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NEAR COINCIDENCES AND NILPOTENT DIVISION FIELDS

HARRIS B. DANIELS AND JEREMY ROUSE

Let E/Q be an elliptic curve. We say that E has a near coincidence of level
(n, m) if m | n and Q(E[n]) = Q(E[m], ζn). We classify near coincidences
of prime power level and use this result to give a classification of values of n
for which Gal(Q(E[n])/Q) is a nilpotent group. Along the way we prove a
Gauss–Wantzel analog for the elliptic curve E : y2 = x3 − x, showing that
Q(E[n])/Q is constructible if and only if ϕ(n) is a power of 2. Assuming
that there are no non-CM rational points on the modular curves X+

ns( p) for
primes p > 11, we show that Gal(Q(E[n])/Q) nilpotent implies that n is a
power of 2 or n ∈ {3, 5, 6, 7, 15, 21}.

1. Introduction

For much of mathematical history, compass and straightedge constructions have
served as exemplars of mathematical reasoning. Central to the study of such
constructions is the question of which regular polygons are constructible. First
considered by the Greeks, an answer to this question long eluded mathematicians,
with no progress made for hundreds of years. This changed when Gauss proved the
following theorem:

Theorem 1.1 [15]. Suppose that n is of the form

n = 2k
· p1 · · · p j ,

where pi is a Fermat prime. Then it is possible to construct a regular n-gon using
only a straightedge and compass.

Here we remind the reader that a Fermat prime is a Fermat number (i.e., a number
of the form 22m

+ 1 with m ≥ 0) which is prime.
In fact, in [15] Gauss states that he has a proof of the converse, but he says, “the

limits of the present work exclude this demonstration here.” The final part of the
question was formally answered in 1837 when Pierre Wantzel proved the converse.

Theorem 1.2 [43]. Suppose n is a positive integer such that a regular n-gon is
constructible. Then n is of the form n = 2k

· p1 · · · p j , where each pi is a Fermat
prime.
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Together, these two results together form the Gauss–Wantzel theorem. If we let
ϕ be Euler’s totient function, then we can summarize the Gauss–Wantzel theorem
as saying a regular n-gon is constructible if and only if there exists a k such that
ϕ(n)= 2k .

A modern reformulation of this is to take the standard plane and turn it into the
complex plane. A point in the complex plane is said to be constructible if there is
a way to define that point using just a straightedge and compass. Interpreting the
Gauss–Wantzel theorem through this more modern lens gives us a new interpretation
of what it means for a complex number to be constructible.

Theorem 1.3 [32, Theorem 4.53]. Let α ∈ C. Then, α is constructible if and only if
there exists an ascending chain of fields

Q= K0 ⊆ K1 ⊆ K2 ⊂ · · · ⊆ K j

such that α ∈ K j and [Ki : Ki−1] = 2.

A subfield of C is said to be constructible if all of the elements in the field are
constructible. Using Galois theory from here we can update Theorem 1.3 to say
that α is constructible if and only if there is a Galois extension K/Q that contains
α such that Gal(K/Q) is a 2-group. Given that the nth roots of unity are equally
spaced around the unit circle, from this updated perspective, the question of about
the constructibility of a regular n-gon is exactly the same as the question about the
constructibility of Q(ζn). Here ζn is a primitive nth root of unity. This modern
perspective allows us to examine the constructibility of more complicated fields.
The primary objects of study in this paper are the division fields of elliptic curves.

First we fix Q, an algebraic closure of Q and let E/Q be an elliptic curve. A clas-
sical result is that the points on E can be given the structure of an abelian group. We
let E[n] be the n-torsion on E defined over Q, that is, E[n]={P ∈ E(Q) :n ·P=O}.
Then we can define Q(E[n]) to be the field of definition of the n-torsion points.
With this we present the following theorem.

Theorem 1.4 (a Gauss–Wantzel analog). Let E be the elliptic curve given by
y2
= x3

− x and let n ≥ 2. Then, Q(E[n]) is a constructible field if and only if
ϕ(n)= 2k for some integer k.

Proof. Suppose n ∈ Z such that Q(E[n])/Q is a constructible extension. By
properties of the Weil pairing, Q(ζn) ⊆ Q(E[n]), and so by the Gauss–Wantzel
theorem ϕ(n) is a power of 2.

In the opposite direction, suppose that n ∈ Z such that ϕ(n) is a power of 2.
Given that constructibility is closed under compositum, it is enough to understand
when Q(E[pk

]) is constructible for some prime power pk .
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Suppose p = 2. In this case, Q(E[2])=Q and [Q(E[2k+1
]) :Q(E[2k

])] = 2m

for some m ∈ Z depending on k. Thus, for any k, Gal(Q(E[2k
])/Q) is a 2-group

and hence constructible.
Next suppose that p= 22n

+1 is a Fermat prime and E : y2
= x3
−x . We start this

case by showing that [Q(E[p], i) :Q(i)] is a power of 2, which implies the desired
result. The endomorphism ring of E over Q(i) is isomorphic to Z[i]. Moreover,
since p≡ 1 (mod 4) splits we can factor p= ππ for π ∈ Z[i]. (Explicitly, we have
π = 22n−1

+ i and π = 22n−1
− i .) We therefore have two isogenies φ1 : E→ E and

φ2 : E→ E given by φ1(P)=[π ]P and φ2(P)=[π ]P which are defined over Q(i).
Let E[π ] and E[π ] be the kernels of these two isogenies. It is straightforward to see
that E[p] is the direct product of E[π ] and E[π ], that each of E[π ] and E[π ] has
order p, and both E[π ] and E[π ] are Galois stable over Q(i). This shows that the
image of the mod p Galois representation ρE,p :Gal(Q(E[p], i)/Q(i))→GL2(Fp)

is conjugate to a subgroup of the diagonal matrices. The set of diagonal matrices
has order (p− 1)2

= 22n+1
. Since ρ is injective, Lagrange’s theorem implies that

[Q(E[p], i) :Q(i)] is a power of 2. □

One might think that the more general question of when Gal(Q(E[n])/Q) can
be a p-group would add some interest, but it turns out the only interesting case here
is when p = 2. This is easy to see since [Q(E[n]) :Q] is even for all n ≥ 3. If we
want to study a condition on Gal(Q(E[n])/Q) that is more general than being a
p-group, but is restrictive enough to yield meaningful results, a naive thing to do
would be to study when Gal(Q(E[n])/Q) is the direct product of a finite number of
p-groups. This allows some additional flexibility, but still imposes some structure
on the situation.

While at first this seems arbitrary and naive, it is a very natural thing to do.

Proposition 1.5 [18, Proposition II.7.5]. Let G be a finite group, then G is nilpotent
if and only if it is the direct product of its p-Sylow subgroups.

Thus, our naive consideration is actually logically equivalent to the condition
that Gal(Q(E[n])/Q) is nilpotent. Looking at the literature, we find the following
result about when Gal(Q(E[n])/Q) is abelian.

Theorem 1.6 [16, Theorem 1.1]. Let E/Q be an elliptic curve and n ≥ 2. If
Q(E[n])/Q is an abelian extension, then n = 2, 3, 4, 5, 6, or 8.

With this added context, our new goal is to understand when Gal(Q(E[n])/Q)

is nilpotent for E/Q. To that end, we give the following definition:

Definition 1.7. Let K/k be a Galois extension of fields. We say that K/k is a
nilpotent extension if Gal(K/k) is a nilpotent group. When the base field k is clear
from context, we will just say that K is a nilpotent field for brevity.
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We will be able to give a complete answer to the question of when Q(E[n])/Q

is nilpotent that is conditional on a positive answer to Serre’s uniformity question.

Conjecture 1.8 [46, Conjecture 1.1; 34, Conjecture 1.1.5]. If p>11, then there is no
non-CM elliptic curve E/Q for which the image of the mod p Galois representation
is contained in the normalizer of the nonsplit Cartan subgroup.

Before stating our next theorem we remind the reader that a Mersenne prime is
a prime which is one less than a power of 2. Such a prime always has the form
2p
− 1 for p a prime.

Theorem 1.9. Let E/Q be an elliptic curve.

(1) If E does not have complex multiplication, Conjecture 1.8 holds, and Q(E[n])/Q

is nilpotent then n ∈ {3, 5, 6, 7, 15, 21} ∪ {2k
: k ∈ Z+}. Each of these cases occurs

for infinitely many different rational j-invariants.

(2) If E does not have complex multiplication, n ̸∈ {3, 5, 6, 7, 15, 21}∪{2k
: k ∈Z+},

then Q(E[n])/Q is nilpotent if and only if one of the following holds: (i) n is a
product of distinct Mersenne primes with the property that the mod p image of
Galois is contained in the normalizer of the nonsplit Cartan for all primes p | n, or
(ii) n is twice a product of distinct Mersenne primes with the property that the mod
p image of Galois is contained in the normalizer of the nonsplit Cartan, and the
mod 2 image has RSZB label 2.2.0.1.

(3) If E has complex multiplication by the order of discriminant D ∈ {−4,−7,−8,

−12,−16,−28}, then Q(E[n])/Q is nilpotent if and only if n is a power of two
times a product of distinct Mersenne and Fermat primes, where the Mersenne primes
are inert in the CM field and the Fermat primes are split in the CM field.

(4) If E has complex multiplication by the order of discriminant D ∈ {−11,−19,

−43,−67,−163}, then Q(E[n])/Q is nilpotent if and only if n is a product of
distinct Mersenne and Fermat primes, where the Mersenne primes are inert in the
CM field and the Fermat primes are split in the CM field.

(5) If E has complex multiplication by the order of discriminant D = −27, then
Q(E[n])/Q is never nilpotent.

(6) If j (E) = 0, then E is isomorphic over Q to an elliptic curve of the form
Ed : y2

= x3
+d. Then, Q(Ed [n])/Q is nilpotent if and only if n= p is a prime and

d ≡ 1 (mod (Q×)3) if p = 2,

d ≡ 2 (mod (Q×)3) if p = 3,

d ≡ 2 · p
1
3 (p−1) (mod (Q×)3) if p = 3 · 2k

+ 1 for some k ≥ 1,

d ≡ 2 · p
1
3 (p+1) (mod (Q×)3) if p = 3 · 2k

− 1 for some k ≥ 1.
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Corollary 1.10. There is no elliptic curve E/Q for which Q(E[19])/Q is a nil-
potent extension. Further, 19 is the smallest prime with this property.

Along the way to proving Theorem 1.9, a phenomenon appears that we point
out here. When studying the question of when Q(E[pn

])/Q nilpotent given
that Q(E[pn−1

])/Q is, we realized that we would need to classify exactly when
Q(E[pn

])=Q(E[pn−1
], ζpn ).

