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FROM i -BOXES TO SIGNED WORDS

ALESSANDRO CONTU, FAN QIN AND QIAOLING WEI

The combinatorics of i -boxes has recently been introduced by Kashiwara,
Kim, Oh and Park in the study of cluster algebras arising from the represen-
tation theory of quantum affine algebras. In this article, we associate to each
chain of i -boxes a signed word, which canonically determines a cluster seed,
following Berenstein, Fomin and Zelevinsky. By bridging these two different
languages, we are able to provide a quick solution to the problem of explicitly
determining the exchange matrices associated with chains of i -boxes.
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1. Introduction

1.1. Background. Cluster algebras were introduced by Fomin and Zelevinsky
[FZ02]. These algebras possess distinguished elements called cluster monomials.
One of the main reasons for the interest in the theory of cluster algebras is their
unexpected emergence across diverse areas of mathematics. An illustrative case is
the representation theory of quantum affine algebras, where cluster algebra structures
are studied through the framework of monoidal categorification, starting with the
inspiring work of Hernandez and Leclerc [HL10]. A monoidal category C is a
monoidal categorification of a cluster algebra A if there is an isomorphism between
the Grothendieck ring of C and A, such that the cluster monomials of A correspond
to certain simple objects of C .

Let g be a simple complex finite-dimensional Lie algebra. In 2023, Kashi-
wara, Kim, Oh and Park [KKOP24] defined certain monoidal Serre subcategories
C Œa;b�;DQ;w0 of the module category of the quantum affine algebra of g, where
Œa; b� denotes a possibly unbounded integer interval (for details; see [KKOP24,
§4, §6]). To show that these categories are instances of monoidal categorification,
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they introduced the combinatorics of chains of i -boxes [KKOP24, §4, §5]. The
definition of i -boxes (Section 2) is based on the choice of an infinite sequence
of indexes i , and a chain of i -boxes is a sequence of integer intervals satisfying
certain technical conditions.

Let us fix a category C Œa;b�;DQ;w0 . In this setting, the sequence i is of the form
yw0, a particular sequence whose elements belong to the index set of a simply laced
Dynkin diagram canonically associated to g. Kashiwara, Kim, Oh and Park associate
an affine determinant module M.c/ (a generalization of the Kirillov–Reshetikhin
modules) to each i -box c. Moreover, for each chain of i -boxes C D .ci/, they
show the existence of a skew-symmetric exchange matrix B.C/ such that, together
with the representatives .ŒM.c/i/�/i of the modules associated to the i -boxes of the
chain, they give a seed for a cluster algebra structure of the Grothendieck ring of
C Œa;b�;DQ;w0 [KKOP24, Theorem 8.1].

More precisely, when b is an integer, Kashiwara, Kim, Oh and Park start by
explicitly providing the exchange matrix B.CŒa;b�� / associated to a specific chain
of i -boxes, denoted CŒa;b�� (see Definition 2.5), generalizing a construction of
Hernandez and Leclerc [HL11], who showed that the matrix B.C/ can be obtained
from the matrix B.CŒa;b�� / through a sequence of mutations. The case b D1 is
treated through a limit procedure. At the end of [KKOP24], they state the problem
of finding an explicit formula for all the matrices B.C/. See Remark 2.11 for more
details of this problem in terms of monoidal categories.

This problem is natural and fundamental for understanding the cluster structures
appearing in the representation theory of quantum affine algebras. Recently, two
solutions have been proposed:

� In [Con26], the first author proposed a solution translating the problem in a
framework of additive categorification. Each exchange matrix B.C/ is obtained
as a submatrix of a square matrix B.C/, which, starting from the explicitly
given matrix B.CŒa;b�� /, can be expressed via a matrix multiplication, known
as Palu’s generalized mutation rule [Pal]:

B.C/D PB.CŒa;b�� /P�t ;

where P is an invertible matrix obtained through the computation of indices
of cluster-tilting objects of a suitable cluster category.

� In [KK24], Kashiwara and Kim work with sequences i taking values in the
index set of a generalized Cartan matrix C and with maximal commuting
families of i -boxes. Each chain of i -boxes forms a maximal commuting
family. For any such family F , they define an F � F-skew-symmetrizable
matrix zBKK.F/ (see Section 4.1). When C is a symmetric Cartan matrix of
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finite type and i is of the form yw0, each exchange matrix B.C/ can be obtained
as a submatrix BKK.C/ of the matrix zBKK.C/.

The solution to the Kashiwara–Kim–Oh–Park problem in [Con26], although
interesting for bridging monoidal and additive categorification of cluster algebras,
is not as explicit, since it requires a multiplication of matrices. Kashiwara and
Kim provide a direct formula relying on monoidal categorification and elaborate
combinatorial machinery.

