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Let L e R and let H = —%3% + ¢do be the one-dimensional Schrédinger
equation with a repulsive delta potential. We study the Cauchy problem for
the nonlinear equation

id;u(t,x) = Hu(t,x)+Au(t,x)|*u(t,x), (,x)eRxR,
u(0,x) =uo(x),

in L?-based spaces. Using the boundedness of wave operators, a characteriza-
tion of Besov space adapted to H, and the cancellation property of the trilin-
ear form 7 (v1(z), v2(7), v3(7)) = U(=7) (U(=T)v1 (D)U(@)v2()U(T)v3(7))
with U(r) = e~ """ | we demonstrate that under the linear transformation
v(t) = U(—t)u(t), the problem is locally well-posed in L? (R) for 1 < p <2
and in the homogeneous Besov space B ; 1 R)withl<p<2ands=1-— %.
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1. Introduction

This paper is devoted to the Cauchy problem for the cubic nonlinear Schrédinger
equation (NLSE) with a repulsive delta potential in dimension one. The equation is
introduced as
(1-1)
i0:u(t,x) = Hu(t,x) + AMu(t, x)|?u(t,x), (x)eRxR, AeR,
{u(o,x) = up().

Here H is the delta perturbation of the self-adjoint operator Hy = —%8)2(, that is,
H = —30% +qbo(x).

where § is the Dirac delta measure supported at the origin and ¢ € R is the strength
of the perturbation. A more detailed introduction to the operator H will be presented
in Section 2. For convenience, we will refer to the case ¢ > 0 as repulsive, and
q < 0 as attractive throughout the paper. We will speak of the focusing nonlinear
Schrodinger equation (1-1) when A < 0 and the defocusing case when A > 0.

Equation (1-1) is of great interest in both mathematics and physics. Itis frequently
used to model the interaction between a quantum mechanical wave or particle and
an impurity or a localized defect. See Adami, Golse and Teta [2] for the interaction
of a one dimensional Bose condensate with an impurity, as well as Bergé [7] for
the propagation of an optical wave pulse in an optical fiber in the presence of
defects or junctions. A different occurrence of (1-1) is found in the study of soliton-
soliton collisions within the framework of the coupled NLSEs, when considering
the interaction between a narrow soliton and a wider one, which are governed by
different equations, a suitable limiting process reduces the system of two coupled
NLSEs to a single equation, in which the narrow soliton in the mate mode is
effectively represented by a delta function; see Cao and Malomed [13].

In mathematical physics, Hilbert spaces provide a rigorous and versatile frame-
work for describing the behavior of physical systems. For (1-1), Hilbert spaces
such as L2-spaces, L2-based Sobolev spaces W*? and weighted L2-spaces are
used to study local and global well-posedness, as well as the long-time behavior of
the solutions. A briefly review of the relevant details will be provided later.

Much less is known about the properties of the solution to (1-1), when the initial
data u( does not belong to L2-based spaces. Mathematically, the L7-based spaces
(p # 2) would be popular and interesting to work with. In other words, from the
viewpoint of mathematics, it is of great interest to consider the local and global
well-posedness for evolution equations like (1-1) in LP?-based spaces, with the
initial data u also residing in these spaces. But this is not the whole story since the
study of NLSE in L?-based spaces is not merely a mathematical generalization. If
we go back to the works of NLSEs with the initial data that is periodic, or localized
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perturbation of a periodic function, or quasi-periodic, we find that the initial data is
usually not in L?, but rather in L™ in many cases, see [9; 10; 12; 17; 26; 54; 64]
and so on. For example, Dodson, Soffer and Spencer [26] and Oh [64] considered
the local well-posedness of NLSE in dimension one with quasi-periodic initial data,
they allow the initial data to be of the form

1o (x) = cos(x) 4 cos(+/2x),

which is obviously in L>\ L2. We note that the above models have their origins
in mathematical physics. For instance, the periodic case appears naturally in the
context of periodic signals propagating through fibers, while localized perturbations
may be related to noise. Moreover, as mentioned by Vargas and Vega [77] that
the LIA model for the vortex filament can be reduced to equation (1-1), where the
L? theory no longer works, it leads to seek solution of (1-1) with infinite L2 data.
Further studies on NLSE in L?-based spaces (p # 2) will be introduced in next
section.

