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THE 3-PROBLEM ON Z(¢q)-DOMAINS

DEBRAJ CHAKRABARTI, PHILLIP S. HARRINGTON AND ANDREW RAICH

Given a complex manifold containing a relatively compact Z(q) domain, we
give sufficient geometric conditions on the domain so that its Z>-cohomology
in degree (p, ¢) (known to be finite-dimensional) vanishes. The condition
consists in the existence of a smooth weight function in a neighborhood of
the closure of the domain, where the complex Hessian of the weight has
a prescribed number of eigenvalues of a particular sign, along with good
interaction at the boundary of the Levi form with the complex Hessian,
encoded in a subbundle of common positive directions for the two Hermitian
forms.

1. Introduction

1.1. Solvability of the 3-problem. We give a sufficient geometric condition for
a relatively compact Z(g) domain 2 in a complex manifold to have vanishing
Dolbeault cohomology at level (p, ¢). Among other things, our condition requires
a smooth weight function defined in a neighborhood of Q whose complex Hessian
has a given number of positive and negative eigenvalues. Our technique is to build
a metric that turns a condition about numbers of eigenvalues into one about sums of
eigenvalues. Typically, the former conditions are invariant under biholomorphisms
while L? methods require the latter conditions. The heart of our argument is an
investigation of an invariant condition in which the Levi form and the complex
Hessian of the weight share positive directions. This is novel and represents a
new approach to rectify the dichotomy between invariant conditions and sufficient
conditions to use L? methods.

The solvability of the -problem on a domain in C" or on a complex manifold
depends on certain convexity conditions, the most natural of which is being Stein,
i.e., the existence of a strictly plurisubharmonic exhaustion function. Under this
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condition we get the vanishing of the Dolbeault cohomology in degree (p, g) for
q > 1, a special case of H. Cartan’s celebrated Theorem B (see [GR09]). It was
realized early that one can generalize this substantially: by well-known results
of Andreotti and Grauert (see [AG62]), if there is a smooth exhaustion function
on the n-dimensional complex manifold M whose complex Hessian has n—qg+1
positive eigenvalues, then H”9(M) = 0 for each p. A smooth function on an
n-dimensional complex manifold whose complex Hessian has n —g+1 positive
eigenvalues at each point is usually called a (strictly) q-convex function, but there
are other competing conventions for this and other related definitions, so we mostly
avoid the use of the “g-terminology” in this paper. As is common in differential
geometry, the convexity condition is encoded in a Hermitian form (cf. the second
fundamental form in the classical theory of surfaces in Euclidean space). For more
on the g-convexity conditions, see [OP22; ES80].

In the study of complex function theory on a domain (open connected subset)
Q in a complex manifold M, methods based on L?-estimates are usually easier to
use than the classical sheaf-theoretic arguments (see [CSO1; Dem12]). Establishing
L? estimates requires the choice of a Hermitian metric on the manifold. The
complex convexity of the boundary 92 is encoded in its Levi form. The “interior
complex convexity” of the domain is encoded in a smooth “weight function” ¢ in a
neighborhood of the closure Q, where the complex Hessian of ¢ has certain positivity
conditions imposed. One can interpret ¢ as giving rise to a Hermitian metric e =% on
the trivial line bundle in a neighborhood of Q. By a well-known result of Hormander
(see [Hor65]), if the domain €2 is pseudoconvex, and the weight ¢ is strictly
plurisubharmonic, then we have the vanishing of the L?-cohomology H fz’q(Q) for
g > 1. This is of course equivalent to the solvability, with estimates in the L?-norm,
of the d-equation du = g for a d-closed square-integrable (p, ¢)-form g.

In analogy with convexity conditions on manifolds given by exhaustion or weight
functions with complex Hessians of specified signature, one can also consider partial
convexity conditions for the boundary in order to study the 3-problem in a fixed
degree. For 1 < g < n — 1, a smoothly bounded domain €2 in an n-dimensional
complex manifold is said to satisfy condition Z(q), if at each point of the boundary
d€2 the Levi form has at least n — g positive eigenvalues, or has at least g + 1 negative
eigenvalues. This condition is fundamental in the theory of the 3-Neumann problem,
since it is necessary and sufficient for %-subelliptic estimates on (p, g)-forms (see
[FK72]).

Another type of partial convexity condition arises from a consideration of the
right-hand side of the Bochner—Kohn—Morrey—Hormander identity for higher degree
forms, and the condition needed for positivity of the boundary integral (involving the
Levi form) and the interior integral (involving the complex Hessian of the weight)
(see [Ho91]). Following [MV15], let us introduce a notion from linear algebra.
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Definition 1.1. Let H be a Hermitian form on a complex inner product space
(E, g). We say that H is strictly q-positive with respect to g if the sum of each
collection of g eigenvalues of H with respect to g is positive. If the sum of each
collection of g-eigenvalues is nonnegative, we say that H is g-positive with respect
to g.

Section 2.1 contains a more detailed discussion of the eigenstructure of Hermitian
forms with respect to an inner product. Generalizing the result of Hormander stated
above, it follows from [MV15, Theorem 2.14] that given a smoothly bounded
relatively compact domain €2 in a Kdhler manifold, and a smooth weight ¢ in a
neighborhood of €, simultaneous strict g-positivity of the Levi form of 92 and of
the complex Hessian of ¢ on 2 constitutes a sufficient condition for the vanishing
of the L?-cohomology in degree (p, g). We will prove stronger versions of this
result without the Kéhler hypothesis below in Theorems 3.3 and 3.1. Related results
were studied in [Ho91; Wu81] etc.

The hypotheses and conclusions of Theorems 3.3 and 3.1 have a dissatisfying
incongruity about them and this is one of our motivations for starting this project.
The L?-cohomology of a bounded domain in a complex manifold is defined inde-
pendently of the choice of the Hermitian metric. On the other hand, the hypotheses
on the Levi form of the boundary and the complex Hessian of the weight involve
the metric (since strict g-positivity of the two Hermitian forms is defined with
respect to this metric). Therefore, Theorems 3.3 and 3.1 draw a metric-independent
conclusion from a hypothesis that depends very much on the choice of a metric.
This paper is an attempt to understand what purely complex-geometric conditions on
a domain in a complex manifold suffice to ensure that the L?-cohomology is zero.

1.2. Results. Andreotti and Vesentini in [AV65, Section 5] gave a proof of the
vanishing theorem of Andreotti and Grauert stated above by constructing a metric
in which the complex Hessian of the exhaustion ¢ is strictly g-positive and apply-
ing L?-methods. We will use the same approach, but our metric construction is
fundamentally different in that their metric is complete while we focus extensively
on the interaction of the metric with 0€2. The subtle and delicate aspect of our
work is ensuring that the Levi form and the complex Hessian of the weight function
are simultaneously strictly g-positivity in the metric we construct. This allows
us to apply L?-results like Theorems 3.3 and 3.1. Let us say that on a relatively
compact domain € in a complex manifold, the d-operator satisfies the Morrey—
Kohn—Hdormander basic estimate in degree (p, q), if there exists a constant C > 0
so that for all (p, g)-forms f € Dom(3) N Dom(d*) we have

(1-1) 117200y < CUIB S 172 +10% FlI72 i) + 1 £ 17 20)-

This estimate has numerous important consequences for the function theory of €2.
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Combined with the ellipticity of 8 @ 8* in the interior of & (where there are no
boundary conditions), it follows that the L>-cohomology space H;* () is finite-
dimensional. Additionally, %-subelliptic estimates hold for the 3-Neumann problem
(see [FK72; CSO1; Str10]).

Our techniques provide a new proof of the following well-known result.

Theorem 1.2. Let M be a complex manifold and let Q@ C M be a smoothly bounded
relatively compact domain, and let 1 < g <n — 1. Suppose that the domain Q2
satisfies condition Z(q). Then the d-operator on (p, q)-forms on S satisfies the
Morrey—Kohn—Hormander basic estimate (1-1).

Our main tool is the following proposition, which is closely related to [AV65,
Lemma 18], though our proof is quite different from that offered in [AV65]. It has
the added flexibility of prescribing the metric on a closed subset of the manifold.

Proposition 1.3. Let E be a smooth complex vector bundle of rank d over a smooth
manifold M, and let S be a smooth Hermitian form on E such that for some
1 <g <d,ateach p € M, S, has at least d — g + 1 strictly positive eigenvalues.
Suppose that there is a (possibly empty) closed subset F C M and a Hermitian
metric go on M such that on F, the Hermitian form S is strictly g-positive with
respect to go. Then there is a Hermitian metric g on E such that S is strictly
q-positive with respect to g, and in a neighborhood of F we have g = g.

As already noted, the Morrey—Kohn—Hormander basic estimate (1-1) proven
in Theorem 1.2 suffices to prove that the L> cohomology H fgq(Q) of Q is finite-
dimensional. The main goal of this paper is to provide sufficient conditions for the
vanishing of this cohomology, in terms of global information about the embedding
of Q2 in the ambient manifold M. This global structure is provided by a weight
function which is compatible with the Levi form of 2 in a sense which is made
precise by the following theorem. We use 719(3Q) to denote the (1, 0)-tangent
bundle of the boundary of €.

Theorem 1.4. Let M be an n-dimensional complex manifold, let 2@ € M be a
smoothly bounded relatively compact domain, and let 1 < g <n — 1. Suppose that
there is a smooth function ¢ defined in a neighborhood of Q such that:

Either

(1) there is a continuous subbundle of rank (n—q) of T19(3Q) on which both the
Levi form of 02 and the complex Hessian of ¢ are positive, and

(2) the complex Hessian of ¢ has at least (n—q+1) positive eigenvalues at each
point of Q.

Or



THE 3-PROBLEM ON Z(g)-DOMAINS 5

(1) there is a continuous subbundle of rank (q + 1) of T19(8Q) on which both the
Levi form of 02 and the complex Hessian of ¢ are negative,

(2) the complex Hessian of ¢ has at least (q + 1) negative eigenvalues at each
point of Q, and

(3) the restriction of the complex Hessian of ¢ to T'%(dQ) is nondegenerate at
each point of 0%2.

Then the L*-cohomology HLpz’q(Q) of Q in degree (p, q) vanishes for 0 < p <n.

Notice that the hypotheses of Theorem 1.4 imply not only that the domain €2
satisfies condition Z(g), but also that of the two mutually exclusive conditions
constituting Z(q) (that the Levi form has n —¢g positive or g+ 1 negative eigenvalues)
there is exactly one which is satisfied at each point of the boundary. It would be
interesting to understand how to extend to general Z(g)-domains the techniques
traditionally applied to annuli in C" or Stein manifolds (see [Shal0; Shall; LS13;
CH21])).

In Theorem 1.4, the continuity of the subbundle of common positive directions
of the two Hermitian forms may be a strong hypothesis. Indeed, in Corollary 8.2,
we will see that there exists an example of a smoothly parameterized family of
Hermitian forms such that each form admits a positive eigenvalue but there does
not exist a continuously parameterized vector field on which each Hermitian form
is positive. Fortunately, we can prove our result when ¢ = n — 1 without requiring
continuity of the subbundle. Indeed, we have the following.

Theorem 1.5. Let M be an n-dimensional complex manifold and let 2 C M be a
smoothly bounded relatively compact domain. Suppose that there exists a smooth
function ¢ defined in a neighborhood of Q such that

(1) for every point p € dS2, there exists a vector L € T;O(a Q) on which both the
Levi form of 02 and the complex Hessian of ¢ are positive, and

(2) the complex Hessian of ¢ has at least 2 positive eigenvalues at each point of Q.
Then the L? cohomology Hfz’nfl () of Qin degree (p, n—1) vanishes for 0 < p <n.

Notice that in Theorems 1.2, 1.4 and 1.5, the hypotheses are independent of
a choice of metric, i.e., they are determined solely by the complex structure. In
particular, the L? spaces of forms on 2 are defined with respect to any Hermitian
metric on M. Although the inner product and norm of L%,’ 4(§2) depend on the
metric chosen on M, the space Lf,’ 4(€2) itself is determined independently of the
choice of the Hermitian metric on M. It follows that the “maximally realized”
d-operator 9 : L?L -1 () — L?,, 4(£2) is also defined independently of the choice
of the metric, as is the corresponding L2-cohomology H fz’q(Q) of the domain €.
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2. Definitions and preliminaries

2.1. Hermitian forms and eigenvalues. Recall that a Hermitian form on a complex
vector space E isamap H : E x E — C such that for u, v, w € E and a € C we have
H(au + v, w) =aHu,w)+ H(v,w), and H(u, v) = H(v,u). The Hermitian
form H is a Hermitian metric or inner product if it is positive definite: H (v, v) > 0.
According to Sylvester’s law of inertia, we can write

d
H(z,2) =) €lt;@P,
j=1

where €; € {1, —1,0}, £; : E — C are linearly independent linear forms, and d is
the dimension of E. The 3-tuple of integers counting respectively the number of
positive, negative and zero coefficients among the €;’s is known as the inertia or
signature of the form and is an invariant completely classifying Hermitian forms
on E up to linear automorphisms. By a standard abuse of language we will refer
to the integers constituting the inertia as the number of positive, negative and zero
eigenvalues of H.

Given a Hermitian metric g on E, and a Hermitian form H on E, recall that v € E
is an eigenvector of H with eigenvalue ). € R with respect to g if H(v, u) =Ag(v, u)
for all u € E. Equivalently, we may define an operator Hé : E — E by

g(HSu,v)=H(u,v) forallu,vek,

and the eigenpairs of the Hermitian form H with respect to g will correspond to
the eigenpairs of the operator H$. It is clear that Hé : E — E is a Hermitian
operator (with respect to the metric g), and consequently, its eigenvalues are real,
and the eigenvectors can be taken to be orthogonal with respect to the metric. We
will denote by )f; (H) the j-th smallest eigenvalue of H#, where eigenvalues are
counted with multiplicity. Therefore

@1 MH) <M (H) < < AS(H).
From the spectral theorem for each nonzero vector z € E we have

H(z,z)

k)

(2-2) A (H) < <A5(H),

with equality if z is an eigenvector of the corresponding eigenvalues. This follows
by writing H(z, z) = g(H?8z, z) in terms of a basis of orthonormal eigenvectors of
H&. Notice that a Hermitian form H is strictly g-positive with respect to the metric
g if and only if

(2-3) i A (H) >0,
k=1
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i.e., the sum of the smallest g eigenvalues is positive.

A Hermitian form (resp., metric) on a complex vector bundle on a smooth
manifold is the assignment of a Hermitian form (resp., metric) to each fiber. Given
a Hermitian form H and a Hermitian metric g on a vector bundle, we say that H
is (strictly) g-positive with respect to g if it is so on each fiber with respect to the
metric on that fiber.

Given a Hermitian form H and a metric g on a vector space V, the trace of H
with respect to g is the sum of all the eigenvalues of H with respect to g:

dimV

tre(H)= Y A{(H).
k=1

It is well-known that
dimV

trg(H) =} H(t, te)
k=1

for each orthonormal basis {#;} of V. The following characterization of strict
g-positivity is classical and is a consequence of the Schur majorization theorem
[HJ13, Theorem 4.3.45; IIM87] (see also [Str10, Lemma 4.7])).

Theorem 2.1. A Hermitian form on a finite-dimensional inner-product space is
strictly g-positive if and only if its restriction to each q-dimensional linear subspace
has positive trace.

2.2. The Levi form. 1t is possible to define the Levi form of a hypersurface fully
intrinsically, with values in the line bundle of bad directions (see [BHLN20]). For
our purposes, it will suffice to use a definition of the Levi form in terms of a defining
function.

Let ©Q be a smoothly bounded and relatively compact domain in a complex
manifold M, and let p be a defining function of €2, i.e., p is a smooth function in a
neighborhood U of 92 such that {p <0} = U N2 and dp # 0 on 9€2. One then
defines the Levi form of 92 as the Hermitian form on 71:°(3Q2) given by

(2-4) Ly(X.Y)=00p(X.Y), X.YeT,’0Q).

The defining function of the domain €2 is not unique, but if r is another defining
function, then there is a smooth function f > 0 defined near 02 such that p = f - r.
It then easily follows that

'C,O = fL,,

so that at each p € 0Q2, for X € T[}’O(BQ) the real number £, (X, X) is positive
(resp., negative, resp., zero) if and only if £,(X, X) is positive (resp., negative,
resp., zero). We see therefore that the conditions on the Levi form in the hypothesis
of Theorem 1.4 are invariantly defined independently of the choice of the defining
function.
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In Theorem 3.3 below, we are given in addition to the domain €2, a Hermitian
metric g on the manifold M. Since £, = fL,, L, and L, have the same collection
of eigenvectors in T;’O(a 2) with respect to g, and if {A;(p)} are the eigenvalues
of £,(p), then the eigenvalues of £, (p) are clearly { f(p)-A;(p)}. Since f > 0, it
follows that the condition of strict g-positivity in the hypotheses of Theorems 3.3
and 3.1 are invariantly defined independently of the choice of defining function.

3. Some results from L>-theory

3.1. Unweighted L? result. The following will be needed in the proof of Theorem 1.2
and is proven in Section 3.4.

Theorem 3.1. Let M be a complex manifold, Q@ € M a relatively compact C3
domain with defining function p, 0 < p <n,and 1 < g <n —1. Let h be a
Hermitian metric on M such that on each connected component of 0S2, either
the Levi form, EZ is strictly g-positive or the negative of the Levi form —Cﬁ is
strictly (n—q — 1)-positive. Then the d operator on (p, q)-forms on S satisfies the
Morrey—Kohn—Hormander basic estimate (1-1).

Remark 3.2. It is well-known that Civq(fl) N Dom(3*) is dense in Dom(d) N
Dom(9*) (see, e.g., [HOr65, p. 121]) so it suffices to assume that our forms have
coefficients that are at least C?> smooth on Q. Further, by the comments at the end
of Section 2.2, the fact that Eﬁ is strictly g-positive is independent of the choice of
the defining function p, so the hypotheses do not depend on the choice of p.

The function theory in [CS01, Section 5.3] is largely applicable to our setup, but
we have to adapt their work to domains that are not necessarily pseudoconvex. Our
analysis combines elements of [CSO1] with ideas from [Ho95] and [HR15]. The
latter papers, however, were concerned with domains in C" and Stein manifolds,
respectively. See also [Zam08, §1.9] for a related discussion but for domains in C”,
and [MV15, Theorem 2.14] for a similar result in Kidhler manifolds.

3.2. Weighted L* result. The following is the key result that will be used to prove
Theorem 1.4 and its proof appears in Section 3.5.

Theorem 3.3. Let (M, h) be a Hermitian manifold of complex dimension n, let
Q C M be a relatively compact domain with C3 boundary 32 and defining function
p, let @ be a smooth function in a neighborhood of Q and let 1 < g <n — 1. Suppose
that, with respect to h:

Either
)] EZ is g-positive on 02, and

(2) on Q, the complex Hessian of ¢ is strictly q-positive.



THE 3-PROBLEM ON Z(g)-DOMAINS 9

Or

Q8 —ﬁ’; is (n—q —1)-positive on 0€2,

(2) on Q, the complex Hessian of —¢ is strictly (n—q)-positive, and

(3) if L, € THO(M) is orthogonal to T"-°(d2) and unit length on 3 with respect

to h, then the sum of any (n—q) eigenvalues of the complex Hessian of —¢ is
strictly larger than —09¢(L,,, L,) on 0%2.

Then, for each 0 < p < n and t sufficiently large, there exists a constant C > 0 so
that for all (p, q)-forms f € Dom(d) N Dom(9*)

(3-1) 1172 .ei0y < CUOL N 20 o9y + 185 F 117 2 emre))-

3.3. Preliminaries for L* methods. Suppose that ¢ is a smooth function defined
on a neighborhood of Q. Let L%,’ 4 (€2, 1) denote the L2-space of (p, ¢)-forms on
Q with norm

2 _ 2 —ty
= e 'vdv
11320000 = [ 1]

and corresponding inner product. Denote the L>-adjoint of 9 : L?,, (2, t9) —
Li’qﬂ_(Q,t@) by 5:‘(/) : L?H](Q,t(p) — L%q(Q, tp). It is well-known that
Dom(a;';o) does not depend on #¢.

We assume that p is a defining function for Q2 so that |[dp| = 1 on 9<2. Let
U be a open set that intersects $ and admits a basis of orthonormal (0, 1)-forms
wi, ..., wy, so that w, = dp, and

(3-2) 09p=dw,= Y. pjxw; Ay

where (pj) is the Levi matrix. We denote by Ly, ..., L, the basis for T%1(U)
that is dual to @y, ..., w,. Foreach 1 < j < n, set 6;‘” =e'YLje”'?, so that the
adjoint of L ; with respect to L*(2, e7'%) is given by —8; up to a zero-order term
that is independent of ¢ and ¢.

LetZ, ={J = (j1,...,Jjg) €N : 1< j1 <--- < j, <n} denote the set of
increasing g-tuples. We can then express a (0, g) form f on U by
f=X f1a.
Je1,

Given I €7,y and J € Z,, we define ejl tobe 0if {j}UI # J as sets and otherwise
is the sign of the permutation that reorders j/I as J. We also employ the standard
notation

fir= > Eflfj

Je1,
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and use the shorthand ||L f || L2(Q,e-v) for
_ 2 n _ )
”Lf”LZ(Q,efw) = JZ > ”kaJ”Lz(Q’eﬂp)-
€Z, k=1

The key to proving Theorem 3.1 (and Theorem 3.3) is to have a good basic
identity, and this is provided by [CSO01, equation (5.3.20)], which we now state. For
forms f € Dom(ét*w) N Ca q (Q) supported in U, where U is an open set that admits
good local coordinates,

(3'3) ”éf”iZ(Q’e—np) + ”ét*ggf”%}(g’e—tw)

- n
= ||Lf||i2(9,e-w)+f Yo 2 ifin fiDe

1€T, jk=1

n p—
+ > X pjkfird0fire " do + R(f)+ E(f),
1€Z,- jk=173RNU

where E(f) satisfies both

(3-4) |E(NI < CILfll2@.eo I fll 2.0t
and via integration by parts of the tangential terms,
(-5 [E(Nl =
(SNt lizgem + 5 TN Fili@em )1 iz
JeT, JeT, j=1

and for any € > 0, there exists C. > 0 such that

3-6) RN <€(10f 17200y T 105 F 12 emr0)) + Cell 172 0mr0)

Additionally, the constants C and C, are independent of ¢ and ¢. The basic identity
(3-3) is precisely the result we need to prove Theorems 3.3 and 3.1 for the case
when ﬁﬁ is g-positive on U N 9S2.

We now establish a basic identity for the components of 92 for which —Lﬁ is
n—1—g-positive. Following [CS01], we have

—_ n n —_
18,7, Lilu = dreu + Y 8,7 ) — Y CepLe(u)
=1 =1

where pgx = ¢ = ¢y, and c,fk are C! functions on U. Integration by parts yields
G- MLk frl 2oy = 187 Fil 2 ere) = 1@kt S, [0

n —
~(X e fr. 1), + OULS oI i o).
(=1
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Integration by parts shows that if £ < n, then

t i
((cexd’ f12 [Dio| < CIL 2@y | Fll 1202 010

However, if £ = n, then

(8l f1s [rg = f

ikl f1le™ do + O(IL fll 2.0y | f | L2(.e10))-
oQNU

Thus, we have now established [Sha85, (3.20)] but for forms f € Dom(d)NDom(3*)
supported in a suitably small neighborhood in a complex manifold (vs. in C"),
namely,

(3'8) ”af”LZ(Q e~19) + ”8 f||L2(Q e~ 19)

= Y ILafillogerey+ 2 Z ||8’“’f1||L2(Q )

T€1, Jel, j=
> Z (Qjxfits fiDw —t 3 Z(%]fj e

1€Z, 1 jk=1 J€T, j=I

n

T Z Z . kafJIkae Ydo — Z Z/ ,Ojj|f]|2€_t(pd0'

I€T, 1 jk=17 9% Jez, j=170%
+E(f)+ R(f).

n—1

Notice that our coordinates are such that ) p;; = Tr([iﬁ).

j=1
3.4. The proof of Theorem 3.1. We use the basic identities (3-3) and (3-8) with
¢ = 0. In the case that £ﬁ is strictly g-positive on U N 32, it follows from standard
multilinear algebra (see, e.g., [Str10, Lemma 4.7]) that there exists ¢ > 0 so that for
fe Cf,’q(fz) N Dom(d*) supported in U, (3-3) becomes

19 £ 132 + 8% F 1172y = IL 72y + €l F 1200y + ROH + ECF).

A small constant/large constant argument and an absorption of terms establishes the
Morrey—Kohn—-Hormander basic estimate for f supported on U when EZ is strictly
q-positive on U N 9K2.

Now suppose that f is supported in a neighborhood U so that —Eﬁ is(n—1—q)-
positive on 02 N U. In this case, (3-8) with ¢ = 0 becomes

(B-9) 19 £ 11720+ 19*F 11720

Z ”L fJ||L2(Q)+ Z Z ”L fJ||L2(Q)+ Z Z anjkfjlfzdo—

Jel, Jel, j= 1€, jk=1

/ Tr(L)| £71* do + E(f) + R(f)

Jel,
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For the boundary integral, we note that
(3-10) MA A=+ A ) ==+ ) >0

since —L‘ﬁ is (n—1—g)-positive. This means that a small constant/large constant
argument and an absorption of the E(f) and R(f) terms shows that the Morrey—
Kohn-Hormander basic estimate holds in this regime as well.

A partition of unity argument shows that the Morrey—Kohn—Hormander basic
estimate holds globally and Theorem 3.1 is proved.

3.5. The proof of Theorem 3.3. We first consider the case in which the Levi form
of the boundary is g-positive and the complex Hessian of ¢ is strictly g-positive.
We cover Q with good neighborhoods {U}} and use a partition of unity subordinate
to {Uyg} such that (3-3) applies on each U. As in the proof of Theorem 3.1, we
may use, e.g., [Str10, Lemma 4.7] to show that the boundary integral term in (3-3)
is nonnegative. We then use a small constant/large constant argument with (3-4)
to absorb || L f|| 12(,e—) and take € small enough to absorb the d and 5,*(/) terms in
(3-6). Finally, we use the strict g-positivity of the complex Hessian of ¢ and take ¢
large enough to absorb the remaining error terms. Consequently, there exists C > 0
such that (3-1) follows.

Suppose, on the other hand, that —Eﬁ is (n—g —1)-positive and the complex
Hessian of —¢ is strictly (n—g)-positive. Choose a neighborhood Uj on which
(3-8) holds. Using a small constant/large constant argument with (3-5) to absorb
terms with derivatives in (3-8) and similar estimates to absorb R(f) gives us

G 181220 iy + 18, S 122 0

n n—1
>Ct Y. > (@jfirs fxDie—Ct Y2 Y (0jif1s [Dig

1€T, 1 jk=1 JeT, j=1
n —
+C Y X / pjk fi1 fure™'¢ do
I€T, ; jk=19%
= 2 i 2
—CY X [ pilfslPe 0 do = Cllf Iz e iy
JeT, j=17 3%

where C > 0 is independent of f and 7. As before, (3-10) implies that the boundary
integral is nonnegative. Denote the eigenvalues of the complex Hessian of ¢ with
respect to /& in nondecreasing order by {uﬁ’, ..., u"}. By the usual multilinear
algebra,

n n—1
Yo 2 (@i fin fidig— 22 2 (@iifis f)ip = Ellflliz(g,ew)

[€T,1 jk=1 JET, j=1
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for some € > 0 if

q n n

ZM?_ ZM?+¢nn:_ Z /J“?‘i‘wnn

j=I j=1 j=q+1
is strictly positive on some interior neighborhood of the boundary. Our hypotheses
guarantee that this holds on 92, so it must hold on some neighborhood of 9€2,
and hence we may choose ¢ sufficiently large in (3-11) to obtain (3-1) for forms
supported on some interior neighborhood of the boundary.

On any neighborhood Uy which does not intersect 92, we may integrate by

parts in {L}1<;<, for any orthonormal basis for T'9(8Q). Following the same
procedure used to obtain (3-11), we obtain

- 2 = 2
10 2 om0y F 197 F 2200 -0

n n
>Ct Y X @S fig = Ct Y Y (@jif1s fig = Clf T2 ey,
1€, jk=1 JeL, j=1
for any form supported in U. Here, it suffices to observe that the complex Hessian
of —¢ is (n—gq)-positive to obtain (3-1). Increasing the size of ¢ as needed to
accommodate error terms arising from our partition of unity, we obtain (3-1)
globally.

4. Constructing a metric for a single Hermitian form

4.1. Analyticity of spectral projections. Let n be a positive integer and let 7,
denote the real vector space of n x n Hermitian matrices. For a matrix T € /7,
let o(T) C R be its spectrum, i.e., the set of eigenvalues, and for a subset G C C
denote by 7 (T) the matrix of the orthogonal projection from C" onto the direct
sum of the eigenspaces of T corresponding to eigenvalues in the set G. We have

(6(T))? =ng(T), (ng(T)* =ng(T)

and
range (g (T)) = @ {(xeC": Tx =Ax}.
1eGNo (T)

IfGNo(T)=o we let mg(T) = 0, consistent with the convention that an empty
internal direct sum of vector subspaces is the zero subspace.

Proposition 4.1. Let G C C be a smoothly bounded open subset of the complex
plane, and let W C 5, be the set of n x n Hermitian matrices which have no
eigenvalues on the boundary 0G:

W ={T €, :0(T)NIG =J}.
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Then the mapping
(4-1) 76 WG —> Mat, s, (C)
is real analytic.

Proof. This is a consequence of the following classical representation of the matrix
g (T) as a contour integral (see [Kat76]):

1

(42) m6() =5 [ @1-1)"de,
Tl JoG

interpreted thus:

(@) ¢+ (I —T)~" € Mat,,,(C) is a matrix valued holomorphic function defined
in a neighborhood of dG. What we mean by this is that each entry of the output
matrix is holomorphic in ¢, something that is obvious from Cramer’s rule and the
fact that for each ¢ € dG, the matrix ¢/ —T is invertible (by the hypothesis that
T € WG).

(b) The integral is a line integral, taken entrywise. The contour dG is given the
standard orientation coming from the orientation of G as an open subset of C.

It then follows that the mapping (4-1) is real analytic. Indeed, if we allow T to
have complex entries, differentiation under the integral sign in formula (4-2) shows
that the mapping (4-1) extends to a holomorphic mapping of matrices.

To complete the proof, we need to establish the formula (4-2). Fix T € #; C 2,
and note that £/ —T is an invertible matrix provided ¢ & o (T). This means that
if G does not contain any eigenvalue of 7', then the function ¢ > ({1 —T)~!
is holomorphic in a neighborhood of G, i.e., each entry of this matrix-valued
function is holomorphic in ¢. Therefore by Cauchy’s theorem, in this case we have
g (T) =0, as needed.

Now consider the situation where 6 (T) = {A{,..., Ay} and forsome 1 <k <n
we have A1, ... A € G and the rest of the eigenvalues Ax41, ..., A, lie outside G.
Let {vy, ..., v,} be an orthonormal set of eigenvectors corresponding to these

eigenvalues, i.e., Tv; =A;v;, |lv;|| =1foreach j and (v;, vi) =6, for 1 < j, k <n.
Let U be the unitary automorphism of C" defined by Ue; =v;, where {e;, 1 < j <n}
is the standard basis of C". Then it is clear that to prove the result, it suffices to prove
that if P is the matrix defined by the integral on the right hand side of (4-2) then
U~'PU coincides with the matrix of the orthogonal projection onto the subspace
spanned by the vectors {eq, ..., e}, i.e.,

v PU_( 0 Onkanfk ‘
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Observe that

vler-n'v=[v'¢cr-nul]’"

B -l 1 5 1 1
= I-U"'TU) —dlag(g_kl,...,g_kn>,

where we use the fact that U~!TU = diag(A1, ..., A,). By the linearity of the
integral we have

U—lpuzﬁ/wu—l(u—n‘lvd;
:%/{)Gdiag(g_lkl,..., ;—lkn>d§
:diag(ﬁ/wiial’””ﬁ/wéfii‘n)

:(Ikxk 0 )
0 On—kxn—k '

since)»l,...,)»keGandAk+1,...AneC\(_}. O

4.2. Proof of Proposition 1.3. Let h be a Hermitian metric on E, and for 1 < j <d,
let A’} (p) denote the j-th smallest eigenvalue of the Hermitian form S, with respect
to the metric 4 (counting with multiplicity) so that

M(p) <Mip) < <A

Since the j-th smallest eigenvalue of a matrix depends continuously on its entries
(see [Kat76]), it follows that the real-valued function p — A? (p) is continuous
on M for each j. Denote by v, (p) (resp., v—(p)) the number of positive (resp.,
negative) eigenvalues of S,, which is well-known not to depend on the metric .
By hypothesis vy (p) >d — g + 1, so it follows that v_(p) < g — 1 and therefore
for any metric 2 we have

kZ(p) >0, peM.

For 0 <r < g — 1 introduce the subsets
Vi={peM:v_(p) <r}UF,

so that V;_ = M, and each V, is closed in M, since with respect to any metric s
on E, we have V, = {ka >0} U F. We also let

Ur:Vr\Vr—lz{pEM:V—(p):r}

so that V, = U;:() U;. We will construct the metric whose existence is claimed
using an inductive process. Starting with a Hermitian metric g, on E in the r-th
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stage (where 1 <r < ¢ — 1), we modify g,_; so that we obtain a metric g, for
which the form § is strictly g-positive with respect to g, on the set V.

To start the inductive process (i.e., ¥ = 0), we take go to be the metric given in
the hypotheses on the bundle E. Then on V), since either all the eigenvalues are
nonnegative and Ago > 0, or we are in the set ' where S is strictly g-positive, it
follows that the sum of the smallest g Levi eigenvalues of S with respect to gg is
strictly positive, and therefore S is strictly g-positive with respect to gg on V.

We now come to the r-th stage, where 1 <r < g — 1. Therefore, there is already
a metric g-—1 on E for which § is strictly g-positive on V,_j, and on U,, the
eigenvalues with respect to g,y satisfy 47"~' <0, A¥ > 0 and A;”' > 0. We
claim that there is a smooth real-valued function f € C*°(V,) such that f >0, f
vanishes in a neighborhood of V,_;, and we have

-
(4-3) YT () ( f A§H) >0
j=1 j=r+1
at each point of V. i
By the induction hypothesis, on \Q,l, we have 2321 )\‘?"1 > 0, and therefore by
continuity there is a neighborhood V;_; of V,_; on V, where we continue to have
4_1 25" > 0. Now consider the continuous function on U, =V, \ V,_; given by

8r—1
Aj

<

I

|
IMQI

M
>
~e
|

~
Il
L

+

—_

It is well-defined since each of the summands in the denominator is nonnegative
and kg"” > 0 at each point of M. It follows further that ¢ < 0 on f/;_l, since both
the numerator and denominator are strictly positive there. It follows that there is a
C® function f on V, such that f =0 in a neighborhood of V,_; and f > ¢ on U,.
Such an f clearly satisfies (4-3).

Recall that S5~' denotes the Hermitian operator on E, which is Hermitian with
respect to g, and satisfies g, (Sﬁ’”u, v) =S,(u,v) foru,ve E,. For peU,,
let P, denote the projection from the fiber £, of E onto the direct sum of the
eigenspaces of S3" of the negative eigenvalues A7~ (p), ... A7 (p), where P} is
orthogonal with respect to the metric g,_;. We claim that p — P; is smooth on U,.
More precisely, this map is a smooth section of the bundle Hom¢ (E, E). For any
compact subset K C U,, there are negative numbers «, 8 such that o < A‘f"’l (p)
and A$"~'(p) < B for each p € K. Let G C C denote the open disc with center at
the point %(a + B) on the negative real axis and passing through the points o and
B. Then, if p € K, the negative eigenvalues A", ..., A7 of S, with respect to
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gr—1 lie in the open set G and the other eigenvalues lie in C\ G, so Sﬁ"] eV,
where #; is as in the statement of Proposition 4.1. Continuing to use the notation
of Proposition 4.1, we have the representation

P; = Jr(;(Sf;"l) for p e K.

Since the map p — Sf;r" is smooth and the map T +— 75 (T) is analytic, it follows
that p — P, is smooth on K and therefore on all of U,
Now define a Hermitian metric g on E|y, by setting, for p€ V, and X, Y € E,,,

g 1(X.Y)+ f(p)-g—1(PLX, PLY) if peU,,

4-4 X,Y)=
@4 & ) {g,_](X, Y) elsewhere on V,,

where f € C*°(U,) is as in (4-3). We can extend the smooth metric g, from E|y,
from the closed set V, to all of M to obtain a Hermitian metric on E, which we
continue to denote by g,.

To complete the induction, we will show that the sum of the smallest g eigenvalues
of S8 is strictly positive on V.. Since on V,_; we have g, = g,_; we only need to
show this on U,.. Let p € U,. We have by the definitions of the operators S4-! and
Sér that

Sp(X,Y) =gr1(S5(X), ¥) =g (S5 (X), Y).

Let {L j(p)}j{zlbe a g,—1-orthonormal set of eigenvectors of the operator S;‘;"]
acting on E,, corresponding to the eigenvalues {Af”‘(p)},i.e., Sﬁ”‘Lj(p) =
kf”‘ (p)L;(p). In general one cannot choose the sections p — L ;(p) of E over
U, to be even continuous. The definition of the new metric g, in (4-4) shows that

(I+f(p)djx ifboth j, k<r,

gr(Lj(p), Li(p)) = !81'1{ if not.

Therefore for p € U,, the vectors

1 . .

N S fl<j<r

Zi(p)= {¢1+f_<p) P itl=j=r
L;i(p) ifr+1<j<d,

form an orthonormal basis of E, with respect to the new Hermitian metric g,. Now

0 if j £k,
AN (p)
1+f(p)
A (p) ifj=kandr+1<j<d,

8r (S5 (Z;(p), Zi(p)) = ifj=kandl=<j=r
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so that the basis {Z;(p)} diagonalizes S5, and consequently, its eigenvalues with
respect to the new metric g, at the point p are (in ascending order)

A7 (p) ()
T+f(p) 1+ f(p)

the first r of which are negative and the remaining are nonnegative, and the g-th
one is known to be strictly positive. By the choice of the function f in (4-3), it
follows that the sum of the first g of these eigenvalues is strictly positive, and this
completes the proof.

WD), o A (),

5. Proof of Theorem 1.2

By hypothesis, 02 satisfies condition Z(g), so at each point of 92 one of two
mutually exclusive conditions hold: either that (i) the Levi form has at least n —q
positive eigenvalues, or that (ii) the Levi form has at least g+1 negative eigenvalues.
Noticing that the Levi form £, taken with respect to a smooth defining function p
is continuous on d€2, we see each of the conditions (i) and (ii) holds on an open set,
so it follows that on each point of a connected component of 9€2, exactly one of
the conditions (i) or (ii) holds.

Fix a smooth defining function p for 2. For a boundary component M, where
L, has at least n —q positive eigenvalues, we apply Proposition 1.3 with

d=n-—1, E:TI’OMO, S=L, ¢g=gq, F =theempty set.

We obtain a metric on this boundary component, with respect to which the Levi
form is strictly g-positive. For a boundary component My where £, has at least
g+1 negative eigenvalues, —L, has at least g+1 positive eigenvalues. We apply
Proposition 1.3 with

d=n—1, E=T""M,, S=—-L,, g=n—qg—1, F =theempty set.

Therefore, we obtain a metric on this boundary component with respect to which
—L, is (n—1—g)-positive. Putting these together, we obtain a Hermitian metric
on T19(3) and then extend it arbitrarily to the whole manifold M. Theorem 3.1
applies and the proof of Theorem 1.2 is complete.

6. Constructing a metric for multiple Hermitian forms
6.1. A result from linear algebra.

Proposition 6.1. Let E be a finite-dimensional inner product space, let V and W
be subspaces of E, and let wy denote the orthogonal projection from E to V. Then
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for each orthonormal basis {t;} of the space W we have

dim W
Y myie))? = dim(V N W).
k=1

Proof. Consider the Hermitian operator P on the inner product space W (with the
induced inner product) characterized by the condition that

(Pz,w)=(myz,w), z,weW.

We claim that P coincides with the orthogonal projection from W onto V N W,
where as before the inner product in the subspace W is that induced from E. To
see this, if z € V. N W, then for each w € W we have (Pz, w) = (z, w), so Pz = z.
On the other hand if ¢ € VN W then we have (P¢, w) = (my ¢, w) = 0 for each
w e W, so P¢ =0, establishing the claim.

We now compute the trace of P (as an operator on the inner product space W)
in two ways. Since P is a projection from W onto V N W, in an appropriate basis
of W the matrix of P is diagonal, with dim(V N W) diagonal entries each equal to
1 and the rest equal to zero. Therefore tr(P) = dim(V N W). On the other hand,
with respect to the orthonormal basis {71, 12, ..., 7} of the space W, the matrix of
the operator P is (ajk)?, w—1> Where

2
ajr = (Ptj, tr) = (mwvtj, ty) = (wytj, t) = (wytj, TV lY),

where we have used the fact that 7y is idempotent and self-adjoint. Therefore

q q q
(6-1) tr(P) =Y ap = Y (wvte, wvie) = 3 vl
k=1 k=1 k=1

The result follows. |

Corollary 6.2. Let E be an n-dimensional inner-product space, let 1 < g <n and
let V be an (n—q—+1)-dimensional subspace of E. Denote by my the orthogonal
projection from E onto V, and let ty, .. ., t, be a collection of orthonormal vectors
in E. Then we have

I 2
> llveell” = 1.
k=1

Proof. In the preceding proposition, take W to be the span of the vectors 71, ..., 14,
so that dim W = ¢g. Notice now that since dmV =n—g+1,dimW = g and
dim E =n, it follows that dim(V N W) > 1. The result follows from the proposition.

O
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6.2. The construction for a continuous subbundle. We begin with the result that
we will need in the proof of Theorem 1.4, in the presence of a continuous subbundle.

Theorem 6.3. Let S be a smooth compact manifold, E — S a smooth complex
vector bundle of rank d, and V — S a continuous subbundle of E of rank d —q + 1,
where 1 < g <d. Let {Q j};vzl be a finite collection of continuous Hermitian
forms on the bundle E such that the restriction of each Q; to the subbundle V is
positive definite. Then there is a smooth Hermitian metric g on E such that for each
1 < j <N, the form Q) is strictly q-positive with respect to g.

Proof. 1t is sufficient to show the following:

Claim. If H is a continuous Hermitian form on E that restricts to a positive definite
form on V and y is a continuous Hermitian metric on E, there is a constant
C(H,y) > 0 such that whenever k > C(H, y), the form H" : E — E is strictly
q-positive, where the metric h is given by

(6-2) h(z, w) =y (z,w) +«-y(PyL(z), PyL(w)),

where Py1 : E — V= is the orthogonal projection with respect to the metric y on
the subbundle V+ of E whose fibers are orthogonal to those of V with respect to y .
(Notice that this /£ is a continuous Hermitian metric on E.)

Indeed, granted the claim, we can choose an arbitrary continuous Hermitian
metric y on E — S, and let & be given by (6-2), where we take

k =max {C(Q;,y), 1 <j<N}.

Then each Q; is strictly g-positive with respect to /. Let g be a smooth Hermitian
metric on S uniformly close to 4. Such an approximation clearly exists locally, and
using a partition of unity we can glue such local approximations on the compact
manifold S. Such a gluing preserves uniform closeness of the local approximations.
Notice that if 4 is sufficiently uniformly close to g then Q§ is also strictly g-positive
for each j, and this is what we want.

To prove the claim, let

(6-3) Ar=inflH,(z,2):peS,z€V,, y,(z,2) =1}.

Then A; > 0, and the infimum in (6-3) is a minimum, for the following reason. For
p € S, by (2-2) we have

min{H,(z,2) : 2 € Vp, ¥p(2,2) = 1} = 1] (H,|y,),

the smallest eigenvalue with respect to y of the restriction of the form H), to
the subspace V,,. Since the form H, the metric y and the subbundle V C E are
continuous, and eigenvalues depend continuously on a matrix, we easily conclude
that the function p — )»’]’ (Hplv,) is continuous on S. Further, since for each p, the
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restriction of H), to V), is positive definite, this function is strictly positive at each
point of §. Consequently, by the compactness of §, the number A, which is the
infimum of this function is strictly positive and the infimum is a minimum.

Now consider

(6-4) Ay =sup{|H,(z.2)|: peS.z€Vy, yp(z.2) =1}.
We claim that 0 < A, < co. Let p € S. Then clearly we have
sup{|H,(z. 2)|:2 € V;' yp(z. 2) = 1} = max{|A] (Hply )], |Max (Hply2)l},

where ALy stands for the largest eigenvalue of the restricted Hermitian form with
respect to the metric y. An argument similar to above shows that as a function of p,
the quantity above is continuous, and therefore bounded, and its supremum Aj is
finite. Lastly, introduce the quantity

(6-5) As=sup ||,z w)|: p e S.z€ Vpowe Vi, ypz ) = yp(w, w) =1}
We claim that 0 < A3 < oco. Notice first that if p € S, then

(66)  sup{|Hp(z. w)| :2 € Vp, w € Vir, yp(2.2) = yp(w, w) = 1}
<sup{|Hy(z, w)|:z€ E,w € E, y)(2,2) = yp(w, w) = 1}
= max{lk){(Hp)L |)‘r};1ax(Hl’)|}

An argument similar to the above two cases shows that the quantity in (6-6) is a
continuous function of p. It follows that A3z < 0.
It now follows that we can choose the number C = C(H, y) so large that

q-As q-As

A — —
""1¥c “J/ixc

We show that this value of C = C(H, y) works in the claim of the previous page. To
justify this, let « > C and let p € §; we need to show that H), is a strictly g-positive
operator on E, with respect to h, where A is as in (6-2). Notice that & depends
on k.

Let t € E, be a vector of unit length with respect to the metric h,. Set u =
Pyt,v= Py.t, where Py : E — V is the bundle map whose section over p € S is
the orthogonal projection with respect to y, from E, to V. Then

(6-7) > 0.

L= hp(t,0) = yp(t, 0+ K - yp(Pyat, Pyat)
=yp(Pyt, Pyt) + (1 +x)yp(Pyrt, Pyit)
=yp(u,u)+ (1 +x)y,(v, v),
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from which we see that

1
(6-8) Yo, u) <1, y,(v,v) < Toe < ¢’

Therefore, since t = u + v,
(6-9) H@,t)=Hu,u)+ H(v,v)+2Re H(u, v)
> Hu,u)—|H,v)|—2[Hu,v)|
> Aryp(u, u) = Agyp(v, v) = 243/ (1, u){/7p (v, v)

A A
> Aryp(Pyt, Pyt) — 1+2C _2«/1—13-—6"

where we have used the definitions of the A; as well as the bounds (6-8).

To show that H, is strictly g-positive with respect to £ p, it suffices by Theorem 2.1
above to show that the restriction of the form H), to each g-dimensional subspace of
(Ep, ¥p) has positive trace with respect to 4. Let W be a g-dimensional subspace
of E,, and choose an £ ,-orthonormal basis 71, ..., 7, of W. Then

q
trh(Hp) = Z Hp(tk, i)
k=1

q A A
> Ay (Pyty, Pyty) — —=2 =2 )wmm)

k;( Vie VIO =T TS are) WY

q ‘A As
=A (Pyty, Pyty) — 422 o 9 4¢
1k§)/ Vik, Lylk 1+C «/1+_C
A LA

>A 122 _5 943 by Corollary 6.2
ZA =1 ¢ Vi (by y 6.2)
> 0. O

6.3. The construction in the top degree. We next consider the construction that
we will use in the ¢ = n — 1 case considered in Theorem 1.5, in which we still
assume the existence of a direction in which both the Levi form and the Hessian
of the weight function is positive, though we no longer assume that this direction
varies continuously on the boundary. We will prove the following.

Theorem 6.4. Let S be a smooth compact manifold and E — S a smooth complex
vector bundle of rank d. Let Q| and Q», be continuous Hermitian forms on the
bundle E such that at each point p € S, there is a vector v in the fiber of E over
the point p, for which Q1(v,v) > 0 and Q,(v,v) > 0. Then there is a smooth
Hermitian metric g on E such that Try, Q; > 0 for each j € {1, 2}.

To prove this key result, we will need the following special case of Jacobi’s
formula for the derivative of the determinant (see [MIN8S, p. 169] or [KI1i90, p. 798]),
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obtained when the matrix under consideration is Hermitian. Since this result is
standard, we omit the proof.

Lemma 6.5. For integers d, m > 1, let O C R™ be an open set and let {M,}co be
a family of positive definite d x d Hermitian matrices with entries in C'(O). For
any 1 < j <m, we have, on O,

0 ad
(6-10) —logdet M, =Tr <(Mx)_l —Mx)
0x j 0x j
The next lemma contains the main part of the proof of Theorem 6.4.

Lemma 6.6. Let E be a finite-dimensional inner product space with dim E > 2,
and denote by 2 the collection of ordered pairs of Hermitian forms on E sharing a
common positive direction, i.e., 2 consists of pairs (Q1, Q2) where each Qj is a
Hermitian form on E, and

fveE:Qi(v,v)>0}N{ve E:Qr(v,v) >0} #£.
Denoting by 2 the cone of Hermitian metrics on E, there is a continuous map
h:2—>x
such that the traces try(g,, 0,) Q1 and tryo,, 0,) Q2 computed with respect to the
metric h(Q1, Q») are both positive.

Remark 6.7. The space of Hermitian forms on a finite-dimensional vector space
has a natural linear topology which can be represented by a variety of norms (see
[HJ85, Section 5.6])). This induces the topologies given on the spaces 2 and 7.

Proof. Let d = dim E and denote by (-, - ) its metric. For x € R, let (-, - ), denote
the Hermitian form on E given by

(=0 ) =x101(, ) =x202(+, ).

For notational simplicity, when (-, - ), is a metric, for a Hermitian form Q on E,
we will also use the shorthand Tr, Q for the trace of the form Q with respect to the
metric (-, -),, instead of the more correct notation Tr(. ., Q. We will prove the
lemma by showing that there exists a point ¥ (Q, Q») € R? such that

* y1(Q1, @2) > 0 and y»(Q1, @2) > 0,
o the form (-, - ), (0,0, is @ Hermitian metric on C%, and

o the traces Try,(p, 0,) Q1 and Tr, (g, 0,) @2 of Q1 and Q;, computed with
respect to this new metric are both positive.

Furthermore, y (Q1, Q2) can be chosen to depend continuously on Q and Q», so
in the conclusion of the lemma we may take 2(Q1, Q2) = (-, )y (0,,0,)-
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Let O C R? denote the set of all x € R? such that (-, -), is positive definite.
Clearly O is an open set and (0, 0) € O. For any x € RZ\{ (0, 0)}, let A, denote the
largest eigenvalue of x; Q1 +x2 Q5. If A, <0, thentx € O forallt > 0. If 1, > 0,
then tx € O forr > 0if and only if 0 <t < A;l. Hence, O is a starlike domain
centered at (0, 0). Let O denote the set of all x € O such that x; > 0 and x; > 0.
When x € OF, then x; Q1 (v, v) +x20>(v, v) > 0, so A, > 0 and hence

(6-11) O™ is a bounded subset of O.

Fix an orthonormal basis {e;}|<;<4 for E with respect to the base metric (-, -).
For x € O, define a d x d positive definite Hermitian matrix g(x) by g(x) =
(gj,;(x))lfj,kid, where gj,;(x) = (e}, ex). Denote the inverse of this matrix by

g7 () = (M (X)) 1<js=a

Since g(x)g~'(x) =1 forall x € O, we may differentiate by x, for any r € {1, 2}
to obtain

0 _1 0
<8 g(X)> g ) +gx)—g (x)=0,
Xy X,
or
I —1 9 -1
(6-12) 558 (x)=-g (x) ( g(X)) g ().
Xy 9x,

Let {u;(x)}1<j<a be an orthonormal basis for C4 with respect to (-, -)x. Then
for every 1 < j <d we have ¢; = Zizl A’; (x)ug (x) for some nonsingular matrix
A(x) = (A5 () 1<jk<a- For 1 < j k <d,

d -
i) = (e ex)y = 2 AS(x)AL(x),
=1
s0 g(x) = A(x)A*(x). If we right-multiply by gil(x)A(x), we obtain
A(x) = A(x)A* () () A(x).
Since A(x) is nonsingular, this necessarily implies that
(6-13) A*(x)g ' (x)A(x)=1 forall x € O.