Definition 1.11. Let E/Q be an elliptic curve and let m, n ∈ Z+ such that m | n.
We say that there is a near coincidence between the m- and n-division fields of E if

Q(E[n])=Q(E[m], ζn).

The terminology here is motivated by the definition given in [7] where an
elliptic curve E/Q is said to have a coincidence between its division fields if
Q(E[m])=Q(E[n]) for distinct integers m and n. In that paper is the following
theorem:

Theorem 1.12 [7, Theorem 1.4]. Let E/Q be an elliptic curve, p be a prime, and
let n ∈ Z+.

(1) Suppose Q(E[pn+1
])=Q(E[pn

]). Then p = 2 and n = 1.

(2) If Q(E[pn
])∩Q(ζpn+1)=Q(ζpn+1), then p = 2.

The problem of classifying such coincidences for elliptic curves defined over
number fields was also recently investigated by Yvon in [44].

In the end, we are able to give a complete classification of elliptic curves
over Q with a near coincidence of their pn+1 and pn division fields; i.e., when
Q(E[pn+1

])=Q(E[pn
], ζ n+1

p ).

Theorem 1.13. Let E/Q be an elliptic curve, p ∈ Z prime, and n ∈ Z+. Suppose
that

Q(E[pn+1
])=Q(E[pn

], ζpn+1).

Then p ∈ {2, 3} and n = 1. Further, if p = 2, then E must correspond to a rational
point on the one of the modular curves with RSZB label 4.48.0.3 or 4.16.0.2, while if
p = 3, then E must come from a rational point on 9.27.0.1.

Remark 1.14. Before moving on, we point out that elliptic curves corresponding to
rational points on 4.16.0.2 have the property that Q(E[4])=Q(E[2])=Q(E[2], i).
Thus, these curves actually have a coincidence of division fields. In contrast, the
elliptic curves corresponding to rational points on 4.48.0.3 have the property that
Q(E[2])=Q and Q(E[4])=Q(i). So these curves have a near coincidence without
having a coincidence of division fields. It is interesting to note that in order to
have a near coincidence between the 2- and 4-division fields, without having an
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actual coincidence between the 2- and 4-division fields, the 2-division field has to
be trivial.

Similarly, the rational points on 9.27.0.1 yield elliptic curves with a near coinci-
dence between their 3- and 9-division fields. Unlike the case with p = 2, a rational
point on 9.27.0.1 corresponds to an elliptic curve E with either j (E)= 0 or a surjec-
tive ρ̄E,3. In particular, if E is a non-CM elliptic curve with Q(E[9])=Q(E[3], ζ9),
we must have [Q(E[3]) :Q] = 48.

Remark 1.15. We choose to begin this paper with the Gauss–Wantzel theorem not
only because of its classical significance, but because it serves as a natural entry
point for a broad audience into the kinds of questions that we hope to address in this
paper. The main objective here is to classify when the division field Q(E[n])/Q of
an elliptic curve E over Q is nilpotent. Along the way, we uncover a surprising
analog of the Gauss–Wantzel theorem as well as a result about near coincidences of
division fields. We hope that the Gauss–Wantzel analog, while not the main thrust
of the paper, illustrates the value of considering questions like these.

Outline of the paper. In Section 2 we recall basic facts related to elliptic and
modular curves that will be necessary for the proof of the main results. The
proof of Theorem 1.13 will be handled in Section 3 by finding the smallest power
n such that Q(E[pn+1

]) cannot be Q(E[pn
], ζpn+1) and then we prove that if

Q(E[pn+1
]) ̸=Q(E[pn

], ζpn+1), then Q(E[pn+2
]) ̸=Q(E[pn+1

], ζpn+2). The proof
will have to be broken down into cases depending on if p = 2, 3, 5, or p ≥ 7.

The proof of Theorem 1.9 starts in Section 4 by using group theory to classify
the nilpotent subgroups of GL2(Z/pZ) according to their image in PGL2(Z/pZ).
We then apply known results about the corresponding modular curves to determine
when the extension Q(E[p])/Q can be nilpotent. This is where we will employ
Conjecture 1.8.

In Section 5 we use the information from the previous section to prove that
if p is odd, then the p2-division field is never nilpotent. Lastly, in Section 6
we study which combinations of mod p images can occur simultaneously, and
prove Theorem 1.9. Throughout the paper we address the case of elliptic curves
with complex multiplication separately from those without complex multiplication
because of their unique properties (which are outlined in Section 2.1.1).

All of the computations in this paper were performed using Magma [4] and the
code can be found at [8].

2. Background

The goal of this section is to review some of the background information necessary
for the proofs of the main theorems. In each subsection readers should find some
additional resources to supplement what is written here.
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2.1. Elliptic curves. For background about elliptic curves, see [39]. Given an
elliptic curve E/Q and a natural number n, the points of order dividing n defined
over Q form a group. Considering E(C) as the quotient of C by a lattice shows that

E[n] := {P ∈ E(Q) : n P =O} ≃ Z/nZ⊕Z/nZ.

This isomorphism is noncanonical, but it only requires a choice of basis for E[n].
Because the group law on an elliptic curve is given by rational functions,

Gal(Q/Q) acts on E[n] component-wise. That is, if P = (x, y) ∈ E[n] and
σ ∈ Gal(Q/Q), then Pσ

= (σ (x), σ (y)) ∈ E[n]. This component-wise action
induces a representation

ρ̄E,n : Gal(Q/Q)→ GL2(Z/nZ)

with the property that Im ρ̄E,n ≃ Gal(Q(E[n])/Q). We remark here that because
the isomorphism E[n] ≃ Z/nZ⊕ Z/nZ is noncanonical, Im ρ̄E,n is really only
defined up to conjugation.

A guiding principle in this paper is that oftentimes things can be broken down
into cases depending on the shape of Im ρ̄E,p. We are able to do this thanks to the
following proposition.

Proposition 2.1 [42, Lemma 2]. Let p be a prime and let G be a subgroup of
GL2(Z/pZ). If p divides |G| then, either SL2(Z/pZ) ⊆ G, or G is contained
inside a Borel subgroup of GL2(Z/pZ). If p does not divide |G|, let H be the image
of G in PGL2(Z/pZ); then

(1) H is cyclic and G is contained inside a Cartan subgroup of GL2(Z/pZ), or

(2) H is dihedral and G is contained in the normalizer of a Cartan subgroup of
GL2(Z/pZ), but not the Cartan itself , or

(3) H is isomorphic to A4, S4 and A5.

In case (2), p must be odd. In case (3), p must be relatively prime to 6, 6, and 30
respectively.

We will say more about the Cartan subgroups when we discuss elliptic curves
with complex multiplication in Section 2.1.1.

Before moving on from Galois representations attached to elliptic curves, we
draw attention to the fact that we can combine mod pk representations using inverse
limits to define the p-adic Galois representations

ρE,p∞ : Gal(Q/Q)→ GL2(Zp).

An important point, for our purposes, is that if p ≥ 5, then the group SL2(Zp)

has no proper closed subgroups whose image is SL2(Z/pZ) under the standard
reduction map. As Serre explains, this leads to the following proposition.
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Proposition 2.2 [35, Section IV]. Let E/Q be an elliptic curve and let p ≥ 5 be a
prime. If ρ̄E,p is surjective, then ρE,p∞ is also surjective.

To see how this breaks down when p= 2 or 3, the reader is encouraged to consult
[11] and [13].

Lastly, we note that given an elliptic curve over Q, the group Im ρ̄E,n must have
a few special properties.

Definition 2.3. Let n ≥ 2 be a positive integer and let G be a subgroup of
GL2(Z/nZ). We say that G is an admissible group if

• det(G)= (Z/nZ)×, and

• G contains an element of determinant −1 and trace 0 that fixes a point of order n
inside of (Z/nZ)2.

Proposition 2.4 [45, Proposition 2.2]. Let n ≥ 2 be an integer and let E/Q be an
elliptic curve. Then, Im ρ̄E,n is an admissible subgroup of GL2(Z/nZ).

2.1.1. Elliptic curves with complex multiplication. Elliptic curves come in two
distinct types depending on their endomorphism rings. Given an elliptic curve
E , defined over a field of characteristic 0, the endomorphism ring of E over Q is
either isomorphic to Z or an order of an imaginary quadratic field, usually denoted
by O. When the endomorphism ring is larger than Z we say that E has complex
multiplication by O. Throughout this section we follow the work done in [34,
Section 12]. Many of the results we use were first proven in [28]. A reader looking
for an introduction to elliptic curves with complex multiplication should see [38,
Chapter II].

One way to think about elliptic curves with complex multiplication is as elliptic
curves with additional symmetries. These added symmetries manifest themselves
in many ways. They endow elliptic curves with complex multiplication with many
interesting properties that make them unique among elliptic curves in general. Of
particular interest to us is that the Galois representations attached to elliptic curves
with complex multiplication behave very differently than those without complex
multiplication.

We introduce some notation to state results about the Galois representations
attached to elliptic curves with complex multiplication.

Given O, an order of a quadratic imaginary field K . We define the adelic Cartan
subgroup associated to O to be

CO = lim
←−−

(O/NO)×

where N is a positive integer and the inverse limit is taken with respect to divisibility.
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Next, we let OK be the maximal order inside of K and we let f = [OK :O] be
the conductor of O. Continuing, we let D = disc(O)= f 2 discO, and

φ =

{
f D is odd,
0 otherwise.

Then, we let

ω =
φ+
√

D
2

and δ =
D−φ2

4
,

so that O = SpanZ{1, ω} with ω2
− φω− δ = 0. We can now define the level N

Cartan subgroup associated to O as

CO(N )=
{(

a+ bφ b
δb a

)
: a, b ∈ Z/NZ and a2

+ abφ− δb2
∈ (Z/NZ)×

}
⊆ GL2(Z/NZ).

Taking inverse limits as N runs over the positive integers ordered by divisibility of
the level N , we can define

CO(Ẑ)= lim
←−−

CO(N )⊆ GL2(Ẑ).

The group CO(Ẑ) is a closed subgroup of GL2(Ẑ) that is isomorphic to CO under
the isomorphism

a+ bω 7→
(

a+ bφ b
δb a

)
.

Next, we define
NO(N )=

〈
CO(N ),

(
−1 0

φ 1
)〉

and let NO(Ẑ) ⊆ GL2(Ẑ) and NO(Zp) ⊆ GL2(Ẑp) be the usual inverse limits of
the NO(N ).

Remark 2.5. Frequently the group NO is called the normalizer of CO. It turns out
that the group NO(Zp) is the normalizer of CO(Zp) in GL2(Zp) (by [28, Proposition
5.6(2)]), but NO is not the normalizer of CO in GL2(Ẑ). See [34, Remark 12.1.2].

