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THE ∂̄-PROBLEM ON Z(q)-DOMAINS

DEBRAJ CHAKRABARTI, PHILLIP S. HARRINGTON AND ANDREW RAICH

Given a complex manifold containing a relatively compact Z(q) domain, we
give sufficient geometric conditions on the domain so that its L2-cohomology
in degree ( p, q) (known to be finite-dimensional) vanishes. The condition
consists in the existence of a smooth weight function in a neighborhood of
the closure of the domain, where the complex Hessian of the weight has
a prescribed number of eigenvalues of a particular sign, along with good
interaction at the boundary of the Levi form with the complex Hessian,
encoded in a subbundle of common positive directions for the two Hermitian
forms.

1. Introduction

1.1. Solvability of the ∂̄-problem. We give a sufficient geometric condition for
a relatively compact Z(q) domain � in a complex manifold to have vanishing
Dolbeault cohomology at level (p, q). Among other things, our condition requires
a smooth weight function defined in a neighborhood of �̄ whose complex Hessian
has a given number of positive and negative eigenvalues. Our technique is to build
a metric that turns a condition about numbers of eigenvalues into one about sums of
eigenvalues. Typically, the former conditions are invariant under biholomorphisms
while L2 methods require the latter conditions. The heart of our argument is an
investigation of an invariant condition in which the Levi form and the complex
Hessian of the weight share positive directions. This is novel and represents a
new approach to rectify the dichotomy between invariant conditions and sufficient
conditions to use L2 methods.

The solvability of the ∂̄-problem on a domain in Cn or on a complex manifold
depends on certain convexity conditions, the most natural of which is being Stein,
i.e., the existence of a strictly plurisubharmonic exhaustion function. Under this
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condition we get the vanishing of the Dolbeault cohomology in degree (p, q) for
q ≥ 1, a special case of H. Cartan’s celebrated Theorem B (see [GR09]). It was
realized early that one can generalize this substantially: by well-known results
of Andreotti and Grauert (see [AG62]), if there is a smooth exhaustion function
on the n-dimensional complex manifold M whose complex Hessian has n−q+1
positive eigenvalues, then H p,q(M) = 0 for each p. A smooth function on an
n-dimensional complex manifold whose complex Hessian has n−q+1 positive
eigenvalues at each point is usually called a (strictly) q-convex function, but there
are other competing conventions for this and other related definitions, so we mostly
avoid the use of the “q-terminology” in this paper. As is common in differential
geometry, the convexity condition is encoded in a Hermitian form (cf. the second
fundamental form in the classical theory of surfaces in Euclidean space). For more
on the q-convexity conditions, see [OP22; ES80].

In the study of complex function theory on a domain (open connected subset)
� in a complex manifold M , methods based on L2-estimates are usually easier to
use than the classical sheaf-theoretic arguments (see [CS01; Dem12]). Establishing
L2 estimates requires the choice of a Hermitian metric on the manifold. The
complex convexity of the boundary ∂� is encoded in its Levi form. The “interior
complex convexity” of the domain is encoded in a smooth “weight function” ϕ in a
neighborhood of the closure�, where the complex Hessian of ϕ has certain positivity
conditions imposed. One can interpret ϕ as giving rise to a Hermitian metric e−ϕ on
the trivial line bundle in a neighborhood of�. By a well-known result of Hörmander
(see [Hör65]), if the domain � is pseudoconvex, and the weight ϕ is strictly
plurisubharmonic, then we have the vanishing of the L2-cohomology H p,q

L2 (�) for
q ≥ 1. This is of course equivalent to the solvability, with estimates in the L2-norm,
of the ∂̄-equation ∂̄u = g for a ∂̄-closed square-integrable (p, q)-form g.

In analogy with convexity conditions on manifolds given by exhaustion or weight
functions with complex Hessians of specified signature, one can also consider partial
convexity conditions for the boundary in order to study the ∂̄-problem in a fixed
degree. For 1 ≤ q ≤ n − 1, a smoothly bounded domain � in an n-dimensional
complex manifold is said to satisfy condition Z(q), if at each point of the boundary
∂� the Levi form has at least n−q positive eigenvalues, or has at least q+1 negative
eigenvalues. This condition is fundamental in the theory of the ∂̄-Neumann problem,
since it is necessary and sufficient for 1

2 -subelliptic estimates on (p, q)-forms (see
[FK72]).

Another type of partial convexity condition arises from a consideration of the
right-hand side of the Bochner–Kohn–Morrey–Hörmander identity for higher degree
forms, and the condition needed for positivity of the boundary integral (involving the
Levi form) and the interior integral (involving the complex Hessian of the weight)
(see [Ho91]). Following [MV15], let us introduce a notion from linear algebra.
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Definition 1.1. Let H be a Hermitian form on a complex inner product space
(E, g). We say that H is strictly q-positive with respect to g if the sum of each
collection of q eigenvalues of H with respect to g is positive. If the sum of each
collection of q-eigenvalues is nonnegative, we say that H is q-positive with respect
to g.

Section 2.1 contains a more detailed discussion of the eigenstructure of Hermitian
forms with respect to an inner product. Generalizing the result of Hörmander stated
above, it follows from [MV15, Theorem 2.14] that given a smoothly bounded
relatively compact domain � in a Kähler manifold, and a smooth weight ϕ in a
neighborhood of �, simultaneous strict q-positivity of the Levi form of ∂� and of
the complex Hessian of ϕ on � constitutes a sufficient condition for the vanishing
of the L2-cohomology in degree (p, q). We will prove stronger versions of this
result without the Kähler hypothesis below in Theorems 3.3 and 3.1. Related results
were studied in [Ho91; Wu81] etc.

The hypotheses and conclusions of Theorems 3.3 and 3.1 have a dissatisfying
incongruity about them and this is one of our motivations for starting this project.
The L2-cohomology of a bounded domain in a complex manifold is defined inde-
pendently of the choice of the Hermitian metric. On the other hand, the hypotheses
on the Levi form of the boundary and the complex Hessian of the weight involve
the metric (since strict q-positivity of the two Hermitian forms is defined with
respect to this metric). Therefore, Theorems 3.3 and 3.1 draw a metric-independent
conclusion from a hypothesis that depends very much on the choice of a metric.
This paper is an attempt to understand what purely complex-geometric conditions on
a domain in a complex manifold suffice to ensure that the L2-cohomology is zero.

1.2. Results. Andreotti and Vesentini in [AV65, Section 5] gave a proof of the
vanishing theorem of Andreotti and Grauert stated above by constructing a metric
in which the complex Hessian of the exhaustion ϕ is strictly q-positive and apply-
ing L2-methods. We will use the same approach, but our metric construction is
fundamentally different in that their metric is complete while we focus extensively
on the interaction of the metric with ∂�. The subtle and delicate aspect of our
work is ensuring that the Levi form and the complex Hessian of the weight function
are simultaneously strictly q-positivity in the metric we construct. This allows
us to apply L2-results like Theorems 3.3 and 3.1. Let us say that on a relatively
compact domain � in a complex manifold, the ∂̄-operator satisfies the Morrey–
Kohn–Hörmander basic estimate in degree (p, q), if there exists a constant C > 0
so that for all (p, q)-forms f ∈ Dom(∂̄)∩ Dom(∂̄∗) we have

(1-1) ∥ f ∥
2
L2(∂�)

≤ C
(
∥∂̄ f ∥

2
L2(�)

+ ∥∂̄∗ f ∥
2
L2(�)

+ ∥ f ∥
2
L2(�)

)
.

This estimate has numerous important consequences for the function theory of �.
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Combined with the ellipticity of ∂̄ ⊕ ∂̄∗ in the interior of � (where there are no
boundary conditions), it follows that the L2-cohomology space H p,q

L2 (�) is finite-
dimensional. Additionally, 1

2 -subelliptic estimates hold for the ∂̄-Neumann problem
(see [FK72; CS01; Str10]).

Our techniques provide a new proof of the following well-known result.

Theorem 1.2. Let M be a complex manifold and let �⊂ M be a smoothly bounded
relatively compact domain, and let 1 ≤ q ≤ n − 1. Suppose that the domain �
satisfies condition Z(q). Then the ∂̄-operator on (p, q)-forms on � satisfies the
Morrey–Kohn–Hörmander basic estimate (1-1).

Our main tool is the following proposition, which is closely related to [AV65,
Lemma 18], though our proof is quite different from that offered in [AV65]. It has
the added flexibility of prescribing the metric on a closed subset of the manifold.

Proposition 1.3. Let E be a smooth complex vector bundle of rank d over a smooth
manifold M , and let S be a smooth Hermitian form on E such that for some
1 ≤ q̃ ≤ d, at each p ∈ M , Sp has at least d − q̃ + 1 strictly positive eigenvalues.
Suppose that there is a (possibly empty) closed subset F ⊂ M and a Hermitian
metric g0 on M such that on F , the Hermitian form S is strictly q̃-positive with
respect to g0. Then there is a Hermitian metric g on E such that S is strictly
q̃-positive with respect to g, and in a neighborhood of F we have g = g0.

As already noted, the Morrey–Kohn–Hörmander basic estimate (1-1) proven
in Theorem 1.2 suffices to prove that the L2 cohomology H p,q

L2 (�) of � is finite-
dimensional. The main goal of this paper is to provide sufficient conditions for the
vanishing of this cohomology, in terms of global information about the embedding
of � in the ambient manifold M . This global structure is provided by a weight
function which is compatible with the Levi form of � in a sense which is made
precise by the following theorem. We use T 1,0(∂�) to denote the (1, 0)-tangent
bundle of the boundary of �.

Theorem 1.4. Let M be an n-dimensional complex manifold, let � ⊆ M be a
smoothly bounded relatively compact domain, and let 1 ≤ q ≤ n − 1. Suppose that
there is a smooth function ϕ defined in a neighborhood of � such that:

Either

(1) there is a continuous subbundle of rank (n−q) of T 1,0(∂�) on which both the
Levi form of ∂� and the complex Hessian of ϕ are positive, and

(2) the complex Hessian of ϕ has at least (n−q+1) positive eigenvalues at each
point of �.

Or
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(1) there is a continuous subbundle of rank (q + 1) of T 1,0(∂�) on which both the
Levi form of ∂� and the complex Hessian of ϕ are negative,

(2) the complex Hessian of ϕ has at least (q + 1) negative eigenvalues at each
point of �, and

(3) the restriction of the complex Hessian of ϕ to T 1,0(∂�) is nondegenerate at
each point of ∂�.

Then the L2-cohomology H p,q
L2 (�) of � in degree (p, q) vanishes for 0 ≤ p ≤ n.

Notice that the hypotheses of Theorem 1.4 imply not only that the domain �
satisfies condition Z(q), but also that of the two mutually exclusive conditions
constituting Z(q) (that the Levi form has n−q positive or q+1 negative eigenvalues)
there is exactly one which is satisfied at each point of the boundary. It would be
interesting to understand how to extend to general Z(q)-domains the techniques
traditionally applied to annuli in Cn or Stein manifolds (see [Sha10; Sha11; LS13;
CH21]).

In Theorem 1.4, the continuity of the subbundle of common positive directions
of the two Hermitian forms may be a strong hypothesis. Indeed, in Corollary 8.2,
we will see that there exists an example of a smoothly parameterized family of
Hermitian forms such that each form admits a positive eigenvalue but there does
not exist a continuously parameterized vector field on which each Hermitian form
is positive. Fortunately, we can prove our result when q = n − 1 without requiring
continuity of the subbundle. Indeed, we have the following.