1.1. Background. This paper is concerned with the well-posedness of equation (1-1)
with the initial data residing in either L?(R) or Bls,’ ,(R). In this section, we will
briefly review the known results for (1-1), and our attention is primarily restricted
to the one-dimensional case.

The case q = 0. Let Hy = —%8)26. We are concerned with the following cubic
NLSE in dimension one:

(1-2) idsu(t,x) = Hou(t,x) + Mu(t,x)|*u(t,x), u(0,x) = uo(x).

It is well known that the Cauchy problem (1-2) is globally well-posed in L?
and W1:2; see, e.g., Kato [55] and Tsutsumi [75]. An elementary problem that
needs to be considered is the long-time behavior of global solutions. Notice that the
cubic nonlinearity in dimension one is the borderline for short range and long range
problems. The main reason lies in the fact that the free wave e /0y, decays
at the rate t_%, which causes the cubic nonlinearity |u|?u to behave like t~lu, a
term that is not integrable in ¢. In fact, it was proved by Barab [6] and Tsutsumi
and Yajima [76] that the scattering in L? only occurs for the trivial zero solution.
Consequently, a phase correction is required, which is known as modified scattering.
When A > 0, Deift and Zhou [23] obtained the long-time asymptotic behavior for
all solutions based on the fact that equation (1-2) is completely integrable. The
sign of A does not make any difference if one considers the Cauchy problem (1-2)
with initial data being small in L2-based weighted Sobolev spaces. One can see
Ozawa [67] for the existence of modified wave operators, as well as Hayashi and
Naumkin [37], Lindblad and Soffer [59], Kato and Pusateri [57] and Ifrim and
Tataru [52] the results for modified scattering.
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The theory of equation (1-2) in L?-based spaces has been investigated in the
literature. In the following, we will omit specifying the spatial dimension in this
circumstance, as some of the known results hold in the higher-dimensional setting.
By using the Duhamel formula, the solution to (1-2) can be expressed as

t
(1-3) u(t) :uo(t)uo—m/o Uo(t — 5)|u(s))2u(s) ds,

where Uy () denotes the linear propagator e *#0_and we will use the simplified
notation u(¢) to denote u(¢, x) from time to time, whenever the spatial variable x
is clear from the context. It is well-known from Hormander [44] that if ug € L2,
Up(t)ug is not necessarily in L? unless p = 2, which is a basic obstacle to study
equation the in L”-based spaces. The linear propagator Uy (¢) has the factorization

(1-4) Uo(t) = M (1) D(1) FM (1),

where M (¢) f = ei¥f(x) is multiplication, D(z) f = (Znil)_%f (27’:”) is dila-
tion and F is the Fourier transform. This implies that the boundedness properties
of Uy(t) are analogous to those of the Fourier transform F, which is bounded from
L? to L? with p €[1,2] by Young’s inequality, where p’ is the conjugate of p.
This indicates that one cannot expect (1-3) to be well-posed in L?-based spaces
with initial data belonging to the same spaces.

Zhou [82] found a way around this by considering the well-posedness of the

integral equation
t
(1-5) (1) = uo—i)»fo Uo (—5)|Uo (5)v(5)PUo (s)v(s) ds

in L? and Besov space B;,,, with 1 < p < 2, where v(t) = Up(—t)u(t). A key

observation lies in the cancellation of the multilinear form

T (v1.v2,v3:8) = Uo(—5) (Uo () v1 (5)Uo(—5) U2 (5) U (5)v3(5)),

which is arisen in the Duhamel term of (1-5). The cancellation for 7 leads to the
L'(R?) estimate

(1-6) 7T (vi,v2,v3; S)||L1(Rd) < S_d”Ul ||L1(Rd)||02||L1(Rd)||U3 ”Ll(Rd)

which combined with a frequency localized L? estimate implies the multilinear
estimates for 7 in both L? and Besov spaces, based on these estimates, the author
established the local well-posedness for v(z), the solution of (1-5) in L? and Besov
spaces. The work [82] gave an efficient way to solve the Cauchy problem in L?-
based spaces by considering the integral equation for Uy (—¢)u(t), even if only local
theory is understood. Such an idea has been extended to study other NLSEs in non
L?-based spaces. Hoshino and Hyakuna [45] studied the local well-posedness of
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NLSE in Sobolev spaces W*? and Besov spaces B;’ , with Hartree type nonlinearity
(x| * |u|?)u, the authors considered the integral equation similarly to (1-5) for
Up(—1t)u(t) and the key point in their work is the new multilinear estimates for