Before moving on we make a few more observations about these groups that will
be useful later on. First we note that by construction each of the groups CO(N ) is
an abelian group since O/NO is abelian. In contrast, the groups NO are not abelian
unless p= 2. In order to compute the center of NO(N ), it would be a simple matter
of determining which matrices in CO(N ) commute with M =

(
−1 0

φ 1
)
. Let

A =
(

a+ bφ b
δb a

)
∈ CO(N ).
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Computing the entry in the first row, second column of M A and AM we see that A
commutes with M if and only if b =−b. Thus, if p ̸= 2, then A ∈ Z(NO(N )) if
and only if A =

(a
0

0
a

)
= aI ∈ Z(GL2(Z/NZ)). From this we get:

Lemma 2.6. Let N > 2 be an integer. Let G be a subgroup of NO(N ) such that(
−1

φ
0
1

)
∈ G.

Then the center of G, Z(G), is exactly the set of scalar matrices in G. In other
words,

Z(G)= Z(GL2(Z/NZ))∩G.

The last few theorems we need will help us pin down the exact image of the
Galois representations attached to elliptic curves with complex multiplication. We
will state the following theorems for elliptic curves with complex multiplication
defined over Q, but we note that both [34, Section 12] and [28] handle the case
where E is defined over a number field.

Proposition 2.7 [34, Proposition 12.1.4]. Let E/Q be an elliptic curve with complex
multiplication by O, let p be a prime, and let

e =


4 if p = 2,

3 if p = 3,

1 otherwise.

Then Im ρE,p∞ is the inverse image of Im ρ̄E,pe under the reduction map NO(Zp)→

NO(Z/peZ).

Proposition 2.7 will be exactly what we need in order to understand how the
division fields change as we go up the p-adic tower. This will be useful in Section 5.

Proposition 2.8 [28, Theorem 1.2(4)]. Let E/Q be an elliptic curve with complex
multiplication by O ̸= Z[ζ3]. If p does not divide 2 disc(O), then there is a choice
of basis such that Im ρE,p∞ =NO(Zp).

2.2. Modular curves. Modular curves are the main objects that we will use to
classify the elliptic curves over Q with a given admissible group as the image of their
mod n representation. Given a natural number n ≥ 2 and an admissible subgroup
G ⊆ GL2(Z/nZ) there is a smooth, projective, and geometrically irreducible curve
defined over Q denoted XG whose Q-rational points classify elliptic curves with
the property that Im ρ̄E,n is conjugate to a subgroup of G. Here we emphasize that
the image of Im ρ̄E,n need not be all of G in order to have a corresponding point
on XG . Indeed, since subgroups of nilpotent groups are nilpotent, this will allow us
to focus on finding the maximal admissible nilpotent groups of a given level.

The nature of this correspondence depends on whether −I ∈ G or not, but if G
were a nilpotent group that did not contain −I , then adding −I would preserve
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nilpotency. For this reason, we can assume that −I ∈G. Then the curve XG always
comes with a natural morphism

πG : XG→ P1
Q

such that an elliptic curve E/Q with j-invariant jE ̸∈ {0, 1728}, has Im ρ̄E,n con-
jugate to a subgroup of G if and only if jE = πG(P) for some P ∈ XG(Q). The
interested reader should see [34, Subsection 2.3] to see more details when −I ̸∈ G.

We end this section by emphasizing that a complete classification of the points on
these curves would give a corresponding classification of im ρ̄E,n for every elliptic
curve E/Q. That is, if we can determine all of the maximal nilpotent subgroups H
of GL2(Z/nZ) and classify all the rational points on the corresponding X H ’s, then
we would have classified all the elliptic curves with nilpotent n-division fields.

3. Near coincidences

In order to classify near coincidences, it will be useful to be able to detect them
using the image of the corresponding Galois representation. With this in mind, we
give the following definition.

Definition 3.1. Let G ⊆ GL2(Z/nZ) with surjective determinant and suppose that
m | n. We say that G represents a near coincidence of level (n, m) if

(G ∩SL2(Z/nZ))∩Ker(π)= {I },

where π : GL2(Z/nZ)→ GL2(Z/mZ) is the standard componentwise reduction
map.

Remark 3.2. The idea behind this definition is that classically we know that
(G ∩ SL2(Z/nZ)) fixes Q(ζn)⊆Q(E[n]) and Ker(π) fixes Q(E[m])⊆Q(E[n]).
Therefore, (G∩SL2(Z/nZ))∩Ker(π) should fix Q(E[m], ζn). Thus, the only way
that Q(E[n])=Q(E[m], ζn) is if (G ∩SL2(Z/nZ))∩Ker(π)= {I }.

Of course this definition requires that m | n, but that lines up with the original
definition of near coincidence.

The proof of Theorem 1.13 will be done by first considering the case of prime
level and then moving on to the case of prime power level. We will have to break
the prime level case down into 3 smaller cases. These cases consist of when p = 2,
p = 3, or p ≥ 5.

3.1. Proof of Theorem 1.13 for prime levels. We will start the case when n = 1
of the theorem by dealing with primes p ≥ 5 and break the argument into cases
depending on Im ρ̄E,p based on Proposition 2.1. First we handle the case that ρ̄E,p

is surjective.
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Proposition 3.3. Assume that E/Q is an elliptic curve, p ≥ 5 is prime, and
Im ρ̄E,p = GL2(Z/pZ). Then Q(E[p2

]) ̸=Q(E[p], ζp2).

Proof. By Proposition 2.2, we have Im ρE,p∞ = GL2(Zp) and hence Im ρ̄E,p2 =

GL2(Z/p2Z). Hence

[Q(E[p2
]) :Q] = |GL2(Z/p2Z)| = p5(p− 1)2(p+ 1),

while
[Q(E[p], ζp2)] ≤ [Q(E[p], ζp2) :Q(E[p])][Q(E[p]) :Q]

≤ p(p− 1) · |GL2(Z/pZ)|

= p2(p− 1)3(p+ 1) < p5(p− 1)2(p+ 1).

This proves the claim. □

Next we handle the case that Im ρ̄E,p is a proper subgroup whose order is a
multiple of p.

Proposition 3.4. Assume that E/Q is an elliptic curve, p ≥ 5 is prime, and
Im ρ̄E,p is a proper subgroup of GL2(Z/pZ) whose order is a multiple of p. Then
Q(E[p2

]) ̸=Q(E[p], ζp2).

Proof. In this case, the image of Im ρ̄E,p is contained in a Borel subgroup by
Proposition 2.1 and hence E has a cyclic p-isogeny defined over Q. By the
classification of Mazur, we have p ∈ {5, 7, 11, 17, 19, 43, 67, 163}. Let H =
im ρE,p∞ .

If E has complex multiplication, choose a basis so that H ⊆ NO(Zp). By
Proposition 2.7, H is the full preimage in NO(Zp) of Im ρ̄E,p. Since NO(Zp)

contains all matrices of the form
( 1+kp

0
0

1−kp

)
with k ∈ Z/pZ and this implies that

Q(E[p2
])/Q(E[p], ζp2) is a nontrivial extension.

If E does not have complex multiplication, then Theorem 1.1.6 of [34] implies
that X H is isomorphic to P1 or a positive rank elliptic curve, or that X H is listed in
Table 1 of [34] as the other cases are ruled out by the assumption that p | |Im ρ̄E,p|.
If we assume that Q(E[p2

])=Q(E[p], ζp2), then p2 ∤ |Im ρ̄E,p2 | and this implies
that the index of H in GL2(Zp) is a multiple of p3. Since p ≥ 5, this implies that
the index is ≥ 125 and this implies that X H has genus ≥ 2. There are groups H
contained in a Borel subgroup of GL2(Z/pZ) listed in Table 1 of [34] for p = 11,
17 and 37, but in no case is the index of H a multiple of p3. This concludes the
proof. □

Next we handle the case that Im ρ̄E,p is contained in the normalizer of a split
Cartan subgroup. We divide the argument into the CM case and the non-CM case.

Proposition 3.5. Let E/Q be an elliptic curve and p≥ 5 a prime such that Im ρ̄E,p

is contained in the normalizer of a split Cartan subgroup of GL2(Z/pZ). Then
Q(E[p2

]) ̸=Q(E[p], ζp2).
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Proof. We first will show that E has complex multiplication. If E does not
have complex multiplication, then the results of [3] rule out p = 11 and p ≥ 17,
and the results of [1] rule out p = 13. Hence p ∈ {5, 7}. If H = Im ρ̄E,p2 and
Q(E[p2

])=Q(E[p], ζp2), then H is an index p3 subgroup of the full preimage in
GL2(Z/pZ) of Im ρ̄E,p and hence

(∗) |H | divides
|GL2(Z/p2Z)|

p4(p+ 1)/2
,

since p(p+1)

2 is the index of the normalizer of the split Cartan in GL2(Z/pZ). In
addition, by Proposition 2.4, H must also be an admissible group. Finally, H must
be nonabelian, since by [16] Q(E[n])/Q is nonabelian if n > 8.

For these two primes p, we use Magma to search for admissible subgroups H of
GL2(Z/p2Z) such that (∗) is satisfied and H is nonabelian. For p= 5 there are two
conjugacy classes of such subgroups and for p = 7 there are four. In both cases,
all such subgroups are contained in the normalizer of a split Cartan subgroup of
GL2(Z/p2Z). (The code for these calculations can be found in the file prop35.m
at [8].) The rational points on the modular curve corresponding to the normalizer
of the split Cartan subgroup mod 25 are determined by Momose and Shimura in
[30], and the mod 49 case is handled by Momose in [29]. In both cases, all such
elliptic curves have CM. It follows that E has complex multiplication.

Now we show that if E has complex multiplication, then Q(E[p2
])̸=Q(E[p], ζp2).

The argument here is identical to that in the proof of Proposition 3.4. Choose a
basis so that Im ρ̄E,p2 ⊆NO(Zp). By Proposition 2.7, Im ρ̄E,p2 is the full preimage
in NO(Zp) of Im ρ̄E,p. Therefore, Im ρ̄E,p2 contains all matrices of the form( 1+kp

0
0

1−kp

)
with k ∈ Z/pZ and this implies that Q(E[p2

])/Q(E[p], ζp2) is a
nontrivial extension. □

The last case to be dealt with is when Im ρ̄E,p is contained in the normalizer of
a nonsplit Cartan subgroup of GL2(Z/pZ) for p ≥ 5. Importantly, we know from
[23, Appendix B] or [45, Proposition 1.13] that in this case any such elliptic curve
has to have potentially supersingular reduction at p.