Theorem 1.5. Let M be an n-dimensional complex manifold and let �⊆ M be a
smoothly bounded relatively compact domain. Suppose that there exists a smooth
function ϕ defined in a neighborhood of � such that

(1) for every point p ∈ ∂�, there exists a vector L ∈ T 1,0
p (∂�) on which both the

Levi form of ∂� and the complex Hessian of ϕ are positive, and

(2) the complex Hessian of ϕ has at least 2 positive eigenvalues at each point of �.

Then the L2 cohomology H p,n−1
L2 (�) of� in degree (p, n−1) vanishes for 0≤ p ≤n.

Notice that in Theorems 1.2, 1.4 and 1.5, the hypotheses are independent of
a choice of metric, i.e., they are determined solely by the complex structure. In
particular, the L2 spaces of forms on � are defined with respect to any Hermitian
metric on M . Although the inner product and norm of L2

p,q(�) depend on the
metric chosen on M , the space L2

p,q(�) itself is determined independently of the
choice of the Hermitian metric on M . It follows that the “maximally realized”
∂̄-operator ∂̄ : L2

p,q−1(�)→ L2
p,q(�) is also defined independently of the choice

of the metric, as is the corresponding L2-cohomology H p,q
L2 (�) of the domain �.
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2. Definitions and preliminaries

2.1. Hermitian forms and eigenvalues. Recall that a Hermitian form on a complex
vector space E is a map H : E ×E → C such that for u, v, w ∈ E and a ∈ C we have
H(au + v,w) = aH(u, w)+ H(v,w), and H(u, v) = H(v, u). The Hermitian
form H is a Hermitian metric or inner product if it is positive definite: H(v, v) > 0.
According to Sylvester’s law of inertia, we can write

H(z, z)=

d∑
j=1
ϵ j |ℓ j (z)|2,

where ϵ j ∈ {1,−1, 0}, ℓ j : E → C are linearly independent linear forms, and d is
the dimension of E . The 3-tuple of integers counting respectively the number of
positive, negative and zero coefficients among the ϵ j ’s is known as the inertia or
signature of the form and is an invariant completely classifying Hermitian forms
on E up to linear automorphisms. By a standard abuse of language we will refer
to the integers constituting the inertia as the number of positive, negative and zero
eigenvalues of H .

Given a Hermitian metric g on E , and a Hermitian form H on E , recall that v ∈ E
is an eigenvector of H with eigenvalue λ∈ R with respect to g if H(v, u)= λg(v, u)
for all u ∈ E . Equivalently, we may define an operator H g

: E → E by

g(H gu, v)= H(u, v) for all u, v ∈ E,

and the eigenpairs of the Hermitian form H with respect to g will correspond to
the eigenpairs of the operator H g. It is clear that H g

: E → E is a Hermitian
operator (with respect to the metric g), and consequently, its eigenvalues are real,
and the eigenvectors can be taken to be orthogonal with respect to the metric. We
will denote by λg

j (H) the j-th smallest eigenvalue of H g, where eigenvalues are
counted with multiplicity. Therefore

(2-1) λ
g
1(H)≤ λ

g
2(H)≤ · · · ≤ λ

g
d(H).

From the spectral theorem for each nonzero vector z ∈ E we have

(2-2) λ
g
1(H)≤

H(z, z)
g(z, z)

≤ λ
g
d(H),

with equality if z is an eigenvector of the corresponding eigenvalues. This follows
by writing H(z, z)= g(H gz, z) in terms of a basis of orthonormal eigenvectors of
H g. Notice that a Hermitian form H is strictly q-positive with respect to the metric
g if and only if

(2-3)
q∑

k=1
λ

g
k (H) > 0,
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i.e., the sum of the smallest q eigenvalues is positive.
A Hermitian form (resp., metric) on a complex vector bundle on a smooth

manifold is the assignment of a Hermitian form (resp., metric) to each fiber. Given
a Hermitian form H and a Hermitian metric g on a vector bundle, we say that H
is (strictly) q-positive with respect to g if it is so on each fiber with respect to the
metric on that fiber.

Given a Hermitian form H and a metric g on a vector space V , the trace of H
with respect to g is the sum of all the eigenvalues of H with respect to g:

trg(H)=

dim V∑
k=1

λ
g
k (H).

It is well-known that

trg(H)=

dim V∑
k=1

H(tk, tk)

for each orthonormal basis {tk} of V . The following characterization of strict
q-positivity is classical and is a consequence of the Schur majorization theorem
[HJ13, Theorem 4.3.45; IIM87] (see also [Str10, Lemma 4.7])).

Theorem 2.1. A Hermitian form on a finite-dimensional inner-product space is
strictly q-positive if and only if its restriction to each q-dimensional linear subspace
has positive trace.

2.2. The Levi form. It is possible to define the Levi form of a hypersurface fully
intrinsically, with values in the line bundle of bad directions (see [BHLN20]). For
our purposes, it will suffice to use a definition of the Levi form in terms of a defining
function.

Let � be a smoothly bounded and relatively compact domain in a complex
manifold M , and let ρ be a defining function of �, i.e., ρ is a smooth function in a
neighborhood U of ∂� such that {ρ < 0} = U ∩� and dρ ̸= 0 on ∂�. One then
defines the Levi form of ∂� as the Hermitian form on T 1,0(∂�) given by

(2-4) Lρ(X, Y )= ∂∂̄ρ(X, Y ), X, Y ∈ T 1,0
p (∂�).

The defining function of the domain � is not unique, but if r is another defining
function, then there is a smooth function f > 0 defined near ∂� such that ρ = f ·r .
It then easily follows that

Lρ = f Lr ,

so that at each p ∈ ∂�, for X ∈ T 1,0
p (∂�) the real number Lρ(X, X) is positive

(resp., negative, resp., zero) if and only if Lr (X, X) is positive (resp., negative,
resp., zero). We see therefore that the conditions on the Levi form in the hypothesis
of Theorem 1.4 are invariantly defined independently of the choice of the defining
function.
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In Theorem 3.3 below, we are given in addition to the domain �, a Hermitian
metric g on the manifold M . Since Lρ = f Lr , Lρ and Lr have the same collection
of eigenvectors in T 1,0

p (∂�) with respect to g, and if {λ j (p)} are the eigenvalues
of Lρ(p), then the eigenvalues of Lr (p) are clearly { f (p) ·λ j (p)}. Since f > 0, it
follows that the condition of strict q-positivity in the hypotheses of Theorems 3.3
and 3.1 are invariantly defined independently of the choice of defining function.

3. Some results from L2-theory

3.1. Unweighted L2 result. The following will be needed in the proof of Theorem 1.2
and is proven in Section 3.4.

Theorem 3.1. Let M be a complex manifold, � ⊆ M a relatively compact C3

domain with defining function ρ, 0 ≤ p ≤ n, and 1 ≤ q ≤ n − 1. Let h be a
Hermitian metric on M such that on each connected component of ∂�, either
the Levi form, Lh

ρ is strictly q-positive or the negative of the Levi form −Lh
ρ is

strictly (n−q−1)-positive. Then the ∂̄ operator on (p, q)-forms on � satisfies the
Morrey–Kohn–Hörmander basic estimate (1-1).

Remark 3.2. It is well-known that C2
p,q(�̄) ∩ Dom(∂̄∗) is dense in Dom(∂̄) ∩

Dom(∂̄∗) (see, e.g., [Hör65, p. 121]) so it suffices to assume that our forms have
coefficients that are at least C2 smooth on �̄. Further, by the comments at the end
of Section 2.2, the fact that Lh

ρ is strictly q-positive is independent of the choice of
the defining function ρ, so the hypotheses do not depend on the choice of ρ.

The function theory in [CS01, Section 5.3] is largely applicable to our setup, but
we have to adapt their work to domains that are not necessarily pseudoconvex. Our
analysis combines elements of [CS01] with ideas from [Ho95] and [HR15]. The
latter papers, however, were concerned with domains in Cn and Stein manifolds,
respectively. See also [Zam08, §1.9] for a related discussion but for domains in Cn ,
and [MV15, Theorem 2.14] for a similar result in Kähler manifolds.

3.2. Weighted L2 result. The following is the key result that will be used to prove
Theorem 1.4 and its proof appears in Section 3.5.

Theorem 3.3. Let (M, h) be a Hermitian manifold of complex dimension n, let
�⊆ M be a relatively compact domain with C3 boundary ∂� and defining function
ρ, let ϕ be a smooth function in a neighborhood of� and let 1 ≤ q ≤ n−1. Suppose
that, with respect to h:

Either

(1) Lh
ρ is q-positive on ∂�, and

(2) on �, the complex Hessian of ϕ is strictly q-positive.
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Or

(1) −Lh
ρ is (n−q−1)-positive on ∂�,

(2) on �, the complex Hessian of −ϕ is strictly (n−q)-positive, and

(3) if Ln ∈ T 1,0(M) is orthogonal to T 1,0(∂�) and unit length on ∂� with respect
to h, then the sum of any (n−q) eigenvalues of the complex Hessian of −ϕ is
strictly larger than −∂∂̄ϕ(Ln, L̄n) on ∂�.

Then, for each 0 ≤ p ≤ n and t sufficiently large, there exists a constant C > 0 so
that for all (p, q)-forms f ∈ Dom(∂̄)∩ Dom(∂̄∗)

(3-1) ∥ f ∥
2
L2(�,e−tϕ)

≤ C
(
∥∂̄ f ∥

2
L2(�,e−tϕ)

+ ∥∂̄∗

tϕ f ∥
2
L2(�,e−tϕ)

)
.

3.3. Preliminaries for L2 methods. Suppose that ϕ is a smooth function defined
on a neighborhood of �. Let L2

p,q(�, tϕ) denote the L2-space of (p, q)-forms on
� with norm

∥ f ∥
2
L2(�,tϕ) =

∫
�

| f |
2 e−tϕ dV

and corresponding inner product. Denote the L2-adjoint of ∂̄ : L2
p,q(�, tϕ) →

L2
p,q+1(�, tϕ) by ∂̄∗

tϕ : L2
p,q+1(�, tϕ) → L2

p,q(�, tϕ). It is well-known that
Dom(∂̄∗

tϕ) does not depend on tϕ.
We assume that ρ is a defining function for � so that |dρ| = 1 on ∂�. Let

U be a open set that intersects �̄ and admits a basis of orthonormal (0, 1)-forms
ω1, . . . , ωn so that ωn = ∂ρ, and

(3-2) ∂∂̄ρ = ∂̄ωn =

n∑
j,k=1

ρ jk ω j ∧ ω̄k

where (ρ jk) is the Levi matrix. We denote by L̄1, . . . , L̄n the basis for T 0,1(U )
that is dual to ω̄1, . . . , ω̄n . For each 1 ≤ j ≤ n, set δtϕ

j = etϕL j e−tϕ , so that the
adjoint of L̄ j with respect to L2(�, e−tϕ) is given by −δt

j up to a zero-order term
that is independent of t and ϕ.

Let Iq = {J = ( j1, . . . , jq) ∈ Nq
: 1 ≤ j1 < · · · < jq ≤ n} denote the set of

increasing q-tuples. We can then express a (0, q) form f on U by

f =
∑

J∈Iq

f J ω̄
J .