We define a function & € C*°(0) by £(x) = —logdet g(x). This function & is
independent of the choice of basis {e;} used to define the matrix g, since if U is a
unitary (with respect to (-, - )) change of coordinates the matrix g transforms to
U*gU which has the same determinant. Observe that g(0, 0) is the identity matrix,
s0 £(0,0) =0. As x — b0, £(x) — o0, so (6-11) implies that

(6'14) (O’ OO) - Range(é |positive xl—axis) and (0, OO) C Range(é |positive xz—axis)~
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Fix r € {1, 2}. Using (6-10), we have

ag =—Tr <g_1 ) ,

where the trace is computed with respect to our base metric. Since g(x) is a linear

function, we may easily compute the derivatives to obtain

3 noooo
: =Y M0 e, e).

(6-15)
ax Jj.k=1

Using (6-13) to simplify after changing coordinates, we have

3 d
S(X) > A’"(X)g'”(X)AZ(X)Qr(ue(X) um(X))—ZQr(uJ(X) uj(x)).

0xy ik tm=1

Since we denote the trace with respect to ( -, - ), by Tr,, we have

(6-16) 9

=Tr, Q, forallre({l,?2}.

For r, s € {1, 2}, we may use (6-12) to differentiate (6-15) and obtain

825 k l
(x)=— Z g’"(x)< gmi(x )) 1(x)Qr(ej, ex).

8X‘yaxr joktm=1

Once again, it is easy to compute derivatives of the linear functions comprising
g(x), so we have

0% d 7
)= Y &"x)0s(em,e0)g™ (x)Q(e;, er).

8x58xr jk,,m=1

As before, we may use (6-13) to simplify after changing coordinates and obtain

9% d
()= > Os(ur(x), u;(x)Qp(u;(x), ug(x))

8X53.xr jk=1

d
= 2 Or(uj(x), up(x)) Qs (uj(x), ug(x)).

jk=1

In other words, dx a ———(x) is simply the inner product of Q, and Qy using the
standard inner product for matrices with respect to the metric (-, - ), (see Section
5.6 in [HJ85] for further discussion of the associated £2 norm). Since Q; (v, v) > 0
and 0>2(v,v) > O by hypothesis, neither Hermitian form vanishes, so we must have

(x) > Oand (x) > 0.By the Cauchy—Schwarz inequality, we have

2&- 325 825 2
Pl >_(ax18x2<x)> ,
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so the Hessian of & is positive semidefinite, and hence £ is convex. Furthermore,
& is strictly convex unless Q1 = uQ, for some u € R. Since Q;(v, v) > 0 and
0>(v, v) > 0, we must have u > 0 in this case. To summarize:

(6-17) & is a convex exhaustion function on O and

(6-18) either £ is strictly convex on O or Q1 = uQ» for some pu > 0.

We observe that (6-17) implies that O is a convex set.

If Q1 = unQ; for some p > 0, then £(x) = f(ux; + x2) for some real-valued
function f defined on some interval in R. By (6-17), f must be convex (we can
easily check that f is strictly convex, but we will not need this). By (6-11), there
must exist a finite real number b > 0 such that lim,_, ,- f(¢) = 00. Since f is convex,
S is nondecreasing, and hence there exists a > 0 such that f'(r) >0 foralla <t <b,
and, ifa > 0, f'(t) <0 forall 0 <t < a. By (6-16), Tr, Q1 = uf’(uxq + x2) and
Try Q2 = f/(ux1 + x2), so Try Q1 > 0 and Tr, Q5 > 0 for x € O if and only if
a < uxi+xy <b. By (6-14), f(a) <0, so there exists a < ¢ < b such that f(c) =1.
Let y(Q1, Q2) = (ﬁ, %), which is the midpoint of the line segment connecting
0, c) to (i, O), a subset of the level curve £~ ({c}). Henceforth, (6-18) allows us
to assume that & is strictly convex.

Consider the map ¥ : © — R? defined by ¥ (x) = VE&(x) for all x € O. Suppose
that ¥ (y) = ¥ (z) for some y, z € O. Since O, the line segment ty + (1—t)z € O
for all 0 < ¢ < 1. By Rolle’s Theorem, there must exist 0 < s < 1 such that
L((y —2) - VE(ty + (1-1)2))|,_, = 0. Equivalently,

2

2
> j—zp)

j,k:l 8)6] aJCk

(sy +(1=5)2)(yk —2) = 0.

Since £ is strictly convex, V£ is positive definite, so this means that y = z. Hence,
Y is injective. The Jacobian of 1 is the Hessian of &, which is nonsingular since &
is strictly convex. Hence, the Inverse Function Theorem guarantees that ¢ admits a
smooth local inverse. Taken together, we see that i is a smooth diffeomorphism
from O onto its range.

Let I' = £~ 1({1}) be a level curve of &, and let I" denote the set of all x e TNOT
such that ¥r;(x) > 0 and ¥, (x) > 0. Since £ is strictly convex, I" is the boundary
of the strictly convex domain {x € O : £(x) < 1}. Hence, ¥ (I') is a smooth curve
which crosses each radial line segment at most once, which implies that T is a
connected curve (if it is nonempty). Now (6-14) guarantees that there must exist
a > 0 and b > 0 such that £(a,0) = 1 and £(0, b) = 1. If there are two such
values for either parameter, we choose the largest value, so that %(a, 0) > 0 and

f—i(o, b) > 0. Hence (a, 0) and (0, b) are endpoints of a smooth curve in O". By
the extended mean value theorem, there must exist a point y € ' N O™ such that
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(a, —b) is tangential to I" at y, and hence V&(y) is a positive multiple of (b, a).
This means that zf_f.()’) > Oand %(y) > 0,50 (6-16) implies that Tr, Q1 > 0 and
Try 02 > 0. As aresult, y € I" and so I is not empty. Let y(Q1, O2) denote the
midpoint of I with respect to the standard Euclidean arclength (a level curve of a
convex function in a bounded set O must be of finite length).

To see that y (Q1, Q») depends continuously on Q; and Q», it suffices to note
that g(x) is a linear function of the entries of Q| and Q, with respect to the
coordinates {e;}|<;<q, and hence g(x) depends continuously on Q and Q5. This
means that £(x) depends continuously on Q| and Q», and by (6-16), V&(x) also
depends continuously on Q1 and Q». Since 1 is never a critical value of £, TN O™
will depend continuously on Q; and Q, with respect to Hausdorff distance. Since
V&(x) depends continuously on Q; and Q,, I' must also depend continuously on
0 and Q. Since y(Q1, Q) is defined to be the midpoint of r (even in the case
in which Q| = 1 Q»), y is a continuous function. O

Finally, we are ready to prove the analog to Theorem 6.3 in the top degree when
the subbundle is not continuous.

Proof of Theorem 6.4. Fix a Hermitian metric on the bundle E. For each p € S, now
we have an inner product on E,, and the two given Hermitian forms Q;(p), Q2(p)
for which by hypothesis there is a common positive direction. Therefore, by
Lemma 6.6 we have a Hermitian metric on E, given by h(Q(p), h(Q2(p))). If
we define a continuous metric on g; on E by g1(p) =h(Q1(p), h(Q2(p))), then
tre,(py Q@ (p) is positive for each p and j € {1, 2}. After a standard regularization
of g1, we obtain a smooth metric g with the required properties (positive traces on
compact sets are stable under perturbations). ([l

7. Proof of Theorems 1.4 and 1.5

7.1. Proof of Theorem 1.4. Let p be a defining function for the smoothly bounded
domain €2 C M. This gives rise to a Levi form £, which is a Hermitian form on the
complex vector bundle T19(39) (see (2-4)). Notice that 7'-9(d2) has rank (n — 1)
on the smooth manifold 92 and £, is a Hermitian form on it with at least n —¢g
positive eigenvalues or at least ¢ + 1 negative eigenvalues, depending on the case.

Denote by H,, the restriction of the complex Hessian of ¢ to the boundary, i.e.,
forpedQ, X, Y € Tpl’o(BQ), we have

Hy(X,Y) =3dp(X, Y).

Then H, is a Hermitian form on the bundle T19(3K). Since the boundary and the
weight ¢ are smooth, these Hermitian forms H, and £, are smooth.

We first consider the case in which £, and H,, are positive definite on a subbundle
of rank n—¢. We apply Theorem 6.3 with S =9, E=T"%(9Q) (sothatd =n—1)
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and let V be the subbundle of E of rank d —g+1 = n—g on which both the
Hermitian forms L, and H, are positive. Then there is a smooth metric 4 on the
bundle 719(32) of rank (n — 1) such that both L p and Hy|yq are strictly g-positive
with respect to h.

By the continuity of eigenvalues as a function of the matrix, and the compactness
of 92, there is a o > O such that Hyys5p, = H, + §H, has (n—g+1) positive
eigenvalues as a Hermitian form on T1O0M |50 whenever 0 < 8 < 8. It follows that
there is a neighborhood ¢/ of 9€2 in M where H,s, continues to have (n—qg-+1)
positive eigenvalues whenever 0 < § < §p. Since the signature of the complex
Hessian is independent of the choice of metric, §y is also independent of the choice
of metric. Choose €y > 0 so small that {—ey < p <0} C QNU. Let x : R — R be
a smooth, convex, nondecreasing function such that y () = 0 whenever t < —1 and
x'(0)=1. For 0 < € < ¢, set

Qe =@ +80ex(€ ' p).
Let go be a Hermitian metric on TYOM |50 extending the metric & constructed above
on T19(3Q). We claim the following:
(1) Hy, has (n—g+1) positive eigenvalues in Q as a Hermitian form on 7'M
(2) Hy, is strictly g-positive as a Hermitian form on T'9(3L) with respect to go.

(3) For sufficiently small €, the form H,, is strictly g-positive as a Hermitian form
on T1OM |, with respect to g.

To see (1), notice first that ¢, = ¢ on the set {p(z) < —e} which is contained in
Q\ U, provided € < €. By a computation:

(7-1) Hy, = Hy+80x (€ p)H, +80e %" (€ p)dp A dp.

Since the third term of this sum will introduce a positive semidefinite term to H,,
and since 0 < 8o x’ (e ~'p) <8y on YN, we see that H,, must have at leastn—g +1
positive eigenvalues on U.

To see (2), note first that

Hoelrr000) = Holr1000) +0L)-

Now since the metric g¢ restricts to the metric 4 constructed above on 7'-°(3Q)

and each of the Hermitian forms H, and L, is strictly g-positive with respect to

h, it follows that H,, is also strictly g-positive with respect to & (and therefore go)

on T1%(3Q). Notice that the fact that the sum of two strictly g-positive Hermitian

forms is again strictly g-positive is an immediate consequence of Theorem 2.1.
To see (3), note that (7-1) becomes in this case

7’[¢6 |T]'0M|3Q = H¢|T1'OM|BQ + 80%0|T1'0M|39 +806_1)(”(0)3p/\ 510|T1'0M|39'
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We will use the characterization of Theorem 2.1 to show that H,, is strictly g-
positive on T1’0M|QQ. Let

By = max{trg (Hy(2)|y) :2€ 3R, U C TZ]’OM is g-dimensional},
By = max{try (H,(2)|y) :2€0RQ,U C TZI’OM is g-dimensional}.
The existence of these finite maxima follows by standard continuity and compactness

arguments. Let p € 92 and W be a g-dimensional subspace of TIJ’OM , and let
t1, ..., ty be a go-orthonormal basis of W. Then

J

q
=t (Hy (P)] ) 460 trey (Mo () lw)+ 2 (0) Y 0p.1) .
j=1

q
(7-2) trgy(Hy (P)Iw) = 2. Mo (). 1))
=1

q
In the case )" [9p()|* =0, we have W C T,"°(32) and
j=1
trgy (Hy. (P)lw) = trn (Hy (p)lw) + 80 tra (Lo (P)Iw) > 0,
since both H,, and the Levi form £, are strictly g-positive on T1-9(32) with respect
to h, and go extends h. By continuity there exists an n > 0 independent of € > 0
such that

trg,(Hy (p)lw) + 80 trg, (H,(p)lw) > 0

whenever Z?‘:l |[0p(t j)l2 < 7. Since the third term in (7-2) is nonnegative, we have
trgy (Hy, (P)lw) > 0 if 39_,18p(t))1> < n. In the case Y9_,18p(t))|* = n (and
W c THO(M)|yq is no longer a subset of T10(3RQ)), we take
. ( dox"(0)n )
€ <min | —————, €9
B +60B>

and observe that
3o n z 32
trgy(Hy. (P)lw) = —B1 — 30 B2 + X 0) > 19p(t))]
j=1

> —B1 =008+ 86—0)(”(0)77
> 0.

In Proposition 1.3, we take the bundle E to be T1-9M (so d =n) and for the closed
set F C M we take F = dS2. We take g to be an extension of 4 as above, and € small
enough that the function ¢, satisfies the three conditions above, and let this be the
function ¢ of Proposition 1.3. Extend go smoothly to a neighborhood of 9€2. Then
the hypotheses of Proposition 1.3 are satisfied for § = ¢, and consequently there
is a metric g on a neighborhood of € which coincides with gq near 92, and with
respect to which H,, is strictly g-positive. Then Theorem 3.3 yields H;? (22) = 0.
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Now we consider the case in which £, and H,, are negative definite on a subbun-
dle of rank ¢ + 1. We again apply Theorem 6.3 with S =9 and E = T1%(32), but
this time V is the subbundle of E of rank d —(n—g—1)+1 = g+ 1 on which both
the Hermitian forms —L, and —#,, are positive. Then there is a smooth metric
h on the bundle 71°(3Q) of rank (n — 1) such that both —L, and —H|yq are
strictly (n —qg —1)-positive with respect to 4.

Let Z,, e T1O(M) be a smooth vector field such that on 9€2, in is nontrivial and
transverse to 71-0(3Q). At any p € 0%, let {L;};<j<,—1 be an orthonormal basis
for TPI’O(B 2) with respect to &. Since the restriction of the complex Hessian of ¢ to
T1003Q) is nondegenerate, the matrix (85¢(Lj, I:k))lsj,ksn_l is invertible, and
hence there exists a unique vector v € C"*~! such that

=l _ _ .

> v93p(L;, L) = —33¢(Ly, Lk)

j=1
forall 1 <k <n—1. By the implicit function theorem, the dependence of v on p is
smooth. For any € > 0, we set L = €(L, + Y%_ v/ L;), so that L is smooth on
02 and 85<p(Lfl, L)=0forall L e T"9(3R). There is a unique Hermitian metric
g6 on T'9M|yq such that {Lj}1<j<n—1U{Ly} is orthonormal on 0€2. Observe that
g so defined must equal ~ on T100Q).

Let {14j}1<j<n—1 denote the eigenvalues with respect to & of the complex Hes-
sian of ¢ when restricted to 7'°(dQ), arranged in nondecreasing order. By the
construction of gf, the u; are eigenvalues of the full complex Hessian of ¢ with
respect to g; and Lj, is an eigenvector of the complex Hessian of ¢ with respect
to g;, with eigenvalue

n—1

— — — ~ , — n=1 _
g =000(Le, L) =000 (Ly+ X v/Ly, L+ Y 9/Ly).
j=1 j=1

Observe that 1§ — 0 as € — 0T. Since the complex Hessian of —g is strictly
(n—g —1)-positive on T12(3Q) with respect to /1, we have
n—1
(7-3) Y (=uj)>0 ondQ.
Jj=q+1
Since the eigenvalues are arranged in nondecreasing order, this is only possible if
tg+1 < 0, and hence we must also have u, < 0. Fix € > 0 sufficiently small that

n—1
(7-4) > (—pj) >y >y onag.
J=q+1
Since € is now fixed, we may write go = g, L, = Ly,, and p, = puy,. Since p, > 4
by (7-4), the sum of the (n—¢) smallest eigenvalues of the complex Hessian of
—g is given by Z?:q 4+1(—m;), and this is strictly positive by (7-4). Hence, the
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complex Hessian of —¢ is (n—g)-positive on d€2. Furthermore, (7-3) implies that

n
> (=) > —pn = =309 (Ly, L),
Jj=q+1
so we have condition (3) in the second set of hypotheses for Theorem 3.3.

As before, in Proposition 1.3, we take the bundle E to be T''M (so d = n)
and for the closed set F C M we take F = 0$2. We take g( to be the extension
of h constructed above, and let ¢ be the function ¢ of Proposition 1.3. Extend go
smoothly to a neighborhood of d2. Then the hypotheses of Proposition 1.3 are
satisfied for ¢ = n—g¢q, and consequently there is a metric g on a neighborhood
of Q which coincides with gq near 32, and with respect to which H_, is strictly
(n—gq)-positive. Therefore, by Theorem 3.3, we have H fz’q(Q) =0.

7.2. Proof of Theorem 1.5. The proof is the same as that of Theorem 1.4, except
that we replace the use of Theorem 6.3 with that of Theorem 6.4.

8. Examples

8.1. Discontinuous subbundles. In Theorem 1.4, we require the subbundle of
shared positive directions to vary continuously on €2, but it is possible for such a
subbundle to exist pointwise without a continuous representative, as the following
example illustrates. This motivates the need for Theorem 1.5, although at present
we only have a proof of this result when g =n — 1.

Proposition 8.1. For each x € R3, define a Hermitian form on C*xC? by Hy(u, v) =
(u, v) and when x #0

v — (5 l_})<1—exp<—|x|—2>(|x|—x3) —eXp(—IXI_z)(X1+iX2))(m)
o P —exp(—Ix ) (i —ixg)  T—exp(—|x["2) (x| +x3) ) \uz
forall u, v € C. Then:

(1) For every x € R3, there exists a nontrivial vector v € C? such that
(8-1) H,(v,v) = |v]*.

(2) If © C R is an open set containing B(0, R) for some R > 0 and v : O — C? is
a nowhere vanishing continuous vector field, then there exists x € O at which

(8-2) H,(v(x), v(x)) = [v(x)[*(1 = 2exp(—R")R).
Proof. To prove (8-1), given x € R3\{(0,0, —R) : R > 0}, let v = (_I"** ). Then

—x1+ix2
v is an eigenvector of H, (with respect to the Euclidean metric) with eigenvalue 1,
so (8-1) follows. When x = (0, 0, —R) for some R > 0, (8-1) follows for v = (0).

1
When x = (0, 0, 0), (8-1) holds for any nonvanishing vector v.
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Now, let @ C R? be an open set containing B(0, R) for some R > 0 and let v :
O — C? be a nowhere vanishing continuous vector field. Define a homeomorphism
¢:CP' - §2 c R? by

2Re(z1z2) 2Im(z1Z2) IZzlz—Ilez)
lz112 4+ 1221?1212+ 22?7 12112 + |z2]?

1

o([z1:22]) = <

One can check that the inverse ¢! : §2 — CP! is given by

x1+ixy | . 3
(p_l(x) = {[ 14+x3 ° 1] it x # (0,0, —1),
[1:0] if x =1(0,0, —1).

For ¢ € [0, R], define a continuous map f; : CP! — CP! by
filz1 2 22D) = [v1(te(lz1 = 22]) t va(te([z1 = 22D)]-

Since f; depends continuously on ¢, f; is a homotopy between fy and fr. Since fy
is a constant, the degree of fy is zero, and hence the degree of f is also zero. This
means that the induced map on the degree 2 singular cohomology of CP! = §2
is trivial. Since the only other nontrivial singular cohomology group of S? is in
degree 0 and the induced map must be the identity on this group (S? has exactly
one connected component), the Lefschetz fixed-point theorem guarantees that fg
has a fixed-point.

Let [z7 : 22] € CP! be a fixed-point to fr. Set x = Ro([z1 : z2]), so that
[vitx) s v (x)] = (p_l(x/R). If x =(0,0, —R), we have vy(x) =0, so

H,(v(x), v(x)) = [v1(x)|*(1 —exp(—R™*)(R — (—R))),

from which (8-2) follows. If x # (0,0, —R), then there exists A € C such that
v1(x) = A4H2 and vy (x) = A, s0 v(x) = L(’”‘H“). When |x| = R, the vector

/ R+x3 R+x3 \ R+x3
(XI‘Q:’X?) is an eigenvector of H, with eigenvalue (1 —2 exp(—R‘z)R), and hence
so is its scalar multiple v. Equation (8-2) follows. (]

Corollary 8.2. There exists a convex, simply connected domain © C R and a
family of Hermitian forms Hy on C* x C? parameterized smoothly by x € O such
that:

(1) For every x € R3, there exists a vector v € C? such that H, (v, v) > 0.

(2) Ifv: O — C? is a nowhere vanishing continuous vector field, then there exists
x € O at which H,(v(x), v(x)) < 0.

Proof. 1t suffices to note that

lim 1—2exp(—R™>)R = —o0,
R— 400
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so for R sufficiently large the right-hand side of (8-2) is strictly negative if we let
O = B(0,2R). O

8.2. Domains. Forn >1and 1 <g <n, set

M) =C it xcpr!

If we equip C"~*! with holomorphic coordinates {z; T_qH, then ¢(z) = |z1|* +

oo | Znegt | is an exhaustion function for A;I;’ such that tpe complex Hessian
has precisely n—g+1 positive eigenvalues at every point of M. Furthermore, the
complex Hessian of ¢ is strictly g-positive with respect to any Hermitian metric on
M ;- However, the complex Hessian of ¢ has a kernel of dimension 2 when g > 3,
so we should not expect the second case in Theorem 1.4 to hold.

Suppose ¢ > 2. Any C? function on CPY~! must have at least one point at
which the complex Hessian has no positive eigenvalues, e.g., the point at which
the function achieves its maximum on CP?~!. This means that any C? function on
M , must have at least one point at which the complex Hessian has at most n—g +1
positive eigenvalues, so it is impossible to build an exhaustion function for which
the complex Hessian has at least n — (g —2) = n—q +2 positive eigenvalues at every
point of M g

If Q' ¢ C*~4*! is a bounded domain with smooth, strictly pseudoconvex bound-
ary, then Q = Q' x CP?~! will be a domain in M ; satisfying the hypotheses of
Theorems 1.4 and 1.2.

Forn>2and 1 <g <n, set

) n—q+1 ) ) n+1 5
lwlp= > |wj[and [w|lZ= > |w;|".
j=1 j=n—q+2
Equipping CP" with homogeneous coordinates [w; : ... : w,41], define a non-

compact submanifold M; C CP" by

M) = {[w - wu] €CP" : wli < Jw]?}.

The function

2
b (w) = —log(l _ |w—+)

w2
induces a well-defined exhaustion function on M. One can check that the complex
Hessian of ¢ has exactly n—g+1 positive eigenvalues. Observe that S = {[w; :
<ot w,] € CP": |lw|y =0} is a (g—1)-dimensional complex submanifold of M”,
and hence, as argued above, any C? function on M 4 must have at least one point at
which the complex Hessian has at most n —g+ 1 positive eigenvalues. Indeed, the
complex Hessian of ¢ has precisely ¢ — 1 negative eigenvalues on M\ S, but these

q — 1 eigenvalues vanish on §.
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Let {1 }1<j<n+1 be a sequence of real numbers such that 11; # 0 for any 1 <
j<n+1,puj<O0foratleastone 1 <j<n+1,u;>1foralll <j<n—g+1,
and u; > —1foralln—g+2 < j <n-+1. Then Z’}i} wilw;> > [wt — [w]% for
all w e C"*1, so

n+1
Q={lwi i wai] € CP": Y w2 <0
j=1

is a subset of My satisfying the hypotheses of Theorems 1.2 and 1.4.
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POLYNOMIAL IDENTITIES AND AZUMAYA LOCI
FOR RATIONAL QUANTUM SPHERES

ALEXANDRU CHIRVASITU

We prove a number of structure and isomorphism results concerning the
noncommutative Natsume—QOlsen spheres Sg"_l deformed along a skew-
symmetric matrix 6 € R. These include (a) the fact that two C *-algebras of
the form Sg ® M, are isomorphic precisely in the obvious cases; (b) the fact
that m and n are recoverable from the isomorphism class of C (Sg’"_l) QMy;
(c) the PI character, PI degree and Azumaya loci of C (Sz"’_l) for rational 0,
along with a realization of their centers as (function algebras of) branched
cover of S2”~1; and (d) for rational 0 again, the topological finite generation
of C (Sﬁ’”_l) over their centers, with algebraic finite generation equivalent
to being classical (equivalently, Azumaya).

Introduction

Consider a skew-symmetric real matrix 8 € M, (R). We will be working extensively
with the following noncommutative-geometric constructs.

¢ The noncommutative (or quantum) tori Tg [57, §1; 32, §12.2; 39, §1.1.5] defined
as objects dual to the generator-and-relation C*-algebras

b = C(T}y) := (unitaries uj, j € [n]:= {l.n} | uguj = e(Oj)ujuy)
for e(—) :=exp(2mwi—).
e The noncommutative spheres [48, Definition 2.1] analogously defined by
C(gén_l) = (normal ti, j €[n] ‘ ety = e(Op)tjtk, Zt;tj = 1).

The former “glue” to produce the latter in ways reminiscent of classical topology
(e.g., the standard genus-1 (Heegaard) splitting S* = (T? x [0, 1]) U2 (T? x [0, 1])
of [61, Proposition 3.3]): per [48, Theorem 2.5], we have

(0-1) C(S§"™") = Conty (S — C(TD)),

MSC2020: 46L52, 16HO5, 46M20, 55R25, 55R37, 46L85, 16R10, 55R40.
Keywords: Azumaya algebra, Chern class, PI algebra, bundle, classifying space, noncommutative
sphere, noncommutative torus, projectively flat.
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where
St = {(s1,...,50) €SI SR ¢ 5 >0},

(0-2a) o o .
SY Fep=1{(si) €S 1 5i =0, Vi & F},

and ‘9’ means
(0-2b) f(Sp)SC*ui i e F)S A, VF<[n].

Section 1 is concerned with reconstruction/isomorphism problems, i.e., the
extent to which initial data (the deformation parameter 6 € M, (R), or perhaps its
size n) are determined by the isomorphism or stable isomorphism classes of the
quantum-sphere algebras. A paraphrased aggregate of Theorems 1.1 and 1.2 reads
as follows.

Theorem A. (1) Forn,n' € Z-y and 0,6’ € R identified with skew-symmetric 2 x 2
matrices we have

C(S})® My = C(S}) ® My < C(T3) ® My = C(T5,) ® My
< n=n" and 0 € +£0' + 7.

(2) For positive integers m,n with m > 2 and skew-symmetric 0 € M, (R) the
isomorphism class of either C(T3') ® My, or C(Sém_l) ® M, determines m and n.

In Section 2 and onward we assume the deformation parameter 6 € M,(Q)
rational and examine consequent polynomial-identity (PI) phenomena (on which
background the main text offers a brief reminder). The focus is on

e Azumaya algebras [16, §4.4]: one way to formalize a purely algebraic analogue
of the section-space I'(€£ ® £*) for a vector bundle £ over a compact Hausdorff
space; and

e the extent to which algebras fail to qualify, as measured by the Azumaya locus
[11, §III.1.7].

Again summarizing for brevity, one rendition of Theorems 2.8 and 2.13 below is this:
Theorem B. Let 0 € M, (Q) be a skew-symmetric matrix for n € 7>».

(1) The center Zy < Cy :=C (§5”_1) is the function algebra of a branched cover
of S>"~1 which is not, in general, a topological manifold.

(2) The smallest n*> admitting a Zg-algebra embedding Cy < M,(Zg) is
hg :=[(Z" +im ) : 7"],

so in particular Cy is a PI algebra of PI-degree (see [29, §11) v/ hy.
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(3) The Azumaya locus of Cg consists precisely of those maximal ideals p €
Max(Zy) whose restriction to S'_ﬁ__l along equation (0-1) belongs to some face
supported by F C [n] with

he > hg, F := h attached to the submatrix of 6 supported on F-indexed rows/columns.

In Section 3 we turn to the intimate connection between polynomial identities
and the condition that an algebra be finitely generated as a module over its center
(see e.g. [54, Chapter 6] and the motivating discussion on [3, p. 532]) in the context
of studying the quantum spheres Sé”_l. It will turn out that said finite generation
(mostly) fails, but its weaker topological analogue (requiring that C (§§”_1) contain
a dense finitely generated module over its center) always holds; per Theorem 3.3:

Theorem C. For n € 7>, and rational skew-symmetric 6 € M, (Q) the algebra
C (Sé"‘l) is

e always a topologically finitely generated module over its center Z g, but

e algebraically finitely generated as such precisely when 0 is integral.

Theorems B and C both link naturally to the theory of Banach, Hilbert and
C* bundles [27, §11.13; 21, pp. 7-9; 20, §1] over compact Hausdorff spaces and
satellite topics: the theory of noncommutative branched covers initiated in [51] and
phrased in the language of finite-index conditional expectations [28, Definition 2]
is germane to the discussion below, which relies directly or indirectly on material
from [7; 13; 51].

1. Isomorphisms of rationally deformed quantum 3-spheres

Throughout, unqualified (typically vector or algebra) bundles are assumed locally
trivial [36, Definition 1.1.8]; they are to be distinguished from more general con-
structs termed (F) Banach bundles on [21, pp.7-8], which will also make an
appearance in Section 3.

The isomorphism problem for noncommutative 3-spheres is not difficult to
resolve, given its 2-torus analogue. The following is very much in the spirit of
[55, Theorem 3] for irrational tori. The rational torus version [42, Theorem 1.1]
(recovered also as [56, Theorem 3.12]) typically does not involve matrix tensorands.

Theorem 1.1. Consider n,n’ € Z~¢, 0,0’ € R, and set

Con:=C(S))® My, Agn:=C(T5)® My,
and similarly for the primed parameters. The following conditions are equivalent.
(a) We have an isomorphism

(1-1) CO,n = CO’,n/-
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(b) We have an isomorphism

(1-2) Agn = Agr -

(c) The parameters coincide save for trivial modifications, in the sense that
n=n" and 0+ +7.

It might be worthwhile to first observe separately that the size » of the tensorand
M, can be recovered from the isomorphism class of either Cy , or Ag , and in fact,
more generally, for noncommutative spheres/tori of arbitrary dimension.

Theorem 1.2. Let 6 € M, (R) be a skew-symmetric matrix, m > 2 and n € Z ..
(1) The isomorphism class of the C*-algebra C (TZ’ ) ® My, determines m and n.
(2) The isomorphism class of the C*-algebra C (Sém_l) ® My, determines m and n.

Proof. We structure the argument conforming to the statement.

Statement (1) is a simple matter of unwinding some of the well-known K-theoretic
results on noncommutative tori.

According to [22, Theorem 2.2], Ko(C(Ty')) is free abelian of rank 2m=1 with
the class of the identity as a generator. The usual isomorphism

Ko(4) = Ko(A® Mp)

induced by the upper-corner embedding [67, Lemma 6.2.10] then makes it clear
that in
Ko(C(TI) @ My) = 7"

the class of the identity is divisible precisely by 7, hence the conclusion.

We turn to (2).

Recovering n: Equation (0-1) realizes C(§§m_1) as a C(X)-algebra (i.e., a C*-
algebra receiving a central morphism from C(X): see [38, Definition 1.5]) for
X =S~ The fibers

C(Sg" Dl = CSg" H/(CSF"H{f e C(X): f(p)=0}), peST,

are noncommutative-torus algebras A4 in general, and specifically to C(S') at the
m vertices of the spherical simplex X. It follows that n can be recovered from
the abstract C*-algebra C := C (ng_l) ® M, as the smallest dimension of an
irreducible representation.

Recovering m: A small detour will first discern what can be recovered from the
center

(1-3) Z:=Z(C(S§" ) ® My) = Z(C(Sg" 1)) = Z(C)
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alone. The isomorphism (0-1) specializes to Z = Conty (8{,”_‘1 — Z(C(Tp))), with
d indicating the central analogue of (0-2b):
(1-4) ST SZCT)NC* {uj | j € F}).

Recall [23, §2.2] that C(Tg) is a cocycle twist C*(Z", o) of the group algebra
C*(7") (with the generators of Z" mapping to the u;). The proof of [22, Lemma
2.3] then describes the center Z(C(Ty)) as

(1-5) C*(I)c @z,

0)= 0
I":= kernel of the bicharacter 7 o 7" £D=PCTI0,

Sl

with the matrix 6 regarded, as usual, as a bilinear form. The boundary condition
(1-4) then reads

J(STH) SCH () = C(Tp). Tp :=TF.
where
(1-6) Tp:=TNnzF, 7¥:=sum of the F-indexed summands in Z”.

We write Max(A) for the maximal spectrum [5, Exercise 1.26] of a commutative
ring, typically applying the notion to commutative C*-algebras (and occasionally
omitting the qualifier “maximal”). X := Max(Z) can thus be described as follows:

¢ To each finite-set inclusion
FC F' C[m]
associate
aninclusion Afp < Ap, Afp:= ST’_FI,

and a quotient Trp—> Tp dualto ['p <Tp.

¢ And then recover X as the coend [43, §1X.6]
2m—1 F
(1-7) X =Max(Z(C(S"™)) =~ / ApxTp.

This is a particular instance of the geometric realization [58, Definition 3.8.1] of a
simplicial object [43, §VIL.5]: more precisely, F' — T r is a simplicial topological
space (a simplicial object in the category of topological spaces), and (1-7) is its
simplicial realization.

The space (1-7) does have dimension

(1-8) dim X =m — 14 dimMax(Z(C(Ty'))) = m — 1 + rank ker 6,

where
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— “dimension” is used in any of three senses: the small inductive, large inductive
and covering dimensions [24, Definitions 1.1.1, 1.6.1, 1.6.7], all coincident for
separable metric spaces [24, Theorem 1.7.7];

— and the rank of an abelian group is [34, Definition A1.59]
rank I' :=dimg Q®z .

By contrast to m (Example 1.3), this latter number (1-8) is, then, recoverable from
the isomorphism class of Z = Z(C) alone (so C itself is not needed for this).
The fibers of C at the various points of X are of the form C*(Z™ /g, 0) ® My,
for subsets F C [m] with the twist induced by the original cocycle o on 7"/ '
(possible, given that I" = IT[,,,] is by definition the kernel of 0).
The abelian groups 7™/ I" p have ranks

(1-9) m —rank I'p > m —rank I'[, = m —rankKker 6,

with equality achieved. Since the sum between (1-8) and this minimum is 2m — 1,
it will be enough to observe that the ranks on the left-hand side of (1-9) can be
recovered from the corresponding fibers C*(Z™/T'p, 0) @ M,,.

To see this,

* write
7™/ T'p = (finite abelian group H) xZ", r:=rank 7" /T
[10, p. VII.19, Theorem 2];
e so that C*(Z™/ 'k, o) can be expressed as an iterated, r-fold crossed product
C*(H)YXZx---xZ
as in [32, Proposition 12.8];
e whence
Ko(C*(@™"/ T, 0) ® My) = Ko(C*(Z™/ TF, 0) = 7%

as for noncommutative tori, via the Pimsner—Voiculescu sequence [6, Theorem
10.2.1].

This completes the proof. O

Note that the isomorphism class of the center (1-3) alone does not, in general,
determine 1.

Example 1.3. We exhibit noncommutative-sphere algebras C (Sém_l) with iso-
morphic centers and distinct 7 (so also, by necessity, distinct 6):
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(I) Take first m = 2 and 8 = 0, so that
C(Sg" ) =C(s?)

and the spectrum of the center is the 3-sphere.

(II) On the other hand, take m = 3 and some 6 for which the kernel I" of (1-5) is
of rank 1 (i.e., isomorphic to Z) and not contained in any of the subgroups

zF,  F c[3] properly
of (1-6). The coend (1-7) is then
S3 xS/((x,1) = (x,t)), Yx €3S3, 1 €S')

with 0 denoting the boundary. Alternatively, in words: consider the product
D? x S! (where D? is the closed 2-disk) and identify all copies

S'x{r}cS!'xS! cD?*xS!
to each other in the obvious fashion. It is a simple exercise to see that this
space is again (homeomorphic to) the 3-sphere.

Also in reference to Theorem 1.2, note that an isomorphism
(1-10) AQ M, = A" @M,

of unital C*-algebras does not, in general, imply that 4 and A’ themselves are
isomorphic:

Example 1.4. Recall [45, §2] the unital C*-algebras A = U}¢, generated by the

N
mn elements of a unitary (possibly nonsquare) m x n matrix. As explained in

loc.cit., we may as well assume that m < n.

This is (by definition) the universal unital C*-algebra A whose Hilbert modules
A™ and A" are isomorphic, so their endomorphism algebras (as Hilbert modules)
will of course also be isomorphic:

AR My = My (A) = My(A) = AQ M,.
Now fix any m > 2, and consider the case A = U ’:sz We then have
AQMpy =2 AQ M, 2 = (AR Mpy) ® Mp,
which is (1-10) with A" = A ® M,,, and n = m. An isomorphism
(1-11) A=A~ AQ My,
does not exist though: according to the discussion immediately preceding [2, §6],

Ko(A) = 7/(n —m) = Z/(m* —m) generated by the class of 1 € 4,
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so that class cannot be a multiple of 1, as it would be, given an isomorphism (1-11).

The ensuing discussion freely references Azumaya algebras (in their various
incarnations, such as those in [1, Definition 5.1.4; 46, §13.7.6; 11, §III1.1.3]) and
ancillary notions, including the following.

* Polynomial identities (or Pls for short), for (always unital) rings 4, are noncom-
mutative polynomials vanishing when substituting arbitrary elements of A for the
variables. (See [1, Definition 2.2.1].)

e PI algebras are those algebras A over commutative rings (usually fields) k
satisfying at least one nonzero PI that is stable [1, §2.2.3] in the sense that all
A ®k K’ for commutative-ring extensions k C k’ satisfy a common nonzero identity.
(See [1, Definition 2.2.41].)

o An algebra A over a commutative ring R is Azumaya (of rank n®) as such
[1, Definition 5.1.4] if for some faithfully flat extension R — R’ we have

A®g R = My(R).

e Equivalently [1, Theorem 10.3.2], A4 is rank-n? Azumaya (unqualified, i.e., over
its center) precisely when it satisfies the polynomial identities of n X n matrices but
has no quotient satisfying the identities of (n—1) x (n—1) matrices.

We refer the reader to the sources just cited, with more specific citations accom-
panying the text where appropriate.

Remark 1.5. We will repeatedly (and henceforth tacitly) take it for granted that
being Azumaya over a commutative ring is stable under scalar extension: if 4 is
Azumaya over R then Ag := A®g S is Azumaya over S for any commutative-ring
morphism R — S [1, Proposition 5.4.28].

Proof of Theorem 1.1. That (c) implies the other conditions is clear enough: for tori
transitioning between +6 is effected by interchanging the two unitary generators,
and the realization (0-1) settles the matter for spheres. We thus focus on the converse
implications, seeking to deduce (c) from each of the other conditions.

() Rational vs. irrational parameters. Given an isomorphism (1-1), the deformation
parameters 6 and 6’ are simultaneously either rational or irrational.

Indeed, if one of them (8, say) is irrational, then Cp , has infinite-dimensional
simple quotients isomorphic to Ag , (simple, being a minimal tensor product of
simple C*-algebras: [32, Corollary 12.12] and [64, Corollary IV.4.21]). Further-
more, (0-1) makes it clear that al/ infinite-dimensional simple quotients are of this
form.

On the other hand, if 8" € @ then the simple quotients of Cy , are plainly
finite-dimensional, again by (0-1).

The same argument also (more easily) handles (1-2).




POLYNOMIAL IDENTITIES AND AZUMAYA LOCI FOR QUANTUM SPHERES 45

(II) The irrational case. This is the simpler branch of the argument: we have already
observed that if # and 6’ are both irrational then (1-1) implies (1-2), Ag , and Ag/
being the only infinite-dimensional simple quotients of Cy , and Cy/ ,/ respectively.
We can then simply appeal to [56, Theorem 3.12].

(IIT) The rational case. We are now assuming that

0= L and 0 = —
q q
are rational (in lowest terms, as depicted).

We focus mostly on the implication (a) => (c), as it will turn out to be more
elaborate, indicating along the way where and how the argument changes so as
to also deliver (b) => (c¢). There is no harm in assuming n = n’ throughout, as
Theorem 1.2 allows.

An isomorphism (1-1) induces isomorphisms between

o the centers C(S?) of the two C*-algebras ([15, Proposition 4.5(1)]),

» and hence also between the g x ¢ matrix bundles over the Azumaya loci
S3\ (U two circles) = T2 x (0, 1)

of Cy , and Cy ,/ [15, Proposition 4.5(3)].

Over those Azumaya loci, Cy , and Cy/ - are isomorphic gn xgn and ¢'n’ xq'n’
matrix bundles over X = T2 x (0, 1). We thus have gn = ¢’n’, and because

¢ matrix bundles are classifiable homotopically [36, §18.2.4],

e X deformation-retracts onto its slice
2 T2 f1
T>=T*x {3} CX,
* and over that slice the two algebras are Ag , and Ay ,, respectively,

the implication (b) => (c) reduces to (a) = (c), on which we henceforth focus. We
have been assuming that n = n’, so that ¢ = ¢’ because gn = ¢’n’. The rest is simple
conceptually, but requires a bit of unwinding of the attendant bundle-classification
theory.

The gn x gn-matrix bundles on X = T2 x (0, 1) are classified by homotopy
classes of maps X — BPU(gn) into the classifying space [36, §7.2, Definition 2.7]
of the projective gn x gn unitary group ([36, §18.3, Assertion 3.2 and Remark 3.3]).
Writing [— , —] for homotopy classes of maps [36, §6.4, Definition 4.2], we have

[X, -] =[T% -],

so we may as well assume we are working with the 2-torus.
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We have an exact sequence

(1-12) [T2, BSU(gn)]— [T?, BPU(qn)] — [T%, B*Z/qn] =~ H*(T?, Z/qn)
~/7/qn

[41, Corollary 3.2.7] attached to the top row of [36, §18.3.6], where B? denotes
the iterated classifying-space construction discussed in [36, §7.4.6] for abelian
groups (such as Z/gn). The second arrow in (1-12) is an embedding, given that
the leftmost term [T2, BSU(gn)] is trivial: it classifies degree-0 rank-gn vector
bundles on the 2-torus, and those are trivial [65, p. 2, Proposition]. In other words,
gn x gn-matrix-algebra bundles over the 2-torus are classified by the characteristic
class denoted by B4, in [36, §18.3.7] (our gn being that source’s n).

Denote by (j)q inverses modulo ¢ and similarly for ¢’. In our case, focusing on
the un-primed side, the gn x gn-matrix bundle in question is of the form £ ® £*
for a vector bundle £ = F ® C" with rank-¢ degree-p, F, and the class By is the
image of the Chern class

npy €[T?, B*Z)= H*(T*, 7) =7

through the natural map Z — Z/nq (arising from the vertical maps in [36, §18.3.4])
so all in all, the isomorphism of matrix bundles simply amounts to

Dgh ==%pr/yn mod gn

(the & depending on whether the homeomorphism between the two spheres pre-
serves or reverses orientations). This is in turn equivalent to

qn | pgnx prn=qlpgxpy=qlptp =0+7=+0"+7
This concludes the proof. O

Remarks 1.6. (1) The obvious analogue of [55, Theorem 3] does in fact go through
for rational deformation parameters, giving an extension of [42, Theorem 1.1].

(2) The literature on the classification of noncommutative tori up to isomorphism
or Morita equivalence is extensive: the reader can consult [57; 12; 23], for instance.

(3) The proof of Theorem 1.1 takes for granted the following discussion on Chern
classes and their relation to matrix-algebra-bundle characteristic classes.
The fibration sequence associated (as in [36, §18.3.6]) to the exact sequence

1= SUm) = Un) 258! 51

and (part of) the top portion of the diagram in [36, §18.3.6] fit together into a
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commutative diagram

%Bgl\g

BU(n) K(z,2)
(-13)  psum) | |
T BPU(n) K(Z/n,2)

where

e K(G,m) denotes, as usual [36, Definition 9.6.1], the m-th Eilenberg—Mac Lane
space with homotopy group 7, = G and vanishing homotopy in other degrees;

e the left-hand vertical map is the obvious one, resulting from the quotient U(n) —
PU(n) that mods out the center;

 the middle vertical arrow is obtained by applying the classifying-space (homotopy)
functor B(—) [60, §3.7; 47, Proposition 8.1] to the map
S' - BZ/n

classifying the Z/n-bundle on the circle obtained via the n-fold cover

central embedding

s! Un) L s

e and the right-hand vertical map induced by Z — Z/n, well-defined only upon
choosing a generator for Z/n (so a choice is involved).

For a space X the upper composition

(n-bundles on X) S 2N B v By — [X. K(Z.2)] = HX(X.Z)

simply associates the first Chern class ¢; (£) € H?(X, Z) to a vector bundle € on
X, whereas the bottom composition

(n*-matrix bundles on X) = [X, BPU(n)] — [X, K(Z/n,2)| =~ H*(X,Z/n)

(where again the first isomorphism comes from [36, Assertion 18.3.2]) similarly
associates the class f8,,(A) of [36, §18.3.7] to a matrix-algebra bundle A.

In conclusion, the Chern class ¢1(€) € H?(X, Z) of a vector bundle gets mapped

to the H?(X,Z/n)-characteristic class of the corresponding matrix-algebra bundle
ERQE™.
(4) We will refer to the class B, € H*(X,Z/n) associated in [36, §18.3.7] to an
n X n matrix-algebra bundle on X as the characteristic 2-class of the matrix bundle,
to distinguish it from the Dixmier—-Douady (3-)class @ € H3(X, Z) also discussed
in [36, §18.3.7].
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2. Azumaya theory for higher quantum spheres

Much can be said about higher-dimensional rational tori C(Ty) = A [32, §12.2]
as well. These algebras are also Azumaya, (essentially) by [16, Proposmon 7.2].
The setup there is more algebraically oriented so the discussion requires some
translation, but nothing particularly problematic. The deformation-parameter data
in [16, §7] consists of

e a primitive £-th root of unity ¢ in the ground field (which for us is C); and

e a skew-symmetric n x n matrix H = (h;;j) € My(Z), which will turn out to be
an integer multiple of our 6.

The n invertible generators x; of loc. cit. are required to skew-commute in the
sense that
(2-1) XjXk =th"xkxj;
compare this with the usual skew-commutation relation [57, p. 193]
(2-2) Upuj :eznief"ujuk

for the unitary generators of Ajy. Now, if £ is a positive integer divisible by the
denominators of all 6, then
Xo = Ue, (¢ = e_%, H =10 e M,2)
will effect the transition between equations (2-1) and (2-2).
Proposition 7.2 of [16] (or rather the appropriately translated version) then shows
that Ay is Azumaya of rank

=/0
(2-3) h = hg := cardinality of range(Z" A=, (Z/ﬁ)”),

where a matrix is regarded as an operator in the usual way.

Note that although there was a choice in selecting £, / itself will not depend on
that choice: scaling £ to, say, d{ will also scale H by d, thus preserving the size of
its image. In fact, the number (2-3) has the following alternative, direct description
in terms of the matrix 6 alone:

Lemma 2.1. For a rational skew-symmetric 0 € M, (Q) the number (2-3) can be
recovered as the index

(2-4) hg =[(Z" +im 0) : 7"].

Proof. We can assume [9, §1X.5.1, Théoreme 1] that 6 is block-diagonal, consisting
of a zero block and one of the form

(2-5) (.5 %)
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for a diagonal matrix

D = diag(p1/q1. p2/492+ ---)

with lowest-terms nonzero entries. The quantities in (2-3) and (2-4) are now easily
seen to both be equal to [ ]; ql.2. O

Remark 2.2. The proof of Lemma 2.1 also makes it plain that (2-3) is indeed a
square, as implicit in the discussion: it is the common dimension of the matrix-
algebra fibers of an Azumaya algebra.

Still assuming 6 rational, we have:
Notation 2.3. Consider a skew-symmetric matrix 6 € M, (R) (usually rational).

(1) For a tuple u := (u;)j_, of generators of A} and an integer tuple m = (m;)}_,
we write

The product is to be understood as ordering the indices increasingly unless otherwise
specified, but at no point will the ordering in fact matter: we will mostly be interested
in C*-subalgebras of Ajp generated by such products, and a reordering simply scales
by a modulus-1 complex number.

(2) The integral kernel of 0 is
0+ :={mez" : Ome7"},

regarding 6 as a linear endomorphism on R”.
(3) For F C [n] write
e O|F for the |F| x |F| matrix consisting of #-entries in F-labeled rows and
columns;
* hg F = hg|,, with he as in (2-4).

The realization of A} as a cocycle twist of the group algebra of Z" [23, §2.2],

coupled with the proof of [22, Lemma 2.3], describing the center of such a twisted
group algebra, gives

feM,(Q)

2-6) Z(AZ)=C*@® ) :=C*@™ : mebb) C*(Z") = C(T")

By the Azumaya claim we can once more realize Ay as sections of a bundle of
dimension-/¢ matrix algebras over T” for the sg of (2-4).

Remark 2.4. In dealing with vector bundles over higher-dimensional tori, one
additional complication not visible for 7 =2 (or even n = 3) is that the cohomological
classification recalled in [15, Remark 4.4(1)] no longer goes through: as observed
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in the introductory remarks (p.247) of [49] and elaborated in § 3 of the same
work, there are nonflat rank-2 vector bundles on complex 2-dimensional tori (four-
dimensional when regarded as real tori) with vanishing Chern classes.

Such pathologies thus occur as soon as one can reasonably expect them, namely
whenever the torus and bundle are large enough for both first Chern classes c¢; and
¢, to come into play, meaning the bundle has rank > 2 and the torus dimension > 4.

Incidentally, the proof of Lemma 2.1 also shows that rational noncommutative
tori are decomposable into small-dimensional pieces:

Lemma 2.5. For a skew-symmetric matrix 6 € My (Q) the corresponding noncom-
mutative torus algebra Ay decomposes as

t
b= e 45
i=1

for rationals 6; € Q and n = k + 2t.

Proof. Immediate from the observation made in passing in the proof of Lemma 2.1
that after a change of (integer) basis 6 is a direct sum of a (k x k, say) zero matrix
and a (2¢ x 2¢) matrix of the form (2-5). O

It also follows that, notwithstanding Remark 2.4 (and [15, Remark 4.4(1)]), the
bundles relevant to the Azumaya structure of A are relatively well-behaved. To
make sense of the statement, recall [40, §§1.2 and 1.4] the notion of a projectively
flat vector bundle over a space X (either plain or Hermitian, i.e., with structure
group G = GL(r) [40, §1.4] or G = U(r)), respectively. Then:

e Consider the principal G-bundle P — X associated to the vector bundle E in
question, via the usual correspondence [36, §18.2, Assertion 2.3].

e The quotient P := P/Z(G) by the center of G (scalar matrices, so either C*
when G = GL(r) or S! for G = U(r)) is then a principal bundle over the projective

group
PG :=G/Z(G) =PGL(r) or PU(r);

e The original bundle is projectively flat if P is flat in the usual sense [40, Proposi-
tion 1.2.6].

Proposition 2.6. For skew-symmetric 6 € M, (Q) we have
Ap = End(&) = T'(E ® ) := (continuous sections of the bundle € ® E™)

for a projectively flat bundle € on T" = Max(Z(Ayp)) of rank \/hg for hg = (2-4).
In particular, £ ® £* itself is a flat matrix-algebra bundle.
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Proof. That the rank is as claimed has already been noted above, as a consequence
of [16, Proposition 7.2]. Lemma 2.5 reduces the problem to noncommutative 2-tori.
Indeed, it shows that £ decomposes as an external (or exterior) tensor product
[4, §2.6], and external tensor products preserve projective flatness: the latter is
definable [40, Proposition 1.2.8] as the existence of a connection whose curvature
takes scalar values, and there is a simple formula for the curvature of the tensor
product of the natural two connections [40, §1.5, (5.15)].

