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Mekler’s construction is a powerful technique for building purely algebraic
structures from combinatorial ones. Its power lies in the fact that it allows
various model-theoretic tameness properties of the combinatorial structure
to transfer to the algebraic one. In this paper, we push this ideology much
further, describing a broad class of properties that transfer through Mekler’s
construction. This technique subsumes many well-known results and opens
avenues for many more.

As a straightforward application of our methods, we obtain transfer
principles for stably embedded pairs of Mekler groups and construct strictly
NFOP}, pure groups for all k € N.,. We also answer a question of Chernikov
and Hempel on transfer of burden.
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1. Introduction

Tame classes of groups. Model theorists have a good understanding of the definable
structure of modules and, in particular, of abelian groups. It is well known that any
module is stable, i.e., it does not “code” a linear order. In broader terms, this means
that definable sets in pure abelian groups are “combinatorially tame”. It could be
reasonable to think that other natural classes of groups are also “tame”. However,
as shown by Mekler [Mek81], already the class G, , of 2-nilpotent groups of prime
exponent p — certainly the easiest class of nonabelian groups that one can think
of — can witness all sorts of model-theoretic behaviours; this was extended by many
subsequent works [Bau02; CH19; Ahn20], many of which are directly related to
Shelah’s classification programme.

Classification theory. An essential aspect of Shelah’s classification theory is, very
roughly speaking, based on the idea that the presence/absence of simple combi-
natorial data (e.g. linear orders, random graphs, and more) can give us a lot of
information on the “complexity” of a given theory (e.g. stability, NIP, and more).

The dichotomies given by the presence/absence of combinatorial configurations
allow model theorists to divide (hence the name dividing lines) the class of all first-
order theories into smaller regions, which can then be studied in more detail. Since
the various regions of the model-theoretic universe are defined using combinatorial
data, it is often the case that building combinatorial examples inhabiting each region
is a much easier task than building purely algebraic ones.

Mekler’s construction is now a classical technique for building a purely algebraic
structure (a 2-nilpotent group) from a purely combinatorial one (a “nice” graph).
We will review the basic ideas of Mekler’s construction in Section 2.1, but for now,
the reader should keep in mind that this construction is done in a way that has been
shown to preserve the presence (and absence) of various kinds of combinatorial
data, such as, for instance, A-stability [Mek81], nonindependence property (of any
arity n € N), the tree property of the second kind [CH19]. See Fact 4.1 for an
exhaustive (to our knowledge) list of properties preserved by Mekler’s construction.

Hodges somewhat ironically referred to this fact as Murphy’s law for 2-nilpotent
groups. Far from being a negative fact, Murphy’s law for 2-nilpotent groups
justifies the rather reassuring hope that even the most subtle combinatorial property,
if satisfied by an ad-hoc combinatorial example, is probably also satisfied by a pure
2-nilpotent group.

Main results of the paper. Our paper aims to push the ideas discussed in the
preceding paragraphs further by developing a method that allows us to prove
general transfer principles for groups obtained via Mekler’s construction. In a
precise sense, we show that Mekler’s construction preserves the presence/absence of
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all interesting combinatorial data characterised through generalised indiscernibles
(all these concepts will be explained in detail later in the paper). Let us call a
Mekler group any group elementarily equivalent to a group obtained by Mekler’s
construction. The first main result of this paper is the following:

Theorem A. Let T be a Ramsey structure, and J a reduct of . Let M be a Mekler
group and C its associated nice graph. The following conditions are equivalent:

(1) C collapses Z-indiscernibles (resp. to J-indiscernibles).

(2) M(C) collapses T-indiscernibles (resp. to J-indiscernibles).

Ramsey structures! are suitable indexing structures, and in particular, indis-
cernible sequences indexed by a Ramsey structure satisfy desirable properties similar
to (ordered)-indiscernible sequences. A structure M collapses Z-indiscernibles if
all Z-indiscernible sequences in M are indiscernible in a strictly stronger way (see
Definition 2.20). In particular, this theorem shows that the class G, , does not lie
in the tame side of any dividing lines characterised by the collapsing of generalised
indiscernibles.

This result is proved in Section 4.3. As mentioned, Theorem A generalises
many previously known results, and we briefly explain this in Section 4.3. In this
paper, a novel use of this theorem is the construction of examples of NFOP; pure
groups for all k£ € N.,, confirming an expectation of Abd Aldaim, Conant, and
Terry [AACT2S5, Remark 2.13].

We also take the occasion to give a negative answer to a problem of Chernikov
and Hempel [CH19, Problem 5.8] in Section 4.4.2, where we observe that if C
is any infinite nice graph, then its Mekler group M(C) has arbitrarily large finite
burden.

The method we developed also allows us to study pairs of Mekler groups and, in
particular, to state a transfer principle for stably embedded pairs of models. A stably
embedded pair (M, M) consists of an elementary extension M < M’ where all
types over M realised in M’ are definable over M.

Theorem B. Let M < M’ be an elementary extension of Mekler groups of respective
graphs C and C'.

(1) M is stably embedded in M’ if and only if C is stably embedded in C'.

(2) M is uniformly stably embedded in M if and only if C is uniformly stably
embedded in C'.

For a precise definition, see e.g. [NeS05].
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This theorem is proved in Section 4.1. To our knowledge, this is the first transfer
principle for Mekler groups for a property that depends on the model itself and not
just on its theory. This suggests that other model-theoretic properties of Mekler
groups, depending on the models, can be reduced to the study of their graphs.

To prove Theorem A and Theorem B, we give a new relative quantifier elimina-
tion result from the Mekler group M(C) down to its nice graph C (modulo finite
imaginaries), which we believe is of independent interest. This occupies all of
Section 3, and is then used in Section 4 to prove the main theorems.

We also give an alternative and faster proof of Theorem A in Section 5, under the
additional (but mild) hypothesis of specific collapsing (see Definition 2.20). The
two proofs are very different in nature, and we consider them both to be of interest.
Finally, in Section 6, we conclude with open questions about transfers for Mekler
groups, which we think could be answered by an adaptation of our methods.

Related results. The results and methods presented in [dMRS25], which build
in part on the work of Baudisch [Bau02], represent a significant breakthrough
in the model-theoretic study of nilpotent groups of finite exponent. The authors
successfully employ the Lazard correspondence as a model-theoretic bridge between
the theory of Lie algebras and the study of nilpotent groups of prime exponent.
Among several classification results, they show that G, ,, the Fraissé limit of
the class of Lazard groups of exponent p and nilpotency class ¢ equipped with
predicates for the Lazard series, is a strictly NIP,. pure group. Furthermore, they
show that G, , is NFOP; (see [dMRS25, §3.3]).

Our approach in the present paper is rather different, as we restrict to the class
of 2-nilpotent groups, and do not fix any particular complete theory of groups.
However, the complementary points of view with [{MRS25] may suggest further
development: can the various results concerning Gi » be encapsulated in a more
general transfer principle? Or, can Mekler’s construction be adapted to groups of
higher nilpotency class? We do not address these questions in this paper, leaving
them for potential (ambitious) future work.

Notation. Throughout this paper, we assume familiarity with first-order logic and
basic model theory (types, saturation, monster models). All of this material can
be found in [TZ12, Chapters 1-5]. Our notation is either standard or explained.
We denote by Lg, the language of groups with inverse {- ,~1', 1}, often identified
with {4, —, 0}, in the context of abelian groups. Not all functions mentioned
in the remainder of the paper will be defined everywhere; to remedy this, for
notational convenience, languages include by default a constant symbol u, standing
for “undetermined”. This will be used (in the obvious way) for functions whose
actual domain is smaller than the base set.
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2. Preliminaries

To keep this paper self-contained, we will start our preliminaries by giving a brief
exposition of Mekler’s construction in Section 2.1. This construction originates
from [Mek81]. We will then briefly review some basic facts around generalised in-
discernibles and Ramsey structures in Section 2.2. Specific examples of generalised
indiscernibles (and how collapses thereof characterise model-theoretic dividing
lines) will also be discussed in more detail in Section 2.3.

2.1. Mekler’s construction. A standard reference for Mekler’s construction is
[Hod93, Appendix A.3], and we will closely follow the notation and terminology
given there. Several refinements (and some corrections) to statements of [Hod93]
were given by Chernikov and Hempel in [CH19, Section 2], and we will include
some of them here as well. This section is purposefully laconic, and we refer the
reader to both [Hod93] and [CH19] for more information and proofs.

Definition 2.1. A graph? C = (V, E) is called nice if it satisfies the following
properties:
@ V=2

(2) For any two distinct vertices vy, v € V there is some vertex v € V' \ {vy, v}
such that {v{, v} € E and {vy, v} € E.

(3) There are no triangles or squares in the graph.

Example 2.2. Natural examples that we will consider are infinite, but it can be
useful to think of finite ones. The simplest, and only, example with at most 5
vertices is the pentagon, and can be used as a building block to build larger finite

examples.

Conditions (1)—(3) above are mild conditions on the graph, in the following
sense:

Fact 2.3. Any structure in a finite relational language is bi-interpretable with a nice

graph.

ZA graph is a structure in a relational language with a single binary relation E which is assumed
to be irreflexive and symmetric.
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Many proofs exist of this well-known fact (for example in [Hod93, Theorem 5.5.1,
Exercise 5.5.9]), so we have opted not to include our own.

For any graph C and odd prime p, we write M(C) for the 2-nilpotent group
of exponent p which is generated freely in the variety of 2-nilpotent groups of
exponent p by the vertices of C, with only relations those imposing that two
generators commute if and only if they are connected by an edge in C.

Definition 2.4. If C is a nice graph, we call M(C) the Mekler group of C. More
generally, we say that a group is a Mekler group if it is elementarily equivalent to a
group M(C), for a nice graph C.

Example 2.5. Consider the pentagon P, and the Mekler group G := M(P). One
can show that G is a special p-group, with centre Z :=C 15, and quotient G/Z :=C [5,,
where C), is the cyclic group of p elements.

An axiomatisation of the theory of Mekler groups can be found in [Hod93,
Appendix A.3]. We now recall some standard terminology.

For the remainder of this section, fix a nice graph C and let M(C) be the 2-
nilpotent group of exponent p, constructed as above. We write Z for the centre of
M(C).

Definition 2.6 (equivalence relations ~ and &). We define the following two
equivalence relations on M(C):

(1) Centraliser: g~ h if and only if C(g) = C(h), where C(g) denotes the centraliser
of g.
(2) Powers modulo centre: g ~ h if and only if there is some ¢ € Z and some
aefl,..., p—1}such that h = g%c.
Remark 2.7 [Hod93, Lemma A.3.3]. The equivalence relation ~ refines ~, that is,
for all g, h € M(C), if g ~ h then g ~ h.
Definition 2.8 (types and isolation). Let g € M(C) \ Z and g € N.
g is said to be of fype g if [g]~ splits into exactly ¢ many ~-classes.
g is called isolated if every noncentral element that commutes with g is ~-
equivalent to g.
If g is of type g € N, it is said to have type ¢' if it is isolated and type ¢"
otherwise.
By convention, central elements are excluded from this definition.

Remark 2.9. For all g € N, each of the sets of elements of type ¢, ¢' and ¢” in
M(C) are @-definable, since ~ and ~ are &-definable.

Fact 2.10 [Hod93, Lemmas A.3.2, A.3.6-A.3.10].
Um—1

(1) Every element of M(C) can be written in the form ago <-a," zwherem € N,
a; € Cdistinct,; €{1,...,p—1}and z € Z
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(2) The derived subgroup [M(C), M(C)] is the centre Z.
(3) Elements of the form a®z wherea € C,a € {1, ..., p—1},z€Z, are of type 1".

(4) Elements of the form ay’ay"z where a; € {1, ..., p— 1}, a; € C are distinct
and connected, are of type p — 1.

(5) Elements of the form g .= ago . -af,;'fllz wherem >2,a; € {1,..., p—1},and
a; distinct and connected to a unique vertex a € C, are of type p. This vertex a
is called the handle of g.
Um—1

(6) Elements of the form ay° - - - a,"~| z with distinct vertices a; € C and where no
vertex in C is connected to all a;’s are of type 1.

In particular, noncentral elements of M(C) can only be of type p*, (p — 1)", 1V
or 1‘, thus, we will suppress the superscript v, when discussing elements of type
p' or type (p — 1)”. Moreover, elements of type p — 1 are exactly those elements
that can be written as the product of two ~-inequivalent and connected elements of

type 1.

Notation 2.11. We denote by €", € and &' the set of elements of type respectively
1V, p and 1‘. Those subsets of M(C) are definable in the language of groups.

Definition 2.12 (graph I'). Let X be a subset of a group G, such that X is closed
under the equivalence relation ~. We define I'(X) to be the set X/~ equipped with
a graph relation E given by [a]~ E[b]~ if and only if a and b commute in G.

By [Hod93, Theorem A.3.10], the graph C is interpreted by (I"(&¢"), E), which
is an imaginary sort of M. The main goal of this paper is to describe (generalised)
indiscernible sequences in a Mekler group (recall that, in this paper, a Mekler group
is a group elementarily equivalent to M(C), for some nice graph C). To this end,
we need a general description of the elements of M. Notice that Fact 2.10 fails to
give a description of elements in all Mekler groups. Indeed, by compactness, we
should expect elements which cannot be written as a finite product of elements of
type 1V. We will construct independent sequences of elements that can be extended
to a transversal (definition below). First, we clarify our notion of independence:

Definition 2.13 (independence). Let G be a group of exponent p. Let & be a subset
of G and a a tuple of elements in G. We say that a is independent over € if for all
Lgrp-terms ¢ (x, y) and elements b€ €, if G =t(a, b) =1,then G |= (Vx) t (x, b) = 1.

When the group G is abelian (of exponent p), this notion of independence
coincides with linear independence if we view G as an [ ,-vector space.

Definition 2.14 (transversal). Let M = (G, -, 1) be a Mekler group. A transversal
of M is a set X which can be written as the union of three disjoint sets X", X?, and
X' where
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e XV is a subset of €¥ independent over Z and maximal for this property,
e X7 is a subset of &” independent over (Z, ") and maximal for this property,

e X'isasubset of &' independent over (Z, ¢V, €”) and maximal for this property.

Every Mekler group M admits a transversal X, and all elements of M can be
written as a finite product

r S S Ik
all...a:l gll...grSrl wll...wkl‘z’

where a; € X", g; € XP, w; € X',z € Z pairwise distinct and r;, s;, t; are in

{1,..., p — 1}. This description is unique once we have fixed an order on the

elements of X. We therefore often see X as a tuple rather than a subset.

Fact 2.15 [CH19, Lemma 2.7]. For every small (possibly infinite) tuple x, there
is a partial type ¢ (x) such that M = ¢ (x) if and only if x can be extended to a
transversal of M.

This description of elements of M (which is usual in the literature of Mekler
groups) can be made more precise: Let X¢ be a subset of Z independent over
(€Y, &P, ¢, and maximal with this property. Then an element z of the centre can
be written as

[T by T 2™,
x,yeX zeX¢
where n;, n, , € {0, ..., p— 1} are almost all trivial. Again, we have uniqueness
if we fix orders on X¢ and X (and if we consider the lexicographic order on X?).
This follows easily from [Hod93, Axiom 8].
Thus, every element of M can be written in the form

[ T1 beor [T 2

xeXx x,y€X zeX?