Uo(=$)[ (|17 % Uo(s)v1(s)Uo(—5)D2(s)) Uo (5)v3(5)]

in Sobolev spaces, which compared to [82], this result is obtained by using the
factorization for Uy(s) (see (1-4)) instead. Hyakuna [47] obtained the local and
global well-posedness for Hartree type NLSE in L2 N L? by using a similar
approach, along with the blowup alternative argument. The same author [49] studied
the well-posedness of the cubic NLSE in L2 for p > 2, establishing the multilinear
estimates for 7 defined by (1-6) in terms of the factorization for Uy (s). Finally, we
mention that in Hyakuna [46] and [48], the solvability of NLSEs for /y(—¢)u(t) was
considered, with general nonlinearity N (u#) and Hartree type instead, respectively.
Nevertheless, the author did not invoke the integral equation (1-5) nor exploit the
cancellation property inherent to the mult-linear operator.

Notice that the work of [82] concerns the integral equation (1-5) for v(¢) =
Uop(—t)u(t) in LP-based spaces. One can also study the solution u(z) itself straight-
forwardly by using Strichartz estimates for initial data in non L2-based spaces.
The existing results in this direction are primarily based on the homogeneous
Strichartz-type estimates

o () fllpapr, I fllee  and (o) fllpapr SN/ 170
where f is the Fourier transform of f and L? is defined by
L?:={f: feL?},

it follows from the Hausdorff-Young inequality that L? C L? if p <2and
L? C L? if p > 2. The triplet (g, r, p) in above estimates, called a p-admissible
pair in dimension d, from the scaling point of view satisfies

2 d d

qg r D
and some further restrictions. The generalized and variant Strichartz estimates for
the Duhamel term

/O “Uo(t — )N (u)(s) ds

are also needed; see [36; 45; 48; 56; 78]. The Strichartz estimates have been
extensively applied in the study of well-posedness and long-time behavior of NLSE
in L?-based spaces, we refer to the books by Cazenave [15] and Tao [74] to see the
basic philosophy. For the local and global well-posedness of (1-2) in non-L2-based
spaces, Vargas and Vega [77] established local well-posedness in the space L3, LS

t,loc
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in one spatial dimension, for initial data belonging to certain function spaces such
that ||Uo(¢)uo|| L3LS(IxR) < O°- They also obtained global solutions by employing
a splitting argument, originally developed by Bourgain [11], which was used to
establish global existence for large data in H*-critical NLSEs with s near one. Such
an idea has been generalized to the study of NLSEs with different nonlinearities
N (u) and function spaces X for the initial data. Here N (u) could be one of

ul®u, (177 u)u, Bx(lul?u),
and the function space X can be taken as any of

LP>® [P WP, le’a,
(WP ={f:(1+§*)3f e LP}and M, , are modulation spaces.) One can
see related results in [14; 16; 17; 19; 25; 36; 46; 50; 51; 60; 70]. We note that
one advantage of employing Strichartz estimates in combination with the splitting
method is that it allows for the development of a global theory for NLSEs in L?-
based spaces, whereas the approach in [82] is primarily suited for establishing local
results. Finally, there are different approaches to study the global well-posedness
for NLSE (1-2) in L?-based spaces; see Dodson, Soffer and Spencer [26; 27] for
results in L? with 2 < p < oo, where use is made of Strichartz estimates and
the energy method, as well as Ru and Chen [68] and Wang and Hudzik [79] for
results in modulation spaces, where the authors applied the blow-up criterion and
the smallness condition on the initial data, respectively.

W12 N LP and the Wiener algebra W.

The case q # 0. Returning to equation (1-1), the well-posedness of the solution in
L?-based spaces was studied by Adami and Noja [1] and Fukuizumu, Ohta and
Ozawa [32]. The asymptotic behavior of solutions, the scattering theory in H!, and
the blow-up phenomenon have been studied by Banica and Visciglia [5] and Tang
and Xu [73]. One can also see Segata [71] for the construction of the modified wave
operator for (1-2) with ¢ > 0. Conversely, the modified scattering was given by
Masaki, Murphy and Segata [61] and Chen and Pusateri [18]. Results of nonlinear
dynamics around solitons can be found in [20; 31; 32; 34; 42; 43; 41; 53; 58; 62;
63; 65; 72].