1.2. Main results. In this work, we propose an alternative and straightforward
solution to Kashiwara, Kim, Oh and Park’s problem. The starting point is the
combinatorics and the formalism of signed words. Recall that a signed word on an
index set I is a sequence whose elements are of the form "h, where " is in f˙1g

and h is in I . Assume that I is the index set of a generalized Cartan matrix. To
each signed word h, one can associate a seed t.h/ following [BFZ05], which plays
an important role in studying the cluster structures on double Bott–Samelson cells
[SW21; Qin24b].

Let B.h/ be the corresponding exchange matrix. Assume that i takes value in
I and that b is in Z. For each chain of i -boxes C associated to I , we define algo-
rithmically a skew-symmetrizable matrix B.C/ in a similar fashion to [KKOP24].
Using the indices of the i -boxes of the chain, we define a signed word h.C/. Our
main result states that the desired matrix B.C/ is given by the well-known matrix
B.h.C//.

Theorem 1.1. The matrix B.C/ equals B.h.C//.

Therefore, by applying our main result to the setting where the Cartan matrix
is symmetric of finite type and i is of the form yw0, we obtain a solution to the
problem of Kashiwara Kim Oh Park, via a translation from the combinatorics of
signed words to that of i -boxes.

The outline of the proof of Theorem 1.1 is the following:

(1) By direct comparison, we verify that the matrices B.CŒa;b�� / and B.h.CŒa;b�� //

are equal.

(2) Let C0 and C be any chains related by a box move. We show that, if B.C/

equals B.h.C//, then B.C0/ also equals B.h.C0//.

Additionally, when I is the set of indices of a generalized Cartan matrix, we
directly verify that our matrix B.h.C// corresponds to Kashiwara–Kim’s matrix
BKK.C/ (Proposition 4.5).

Theorem 1.1 implies that the matrix B.C/ is independent of the choice of box
moves from CŒa;b�� to C (Corollary 4.3). It also determines matrices in the case
b D C1, as colimits of the matrices in the cases b 2 Z (Corollary 4.4; see also
[Qin24b]).
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1.3. Notations and conventions. Choose any finite subset Kex � K. For any
.K�Kex/-matrix ZD .Zij / and permutation � on K, we define the .K��.Kex//-
matrix �Z such that .�Z/� i;�j WD Zi;j . Let �j ;jC1 denote the transposition
.j ; j C 1/.

The matrix Z is called an exchange matrix if Zik 2 Z for .i; k/ 2 K �Kex

and, moreover, it is skew-symmetrizable, i.e., there exists a diagonal matrix D D

.Dkk/k2K ex with diagonal entries Dkk 2 N>0, called a skew-symmetrizer, such
that DiiZik D�DkkZki , 8i; k 2Kex.

Let Œ �C denote max. ; 0/C. Let Z denote an exchange matrix. Following [FZ02],
for any k 2Kex, the mutation �k gives us a new exchange matrix �kZ such that

.�kZ/ij D

�
Zij C ŒZik �CŒZkj �C� Œ�Zik �CŒ�Zkj �C if i; j ¤ k;

�Zij if i D k or j D k:

2. Combinatorics of i -boxes

In this section, following [KKOP24; KK24], we recall the definition and the
properties of i -boxes.

For a; b 2 Zt f˙1g, we write Œa; b� for the integer interval

Œa; b�D fk 2 Z j a� k � bg:

The length l of an integer interval Œa; b� is defined as l Dmax.b� aC 1; 0/.
Let I be a finite set of indices and Z be an integer interval. We write i D .iZ /k2Z

for a sequence of elements of I indexed by the elements of Z. For s 2Z and j 2 I ,
we introduce the symbols

(1)

sC Dmin.ft 2Z j s < t; it D isg[ f1g/;

s� Dmax.ft 2Z j s > t; it D isg[ f�1g/;

s.j /˚ Dmin.ft 2Z j s � t; it D j g[ f1g/;

s.j /	 Dmax.ft 2Z j s � t; it D j g[ f�1g/:

Definition 2.1 [KK24, §2.1; Qin24a, §6.1]. A finite integer interval Œa; b� in Z is an
i -box if iaD ib . For an i -box Œa; b�, we define its color i.Œa; b�/ as i.Œa; b�/D iaD ib
and its i -cardinality or order as the number of times that the index i.Œa; b�/ appears
in the subinterval of i corresponding to Œa; b�.

Remark 2.2. The intervals in Definition 2.1 are closely related to Kirillov–Reshe-
tikhin modules of quantum affine algebras. They were called i -boxes in [KKOP24],
which focused on the case I D Ig, i D yw0 and ZDZ, where Ig is the set of Dynkin
indices of a simply laced Lie algebra g and yw0 D .ik/k2Z is an infinite sequence
obtained from a reduced expression w0 D si1

: : : sil
of the longest element of the
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Weyl group of g by extending the sequence i1; : : : ; il via the rule

ikCl D i�k ;

where .�/� is the involution on the index set Ig induced by w0.˛i/D �˛i� , for
any simple root ˛i , i 2 Ig.