Given I ∈ Iq−1 and J ∈ Iq , we define ϵ j I
J to be 0 if { j}∪ I ̸= J as sets and otherwise

is the sign of the permutation that reorders j I as J . We also employ the standard
notation

f j I =
∑

J∈Iq

ϵ
j I
J f J
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and use the shorthand ∥L̄ f ∥L2(�,e−ϕ) for

∥L̄ f ∥
2
L2(�,e−ϕ)

=
∑

J∈Iq

n∑
k=1

∥L̄k f J ∥
2
L2(�,e−ϕ)

.

The key to proving Theorem 3.1 (and Theorem 3.3) is to have a good basic
identity, and this is provided by [CS01, equation (5.3.20)], which we now state. For
forms f ∈ Dom(∂̄∗

tϕ)∩C2
0,q(�̄) supported in U , where U is an open set that admits

good local coordinates,

(3-3) ∥∂̄ f ∥
2
L2(�,e−tϕ)

+ ∥∂̄∗

tϕ f ∥
2
L2(�,e−tϕ)

= ∥L̄ f ∥
2
L2(�,e−tϕ)

+ t
∑

I∈Iq−1

n∑
j,k=1

(ϕ jk f j I , fk I )ϕ

+
∑

I∈Iq−1

n∑
j,k=1

∫
∂�∩U

ρ jk f j I 40 fk I e−tϕ dσ + R( f )+ E( f ),

where E( f ) satisfies both

(3-4) |E( f )| ≤ C∥L̄ f ∥L2(�,e−tϕ)∥ f ∥L2(�,e−tϕ)

and via integration by parts of the tangential terms,

(3-5) |E( f )| ≤

C
( ∑

J∈Iq

∥L̄n f J ∥L2(�,e−tϕ) +
∑

J∈Iq

n−1∑
j=1

∥δ
tϕ
j f J ∥L2(�,e−tϕ)

)
∥ f ∥L2(�,e−tϕ)

and for any ϵ > 0, there exists Cϵ > 0 such that

(3-6) |R( f )| ≤ ϵ
(
∥∂̄ f ∥

2
L2(�,e−tϕ)

+ ∥∂̄∗

ϕ f ∥
2
L2(�,e−tϕ)

)
+ Cϵ∥ f ∥

2
L2(�,e−tϕ)

.

Additionally, the constants C and Cϵ are independent of t and ϕ. The basic identity
(3-3) is precisely the result we need to prove Theorems 3.3 and 3.1 for the case
when Lh

ρ is q-positive on U ∩ ∂�.
We now establish a basic identity for the components of ∂� for which −Lh

ρ is
n−1−q-positive. Following [CS01], we have

[δ
tϕ
k , L̄k]u = φkku +

n∑
ℓ=1

cℓkkδ
tϕ
ℓ (u)−

n∑
ℓ=1

c̄ℓkk L̄ℓ(u)

where ρkk = cn
kk = c̄n

kk , and cℓkk are C1 functions on U . Integration by parts yields

(3-7) ∥L̄k f J ∥
2
L2(�,e−tϕ)

= ∥δ
tϕ
k f J ∥

2
L2(�,e−tϕ)

− t (ϕkk f J , f J )tϕ

−

( n∑
ℓ=1

cℓkkδ
tϕ
ℓ f J , f J

)
tϕ

+ O(∥L̄ f ∥L2(�,e−tϕ)∥ f ∥L2(�,e−tϕ)).
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Integration by parts shows that if ℓ < n, then∣∣(cℓkkδ
tϕ
ℓ f J , f J )tϕ

∣∣ ≤ C∥L̄ f ∥L2(�,e−tϕ)∥ f ∥L2(�,e−tϕ).

However, if ℓ= n, then

(cn
kkδ

tϕ
n f J , f J )tϕ =

∫
∂�∩U

ρ jk | f J |
2e−tϕ dσ + O(∥L̄ f ∥L2(�,e−tϕ)∥ f ∥L2(�,e−tϕ)).

Thus, we have now established [Sha85, (3.20)] but for forms f ∈Dom(∂̄)∩Dom(∂̄∗)

supported in a suitably small neighborhood in a complex manifold (vs. in Cn),
namely,

(3-8) ∥∂̄ f ∥
2
L2(�,e−tϕ)

+ ∥∂̄∗

tϕ f ∥
2
L2(�,e−tϕ)

=
∑

J∈Iq

∥L̄n f J ∥
2
L2(�,e−tϕ)

+
∑

J∈Iq

n−1∑
j=1

∥δ
tϕ
j f J ∥

2
L2(�,e−tϕ)

+ t
∑

I∈Iq−1

n∑
j,k=1

(ϕ jk f j I , fk I )tϕ − t
∑

J∈Iq

n−1∑
j=1
(ϕ j j f J , f J )tϕ

+
∑

I∈Iq−1

n∑
j,k=1

∫
∂�
ρ jk f j I fk I e−tϕ dσ −

∑
J∈Iq

n−1∑
j=1

∫
∂�
ρ j j | f J |

2e−tϕ dσ

+ E( f )+ R( f ).

Notice that our coordinates are such that
n−1∑
j=1
ρ j j = Tr(Lh

ρ).

3.4. The proof of Theorem 3.1. We use the basic identities (3-3) and (3-8) with
ϕ = 0. In the case that Lh

ρ is strictly q-positive on U ∩ ∂�, it follows from standard
multilinear algebra (see, e.g., [Str10, Lemma 4.7]) that there exists c> 0 so that for
f ∈ C2

p,q(�̄)∩ Dom(∂̄∗) supported in U , (3-3) becomes

∥∂̄ f ∥
2
L2(�)

+ ∥∂̄∗ f ∥
2
L2(�)

≥ ∥L̄ f ∥
2
L2(�)

+ c∥ f ∥
2
L2(∂�)

+ R( f )+ E( f ).

A small constant/large constant argument and an absorption of terms establishes the
Morrey–Kohn–Hörmander basic estimate for f supported on U when Lh

ρ is strictly
q-positive on U ∩ ∂�.

Now suppose that f is supported in a neighborhood U so that −Lh
ρ is (n−1−q)-

positive on ∂�∩ U . In this case, (3-8) with ϕ = 0 becomes

(3-9) ∥∂̄ f ∥
2
L2(�)

+ ∥∂̄∗ f ∥
2
L2(�)

=
∑

J∈Iq

∥L̄n f J ∥
2
L2(�)

+
∑

J∈Iq

n−1∑
j=1

∥L j f J ∥
2
L2(�)

+
∑

I∈Iq−1

n∑
j,k=1

∫
∂�
ρ jk f j I fk I dσ

−
∑

J∈Iq

∫
∂�

Tr(L)| f J |
2 dσ + E( f )+ R( f ).
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For the boundary integral, we note that

(3-10) λh
1 + · · · + λh

q − (λh
1 + · · · λh

n−1)= −(λh
q+1 + · · · + λh

n−1) > 0

since −Lh
ρ is (n−1−q)-positive. This means that a small constant/large constant

argument and an absorption of the E( f ) and R( f ) terms shows that the Morrey–
Kohn–Hörmander basic estimate holds in this regime as well.

A partition of unity argument shows that the Morrey–Kohn–Hörmander basic
estimate holds globally and Theorem 3.1 is proved.

3.5. The proof of Theorem 3.3. We first consider the case in which the Levi form
of the boundary is q-positive and the complex Hessian of ϕ is strictly q-positive.
We cover �̄ with good neighborhoods {Uk} and use a partition of unity subordinate
to {Uk} such that (3-3) applies on each Uk . As in the proof of Theorem 3.1, we
may use, e.g., [Str10, Lemma 4.7] to show that the boundary integral term in (3-3)
is nonnegative. We then use a small constant/large constant argument with (3-4)
to absorb ∥L̄ f ∥L2(�,e−tϕ) and take ϵ small enough to absorb the ∂̄ and ∂̄∗

tϕ terms in
(3-6). Finally, we use the strict q-positivity of the complex Hessian of ϕ and take t
large enough to absorb the remaining error terms. Consequently, there exists C > 0
such that (3-1) follows.

Suppose, on the other hand, that −Lh
ρ is (n−q−1)-positive and the complex

Hessian of −ϕ is strictly (n−q)-positive. Choose a neighborhood Uk on which
(3-8) holds. Using a small constant/large constant argument with (3-5) to absorb
terms with derivatives in (3-8) and similar estimates to absorb R( f ) gives us

(3-11) ∥∂̄ f ∥
2
L2(�,e−tϕ)

+ ∥∂̄∗

tϕ f ∥
2
L2(�,e−tϕ)

≥ Ct
∑

I∈Iq−1

n∑
j,k=1

(ϕ jk f j I , fk I )tϕ − Ct
∑

J∈Iq

n−1∑
j=1
(ϕ j j f J , f J )tϕ

+ C
∑

I∈Iq−1

n∑
j,k=1

∫
∂�
ρ jk f j I fk I e−tϕ dσ

− C
∑

J∈Iq

n−1∑
j=1

∫
∂�
ρ j j | f J |

2e−tϕ dσ − C∥ f ∥
2
L2(�,e−tϕ)

,

where C > 0 is independent of f and t . As before, (3-10) implies that the boundary
integral is nonnegative. Denote the eigenvalues of the complex Hessian of ϕ with
respect to h in nondecreasing order by {µh

1, . . . , µ
h
n}. By the usual multilinear

algebra,

∑
I∈Iq−1

n∑
j,k=1

(ϕ jk f j I , fk I )tϕ −
∑

J∈Iq

n−1∑
j=1
(ϕ j j f J , f J )tϕ ≥ ϵ∥ f ∥

2
L2(�,e−tϕ)
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for some ϵ > 0 if
q∑

j=1
µh

j −

n∑
j=1
µh

j +ϕnn = −

n∑
j=q+1

µh
j +ϕnn

is strictly positive on some interior neighborhood of the boundary. Our hypotheses
guarantee that this holds on ∂�, so it must hold on some neighborhood of ∂�,
and hence we may choose t sufficiently large in (3-11) to obtain (3-1) for forms
supported on some interior neighborhood of the boundary.

On any neighborhood Uk which does not intersect ∂�, we may integrate by
parts in {L j }1≤ j≤n for any orthonormal basis for T 1,0(∂�). Following the same
procedure used to obtain (3-11), we obtain

∥∂̄ f ∥
2
L2(�,e−tϕ)

+ ∥∂̄∗

tϕ f ∥
2
L2(�,e−tϕ)

≥ Ct
∑

I∈Iq−1

n∑
j,k=1

(ϕ jk f j I , fk I )tϕ − Ct
∑

J∈Iq

n∑
j=1
(ϕ j j f J , f J )tϕ − C∥ f ∥

2
L2(�,e−tϕ)

,

for any form supported in Uk . Here, it suffices to observe that the complex Hessian
of −ϕ is (n−q)-positive to obtain (3-1). Increasing the size of t as needed to
accommodate error terms arising from our partition of unity, we obtain (3-1)
globally.

4. Constructing a metric for a single Hermitian form

4.1. Analyticity of spectral projections. Let n be a positive integer and let Hn

denote the real vector space of n × n Hermitian matrices. For a matrix T ∈ Hn ,
let σ(T )⊂ R be its spectrum, i.e., the set of eigenvalues, and for a subset G ⊂ C

denote by πG(T ) the matrix of the orthogonal projection from Cn onto the direct
sum of the eigenspaces of T corresponding to eigenvalues in the set G. We have

(πG(T ))2 = πG(T ), (πG(T ))∗ = πG(T )

and
range(πG(T ))=

⊕
λ∈G∩σ(T )

{x ∈ Cn
: T x = λx}.