As for the results in L?-based spaces, to the best of our knowledge, Angulo
Pava and Ferreira [4] considered the local well-posedness of NLSE with double-
well potential and a general nonlinearity of the form |u|°~!u in the spaces L?->°.
Obviously, the result in [4] can be applied to (1-1) by selecting the locations of two
wells at zero and setting p = 3.

1.2. The main results. Before presenting our main results, concerning the local
and global well-posedness of (1-1) in L?(R) and Bj, . (R) spaces, we recall relevant
definitions and notation.
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Denote by U(t) = e ~**H the linear propagator of H = Hy+¢8¢ with Hy = —%8)26.
It follows from the Duhamel formula that the solution # of (1-1) can be written as

1-7) u(t) =Uug—ik /OtZ/I(t—s)|u(s)|2u(s) ds.
We introduce the linear transformation
v(t) =U(=t)u(t), orequivalently, wu(t) = U(t)v(?).
By combining these two identities with (1-7), we have
(1-8) v(t) =ug—iA /OtL{(—s)(Z/{(s)v(s) U(s)v(s) L{(s)v(s)) ds
where we use the fact that 2/ (1) = U(—t). Let us start with the local well-posedness

of the integral equation (1-8) in the Besov space Bs +(R).

Theorem 1.1. Assume that ug € Bs {(R)ywithl < p<2ands= 1— —. There exists
a time T depending only on |ug || BL® and such that the integral equatton (1-8)
has a unique solution

veC([0,7), BIS,,I(R))

satisfying, forallt €[0,T),

”v(t)”Bf;,l(R) = 2””0”1};.1([}@)-

If v1 and vy are two solutions for (1-8) with initial data uy, and ugyy, then
1@ =v2ll gs | @y = 2lluor —uo2ll g my-

As mentioned previously, by factorization (1-4), Uy (¢) is bounded from L7 (R)
to L?'(R) with p €[1,2] by Young’s inequality, which combined with the identity

u(t) = Uo ()Uo(=1)u(t) = Up()v(2).

implies that the solution u(¢) to the original equation (1-2) with ¢ = 0 stays in
Lp/(IR) when ¢ # 0, see Hyakuna [47] the results for Hartree type nonlinearity. In
what follows, we establish a similar result for (1-1) within the framework of Besov
spaces.

Corollary 1.2. Let v(t) = U(—t)u(t) given in Theorem 1.1 be the solution to the
integral equation (1-8). Then
ueC((0.7): By | (R)).
Next, in the case where the initial data lies in L? (R), an appropriate space-time

norm is needed to control the evolution of the solution v(¢). The following result
provides such an estimate.
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Theorem 1.3. Suppose that ug € L?(R) for 1 < p < 2. Then there exists T
depending only on |ug| rrw) such that the integral equation (1-8) has a unique

solution v € C([0, T), L?(R)) satisfying

2_
[o@OlLo@ = ClluollLr@:  and 165~ 30Ol 11 1o oy = C ol oy

forallt €[0,T). If vi(¢) and v,(t) are solutions for (1-8) with initial data ugy, and
Ugy, then, forallt €10, T),

[v1(?) —v2(@)llLrw) < Clluor — uozllLr ).
where C is a absolute positive constant and % + # =1

Corollary 1.4. Let v(t) = U(—t)u(t) given in Theorem 1.3 be the solution to the
integral equation (1-8). Then

u e C((0,7); L (R)).

Outline of proofs. The starting point in the proofs of Theorems 1.1 and 1.3 is the
integral equation (1-8), where the central task is to analyze the associated trilinear
form

T (v1(2), v2(2), v3(7)) = U(=T) (U(=T)v1 () U() V2 (1) U(T)3(7))

in the Besov space BIS”I (R), if the well-posedness of equation (1-8) in B’;’l (R) is
considered. If 2(¢) is replaced by Uy(¢) in this form, by exploiting a remarkable
cancellation property, one obtains an estimate of 7 in L!; see (1-6). The case of
general U presents two obstacles: the cancellation for the trilinear form and the
noncommutativity of ¢(¢) with the classic Littlewood—Paley projection ¢; (v/2Hp)
(see Section 2.1 for the definition).