For a finite interval Œa; b� in Z, we define the i -boxes

Œa; bg D Œa; b.ia/
	� and fa; b�D Œa.ib/

˚; b�:

In other terms, Œa; bg and fa; b� are the largest i -boxes contained in Œa; b� with colors
ia and ib respectively. When we want to emphasize that an i -box is of color j , we
use the notation Œa; b�j .

Definition 2.3 [KKOP24, Definition 5.1]. Let l be in N[f1g. A chain of i -boxes
of length l is a sequence of i -boxes C D .ck/1�k<lC1 satisfying the following
conditions for any 1� s < l C 1:

(i) The union Œ Qas; Qbs � WD
S

1�k�s ck is an interval of length s.

(ii) The i -box cs is the largest i -box of color i.cs/ contained in the intervalS
1�k�s ck .

Condition (ii) implies bs �
Qbs < b�s and as � Qas > a�s . In addition, we have

Œ Qas; Qbs �� Œ Qat ; Qbt � whenever s < t . We call the interval
S

1�k<lC1 ck the range of
the chain. For any 1 � s < l C 1, the sequence .ck/1�k�s is a chain of i -boxes,
called a subchain of C.

Remark 2.4 [KKOP24, §5]. To each chain of i -boxes CD .ck/1�k<lC1, we can
bijectively associate a pair .c; .Ek/1�k<l/, where c 2Z and each Ek is a symbol
in fL;Rg, in the following way: let c be the integer such that fcg D c1 and, for any
1� k < l , set

Ek D

�
L if Œ QakC1; QbkC1�D Œ Qak � 1; Qbk �;

R otherwise.

In fact, given such a pair .c; .Ek/1�k<l/, the associated chain of i -boxes C can be
recursively recovered as follows:

� c1 D fcg;

� for any 2� k < l C 1, we have

ck D

�
Œ Qak�1� 1; Qbk�1g if Ek�1 DL;

f Qak�1; Qbk�1C 1� if Ek�1 DR:

We refer to T DL (resp.DR/ as a left (resp. right) expansion operator and to a
sequence .c; .Ek/1�k<l/ as a rooted sequence of expansion operators; see [Con26].
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Definition 2.5. Let Œa; b� be an integer interval with a � b, a 2 Z t f�1g and
b 2 Z. Denote its length by l D b � aC 1. Following [KKOP24], we define
CŒa;b�� as the chain of i -boxes associated to the rooted sequence of expansion
operators .b; .Ek/1�k<l/, where Ek DL for any k. Explicitly, the k-th i -boxes
are ck D Œb�kC1; bg, 8k 2 Œ1; l �.

Definition 2.6 [KKOP24, §5]. Let CD .ck/ be a chain of i -boxes of length l �1

corresponding to a pair .c; .Ek/1�k<l/.

(i) For 1 � s < l , the i -box cs is defined to be movable if s D 1 or s � 2 and
Es�1 ¤Es .

(ii) For a movable i -box cs , the box move at s, denoted by �s , is the operation
sending C to the chain �sC, whose associated pair .c0;E0/ is defined as follows:

c0 D

8<:
cC 1 if s D 1;E1 DR;

c � 1 if s D 1;E1 DL;

c if s > 1;

and E0k D

8<:
R if Ek DL; k 2 fs� 1; sg;

L if Ek DR; k 2 fs� 1; sg;

Ek if k 62 fs� 1; sg:

(iii) We call a finite composition of box moves a chain transformation.

Example 2.7. Let I Df1; 2; 3g be the set of Dynkin indices of a simple Lie algebra
of type A3. Let w0 D s1s2s3s1s2s1 be a reduced expression of the longest element
Weyl group of type A and let i be the sequence yw0:

yw0 D : : : 1; 3; 2; 3; 1; 2; 3; 1„ ƒ‚ …
Œ�3;4�

: : : :

The chain of i -boxes C D .ck/1�k�8 of range Œ�3; 4� associated to the rooted
sequence of expansion operators .4; .L;L;L;L;L;L;L// is given by

c1 D Œ4�1; c2 D Œ3�3; c3 D Œ2�2; c4 D Œ1; 4�1;

c5 D Œ0; 3�3; c6 D Œ�1; 2�2; c7 D Œ�2; 3�3 c8 D Œ�3; 4�1:

Notice that the only movable i -box in the chain C is c1. The box move at 1 sends C
to the chain �1CD .c

0
k
/1�k�6 associated to the sequence .3; .R;L;L;L;L;L;L//:

c01 D Œ3�3; c02 D Œ4�1; c03 D Œ2�2; c04 D Œ1; 4�1;

c05 D Œ0; 3�3; c06 D Œ�1; 2�2; c07 D Œ�2; 3�3 c08 D Œ�3; 4�1:

Notice that the i -box c0
2

is movable and that the associated box move sends �1C

to the chain associated to the sequence .3; .L;R;L;L;L;L;L///. Iterating this
process, we see that, through a composition of box moves, the chain C is sent to
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the chain zCD .Qck/1�k�8 associated to the sequence .3; .L;L;L;L;L;L;R//:

Qc1 D Œ3�3; Qc2 D Œ2�2; Qc3 D Œ1�1; Qc4 D Œ0; 3�3;

Qc5 D Œ�1; 2�2; Qc6 D Œ�2; 3�3; Qc7 D Œ�3; 1�1 Qc8 D Œ�3; 4�1:

Remark 2.8 [KKOP24, Lemma 5.10; Con26, Remark 2.10]. Let Œa; b� be an integer
interval with b 2 Z and a 2 Zt f�1g. Then any two chains of i -boxes of range
Œa; b� are related by a chain transformation.

Remark 2.9. Let C and C0 be two chain of i -boxes. Assume that C and C0 are
related by a box move at s � 1.

� If s � 2, we have

i.csC1/D i.c0s/; i.cs/D i.c0sC1/ and i.ck/D i.c0k/ for any k 62 fs; sC 1g:

� If s D 1, we have

i.c2/D i.c01/; i.c02/D i.c1/ and i.ck/D i.c0k/ for any k � 3:

Definition 2.10 [KK24, Definition 2.13]. Let CD .ck/k be a chain of i -boxes with
associated sequence of extension operators .Ek/k . For any k, the effective end z

of the i -box ck D Œx;y� is defined as

z D

�
y if k D 1 or Ek�1 DR;

x if k D 1 or Ek�1 DL:

2.1. The matrix associated to a chain of i -boxes. From now on, let I be the set
of indices of a generalized Cartan matrix C D .cij /i;j2I . Let Œa; b� be an integer
interval and let l be its length. Let CD .ck/k2Œ1;l� be a chain of i -boxes of range
Œa; b�. In this subsection, following [KKOP24], under the assumption that b is an
integer, we recursively associate to the chain C an exchange matrix B.C/.

We introduce the sets

K.C/D

�
f1; : : : ; lg if l <1;

N�1 if l D1I

K.C/fr D fs 2K.C/ j cs D Œa.i/
˚; b.i/	� for some i 2 IgI

K.C/ex
DK.C/nK.C/fr:

For any k 2K.C/, we define kŒ1� as

kŒ1�Dmin
�
fk 0 2 ŒkC 1; l � j ck0 has the same color of ckg t fC1g

�
:

Assume that b is in Z. Following [KKOP24, §7.5], let

B.CŒa;b�� /D .bjk/j2K.C/;k2K.C/ex
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be the exchange matrix given by

bjk D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

1 if k D j Œ1�;

�1 if j D kŒ1�;

cij ;ik
if j < k < j Œ1� < kŒ1�;

�cij ;ik
if k < j < kŒ1� < j Œ1�;

0 otherwise.

Although this construction was given in [KKOP24] only for Cartan matrices of
ADE type (see also Remark 2.12), we apply the same formula in the more general
setting considered here.

Next, for any chain of i -boxes CD .ck/k2Œ1;l� of range Œa; b�, fix a sequence of
box moves �1; : : : ; �N whose composition sends CŒa;b�� to C. For 0 � s � N , we
write Cs D .c

s
k
/k2Œ1;l� for the chain of i -boxes

Cs D

�
CŒa;b�� if s D 0;

�s ı � � � ı �1C
Œa;b�
� otherwise:

Let B0 be the matrix B.CŒa;b�� / and, for any 1 � s �N , recursively define the
exchange matrix Bs as follows:

(i) If the i -box cs�1
sC1

has the same color as cs�1
s , then

Bs D �s.Bs�1/:

(ii) If the i -boxes cs�1
sC1

and cs�1
s have different colors, then

Bs D �s;sC1.Bs�1/:

Finally, we set B.C/DBN . In the next section, we will show that the matrix B.C/

does not depend on the choice of the composition of box-moves sending CŒa;b�� to C.

Remark 2.11. Let g be a finite-dimensional simple complex Lie algebra and let g
be the Lie algebra of simply laced type associated to the unfolding of the Dynkin
diagram of g [FO21]. Assume that b is in Z[ f1g and that i D .ik/k2Œa;b� is a
subsequence of the sequence yw0 D .ik/k2Z, for a certain reduced expression w0 of
the longest element of the Weyl group of g. In [KKOP24], Kashiwara, Kim, Oh and
Park associate a monoidal seed (see [KKOP24, Definition 7.2] for the terminology)
to each chain of i -boxes C, defining a family of commuting real prime modules
M.C/ and showing the existence of a companion exchange matrix B.C/. To do
this, when b is an integer they use the above procedure [KKOP24, Proposition
8.11], and when b DC1 they define B.C/ as a colimit of the matrices associated
to the subchain of C. By [KKOP24, Proposition 7.14, Lemma 7.16], this operation
is well defined. It follows from this last proposition that the exchange matrix B.C/

does not depend on the choice of the sequence of box moves sending CŒa;b�� to C.
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Nevertheless, [KKOP24] does not provide an explicit description of the coefficients
of B.C/, whose determination is stated as an open problem.

