quasisplit. Fixing G’ € F(G), we shall attach an
extension g;,, of Wr by (A}ii, and an admissible embedding Ef/l, : g;,, N LG; such
that (G/,, G,/ £},) is a mesoscopic datum for G4 and 7' — T* is admissible.

Lemma A.1. The embedding T' — T* can be chosen to be admissible for both
(G, G") and (G4, G.)), unique up to isomorphism. Any admissible embedding of a
maximal torus of G/, in G is admissible as an embedding of a maximal torus of
G’ in G* and sends d' — d*.

Proof. The proof is a simple modification of [LS90, 1.4]. We supply the details
here for the sake of completeness. We first explain how the mesoscopic data is
constructed. Given an embedding 7/ — T, let B’ and B* be the associated Borel
subgroups and x € G, as above. The map v, = Int(x) o ¢ defines the quasisplit
inner twist G%. of G4. The embedding 7" — T* <~ T is dual to the diagram

(A-1) G T/ ~T - T*=T,

by which we can identify the set of coroots R(G, T)" of T in G with the set of
roots R(G T1) of Ty in é and hence R(Gy, T)Y with a subset of R(G Ty).

Fix an L-group data, meaning a complex reductive - group Gd, an action py
of I" on Gd, and a ["-stable bijection \IJ(Gd)V — \ll(Gd) by which we define
LG, = Gd x Wg. We may assume that Gd contains 77 and that R (Gd, Ty) is equal
to R(Gy, T)v as subsets of R(G T1). Let B} = B* N G}, and let B, be the Borel
subgroup of Gd generated by T and the Bj-positive roots of 77 in Gd We can
then identify the map 71 — T* in (A-1) with the embedding T — T; in Gd given
by B} and B;. The isomorphism

f‘&f*_)’]"l

yields an embedding of T in G4 and extends to an admissible embedding of 7T in
LG4, whose image is independent of the choice of extension.

Given G’, the dual (A}ii, of G/, is a subgroup of G4 normalised by LT. We define
G/, to be the subgroup of LG generated by CA;;, and £ T, and note that it is contained
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in G'. Then we can also define £/, to be the map given by restriction of £’ from G’
to G/,. We have a split exact sequence

1- Gl — Gy — Wp — 1,

and it follows that (G/,,, G/, &) is a mesoscopic datum for G4. Finally, we identify
the embedding 7/ — T, given by B’ N G/, and B; N éii with the restriction of
the embedding T — T, above. This gives the admissible embedding 7/ — T* as
desired.

The choice of G is unique up to isomorphism of mesoscopic data. First suppose
B, B’ are changed but 7 — T* remains fixed. Then the L-data Gy, pa4) is replaced
by another pair (CA};, ,o)i) that is ["-isomorphic to it that sends the root datum
R(G4, T)) to R(é}i, T)), the image of LT in LG, to its image in LG, and é;,
and G, to the new (A?Cll/, and G j respectively. This gives an isomorphic mesoscopic
datum for G.

If we replace T’ — T* with another admissible embedding of tori 7' — T!*,
such that d’ lies in 7', T and d* in T*, T'*. Then we may assume that the new
Borel subgroups are obtained from B” and B* by conjugation in G/, and G}., and
the new data is isomorphic. Finally, it is straightforward to see that the choice of
G’ € F(G) within its isomorphism class does not affect the isomorphism class of
G, € F(Gy). O

We shall say that (G, G') admits @g,—transfer if for each f € C°(G(F)) there
exists f' = f¢ € C°(G'(F)) such that f, f’ have ®; -matching orbital integrals,
that is,

eI Y G
f'@) = ./A(G/Z) O, 8) £ () ds.

As we are not in a position to prove the descent of stable transfer factors, we simply
admit it as a hypothesis.

Lemma A.2. Suppose that there exists some constant ¢ such that

(A-2) 0z (8. 80 (.8~ — ¢

as 8 — d' and 8 — d. Then f'(8') is equal to a finite linear combination of stable
orbital integrals on G',,.

Proof. According to the measure on A(G), the integral decomposes into
SIWODIT Y WG DI [ 0@ 0w,
(1) () o

where the inner sum is over stable conjugacy classes of elliptic maximal tori of G
over F, and Wr(G, T) is the subgroup of elements in the absolute Weyl group of
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(G, T) defined over F. Moreover, our hypothesis (A-2) implies
/ ©: 3. 0 fo) di = c/ O (8. 1) fC ) dt.
T(F) T(F) ¢

Now by Lemma A.1, we may choose an embedding 7’ — T* that is admissible for
both (G, G') and (G4, G)). If 8’ is an element in the preimage of 7'(F) in Ag(G),
then the integral in f’(8’) is taken over the stable conjugacy classes defined by the
composition