If G ∩ σ(T )= ∅ we let πG(T )= 0, consistent with the convention that an empty
internal direct sum of vector subspaces is the zero subspace.

Proposition 4.1. Let G ⊂ C be a smoothly bounded open subset of the complex
plane, and let WG ⊂ Hn be the set of n × n Hermitian matrices which have no
eigenvalues on the boundary ∂G:

WG = {T ∈ Hn : σ(T )∩ ∂G = ∅} .
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Then the mapping

(4-1) πG : WG → Matn×n(C)

is real analytic.

Proof. This is a consequence of the following classical representation of the matrix
πG(T ) as a contour integral (see [Kat76]):

(4-2) πG(T )=
1

2π i

∫
∂G
(ζ I − T )−1dζ,

interpreted thus:

(a) ζ 7→ (ζ I − T )−1
∈ Matn×n(C) is a matrix valued holomorphic function defined

in a neighborhood of ∂G. What we mean by this is that each entry of the output
matrix is holomorphic in ζ , something that is obvious from Cramer’s rule and the
fact that for each ζ ∈ ∂G, the matrix ζ I−T is invertible (by the hypothesis that
T ∈ WG).

(b) The integral is a line integral, taken entrywise. The contour ∂G is given the
standard orientation coming from the orientation of G as an open subset of C.

It then follows that the mapping (4-1) is real analytic. Indeed, if we allow T to
have complex entries, differentiation under the integral sign in formula (4-2) shows
that the mapping (4-1) extends to a holomorphic mapping of matrices.

To complete the proof, we need to establish the formula (4-2). Fix T ∈ WG ⊂ Hn ,
and note that ζ I−T is an invertible matrix provided ζ ̸∈ σ(T ). This means that
if G does not contain any eigenvalue of T , then the function ζ 7→ (ζ I − T )−1

is holomorphic in a neighborhood of G, i.e., each entry of this matrix-valued
function is holomorphic in ζ . Therefore by Cauchy’s theorem, in this case we have
πG(T )= 0, as needed.

Now consider the situation where σ(T )= {λ1, . . . , λn} and for some 1 ≤ k ≤ n
we have λ1, . . . λk ∈ G and the rest of the eigenvalues λk+1, . . . , λn lie outside G.
Let {v1, . . . , vn} be an orthonormal set of eigenvectors corresponding to these
eigenvalues, i.e., T v j =λ jv j , ∥v j∥= 1 for each j and ⟨v j , vk⟩= δ jk for 1 ≤ j, k ≤n.
Let U be the unitary automorphism of Cn defined by Ue j =v j , where {e j , 1≤ j ≤n}

is the standard basis of Cn . Then it is clear that to prove the result, it suffices to prove
that if P is the matrix defined by the integral on the right hand side of (4-2) then
U−1 PU coincides with the matrix of the orthogonal projection onto the subspace
spanned by the vectors {e1, . . . , ek}, i.e.,

U−1 PU =

(
Ik×k 0

0 0n−k×n−k

)
.



THE ∂̄ -PROBLEM ON Z(q)-DOMAINS 15

Observe that

U−1(ζ I − T )−1U =
[
U−1(ζ I − T )U

]−1

= (ζ I − U−1T U )−1
= diag

( 1
ζ−λ1

, . . . ,
1

ζ−λn

)
,

where we use the fact that U−1T U = diag(λ1, . . . , λn). By the linearity of the
integral we have

U−1 PU =
1

2π i

∫
∂G

U−1(ζ I − T )−1Udζ

=
1

2π i

∫
∂G

diag
( 1
ζ−λ1

, . . . ,
1

ζ−λn

)
dζ

= diag
( 1

2π i

∫
∂G

dζ
ζ−λ1

, . . . ,
1

2π i

∫
∂G

dζ
ζ−λn

)
=

(
Ik×k 0

0 0n−k×n−k

)
,

since λ1, . . . , λk ∈ G and λk+1, . . . λn ∈ C \ G. □

4.2. Proof of Proposition 1.3. Let h be a Hermitian metric on E , and for 1 ≤ j ≤ d ,
let λh

j (p) denote the j -th smallest eigenvalue of the Hermitian form Sp with respect
to the metric h (counting with multiplicity) so that

λh
1(p)≤ λh

2(p)≤ · · · ≤ λh
d(p).

Since the j-th smallest eigenvalue of a matrix depends continuously on its entries
(see [Kat76]), it follows that the real-valued function p 7→ λh

j (p) is continuous
on M for each j . Denote by ν+(p) (resp., ν−(p)) the number of positive (resp.,
negative) eigenvalues of Sp, which is well-known not to depend on the metric h.
By hypothesis ν+(p)≥ d − q̃ + 1, so it follows that ν−(p)≤ q̃ − 1 and therefore
for any metric h we have

λh
q(p) > 0, p ∈ M.

For 0 ≤ r ≤ q̃ − 1 introduce the subsets

Vr = {p ∈ M : ν−(p)≤ r} ∪ F,

so that Vq̃−1 = M , and each Vr is closed in M , since with respect to any metric h
on E , we have Vr = {λh

r+1 ≥ 0} ∪ F . We also let

Ur = Vr \ Vr−1 = {p ∈ M : ν−(p)= r}

so that Vr =
⋃r

j=0 U j . We will construct the metric whose existence is claimed
using an inductive process. Starting with a Hermitian metric gr−1 on E in the r -th
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stage (where 1 ≤ r ≤ q̃ − 1), we modify gr−1 so that we obtain a metric gr for
which the form S is strictly q̃-positive with respect to gr on the set Vr .

To start the inductive process (i.e., r = 0), we take g0 to be the metric given in
the hypotheses on the bundle E . Then on V0, since either all the eigenvalues are
nonnegative and λg0

q̃ > 0, or we are in the set F where S is strictly q̃-positive, it
follows that the sum of the smallest q̃ Levi eigenvalues of S with respect to g0 is
strictly positive, and therefore S is strictly q̃-positive with respect to g0 on V0.

We now come to the r -th stage, where 1 ≤ r ≤ q̃ − 1. Therefore, there is already
a metric gr−1 on E for which S is strictly q̃-positive on Vr−1, and on Ur , the
eigenvalues with respect to gr−1 satisfy λgr−1

r < 0, λgr−1
r+1 ≥ 0 and λ

gr−1
q̃ > 0. We

claim that there is a smooth real-valued function f ∈ C∞(Vr ) such that f ≥ 0, f
vanishes in a neighborhood of Vr−1, and we have

(4-3)
r∑

j=1
λ

gr−1
j + (1 + f ) ·

( q̃∑
j=r+1

λ
gr−1
j

)
> 0

at each point of Vr .
By the induction hypothesis, on Vr−1, we have

∑q̃
j=1 λ

gr−1
j > 0, and therefore by

continuity there is a neighborhood Ṽr−1 of Vr−1 on Vr where we continue to have∑q̃
j=1 λ

gr−1
j > 0. Now consider the continuous function on Ur = Vr \ Vr−1 given by

ϕ = −

q̃∑
j=1
λ

gr−1
j

q̃∑
j=r+1

λ
gr−1
j

.

It is well-defined since each of the summands in the denominator is nonnegative
and λgr−1

q̃ > 0 at each point of M . It follows further that ϕ < 0 on Ṽr−1, since both
the numerator and denominator are strictly positive there. It follows that there is a
C∞ function f on Vr such that f ≡ 0 in a neighborhood of Vr−1 and f > ϕ on Ur .
Such an f clearly satisfies (4-3).

Recall that Sgr−1
p denotes the Hermitian operator on E p which is Hermitian with

respect to gr−1 and satisfies gr1(S
gr−1
p u, v) = Sp(u, v) for u, v ∈ E p. For p ∈ Ur ,

let Pr
p denote the projection from the fiber E p of E onto the direct sum of the

eigenspaces of Sgr−1
p of the negative eigenvalues λgr−1

1 (p), . . . λgr−1
r (p), where Pr

p is
orthogonal with respect to the metric gr−1. We claim that p 7→ Pr

p is smooth on Ur .
More precisely, this map is a smooth section of the bundle HomC(E, E). For any
compact subset K ⊂ Ur , there are negative numbers α, β such that α < λgr−1

1 (p)
and λgr−1

r (p) < β for each p ∈ K . Let G ⊂ C denote the open disc with center at
the point 1

2(α+β) on the negative real axis and passing through the points α and
β. Then, if p ∈ K , the negative eigenvalues λgr−1

1 , . . . , λ
gr−1
r of Sp with respect to
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gr−1 lie in the open set G and the other eigenvalues lie in C \ G, so Sgr−1
p ∈ WG ,

where WG is as in the statement of Proposition 4.1. Continuing to use the notation
of Proposition 4.1, we have the representation

Pr
p = πG(Sgr−1

p ) for p ∈ K .

Since the map p 7→ Sgr−1
p is smooth and the map T 7→ πG(T ) is analytic, it follows

that p 7→ Pr
p is smooth on K and therefore on all of Ur .

Now define a Hermitian metric gr on E |Vr by setting, for p ∈ Vr and X, Y ∈ E p,

(4-4) gr (X, Y )=

{
gr−1(X, Y )+ f (p) · gr−1(Pr

p X, Pr
pY ) if p ∈ Ur ,

gr−1(X, Y ) elsewhere on Vr ,

where f ∈ C∞(Ur ) is as in (4-3). We can extend the smooth metric gr from E |Vr

from the closed set Vr to all of M to obtain a Hermitian metric on E , which we
continue to denote by gr .

To complete the induction, we will show that the sum of the smallest q̃ eigenvalues
of Sgr is strictly positive on Vr . Since on Vr−1 we have gr = gr−1 we only need to
show this on Ur . Let p ∈ Ur . We have by the definitions of the operators Sgr−1 and
Sgr that

Sp(X, Y )= gr−1(Sgr−1
p (X), Y )= gr (Sgr

p (X), Y ).

Let {L j (p)}d
j=1 be a gr−1-orthonormal set of eigenvectors of the operator Sgr−1

p

acting on E p, corresponding to the eigenvalues {λ
gr−1
j (p)}, i.e., Sgr−1

p L j (p) =

λ
gr−1
j (p)L j (p). In general one cannot choose the sections p 7→ L j (p) of E over

Ur to be even continuous. The definition of the new metric gr in (4-4) shows that

gr (L j (p), Lk(p))=

{
(1 + f (p))δ jk if both j, k ≤ r,
δ jk if not.

Therefore for p ∈ Ur , the vectors

Z j (p)=

{ 1
√

1+ f (p)
· L j (p) if 1 ≤ j ≤ r,

L j (p) if r + 1 ≤ j ≤ d,

form an orthonormal basis of E p with respect to the new Hermitian metric gr . Now

gr (Sgr
p (Z j (p)), Zk(p))=


0 if j ̸= k,

λ
gr−1
j (p)

1+ f (p)
if j = k and 1 ≤ j ≤ r,

λ
gr−1
j (p) if j = k and r + 1 ≤ j ≤ d,
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so that the basis {Z j (p)} diagonalizes Sgr
p , and consequently, its eigenvalues with

respect to the new metric gr at the point p are (in ascending order)

λ
gr−1
1 (p)

1 + f (p)
, . . . ,

λ
gr−1
r (p)

1 + f (p)
, λ

gr−1
r+1 (p), . . . , λ

gr−1
d (p),

the first r of which are negative and the remaining are nonnegative, and the q̃-th
one is known to be strictly positive. By the choice of the function f in (4-3), it
follows that the sum of the first q̃ of these eigenvalues is strictly positive, and this
completes the proof.