The conclusion now follows from the fact that all complex vector bundles on
a 2-torus (and indeed a compact orientable surface) are projectively flat: being
completely classified by rank and Chern class ([65, Proposition, p. 2] again) a rank-¢
bundle splits as the sum between a line bundle and a trivial rank-(¢ — 1) bundle, etc.

As for the last claim on flatness, it follows from the general remark that £ ® £*
is flat whenever £ is projectively flat [40, Propositions 1.2.9 and/or 1.4.23]. O

Remark 2.7. The flatness of the relevant ¢ x ¢ matrix bundle forn =2 and 6 = p/q
is plain from its direct construction in the proof of [32, Proposition 12.2] (or [42, §2],
on which the latter account is based): the bundle is obtained as the (total space of
the) quotient

(T? x My)/(Z/q)*
through the diagonal action, where
(Z/q)* cT?

acts on the torus via translation by the g-torsion subgroup and on M, as described
in loc. cit. (In particular, the two generators act by conjugation by two order-¢
unitary matrices that commute up to scalars.)

A few reminders will help make sense of the statement of Theorem 2.8, a
higher-dimensional generalization of [15, Proposition 4.5].

e The Pl-degree [19, Definitions A.7.1.8 and B.4.15; 29, §1] of a PI algebra is the
largest n for which the polynomial identities of 4 are among those of M,,. Rank-n?
Azumaya algebras, for instance, have PI-degree n (as observed just after Definition
B.4.15 of [19]).

The slight definition variations one typically encounters in the literature will not
make a difference here, so the above will do.

e The Azumaya locus of an algebra A consists of those maximal ideals
m € Max(Z := Z(A)) := maximal spectrum of the center Z

for which the localization [5, Example (1) post Corollary 3.2] Ay, is Azumaya over Zy,.
There are again minor departures from this setup in the literature (one might,



52 ALEXANDRU CHIRVASITU

for instance, consider all prime ideals with the requisite property [66, §1], impose
additional finiteness/primality constraints on the algebra 4 [11, §IIL.1.7]).

Set
n—1 nyy 0D v n—1

2-7) Iy ={fly =0} < Conty(S§ " — C(Tp)) = Cy, Y =Y CSY
and
(2-8) Coly :=Cy/ly, Zoly:=Zg/(Iy N Zy).

For subsets S € 7" and F C [n] we write

Sipi=1{s=(si)i—, €S :5=0,VigF}

the portion of S supported on F, in other words. This applies to the symbol Gf-F

employed below.

Theorem 2.8. Let 0 € My, (Q) be an n x n skew-symmetric rational matrix for some
fixedn > 2.

(1) The center of the noncommutative sphere algebra Cg := C (S;”_l) is

(2:9)  Zg:=Z(C(Sg")
=~ Conty(S"! — Z(C(T})))

— st L cr@ty ¢ pshohy e cr@li), VE il

cont.
(2) The spectrum Xy := Max(Zy) branch-covers the classical sphere

(2-10) S = Max{S"~! - C*(d) : f(S"L) e CH i, i € F), Y F C[n}

for

gi := lem(lowest-term denominators of 0;j, j € [n]).

(3) Cy embeds into M%(ZQ) with hg as in (2-4) and is not a Zg-subalgebra of
My (Zyg) for any smaller n. In particular, Cyg is a PI algebra of PI-degree \/hg.

Proof. (1) We have already recalled (2-6) that the centers Z(C(T})) of the non-
commutative torus algebras are as claimed, so the conclusion follows from the
identification (0-1).

(2) That the right-hand side of (2-10) is indeed a sphere is a simple topology
exercise (the classical counterpart to (0-1)), given that the u?i € A’é are central and
hence the generators of a C(T"). The claim is that the map

T —
X@ SZ n—1
onto
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dualizing the embedding
@2-11) C(S*™ ') = Conty(S%! — Z (A}) := C* "))

={s L Zy(Ay)  f(S"p) e CH*wl i € F),YF C[n]}

cont.

> (2-9) =: C(Xp)

is a branched cover in the sense of [51, §1]: an open surjection of compact Haus-
dorff spaces, with a finite upper bound on the cardinalities of the fibers 7! (p),
p € S?"~1. Surjectivity is not at issue, so it is the two other requirements that
require attention. Rather than attack that classical statement directly, we appeal
to the theory of noncommutative branched covers developed in [51; 7], revolving
around the notion of a C* conditional expectation [6, Definition 11.6.10.1].
We have embeddings
Zy(Af) > Z(Ap) > C*Z") = C* (i, i €], 1ff =ul.

1

The usual [53, Proposition 8.5] (plainly of finite index [28, Definition 2]) expectation
E
C*(ti, i €[n])) —> Z(4p)

restricts to another such (also ) on the intermediate Z(Ap), compatible with the
inclusions of the subgroups generated by ¢;, i € F for F C [n].
We then have a finite-index

Cont(S"~! — Z(A)) =25 Cont(S"™! — Z, (A%)),

hence also (because of the noted F'-compatibility) an analogous expectation between
Conty function algebras. These, however, are exactly the two extremes of (2-11),
whence the conclusion by [7, Theorem 1.4].

(3) The isomorphism (0-1) and Proposition 2.6 ensure that the irreducible Cy-
representations are all at most y//1g-dimensional. That estimate is the best possible:
in the language of [6, Definition IV.1.4.1], Cy is sharply \/% -subhomogeneous.
To verify this last sharpness assertion, quotient out the ideal 1, := Iy, of (2-7) in
(0-1) to obtain a surjection

Proposition 2.6

CH AZ Mm

Cy thus embeds [18, §2.7.3] into a product of matrix algebras My, n < \/hg with
at least one M /- quotient, and the conclusion follows. O

Corollary 2.9. A noncommutative sphere algebra Cy is Azumaya if and only if it is
commutative, i.e., 0 € M, (Z).
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Proof. This is immediate from Theorem 2.8 and its proof: 68 & M, (Z) is equivalent
to hg > 1, and it remains to observe that if that condition holds then Cy cannot be
Azumaya, for on the one hand it has an /1g-dimensional matrix algebra quotient,
while on the other hand Cy |, is abelian for any of the n vertices p € S’_’[l. O

The branch-covering qualification in Theorem 2.8(2) is not redundant: as soon
as n > 3 the center Zy of (2-9) need not be (the function algebra of) a sphere.

Example 2.10. Set

0 b3
0:=(-1 o1]eM).
1L _19
2 2

Denoting by u1, 5, u3 the generators of A3, the sphere S>”~!'=S3 of Theorem 2.8(2)
is

S° =~ Max Conty(S3 — C*(u7, i € [3])),
while

X = Max Conty(S3. — Z(A4p) = C*(u}, i €[3], uyuzus)).

The latter space thus consists of two 5-spheres glued along the 3-dimensional
complex

(2-12) Max Conty(3S%. — Z(4}))

(one copy of which is embedded in each of the two 5-spheres). Said complex can
be described as follows:

¢ Consider three 3-spheres S;’ indexed by i € Z/3, regarded as total spaces of the
Hopf fibration [17, §14.1.9] S3 5 S2.

e In each S? set §l.1i := 7~ !(p+) for antipodes p+ € S2.

e Glue S? to S? 1 (indices modulo 3) by identifying S} L= S} 41, to obtain
(2-12).

Xy is now easily seen not to be homeomorphic to S, and indeed, not a topologi-
cal manifold: points in 5(3) but off the exceptional circles S(l) . have neighborhoods

homeomorphic to two copies of R> glued along a closed R3. The removal of
that R? disconnects such a neighborhood, so it cannot [25, Theorem 1.8.13] be
homeomorphic to a Euclidean space.

Remark 2.11. Example 2.10 illustrates a qualitative distinction between quan-
tum tori and spheres: while equivalent 0,60’ € M,(Q), in the sense [9, §IX.1.6]
(appropriate for bilinear forms) that

AT €eGL,(Z)) : 6 =TOT',
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will produce isomorphic torus algebras A = Ajp,, it may well be that Cy % Cy.

In fact, not even the centers of the latter two algebras need be isomorphic.
Indeed, Zgy will be (the function algebra of) a (2n — 1)-sphere whenever 6 is

block-diagonal with blocks (2-5), for in that case, in the notation of Theorem 2.8,

Z(A}) =C*wl', i e[n)).

Per Example 2.10, then, with that choice of 6 and

: 030 ¢
0:=-100)=T0T", T:=
000

The respective centers Zy g = Z(Cy g/) are nonisomorphic.

)

To follow up on Corollary 2.9, determining the Azumaya locus of Cyg is now
also. We again need some vocabulary and notation preliminaries.

—_
——
—o o

Definition 2.12. Let 6 € M,(Q) be a rational skew-symmetric matrix and recall
Notation 2.3.
The jump (sub)complex IMPg of 8 (just plain IMP when 6 is understood) is

IMP = JMPy := {F € 21"l . ho,F <hg}.

Identifying simplicial complexes and their respective geometric realizations [17,
§8.1], IMPy is a subcomplex ([17, § 8.1], [62, §3.1]) of the simplex A"~! =~ Sf’;l
of (0-2a) with vertex set [n]; this justifies the term.

Theorem 2.13. The Azumaya locus of Cy is the complement
(2-13) (Xg = Max(Zg)) \ Max(Zg |sur)

in the notation of (2-8).

Proof. (2-13) contains the Azumaya locus: Suppose p € Max(Zy) belongs pre-
cisely to the subspaces

Xo51=Max(Zg|gi-1) C Xg. i€Fe 2l

The intersection
-1 —1\ ~ en—1
pNC(ST") eMaxC(ST ) = ST

will then belong to the interior of the face Si P , and (0-1) specializes to

Co/(Co-(pNC(STTY))) = C*(u;, i € F) = AIFI c Az,

If F € IMP then (by the very definition of the jump complex) this further specializes,
at every maximal ideal of the center Z(Ajy) = C(T"), to a proper inclusion

N (61 ):61]
Co/(Cq-p) = (M\/h—A) s M g

6.F
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of a nonmatrix algebra, with (6] I;)J- < yAd regarded as a subgroup of 7" by padding
vectors with zero entries. Cy, then, cannot be Azumaya at p, for its localization
(Cg)p does not satisfy the polynomial identities of any M, n < \/hg.

(2-13) is contained in the Azumaya locus: Every maximal ideal p € (2-13) is con-
tained in the interior of some

Max(Zgly) C Max(Zg), Y =Y €S '\ mp,

because the intersection p N C (S’_’[l) belongs to the latter open set, and it suffices
to take for Y a closed neighborhood of that point still contained in that open.
The conclusion now follows from the fact that for such Y the algebras Cyg|y are
Azumaya:

7r:=2nd projection
Y xT"

CylY = End(n*€), T" = Max(Z(A4})). O

3. On and around center-finiteness

Finiteness (i.e., being a finitely generated module) over the center is well-known
not to be automatic for PI algebras: [54, Example post Proposition 5.1.3], say, is of
a finitely generated algebra satisfying the identities of M4 but not embeddable in a
ring finite over its center. The noncommutative sphere algebras Cy themselves, as
will become apparent, are another case in point.

Subhomogeneous C *-algebras 4 (such as Cy) admit (unital) embeddings

(3-1) A<M! =M, (C(BI)).
B(—=) := Stone-Cech compactification [30, §6.5] of I,

as noted in the proof of Theorem 2.8 (essentially by [18, §2.7.3]). But this will
also not (generally) suffice to ensure center-finiteness, per Example 3.1: the latter
will indeed not even be fopologically center-finite, in the sense of containing a
(norm-topology-)dense module over its center. Naturally, rings sandwiched as
R < A < My (R) for Noetherian commutative R are center-finite, so Example 3.1
is in a sense a manifestation of the non-Noetherianness of the continuous-function
algebras C(X) involved.

Example 3.1. [52, Example 3.5] (also [7, Example 3.6]) provides a C*-algebra A
equipped with a central morphism C(X) — A (a C(X)-algebra) for
X = (Xo =] CIP”)+ := one-point compactification [68, Problem 19A] of X

n>1

with fiber C at the distinguished point co € X and fibers M, (C) over Xj. Because
the associated M>-bundle over X is by construction not of finite type (that is,
[35, Definition 3.5.7] trivializable over a finite open cover of X;), A cannot be



POLYNOMIAL IDENTITIES AND AZUMAYA LOCI FOR QUANTUM SPHERES 57

topologically finitely generated as a C(X)-module by [31, Theorem 1.1] (or [14,
Theorem A]) and [7, Proposition 3.7].

Remarks 3.2. (1) Example 3.1 is one instance of the following general setup.

e Consider compact Hausdorff spaces Y, respectively equipped with (complex)
vector d-bundles &,; we abuse notation and conflate these [36, Remark 15.1.2] with
their corresponding principal U(d)-bundles.

¢ Assume the attached set

{indy(a)(En)in € Z>0

of U(d)-indices [44, Definition 6.2.3] is unbounded: there is no finite upper bound
on the cardinality of an open cover of Y, that will trivialize &,.

 The &, glue to a vector d-bundle over Xy :=| |, Y.

e Form the bundle F := £ & (X x C) (i.e., add a trivial 1-dimensional summand
to & = Xp).

e Construct the corresponding endomorphism bundle F ® F* (a (d + 1) x (d + 1)-
matrix bundle over Xj).

» And finally, take for the C*-algebra A (supposed to play the same role as in
Example 3.1) the unitization [6, §11.1.2.1] To(F ® F*)™T, the subscript 0 indicating
sections on X vanishing at oo.

(2) For path-connected (compact Hausdorff) Y3 in (1) above the unboundedness
sup, dimY,, dim := covering dimension [25, Definition 1.6.7]

is an essential feature of this family of examples: per [37, Proposition 2.1] (or as an
immediate consequence of [50, Lemma 2.4], say) for any paracompact [26, §5.1]
path-connected space Y there is an open cover

dimY

Y= | Ui, U, contractiblein Y.

i=0
The restriction of a bundle on Y will be trivializable [17, Theorem 14.3.3] over
every U;, rendering (1) inoperative.
(3) Inreference to (3-1), observe that endomorphism algebras End(£) = T(£E ® £¥)
for vector-bundles £ — X over compact Hausdorff X can always be embedded
unitally in some M,(C(X)) (same space X: one need not involve the typically
nonmetrizable B(discrete X)).

To see this, consider a decomposition £ @ F == 1" of a trivial bundle over X,

with 1 denoting the trivial rank-1 bundle (one such exists by [63, Theorems 1 and
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2]). We then have
lrd~1m4 {.=ranké&,

and obtain an embedding

.=i d M VY
End(e) = @WEN) b€y x End(F9) < End(1") = M,,4(C(X)),

where the second component, id ® evy, means

e identifying F 4 with F @ C¢ (focusing on the complex case to fix ideas), and

o mapping a global endomorphism s € End(€) to the endomorphism of F ® C?
operating trivially on the F tensorand and as the restriction sx € End(C¢) 2 End(&y)
of x to the fiber at some fixed x € X.

Returning to the Cy: while (mostly) not center-finite, they nevertheless exhibit
less pathology in that regard than Example 3.1 and the like.

Theorem 3.3. Let 0 € M, (Q) be a skew-symmetric matrix for some n € Z>».

(1) The quantum sphere C*-algebra Cy is center-finite precisely when it is com-
mutative, i.e., 0 € My(Z).

(2) On the other hand, Cyg is always topologically center-finite.

Proof. (1) Theorem 2.8 makes Cy into a subhomogeneous Zg-algebra, which can
thus [13, Theorem A] be regarded as a Zy-Hilbert module [67, Definition 15.1.5].
Finite generation would imply [67, Corollary 15.4.8] that Cy is also projective [1,
Definition 5.3.1].

The Hilbert-module-to-Hilbert-bundle correspondence of [33, Scholium 6.7] and
Swan’s celebrated [59, Theorem 1.6.3] (originally [63, Theorems 1 and 2]) then
imply that the (F) Hilbert bundle [21, p.9] over X := Max(Zg) with fibers

is locally trivial, so (the sphere being connected) of constant rank. This, in turn, is
equivalent (Corollary 2.9) to the commutativity of Cy.

(2) Once more regarding Cy, via Theorem 2.8(1), as the section-space I'(€) of a
subhomogeneous (F) Banach bundle £ — S?"~! =~ Max(Zy), observe that the
strata

Xg:={peX : dimfiber §, =dimCy/Cy - p =d}
are all members of the set ring [8, I, Definition 1.2.13] generated by the spaces

Max(Zg|§1_Ilp) CMax(Zg)=X, Fec olnl
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Thus they are all finite unions of path-connected paracompact spaces of finite
(covering) dimension, so by [37, Proposition 2.1] they admit respective covers

N o
X; = Uj, Uj =Uj contractible in Sf/’_l (some N € Zxy).
j=0
The restrictions £|x, are thus all trivializable by finite covers, hence topological
finite generation via [31, Theorem 1.1]. O
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FROM i -BOXES TO SIGNED WORDS
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The combinatorics of i -boxes has recently been introduced by Kashiwara,
Kim, Oh and Park in the study of cluster algebras arising from the represen-
tation theory of quantum affine algebras. In this article, we associate to each
chain of i -boxes a signed word, which canonically determines a cluster seed,
following Berenstein, Fomin and Zelevinsky. By bridging these two different
languages, we are able to provide a quick solution to the problem of explicitly
determining the exchange matrices associated with chains of i -boxes.
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1. Introduction

1.1. Background. Cluster algebras were introduced by Fomin and Zelevinsky
[FZ02]. These algebras possess distinguished elements called cluster monomials.
One of the main reasons for the interest in the theory of cluster algebras is their
unexpected emergence across diverse areas of mathematics. An illustrative case is
the representation theory of quantum affine algebras, where cluster algebra structures
are studied through the framework of monoidal categorification, starting with the
inspiring work of Hernandez and Leclerc [HL10]. A monoidal category % is a
monoidal categorification of a cluster algebra A if there is an isomorphism between
the Grothendieck ring of € and A, such that the cluster monomials of A correspond
to certain simple objects of ¥

Let g be a simple complex finite-dimensional Lie algebra. In 2023, Kashi-
wara, Kim, Oh and Park [KKOP24] defined certain monoidal Serre subcategories
#1a:b1.Do.wo of the module category of the quantum affine algebra of g, where
[a, b] denotes a possibly unbounded integer interval (for details; see [KKOP24,
§4, §6]). To show that these categories are instances of monoidal categorification,
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they introduced the combinatorics of chains of i -boxes [KKOP24, §4, §5]. The
definition of i -boxes (Section 2) is based on the choice of an infinite sequence
of indexes 7, and a chain of 7 -boxes is a sequence of integer intervals satisfying
certain technical conditions.

Let us fix a category ¢1%-01-P2-o In this setting, the sequence i is of the form
W, a particular sequence whose elements belong to the index set of a simply laced
Dynkin diagram canonically associated to g. Kashiwara, Kim, Oh and Park associate
an affine determinant module M (¢) (a generalization of the Kirillov—Reshetikhin
modules) to each i -box ¢. Moreover, for each chain of i -boxes € = (¢;), they
show the existence of a skew-symmetric exchange matrix B(C) such that, together
with the representatives ([M (c);)]); of the modules associated to the i -boxes of the
chain, they give a seed for a cluster algebra structure of the Grothendieck ring of
#1@:b1:Po-wo [KKOP24, Theorem 8.1].

More precisely, when b is an integer, Kashiwara, Kim, Oh and Park start by
explicitly providing the exchange matrix B (¢l2-b]) associated to a specific chain
of i-boxes, denoted €441 (see Definition 2.5), generalizing a construction of
Hernandez and Leclerc [HL11], who showed that the matrix B(&) can be obtained
from the matrix B(¢%?]) through a sequence of mutations. The case b = oo is
treated through a limit procedure. At the end of [KKOP24], they state the problem
of finding an explicit formula for all the matrices B(€). See Remark 2.11 for more
details of this problem in terms of monoidal categories.

This problem is natural and fundamental for understanding the cluster structures
appearing in the representation theory of quantum affine algebras. Recently, two
solutions have been proposed:

¢ In [Con26], the first author proposed a solution translating the problem in a
framework of additive categorification. Each exchange matrix B(C€) is obtained
as a submatrix of a square matrix B(€), which, starting from the explicitly
given matrix B(€1%0]), can be expressed via a matrix multiplication, known
as Palu’s generalized mutation rule [Pal]:

B(¢) = PB(¢lably p—t

where P is an invertible matrix obtained through the computation of indices
of cluster-tilting objects of a suitable cluster category.

e In [KK24], Kashiwara and Kim work with sequences i taking values in the
index set of a generalized Cartan matrix C and with maximal commuting
families of i-boxes. Each chain of i -boxes forms a maximal commuting
family. For any such family F, they define an F x F-skew-symmetrizable
matrix EKK(}" ) (see Section 4.1). When C is a symmetric Cartan matrix of
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finite type and # is of the form W, each exchange matrix B(&) can be obtained
as a submatrix BXK(¢) of the matrix BXK(¢).

The solution to the Kashiwara—Kim—Oh—Park problem in [Con26], although
interesting for bridging monoidal and additive categorification of cluster algebras,
is not as explicit, since it requires a multiplication of matrices. Kashiwara and
Kim provide a direct formula relying on monoidal categorification and elaborate
combinatorial machinery.

1.2. Main results. In this work, we propose an alternative and straightforward
solution to Kashiwara, Kim, Oh and Park’s problem. The starting point is the
combinatorics and the formalism of signed words. Recall that a signed word on an
index set / is a sequence whose elements are of the form ¢/, where ¢ is in {1}
and / is in /. Assume that / is the index set of a generalized Cartan matrix. To
each signed word £, one can associate a seed t(h) following [BFZ05], which plays
an important role in studying the cluster structures on double Bott—Samelson cells
[SW21; Qin24b].

Let B(h) be the corresponding exchange matrix. Assume that i takes value in
I and that b is in Z. For each chain of i -boxes € associated to /, we define algo-
rithmically a skew-symmetrizable matrix B(€) in a similar fashion to [KKOP24].
Using the indices of the 7 -boxes of the chain, we define a signed word A(€). Our
main result states that the desired matrix B(€) is given by the well-known matrix

B(h(©)).
Theorem 1.1. The matrix B(€) equals B(h(C)).

Therefore, by applying our main result to the setting where the Cartan matrix
is symmetric of finite type and i is of the form W, we obtain a solution to the
problem of Kashiwara Kim Oh Park, via a translation from the combinatorics of
signed words to that of 7 -boxes.

The outline of the proof of Theorem 1.1 is the following:

(1) By direct comparison, we verify that the matrices B(€4-21) and B(h(cl4-01))
are equal.

(2) Let ¢ and € be any chains related by a box move. We show that, if B(€)
equals B(h(€)), then B(¢’) also equals B(h(<”)).

Additionally, when [ is the set of indices of a generalized Cartan matrix, we
directly verify that our matrix B(h(€)) corresponds to Kashiwara—Kim’s matrix
BXK(¢) (Proposition 4.5).

Theorem 1.1 implies that the matrix B(€) is independent of the choice of box
moves from €42 to ¢ (Corollary 4.3). It also determines matrices in the case
b = +o00, as colimits of the matrices in the cases b € Z (Corollary 4.4; see also
[Qin24b]).
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1.3. Notations and conventions. Choose any finite subset K C K. For any
(K x K®)-matrix Z = (Z;;) and permutation o on K, we define the (K x o (K))-
matrix 0Z such that (60Z)s;,6j := Zi j. Let 0j j+1 denote the transposition
(j.j+D.

The matrix Z is called an exchange matrix if Z;; € Z for (i,k) € K x K™
and, moreover, it is skew-symmetrizable, i.e., there exists a diagonal matrix D =
(D) kek= with diagonal entries Dy € N~ g, called a skew-symmetrizer, such
that D;; Z;j, = — Dy Zyi, Vi, k € K.

Let [ ]+ denote max(, 0)4+. Let Z denote an exchange matrix. Following [FZ02],
for any £ € K, the mutation 4y gives us a new exchange matrix u; Z such that

Zij +Zik)+[Zkjl+ — = Zikl+ = Zkjl+ if i, ] #k,

7)) =
(W Z)i {—Z,-J- if i =korj=k.

2. Combinatorics of 7 -boxes

In this section, following [KKOP24; KK24], we recall the definition and the
properties of i -boxes.
For a,b € 7 U {400}, we write [a, b] for the integer interval

[a,b]={ke€Z|a<k<bh

The length [ of an integer interval [a, b] is defined as / = max(b —a + 1, 0).

Let I be a finite set of indices and Z be an integer interval. We write i = (iz) ez
for a sequence of elements of I indexed by the elements of Z. Fors € Z and j € I,
we introduce the symbols

st=min({re Z |s <t i; =is} U{oo}),

sT=max({te Z |s>t, i; =is} U{—0o0}),
s(N®=min({re Z |s<t, i;=j}U{oo}),
s(HP=max({te Z |s>t, i; = j}U{—o0}).

)

Definition 2.1 [KK24, §2.1; Qin24a, §6.1]. A finite integer interval [a, b] in Z is an
i-boxifiz =ip. Forani-box [a, b], we define its color i ([a, b]) asi([a, b]) =i, =1ip
and its i -cardinality or order as the number of times that the index i ([a, b]) appears
in the subinterval of i corresponding to [a, b].

Remark 2.2. The intervals in Definition 2.1 are closely related to Kirillov—Reshe-
tikhin modules of quantum affine algebras. They were called i -boxes in [KKOP24],
which focused on the case I = I, i = W, and Z =Z, where [, ¢ 1s the set of Dynkin
indices of a simply laced Lie algebra g and W, = (ix)xez is an infinite sequence
obtained from a reduced expression wo = s;, ... s;, of the longest element of the
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Weyl group of g by extending the sequence iy, ..., i; via the rule
ikl =1,
where (—)* is the involution on the index set /; induced by wo(e;) = —a;*, for

any simple root «;, i € I.
For a finite interval [a, b] in Z, we define the 7 -boxes
[a,b} = [a. b(ia)®] and {a, b] = [a(ip)®, b].

In other terms, [a, b} and {a, b] are the largest 7 -boxes contained in [@, b] with colors
iq and ip respectively. When we want to emphasize that an 7 -box is of color j, we
use the notation [a, b];.

Definition 2.3 [KKOP24, Definition 5.1]. Let / be in NU {oo}. A chain of i -boxes
of length [ is a sequence of i-boxes € = (¢x);<k</+1 satisfying the following
conditions forany 1 <s </ + 1:

(i) The union [y, by] := U1 <k<s ¢k is an interval of length s.
(i) The i-box cs is the largest i -box of color i(cg) contained in the interval
U <k<s -
Consiition (ii)Nimplies by < 53 < by and ay > dg > ag . In addition, we have
[ds.bs] C [ar, be] whenever s <t. We call the interval ( J; < -, ¢k the range of

the chain. For any 1 < s </ + 1, the sequence (c¢z)<k<s iS a chain of 7 -boxes,
called a subchain of €.

Remark 2.4 [KKOP24, §5]. To each chain of i -boxes € = (¢)1<k</+1, W€ can
bijectively associate a pair (¢, (Ex)1<k<i), Where ¢ € Z and each Ey is a symbol
in {L, R}, in the following way: let ¢ be the integer such that {c} = ¢; and, for any
1<k <l,set 3 3
Ey = {L if [dg1, Dk 1] = [ag — 1, Dg),
R otherwise.

In fact, given such a pair (¢, (Ex)1<k<i), the associated chain of i -boxes € can be
recursively recovered as follows:
e ¢ ={ch
e forany 2 <k <[+ 1, we have
- {[&k_l — Ly} if Exoy =L,
{dk—hbk—l + 1] if Ek—l = R.

We refer to T = L (resp. = R) as a left (resp. right) expansion operator and to a
sequence (¢, (Ex)1<k<1) as a rooted sequence of expansion operators; see [Con26].
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Definition 2.5. Let [a, b] be an integer interval with ¢ < b, a € Z U {—o0} and
b € Z. Denote its length by / = b —a + 1. Following [KKOP24], we define
¢l2:b] a5 the chain of i-boxes associated to the rooted sequence of expansion
operators (b, (Ex)1<k<1), where Ey = L for any k. Explicitly, the k-th i -boxes
are ¢ =[b—k+1,b}, Vk €[1,1].

Definition 2.6 [KKOP24, §5]. Let € = (¢ ) be a chain of 7 -boxes of length / < oo
corresponding to a pair (¢, (Ex)1<k<i)-

(i) For 1 <s < I, the i-box ¢ is defined to be movable if s =1 or s > 2 and
Es—l 75 Es-

(i) For a movable i -box ¢y, the box move at s, denoted by vy, is the operation
sending € to the chain v4€, whose associated pair (¢, E’) is defined as follows:

c+1 ifs=1,E =R, R if Ex=L,ke{s—1,s}
d=3c¢—1 ifs=1L,E =L, and E, =L if Ex=R, ke{s—1,s},
c if s>1, E, if kd{s—1,s}.

(iii) We call a finite composition of box moves a chain transformation.

Example 2.7. Let I = {1, 2, 3} be the set of Dynkin indices of a simple Lie algebra
of type A3. Let wog = 515253515251 be a reduced expression of the longest element
Weyl group of type 4 and let i be the sequence W:

Wo=...1,3,2,31,2,31....
[_3’4]

The chain of i-boxes € = (c¢x)1<k<g of range [—3, 4] associated to the rooted
sequence of expansion operators (4, (L, L, L, L, L, L, L)) is given by

¢ = [4]1, ¢ =[3]s, 3 =[2], cq =[1,4]y,
¢s = [0, 3]3, 6 =[—1,2]», 7 =[-2,3] cg =[-3.4];.

Notice that the only movable # -box in the chain € is ¢;. The box move at 1 sends €
to the chain v{ € = (c;c) 1<k<¢ associated to the sequence (3, (R, L, L, L, L, L, L)):

¢} =33, ¢y =41, ¢ =22, ¢y =[1.4]1,
¢s = [0,3]3, ¢ =[—1.2. ¢; =[-2.3]3 g =[=3.4];.
Notice that the i -box c’2 is movable and that the associated box move sends v{ €

to the chain associated to the sequence (3, (L, R, L, L, L, L, L))). Iterating this
process, we see that, through a composition of box moves, the chain € is sent to
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the chain € = (%) 1<k <sg associated to the sequence (3, (L,L,L,L,L,L, R)):

¢ =[3]s, ¢ =[2]2, ¢z =[1]1, ¢4 =10, 3],
¢s =[—1,2],, 6 =[—2, 3]s, 7 =[-3,1]; tg =[—3,4];.

Remark 2.8 [KKOP24, Lemma 5.10; Con26, Remark 2.10]. Let [a, b] be an integer
interval with b € Z and a € Z U {—o0}. Then any two chains of 7 -boxes of range
[a, b] are related by a chain transformation.

Remark 2.9. Let ¢ and ¢’ be two chain of i -boxes. Assume that € and ¢’ are
related by a box move at s > 1.

e If s > 2, we have
i(cs41) =i(c), i(eg) =i(c,y,) and i(cx) =1i(c}) forany k & {s, s+ 1}.
e If s = 1, we have

i(c2) =i(c}), i(cy)=i(cy) and i(cg) =1i(cy) forany k > 3.

Definition 2.10 [KK?24, Definition 2.13]. Let € = (¢ ) be a chain of i -boxes with
associated sequence of extension operators (Ey ). For any k, the effective end z
of the 7 -box ¢ =[x, y] is defined as

_ |y ifk=1lor Ex_y =R,

_{x if k=1or Ex_y=L.
2.1. The matrix associated to a chain of i -boxes. From now on, let I be the set
of indices of a generalized Cartan matrix C = (c;j);,jer- Let [a, b] be an integer
interval and let / be its length. Let € = (cx)x¢[1,/] be a chain of 7 -boxes of range
[a, b]. In this subsection, following [KKOP24], under the assumption that b is an

integer, we recursively associate to the chain € an exchange matrix B(C).
We introduce the following sets

(...} ifl <o,
NZI lfl:OO,

ko -
K@)T={se K@) |cs=[a(i)®, b(i)®] for somei € I'};
K(@)™ = K(@\K(@©)".
For any k € K(€), we define k[1] as
k[1] = min({k’ € [k 4 1,1] | ¢ has the same color of ¢z } L {400}

Assume that b is in Z. Following [KKOP24, §7.5], let

By = (b;1)j ek (@) kek@©
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be the exchange matrix given by

1 if k=[],
~1 if j=k[l],

b]k: Cij,ik if ] <k<][1]<k[1],
—cij g if k< j <k[1]< j[1],
0 otherwise.

Although this construction was given in [KKOP24] only for Cartan matrices of
ADE type (see also Remark 2.12), we apply the same formula in the more general
setting considered here.

Next, for any chain of i -boxes € = (cx)ke[1,/] of range [a, b], fix a sequence of
box moves vy, ..., vy whose composition sends ¢la.b] ¢ ¢. For 0 <s=<N,we
write €5 = (¢} )xe[1,7] for the chain of 7 -boxes

¢la.b] if s =0,
& = .
{vs o---ov; €@l otherwise .

Let By be the matrix B(€[%-2]) and, for any 1 <s < N, recursively define the

exchange matrix By as follows:

(i) If the i -box ci;ll has the same color as ¢$~!, then
By = ps(Bs—1).
| and ¢! have different colors, then
By = 0y5,54+1(Bs—1).

Finally, we set B(€) = By . In the next section, we will show that the matrix B(€)
does not depend on the choice of the composition of box-moves sending ¢labl o ¢,

(ii) If the i -boxes cijr

Remark 2.11. Let g be a finite-dimensional simple complex Lie algebra and let g
be the Lie algebra of simply laced type associated to the unfolding of the Dynkin
diagram of g [FO21]. Assume that b is in Z U {oo} and that i = (ix)ke[q,p] IS @
subsequence of the sequence W, = (ix)xez, for a certain reduced expression wg of
the longest element of the Weyl group of g. In [KKOP24], Kashiwara, Kim, Oh and
Park associate a monoidal seed (see [KKOP24, Definition 7.2] for the terminology)
to each chain of i -boxes €, defining a family of commuting real prime modules
M (€) and showing the existence of a companion exchange matrix B(€). To do
this, when b is an integer they use the above procedure [KKOP24, Proposition
8.11], and when b = +oo they define B(C€) as a colimit of the matrices associated
to the subchain of €. By [KKOP24, Proposition 7.14, Lemma 7.16], this operation
is well defined. It follows from this last proposition that the exchange matrix B(C)
does not depend on the choice of the sequence of box moves sending ¢labl o ¢,



FROM i -BOXES TO SIGNED WORDS 71

Nevertheless, [KKOP24] does not provide an explicit description of the coefficients
of B(€), whose determination is stated as an open problem.

3. Signed words

Recall that C = (c;j);,jer is a generalized Cartan matrix. Let / be in N U {400}.

Definition 3.1. A signed word on the index set / is a sequence b = (ex /i) 1<k <i+1
such that, for any k, e € {£1} and /iy € I. Denote hj, = e;hy and |hy| = hy.

We introduce the following sets
K(h) =1.1];
Kh)™ ={se K(h) |3t els+1,1], hy = hs};
K(h)" = K@\K(h)™.
For any k € K(h), we define k[1] as
2 k[1]=min({k/€[k+1,l] | |hy/| = |hk|}LI{+oo}).

Note that k[1] in (2) and sT in (1) should not be confused.
Following [BFZ05; SW21; Qin24a, (6.1)], for any signed word %, we define

B(h) = (bj1); kek ) by

" if k= j[1],
e it j = k[1],
3 EkCih; | by 1T &[] = &k, J <k < j[1] <k[1],
(3) bjr = EkClh; |, k| if ep = —exy, J <k <k[l] < j[1],
—ejClh;lhe 1f expy =&, k< j <k[11 < j[1],
—&jClh; |, |hy| if e =—ejny. k< j < jl1] <k[1],
0 otherwise.

It has a skew-symmetrizer 5@), which is a diagonal matrix with diagonal entries
Dii = hj. Let B(h) denote its K(h) x K(h)®*-submatrix.

From now on, we will always assume that B(/) is a locally finite matrix, i.e.,
for any j, only finitely many b;; are nonzero and, for any k, only finitely many
bjj are nonzero. This assumption allows us to extend results in [SW21; Qin24a]
for / € N to the case [ = 400 as in [Qin24b].

Let h[; s denote the sequence (hs)ge[; k]-

Definition 3.2 [SW21, Section 2.3; Qin24b, Section 3.2]. Let h = (hy)re[1,1] be a
signed word.

e The left reflection of h is the operation sending k to the signed word A’ =
(=hy. hpo ).
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e Let j €[1,/—1]be such that &; and k1 have different signs. Then the flip of h at
J is the operation sending A to the signed word &’ = (hyy j_17, hj41. hj. hpj12.17)-

Proposition 3.3 [SW21, Proposition 3.7; Qin24b, Section 3.2]. Let h = (hy)re[1,1]
and h' = (h} )e[1,1) be two signed words.

(1) If k' is obtained from h via a left reflection, then B(h') = B(h).
(2) If b’ is obtained from h via a flip at j, then

oj.j+1B(h) if hj # 1},

B(h') =
@ {mB@) if hy =1,

4. Comparison of matrices

Recall that I denotes the index set of a generalized Cartan matrix C. Let [a, b]
be an interval and i = (ix)xe[q,5] @ Sequence of elements of . In the following,
we will consider chains of i -boxes defined with respect to the sequence i. Let
€ = (ck)ke[1,7] be a chain of i -boxes on [a, b] and let (E )<k <; be the associated
sequence of expansion operators. For any 1 < k <[+ 1, we write ¢; = [ag, bi].
We associate to € a signed word A (€) = (hy)1<i<j+1 as follows:

e We set h equal to the color /7 of the 7 -box c¢;.

e Forany 2 <k <[+ 1, we set hy = i hj where hy, is the color of the 7 -box
¢ and the sign g is defined by

1 if Ep_y =L,
~1 if Ex_; = R.

It follows from our construction that K(€) = K(h(€)), K(®)* = K(h(€))*
and K(®)T = K(h(¢))™, and the definition of k[1] becomes identical. We will
simply denote K (&) by K below. Note that different chains of 7 -boxes correspond
to different signed words, but not every signed word comes from a chain of 7 -boxes.

Remark 4.1. Assume k’[1]=k for some k', k € K =[1,{], and set k" = k[—1]. By
our constructions, the following properties (1) to (6) are equivalent in each case:

(1) e =1 (1) ex =—1

(2) Ex—1 =L (2) Ex-1 =R

(3) ay is the effective end of [ag, br]  (3) by is the effective end of [ay, by]
4) ar =a (4) by = by

(5) ax = ag_ (5) b = by

(6) b = br[—1 (6) ax = ag[—q]
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Assume that b is an integer. In the following, we want to show that the matrices
B(C) and B(h(C)) are equal, thus providing a solution to the Kashiwara—Kim—Oh-—
Park problem.

To start with, consider the chain of i-boxes €21, Then the signed word
h(€1@0)) = (hy)kepr g is given by

hi =ip—g+1.
Then the matrix B(h(¢le-21)) = (gjk)jeK’keKex simplifies to

1 if k= j[1],

g - if j=kl[l],

e Clusl ) 1 J <k < j[1] <k[1],
—Clu; |, I k< <Kk[1] < j[1].

Therefore, B(h(€%-?1)) coincides with the matrix B(¢12:41),

Proposition 4.2. Let € = (¢ ) be any chain of i -boxes of range [a, b]. Suppose
that the matrix B(€) equals B(h(C)). Then for any movable i -box cs of €, we also
have B(vs(€)) = B(h(vs(Q))).

Proof. Recall that we write A(¢) = (hy)r = (exhy)r. Denote the sequence of
expansion operators associated to € by (Ex)g.

Suppose that s is greater than 1. Since ¢ is movable, we have E;_; # Ej.
Then, at the level of the associated signed word, we have 5 # &34 1. Moreover, by
Remark 2.9, the signed word associated to vs(€) is h(vs(€)) = (h;c)k’ where

hy ifkd{s,s+1)
h;( = hs+1 if k =3,
hg if k=s+1.

In particular, the signed word & (vs(€)) is obtained from A(€) through a flip move
at s. We have two cases:

(1) If the i -boxes ¢s and ¢;41 have the same color, then |hg| = |hg+1|. Therefore,
the matrices B(h(vs(€))) and B(vs(€)) are equal, since they are the mutation
of the matrix B(h(C)) = B(C) at s.

(2) If the 7 -boxes ¢s and ¢4 have different color, then |hg| # |hsy1|. Therefore,
the matrices B(h(vs(€))) and B(vs(€)) are equal, since they are obtained
from the matrix B(h(€)) = B(<) by applying oy.
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If s = 1, by Remark 2.9, the signed word & (v (€)) = (h;{)k associated to vg(€)
is given by

hy, if k>3,
=1 lh2l if k=1,
—82h1 if k=2.

Therefore, up to a left reflection which does not change the B-matrix, the signed
word & (vg(€)) is obtained from /(€) through a flip move, and we can conclude as
above that B(vs(€)) = B(h(vs(2))). O

Proof of Theorem 1.1. Recall that € could be obtained from ¢[%-?] by finite many
box moves, and B(¢1%6l) = B(h(¢l@-bl)). Applying Proposition 4.2 repeatedly, we
obtain B(€) = B(h(C)). O

Corollary 4.3. The matrix B(€) does not depend on the choice of the chain trans-
formation sending ¢labl 1 ¢.

Finally, assume that b = 4o00. Consider, for s > 1, the subchains €5 = (¢x) 1<k <s
of €. As a corollary of Proposition 4.2, the coefficients of the exchange matrices
B(C) stabilize:

Corollary 4.4. Forany s > 1,if (i, j) € K(&s) x K(&), then B(&;);j = B(Cy)ij
foranyt > s.

Therefore, we can define the exchange matrix B(€) as the colimit of the matrices
B(C). In other words, we have

B(9)|k(e,)xkex(e,) = B(&s)forany s> 1.

4.1. Comparison of B(h(<)) with Kashiwara—Kim’s matrix. We still write [a, ]
for an interval and € = (cx )k e[1,7] for a chain of 7 -boxes ¢ = [ag, D] of range [a, b].
For 1 <k </, hy, is the color of the i -box ¢;. Let D be the diagonal / x /-matrix with
diagonal entries dy = dy,,...,d; = dy,, where the (d;);c are the diagonal entries
of the minimal symmetrizer of the generalized Cartan matrix C. Following [KK24],
we define EKK(Q) = (bg}ff)k,k’e K(¢) as the skew-symmetrizable / x /-matrix with

skew-symmetrizer D and whose positive entries are given as follows:
@ b]KI:( _ {l if (aj = ay and by = bj_) or (bj = by and a = aj_),

—Cnj e 1f cpjp, <0 and one of the following conditions holds:

(@) [aj, bjf"] € ¢, aj is the effective end of [a;, bj], ai <aj <ap <Dy < b;' < b,j',
(b) [aj, b}"] € €, by is the effective end of [ay, by, ai <aj <bj <by < b;' < blj’
(©) [ay, br] € €, by is the effective end of [ay, by], ay <ap <aj < bj <by < bj+,

(d) [ay . bi] € €, aj is the effective end of [a}, bj], a; <ay <a; <ap <bj < b;r.
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Let BXK(€) denote the restriction of the matrix B (@) to the indexes K(€) x K*(C).
When the Cartan matrix is symmetric of finite type and i is of the form w,,
it is proved in [KK24] that BXK(¢) = B(¢). Then Theorem 1.1 implies that
BXK(¢) = B(h(¢)). In the next proposition, in the general case where C is a
generalized Cartan matrix, we compare them directly without using Theorem 1.1.

Proposition 4.5. The matrix BXX(€) is equal to the matrix B(h(Z)).

Proof. EKK(Q) and B (h(2)) have the same skew-symmetrizer. It suffices to prove
that the positive (/, k)-entries are the same, where at least one of j, k belongs to
K.

Let j,k €[1,/] be such that Ch; by < 0. Recall from (4) the conditions (a), (b),
(c) and (d) which characterize such entries. Define another four conditions:

() gipy=er =—1, j <k < j[] <k[1];
(i) e = —ex) = —1., j <k <k[1] < j[1];
(i) ey =¢j =1, k < j <k[l] < j[1];
(v) gj = —¢jip =1, k < j < j[1] <k[1].
If any of these conditions is true, then bjx = —cp; p, . Moreover, conditions (i), (ii),

(iii1) and (iv) are mutually exclusive, while (a) (resp. (c)) and (b) (resp. (d)) can hold
at the same time.

Step 1. First, assume that (i) holds. Using Remark 4.1, we have:
e g = —1 is equivalent to by being the effective end of [ay, by ].

* ¢jj1] = —1 is equivalent to [aj,b;'] belonging to €, i.e., ¢j[1] = [aj,b;'].

J <k implies [a;, bj] C [ay, a]. Then we deduce a; < ay <aj.

Jj <k and g = —1 imply that b; < by = by.

k < j[1]and gj[1] = —1 imply that by < Ej[l] = b;r.

o jl1l <k[1]and ;) = —1 implies b < b;". This claim follows from the fact
t~hat b j+ =Dbji = 15k[1] and from the construction of ¢}, which implies that
bk[l] =< b+.

Therefore, (i) implies (b). Now, assume that (b) holds. Then we have the effective
ends by, = bk and bj[) = b][l] = b . Moreover, ¢j[1] = [a], F]. We claim that
(b) implies one of (i)—(iv). _ 3

First, we cannot have j[1] < k since b = bj[1] > bx = by. In addition, we

cannot have k[l] < j. Otherwise, it Would follow that ¢y C [a],b ], so that
brry < b < b and ag[) = a; > a; . But since we have either br = bk or
akp] = ay both cases lead to contradlctlon with (b).

If j <k < j[1] <k[1], we are in case (i).
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If j <k <k[1] < j[1], we claim that e¢[1] = 1, i.e, we are in case (ii). To see this,
assume gx1] = —1. Then 15k[1] = b,‘{" > b;' = ~j[]], which contradicts £[1] < j[1].

If k < j <k[1] < j[1], as before, k[1] < j[1] and (b) imply ex[;] = 1. We claim
that ; = 1, i.e, we are in case (iii). To see this, note that b; < by but j > k, so b;
is not the effective end of ¢j, i.e, &; = 1. The claim follows.

If k < j < j[1] < k[1], as before, j > k and b; < by imply ¢; = 1. So we are in
case (iv).

Step 2. Similarly, assume that (ii) holds. We have:
e g, = —1 is equivalent to by being the effective end of [ay, b ].
* gx[1] = 1 is equivalent to [a; , by ] belonging to &, i.e., ¢x(1] = [a}, |-
* j <k implies a; < dy <aj.

e j <k and g = —1 imply that b; < by = by.

k[1] < j[1] and egpy) = 1 imply by < b;r and a; < a;_. This follows from the
fact that a, =dagn) = &j[l] = a]-_ and by, = bk[l] < bj[l] < b;-.

Therefore, (ii) implies (c).

Now assume that (¢) holds. Then we have the effective ends by = Z;k and
ag(1] = dk[1] = 4y - Moreover, c[1] = [a; , bx]. We claim that (c) implies one of
D—(v).

First, we cannot have k[1] < j. In fact, since ¢; = [a;, bj] C [a}, br] = ckp1)s
if j > k[1], none of a;, b; could be an effective end. In addition, we cannot have
J[1] < k. Otherwise, it would follow that ¢;j[;) C [a, Ek], thus b;1) < Ek = by, and
aj[1] = ay > a; . Since either bjy) = b;r oraji] =d; holds, and both contradict
(c), we are led to a contradiction.

If j <k <k[l] < j[l], we are in case (ii).

If j <k < j[1] <k[1], we claim that &;[;] = —1, i.e, we are in case (i). To see
this, assume ;1) = 1. Then @[] = a; <a; = ag1), which contradicts J1] < k[1].

If k < j < j[1] <k[1], as before, j[1] < k[1] and (c) imply &;[;] = —1. Moreover,
bj < by and j > k imply that b; is not the effective end of ¢;, i.e., & = 1. So we
are in case (iv).

If k < j <k[1] < j[1], as before, j > k and b; < by imply ¢; = 1. So we are in

case (iii).
Step 3. Let us deduce the remaining cases from the previous steps. Let o denote
the order reversing automorphism on Z such that o (x) = —x. Consider the word
i’ = (i} ) := (iyx) and the chain of i’-boxes €’ = (c{)s¢[1,77 such that ¢ :=[a{, by]:=
[0bs, oag]. Then, for any j, k in K, the signed word A () satisfies conditions (i),
(ii), (iii), or (iv) if and only if, respectively, the signed word h(€’) = (&}4;) satisfies
conditions (iii), (iv), (i), or (ii) with j and k& swapped:



FROM i -BOXES TO SIGNED WORDS 77

(iii) ejpy=ex =1, j <k < j[1] <k[1],
(iv) e = —ggy =1, j <k <k[l] < j[1],
(1) ek =¢j =—1, k< j <k[l] < j[1],
(i) &j = —ejp=—1, k < j < j[1] <k[1].
Similarly, for any j, k in K, the chain of i -boxes € satisfies the conditions (a), (b),

(¢), or (d) if and only if, respectively, the chain of  -boxes €’ satisfies the conditions
(¢), (d), (a), or (b) with j and k swapped:
(c) [(a/)j_, (b")j]e @, (b)) is the effective end of [(a’);, (b');]. (b’),f > (b'); >
Ok > (@) > (@); > (@)
(d [(a/)j_, (b")j1e @, (a') is the effective end of [(a')x, (b')], (b’),j' > (b)j >
(@); > (@) > @); > @)y
@) [(@)x, b1 € €, (') is the effective end of [(@)x, (0], (B)F > () >
(0" > (@) > (@) > (@)}
() [(@)g, (b’)]j] e @, (b'); is the effective end of [(¢);, (b');], (b’);.r > (b’); >
(0" > () > (@) > (@)}
Combining with the results in Steps 1 and 2, we obtain that (iii) implies (d), that
(iv) implies (a) and that, if any among (a), and (d) holds, then we are in one of the
cases (1)—(iv).
Finally, we obtain the desired claim by comparing the explicit formula for the
entries of the matrices, using the results of the previous steps. ([l
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NEAR COINCIDENCES AND NILPOTENT DIVISION FIELDS

HARRIS B. DANIELS AND JEREMY ROUSE

Let E/Q be an elliptic curve. We say that E has a near coincidence of level
(n,m) if m | n and Q(E[n]) = Q(E[m], ). We classify near coincidences
of prime power level and use this result to give a classification of values of n
for which Gal(Q(E[nr])/Q) is a nilpotent group. Along the way we prove a
Gauss—Wantzel analog for the elliptic curve E : y* = x3 — x, showing that
Q(E[n])/Q is constructible if and only if ¢(n) is a power of 2. Assuming
that there are no non-CM rational points on the modular curves X, (p) for
primes p > 11, we show that Gal(Q(E[n])/Q) nilpotent implies that n is a
power of 2orn € {3, 5, 6,7, 15, 21}.

1. Introduction

For much of mathematical history, compass and straightedge constructions have
served as exemplars of mathematical reasoning. Central to the study of such
constructions is the question of which regular polygons are constructible. First
considered by the Greeks, an answer to this question long eluded mathematicians,
with no progress made for hundreds of years. This changed when Gauss proved the
following theorem:

Theorem 1.1 [15]. Suppose that n is of the form
n=2kp1pj,

where p; is a Fermat prime. Then it is possible to construct a regular n-gon using
only a straightedge and compass.

Here we remind the reader that a Fermat prime is a Fermat number (i.e., a number
of the form 2%" + 1 with m > 0) which is prime.

In fact, in [15] Gauss states that he has a proof of the converse, but he says, “the
limits of the present work exclude this demonstration here.” The final part of the
question was formally answered in 1837 when Pierre Wantzel proved the converse.