We call X"XPX'X* a full transversal of M.

2.2. Generalised indiscernibles. Throughout the paper, if S is a first-order struc-
ture, we let dom(S) denote the domain of S. In this section, we fix a language £
and a countable language £'. Let T be a £L-structure with a monster model Ml and
let Z be an £’'-structure.

Definition 2.16 (generalised indiscernibles). Given an Z-indexed sequence of tuples
(a;)ier from M, and a small subset A of M, (a;);c7 is called an Z-indiscernible
sequence over A, if for all positive integers n and all sequences iy, ..., iy, ji,---, Jn
from Z we have that if

qftp% (i1 ..., i) = qftp% (1o .. -+ jn)
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then
tp(C_lil, e. ,C_lin/A) :tp(é_ljl, .. ,C_ljn/A).

If A =0, (a;)iez is called an Z-indiscernible sequence.

We will always assume that the indexing structure Z is a Ramsey structure, i.e., the
Fraissé limit of a Ramsey class. The crucial fact about sequences indexed by Ramsey
structures is that the conclusion of the standard lemma [TZ12, Lemma 5.1.3] holds
for them. More precisely, we have the following theorem, originally due to Scow,
[Scol5], later generalised in [MP23]:

Theorem 2.17 (generalised standard lemma). Let £’ be a first-order language and
T an infinite, locally finite L' -structure. The following conditions are equivalent:

(1) Age(Z) is a Ramsey class.?
(2) Z-indexed indiscernibles have the modelling property.

The precise definitions of a Ramsey class and of the modelling property will be
omitted, but we will recall all the other tools we need in this paper. For a proper
introduction to these concepts, we direct the reader to [Bod15; Scol5]. We only
recall the notion of sequence locally based on another:

Definition 2.18 (locally based). Let M be an £-structure. Given indexing structures
7 and [ in the same language, an [-indexed sequence (a; : i € dom(l)) in M is said
(locally) based on (b; : i € dom(Z)) if for any finite set A of £-formulas and any
finite tuple (i1, ..., i,) from [ there is a finite tuple (ji, ..., j,) from Z such that

o qftpy(ir, ..., in) = aftpz (i, - -, jn)s
o tp2 (i, ..., a;,) =tp*(bj, ..., bj).

Definition 2.19 (reduct). Let Z and .7 be structures on the same domain. Then 7
is a (first-order) reduct of T if every relation and every function in J is definable in
7 without parameters. We say that 7 is a strict reduct if it is a reduct of Z, and J
and Z are not interdefinable.

Definition 2.20. Let Z and J be two structures and assume that 7 is a reduct of
Z. A structure M collapses indiscernibles from T to J if every Z-indiscernible
sequence in M is a J-indiscernible sequence. A complete theory T collapses
indiscernibles from T to J if the monster model collapses indiscernibles from Z
to J. We say that T collapses T-indiscernibles if it collapses any Z-indiscernible
sequence (a;);c7 to J-indiscernible sequence, where 7 is some strict reduct of Z
(depending on the sequence (a;);ez7)-

3Recall that the age of a structure Z is the class of all its finitely generated substructures, denoted
here by Age(Z).
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2.3. Model-theoretic dividing lines.

2.3.1. K-configurations. The notion of K-configurations originated from the work
of Guingona and Hill [GH19] and was further developed in [GPS23]. In this section,
we will fix a relational first-order language £’ with signature Sig(£’) and an arbitrary
first-order language £. We abusively use the symbol £ to also denote the set of
(parameter-free) £-formulas. Throughout, we will use X to denote a class of finite
L'-structures closed under isomorphism.

Definition 2.21 (X-configuration, [GPS23, Definition 5.1]). An L-structure M
admits (or codes) a K-configuration if there are a positive integer n, a function
I :Sig(L") — L and a sequence of functions (f4 : A € X) such that

(1) forall AeX, fa: A— M", and

(2) for all R € Sig(L'), for all A € K, for all a € AR,

AER@) <= MEIR)(fala)).

A theory T admits a K-configuration if there is a model M |= T which admits a
XK-configuration. We denote by Cy the class of theories that admit a K-configuration,
and by NCx the class of theories that do not admit a K-configuration.

Example 2.22.

o The dense linear order (Q, <) codes (but does not interpret) the discrete order
(N, <, P1) where P; := {(n, n+ 1)}. Indeed consider an increasing sequence
(a;)ien. An Age(N)-configuration is given by:

(1) for JCN, fy:neJ— (ay, any1) € Q?,
Q) 1(<)(@% = {(a,b), (@, D) :a <a'} and I(P)(Q?) = {(a, D), (@, V) :
a=">b'}.

o A theory T is stable if and only if it does not admit a Age(Q, <)-configuration.
In other words, if and only if it does not code a linear order.

e A theory T is NIP if and only if it does not admit a K-configuration, where K
is the class of all finite graphs.

The following theorem originally appeared in [GH19, Theorem 3.14] with the
additional assumption that Age(Z) is a Fraissé class with the strong amalgamation
property. Later, in [MPT23], it was extended to remove this assumption, and this is
the version we present below.

Theorem 2.23 [MPT23, Theorem 3.3]. Let Z be an Ry-categorical Fraissé limit of
a Ramsey class. The following conditions are equivalent for a theory T':

(1) T € NC7.
(2) T collapses L-indiscernibles.
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2.3.2. The NFOPy, property. Most of the classical model-theoretic dividing lines
(such as stability, NIP and NSOP; see [She90]) are essentially binary (in that the
local combinatorial configuration whose absence guarantees strong structure results
is one given by formulas in two tuples of variables). In recent years, the power of
these dividing lines in finite graph-combinatorics has become evident, for instance,
in the stable regularity lemma of Malliaris and Shelah [MS14]. Finding appropriate
dividing lines that allow us to prove similar results for hypergraphs is one of the
most prominent topics in the nexus of model theory and combinatorics.

In recent years, it has become evident that these dividing lines should not be
binary. The k-independence property is one of the more well-established higher-
arity dividing lines, generalising the independence property. In [AACT25], a rather
robust higher-arity generalisation of stability, called the order property, is developed
via the functional order property.* As this material is not (yet) standard, we provide
a brief summary below and refer the reader to the introduction of [AACT25] for a
historical account of the concept.

Definition 2.24. Let T be a complete L-theory and & € N. An £-formula

O, X1 ..., Xg)
has the k-functional order property (FOPy) in T if there is a model M =T and
o asequence (dr) r.,t-1-5, Of elements in M~,
e sequences (blf )i<w Of elements in M* for 1 <t <k,
such that
MEg(ag, bl ..., b}) < ix < fli1, ... i-1).

The theory T is NFOP; if no (k + 1)-partitioned formula has FOP in T'.

One of the results from [AACT25] that will be important in this paper is a
characterisation of FOP;, via collapsing indiscernibles. We will recall this in the
sequel, but first, we need to introduce some terminology.

Let k be a positive integer. We denote by £ the language

Ly =A{P1,..., Prs1, <, <k, R}.
We let O denote the k-ary relation Py X --- X Pg.

Definition 2.25 [AACT25, Definition 3.12]. Define T} to be the L;-theory consist-
ing of the following axioms:

(1) Py, ..., Pxyq is a partition.

(2) < is alinear order with P| < ... < Py41.

4 Alternative notions can be found in the literature, such as Takeuchi’s NOP; dividing line.
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(3) R only holds on P; X ... X Py4; (which we also view as Q X Pyy1).

(4) <y only holds on Q x Q, and is a linear order on Q.

(5) Forany x,y € Q and w, z € Py41, ()E <k VARG, w)Aw < z) — R(x, 2).
Definition 2.26. We denote by 3, the class of finite models of 7.

Fact 2.27 [AACT?25, Corollaries 3.15 and 3.16]. H; is a Fraissé class with the
Ramsey property. In particular, the Fraissé limit Hy has the modelling property.

Fact 2.28 [AACT25, Theorem 4.15]. Let T be a complete theory with monster
model M. The following are equivalent.

(1) T is NFOPy.
(2) Every Hy-indexed indiscernible sequence in M is (Ly \ {R})-indiscernible.

3. Relative quantifier elimination

We deal, in this section, with quantifier elimination in Mekler groups. We refer the
reader to [Rid17, Appendix A] for basic definitions of relative quantifier elimination
and related notions. We recall simply here the key concept of a closed sort:

Definition 3.1 [Rid17, Definition A.7]. Let M be a multisorted structure. A set
of sorts X is called closed if any predicate involving a sort in X and any function
with a domain involving a sort in X only involves sorts in X.

A sort S will be abusively called closed if S°9 is closed. A closed sort has good
syntactical properties and all results of quantifier elimination presented in this paper
will be therefore relative to a closed sort.

Let C = (V; E) be a nice graph. As shown by Mekler, and summarised in the
previous section, the graph C is interpretable in the Mekler group M(C) = (G, -, 1).
The goal of this section is to provide a detailed description of the “definable structure”
of M(C), relative to the “definable structure” of C. We will proceed in a step-by-step
fashion, summarised in this reduction diagram:

M(C) = D

FG)={G/Z,-, D, (Z,-,1),[-,-1:(G/Z)> - Z} where Z := Z(G)

(G
(G/Z,0,4+, R) where R :={(a+Z,b+Z) : [a,b] =1}

|

C=(V,E).

Here a vertical arrow A — B should be understood as a relative quantifier elimination
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statement of the form
“A eliminates quantifiers relative to B¢4.”

The precise languages in which this happens will be introduced in the following
paragraphs. These results will be enough for our practical purposes. As discussed
in the introduction, the purpose of each relative quantifier elimination A — B
is to obtain transfer principles, and notably a characterisation of (generalised)
indiscernibles in A relative to (generalised) indiscernibles in B. This will be done
in the next section, where we will also point out how these characterisations allow
us to establish various transfers of dividing lines.

Notice that one cannot simply “combine the arrows” of our reduction diagram,
as we eliminate quantifiers relatively at the cost of adding (finite) imaginary sorts
(which is why an arrow A — B indicates that A eliminates quantifiers relative to
B*9 rather than B). In fact, we will not present a complete quantifier elimination
result from the Mekler group M(C) to the nice graph C, as it seems to us that
such a result would involve a complicated language and will not reveal much more
information than our results. This appears to be due to the fact that our structures
do not eliminate finite imaginaries,> and we do not attempt to find sorts in which
the various structures eliminate (finite) imaginaries.

3.1. First reduction: from G to F(G). Let G be a 2-nilpotent group of exponent
p. For the remainder of this section, we will denote by Z its centre, Z(G). As in
[Bau02], 7(G) will denote the structure

F(G):=((V,+,0), W, +,0), B: VXV —=>W),
where
e (V, +, 0) denotes the [ ,-vector space (G/Z, -, 1) (with additive notation),
e (W, +, 0) denotes the [ ,-vector space (Z, -, 1) (with additive notation),
e B:V xV — W denotes the commutator map, that is,
B:G/ZxG/Z—Z, (amodZ,bmodZ)+ [a,b].

Notice that these sorts are all interpretable in the language of groups, so we can
expand (G, -, 1) to a structure in the (multisorted) language L, 7(c) (following the
notation above):

{(G,-, 71 D), W, 4,00, W, +,0), B: VXV W, 7:G—>V, p:G— W),
where
e 1 : G — V denotes the natural projection map,

5See [TZ12, Definition 8.4.9(1)].
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e p: G — W denotes the “inverse” inclusion map, that is,

0 ifg¢z

G —>W, = .
P 8 {g ifgeZ.

The following fact is a reformulation of [Bau(02, Corollary 3.1].

Fact 3.2. Let G be a 2-nilpotent group of exponent p. Then, (G, -, 1) eliminates
quantifiers relative to F(G), in the language L. r(G).

Thus any Lg,-formula ¢ (x) is equivalent, modulo Th(G), to a formula of the
form

br) (T (1 (X)), p(t(X))),

where ¢rG)(y, ) is a formula in the language {(V, +, 0), W, +,0), B}, and t is
a tuple of Lg,,-terms.
In particular, the formula
t(x)=1

for a term in Lg, is equivalent to
Tt (x))=0Ap((x)) =0.

Sketch of proof of Fact 3.2. We apply the well-known criterion for relative quan-
tifier elimination and argue by back-and-forth and saturation. Let G and G’ be
2-nilpotent groups of exponent p, such that G’ is |G|-saturated and with isomor-
phic substructures H = (H, Hr) € (G, F(G)) and ®' = (H', H}) € (G', F(G")).
Let f = (fg, fr) denote the isomorphism between H and ', and assume that
fr: Hr — H is elementary. By saturation, fr can be extended to an embedding
ff of F(G) into F(G"). Arguing as in [Bau02, Corollaries 3.1 and 3.2], we can
extend fg U fr to an embedding of f of (G, F(G)) into (G', F(G")). O

We call the structure {(V, +, 0), W, +,0), B: V2 W} an alternating bilinear
system of [ ,-vector spaces. As shown by Baudisch, in [Bau02, Section 3], Fis a
functor from the category G, , of 2-nilpotent groups of (finite) exponent p to the
category B, of alternating bilinear systems of [ ,-vector spaces.

When G is a Mekler group F(G) enjoys an additional property which will be
defined now and will be useful for our analysis.

Definition 3.3. Let {(V, +,0), W, +,0), B : V2 W} be an alternating bilinear
system, and let V' C V be a subspace.

A basis (v;); of V' is called separated if for all sequences («; )i~ ; of scalars

with only finitely many «; ; nontrivial, if

> e B, vj) =0,

i<j
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then for all i < j, either o; ; =0 or B(v;, v;) =0.

e {V,+,0), W,+,0), 8: Vs W} is called separated if it admits a separated
basis.

Example 3.4. Let V be any vector space.

(1) The bilinear system (V,V AV, A), where V AV is the wedge product, is
separated. This follows from the fact that for any basis (v;); of V, (v; Avj)i<;j
is a basis of V AV, by the universal property of the wedge product.

(2) Let vy, vy, v3, v4 be a basis of V. Let W be V AV/(v; A vy —v3 Avg) and
B : V> — W be induced by the wedge product. Then the bilinear system
(V, W, B) is not separated. Indeed, for all linearly independent vectors v, v" €
V, observe that (v, v') # 0. Therefore, a separated basis of VV would give six
vectors linearly independent in W, but dim(W) = 5.

(3) If ¥ has dimension < 2, then any bilinear system of the form (V, W, B) is
separated.

If V is infinite-dimensional, then separatedness of V is a priori not a first-order
property. In the case of Mekler groups, we can, in a first-order way, express the
stronger property that any finite-dimensional vector subspace is contained in a
finite-dimensional separated vector subspace. To this end, we need the following
fact, which is a slightly weakened reformulation of [Hod93, Axioms 8 and 9]:

Fact 3.5. Let k, m, n be integers and let g, . . . g,—1 be a sequence of independent
elements in a Mekler group M such that
® g0,..., 81 areof type 1",

* 8k, ..., 8m—1 are of type p, and no product of g, . .., gm—1 is a product of at
most k + 1 elements of type 1",

® Zm, ..., 8&n—1 are of type 1', and no product of g, . .., gn—1 is a product of at
most m + 1 elements of type 1° or of type p.

Thengyo mod Z, ..., g,—1 mod Z is a separated basis of (go mod Z, ..., g,—1 mod Z)
in F(G).