3. Signed words

Recall that C D .cij /i;j2I is a generalized Cartan matrix. Let l be in Nt fC1g.

Definition 3.1. A signed word on the index set I is a sequence hD ."khk/1�k<lC1

such that, for any k, "k 2 f˙1g and hk 2 I . Denote hk D "khk and jhk j D hk .

We introduce the sets

K.h/D Œ1; l �I

K.h/ex
D fs 2K.h/ j 9t 2 ŒsC 1; l �; ht D hsgI

K.h/fr DK.C/nK.h/ex:

For any k 2K.h/, we define kŒ1� as

(2) kŒ1�Dmin
�
fk 0 2 ŒkC 1; l � j jhk0 j D jhk jg t fC1g

�
:

Note that kŒ1� in (2) and sC in (1) should not be confused.
Following [BFZ05; SW21; Qin24a, (6.1)], for any signed word h, we define
zB.h/D . Qbjk/j ;k2K.h/ by

(3) Qbjk D

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

"k if k D j Œ1�;

�"j if j D kŒ1�;

"kcjhj j;jhk j
if "j Œ1� D "k ; j < k < j Œ1� < kŒ1�;

"kcjhj j;jhk j
if "k D�"kŒ1�; j < k < kŒ1� < j Œ1�;

�"j cjhj j;jhk j
if "kŒ1� D "j ; k < j < kŒ1� < j Œ1�;

�"j cjhj j;jhk j
if "j D�"j Œ1�; k < j < j Œ1� < kŒ1�;

0 otherwise.

It has a skew-symmetrizer zD.h/, which is a diagonal matrix with diagonal entries
zDii D hi . Let B.h/ denote its K.h/�K.h/ex-submatrix.

From now on, we will always assume that B.h/ is a locally finite matrix, i.e.,
for any j , only finitely many bjk are nonzero and, for any k, only finitely many
bjk are nonzero. This assumption allows us to extend results in [SW21; Qin24a]
for l 2 N to the case l DC1 as in [Qin24b].

Let hŒj ;k� denote the sequence .hs/s2Œj ;k�.

Definition 3.2 [SW21, Section 2.3; Qin24b, Section 3.2]. Let hD .hk/k2Œ1;l� be a
signed word.

� The left reflection of h is the operation sending h to the signed word h0 D

.�h1;hŒ2;l�/.
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� Let j 2 Œ1; l�1� be such that hj and hjC1 have different signs. Then the flip of h at
j is the operation sending h to the signed word h0D .hŒ1;j�1�;hjC1;hj ;hŒjC2;l�/.

Proposition 3.3 [SW21, Proposition 3.7; Qin24b, Section 3.2]. Let hD .hk/k2Œ1;l�
and h0 D .h0

k
/k2Œ1;l� be two signed words.

(1) If h0 is obtained from h via a left reflection, then B.h0/D B.h/.

(2) If h0 is obtained from h via a flip at j , then

B.h0/D

�
�j ;jC1B.h/ if hj ¤ h0j ;

�j .B.h// if hj D h0j :

4. Comparison of matrices

Recall that I denotes the index set of a generalized Cartan matrix C . Let Œa; b�
be an interval and i D .ik/k2Œa;b� a sequence of elements of I . In the following,
we will consider chains of i -boxes defined with respect to the sequence i . Let
CD .ck/k2Œ1;l� be a chain of i -boxes on Œa; b� and let .Ek/1�k<l be the associated
sequence of expansion operators. For any 1 � k < l C 1, we write ck D Œak ; bk �.
We associate to C a signed word h.C/D .hk/1�k<lC1 as follows:

� We set h1 equal to the color h1 of the i -box c1.

� For any 2� k < l C 1, we set hk D "khk where hk is the color of the i -box
ck and the sign "k is defined by�

1 if Ek�1 DL;

�1 if Ek�1 DR:

It follows from our construction that K.C/ D K.h.C//, K.C/ex D K.h.C//ex

and K.C/fr D K.h.C//fr, and the definition of kŒ1� becomes identical. We will
simply denote K.C/ by K below. Note that different chains of i -boxes correspond
to different signed words, but not every signed word comes from a chain of i -boxes.