The cancellation for the trilinear form 7 (vy(t), v2(7), v3(7)) is based on the
explicit formula for the propagator Z/(¢). In fact, in Proposition 2.2, we obtain
the formula for the general multiplier m(~/2H) in terms of the distorted Fourier
transform F (see (2-10) for the definition), which can be applied to ¢/(¢) to obtain

T F(x) = 6 (DKo £, (NG + x () Ko % £_(f)()
where K;(x) = e_iTﬂ(znt)_l/ ze”;tlz. Notice that x(x) are nonsmooth cutoff
functions, the Hilbert transform shows up in the expansion of 7 (v{(7), v2(7), v3(1)).
Thus we can’t obtain the favorable L! estimate just like (1-6). To proceed, we will
work in the Hardy space H!(R) instead of L!(RR) and then estimate || 7|1 via the
H'-norm. The details for cancellation have been established in Section 4.

The noncommutativity between U/(¢) and ¢;(+/2Hy) can be circumvented by

constructing the Besov spaces Bls,’f] (R) associated to the Schrodinger operator H.
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The space BIS,’fI (R) is defined as the completion of the Schwartz space under

(VA

Iz = (2 @ lr V2D Loe)))'

where ¢;j (+/2H) is the Littlewood—Paley projection associated with A and can be
defined in terms of the distorted Fourier transform 7, (see Proposition 2.2). The
advantage of using B;’f{ (R) is that one has the commutation relation

Ut)p; (V2H) = ¢ (V2ZHU(1).

which is crucial for the estimate of the trilinear form 7 in Bls,’f (R). The next
step is to establish the equivalence between the two types Besov spaces under
consideration. That is, we show that

By ®) = B}, (R)

for some s, p and r. Similar results have been obtained by Georgieva and Giammetta
[33] in the case ¥ = 2, and by Cuccagna, Visciglia and Georgiev [21], where Sobolev
spaces were considered instead of Besov spaces, for Schrodinger operators —A + V/
under different assumptions on the potential V. To prove the equivalence, in
Section 3.1, we introduce wave operators W4, which are defined by
Wif=s5s— lim eitHe_i’HOﬁ
t—+o0

and investigate the boundedness on various function spaces. And then we use
the results (see Proposition 3.2, Proposition 3.4 and Corollary 3.5) that the wave
operator and its conjugate are bounded in L? (R) and Bls7 ,(R) to get the embedding

. s H
B;’, (R) C B;’, (R).
To establish inverse inclusion, we make use of an estimate of the type

loi (V2Ho) ok W2H) [ | gy < 275N £l Loy
(R)

for some s > 0 and certain restrictions on j, k. We note that since the potential in
our setting is singular, we can’t apply the perturbation argument used in [21; 33].

Outline. Section 2 introduces some notions, including the distorted Fourier trans-
form associated with H, the explicit formulas for the multipliers 71(~/2H) and some
linear estimates for the propagator e ““*H  Section 3 is devoted to the equivalence
between Besov spaces associated to H and the classical Besov spaces, where the
boundedness of wave operators will be involved. In Section 4, we explore the
cancellation property for the trilinear form 7 and prove Theorems 1.1 and 1.3.
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2. Preliminaries

2.1. Notation. In this section, we introduce notation for several function spaces.
We use A < B to mean that A < CB for some C > 0 that changes from line to line,
independent of the main parameters. For r € [1, oo], we let r’ € [1, oo] denote the
Holder dual of r, given by % + % = 1. By x, and x_ we mean the characteristic
functions of the intervals [0, +00) and (—o0, 0), respectively.

The Hilbert transform of a function f € S(R) is defined by

1
Hf(x)=pv.— /) dy, xeR,
T JrRx—Y
where p.v. denotes the principal value, which is equivalent to the definition in terms
of a or else “multipliers” in the plural Fourier multiplier,

Hf(x)=F Y(—isgné f(£))(x), feSM).

As usual, L?(R) denotes the space of measurable functions f : R — C such that

1

1/l = ([ 1/G)1Pdx)" <0, 15 p<oo.

or, for p = oo,
|/l Loom) = ess supyep|f(x)| < oo.