Corollary 3.6. There is a function f : N — N such that the following holds: For G
a Mekler group, let (V, W) denotes F(G). Then,

every vector subspace of V of dimension n is included in a separated
vector space of dimension at most f(n). (k)

Proof. We show that f(n) =2%". Let V be a vector space of dimension 7, and let
0 <k <m <n be integers and go, ... g,—1 a basis of V such that

* g0,...,8k1 are of type 1",
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* gk, ..., 8m—1 are of type p,
® gm,...,8n—1 are of type 1%

By induction on (n —m, m — k, k) with the lexicographic order, we show that V
is included in a vector space of dimension at most (k + 1)2m+D2"" =k (which is
less than 22"). If go, ... gn—1 satisfy the conditions of Fact 3.5, then go, ... g,—1 is
separated and there is nothing to show. If not, then at least one of the following
holds:

« there is a product of the g;’s, m <i < n, which is a product of at most m + 1
elements ho, ..., h, of type p or 1V, or

o there is a product of the g;’s, k <i < m, which is a product of at most k + 1

elements hyo, ..., iy of type 1V.
In any case, we consider the vector space V' generated by go, ..., &n—1, 10y - - . » I
(resp. go, - - - » &u—1, ho, - .., hy ) and assume that hy, . .., h; are independent. Let
8iy» - - - » 8, be a proper subset of the g;’s such that g;,, ..., g, ho, ..., h, (resp.
8igs - - - » &ip» Mo, - - ., hg) 1s a basis of V. By induction, V is included in a vector
space of dimension at most (k + 1)22m+22"™" " =k (regp. (2k + 2)2(m+D2" " k=1
which is equal to (k + 1)20m+D27" =k, O

This bound is probably not optimal. In fact, as far as we know, an optimal bound
could be f(n) =n, i.e., every vector subspace of V could be separated.

3.2. Second reduction: From {(V,+,0), W, +,0), 8} to (V,+,0, R). We
now analyse the definable sets in the bilinear system F(G). We define a binary
relation on V by

R :={(vo, v1) | B(vo, v1) = 0}.

Heuristically, by separatedness, one should be able to recover all the first-order
expressiveness of F(G) from the structure (V, R, +,0). However, within the
structure {(V, +, 0), W, +, 0), B : V> — W), the sort V is not closed in the sense
of Definition 3.1. This needs to be addressed first. Since vector spaces do not
eliminate finite imaginaries, this will come at the cost of introducing sorts B, for
all positive integers n, which are a certain quotient of P<, (V"), the set of subsets
of n-tuples in V of size less than a integer k, depending on n.

For n € N, we denote by A, (FF,) the (finite) set of antisymmetric (i.e., skew-
symmetric) n X n matrices A = (a; ;) with coefficients in [, and by A(F,) the
union of A, ([F,), for all n € N.

For n € N, let W, be the set

Wy ={wew ‘ Fo0, -+ a1 €V, 3@ ) € Ag(Fy) st w= 3 a B, v,

i<j
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that is, the set of elements of order n. For two positive integers n > m, there is a
natural inclusion of W,, in W, and for every positive integer n, there is a function
+: W,)* = W,, which is the trace of the addition in W.

It follows from separatedness that W,, with the structure above, is an imaginary
of the structure (V, +, 0, R), for all n € N:

Lemma 3.7. Let (V, W, B) be an alternating bilinear system satisfying property
(xyr) of Corollary 3.6, and denote by > the equivalence relation on A,, x V" given
by
(A, 0) = (A V) = Y aijBi,v) =3 a; ;B V).
i<j i<j

Let B, := A, x V"/ ~. Then:

(1) The equivalence relation > is interpretable in (V, +, 0, R).

(2) The set B, is an imaginary sort of (V, +, 0, R) and can be identified with W,.
(3) The addition + : W,)? — W, is also interpretable in (V, +, 0, R).

Notice that [, W, is (B(V, V)), the F,-vector subspace of VW generated by the

image of B, and it is not equal to W in general.

Notation 3.8. Let (V, W, B) be a bilinear system satisfying property (xf), and let
> be the equivalence relation defined in the above lemma. For A € A,([F,), we
write

7a:V'—> By, v (A, 0)/>,

for the natural projection, and
w (Avt_))/: ifw:zl'<jai,jﬁ(vivvj)’
u if w ¢ W,

for the reverse inclusion. Recall that the constant symbol u is interpreted as “unde-
termined”.

fn:W_>Bn,

Proof. (1) By assumption, property (x) holds, and the vector space V := (v, v') is
included in a separated vector space V' of dimension at most f (n), where n is the
dimension of V. Given a separated basis iz = (u;) of V', the equality

Zai,jﬁ(vi, Uj) = Za,{,jﬂ(v,{, v;)
i<j i<j
can be rewritten in this basis to give an equation
> i jBlui uj) =0,
i<j

for coefficients ¢; j € Fp. Therefore, 3, _; a; jB(vi, vj)=>_;_; a; ;f(v;, v}) holds

if and only if, in some basis u of a vector subspace of dimension at most f(n), for
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alli < j,c;j=00r (u;,u;) € R. It follows that the equivalence relation >~ can be
written using only the addition in V and the predicate R.

(2) Immediate.

(3) By property (7), we can work in a finite-dimensional separated vector subspace.
Consider two elements w’, w” and an appropriate separated basis (v;); ,, with A" =
(a,{,j), A" = (a,,fj) € Am([Fp)9 such that f,, (w') = ma (v;) and fi, (") = w47 (v;).
Suppose that A = A" + A”. Then, we simply have f,(w' 4+ w”) = w4 (v;).
Therefore, for b, b, b” € B,,,
Jw, w' eW, (fu(w) =b"A fu(w") =b"A fu(w+w')=b)
holds if and only if for some m < 2n, there are A’, A” € A,,(F,) and v' € V" such
that w4/ (V) = b', ma» (V) = b" and a4 47 (V) = b. The statement follows. O
Of course, we can recover the alternating map by considering the function fj4,

where A = (7(1) (1)) Then, for a nontrivial w € W we have that f>(w) = w4 (vg, v1)

if and only if B(vg, v1) = w. In particular:

Corollary 3.9. The structures
{V, +,0), W, +,0), B: V2> W)
and
{V,4+,0,R)*I, W, +,0), w4 : V" = By, fu:W— B;neN, AeA,F,)}

are bi-interpretable.

Proposition 3.10. An alternating bilinear system
{(Vv +’ 05 R)eqv (W’ +’ 0)7 T[Av fna n E Na A e A}’l}

having property (xy) of Corollary 3.6 eliminates quantifiers relative to (V,+,0, R)*9.

In particular, in such a bilinear system {(V, +, 0, R), OV, +, 0), B}, every for-
mula ¢ (wy, ..., Wy; V1, ..., V,), whereneN, vy, ..., v, eVandwy,...,w, €W,
is equivalent to a Boolean combination of formulas of the form

e > ajw; =0 where the ¢;’s are in [ ,, and

o dv(funO ariw;), ..., fu(O akiw;), V) where ¢y is a formula in the language
of (V,+,0, R)*Y, and the a;;’s are in [,.

ThusV is a stably embedded sort and the induced structure onV is given by (V,+,0, R).

Remark 3.11. Let us briefly argue why the nonelimination of finite imaginaries
prevents us from exhibiting a simpler language for quantifier elimination. Consider,
for instance, an element of WV of the form

Bla,b+c)+B(d,c)=pa,b)+p(a,c)+B(d,c)=p(a,b)+p(d+a,c),
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where a, b, ¢, d € V form a separated basis. At this level of generality, none of these
three forms can be favoured over the others, and thus we do not try to distinguish
between all the possibilities.

Remark 3.12. We can deduce the weaker statement that {(V, +, 0), (W, +, 0), B}
eliminates YW-quantifiers. For instance, a formula of the form

v (fu(w), v),

where ¢y is a (V, +, 0, R)®9-formula, can be rewritten as
Jp, ..., v, € Vm(¢>{,(v/1, U, D AW =Y a; i BV, v}))

for some appropriate integer m, and an appropriate {V, 4, 0, R}-formula ¢],. The
predicate R can then be eliminated using the function 8.

Proof of Proposition 3.10. Let
M:={(V, +,0, RB)*I, W, +,0), p} and N:={(0V,+,0, R)*, W, +,0), B}

be alternating bilinear systems satisfying property (x7) of Corollary 3.6. Let o =
(oy, ow) : A— B be an isomorphism between two substructures A= (Ay, Ayy) and
B = (By, Byy) of M and N, respectively. Suppose furthermore that oy, : Ay, — By
is elementary. It suffices to show that we can extend ¢ to an embedding & of M
into AV. By elementarity, we can extend oy, to &y : V9 — V',

By identifying W, with B,,, we may assume that W, C A,y for every n. It
remains to show that the map o can be extended to the elements w with nonfinite
order, i.e., such that f4(w) = u for every n and A € A, (F,). Take any vector space
W,, such that Ayy @ W,, =W, and let (w;);<; be a basis of W,,. By saturation, we
can find |/| many vectors (wlf )ier of W such that (w;),-E ; are linearly independent
over By U(J, W,. Then it follows that mapping w; — w/ gives an extension of
the embedding o : W — W', O

3.3. Third reduction: From (V, +, 0, R) to C. We go back to Mekler groups and
multiplicative notation. Let C = (V, E) be a nice graph, and G = M(C) be its
Mekler group. Let Z denote the centre of G. By Corollary 3.6 and Proposition 3.10,
we now know the induced structure on G/Z. It is given by
(G/Z,-,1,R),
where
R:={(a+Z2,b+72)|[a,b]=1}.

The equivalence relations a ~ b and a ~ b pass to the quotient modulo Z. Abusing
notation, we will write

e (@ mod Z) ~ (b mod Z) if \/0<n<p b" mod Z =a mod Z,

e (a modZ)~ (b modZ)if Vx xRa <> xRb.



238 BLAISE BOISSONNEAU, ARIS PAPADOPOULOS AND PIERRE TOUCHARD

Similarly, abusing terminology, we will also say that an element a mod Z € G/Z is
of type 1" (resp. 1‘ or p) if a is. The subset of elements of type 1V is of course still
definable and given by the following formula ¢ (x):

XEIAVy(x~y<xxy)A@z[z¢ZAZRxA—(z2~Xx)])

and we recover the nice graph C = (V, E) the same way by considering the quotient
¢(G/Z)/~, where the edge relation E is induced by the predicate R on G/Z. We
want to analyse the definable structure in (V, 4, 0, R) and reduce it to C = (V, E).

Recall from Fact 2.10(5) that an element a of G/Z can be writtena =ag - - - @,/ —1
where n’ eNand ay, . . ., a,y_1 are distinct elements of type 1", and this presentation
is unique once we fix an order on {[a]~ : a € G of type 1"}. We call the set
{lagl~, ..., [aw—1]~} the support of a. If C is infinite, the support is not inter-
pretable, in the sense that there is no formula v (x, y) that holds precisely when x
and y have the same support. However, it becomes definable (with quantifiers) when
we bound the size of the support. Therefore, the function a — {[ag]~, . .., [ay—1]~}
must be added to the language in order to obtain quantifier elimination. This however
is not sufficient. The reason is that, for a general description of elements in an
elementary extension, we must use a transcendental basis. We introduce therefore
in the next definition a language strong enough to reflect this.

If g € G/Z is an element of type p, recall that there is a unique class [a]~ of an
element of type 1", such that g Ra. This class [a]~ is called handle of g, denoted
by h(g).

Definition 3.13. We denote by A, ,, the set of elements a consisting of a product of
at most n elements ay, . . ., a,y—1 of type 1" and of at most m elements g, . .., g —1
of type p such that

(1) go, .-, gmw—1 are not a product of less than n 4+ m + 1 elements of type 17,
(i) [aol~, ..., lanw—1]~, h(g0), ..., h(gm—1) are pairwise distinct.
(iii) [agl~, ..., [ay—1]~ are not connected (according to E) to any of i(go), . ..,
h(gm—1).
Note that these conditions are first-order.
We define

Sn,m : An,m - ’Pén(c)» at— {[Cl()]w, ceey [an/—l]N},
Sy Anm = Pem(C),  at=> {h(go), .., h(gmw-1),
where P, (C) := Ukﬁn Pr(C) denotes the set of subsets of C with at most n

elements.® We set S, ,,(a) = Spm@=uifag¢ A, .

SWe will view P<n(C) as an imaginary sort of C, or if C has elimination of finite imaginaries, as
a definable subset of C".
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The sets A, ,, don’t form a partition: for (n, m), (k,[) € N2, Ap.m N Ak, is not
necessarily empty (for example, A, 0 C An+1,0), and in general,  ,, ,, Anm C G-
However, for any a there is a pair (n, m) € N? which is minimal for the reverse
lexicographic order, such that A, ,(a).

For such a minimal pair (n, m), (ii) and (iii) will be easy to verify and (i) will
hold automatically.

Remark 3.14. Let a, b be elements of a Mekler group M. If (n, m) and (k, [) are

minimal such that A, ,,,(a) and A ;(b) hold,anda=ag---a,—1-80- - - gm—1 1S the
corresponding decomposition, then

* 20,...,8&u—1 are not a (finite) product of elements of type 1",
. Ak+n’l+m(a . b) holds.

However, (k 4 n, [ + m) may not be minimal such that Az, ;4 (a - b) holds. The
more complicated cases in the proofs below arise when this is indeed not the case.

Proposition 3.15. The functions S, , and S, ,, are well-defined and @-definable in
Mekler groups. We refer to them as the support functions.

Proof. Consider G := M(C) the Mekler group associated with a nice graph C and
let a € G. Suppose that we are given two decompositions

a:ao...anil-go--.gmil :aé)".a}/’l—l.gé"‘g;n—l
which satisfy (i), (ii) and (iii) from Definition 3.13. We must show that

{[ao]'\" cee [an—l]’\’} = {[a(/)]’\" cee [a;l_l]N}a
{h(g0). - h(gm-1)} = {h(gp). - .. h(g, 1)}

We start with the latter.

Suppose that i(go) ¢ {h(g{)), cey h(g;n_l)}. Since C is triangle-free and square-
free, for all i’s, go and g; are products of elements of type 1” and at most one
of these elements is in both products. It follows that gy is composed with at
most n + m elements of type 1", which contradicts (i). Therefore, we have that
h(go) € {h(g,),...,h(g,_,)} and, arguing in the same manner, it follows that
(h(80). .. h(gm-D)} = {h(g)). ... h(g}_)}.

Now, we have by assumption that [ag]~ is not equal to and does not commute

with any element of {/ (g(’)), - h(g,’n_l)}. Therefore, [ag]~ can’t be an element
composing any of the glf and we must have [ap]~ = [alf]N for some i < n. More
generally, we have {[ag]~, ..., [a,—1]~} = {[ay]~, ..., [a,_,]~}, as wanted. ~ [J

Remark 3.16. Leta € G satisfy A, . A decompositiona=ag - - - ap'—1-80 - * * §m'—1
such that S, ,, (a) = {[ao]~, ..., [aw—-1]~} and S;,,m(a) ={h(go), ..., h(gmw-1)}1s

almost uniquely determined. If @ = ay---a,,_, - g,---&,»_, is another such
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decomposition, then
* {ao,....ap1} =Hag, ... ap 4},
® {gO (mod V,), ..., 8m'—1 (mOd Vc)} = {g(/) (mOd Vc)7 ceey g;n"_l (IIlOd Vc)}

where V. :=(q; j :i < j <m) is the subgroup generated by the set of connections,
i.e., the elements a; ; of type 1V such that [a; ;] is connected to both A (g;) and
h(g;) (as the graph C is square free, there are (p — 1)m(m — 1)/2 of them). The
connection a; ; can therefore be “included” in the element of type p and handle
h(g;) or in the one of handles h(g;).