Proposition 3.6 [36, p. 312]. Let E/Q be an elliptic curve with potential good
reduction at p ≥ 5 and discriminant 1. Then, E acquires good reduction over
Q(

12
√

1) at all primes over p.

In [loc. cit.], Serre explains that not only does E gain good reduction over
Q(

12
√

1), but also that ordp(1)∈ {0, 2, 3, 4, 6, 8, 9, 10}. Thus, if p is a prime above
p in Q(

12
√

1), then e(p/p) ∈ {1, 2, 3, 4, 6}.
Even with this in hand, for p = 5 we will have to rely on the classification of

rational points provided in [34].
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Proposition 3.7. Let E/Q be such that im ρ̄E,5 is contained in the normalizer of
the nonsplit Cartan subgroup mod 5. Then Q(E[25]) ̸=Q(E[5], ζ25).

Proof. We search GL2(Z/25Z) for groups that represent (25, 5) near coincidences.
We then take the ones that are maximal with respect to containment (up to conju-
gation) and check if they have points. These groups are exactly the groups with
RSZB labels

25.625.36.1, 25.1250.76.1, 25.2500.156.{2,3}, 25.3750.236.{1,2}

(where we have used braces to combine almost identical labels). Using the data in
[34], we see that there are no noncuspidal Q-rational points on any of these curves
and so there are no elliptic curves over Q with a (25, 5) near coincidence. □

We now turn to the case that p ≥ 7.

Proposition 3.8. Let E/Q be an elliptic curve and let p ≥ 7 be a prime such that
Im ρ̄E,p is a subgroup of the normalizer of a nonsplit Cartan subgroup GL2(Z/pZ).
Let 1 be the discriminant of E and suppose that Q(E[p2

])=Q(E[p], ζp2). Let p
be a prime over p in Q(

12
√

1). The extension Q(
12
√

1, E[p2
])/Q(

12
√

1) is a degree
2p(p2

− 1) extension that is totally ramified at p.

Proof. Suppose towards a contradiction that there is a prime P above p such
that e(P/p) is a proper divisor of 2p(p2

− 1). Since Im ρ̄E,p is a subgroup
of the normalizer of a nonsplit Cartan subgroup of GL2(Z/pZ), we know that
[Q(E[p]) : Q] is a divisor of 2(p2

− 1). Further, because we assumed that
Q(E[p2

])=Q(E[p], ζp2), we know that [Q(E[p2
]) :Q] is a divisor of 2p(p2

−1).
Thus Q(

12
√

1, E[p2
])/Q(

12
√

1) has degree dividing 2p(p2
− 1). Now, e(P/p) is a

proper divisor of
∣∣ρ̄E,p2(Gal(Q/Q(

12
√

1)))
∣∣, which itself divides 2p(p2

− 1). Thus

e(P/p)≤ p(p2
−1) and e(P/p)= e(P/p)e(p/p)≤ p(p2

−1)·6 < p2(p2
−1).

But a result of Hanson Smith [40, Theorem 1.1] says that e(P/p) ≥ p4
− p2

=

p2(p2
− 1), giving us our contradiction. □

We now explain how the previous proposition rules out the possibility of a
(p2, p) near coincidence.

Proposition 3.9. Let E/Q be an elliptic curve and let p ≥ 7 be a prime such that
Im ρ̄E,p is a subgroup of the normalizer of a nonsplit Cartan subgroup GL2(Z/pZ).
Then Q(E[p2

]) ̸=Q(E[p], ζp2).

Proof. Suppose towards a contradiction that Q(E[p2
]) = Q(E[p], ζp2). By the

previous proposition, we know that Q(
12
√

1, E[p2
])/Q(

12
√

1) is totally ramified at p.
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The assumption that Q(E[p2
]) = Q(E[p], ζp2) implies that Im ρ̄E,p2 has order

dividing 2p(p2
− 1). On the other hand, Proposition 3.8 implies that

|ρ̄E,p2(Gal(Q/Q(
12
√

1)))| = 2p(p2
− 1).

It follows from this that

Im ρ̄E,p2 = ρ̄E,p2(Gal(Q/Q(
12
√

1)))

and hence
Gal(Q(

12
√

1, E[p2
])/Q(

12
√

1))≃ Im ρ̄E,p2 .

However, a Galois extension that is totally ramified at a prime over p must have a
Galois group which is an extension of a finite p-group (the wild inertia group) by
a finite cyclic group of order coprime to p (the tame inertia group). This means
that for any prime q ̸= p, the q-Sylow subgroup of Im ρ̄E,p2 must be cyclic. In
particular, the Sylow 2-subgroup of Im ρ̄E,p2 must be cyclic. However, by [16],
Q(E[p])/Q must be nonabelian, and so the projectivization of Im ρ̄E,p must have
a dihedral Sylow 2-subgroup. This is a contradiction. □

The last remaining case is that Im ρ̄E,p is contained in an exceptional group —
that is, the image in PGL2(Fp) falls into case 3 of Proposition 2.1.

Proposition 3.10. Let E/Q be an elliptic curve and let p ≥ 5 be a prime such that
Im ρ̄E,p is contained in an exceptional subgroup. Then Q(E[p2

]) ̸=Q(E[p], ζp2).

Proof. Serre showed [37, §8.4, lemme 18] that Im ρ̄E,p can only be an exceptional
subgroup if image in PGL2(Fp) is isomorphic to S4, p≤ 13 and p≡ 3 or 5 (mod 8).

The elliptic curves with Im ρ̄E,13 contained in an exceptional subgroup were
determined in [2] and in [34] it was shown that for each such elliptic curve, Im ρ̄E,132

contains all matrices ≡ I (mod 13), which implies that Q(E[p2
]) ̸=Q(E[p], ζp2).

For p = 11, the elliptic curves with Im ρ̄E,11 contained an exceptional subgroup
were determined by Ligozat [26, Proposition II.4.4.8.1] and the only possibility is
j (E)= 0. For such an elliptic curve, we cannot have Q(E[112

])=Q(E[11], ζ112)

by Proposition 2.7.
For p= 5, if Im ρ̄E,5 is contained in an exceptional subgroup, then it either equals

an exceptional subgroup, or is contained in a Borel or the normalizer of a split
Cartan. The latter two cases are impossible by Proposition 3.4 and Proposition 3.5.
If the image is the exceptional subgroup mod 5, then a group theory computation
with Magma shows that the mod 25 image of Galois has RSZB label 25.625.36.1,
which is shown to be impossible in [34, Subsection 8.6]. □

In the case when p = 2 and 3, we search GL2(Z/p2Z) for subgroups that
represent a near coincidence of level (p2, p) and then compute the maximal groups
ordered by containment up to conjugation. Doing this yields curves with labels
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4.16.0.1, 4.16.0.2 and 4.48.0.3 when p = 2, and 9.27.0.1, 9.162.4.1 and 9.324.10.1

when p = 3. Thanks to [27; 34; 33] we know that 4.16.0.2, 9.162.4.1, and 9.324.10.1
do not have any rational points and so can be omitted. To summarize:

Proposition 3.11. Let E/Q be an elliptic curve and let p ∈ Z be a prime such that
Q(E[p2

])=Q(E[p], ζp2). Then, p = 2 or p = 3 and E corresponds to a rational
point on one of the modular curves with RSZB labels 4.48.0.3, 4.16.0.2, or 9.27.0.1.

3.2. Proof of Theorem 1.13 for prime power levels. To start this section, we push
a little further in the cases where p = 2 and 3. These searches were carried out
using a Magma script, NearCoin.m, which can be found in [8]. In both of these
cases, we can have near coincidence between the p2- and p-division fields, but
what about the p3- and p2-division fields?

So we search for groups that represent (8, 4) and (27, 9) coincidences. In the
first case, we find that the maximal groups that represent an (8, 4) coincidence all
have genus 1 or higher. Using the data in [33], we know that this means that there
is no elliptic curve without complex multiplication that has these images, and we
have already completely dealt with the CM case.

When considering (27, 9) coincidences, the maximal groups are the ones with
RSZB labels

27.729.43.1, 27.4374.280.{1,2,3,4}, 27.8748.568.{1,2,3,5}.

Again, [34] says that the corresponding modular curves have no noncuspidal Q-
rational points and so there are no elliptic curves over Q with a (27, 9) near
coincidence.

Remark 3.12. In [34], it was shown that 27.729.43.1 cannot occur as the image of
ρE,27 for any elliptic curve over Q by writing down the canonical model of this
modular curve in P42 and showing it has no mod 9 points. The argument given
above in Proposition 3.8 and Proposition 3.9 can be modified to give a simpler
proof that this modular curve has no rational points. In particular, one can show that
if E/Q has mod 9 image contained in 9.27.0.1 (a supergroup of 27.729.43.1), then
ord3( j (E)) ≥ 7. Since any elliptic curve with j (E) ≡ 0 (mod 3) has potentially
supersingular reduction at 3, the argument (using Theorem 1.1 of [40]) can proceed
along similar lines.

Next we prove by induction the case of Theorem 1.13 when n ≥ 2.

Proposition 3.13. Suppose that E/Q is an elliptic curve and p > 2 is a prime such
that pk divides [Q(E[pn+1

]) :Q(E[pn
])] for some k ∈ {1, 2, 3, 4} and n ≥ 1. Then,

pk divides [Q(E[pn+2
]) :Q(E[pn+1

])].
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Proof. Assume that n ≥ 1 and pk divides [Q(E[pn+1
]) : Q(E[pn

])] for some
k ∈ {1, 2, 3, 4} This means that the set

S = {A ∈ Im ρ̄E,pn+1 : A ≡ I mod pn
}

must have size at least pk . Next, we let

S̃ = {A ∈ Im ρ̄E,pn+2 : A ≡ I mod pn+1
}.

Our goal now is to show that there is an injective homomorphism from S to S̃.
Doing this would allow us to conclude that |S| divides |S̃|.

We can represent an element of S in the form I + pn X with X in the additive
group M2(Z/pZ) of 2×2 matrices. Define φ : S→ S̃ by φ(I+ pn X)= I+ pn+1 X .
It is straightforward to see that this formula defines an injective homomorphism,
but it is not immediately clear that if I + pn X ∈ S, then I + pn+1 X ∈ S̃. We now
justify this.