T">T ->T*—>T

in A(G). Note that it is possible that §isaT’ -image for more than one tori, and

varying over equivalence classes tori in C:” we obtain all possible images. Then
using the property that O (8, t) vanishes unless 8’ is an image, we conclude that
the right-hand side can be written as a finite linear combination f @ (8. ([

It follows from Lemma 4.6(i) that for 8’ close to the identity, ©; ,(8', 8) depends
only on the image § of 8" in A(G’), so we write it as 6)2_0“ &, 98). We say that (G, G')
admits local @E,—transfer at the identity if for any f € C2°(G(F)) we have

(A-3) 1@ =, ., OEC.8) £ @

for all 8 € Ag(G’) near to the identity.

Corollary A.3. Let F be nonarchimedean, and assume (A-2) holds. If (G4, GZ,/)
have local @g;/-tmnsfer at the identity for all d € A(G), then (G, G') has @5,_
transfer.

Proof Since the assumption continues to hold if G is replaced by a z-extension
G, we can assume that G = G and G’ is an L-group. By [LS90, Lemma 2.2A] it
suffices to show that f'(8) is a local stable orbital integral on G’(F), in the sense
that for every semisimple element d in G(F) there exists f; € CX°(G(F)) such
that f'(8) = f;(8) for all regular semisimple 8 near to d. Again by Lemma 4.6(i),
it follows that local @gr -transfer at the 1dent1ty implies local O -transfer at d' in
the sense that (A-3) holds for all §' € AG(G ) near to d’. By assumption, we may
apply the descent formula to express f/(8') as a finite linear combination of stable
orbital integrals on G’,. Then applying local transfer at d’ to each summand, the
result follows. U

A.2. A stable kernel identity. Let g be the Lie algebra of G, and similarly g’ of G'.
Fix a symmetric, nondegenerate G-invariant bilinear form B on g and a nontrivial
additive character ¥y on F. For any ¢ € C2°(g(F)), we define the Fourier transform

P(Y) = / o(X)Po(B(X, Y))dX,
g(F)
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which acts as a linear isomorphism from C2°(g(F)) to itself. It a well-known result
of Harish-Chandra that there exists a smooth, locally integrable function

i:I'(g)xT(g) > C,
where I'(g) = I'ieg (g(F)) is the space of regular G (F)-orbits in g(F), such that
o) = [ IN@cNdY, X eT(@),
g

for a fixed Haar measure dY on I'(g). As with I'(G), we may decompose the
integral into a sum of integrals over conjugacy classes of maximal tori in G. Taking
G to be quasisplit, we define the smooth function

s, Ty=1Kr17" ) Y i, v),
X—>SY—>T

where §, T are regular stable G (F)-orbits in greg (F'), the sums run over the distinct
G (F)-orbits in each respective stable orbit, and |/Cr| is equal to the number of Y
in the orbit of 7. We also have the stable analogue

0% () = / (S, TY@)O(T)dT, S e Ag),
A(g)

which is a consequence of [Art96, (3.3)]. We define the Lie algebra analogue of
the stable transfer factor

Oy (S, T)= /A (/)S’(S’, TsdE"(T"), T)dT', S € Ag(g).T € A(g),
G(g

where s’ denotes the function associated to G’, and d&’ is the induced map on
regular semisimple elements from g(F') to g'(F). Then suppose the following stable
analogue of Waldspurger’s kernel formula [Wal97, 1.2] holds for any G’ € Fe(G),
(A-4) / O (S, S)s(S, T)dS = / s'(S', TY®u(T', T)dT’,

Ag) Ac(g)

for T € A(g’) and S’ € Ag(g'), where the latter is the set of regular stable G (F)-
orbits in g;eg(F ) and &y is a constant depending only on G, G’. For any ¢ €
C°(g(F)), we define the transfer

W)= [ (8. )% (S)ds,
A(g)
and by the preceding formulas, it is equal to
(A-5) (S = / O: (S, S) / s(S, T)@)C(T)dT
A(g) A(g)
=80f / s'(S', TOu(T', T)(@)(T)dT' dT
Ag) J Ag(g)

:50/ $'(S', T (@) (T dT'.
Ac(g)
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A.3. Surjectivity. With these considerations, the surjectivity of the map .77 in the
nonarchimedean case, without local Langlands, can then be shown to follow from
the proposed kernel formula and the descent of transfer factors.

Lemma A.4. Let F be a non-archimedean local field, and assume (A-2) and (A-4).
Then F7 is surjective.