In particular, n’ = n” and m’ = m”, that is, the decompositions have the same
length.

The next result lies at the heart of our relative quantifier elimination result. We
postpone the proof to the end of the section, in order to first give more context, as
well as some essential lemmas.

Proposition 3.17. The structure
(G/Z,-, 7" (Awmdnm), C=(V.E), Sym:Anm— P<n(C), S} i Apm— P (C)}
eliminates quantifiers relative to the graph C.

In particular, every formula ¢ (x) in the structure (G/Z, -, 1, R) is equivalent to
a Boolean combination of formulas of the form

o Ay m(t(x)), where n,m € N, #(x) is a group term, and

o dpc(Sp.m(t(x)), S,’Lm(t(x))), where n,m € N, t(x) is a tuple of group terms
and ¢c(xc, x;) is a formula in C = (V, R).

To illustrate this result, we give “main-sorted-quantifier-free” definitions of
important sets (proofs are optional and left to the reader).

o Ago= {1}, Ao\ Ao, is exactly the set of elements of type p, and A1 o\ Ag0
the set of elements of type 1".

« For any element a of type 1” and element g of type p, we have

Si.o(@) ={[al~} and S;(g) = {h(g)).

« Elements of type p — 1 are exactly the elements x with support consisting of
two commuting elements:

Azo0(x) AT, B € Sa0(x) xEB.
» Elements of type 1' are all the other elements:
—A0,1(x) A (mA20(x) V (Az,0(x) Adar, B € Sp.0(x) ~aEB Ao # B)).
Recall that Ag g, A1,0 € A20.
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e Fora, b € G/Z, the relation a Rb induced by commutation on G/Z is given by
(acAioAbeAp A S(’)’l(b) = S1.0(a))
V(a€ApiAbeAignS (a)=S0b))
V(a,beArygAVa e Srola) VB € Sr0(b) aEB).
The proof, which we will detail below, uses the criterion of Shoenfield, consisting

of extending a partial isomorphism f : A € M — B C N between two models
with saturation. We will do it in five steps:

Step 0: We enlarge f to all elements of C(M)®9.

Step 1: We enlarge f to elements a of type 1” occurring in the decomposition of
an element in G 4.

Step 2: We enlarge f to elements g of type p occurring in the decomposition of
an element in G 4.

Step 3: We find a transversal X that is “compatible” with .4, and enlarge f to this
transversal.

Step 4: We extend f to a full embedding of the graph I'(X) (which contains
C(M)), then to a full embedding of M.

We chose the language £ of Proposition 3.17 so that the following improvement
of Fact 2.15 holds:

Lemma 3.18. Given a small set of variables Y =Y" —~Y? ~Y', the statement:

“The elements of YV, YP and Y* are respectively of type 1", p and 1', and the set Y
can be extended to a transversal of G”

is a quantifier-free type in the variables Y in the language L.

Proof. The quantifier-free type
(= Ano(TTVF) | Gry e k) €140, 1, ..., p = 1I\{O, ..., 0}, n €N}

expresses that vy, ..., v; € V are independent modulo (E&").
Similarly, the quantifier-free type

(= Awm([Tw) | ki, ..ok €(0,1,..., p— 13\ {0, ..., 0}, n,m e N}

expresses that wy, ..., w; € V are independent modulo (¢, &”). The lemma
follows immediately. U

In the next lemma, we characterise finite subsets A of elements ¢ which share the
same element A of type p. Let d, d’ € S and assume that there are pairs of integers
(k, 1), (k',1'), minimal with the reverse lexicographic order, such that Ay ¢(d),
A ¢r(d") hold. Write accordingly d =aq - - -ag-go---grandd' =bg - - - by-ho - - - hy.
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Assume that gg = hg. Then, in the product dd’ _1, the elements go and & cancel
out and

o Apti,ere—2(dd’ ") holds,

o Siakerr—2(dd' ™) S Spe(d) U Sp o (d),

© Spiwira@d ™) S S () US), o (d)\{lhol~}.

This generalises of course to any finite subset of elements sharing the same
element of type p in there decomposition. We need a partial reciprocal of the fact
above. It is easier to state if we restrict to the case where only one element of type

p “cancels out” in the product dd’~! (i.e., when the inclusions above are strict
equalities).

Lemma 3.19. Let A be a finite subset of Un’m Ap m and c € C. Assume that for all
distinctd,d’ € A, we have

o A ere—2(dd' ") holds,

o Srrere—2(dd’ ™) = Sp o(d) U Sp o (d),

* Spipopro@d ™ =8, (d)US}, ,(d)\{c}
whenever (k,1), (k',1") are minimal in the reverse lexicographic order such that
Ar.o(d), Ap ¢ (d') hold.

Then, there is an element hg of type p and with handle ¢ such that for all d € A,

and for (k, £) minimal such that Ay ¢(d) holds, we have that Ay ¢—1(dho) holds,
S//c,e—l(dhO) = S, (d) and S;’g_l(dhO) = S;,L’—l(d) \ {c}.

The proof follows from the fact that two distinct elements d and d’ of such a set
A must decompose in products of elements of type 1" and p and with exactly one
element (of type p and handle ¢) appearing in both decomposition. The details of
the proof are left to the reader.

Definition 3.20. Let C be an infinite nice graph. A cover of C is a graph (I', E)
containing C as a subgraph such that for every b € I" \ C, one of the following two
statements holds:

 There is a unique vertex a in I" connected to b, and moreover a is in C and
connected to infinitely many elements in C.

e b is an isolated vertex in I'.

A cover of C is called infinite if moreover

« every vertex a in C with infinitely many neighbours in C has infinitely many
neighbours in I" \ C, and

« there are infinitely many isolated vertices in I' \ C.
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Lemma 3.21. Let (I', E) be an infinite cover of a nice graph C. Then the structure
(I, C, E), with a predicate for the subgraph C eliminates quantifiers relative to
(C,E).

Proof. Let M = (I'(M), C(M)) and N' = (I'(NV), C(N)) be two models, and A, B
be substructures of M and N/, respectively. Assume N is | M |-saturated. Consider
a partial isomorphism f : A — B such that f|c(uy) is elementary in C.

Then, f lc(my can be extended to a full embedding fc( M) : C(M) — C(WN) and
fc( MU f is a partial isomorphism. We reset the notation by setting f = fc( MU f.
It remains to extend f to a point b in I'(M) \ A. If b is connected to a unique
a € C(M), then f(a) has infinitely many neighbours. By saturation, there is an
element b’ € I'(NV) \ B joined with f(a). If b is isolated, then by saturation we can
find an isolated element b’ in I'(M) \ B. In any case, we see that f = fU(b,b)
extends f at b, as wanted. [l

Recall that given a group (G, -, 1) and X a subset of G, we denote by (I'(X), E)
or simply I'(X) the graph with vertices the classes of elements in X modulo ~ and
edge relation E given by commutation:

[a]l~E[b]~ <= ab = ba.

Recall also that, in a Mekler group M, if XV is a choice of representatives of
elements of type 1” modulo ~, then I'(X") = C is the nice graph associated to M.
The following lemma is almost immediate:

Lemma 3.22. Let M = (G, -, 1) be the Mekler group of an infinite nice graph C,
and X be a transversal of M. Then I'(X) is a cover of C. Moreover, if M/Z is
Ro-saturated, then I" (X) is an infinite cover of C.

r(x)

r(x“)=Cc T(XP) NCQ)

Proof. That I'(X) is a cover of C is a simple exercise (see [CH19, Fact 2.10]).
Assume that M/Z is Rg-saturated. Let a € C be a vertex with an infinite set of



244 BLAISE BOISSONNEAU, ARIS PAPADOPOULOS AND PIERRE TOUCHARD

neighbours N, C C. Then “x is of type p and has handle a” is satisfied by products
of (at least three) elements of N,. The type p(x; : i € N):

(J {x; is of type p, handle a and linearly independent over all elements of type 1"}
ieN

is consistent. As M/Z is Rg-saturated, M realises this type, and clearly, for any
choice of transversal X = X" U X? U X', a is connected to infinitely many elements
[g]~, g € XP. Similarly, if C is infinite, there are infinitely many elements of type 1*
and the type g (x; : i € N):

\J {x; is of type 1‘, and linearly independent over all elements of types 1" and p}
ieN

is consistent. Again, by Np-saturation, there will be infinitely many isolated point
in I'(X) \ C for any choice of transversal. ([l

Proof of Proposition 3.17. We denote, only in this proof, the group sort by G,
instead of G/Z, and we use multiplicative notation, despite the group being abelian.
In the proof below, we follow the 5-step strategy outlined earlier.

Let M and NV be Mekler groups of exponent p. Assume that M is Ry-saturated
and N is |M|"-saturated. Let A C M, B C N and let f : A< B be a partial
isomorphism. The embedding f consists of two (compatible) functions fs : G4 —
Gp, fc:Cq— Cg, for the sorts G and C, respectively. Assume that fc:Cy4 — Cp
is elementary. Notice that G 4 is already a subgroup since the structure is closed
under multiplication and the groups are of exponent p. We will show that f can be
extended to a full embedding of M in NV,

Step 0: By elementarity, we can extend fc : C4 <> Cp to C(M)* — C(N)®9, and
f U fc is still a partial isomorphism, as C is a closed sort, and

USum(GUS;, (G SCa.

n,m
For simplicity, we update the notation and let f denote the extension.

In the next two steps, we first extend the partial isomorphism f to elements of
type 1V and p, which appear in the support of an element of G 4. Let therefore
8 € (Upm Anm) NG 4. Let (n, m) be minimal for the reverse lexicographic order
such that g € A, ,,, and write g =ag---an—1-80 - - - §m—1 as a product of n elements
of type 1V and m elements of type p.

Step 1: We reduce to the case where ag, ..., a,-1 € G 4.

Assume, for example, that ap ¢ G 4. In this case, since f preserves the function
Sn.ms> fc(laol~) € Apm(fc(g)), and this means that we can find by € G(N) of
type 1V such that

[bol~ = fc(lapl~) and [bol~ & Sum(fc(g) by ).
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Then we can extend f by setting fg(ap) = bg. We show that this function preserves
quantifier-free formulas. To see this, fix g’ € G4 and 0 < r < p. We should show
that, for every integer s, ¢,
(i) Ag:(g'ap) holds if and only if A, ,(f(g")by) holds,

(ii) f(Ss,i(8'ap)) = s, (f(g")byp) if the first point holds,
(iii) f (S, (g'ay)) =S, ,(f(g")by) if the first point holds.

Indeed, it in particular shows that f; U {(ap, bo)} preserves equations of the
form go - - - gm-1a; = 1 where r < p (since such an equation holds if and only

if Ao,0(go- - 8gm—1ap) holds). It will follow that for a quantifier-free formula
¢ (x, y, ¢) with parameters ¢ in C(M) and g’ a tuple from G 4,

ME¢(g', ap, ¢ if and only if N'E ¢ (f6(g), fe(ao), fc(c)).
We start with a trivial case:

e Case0: g' ¢ Uk’, Ay, Then for all integers s, ¢, Ay ;(g'aj) and Ay, (f(g")b})
don’t hold and S; ,(g'a) = u, Sy, (f(g)b}) = u.

Therefore, we may assume that g’ € k.l Ay, and let (k, £) be minimal (in the
reverse lexicographic order) such that g’ € Ay . We should first find the smallest
(k', £") such that g’ajj € Ay ¢ and then express Sy ¢(g'aj) and S/,’Z, (g'ap) in terms
of g, ¢’ and [ap]~. We distinguish cases:

o Case I: [aol~ ¢ Sk.e(g") and [ao]~ ¢ S} ,(8).
Then (k',1") = (k+1,1) and

Skr1.0(8'ag) = Ske(€) Ullaol~},  Siyye(8'ap) = S; (8-
o Case 2: [ap]~ ¢ Sk.¢(g') and [ag]~ E« or [ap]~ = « for some element « € S,’C’e(g/).
Then (k', 1) = (k, I) and Sk ¢(g'ag) = Sk.¢(g') and S} ,(g'ag) = S; ,(g").
o Case 3: [ap]~ € Sr.¢(g’) (and, by minimality of (k, £), —[ag]~ E for all elements

a €S (&)
We now need to consider two subcases:

o 3A: Apyn.e+m(g'g") and [agl~ & Sk4n.e+m(g'g"). This is the subcase where the
powers of ag in g’ and in g” cancel out in the product g’'g".
Then (k',1') = (k—1,1) and

Si—1,e(g'ap) = Ske(€) \laol~},  Sp_y¢(g'ap) = Sp4(&)-

o 3B: Aktn.o+m(g'g") and [ap]~ € Skn.e+m(g'g"). In this subcase, the powers of
ap in g’ and in g" don’t cancel.
Then we have Ay (g'a() with (k',1’) = (k, ) minimal, and

Ske(g'ap) = Ske(g) and S ,(g'ag) = S; ,(g).
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The same statement holds in N if we replace ag with by, g’ with f;(g’) and g with
fc(g). Therefore, conditions (i)—(iii) hold for (k’, I’). It will automatically follow
for the other integers (s, ), as (k’, 1), Sy’ and S,i/,l, determine all the other pairs
of integers such that A; ;(g'ag) holds and determine Sy ,(gag) and S ;(g'ag).

This argument shows that fg U {(ao, bo)} is a partial isomorphism. We can reset
the notation by setting fc = fg U {(ao, bo)}, and therefore assume that ag € G 4.

Repeating the argument above, we may assume that for any g =ap---a,—_1 -
80 8m—1€GANA,,, wehaveap,...,a,-1 € G4.

Fix again g € (U, ,, An.m) N G4 with (n, m) minimal (for the reverse lexico-
graphic order) such that g = ag---a,—1-go- - gn—1 a product of n elements of
types 1V and m elements of type p. By the previous step, we may assume that n =0

and g =80 gm—1-
Step 2: We reduce to the case where g, ..., gn—-1 € G 4.

This is similar to Step 1. Assume, for example, that gg ¢ G 4. By minimality of

(0, m), go is not a finite product of elements of type 1”. Consider the set Vgh 80) of

elements g’ where h(go) “vanishes” in the product g’g:
{¢' € G| for (k, £) € N* minimal such that A (g),
Afe+m—2(8'8) and h(g0) ¢ Sk,e4m—2(8'8) = Sk.e(8") U So.m () \ {h(g0)}}-

(k, £ depend on g’, but we hide this dependence for the sake of notational simplicity).
Then, consider the partial type p(x):

{x of type p and handle h(go) : Ax,e—1(8'x), Sk,e—1(8'x) = Sk.e(g)
and S; ,_1(g"x) = S; (g \ {h(g0)}}.