Theorem 1.2 [43]. Suppose n is a positive integer such that a regular n-gon is
constructible. Then n is of the formn =2% . p - -. pj, where each p; is a Fermat
prime.

MSC2020: primary 11GO05; secondary 11R32, 14H52.
Keywords: elliptic curve, division field, Galois group, modular curve.

© 2026 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2026.342-1
https://doi.org/10.2140/pjm.2026.342.79
http://www.ams.org/mathscinet/search/mscdoc.html?code=11G05
http://www.ams.org/mathscinet/search/mscdoc.html?code=11R32, 14H52
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

80 HARRIS B. DANIELS AND JEREMY ROUSE

Together, these two results together form the Gauss—Wantzel theorem. If we let
¢ be Euler’s totient function, then we can summarize the Gauss—Wantzel theorem
as saying a regular n-gon is constructible if and only if there exists a k such that
o(n) =2k,

A modern reformulation of this is to take the standard plane and turn it into the
complex plane. A point in the complex plane is said to be constructible if there is
a way to define that point using just a straightedge and compass. Interpreting the
Gauss—Wantzel theorem through this more modern lens gives us a new interpretation
of what it means for a complex number to be constructible.

Theorem 1.3 [32, Theorem 4.53]. Let o € C. Then, « is constructible if and only if
there exists an ascending chain of fields

Q=KoCKiCKxC---CK;
suchthata € Kj and [K; : K; 1] =2.

A subfield of C is said to be constructible if all of the elements in the field are
constructible. Using Galois theory from here we can update Theorem 1.3 to say
that o is constructible if and only if there is a Galois extension K /Q that contains
o such that Gal(K /Q) is a 2-group. Given that the nth roots of unity are equally
spaced around the unit circle, from this updated perspective, the question of about
the constructibility of a regular n-gon is exactly the same as the question about the
constructibility of Q(¢,). Here ¢, is a primitive nth root of unity. This modern
perspective allows us to examine the constructibility of more complicated fields.
The primary objects of study in this paper are the division fields of elliptic curves.

First we fix @, an algebraic closure of @ and let E/Q be an elliptic curve. A
classical result is that the points on E can be given the structure of an abelian group.
We let E[n] be the n-torsion on E defined over @, that is E[n] = {P € E(Q) :
n- P = O}. Then we can define Q(E[n]) to be the field of definition of the n-torsion
points. With this we present the following theorem.

Theorem 1.4 (a Gauss—Wantzel analog). Let E be the elliptic curve given by
y> = x> — x and let n > 2. Then, Q(E[n]) is a constructible field if and only if
@(n) = 2% for some integer k.

Proof. Suppose n € Z such that Q(E[n])/Q is a constructible extension. By
properties of the Weil pairing, Q(¢,) € Q(E[n]), and so by the Gauss—Wantzel
theorem ¢(n) is a power of 2.

In the opposite direction, suppose that n € Z such that ¢(n) is a power of 2.
Given that constructibility is closed under compositum, it is enough to understand
when Q(E| pk]) is constructible for some prime power pk.
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Suppose p = 2. In this case, Q(E[2]) = Q and [Q(E[2K1]) : Q(E[2F])] =27
for some m € Z depending on k. Thus, for any k, Gal(Q(E[2¥])/Q) is a 2-group
and hence constructible.

Next suppose that p = 22" 41 is a Fermat prime and E : y> = x3 —x. We start this
case by showing that [(QQ(E[p], i) : Q(i)] is a power of 2, which implies the desired
result. The endomorphism ring of E over (Q2(7) is isomorphic to Z[i]. Moreover,
since p =1 (mod 4) splits we can factor p = w7 for 7 € Z[i]. (Explicitly, we have
7m=22"4iand 7 =22 —i.) We therefore have two isogenies ¢; : E — E and
¢ E — E given by ¢ (P) =[x]P and ¢, (P) =[x ] P which are defined over Q(i).
Let E[x] and E[r] be the kernels of these two isogenies. It is straightforward to see
that E[p] is the direct product of E[m] and E[7], that each of E[r] and E[7] has
order p, and both E[x] and E[7] are Galois stable over Q(Z). This shows that the
image of the mod p Galois representation pg , : Gal(Q(E[p], i)/Q(i)) — GL(F )
is conjugate to a subgroup of the diagonal matrices. The set of diagonal matrices
has order (p — 1) = 22" Since p is injective, Lagrange’s theorem implies that
[Q(E[p],i): Q)] is a power of 2. O

One might think that the more general question of when Gal(Q(E[n])/Q) can
be a p-group would add some interest, but it turns out the only interesting case here
is when p = 2. This is easy to see since [QQ(E[n]) : Q] is even for all n > 3. If we
want to study a condition on Gal(Q(E[n])/Q) that is more general than being a
p-group, but is restrictive enough to yield meaningful results, a naive thing to do
would be to study when Gal(Q(E[n])/Q) is the direct product of a finite number of
p-groups. This allows some additional flexibility, but still imposes some structure
on the situation.

While at first this seems arbitrary and naive, it is a very natural thing to do.

Proposition 1.5 [18, Proposition I1.7.5]. Let G be a finite group, then G is nilpotent
if and only if it is the direct product of its p-Sylow subgroups.

Thus, our naive consideration is actually logically equivalent to the condition
that Gal(Q(E[n])/Q) is nilpotent. Looking at the literature, we find the following
result about when Gal(Q(E[n])/Q) is abelian.

Theorem 1.6 [16, Theorem 1.1]. Let E/Q be an elliptic curve and n > 2. If
Q(E[n])/Q is an abelian extension, thenn =2,3,4,5, 6, or 8.

With this added context, our new goal is to understand when Gal(Q(E[n])/Q)
is nilpotent for E/Q. To that end, we give the following definition:

Definition 1.7. Let K/k be a Galois extension of fields. We say that K /k is a
nilpotent extension if Gal(K / k) is a nilpotent group. When the base field & is clear
from context, we will just say that K is a nilpotent field for brevity.
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We will be able to give a complete answer to the question of when Q(E[n])/Q
is nilpotent that is conditional on a positive answer to Serre’s uniformity question.

Conjecture 1.8 [46, Conjecture 1.1; 34, Conjecture 1.1.5]. If p > 11, then there is no
non-CM elliptic curve E /Q for which the image of the mod p Galois representation
is contained in the normalizer of the nonsplit Cartan subgroup.

Before stating our next theorem we remind the reader that a Mersenne prime is
a prime which is one less than a power of 2. Such a prime always has the form
2P —1 for p a prime.

Theorem 1.9. Let E/Q be an elliptic curve.

(1) If E does not have complex multiplication, Conjecture 1.8 holds, and Q(E[n])/Q
is nilpotent thenn € {3,5,6,7, 15,21} U {2" :k € Z}. Each of these cases occurs
for infinitely many different rational j-invariants.

(2) If E does not have complex multiplication, n ¢ {3, 5, 6,7, 15, 21}U {2]‘ ckeZt),
then Q(E[n])/Q is nilpotent if and only if one of the following holds: (i) n is a
product of distinct Mersenne primes with the property that the mod p image of
Galois is contained in the normalizer of the nonsplit Cartan for all primes p | n, or
(i) n is twice a product of distinct Mersenne primes with the property that the mod
p image of Galois is contained in the normalizer of the nonsplit Cartan, and the
mod 2 image has RSZB label 2.2.0.1.

(3) If E has complex multiplication by the order of discriminant D € {—4, —7, —8,
—12, —16, —28}, then Q(E[n])/Q is nilpotent if and only if n is a power of two
times a product of distinct Mersenne and Fermat primes, where the Mersenne primes
are inert in the CM field and the Fermat primes are split in the CM field.

(4) If E has complex multiplication by the order of discriminant D € {—11, —19,
—43, —67, —163}, then Q(E[n])/Q is nilpotent if and only if n is a product of
distinct Mersenne and Fermat primes, where the Mersenne primes are inert in the
CM field and the Fermat primes are split in the CM field.

(5) If E has complex multiplication by the order of discriminant D = —27, then
Q(E[n])/Q is never nilpotent.

(6) If j(E) = 0, then E is isomorphic over Q) to an elliptic curve of the form
Ey:y?>=x>+d. Then, Q(E4[n])/Q is nilpotent if and only if n = p is a prime and

d=1 (mod (@*)%) if p=2,
d =2 (mod (@*)%) if p =3,
d=2-p3P=D (mod (@)3) if p =325+ 1 for some k > 1,
d EZ-p%(P“) (mod (@*)3) if p=3-25— 1 for some k > 1.
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Corollary 1.10. There is no elliptic curve E/Q for which Q(E[19])/Q is a nil-
potent extension. Further, 19 is the smallest prime with this property.

Along the way to proving Theorem 1.9, a phenomenon appears that we point
out here. When studying the question of when Q(E[p"])/Q nilpotent given
that Q(E[p"~'1)/Q is, we realized that we would need to classify exactly when
Q(E[p"]) = Q(E[p" "], ¢p).

Definition 1.11. Let E£/Q be an elliptic curve and let m, n € Z* such that m | n.
We say that there is a near coincidence between the m- and n-division fields of E if

Q(E[n]) = Q(E[m], ).

The terminology here is motivated by the definition given in [7] where an
elliptic curve E/Q is said to have a coincidence between its division fields if
Q(E[m]) = Q(E[n]) for distinct integers m and n. In that paper is the following
theorem:

Theorem 1.12 [7, Theorem 1.4]. Let E/Q be an elliptic curve, p be a prime, and
letneZ™".

(1) Suppose Q(E[p"t']) = Q(E[p"]). Then p =2 and n = 1.
2) FQELP"D NQE 1) = QL pnt1), then p = 2.

The problem of classifying such coincidences for elliptic curves defined over
number fields was also recently investigated by Yvon in [44].

In the end, we are able to give a complete classification of elliptic curves
over @ with a near coincidence of their p"*! and p” division fields; i.e., when

QE[p"*']) = QE[P"], ¢ ).

Theorem 1.13. Let E/Q be an elliptic curve, p € 7 prime, and n € Z*. Suppose
that

QE[p"']) = Q(E[P"], {prn).

Then p € {2,3} and n = 1. Further, if p =2, then E must correspond to a rational
point on the one of the modular curves with RSZB label 4.48.0.3 or 4.16.0.2, while if
p = 3, then E must come from a rational point on 9.27.0.1.

Remark 1.14. Before moving on, we point out that elliptic curves corresponding to
rational points on 4.16.0.2 have the property that Q(E[4]) = Q(E[2]) = Q(E[2], i).
Thus, these curves actually have a coincidence of division fields. In contrast, the
elliptic curves corresponding to rational points on 4.48.0.3 have the property that
Q(E[2]) =Q and Q(E[4]) =Q(i). So these curves have a near coincidence without
having a coincidence of division fields. It is interesting to note that in order to
have a near coincidence between the 2- and 4-division fields, without having an
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actual coincidence between the 2- and 4-division fields, the 2-division field has to
be trivial.

Similarly, the rational points on 9.27.0.1 yield elliptic curves with a near coinci-
dence between their 3- and 9-division fields. Unlike the case with p = 2, a rational
point on 9.27.0.1 corresponds to an elliptic curve E with either j(£) =0 or a surjec-
tive pg 3. In particular, if E is a non-CM elliptic curve with Q(E[9]) = Q(E[3], &),
we must have [Q(E[3]) : Q] =48.

Remark 1.15. We choose to begin this paper with the Gauss—Wantzel theorem not
only because of its classical significance, but because it serves as a natural entry
point for a broad audience into the kinds of questions that we hope to address in this
paper. The main objective here is to classify when the division field Q(E[n])/Q of
an elliptic curve E over Q is nilpotent. Along the way, we uncover a surprising
analog of the Gauss—Wantzel theorem as well as a result about near coincidences of
division fields. We hope that the Gauss—Wantzel analog, while not the main thrust
of the paper, illustrates the value of considering questions like these.

Outline of the paper. In Section 2 we recall basic facts related to elliptic and
modular curves that will be necessary for the proof of the main results. The
proof of Theorem 1.13 will be handled in Section 3 by finding the smallest power
n such that @(E[p”“]) cannot be Q(E[p"], Cpnt1) and then we prove that if
QE[p" ™) #Q(E[p"], {prs1), then Q(E[p"F2]) #Q(E[p™ '], {12). The proof
will have to be broken down into cases depending on if p =2,3,5,0r p > 7.

The proof of Theorem 1.9 starts in Section 4 by using group theory to classify
the nilpotent subgroups of GL;(Z/pZ) according to their image in PGL,(Z/pZ).
We then apply known results about the corresponding modular curves to determine
when the extension Q(E[p])/Q can be nilpotent. This is where we will employ
Conjecture 1.8.

In Section 5 we use the information from the previous section to prove that
if p is odd, then the p’-division field is never nilpotent. Lastly, in Section 6
we study which combinations of mod p images can occur simultaneously, and
prove Theorem 1.9. Throughout the paper we address the case of elliptic curves
with complex multiplication separately from those without complex multiplication
because of their unique properties (which are outlined in Section 2.1.1).

All of the computations in this paper were performed using Magma [4] and the
code can be found at [8].

2. Background

The goal of this section is to review some of the background information necessary
for the proofs of the main theorems. In each subsection readers should find some
additional resources to supplement what is written here.
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2.1. Elliptic curves. For background about elliptic curves, see [39]. Given an
elliptic curve E/Q and a natural number 7, the points of order dividing n defined
over () form a group. Considering E(C) as the quotient of C by a lattice shows that

E[n]:={P € E(@):nP =0}x=Z/nZ®Z/nl.

This isomorphism is noncanonical, but it only requires a choice of basis for E[n].

Because the group law on an elliptic curve is given by rational functions,
Gal(Q/Q) acts on E[n] component-wise. That is, if P = (x, y) € E[n] and
o € Gal(Q/Q), then P° = (o(x),0(y)) € E[n]. This component-wise action
induces a representation

pEn : Gal(Q/Q) — GLy(Z/nZ)

with the property that Im pg ,, >~ Gal(Q(E[r])/Q). We remark here that because
the isomorphism E[n] >~ Z/nZ & Z/nZ is noncanonical, Im pg , is really only
defined up to conjugation.

A guiding principle in this paper is that oftentimes things can be broken down
into cases depending on the shape of Im pg ,. We are able to do this thanks to the
following proposition.

Proposition 2.1 [42, Lemma 2]. Let p be a prime and let G be a subgroup of
GLy(Z/pZ). If p divides |G| then, either SL,(Z/pZ) < G, or G is contained
inside a Borel subgroup of GLo(Z/ pZ). If p does not divide |G|, let H be the image
of G in PGLy(Z/pZ); then

(1) H is cyclic and G is contained inside a Cartan subgroup of GLo(Z/pZ), or

(2) H is dihedral and G is contained in the normalizer of a Cartan subgroup of
GL,(Z/pZ), but not the Cartan itself, or

(3) H is isomorphic to A4, S4 and As.

In case (2), p must be odd. In case (3), p must be relatively prime to 6, 6, and 30
respectively.

We will say more about the Cartan subgroups when we discuss elliptic curves
with complex multiplication in Section 2.1.1.

Before moving on from Galois representations attached to elliptic curves, we
draw attention to the fact that we can combine mod p* representations using inverse
limits to define the p-adic Galois representations

pE.p 1 Gal(@/Q) — GLy(Z,).

An important point, for our purposes, is that if p > 5, then the group SL,(Z)
has no proper closed subgroups whose image is SL,(Z/pZ) under the standard
reduction map. As Serre explains, this leads to the following proposition.
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Proposition 2.2. [35, Section IV] Let E/Q be an elliptic curve and let p > 5 be a
prime. If pg. p is surjective, then pg p is also surjective.

To see how this breaks down when p = 2 or 3, the reader is encouraged to see
[11] and [13].

Lastly, we note that given an elliptic curve over Q, the group Im pg , must have
a few special properties.

Definition 2.3. Let n > 2 be a positive integer and let G be a subgroup of
GLy(Z/nZ). We say that G is an admissible group if

e det(G) = (Z/nZ)*, and

» G contains an element of determinant —1 and trace O that fixes a point of order n
inside of (Z/nZ)>.

Proposition 2.4 [45, Proposition 2.2]. Let n > 2 be an integer and let E /Q be an
elliptic curve. Then, Im pg. ,, is an admissible subgroup of GLy(Z /nZ).

2.1.1. Elliptic curves with complex multiplication. Elliptic curves come in two
distinct types depending on their endomorphism rings. Given an elliptic curve
E, defined over a field of characteristic 0, the endomorphism ring of E over Q is
either isomorphic to Z or an order of an imaginary quadratic field, usually denoted
by O. When the endomorphism ring is larger than Z we say that E has complex
multiplication by O. Throughout this section we follow the work done in [34,
Section 12]. Many of the results we use were first proven in [28]. A reader looking
for an introduction to elliptic curves with complex multiplication should see [38,
Chapter II].

One way to think about elliptic curves with complex multiplication is as elliptic
curves with additional symmetries. These added symmetries manifest themselves
in many ways. They endow elliptic curves with complex multiplication with many
interesting properties that make them unique among elliptic curves in general. Of
particular interest to us is that the Galois representations attached to elliptic curves
with complex multiplication behave very differently than those without complex
multiplication.

We introduce some notation to state results about the Galois representations
attached to elliptic curves with complex multiplication.

Given O, an order of a quadratic imaginary field K. We define the adelic Cartan
subgroup associated to O to be

Co =lim(O/NO)*

where N is a positive integer and the inverse limit is taken with respect to divisibility.
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Next, we let Ok be the maximal order inside of K and we let f =[Ok : O] be
the conductor of ©. Continuing, we let D = disc(®) = f2 disc©, and

b= f Disodd,
|0 otherwise.

Then, we let

¢ ++/D D —¢?
w=—— and 6= 7

so that O = Span,{1, w} with w? — ¢pw — 8 = 0. We can now define the level N
Cartan subgroup associated to O as

CO(N)={<“"gbb¢ 2) ca,b€Z/NZ and a2+ab¢—5bze(Z/NZ)X}

C GL,(Z/N7Z).

Taking inverse limits as N runs over the positive integers ordered by divisibility of
the level N, we can define

Co(Z) =limCo(N) € GLx(2).

The group Co (Z) is a closed subgroup of GL, (Z) that is isomorphic to Co under
the isomorphism

4+ bwrs (a—i—bqb b)

8b  a)’

Next, we define

No(N) =(Co(N). (739))

and let No(Z) € GLy(Z) and No(Z,) € GL,(Z,,) be the usual inverse limits of
the No(N).

Remark 2.5. Frequently the group N is called the normalizer of Cp. It turns out
that the group N (Z ) is the normalizer of Co(Z,) in GL,(Z,,) (by [28, Proposition
5.6(2)]), but Ny is not the normalizer of Cp in GL,(Z). See [34, Remark 12.1.2].

Before moving on we make a few more observations about these groups that will
be useful later on. First we note that by construction each of the groups Co (V) is
an abelian group since O/N O is abelian. In contrast, the groups N are not abelian
unless p =2. In order to compute the center of Np(N), it would be a simple matter
of determining which matrices in Co(N) commute with M = ( _dl) (1)) Let

A= (5 ) o
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Computing the entry in the first row, second column of M A and AM we see that A
commutes with M if and only if b = —b. Thus, if p # 2, then A € Z(Np(N)) if

and only if A = ((“)2) =al € Z(GLy(Z/NZ)). From this we get:

Lemma 2.6. Let N > 2 be an integer. Let G be a subgroup of No(N) such that
-10
( p ) €G.

Then the center of G, Z(G), is exactly the set of scalar matrices in G. In other
words,

Z(G)=Z(GLy(Z/NZ))NG.

The last few theorems we need will help us pin down the exact image of the
Galois representations attached to elliptic curves with complex multiplication. We
will state the following theorems for elliptic curves with complex multiplication
defined over Q, but we note that both [34, Section 12] and [28] handle the case
where E is defined over a number field.

Proposition 2.7 [34, Proposition 12.1.4]. Let E/Q be an elliptic curve with complex
multiplication by O, let p be a prime, and let

4 ifp=2,
e=13 ifp=3,
1  otherwise.

ThenIm pg. pe is the inverse image of Im pg_ pe under the reduction map No(Z ) —
No(Z/p*D).

Proposition 2.7 will be exactly what we need in order to understand how the
division fields change as we go up the p-adic tower. This will be useful in Section 5.

Proposition 2.8. [28, Theorem 1.2(4)] Let E/Q be an elliptic curve with complex
multiplication by O # Z[¢3]. If p does not divide 2disc(O), then there is a choice
of basis such that Im pg_p,~ = No(Z,).

2.2. Modular curves. Modular curves are the main objects that we will use to
classify the elliptic curves over Q with a given admissible group as the image of their
mod n representation. Given a natural number n > 2 and an admissible subgroup
G C GLy(Z/nZ) there is a smooth, projective, and geometrically irreducible curve
defined over (0 denoted X whose Q-rational points classify elliptic curves with
the property that Im pg , is conjugate to a subgroup of G. Here we emphasize that
the image of Im pg , need not be all of G in order to have a corresponding point
on X . Indeed, since subgroups of nilpotent groups are nilpotent, this will allow us
to focus on finding the maximal admissible nilpotent groups of a given level.

The nature of this correspondence depends on whether —/ € G or not, but if G
were a nilpotent group that did not contain —/, then adding —/ would preserve
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nilpotency. For this reason, we can assume that —/ € G. Then the curve X always
comes with a natural morphism

7TGZXG—>P45

such that an elliptic curve E/Q with j-invariant jg ¢ {0, 1728}, has Im pg , con-
jugate to a subgroup of G if and only if jg = 7 (P) for some P € Xg(Q). The
interested reader should see [34, Subsection 2.3] to see more details when —7 ¢ G.
We end this section by emphasizing that a complete classification of the points on
these curves would give a corresponding classification of im pg, for every elliptic
curve E/Q. That is, if we can determine all of the maximal nilpotent subgroups H
of GL,(Z/nZ) and classify all the rational points on the corresponding X g’s, then
we would have classified all the elliptic curves with nilpotent n-division fields.

3. Near coincidences

In order to classify near coincidences, it will be useful to be able to detect them
using the image of the corresponding Galois representation. With this in mind, we
give the following definition.

Definition 3.1. Let G € GL,(Z/nZ) with surjective determinant and suppose that
m | n. We say that G represents a near coincidence of level (n, m) if

(GNSLy(Z/nZ)) NKer(rr) = {1},

where 7 : GLo(Z/nZ) — GLy(Z/mZ) is the standard componentwise reduction
map.

Remark 3.2. The idea behind this definition is that classically we know that
(GNSLy(Z/nZ)) fixes Q(¢,) € Q(E[n]) and Ker(rr) fixes Q(E[m]) C Q(E[n]).
Therefore, (G NSL,(Z/nZ)) NKer(rr) should fix Q(E[m], {,). Thus, the only way
that Q(E[n]) = Q(E[m], ¢,) is if (GNSLy(Z/nZ)) NKer(x) = {I}.

Of course this definition requires that m | n, but that lines up with the original
definition of near coincidence.

The proof of Theorem 1.13 will be done by first considering the case of prime
level and then moving on to the case of prime power level. We will have to break
the prime level case down into 3 smaller cases. These cases consist of when p =2,
p=3,o0r p>5.

3.1. Proof of Theorem 1.13 for prime levels. We will start the case when n =1
of the theorem by dealing with primes p > 5 and break the argument into cases
depending on Im pg , based on Proposition 2.1. First we handle the case that pg ,
is surjective.
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Proposition 3.3. Assume that E/Q is an elliptic curve, p > 5 is prime, and
Im pg., = GLy(Z/ pZ). Then Q(E[p*]) # Q(E[p], ¢,2).

Proof. By Proposition 2.2, we have Im pg po = GL2(Z,) and hence Im pg > =
GL,(Z/ p*Z). Hence

[Q(E[p*]) : Q] = |GL(Z/ p*D)| = p°(p — D*(p+ 1),

while
[Q(ELp], )] < [Q(ELP], ¢p2) : QE[pDIIQE[p]) : Q]
<p(p—1)-|GLa(Z/p2)]
=p’(p—D’(p+ 1) <p’(p—1D*(p+D.
This proves the claim. O

Next we handle the case that Im pg , is a proper subgroup whose order is a
multiple of p.

Proposition 3.4. Assume that E/Q is an elliptic curve, p > 5 is prime, and
Im pg, p, is a proper subgroup of GLy(Z/ pZ) whose order is a multiple of p. Then
Q(E[p*]) # Q(E[p). £,2).

Proof. In this case, the image of Im pf , is contained in a Borel subgroup by
Proposition 2.1 and hence E has a cyclic p-isogeny defined over Q. By the
classification of Mazur, we have p € {5,7,11,17,19,43,67,163}. Let H =
im PE,p>-

If E has complex multiplication, choose a basis so that H € Np(Z,). By
Proposition 2.7, H is the full preimage in No(Z,) of Im pg, ,. Since No(Z),)
contains all matrices of the form (IJBk” l—okp) with k € Z/pZ and this implies that
Q(E[p?])/Q(E[p], ¢,2) is a nontrivial extension.

If E does not have complex multiplication, then Theorem 1.1.6 of [34] implies
that Xy is isomorphic to P! or a positive rank elliptic curve, or that X  is listed in
Table 1 of [34] as the other cases are ruled out by the assumption that p | [Im pg ,|.
If we assume that Q(E[p?]) = Q(E[p], ¢,2), then p*{Im Pk, 2| and this implies
that the index of H in GLy(Z)) is a multiple of p3. Since p > 5, this implies that
the index is > 125 and this implies that Xy has genus > 2. There are groups H
contained in a Borel subgroup of GL,(Z/pZ) listed in Table 1 of [34] for p =11,
17 and 37, but in no case is the index of H a multiple of p>. This concludes the
proof. U

Next we handle the case that Im pg j, is contained in the normalizer of a split
Cartan subgroup. We divide the argument into the CM case and the non-CM case.

Proposition 3.5. Let E/Q be an elliptic curve and p > 5 a prime such that Im pg ,
is contained in the normalizer of a split Cartan subgroup of GLo(Z/pZ). Then

Q(E[P?]) # Q(E[p], ¢p2)-
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Proof. We first will show that E has complex multiplication. If E does not
have complex multiplication, then the results of [3] rule out p = 11 and p > 17,
and the results of [1] rule out p = 13. Hence p € {5,7}. If H = Im pg ,» and
Q(E[p?]) = Q(E[p], ¢p2), then H is an index p? subgroup of the full preimage in
GL,(Z/pZ) of Im pg ,, and hence

|GL2(Z/ p*2)|

(%) |H| divides ,
p*(p+1D/2

since w is the index of the normalizer of the split Cartan in GL,(Z/pZ). In
addition, by Proposition 2.4, H must also be an admissible group. Finally, H must
be nonabelian, since by [16] Q(E[n])/Q is nonabelian if n > 8.

For these two primes p, we use Magma to search for admissible subgroups H of
GL,(Z/ p*Z) such that (%) is satisfied and H is nonabelian. For p =5 there are two
conjugacy classes of such subgroups and for p = 7 there are four. In both cases,
all such subgroups are contained in the normalizer of a split Cartan subgroup of
GL,(Z/ p2Z). (The code for these calculations can be found in the file prop35.m
at [8].) The rational points on the modular curve corresponding to the normalizer
of the split Cartan subgroup mod 25 are determined by Momose and Shimura in
[30], and the mod 49 case is handled by Momose in [29]. In both cases, all such
elliptic curves have CM. It follows that E has complex multiplication.

Now we show that if E has complex multiplication, then Q(E[p*])#£Q(E[p], ¢ »2)-
The argument here is identical to that in the proof of Proposition 3.4. Choose a
basis so that Im pg ,» € No(Z,). By Proposition 2.7, Im pg ,» is the full preimage
in No(Z,) of Im pg ,. Therefore, Im pg_ 2 contains all matrices of the form
(9" 15,) with k € Z/pZ and this implies that Q(E[p*])/Q(E[p], ¢,2) is a
nontrivial extension. O

The last case to be dealt with is when Im pf ,, is contained in the normalizer of
a nonsplit Cartan subgroup of GL,(Z/pZ) for p > 5. Importantly, we know from
[23, Appendix B] or [45, Proposition 1.13] that in this case any such elliptic curve
has to have potentially supersingular reduction at p.

Proposition 3.6 [36, p.312]. Let E/Q be an elliptic curve with potential good
reduction at p > 5 and discriminant A. Then, E acquires good reduction over

Q(N/A) at all primes over p.

In [loc.cit.], Serre explains that not only does E gain good reduction over
@(I«Z/K), but also that ord,,(A) € {0, 2, 3,4, 6, 8,9, 10}. Thus, if p is a prime above
p in Q(V/A), then e(p/p) € {1,2,3,4,6}.

Even with this in hand, for p =5 we will have to rely on the classification of
rational points provided in [34].



92 HARRIS B. DANIELS AND JEREMY ROUSE

Proposition 3.7. Let E/Q be such that im pg 5 is contained in the normalizer of
the nonsplit Cartan subgroup mod 5. Then Q(E[25]) # Q(E[5], £25).

Proof. We search GL,(Z/257) for groups that represent (25, 5) near coincidences.
We then take the ones that are maximal with respect to containment (up to conju-
gation) and check if they have points. These groups are exactly the groups with
RSZB labels

25.625.36.1, 25.1250.76.1, 25.2500.156.{2,3}, 25.3750.236.{1,2}

(where we have used braces to combine almost identical labels). Using the data in
[34], we see that there are no noncuspidal Q-rational points on any of these curves
and so there are no elliptic curves over @ with a (25, 5) near coincidence. J

We now turn to the case that p > 7.

Proposition 3.8. Let E/Q be an elliptic curve and let p > 7 be a prime such that
Im pg p is a subgroup of the normalizer of a nonsplit Cartan subgroup GLo(Z/ pZ).
Let A be the discriminant of E and suppose that Q(E[p?]) = Q(E[p], p2)- Letp
be a prime over p in Q(V/A). The extension Q(V/ A, E[p*])/Q(NA) is a degree
2p(p?* — 1) extension that is totally ramified at p.

Proof. Suppose towards a contradiction that there is a prime *J3 above p such that
e(PB/p) is a proper divisor of 2p(p> — 1). Since Im PE,p 1s a subgroup of the
normalizer of a nonsplit Cartan subgroup of GL,(Z/pZ), we know that [Q(E[p]) :
Q] is a divisor of Z(p2 — 1). Further, because we assumed that Q(E[p?]) =
Q(E[p]. {,2), we know that [Q(E[p?]) : Q] is a divisor of 2p(p* — 1). Thus
QVA, E[p?])/Q(YA) has degree dividing 2p(p? —1). Now, e(}3/p) is a proper
divisor of |,6E,pz (Gal(@/@(%))) , which itself divides 2p(p2 —1). Thus

e(P/p) < p(p*—1) and e(P/p)=e(P/ple(p/p) < p(p*—1)-6 < p*(p*—1).

But a result of Hanson Smith [40, Theorem 1.1] says that e(/p) > p* — p? =
pz( p2 — 1), giving us our contradiction. O

We now explain how the previous proposition rules out the possibility of a
(p?, p) near coincidence.

Proposition 3.9. Let E/Q be an elliptic curve and let p > 7 be a prime such that
Im pg. p is a subgroup of the normalizer of a nonsplit Cartan subgroup GLo(Z/ pZ).

Then Q(E[p*]) # Q(E[p], §,2).

Proof. Suppose towards a contradiction that Q(E[p?]) = Q(E[p], ¢p2). By the
previous proposition, we know that Q(V/A, E[p2])/Q(V/A) is totally ramified at
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p. The assumption that @(E[pz]) =Q(E[p], $p2) implies that Im PE, p? has order
dividing 2p(p? — 1). On the other hand, Proposition 3.8 implies that

15k, 2 (Gal(@/Q(VA))| =2p(p* - D).
It follows from this that

Im j 2 = pp, ,2(Gal(@/Q(VA)))
and hence

Gal(Q(VA, E[p*])/Q(VA)) = Im jg 2.

However, a Galois extension that is totally ramified at a prime over p must have a
Galois group which is an extension of a finite p-group (the wild inertia group) by
a finite cyclic group of order coprime to p (the tame inertia group). This means
that for any prime g # p, the g-Sylow subgroup of Im pg ,» must be cyclic. In
particular, the Sylow 2-subgroup of Im pg ,» must be cyclic. However, by [16],
Q(E[p])/Q must be nonabelian, and so the projectivization of Im pg_, must have
a dihedral Sylow 2-subgroup. This is a contradiction. O

The last remaining case is that Im pg , is contained in an exceptional group —
that is, the image in PGL,([F,) falls into case 3 of Proposition 2.1.

Proposition 3.10. Let E/Q be an elliptic curve and let p > 5 be a prime such that
Im pg, , is contained in an exceptional subgroup. Then Q(E[p?]) # Q(E[p], £p2)-

Proof. Serre showed [37, §8.4, lemme 18] that Im of , can only be an exceptional
subgroup if image in PGL,([F,) is isomorphic to S4, p <13 and p=3 or 5 (mod 8).

The elliptic curves with Im pg 13 contained in an exceptional subgroup were
determined in [2] and in [34] it was shown that for each such elliptic curve, Im o ;32
contains all matrices = I (mod 13), which implies that Q(E[p?]) # Q(E[p], $p2)-

For p =11, the elliptic curves with Im pg 11 contained an exceptional subgroup
were determined by Ligozat [26, Proposition 11.4.4.8.1] and the only possibility is
j(E) =0. For such an elliptic curve, we cannot have Q(E[11%]) = Q(E[11], ¢;;2)
by Proposition 2.7.

For p =35, if Im pg s is contained in an exceptional subgroup, then it either equals
an exceptional subgroup, or is contained in a Borel or the normalizer of a split
Cartan. The latter two cases are impossible by Proposition 3.4 and Proposition 3.5.
If the image is the exceptional subgroup mod 5, then a group theory computation
with Magma shows that the mod 25 image of Galois has RSZB label 25.625.36.1,
which is shown to be impossible in [34, Subsection 8.6]. U

In the case when p = 2 and 3, we search GL,(Z/p*Z) for subgroups that
represent a near coincidence of level (p2, p) and then compute the maximal groups
ordered by containment up to conjugation. Doing this yields curves with labels
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4.16.0.1, 4.16.0.2 and 4.48.0.3 when p =2, and 9.27.0.1, 9.162.4.1 and 9.324.10.1
when p = 3. Thanks to [27; 34; 33] we know that 4.16.0.2, 9.162.4.1, and 9.324.10.1
do not have any rational points and so can be omitted. To summarize:

Proposition 3.11. Let E/Q be an elliptic curve and let p € Z be a prime such that
Q(E[p?]) = Q(E[p], ¢p2)- Then, p =2 or p =3 and E corresponds to a rational
point on one of the modular curves with RSZB labels 4.48.0.3, 4.16.0.2, or 9.27.0.1.

3.2. Proof of Theorem 1.13 for prime power levels. To start this section, we push
a little further in the cases where p = 2 and 3. These searches were carried out
using a Magma script, NearCoin.m, which can be found in [8]. In both of these
cases, we can have near coincidence between the p?- and p-division fields, but
what about the p3- and p2-division fields?

So we search for groups that represent (8, 4) and (27, 9) coincidences. In the
first case, we find that the maximal groups that represent an (8, 4) coincidence all
have genus 1 or higher. Using the data in [33], we know that this means that there
is no elliptic curve without complex multiplication that has these images, and we
have already completely dealt with the CM case.

When considering (27, 9) coincidences, the maximal groups are the ones with
RSZB labels

27.729.43.1, 27.4374.280.{1,2,3,4}, 27.8748.568.{1,2,3,5}.

Again, [34] says that the corresponding modular curves have no noncuspidal Q-
rational points and so there are no elliptic curves over Q0 with a (27,9) near
coincidence.

Remark 3.12. In [34], it was shown that 27.729.43.1 cannot occur as the image of
pE.27 for any elliptic curve over Q by writing down the canonical model of this
modular curve in P*> and showing it has no mod 9 points. The argument given
above in Proposition 3.8 and Proposition 3.9 can be modified to give a simpler
proof that this modular curve has no rational points. In particular, one can show that
if £/Q has mod 9 image contained in 9.27.0.1 (a supergroup of 27.729.43.1), then
ords(j(E)) > 7. Since any elliptic curve with j(E) = 0 (mod 3) has potentially
supersingular reduction at 3, the argument (using Theorem 1.1 of [40]) can proceed
along similar lines.

Next we prove by induction the case of Theorem 1.13 when n > 2.

Proposition 3.13. Suppose that E /Q is an elliptic curve and p > 2 is a prime such
that p* divides [Q(E[p"t']) : Q(E[p™)] for some k € {1, 2, 3,4} and n > 1. Then,
p* divides [Q(E[p"*?]) : Q(E[p"*'])]
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Proof. Assume that n > 1 and p" divides [@(E[p”+1]) : Q(E[p"]] for some
k € {1, 2, 3,4} This means that the set

S={Aelmpg 1 :A=1modp"}

must have size at least p*. Next, we let

S={AeImpg u+2: A=1 mod p"™'}.
Our goal now is to show that there is an injective homomorphism from S to S.
Doing this would allow us to conclude that |S| divides 1S].

We can represent an element of S in the form / 4+ p" X with X in the additive
group M>(Z/pZ) of 2 x 2 matrices. Define ¢ : S — S byop(I+p"X)=1 +p"tlX.
It is straightforward to see that this formula defines an injective homomorphism,
but it is not immediately clear that if I + p"X € S, then I + p"t'X € S. We now
justify this.

If I4+p" X € S forsome X € M>(Z/ pZ), then there is a oy € Gal(@(E[p”“]/@))
such that pg_pn+1(00) = I+ p" X. Further, there mustbe ao € Gal(@(E[p”“])/@)
such that o |@(E[pn+1]) = 0y. In this case, since pg ,n+1(0p) =1+ p"X we have

pp. (o) =1+ p"X
for some X € M;(Z/ p*Z) such that X = X mod p- Then

pe. p2(0?) = (I + p"X)P mod p"*?
=I+p p"X+ %p(p— p*X*+--- mod p"+?
=1+ p""'X mod p"*? =1+ p"t'X mod p"*2.

Thus I 4+ p"t'X € §.
Since |S| divides |S|, this forces Q(E[p"1?])/Q(E[p"*']) to have degree at
least |S| and so

PHIQELP" ) - QE[p" D] O

Remark 3.14. If p > 3, then the statement p?|[Q(E[p"t']) : Q(E[p"])] is
equivalent to Q(E[ ") £ Q(E[p"], ¢ pn+1). This is because the field extension
Q(E[p"t')/Q(E[p"]) is a Galois extension whose Galois group is isomorphic to
a subgroup of the additive group M>(Z/pZ) of 2 x 2 matrices with entries in Z/ pZ.
The group M»(Z/ pZ) has order p*and so a priori [QE[p™]) : QE[p"]D] = p*
for some k € {0, 1, 2, 3, 4}. We omit the case when k = 0 in Proposition 3.13 since
it is uninteresting.
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Next, we notice that

[QELP"']) : QE[p"D]
= [Q(ELp" ")) : Q(ELp"], $pui)IIQ(ELP"], Epnit) : Q(E[P"D].
But, by Theorem 1.12, in this case .1 € Q(E[p"]) and so [Q(E[p"], {pm+1) :
Q(E[p™]] = p. Bringing it all together we see that
PP IQELP"]) : QE[p" D] < p [ [QE[p"]) : QE[P" '], £pm)]
< [QE[P"D : QE[p" '], el # 1.
Examining the proof of Proposition 3.13, the term % p(p—Dp¥X%is=0

(mod p”+2) if (p, n) # (2, 1) but could fail if p =2 and n = 1. With this in mind,
we immediately get the following corollary.

Corollary 3.15. Suppose that p =2 and E /Q is an elliptic curve such that p*
divides [@(E[p”“]) : Q(E[p"D)] for some k € {1,2,3,4} and n > 2. Then,
p* divides [Q(E[p"*?]) : Q(E[p"*'])]

Thus, we find ourselves at the end. The work of 3.1 together with Proposition 3.13
and Corollary 3.15 completes the proof of Theorem 1.13.

4. Nilpotent division fields of prime level

We are now ready to start classifying when the division fields of elliptic curves can
give us nilpotent extensions of Q. Before starting the classification in earnest, we
will quickly remind the reader of some basic facts about nilpotent groups.

4.1. Nilpotent groups. This subsection will only cover the very basics of subgroups
series and nilpotent groups. For more context the reader can consult [5; 6; 12; 19].

Definition 4.1. Let G be a group. An ascending series
{e}=GoS G €G,<S---CG

is called a central series if for all i, G; <G and G;4+1/G; € Z(G/G;). Here Z(G)
is the center of G. A descending series

G=Gp2G2,2G22---2{e}
is called a central series if G; <G and G;/G;+1 € Z(G/Gj+1).

Definition 4.2. A group G is called nilpotent if it has a central series.

Theorem 4.3. [19, Theorem 1.26] Let G be a finite nontrivial group. The following
are equivalent:

(1) G is a nilpotent group.
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(2) Every Sylow subgroup of G is normal.
(3) G is the direct product of its Sylow subgroups.
(4) If d divides |G|, then G has a normal subgroup of order d.

An immediate consequence of this result is that every abelian group and every
finite p-group is nilpotent.

Proposition 4.4. [5, Theorem 5.7] Nilpotency is closed under subgroups, quotients,
and direct products.

In general, given a group G and a nilpotent normal subgroup N, it is not true
that G/ N nilpotent implies that G is nilpotent. However if N < Z(G), this follows
from Theorem 5.13 of [5].

Proposition 4.5. If G is a finite nontrivial group such that Z(G) = {e}, then G is
not nilpotent.

Proof. Suppose G is a finite nontrivial group that is nilpotent. Then, by Theorem 4.3
part 3, G is the direct products of its p-Sylow subgroups. A classical result in
group theory is that p-group have nontrivial centers and so G must have a nontrivial
center. ]

Example 4.6. Let D, be the dihedral group of order 2n. More specifically, let
D,=(r,s|r"=s>=e,srs ' =r71).

A classical result is that D, is nilpotent exactly when n = 2* for some k > 2. In
order to keep the statement of Proposition 2.1 as clean as possible, we will need to
adopt the convention that (Z/27)? is a dihedral group.

Example 4.7. Let p be a prime. The goal of this example is to show that SL,(Z/pZ)
is not nilpotent. A simple computation shows that Z(SL,(Z/pZ)) = (—1) and
by definition SLy(Z/pZ)/ Z(SLy(Z/ pZ)) is PSLo(Z/pZ). A classical result [20]
is that PSL,(Z/pZ) is simple for all p > 5. Since the center of a group is al-
ways normal and PSL,(Z/pZ) is clearly nonabelian, Z(PSL,(Z/pZ)) is trivial.
Thus, PSL,(Z/pZ) is not nilpotent. This together with Proposition 4.4 shows that
SL,(Z/pZ) is not nilpotent when p > 5. The cases when p =2 and p =3 can be
easily checked by hand.

4.2. Classification of nilpotent division fields of prime level. Step 1 in the pro-
cess of determining when an elliptic curve E/Q can have a nilpotent n-division
field, is determining when the p-division fields can be nilpotent extensions of (1.
Proposition 4.4 tells us that if Q(E[n])/Q is nilpotent, then Q(E[d])/Q is nilpotent
for all d |n. Moreover, if n = p{'--- p,’:k is the prime factorization of n, then
Q(E[n])/Q is nilpotent if and only if Q(E] pf"]) /Q is nilpotent for all i. To see
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why this is true, one only needs to recall the Galois correspondence as well as the
fact that nilpotency is preserved under subgroups, quotients, and direct products.
For this reason, we start by studying Q(E[p])/Q and use that information to
understand what happens at level p? and further up the p-adic tower.
To that end, we need a way to divide up the subgroups of GL,(Z/pZ) so that
we can study them. Fortunately, Proposition 2.1 gives us exactly what we need.

Remark 4.8. If G is a subgroup of GL,(Z/pZ), then G is nilpotent if and only if
its image in PGL,(Z/ pZ) is nilpotent. The reason is as follows. If G is nilpotent,
then its image in PGL,(Z/ pZ) is a quotient of G and is hence nilpotent. Conversely,
if G <GLy(Z/pZ) and the image of G in PGL,(Z/ pZ) is nilpotent, then the image
of G in PGL,(Z/pZ) is the quotient G/ N, where N is the set of scalar multiples of
the identity in G. This subgroup N < Z(G) and by Theorem 5.13 of [5], it follows
that G is nilpotent, since N can be extended into a central series.

The following result gives a classification of when an admissible subgroup of
GL,(Z/pZ) is nilpotent.

Proposition 4.9. Let p be a prime and G an admissible subgroup of GL,(Z/ pZ).
Then G is nilpotent if and only if G is abelian, or the image of G in PGLy(Z/pZ) is
isomorphic to Dy« for some k > 2. Further, if p is odd, then G is either contained
in the normalizer of a split or nonsplit Cartan subgroup of GLo(Z/ pZ).

Proof. If G is abelian, then it must be nilpotent. Remark 4.8 shows that if the image
of G in PGLy(Z/pZ) is isomorphic to Dy« (a 2-group) then G is nilpotent.

Now we assume that G is nilpotent and consider the cases based on Proposition 2.1.
First, if G contains SL,(Z/pZ), then G cannot be nilpotent since SL,(Z/pZ) is
not nilpotent.

Next, suppose that G is an admissible nilpotent group such that p | |G|, and G
is contained in a Borel subgroup of GL,(Z/pZ). Conjugating G if necessary, we
may assume G is contained in the set of upper triangular matrices. The set of upper
triangular matrices contains a unique subgroup of order p, namely the cyclic group
generated by

A=(o1)
Since we assumed that G was nilpotent, we have from part (3) of Theorem 4.3
every element in G must commute with A. Let

—(ab
B=(54)
be an arbitrary element of G. Next we compute

AB=(8"11) and BA=({91?).
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From this we get that the only way that AB = BA is if a = d. This implies that
every element of G must have square determinant, and det(G) = (Z/pZ)* now
forces p =2 and
G=((¢1)) = GLla2/2D),

which is abelian.

We now consider case (1) of Proposition 2.1. In this case, G is contained in a
Cartan subgroup and is hence abelian.

In case (2) of Proposition 2.1, the projective image is dihedral and by Example 4.6,
a dihedral group is nilpotent if and only if its order is a power of 2.

In case (3) of Proposition 2.1 the projective image is isomorphic to A4, S4
or As. If G were nilpotent this would imply that one of A4, S4 or As is nilpotent.
Proposition 4.5 shows this cannot happen, since all three have trivial center. [

4.3. Modular curves associated to split Cartan subgroups. We now survey, and
will soon apply, what is known about the modular curves associated to split Cartan
subgroups of GLy(Z/pZ). We let C(p) be the normalizer of a split Cartan
subgroup of GLy(Z/pZ) and X (p) the corresponding modular curve.

The work of Bilu, Parent, and Rebolledo in [3] gives an almost complete picture
of rational points on X (p). This work together with the work of Balakrishnan,
Dogra, Miiller, Tuitman and Vonk in [1] gives, among other things, the following
theorem.

Theorem 4.10 [1; 3]. If p > 11 is a prime, then the Q-rational points on X_:r (p)
are cusps or correspond to elliptic curves with complex multiplication.

Using this result we prove the following.

Proposition 4.11. Let E/Q be an elliptic curve without complex multiplication
and let p be a prime such that Im pg , is contained in C} (p). If Q(E[p])/Q is a
nilpotent extension, then p € {2, 3, 5}.

Proof. By Theorem 4.10, it suffices to rule out the case that p =7. When p =7,
the projective image of C;F (p) has size 2(7 — 1) = 12 and so is not nilpotent. As
shown in [34], there are three maximal admissible subgroups of CF(7), and for
each of these, the corresponding modular curve has genus 1. For two of these, there
are no non-CM points, while for the third of these, there is a non-CM point with
j=33.5.7°/27. An elliptic curve with this j-invariant has mod 7 image isomorphic
to either Z/6Z x S3 or Z/3Z x S3 and neither of these groups is nilpotent. ]

4.4. Modular curves associated to nonsplit Cartan subgroups. In this section,
we survey what is known about the modular curves associated to nonsplit Cartan
subgroups of GL,(Z/pZ). To start, we will let p be an odd prime and we define
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the nonsplit Cartan subgroup of GL,(Z/pZ) to be
Cus(p):={(4):a,beZ/pZ and (a,b)#(0,0)},

where € is a generator of (Z/pZ)*. The normalizer of this group in GL,(Z/pZ) is
C,st(l?) = <Cns(P), ((1) _(1))> .

We will denote the modular curves corresponding to these groups by X,s(p) and
X5 (p) respectively.

Much less is known about the rational points on the modular curves associated
with the normalizers of the nonsplit Cartan subgroups compared to what is know
about the split Cartan cases. These modular curves have some arithmetic properties
that make analysis of their rational points particularly challenging. In particular, the
Jacobians of these modular curves always have analytic rank at least as big as the
genus of the curve. This rules out the traditional method of Chabauty and Coleman
and requires more advanced techniques (which have been successful in two cases:
see [1] and [2]). Fortunately for us, enough is known that we will be able to say
quite a bit about the situation unconditionally, and the remainder of what we need
is covered by Conjecture 1.8.

We state some of the relevant theorems for these modular curves.

Proposition 4.12. Let E/Q be an elliptic curve that does not have complex multi-
plication and let p > 7 be a prime such that Im pg , is contained in C,,(p). Then
Im g, = Gy, (p).

Proof. In [45] the stated result is proven for p = 7 (Theorem 1.5) and p = 11
(Theorem 1.6). For p = 13, [1] shows that there are no non-CM elliptic curves
for which Im pg , is contained in C ;: (p). The cases that p > 17 are handled by
combining Proposition 1.13 of [45] with Theorem 1.6 of [14]. U

From this we can see that if £/Q is an elliptic curve and p > 7 is a prime such
that Im pg ,, is conjugate to a subgroup of C,\.(p), then Im g , = C,(p) and the
image of pg , in PGL,(Z/pZ) is a dihedral group with order

|G (p)] _ 2(p*—1)
p—1 p—1

=2(p+1).

Combining this with Example 4.6 and Remark 4.8, we get that in this case Im pf
is nilpotent exactly when 2(p + 1) is a power of 2 which can happen only when
p+11is apower of 2 or p is a Mersenne prime.

We summarize the discussion up to this point in the following proposition.

Proposition 4.13. Let E/Q be an elliptic curve without complex multiplication
and let p be a prime such that Im pg p, is conjugate to a subgroup of C,;(p) and
Q(E[p])/Q is a nilpotent extension. Then p is a Mersenne prime.
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This will be as much as we can say unconditionally. What we really need here
is something like Theorem 4.10, but for X, (p). This is exactly why we need
Conjecture 1.8.

Proposition 4.14. Let E/Q be an elliptic curve without complex multiplication and
let p be a Mersenne prime. Assuming Conjecture 1.8, if Im pg ,, is conjugate to a
subgroup of C,\-(p), then p =3 or p ="1.

Before moving on to the case where E/Q has complex multiplication, we state
a proposition summarizing this section.

Proposition 4.15. Let E/Q be an elliptic curve without complex multiplication and
let p be a prime such that Q(E[p])/Q is a nilpotent extension. Then Conjecture 1.8
implies that p € {2, 3,5, 7}.

In Table 2 we give models for all modular curves of prime level p € {2, 3, 5, 7}
for which Q(E[p])/Q is nilpotent. These modular curves are isomorphic to P!
and hence there are infinitely many rational j-invariants of elliptic curves E/Q for
which Q(E[p])/Q is nilpotent.

4.5. The case of complex multiplication. One of the interesting properties of
elliptic curves with complex multiplication is that their mod p representations
almost always have their images in the normalizer of a Cartan subgroup. Proposition
1.14(1) and (ii) of [45] state the following.

Proposition 4.16. Let E/Q be an elliptic curve with complex multiplication by an
order O # Z[&3] of a quadratic imaginary field K. Next, let p > 3 be a prime such
that p t disc(O). Then, Im pg , is conjugate to

{C;r(p) if pOk splits in O,
Cl(p) if pOk isinertin Ok.