Let I C R be an interval and 1 < p, r < oo. The space LY L", ".(I x R) contains all
measurable functions # on I x R with ||u||Ler (IxR) = H lu@l L ) HL”(I) < 00.
We use S(R) and S’(R) to denote the Schwartz space and its dual.

Denote by F (resp.”) and F ~! (resp.”) the standard Fourier transform and its
inverse. That is,

F© = F© = —= [ e o) d.
FRNE = F0) = —= [ e de.

For a given real-valued measurable function m on the real line, we define the Fourier
multiplier operator m (i V) = F ~'m(£)F. Let ¢ be a smooth even function on R
such that

suppp C{& |3 <I€] <2} and ) ¢ =) Q@ 7E) =1 (§£0).

jez jez

The classic Littlewood-Paley projections ¢; (+/2Hy) (j € Z) associated to Hy =
_%33% are defined in terms of Fourier multipliers by

-1) 0 (v2Ho) f(x) = F " (9; () £ (§)) (x).



CAUCHY PROBLEM FOR 1D NLS WITH DELTA AND DATA IN L”-BASED SPACES 125

The classic homogeneous Besov spaces BIS)J (R) for 1 < p,r < oo can be defined
as the closure of S(R) functions f with respect to the norm

. ’ 1/r
1/ sy = (D227 les V2HO) [ ey -

jez

We use H!(R) to denote the Hardy space. The space H!(R) is a proper subspace
of L'(R), which is usually used as a substitution of L!(R) when one considers
the boundedness of operators at the endpoint. One way to define the Hardy space
H'(R) is as

H'®R)={feL'®) |HSeL ®)}
2.2. The Schridinger operator with delta potential. The Hamiltonian
(2-2) H=-10% +¢8o(x)

associated with the linear Schrédinger equation with a delta potential describes a
8-interaction of strength ¢ centered at x = 0. This kind of interaction, also known
as Fermi pseudopotential, gives rise to a variety of models that are widely used in
contemporary physics. Throughout this paper, we will restrict our attention to the
case of a repulsive delta potential, that is, ¢ > 0 in (2-2).

The domain of H is given by

D(H) ={f € H' (R)N H*([R\{0}) : 95 f(0+) — dx £(0—) = 2¢/(0)}.

where £ denote limits from the right or left, and H = —%8)% on its domain. Then
H is a self-adjoint operator on L?(R), the Stone theorem yields that it generates a
strongly continuous L2-unitary group e "iH for t € R. The spectrum of H is well
understood, it is known that the essential spectrum and the absolutely continuous
spectrum are identical, and Gess(H) = 04c(H) = [0, +00), 05c(H) = &. The
eigenvalue of H depends on the sign of ¢. In the repulsive case ¢ > 0, the operator
H has no eigenvalues, whereas in the attractive case ¢ < 0, H has only one simple
negative eigenvalue —%qz, see for example Albeverio et al. [3] for more details.

2.3. The distorted Fourier transform. The Jost functions associated with our prob-
lem are the solutions f1 = f1 (x, &) to the equation

(2-3) Hf =38 f
with boundary conditions

fi(x, &) —eT* 50 as x > Foo.
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Their explicit expressions are

(2.4 £ (8) {emE =0,
- +(x.8) = rg(®) — :

_g ix§ 4 tq(g) Xt ifx < 0,

—lxé' + rq(§) lxé if x>0

(2-5) [ = [T u®* N

—le if x <0,

where the so-called transmission and reflection coefficients 74 (§) and r4(§), § € R,
are given by
i§
i§— S q
The transmission and reflection coefficients enjoy the identities
(2-6) 1q(§) = 14(=8§).  1q(§) = rq(=§), 14(5) =rq(§) + 1,
(2-7) 1) +1rg®)> =1, 15(E)rg(€) +15(E)rg(€) = 0.

(Jost functions also arise when H is associated with more general potentials than
the delta of our study. In this generality they may not be easy to write out explicitly,
but equation (2-7) still holds.)