Since f is a partial isomorphism, we can consider the image by f of the type p(x):

f(p(x)) == {x of type p and handle f(h(g0)) : Ax,e—1(f(g)x),
Ske—1(f(g)x) = Ske(f(g)) and Sp o (f(g)x) = S ((f(gN\ f(h(go)}.

By Lemma 3.19, one can see that this type is consistent. Since N is saturated,
we may find Ao in G(N) satisfying f(p(x)).

Then we extend f¢ by setting fg(go) = ho. We show that this function preserves
quantifier-free formulas. To show this, we fix g’ € G4 and 0 < r < p. Let (k, £) be
minimal for the reverse lexicographic order such that g’ € Ay ¢. To see why can
assume that such (k, £) exist, as in Step 1, we have:

o Case 0: g' ¢ |J,; Axi. Then for all integers s, 1, A;,(g'g) and A, (f (g)hg)
don’t hold and S; ;(g'g) = u, s, (f(g)hf) = u.

Therefore, we may indeed assume that g’ € | J ; Ax.;, and we need to find the
smallest (k’, £') such that ¢’g{l € Ay . Again, there are several cases to consider:
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o Case I: —h(go)E« for all « € Si ¢(g’) and h(go) ¢ Sk.e(g)-
Then (k', £) = (k, €+ 1), Sk.e+1(g'8p) = Sk.e(g") and S}, ,(8'8p) = S} (8N U
{h(go)}-

e Case 2: For some t > 0, h(gg) is related (according to E) with exactly ¢ many
elements of Si ¢(g") (and by minimality of (k, £), h(go) ¢ S,’(’e(g’)).

Then (k', €') = (k—1, €+1), Sk—r,0+1(8'80) = Sk.e(8) \{r € Sk.e (') | ¢ ER(g0)},
and S;_, 4, ,(8'gp) = S;.,(8") U{h(go)}-
e Case 3: h(go) € S,’{’K(g’) (then by minimality of (k, £), —h(go)E« for all ¢ €

Sk,e(8").
There are two subcases:

o 3A: There is an integer ¢ such that A ¢4+m—2(g'g") and h(go) & S; 4,,,_»(8'8")-

This means that the handle /(go) vanishes in the product g(g’. At the cost of

multiplying g’ with elements of type 1", we may assume that g’ € V;r(gO). We
then have (k',1') = (k, £ — 1), Ax ¢—1(g'g() and

Sto—1(8'80) = Sp o (&) \ {h(g0)},  Ske—1(8'80) = Sk.e(g).

o 3B: There is no such integer ¢.
Then we have (k/, £') = (k, £) and

Sk.e(8'80) = Sk.e(8): Si.e(8'80) = Sio(g).

By choice of h(, we have that same statement holds in A/ with & instead of
g0, fc(g) instead of ¢’ and f;(g) instead of g. It follows that fi U {(go, ho)}
preserves all the predicates Ay ; and the functions Sy, S,/(’ ;- This argument shows
that fg U {(go, o)} is a partial isomorphism. We can reset the notation by setting
fe = fe U{(go, ho)}, and therefore assume that 4y € G 4.

By repeating Step 2, we may assume that forany g =ap---ay—1-80- - 8m—1 €
Apm NG 4, we have gg, ..., gn—1 € G 4.

Step 3: We find a transversal X compatible with the substructure A4, i.e., such that
G4 =(X4) where X4 =XNG 4.

We may, indeed, consider first a set X" of representatives in A of the ~-classes
of elements of type 1" in .A. Then, X i is the set of representative in A of ~-classes
of elements of type p independent over X'. If a product g; - - - g, € A of elements
of type p is a finite product a; - - - a, € G of elements of type 1", these elements
are, by the previous steps, in .4, which is a contradiction. Therefore, they must
also be independent over all elements of type 1" in G. Finally, X! is the set of
representatives of elements in A of type of 1' independent over X", X 5\. By the
previous steps, and with a similar argument, they are also independent over all
elements of type p and 1" in G.
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Step 4: We extend f to a full embedding of I'(X), then to a full embedding of M.

By Lemma 3.18, and since f preserves quantifier-free formulas, f(X,4) can
also be extended to a transversal Y of B. Denote by I'(X) the graph with vertices
{[x]~:x € X} and edges {([x]~, [y]~) : x Ry € M} (this is exactly the graph F(f()
where X is a lift of X in the Mekler group).

We therefore have a partial isomorphism fT between I'(X) and I'(Y) as graphs.
By saturation and Lemma 3.22, these graphs are infinite covers of C(M) and C(N),
respectively. By |I'(X)|-saturation of I'(Y) (see [CH19, Fact 2.11(3)]) and by
quantifier elimination relative to C (see Lemma 3.21) we can extend it to a full
embedding fr: ['(X) — I'(Y).

This embedding gives immediately an extension of f|x,, to

f:GM)=(X) > GWN) =(Y)

as wanted. |

4. Transfer principles

A transfer principle for Mekler groups (or, in our context, simply a transfer principle)
is any statement characterising a model-theoretic property of the Mekler group M
at the level of the graph C. Quite a lot of transfer principles for Mekler groups are
already known. We recall below the current state of affairs. The reader can refer to
the cited sources for relevant definitions and proofs.

Fact 4.1. A Mekler group M has the property P if and only if its associated graph
C has the property P, where P is one of the following properties:

o A-stability for every cardinal A [Mek81; Hod93];
CM-triviality [Bau02];

the n-independence property, for every n € N [CH19];

the tree property of the second kind [CH19];

the first and second strong order properties [Ahn20];
o the antichain tree property [AKL22].

In this section, we prove new transfer principles. Our main tool is the relative
quantifier elimination result developed in the previous section, and our method
is again a three-step reduction. In the first subsection we discuss pairs of Mekler
groups. The second subsection is dedicated to dividing lines and includes some
negative results.

4.1. Model completeness and Stable embeddedness. From relative quantifier elim-
ination, one can always deduce a relative model completeness result:
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Lemma 4.2. Assume that a complete theory T eliminates quantifiers relative to a
closed sort T in a language L, and let N', M = T be two structures such that

MC,, N and Z(M)=<XZWN).
Then M < N.

However, we can often optimise this result by weakening the first condition,
considering only a reduct of the language £ and adding a more relevant algebraic
requirement. This is what we shall do in the next paragraphs: We will deduce model
completeness statements from the three relative quantifier elimination results stated
in the previous section (Propositions 4.6, 4.8 and 4.10 below). We will then combine
these results in the last part of this subsection to obtain model completeness for
Mekler groups relative to their graphs (Proposition 4.14).

We will implicitly use that “elementary extension” is a property of a pair of
structures, and does not depend on the language in which the structures are taken:

Fact 4.3. Let M < N be an elementary extension. Then M < N9,

At the same time, we will look at stably embedded pairs of Mekler groups. Let
us now recall the definition:

Definition 4.4 (stable embeddedness). Let T be a complete theory. An elementary
extension M < N is called stably embedded if for every formula ¢ (x, b) with
b € N, there is a formula v (x, ¢) with ¢ € M such that ¢ (M, b) = (M, ¢). In
this case, we write M <5t A/,

The pair is called uniformly stably embedded if, in addition, the choice of the
formula v (x, z) depends only on ¢ (x, y), and is independent of the parameters b.
In this case, we write M <"t N/,

Stable embeddedness says that every subset of M which is externally definable
in \V is internally definable. The proof of Theorem B will follow, without much
effort, from quantifier elimination, as the characterisation does not require any
new assumptions on the pair of Mekler groups. Again, stable embeddedness is a
property of a pair of structures and does not depend on the language in which the
structures are taken:

Fact 4.5. (See e.g. [Tou23].) Let M <* N (resp. M <"t N) be a (uniformly)
stably embedded elementary (resp. uniformly stably embedded) pair of structures.
Then M®3 <5t N9 (resp. M®3 <Ust \/e9),

This fact justifies our stepwise approach and will be used implicitly.

4.1.1. First reduction: From G to F(G).

Proposition 4.6 (relative model completeness). Let G and G’ be 2-nilpotent groups
of exponent p. Assume that G is a subgroup of G’ such that Z(G) C Z(G"). Then,
G < G’ if and only if F(G) < F(G'), as alternating bilinear systems.
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Proof. Since Z(G) C Z(G'), the following diagram commutes:

prz

Z(G) y G —2 G/Z(G)

1] !

Z2(G) > G s G'/Z(G")

In particular, we have that G €, G’, where £ = L, r(c) is the language of relative
quantifier elimination in Fact 3.2. We may conclude by Lemma 4.2. U

Proposition 4.7 (relative stable embeddedness). Let G < G’ be 2-nilpotent groups
of exponent p. Then

G < G’ ifand only if F(G) <* F(G)
and
G <" G’ ifand only if F(G) <"* F(G').

Proof. Assume F(G) < F(G’). Let b be a tuple from G’, and ¢ (x, y) be an
Lgrp-formula. We want to define ¢ (G, b) using parameters in G. By Fact 3.2,
¢ (x, b) is equivalent to a formula of the form

dr@) ((t'(x, b)), p(t(x, b)))

where ¢ (y, z, w) is a formula in the language {(V, +, 0), W, +, 0), B}, and ¢’
and ¢ are tuples of Lgpp-terms. To simplify the argument, we assume that ¢ consists
of only one term.

Since 7 is a morphism, we have 7 (t'(x, b)) = t'(;r (x), 7w (b)) (where the term ¢’
is understood additively in the right-hand side of the equality).

Therefore, after incorporating ¢’ into ¢ (), the formula becomes equivalent to
one of the form

P ) (T (), (D), p(t(x, D))).

Notice, however, that p is a morphism only when it is restricted to the centre, Z. In
particular, if 7 (x, b) = z(x, b) is a product of commutators, it takes value in Z, and
we have

p(z(x, b)) = zp(mw(x), (b)),

where zg is a sum of B-terms (we can separate the variables x from the parameters b
using bilinearity of B).

In general, 7 (x, b) need not be a product of commutators, so we have to reduce
to that case. If there is no ag € G such that 7 (ag, b) is in Z, then, by definition of p,
we can replace p(t(x, b)) by O (recall that groups in £r(g) are written additively).
So, assume that such an element g exists. Since the group G’ is 2-nilpotent, we
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can rewrite the term 7 (x, y) as t; (x)2(y)z(x, y) where #;(x), t,(y), and z(x, y) are
Lgrp-terms and z(x, y) is a product of commutators (and therefore takes values
in Z). Then, for all a € G, we have

ta,b)yeZ < H(a)t,(b)z(a,b) e Z
= ti(@)ti(ap)” 't (ap)t2(b)z(ao, b) € Z
= ti(a)t;(ap) 't (ag, b) € Z
— n(a)nag) ' e Z
We rewrite (x, b) as follows:
t(x, b) = t1(x)t1(ap) ' t1(ao)2(b)z(x, b)
= 11(x)t1(a0) "'t (a0, b)z(ag, b) " 'z(x, b).
Let o (x, ag, b) be the term
o (x, ag, b) == p(t1 (x)t1(ap) ™) + p(t(ap, b)) + p(z(ag, b)) + p(z(x, b)).
Then our formula is equivalent to
(1)t (@)™ € ZA Py, (m(x), m(b), 0 (x, ap, b)))
vV (n(@)t1(a0) ™" & Z AP ((x), (b)), 0)).

As before, we can replace the terms p(z(x, b)) in o (x, ag, b) by equivalent terms
of the form zg(w(x), 7 (b)) which are the sum of B-terms. Therefore, we get a
formula of the form

Prc) (T, p(t1()11(ao) ™), (), p(t (a0, b))).

Since F(G) < F(G'), there is a formula ¥ z)(xr, yr, ar) where ar € F(G)
such that

) (FGPT (D), pt(ao, b)) = Yre) (FGMH ap).

At the end, we have that ¢ (G, b) =¥ (G, a) where a € G is such that w(a) = ar,
and where ¥ (x, a) is the formula

VrG) (Tx), plti ()t (a) ™), 7(@)).

We have shown that G is stably embedded in G’. The uniform stable embedded-
ness statement follows the same way once we notice that the formula gb}(G) does
not depend on the choice of b —it depends only on whether or not there is ap € G
such that ¢ (ag, b) is in Z, and the case distinction can be handled using parameters
in G. (]
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4.1.2. Second reduction: From {(V,+,0), W, +,0), B} to (V, +, 0, R). Recall
that we denote by (J, W, := (B(V, V)) the subspace of W generated by all terms
B(v,v"), where v, v/ € V. We can always find a complement W,, such that W =
BV, V) & Wo.

We recommend that the reader review Notation 3.8 before delving into the proofs.

Proposition 4.8 (relative model completeness). Let (V, W, 8) € V', W', B) be
two alternating bilinear systems satisfying property (xy) of Corollary 3.6. Denote
by R (resp. R) the relation induced on V (resp. on V') by B (resp. B’). Assume that
a complement U of W,, is disjoint from | J, W,, = (B(V', V')). Then WV, W, B) <
VW', B ifand only if (V, +,0, R) < (V', +,0, R').

Proof. Since B'|,» = B, the embedding (V, W, B) C (V', W', B’) preserves 74 for
A € A, (F)). It also preserves the functions f, for n € N restricted to (8(V, V)).
The condition on the complement U ensures that on W \ (8(V, V)), we have
fa(w) = f,(w) = u. Therefore, the embedding also preserves the language of
relative quantifier elimination stated in Proposition 3.10. Again, we may conclude
by Lemma 4.2. (]

Proposition 4.9 (relative stable embeddedness). Let (V, W, B) < V', W', B') be
an elementary extension of bilinear systems satisfying property (xy) of Corollary 3.6.
With the same notation as in the previous proposition, we have

VW, B) <t (V' W, B ifand only if V, +,0, R) <** (V', +,0, R),
and
VW, B) <"t V', W, B') ifand only if (V, +,0, R) <"** (', +, 0, R).

Proof. Assume (V, +, 0, R) <5 (V', +, 0, R) and let ¢ (xy, xyy, v’, w’) be a formula
in the language of {(V, +, 0), W, +, 0), B} with parameters v’ € V' and w’ € W'
We need to find a formula v (xy, xyy, v, w) with parameters v in V' and parameters
w in W such that

¢ (V|XV|, whwl w/) —y (lev\’ whwl g, w) .

By Proposition 3.10, the formula ¢ (xy, xyy, v’, w’) is equivalent to a Boolean
combination of formulas of the following form:

* a-xy =w" where a is a xyy tuple in F,, w” € W, (the operation - denotes
here the sum of products of the components a and xyy).

o dyv(fular-xyw+w)), ..., falar-xw+w;), xy, v') where ¢y is a formula in
the language of (V, +, 0, R)®9, the ;’s are |xyy|-tuples in [, and the w;’s are
parameters in W’ (the operation - is as in the previous point).
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The first formula, which is only an equality between terms, is not a problem.
If there is no w € WHw! satisfying the formula a - x,y = w”, we can replace this
formula with | and we are done. Otherwise, it means that w” belongs to ¥V and
we don’t need to find a new parameter.

We analyse the second formula. To simplify, we assume that there is only one
term in f,, and we assume that the formula ¢ (xy,, xyy, v', W) is given by

Sy (fula-xyw+w'), xp, V).

The general case follows by repeating the same process for each term.