Proof. Assume first that restriction of 7 7 to SZeusp(G, &) maps onto the corre-
sponding cuspidal subspace SICFUSP(G, ¢) of ST7 (G, ¢). Recall that the filtration
on SZ(G, ¢) with respect to .£/ W gives a grading (6-1) of the space, whereby

ST(G, ¢) = D STeusp(M, )",
{M}
and similarly
ST7(G. ¢) = P STL (M. )V M.
{M}
The map .77 is compatible with these gradings, and the transfer mapping can
be identified with the corresponding transfer mapping for cuspidal functions on
each M.

The surjectivity of .77 on S§Zeusp(G, ¢) will follow from the corresponding
surjectivity of germs on the Lie algebra. Assume for simplicity that G’ is an L-
group, hence G =G , and moreover that the central datum (Z, ¢) is trivial. Given
a’ € STZ _(G), by the relation (4-6) we see that the function

cusp

aG(a) = / > G)@g/(& §ha” (8 ds', §e€ Aai(G),
implies
a” (8) = / O (8, 8)a%(®) ds = (77 (a%) (3.
A (G)

Together with (4-5), we see that a” lies in the image of SZeusp(G) if and only if
a% e SZcusp(G). We may assume that the components a’ of a’ are nonzero for
exactly one G’ € Foi(G). It suffices then to show that for a” e SICfusp(G), the
function

(A-6) a%) = /A ) O (8,8)a’ (8" ds', € Aai(G),
ell

lies in $Zcusp(G). Let d be a fixed elliptic semisimple conjugacy class in G(F),
and let SGeusp(G, d) be the space of germs of functions in SZcy5,(G) around d.
Let d|, ..., d, be representatives of Outg (G’)-orbits of stable conjugacy classes in
G'(F) that are images of d, chosen such that G/, is quasisplit. The image of a% in
SGeusp(G, d) depends only on the image of a’ in the spaces of germs of functions
in SICHSP(G’ ) around d ; We may assume that these images are nonzero for exactly
one j, so that the integral (A-6) is supported on points close to d}. Then for any

3,8’ close to d, d’ and assuming the descent of transfer factors, Lemma A.2 reduces
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a®(8) and a’(8') to orbital integrals on G4 and G!,. Thus d is central in G4, and
by Lemma 4.6(i) it suffices to show that a%(8) lies in SGeusp(G, 1) for 6 close to 1.

Let Ccoffjusp(g(F )) be the subspace of cuspidal functions on g(F’), and let SGeusp(g)
be the space of germs of stable orbital integrals of such functions around 0. It is
a finite dimensional space of germs of functions on A(g). The exponential map
gives a linear bijection from SGcusp(@) t0 SGeusp(G, 1). (This passage from orbital
integrals on the group to germs on the Lie algebra can also be alternately described
by Harish-Chandra descent; cf. [MW16, 1.4.1].) Define also the finite dimensional
vector space

Sgc]:usp (g) = @ Sgcusp (g/)OutG (G) ,
G'eFan(G)

and let

7 Sgcusp(g) - Sgc]l:lsp(g)

be the Lie algebra analogue of .77 on germs. We would like to show that it
is surjective. Fix G’ € F¢1(G) and consider the image of an arbitrary g'(S’) €
SGeusp(@)O%¢ @ in § Glusp(8), where " is belongs to the G-regular elliptic quotient
Ag.en(g)/Outg (G'). In particular, g’ is supported on the regular elliptic locus. By
(A-5), we can express g'(S”) as a finite linear combination
n
g =Y "as'(S.T)). TieAgalg).
i=1
We may choose the bilinear form B’ on g’ to be invariant under Outs (G’), so that
the coefficients ¢; are constant on Outg (G’) orbits. By Howe’s finiteness theorem
applied to g'(F) [How74, Theorem 2], we can choose a compact neighbourhood
Vi of T; in Ag (g’ for each i, such that s'(S", T") = s'(§', T/) for all T’ € V; and
S’ sufficiently small. Altogether, this implies that we can choose a C2°-function o
on Ag.en(g)°" (@) such that
§SH=6 [ (ST (T)dT’
G.ell(g')
for all S sufficiently close to 0. The adjoint relations of Proposition 4.8 have Lie
algebra analogues. Recall that the proof in the group case relies on the stable local
trace formula, and similarly one may employ a stable local trace formula for the
Lie algebra, which is simpler, to deduce the necessary relations. This allows us to
invert the map
CAa@) —~> P C(Aga(@)),
G eFai(G)

thereby giving a function @y € C2°(greg,enn(F)) such that for any G’1 € Fau(G), we
have (pOG " equals o’ if G| = G’ and is trivial otherwise. Extending by zero, we can
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find a function ¢ € C2°(g(F)) such that ¢ = ¢y. By (A-5), it follows that
¢'(8) =97 () =g'(s,
and 91 = 0 for any G, # G'. Thus the map 77 is surjective. O
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