5. Proof of Theorem 1.2

By hypothesis, ∂� satisfies condition Z(q), so at each point of ∂� one of two
mutually exclusive conditions hold: either that (i) the Levi form has at least n−q
positive eigenvalues, or that (ii) the Levi form has at least q+1 negative eigenvalues.
Noticing that the Levi form Lρ taken with respect to a smooth defining function ρ
is continuous on ∂�, we see each of the conditions (i) and (ii) holds on an open set,
so it follows that on each point of a connected component of ∂�, exactly one of
the conditions (i) or (ii) holds.

Fix a smooth defining function ρ for �. For a boundary component M0 where
Lρ has at least n−q positive eigenvalues, we apply Proposition 1.3 with

d = n − 1, E = T 1,0 M0, S = L, q̃ = q, F = the empty set.

We obtain a metric on this boundary component, with respect to which the Levi
form is strictly q-positive. For a boundary component M0 where Lρ has at least
q+1 negative eigenvalues, −Lρ has at least q+1 positive eigenvalues. We apply
Proposition 1.3 with

d = n−1, E = T 1,0 M0, S = −Lρ, q̃ = n−q−1, F = the empty set.

Therefore, we obtain a metric on this boundary component with respect to which
−Lρ is (n−1−q)-positive. Putting these together, we obtain a Hermitian metric
on T 1,0(∂�) and then extend it arbitrarily to the whole manifold M . Theorem 3.1
applies and the proof of Theorem 1.2 is complete.

6. Constructing a metric for multiple Hermitian forms

6.1. A result from linear algebra.

Proposition 6.1. Let E be a finite-dimensional inner product space, let V and W
be subspaces of E , and let πV denote the orthogonal projection from E to V . Then
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for each orthonormal basis {t j } of the space W we have

dim W∑
k=1

∥πV tk∥2
= dim(V ∩ W ).

Proof. Consider the Hermitian operator P on the inner product space W (with the
induced inner product) characterized by the condition that

⟨Pz, w⟩ = ⟨πV z, w⟩ , z, w ∈ W.

We claim that P coincides with the orthogonal projection from W onto V ∩ W ,
where as before the inner product in the subspace W is that induced from E . To
see this, if z ∈ V ∩ W , then for each w ∈ W we have ⟨Pz, w⟩ = ⟨z, w⟩, so Pz = z.
On the other hand if ζ ∈ V ⊥

∩ W then we have ⟨Pζ,w⟩ = ⟨πV ζ,w⟩ = 0 for each
w ∈ W , so Pζ = 0, establishing the claim.

We now compute the trace of P (as an operator on the inner product space W )
in two ways. Since P is a projection from W onto V ∩ W , in an appropriate basis
of W the matrix of P is diagonal, with dim(V ∩ W ) diagonal entries each equal to
1 and the rest equal to zero. Therefore tr(P) = dim(V ∩ W ). On the other hand,
with respect to the orthonormal basis {t1, t2, . . . , tq} of the space W , the matrix of
the operator P is (a jk)

q
j,k=1, where

a jk = ⟨Pt j , tk⟩ = ⟨πV t j , tk⟩ = ⟨π2
V t j , tk⟩ = ⟨πV t j , πV tk⟩,

where we have used the fact that πV is idempotent and self-adjoint. Therefore

(6-1) tr(P)=

q∑
k=1

akk =

q∑
k=1

⟨πV tk, πV tk⟩ =

q∑
k=1

∥πV tk∥2.

The result follows. □

Corollary 6.2. Let E be an n-dimensional inner-product space, let 1 ≤ q ≤ n and
let V be an (n−q+1)-dimensional subspace of E. Denote by πV the orthogonal
projection from E onto V , and let t1, . . . , tq be a collection of orthonormal vectors
in E. Then we have

q∑
k=1

∥πV tk∥2
≥ 1.

Proof. In the preceding proposition, take W to be the span of the vectors t1, . . . , tq ,
so that dim W = q. Notice now that since dim V = n−q+1, dim W = q and
dim E = n, it follows that dim(V ∩W )≥ 1. The result follows from the proposition.

□
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6.2. The construction for a continuous subbundle. We begin with the result that
we will need in the proof of Theorem 1.4, in the presence of a continuous subbundle.

Theorem 6.3. Let S be a smooth compact manifold, E → S a smooth complex
vector bundle of rank d, and V → S a continuous subbundle of E of rank d −q +1,
where 1 ≤ q ≤ d. Let {Q j }

N
j=1 be a finite collection of continuous Hermitian

forms on the bundle E such that the restriction of each Q j to the subbundle V is
positive definite. Then there is a smooth Hermitian metric g on E such that for each
1 ≤ j ≤ N , the form Q j is strictly q-positive with respect to g.

Proof. It is sufficient to show the following:

Claim. If H is a continuous Hermitian form on E that restricts to a positive definite
form on V and γ is a continuous Hermitian metric on E , there is a constant
C(H, γ ) > 0 such that whenever κ ≥ C(H, γ ), the form H h

: E → E is strictly
q-positive, where the metric h is given by

(6-2) h(z, w)= γ (z, w)+ κ · γ (PV ⊥(z), PV ⊥(w)),

where PV ⊥ : E → V ⊥ is the orthogonal projection with respect to the metric γ on
the subbundle V ⊥ of E whose fibers are orthogonal to those of V with respect to γ .
(Notice that this h is a continuous Hermitian metric on E .)

Indeed, granted the claim, we can choose an arbitrary continuous Hermitian
metric γ on E → S, and let h be given by (6-2), where we take

κ = max
{
C(Q j , γ ), 1 ≤ j ≤ N

}
.

Then each Q j is strictly q-positive with respect to h. Let g be a smooth Hermitian
metric on S uniformly close to h. Such an approximation clearly exists locally, and
using a partition of unity we can glue such local approximations on the compact
manifold S. Such a gluing preserves uniform closeness of the local approximations.
Notice that if h is sufficiently uniformly close to g then Qg

j is also strictly q-positive
for each j , and this is what we want.

To prove the claim, let

(6-3) A1 = inf{Hp(z, z) : p ∈ S, z ∈ Vp, γp(z, z)= 1}.

Then A1 > 0, and the infimum in (6-3) is a minimum, for the following reason. For
p ∈ S, by (2-2) we have

min{Hp(z, z) : z ∈ Vp, γp(z, z)= 1} = λ
γ

1 (Hp|Vp),

the smallest eigenvalue with respect to γ of the restriction of the form Hp to
the subspace Vp. Since the form H , the metric γ and the subbundle V ⊂ E are
continuous, and eigenvalues depend continuously on a matrix, we easily conclude
that the function p 7→ λ

γ

1 (Hp|Vp) is continuous on S. Further, since for each p, the
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restriction of Hp to Vp is positive definite, this function is strictly positive at each
point of S. Consequently, by the compactness of S, the number A1, which is the
infimum of this function is strictly positive and the infimum is a minimum.

Now consider

(6-4) A2 = sup
{
|Hp(z, z)| : p ∈ S, z ∈ V ⊥

p , γp(z, z)= 1
}
.

We claim that 0 ≤ A2 <∞. Let p ∈ S. Then clearly we have

sup
{
|Hp(z, z)| : z ∈ V ⊥

p , γp(z, z)= 1
}

= max
{
|λ
γ

1 (Hp|V ⊥)|, |λγmax(Hp|V ⊥)|
}
,

where λγmax stands for the largest eigenvalue of the restricted Hermitian form with
respect to the metric γ . An argument similar to above shows that as a function of p,
the quantity above is continuous, and therefore bounded, and its supremum A2 is
finite. Lastly, introduce the quantity

(6-5) A3 = sup
{
|Hp(z, w)| : p ∈ S, z ∈ Vp, w ∈ V ⊥

p , γp(z, z)= γp(w,w)= 1
}
.

We claim that 0 ≤ A3 <∞. Notice first that if p ∈ S, then

(6-6) sup
{
|Hp(z, w)| : z ∈ Vp, w ∈ V ⊥

p , γp(z, z)= γp(w,w)= 1
}

≤ sup
{
|Hp(z, w)| : z ∈ E, w ∈ E, γp(z, z)= γp(w,w)= 1

}
= max

{
|λ
γ

1 (Hp)|, |λ
γ
max(Hp)|

}
.

An argument similar to the above two cases shows that the quantity in (6-6) is a
continuous function of p. It follows that A3 <∞.

It now follows that we can choose the number C = C(H, γ ) so large that

(6-7) A1 −
q · A2

1 + C
− 2

q · A3
√

1 + C
> 0.

We show that this value of C = C(H, γ ) works in the claim of the previous page. To
justify this, let κ ≥ C and let p ∈ S; we need to show that Hp is a strictly q-positive
operator on E p with respect to h, where h is as in (6-2). Notice that h depends
on κ .

Let t ∈ E p be a vector of unit length with respect to the metric h p. Set u = PV t ,
v = PV ⊥ t , where PV : E → V is the bundle map whose section over p ∈ S is the
orthogonal projection with respect to γp from E p to Vp. Then

1 = h p(t, t)= γp(t, t)+ κ · γp(PV ⊥ t, PV ⊥ t)

= γp(PV t, PV t)+ (1 + κ)γp(PV ⊥ t, PV ⊥ t)

= γp(u, u)+ (1 + κ)γp(v, v),
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from which we see that

(6-8) γp(u, u)≤ 1, γp(v, v)≤
1

1 + κ
≤

1
1 + C

.

Therefore, since t = u + v,

(6-9) H(t, t)= H(u, u)+ H(v, v)+ 2 Re H(u, v)

≥ H(u, u)− |H(v, v)| − 2|H(u, v)|

≥ A1γp(u, u)− A2γp(v, v)− 2A3
√
γp(u, u)

√
γp(v, v)

≥ A1γp(PV t, PV t)− A2
1+C

− 2 A3
√

1+C
,

where we have used the definitions of the A j as well as the bounds (6-8).
To show that Hp is strictly q-positive with respect to h p, it suffices by Theorem 2.1

above to show that the restriction of the form Hp to each q-dimensional subspace of
(E p, γp) has positive trace with respect to h p. Let W be a q-dimensional subspace
of E p, and choose an h p-orthonormal basis t1, . . . , tq of W . Then

trh(Hp)=

q∑
k=1

Hp(tk, tk)

≥

q∑
k=1

(
A1γ (PV tk, PV tk)−

A2
1+C

− 2 A3
√

1+C

)
(by (6-9))

= A1

q∑
k=1

γ (PV tk, PV tk)−
q · A2
1+C

− 2 q · A3
√

1+C

≥ A1 −
q · A2
1+C

− 2 q · A3
√

1+C
(by Corollary 6.2)

> 0. □

6.3. The construction in the top degree. We next consider the construction that
we will use in the q = n − 1 case considered in Theorem 1.5, in which we still
assume the existence of a direction in which both the Levi form and the Hessian
of the weight function is positive, though we no longer assume that this direction
varies continuously on the boundary. We will prove the following.