The distorted Fourier transform associated with H can be constructed via Jost

1q(§) = and r4(§) =

functions, which serve as generalized eigenfunctions of H. To do so, we define the
distorted plane wave by Jost functions:

(2-8) e (x,8)=1,6) [ (x,8), e_(x,§)=14(8) f_(x,8).
Define

Qm)Re, (x.E)  ifE=0,

9 Y8 = {(271)_26_ (x.—&) if£<0.

Note that W(x,0) = 0 and W(x,-) is continuous at k = 0 provided ¢ > 0. The
distorted Fourier transform F, and its inverse fq_l associated with H are defined
by

@10) F(NE = [$EH @ dv. Fo (N = [ W) /@) dE.

Just as the classic Fourier transform can diagonalize Hy by Hy = F ! (%52)}" ,
the distorted Fourier can be used to diagonalize the Schrodinger operator H by
H = fq_l (%éz)}'q. Consequently, the multipliers m(2H) = ]-'q_lm(éz)}'q are
well defined for some bounded measurable functions 7. Below, we will derive the

explicit expression for m(+/2H).
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The distorted Fourier transform and its inverse maintain a close structural re-
semblance to the classical Fourier transform. In fact, it follows from the results in
Segata [71] that

O1  Fud)E = {f@)(&) 1 OF (96 +rOFGLPE) it E=0,
F(P)E) +rg(E)F(x_9)(=8) +rg(O) F(x, )(E) if & <0,
(2-12)
—1 _ ]:_1(‘]5)(35) +]:_1(X+’7q¢)(_x) +]:_1(X_rq¢)(x) if x>0,
Fol =1 . L .

FUP)(x) + F 7 (X_rqP)(—x) + F (x4 Tq#)(x) if x <0.
For self-containedness, we give a brief proof of (2-11) when & > 0; the other cases
can be dealt with in a similar manner. It follows from the definition (2-10) and the

identities (2-6)—(2-7) that
F@)®) = [ T Bp(x)dx

1 oo 0000
== [ O T D) dx
==, W@ s+ —= [ (e e )g o

== [, 0 R @) s+ = [ (@)

=F(x ) E) + g ) F (X 0)(E) + FY_P) () + 1 E)F (x_ ) (—§)
=F(@)(E) + rg(E)F(x L ) (=€) + 1rg () F(x_$)(E).

which gives (2-11) for & > 0.
We collect some basic properties of F,; and Fq_l. For more details, please refer
to Segata [71] and Masaki, Murphy and Segata [61].

Lemma 2.1. Assume that H is the Schrodinger operator given by (2-2) with g > 0.
Let F4 and ]-'q_1 be defined by (2-10).

(1) Fq and Fq_l are unitary on L*(R), and
Fi Fg=FaF; =1 on L*(R).
(i) [[Fg()Leew < NS L1 (w)- The same estimate is true for ]-'q_1 as well.
(iii) F4(/)(0) =0 whenever (x)f € L*(R).

Proof. Statements (i) and (iii) were established in [71] and [61]. Statement (ii)
follows from (2-11), (2-12) and the fact that r; € L (R). O

Next we give an explicit formula for the multipliers associated with H, which
will be used to investigate the linear estimates for e/ as well as the formula for
the Littlewood—Paley projection ¢; (v2H).
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Proposition 2.2. If m is a bounded radial measurable function, m(~/2H) f(x) is

given by

{f_l (mE(F(S)E) +rgOF (X1 HE) +rgEOF (x_ ,)E))(x) ifx =0,
FH mE(F()E) + g E)F(x_ )=E) + Fg(OF (. HEN)(x) if x <O.

Proof. The explicit representation for the spectral projection implies
m(~2H) f(x) =
: /_Z (/Ooom(é)ltq(é)lzm(x, /(& +/(x.8)/(.9) ds) f()dy,

2w
where f4 are Jost functions and #, is the transmission coefficient. We first consider
the case x > 0. We write

m(V2H) f(x) = Fy(x) + F2(x) + F3(x) + F4(x),
with
R = [Tm@l@Pf o [T 708 /0 dy) dé
B =5 [Zm@l@F £ o[ 708 100 dy) de
Py i= 5t [Tm@lg@F L eo)( [ 70810 dv) ds.
Fa) =5 [T m@ltg@F L8[ T8 /0 dv)de.