The point of this proposition is that in these cases the mod p images is as large as
possible. This is useful because we know that in these cases the image of Im pg
of in PGL,(Z/pZ) is dihedral by Proposition 2.1 and has easily computable size.
Remark 4.8 and Example 4.6 now imply that Im pg , is nilpotent exactly when its
image in PGL,(Z/pZ) is a 2-group.

Since |CH(p)| =2(p — 1)? while ICH(p)| = 2(p? — 1), we have that Im PE,p 18
nilpotent if it equals C;"(p) and p is a Fermat prime, or if it equals C, (p) and p
is a Mersenne prime.

The next result summarizes the situation and handles the cases that p | disc(O).

Proposition 4.17. Let E/Q be an elliptic curve with complex multiplication by
O # 7[&3] and p an odd prime. Then, Q(E[p])/Q is nilpotent if and only if either
p splits in O and p is a Fermat prime or p is inert in O and p is a Mersenne prime.
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Proof. The discussion preceding this theorem covers the case where p { disc(O).
To handle the case where p | disc(O), we refer to [45, Theorem 1.14] which shows
that in this case Im pg ,, is isomorphic to one of the following groups:
G:={(§L,):aec@/pD)* bez/pZ},
=1{(42L,):ae(Z/p2)*)* beZ/pZ}, o
={(%t):ae(@/pD)*)* bez/pZ}.

In all three cases, the matrix (1) i) is in Im pg , and so Im pg_,, is not nilpotent by
Proposition 4.9. O

4.5.1. The case when E has complex multiplication by Z[¢3]. If E/Q has complex
multiplication by O = Z[¢3] we know that j(E) = 0. Given such an elliptic curve,
we know that there is always a d € Q> such that E is isomorphic to the curve

Eq:y*=x*+d.

The images of the mod p representations of £ depend on the value of d modulo 6th
powers. This relationship is explicitly classified in [45, Propositions 1.15 and 1.16].
We summarize the relevant parts of those propositions here for the convenience of
the reader.

Theorem 4.18 [45, Propositions 1.15 and 1.16]. Let E/Q be an elliptic curve with
complex multiplication by Z[¢3]. Then the curve E can be given by a Weierstrass
equation of the form

v =x +d
for some d € Q*.
(1) Ifd is a cube, then Im pg » = ((§ })). Otherwise, Im pg > = GL2(Z/22).
(2) If 4d is not a cube, then Im pg. 3 is conjugate to
{(%1 ﬁ) a€Z/3Z and be (Z/3Z)X} if neither d nor — 3d is a square,
{(§4):ae@/32)* and bez/3Z} ifdisasquare,
{(¢%):ae(@/32) and beZ/3Z} if3d isa square.
On the other hand, if 4d is a cube, then Im pg, 3 is conjugate to
{(8 2) ra,be (Z/32)* } if neither d nor — 3d is a square,
{(62):be(Z/BZ)X} if either d or — 3d is a square.
(3) If p=1mod9, then Im pg , is conjugate to C} (p).
(4) If p=8 mod 9, then Im pg_, is conjugate to C,}.(p).
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(5) Suppose that p=4 or7 mod 9 and e € {1, 2} such that e = %(p —1) mod 3. If
d # 16p° mod (Q*)3, then Im pg,, is conjugate to CH(p). If d = 16p°
mod (@*)3, then Im PE,p Iis conjugate in GLo(Z/pZ) to the subgroup of
C (p) consisting of matrices of the form (‘5 2) and (2 ‘6), witha,be (Z/pZ)*
such that a/b is a cube.

(6) Suppose that p =2 or 5 mod 9 and let e € {1, 2} such that —e = %(p +1)
mod 3. Ifd # 16p° mod (Q*)3, then Im PE,p is conjugate to C,f.(p). If d =
16p¢ mod (Q@*)3, then Im PE,p is conjugate in GLy(Z/pZ) to the subgroup
generated by the unique index 3 subgroup of C,s(p) and ((1) _(1) )

The take-away from this theorem is that for E; : y> = x> 4+ d, whether or not
Im ff, , is nilpotent is completely controlled by d mod (Q*)3.

For example, condition (1) tells us that Q(E,4[2])/Q is a nilpotent extension
exactly when d is a cube. Similarly, condition (2) says that Q(E4[3])/Q is nilpotent
when 4d is a cube.

We note that there are no Fermat primes = 1 (mod 9). By Remark 4.8, Im pf ,,
is nilpotent if and only if its image in PGL;([F,), namely a dihedral group of order
2(p — 1), is nilpotent. By Example 4.6 this cannot occur since 2(p — 1) is not a
power of 2.

Thus if p =1 (mod9) the image of pg , in PGL2(Z/pZ) is nilpotent if and
only if 2(p — 1) is a power of two and so condition (3) never yields a nilpotent
Q(E[p])/Q. Likewise, there are no Mersenne primes p = 8 (mod 9).

The last cases that we have to deal with are the special cases that arise in cases
(5) and (6) of Theorem 4.18. In cases (5) and (6) respectively, the image of pg , is
contained in an index 3 subgroup of C;F(p) and C;\.(p) respectively. If we are in
condition (5), then image of Im pg , inside of PGL,(Z/pZ) is a dihedral group of
size %( p — 1), while in condition (6) the image of Im pg , inside of PGL,(Z/pZ)
is a dihedral group of size %( p + 1). This along with our previous analysis gives
the following proposition.

Proposition 4.19. Let E; : y*> = x> +d and let p be a prime. Then Q(E4[p])/Q is
nilpotent if and only if

d=1 (mod (@)% if p=2,

d =2 (mod (@)% if p =3,

d=2- p%(”_l) (mod (@)% if p =3-2K+ 1 for some k > 1,

d=2-p3P*D (mod (@)% if p=3-2% — 1 for some k > 1.
Example 4.20. Let E be the elliptic curve given by

v =x3416.97%.
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We check in the LMFDB that the image of pg 97 is conjugate to the group with
RSZB label 97.14259.1103.1. One can check directly that this group is nilpotent and
so Q(E[97])/Q is nilpotent.

Remark 4.21. If E is an elliptic curve with complex multiplication by O = Z[{3],
then Proposition 4.19 shows that Q(E[p])/Q is nilpotent for at most one prime p.

Proof of Corollary 1.10. If E/Q is an elliptic curve for which Q(E[19])/Q is
nilpotent then by Proposition 4.9, Im pf ,, is contained in the normalizer of a split
or nonsplit Cartan subgroup. If E is non-CM, the split Cartan case cannot occur by
Proposition 4.11 and the nonsplit Cartan case cannot occur by Proposition 4.13. If
E has CM by an order O, then Proposition 4.17 forces O = Z[{3]. However, by
Proposition 4.19 only cases where p =3 -2% 4 1 can occur and 19 does not have
this form.

Proposition 4.19 allows us to construct elliptic curves E, : y> = x> +d for which
Q(Eq4[p])/Q is nilpotent for p =2, p=3, p=5=3-2—-1,p=7=3-2+1,
p=11=3.2>—1and p=13=3.224 1. The prime p = 17 is a Fermat prime
which splits in Z[i] and so if E : y> = x> — x, then Q(E[17])/Q is nilpotent by
Proposition 4.17. U

5. Nilpotent groups of prime-power level

Suppose that p is a prime and that E /@ is an elliptic curve such that Q(E[p*])/Q
is a nilpotent extension for some k > 2. The first observation we make is that since
nilpotency is closed under quotients, Proposition 4.4, we know that Q(E[p'])/Q s a
nilpotent extension for all 1 <i <k, in particular, and this would mean Q(E[p])/Q
is a nilpotent extension. As usual, we will have to handle the case when p =2
separately, but thanks to Proposition 4.9, when p is odd, we only have to deal with
the case that Im pg , is contained in either the normalizer of a split or nonsplit
Cartan subgroup of GL,(Z/pZ).

5.1. The case when p =2. In this case there are exactly two ways that Q(E[2])/Q
can be nilpotent. In order for Q(E[2])/Q to be nilpotent, either £ can have a square
discriminant or E can have a point of order 2 defined over Q.

We start this case by considering what the image of pg 4 could be if we know
that £ has square discriminant and

tm e € ((14)):

Let my : GLy(Z/47Z) — GL,(Z/27) be the standard component-wise reduction map
and let

Gr=((1})) and Gs:=m;,"(Go).
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The next step is to search for admissible nilpotent subgroups of G4 up to conjugation
with the additional property that their image mod 2 is exactly equal to G,. Such
a subgroup must have order which is a multiple of 6 (a factor of 3 coming from
the image in G, and a factor of 2 coming from the determinant being surjective).
There are two such groups up to conjugacy: one with order 6 and one with order
12, with the former contained in the latter. Neither of these groups are admissible.
Computing conjugacy classes of the order 12 subgroup shows that there are three
conjugacy classes of elements of order 2 and none of these elements fix an element
of (Z/4Z)? of order 4, which the image of complex conjugation under g 4 must.
(Code for this calculation can be found in the file subsec51.m at [8].) Thus in the
case when Im pg , is conjugate to G, there is no way that Q(E[4])/Q can be a
nilpotent extension.

The next case is when E/Q has a point of order 2 defined over Q. In this case,
Q(E[2])/Q is either a quadratic extension or trivial. Letting 7 : GLo(Z/ 2k7) —
GL,(Z/27), we have |Ker(m»)| = 2**=D_ From this we have

175 1(Ga)| = 247D Gy|

and in particular 7, ! (G2) is a 2-group. From Theorem 4.3, we know that 7, ! (G»)
is always nilpotent. The upshot of this is that if £/Q is an elliptic curve with a
point of order two defined over Q, then for every k > 1, Q(E[2¥])/Q is a nilpotent
extension.

Proposition 5.1. Let E/Q be an elliptic curve such that Q(E[2])/Q is a nilpotent
extension. Then, either the discriminant of E is a square, in which case Q(E [25]) /Q
is not nilpotent for any k > 2, or E has a rational point of order 2, in which case

@(E[Zk])/@ is nilpotent for all k > 1.

5.2. The case when p is odd.

Proposition 5.2. Suppose that G is a nilpotent subgroup of GLo(Z/ p*Z) and let
7 : G — GLy(F ) be the reduction mod p map. Assume that p { | (G)|. Then at
least one of the following is true:

(1) G is abelian.
(2) Ker(m) C {al :a € (Z)p*Z)* witha =1 (mod p)).

Proof. Let P be a Sylow p-subgroup of G. Since |7 (G)| has order coprime to p, we
have 7 (P) = {1}. In particular, P is contained in the set of matrices = I (mod p).
The set of matrices = I (mod p) is an abelian subgroup of GL,(Z/ p*>Z) order p*.
In particular P is abelian and Kerr = P. Let

H= ] 0O
QeSyl, (G)
q#p
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be a complement of P in G. Note that 7 (G)=n(PH)=n(P)r(H)={1}-n(H) =
w(H) and also HNKermr € HN P ={1}. Thus 7 : H — 7 (G) is an isomorphism.

Case I: There exists an element of P that is not a scalar multiple of the identity.

This implies that there is some X € M([F,) so that I + pX € P and X is not a
scalar multiple of the identity. If Y € 7 (G), there is some Y € H so that n(? )=Y.
The assumption that G is nilpotent implies that (/ + pX) must commute with Y,
and this implies that XY = Y X in M>(F ). The assumption on X implies that X is
a cyclic matrix. This is a matrix X whose minimal polynomial and characteristic
polynomial are the same.

Corollary 4.4.18 of [17] implies that for every cyclic matrix X, its centralizer in
M>(F)) is equal to F,[X], the set of all polynomials in X with coefficients in [,.
This is a commutative subring of M>(F,), and this implies that 7(G) C F,[X]*
is abelian. Since H >~ 7 (G), it follows that H is abelian. Since G >~ P x H, it
follows that G is abelian.

Case II: Every element of P is a scalar multiple of the identity.

Since P = Ker , in this case, condition (2) is clearly true. O
As a consequence of this result, we can establish the following result.

Proposition 5.3. Let E/Q be an elliptic curve and let p be an odd prime. Then
@(E[pZ])/@ is not a nilpotent extension.

Proof. Assume that E/Q is an elliptic curve, p is an odd prime, and Q(E[p?])/Q
is nilpotent. Let G = Im pg 2. If we are in case (1) of Proposition 5.2, then
Q(E[ p2]) /Q is abelian, which contradicts the main result of [16]. If we are in case
(2) of Proposition 5.2 and 7 : G — GL,(F,) is the reduction mod p map, then
Ker() N (G NSLy(Z/p?7)) = 1 and this implies that we have a near coincidence
of level (p?, p). By Proposition 3.11, we must have that p = 3 and E corresponds
to a rational point on the curve with RSZB label 9.27.0.1. However, the main result
of [34] implies that for such an elliptic curve, the mod 9 image of Galois must equal
9.27.0.1, which is not nilpotent. U

As a consequence, if E£/Q is an elliptic curve, p is an odd prime, and n > 2,
Q(E[p"])/Q is not a nilpotent extension.

6. Nilpotent groups of composite level

In this section, we will complete the proof of Theorem 1.9. Since QU(E[n]) is
the composite of Q(E[p*]) for every prime power factor p* of n, the extension
Q(E[n])/Q is nilpotent if and only if every Q(E[p*])/Q is nilpotent. From
Section 5, this only occurs if k = 1, or p = 2 and E has a rational point of
order 2.
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First, we consider the case that £/Q is an elliptic curve with complex multipli-
cation. From Section 4, we have a classification of when Q(E[p])/Q is nilpotent
based on the mod p image of Galois for £, which is determined by whether p splits,
is inert, or ramifies in the CM field. From Section 5, Q(E[p*])/Q is nilpotent for
k > 2 if and only if p =2 and E has a rational point of order 2. From these results,
the complex multiplication cases of Theorem 1.9 follow.

Next we consider the case that £ /Q is an elliptic curve without complex multi-
plication under the assumption of Conjecture 1.8. In this case, Section 4 implies
that if Q(E[p])/Q is nilpotent then either p € {2, 5} or p is a Mersenne prime and
Im pg , is contained in the normalizer of the nonsplit Cartan subgroup of GL, (),
which entails that p € {2, 3,5, 7}. All that remains is for us to determine which
combinations of the possible nilpotent mod p images can occur simultaneously.
Given possible mod p and mod ¢ images of Galois G and H, we construct the fiber
product X X x,1) Xg. This is the curve given by 7 (x) = wy (y). The results of
this computation are listed in Table 1.

The curves that are genus 1 or 2 with rank zero can be handled using standard
techniques. The rank O genus 3 curve was shown to have no noncuspidal rational
points corresponding to elliptic curves without complex multiplication in [31].
This leaves us with one remaining curve, with label 35.315.19.1. Theorem A.7 of
Appendix A to [34] shows that if Xy is a modular curve of level N, every simple
factor of the Jacobian of X  is isogenous to a simple factor of J;(N?), and Section 6
of [34] explains how this information can be used to determine the decomposition
of the Jacobian of X g. This decomposition is recorded in the beta version of the
LMEFDB at the link here. In particular, X i factors up to isogeny as the product of
nine (Q-simple abelian varieties (of dimensions 2, 3 and 4).

(p,g) Impg, Impg, Impg,,  hasnoncuspidal rational points?
23 2.2.0.1 3.3.0.1 6.6.1.1 no — genus 1, rank 0

2.3) 23.0.1 33.01 6.9.0.1 yes

25 2.2.0.1 5.15.0.1 10.30.2.2 no — genus 2, rank 0

2.5) 23.0.1 5.15.01 10.45.1.1 no - genus 1, rank 0

27 22.0.1 7.21.0.1 14.42.3.1 no — genus 3, rank 0

27 23.0.1 7.21.01 14.63.2.1 no - genus 2, rank 0

(3,5) 3.3.01 5.15.01 154511 yes

3,77 33.01 7.21.01 21.63.1.1 yes

(5,77 5.15.0.1 7.21.0.1 35.315.19.1 no - genus 19, analytic rank 15

Table 1. Potential composite level nilpotent images.


https://beta.lmfdb.org/ModularCurve/Q/35.315.19.a.1/
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Work of Kolyvagin and Logachev [21] shows that if a simple abelian variety A
of GL,-type has analytic rank 0 it must have rank 0, while if it has analytic rank r
equal to its dimension, then it must also have algebraic rank r. (This latter result
is not stated by Kolyvagin and Logachev, but their ideas suffice to prove it. For
more detail about how this follows, see [10, Section 7].) This hypothesis is easy
to verify since L(A, s) factors as a product of dim A modular L-functions. From
this, it follows that the analytic and algebraic rank of the Jacobian of 35.315.19.1
are both 15. In theory, this curve could be attacked using the method of Chabauty
and Coleman since the genus higher than the rank, but computing on a curve of
genus 19 is rather unwieldy. However, the techniques of Lemos [25] apply to this
situation:

Theorem 6.1 (Lemos ([25, Theorem 1.4])). Let E/Q be an elliptic curve without
complex multiplication. Suppose that there exists a prime q for which Im pg , is
contained in a subgroup of C{ (q). Then pg,, is surjective for all p > 37.

The work in [25] does not, however, require full strength of the assumption that
p > 37. We wish to explain why that work implies the following result.

Theorem 6.2. Let E /Q be an elliptic curve without complex multiplication. Suppose
that there exist a prime q for which Im pg 4 is contained in a subgroup of C (q).

Then pg, p is not contained in C,\,(p) for any p > 3 with p # q.

Setting p =7 and g =5 above implies that the only rational points on the modular
curve 35.315.19.1 are cusps or CM points.

Proof of Theorem 6.2. As this result is really contained in [25] we will give an
overview of the steps in Lemos’s argument highlighting the necessary hypotheses
on p and g. First, Theorem 4.10 implies that g € {2, 3,5, 7}. As a consequence,
Xo(q) has genus zero.

The modular curve X;(q) parametrizes elliptic curves with two independent
cyclic g-isogenies. In Lemma 3.4 of [25], Lemos shows that there is an isomorphism

0 : X5(q) Xxo1) X;5(P) = Xo(q?) xxo01) X, (P)

and that & commutes with natural involutions on the source and the target. (The
involution on the source interchanges the kernels of the two isogenies, and the
involution on the target is the Atkin—Lehner involution w,2.) Lemos then defines a
map g : Xo(q2) X x,1) X, (p) = J(Xo(q) X x,01) X, (p)) by taking a point P and
mapping it to the difference of its images under the two different degeneracy maps
(coming from the two covers Xg (qz) — X0(q)).

Work of Darmon and Merel [9, Proposition 7.1] shows that there is a projection
7 J(Xo(g) Xxo(1) X;rs (p)) — A to a positive-dimensional abelian variety with
rank O for which the kernel of 7 is connected and is stable under the action of
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Hecke operators. (For their application, Darmon and Merel only need this for ¢ =2
or ¢ = 3, but as they indicate, this part of the argument applies to any g with p{gq.)

Define h = 7 o g and let O be the ring of integers in Q(¢, + {;1) and R =
Ol[1/(2gp)]. Roughly speaking, Proposition 3.6 of [25] shows that / is a formal
immersion at oo for every prime ideal p of R. The proof of this proposition is
standard and the key assumption is that Xo(g) has genus 0. It follows from this
that 0 o h : X;(q) X x,(1) X5, (p) — A is a formal immersion at co for every prime
ideal p of R.

Now, if P is a rational point on X;(g) X x,(1) X, (p) corresponding to an elliptic
curve E which has potential multiplicative reduction at some prime £ ¢ {2, p, q},
then it meets one of the cusps at the fiber at £. Without loss of generality this cusp
can be chosen to be infinity and this implies that 8 o h(P) = Q € A(Q) reduces to
Zero in A([Fg). (Here A is the special fiber of the Néron model of A over Z;.) This
implies that Q = 0 and the fact that 6 o & is a formal immersion and £ > 2 implies
that P = co. (One way to make this conclusion is using Proposition 2.4 of [22].)

It follows from this that if £/Q is an elliptic curve with mod p image contained
in C;/.(p) and mod ¢ image contained in C; (¢), then E cannot have potentially
multiplicative reduction at any prime £ ¢ {2, p, g}. The primes of potentially
multiplicative reduction are precisely those that divide the denominator of j(E).
As a consequence j(E) € Z[1/(2pq)]. More is true however. Lemos notes in [25,
Proposition 3.3] that the assumption that the mod p image of Galois is contained in
C(p) implies that E has potentially supersingular reduction at p, and that if E has
potentially multiplicative reduction at £ # p, then £ = £1 (mod p). (These same
observations were made earlier by Zywina.) It follows that the only primes that can
divide the denominator of j (E) are those that are =+1 (mod p). Since p > 3, none
of 2,3, 5 or 7 (the only options for g) canbe ==+1 (mod p). It follows that j (E) € Z.

Lemos proceeds to show using an explicit isomorphism X (g) ~ P! that there
are only finite integral j-invariants of elliptic curves E/Q with mod ¢ image of
Galois contained in C (). For g € {3, 5, 7} these are explicitly listed on [25, p.
749]. They all have CM except for j = —5000 (¢ = 5) and j = —1728 (¢ = 3).
For elliptic curves with these j-invariants, the image of pg , is not contained in
the normalizer of a nonsplit Cartan subgroup for any p > 3. The case of ¢ =2
was previously handled in [24, p. 142]. Here there are 25 integral j-invariants of
elliptic curves E with image in C :r (2) (which is a Borel subgroup of GL,([F»)).
Of these 25, there are 18 are non-CM j-invariants. For elliptic curves with these
j-invariants, the LMFDB indicates that the image of pg, , is contained in C,/(p)
for some p only for p =3 and j € {—64, 4913, 238328, 16974593}. ]

In Table 2, we give models for the modular curves from Table 1 that have
noncuspidal rational points.
Working without the assumption of Conjecture 1.8, we must consider the
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G Xg 7'[G:XG—>[P’C};D
2.2.0.1 P! frt)=1>+1728
256—1)3
2301 p! hy (1) = 326=0°
2(0) (256—1)3
3.3.0.1 P! A =13
5)3 (2 —5)3 (12 +5t+10)3
51501 p! n=0+
S5 (t+5)3(2=5)3(12+5t +10)?
3 2 1:\3
6.90.1 p! fo(t) = (t°+3t743t—15)

(13431243t —15)3
Q=132 —142)3 (212 +514+4)3 (512 +21 —4)?

721.0.1 p! H=
Fi0) (2t —1)3(12—142)3(212+5t +4)3 (512421 —4)3
+3° 0 —4y—1D (O +y+4)°
15.45.1.1 Y2 4+y=x3+1 x =Y
Y N T S ey
245x—14
216311 y24y=x3+12 )= (x4
yty=x’+ Ja(x,y) f7(x2+5x—14>

Table 2. Models of the modular curves relevant for Theorem 1.9. The
models for curves of prime level come from [41]. The remaining genus
0 curves can be computed as fiber products of curves of prime level. The
models for the genus 1 modular curves of composite level are computed as
fiber products of the prime level modular curves also computed in [41].

possibility that there is an elliptic curve E/Q for which Im pg 5 is contained in
the normalizer of the split Cartan mod 5 and for which Im pg_ , is contained in the
normalizer of a nonsplit Cartan modulo p for some Mersenne prime p. Theorem 6.2
above shows this is only possible for p = 3, and the elliptic curves for which this
occurs are parametrized by the modular curve with label 15.45.1.1.

In addition, we must consider the possibility that there is an elliptic curve E /()
for which im pg , is contained in the normalizer of a nonsplit Cartan modulo p
for some Mersenne prime p, and which also has a rational point of order 2. This
implies the mod 2 image of Galois is contained in a Borel subgroup, which for
p =2 is equal to C;(2). The desired result again follows from Theorem 6.2. This
concludes the proof of Theorem 1.9.
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THE CAUCHY PROBLEM FOR 1D NONLINEAR
SCHRODINGER EQUATIONS WITH REPULSIVE DELTA
POTENTIAL FOR DATA IN L?-BASED SPACES

QINGQUAN DENG, PING L1 AND XIUHONG LONG

Let A e R and let H = —%3,25 + g9 be the one-dimensional Schrodinger
equation with a repulsive delta potential. We study the Cauchy problem for
the nonlinear equation

idsu(t,x) = Hu(t,x)+Au(t,x)|*u(t,x), (,x)€RxR,
”(05 x) =”0(x)a

in L? -based spaces. Using the boundedness of wave operators, a characteriza-
tion of Besov space adapted to H, and the cancellation property of the trilin-
ear form 7 (v1(7), v2(7), v3(7)) = U(=7) (U(-7)v1 (DU V2 (D)U(T)v3(7))
with U(r) = e~i"H | we demonstrate that under the linear transformation
v(t) = U(—t)u(t), the problem is locally well-posed in L? (R) for 1 < p <2

and in the homogeneous Besov space B ; 1 R)withl<p<2ands=1- %.
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1. Introduction

This paper is devoted to the Cauchy problem for the cubic nonlinear Schrédinger
equation (NLSE) with a repulsive delta potential in dimension one. The equation is
introduced as
(1-1)
i0;u(t,x) = Hu(t,x) + AMu(t, x)|>u(t, x), (6, x) eRxR, 1eR,
{M(O» x) = uo(x).

Here H is the delta perturbation of the self-adjoint operator Hy = —192, that is,

27X
H =—30% + 8o (x).

where & is the Dirac delta measure supported at the origin and ¢ € R is the strength
of the perturbation. A more detailed introduction to the operator H will be presented
in Section 2. For convenience, we will refer to the case ¢ > 0 as repulsive, and
q < 0 as attractive throughout the paper. We will speak of the focusing nonlinear
Schrodinger equation (1-1) when A < 0 and the defocusing case when A > 0.

Equation (1-1) is of great interest in both mathematics and physics. It is frequently
used to model the interaction between a quantum mechanical wave or particle and
an impurity or a localized defect. See Adami, Golse and Teta [2] for the interaction
of a one dimensional Bose condensate with an impurity, as well as Bergé [7] for
the propagation of an optical wave pulse in an optical fiber in the presence of
defects or junctions. A different occurrence of (1-1) is found in the study of soliton-
soliton collisions within the framework of the coupled NLSEs, when considering
the interaction between a narrow soliton and a wider one, which are governed by
different equations, a suitable limiting process reduces the system of two coupled
NLSEs to a single equation, in which the narrow soliton in the mate mode is
effectively represented by a delta function; see Cao and Malomed [13].

In mathematical physics, Hilbert spaces provide a rigorous and versatile frame-
work for describing the behavior of physical systems. For (1-1), Hilbert spaces
such as L2-spaces, L2-based Sobolev spaces W*? and weighted L?-spaces are
used to study local and global well-posedness, as well as the long-time behavior of
the solutions. A briefly review of the relevant details will be provided later.

Much less is known about the properties of the solution to (1-1), when the initial
data 1 does not belong to L2-based spaces. Mathematically, the L?-based spaces
(p # 2) would be popular and interesting to work with. In other words, from the
viewpoint of mathematics, it is of great interest to consider the local and global
well-posedness for evolution equations like (1-1) in L?-based spaces, with the
initial data u( also residing in these spaces. But this is not the whole story since the
study of NLSE in L”-based spaces is not merely a mathematical generalization. If
we go back to the works of NLSEs with the initial data that is periodic, or localized
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perturbation of a periodic function, or quasi-periodic, we find that the initial data is
usually not in L2, but rather in L in many cases, see [9; 10; 12; 17; 26; 54; 64]
and so on. For example, Dodson, Soffer and Spencer [26] and Oh [64] considered
the local well-posedness of NLSE in dimension one with quasi-periodic initial data,
they allow the initial data to be of the form

ug(x) = cos(x) + cos(\/ix),

which is obviously in L>\ L2. We note that the above models have their origins
in mathematical physics. For instance, the periodic case appears naturally in the
context of periodic signals propagating through fibers, while localized perturbations
may be related to noise. Moreover, as mentioned by Vargas and Vega [77] that
the LIA model for the vortex filament can be reduced to equation (1-1), where the
L? theory no longer works, it leads to seek solution of (1-1) with infinite L? data.
Further studies on NLSE in L?-based spaces (p # 2) will be introduced in next
section.

1.1. Background. This paper is concerned with the well-posedness of equation (1-1)
with the initial data residing in either L? (R) or Bls), ,(R). In this section, we will
briefly review the known results for (1-1), and our attention is primarily restricted
to the one-dimensional case.

The case q = 0. Let Hy = —%8)26. We are concerned with the following cubic
NLSE in dimension one:

(1-2) id;u(t,x) = Hou(t,x) + AMu(t, x)|*u(t,x), u(0,x)=uo(x).

It is well known that the Cauchy problem (1-2) is globally well-posed in L2 and
W2 see e.g. Kato [55] and Tsutsumi [75]. An elementary problem that needs
to be considered is the long-time behavior of global solutions. Notice that the
cubic nonlinearity in dimension one is the borderline for short range and long range
problems. The main reason lies in the fact that the free wave e :/Hoy decays
at the rate t_%, which causes the cubic nonlinearity |u|?u to behave like t~'u, a
term that is not integrable in ¢. In fact, it was proved by Barab [6] and Tsutsumi
and Yajima [76] that the scattering in L? only occurs for the trivial zero solution.
Consequently, a phase correction is required, which is known as modified scattering.
When A > 0, Deift and Zhou [23] obtained the long-time asymptotic behavior for
all solutions based on the fact that equation (1-2) is completely integrable. The sign
of A does not make any difference if one considers the Cauchy problem (1-2) with
initial data being small in L2-based weighted Sobolev spaces. One can see Ozawa
[67] for the existence of modified wave operators, as well as Hayashi and Naumkin
[37], Lindblad and Soffer [59], Kato and Pusateri [57] and Ifrim and Tataru [52]
the results for modified scattering.
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The theory of equation (1-2) in L?-based spaces has been investigated in the
literature. In the following, we will omit specifying the spatial dimension in this
circumstance, as some of the known results hold in the higher-dimensional setting.
By using the Duhamel formula, the solution to (1-2) can be expressed as

(1-3) u(t) = Uo(t)ug — ik /Otuo(z — ) |uls)Puls) ds,

where Uy(¢) denotes the linear propagator e “**H0_and we will use the simplified
notation u(¢) to denote u(z, x) from time to time, whenever the spatial variable x
is clear from the context. It is well-known from Hormander [44] that if ug € L?,
Up(t)uy is not necessarily in L? unless p = 2, which is a basic obstacle to study
equation the in L?-based spaces. The linear propagator Uy (#) has the factorization

(1-4) Uy(t) = M@)D(@)FM(t),

where M (t) f = ol 37 £(x) is multiplication, D(¢) f = (2mit)"2 f (52) is dila-
tion and F is the Fourier transform. This implies that the boundedness properties
of Uy(¢) are analogous to those of the Fourier transform F, which is bounded from
LP? to L? with p €[1,2] by Young’s inequality, where p’ is the conjugate of p.
This indicates that one cannot expect (1-3) to be well-posed in L?-based spaces
with initial data belonging to the same spaces.

Zhou [82] found a way around this by considering the well-posedness of the
integral equation

(1-5) o0 =uo—i% [, “Uo (=) |t (5)0(5) 2o ()0 (s) ds

in L? and Besov space stJ,r with 1 < p <2, where v(t) = Uy(—t)u(t). A key

observation lies in the cancellation of the multilinear form

T (1. v2,v358) = Uo(—5) (Uo ($)v1 (5)Uo (—8) T2 (s)Uo ($)v3(5)),

which is arisen in the Duhamel term of (1-5). The cancellation for 7 leads to the
following L!(R?) estimate

(1-6) 1T 1. v2.v3: ) 1 ey S 57 Nvill L1 @ay lv2ll L1 ey Vsl ey

which combined with a frequency localized L? estimate implies the multilinear
estimates for 7 in both L# and Besov spaces, based on these estimates, the author
established the local well-posedness for v(z), the solution of (1-5) in L? and Besov
spaces. The work [82] gave an efficient way to solve the Cauchy problem in L?-
based spaces by considering the integral equation for Uy (—#)u(?), even if only local
theory is understood. Such an idea has been extended to study other NLSEs in non
L?-based spaces. Hoshino and Hyakuna [45] studied the local well-posedness of
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NLSE in Sobolev spaces W*># and Besov spaces BIS7 , with Hartree type nonlinearity
(x| * |u|?)u, the authors considered the integral equation similarly to (1-5) for
Up(—t)u(t) and the key point in their work is the new multilinear estimates for

Uo(=s)[(1- 177 % Uo(s)v1 ()Uo (—5) D2 (5)) U (s)v3(5) ]

in Sobolev spaces, which compared to [82], this result is obtained by using the
factorization for Uy(s) (see (1-4)) instead. Hyakuna [47] obtained the local and
global well-posedness for Hartree type NLSE in L2 N L? by using a similar
approach, along with the blowup alternative argument. The same author [49] studied
the well-posedness of the cubic NLSE in L? for p > 2, establishing the multilinear
estimates for 7 defined by (1-6) in terms of the factorization for Uy (s). Finally, we
mention that in Hyakuna [46] and [48], the solvability of NLSEs for /y(—)u(¢) was
considered, with general nonlinearity N (u) and Hartree type instead, respectively.
Nevertheless, the author did not invoke the integral equation (1-5) nor exploit the
cancellation property inherent to the mult-linear operator.

Notice that the work of [82] concerns the integral equation (1-5) for v(z) =
Uop(—t)u(t) in LP-based spaces. One can also study the solution u(¢) itself straight-
forwardly by using Strichartz estimates for initial data in non L2-based spaces.
The existing results in this direction are primarily based on the homogeneous
Strichartz-type estimates

lo®) fllors SN e and (U@ fllzary <1/ 1z
where f is the Fourier transform of f and LP is defined by
LP:={f: felL?},

it follows from the Hausdorff~Young inequality that L? C L? if p <2 and
L? C L?if p > 2. The triplet (¢, r, p) in above estimates, called a p-admissible
pair in dimension d, from the scaling point of view satisfies

2 d d

qg 1 P
and some further restrictions. The generalized and variant Strichartz estimates for
the Duhamel term

/Ot Ut —s)N(u)(s) ds

are also needed; see [36; 45; 48; 56; 78]. The Strichartz estimates have been
extensively applied in the study of well-posedness and long-time behavior of NLSE
in L2-based spaces, we refer to the books by Cazenave [15] and Tao [74] to see the
basic philosophy. For the local and global well-posedness of (1-2) in non-L?-based

: : 3 6
spaces, Vargas and Vega [77] established local well-posedness in the space L; | . Ly
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in one spatial dimension, for initial data belonging to certain function spaces such
that ||Uo (¢)uol| L3LS(IxR) < O°- They also obtained global solutions by employing
a splitting argument, originally developed by Bourgain [11], which was used to
establish global existence for large data in H®-critical NLSEs with s near one. Such
an idea has been generalized to the study of NLSEs with different nonlinearities
N (u) and function spaces X for the initial data. Here N (u) could be one of

ol (7 Py D (ul?w).
and the function space X can be taken as any of

LP® [P WP, le’a, W12 N LP and the Wiener algebra W.

(WP = {f -+ |§|2)%f € L?'} and M, , are modulation spaces.) One can
see related results in [14; 16; 17; 19; 25; 36; 46; 50; 51; 60; 70]. We note that
one advantage of employing Strichartz estimates in combination with the splitting
method is that it allows for the development of a global theory for NLSEs in L?-
based spaces, whereas the approach in [82] is primarily suited for establishing local
results. Finally, there are different approaches to study the global well-posedness
for NLSE (1-2) in L?-based spaces; see Dodson, Soffer and Spencer [26; 27] for
results in L? with 2 < p < oo, where use is made of Strichartz estimates and
the energy method, as well as Ru and Chen [68] and Wang and Hudzik [79] for
results in modulation spaces, where the authors applied the blow-up criterion and
the smallness condition on the initial data, respectively.

The case q # 0. Returning to equation (1-1), the well-posedness of the solution in
L?-based spaces was studied by Adami and Noja [1] and Fukuizumu, Ohta and
Ozawa [32]. The asymptotic behavior of solutions, the scattering theory in H!, and
the blow-up phenomenon have been studied by Banica and Visciglia [5] and Tang
and Xu [73]. One can also see Segata [71] for the construction of the modified wave
operator for (1-2) with ¢ > 0. Conversely, the modified scattering was given by
Masaki, Murphy and Segata [61] and Chen and Pusateri [18]. Results of nonlinear
dynamics around solitons can be found in [20; 31; 32; 34; 42; 43; 41; 53; 58; 62;
63; 65; 72].

As for the results in L?-based spaces, to the best of our knowledge, Angulo
Pava and Ferreira [4] considered the local well-posedness of NLSE with double-
well potential and a general nonlinearity of the form |u|°~!u in the spaces L?->°.
Obviously, the result in [4] can be applied to (1-1) by selecting the locations of two
wells at zero and setting p = 3.

1.2. The main results. Before presenting our main results, concerning the local
and global well-posedness of (1-1) in L (R) and BIS,’ , (R) spaces, we recall relevant
definitions and notation.
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Denote by U(t) = e **H the linear propagator of H = Hy+¢8¢ with Hy = —%8)2«
It follows from the Duhamel formula that the solution u of (1-1) can be written as

1-7) u(t) =U@)ug—ik /Otl/{(t—s)|u(s)|2u(s) ds.
We introduce the linear transformation
v(t) =U(—t)u(t), orequivalently, u(¢) =U(t)v(2).
By combining these two identities with (1-7), we have
(1-8) v(t) = ug — ik /O'u(—s)(u(s)v(s) U(s)v(s) U(s)v(s)) ds,
where we use the fact that 2/ (1) = U(—t). Let us start with the local well-posedness

of the integral equation (1-8) in the Besov space B, ,.(R).

Theorem 1.1. Assume that ug € B; (R with1 < p<2ands= 1—%. There exists

a time T depending only on ||luo|| s ®) and such that the integral equation (1-8)
.1

has a unique solution ?

veC([0,7), B;,l (R))
satisfying, forallt € [0, T),

”v(t)”B;.l(R) = 2”“0”32;,1(@)-

If v1 and v, are two solutions for (1-8) with initial data uy, and ug,, then
_ . < _ .
[[v1(2) UZ(Z)”B;J(R) <2|luos ”02||B;!1(R)-

As mentioned previously, by factorization (1-4), Uy(¢) is bounded from L7 (R)
to L?' (R) with p €[1,2] by Young’s inequality, which combined with the identity

u(t) = Uo(HUo(=1)u(t) = Up () v(2).

implies that the solution u(¢) to the original equation (1-2) with ¢ = 0 stays in
Ll’/([R?) when ¢ # 0, see Hyakuna [47] the results for Hartree type nonlinearity. In
what follows, we establish a similar result for (1-1) within the framework of Besov
spaces.

Corollary 1.2. Let v(t) = U(—t)u(t) given in Theorem 1.1 be the solution to the
integral equation (1-8). Then
ueC((0.7): B | (R)).

Next, in the case where the initial data lies in L#(R), an appropriate space-time
norm is needed to control the evolution of the solution v(¢). The following result
provides such an estimate.
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Theorem 1.3. Suppose that ug € LP(R) for 1 < p < 2. Then there exists T
depending only on ||ugl||p»(w) such that the integral equation (1-8) has a unique

solution v € C([O, T), LP([R{)) satisfying

2_
[ lLoe = Cliwolra.  and 15~ 900Ny ooy < ClHolEne)

forallt €[0,T). If v1(¢) and v,(t) are solutions for (1-8) with initial data ugy, and
Ugy, then, forallt €[0,T),

[vi(?) —va(@)llLrw) < Clluor — uoz2llLr ).
where C is a absolute positive constant and % + % =1.

Corollary 1.4. Let v(t) = U(—t)u(t) given in Theorem 1.3 be the solution to the
integral equation (1-8). Then

u e C((0,7); L” (R)).

Outline of proofs. The starting point in the proofs of Theorems 1.1 and 1.3 is the
integral equation (1-8), where the central task is to analyze the associated trilinear
form

T (v1(2), v2(2), v3(7)) = U(=D) (U(=T)v1 (D) U(T)V2 (1) U(T)3(7))

in the Besov space B;,l (R), if the well-posedness of equation (1-8) in B;,l (R) is
considered. If 2/(¢) is replaced by Uy(¢) in this form, by exploiting a remarkable
cancellation property, one obtains an estimate of 7 in L!; see (1-6). The case of
general U/ presents two obstacles: the cancellation for the trilinear form and the
noncommutativity of ¢(¢) with the classic Littlewood-Paley projection ¢; (v/2 Ho)
(see Section 2.1 for the definition).

The cancellation for the trilinear form 7 (v{(7), v2(7), v3(7)) is based on the
explicit formula for the propagator U(¢). In fact, in Proposition 2.2, we obtain
the formula for the general multiplier m(~/2H) in terms of the distorted Fourier
transform F; (see (2-10) for the definition), which can be applied to ¢/(¢) to obtain

e ) = X0 () Ko L4 ()00 + X (0K % £ (/)()

ilx|?
2t

where K;(x) = e_lTn(27rt)_1/ 2e . Notice that x4 (x) are nonsmooth cutoff
functions, the Hilbert transform shows up in the expansion of 7 (v{(7), v2(7), v3(7)).
Thus we can’t obtain the favorable L' estimate just like (1-6). To proceed, we will
work in the Hardy space H'(R) instead of L' (R) and then estimate ||7 .1 via the
H'-norm. The details for cancellation have been established in Section 4.

The noncommutativity between U(7) and ¢;(v/2Hp) can be circumvented by
constructing the Besov spaces Bls,’f (R) associated to the Schrodinger operator H.
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The space Bf,jf[ (R) is defined as the completion of the Schwartz space under
1
i ry\r
530 = (27l V2ID 1))

where ¢;j(+/2H) is the Littlewood—Paley projection associated with A and can be
defined in terms of the distorted Fourier transform F; (see Proposition 2.2). The

advantage of using B;,{f (R) is that one has the commutation relation
U@ (V2H) = ¢ (V2H)U(?),

which is crucial for the estimate of the trilinear form 7 in B;fl (R). The next
step is to establish the equivalence between the two types Besov spaces under
consideration. That is, we show that

BYH(R) = B (R)

for some s, p and r. Similar results have been obtained by Georgieva and Giammetta
[33] in the case r = 2, and by Cuccagna, Visciglia and Georgiev [21], where Sobolev
spaces were considered instead of Besov spaces, for Schrodinger operators —A + V
under different assumptions on the potential V. To prove the equivalence, in
Section 3.1, we introduce wave operators W4, which are defined by
Wif=s— lim e'"HemitHoy
t—to0

and investigate the boundedness on various function spaces. And then we use
the results (see Proposition 3.2, Proposition 3.4 and Corollary 3.5) that the wave
operator and its conjugate are bounded in L#(R) and BISJ’ ,(R) to get the embedding

B (R)C BYH(R).
To establish inverse inclusion, we make use of an estimate of the following type,

le; (V2H) o V2H) [ | 1oy S 27 1 S ey

for some s > 0 and certain restrictions on j, k. We note that since the potential in
our setting is singular, we can’t apply the perturbation argument used in [21; 33].

Outline. Section 2 introduces some notions, including the distorted Fourier trans-
form associated with H, the explicit formulas for the multipliers m (v/2H) and some
linear estimates for the propagator e ~*# . Section 3 is devoted to the equivalence
between Besov spaces associated to H and the classical Besov spaces, where the
boundedness of wave operators will be involved. In Section 4, we explore the
cancellation property for the trilinear form 7 and prove Theorems 1.1 and 1.3.
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2. Preliminaries

2.1. Notation. In this section, we introduce notation for several function spaces.
We use A < B to mean that A < CB for some C > 0 that changes from line to line,
independent of the main parameters For r €[1, oc], we let 1’ € [1, oo] denote the
Holder dual of r, given by + r, = 1. By x, and x_ we mean the characteristic
functions of the intervals [O 400) and (—o0, 0), respectively.

The Hilbert transform of a function f* € S(R) is defined by

HE) = p _/ f(y) Y eR.

where p.v. denotes the principal value, which is equ1valent to the definition in terms
of a or else “multipliers” in the plural Fourier multiplier,

Hf(x)=F —isgné f(©)(x), feSR).

As usual, L?(R) denotes the space of measurable functions f : R — C such that

1

1/ lere = ([ 1/ )1Pdx)" <0, 12 p<oo,

or, for p = oo,
[/l ooy := ess supyer| f(x)] < 0.

Let / C R be an interval and 1 < p,r < oo. The space LY L".(I x R) contains all
measurable functions u on / x R with ||”||L§’L§C(1xR) = H lu() |l Lr ) HLf’(I) < 0.
We use S(R) and S’(R) to denote the Schwartz space and its dual.

Denote by F (resp.”) and F ! (resp.”) the standard Fourier transform and its
inverse. That is,

F(HE = fE) = e~ f(x) dx,

1
V21 /R
o
27 JR
For a given real-valued measurable function m on the real line, we define the Fourier

multiplier operator m (i V) = F ~!m(£)F. Let ¢ be a smooth even function on R
such that

suppp C {€ |5 <[€[ <2} and D @)= 927/ =1 (£§#£0).

jez jez

FUHK) = fx) = ™ £ (&) dt.

The classic Littlewood—Paley projections ¢; (+/2Hy) (j € Z) associated to Hy =
—%8)26 are defined in terms of Fourier multipliers by

(2-1) 0j (V2Ho) f(x) = F (¢ (§) / (£)) (x).
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The classic homogeneous Besov spaces B;’r (R) for 1 < p,r < oo can be defined
as the closure of S(R) functions f with respect to the norm

‘ oy , 1/r
115y = (27 9 (V2HD) | oey)

JEZ

We use H!(R) to denote the Hardy space. The space H!(R) is a proper subspace
of L(R), which is usually used as a substitution of L!(R) when one considers
the boundedness of operators at the endpoint. One way to define the Hardy space
H'(R) is as

H'®R) ={feL'®R) |Hf L ®)}.
2.2. The Schriodinger operator with delta potential. The Hamiltonian
(2-2) H=—-13% +¢8o(x)

associated with the linear Schrédinger equation with a delta potential describes a
8-interaction of strength ¢ centered at x = 0. This kind of interaction, also known
as Fermi pseudopotential, gives rise to a variety of models that are widely used in
contemporary physics. Throughout this paper, we will restrict our attention to the
case of a repulsive delta potential, that is, ¢ > 0 in (2-2).

The domain of H is given by

D(H) = {f € H'(R) N H*R\{0}) : 8x / (0+) — 3x / (0—) = 24/ (0)},

where &= denote limits from the right or left, and H = —%Bi on its domain. Then
H is a self-adjoint operator on L?(R), the Stone theorem yields that it generates a
strongly continuous L2-unitary group e ~*# for t € R. The spectrum of H is well
understood, it is known that the essential spectrum and the absolutely continuous
spectrum are identical, and oe55(H) = 04c(H) = [0, +00),05c(H) = &. The
eigenvalue of H depends on the sign of g. In the repulsive case g > 0, the operator
H has no eigenvalues, whereas in the attractive case ¢ < 0, H has only one simple
negative eigenvalue —%qz, see for example Albeverio et al. [3] for more details.

2.3. The distorted Fourier transform. The Jost functions associated with our prob-
lem are the solutions f1 = f1(x, &) to the equation

(2-3) Hf =38/
with boundary conditions

fi(x, &) —eT* 50 as x > +oo.
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Their explicit expressions are

(2-4) Fe) {e”‘AS if x >0,
- + X, = ; ixé . (%-) _ixs '
w®¢ T tZ(g)e if x <0,
1 —ixt 4 ra®) ixg
(2-5) f(x,6)= ’q(§)e +,6¢ if x>0,
e if x <0,

where the so-called transmission and reflection coefficients #,(£) and r4(§), § € R,
are given by

9

i£—q

The transmission and reflection coefficients enjoy the identities

(2-6) 1q(§) = 14(=8). rq(§) =rq(=§). 14(§) =rq(§) +1,

(2-7) g G +1rg )N =1, 15(E)rg(§) +14(E)rg(€) = 0.

(Jost functions also arise when H is associated with more general potentials than
the delta of our study. In this generality they may not be easy to write out explicitly,
but equation (2-7) still holds.)

The distorted Fourier transform associated with H can be constructed via Jost
functions, which serve as generalized eigenfunctions of H. To do so, we define the
distorted plane wave by Jost functions:

(2-8) e (x,8) =14(5) f1(x.8), e_(x,§)=14(8) f_(x,8).
Define

(2-9) W(x.8) = {

tq(s>=% and rg(€) =

Qm)"2e, (x,6)  ifE>0,
Q) 2e_(x,—£) if£<0.

Note that W(x,0) = 0 and ¥(x,-) is continuous at k = 0 provided ¢ > 0. The
distorted Fourier transform F,; and its inverse F, q_l associated with H are defined
by

(2-10)  Fg(NHE) = /R‘If(x, 5 (x)dx, Fr()x) = /R‘I’(X, §) /(&) ds.
Just as the classic Fourier transform can diagonalize Hy by Hy = F ! (%52)}" ,
the distorted Fourier can be used to diagonalize the Schrodinger operator H by
H = Fq_l (%5 2)]—"q. Consequently, the multipliers m(2H) = ]—"q_lm(é 2)F, are
well defined for some bounded measurable functions 7. Below, we will derive the
explicit expression for m(v2H).
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The distorted Fourier transform and its inverse maintain a close structural re-
semblance to the classical Fourier transform. In fact, it follows from the results in
Segata [71] that

F@)E) +1q(E)F (x 1. 0)(=6) +1¢)F (x_¢)(€) if £ =0,
F(P)E) +1g(E)F(x-P)(=E) +1g(O) F(x, )(E) if & <0,

@11 F@)® = {
2-12)

P $)0x) = {f—1(¢>)(x) + F (0 ) (—X) + F L (L rgd)(x)  if x =0,

FUP)(x) + F M (A_rq®) (—x) + F 1 (x, Fgp)(x)  if x <O.

For self-containedness, we give a brief proof of (2-11) when & > 0; the other cases
can be dealt with in a similar manner. It follows from the definition (2-10) and the
identities (2-6)—(2-7) that

Fo)© = [ TEHP(x)dx

1 oo 0000
== [ @ B
1 o . 1 . .
=5z Jy W@ pdx = [ T @) (0 dx

- \/%/000(1 +14(8))e P (x)dx + \/%/_;(e—fxs +14(8)e™) g (x)dx

=F(x 4 $)E) +1rgOF (1 H)(E) + F(x_9)(€) + 14O F (x_9)(=§)
=F(P)E) + 14OV F (X1 ) (=E) +14(E)F(x_9) ().

which gives (2-11) for £ > 0.
We collect some basic properties of F; and ]-'q_l. For more details, please refer
to Segata [71] and Masaki, Murphy and Segata [61].

Lemma 2.1. Assume that H is the Schrodinger operator given by (2-2) with g > 0.
Let F4 and F; ' be defined by (2-10).

(i) Fq and .Fq_l are unitary on L*(R), and
Fi Fg=FF7 =1 on L*(R).
(1) [|Fg(NLeew < IS L1 w)- The same estimate is true for ]-'q_l as well.

(iii) F4(f)(0) =0 whenever (x)f € L*(R).

Proof. Statements (i) and (iii) were established in [71] and [61]. Statement (ii)
follows from (2-11), (2-12) and the fact that r; € L (R). O

Next we give an explicit formula for the multipliers associated with H, which
will be used to investigate the linear estimates for e 7#/H | as well as the formula for
the Littlewood—Paley projection ¢; (v2H).
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Proposition 2.2. If m is a bounded radial measurable function, m(~/2H) f(x) is

given by

{J"_l (mE(FU)E) +rgOF (x4 )E) +rg OF X EN)(x) ifx =0,
FH mE(F()E) +TqEVF (x_ /) (E) + g (O)F (x4 HEN)(x) if x <O.