If I+pn X ∈ S for some X ∈M2(Z/pZ), then there is a σ0∈Gal(Q(E[pn+1
]/Q))

such that ρ̄E,pn+1(σ0)= I+ pn X . Further, there must be a σ ∈Gal(Q(E[pn+2
])/Q)

such that σ
∣∣
Q(E[pn+1])

= σ0. In this case, since ρ̄E,pn+1(σ0)≡ I + pn X we have

ρ̄E,pn+2(σ )= I + pn X̃

for some X̃ ∈ M2(Z/p2Z) such that X̃ ≡ X mod p. Then

ρ̄E,pn+2(σ p)≡ (I + pn X̃)p mod pn+2

≡ I + p · pn X̃ + 1
2 p(p− 1)p2n X̃2

+ · · · mod pn+2

≡ I + pn+1 X̃ mod pn+2
≡ I + pn+1 X mod pn+2.

Thus I + pn+1 X ∈ S̃.
Since |S| divides |S̃|, this forces Q(E[pn+2

])/Q(E[pn+1
]) to have degree at

least |S| and so

pk
| [Q(E[pn+2

]) :Q(E[pn+1
])]. □

Remark 3.14. If p ≥ 3, then the statement p2
| [Q(E[pn+1

]) : Q(E[pn
])] is

equivalent to Q(E[pn+1
]) ̸=Q(E[pn

], ζpn+1). This is because the field extension
Q(E[pn+1

])/Q(E[pn
]) is a Galois extension whose Galois group is isomorphic to

a subgroup of the additive group M2(Z/pZ) of 2×2 matrices with entries in Z/pZ.
The group M2(Z/pZ) has order p4 and so a priori [Q(E[pn+1

]) :Q(E[pn
])] = pk

for some k ∈ {0, 1, 2, 3, 4}. We omit the case when k = 0 in Proposition 3.13 since
it is uninteresting.
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Next, we notice that

[Q(E[pn+1
]) :Q(E[pn

])]

= [Q(E[pn+1
]) :Q(E[pn

], ζpn+1)][Q(E[pn
], ζpn+1) :Q(E[pn

])].

But, by Theorem 1.12, in this case ζpn+1 ̸∈Q(E[pn
]) and so

[Q(E[pn
], ζpn+1) :Q(E[pn

])] = p.

Bringing it all together we see that

p2
| [Q(E[pn

]) :Q(E[pn−1
])] ⇐⇒ p | [Q(E[pn

]) :Q(E[pn−1
], ζpn )]

⇐⇒ [Q(E[pn
]) :Q(E[pn−1

], ζpn )] ̸= 1.

Examining the proof of Proposition 3.13, the term 1
2 p(p − 1)p2n X̃2 is ≡ 0

(mod pn+2) if (p, n) ̸= (2, 1) but could fail if p = 2 and n = 1. With this in mind,
we immediately get the following corollary.

Corollary 3.15. Suppose that p = 2 and E/Q is an elliptic curve such that pk

divides [Q(E[pn+1
]) : Q(E[pn

])] for some k ∈ {1, 2, 3, 4} and n ≥ 2. Then,
pk divides [Q(E[pn+2

]) :Q(E[pn+1
])]

Thus, we find ourselves at the end. The work of 3.1 together with Proposition 3.13
and Corollary 3.15 completes the proof of Theorem 1.13.

4. Nilpotent division fields of prime level

We are now ready to start classifying when the division fields of elliptic curves can
give us nilpotent extensions of Q. Before starting the classification in earnest, we
will quickly remind the reader of some basic facts about nilpotent groups.

4.1. Nilpotent groups. This subsection will only cover the very basics of subgroups
series and nilpotent groups. For more context the reader can consult [5; 6; 12; 19].

Definition 4.1. Let G be a group. An ascending series

{e} = G0 ⊆ G1 ⊆ G2 ⊆ · · · ⊆ G

is called a central series if for all i , Gi ◁G and Gi+1/Gi ⊆ Z(G/Gi ). Here Z(G)

is the center of G. A descending series

G = G0 ⊇ G2 ⊇ G2 ⊇ · · · ⊇ {e}

is called a central series if Gi ◁G and Gi/Gi+1 ⊆ Z(G/Gi+1).

Definition 4.2. A group G is called nilpotent if it has a central series.

Theorem 4.3 [19, Theorem 1.26]. Let G be a finite nontrivial group. The following
are equivalent:



NEAR COINCIDENCES AND NILPOTENT DIVISION FIELDS 97

(1) G is a nilpotent group.

(2) Every Sylow subgroup of G is normal.

(3) G is the direct product of its Sylow subgroups.

(4) If d divides |G|, then G has a normal subgroup of order d.

An immediate consequence of this result is that every abelian group and every
finite p-group is nilpotent.

Proposition 4.4 [5, Theorem 5.7]. Nilpotency is closed under subgroups, quotients,
and direct products.

In general, given a group G and a nilpotent normal subgroup N , it is not true
that G/N nilpotent implies that G is nilpotent. However if N ≤ Z(G), this follows
from Theorem 5.13 of [5].

Proposition 4.5. If G is a finite nontrivial group such that Z(G)= {e}, then G is
not nilpotent.

Proof. Suppose G is a finite nontrivial group that is nilpotent. Then, by Theorem 4.3,
part (3), G is the direct products of its p-Sylow subgroups. A classical result in
group theory is that p-group have nontrivial centers and so G must have a nontrivial
center. □

Example 4.6. Let Dn be the dihedral group of order 2n. More specifically, let

Dn = ⟨r, s | rn
= s2
= e, srs−1

= r−1
⟩.

A classical result is that Dn is nilpotent exactly when n = 2k for some k ≥ 2. In
order to keep the statement of Proposition 2.1 as clean as possible, we will need to
adopt the convention that (Z/2Z)2 is a dihedral group.

Example 4.7. Let p be a prime. The goal of this example is to show that SL2(Z/pZ)

is not nilpotent. A simple computation shows that Z(SL2(Z/pZ)) = ⟨−I ⟩ and
by definition SL2(Z/pZ)/Z(SL2(Z/pZ)) is PSL2(Z/pZ). A classical result [20]
is that PSL2(Z/pZ) is simple for all p ≥ 5. Since the center of a group is al-
ways normal and PSL2(Z/pZ) is clearly nonabelian, Z(PSL2(Z/pZ)) is trivial.
Thus, PSL2(Z/pZ) is not nilpotent. This together with Proposition 4.4 shows that
SL2(Z/pZ) is not nilpotent when p ≥ 5. The cases when p = 2 and p = 3 can be
easily checked by hand.

4.2. Classification of nilpotent division fields of prime level. Step 1 in the pro-
cess of determining when an elliptic curve E/Q can have a nilpotent n-division
field, is determining when the p-division fields can be nilpotent extensions of Q.
Proposition 4.4 tells us that if Q(E[n])/Q is nilpotent, then Q(E[d])/Q is nilpotent
for all d | n. Moreover, if n = pa1

1 · · · p
ak
k is the prime factorization of n, then
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Q(E[n])/Q is nilpotent if and only if Q(E[pai
i ])/Q is nilpotent for all i . To see

why this is true, one only needs to recall the Galois correspondence as well as the
fact that nilpotency is preserved under subgroups, quotients, and direct products.

For this reason, we start by studying Q(E[p])/Q and use that information to
understand what happens at level p2 and further up the p-adic tower.

To that end, we need a way to divide up the subgroups of GL2(Z/pZ) so that
we can study them. Fortunately, Proposition 2.1 gives us exactly what we need.

Remark 4.8. If G is a subgroup of GL2(Z/pZ), then G is nilpotent if and only if
its image in PGL2(Z/pZ) is nilpotent. The reason is as follows. If G is nilpotent,
then its image in PGL2(Z/pZ) is a quotient of G and is hence nilpotent. Conversely,
if G ≤GL2(Z/pZ) and the image of G in PGL2(Z/pZ) is nilpotent, then the image
of G in PGL2(Z/pZ) is the quotient G/N , where N is the set of scalar multiples of
the identity in G. This subgroup N ≤ Z(G) and by Theorem 5.13 of [5], it follows
that G is nilpotent, since N can be extended into a central series.

The following result gives a classification of when an admissible subgroup of
GL2(Z/pZ) is nilpotent.

Proposition 4.9. Let p be a prime and G an admissible subgroup of GL2(Z/pZ).
Then G is nilpotent if and only if G is abelian, or the image of G in PGL2(Z/pZ) is
isomorphic to D2k for some k ≥ 2. Further, if p is odd, then G is either contained
in the normalizer of a split or nonsplit Cartan subgroup of GL2(Z/pZ).

Proof. If G is abelian, then it must be nilpotent. Remark 4.8 shows that if the image
of G in PGL2(Z/pZ) is isomorphic to D2k (a 2-group) then G is nilpotent.

Now we assume that G is nilpotent and consider the cases based on Proposition 2.1.
First, if G contains SL2(Z/pZ), then G cannot be nilpotent since SL2(Z/pZ) is
not nilpotent.

Next, suppose that G is an admissible nilpotent group such that p | |G|, and G
is contained in a Borel subgroup of GL2(Z/pZ). Conjugating G if necessary, we
may assume G is contained in the set of upper triangular matrices. The set of upper
triangular matrices contains a unique subgroup of order p, namely the cyclic group
generated by

A =
(

1 1
0 1

)
.

Since we assumed that G was nilpotent, we have from part (3) of Theorem 4.3
every element in G must commute with A. Let

B =
(

a b
0 d

)
be an arbitrary element of G. Next we compute

AB =
(

a b+d
0 d

)
and B A =

(
a a+b
0 d

)
.
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From this we get that the only way that AB = B A is if a = d. This implies that
every element of G must have square determinant, and det(G) = (Z/pZ)× now
forces p = 2 and

G =
〈(

1 1
0 1

)〉
⊆ GL2(Z/2Z),

which is abelian.
We now consider case (1) of Proposition 2.1. In this case, G is contained in a

Cartan subgroup and is hence abelian.
In case (2) of Proposition 2.1, the projective image is dihedral and by Example 4.6,

a dihedral group is nilpotent if and only if its order is a power of 2.
In case (3) of Proposition 2.1 the projective image is isomorphic to A4, S4

or A5. If G were nilpotent this would imply that one of A4, S4 or A5 is nilpotent.
Proposition 4.5 shows this cannot happen, since all three have trivial center. □

4.3. Modular curves associated to split Cartan subgroups. We now survey, and
will soon apply, what is known about the modular curves associated to split Cartan
subgroups of GL2(Z/pZ). We let C+s (p) be the normalizer of a split Cartan
subgroup of GL2(Z/pZ) and X+s (p) the corresponding modular curve.

The work of Bilu, Parent, and Rebolledo in [3] gives an almost complete picture
of rational points on X+s (p). This work together with the work of Balakrishnan,
Dogra, Müller, Tuitman and Vonk in [1] gives, among other things, the following
theorem.

Theorem 4.10 [1; 3]. If p ≥ 11 is a prime, then the Q-rational points on X+s (p)

are cusps or correspond to elliptic curves with complex multiplication.