Remark 4.1. Assume k 0Œ1�D k for some k 0; k 2KD Œ1; `�, and set k 0D kŒ�1�. By
our constructions, the following properties (1) to (6) are equivalent in each case:

(1) "k D 1

(2) Ek�1 DL

(3) ak is the effective end of Œak ; bk �

(4) Qak D ak

(5) ak D a�
kŒ�1�

(6) bk D bkŒ�1�

(1) "k D�1

(2) Ek�1 DR

(3) bk is the effective end of Œak ; bk �

(4) Qbk D bk

(5) bk D bC
kŒ�1�

(6) ak D akŒ�1�
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Assume that b is an integer. In the following, we want to show that the matrices
B.C/ and B.h.C// are equal, thus providing a solution to the Kashiwara–Kim–Oh–
Park problem.

To start with, consider the chain of i -boxes CŒa;b�� . Then the signed word
h.CŒa;b�� /D .hk/k2Œ1;l� is given by

hk D ib�kC1:

Then the matrix B.h.CŒa;b�� //D . Qbjk/j2K ;k2K ex simplifies to

Qbjk D

8̂̂̂<̂
ˆ̂:

1 if k D j Œ1�;

�1 if j D kŒ1�;

cjhj j;jhk j
if j < k < j Œ1� < kŒ1�;

�cjhj j;jhk j
if k < j < kŒ1� < j Œ1�:

Therefore, B.h.CŒa;b�� // coincides with the matrix B.CŒa;b�� /.

Proposition 4.2. Let CD .ck/k be any chain of i -boxes of range Œa; b�. Suppose
that the matrix B.C/ equals B.h.C//. Then for any movable i -box cs of C, we also
have B.�s.C//D B.h.�s.C///.

Proof. Recall that we write h.C/ D .hk/k D ."khk/k . Denote the sequence of
expansion operators associated to C by .Ek/k .

Suppose that s is greater than 1. Since cs is movable, we have Es�1 ¤ Es .
Then, at the level of the associated signed word, we have "s ¤ "sC1. Moreover, by
Remark 2.9, the signed word associated to �s.C/ is h.�s.C//D .h

0
k
/k , where

h0k D

8<:
hk if k 62 fs; sC 1g;

hsC1 if k D s;

hs if k D sC 1:

In particular, the signed word h.�s.C// is obtained from h.C/ through a flip move
at s. We have two cases:

(1) If the i -boxes cs and csC1 have the same color, then jhsj D jhsC1j. Therefore,
the matrices B.h.�s.C/// and B.�s.C// are equal, since they are the mutation
of the matrix B.h.C//D B.C/ at s.

(2) If the i -boxes cs and csC1 have different color, then jhsj ¤ jhsC1j. Therefore,
the matrices B.h.�s.C/// and B.�s.C// are equal, since they are obtained
from the matrix B.h.C//D B.C/ by applying �s .
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If s D 1, by Remark 2.9, the signed word h.�s.C//D .h
0
k
/k associated to �s.C/

is given by

h0k D

8<:
hk if k � 3;

jh2j if k D 1;

�"2h1 if k D 2:

Therefore, up to a left reflection which does not change the B-matrix, the signed
word h.�s.C// is obtained from h.C/ through a flip move, and we can conclude as
above that B.�s.C//D B.h.�s.C///. �

Proof of Theorem 1.1. Recall that C could be obtained from CŒa;b�� by finite many
box moves, and B.CŒa;b�� /DB.h.CŒa;b�� //. Applying Proposition 4.2 repeatedly, we
obtain B.C/D B.h.C//. �

Corollary 4.3. The matrix B.C/ does not depend on the choice of the chain trans-
formation sending CŒa;b�� to C.

Finally, assume that bDC1. Consider, for s� 1, the subchains CsD .ck/1�k�s

of C. As a corollary of Proposition 4.2, the coefficients of the exchange matrices
B.Cs/ stabilize:

Corollary 4.4. For any s� 1, if .i; j /2K.Cs/�Kex.Cs/, then B.Ct /ij DB.Cs/ij
for any t � s.

Therefore, we can define the exchange matrix B.C/ as the colimit of the matrices
B.Cs/. In other words, we have

B.C/jK.Cs/�K ex.Cs/ D B.Cs/ for any s � 1:

4.1. Comparison of B.h.C// with Kashiwara–Kim’s matrix. We still write Œa; b�
for an interval and CD .ck/k2Œ1;l� for a chain of i -boxes ckD Œak ; bk � of range Œa; b�.
For 1�k� l , hk is the color of the i -box ck . Let zD be the diagonal l�l-matrix with
diagonal entries d1D dh1

; : : : ; dl D dhl
, where the .di/i2I are the diagonal entries

of the minimal symmetrizer of the generalized Cartan matrix C . Following [KK24],
we define zBKK.C/D .bKK

kk0
/k;k02K.C/ as the skew-symmetrizable l � l-matrix with

skew-symmetrizer zD and whose positive entries are given as follows:

(4) bKK
jk D

�
1 if .aj D ak and bk D b�j / or .bj D bk and ak D a�j /;

�chj ;hk
if chj ;hk

< 0 and one of the following conditions holds:

(a) Œaj ; b
C
j �2 C, aj is the effective end of Œaj ; bj �, a�

k
< aj < ak < bk < bCj < bC

k
,

(b) Œaj ; b
C
j �2C, bk is the effective end of Œak ; bk �, a�

k
< aj < bj < bk < bCj < bC

k
,

(c) Œa�
k
; bk �2 C, bk is the effective end of Œak ; bk �, a�j < a�

k
< aj < bj < bk < bCj ,

(d) Œa�
k
; bk � 2 C, aj is the effective end of Œaj ; bj �, a�j < a�

k
< aj < ak < bk < bCj .
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Let BKK.C/ denote the restriction of the matrix zB.C/ to the indexes K.C/�Kex.C/.
When the Cartan matrix is symmetric of finite type and i is of the form yw0,
it is proved in [KK24] that BKK.C/ D B.C/. Then Theorem 1.1 implies that
BKK.C/ D B.h.C//. In the next proposition, in the general case where C is a
generalized Cartan matrix, we compare them directly without using Theorem 1.1.

Proposition 4.5. The matrix BKK.C/ is equal to the matrix B.h.C//.

Proof. zBKK.C/ and zB.h.C// have the same skew-symmetrizer. It suffices to prove
that the positive .j ; k/-entries are the same, where at least one of j ; k belongs to
Kex.

Let j ; k 2 Œ1; l � be such that chj ;hk
< 0. Recall from (4) the conditions (a), (b),

(c) and (d) which characterize such entries. Define another four conditions:

(i) "j Œ1� D "k D�1; j < k < j Œ1� < kŒ1�;

(ii) "k D�"kŒ1� D�1; j < k < kŒ1� < j Œ1�;

(iii) "kŒ1� D "j D 1; k < j < kŒ1� < j Œ1�;

(iv) "j D�"j Œ1� D 1; k < j < j Œ1� < kŒ1�.

If any of these conditions is true, then bjk D�chj ;hk
. Moreover, conditions (i), (ii),

(iii) and (iv) are mutually exclusive, while (a) (resp. (c)) and (b) (resp. (d)) can hold
at the same time.

Step 1. First, assume that (i) holds. Using Remark 4.1, we have:

� "k D�1 is equivalent to bk being the effective end of Œak ; bk �.

� "j Œ1� D�1 is equivalent to Œaj ; b
C
j � belonging to C, i.e., cj Œ1� D Œaj ; b

C
j �.

� j < k implies Œaj ; bj �� Œ Qak ; Qak �. Then we deduce a�
k
< Qak < aj .

� j < k and "k D�1 imply that bj < Qbk D bk .

� k < j Œ1� and "j Œ1� D�1 imply that bk < Qbj Œ1� D bCj .

� j Œ1� < kŒ1� and "j Œ1� D �1 implies bCj < bC
k

. This claim follows from the
fact that bCj D bj Œ1� �

QbkŒ1� and from the construction of ckŒ1�, which implies
that QbkŒ1� � bC

k
.

Therefore, (i) implies (b). Now, assume that (b) holds. Then we have the effective
ends bk D

Qbk and bj Œ1� D
Qbj Œ1� D bCj . Moreover, cj Œ1� D Œaj ; b

C
j �. We claim that

(b) implies one of (i)–(iv).
First, we cannot have j Œ1� < k since bCj D

Qbj Œ1� > Qbk D bk . In addition, we
cannot have kŒ1� < j . Otherwise, it would follow that ckŒ1� � Œ Qaj ; Qbj �, so that
bkŒ1� �

Qbj < bCj and akŒ1� � Qaj > a�j . But since we have either bkŒ1� D bC
k

or
akŒ1� D a�

k
, both cases lead to contradiction with (b).

If j < k < j Œ1� < kŒ1�, we are in case (i).
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If j < k < kŒ1� < j Œ1�, we claim that "kŒ1�D 1, i.e, we are in case (ii). To see this,
assume "kŒ1� D�1. Then QbkŒ1� D bC

k
> bCj D

Qbj Œ1�, which contradicts kŒ1� < j Œ1�.
If k < j < kŒ1� < j Œ1�, as before, kŒ1� < j Œ1� and (b) imply "kŒ1� D 1. We claim

that "j D 1, i.e, we are in case (iii). To see this, note that bj < bk but j > k, so bj

is not the effective end of cj , i.e, "j D 1. The claim follows.
If k < j < j Œ1� < kŒ1�, as before, j > k and bj < bk imply "j D 1. So we are in

case (iv).