Proof. The explicit representation for the spectral projection implies
m(~2H) f(x) =
: /_Z (/ooo””(é)|fq($)|2(ﬁr (.8 .8+ (x.8) /. (».8) dé) S dy,

2
where f are Jost functions and 7, is the transmission coefficient. We first consider
the case x > 0. We write

m(V2H) f(x) = F1(x) + Fa(x) + F3(x) + Fa(x),

with
Fi =5t [Tm@ly@F o) ([ A 080 dv) ds,
P = 5 [T m@ltg@F £ (7008 S0 dy) de

(
(
Fy0i= o [T m@l@P L o)( [T 7080 dy) de.
(

Fa) = 5 [T m@ltg@F o) T dy) de.

It follows from the expressions (2-4)—(2-5) for fi that
_ L= 2gixt ([ ivk f
Fi(x) =5 [T m@®ltg@PeE( [T (0 dy) d

W%—n / T mE)e 1 ©) 1P F O, £)(E) dE

and
Fr(x) = Fo1(x) + Faz2(x),

with

Fay(x) = m(&)tg(§)e™ F(x_ f)(E) d&,

1 00
Nodl)
= ; o ixE ey N
P i=+—= [~ m@u©c ™ rOF (-6 dt.
Notice that % = 14(=£&), we further have

F3(x) = F31(x) + F32(x) + F33(x) + F34(x),
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with . .
Pr)i= = [ m@ RO @) de.
Pra() 1= = [ m@r @ F (1. £)(-6) de.
Pra)i= = [ @@ (-6 d.

Prot) 1= = [ m@ g @PF G, 116 d:
Similarly and
Fa(x) = Fa1(x) + Fa2(x),
with

1 0 )
Fu)i=—— [ m@™u@F G )E) de,

1 0o e
Fio(x) i= —— [ m@e ™ iq@ra ©F - )(8) .
Now by using identities (2-6)—(2-7), we have

Fi(x)+ F31(x)+ F34(x) = F 1 (m(E) F(x, [)E))(x),
Fa1(x)+ Far (x) = FHm@EF(_ )E) ) +F " (m(E)rg () F (x_ )(E)) (%),
Fao(x)+ Faz(x) =0,
Fip(x)+ Fa3(x) = F~H (m(E)rg O)F (¢, 1)) (),
which imply that for x > 0,
m(vV2H) f(x) =
FH mEF)E) + rgOF (s () + rg(O)F (x_ /() (x).
As for the case x < 0, noticing that f, (x,§) = f_(—x,§), it follows that

m(~2H) f(x)

([T MO O . DT 3B 4, (. 50dE) 5B

x f(y)dy
= % f_Z(/OOOM(E)Itq(E)IZ(f,(—x, S (.E+ fL(—x.8f.(1.6) dg)
X f(=y)dy
=m(V2H) f(—-)(—x),

concluding the proof. O
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We now present a set of corollaries that provide a representation of the linear
propagator e "**H and its associated Strichartz estimates. These are essential tools
in the analysis of the Cauchy problem (1-1) with initial data in L?(R).

First, choosing m(X) = e~2i% iy Proposition 2.2, we obtain:

Corollary 2.3. Let H be defined by (2-2). Then
e F(x) = Xy (VK % L ()6) + x_ () Ke % L_(f)(x)
where K;(x) = e_%(2nt)_1/ze% and
Lo(f)=f+F HrgF )+ FHrgF o ),
L= +F{GF D) +F (7@ F g )
The next result appears in [42] and [71], but we include the proof for convenience.

Corollary 2.4. Let H be defined by (2-2) and

2,1

1 .
ri U pj T2 4=rj=oo, j=1L12.

. T —itH
Then for any interval I and s € I, we have ”e ! f”L:‘ L9 (IxR) < ”f”L,%(R) and

“ /ste_i(t_r)HF(r)dr‘

<\|F|l ,» . .

LML (IxR) ™~ | ”L?Lﬁ’;uxm@)

Proof. The operators L+ are bounded on L#(R) for all 1 < p < oo, since r4 € L.
It then follows from Corollary 2.3 that

le™H fllzoow S 111721/ 1y
combined with
”e_itHfHLZ(IR) = /L2y
and the T'T* argument, this implies the desired estimates. O
Remark 2.5. The formula for e ~#/H
e—i tHO:

in Corollary 2.3 can be expressed in terms of

e—itHf — X+€_itH0£+ (f) + X_e_itHO,C_ (f)
The dispersive estimates and Strichartz estimates for e “#/H can also be derived
from those for e ~/H0 and the L?-boundedness of £, where 1 < p < co.

3. Homogeneous Besov spaces associated to H

The function space theory associated to operator H is an important topic in harmonic
analysis and has been extensively studied in recent years, one can see for example
[24; 29; 30; 38; 40; 39], the theories of Hardy spaces, BMO spaces and Sobolev
spaces associated with operators. On the one hand, they generalize the classic
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theories of corresponding function spaces. On the other hand, they are used to
investigate the boundedness of singular integrals such as the Riesz transform, square
function and area integral associated to operators at some endpoint. Such theories
primarily rely on the point-wise estimates or off-diagonal estimates for the heat
semigroup e’ H "and can be applied to Schrodinger operator H = —A 4V, where
V' is an unbounded positive potential or V' has small negative part.

However, if the potential V' has large negative component, the Schrédinger
operator H = —A 4 V may admit eigenvalue and resonance at zero energy. Under
such circumstance, the development of function spaces adapted to H = —A 4 V is
primarily grounded in spectral analysis and the theory of distorted Fourier transforms.
Olafsson and Zheng [66] studied the Triebel-Lizorkin spaces and Besov spaces
associated to H, where V is taken to be the Péschl-Teller potential. Cuccagna,
Visciglia and Georgiev [21] considered the Sobolev spaces associated to H under
the assumptions that V' € S(R) being both generic and exceptional. Moreover,
Georgiev and Giammetta [33] studied the homogeneous Besov spaces associated to
H with short range potential V. It is noteworthy that in [21] and [33], the authors
proved the equivalence between the classical function spaces and the corresponding
spaces associated to H.

The homogeneous Besov space BIS,fI (R) associated with H for some 1 < p < 00,
1 <r <ooands € Ris defined as follows. Let ¢; («/ﬁ ) be the Littlewood—Paley
associated with H, which can be defined by Proposition 2.2 with m(X) = ¢;(A),
where ¢; is defined as in (2-1). Let 1 < p <00, 1 <r < oo and s € R, the
homogeneous Besov space Bls,’fl (R) associated with the perturbed Hamiltonian H
is defined as the closure of S(R) function f with respect to the norm

, 1/r
(3-1) 1 sy = (2 277l V2ED f o)
’ J

(VA

The space Bf,’ff (R) is independent of the choice of the Littlewood—Paley function ¢.
In fact, if ¥ is of the same type as ¢ in Section 2.1, it follows that @; ¥, = 0 if
|/ — k| > 3. Then by using the distorted Fourier transform and the uniform
boundedness of ¢; (v/2H) on LP(R) for 1 < p < oo (see Remark 3.3(ii)), we have

loj (V2H) fllLr@ < X oy (V2H) Yk (V2H) f || Lo @)

kez
= L 17 @ ©Ov®F SOl
Jj+3
3 1k (V2H) [l Lo -
ol

which means that Bf,’fl (R) is well defined.
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We are now in a position to state the main theorem of this section.

Theorem 3.1. Assume that 1 < p < 00,1 <r < oo and —# <s§s< %. We have
By, (R) = By (R)
with equivalent norms.
The proof, given in Section 3.2, depends on the boundedness of wave operators

on Besov spaces and the cancellation property of the operator ¢; (/2 Ho)gr (V2H).

3.1. Wave operators. Wave operator methods are fundamental in the study of the
evolution flow generated by the Hamiltonian H, typically considered as perturba-
tions of the free Hamiltonian Hy. They are often used to deal with the behavior of
particles interacting with each other or external potentials.

Namely, we have the free Hamiltonian Hy = — % 8)26 and the perturbed Hamiltonian
H = Hy + g8y with ¢ > 0. The corresponding wave operators are defined by

Wif=s— lim e'"HemitHo s
t—to0

and their conjugates

Wif=s— lim eHomitH g
t—>+o0

If the potential ¢dy is replaced by a general potential, W is well-defined for
P.(H) f, where P.(H) denotes the projection onto the continuous spectrum. The
wave operators enjoy the splitting property

HWy = Wy Hy,
and can lead to the functional calculus for H,
(3-2) g(H) =W, g(Ho)W = W_g(Ho)W*

for any function g € L2 (R).

loc
There are several ways to represent the wave operators Wy. It follows from

Schechter [69] and (2-12) that

4
(3-3) W, () =F ' F(NHE) = 1af(x) + LT/,
where [; is the identity operator and
Ty f(x) = x4y OF " (. 7g F(f)
T2 f(x) = x4 OF (X1 F(f)
T3 f(x) = x_()F " (x_rg F(S)
Taf(x) = x_()F (x4 Fg F(S)

~~—

(—x),
(x),
(—x),
(x).

~— N
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We will prove the boundedness of wave operators on various function spaces,
which can be used to prove the equivalence between B;? (R) and BlfJ +(R). The
boundedness of wave operators under different assumptions regarding the potential
V' in Lebesgue spaces and Sobolev spaces has been extensively studied, so we
will not go further on this topic; for more information, one can see for example
D’ Ancona and Fanelli [22], Weder [80] and Yajima [81].

Denote by B(X, Y') the space of bounded linear operators from X to Y.

Proposition 3.2. The wave operators W lie in B(X,Y), where
) X=Y=LPR)withl < p <oo,or
() X = L'(R)and Y = LV>®(R), or
(iii) X = H'(R) and Y = L' (R).
Proof. By using the identity (3-3), we only prove T, € B(X, Y). Write

T2 f(x) = x4 ) F " (m2(E)F(/)(E)) (%)

with

ma(€) = x ©rg(6) = 4,

Notice that m1, is smooth away from the origin and

0Ema(®)| <C(E)7F. £eR\{0} and keN,,

where the constant C > 0 depends on k, g. Then it follows from a standard multiplier
theorem (see Grafakos [35]) that W__ is bounded from X to ¥ with X, ¥ satisfying
any of the sets of conditions above. O

Remark 3.3. (1) By duality, the operators W} belong to B(L”(R), L?(R)) with
1 < p < oo and B(L*°(R), BMO(R)).

(2) For 1 < p < o0, the functional calculus (3-2) and Proposition 3.2 show that if
the classic multiplier m(Hy) is bounded on L7 (R), then so is m(H).

(3) Duchéne, Marzuola and Weinstein [28] considered the boundedness of wave
operators W on Sobolev spaces W *? (R) for singular potentials in dimension one.
Their results also apply to the Schrodinger operator with delta potential.

(4) The wave operators W may not map the Hardy space H'(R) to itself. This
is because the projection y1 will break the cancellation property for the atoms of
H'(R).

Next we investigate the boundedness of the wave operators on homogeneous
Besov spaces.



134 QINGQUAN DENG, PING LI aAND XIUHONG LONG

Proposition 3.4. Assume that 1 < p <o0o,1 <r < oo and —# <s§< %. Then

Wz € B(B) . (R). By . (R)).

Proof. We prove that W, is bounded on BIS,’ ,(R); the same argument can be applied
for the proof on the boundedness of W_. We will establish the inequality

. ) 1/r
G W, Sy, = (£ 27 I0i (V2HOW. S oy) - 517 g, oy
=2 ,

where ¢ is defined in Section 2.1 and ¢; (§) = 0(277E). Let ¢ € C°(R) be an
even function such that 1 = 1 on the support of ¢ and 0 < < 1. We write

=2 ox(V2Ho) Vi (vV2Ho) f = Y ek (v2Hy) fi

kez kez

with f; = ¥ (v2Ho) /. Then

(3-5) @i (V2H)W, f
= > ¢j(vV2Ho) W, (¢x (v2Ho) fi)

kez
4
= kZZ @i (v/2Ho)ox (v/2Hp) fic + e; kZZ 0j (v/2Ho) Ty (9x (v/2Ho) fi)
4
=13 > Ryjk.
L=0kez

Notice that for j € Z, ¢ is nonzero when |j — k| < 3 and otherwise it is zero.
Thus
j+3

(3-6) > R0 jkllLr® S 2 IfelLrm-

kez k=j-3
As for Ry j i € =1,...,4)in (3-5), it follows from the proof of Proposition 3.2
that 7y (( =1,...,4) are bounded on L? for all I < p < oco. Then for fixed j € Z
and |j — k| <3,

4 j+3 Jj+3
(3-7) > 2 MR jillr@y S 2 fillLr@-
l=1k=j-3 k=j—3
It remains to consider the estimates for Ry j x (£ = 1,...,4) in (3-5) with
| j — k| > 3. We deal with the case £ = 2. Notice that
F(T291(v2Ho) fi)(&)

— ]:(X+]:_1(X_Vq]:(</?k(\/ ZHo)fk)))(é%)
= ]—"(%(1 +sgn-)F ! (X_rqekF(f1))) (&)
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= D Or O OF ) + 5 Qm) 2 F (sgn) # (g x_er F (i) @)
= IO OaOF O®)
+i0n) 2 [Tk ) [ S dzdy.

Thus we can represent each R ; x as

(3-8)

Ry jk = F ¢ OF (Tapr(v2Ho) fi)) (x)
=37 @i O @ x_E)rgOF (fi)(§)) (x)

+i@072 [ff @ Tox a0k Sy dz dy de
= S OO OO F IOV + [ K klx.2) ful) d=

= Ra1,jk + Ra2,j ks

where the kernel K; 4 (x, z) is given by

. . 1
Kk 2) =i [ 2 0@ —px- (ra(0) dy de.

By using the fact that ¢; g = 0 when | j —k| > 3, the term R; ; x in (3-8) vanishes,
which means that

(9 IR ilLr < |Raz il 5 | [ Kpatr2) i@ dz) o

By a change of variables, we have
Kjx(x,z) =i(2m) 2272k
[ ke Po®e0) 57

By integration by parts in y and &, it follows

i - @@y dyde.

k k
O I T eETore 2k - \azaw@)w(y;%y(zz] ;rqe )| gy e

2/ 2k
~ (27 x)2(2kz)2 max(2k, 27)

Now for k < j — 3, it follows from Holder’s inequality that

k
<

L7@ ™ (25 (2k)! 7

<27 H5 ) Sl o).

G100 | et e dz| ol el
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As for k > j + 3, by Holder’s inequality again, we have

(3-11) H /Kj,k(x,z)fk(z) dz‘

<
Lo S iy Famop

—|j—kl(1—1
< 27ROy f e @y

For fixed j € Z, combining (3-7), (3-9), (3-10) and (3-11), we have

(3-12) > Rz kllLrmw)

kez
<Y (x<s(k—jD) + x>3(k—j) + x<—3(k— ) R2.j k|l Lr )
kez
j+3
< X fkllermw
k=j—3
~A—|i—k|(1=1 n~—| =KL
+ 3 (k=3 k=27 7RIO=8) o k=27 TR | Sl
kez

where x<3(n) is the characteristic function of the set (—oo, 3] on Z, and -3 and
X<—3 are defined similarly. The same estimate (3-12) is also true if the operator
R, j k is replaced by Ry ; x with (£ # 2). Writing ||a”||1r£§,(2) = Y |au|", notice
that for nez

”X>3(n)2_”(1_%)_’”H“(Z) <1 for s> —(1 — %) = _#,

1

HX<—3(H)2_%_"SHQI(Z) <1 fors<.

Then it follows from (3-5), (3-6), (3-12) and Young’s inequality that for —% <s< %,

313) [27llg; (V2HOW, f Lo e

‘@

. 4
< ”2” > 2 lIRej ke
L=0kez

4@

sl Wl

lk—jl=3

NA—|f— —1 i— .
| X sl 2 TGRS
kez

~~—| F—k L i—
| T saemsthem 2 OO 1
kez

4@

‘@

‘@

S b VA

4@’

which implies (3-4). ]



CAUCHY PROBLEM FOR 1D NLS WITH DELTA AND DATA IN L?-BASED SPACES 137

Corollary 3.5. Assume that 1 < p < o0, 1 <r < o0 and —% <s§< %. Then
Wi eB(B;,(R). B, ,(R)).

Proof. For given 1 < p <00, 1 <r <ooand —3, <s < 1 it is easy to see
11 1

that1<p <oo, 1 <7’ <ooand—se( > p)—( (p,)/,—/) Then for any

S €B;,(R)and g € B S,,([RR) by Proposition 3.4, we have

(3-14) |(Wif g)} < ”f”Bs (R ”W:I:g”B—s J(R) ~ < ”f”BS r(R)”g”B;s,‘,(R)’
which implies the desired result. O

Remark 3.6. We didn’t prove the boundedness of W at the endpoint r = oo.
This doesn’t mean the result is not true for r = oco. In fact, we can represent W}
similarly to (3-3) in terms of the Fourier transform, and use the same argument
used in the proof of Proposition 3.4 to obtain the boundedness at ¥ = co. However,
Corollary 3.5 is enough for further applications.

3.2. Proof of Theorem 3.1. In this section, we prove Theorem 3.1, the equivalence

between B;,,,([R{) and Bf,jfl([RR) for1 < p <oo,1<r <ooand —% <5< %.

Step I. We prove the embedding BIS,, ,(R) — Bs H(R) where the boundedness of
the wave operators on Lebesgue spaces and Besov spaces obtained in Section 3.1 will
be involved. In fact, using (3-1), the identity (3-2), Proposition 3.2 and Corollary 3.5,
we have

1 Wyt gy = 2 27 les (V2H) o
D.r jEZ
= Y 2NWL0i (V2HOW f Lo

Jj€zZ
< Z 2]rs||¢)1(\/ 2H0)W f”L”(R) - ||W f”BY -(R) ™ ||](‘||B~S (IR)
J€Z

which implies the desired conclusion.

Step II. We prove the inverse embedding, Bls,jfi (R) — BIS,, +(R). Let ¢ be as defined
in Section 2.1, let ¢ (§) = @277 €), and let ¥ € C5°(R) be an even function such
that ¥ = 1 on the support of ¢ and 0 < < 1. We write

f=Y a2 f =Y fi,

kez kez

and then if we set f;, = Y (V2H) f, we further have
¢j(V2H) [ = ¥ ¢;(V2Ho) fi = X ¢;(V2Ho) Vi (V2H) i

kez kez
= Y ¢ (vV2Ho) o (V2H) .

kez
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We next estimate @ (+/2Ho)px(+~/2H) in L?(R). For given j € Z and any k
with |j — k| < 3, using the boundedness of the Littlewood—Paley projection and
Remark 3.3(ii), we have

(3-15) loj (V2Ho)ox (V2H) fillLr@w) < Il fxllLr@w)-

It suffices to consider the estimates for | j — k| > 3. By applying Proposition 2.2 to
m(A) = @i (L), we have

5
(-16) ¢; (V2Ho)gk (V2H) i) = " 0 F o (V2H) fi)) () = X ke

where

J1,j k= _l(ijkf(fk))(X),

Dok i=F o F(x s F~NorrgF(x_ fi)] (%),
T3, g =F o F(xe F~ okrg F g fi) (= N) ().
Ja i :=F oy FOF N orra F(xs fi) ] (),
Isjr i =F o F(x_F ~Noxrg F(x_ fi) (=) ] ().

Notice that J; ; x vanishes, since ¢; (§)@g(§) = 0 when |k—j| > 3, and the other
four summands Jy ; x (£ # 1) are of the same type, so we only estimate J, ; . We
write

G-1T) F(aF ™ @rrg F(x- fi)) €)
= F(3(0 +sem )7 PO i) @)

1
370 E) ek EOF (x_ fi) (§) + ﬁ}'(Sgn ) (rgoiF (- fi))(§)

= L@ OF G fOE) + 5 * (rgo PO i) @)
= Ly O OF (r_ /i) &) +i2n)~3
1 .
x / L "ok (y) / ey _(2) fx(2)dz dy,

which implies that
J2jk = 3F N9 ©erE)rg(O)F (X fi)(§))(x) +/ Kjk(x,2) fi(2) dz
=t Ja1,j.k + 22,5 k>

with the kernel K ik (X, z) given by

~ ; ; 1
Rjar2) =121 ) [ e 0500 (0)—ra0) dy .
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Similarly to the proof of Proposition 3.4, by changing variables and integrating by
parts, we have

‘ka(x Z)|” (27 x)2 //

2fzk
<
(27 x)2(2kz)2 max(zk, 27)’

5252 e(&)(y)
J/Ezk —2ig

dy d§

which leads to the estimates
122, allr e < | [ Ry ktr.2) fe(z)

122, kLo < | [ Kje.2) fu(2) |

<S27VHT | fellr @y (e<j—3).

<2 lk—jl(1—
LP(R)

LP®)

2| fielLr@
(k>j —3).

Notice that J5;  vanishes, since ¢; (§)@x (§) = 0 when |k— j| > 3. With the same
meaning for the x’s as in (3-12), we have

(3-18) |IJ2,j kllLr@w)
o | ik L o l—il(1—=1
< (ema k=277 M5 oy s (k= )2 * 10D | e ) -

The same estimate holds for J; ; x with £ = 3,4, 5. Now combining (3-15)—(3-18)
with the inequalities

HX>ﬂUﬂ_“LJ}mﬂhwm Los>—(1-3)=—
tes 25 S1 s < b,

and Young’s inequality, we obtain

<127 3 e (V2Ho)or (V2 H) ficl Lo @
kez

<275 X flee
<3

lk—jl=
i 1 i
+ | Z X3 (k= j)2 W =HIA=5)FG=Rsoks | g1 o @y

4@

¢ @)

A

+ | T xemslo—j)2 VKB HG=R ks | pil e
kez

< 1250 fill Lo @y |

|Z' @

4@ = 1/ iyt @

This concludes the proof of Theorem 3.1.
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4. Proofs of Theorems of 1.1 and 1.3

We recall the integral equation

v(t) =ug—iA /OIU(—S)(U(S)U(S) U(s)v(s) Ll(s)v(s)) ds,

where v(¢) = U(—t)u(t), u(t) is the solution to the original nonlinear Schrédinger
equation (1-1) and U(t) = e **H s the linear propagator with H = —%83( + ¢dp.
In this section, we will prove Theorems 1.1 and 1.3, the local well-posedness of
v(¢) in LP-based spaces.

We start with the estimate for trilinear form

@1 T(1(2), v2(7), v3(7)) = U (U1 (D) U@D)v2 (D) U(T)V3(T)).

We will exploit the cancellation of 7, which is analogous to (1-6), with U(¢)
replaced by e?2. Set

M) f(x) =3 f(x) and Jf(x) = f(—x).
Lemma 4.1. Let the trilinear form T be defined by (4-1). We have, up to a constant,
T (i (t). v2(0), v3(1)) = 17 372 (QF (01(1), v2.(1). v3(2))
+ QM (01(1). v2(0). v3(1)))
T F T ) Yy Q8 (01(0). v2(0). v3(0)
T F TN * iy OF (i (1), va(0). v3(0)),
where
Q1 (w1 (1). v2(1). v3(1)
= M(O){(MO) L, (v1 (1) * (JMO)L, (v2()) % (JM(D)L, (v3(1)))},
QY (1 (1), v2(2). v3(2))
= M) {(HM D)L, (v1 (1) % (M) L, (v2(0)) % (JM()L, (v3(1)))},
0 i) w203 (1)
= M(O){(J MO L_(v1(1))) * (M()L_(v2(0))) * (M () L_(v3(1))}.
QM (01 (). v2(2). v3(1))
= M(O{(JHM@)L_(v1(1)) * (M(0)L_(v2(0))) * (M (1) L_(v3(1)))}
0P wi(0). v20).03()
= M(O){(JMOL, (01 (1) * (M (@)L, (v2(0))) * (M(1) L, (v3(1)))},
QP (v (1), v2(2). v3(1)
= M(O{(JHM@)L, (v1(1)) * (M (1)L, (v2(0)) * (M ()L, (v3(1)))}.
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9 (v1 (1), v2(1), v3 (1))
= MO){(MDL_ (01 (1)) % (JM(E)L_(v2(1))) % (M) L_(v3(1)))},

Q% (v1 (1), v2(1), v3(1))
= MO{HMOL_(01(1) * (TMO)L_(v2(0)) % (JM(E)L_(v3(1))}.

Proof. Set
v(t) = U)o (D U@OV2 () UE)3(D).

It follows from Corollary 2.3 that

42) T(D)®).v2(0). v3()) (x)
= (UEDV(O) ()
= X4 () K% L, (0(0))(x) + x_ () Ky % L_(v(1)(x)
= 2 ()T T (O X) + - ()T () (),
where K;(x) = e_%(2nt)_1/2e% and
Lov(t)=v(r)+ Fl (rgJ F(x, v(@))) + F1 (rqF(x_v())).
L_v(@)=v(@)+ Fl (GJ}'(X_U(I))) + 771! (G}'(XJFU(I))).
In the following, we will omit absolute constants in some identities.
Let us turn to the expansion of v(¢). By using Corollary 2.3 again, we have
(4-3) v()(»)
= (U)W (UOv2() W) (U3 (1)) ()
= X+ WK * L, 01(0) () Ke % L, (02(0) () Ke % L, (03())()
FX- K L_(v1 (D)) (P) K % L_(02(0)(P) K * L_(v3(1))(y)
= X3 M, (O + x- (- ().

Then it follows that

(4-4) v+(t)(y)=f/ Ki(y—a)L, (vi()) (@)K (y—B)L, (v2(1))(B)
X Ki(y—y)L, (v3(t))(y)dadBdy

3 —i(ly—a|2=|y—B12—Iy—yI%)
=1 z///e 57

X Ly (@) @)Ly (v2(0)(B)L, (v3())(y)dadB dy,

45 v_()(y) = t—%///e—i(|,V—o[\2_|y2?5‘2_|y_y|2)
X L_(v1 (@) (@) L_(v2())(B)L_(v3(1))(y) dodf dy.
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Now by (4-2), we have

T (x) = K¢+ (0(0) + F 7 (rg I F (. 0(0) + F 1 (rg F(x_v(1)))) (%)
= 7,7 () + T, O + T 0.

~ —i(x=y2+ly—a2—ly=B12—ly—yI?>) _ .
Seteq(t,x,y,a,B,y)=c¢ 2i . Tt is easy to see that

Ix—yPP+ly—alP—ly=BP=ly—y[F = +a*—B>—y?) +2y(B+y—a—x),
fél(t,x,y,a,ﬂ,y)m(y) dy

X2 o

=te” Hi(\/_‘SO(IB'H/ o= x)+zx/ﬂﬁ+an)’
/él(t,x,y,a,ﬁ,)/)x (»)dy
\‘2 o

=te ("'7(\/_50(’3_{_7/ o —x)— zx/lﬁﬁ—i-yioc—x)’

which combined with (4-4) and (4-5) imply that

(4'6) Kt * (X+U+(t))(x)

=7 [[[[ at.x.y 0. By)

XXy (DL, 1) @)Ly (2(D))B)L, (v3())(y) da dB dy dy
R JI] (508 +7 —a—0)+ 5= ) MO L, (1 (1)(@)
XM ()L, (v2(D))(BYM ()L, (v3(1))(y) da dB dy
=17 ' MO{(TMOL, (v1(0) % (ML (v2(0))) * (M@)L, (v3(1))) }(x)
+ 1T MO{(THM ()L (01(1)) % (ML (02(0)) % (M (D)L (v3(1))) }(x)

and

Ky (x_v_(0)(x)

—z‘2////el(t,x,y,a,/3,y)

XX_(ML_ 1) (@) L_(v2(D))(B)L_(v3()(y) dadB dy dy
=5 [ Gotp+y —a—x) - 7 ) MDL_ @01 0)@)
XM () L_(v2(0)(BYM () L£_(v3(1))(y) da dB dy
=t " MO{(I MO L_(v1 (1)) % (M(O)L_(v2(0))) * (M ()L_(v3(1))) } (x)
— 1T MO{(THM (O L_(v1(1)) % (M(OL_(02(1))) * (M) L_(v3(1))) }(x).
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Combining these formulas with (4-3), we further have

@7 T, (O
= K # (v (0))(x) + Kp % (x_v_(1))(x)

IS RRCANG ) 1 A
=1 L’Z Q, (v1(2), v2(2),v3(1)) +1 KZ Q, " (v1(2), v2(2), v3(2)).
=1 =3

—i(\z+yI2+Iy—vtI22—Iy—BI2—\y—)/\2)
t .

Let us turn to T2+(l). Setey(t,z,y,a,8,y) =e
Similarly as above, we have

lz+yP+ly—al?—ly=BIP—ly—y P = +a> = 2=y +2y(B+y +z—a).
/éz(t,z,y,a,ﬂ,)/)m(y) dy

~ e (2 ta?—y?—p%) Nes) 1 1
=te ( 2 0(/3+V+Z_a)+i~/ﬁﬁ+y+z—a)’

which combined with (4-4) and (4-5) imply that

K« (Jx v, (0))(2)

21—2////52(1,2,%&,/6,)/)

XXy DL, 01O (@)L, (2())(B)L, (v3())(y) da dB dy dy
_ e iE JI] (508 +7 +2=a)+ 7 ) MO L, 01 (1) @)
XM ()L, (2 (D))(BYM ()L, (v3())(y) da dB dy
=1 " MO{(M@O)L, (01(0)) * (TM@)L, (12(0))) * (M @)L, (v3(0)))}(2)
+ 1T MO{(HM (D)L, (v1(2))) * (JM (D)L, (02(0))) * (JM (D)L, (v3(1))) }(2)

Combining this with (4-3), we have
(4-8) T, () = F 7~ (rg) % Ky % (x4 04 (D) (x)

2
=t F 7 (ry) *ZZ QEI)(Ul(I),Uz(t)’W(t))'
=1

The expansion for 7'3Jr (¢) follows from the expansion of 7'1+(t). Indeed, we have
(4-9) THO() = F 7 rg) # Ko x (x_v_ (D) (x)

4
=1 F 7 (ry) *ez Qf" (Wi(1), v2(1), v3 (1)),
=3
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Turning to 7 ~(¢), notice that

T(@)(x) = K; % (v(t) + F ' (fgF(x,v(0) + F (g F(Ix_v()))) (x)
=T O+ T, (O)(x)+T; ()(x).

Obviously, 7,7 (1)(x) = 7'1+(t)(x). From (4-6) and the identity

Ki# (Jx_v_(0))(z)

=2 ////é‘z(t,z,y,a,ﬁ,)/)

A L) @L_ 20N B)L_(v3(0)) () da dp dy dy
=75 [[[ (80B+y +2—a) = ) MOL_ (1 (1)(@)

B+y+z—a
XM @) L_(v2(D))(BYM (1)L _(v3(1))(y) da dB dy
=" M@O{(M)L_(v1(2))) * (JM () L_(v2(2))) * (JM () L_(v3(1)))} (2)

— T MO {(HM () L_ (1)) * (TM ) L_(v2(1))) * (JM (@) L_(v3(2)))}(2)

it follows that

(4-10) Ty (0)(x) = F (i) % K x (x4 v4 (1) (x)
=T FT ) Y, QP (01(0), v2(2), v3(1)),
(4-11) Ty (0)(x) = F i) % Ko * (Tx_v_(2))(x)

=1 F TN )+ Yies OF (01(0). v2(0). v3(0)).
Hence, by (4-2) and (4-8)—(4-11), we have
T (v1(2), v2(2), v3())
= X, T O+ x_ T~ @)
=T O+, (LT O+ T70) + x_ (T, () + T, ()
=17 Y (P (Wi (1), v2(1), v3(1) + QY (01 (1) v2 (). 3(1)))
T F T ) # iny 947 i (0, v2(0). v3(1))
T F TN s, QP (01(0), va(0), v3 (1)),
which finishes the proof. O

4.1. Proof of Theorem 1.1. We next prove Theorem 1.1 and Corollary 1.2, the well-
posedness of the integral equation (1-8) in homogeneous Besov spaces B;  (R).
The following lemma will be used to deal with the nonlinear term in (1-8).
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Lemma 4.2. Let 1 < p <2 and T be the trilinear form defined by (4-1). Assume
that v2(t) = o (V2H)va(t) and v3(t) = ¢j (v 2H)v3(t). Then we have
H T(vl (Z)v v2 (Z)v U3 (l)) HLP(R)

2 q_1yitk
<7202 o Ol Loy o2 O e @y 103 () L Lo @) -

Proof. We use interpolation. Consider the estimate of 7 for p = 1. Notice that
Flrg)(x) = —21qx_(x)e?* € L'(R), L+ are bounded on L?(R) for all
1 < p <ooand H'(R) = L'(R). It follows from Lemma 4.1 and Young’s
inequality that

| 71 @), v20). v3)) | 11 g
—1 24 (1 3
St g—l(”Q( CHORPYONTIG)] FEFE [0 (Ul(t)’v2(t)’v3(t))HLl(R))

St (1LviOllpr gy + M@ Loy @) | L1y V2Ol L1 @y lvs Ol L1 )
StHM @) Loyl @y 02Ol L1 @y o3 Ol L1 g

where we write L= (£_, L) and [|Lf||Lr@) = 1L, fllLr@) +I1L_flLr@®)-
On the other hand, it follows from Corollary 2.3 that

4-12) U=Dv1O) 2@ = x4 Ki % L, (1) + x_Ke % L (01(0)) | L2 w)
< [IM @) L1 (D] L2w)-
By Lemma 2.1 and Holder’s inequality, we have
k
U@ v2 () [ Loy T Fq(U@OV2() L1 @) 2% V2Dl L2w)-

which combined with (4-12) leads to
7 (v1(0), v2(2), v3() L2()

= U (U OU@) L2 (OUD V3 (D)) [ L2y

S UV O 2@ 1A (V2 ()] Loo @) U @) v3 () | Loow)

itk
S22 [M@OLvi Ol 2@ lv2Oll L2 103 (D] L2 @)

Now we achieve the result by using multilinear interpolation and the fact that both
M (t) and L are bounded on L?(R) forall 1 < p < co. O

Proof of Theorem 1.1. Let us recall the integral equation
. t _ 2
v(t) =ug—ik /0 U(—s)(U(=s5)D(s)(U(s)v(s))?) ds.
For fixed 1 < p < 2, we define the space

— 30 . .
Xr={oeC0.TL B ®) | sup 0Ol oty = 2ol sy )
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witho =1— %, and the map

Tv(t) =ug—ik /Otu(—s)(u(—s)ﬁ(s)(u(s)v(s))z) ds

We show that 7" maps X7 to itself and is a contraction.

. leen ve X T, we aim to prove that Tv e Xr. By Theorem 3.1, we know that
([R{) 1([Ri) forl < p < 0o and —7 <s < p In the proof of Theorem 1.1,
for 1 <p <2and0—1—; 0nehasO<0< 7 @ and thus Z’l (R) = BJI(R)
which means that we can use B ’1 (R) instead of B‘r 1 (R) when dealing W1th the
nonlinear term.
We make the decomposition

Y 0 (V2H)u(s) = 3 vj(s) = v(s),

Jez jez
and estimate
F(s) = U(=) (U= D()US)V($)U(5)0(5))
= 2 U=)(U9)pj (V2H)H()U($)pr (V2LH)v()U ()1 (V2H)v(5))

j.k,(lez

= Y UE) U (UG v (U SV (5))

j,k,lez

in Bg’lH (R). By symmetry, it suffices to estimate

Fi(s)= > Us)(U=5);(s) Us)vr(s) Us)vr(s))-

j=k=I

By Remark 3.3(ii), ¢, (~/2 H) are uniformly bounded on L?(R) for all 1 < p < o0;
thus it follows from the definition of B;’IH (R) that, settingo =1 — %,

IO oty
om(V2H)
X UEHUETE UG UeuE)]|,,

k,l=—00

< Z Z 2ma

j€Z m=—00

Z U(=5)(U(=3)D; (s) U(s) vk (s) )

k,l=—00

j+4
S Z Z 2ma

JEZ m=—00

|

j+k

Yy 2

€7 m=—00 .
J J

_(2_ _1
x Y s GTOEDEED 1 ) | Loy vk D Le @ 1o ()| Lr )

k>1>—o00
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_(2_ Jo.
<5~ G Y 327020 D 1y ()| Loy 1ok () | Loy 101 (5) [ Lo ey
JjE€Z k,l

_(2_ : 3
<s7 O ”(Z 2791w (5)lLr)
jez
< G=D
< v ||B(,H(R)

Noting that 0 < ; —1 < 1when 1< p <2, we have

1TV 35 @ =40l g @+ / Hu( DUV V) )| o1 yds
<ol g o+ fy 55 B
< lluoll o o+ €T 1)(SUP0§t§T o) Bg_l(mf
<ol g sy + CT* 7ol
< 2ol 3o oy

where T is chosen small enough that C 7% lluo )% B2 ®) <1

» To prove that T is a contraction on X7, let vy, vy € X7. One shows easily that

Tvi(t)—Tva(2)

Z—Z)»/ U=$)(U(=5)01 () U(s) (V1 (5) = v2() U(s) (V1 (5) +v2(5))) ds
=i [ U U1 6) — T26) U2 (6))) ds.

Set v*(¢) = Tv1(t) — Tvo(¢). Without loss of generality we choose A = +1. By
using the same procedure as in the estimation of F{, we obtain

W Oll o e
= [ U ()5 6 UG 01502 DU 1 5) +026D) | g1y
[ U1 6) = BN UG 6)?) | g1 oy s
< C [T 0 =020l ey 19 O g oy + 1020 g 1) s

_2
=CT*70 sup [|v1(8) = v2(9)| o |y 0l

0=t=T B ®)
= % sup [lv1 () — UZ(Z)HBU L(R)
0=<t=<T
where we choose 7' small enough that
CT* P luollGy o =¥
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Thus we have proved that T is a contraction from X7 to itself, and then by a stand
fixed point argument, we conclude that there exists a unique solution v(¢) to the
integral equation (1-8).

It remains to prove the continuous dependence of the solution v(¢). Let vy (¢) and
v, (¢) be two solutions of the integral equation (1-8), corresponding to the initial
data u¢; and ug,. Then

v (1) —va ()
= (uo1 —uoz)—l)»f U(—s5) (U(=5) (1 (s) — D2(5)) U(s) V1 (5))?) ds
—lA/ U(—5)(U(=5)D2(s) U(s) (1 (s) + v2 () U(s) (V1 (5) — v2(5))) ds.
Using the same argument as in the proof of contraction just above, we further have
||v1(l)—vz(t)llga (®
< luor —uozll g oy +C T 7 supozyr 010 =020l st ol
= [luos —M02||Ba (@ T2 8UPosi<r [lV1 (1) — V20l 3o @)

where T is chosen small enough that CT 5 ||u0||i o (R)
above further implies
sup [vi1() =2l g @y <2 luo1 —uozll go ) -
0=<t=<T
which finishes the proof. |

. The inequality

Proof of Corollary 1.2. Let v(t) (¢t € [0,T)) be the solution to the integral
equation (1-8) given by Theorem 1.1 and u(¢) = U(¢)v(z). We will show that
ue C(((), T), Bls,, 1([R)) withl <p<2ands=1— %. We proceed in three steps.

Stepl. For 1 < p<2,5s = 1—% and any ¢ € S(R), we have

(4- 13)
®= Z 27 (V2H) (U(t) = U(12)) || Lo gy
<]2 27| Fa (W) = U(02))0; (V2EDS) | Lo gy
o> 275 (7218 — 72280, () Fy ()| Loy
<In ‘tz"l‘,% 27 €120 () Fg @) | 1o -
where we used the estimate || 7, '@l @ S |6]lLr@). which derives from

Lemma 2.1. Next we prove that the right side of (4-13) is finite:

(4-14) X 2P0 O F @D Lo < oo
j€E
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By the definition of the distorted Fourier transform, we have

Fa@)(&) = F@)©) + x4 (6) (rg @) T F (. 9)(E) + 1) F(x_)())
+ X () (rg T F(x_$)(&) + g O F(x, )©).
where Jf(x) = f(—x). Then it follows that
@19 X 2|30 OF @O Lo
j€
s T 2[R OF@E Lo
je
+ X 2 Er 0 @1, ©r @I F LD E | Loy
je

+ 5 27l 1, @O F DO e

jez

+ X 2620 Ox- @r®OF DO 1oy
J€E

+ X 2 Ox- @r©OIFGDO] ooy
je

For the first term on the right side, setting ¢; (£§) = |$/2j|%<pj (&), we have

@16 X 27[IER i OF DO | Loy = X 221G OF @) Lo

Jjez jez

. 1 -
< zz 2755V F (@) L2y
je

= ClIgl b oy

The remaining terms on the right side of (4-15) are of the same type, so we only
treat the third one. We write

@17 ¥ 27| €120 €)1+ ©rg OF X)) Loy
je
< X 27161205 ©)rg OF (1 =520 )8) )| Loy

jez

< zz 26D 5 ) F@) )| Loy
’ + 3 2716120 ©)rg ) (L % F@)E)] Loy

jez
ST 26D 15O F G E 2w
’ +Y 275 1£12 05 (€)rg (€)X % F@)®) | 1o sy
je
. 1 1 N

j€Zkez
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where ¢; (§) = |§/ 27 %(pj (&), and make the decomposition

o= o(vV2Ho)p = Y ox(V2Ho) Vi (v/2Ho)g = Z(ﬂk(\/ZHo)(ﬁk

kez kez
with

or = Vi (v2Ho).

Setting R; « (§) = |£]2¢j (€)rg (6)(L % i) (§) in (4-17), we have
1 1 ~
Ry i(€) = 12059y ®) [ S—«)k(y)«pk(y) dy

=T|5| 01 ©r® [ ¢ —wk(y)e 2 dygy(z) dz

= 151201 ©)rg®) [ K& )i (2) d=
with
K(E.2) = f /z —my)e 2dy.

When |k—j| < 3, since | - |%rq € L*®(R), it follows from Holder’s inequality and
the L?(R) boundedness of the Hilbert transform # that

1N ~ 1_1y; ~
4-18) R kllLr@w) < 2= HH(‘ﬂkﬁbk)”Lz(R) <26m2) | ox Pi
1_ 1y
<2572 |1gp |l L2y

When k > j 4 3, by integration by parts, we have, for any integer N > 0,

keI 52| [ e e ]

k
< Qﬁﬁ J [ (sae0)| v < <2klz>N.

Combined with the fact that |- |%rq € L°°(R) and Holder’s inequality, this implies

L2(R)

@19 IR klere < el | [0 26e) dZ”Loo(R)

1 i—k
5279 gl Lo -

When k < j — 3, similarly as above, we have

K& 524 [ o eme ™ 2 ay
<2k ke f o (Y av < 2
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which, combined with the inequality “E |%rq (E)‘ < (14 |)_%, leads to
1
@200 Relew <1 Feral oy | [RGB,

—L(j—k)—L
<276kl L -

Combining (4-18)—(4-20), we have

@21 ¥ Y 27%|R kllrrm
j€Z kez

<3 Y 2 (s (k—j ) + x=30k—j) + x<—3Ck— DR k|l Lo ®)
Jj€Zkez

. A 1_ 1y
<Y Y 2 (e (=i D252 |yl 2
j€Zkez ) l(j—k)
+ x>3(k—j)2» ||¢k||Lp/([R)

A= (=)=
+ X3 k=277 Y72 el )

—(k—7i 1 .
Sl pze X X 27 T s k= 2k L )
B,, " R) je€Zkez

—A+L—9(i—k . -1
+ Y Y2 2Ty e 2D gkl L
Jj€Zkez
Sl i2=p + @l 5 +lell .1
B ® By ®

B, ®)

where the discrete Young’s inequality is used in the last inequality. By (4-16),
(4-17) and (4-21), we show that (4-15) is finite, which verifies (4-14). Hence for
l<p<2s=1 —% and any ¢ € S(R), by (4-13), we have

(4-22) (@) ~U)dl s, @ 10—l

Step II. For general ¢ € B;, ((R) with1 < p<2ands=1- %, let (Z € S(R) and
t1,1; € R, by the decay estimates of U/(¢) (see the proof of Corollary 2.4), we have

(@) -u)e| B, ®

s [utne-uad| 5, @yt lu)o-ue)9|

i, @t [UR-U)|

B, (®)

<1670 94|

B, (R)+ Hu(ll)a_u(h)a‘l}s/ (R)+|t2|_(%_%)u¢_$‘
p’.1 1

which, combined with (4-22) and the standard %-argument, implies that for any
pelPR)withl<p<2ands=1-— %, the map ¢ — U(t)¢ is continuous from
R\ {0} to BISJ,’1 (R).

Step III. Let v(?) be the solution of the integral equation (1-8) given by Theorem 1.1
and let u(t) = U(t)v(¢), for any ¢, tg € (0, T'). It follows from the decay estimates

B, (®)
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of U(¢) that
o) = utto) s, o
S @O UEDu0) = U=0)u@)l s, @
+ ||u(z)u(—t;))u(to) — U(to)U(—to)u(to) ”B;,'I(R)
SUEG P00~ 0lt0) gy, oy + IUOV0) = UtV W0) s, oy

Letting ¢ — ¢y, the first term of the right side tends to O by the assumption, and the
second term goes to 0 by Step II. This concludes the proof. O

4.2. Proof of Theorem 1.3. We now prove Theorem 1.3 and Corollary 1.4, the
well-posedness of the integral equation (1-8) in L?(R). Set

vo(1) = U(=1) (U= D1 (D U@V () U1)v3(1)).
The next lemma will be used to treat the nonlinear term.

Lemma4.3. Let1 < p <2. Forany T > 0,

2 4 3
@23 117 w0y Lago,ryery S L0 Ollra 1000 Ol 20 11000)
Proof. Notice that
t
v () = v;(0) + /0 d:v; (1) d.
By the L! estimate for the trilinear form in the proof of Lemma 4.2, we have
”tvO(t)”L?OL}(([O,T]xR)
< NIMO LY Ol g1 o 12Ol 1 o 103Dl 1

< (||M(t)£v1(0)||H)g(R) + HM(Z)E /Otarvi(f)df)

H;(R))
t
< (020l g + | [, 902 d|
t
< (13l y @y + | [, deva@ dr|
Next we show that (4-23) holds for p = 2. To see this, let
uj(t)y =U@)vjr) (G =1,2,3).

L;(R))

Lj((R))'

It is easy to see that
i0;uj(t) = Huj(t)+iU(t)0,v;(t) and u;(0) = v;(0).

By Duhamel’s formula, we have for j =1, 2, 3,
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(4-24) uj(t) =U)vj(0) —i/otu(t —8)U(s)05vj(s) ds

- Z/{(Z)(vj(O)—i/Otasvj(s) ds),

which, combined with the Strichartz estimates from Corollary 2.4, implies

t
47O 8o,y S 105 Oz + | f dsvyrds]

On the other hand, it follows from Remark 2.5, (4-24) and the Strichartz estimates
of Uy (?) that

t
s Ol 250, = |1 Uo@L (210) =i [ dy01(s)ds)

+ X Us(D)L (vl(O)—i/Otasvl(s) ds))|

LOL([0,TIXR)

t
SIMOLY Ol 2@+ |MOL [ b dr]

LZ®)

Therefore, we have

l[vo () ”L%L)ZC([O,T]X[R)

3
< T1 lur Ol s 25 o)
i=1

t
S (||M(Z)£U1(O)||L§(R) + ||M(l)£/0 7 v; (7) dT”Li(R))

x (Il + | [ ava0ras] (03Ol + | [ a0y ds|

By the interpolation theorem on the multilinear functionals (see Bergh and
Lofstrom [8, Theorme 4.4.1]) and the fact that both M (¢) and £+ are bounded on
L?(R) for all 1 < p < oo, we obtain the desired estimate. O

L3(R) L.%(R))'

Proof of Theorem 1.3. Recall the integral equation
v(t) = 1o —iA /0 "Us) (U(=3) () UCs)v(5))?) ds.

For fixed 1 < p < 2, we define the space

Xr = ([ 00) = uo. 173000 117 o 71y = CrllHoll gy}

where C; > 0 is a large constant independent of the initial data u(, and a map

Tv(t) =ug—ik /OtL{(—s)(Ll(—s)l_)(s)(u(s)v(s))z) ds.
We show that 7" maps X7 to itself. For any v € X7, we have Tv(0) = u¢ and
0:(Tv(t)) = —iku(—t)(u(—t)ﬁ(t)(Z/I(Z)v(l))z) = —iAvg(2).
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Then it follows from Lemma 4.3 and Holder’s inequality that

|67~ 0 (T o), »
t L? L2([0,T]xR)

3
< C(luollLrw + 19:vO L1 20, 79xm))

—241 2 1 3
< C(luallzo@ + 17 g o,y 17 00Ol 1 o go.71e)

£ 3 3
= C(lluollLr@ +CT? Cilluollz o)

3
=C ”uO”Lp(R)’

1
where we choose 7" small enough that CC; T »’ ||u0||%p(R) <1

Now we show that 7" is a contraction on X7; that is, for any vy, v, € X7,

2_ 2_
Note that

3t (Tvi (1) = Tua(1))
= — i AU(—1) (U(=1) (D1 () — D2 () (U(1)v1 (1))?)
— iMU(=0) (U=1) B2 (OUE) (01 (£) + v (D)UE) (01 (1) — v2(2))).

The two terms on the right side of this identity are of the same type as vo(z). We
apply the same argument used in the proof of Lemma 4.3 to get (henceforth we
abbreviate L! LE([0, T]xR) to L1 L%)

(4-25) Ht%_lat(Tvl(t)—Tvz(t))”L{,/Lg
<C(lviO)lzr@ + ||3zv1(t)||L;L§)2||3z(v1(Z)—vz(t))llL;Lg;
+ C (I (1 + v2) Ol L) + 10, (v1 + vz)(t)llL;Lg)
X ([lv2(0) | r ) + ||3tvz(l)||L;L;)||3z(v1(l)—vz(l))llL;Lg
< C(lv1O)llLr @ +1v20) L@ +19:v1 O 1 o+ ||3rvz(t)||L;L§)2

x (|19 (vi (6) = v2 ()l L1 10

For v; € X7 (i = 1,2), by Holder’s inequality, we have

—241 2
. <
”atvt(t)”L;Lfc <t » ||Lf[0,T]||tp atv(l)”L,”/Lﬁ

1
<CT?( ||uo||zp(R)-
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Therefore,

|67 0, (Tv1 (1) — Tva(2)) v ie
= CT7 (lwollogy + CT7 Cilluallny)* 11701 w20y
= %HI%_lat(Ul(f) — (1)) ”Lf’/Lfé,

provided that T of order ||uq ||Z% ® is small enough.
It remains to prove stability. Let ugq, ugr € L?(R) and let vy (¢), v,(?) be the
corresponding solutions of the integral equation (1-8). Then

010 =020 o1 —oz) =i [ U5 U(=5)(E1(5) =T U)1 (5))?) ds
=i [ U U=)B (UG 01 (5) + 02 DUE) w1 (5) = 2(5)) ds.
Similarly to (4-25), we have
1670, (v () — 020 1710
< (ot Loy + oz Lo + CT7 Crlluor I3 + CT7 Cilluoa |30e)?

t%_lat(vl(t) - Uz(f))”Lf/Lg;)’

1
X (lluor —uo2llLr@wy + CT?

which implies

2 2
|7 lat(vl(t)_v2(t))”Lf’L§SC(HUOI||LF(R)+”u02||LP(R)) luor —uozllLr )

by choosing T of order (||uo1|rrm) + |U02||LD(R))_2 to be sufficiently small.
It follows from the last inequality that

lvi(t) —v2 (@)l Lr(w)
2

T _2_ e

< flwor —ttozllzoy + ([ 17 707de) " |07 0,010 =02 0) |
1 2

< lluor —uo2llLr@ + CT? (luotllLr @ + luo2llLr @) o1 — uo2llLr w)-

Provided that T" of order (||uo1 ||z (®) + [to2| LP(R))_Z is sufficiently small, this
gives the stability of the solution.