Using this result we prove the following.

Proposition 4.11. Let E/Q be an elliptic curve without complex multiplication
and let p be a prime such that Im ρ̄E,p is contained in C+s (p). If Q(E[p])/Q is a
nilpotent extension, then p ∈ {2, 3, 5}.

Proof. By Theorem 4.10, it suffices to rule out the case that p = 7. When p = 7,
the projective image of C+s (p) has size 2(7− 1)= 12 and so is not nilpotent. As
shown in [34], there are three maximal admissible subgroups of C+s (7), and for
each of these, the corresponding modular curve has genus 1. For two of these, there
are no non-CM points, while for the third of these, there is a non-CM point with
j = 33

·5·75/27. An elliptic curve with this j -invariant has mod 7 image isomorphic
to either Z/6Z× S3 or Z/3Z× S3 and neither of these groups is nilpotent. □

4.4. Modular curves associated to nonsplit Cartan subgroups. In this section,
we survey what is known about the modular curves associated to nonsplit Cartan
subgroups of GL2(Z/pZ). To start, we will let p be an odd prime and we define
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the nonsplit Cartan subgroup of GL2(Z/pZ) to be

Cns(p) :=
{(

a ϵb
b a

)
: a, b ∈ Z/pZ and (a, b) ̸= (0, 0)

}
,

where ϵ is a generator of (Z/pZ)×. The normalizer of this group in GL2(Z/pZ) is

C+ns(p) :=
〈
Cns(p),

( 1 0
0 −1

)〉
.

We will denote the modular curves corresponding to these groups by Xns(p) and
X+ns(p) respectively.

Much less is known about the rational points on the modular curves associated
with the normalizers of the nonsplit Cartan subgroups compared to what is know
about the split Cartan cases. These modular curves have some arithmetic properties
that make analysis of their rational points particularly challenging. In particular, the
Jacobians of these modular curves always have analytic rank at least as big as the
genus of the curve. This rules out the traditional method of Chabauty and Coleman
and requires more advanced techniques (which have been successful in two cases:
see [1] and [2]). Fortunately for us, enough is known that we will be able to say
quite a bit about the situation unconditionally, and the remainder of what we need
is covered by Conjecture 1.8.

We state some of the relevant theorems for these modular curves.

Proposition 4.12. Let E/Q be an elliptic curve that does not have complex multi-
plication and let p ≥ 7 be a prime such that Im ρ̄E,p is contained in C+ns(p). Then
Im ρ̄E,p = C+ns(p).

Proof. In [45] the stated result is proven for p = 7 (Theorem 1.5) and p = 11
(Theorem 1.6). For p = 13, [1] shows that there are no non-CM elliptic curves
for which Im ρ̄E,p is contained in C+ns(p). The cases that p ≥ 17 are handled by
combining Proposition 1.13 of [45] with Theorem 1.6 of [14]. □

From this we can see that if E/Q is an elliptic curve and p ≥ 7 is a prime such
that Im ρ̄E,p is conjugate to a subgroup of C+ns(p), then Im ρ̄E,p = C+ns(p) and the
image of ρ̄E,p in PGL2(Z/pZ) is a dihedral group with order

|C+ns(p)|

p− 1
=

2(p2
− 1)

p− 1
= 2(p+ 1).

Combining this with Example 4.6 and Remark 4.8, we get that in this case Im ρ̄E,p

is nilpotent exactly when 2(p+ 1) is a power of 2 which can happen only when
p+ 1 is a power of 2 or p is a Mersenne prime.

We summarize the discussion up to this point in the following proposition.

Proposition 4.13. Let E/Q be an elliptic curve without complex multiplication
and let p be a prime such that Im ρ̄E,p is conjugate to a subgroup of C+ns(p) and
Q(E[p])/Q is a nilpotent extension. Then p is a Mersenne prime.
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This will be as much as we can say unconditionally. What we really need here
is something like Theorem 4.10, but for X+ns(p). This is exactly why we need
Conjecture 1.8.

Proposition 4.14. Let E/Q be an elliptic curve without complex multiplication and
let p be a Mersenne prime. Assuming Conjecture 1.8, if Im ρ̄E,p is conjugate to a
subgroup of C+ns(p), then p = 3 or p = 7.

Before moving on to the case where E/Q has complex multiplication, we state
a proposition summarizing this section.

Proposition 4.15. Let E/Q be an elliptic curve without complex multiplication and
let p be a prime such that Q(E[p])/Q is a nilpotent extension. Then Conjecture 1.8
implies that p ∈ {2, 3, 5, 7}.

In Table 2 we give models for all modular curves of prime level p ∈ {2, 3, 5, 7}
for which Q(E[p])/Q is nilpotent. These modular curves are isomorphic to P1

and hence there are infinitely many rational j-invariants of elliptic curves E/Q for
which Q(E[p])/Q is nilpotent.

4.5. The case of complex multiplication. One of the interesting properties of
elliptic curves with complex multiplication is that their mod p representations
almost always have their images in the normalizer of a Cartan subgroup. Proposition
1.14(i) and (ii) of [45] state the following.

Proposition 4.16. Let E/Q be an elliptic curve with complex multiplication by an
order O ̸= Z[ζ3] of a quadratic imaginary field K . Next, let p ≥ 3 be a prime such
that p ∤ disc(O). Then, Im ρ̄E,p is conjugate to{

C+s (p) if pOK splits in OK ,
C+ns(p) if pOK is inert in OK .

The point of this proposition is that in these cases the mod p images is as large as
possible. This is useful because we know that in these cases the image of Im ρ̄E,p

of in PGL2(Z/pZ) is dihedral by Proposition 2.1 and has easily computable size.
Remark 4.8 and Example 4.6 now imply that Im ρ̄E,p is nilpotent exactly when its
image in PGL2(Z/pZ) is a 2-group.

Since |C+s (p)| = 2(p−1)2 while |C+ns(p)| = 2(p2
−1), we have that Im ρ̄E,p is

nilpotent if it equals C+s (p) and p is a Fermat prime, or if it equals C+ns(p) and p
is a Mersenne prime.

The next result summarizes the situation and handles the cases that p | disc(O).

Proposition 4.17. Let E/Q be an elliptic curve with complex multiplication by
O ̸= Z[ζ3] and p an odd prime. Then, Q(E[p])/Q is nilpotent if and only if either
p splits in O and p is a Fermat prime or p is inert in O and p is a Mersenne prime.
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Proof. The discussion preceding this theorem covers the case where p ∤ disc(O).
To handle the case where p | disc(O), we refer to [45, Theorem 1.14] which shows
that in this case Im ρ̄E,p is isomorphic to one of the following groups:

G :=
{(

a b
0 ±a

)
: a ∈ (Z/pZ)×, b ∈ Z/pZ

}
,

H1 :=
{(

a b
0 ±a

)
: a ∈ ((Z/pZ)×)2, b ∈ Z/pZ

}
, or

H2 :=
{(
±a b
0 a

)
: a ∈ ((Z/pZ)×)2, b ∈ Z/pZ

}
.

In all three cases, the matrix
( 1

0
1
1

)
is in Im ρ̄E,p and so Im ρ̄E,p is not nilpotent by

Proposition 4.9. □

4.5.1. The case when E has complex multiplication by Z[ζ3]. If E/Q has complex
multiplication by O = Z[ζ3] we know that j (E)= 0. Given such an elliptic curve,
we know that there is always a d ∈Q× such that E is isomorphic to the curve

Ed : y2
= x3
+ d.

The images of the mod p representations of E depend on the value of d modulo 6th
powers. This relationship is explicitly classified in [45, Propositions 1.15 and 1.16].
We summarize the relevant parts of those propositions here for the convenience of
the reader.

Theorem 4.18 [45, Propositions 1.15 and 1.16]. Let E/Q be an elliptic curve with
complex multiplication by Z[ζ3]. Then the curve E can be given by a Weierstrass
equation of the form

y2
= x3
+ d

for some d ∈Q×.

(1) If d is a cube, then Im ρ̄E,2 =
〈(

1 1
0 1

)〉
. Otherwise, Im ρ̄E,2 = GL2(Z/2Z).

(2) If 4d is not a cube, then Im ρ̄E,3 is conjugate to{(
±1 a
0 b

)
: a ∈ Z/3Z and b ∈ (Z/3Z)×

}
if neither d nor −3d is a square,{(

1 a
0 b

)
: a ∈ (Z/3Z)×and b ∈ Z/3Z

}
if d is a square,{(

a b
0 1

)
: a ∈ (Z/3Z)×and b ∈ Z/3Z

}
if 3d is a square.

On the other hand, if 4d is a cube, then Im ρ̄E,3 is conjugate to{(
a 0
0 b

)
: a, b ∈ (Z/3Z)×

}
if neither d nor −3d is a square,{(

1 0
0 b

)
: b ∈ (Z/3Z)×

}
if either d or −3d is a square.

(3) If p ≡ 1 mod 9, then Im ρ̄E,p is conjugate to C+s (p).

(4) If p ≡ 8 mod 9, then Im ρ̄E,p is conjugate to C+ns(p).
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(5) Suppose that p≡ 4 or 7 mod 9 and e ∈ {1, 2} such that e≡ 1
3(p−1) mod 3. If

d ̸≡ 16pe mod (Q×)3, then Im ρ̄E,p is conjugate to C+s (p). If d ≡ 16pe

mod (Q×)3, then Im ρ̄E,p is conjugate in GL2(Z/pZ) to the subgroup of
C+s (p) consisting of matrices of the form

(
a 0
0 b

)
and

(
0 a
b 0

)
, with a, b∈ (Z/pZ)×

such that a/b is a cube.

(6) Suppose that p ≡ 2 or 5 mod 9 and let e ∈ {1, 2} such that −e ≡ 1
3(p + 1)

mod 3. If d ̸≡ 16pe mod (Q×)3, then Im ρ̄E,p is conjugate to C+ns(p). If d ≡
16pe mod (Q×)3, then Im ρ̄E,p is conjugate in GL2(Z/pZ) to the subgroup
generated by the unique index 3 subgroup of Cns(p) and

( 1 0
0 −1

)
.

The take-away from this theorem is that for Ed : y2
= x3
+ d, whether or not

Im ρ̄E,p is nilpotent is completely controlled by d mod (Q×)3.
For example, condition (1) tells us that Q(Ed [2])/Q is a nilpotent extension

exactly when d is a cube. Similarly, condition (2) says that Q(Ed [3])/Q is nilpotent
when 4d is a cube.