Step 2. Similarly, assume that (ii) holds. We have:

� "k D�1 is equivalent to bk being the effective end of Œak ; bk �.

� "kŒ1� D 1 is equivalent to Œa�
k
; bk � belonging to C, i.e., ckŒ1� D Œa

�
k
; bk �.

� j < k implies a�
k
< Qak < aj .

� j < k and "k D�1 imply that bj < Qbk D bk .

� kŒ1� < j Œ1� and "kŒ1� D 1 imply bk < bCj and a�j < a�
k

. This follows from the
fact that a�

k
D akŒ1� � Qaj Œ1� � a�j and bk D bkŒ1� �

Qbj Œ1� � bCj .

Therefore, (ii) implies (c).
Now assume that (c) holds. Then we have the effective ends bk D

Qbk and
akŒ1� D QakŒ1� D a�

k
. Moreover, ckŒ1� D Œa

�
k
; bk �. We claim that (c) implies one of

(i)–(iv).
First, we cannot have kŒ1� < j . In fact, since cj D Œaj ; bj � � Œa

�
k
; bk � D ckŒ1�,

if j > kŒ1�, none of aj ; bj could be an effective end. In addition, we cannot have
j Œ1� < k. Otherwise, it would follow that cj Œ1� � Œ Qak ; Qbk �, thus bj Œ1� �

Qbk D bk and
aj Œ1� � Qak > a�

k
. Since either bj Œ1� D bCj or aj Œ1� D a�j holds, and both contradict

(c), we are led to a contradiction.
If j < k < kŒ1� < j Œ1�, we are in case (ii).
If j < k < j Œ1� < kŒ1�, we claim that "j Œ1� D�1, i.e, we are in case (i). To see

this, assume "j Œ1�D 1. Then Qaj Œ1�D a�j < a�
k
D QakŒ1�, which contradicts j Œ1� < kŒ1�.

If k < j < j Œ1� < kŒ1�, as before, j Œ1� < kŒ1� and (c) imply "j Œ1�D�1. Moreover,
bj < bk and j > k imply that bj is not the effective end of cj , i.e., "j D 1. So we
are in case (iv).

If k < j < kŒ1� < j Œ1�, as before, j > k and bj < bk imply "j D 1. So we are in
case (iii).

Step 3. Let us deduce the remaining cases from the previous steps. Let � denote
the order reversing automorphism on Z such that �.x/D�x. Consider the word
i 0D .i 0

k
/ WD .i�k/ and the chain of i 0-boxes C0D .c0s/s2Œ1;l� such that c0s WD Œa

0
s; b
0
s � WD

Œ�bs; �as �. Then, for any j ; k in K, the signed word h.C/ satisfies conditions (i),
(ii), (iii), or (iv) if and only if, respectively, the signed word h.C0/D ."0ihi/ satisfies
conditions (iii), (iv), (i), or (ii) with j and k swapped:
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(iii) "j Œ1� D "k D 1; j < k < j Œ1� < kŒ1�,

(iv) "k D�"kŒ1� D 1; j < k < kŒ1� < j Œ1�,

(i) "kŒ1� D "j D�1; k < j < kŒ1� < j Œ1�,

(ii) "j D�"j Œ1� D�1; k < j < j Œ1� < kŒ1�.

Similarly, for any j ; k in K, the chain of i -boxes C satisfies the conditions (a), (b),
(c), or (d) if and only if, respectively, the chain of i -boxes C0 satisfies the conditions
(c), (d), (a), or (b) with j and k swapped:

(c) Œ.a0/�j ; .b
0/j � 2 C

0, .b0/j is the effective end of Œ.a0/j ; .b0/j �, .b0/Ck > .b0/j >

.b0/k > .a
0/k > .a

0/�j > .a
0/�

k
;

(d) Œ.a0/�j ; .b
0/j � 2 C

0, .a0/k is the effective end of Œ.a0/k ; .b0/k �, .b0/
C

k
> .b0/j >

.a0/j > .a
0/k > .a

0/�j > .a
0/�

k
;

(a) Œ.a0/k ; b
C

k
� 2 C0, .a0/k is the effective end of Œ.a0/k ; .b0/k �, .b0/

C
j > .b0/C

k
>

.b0/j > .a
0/j > .a

0/k > .a
0/�j ;

(b) Œ.a0/k ; .b0/
C

k
� 2 C0, .b0/j is the effective end of Œ.a0/j ; .b0/j �, .b0/Cj > .b0/C

k
>

.b0/j > .b
0/k > .a

0/k > .a
0/�j .

Combining with the results in Steps 1 and 2, we obtain that (iii) implies (d), that
(iv) implies (a) and that, if any among (a), and (d) holds, then we are in one of the
cases (i)–(iv).

Finally, we obtain the desired claim by comparing the explicit formula for the
entries of the matrices, using the results of the previous steps. �
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