To conclude, the same procedure as above also implies that for the solution v(¢)
with initial data u,

lv@ e @y < ClluollLr@w. ¢€[0.7),
where T of order |[uq ||Z§ ® is small enough. O

Proof of Corollary 1.4. Let v(t) (¢t € (0, 7)) be the solution to the integral equa-
tion (1-8) given by Theorem 1.3 and let u(z) = U(¢)v(t). We will show that
ueC((0,T), LP (R)) with 1 < p <2.
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We claim that for any ¢ € L?(R) with | < p < 2, the map ¢t — U(t)¢p is
continuous from R\ {0} to Lp/([R). For any ¢ € S(R), we write

¢ =umpezpr(V2H)$,

where ¢y (v/2 H) is the standard Littlewood-Paley projection. Then for any #;, ¢, €
(0, T'), the same procedure used in Step I of the proof of Corollary 1.2 leads to

@20 | (U) - U)] v < X @) - U)ok (V2P| 1 )

1
= Clt; — 1|3,

where the constant C depends on some Besov norm of ¢. For general ¢ € LP(R)
with 1 < p < 2, we choose ¢ € S(R) such that

” U(ll)¢—U(lz)¢ HLP/ ®)
< et =UE)B| Lo gy + | U~ UG oy + | UG~ UE D o

_(1_1 ~ ~ ~ _(1_1 ~
S 10172 g=llLow + [UE) G- U] Ly @y + ™72 =l Lo (w).

where we use the decay estimates of U/(¢) (see the proof of Corollary 2.4). From
this estimate and (4-26), via the standard §-argument, the claim follows.
For any fg, ¢ € (0, T), it follows from the decay estimate of /(¢) that

llu(t) — u(to) |l L g)
= |u@ W (=tu(®) = t(=to)u(t0)) | . @)
+ U@ (—to)ulto) — U(to)U(—to)u(to) HLp/(R)
S 1752 w0 — vl Loy + [ W) — U U10)u(t0) | L .-

Letting ¢ — 1y, the first term on the last line tends to O by assumption, and the
second term goes to O by the above claim. O
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FINITE BASIS PROBLEM FOR INVOLUTION SEMIGROUPS
OF ORDER FOUR

MENG GAO, EDMOND W. H. LEE, YAN FENG LUO AND WEN TING ZHANG

Since the 1980s, it has been known that the smallest non-finitely based
semigroups are of order six. Surprisingly, for involution semigroups, a non-
finitely based example of order five was recently discovered. In this article, it
is confirmed that every involution semigroup of order four is finitely based.
Since every involution semigroup of order three or less is already known to
be finitely based, it follows that the smallest non-finitely based involution
semigroups are of order five.

1. Introduction

1.1. Minimal non-finitely based involution semigroups. An identity basis for an
algebra A is a set of identities of A that axiomatizes all the identities of A. An
algebra is finitely based if it has some finite identity basis; otherwise, it is non-
finitely based. A prominent research problem in universal algebra is the finite basis
problem: determine which finite algebras are finitely based. Finite groups [31],
finite associative rings [3], finite Lie rings [13; 27], and finite lattices [29] are
finitely based, but in general, not all finite algebras are finitely based. For instance,
the multiplicative matrix semigroup

By={[§81.[o00106 1 V809 1001}

published by Perkins in 1969, is non-finitely based [32]. The discovery of this
example focused much attention upon the finite basis problem for small semigroups.
Decades of cumulative work that followed has shown that every semigroup of order
five or less is finitely based [15; 33; 34], and among all semigroups of order six —
28,634 of them up to isomorphism [S] — only four are non-finitely based [23; 25;
26]. The four non-finitely based semigroups of order six, which include B/, are
thus minimal non-finitely based.
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The present article is concerned with involution semigroups (S,*), that is, semi-
groups S with a unary operation * that satisfy the identities

(1-1) () Rx, ()t Ay

the unary operation * is called an involution of S. An inverse semigroup is an
involution semigroup (S,*) that satisfies the additional identities

xx*x~x, xxTyy'xyy*xx®.

Examples of inverse semigroups include any group (G, ') with inversion ~! and

the Perkins semigroup (le ,T) under the usual matrix transposition '. Examples of
involution semigroups that are not inverse semigroups include the multiplicative
n x n matrix semigroup (M, (F),T) over any field F with the usual transposition " and
the Perkins semigroup (le ,) under the skew transposition > across the secondary

diagonal, that is,
s
[eal=1¢a]

Given how close involution semigroups are to semigroups, it seems reasonable
to conjecture that a finite involution semigroup (S,*) and its semigroup reduct S
are always simultaneously finitely based. For instance, the involution semigroups
(BQI,T) and (le,s) are both non-finitely based [2; 12], while their reduct le is
also non-finitely based [32]. However, this conjecture has been refuted by several
counterexamples [8; 11; 16; 19], the smallest of which is the multiplicative matrix

semigroup
| 000 110 001 000 100
Ay=1] 000 |[,[ 000 [, 000, |001 |, [010
000 000 000 001 001

under the skew transposition °. As noted above, all semigroups of order five or
less — which include A(l) — are finitely based, but the involution semigroup (A(l), %)
is non-finitely based [8]. It follows that minimal non-finitely based involution
semigroups are of order at most five; this result is quite unexpected given that
minimal non-finitely based semigroups are of order six [26].

It is of fundamental importance to examine if there exists a non-finitely based
involution semigroup that is smaller than (A(l), 3). Since every involution semigroup
of order three or less is finitely based [20], the answer would require addressing the
finite basis problem for those of order four. Solving this problem is the objective of
the present article.

Theorem 1.1. Every involution semigroup of order four is finitely based.

Consequently, minimal non-finitely based involution semigroups are of order
five, and (A(l), >) is one such example. An obvious next step in the investigation is
to question the uniqueness of this example.
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Question 1.2. Is there a non-finitely based involution semigroup of order five that
is not isomorphic to (A(l), $)?

It has recently been confirmed that up to isomorphism, (Acl), %) is the unique
smallest non-finitely based involution semigroup within the class of all involution
semigroups with a unit element [9]. Therefore, to answer Question 1.2, it suffices
to only examine involution semigroups without a unit element.

1.2. Finite basis problem for finite (involution) semigroups. Let 91, denote the
set of all subsemigroups of M, (R) consisting of binary matrices and let M, =
U,>1 M. It is not a coincidence that all explicit examples of finite involution
sengroups given so far are semigroups from 905, with transpositions T or >, given
that every finite semigroup is isomorphic to some semigroup in M, and every
finite inverse semigroup is isomorphic to some semigroup in M, with the usual
transposition T. see, for instance, Howie [10, Theorems 1.1.2 and 5.1.7].

Regarding finite involution semigroups in general, it turns out that every one of
them is isomorphic to some semigroup in 9., with the skew transposition ° but
not necessarily the usual transposition T [22]. Therefore, when addressing the finite
basis problem for finite semigroups (with involution) — which is currently open —
it is equivalent to focus on finite semigroups in 9s, (With the skew transposition ).
Refer to the survey by Volkov [35] for more information on the finite basis problem
for finite semigroups.

On the other hand, the finite basis problem for finite algebras is undecidable in
general [30].

1.3. Organization. Notation and background information are first given in Section 2.
An outline of the proof of Theorem 1.1 is then given in Section 3, while the finer
details of the proof are deferred to Sections 4-6. Multiplication tables of all
involution semigroups of order up to four are listed in Section 7.

2. Preliminaries

Most of the notation and background results of this article are given in this section.
Refer to the monograph of Burris and Sankappanavar [4] for any undefined notation
and terminology of universal algebra in general.

2.1. Words. Let < be a total order on a countably infinite alphabet X that excludes
the symbol 0; write x < y to indicate that x < y and x # y.

Let X* = {x* | x € X'} be a disjoint copy of X. Elements of X' U X* are called
variables. The free involution semigroup over X is the free semigroup Fin,(X) =
(X UX*)T with unary operation given by (x*)* = x for all x € X and

* * ok * %
(X1X2 -+ Xy 1Xn) " =X, Xp_q -+ " X5 X
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for all xy,x2,..., X1, %, € X UX*. The free involution monoid over X is
Fl (X) = Fny(X) U {1}, where 1 is the empty word with 1* = 1. Elements
of F! (X) are called words and words in X+ U {1} are said to be plain.

Any word w € F!

inv
.y (X) can be written in the form

_ B ® ®,
W=x X" X"
for some xy, x3,...,Xx, € X and ®1, ®7, ..., ®, € {1, %} with n > 0; the plain

projection of such a word is the plain word
W=X1X3" " Xp.

For any words u, v € FIEW (X), write u <— v to indicate that u is a subsequence
of v, thatis, u = x; x5 - - - x,, for some x1, x2, ..., x, € XY UX™* and

V=00X101X202 "X, VU,

for some vy, vy,...,V, € FIEW (X). Specifically, a subsequence u of v such that
con(u) = {x, y} for some x, y € X is called an {x, y}-subsequence of v.

For any word w € F,, (X), the content of w, denoted by con(w), is the set of
variables occurring in w; the number of times that a variable x € X U X* occurs
in w is denoted by occ(x, w); the head of w, denoted by h(w), is the first variable
occurring in w; the tail of w, denoted by t(w), is the last variable occurring in w;

and the length of w is denoted by |w]|.
Example 2.1. If w = x*xy*x2yz*x*y for some x, y, z € X, then

o w=x2yx’yzxy;

e con(w) = {x, x*, vy, y*, 2%}

e occ(x, w) =3, occ(x*, w) =2, occ(y, w) =2, occ(y*, w) = occ(z*, w) = 1;

e h(w) =x*, t(w) = y; and

o |lw|=09.

For any word w € F;,,(X), a variable x € con(w) is simple if occ(x, w) = 1. A
word w is simple if every variable in w is simple. If x, x* € con(w) for some x € X,
then {x, x*} is a mixed pair of w. A word w is mixed if it has some mixed pair;

otherwise, w is bipartite.

1 o e . . — ja— _
Two words wy, wy € F;, (X) are disjoint if con(w) N con(wz) = &. A non-
simple word w is connected if it cannot be decomposed into a product of two

disjoint nonempty words.

2.2. Identities. An identity is an expression u ~ v formed by words u, v € Fi,, (X);
it is nontrivial if u # v. An identity u ~ v is bipartite if both u and v are bipartite
words. A bipartite identity u ~ v is plain if u, v € X*.
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An involution semigroup (S,*) satisfies an identity s & ¢, or s & ¢ is satisfied by
(S,*), if for any substitution ¢ : X — S, the elements ¢(s) and ¢(¢) of S coincide;
in this case, s ~ t is also said to be an identity of (S,*).

Lemma 2.2 (Lee [17, Lemma 9]). An involution semigroup satisfies a bipartite
identity u ~ v with con(u) = con(v) if and only if it satisfies u ~ v.

Lemma 2.3 (Lee [21, Lemma 2.12]). An involution semigroup satisfies an identity
u ~ v if and only if it satisfies the identity u ~ v, where u and v are the words u
and v written in reverse order.

Recall that a semilattice is a semigroup that is commutative and idempotent. Up to
isomorphism, the smallest semilattice with nontrivial involution is the multiplicative

matrix semigroup
ses={[38].[60].[07]}

under the skew transposition °.
Lemma 2.4 (Lee [17, Lemma 8]). Let u & v be any identity of (S€s3, S). Then u is
bipartite if and only if v is bipartite; in this case, con(u) = con(v).

A set X of identities of (S,*) is an identity basis for (S,*) if every identity of
(S,*) is deducible from X. An involution semigroup is finitely based if it possesses
a finite identity basis. It is unambiguous and sometimes convenient to take the
involution axioms (1-1) for granted and omit them from an identity basis for an
involution semigroup.

3. Proof of Theorem 1.1

Every finite commutative involution semigroup is finitely based [9, Proposition 2.2].
Since every involution semigroup of order three or less is commutative [20], they are
all finitely based. Therefore, it remains to consider only noncommutative involution
semigroups of order four. With the help of a computer, it is routine to check that up
to isomorphism, there exist 83 involution semigroups of order four; see Section 7.
Only six of these 83 involution semigroups are noncommutative; see Table 1.

Since (S1,*) and (S3,*) satisfy the identity x1xx3 & y;y»2y3, their identities
can be axiomatized by those formed by words of length at most four, whence
they are finitely based. The involution semigroups (S5,,%), (S5,*), and (S4,*) are
shown to be finitely based in Sections 4, 5, and 6, respectively. The identities of
(Se,™) — a rectangular band with involution —is long known to be axiomatized by
{x2~ x, xyz ~ xz} [7, Lemma 2]. Consequently, every involution semigroup of
order four is finitely based.
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S|t 2 3 4 S|1 2 3 4 |12 3 4
T[T 1 1 1 T[T 1 1 1 L1 1 1 1
201 1 1 1 201 1 1 1 201 1 1 1
3011 1 1 301 1 1 3 3011 21
4011 21 401 2 1 4 4011 2 2
x |1 2 3 4 x |1 2 3 4 x |1 2 3 4
|1 2 4 3 |1 3 2 4 |1 2 4 3
S |1 2 3 4 Ss|1 2 3 4 Ss|1 2 3 4
11 1 1 1 11 1 1 1 1113 3
201 11 2 201 1 1 2 212 2 4 4
301 2 3 1 301 2 3 2 3111 3 3
401 1 1 4 4011 1 4 412 2 4 4
x |1 2 3 4 x |1 2 3 4 x |1 2 3 4
x*[1 2 4 3 |1 2 4 3 x*[1 3 2 4

Table 1. The noncommutative involution semigroups of order four.

4. The involution semigroup (S3,*)

For any word w € Fj,, (X), the interior of w, denoted by int(w), is the word obtained
from w by removing its first and last variables. Specifically, if w = hwgt for some
h,t € XUX* and wy € Fi:w(X), then int(w) = wy. Note that if |[w| < 2, then
int(w) = 1.

Proposition 4.1. The identities

(4-1a) X~ xz, Xyx ~ xzyz, Xyx & yzxz, xyzz X Xyz,

(4-1b)  x*x~x?, xx*~x%,  x*yx~xyx, xyx*~xyx, xy*z~xyz

constitute an identity basis for the involution semigroup (S>,*).

Proof. In this proof, a word w is in canonical form if every variable in int(w) and
every non-simple variable in w are plain. It is easy to see that the identities (4-1b)
can be used to convert any word into one in canonical form.

It is routine to check that (S;,*) satisfies the identities (4-1). Hence, there exists
some set X of identities of (S,,*), formed by words in canonical form, such that
{(4-1)}U X is an identity basis for (S5,*). Now the identities (4-1a) in fact constitute
an identity basis for the semigroup S, [1, Variety 24], so every plain identity of
(S2,*) is deducible from (4-1a). Therefore, the identities in X can be assumed
non-plain. Let # ~ v be any identity in X, say with # non-plain. If |u| =1, then
u = x* for some x € X', whence it is easy to show that the identity u ~ v is trivial
and so is clearly deducible from (4-1).

It remains to consider the case |u| > 2. Since u is in canonical form and contains
a non-plain variable, say x* with x € X, the variable x* is simple and so is either
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the head or the tail of u. In view of Lemma 2.3, it suffices to assume the former,
so that u = x* int(u)t(u) with int(x) € X+ U {1} and t(u) € X U X* such that
X ¢ con(int(w)t(w)). If h(v) # x*, then letting ¢; : X — S, be the substitution that
maps x to 2 and every other variable to 4, the contradiction ¢;(#) = 3 # @1 (v) is
obtained. Therefore, h(v) = x*, so that v = x* int(v)t(v) with int(v) € X+ U {1}
and t(v) € X U X* such that x ¢ con(int(v)t(v)). There are two cases.

Case 1: t(u),t(v) € X. Then int(u)t(u) and int(v)t(v) are plain, so that u =
xint(u)t(u) and v = x int(v)t(v).

Case 2: t(u) ¢ X or t(v) ¢ X. By symmetry, suppose that t(u) € X'*, say t(u) = y*
for some y € X\{x}. Then u = x*int(u)y* with int(u) € X+ U {1} such that
x,y ¢ con(int(u)). If t(v) # y*, then letting ¢, : X — S, be the substitution that
maps y to 3 and every other variable to 4, the contradiction ¢, () =2 # @2(v) is
obtained. Therefore, t(v) = y*, so that v = x* int(v) y* with int(v) € XT U {1} such
that x, y ¢ con(int(v)). It follows that # = x int(u)y and v = x int(v)y.

It is clear that in both cases, the identities {(1-1), u =~ v} and {(1-1), u ~ v}
are deducible from one another. Since # ~ v is an identity of S, it is deducible
from (4-1a). It follows that u = v is deducible from {(1-1), (4-1)}. Consequently,
every identity in ¥ is deducible from {(1-1), (4-1)}, so that (4-1) is an identity basis
for (8,,%). [l

5. The involution semigroup (Ss,*)
The involution semigroup (Ss,*) is isomorphic to the semigroup
Ao = (E,F|E>=E, F* =F, FE =0) = {0, E, F, EF}

with the operation * that interchanges E and F and fixes every other element.

Ap |0 EF E F
010 0 0 O
EF|0 O O EF
E |0 EF E EF
F|0O O O F
x |0 EF E F

x* |0 EF F

The involution semigroup (Ag,*) is isomorphic to the involution subsemigroup of
(A(l), S) that consists of its non-unit elements.

The semigroup Ag has been known to be finitely based for over 40 years [6]. The
finite basis problem for the involution semigroup (Ag,*) has not been considered
and has only recently been questioned [18, Question 6.4]. The present section
addresses this problem by showing that (Ag,*) is finitely based.
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Proposition 5.1. The identities

(5-1a) xxtxy~xx*x, yxx'x~xx*x, xx*x~yy*y,
(5-1b) xyx™ 2 xy*x®,

(5-1¢) x2Hx* ~ xHx*, xH(x*)? &~ xHx*,
(5-1d) xyHy* ~ yxHx*,

(5-1e) xHx*y ~ y*xHx™,

(5-1f) x?HyTy* ~ xHyTy*,

(5-1g) xyHzTz* ~ yxHzTz",

(5-1h) X3~ X2, xzyx R XYX, xyxzwxyx,
(5-11) XyxX R yxy,

(5-1j) xHyzTx ~ xHzyTx,

where H € {1, h} and T € {1, t}, constitute an identity basis for (Ag,*).

It is easily checked that (Ag,*) satisfies the identities (5-1). In Section 5.1,
some information on identities of (Ag,*) are given. In Section 5.2, it is shown
that the identities of (Ag,*) can be used to convert every mixed word into one of
two specific forms. Based on these results, it is shown in Section 5.3 that every
identity of (Ag,*) is deducible from {(1-1), (5-1)}. This completes the proof of
Proposition 5.1.

Corollary 5.2. The identities

x3ax? xyxy~xyx,  xXxFaaxxt, xPyxt A xyxt,

(5-2) vt A * * Ay vy *o g ¥ *
yix*raxyx®, xx*x ~yy'y, xyxTz~ 7 xyx

constitute an identity basis for (Ag,™).

Proof. 1t is routine to check, say with Prover9 [28], that the identities {(1-1), (5-1)}
and {(1-1), (5-2)} are deducible from one another. O

Remarks 5.3. (i) Not only is the semigroup Ay finitely based, it is hereditarily
finitely based in the sense that every semigroup in the variety Var Ay is finitely
based [14, Corollary 4.3].

(ii) In contrast, the finitely based involution semigroup (Ag,*) is not hereditarily
finitely based because the variety Var(Ag,*) contains a non-finitely based involution
semigroup [20, Proposition 3.8].

5.1. Some identities of (Ag,™).

Lemma 5.4. The identities {(5-1h), (5-1i)} constitute an identity basis for the semi-
group Ay.
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Proof. The identities ¥ = (x> ~x2, xyxy=~xyx, xyxy~ yxy} constitute an identity
basis for Ag [24, Theorem 4.1]; it is routine to verify that ¥ and {(5-1h), (5-1i)}
are deducible from one another. [l

Lemma 5.5. Let u ~ v be any identity of (Ag,*) such that either u or v is bipartite.
Then u ~ v is deducible from {(1-1), (5-1)}.

Proof. Since (S¢3, S)is isomorphic to (Ag,*) modulo the ideal {0, EF}, the identity
u ~ v is satisfied by (S¢3,%). Then since either u or v is bipartite, by Lemma 2.4,
both u and v are bipartite with con(u) = con(v). It follows from Lemma 2.2
that (Ag,*) satisfies the plain identity # ~ v. By Lemma 5.4, the identities
{(5-1h), (5-1i)} constitute an identity basis for Ag, so that # = v is deducible
from {(5-1h), (5-1i)}. It then follows from Lemma 2.2 that u ~ v is deducible from
{(1-1), (5-D} O

An ordered Ag-block is a word of the form

c=0y2-w)?

where yi, y2, ..., yy € X UX™ are such that y; <y, <--- <y in X and k > 1.
Note that every ordered Ag-block is bipartite and connected.

Lemma 5.6 (Lee [21, Lemma 2.1]). Letu, v € X be any plain connected words
such that con(u) = con(v). Then u = v is an identity of the semigroup Ao.

Lemma 5.7. Let w € Fj,,(X) be any bipartite connected word such that con(w) =
{vi,y2, ..., k}and yy < yo < --- <y in X. Then the identities {(5-1h), (5-11)}
can be used to convert w into the ordered Ag-block ¢ = (y1y; - - - yk)2.

Proof. Since w is bipartite, there exists a partition / U J ={1,2, ..., k} such that
yie Xforallielandy; € X* forall j € J. Let ¢ : X — X U X™ denote the
substitution

t*iftefy;, yiljeJl,

o(1) = { S

t  otherwise.
Then it is easy to check that for any word v € con(w)™, we have ¢(v) = v and
@(v) =v. Since w and ¢ are plain words such that con(w) = con(c), by Lemma 5.6,
the identity w & ¢ is satisfied by Ag. Then by Lemma 5.4, w ~ ¢ is deducible from
{(5-1h), (5-11)}. Consequently,

_(5-1h),(5-1)
w=¢(w) ~ p(c) =c. O

5.2. Some special forms of words. 1t is easily checked that for any substitution
¢ : X — Ao and any variable z € X, we have ¢(zz*z) = 0 in Ag. Therefore, in the
Var(Ap,*)-free algebra over X, the class [zz*z] containing zz*z is its zero element.
This phenomenon can also be seen from the identities (5-1a) of (Ag,*).
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Words of other possible forms in the class [zz*z] are given in the following
result.

Lemma 5.8. Let w € F,, (X). Suppose that either xx*x < w for some x € X UX*
or xx*yy* < w for some x,y € X UX™*. Then the identities (5-1) can be used to
convert w into the word zz7*z for any z € X U X'*,

Proof. If w = woxwx*wyxws for some wy, wy, wy, w3 € Fl (X), then

inv
(5-1j) " (5-1g) " (5-1a) "
W N WXW WX XW3 ~N WoW WrxXx xw3 ~ 27 Z.

If w = woxwx*wryw3y*wy for some woy, wi, wy, w3, wy € FL (X), then

inv
G-lo) 5o . Gl . L Gla
W R WX WX WYW3y Wg N WoXX XW W YWYy Wy N 77 Z. O
A word w € F;,,(X) is in Ag-standard form if
(5-3) W =wxwyx",

where x € XY UX™, w; = x1x2--- X, and wy = g ]_[le(c,-s,-) for some m, p > 0
such that the following conditions hold:

(A1) x1,x2, ..., xy, € XUX*are such that X1 < Xp < -+ < X, < X;

(A2) so,81,...,8, € Fi:W(X) are simple and ¢y, ¢z, ..., ¢, € F, (X) are ordered
Agp-blocks;

(A3) x1,x2,..., X, X, 80,81, ...,8p,C1, €2, ..., Cp, are pairwise disjoint;

(A4) if wy # 1, then
(a) p =0 with w, =s¢ and §9 € X’; or
() p=1withwy =cy,s0=s; =1, and h(cy) € &X’; or
(©) Tso) <t(—w2) when sg #£ 1; or
(d) t(e;) < t(wy) when sp = 1.

Remark 5.9. The following holds for the word w in (5-3) in Ag-standard form:
(1) If m =0, then w; = 1.
(i1) If p =0, then w, = sp.
(iii) {x, x*} is the only mixed pair of w and x, x* ¢ con(w;w>).
(iv) w; and w, are bipartite words such that con(w;) N con(w;,) = <.
(v) Each variable in X’ occurs at most twice in w.
(vi) If wy # 1 and |con(w»)| > 2, then h(w,) < t(w;) by condition (A4). This is
because
e if §9 # 1, then h(w;) = h(sp) < t(w,) by condition (A4)(c);
o if 5o = 1, then since h(w;) = h(c;) =< t(ey) due to ¢; being an ordered
Ap-block, we have h(w;) < t(c;) < t(wy) by condition (A4)(d).
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Lemma 5.10. Let w = wixwyx™ be the word in (5-3) in Ag-standard form. Then
there exist substitutions oy, By : X — Ag such that

(i) ay(wixwy) =E and ay(x*) =F, so that oy, (W) = EF;

(ii) Bw(wix) =E and By (wyx™) =F, so that By(w) = EF;
(iii) oy (t) = Buw(t) =0 forall t € X such that t ¢ con(w).
Proof. It follows from Remark 5.9(iii),(iv) that con(w;) = #; UK} and con(w») =
Ho U K5 for some Hy, Ho, K1, K2 S X such that Hy, Ha, Kq, Ko, {x, x*} are

pairwise disjoint sets. By symmetry, it suffices to assume that x € X, so that
con(w) =H; UK UH, UKy U{x}. Define

E ifreH i UH,U{x}, E ifteH UK U{x},
ay(t)=3F ifte KUK, Bw@)=1F ift e UH,,
0 otherwise; 0 otherwise.

Then it is routinely checked that the substitutions o, and By, satisfy (i)—(iii). U

Corollary 5.11. For any word w in Ag-standard form and any z € X U X™, the
identity w ~ 7z*7 is not satisfied by (Ao,*).

Proof. Under the substitution oy, : X — Ag in Lemma 5.10, we have oy, (w) = EF
and oy, (zz¥2) = 0. O

Lemma 5.12. Let w be any mixed word. Then the identities {(1-1), (5-1)} can be
used to convert w into exactly one of the following:

(1) the word zz*z for any 7z € X U X*;

(i) some word in Ag-standard form.

Proof. In view of the identities {(1-1), (5-1c), (5-1e), (5-1g)}, we may assume that
w = w;xwyx*, where x € Y UX* and w{, w, € Fi}W(X) are such that x ¢ con(w)),
x,x* ¢ con(wy), and w, is bipartite. If either x* € con(w;) or w; contains some
mixed pair, then by Lemma 5.8, the identities (5-1) can be used to convert w into
the word zz*z for any z € X U X*. Therefore, suppose that x* ¢ con(w;) and w; is

bipartite. In summary, we may assume that

(a) x, x* ¢ con(w;w,) and

(b) w; and w, are bipartite.

Suppose that con(w;) Ncon(w;,) # @. Then the x in w is sandwiched between
two occurrences of the same variable, one occurring in w; and one in w;. Therefore,
w; =ayb and w, = eyf for some y e YUX* and a, b, e, f € F! (X) such that

inv
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x ¢ con(abef) and y ¢ con(bf), whence

, (5-1h) 5 1D .
w = aybxeyfx® =~ aybxey'fx* =~ aybeyxyfx

(5-1i) , 519 5 (510 .
~ aybexyxfx® ~ aybeyx“fx* =~ aybeyxfx™;
in other words, x can be moved to the right until it is no longer sandwiched by any
two occurrences of y. This process can be repeated until x is not sandwiched by
any two occurrences of the same variable. Therefore, we may further assume that

(c) con(wi) Ncon(wy) = J.

Suppose that con(w;) Ncon(w,) # &. Then the x in w is sandwiched by some
mixed pair {y, y*} with y € con(w;) and y* € con(w;). Therefore, w; = ayb and
wy, =ey*f forsomea, b, e, f € F#W(X) such that x ¢ con(abef) and y* ¢ con(e).
By (c), we also have y ¢ con(e). Then

* *(S_Ib) * ok *(1_1) ok k
w = aybxey'fx* =~ aybx(ey'f)'x* ~ aybxf*ye*x

(5-1h) (5-1j) (5-1i)
~ aybxf*y’e*x* ~ aybf*yxye*x* ~ aybf*xyxe‘x*
(5-1g) (5-1c) (5-1b)

~ aybf*yx’e*x* ~ aybf*yxe'x* ~ aybf*yxex*.
Since y, y* ¢ con(e), the variable x is no longer sandwiched by the mixed pair
{y, y*}. This process can be repeated until x is not sandwiched by any mixed pair.
Therefore, we may further assume that
(d) con(w) Ncon(wy) = <.

Since the prefix w; of w is bipartite by (b), the identities (5-1g) can be used
to put the variables in w; in order, and the identities (5-1f) can be used to reduce
the exponent of any non-simple variable to 1. Hence, we may assume that w; =

X1Xp - - - X, for some xp, x2, ..., x,, € XUX™* withm >0 such that x| <Xy <+ - <X,.
By (a), we have x ¢ {x, X2, ..., X»}. If X;,, A X, then
(5-1d)

W= X]X2 Xy | X XWX R X[XD« + Xy | XX WX,

and the identities (5-1g) can be used to put the variables in the prefix xjx; - - - x;—1x
in an order such that condition (A1) is satisfied.

Since w, is bipartite by (b), it can be written in the form w, = sg ]_[le(c[si),
where 5o, §1,...,5, € Fi}W(X) are simple words and ¢y, ¢, ..., ¢, € Fp, (X) are
connected words with p > 0 such that

(€) $0,81,...,8p,€1,C€2, ..., Cp are pairwise disjoint.
Then by Lemma 5.7, the identities {(5-1h), (5-11)} can be used to convert each ¢;

into the ordered Ag-block word ¢; with con(c;) = con(¢;). Therefore, condition
(A2) is satisfied, and it follows from (d) and (e) that condition (A3) is also satisfied.
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It remains to address condition (A4). Suppose that wy = sg ]_[f’:1 (cis;) # 1.
There are five cases.

Case 1: p =0. Then w, = sp.
SUBCASE 1.1: |con(§p)| = 1. Then wy =59 € {y, y*} for some y € X. If w, = y,
then condition (A4)(a) is satisfied. If wy = y*, then
* % (:1b) *\% K (1D *
w=wxyx =~ wx(y)xT X wxyx;

in other words, the identities {(1-1), (5-1b)} can be used to convert the y* in w to
y € X, so that condition (A4)(a) is satisfied.

SUBCASE 1.2: |con(Sp)| > 2. Then wy, = sy = - Y1Y2e Y for some distinct
Vi, V2, -y Yr € X UX* with r > 2. If h(sg) < t(W2) then condition (A4)(c)
is satisfied. If h(so) A t(wy), so that y v = h(so) > t(sg) = ¥, then

Sk lb) * * ok
w =~ w]wax - wl.x yr yl’ 1° yl X,
—_——

sg=w;
where h(sO) =y, <y = t(so) = t(w%k) whence condition (A4)(c) is satisfied.

Case 2: p > 1and sg # 1 #s,. Then wy =5 ]_[izl(c,-s,-), where so = y1y2--- yr
and s, =712 - - - Z, for some distinct yq, y2, ..., ¥r, 21, 22, - .., Zg € X UX™ with
r,s > 1. If h(sg) < t(w,), then condition (A4)(c) is satisfied. Hence suppose that
h(so) 4 t(ws), so that y; = h(so) > t(s,) = Z;. Then

(5-1b) (1-1)

W R WIXwWyxXT R WX - S,C,8, €,y S1C sy X,
where h(s;;) = Zs < y1 =t(sy), and the identities {(1-1), (5-1h), (5-11)} can be used
to convert each ¢ into an ordered Ag-block (see Lemma 5.7). Therefore, condition

(A4)(c) is satisfied.

Case 3: p>1andsy#1=s,. Then w, =5 1—[572—11 (cisi)cp, where s =2122 -+ 25
and ¢, = (ylyz---y,)2 for some distinct yy, y2, ..., Vr, 21,22, ...,2s € X UX*
withr,s > 1suchthat y; <y, <--- <y,. If h(sg) < t(w>), then condition (A4)(c)
is satisfied. If h(so) A t(w,), so that Z; = h(sg) > t(Tp) =Yy,, then

(5- lb) « (1—1)

w N waxwxt X wx-c *

* ok Gk

p 17 I

and the identities {(1-1), (5-1h), (5-1i)} can be used to convert each ¢} into an
ordered Ap-block (Lemma 5.7); specifically, c is converted into c =0y; - y;k)z.
Since t(c*) =y, <71 = t(sg) condition (A4)(d) is satisfied.

Case 4: p>1andso=1+#s5,. Then wy = ]_[l.zl(cisi), where ¢; = (y1y2 - - -y,)2
and s, =712 - - - Z, for some distinct y1, y2, ..., ¥r, 21, 22, - . ., Zg € X UX™ with
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r,s > 1suchthat y; <y, <--- <y,. If t(c;) < t(wy), then condition (A4)(d) is
satisfied. If t(c;) # t(w,), so that ¥, = t(cy) > Wp) = Z,, then
(5:1b) * %k a-1 * ok ok * * k%
WA WXWXT N WX -S,C,S, (€, g SC X,
and the identities {(1-1), (5-1h), (5-1i)} can be used to convert each ¢} into an
ordered Ap-block (Lemma 5.7); specifically, ¢} is converted into €} = (y}y3 - - - y)2.
Since W};) = Zy < y, =t(¢€]), condition (A4)(c) is satisfied.

Case 5: p>landsy=1=s,.

SUBCASE 5.1: p=1. Then wy; =¢; = (y1y2~-yk)2 for some yi, y2,..., Vr €
X UX* with k > 1 such that y; <y, <--- < y;. If y; € X, then condition (A4)(b)
is satisfied. Hence suppose that y; € X*. Then
(5-1b) * % * *

W N WXWH X =wix-Cp-x,
and the identities {(1-1), (5-1h), (5-1i)} can be used to convert ¢} into an ordered
Ap-block ¢} = (yjy; - -y,j‘)2 (see Lemma 5.7). Now since y; € X, condition
(A4)(b) is satisfied.

SUBCASE 5.2: p > 2. Then wy = (]_[f”:_l1 (c,-sl-))cp, where ¢; = (y1y2 - - - y,)* and
¢, = (2122~ - z5)? for some distinct Vs Y2 e vy Vs 21522, -+ -5 Zs € X U X™ with
r,s > 1suchthat y; <y, <--- <y, and z; < Zp < --- < Zs. Ichl) <t(_w2),
then condition (A4)(d) is satisfied. Hence suppose that t(cy) A t(wy), so that
Zy =t(cp) > t(er) = y. Then

(5-1b) IR) .
WA WXWxT R WX €S

*

* k% *
p—lcp—l ...slcl -x,

and the identities {(1-1), (5-1h), (5-11)} can be used to convert each ¢} into an
ordered Ag-block (Lemma 5.7); specifically, ¢} is converted into ¢} = (y{'y; - - - y¥)?

and ¢}, is converted into ¢, = (225 - - - z)2. Since @ =27, <y, =t(¢}), condition
(A4)(d) is satisfied.

Consequently, the identities {(1-1), (5-1)} can be used to convert w into either
zz*z or some word W in Ag-standard form. But if the identities {(1-1), (5-1)} can be
used to convert w into both zz*z and @, then that would imply that (A,*) satisfies
the identity w ~ zz*z, which is impossible by Corollary 5.11. (]

5.3. Proof of Proposition 5.1. Consider any identity

uv
satisfied by (Ag,*). It suffices to show that u ~ v is deducible from {(1-1), (5-1)}.
By Lemma 5.5, this result holds if either u or v is bipartite. Therefore, suppose

that # and v are both mixed. By Corollary 5.11 and Lemma 5.12, the identities
{(1-1), (5-1)} can be used to convert # and v simultaneously to either zz*z or words
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in Ag-standard form. In the former case, u ~ v is deducible from {(1-1), (5-1)},
whence the proof is complete. Therefore, it remains to consider the latter case,
whence we may assume that # and v are in Ap-standard form, say

u=uxux* and v=ruvyvyy*,

where x, y € Y UX*, u; = x1xp -+ X, z =80 [ [0 (€i8i), 1 = y1y2- - - Y, and
vy =ty [[1_, (dit;) satisfy conditions (A1)~(A4).

Lemma 5.13. The following holds for the words u and v:
(1) con(ut) = con(v);

(1) uix =v1y;

(iii) con(uz) = con(v7).

Proof. (i) Suppose that con(#) # con(v), say there exists a variable z € con(u)
such that z ¢ con(v). Then under the substitution ¢y, : X — Ag in Lemma 5.10, the
contradiction oy (#) = 0 # EF = o, (v) is deduced.

(i1) Due to condition (A1), the equality #x = v, y follows from con(zx) =con(v;y);
to establish the latter, by symmetry, it suffices to verify the inclusion con(ux) C
con(vyy). To this end, we need to first show that y € con(ux). Since y € con(v) =
con(u) by part (i),

(a) either y € con(u) or y* € con(u).
If y* € con(uxus), then by Lemma 5.10, we have o, (#) = EF and
oy (V) = ot (V1) - ot (y) - 0 (V2) - 2 (y*) = tu (v1) - F-au(v2) -E=0,
which is impossible. Therefore,
(b) y* ¢ con(uixu;), which implies that y # x*.

If y # x, then together with (b), we have y* ¢ con(u1xux*) = con(u), so that y €
con(u1xuy) by (a) and (b). On the other hand, if y = x, then clearly y € con(uxu,).
Therefore, y € con(uxu,) either way. Now if y € con(u,), then by Lemma 5.10,
we have B, (u) = EF and

ﬂu(v) = ﬁu(vl) : ﬂu(y) : ,Bu(vZ) : ﬂu(y*) = ,Bu(vl) -F- ﬂu(v2) -E=0,
which is impossible. Hence y ¢ con(u;); but since y € con(uxu;), we in fact have
(c) y e con(uyix).

Now we are ready to establish the inclusion con(u;x) C con(v;y). Suppose there
exists some variable z € con(ux) such that z ¢ con(v;y). Then clearly z # y. If
z=y*, then y, y* € con(ux) by (c), so that condition (A1) is contradicted. Hence

(d) z¢{y, ¥y}
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Since z € con(u) = con(v) by part (i), it follows from (d) that either z € con(v;v;)
or z* € con(v,vy). But since z ¢ con(v;) by assumption, we have z € con(v;) or
z* € con(vy) or z* € con(vy). These three cases are shown in the following to be
impossible. Therefore, the variable z does not exist, whence the required inclusion
con(ux) € con(v;y) is established.

Case 1: z € con(v;). By Lemma 5.10, we have 8,(v;y) = E and B, (v2y*) =F, so
that B8, (v) = EF. Since z € con(v;), we also have §,(z) = F. Note that

EF = By (v) = By(u) = By (u1) - Bu(x) - By (u2) - ﬂU(X*)v

so we must have S8,(x*) = F and B,(x) = E, so that z # x. But since z € con(ux)
by assumption, it follows that 8,(u;x) =---F---E = 0, whence the contradiction
By(u) =0 is deduced.

Case 2: z* € con(v). By Lemma 5.10, we have o, (#1xu;) = E and o, (x*) =F,
so that o, (#) = EF. Since z € con(u;x) by assumption, we also have «,(z) = E.
Note that

EF = oy (1) = oty (v) = iy (v1) - @ (¥) - 2 (02) - 0 ("),

so we must have «, (y*) = F and o, (y) = E. But since z* € con(v), it follows that
oy (v1y) =---F---E =0, whence the contradiction o, (v) = 0 is deduced.

Case 3: z* € con(vy). By Lemma 5.10, we have o, (v, yv2) = E and o, (y*) =F, so
that «, (v) = EF. Since z* € con(v,), we also have «,(z) = F. Note that

EF = 0y () = 0y (1) = oty (1) - 0ty (%) - 0ty (U2) - oty (x™),

so we must have o, (x*) = F and o, (x) = E. But since z € con(ux) by assumption,

it follows that a, (111 x) = ---F---E = 0, whence the contradiction o, (x) = 0 is
deduced.
(iii) This is a consequence of parts (i) and (ii). O

Therefore, by Lemma 5.13, we now have

p q
UW=Xx1x2 - Xp-X-S0 [[(c;s;)x* and v=x1x2---x-x-8p [[(dit;)-x¥,
—_— i=1 —_— i=1
—_———— uj —_————
u vy

where conditions (A1)—(A4) are satisfied.

uj

Lemma 5.14. (i) con(soSy---5,) = con(fot; - - - Ly).
(ii) con(cicr---¢,) =con(did,---d,).

Proof. (i) Let s = sos1 - - -5, and ¢ = fyt; - - - t,. Suppose there exists some variable
z € con(s) such that z ¢ con(f). Then

U=X1X2  Xp- X -az%b-x*
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for some a, b € F!

inv

(X) and ® € {1, x}. By the deﬁnitiog of Ag-standard form,
occ(z, u) = 1 and the sets con(x1x3 - - X, - X - @), {z}, con(b) are pairwise disjoint.
Therefore, if ¢ : X UX™* — Ay is the substitution given by

E ifrecon(xijxo---xp-x-a),
o) ={EF ifr=z,
F  otherwise,

then ¢(u) = E™ - E - EI(EF)®F®! . E* = EF. Now since z € con(it2) = con(y)
by Lemma 5.13(iii) and z ¢ con(¢), there exists some j € {1,2, ..., g} such that
Z€ con(cz ;); further, since d; is an ordered Ag-block, occ(z, d i) =2. It follows that
@(v) =---EF---EF--- =0 # ¢(u), which is a contradiction. Consequently, the
variable z does not exist, so that the inclusion con(s) C con(#) holds. The reverse
inclusion con(s) 2 con(#) holds by a symmetrical argument.

(ii) This follows from part (i) since con(u,) = con(v;) by Lemma 5.13(iii). [l

Lemma 5.15. (i) Suppose that yzyz < u, for some y, z € con(¢;) with 1 <i < p.

Then the longest {y, 7}-subsequence of vy can only be yzyz or y*z*y*z*.

(i) Suppose that yzyz < vy for some y, z € con(d;) with 1 <i < q. Then the

longest {y, z}-subsequence of uy can only be yzyz or y*z*y*z*.

Proof. (i) By Remark 5.9(v), yzyz is the longest {y, z}-subsequence of u. Further,
y <z because ¢; is an ordered Ao-block. Hence y, 7 € con(¢;) C con(dd - - - d,;)
by Lemma 5.14(ii). If y, 7 € con(Jj) for some j € {1,2,..., q}, then the longest
{y, z}-subsequence of v, is one of

andif y € con(tij) and 7 € con(czk) for some distinct j, k € {1, 2, ..., g}, then the
longest {y, z}-subsequence of v; is one of

EE S S k ok kK

yyzz, Y'y¥zz, yyZ*Z¥,  yIyIZY, zzyy, ZfZfyy, zaytyt, ZyTyh
There are four cases to consider.

Case 1: y*zy*z or yz*yz* or y*y*zz or z*z*yy is a subsequence of v,. Then
under the substitution ¢, : X — Ao in Lemma 5.10, we have o, (u;xu) = E
and o, (x*) = F, so that o, () = EF. Specifically, a,(y) = o,(z) = E because
v, z € con(uy). But this implies the contradiction ¢, (v) = 0.

Case 2: either yyz*z* < v, or zzy*y* < v,. Then under the substitution 8, : X —
Ap in Lemma 5.10, we have 8, (u,x) = E and B, (u>x*) = F, so that 8, (u) = EF.
Specifically, B8,(y) = Bu(z) = F because y,z € con(uy). But this implies the
contradiction 8, (v) = 0.
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Case 3: either yyzz < vy or y*y*z*z* < v,. Then we can write v, = ab such

that occ(y, a) = 2 and occ(z, l_l) =2. Letp: XYUX* — Ag be any substitution that
maps each variable in con(u;xa) to E and each variable in con(b) to F. Then

p(v) =¢(uixa) o) ¢(x*) =E-E-E* =EF.

R S

Now depending on whether yyzz < v, or y*y*z*z* < v,, the pair (¢(y), ¢(2))
is either (E, F) or (F, E); but in either case,

pw)=-9) 9@l --9@)---=0,
which is a contradiction.

Case 4: either zzyy < v, or 2*z*y*y*™ < w,. This is symmetrical to the previous
case and so also leads to a contradiction.

Since none of the four cases is possible, the longest {y, z}-subsequence of v,

can only be yzyz or y*z*y*z*.

(i1) This is symmetrical to part (i). O
Lemma 5.16. (i) Suppose that yz < u, for some y, z € X UX* that are not in the
same ordered Ag-block. Then the {y, z}-subsequences of v, of length two can only
be yz or z*y*.

(i1) Suppose that yz — v, for some y, z € X U X* that are not in the same ordered
Ag-block. Then the {y, 7}-subsequences of u, of length two can only be yz or 7*y*.

Proof. (i) By symmetry, it suffices to assume that within u;, the first y appears
before the first z. Then by assumption, depending on which of y and z is simple
or in an ordered Ag-block, the longest {y, z}-subsequence of u, is y"z° for some
r, s € {1, 2}. Since u is in Ag-standard form, u, = aybze for some pairwise disjoint
a,b,ec FILV(X) such that y ¢ con(be) and z ¢ con(ab). Since y, z € con(uy) =

con(v,) by Lemma 5.14, the {y, z}-subsequences of v, of length two can only be

* * E

vz, Yz, yz%, y'Z%, zy, 'y, vyt Zfyt.
There are three cases to consider.

Case 1: either y*z < v or z*y < v,. Then under the substitution ¢, : X — Ay
in Lemma 5.10, we have o, (u;xu,;) = E and o, (x*) = F, so that o, (u) = EF.
Specifically, oy, (y) = a,(z) = E because y, z € con(uy). But this implies the
contradiction ¢, (v) = 0.

Case 2: either yz* < v, or zy* < v,. Then under the substitution 8, : X — Ay
in Lemma 5.10, we have B,(u1x) = E and B, (uyx*) = F, so that 8,(u) = EF.
Specifically, 8,(y) = Bu(z) = F because y, z € con(uy). But this implies the
contradiction 8, (v) = 0.

Case 3: either y*z* < v; or zy < v,. Then under any substitution ¢ : YUX™* — Ay



FINITE BASIS PROBLEM FOR INVOLUTION SEMIGROUPS OF ORDER FOUR 181

that maps each variable in con(#;xayb) to E and each variable in con(ze) to F,
we have ¢(u) = p(uxayb) - p(ze) - p(x*) = E-F-E* = EF. But ¢(v) =0 is a
contradiction.

Since none of the three cases is possible, the {y, z}-subsequences of v, of length
two can only be yz or z*y*.

(ii) This is symmetrical to part (i). [l
Lemma 5.17. Suppose that u;, vy # 1. Then h(uy) = h(vy) and t(uy) = t(vy).

Proof. Recall from Lemma 5.13(iii) that con(#;) = con(v;). First assume that
| con(ut2)| = | con(vy)| =1, say con(it;) = con(v;) = {z} for some z € X'. Then each
of u; and v, can only be simple or an ordered Ag-block, so that u;, v, € {z, 22} by
conditions (A4)(a) and (A4)(b). Hence h(uy) = z = h(vy) and t(u,) = 7 = t(vy).

Now assume that | con(uz2)| = | con(v2)| > 2. Let h=h(u,), t =t(uy), H =h(vy),
and T = t(vy), so that

(5-4) h<t and H~<T

by conditions (A4)(c) and (A4)(d). Recall that u, and v, are bipartite words such
that occ(z, uy), occ(z, vy) <2 for all z € X U X*. There are five cases to consider;
in each case, several intermediate results are established to eventually show that
h=Handt=T.

Case 1: occ(h, uy) = occ(t, up) = 1. Then h = h(sp) and t =1t(s,), so that 5o = ha
and s, = bt for some a, b € Fi}W(X):

(5-5) U=X|X2  Xp-X-ha-c1§1-€82---Cp_1Sp_1-Cpbt-x*.

uz

Result A. occ(h, v2) = occ(t, v2) = 1.
Proof. This holds because h,te con(Sos,) € con(fpt; - - - t,) by Lemma 5.14(1). [
Result B. The longest {h, t}-subsequence of v, is ht.

Proof. Since ht < u;, it follows from Lemma 5.16(i) and Result A that the longest
{h, f}-subsequence of v, is either At or *h*. Seeking a contradiction, suppose
that r*A* is the longest {/, }-subsequence of v,. Note that #* does not occur in
any ordered Ag-block in v, due to occ(f, v3) = 1 by Result A. It follows that if
H #1t*, so that Ht* < v,, then by Lemma 5.16(ii), either Ht* < u, or t H* < u5;
but neither subsequence is possible in view of (5-5). By a symmetrical argument,
it is impossible for T # h*. Therefore, H = t* and T = h*. It follows that
occ(H, v3) = occ(f, v2) = 1 and H = h(v2) = h(¢), so that &, = 1. Given that v is
in Ag-standard form, we have H < T by condition (A4)(c); but this implies that
f = H < T = h, which contradicts (5-4). O

Result C. h=H andt=T.
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Proof. Suppose that h = H. Then it follows from Result B that Hh < v;, and 4 is
not in any ordered Ag-block in v, due to Result A. Therefore, by Lemma 5.16(ii),
either Hh — u, or h* H* — u,; but neither subsequence is possible in view of
(5-5). By a symmetrical argument, it is impossible for t #= T ([

Case 2: occ(h, ur) =2 and occ(f, uy) = 1. Then so =1, h =h(cy), and 1 =t(s),),
so that ¢; = haha and s, = bt for some a, b € Fl (Xx):

inv

(5-6) U=XXp- Xp-X-hahas)-cy8y---cp_1S,—1 - Cpbt - x*.

u)
Result D. occ(h, v2) =2 and occ(f, v2) = 1.

Proof. This holds because h € con(¢;) C con(did, - - -d;) and te con(s,) €
con(fpt; - - - t;) by Lemma 5.14. U

Result E. The longest {h, t}-subsequence of vy is h*t.

Proof. Since h’t < u5, it follows from Lemma 5.16(i) and Result D that the
longest {/, f}-subsequence of v, is either 1%t or t*(h*)?. Seeking a contradiction,
suppose that r*(h*)? is the longest {/, f}-subsequence of v,. Note that r* does not
occur in any ordered Ag-block in v, due to occ(7, v2) = 1 by Result D. It follows
that if H # t*, so that Ht* — v;, then by Lemma 5.16(ii), either Ht* < u; or
t H* < u,; but neither subsequence is possible in view of (5-6). Hence H = r*.

Now suppose that 7' # h*, so that A*T < v;. Then since v, is bipartite, we have
h, T* ¢ con(vy). There are two cases.

(a) h* and T are not in the same ordered Ag-block in v,. By Lemma 5.16(ii),
either h*T < uy or T*h — u,. We see from (5-6) that h*T 4> u,, so only
T*h — u; holds. Specifically, T*h < ¢| = haha, so that h T*hT* — u,. Hence,
by Lemma 5.15(i), either AT*hT* — v, or h*Th*T — v,; the former contradicts
h, T* ¢ con(v,), while the latter contradicts the assumption of the present case.

(b) h* and T are in the same ordered Ag-block in v,. Specifically, since T = t(v,),
we have h*, T € con(d,), so that h”*Th*T < v, and h<T. By Lemma 5.15(ii),
either W*Th*T — uy or hT*hT* — wu,. It follows from (5-6) that »*Th*T > u,,
so only hT*hT* — u, holds, whence T* € con(c;). Since so = 1 and u is in
Ap-standard form, by condition (A4)(d), we have T < t(c;) < t(uy) = 7. Now
the first variable in v, is simple because h(v;) = H = t* and occ(z, v3) = 1;
hence £y # 1. Since v is in Ap-standard form, by condition (A4)(c), we have
f=H =h(ty) < t(vy) = T, which is a contradiction.

Since neither (a) nor (b) is possible, we have T = h*. As observed in (b),
the first variable in v, is simple because h(v;) = H = t* and occ(7, v3) = 1,
thus #y # 1. Given that v is in Ag-standard form, by condition (A4)(c), we have
f = H =h(ty) < t(v2) = T = h, which contradicts (5-4). O
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Result F h=H andt=T.