Let W, be the set of elements of the form Zi<j<n Bu;, u/j) withug, ..., u,_1 €
W' If for all w € WPWI, a - w4+ w' is not in W/, (and thus f,(a-w +w’) = u for
all w € W), then we can replace the term f,(a - xyy + w’) by u.

Assume there is wo € WFW! such that a - wo+w’ is in W, , then for all w € whwl,
we can write

a-w4+w =a-(w—wy) +a-wy+w.
It follows that a - w + w’ is in W, only if a - (w — wyg) is in Wh,. Then, we have

that a - w + w’ € W, and the value of f,(a - w + w’) can be expressed using
fon(a - (w—wp)) and f,(a - wo + w’). Therefore, the formula

oy (fula-xw +w'), xp, V)
is equivalent to

(fan(a - (w —wo)) # uA @y, (fanla- (w—wo)), fu (a-wo+w'),xy,v'))
V (foan(a- (w—wp)) =uAdy (u, xp, v))

where ¢{, is some formula in the language (V, +, 0, R)®9.

Using the fact that (V, +, 0, R) <5* (V/, +, 0, R), and considering f,, (a-wo+w")
as parameters in (1), we can find a formula ¥, (xp,, Xy, vo) with parameters
v € V such that for all w € Wl and v € YV,

(V’ +’ 09 R) ': ¢V(fn(a W+ w/)v v, v/) <~ WV(on(a : (w - wO))» v, vO)'

In other words, if we set ¥ (xy, Xy, vo, wo) = Yy (fau(a - (xyy —wo)), Xy, Vo),
we have

¢ (V‘XW, W|xw|’ v, w/) — (V\xvl’ W\xwl’ Vo, wo) ,

as wanted.

We have shown that (V, W, B) <5t (V', W', B’). The uniform stable embedded-
ness statement follows the same way, as discussed in the proof of Proposition 4.6 —
the case distinctions can again be encoded with parameters in V. O
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4.1.3. Third reduction: From (V, +,0, R) to (C, R). LetM = (G, -), M = (G/, )
be Mekler groups of respective graphs (C, E) and (C/, E’), denote additively
WV, +,0, R) (resp. (V',+, 0, R)) the abelian quotient G/Z (resp. G'/Z’), and
where R (resp. R’) denotes the relation induced by the commutativity relation
on G (resp. G') on V (resp. V') as well as on C (resp. C').

Proposition 4.10 (relative model completeness). In the notation above, assume
that WV, +,0, R) € (V', +,0, R') and that a transversal X = X" XP X" of V that
can be extended to a transversal X' = X" XP' X" of V' (with X¥ € X"/, XP C X?’
and X' € X"). Then (V,+,0, R) < (V', +,0, R') ifand only if (C, E) < (C', E')
as graphs.

Proof. 1t is easy to see that the conditions for being a transversal imply that for all
n, m € N2, we have
vV 1% A% A%
Spmly =Sy, and S, \V =S,

We can conclude using Lemma 4.2. ([

Proposition 4.11 (relative stable embeddedness). In the notation above, assume
that G < G’ is an elementary extension of Mekler groups. Then
WV, +,0,R) <=t (V',+,0, R") ifand only if (C, E) <™ (C', E),
WV, +,0, R) <" V', +,0, R) ifand only if (C, E) <"*(C/, E').
A proof similar to that of Proposition 4.9 will not work, and we have to be more
careful, since we lose some information with the support function S, ,,. We are

going to use the predicates A, ,, as a pre-distance, and approximate elements from
V' by elements from V:

Definition 4.12. A best approximation in'V of a singleton b € V' is an element ag € V
such that f, ,, (b — ap) holds and (n, m) is minimal for the reverse lexicographic
order on N2, If no such element exists, we say that b has no approximation in V.

Lemma 4.13. In the notation of Proposition 4.11, let ag be a best approximation of
b eV, with (k,1) minimal such that Ay ;(b — ap) holds. Then:

o The element b — ay is the sum of k elements of types 1" in V'\'V and | elements
of type p of V' which are independent over (€*(V")).

e Foralla €V, forall n,m € N, we have
An+k,m+l(b —a) < An,m(a —aop),

Sntk,mt1(b —a) = Sp (b —ap) U S, m(a—aop),

Spikmii(b—a)=S8; ,(b—ap)US, ,(a—ao).



MURPHY’S LAW FOR 2-NILPOTENT GROUPS 255

Proof. The first point easily follows from the minimality of (n, m).
The second follows from the fact that, since the support of b — ag is in V' \ V,
the support of a —ap € V and b — ap must be disjoint. ([

Proof of Proposition 4.11. Assume (C, E) <t (C', E’) and let ¢ (x, b) be a group
formula with parameters b € V'. By Proposition 3.17, the formula ¢ (x, b) in the
structure (G/Z, -, 1, R) is equivalent to a Boolean combination of formulas of the
following form:

e t(x,b) =1, where t(x, b) is a group term,
o Ay m(t(x, b)), where n,m € N, t(x) is a group term,
o ¢c(Sum(t(x, b)), S, ,,(t(x,b))), where n,m € N, t(x, y) is a tuple of Lgp-
terms and ¢¢(xc, x/c) is a formula in the language (C, E).
We handle the first form as before, so let us assume that ¢ (x, b) is a conjunction
of formulas of the second and of the third form. Since the group is abelian, we can
separate the variables x from the parameters b and assume that the terms are of the

form t(x) 4+ by where by € b.
So, let us assume that our formula is given by

¢ (x,b) = c(Sum(t(x) +D), S, ,,,(t (x) + D)) A Ay (t(x) +b),

and that 7(x) is a single term and b is a singleton— of course, the general case with
many terms follows the same way.

If b does not have a best approximation in V, then A, ,, (¢ (a) + b) never holds,
and we can replace the formula by L.

Assume that there exists a best approximation ap of b in V, and let (k, /) be
minimal (for the reverse lexicographic order of N?) such that Ay (b — agp) holds.
Then, by Lemma 4.13, for all @ € V and &, [ € N, we have

An,m(t (Cl) + b) <~ An—k,m—l (t (a) + aO)
and
Snm(t(a) +b) = S 1(b—ao) U Sp—k.m—1(t(a) + ao),
and similarly for S, , (¢(a) + b).
Observe that if kK > n or [ > m, then neither S, ,,, (t (@) + b) nor S,/Lm (t(a)+b)
can hold. This means that ¢ (x, b) can be rewritten as a formula of the form

¢ (x, b) = ¢c(Sp—km—1(t (@) +ao), Si;(t(a) +ao), Sk.1(b — ao), S, (b — ao)),

and the terms Sk ;(b — ag), Sk.1(b — ap) can be seen as parameters in (C’, R)®9.
Using our assumption that (C, E) <% (C’, E’), there is a formula {c(x, y, «) in
(C’, E’)®? with parameters a € C such that

¢c (Pu—i(C), Pu—i(C), Sk.1(b — ap), S ;(b — ao)) = Y (Pu—k(C), Pu—i(C), @),
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where P,,_(C) denotes the set of all subsets of size <n — k of C.
Let a € C? be such that So,1(a) = {«}, and by ¥ (x, a) the formula

Y (Sn—tkam—1 (1 (X) +a0), {S) 4y (t(x)+ao) :k <n,l <m}, S10(a))

(where we identify o with {o} = S 9(a)).
We have
$(G(O), b) =¥ (G(C), a),

as desired and thus (V, +, 0, R) <* (V/, +, 0, R).

Notice that the formula i depends on the existence of a minimal (k, [) such that
Ay.1(b — ap) holds, but if N is the largest integer that occurs in the formula, one
need only consider the case for k < N and [ < N. Thus, the uniform statement
follows in a similar way. ([

4.1.4. Reduction from (G, -, 1) to (C, R). Now we combine all the previous results.

Proposition 4.14 (relative model completeness). Ler C and C' be nice graphs and
let M= (G, -, 1) and M= (G’, -, 1) be their respective Mekler groups. Assume that

e MCMandZ CZ7;

e there is a transversal X = XV X? X" of G which can be extended to a transversal
X' =X"XP' XY of G' (with X" € X"/, XP C XP' and X' C X");

e there is a subspace H of Z such that G = (X) x H and such that (X'YNH = &,
where X and X' are transversal as above.

Then M < M’ if and only if C < C' as graphs.

Some similarities may be observed with statements already known, such as
[CH19, Lemma 2.14], which we will recall in Section 5. The proposition was
perhaps already known, but we take the occasion to give a proof that makes use of
our stepwise reductions.

Proof. The embedding of G in G’ preserves the centre Z C Z’ by definition. The
induced embedding F(G) C F(G’) preserves B automatically (since it comes from
an embedding of groups). The subspace H of Z does not intersect (8(V, V')). The
set X mod Z is a transversal of G/Z that extends to the transversal X’ mod Z in
G'/Z'. Therefore, this proposition follows immediately from the previous ones, as
we have

M=<M < F(G) =< F(G) (Proposition 4.6)
< (G/Z,-,R)<(G'/Z',-,R") (Proposition 4.8)
— C=<C (Proposition 4.10),

and the result follows. [l
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The following example shows that it is not enough to assume that G is a subgroup
of G’, and that the requirement of preserving a transversal is necessary.

Example 4.15. Consider the nice graphs C given by

a_1 q aj ay as

and C’ given by

a-p ay ap a; as b_1 by by by b3

Denote by M and M’ their Mekler groups. The elementary embedding C — C’ can
easily be extended to an embedding of M < M’ that is elementary by Proposition 4.14.

Now consider an elementary extension N = (G, g) of M, generated by M and a
new element g of type 1' and independent over M. Then there is a group embedding
f of Nin M’ such that f(Z) C Z’ and such that f(g) is of type 1" and [ f (g)]~ = bo.
In particular, for this embedding, we have N £ M’, even if the embedding satisfies
the first item of Proposition 4.14.

Theorem B (relative stable embeddedness). Let M < M’ be an elementary extension
of Mekler groups of nice graphs C and C', respectively. Then

M <** M’ ifand only if C <**C/,
M <"t M’ ifand only if C <"*C'.

Proof. We simply combine the previous statements. Assume G < G’. Then, with
the notation previously established, we have

M=M= F(G) < F(G) (Proposition 4.7)
= (G/Z,-,R) <" (G'/Z,-,R) (Proposition 4.9)
&= CcxWtC (Proposition 4.11),
and the result follows. (]

Examples. Let C be any of the following graphs:
e C=(V,E)with V=7 infinite and £ ={(n,n+1) | n € Z}:
— e —9o —o —o o

 aregular tree of any degree,

« any nice graph bi-interpretable with (Z, <,+,0), (R, <), (R, <,+,0), (R,+,-,0,1).

Then C, and therefore M(C), is stably embedded in every elementary extension.
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4.2. Characterisation of indiscernibles. We will characterise indiscernible se-
quences in a Mekler group M in terms of indiscernible sequences in the graph C. To
simplify the presentation, we introduce some new terminology. We fix an indexing
structure 7 in a language £'. By an “indiscernible sequence” in this subsection we
always mean an Z-indiscernible sequence.

Definition 4.16. Let M be a structure and (a;);<7 and (l;i)ieI be sequences in M.
We say that the indiscernibility of (a;);cz over B C M is witnessed by the sequence
(b;)iez if there exist parameters b and a definable tuple of functions f such that

(1) (l;,-),-ez is indiscernible over B U b,
(2) a; = f(b;, b) forevery i € L.
(As usual, when B = &, we do not mention it.)

Note that if (b;);ez and (a;);cz are as above, (@;);cz is indiscernible over B U b.

We work in M®4. We shall show that, if Z is Ramsey, then the Z-indiscernibility
of a sequence (a;);cz in M®? must be witnessed by an Z-indiscernible sequence
(b))iez in C. In general, the length of the witnessing tuples b; will be (much) greater
than that of g;. In any case, we will have |bi| < N|a;| for some N depending on
qftpz (i) and of course on the sequence (a;);.

As for relative quantifier elimination, we proceed in three steps. Before we get
into that, we give the following useful lemma:

Lemma 4.17. Let T be a Ramsey indexing structure. Let D be a @-definable subset
(in the pure language of groups) of a group G of exponent p. The indiscernibility
of any sequence (g;)icz in G is witnessed by an indiscernible sequence (6_155,'),'61
where | J,.; bi € D and | J;.7 a; is independent (in the sense of Definition 2.13)
over (D).

Proof. Since 7 is Ramsey, by the generalised standard lemma (Theorem 2.17) it
suffices to prove the proposition when 7 is the Fraissé limit’ of its age, that is, when
Z = Flim(Age(Z)). To see this, suppose that the result holds for all Flim(Age(Z))-
indexed sequences. Then, given an Z-indexed sequence (a;);cz, by the generalised
standard lemma, we can find a Flim(Age(Z))-indexed indiscernible (Etlf )i cFlim(Age(T))
which is locally based on it and a Flim(Age(Z))-indiscernible of the desired form
(5;)ieF|;m(Age(I)) witnessing the indiscernibility of (a.);cFiim(age(z))- Applying the
generalised standard lemma again, this time to the sequence (Zzlf —~ B;)ieF“m(Ageg))
we can find an Z-indiscernible (a;’ ~ l;lf’ )iez locally based on (a; ~ l;l’. )i eFlim(Age(T))-
It is clear that (a!');cz is locally based on (a;);cz and that they are both Z-indis-
cernible, so we can find an automorphism o sending a; to a;. Then (o (l;l’.’)),-d
remains of the desired form and witnesses the indiscernibility of (a;);cz. Thus, in

TSee [Hod93, Theorem 7.1.2] for a statement of Fraissé’s Theorem. We will denote the Fraissé
limit of an amalgamation class C by Flim(C).
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the remainder of the proof, assume Z = Flim(Age(Z)). Observe also that since Z is
Ramsey, by [MP23, Theorem B], it expands a linear order, which we will assume
is already in £’.

Let us first write (g;);<7 as a sequence (a;b;)ier such that @ ¢ (D) and b; € (D),
foralli e Z.

Consider a group term ¢ (X, ..., Xx—1, X) where one of the variables, say Vex
really occurs.® Assume that t(ajy, ..., a;, ,,a;) € (D) forsomeip<--  <i,_1 <I.
For every j with qftp(j) = qftp(i), we want to replace a? with a term in (D) such
that the new sequence witnesses the indiscernibility of the original one.

For every such j, there are jo, . . ., j,_1 such that the term b;/ =t(ajy, ..., aj, ,,a;)
is in (D). For j such that qftp(j) # qftp(i), we set b;.’ = @, and we can consider
the sequence (dil;ibl’.’ )iez. At this point, we need the following claim:

Claim 1. There is an elementary extension T' = T and elements j; < --- < j, € T’
such that for all k € T for which there exist k; < --- < k, < k with

qftpZ (i1, . . ., in, i) = qftp” (K1, - . . , kn, k),

we have
aftp? i1, ..., in, 1) = aftp? (1, ..., jn, k).