Theorem 6.4. Let S be a smooth compact manifold and E → S a smooth complex
vector bundle of rank d. Let Q1 and Q2 be continuous Hermitian forms on the
bundle E such that at each point p ∈ S, there is a vector v in the fiber of E over
the point p, for which Q1(v, v) > 0 and Q2(v, v) > 0. Then there is a smooth
Hermitian metric g on E such that Trg Q j > 0 for each j ∈ {1, 2}.

To prove this key result, we will need the following special case of Jacobi’s
formula for the derivative of the determinant (see [MN88, p. 169] or [Kli90, p. 798]),
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obtained when the matrix under consideration is Hermitian. Since this result is
standard, we omit the proof.

Lemma 6.5. For integers d,m ≥ 1, let O ⊂ Rm be an open set and let {Mx}x∈O be
a family of positive definite d × d Hermitian matrices with entries in C1(O). For
any 1 ≤ j ≤ m, we have, on O,

(6-10)
∂

∂x j
log det Mx = Tr

(
(Mx)

−1 ∂

∂x j
Mx

)
.

The next lemma contains the main part of the proof of Theorem 6.4.

Lemma 6.6. Let E be a finite-dimensional inner product space with dim E ≥ 2,
and denote by Q the collection of ordered pairs of Hermitian forms on E sharing a
common positive direction, i.e., Q consists of pairs (Q1, Q2) where each Q j is a
Hermitian form on E , and

{v ∈ E : Q1(v, v) > 0} ∩ {v ∈ E : Q2(v, v) > 0} ̸= ∅.

Denoting by H the cone of Hermitian metrics on E , there is a continuous map

h : Q → H

such that the traces trh(Q1,Q2) Q1 and trh(Q1,Q2) Q2 computed with respect to the
metric h(Q1, Q2) are both positive.

Remark 6.7. The space of Hermitian forms on a finite-dimensional vector space
has a natural linear topology which can be represented by a variety of norms (see
[HJ85, Section 5.6])). This induces the topologies given on the spaces Q and H .

Proof. Let d = dim E and denote by ⟨ · , · ⟩ its metric. For x ∈ R2, let ⟨ · , · ⟩x denote
the Hermitian form on E given by

⟨ · , · ⟩x = ⟨ · , · ⟩ − x1 Q1( · , · )− x2 Q2( · , · ).

For notational simplicity, when ⟨ · , · ⟩x is a metric, for a Hermitian form Q on E ,
we will also use the shorthand Trx Q for the trace of the form Q with respect to the
metric ⟨ · , · ⟩x , instead of the more correct notation Tr⟨ · ,· ⟩x Q. We will prove the
lemma by showing that there exists a point γ (Q1, Q2) ∈ R2 such that

• γ1(Q1, Q2) > 0 and γ2(Q1, Q2) > 0,

• the form ⟨ · , · ⟩γ (Q1,Q2) is a Hermitian metric on Cd , and

• the traces Trγ (Q1,Q2) Q1 and Trγ (Q1,Q2) Q2 of Q1 and Q2 computed with
respect to this new metric are both positive.

Furthermore, γ (Q1, Q2) can be chosen to depend continuously on Q1 and Q2, so
in the conclusion of the lemma we may take h(Q1, Q2)= ⟨ · , · ⟩γ (Q1,Q2).
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Let O ⊂ R2 denote the set of all x ∈ R2 such that ⟨ · , · ⟩x is positive definite.
Clearly O is an open set and (0, 0) ∈ O. For any x ∈ R2

\{(0, 0)}, let λx denote the
largest eigenvalue of x1 Q1 + x2 Q2. If λx ≤ 0, then t x ∈ O for all t ≥ 0. If λx > 0,
then t x ∈ O for t ≥ 0 if and only if 0 ≤ t < λ−1

x . Hence, O is a starlike domain
centered at (0, 0). Let O+ denote the set of all x ∈ O such that x1 > 0 and x2 > 0.
When x ∈ O+, then x1 Q1(v, v)+ x2 Q2(v, v) > 0, so λx > 0 and hence

(6-11) O+ is a bounded subset of O.

Fix an orthonormal basis {e j }1≤ j≤d for E with respect to the base metric ⟨ · , · ⟩.
For x ∈ O, define a d × d positive definite Hermitian matrix g(x) by g(x) =

(g j k̄(x))1≤ j,k≤d , where g j k̄(x)= ⟨e j , ek⟩x . Denote the inverse of this matrix by

g−1(x)= (gk̄ j (x))1≤ j,k≤d .

Since g(x)g−1(x)= I for all x ∈ O, we may differentiate by xr for any r ∈ {1, 2}

to obtain (
∂

∂xr
g(x)

)
g−1(x)+ g(x)

∂

∂xr
g−1(x)= 0,

or

(6-12)
∂

∂xr
g−1(x)= −g−1(x)

(
∂

∂xr
g(x)

)
g−1(x).

Let {u j (x)}1≤ j≤d be an orthonormal basis for Cd with respect to ⟨ · , · ⟩x . Then
for every 1 ≤ j ≤ d we have e j =

∑d
k=1 Ak

j (x)uk(x) for some nonsingular matrix
A(x)= (Ak

j (x))1≤ j,k≤d . For 1 ≤ j, k ≤ d ,

g j k̄(x)= ⟨e j , ek⟩x =

d∑
ℓ=1

Aℓj (x)A
ℓ
k(x),

so g(x)= A(x)A∗(x). If we right-multiply by g−1(x)A(x), we obtain

A(x)= A(x)A∗(x)g−1(x)A(x).

Since A(x) is nonsingular, this necessarily implies that

(6-13) A∗(x)g−1(x)A(x)= I for all x ∈ O.

We define a function ξ ∈ C∞(O) by ξ(x) = −log det g(x). This function ξ is
independent of the choice of basis {e j } used to define the matrix g, since if U is a
unitary (with respect to ⟨ · , · ⟩) change of coordinates the matrix g transforms to
U∗gU which has the same determinant. Observe that g(0, 0) is the identity matrix,
so ξ(0, 0)= 0. As x → bO, ξ(x)→ ∞, so (6-11) implies that

(6-14) (0,∞)⊂ Range(ξ |positive x1-axis) and (0,∞)⊂ Range(ξ |positive x2-axis).
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Fix r ∈ {1, 2}. Using (6-10), we have

∂ξ

∂xr
(x)= − Tr

(
g−1(x)

∂

∂xr
g(x)

)
,

where the trace is computed with respect to our base metric. Since g(x) is a linear
function, we may easily compute the derivatives to obtain

(6-15)
∂ξ

∂xr
(x)=

n∑
j,k=1

gk̄ j (x)Qr (e j , ek).

Using (6-13) to simplify after changing coordinates, we have

∂ξ

∂xr
(x)=

d∑
j,k,ℓ,m=1

Am
k (x)g

k̄ j (x)Aℓj (x)Qr (uℓ(x), um(x))=

d∑
j=1

Qr (u j (x), u j (x)).

Since we denote the trace with respect to ⟨ · , · ⟩x by Trx , we have

(6-16)
∂ξ

∂xr
(x)= Trx Qr for all r ∈ {1, 2}.

For r, s ∈ {1, 2}, we may use (6-12) to differentiate (6-15) and obtain

∂2ξ

∂xs∂xr
(x)= −

d∑
j,k,ℓ,m=1

gk̄m(x)
(
∂

∂xs
gmℓ̄(x)

)
gℓ̄ j (x)Qr (e j , ek).

Once again, it is easy to compute derivatives of the linear functions comprising
g(x), so we have

∂2ξ

∂xs∂xr
(x)=

d∑
j,k,ℓ,m=1

gk̄m(x)Qs(em, eℓ)gℓ̄ j (x)Qr (e j , ek).

As before, we may use (6-13) to simplify after changing coordinates and obtain

∂2ξ

∂xs∂xr
(x)=

d∑
j,k=1

Qs(uk(x), u j (x))Qr (u j (x), uk(x))

=

d∑
j,k=1

Qr (u j (x), uk(x))Qs(u j (x), uk(x)).

In other words, ∂2ξ
∂xs∂xr

(x) is simply the inner product of Qr and Qs using the
standard inner product for matrices with respect to the metric ⟨ · , · ⟩x (see Section
5.6 in [HJ85] for further discussion of the associated ℓ2 norm). Since Q1(v, v) > 0
and Q2(v, v) > 0 by hypothesis, neither Hermitian form vanishes, so we must have
∂2ξ

∂x2
1
(x) > 0 and ∂2ξ

∂x2
2
(x) > 0. By the Cauchy–Schwarz inequality, we have

∂2ξ

∂x2
1
(x)

∂2ξ

∂x2
2
(x)≥

(
∂2ξ

∂x1∂x2
(x)

)2

,
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so the Hessian of ξ is positive semidefinite, and hence ξ is convex. Furthermore,
ξ is strictly convex unless Q1 = µQ2 for some µ ∈ R. Since Q1(v, v) > 0 and
Q2(v, v) > 0, we must have µ > 0 in this case. To summarize:

ξ is a convex exhaustion function on O and(6-17)

either ξ is strictly convex on O or Q1 = µQ2 for some µ > 0.(6-18)

We observe that (6-17) implies that O is a convex set.
If Q1 = µQ2 for some µ > 0, then ξ(x) = f (µx1 + x2) for some real-valued

function f defined on some interval in R. By (6-17), f must be convex (we can
easily check that f is strictly convex, but we will not need this). By (6-11), there
must exist a finite real number b>0 such that limt→b− f (t)=∞. Since f is convex,
f ′ is nondecreasing, and hence there exists a ≥0 such that f ′(t)>0 for all a< t<b,
and, if a > 0, f ′(t)≤ 0 for all 0 ≤ t < a. By (6-16), Trx Q1 = µ f ′(µx1 + x2) and
Trx Q2 = f ′(µx1 + x2), so Trx Q1 > 0 and Trx Q2 > 0 for x ∈ O if and only if
a<µx1 +x2< b. By (6-14), f (a)≤ 0, so there exists a< c< b such that f (c)= 1.
Let γ (Q1, Q2) =

( c
2µ ,

c
2

)
, which is the midpoint of the line segment connecting

(0, c) to
( c
µ
, 0

)
, a subset of the level curve ξ−1({c}). Henceforth, (6-18) allows us

to assume that ξ is strictly convex.
Consider the map ψ : O → R2 defined by ψ(x)= ∇ξ(x) for all x ∈ O. Suppose

that ψ(y)= ψ(z) for some y, z ∈ O. Since O, the line segment t y + (1−t)z ∈ O
for all 0 ≤ t ≤ 1. By Rolle’s Theorem, there must exist 0 < s < 1 such that
d
dt

(
(y − z) · ∇ξ(t y + (1−t)z)

)∣∣
t=s = 0. Equivalently,

2∑
j,k=1

(y j − z j )
∂2ξ

∂x j∂xk
(sy + (1−s)z)(yk − zk)= 0.

Since ξ is strictly convex, ∇
2ξ is positive definite, so this means that y = z. Hence,

ψ is injective. The Jacobian of ψ is the Hessian of ξ , which is nonsingular since ξ
is strictly convex. Hence, the Inverse Function Theorem guarantees that ψ admits a
smooth local inverse. Taken together, we see that ψ is a smooth diffeomorphism
from O onto its range.