Proof. First, suppose that t = T. Then tT — v, by Result E, and ¢ is not in
any ordered Ap-block in v, due to Result D. Therefore, by Lemma 5.16(ii), either
tT — uy or T*t* — u,; but neither subsequence is possible in view of (5-6).
Hencer=T.

Now suppose that & 7= H. Then Hh — v, by Result E. Since v, is bipartite, we
have h*, H* ¢ con(v,). There are two cases.

(a) H and h are not in the same ordered Ag-block in v;. Then by Lemma 5.16(ii),
either Hh — u, or h* H* — u,. But it is clear from (5-6) that h*H* 4> u;, so
only Hh — u; holds. Specifically, Hh — ¢; = haha, so that htHhH — u,.
Therefore, by Lemma 5.15(), either htHhH <~ v, or h* H*h* H* < v,; but the
former contradicts the assumption of the present case, while the latter contradicts
h*, H* ¢ con(vy).

(b) H and h are in the same ordered Ag-block in v,. Then Hh Hh — v;. Hence by
Lemma 5.15(ii), either Hh Hh < uy or H*h* H*h* < u,; but neither subsequence
is possible in view of (5-6).

Since neither (a) nor (b) is possible, we have h = H. O
Case 3: occ(h, up) =1 and occ(t, u) = 2. Then h = h(so), t =t(c,), and s, = 1,
so that s) = ha and ¢, = btbt for some a, b Filw(X):

(5-7) U=X|X2  Xp-X-ha-ci81-€82---Cp_1Sp_1-btht-x".

uy

Result G. occ(h, v2) = 1 and occ(t, v2) = 2.

Proof. This holds because h e con(sp) C con(fyt; - --t;) and r e con(c,) C
con(dd; - - -d,;) by Lemma 5.14. O

Result H. The longest {h, t}-subsequence of vy is ht?.

Proof. Since ht? < uy,, it follows from Lemma 5.16(i) and Result G that the
longest {/, f}-subsequence of v, is either it or (+*)>h*. Seeking a contradiction,
suppose that (+*)2h* is the longest {/, }-subsequence of v,. Note that 4#* does not
occur in any ordered Ag-block in v, due to occ(}_z, v2) = 1 by Result G. It follows
that if 7' # h*, so that h*T < v,, then by Lemma 5.16(ii), either »*T — u; or
T*h — u,; but neither subsequence is possible in view of (5-7). Hence T = h*.

Now suppose that H # r*, so that Ht* < v,. Then since v, is bipartite,
H*,t ¢ con(vy). There are two cases.

(a) H and t* are not in the same ordered Ap-block in v;. Then by Lemma 5.16(ii),
either Ht* < uy or tH* — u,. But it is clear from (5-7) that Ht* > u,, so
only tH* < u; holds. Specifically, tH* < ¢, = btbt, so that H*t H*t — u;.
Therefore, by Lemma 5.15(), either H*t H*t — vy or Ht*Ht* — v;; but the
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former contradicts H*, t ¢ con(v,), while the latter contradicts the assumption of
the present case.

(b) H and t* are in the same ordered Ag-block in v;. Specifically, since H = h(v,),
we have ty = 1 and H, t* € con(d;). Given that v is in Ag-standard form, by
condition (A4)(d), we have 7 < t(d;) < t(vs) = T = h, but this contradicts (5-4).

Since neither (a) nor (b) is possible, we must have H = t*. Now since H<T by
(5-4), we have 7 = H < T = h; but this contradicts & < 7 in (5-4). O

Resultl. h=Handt=T.

Proof. First, suppose that h = H. Then Hh — v, by Result H, and % is not in
any ordered Ag-block in v, due to Result G. Therefore, by Lemma 5.16(ii), either
Hh < uy or h* H* < wu; but this is impossible in view of (5-7). Hence h = H.
Now suppose that ¢t # T. Then tT < v, by Result H, and ¢*, T* ¢ con(vy)
due to v, being bipartite. If  and T are in the same ordered Ap-block in vy, so
that tTtT < vy, then by Lemma 5.15(i), either tT¢T < u; or t*T*t*T* — uy;
but neither subsequence is possible in view of (5-7). Therefore, ¢ and T are not
in the same ordered Ag-block in v,. Then by Lemma 5.16(ii), either tT < u, or
T*t* — uy. But it is clear from (5-7) that T*t* > u», so only tT < u; holds.
Specifically, tT < ¢, =btbt, so that TtTt < u>. Hence by Lemma 5.15(i), either
TtTt — vy or T*t*T*t* — vy; but the former contradicts ¢ and T not being in the
same ordered Ap-block in v,, while the latter contradicts *, T* ¢ con(v). O

Case 4: occ(h, uy) = occ(t, up) =2 with p > 2. Then so =1, h = h(cy), t =t(c)),
and s, = 1, so that ¢; = haha and ¢, = btbt for some a, b € F (X):

inv

(5-8) U=X\X2 " Xp-X-hahasy-c$2---c,_1S,_1-btht-x*.

uy

Result J. occ(h, v2) = occ(i, v3) = 2.

Proof. This holds because h,fe con(cic,) € con(dd; - - -d,) by Lemma 5.14(ii).
O

Result K. The longest {h, t}-subsequence of v, is either h2t? or (1%)?(h*)>.

Proof. Since h?t> < u,, it follows from Lemma 5.16(i) and Result J that the
longest {/, f}-subsequence of v, is one of the following six words: h%t2, htht,
thth, (t*)2(h*)2, t*h*t*h*, and h*t*h*t*. If either htht < v, or h*t*h*t* < v,,
then it follows from Lemma 5.15(ii) that either htht < u, or h*t*h*t* — u,; but
neither subsequence is possible in view of (5-8). If thth < v,, then ¢ and & are
in the same ordered Ag-block in v,, whence 7 < h; but this contradicts (5-4). A
similar contradiction is obtained if t*h*t*h* < v,. O

Result L. Suppose that (t*)*(h*)> < vy and H #t*. Thent < T.
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Proof. By assumption, Ht* < v,. Since v, is bipartite, we have H*, t ¢ con(v).
Suppose that H and t* are not in the same ordered Ap-block in v,. Then by
Lemma 5.16(ii), either Ht* < u, or t H* — u,. But it is clear from (5-8) that
Ht* 4> us, so only tH* < u» holds. Specifically, tH* — ¢, = btbt, so that
H*t H*t — u,. Therefore, by Lemma 5.15(i), either H*t H*t < v, or Ht*Ht* —
vy; but the former contradicts H*, ¢ ¢ con(v;), while the latter contradicts H and
t* not being in the same ordered Ag-block in v,.

Therefore, H and ¢* are in the same ordered Ay-block in v,. Specifically, since
H = h(vy), we have H, t* € con(d;) and ¢y = 1. Given that v is in Ag-standard
form, it follows from condition (A4)(d) that < m < rvz) =T. Ol

Result M. Suppose that (t*)*(h*)? < vy and T # h*. Then T <1.
Proof. By assumption, h*T < v,. There are two cases.

(a) T and h* are not in the same ordered Ag-block in v,. Then by Lemma 5.16(ii),
either h*T < uy or T*h — uy. It is clear from (5-8) that h*T > u;, so only
T*h — u; holds. Specifically, T*h < ¢| = haha.

(b) T and h* are in the same ordered A¢-block in v,. Then h*Th*T — v;. By

Lemma 5.15(ii), either A*Th*T < uy or hT*hT* — wu,. It is clear from (5-8) that
hW*Th*T 4> u,, so only hT*hT* < u, holds, whence hT*hT* — ¢| = haha.

Therefore, in any case, we have T* € con(c;). Since so = 1 and u is in Ag-standard
form, by condition (A4)(d), we have T <t(e)) < t(uy) =1. O

Result N. The longest {h, t}-subsequence of vy is h2t2.

Proof. By Result K, the longest {/, 7}-subsequence of v, is either h%¢? or (£*)%(h*)>.
Seeking a contradiction, suppose that )2 (h*)? < v,. If H #t*, then 1 < T by
Result L, whence T = h* by Result M; but this implies that 7 < T = h, which
contradicts (5-4). If T £ h*, then T <1t by Result M, whence H = ¢* by Result L;
but this implies that T < f = H, which contradicts (5-4) again. Therefore, we must
have H = * and T = h*. Now since H < T by (5-4), wehave i = H < T = h;
but this contradicts & < 7 in (5-4). O

Result O. h=H andt=T.

Proof. Seeking a contradiction, suppose that & = H. Then Hh — v, by Result N,
and H*, h* ¢ con(v,) due to v, being bipartite. If H and 4 are in the same ordered
Ap-block in v;, so that Hh Hh < v,, then by Lemma 5.15(ii), either HhHh < u;
or H*h* H*h™ < u,; but neither subsequence is possible in view of (5-8). Therefore,
H and h are not in the same ordered Ag-block in v,. Then by Lemma 5.16(ii),
either Hh — u, or h*H* — wu,. It is clear from (5-8) that h*H* 4> u;, so
only Hh — u; holds. Specifically, Hh — ¢; = haha, so that htHhH — u,.
Therefore, by Lemma 5.15(1), either htHhH — v, or h* H*h* H* — v,; but the
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former contradicts H and % not being in the same ordered Ag-block in v,, while
the latter contradicts H*, h™ ¢ con(v,).

A symmetrical argument shows that the assumption ¢ # T also leads to a contra-
diction. O

Case 5: occ(h, uy) =occ(t,uy) =2 with p =1. Then so = 1, h = h(cy), t =t(cy),

and s; = 1, so that ¢; = hathat for some a € FiEW(X):
(5-9) U=2Xx1X2 Xy X hathat - x*.

u;
Note that due to condition (A4)(b), we have h € X.
Result P. occ(y, v2) =2 forall y € con(vy).

Proof. Since 5o = s1 = 1 and con(fyt; - - - t;) = con(Sps1) by Lemma 5.14(i), we
have t) =t =--- =t, = 1. Therefore, v; =d;d; - - - d; and the result follows. []

Result Q. The longest {h, t}-subsequence of v, is htht.

Proof. Since htht — u5,, it follows from Lemma 5.15(i) that the longest {i_z, t}-
subsequence of v, is either htht or h*t*h*t*. Seeking a contradiction, suppose that
h*t*h*t* — v,.

First consider the case when H # h*, so that Hh* < v,. Then H*, h ¢ con(v;)
due to v being bipartite. If H and 2* are in the same ordered Ag-block in vy, so that
Hh*Hh* — v,, then it follows from Lemma 5.15(ii) that either Hh* Hh* — u;
or H*h H*h — u5; but neither subsequence is possible in view of (5-9). Therefore,
H and h* are not in the same ordered Ap-block in v;. Then by Lemma 5.16(ii),
either Hh* < uy or hH* — uy. It is clear from (5-9) that Hh*™ ¥ u5, so only
hH* < u; holds. It follows that h H*h H* < u,, so that by Lemma 5.15(i), either
hH*hH* — vy or h*Hh*H — v,; but the former contradicts H*, h ¢ con(vy),
while the latter contradicts H and 7* not being in the same ordered Ag-block in v;.

Therefore, H = h*. By a symmetrical argument, we have T = ¢*. It follows that
HTHT = h*t*h*t* — v,, so that v, =d; = h*bt*h*bt* for some b € FI}W(X)
(with ¢ = 1). As deduced in the proof of Result P, we have #) = #; = 1. Since
v is in Ag-standard form, by condition (A4)(b), we have h* = h(d;) € X, which
contradicts the observation 4 € X made after (5-9). U

ResultR. h=H andt=T.

Proof. Seeking a contradiction, suppose that &2 = H. Then Hh — v, by Result Q,
and H*, h* ¢ con(vy) due to v, being bipartite. If H and % are in the same ordered
Ap-block in vy, so that HhHh < v, then it follows from Lemma 5.15(ii) that
either HhHh — uy or H*h* H*h* — u,; but neither subsequence is possible
in view of (5-9). Therefore, H and i are not in the same ordered Ag-block in
vy. Then by Lemma 5.16(i1), either Hh < u; or h* H* — u,. It is clear from
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(5-9) that h*H* &> uy, so only Hh < u5 holds. It follows that hHhH — u;, so
that by Lemma 5.15(1), either hkHh H < v, or h*H*h* H* < v,; but the former
contradicts H and & not being in the same ordered Ag-block in v,, while the latter
contradicts H*, h* ¢ con(vy).

A contradiction can be similarly deduced if r = T'. (Il

In conclusion, we have h = H and ¢t = T in all five cases (Results C, F, I, O,
and R). The proof of Lemma 5.17 is thus complete. ]

Lemma 5.18. The identity u, ~ v, is satisfied by (Ag,*).

Proof. Recall from Lemma 5.13(iii) that con(#;) = con(v;). As shown in the

beginning of the proof of Lemma 5.17, if | con(#;)| = | con(v)| = 1, then uy, v, €
{z, 2%} for some z € X, so that u, = v, by Lemma 5.14 and conditions (A4)(a)
and (A4)(b). Therefore, it suffices to assume that | con(u,)| = | con(v2)| > 2, so

that by Lemma 5.17, we have & = h(u;) = h(v,2) and t = t(u,) = t(vy) with h<7.
Specifically, u, = hat and v, = hbt for some a, b € F! (X).

Seeking a contradiction, suppose that #, ~ v; is not satisfied by (Ag,*). Then
there exists a substitution ¥ : con(uy) — Ag such that ¥ (u;) # ¥ (v2), so that

(5-10) v(h)-y@)-y@) #Yh)-yb) ¥).
Clearly, ¥ (h) # 0 # ¥ (¢). Further, it is routinely checked that

EA(l)Ez{O,E}, EA(%F:{O’EF}’ EA(I)EF={O,EF},
F-A)-E={0}, F-A)-F=1{0,F}, F-A}-EF = {0},
EF- Aj-E = {0}, EF- Aj - F = {0, EF}, EF- Aj - EF = {0}.

Thus for (5-10) to hold, we need (v (h),¥ (¢)) € {(E,E), (E,F), (E,EF), (F,F), (EF,F)},
whence {1 (u3), ¥ (v2)} can be {0, E}, {0, F}, or {0, EF}. Generality is not lost by
assuming that ¥ (u;) = 0 and ¢ (v;) € {E, F, EF}. Now extend ¥ to the substitution
W that maps every z € con(#;) = con(v) to ¥ (z) and every z € {x1, x2, ..., Xpm, X}
to E. Then W (u) # W (v) because
W(u)=W(x) V(xg)-- W) W) -Yu) Yx)* =E-0-F=0

and W(v) =W(x1)  W(x2) W) - W(x) Y(02) - W(x)* =B (02) - F = BF;
but this is impossible given that # & v is satisfied by (Ag,™). O

Since the words u, and v, are bipartite, it follows from Lemmas 5.5 and 5.18
that u, ~ v, is deducible from {(1-1), (5-1)}. Since

U=X1X0- Xp X -Ur-x* and v=x1x2- Xy X -0y X",

the identity u ~ v is also deducible from {(1-1), (5-1)}. The proof of Proposition 5.1
is thus complete.
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6. The involution semigroup (S4,*)
The involution semigroup (S4,*) is isomorphic to the semigroup
Bo=(A,E,F|AF=EA =A, EZ=E, F> =F, EF=FE =0) = {0, A, E, F}

with the operation * that interchanges E and F and fixes every other element.

By|0O A E F
0/0 0 0 O
A0 O 0 A
E|0 A E O
F|0 O O F
x |0 A E F

x*10 A F E

The involution semigroup (By,*) is isomorphic to the involution subsemigroup of
(le, S) that consists of the elements

(661 L6061 [661 1571
The involution semigroup (By,*) belongs to the variety Var(Ag,*) generated by
(Ap,*) [20, Proposition 3.1] and so satisfies the identities (5-1) of (Ag,™). In this

section, it is shown that the identities of (By,*) are axiomatized by (5-1) and one
additional identity.

Proposition 6.1. The identities (5-1) and
(6-1) x?y? &y
constitute an identity basis for (By,™).

It is easily checked that (By,* ) satisfies the identities {(5-1), (6-1)}. In Section 6.1,
some information on identities of (By,*) are given. In Section 6.2, it is shown
that the identities of (Bp,™) can be used to convert every mixed word into one of
two specific forms. Based on these results, it is shown in Section 6.3 that every
identity of (By,*) is deducible from {(1-1), (5-1), (6-1)}. This completes the proof
of Proposition 6.1.

Corollary 6.2. The identities

a2, xyxaxty?, x2xFaxx, xlyxt A xyxt,

(6_2) * K AL * * A~ * [ N S *
Xy X ~Xyx , XX =Tyy, XYyX I=¥ITXyx

constitute an identity basis for (By,™).

Proof. 1t is routine to check, say with Prover9, that the identities {(1-1), (5-1), (6-1)}
and {(1-1), (6-2)} are deducible from one another. U
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Remarks 6.3. (i) The variety Var By is defined within Var Ag by the identity (6-1),
and Var By is the unique maximal subvariety of Var Ag [14, Lemma 4.2]; in other
words, the interval [Var By, Var Ag] is a chain of length two.

(i1) In contrast, although the variety Var(By,*) is also defined within Var(Ap,*) by
the identity (6-1) (Proposition 6.1), the interval [Var(By,*), Var(Ag,*)] contains an
infinite descending chain [20, Theorem 1.5].

6.1. Some identities of (By,™).

Lemma 6.4. The identities {(5-1h), (5-11), (6-1)} constitute an identity basis for the
semigroup By.

Proof. The identities of Ay, together with (6-1), form an identity basis for By [14,
Section 4]. The present lemma then follows from Lemma 5.4. O

Lemma 6.5. Let u ~ v be any identity of (By,*) such that either u or v is bipartite.
Then u ~ v is deducible from {(1-1), (5-1), (6-1)}.

Proof. Since (S¢3,°) is isomorphic to the involution subsemigroup ({0, E, F},*) of
(Bo,™), the identity u ~ v is satisfied by (S¢3, S). Since either u or v is bipartite,
by Lemma 2.4, both u and v are bipartite with con(u) = con(v). It follows from
Lemma 2.2 that (By,*) satisfies the plain identity # ~ v. By Lemma 6.4, the
identities {(5-1h), (5-1i), (6-1)} constitute an identity basis for By, so that # &~ v is
deducible from {(5-1h), (5-11), (6-1)}. It then follows from Lemma 2.2 that u ~ v

is deducible from {(1-1), (5-1), (6-1)}. O
An ordered By-block is a word of the form
c=y1ys e vi
where yi, y2, ..., yy € X UX™* are such that y; <y, <--- <y in X and k > 1.
Note that every ordered Bp-block is bipartite.
Lemma 6.6. Let wy, wy, ..., w, € Fi.(X) be any pairwise disjoint bipartite
connected words such that con(wjwsy -+ - wy,) = {y1, Y2, ..., ¢} and y| < y <

-« < yr in X. Then the identities {(5-1h), (5-1i), (6-1)} can be used to convert the
product wyw, - - - W, into the ordered By-block ¢ = ylzy% e y,%.

Proof. By Lemma 5.7, the identities {(5-1h), (5-1i)} can be used to convert each w;

into some ordered Ag-block ¢; with con(w;) = con(c;). Since ¢q, ¢3, ..., €, are
ordered Ag-blocks, we have
(5-1h) (6-1)
¢ = ¢ and cic; =~ cjc.
Hence
(5-1h),(5-1i) (5-1h) 5 , , (6-)

E9 ~ % 2
wWiwy - - Wy, ~ ClCr--Cy R CiCy € R (€102 Cp) .
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Since (c1¢a- - ¢m)* is a bipartite connected word with content {y;, y2, ..., Yk}, by
Lemma 5.7, the identities {(5-1h), (5-11)} can be used to convert it into the ordered
Ag-block (y1yp--- yk)z. Hence

(5-1h) (6-1) (5-1h)
Diy2-- 0% = Ol y)? &~ ylys oy Ry k. O

6.2. Some special forms of words. 1t is easily checked that for any substitution
¢ : X = By and any variable z € X, we have ¢(zz*) = 0 in By. Therefore, in the
Var(By,*)-free algebra over X, the class [zz*] containing zz* is its zero element.
This phenomenon is equivalent to the following result, whose justification is routine.

Lemma 6.7. The identities

(6-3) xxty~xx*, yxx*mxx*, xx*=xyy

*
are deducible from {(1-1), (5-1), (6-1)}.
Words of other possible forms in the class [zz*] are listed in the following result.
Lemma 6.8. Let w € Fi,(X). Suppose that one of the following conditions holds:
(a) xx*x — w for some x € X U X*,
(b) xx*yy* < w for some x,y € X UX*,

(¢) w =axbx*e for some x e X UX* and a,b, e € F!

v (X)) such that for each
y € con(b), we have occ(y, w) > 2.

Then the identities {(5-1), (6-1)} can be used to convert w into the word zz* for any
7€ XUX™

Proof. By Lemma 6.7, it suffices to convert w into the word zz*, using the identities
{(5-1), (6-1), (6-3)}. If either (a) or (b) holds, then by Lemma 5.8,

Thus suppose (c) holds. By assumption, b = y;y; - - - y,,, for some yi, y2, ..., ¥, €
X U X* with m > 0 such that occ(y;, w) > 2 for all i. Then by Lemma 6.7,

(5-10) (5-1h) 1) (6-3)
w ~ ax’bx*e ~ ax’yiyi---yix*e = ayly;---y2x’x*e ~ zz*. O

A word w € Fj,,(X) is in By-standard form if
(6-4) W= wixwrx™,

where x € XY UX™*, w; = x1x2--- X, and wyp = 8 ]_[le(cisi) for some m, p >0
such that the following conditions hold:

B1) x1,x2, ..., x, € XUX* are such that x| <Xy <--- < X;;, < X;
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(B2) so,s1,...,8, € Finy(X) are simple and ¢y, ¢, ..., ¢, € Fi, (X) are ordered
By-blocks;
(B3) x1,x2,...,Xm, X, 80,81,...,8p,€1,€C2,...,Cp are pairwise disjoint;

(B4) either
(a) p_:() Wiﬂl_wz = 5o and sg € X; or
(b) h(wz) < t(wy).
Remark 6.9. The following holds for the word w in (6-4) in By-standard form:
(1) If m =0, then w; = 1.

(i) If p =0, then wy = 5o € Fi (X); in particular, w, always contains some
simple variable and so is nonempty.

(iii) {x, x*} is the only mixed pair of w and x, x* ¢ con(w;w>).
(iv) w; and w, are bipartite words such that con(w;) N con(w,) = J.

(v) Each variable in X occurs at most twice in w.

Lemma 6.10. Let w = wixwyx™ be the word in (6-4) in By-standard form and
7z € XU X™ be any simple variable in w, so that 7 € con(soS1 - - - ) and wr = azb
for some a, b € FI:W(X ). Then there exists a substitution y; : X — By such that

(i) yi(wixa) =E, y;(2) = A, and y;(bx*) =F, so that y5(w) = A;

(i) yg(s) =0forall s € X such that s ¢ con(w).
Proof. 1t follows from Remark 6.9(iii),(iv) that con(w;) = H; U K], con(a) =
H> UK, and con(b) = H3 U K3 for some Hi, Ha, H3, K1, K2, K3 € & such that
Hi, Ho, H3, K1, K2, K3, {x, x*}, {z} are pairwise disjoint sets. By symmetry, it

suffices to assume that x € X, so that con(w) =H UK UH, UK, UH3UK3 U {x, z}.
Define

E ifseH UH,UK3U{x},
A ifs=z
Zz s) = ’
W= e s ek UK U,
0 otherwise.
Then it is routinely checked that the substitution y,; satisfies (i) and (ii). U

Corollary 6.11. For any word w in By-standard form and any 7 € X U X*, the
identity w ~ zz* is not satisfied by (Byp,™).

Proof. Let w = wixwyx™ be the word in (6-4) in By-standard form. Then by
Remark 6.9(ii), the word w, contains some simple variable s € X U X'*, so that
w; = asb for some a,b € Fi}W(X ). Under the substitution y,, : X — By in

Lemma 6.10, we have y; (w) = A and y; (zz*) = 0. [l
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Lemma 6.12. Let w be any mixed word. Then the identities {(1-1), (5-1), (6-1)}
can be used to convert w into exactly one of the following:

(i) the word zz* for any z € X U X*;
(i) some word in By-standard form.

Proof. By Lemma 6.7, it suffices to convert w into (i) or (ii), using the identities
{(1-1), (5-1), (6-1), (6-3)}. By Lemma 5.12, the identities {(1-1), (5-1)} can first
be used to convert w into either zz*z or some word in Ag-standard form. In
the former case, the first identity in (6-3) can be used to convert zz*z into zz*.
Therefore, it remains to assume that w = w;xw,x*, where w; = x1x2 - - - x,,;, and
wy = 8o ]_[f’: 1 (cis;), satisfies conditions (A1)—~(A4). Then conditions (B1) and (B3)
hold because they coincide with conditions (A1) and (A3).

By (A2), 5o, 81,...,8, € F#W(X) are simple and ¢y, ¢, ..., ¢, € Fin (X) are
ordered Ag-blocks. By Lemma 6.6, each ¢; can be converted by {(5-1), (6-1)}
into some ordered By-block yi%lyi%z e yl.z’hi. If so =51 =---=s5, =1, then by
Lemma 6.8, the identities {(1-1), (5-1)} can be used to convert w into zz*. Therefore,
assume that sq, s1, ..., s, are not all empty. If s; =1 forsome i € {1, 2, ..., p—1},
so that the ordered By-blocks ¢; and ¢; ;| are adjacent, then (6-1) can be used to
arrange the squares yil, yl.z’z, el yi%hi, yl.2+1’], yi2+1’2, e yi2+1,h,~+. in the product
¢;c;i+1 in order, resulting in a single ordered Bp-block. Hence we may assume
that for each i € {1,2,..., p — 1}, the words ¢; and ¢;;; are separated due to
s; # 1. If so = 1, so that x is adjacent to the ordered By-block ¢y, then the identities

{(5-1), (6-1)} can be used to move ¢, to the left of x and turn it into a simple word:
¢
(5-1c) T )4
w I x1x2xmx2y12,1yl2,2ylz,hlsl<H(ClS,))x*
i=2

©:D 2 2 2 2 1d "
NXIX2 X YiaYia Vi X ‘Sl< H(Cisi))x
i=2

S

(5,-\119 2 «

R X1X2 Xm s Y1LIY1,2 " Yihy - X - 81 (cisi) )x
i=2

(5-1¢) P "

R X1X2+ X Y1,1Y1,2° - Y1,hy - X - Sl( ]_[(Cisi))x ;
=2

by the arguments in the proof of Lemma 5.12, we may assume that
X] <X <+ <Xy <Y1 <V12<" <Y h <X.

If s, = 1, so that x* is adjacent to the ordered By-block c,, then the identities
{(5-1), (6-1)} can be used to move ¢, to the left of x and turn it into a simple word:
cp

1o = SRR
w x]Xz--~xm-x-sO( H(cisi)>yp,1yp,z~--y,,,hp-(x)
i=1
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(6-1)
~ X1X2 X

3

P

p—1
X - S0< ]_[1 (Cisi)) (x*)ZYf;JylZ;,z e )’,z;,h
=

(5-1e)
~ X1X2-+ X

3

X * N2 0% N2 * 2 .. pl o, *\2
OED )P ()P so(mclsl))(x)
=1

(5-1f)
X oX|Xp--X

3

VpaVhatt Vo, X so( n (eis)) ()

(5-1c)
~ x1x2"'xm yplypz y, c X so(l_[(csl) 7

by repeating the arguments in the proof of Lemma 5.12, we may assume that
X| <X2 < <Xy <Yp1 <Yp2 =< =<Yph, < X.

Therefore, we may assume that so, s, # 1. It follows that 5o, 51, ..., 5, € Fin (X),
so that condition (B2) is satisfied.

It remains to address condition (B4). If w, is a single variable, so that p =0
with wy = sg € X U X'™, then the identity (5-1b) can be used to convert s into a
variable in X', whence condition (B4)(a) is satisfied. Hence, assume that w; is not
a single variable, so that h(w>) #* t(wy) by conditions (B2) and (B3). In this case,
since each s; is a nonempty simple word, we have s; = s; 15;2 - Si x, for some
SidsSi2y .., Sik € XUX* suchthats; 1, 5i2, ..., i are distinct. If h(w,) < t(wy),
then condition (B4)(b) is satisfied. If h(w;) £ t(w>), so that Spk, < S0.1, then

(5-1b) b . -
w R Ww-Xx- sol_[(cisi) X % wy-X- l_[(s ) )sg - x*,

i=1

where the identities {(1-1), (6-1)} can be used to convert sl?k and ¢ into the simple
word s7 57y -+ s and the ordered Bo-block (ylf’jl)z(y;fz)z e (yl?’jhl_)z, respec-
tively; thus, condition (B4)(b) is satisfied.

Thus the identities {(1-1), (5-1), (6-1)} can be used to convert w into either zz* or
some word W in By-standard form. But if the identities {(1-1), (5-1), (6-1)} can be
used to convert w into both zz* and w, then that would imply that (By,*) satisfies
the identity w ~ zz*, which is impossible by Corollary 6.11. O

6.3. Proof of Proposition 6.1. Consider any identity
u~v

satisfied by (Bp,™). If we show that u ~ v is deducible from {(1-1), (5-1), (6-1)}, the
proposition will follow. By Lemma 6.5, this result holds if either # or v is bipartite.
Therefore, suppose that # and v are both mixed. By Corollary 6.11 and Lemma 6.12,
the identities {(1-1), (5-1), (6-1)} can be used to convert u and v simultaneously to
either zz* or words in By-standard form. In the former case, u ~ v is deducible
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from {(1-1), (5-1), (6-1)}, whence the proof is complete. Therefore, it remains to
consider the latter case, whence we may assume that # and v are in By-standard
form, say

u=uxux* and v=uvyvy",

where x, y € YUX*, uy =x1x2 X, U2 =50 [ [, (€iSi), v = y1y2 - Yu, and
v, =ty []7_,(d;t;) satisfy conditions (B1)—(B4).
Lemma 6.13. The following holds for the words u and v:
(1) con(u) = con(v);
(i) wix =viy;
(iii) con(uy) = con(vy).
Proof. (i) Suppose that con(@) # con(v), say there exists a variable ¢ € con(v) such

that # ¢ con(u). Then by Remark 6.9(ii), the word u, contains some simple variable
7 € X U X*, so that up = azb for some a, b € F! (X). Under the substitution

inv
Vi 1 X = Bp in Lemma 6.10, the contradiction y, (u) = A # 0 =y, (v) is deduced.
(ii) Due to condition (B1), the equality 1 x = v1y follows from con(u#x) =con(v,y);
to establish the latter, by symmetry, it suffices to verify the inclusion con(ux) €
con(vyy). To this end, we need to first show that y € con(ux). Since y € con(v) =

con(u) by part (i),
(a) either y € con(u) or y* € con(u).

Now since s, # 1, the variable z = t(s,) = t(u>) is simple in u, so that u, = az for
some a € F! (X) such that 7 ¢ con(a). Then under the substitution y; : X — By

inv
in Lemma 6.10, we have

Vo) =yswixa) - yi(z) - vi(x*) =E-A-E" = A,
If y* € con(u;xu;), then
Ya@) =y 1) vi(y) - va() - v (")
:{V,f(vl)-A-y,f(vz)-A if y* =2z

Y1) -F-yi(vp)-E  if y*#2
=0,

which is impossible. Therefore,
(b) y* ¢ con(ujxu,), which implies that y # x*.

If y # x, then together with (b), we have y* ¢ con(uxux™) = con(u), so that y €
con(uxuy) by (a) and (b). On the other hand, if y = x, then clearly y € con(uxu,).
Therefore, y € con(uxu,) either way.
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Seeking a contradiction, suppose that y € con(u,). Then occ(y, uy) € {1, 2}
by condition (B2). If occ(y, u3) = 1, then under the substitution y,, : X — By in
Lemma 6.10, we have y, (1) = A and

Ya@) =y () -vd () - va 02) - v OF) = v ) -A-y) (v2) -A=0,

which is impossible. If occ(y, up) = 2, so that up = hb for some b € Fj,, (X)
with y € con(b) and h = h(sg) being simple in u;, then under the substitution
¥l X — By in Lemma 6.10, we have /" (1) = A and

Vu (0) =1/ (00 7 (0 74 02) -1 () = 7 (01) - F -y (02) -E= 0,
which again is impossible. Thus, y ¢ con(u); but since y € con(uxu,), together
with (b), we have

(¢) y econ(uix) and y, y* ¢ con(uy).
By a symmetrical argument,
(d) x € con(vyy) and x, x* ¢ con(vy).

Now we are ready to establish the inclusion con(u;x) C con(v;y). Suppose there
exists some variable z € con(ux) such that z ¢ con(v;y). Then clearly z # y. But
if z = y*, then it follows from (c) that y, y* € con(u;x), whence condition (B1) is
contradicted. Hence

(e) z¢{y, y*}

Since z € con(i1) = con(v) by part (i), it follows from (e) that either z € con(v;v;)
or z* € con(vvy). But since z ¢ con(v;) by assumption, we have z € con(v;) or
Z* € con(vy) or z* € con(vy). These three cases are shown in the following to be
impossible. Therefore, the variable z does not exist, whence the required inclusion
con(uix) C con(v;y) is established.

Case 1: z € con(vy). Then z ¢ {x, x*} by (d). But since z € con(ux) by assumption,
we have

(f) z € con(uy).

By condition (B2), we have occ(z, v2) € {1, 2}, so there are two subcases.

(X) such that
7¢ con(ﬁ). Hence under the substitution y; : ¥ — By in Lemma 6.10, we have

SUBCASE 1.1: occ(z, v2) = 1. Then v, = azb for some a, b € F!

inv

Vo) =yi(viya) yi(z) - yi(by*) =E-A-F=A.

It follows that y?(x) = E because x € con(v;y) by (d), and yi(u1) =---A---
because z € con(u;) by (f). Therefore,

Yo@)=yy) - yy(x)-veox™) =---A---E-y; (ux™) =0,
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which implies a contradiction.
SUBCASE 1.2: occ(z, v) =2. Since ty # 1, the variable & = h(#y) = h(v,) is simple
in v, so that v, = haz’b for some a, b € F! (X) such that a, b, h, 7 are pairwise

inv

disjoint. Then under the substitution yf : X — By in Lemma 6.10, we have
Vo @) =y, 1Y)y, (h) -y, @’by") =E-A-F=A.
It follows that yvh (x) = E because x € con(v;y) by (d), and ylf’ (z) = F. Further,
since z € con(u) by (f), we have ylf’ (u1) =---F---. Therefore,
Yo (@) =y, @) -y, (X) -y, (ax™) =+ -F-- By, (uax*) =0,
which implies a contradiction.
Case 2: z* € con(v;). Since sg # 1, the variable 4 = h(sg) = h(u;) is simple in @, so

that u, = hb for some b € F! (X) such that i ¢ con(l;). Then under the substitution

inv

y,f’ : X — By in Lemma 6.10, we have
Vi @) = v, @1%) -7, (B) - 7, (bx*) =E- A -F = A.
It follows that y,f‘ (y) = E because y € con(ux) by (¢), and that y,f’ (z) = E because
z € con(ux) by assumption. Further, since z* € con(v;), we have ytf‘(vl) =---F---.
Therefore,
Y (0) =y (1) - Y (9) - Y (02)") =+ F -+ By (12y%) =0,
which implies a contradiction.
Case 3: z* € con(vy). Then z ¢ {x, x*} by (d). But since z € con(ux) by assumption,
we have
(g) z € con(uy).
By condition (B2), we have occ(z*, v;) € {1, 2}, so there are two subcases.
SUBCASE 3.1: occ(z*, v2) = 1. Then v, = az*b for some a, b € Fi}W(X) such that
7 ¢ con(ab). Hence under the substitution yvz* : X — Bp in Lemma 6.10, we have
vE W) =y{ (iya) - ¥{ (@) v (by*) =E-A-F=A.
It follows that y,f*(x) = E because x € con(v;y) by (d), and yvz*(ul) = A
because z € con(u) by (g). Therefore,
v @) =y @) yd () -y (ax™) =+ A+ E-yf (uax™) =0,
which implies a contradiction.
SUBCASE 3.2: occ(z*, v2) = 2. Since t; # 1, the variable 1 = t(f,) = t(v2) is

simple in v, so that v» = a(z*)*>bt for some a, b € F! (X) such thata, b, z, t are

inv
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pairwise disjoint. Then under the substitution y, : X — By in Lemma 6.10, we
have

ye(@) =y, (v1ya(@)*b) - yi (1) -y, (") =E-A-F=A.

It follows that y/ (x) = E because x € con(v;y) by (d), and y/ (z) = F. Further, since
z € con(u) by (g), we have y, (u;) =---F---. Therefore,

Vo (@) =y @) vy (x) - yyax*) =---F-- E- ) (upx*) =0,
which implies a contradiction.
(iii) This is a consequence of parts (i) and (ii). U

Therefore, by Lemma 6.13, we now have

p q
W=x1X3 Xp x-S [[(c;8;)x* and v=x1xp---x x-t [[(dit;) -x",
~—— = =

P i=1 P i=1
u v

where conditions (B1)—(B4) are satisfied. In the remainder of this section, it is
shown that u, = v, (Lemma 6.19), so that u = v. The identity u ~ v is thus
vacuously deducible from {(1-1), (5-1), (6-1)}, whence the proof of Proposition 6.1
is complete.

Lemma 6.14. (i) con(soS1---5,) = con(fot; - - - Ly).
(ii) COn(6162 s Cp) = COn(dldz s dq).

Proof. (i) Let s =508 - - -5, and t = tpt; - - - t,. Suppose that con(s) g con(t). Then
there exists some z € con(s) such that Z € con(§) and Z ¢ con(t). Therefore, under
the substitution y;; : X — By in Lemma 6.10, we have y}(u) = A. On the other
hand, since 7 € con(ut;) = con(¥,) by Lemma 6.13(iii) but Z ¢ con(¢) by assumption,
we have 7 € con(ci,-) for some i € {1,2,...,q}. Since d; is an ordered By-block,
we have y:(d;) =--- A% ... =0, whence the contradiction v (v) =0 is deduced.
Hence the variable z does not exist, so that the inclusion con(s) < con(¢) holds.
The reverse inclusion con(s) 2 con(Z) holds by a symmetrical argument.

(i1) This follows from part (i) since con(#,) = con(v,) by Lemma 6.13(iii). [

Lemma 6.15. (i) Suppose that yz < u; for some y, z € con(soS1 - - - §,). Then
the longest {y, 7}-subsequence of v, can only be yz or 7*y*.

(ii) Suppose that yz — v for some y, z € con(tot - - - t,). Then the longest {y, 7}-
subsequence of uy can only be yz or 7*y*.

Proof. (i) By assumption,

u=u;-x-aybze -x*
&\/——/
u
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for some a, b, e € F! (X) such thatu;,a, b, e, x, y, z are pairwise disjoint. Since
¥,z € con(SoS1 - - - §,) = con(fot; - - - t;) by Lemma 6.14(i), we have occ(y, v) =
occ(z, v) = 1 by conditions (B2) and (B3). Therefore, the longest {y, z}-subsequence
of vy can only be one of

vz, yz*, Yz, y'Z%, zy, vt ZFy, Zfyt.
There are four cases to consider.

Case 1: yz* < v,. Then

v=u-x-fygz*h -x*
h\f—/

v2

forsome f, g, he Filw(/'\,’) suchthatu,, f, g, h, x, y, 7 are pairwise disjoint. Under

the substitution y; : X — By in Lemma 6.10, we have
Vo ) =y xf) -y () - y) (gZ"hx*) =E-A-F= A.
But since y; (y) = A and y; (z) = E, we deduce the contradiction
Yo (W) =y, (wixa)-A-y;(b)-E-y; (ex™) = 0.
Case 2: zy* < v;,. Then

v=u-x- fzgy*h-x*
e —’
v

forsome f, g, he Fi}W(X) suchthatu,, f, g, h, x, y, z are pairwise disjoint. Under
the substitution y; : X — By in Lemma 6.10, we have

vy @ =y uixfzg) v () -y (hx*) =E-A-F= A,
But since y; *(y) =Aand yy *(z) = E, we deduce the contradiction
Vi @) =) (wixa)- Ay (B)-E-y,) (ex*) =0.

Case 3: y*z < v, or zy <> v. Under the substitution y;/ : ¥ — By in Lemma 6.10,
we have

Vo) =yi(uixayb) - yi(z) - yi(ex™) =E-A-F=A.
But since y(y) =E and Y, (z) = A, we deduce the contradiction

V,f(v)={ -
=0.

A---E--- ifzy;)vz
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Case 4: z*y < vy or y*z* < v,. Then

v=u-x-f7*gyh-x* or v=uy-x-fy*'gz'h-x*
—_— —_—
vy V2

for some f, g, he Fi}W(X) suchthatuy, f, g, h, x, y, z are pairwise disjoint. Under

the substitution yZ : X — By in Lemma 6.10, we have

HOE {y"z*(ulﬁ )7 @) v (gyhx®)  if 2y > v
' vE@xfy*g) - yE (@) - yE(hx*) if y** < vy
=E-A-F=A.

But since yvz*(y) =F and y,f*(z) = A, we deduce the contradiction
Vs ) =y, (ixa)-F-y; (b)-A-y; (ex*) =0.

Since none of the four cases is possible, the longest {y, z}-subsequences of v,
can only be yz or z*y*.

(i1) This is symmetrical to part (i). [l

Lemma 6.16. (i) Suppose that y*z < u, for some y € con(cics - --¢p) and
z € con(sosy - - - §p). Then the longest (¥, 7}-subsequence of vo can only be y*z
or 75 (y*)2.
(ii) Suppose that y*z < v for some y € con(d,d> - - -dy) and z € con(toty - - - 1y).
Then the longest {y, 7}-subsequence of uy can only be y*>z or 7*(y*)>.
Proof. (i) Since the prefix so of u, consists of simple variables of «, it follows from
the assumption that
u=u;-x-ay*bze-x*
——

uz

for some a € Fyny(X) and b, e € F!

(X)) such that uy,a, b, e, x, y, z are pairwise
disjoint. Since z € con(sos| ---§,) = con(fpt; ---t;) and y € con(ciCz---¢Cp) =
con(did, - - -d;) by Lemma 6.14, we have occ(y, v2) =2 and occ(z, v2) = 1. Hence

the longest {y, z}-subsequence of v, can only be one of

There are two cases to consider.

Case 1: y2z* < v, or z(y*)? < v,. The variable 4 = h(a) is simple in u, so
that @ = hf for some f € F.#v (X). Then under the substitution y,i’ : X — Byin
Lemma 6.10, we have

Yiw) =y @) -yl - yi(fy*bzex*) =E-A-F=A.
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But since y,f’ (y) = y,f (z) = F, we deduce the contradiction

if y22* < v,
(F*)2 o ifz(y)r > v

Va(v) = {
=0.

Case 2: (y*)2z < vy or (y*)2z* < v, or zy*> <> v, or z*y?> — v,. Then under the
substitution ;¢ : X — By in Lemma 6.10, we have

Yo (u) = y,f(ulxayzb) YE(z) - yi(ex®) =E-A-F=A.
But since y(y) =E and y,5(z) = A, we deduce the contradiction

(E*)2 A i (3922 vy or (Y9)22F > 1y

Ya (V) = {
=0.

if zy? < vy or z*y? <= vy

Since none of the two cases is possible, the longest {y, z}-subsequences of v,
can only be y?z or z*(y*).

(i1) This is symmetrical to part (i). O

Lemma 6.17. (i) Suppose that yz> < u; for some y € con(sos; - --§,) and
z € con(cica - - ¢p). Then the longest {y, z}-subsequence of v, can only be
yZZ or (Z*)Zy*-

(ii) Suppose that yz*> < v, for some y € con(tyt; - - - t,) and z € con(d\d; - - - d,).
Then the longest |y, 7}-subsequence of uy can only be yz* or (z*)?y*.

Proof. This is very similar to the proof of Lemma 6.16, but details are given for the
sake of completeness.

(1) Since the suffix s, of u, consists of simple variables of u, it follows from the
assumption that

u=u, x-aybz’e-x*
NG
us

for some a, b € Flfw()() and e € F;,,(X) such thatu;, a, b, e, x, y, z are pairwise
disjoint. Since y € con(5os1 - --5,) = con(fpt; - - - t;) and Z € con(¢i¢z - €p) =
con(did, - - -d;) by Lemma 6.14, we have occ(y, v2) = 1 and occ(z, v2) = 2. Hence
the longest {y, z}-subsequence of v, can only be one of

vz2h, oy v yREE Py, 2y @Dy, @B

There are two cases to consider.
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Case 1: y*z2 — v, or (z*)%y < v,. The variable r = t(e) is simple in u, so
that e = ft for some f € Fi}W(X ). Then under the substitution y, : X — By in
Lemma 6.10, we have

Vi) = yl(uixayb> f) - yi(t) -y (x*) =E-A-F = A.

But since y,(y) = y:(z) = E, we deduce the contradiction

t(v)— S E*.. B2 ify*zzf—>v2
VulV) = c (B2 B i (29 e 1y
=0.
Case 2: y(z%)? < v5 or y*(z*)? < v or z2y <> v, or z2y* < v,. Then under the

substitution y, : X — By in Lemma 6.10, we have
Vi @) =y, (wixa) - y) () -y (bex*) =B-A-F = A.
But since y; (y) = A and ¥, (z) = F, we deduce the contradiction

vy [ A D Y EDT e mor y (@) > v
V) =
Vi C PP A if 22y — vy or 22y* < vy
=0.

Since none of the two cases is possible, the longest {y, z}-subsequences of v,
can only be yz? or (z¥)?y*.
(i1) This is symmetrical to part (i). O
Lemma 6.18. h(uy) = h(vy) and t(uy) = t(vy).
Proof. Recall that con(@#;) = con(v) by Lemma 6.13(iii). First, suppose that
| con(up)| = | con(vy)| = 1, say con(uy) = con(vy) = {z} for some z € X. Then it
follows from condition (B4)(a) that u, = v, = z, whence h(u,) = z = h(v;) and
t(uy) =z =t(v2).

Hence, it remains to assume | con(iz3)| = | con(v)| > 2. Let h = h(uy) = h(sy),
t =t(u2) =h(sp), H=h(vy) =h(f), and T =t(vp) = h(,), so that

(6-5) h<it and H<T
by condition (B4)(b). Then

(6-6) u=u;-x-hat -x* and v=u;-x-HbT -x*
‘uz_.z ;Té-/

v () such that ht ¢ con(uixa) and HT ¢ con(u;xb). Since
ht — uy with h,t € con(sps)), it follows from Lemma 6.15(i) that the longest
{h, t}-subsequence of v, is ht or r*h*.

for some a, b € F!



202 MENG GAO, EDMOND W. H. LEE, YAN FENG LUO AND WEN TING ZHANG

Seeking a contradiction, suppose that t*h* is the longest {i, 7}-subsequence
of vy. If H #t*, so that Ht* — v,, then by Lemma 6.15(ii), either Ht* < u; or
t H* < u,; but neither subsequence is possible in view of (6-6). Hence H = t*.
By a symmetrical argument, we deduce T = h*. Since i < f by (6-5), we have
T = h <t = H; but this contradicts H < T from (6-5).

Therefore, ht is the longest {/_z, t}-subsequence of v. If H # h, so that Hh <> v,,
then by Lemma 6.15(ii), either Hh < u, or h* H* < u,; but neither subsequence
is possible in view of (6-6). Hence H = h. By a symmetrical argument, we deduce
T=t. O

Lemma 6.19. u, = v,.

Proof. Recall that

14 q
uy =50 [[(cisi) and vy =1t [[(dt;),

i=1 i=1

and con(u#,) = con(v,) by Lemma 6.13(iii). If |con(#,)| = | con(v;)| = 1, then
as shown in the proof of Lemma 6.18, we have u, = v,. Therefore, it suffices to
assume that | con(u;)| = | con(v;)| > 2. By Lemma 6.18, we have

(@) h(so) = h(uz) =h(v2) =h(%) and t(s,) = t(uz) = t(v2) = t(ty).

Suppose that z € con(sosy - - - 5,) with z # h(so), t(s,), so that h(sg)z < u;. Then
by Lemma 6.15(i), the longest {h(sg), z}-subsequence of v, can only be h(sg)z or
z*(h(sp))*. But since v, is a bipartite word (see Remark 6.9(iv)) that contains the
variable h(fy) = h(sg), it cannot contain the variable (h(sg))*. Hence the longest
{h(s0), z}-subsequence of v, must be h(sg)z, so that z € con(tyt; ---t;). There-
fore, the inclusion con(sos; - - - §,) C con(fyt - - - ;) holds. The reverse inclusion
con(sosy - --§p) 2 con(fpty - - - 1) is established by a symmetrical argument, so that
con(sosy - --§p) = con(fpty - - - t,). Further, since h(sg) = h(#) and t(s,) = t(¢,)
by (a), it is easy to show by Lemma 6.15 that sos - - - s, = fo#; - - - £,. Hence

(b) so81---s, =tot1 ---t, =z122 - - - 7, for some distinct 21, 22, ...,z € XY UX™,

where z; = h(so) = h(#p) and z, = t(s,) = t(Z,).

Now it follows from Lemma 6.14 that p = 0 if and only if ¢ = 0, so there are
twocases: p=¢g=0and p,qg > 1. If p=¢g =0, then up, = sy = £ty = vy, so the
proof is complete. Hence it remains to assume p, g > 1.

Seeking a contradiction, suppose that sg # #). Then by (b), either sq is a proper
prefix of # or £ is a proper prefix of sg. By symmetry, suppose that s is a proper
prefix of ¢y, so that o = z1z2---zx and th = 7122 - - - z¢ with k < £ <r. Then

Uy =2122 Tk " €1 " Zk+13k+2 "
and

V) =2122 Tk Tk+12k+2 - 20 @1 Zo41Z042 - -
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Since ¢; is an ordered By-block, it begins with y> for some y € X U X*. Then
y2Zk41 <> up but y2zi4 1 4> vy and ZZ+1()’*)2 <> v,, which is impossible in view
of Lemma 6.16(i). Therefore, sg = 2122 - - - 2k = ¥, so that

Uy =2122 " Zk " €1 " Tk+1%k+2 " °
and

V) =2122 Tk A1 Tk412h42 00

Seeking a contradiction, suppose that con(c1) # con(d}), say y € con(c;)\ con(dy).
Then since ¢; is an ordered By-block, ¢; = a yzb for some a, b € Firlw()( ). Hence
V2241 < up but 27541 4> vy and z;erl(y*)2 %> vy, which is impossible in view
of Lemma 6.16(i). Therefore, con(c;) = con(d;). Since ¢; and d; are ordered
By-blocks, we have ¢; = d;.

Without loss of generality, assume that p < g. The arguments in the previous
two paragraphs can be repeated to show that ¢; = d; and s; = ¢; and for all i =

1,2,..., p—1. Hence

p—1 p—1
u, = so< I1 (c,~s,~))c[,s1,7 and v, = so< I1 (cisi))dptpdetpH ceedyty.
i=1 i=1

Arguments that are dual to those from the previous two paragraphs (with the use of
Lemma 6.17 instead of Lemma 6.16) can be repeated to show that s, = ¢, and then
¢, =d,. It follows from (b) that p = ¢ and u> = v;. O

7. Involution semigroups of order up to four

Multiplication tables of involution semigroups of order up to four are given in this
section. For a more compact presentation, the column/row headers are omitted
from each multiplication table. For instance, the involution semigroup S = {1, 2, 3}
given by the multiplication table on the left is abbreviated to the array on the right:

S|t 2 3
1]1 2 3 1 23
212 3 1 2 3 1
303 1 2 - 301 2
x[1 2 3 1 3 2
1 3 2

Up to isomorphism, there are three involution semigroups of order two and 15
involution semigroups of order three, all of which are commutative [20, Section 4];
see Table 2.

Up to isomorphism, there are 83 involution semigroups of order four; see Table 3.
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Table 3. The 83 involution semigroups of order four.
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