Proof of claim. We use the fact that Age(Z) has the amalgamation property and
compactness. Formally, fix an enumeration (¢; : i € N) of Z, and for every fi-
nite A(y1, ..., Yn, ¥) Shin aftp(@y, ..., in, 1), let q’),ﬁ(xl, ey Xn,Cly...,Cp) be the
formula

/\((Elzl, e Zn ALy e Ty €)= AX, L, Xy, ci)).

i<m

Intuitively, qb,ﬁ says that x1, ..., x, is a common A-witness, that is, it verifies the
claim, for formulas in A and for the first m elements in the enumeration of Z, so it
suffices to show that

E(Xl»---axn) = {¢nA1(.x],...,.xn,C],...,Cm):mEN,Agﬁn qftp(l19aln’l)}

is satisfiable. Clearly, it is enough to show that a single ¢2 is satisfiable, and this
easily follows from the amalgamation and homogeneity of Z. Indeed, we can build
a witness for ¢/ inductively: once the witness for the first / < m elements has been
constructed, we use amalgamation to find a structure where the (I + 1)-st element
has a common witness with the first / elements (if one exists for this element). Then,
since Z is homogeneous, we can embed this structure appropriately in Z. (|

8We mean that the term is not equal to a term ' (Xg, ..., X,_1, ') where X’ is the tuple ¥ from
which we removed x9.
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By Claim 1, we find an elementary extension Z' = Z and kg < - -+ < k,_1 € 7'
such that for all j € Z with gftp(j) = qftp(i), we have

aftp” (ko - -+ s kn—1, j) = aftpZ (g, - - - s in_1, 7).

By the generalised standard lemma, there is an indiscernible sequence (Ez,-l;,- l;l’.’ ieT
indexed by 7’ that is locally based on (EziEibl// )icz- Notice that the sequence
(aiéiég/ )iez restricted to Z € 7 is indiscernible over {dy,, . .., dk,_, }.

We find an automorphism o sending a;b; to Ez,-li-, for all i € Z. Denote by
b:=bhy,...,b,_; the tuple 0~ (G, ..., ax, ,)-

For j € Z with qftp(i) = qftp(j), denote ¢; =t (by, . .., by—1,a;) € D and by
Zz} the tuple a; from which we removed a?. For j € 7 with gftp(i) # qftp(j), we
setZl;. =ajandc; =@.

Since for all i € Z, we have that a? € dcl(c;, lef ,b), and it follows that the
indiscernibility of (Zl,-B,-),-eI over b is witnessed by that of (Ellfl;,- ~ Cj)i>k Over
b. We may repeat the process until, for all qftp(j) = qftp(i), a j 1s independent
over (D), and we reset the notation. Of course, this process must essentially be
carried out for all quantifier-free types in Z, but the transformations for different
quantifier-free types do not interact with each other, and hence we can perform
them all simultaneously.

It remains to find l;; in D such that (a;, l;;),-ez is indiscernible and witnesses
the indiscernibility of (a;, bi)iez. To simplify the notation, assume bi = b; is a

singleton and b; =bg; - - - - - bn_1,; where by ; € D.

By the generalised standard lemma, we can now find an indiscernible sequence
(a;, 1;0,,-, el Bn—l,i)ieI that is locally based on (a;, bo i, ..., by—1.i)iez. For every
i €Z,set l;,' =Eo,,‘ ----- l;n—l,i-

Finally, let 0 be an automorphism which for every i sends (a;, l;,-) to (a;, b;).
Then 0(156’1.), e ‘7(5;—1,1') are as desired. O

4.2.1. Reduction from G to F(G). Let G be a 2-nilpotent group of prime exponent
p. We characterise the indiscernibility of sequences in G in terms of indiscernibility
in 7(G).

Proposition 4.18.

o (Z Ramsey) The indiscernibility of a sequence (g;);cz from G is witnessed by
an indiscernible sequence (a;b;);c1 such that b; € Z and a; are independent
over L.

o (Arbitrary T) Let (aib;)ier be a sequence in G such that b; € Z and a; are inde-
pendent over Z. Then (C_l,'l;,'),'el' is indiscernible if and only if (71 (a;), p (l;,))
is indiscernible in F(G).

ieZl

Proof. The first point follows from Lemma 4.17, by setting D = Z, the centre of G.
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It remains to show the second point. Notice that, since b; are central elements,
for every Lg,-term ¢ (X, ), there is an Lgp-term ¢”(X) such that

(1 (@i, b)) = 7w (1" (@) = 1" (w(@)).”

Also, since ag; are independent over Z, for every Lgpo-term #(x, y) there is an
Lgrp-term ¢'(y) such that

p(t(@i, bi)) = p(' (b)) =1’ (p(bi)).-

In fact, by the property of independence, we can take t'(b;) =t (1, b;).
Then, by quantifier elimination, we know that any formula ¢ (x, y) is equivalent
to a formula of the form

br) (T (t(x,y)), pt(X, ¥))),

where ¢ rG)(y, z) is a formula in the language {(V, +, 0), (W, 4, 0), 8}.
By the above,we find group terms #'(y) and ¢” (x) such that ¢ (a;, b;) is equivalent to

brc) (' (@), 1" (p (b))
The statement follows easily. ([

4.2.2. Reduction from {(V, +, 0), W, +,0), B} to (V, +, 0, R). Consider an alter-
nating bilinear system {(V, +, 0), WV, +, 0), B} satisfying property () of Corollary
3.6. Let (v;it;w;);ez be a sequence with v; € V, it; € | J, Wh, and w; ¢ [, Wh.

Lemma 4.19. Let T be a Ramsey indexing structure. Let (v;u;w;);c1 be an indis-
cernible sequence with v; € V, ui; € |, Wh, and w; ¢ \J, Wy. Then, for every
realised quantifier-free type q in T there exist a positive integer ng, coefficients
ci’;’l,for k <1 < ng and for every i € T with qftp(i) = q, a sequence of tuples
@94, ..., 0" """y such that

Y N .
o (v;, Ugftp()® * * + > Vgftp(i)’ w;)iez is indiscernible; and

e foralli € T we have
- Tk, g =kii i 10
i =) dy" Bgroiy: Vatepii):
k<l
where g = qftp(i).

Proof. To simplify the notation, assume that u; = u; is a singleton. For every i € Z,
we can rewrite u; as a sum (v, v”) for v’, v” certain tuples vo ;, ..., Uy—1;. By

9The term ¢ should be understood multiplicatively in the group G and additively in the sort W of
F(G).
10The sum and B are componentwise.
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indiscernibility, we can choose n and the coefficients depending only on qgftp(i), so,
for all i € Z with gftp(i) = g we have

gk, o=k, =l
=Yy d'pat’, o,

k<l

for some d;‘*l € [F,. For every realised quantifier-free type g in Z and all i € 7
realising ¢, we substitute u; by the tuples v*!, ..., v"¢~ !/ we found above. The
new sequence need not be indiscernible, but by the generalised standard lemma,

we can now find an indiscernible sequence
~ =0, ~nafp)— i 7
(i, 07, ..., 0O D) e
locally based on our new sequence. Set

~ Tkl g o~ki =i
u_qu B, -,
k<l
Let o be an automorphism which, for every i, sends (v;, u;, w;) to (v;, u;, w;).
Then, for each i € Z, the tuple o (3%7), ..., o (?"e0~17) js as desired. O

Proposition 4.20.

e (Z Ramsey) Any indiscernible sequence (u;);c7 is witnessed by a sequence
(v;w;)iez such that v; € V and Uw; are in VW and linearly independent over
Un W’l'

o (Arbitrary I) Let (v;w;);c1 be a sequence in (V, W, B) with v; €V and w; € W.
Assume that | J; w; is a linearly independent subset of W over | J,, Wi,.

Then (v;w;)iez is indiscernible if and only if (v;);ez is indiscernible in
V,+,0, R).

Proof. By applying Lemma 4.17 with D = W, for every n, we may assume that
U wi \ U, Wh are linearly independent over [ J, W,. If w € Uw; is in W,, we use
Lemma 4.19 (for every quantifier-free type) to replace w with n (potentially) new
elements v € V. This gives us the first point.

For the second, let ¢ (v, w) be a formula. By relative quantifier elimination, the
formula is equivalent to a Boolean combination of formulas for the form

e > ajw; =0, where a;’s are in [, and

o pyu(fuQ apiwi), ..., fn(Q_ar—1;w;), v), where ¢y is a formula in the lan-
guage of (V, +,0, R)*, and a;;’s are in [,.

By definition of the linear independence of w;’s, a formula of the form )  a;w; =0
never holds unless all coefficients a; are 0. Also, since nontrivial sums ) a;w; are
never in W,, we must have f,(>_ a;w;) = u (that is, the function f, is not defined
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on Y a;w;). It follows that ¢ ((;);, (w;);) is equivalent to a formula of the form
¢1,((v;);), and the statement follows. O

4.2.3. Reduction from (V,+,0, R) to (C, E). Let M= (G, -, 1) be a Mekler group,
denote additively (), 4, 0) the abelian quotient G/Z, and denote by R (resp. E)
the relation induced on V (resp. on C) by the commutativity relation on M.

Proposition 4.21.

e (Z is Ramsey) Any indiscernible sequence (u;)icz in V is witnessed by a
sequence (V;0;v));er which is part of a transversal, i.e., such that
- U, vi is composed of elements of type 1",
- U, v} is composed of elements of type p and linearly independent over
elements of type 17,
- U, v/ is composed of elements of type 1' and linearly independent over
elements of type 1V and p.
e (Arbitrary T) Consider a sequence (v;, V;, U} );cz such that
- U, vi is composed of elements of type 1",
- U, v} is composed of elements of type p and linearly independent over
elements of type 1,
- U, v/ is composed of elements of type 1' and linearly independent over
elements of type 1V and p.

Then (v;, v}, v!)jez is indiscernible if and only if , the sequence
([0i1~s h (@),
is indiscernible in (C, E).

Proof. We deduce the first point directly from Lemma 4.17, and the second follows
immediately from relative quantifier elimination. Notice that we don’t need to
consider terms of the form S, , (v;, “'UinU}I e v}m) = {[vi]~, ..., [v;,]~} for
n+m > 1 since they can be recovered from S; o(v;;) for I < j <n. J

4.2.4. Reduction from (G, -, 1) to (C, E). Let M = (G, -, 1) be a monster model
of a Mekler group, and let C = (V, E) be the corresponding nice graph.

Lemma 4.22. Let (o;8;)icz be an indiscernible sequence where for all i’s, B; € Z
is a finite product of commutator. Then, for every realised quantifier-free type q in T
there exist a positive integer ng, coeﬁ‘icient; d;"l,for k < I < ng and for everyi € T
with qftp(i) = q, a sequence of tuples B, ..., ,B;’_l*’) such that

0,i n—1,iy : e 3s . .
o the sequence (o, ,qutp(i), R ﬁqftp(i))lez is indiscernible; and
This is the sequence of tuples consisting of the class modulo ~ of each component of v; and of
the handles of each component of 1_)1( .
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e foralli € Z, we have

. ki 1 dkt 1o
Bi = [ [ [Battnir: Battoi |-

k<l
where q = qftp(i).
Proof. The proof is similar to that of Lemma 4.19. U
Proposition 4.23.

e (Z Ramsey) Any indiscernible sequence (g;)icz in G is witnessed by an indis-
cernible sequence («;, B, Vi, 8i)iez in G which is part of a full transversal,
i.e., such that

- U;(0; U B Uy;) is part of a transversal,

- |U; o is a subset of € (and is independent over Z),

- U, Bi is a subset of €” (and is independent over (Z, €")),

- U, vi is a subset of €' (and is independent over (Z, €", EP)),
- Ui 3; is a subset of Z and is independent over (€", P €',

o (Arbitrary I) Such a sequence (¢;, B;, Vi, 8;)iez Which is part of a full transver-
sal—with the same notation as above —is indiscernible if and only if the
sequence

([t ]~y B(Bi))iex
is indiscernible in C.

Proof. One can easily see why a sequence of indiscernibles must be witnessed by an
indiscernible sequence which is part of a transversal using Lemmas 4.17 and 4.22.
The second point follows immediately from Propositions 4.18, 4.20 and 4.21. [

4.3. Transfers of dividing lines.

4.3.1. Collapsing and NCg. Having established our characterisation of indiscernibles
in Mekler groups, we can now deduce (almost immediately) our main theorem:

Theorem A (collapsing transfer). Let Z be Ramsey and J a (not necessarily
Ramsey) reduct of Z. Let M be a Mekler group of the nice graph C. Then M
collapses T-indiscernibles (resp. collapses L-indiscernibles to J-indiscernibles)
if and only if C collapses T-indiscernibles (resp. collapses L-indiscernibles to
J-indiscernibles).

Proof. Assume that C collapses Z to J indiscernibles. Consider an Z-indiscernible
sequence (gi)iez in M. By Proposition 4.23, the Z-indiscernibility of (g;)iez is
witnessed by an indiscernible sequence («;, B;, i, 6i)icz, With «; of type 1V and S
of type p and such that |, (e;; U B; U y;) is part of a full transversal. In particular,

121¢ Bi is a tuple, all operations are done componentwise.
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([etj1~, h(Bi))iez 1s Z-indiscernible, and it is therefore .7-indiscernible, since C
collapses Z-indiscernibles to J-indiscernibles.

By the equivalence, (¢;, Bi, ¥i)icdom(z) 15 J-indiscernible. As it witnesses the
indiscernibility of (g;);<z, the latter is also J-indiscernible. Notice that no as-
sumption has been made on 7; therefore, the proof can be adapted to (nonspecific)
collapsing. (|

Corollary 4.24 (NCg transfer). Let X be a Ramsey class in a countable language
with an Ro-categorical Fraissé limit. A Mekler group M is NCg if and only if its
associated graph C is NCg.

Proof. By Theorem 2.23, we have that for any complete theory T, T is NCg if
and only if 7" has no uncollapsed Flim(X)-indiscernible. Therefore, this is only a
reformulation of the previous theorem. U

We can now, for instance, recover the key Theorem 4.7 of [CH19]. For that,
we recall a characterisation of NIPy, for an integer k > 1. Let Cy, be the class of
all finite ordered k-partite hypergraphs. This is, of course, a Ramsey class by a
classical result of NeSetfil and Rodl [NR77].

Fact 4.25 [CPT19, Proposition 5.4], [GH19, Theorem 3.14]. The following are
equivalent for a first-order theory T and k € N:

(1) T is NIP;.
(2) T isNCq, .

Corollary 4.26 [CH19, Corollary 4.8]. For every k > 1, a Mekler group M is NIP;,
if and only if its associated graph C is NIPy.

We can also immediately deduce the following, from Fact 2.28:

Corollary 4.27. For every k > 1 a Mekler group M is NFOP}, if and only if its
associated graph C is NFOPy.
In particular, for all k > 2 there is a strictly NFOPy, pure group.

Proof. The first part of the corollary is immediate from Fact 2.28 and Theorem A.
By Fact 2.3, any structure in a finite relational language is bi-interpretable with
a nice graph. From [AACT?25, Proposition 3.25] we know that any k-ary structure
(i.e., any structure which admits quantifier elimination in a relational language
where all symbols have arity at most k) is NFOPy, so in particular, the random
k-hypergraph, k > 2, is NFOP;. We know from [AACT25, Proposition 2.8] that

NFOP; = NIP,

and since the random k-hypergraph has IP;_; it has FOP_1, is thus strictly NFOP.
Let C be any nice graph bi-interpretable with the random k-hypergraph. Then M(C)
is a strictly NFOP;, pure group, by the first part of the corollary. U
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4.4. Resplendence. The quantifier elimination results and the transfer principles
obtained from them are all resplendent, in the sense of [Rid17, Appendix A]. This
means that Theorems A and B and Proposition 4.23 and 4.14 remain valid if we
replace, mutatis mutandis, the Mekler groups M with a C-enrichment

M*={M=(G,-,1),C=(V,R,...),n: EY"— C},

where ... denotes additional structure on C.
To finish off this section, we give some negative results. These are derived from
basic observations and do not require the relative quantifier elimination.