We note that there are no Fermat primes ≡ 1 (mod 9). By Remark 4.8, Im ρ̄E,p

is nilpotent if and only if its image in PGL2(Fp), namely a dihedral group of order
2(p− 1), is nilpotent. By Example 4.6 this cannot occur since 2(p− 1) is not a
power of 2.

Thus if p ≡ 1 (mod 9) the image of ρ̄E,p in PGL2(Z/pZ) is nilpotent if and
only if 2(p− 1) is a power of two and so condition (3) never yields a nilpotent
Q(E[p])/Q. Likewise, there are no Mersenne primes p ≡ 8 (mod 9).

The last cases that we have to deal with are the special cases that arise in cases
(5) and (6) of Theorem 4.18. In cases (5) and (6) respectively, the image of ρ̄E,p is
contained in an index 3 subgroup of C+s (p) and C+ns(p) respectively. If we are in
condition (5), then image of Im ρ̄E,p inside of PGL2(Z/pZ) is a dihedral group of
size 2

3(p− 1), while in condition (6) the image of Im ρ̄E,p inside of PGL2(Z/pZ)

is a dihedral group of size 2
3(p+ 1). This along with our previous analysis gives

the following proposition.

Proposition 4.19. Let Ed : y2
= x3
+ d and let p be a prime. Then Q(Ed [p])/Q is

nilpotent if and only if

d ≡ 1 (mod (Q×)3) if p = 2,

d ≡ 2 (mod (Q×)3) if p = 3,

d ≡ 2 · p
1
3 (p−1) (mod (Q×)3) if p = 3 · 2k

+ 1 for some k ≥ 1,

d ≡ 2 · p
1
3 (p+1) (mod (Q×)3) if p = 3 · 2k

− 1 for some k ≥ 1.

Example 4.20. Let E be the elliptic curve given by

y2
= x3
+ 16 · 972.
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We check in the LMFDB that the image of ρ̄E,97 is conjugate to the group with
RSZB label 97.14259.1103.1. One can check directly that this group is nilpotent and
so Q(E[97])/Q is nilpotent.

Remark 4.21. If E is an elliptic curve with complex multiplication by O = Z[ζ3],
then Proposition 4.19 shows that Q(E[p])/Q is nilpotent for at most one prime p.

Proof of Corollary 1.10. If E/Q is an elliptic curve for which Q(E[19])/Q is
nilpotent then by Proposition 4.9, Im ρ̄E,p is contained in the normalizer of a split
or nonsplit Cartan subgroup. If E is non-CM, the split Cartan case cannot occur by
Proposition 4.11 and the nonsplit Cartan case cannot occur by Proposition 4.13. If
E has CM by an order O, then Proposition 4.17 forces O = Z[ζ3]. However, by
Proposition 4.19 only cases where p = 3 · 2k

± 1 can occur and 19 does not have
this form.

Proposition 4.19 allows us to construct elliptic curves Ed : y2
= x3
+d for which

Q(Ed [p])/Q is nilpotent for p = 2, p = 3, p = 5 = 3 · 2− 1, p = 7 = 3 · 2+ 1,
p = 11= 3 · 22

− 1 and p = 13= 3 · 22
+ 1. The prime p = 17 is a Fermat prime

which splits in Z[i] and so if E : y2
= x3

− x , then Q(E[17])/Q is nilpotent by
Proposition 4.17. □

5. Nilpotent groups of prime-power level

Suppose that p is a prime and that E/Q is an elliptic curve such that Q(E[pk
])/Q

is a nilpotent extension for some k ≥ 2. The first observation we make is that since
nilpotency is closed under quotients, Proposition 4.4, we know that Q(E[pi

])/Q is a
nilpotent extension for all 1≤ i ≤ k, in particular, and this would mean Q(E[p])/Q

is a nilpotent extension. As usual, we will have to handle the case when p = 2
separately, but thanks to Proposition 4.9, when p is odd, we only have to deal with
the case that Im ρ̄E,p is contained in either the normalizer of a split or nonsplit
Cartan subgroup of GL2(Z/pZ).

5.1. The case when p = 2. In this case there are exactly two ways that Q(E[2])/Q

can be nilpotent. In order for Q(E[2])/Q to be nilpotent, either E can have a square
discriminant or E can have a point of order 2 defined over Q.

We start this case by considering what the image of ρ̄E,4 could be if we know
that E has square discriminant and

Im ρ̄E,2 ⊆
〈(

1 1
1 0

)〉
.

Let π2 :GL2(Z/4Z)→GL2(Z/2Z) be the standard component-wise reduction map
and let

G2 =
〈(

1 1
1 0

)〉
and G4 := π−1

2 (G2).
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The next step is to search for admissible nilpotent subgroups of G4 up to conjugation
with the additional property that their image mod 2 is exactly equal to G2. Such
a subgroup must have order which is a multiple of 6 (a factor of 3 coming from
the image in G2 and a factor of 2 coming from the determinant being surjective).
There are two such groups up to conjugacy: one with order 6 and one with order
12, with the former contained in the latter. Neither of these groups are admissible.
Computing conjugacy classes of the order 12 subgroup shows that there are three
conjugacy classes of elements of order 2 and none of these elements fix an element
of (Z/4Z)2 of order 4, which the image of complex conjugation under ρ̄E,4 must.
(Code for this calculation can be found in the file subsec51.m at [8].) Thus in the
case when Im ρ̄E,2 is conjugate to G2, there is no way that Q(E[4])/Q can be a
nilpotent extension.

The next case is when E/Q has a point of order 2 defined over Q. In this case,
Q(E[2])/Q is either a quadratic extension or trivial. Letting π2 : GL2(Z/2kZ)→

GL2(Z/2Z), we have |Ker(π2)| = 24(k−1). From this we have

|π−1
2 (G2)| = 24(k−1)

|G2|

and in particular π−1
2 (G2) is a 2-group. From Theorem 4.3, we know that π−1

2 (G2)

is always nilpotent. The upshot of this is that if E/Q is an elliptic curve with a
point of order two defined over Q, then for every k ≥ 1, Q(E[2k

])/Q is a nilpotent
extension.

Proposition 5.1. Let E/Q be an elliptic curve such that Q(E[2])/Q is a nilpotent
extension. Then, either the discriminant of E is a square, in which case Q(E[2k

])/Q

is not nilpotent for any k ≥ 2, or E has a rational point of order 2, in which case
Q(E[2k

])/Q is nilpotent for all k ≥ 1.

5.2. The case when p is odd.

Proposition 5.2. Suppose that G is a nilpotent subgroup of GL2(Z/p2Z) and let
π : G→ GL2(Fp) be the reduction mod p map. Assume that p ∤ |π(G)|. Then at
least one of the following is true:

(1) G is abelian.

(2) Ker(π)⊆ {α I : α ∈ (Z/p2Z)× with α ≡ 1 (mod p)}.

Proof. Let P be a Sylow p-subgroup of G. Since |π(G)| has order coprime to p, we
have π(P)= {1}. In particular, P is contained in the set of matrices ≡ I (mod p).
The set of matrices ≡ I (mod p) is an abelian subgroup of GL2(Z/p2Z) order p4.
In particular P is abelian and Ker π = P . Let

H =
∏

Q∈Sylq (G)

q ̸=p

Q



106 HARRIS B. DANIELS AND JEREMY ROUSE

be a complement of P in G. Note that π(G)=π(P H)=π(P)π(H)={1}·π(H)=

π(H) and also H ∩Ker π ⊆ H ∩ P = {1}. Thus π : H→ π(G) is an isomorphism.

Case I: There exists an element of P that is not a scalar multiple of the identity.

This implies that there is some X ∈ M2(Fp) so that I + pX ∈ P and X is not a
scalar multiple of the identity. If Y ∈ π(G), there is some Ỹ ∈ H so that π(Ỹ )= Y .
The assumption that G is nilpotent implies that (I + pX) must commute with Ỹ ,
and this implies that XY = Y X in M2(Fp). The assumption on X implies that X is
a cyclic matrix. This is a matrix X whose minimal polynomial and characteristic
polynomial are the same.

Corollary 4.4.18 of [17] implies that for every cyclic matrix X , its centralizer in
M2(Fp) is equal to Fp[X ], the set of all polynomials in X with coefficients in Fp.
This is a commutative subring of M2(Fp), and this implies that π(G) ⊆ Fp[X ]×

is abelian. Since H ≃ π(G), it follows that H is abelian. Since G ≃ P × H , it
follows that G is abelian.

Case II: Every element of P is a scalar multiple of the identity.

Since P = Ker π , in this case, condition (2) is clearly true. □

As a consequence of this result, we can establish the following result.

Proposition 5.3. Let E/Q be an elliptic curve and let p be an odd prime. Then
Q(E[p2

])/Q is not a nilpotent extension.

Proof. Assume that E/Q is an elliptic curve, p is an odd prime, and Q(E[p2
])/Q

is nilpotent. Let G = Im ρ̄E,p2 . If we are in case (1) of Proposition 5.2, then
Q(E[p2

])/Q is abelian, which contradicts the main result of [16]. If we are in case
(2) of Proposition 5.2 and π : G → GL2(Fp) is the reduction mod p map, then
Ker(π)∩ (G ∩SL2(Z/p2Z))= 1 and this implies that we have a near coincidence
of level (p2, p). By Proposition 3.11, we must have that p = 3 and E corresponds
to a rational point on the curve with RSZB label 9.27.0.1. However, the main result
of [34] implies that for such an elliptic curve, the mod 9 image of Galois must equal
9.27.0.1, which is not nilpotent. □

As a consequence, if E/Q is an elliptic curve, p is an odd prime, and n ≥ 2,
Q(E[pn

])/Q is not a nilpotent extension.

6. Nilpotent groups of composite level

In this section, we will complete the proof of Theorem 1.9. Since Q(E[n]) is
the composite of Q(E[pk

]) for every prime power factor pk of n, the extension
Q(E[n])/Q is nilpotent if and only if every Q(E[pk

])/Q is nilpotent. From
Section 5, this only occurs if k = 1, or p = 2 and E has a rational point of
order 2.
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First, we consider the case that E/Q is an elliptic curve with complex multipli-
cation. From Section 4, we have a classification of when Q(E[p])/Q is nilpotent
based on the mod p image of Galois for E , which is determined by whether p splits,
is inert, or ramifies in the CM field. From Section 5, Q(E[pk

])/Q is nilpotent for
k ≥ 2 if and only if p = 2 and E has a rational point of order 2. From these results,
the complex multiplication cases of Theorem 1.9 follow.