Let 0= ξ−1({1}) be a level curve of ξ , and let 0̃ denote the set of all x ∈0∩O+

such that ψ1(x) > 0 and ψ2(x) > 0. Since ξ is strictly convex, 0 is the boundary
of the strictly convex domain {x ∈ O : ξ(x) < 1}. Hence, ψ(0) is a smooth curve
which crosses each radial line segment at most once, which implies that 0̃ is a
connected curve (if it is nonempty). Now (6-14) guarantees that there must exist
a > 0 and b > 0 such that ξ(a, 0) = 1 and ξ(0, b) = 1. If there are two such
values for either parameter, we choose the largest value, so that ∂ξ

∂x1
(a, 0) > 0 and

∂ξ
∂x2
(0, b) > 0. Hence (a, 0) and (0, b) are endpoints of a smooth curve in O+. By

the extended mean value theorem, there must exist a point y ∈ 0 ∩O+ such that
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(a,−b) is tangential to 0 at y, and hence ∇ξ(y) is a positive multiple of (b, a).
This means that ∂ξ

∂x1
(y) > 0 and ∂ξ

∂x2
(y) > 0, so (6-16) implies that Try Q1 > 0 and

Try Q2 > 0. As a result, y ∈ 0̃ and so 0̃ is not empty. Let γ (Q1, Q2) denote the
midpoint of 0̃ with respect to the standard Euclidean arclength (a level curve of a
convex function in a bounded set O+ must be of finite length).

To see that γ (Q1, Q2) depends continuously on Q1 and Q2, it suffices to note
that g(x) is a linear function of the entries of Q1 and Q2 with respect to the
coordinates {e j }1≤ j≤d , and hence g(x) depends continuously on Q1 and Q2. This
means that ξ(x) depends continuously on Q1 and Q2, and by (6-16), ∇ξ(x) also
depends continuously on Q1 and Q2. Since 1 is never a critical value of ξ , 0∩O+

will depend continuously on Q1 and Q2 with respect to Hausdorff distance. Since
∇ξ(x) depends continuously on Q1 and Q2, 0̃ must also depend continuously on
Q1 and Q2. Since γ (Q1, Q2) is defined to be the midpoint of 0̃ (even in the case
in which Q1 = µQ2), γ is a continuous function. □

Finally, we are ready to prove the analog to Theorem 6.3 in the top degree when
the subbundle is not continuous.

Proof of Theorem 6.4. Fix a Hermitian metric on the bundle E . For each p ∈ S, now
we have an inner product on E p, and the two given Hermitian forms Q1(p), Q2(p)
for which by hypothesis there is a common positive direction. Therefore, by
Lemma 6.6 we have a Hermitian metric on E p given by h(Q1(p), h(Q2(p))). If
we define a continuous metric on g1 on E by g1(p)= h(Q1(p), h(Q2(p))), then
trg1(p) Q j (p) is positive for each p and j ∈ {1, 2}. After a standard regularization
of g1, we obtain a smooth metric g with the required properties (positive traces on
compact sets are stable under perturbations). □

7. Proof of Theorems 1.4 and 1.5

7.1. Proof of Theorem 1.4. Let ρ be a defining function for the smoothly bounded
domain �⊂ M . This gives rise to a Levi form Lρ which is a Hermitian form on the
complex vector bundle T 1,0(∂�) (see (2-4)). Notice that T 1,0(∂�) has rank (n −1)
on the smooth manifold ∂� and Lρ is a Hermitian form on it with at least n−q
positive eigenvalues or at least q + 1 negative eigenvalues, depending on the case.

Denote by Hϕ the restriction of the complex Hessian of ϕ to the boundary, i.e.,
for p ∈ ∂�, X, Y ∈ T 1,0

p (∂�), we have

Hϕ(X, Y )= ∂∂̄ϕ(X, Y ).

Then Hϕ is a Hermitian form on the bundle T 1,0(∂�). Since the boundary and the
weight ϕ are smooth, these Hermitian forms Hϕ and Lρ are smooth.

We first consider the case in which Lρ and Hϕ are positive definite on a subbundle
of rank n−q . We apply Theorem 6.3 with S = ∂�, E = T 1,0(∂�) (so that d = n−1)
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and let V be the subbundle of E of rank d−q+1 = n−q on which both the
Hermitian forms Lρ and Hϕ are positive. Then there is a smooth metric h on the
bundle T 1,0(∂�) of rank (n−1) such that both Lρ and Hϕ|∂� are strictly q-positive
with respect to h.

By the continuity of eigenvalues as a function of the matrix, and the compactness
of ∂�, there is a δ0 > 0 such that Hϕ+δρ = Hϕ + δHρ has (n−q+1) positive
eigenvalues as a Hermitian form on T 1,0 M |∂� whenever 0 ≤ δ ≤ δ0. It follows that
there is a neighborhood U of ∂� in M where Hϕ+δρ continues to have (n−q+1)
positive eigenvalues whenever 0 ≤ δ ≤ δ0. Since the signature of the complex
Hessian is independent of the choice of metric, δ0 is also independent of the choice
of metric. Choose ϵ0 > 0 so small that {−ϵ0 ≤ ρ ≤ 0} ⊂�∩U . Let χ : R → R be
a smooth, convex, nondecreasing function such that χ(t)= 0 whenever t ≤ −1 and
χ ′(0)= 1. For 0< ϵ < ϵ0, set

ϕϵ = ϕ+ δ0ϵχ(ϵ
−1ρ).

Let g0 be a Hermitian metric on T 1,0 M |∂� extending the metric h constructed above
on T 1,0(∂�). We claim the following:

(1) Hϕϵ has (n−q+1) positive eigenvalues in � as a Hermitian form on T 1,0 M .

(2) Hϕϵ is strictly q-positive as a Hermitian form on T 1,0(∂�) with respect to g0.

(3) For sufficiently small ϵ, the form Hϕϵ is strictly q-positive as a Hermitian form
on T 1,0 M |∂� with respect to g0.

To see (1), notice first that ϕϵ = ϕ on the set {ρ(z) ≤ −ϵ} which is contained in
� \U , provided ϵ < ϵ0. By a computation:

(7-1) Hϕϵ = Hϕ + δ0χ
′(ϵ−1ρ)Hρ + δ0ϵ

−1χ ′′(ϵ−1ρ)∂ρ∧ ∂̄ρ.

Since the third term of this sum will introduce a positive semidefinite term to Hϕϵ

and since 0 ≤ δ0χ
′(ϵ−1ρ)≤ δ0 on U∩�, we see that Hϕϵ must have at least n−q+1

positive eigenvalues on U .
To see (2), note first that

Hϕϵ |T 1,0(∂�) = Hϕ|T 1,0(∂�) + δ0Lρ .

Now since the metric g0 restricts to the metric h constructed above on T 1,0(∂�)

and each of the Hermitian forms Hϕ and Lρ is strictly q-positive with respect to
h, it follows that Hϕϵ is also strictly q-positive with respect to h (and therefore g0)
on T 1,0(∂�). Notice that the fact that the sum of two strictly q-positive Hermitian
forms is again strictly q-positive is an immediate consequence of Theorem 2.1.

To see (3), note that (7-1) becomes in this case

Hϕϵ |T 1,0 M |∂�
= Hϕ|T 1,0 M |∂�

+ δ0Hρ |T 1,0 M |∂�
+ δ0ϵ

−1χ ′′(0)∂ρ∧ ∂̄ρ|T 1,0 M |∂�
.
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We will use the characterization of Theorem 2.1 to show that Hϕϵ is strictly q-
positive on T 1,0 M |∂�. Let

B1 = max{trg0(Hϕ(z)|U ) : z ∈ ∂�,U ⊂ T 1,0
z M is q-dimensional},

B2 = max{trg0(Hρ(z)|U ) : z ∈ ∂�,U ⊂ T 1,0
z M is q-dimensional}.

The existence of these finite maxima follows by standard continuity and compactness
arguments. Let p ∈ ∂� and W be a q-dimensional subspace of T 1,0

p M , and let
t1, . . . , tq be a g0-orthonormal basis of W . Then

(7-2) trg0(Hϕϵ (p)|W)=

q∑
j=1

Hϕϵ (t j , t j )

= trg0(Hϕ(p)|W)+δ0 trg0(Hρ(p)|W)+
δ0

ϵ
χ ′′(0)

q∑
j=1

|∂ρ(t j )|
2.

In the case
q∑

j=1
|∂ρ(t j )|

2
= 0, we have W ⊂ T 1,0

p (∂�) and

trg0(Hϕϵ (p)|W )= trh(Hϕ(p)|W )+ δ0 trh(Lρ(p)|W ) > 0,

since both Hϕ and the Levi form Lρ are strictly q-positive on T 1,0(∂�) with respect
to h, and g0 extends h. By continuity there exists an η > 0 independent of ϵ > 0
such that

trg0(Hϕ(p)|W )+ δ0 trg0(Hρ(p)|W ) > 0

whenever
∑q

j=1|∂ρ(t j )|
2 < η. Since the third term in (7-2) is nonnegative, we have

trg0(Hϕϵ (p)|W ) > 0 if
∑q

j=1|∂ρ(t j )|
2 < η. In the case

∑q
j=1|∂ρ(t j )|

2
≥ η (and

W ⊂ T 1,0(M)|∂� is no longer a subset of T 1,0(∂�)), we take

ϵ <min
(
δ0χ

′′(0)η
B1 + δ0 B2

, ϵ0

)
and observe that

trg0(Hϕϵ (p)|W )≥ −B1 − δ0 B2 +
δ0
ϵ
χ ′′(0)

q∑
j=1

|∂ρ(t j )|
2

≥ −B1 − δ0 B2 +
δ0
ϵ
χ ′′(0)η

> 0.

In Proposition 1.3, we take the bundle E to be T 1,0 M (so d =n) and for the closed
set F ⊂ M we take F = ∂�. We take g0 to be an extension of h as above, and ϵ small
enough that the function ϕϵ satisfies the three conditions above, and let this be the
function φ of Proposition 1.3. Extend g0 smoothly to a neighborhood of ∂�. Then
the hypotheses of Proposition 1.3 are satisfied for q̃ = q, and consequently there
is a metric g on a neighborhood of � which coincides with g0 near ∂�, and with
respect to which Hϕϵ is strictly q-positive. Then Theorem 3.3 yields H p,q

L2 (�)= 0.
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Now we consider the case in which Lρ and Hϕ are negative definite on a subbun-
dle of rank q +1. We again apply Theorem 6.3 with S = ∂� and E = T 1,0(∂�), but
this time V is the subbundle of E of rank d−(n−q−1)+1 = q+1 on which both
the Hermitian forms −Lρ and −Hϕ are positive. Then there is a smooth metric
h on the bundle T 1,0(∂�) of rank (n − 1) such that both −Lρ and −Hϕ|∂� are
strictly (n−q−1)-positive with respect to h.