4.4.1. Distality. In this paper, a precise definition of distality is not necessary. The
reader can find one in [Sim15, Chapter 9]. For our purposes, it suffices to note that
a distal theory does not admit any nonconstant totally indiscernible sequences.

Proposition 4.28. Let M be a Mekler group. Then Th(M) is nondistal.

Proof. We show that M admits a nonconstant totally indiscernible sequence. Con-
sider an infinite sequence (y;);en of elements of type 1° which are independent
over (Z, ", €P). By Proposition 4.23, this sequence is totally indiscernible. It only
remains to show that such a sequence exists, which we briefly justify for the sake of
completeness. Since C is an infinite graph, it has, by Ramsey, an infinite clique (i.e.,
a subset where every two elements are connected one to the other), or an infinite
anticlique (i.e., an infinite subset where no two elements are connected one to the
other). Since C is nice, it cannot have an infinite clique and, therefore, it must
have an infinite anticlique A. By compactness and considering larger and larger
products of elements in A, we can find elements of type 1° which are independent
over (Z, &', €P), O

A more relevant question is therefore the following:

Question 4.29. Assume that a nice graph C admits a distal expansion. Does M(C)
admit a distal expansion?

It seems that if C admits a linear order < such that the structure (C, <, E) is
distal, then one can define a natural valuation on G/Z and Z, and this additional
structure would eliminate all traces of stability that Mekler’s construction can bring
“on top” of the structure C.

4.4.2. Burden. As we have seen, Mekler’s construction preserves many dividing
lines. However, it seems that it does not (always) preserve notions of dimension. We
will treat here the burden, i.e., the notion of dimension attached to NTP, theories
(which coincide with the dp-rank if the theory is NIP).

Proposition 4.30. If C is an infinite nice graph, M(C) has burden at least R¢_.
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We refer the reader to [AdI] for the precise definitions needed for the remainder
of this section.

This proposition provides a negative answer to [CH19, Problem 5.8]. One should
expect similar results for any other reasonable notion of dimension. The proof
below describes how one can obtain an inp-pattern of arbitrary finite size.

Proof. Consider the pattern consisting of an array (a;, j);, jew Of distinct elements
of C and the formula ¢ (x, yc):

Apo(m(x)) A Yy € Sim,0(x)

where x is a group sorted variable, y, is a C-sorted variable, 7 is the projection
modulo Z, A,, o is the predicate for elements x which are sum of m elements of
type 17, and S,, o(x) is the support of such element x.

Then notice that {¢(x, a; ;)|i € } is (m + 1)-inconsistent (but m-consistent!)
and {¢(x, a; ri))|i € w} is consistent for all f:m — .

We thus have an inp-pattern of depth m for every integer m, therefore M(C) has
burden at least R¢_. O

In [CH19, Remark 5.7], Chernikov and Hempel argue that a Mekler group M(C)
is strong if and only if C is strong. More generally, one can certainly ask what is
the exact burden of M(C). We conjecture the following formula:

Conjecture 4.31. We have bdn(M(C)) = min{R(_, bdn(C)}.

5. Second proof of Theorem A

We now present a second proof of Theorem A. We follow a proof strategy similar
to that of Hempel and Chernikov in [CH19]. It avoids the formal description of
definable sets from Section 3, at the cost of introducing a (reasonable) additional
assumption on the collapsing property of the nice graph. Let us recall the following
key lemma from [CH19]:

Lemma 5.1 [CH19, Lemma 2.14]. Let C be a nice graph and M a saturated model
of Th(M(C)). Let X be a transversal and K x < Z(M) be such that M = (X) x (Kx).
Let W and Y be two small subsets of X and hy, hy two tuples in K x. Suppose that
the following conditions hold.:

o There is a bijection f : W — Y which respects the 1'-, p-, 1'-parts, the handles,
and tpr(W") = tpr(f (Y)").
* tpg, (hy) = tPky (h2).
Then, there is an automorphism o € Aut(M) extending f such that o(hy) = hy.

In [CH19], amongst other results, the authors essentially show the following
[CH19, Theorem 4.7]: If, for some nice graph C, every model of Th(C) collapses
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Hy-indiscernibles (where Hy is the random k-partite hypergraph) to Pg-indiscernibles
(where Py is the random k-partite set), then so must every model of Th(M(C)).
Below, we adapt their argument for the general case of collapsing Z-indiscernibles
(in place of Hg-indiscernibles) to J-indiscernibles (in place of Pg-indiscernibles).

Definition 5.2 (specific collapsing). Let Z be an Rp-categorical Fraissé limit of a
Ramsey class and 7 a proper reduct of Z. We say that Z has specific collapsing to
J if for all theories T, and all M F T, every collapsing Z-indiscernible sequence
in M, is (a possibly collapsing) 7-indiscernible sequence.

Many dividing lines are characterised by specific collapsing to a reduct. Classical
examples include stability (where we have specific collapsing of order-indiscernibles
to indiscernible sets), NIP; (here we have specific collapsing of random ordered
k-hypergraph indiscernibles to linear orders), and recently NFOP (this is more com-
plicated to describe but follows from results in [AACT25], in particular Lemma 4.14
therein) for all £k € N.

We start with an easy lemma:

Lemma 5.3. Let T be a stable theory, T an Rg-categorical Fraissé limit of a
Ramsey class in a finite relational language, and J a proper reduct of T. If T
has specific collapsing to J then every model of T collapses T-indiscernibles to
J-indiscernibles.

Proof. Since 7 is Ramsey, it expands a linear order (see [Bod15, Corollary 2.26]),
and since T is stable, we must have that Z-indiscernibles collapse to the reduct of
7T where we forget the order in models of 7. By specific collapsing, we then have
that Z-indiscernibles collapse to [J-indiscernibles in models of T'. O

Theorem A’ (second statement). Let Z be an Rg-categorical Fraissé limit of a
Ramsey class in a finite relational language, and J a proper reduct of Z, also in a
finite relational language. For every nice graph C, if

e T has specific collapsing to J, and

o Th(C) collapses Z-indiscernibles to [J-indiscernibles,
then
e Th(M(C)) collapses Z-indiscernibles to J-indiscernibles.

Proof. Assume toward a contradiction that Th(C) collapses Z-indiscernibles to J-
indiscernibles but Th(M(C)) does not. Since both Z and 7 are finitely homogeneous,
they are k-ary, for some k € N. By appropriately padding the symbols in £7 and
L 7, the respective languages of Z and J, we may assume that they all have arity
exactly k. Moreover, since Z has quantifier elimination we can also assume that
L7C L.
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By assumption, we can find a model M F Th(M(C)) and an Z-indiscernible
sequence B = (b; : i € dom(Z)) in M which is not 7-indiscernible. Since Z has
specific collapsing to 7, this must mean that B is noncollapsing. In particular, for

all (i1, ..., 1), (jis - - - ji) € dom(Z)F we have that
aftpz (i1, ..., ix) =aftpz(j1, ..., jx) <= tp(biy, ..., by) =tp(bj,, ..., bj).
Claim 1. There is some R € L1\ L7 for which we can find an Lgp,-formula ¢
such that for and all iy, ..., iy € T we have
ME¢rbi, ..., by) ifandonly if TE R(y, ..., ii).

Proof of claim. First, since Z is Rg-categorical there are finitely many quantifier-free
k-types in Th(Z), say pi, ..., py. Every relation symbol R € £z belongs to a finite
Boolean combination of these types, and we claim that for some R € L1\ £ there
is a Boolean combination of (isolating formulas of) quantifier-free types i such
that

TEY(>y, ... i) ifand only if ZF R(iy, ..., iy).

If not, then we would be able to find a reduct 7' of Z which would make B a
J’-indiscernible sequence, contradicting our initial assumption.

Now, since B is an uncollapsed Z-indiscernible, for each quantifier-free k-type
pi of T there is a unique k-type g; of M in B, corresponding to the k-tuples indexed
by p;. For each such type we can find an L4 ,-formula ¢; separating it from the
rest.

Recall that since 7 is Ro-categorical for each quantifier-free n-type p € S¥(2),
there is a formula iso(p) € p isolating p. Moreover, for all n € N, by Ryll-
Nardzewski, | ST (2)] < Ro.

Given the above, for a relation symbol R € Lz, there is a unique Boolean
combination of isolating formulas

¥ = AViso(p)©,

equivalent to R.
For ¢ as above, take ¢ to be the formula A\/ ¢, i.e., the corresponding
Boolean combination of the formulas separating the types g; in M. U

Fix « to be Nar and [ = 7 be an elementary extension of Z with |I| = «. Without
loss of generality, we may assume that M is saturated. Since Z is Ramsey, Z-
indiscernibles have the modelling property, so by compactness/saturation we can
actually find, in M, an [-indexed indiscernible sequence A = (a; : i € dom(ll)) which
is based on B. Let J = J be the elementary extension of [J given by taking the
L 7-reduct of [.

Claim 2. The sequence (a; :i € dom(l)) is not J-indiscernible.
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Proof of claim. Since (a; : i € dom(Z)) is not J-indiscernible, we can find

i1y ey iky j1,---, jx € dom(Z) such that qftpj(l'l, o) = qftpj(jl, cees Jk)
and tp(b;, ..., bi) # tp(bjl e bjk)' Let Ay C tp(bj,,...,b;), and Ay C
tp(bj,, ..., bj,) be two finite sets of Lgp-formulas such that A;UA; is inconsistent.

Since (a; :i € dom(l)) is based on (b; :i € dom(Z)) and | =7, given [y, ...,y €l
such that gftp(/1, ..., [x) =qftpz (i1, ..., ix), wecanfind a tuple i| ..., i; € Z such
that gftpy(/1, ..., k) = aftpz(i], ..., i;) and thus

tp® (@, .-y ay) =t (b, ., by) = tp™ by, -, byy).
Similarly, we find my, ..., my such that qftp;(my, ..., my) =aftpz(j1, - .., jr) and
tp22(amys - - -, am,) = tp*2(bj,, ..., bj,). But, by construction,
aftpy (L1, - - ., k) = aftpg(my, ..., my),

and thus (a; : i € dom(l)) is not J-indiscernible. O

Let us write M in the form (X) x (H), where X is a transversal and H C M a
set that is linearly independent over [M, M].

After fixing an enumeration of dom(l), and rearranging A to be in the form
(a; :i < k), we express the elements in A as Lg,-terms built up from elements of
X and H, as follows: For each A < « let 7, be an Lgpp-term, and x;, h;. be finite
tuples from X and H, respectively, such that a;, = #; (x;, h 1)

By passing to a cofinal subsequence of A of cardinality « (in the fixed enumera-
tion), we can find a term ¢ € L5 such that for all A < & we have 7, =t. Since each
X is a tuple from X, we can assume that it is of the form X ~ %! ~ X}, where we
simply list all elements of X, of the corresponding types. We may also append the
handles of the elements in the tuple )Ef to the beginning of x; (so that the handle
of the j-th element of )?f is the j-th element of x;, and we allow repetition of
elements).

Thus, at this point, after rearranging, we have an [-indiscernible sequence
(t(x;, h;) 1 i € dom(l)). Of course, since Z < [, we may actually work with the sub-
sequence (7 (x;, hi):i € dom(2)). By construction, this sequence is Z-indiscernible,
and arguing as in Claim 2, (x; ~ h; 1 i € dom(Z)) is not J-indiscernible.

By Claim 1 and the fact that A is based on B, we can find some R € ¥ = L7\ L7
and some Lgp-formula ¢ such that

ME ¢r(ai, ...,a;) ifandonly if ZF R(iy, ..., ).

Now, let I'(M) be a saturated model of Th(C), containing all the elements (X; :i €
dom(Z)). Since I'(M) is interpretable in M, this sequence remains Z-indiscernible,
and since Th(C) collapses Z-indiscernibles to [J-indiscernibles this is actually a
J-indiscernible in I'. Similarly, let 7 be a saturated model of Th({H)), it is easy
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to see that (h; : i € dom(Z)) is Z-indiscernible in A, and since Th({H)) is stable,
from Lemma 5.3, we have that (%; : i € dom(Z)) is J-indiscernible in H.
Since the sequence (x; — h; : i € dom(Z)) is not J-indiscernible, there are

Iy eeeslky J1s - s Jx € dom(J) SPCh that qftpj(h, e ir) = qftpj(jl, cees Jk)
and tp((x;, — h;), ..., (x;, — hy)) # tp((xj, — hj), ..., (x;, —~ hj;)). Of
course, by Z-indiscernibility of the sequence we must have that qftp7(iy, ..., i) #
aftpz(j1, - - -, jk), so there exists some relation symbol R € L7 such that

TER(@,...,ix) AR, .-y Ji)-
In particular, we can find an Lg,-formula ¢» such that
MEGR((Kiy ~hi))s o Ty ~hi)) A=pR((Fj, ~hj)), ..oy (Xj, ~hj,))
At this point we are in the following situation:

e Since qftp 7 (i1, ..., i) =qftp7(ji, ..., ji) and the sequences (x;" : i € dom(Z))
and (h; : i € dom(Z)) are J-indiscernible we have

tpr (&), X)) =tpr(X}, ..o X)) and  tpgy (i, .oy i) = tpy (s oo ).

e The map sending x;, ~ f_z,-l = Xj, ~ ﬁj, respects the 1”-, p-, 1‘-parts, and the
handles.

Thus, by applying Lemma 5.1, we can extend this map to an automorphism
o € Aut(M) sending (x;, —~ h;;) to (xj, ~ hj) foralll € {1,...,k}, which is a
contradiction. O

6. Open questions
We suggest some possible transfers for Mekler groups that we try to briefly motivate.

Beautiful pairs. Extending Theorem B, one could try to characterise the existence
of beautiful pairs of Mekler groups, in the sense of [CKHY23]. In this work, Cubides
Kovacsics, Hils and Ye develop a general theory of beautiful pairs, extending the
ideas of Poizat. They show, in particular, that the existence of a A-saturated A-
beautiful pair for A > |T'|* implies strict pro-definability of the space of definable
types. Hence saturated beautiful pairs of Mekler groups would give examples of
2-nilpotent groups with a strict pro-definable space of definable types.

Imaginaries. To complement our result of relative quantifier elimination, one could
try to characterise imaginary elements of Mekler groups (up to finite imaginaries).
Transfer principles for imaginaries are known in the context of valued fields (e.g.
[RKV23]). A similar result for Mekler groups could certainly be interesting; we
would then have a complete understanding of the first-order structure of Mekler’s
construction (definable sets, and quotients by definable equivalence relations).
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Domination. In a given structure, if the tensor product respects the domination
relation between invariant types, the set of invariant types modulo the domination
equivalence is a monoid (the domination monoid), when equipped with the multi-
plicative law induced by the tensor product. In [HM24], Mennuni and Hils prove
various transfer principles A — B for domination: they compute the domination
monoid of A in terms of the domination monoid of B. A similar computation
M — C for Mekler groups would give many examples of 2-nilpotent groups with a
well-defined domination monoid.
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