Next we consider the case that E/Q is an elliptic curve without complex multi-
plication under the assumption of Conjecture 1.8. In this case, Section 4 implies
that if Q(E[p])/Q is nilpotent then either p ∈ {2, 5} or p is a Mersenne prime and
Im ρ̄E,p is contained in the normalizer of the nonsplit Cartan subgroup of GL2(Fp),
which entails that p ∈ {2, 3, 5, 7}. All that remains is for us to determine which
combinations of the possible nilpotent mod p images can occur simultaneously.
Given possible mod p and mod q images of Galois G and H , we construct the fiber
product XG ×X0(1) X H . This is the curve given by πG(x)= πH (y). The results of
this computation are listed in Table 1.

The curves of genus 1 or 2 with rank zero can be handled using standard tech-
niques. The rank-0 genus-3 curve was shown in [31] to have no noncuspidal rational
points corresponding to elliptic curves without complex multiplication. This leaves
us with one remaining curve, with label 35.315.19.1. Theorem A.7 of [34] shows
that if X H is a modular curve of level N , every simple factor of the Jacobian of
X H is isogenous to a simple factor of J1(N 2), and Section 6 of [34] explains how
this information can be used to determine the decomposition of the Jacobian of X H .
This decomposition is recorded in the beta version of the LMFDB at http://beta.
lmfdb.org/ModularCurve/Q/35.315.19.a.1. In particular, X H factors up to isogeny
as the product of nine Q-simple abelian varieties (of dimensions 2, 3 and 4).

(p, q) Im ρ̄E,p Im ρ̄E,q Im ρ̄E,pq has noncuspidal rational points?

(2,3)
2.2.0.1 3.3.0.1 6.6.1.1 no – genus 1, rank 0
2.3.0.1 3.3.0.1 6.9.0.1 yes

(2,5)
2.2.0.1 5.15.0.1 10.30.2.2 no – genus 2, rank 0
2.3.0.1 5.15.0.1 10.45.1.1 no – genus 1, rank 0

(2,7)
2.2.0.1 7.21.0.1 14.42.3.1 no – genus 3, rank 0
2.3.0.1 7.21.0.1 14.63.2.1 no – genus 2, rank 0

(3,5) 3.3.0.1 5.15.0.1 15.45.1.1 yes

(3,7) 3.3.0.1 7.21.0.1 21.63.1.1 yes

(5,7) 5.15.0.1 7.21.0.1 35.315.19.1 no – genus 19, analytic rank 15

Table 1. Potential composite level nilpotent images.

https://beta.lmfdb.org/ModularCurve/Q/35.315.19.a.1/
https://beta.lmfdb.org/ModularCurve/Q/35.315.19.a.1/
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Work of Kolyvagin and Logachev [21] shows that if a simple abelian variety A
of GL2-type has analytic rank 0 it must have rank 0, while if it has analytic rank r
equal to its dimension, then it must also have algebraic rank r . (This latter result
is not stated by Kolyvagin and Logachev, but their ideas suffice to prove it. For
more detail about how this follows, see [10, Section 7].) This hypothesis is easy
to verify since L(A, s) factors as a product of dim A modular L-functions. From
this, it follows that the analytic and algebraic rank of the Jacobian of 35.315.19.1
are both 15. In theory, this curve could be attacked using the method of Chabauty
and Coleman since the genus higher than the rank, but computing on a curve of
genus 19 is rather unwieldy. However, the techniques of Lemos [25] apply to this
situation:

Theorem 6.1 (Lemos [25, Theorem 1.4]). Let E/Q be an elliptic curve without
complex multiplication. Suppose that there exists a prime q for which Im ρ̄E,q is
contained in a subgroup of C+s (q). Then ρ̄E,p is surjective for all p > 37.

The work in [25] does not, however, require full strength of the assumption that
p > 37. We wish to explain why that work implies the following result.

Theorem 6.2. Let E/Q be an elliptic curve without complex multiplication. Suppose
that there exist a prime q for which Im ρ̄E,q is contained in a subgroup of C+s (q).
Then ρ̄E,p is not contained in C+ns(p) for any p > 3 with p ̸= q.

Setting p= 7 and q= 5 above implies that the only rational points on the modular
curve 35.315.19.1 are cusps or CM points.

Proof of Theorem 6.2. As this result is really contained in [25] we will give an
overview of the steps in Lemos’s argument highlighting the necessary hypotheses
on p and q. First, Theorem 4.10 implies that q ∈ {2, 3, 5, 7}. As a consequence,
X0(q) has genus zero.

The modular curve Xs(q) parametrizes elliptic curves with two independent
cyclic q-isogenies. In Lemma 3.4 of [25], Lemos shows that there is an isomorphism

θ : Xs(q)×X0(1) X+ns(p)→ X0(q2)×X0(1) X+ns(p)

and that θ commutes with natural involutions on the source and the target. (The
involution on the source interchanges the kernels of the two isogenies, and the
involution on the target is the Atkin–Lehner involution wq2 .) Lemos then defines a
map g : X0(q2)×X0(1) X+ns(p)→ J (X0(q)×X0(1) X+ns(p)) by taking a point P and
mapping it to the difference of its images under the two different degeneracy maps
(coming from the two covers X0(q2)→ X0(q)).

Work of Darmon and Merel [9, Proposition 7.1] shows that there is a projection
π : J (X0(q)×X0(1) X+ns(p))→ A to a positive-dimensional abelian variety with
rank 0 for which the kernel of π is connected and is stable under the action of
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Hecke operators. (For their application, Darmon and Merel only need this for q = 2
or q = 3, but as they indicate, this part of the argument applies to any q with p ∤ q .)

Define h = π ◦ g and let O be the ring of integers in Q(ζp + ζ−1
p ) and R =

O[1/(2qp)]. Roughly speaking, Proposition 3.6 of [25] shows that h is a formal
immersion at ∞ for every prime ideal p of R. The proof of this proposition is
standard and the key assumption is that X0(q) has genus 0. It follows from this
that θ ◦ h : Xs(q)×X0(1) X+ns(p)→ A is a formal immersion at∞ for every prime
ideal p of R.

Now, if P is a rational point on Xs(q)×X0(1) X+ns(p) corresponding to an elliptic
curve E which has potential multiplicative reduction at some prime ℓ ̸∈ {2, p, q},
then it meets one of the cusps at the fiber at ℓ. Without loss of generality this cusp
can be chosen to be infinity and this implies that θ ◦ h(P)= Q ∈ A(Q) reduces to
zero in Ã(Fℓ). (Here Ã is the special fiber of the Néron model of A over Zℓ.) This
implies that Q = 0 and the fact that θ ◦ h is a formal immersion and ℓ > 2 implies
that P =∞. (One way to make this conclusion is using Proposition 2.4 of [22].)

It follows from this that if E/Q is an elliptic curve with mod p image contained
in C+ns(p) and mod q image contained in C+s (q), then E cannot have potentially
multiplicative reduction at any prime ℓ ̸∈ {2, p, q}. The primes of potentially
multiplicative reduction are precisely those that divide the denominator of j (E).
As a consequence j (E) ∈ Z[1/(2pq)]. More is true however. Lemos notes in [25,
Proposition 3.3] that the assumption that the mod p image of Galois is contained in
C+ns(p) implies that E has potentially supersingular reduction at p, and that if E has
potentially multiplicative reduction at ℓ ̸= p, then ℓ≡±1 (mod p). (These same
observations were made earlier by Zywina.) It follows that the only primes that can
divide the denominator of j (E) are those that are≡±1 (mod p). Since p > 3, none
of 2, 3, 5 or 7 (the only options for q) can be≡±1 (mod p). It follows that j (E)∈Z.

Lemos proceeds to show using an explicit isomorphism X+s (q)≃ P1 that there
are only finite integral j-invariants of elliptic curves E/Q with mod q image of
Galois contained in C+s (q). For q ∈ {3, 5, 7} these are explicitly listed on [25, p.
749]. They all have CM except for j = −5000 (q = 5) and j = −1728 (q = 3).
For elliptic curves with these j-invariants, the image of ρE,p is not contained in
the normalizer of a nonsplit Cartan subgroup for any p > 3. The case of q = 2
was previously handled in [24, p. 142]. Here there are 25 integral j-invariants of
elliptic curves E with image in C+s (2) (which is a Borel subgroup of GL2(F2)).
Of these 25, there are 18 are non-CM j-invariants. For elliptic curves with these
j-invariants, the LMFDB indicates that the image of ρE,p is contained in C+ns(p)

for some p only for p = 3 and j ∈ {−64, 4913, 238328, 16974593}. □

In Table 2, we give models for the modular curves from Table 1 that have
noncuspidal rational points.

Working without the assumption of Conjecture 1.8, we must consider the
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G XG πG : XG→P1
Q

2.2.0.1 P1 f2(t)= t2
+1728

2.3.0.1 P1 h2(t)=
(256−t)3

(256−t)3

3.3.0.1 P1 f3(t)= t3

5.15.0.1 P1 f5(t)=
(t+5)3(t2

−5)3(t2
+5t+10)3

(t+5)3(t2−5)3(t2+5t+10)3

6.9.0.1 P1 f6(t)=
(t3
+3t2
+3t−15)3

(t3+3t2+3t−15)3

7.21.0.1 P1 f7(t)=
(2t−1)3(t2

−t+2)3(2t2
+5t+4)3(5t2

+2t−4)3

(2t−1)3(t2−t+2)3(2t2+5t+4)3(5t2+2t−4)3

15.45.1.1 y2
+y= x3

+1 f15(x, y)=
(y+3)3(y2

−4y−1)3(y2
+y+4)3

(y+3)3(y2−4y−1)3(y2+y+4)3

21.63.1.1 y2
+y= x3

+12 f21(x, y)= f7

( x2
+5x−14

x2+5x−14

)
Table 2. Models of the modular curves relevant for Theorem 1.9. The
models for curves of prime level come from [41]. The remaining genus
0 curves can be computed as fiber products of curves of prime level. The
models for the genus 1 modular curves of composite level are computed as
fiber products of the prime level modular curves also computed in [41].

possibility that there is an elliptic curve E/Q for which Im ρ̄E,5 is contained in
the normalizer of the split Cartan mod 5 and for which Im ρ̄E,p is contained in the
normalizer of a nonsplit Cartan modulo p for some Mersenne prime p. Theorem 6.2
above shows this is only possible for p = 3, and the elliptic curves for which this
occurs are parametrized by the modular curve with label 15.45.1.1.

In addition, we must consider the possibility that there is an elliptic curve E/Q

for which im ρ̄E,p is contained in the normalizer of a nonsplit Cartan modulo p
for some Mersenne prime p, and which also has a rational point of order 2. This
implies the mod 2 image of Galois is contained in a Borel subgroup, which for
p = 2 is equal to C+s (2). The desired result again follows from Theorem 6.2. This
concludes the proof of Theorem 1.9.
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