Let L̃n ∈ T 1,0(M) be a smooth vector field such that on ∂�, L̃n is nontrivial and
transverse to T 1,0(∂�). At any p ∈ ∂�, let {L j }1≤ j≤n−1 be an orthonormal basis
for T 1,0

p (∂�) with respect to h. Since the restriction of the complex Hessian of ϕ to
T 1,0(∂�) is nondegenerate, the matrix (∂∂̄ϕ(L j , L̄k))1≤ j,k≤n−1 is invertible, and
hence there exists a unique vector v ∈ Cn−1 such that

n−1∑
j=1
v j∂∂̄ϕ(L j , L̄k)= −∂∂̄ϕ(L̃n, L̄k)

for all 1 ≤ k ≤ n −1. By the implicit function theorem, the dependence of v on p is
smooth. For any ϵ > 0, we set Lϵn = ϵ

(
L̃n +

∑n−1
j=1 v

j L j
)
, so that Lϵn is smooth on

∂� and ∂∂̄ϕ(Lϵn, L̄)= 0 for all L ∈ T 1,0(∂�). There is a unique Hermitian metric
gϵ0 on T 1,0 M |∂� such that {L j }1≤ j≤n−1 ∪{Lϵn} is orthonormal on ∂�. Observe that
gϵ0 so defined must equal h on T 1,0(∂�).

Let {µj }1≤ j≤n−1 denote the eigenvalues with respect to h of the complex Hes-
sian of ϕ when restricted to T 1,0(∂�), arranged in nondecreasing order. By the
construction of gϵ0 , the µj are eigenvalues of the full complex Hessian of ϕ with
respect to gϵ0; and Lϵn is an eigenvector of the complex Hessian of ϕ with respect
to gϵ0 , with eigenvalue

µϵn = ∂∂̄ϕ(Lϵn, L̄ϵn)= ϵ2∂∂̄ϕ
(

L̃n +

n−1∑
j=1
v j L j , L̃n +

n−1∑
j=1
v̄ j L̄ j

)
.

Observe that µϵn → 0 as ϵ → 0+. Since the complex Hessian of −ϕ is strictly
(n−q−1)-positive on T 1,0(∂�) with respect to h, we have

(7-3)
n−1∑

j=q+1
(−µ j ) > 0 on ∂�.

Since the eigenvalues are arranged in nondecreasing order, this is only possible if
µq+1 < 0, and hence we must also have µq < 0. Fix ϵ > 0 sufficiently small that

(7-4)
n−1∑

j=q+1
(−µ j ) > µ

ϵ
n > µq on ∂�.

Since ϵ is now fixed, we may write g0 = gϵ0 , Ln = Lϵn , and µn =µϵn . Since µn >µq

by (7-4), the sum of the (n−q) smallest eigenvalues of the complex Hessian of
−ϕ is given by

∑n
j=q+1(−µ j ), and this is strictly positive by (7-4). Hence, the
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complex Hessian of −ϕ is (n−q)-positive on ∂�. Furthermore, (7-3) implies that
n∑

j=q+1
(−µ j ) >−µn = −∂∂̄ϕ(Ln, L̄n),

so we have condition (3) in the second set of hypotheses for Theorem 3.3.
As before, in Proposition 1.3, we take the bundle E to be T 1,0 M (so d = n)

and for the closed set F ⊂ M we take F = ∂�. We take g0 to be the extension
of h constructed above, and let ϕ be the function φ of Proposition 1.3. Extend g0

smoothly to a neighborhood of ∂�. Then the hypotheses of Proposition 1.3 are
satisfied for q̃ = n−q, and consequently there is a metric g on a neighborhood
of � which coincides with g0 near ∂�, and with respect to which H−ϕ is strictly
(n−q)-positive. Therefore, by Theorem 3.3, we have H p,q

L2 (�)= 0.

7.2. Proof of Theorem 1.5. The proof is the same as that of Theorem 1.4, except
that we replace the use of Theorem 6.3 with that of Theorem 6.4.

8. Examples

8.1. Discontinuous subbundles. In Theorem 1.4, we require the subbundle of
shared positive directions to vary continuously on ∂�, but it is possible for such a
subbundle to exist pointwise without a continuous representative, as the following
example illustrates. This motivates the need for Theorem 1.5, although at present
we only have a proof of this result when q = n − 1.

Proposition 8.1. For each x ∈R3, define a Hermitian form on C2
×C2 by H0(u, v)=

⟨u, v⟩ and when x ̸= 0

Hx(u, v)= (v̄1 v̄2)

(
1−exp(−|x |

−2)(|x |−x3) − exp(−|x |
−2)(x1 +i x2)

−exp(−|x |
−2)(x1 −i x2) 1−exp(−|x |

−2)(|x |+x3)

)(
u1

u2

)
for all u, v ∈ C2. Then:

(1) For every x ∈ R3, there exists a nontrivial vector v ∈ C2 such that

(8-1) Hx(v, v)= |v|2.

(2) If O ⊂ R3 is an open set containing B(0, R) for some R > 0 and v : O → C2 is
a nowhere vanishing continuous vector field, then there exists x ∈ O at which

(8-2) Hx(v(x), v(x))= |v(x)|2(1 − 2 exp(−R−2)R).

Proof. To prove (8-1), given x ∈ R3
\{(0, 0,−R) : R ≥ 0}, let v =

(
|x |+x3

−x1+i x2

)
. Then

v is an eigenvector of Hx (with respect to the Euclidean metric) with eigenvalue 1,
so (8-1) follows. When x = (0, 0,−R) for some R > 0, (8-1) follows for v =

( 0
1

)
.

When x = (0, 0, 0), (8-1) holds for any nonvanishing vector v.
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Now, let O ⊂ R3 be an open set containing B(0, R) for some R > 0 and let v :

O → C2 be a nowhere vanishing continuous vector field. Define a homeomorphism
ϕ : CP1

→ S2
⊂ R3 by

ϕ([z1 : z2])=

(
2 Re(z1 z̄2)

|z1|2 + |z2|2
,

2 Im(z1 z̄2)

|z1|2 + |z2|2
,
|z2|

2
− |z1|

2

|z1|2 + |z2|2

)
.

One can check that the inverse ϕ−1
: S2

→ CP1 is given by

ϕ−1(x)=

{[
x1+i x2
1+x3

: 1
]

if x ̸= (0, 0,−1),

[1 : 0] if x = (0, 0,−1).

For t ∈ [0, R], define a continuous map ft : CP1
→ CP1 by

ft([z1 : z2])= [v1(tϕ([z1 : z2])) : v2(tϕ([z1 : z2]))] .

Since ft depends continuously on t , ft is a homotopy between f0 and fR . Since f0

is a constant, the degree of f0 is zero, and hence the degree of fR is also zero. This
means that the induced map on the degree 2 singular cohomology of CP1 ∼= S2

is trivial. Since the only other nontrivial singular cohomology group of S2 is in
degree 0 and the induced map must be the identity on this group (S2 has exactly
one connected component), the Lefschetz fixed-point theorem guarantees that fR

has a fixed-point.
Let [z1 : z2] ∈ CP1 be a fixed-point to fR . Set x = Rϕ([z1 : z2]), so that

[v1(x) : v2(x)] = ϕ−1(x/R). If x = (0, 0,−R), we have v2(x)= 0, so

Hx(v(x), v(x))= |v1(x)|2
(
1 − exp(−R−2)(R − (−R))

)
,

from which (8-2) follows. If x ̸= (0, 0,−R), then there exists λ ∈ C such that
v1(x)= λ x1+i x2

R+x3
and v2(x)= λ, so v(x)= λ

R+x3

( x1+i x2
R+x3

)
. When |x | = R, the vector( x1+i x2

R+x3

)
is an eigenvector of Hx with eigenvalue (1 − 2 exp(−R−2)R), and hence

so is its scalar multiple v. Equation (8-2) follows. □

Corollary 8.2. There exists a convex, simply connected domain O ⊂ R3 and a
family of Hermitian forms Hx on C2

× C2 parameterized smoothly by x ∈ O such
that:

(1) For every x ∈ R3, there exists a vector v ∈ C2 such that Hx(v, v) > 0.

(2) If v : O → C2 is a nowhere vanishing continuous vector field, then there exists
x ∈ O at which Hx(v(x), v(x)) < 0.

Proof. It suffices to note that

lim
R→+∞

1 − 2 exp(−R−2)R = −∞,
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so for R sufficiently large the right-hand side of (8-2) is strictly negative if we let
O = B(0, 2R). □

8.2. Domains. For n ≥ 1 and 1 ≤ q ≤ n, set

M̃n
q = Cn−q+1

× CPq−1.

If we equip Cn−q+1 with holomorphic coordinates {z j }
n−q+1
1 , then ϕ(z)= |z1|

2
+

· · · + |zn−q+1|
2 is an exhaustion function for M̃n

q such that the complex Hessian
has precisely n−q+1 positive eigenvalues at every point of M̃n

q . Furthermore, the
complex Hessian of ϕ is strictly q-positive with respect to any Hermitian metric on
M̃n

q . However, the complex Hessian of ϕ has a kernel of dimension 2 when q ≥ 3,
so we should not expect the second case in Theorem 1.4 to hold.

Suppose q ≥ 2. Any C2 function on CPq−1 must have at least one point at
which the complex Hessian has no positive eigenvalues, e.g., the point at which
the function achieves its maximum on CPq−1. This means that any C2 function on
M̃n

q must have at least one point at which the complex Hessian has at most n−q+1
positive eigenvalues, so it is impossible to build an exhaustion function for which
the complex Hessian has at least n−(q−2)= n−q+2 positive eigenvalues at every
point of M̃n

q .
If �′

⊂ Cn−q+1 is a bounded domain with smooth, strictly pseudoconvex bound-
ary, then � = �′

× CPq−1 will be a domain in M̃n
q satisfying the hypotheses of

Theorems 1.4 and 1.2.
For n ≥ 2 and 1 ≤ q ≤ n, set

|w|
2
+

=

n−q+1∑
j=1

|w j |
2 and |w|

2
−

=

n+1∑
j=n−q+2

|w j |
2.

Equipping CPn with homogeneous coordinates [w1 : . . . : wn+1], define a non-
compact submanifold Mn

q ⊂ CPn by

Mn
q =

{
[w1 : · · · : wn+1] ∈ CPn

: |w|
2
+
< |w|

2
−

}
.

The function

φ(w)= −log
(

1 −
|w|

2
+

|w|
2
−

)
induces a well-defined exhaustion function on Mn

q . One can check that the com-
plex Hessian of ϕ has exactly n−q+1 positive eigenvalues. Observe that S =

{[w1 : · · · : wn] ∈ CPn
: |w|+ = 0} is a (q−1)-dimensional complex submanifold

of Mn
q , and hence, as argued above, any C2 function on Mn

q must have at least
one point at which the complex Hessian has at most n−q+1 positive eigenvalues.
Indeed, the complex Hessian of φ has precisely q − 1 negative eigenvalues on
Mn

q \S, but these q − 1 eigenvalues vanish on S.
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Let {µ j }1≤ j≤n+1 be a sequence of real numbers such that µ j ̸= 0 for any 1 ≤

j ≤ n + 1, µ j < 0 for at least one 1 ≤ j ≤ n + 1, µ j > 1 for all 1 ≤ j ≤ n−q+1,
and µ j >−1 for all n−q+2 ≤ j ≤ n+1. Then

∑n+1
j=1 µ j |w j |

2 > |w|
2
+

− |w|
2
−

for
all w ∈ Cn+1, so

�=

{
[w1 : · · · : wn+1] ∈ CPn

:

n+1∑
j=1
µ j |w j |

2 < 0
}

is a subset of Mn
q satisfying the hypotheses of Theorems 1.2 and 1.4.
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