It follows from the expressions (2-4)—(2-5) for f that
_ 1oy 2 ixt ([ —ive
Fi) = [T m@lg@Pe ([T 1) dy) d

:«/% /()oom(é)eixgllq(é)lzf(x+ HE) dg

and
F(x) = Fa1(x) + Fa2(x),

with

Fyi(x) = m(E)ig(E)e™ F(x_ (&) dE,

1 00
Nl
Pra(0) = == [ m@ng (OO (S de
Notice that @ = 14(—£&); we further have

F3(x) = F31(x) + F32(x) + F33(x) + F34(x),
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with . . ‘
Fua(i= = [ m@™ 70 N de.
Pra()i= = [ m@r @ F (1. 116 d.
Pra(0)i= = [ @ ry@F (1, 1)(-6) de.
Frat) 1= = [T m©e ™ rg P F(c. 1)(6) d:
Similarly,
F4(x) = Fa1(x) + Fgz(x),
with . 6 ‘
Fu(i=—= [ m@™ @7 G /)E) dt,

o ; o ix§ e —
Fa)i=—= [ m@™ @@ F (/)-8 d.
Now by using identities (2-6)—(2-7), we have

Fi(x)+ F31(x)+ F34(x) = F 1 (m(E) F(x, £)E))(x),
Fo1(x)+ Fa1(x) = F 1 (m@E)F(x_ )(©) () +F 1 (m(E)rg ©)F(x_ (&) (x),
Fr(x)+ Faa(x) =0,

Fio(x)+ F33(x) = F~H (m(E)rg ) F (x, N)(=E) (x),
which imply that for x > 0,
m(~v2H) f(x) =
FHmEF)E) +rg@F (x4 )8 +rg(OF (x_ £)(EN) (%),
As for the case x < 0, noticing that /., (x,§) = f_(—x,§), it follows that

m(V2H) f (x)
([T mO O P B B+ (x,6)d8) T (. 6)

o
x f(y)dy
= % f_Z(/Ooom(é)ltq(S)lz(ff(—x, (. E+ fL(—x.8) fL(».£) dg)
X f(=y)dy

=m(V2H) f(=-)(=x),

concluding the proof. O
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We now present a set of corollaries that provide a representation of the linear
propagator e " and its associated Strichartz estimates. These are essential tools

in the analysis of the Cauchy problem (1-1) with initial data in L?(R).
. . —L1im2
First, choosing m(A) = e~ 2

Corollary 2.3. Let H be defined by (2-2). Then
e f(x) = Xy K % Ly (/)X + x_ () K¢ % L_(f)(x)
where K;(x) = e_iT”(Znt)_l/ze% and
Lo(N)=f+F HrgFxa N=)) + F g F(x_).
L ()= +F ([qFx_N=))+F (7 F(x )
The next result appears in [42] and [71], but we include the proof for convenience.

Corollary 2.4. Let H be defined by (2-2) and

in Proposition 2.2, we obtain:

2 1

1 << R
rj Dj 2 4_V]_OO, ]—1,2

Then for any interval I and s € I, we have ”e_”HfHL;l L (IxR) < ||f||L§(R) and

“ /ste_i(t_f)HF(r) dr‘

SWE| - o .

LI LA (IxR) ™~ | ”L,ZLiZ(IxR)

Proof. The operators £+ are bounded on L?(R) for all 1 < p < oo, since r4 € L.
It then follows from Corollary 2.3 that

—i _1
le™ ™ fllpoom < 161721 f L1 gy
combined with

le ™ fll2@ = I £l 2@

and the 7'T* argument, this implies the desired estimates. O

Remark 2.5. The formula for e ~/H

e_itHO:

in Corollary 2.3 can be expressed in terms of

e—itHf — X+e—itH0£+ (f) + X_e_itHOE_ (f)
The dispersive estimates and Strichartz estimates for e **# can also be derived
from those for e 7i/Ho and the LP-boundedness of £+, where 1 < p < oco.

3. Homogeneous Besov spaces associated to H

The function space theory associated to operator H is an important topic in harmonic
analysis and has been extensively studied in recent years, one can see for example
[24; 29; 30; 38; 40; 39], the theories of Hardy spaces, BMO spaces and Sobolev
spaces associated with operators. On the one hand, they generalize the classic
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theories of corresponding function spaces. On the other hand, they are used to
investigate the boundedness of singular integrals such as the Riesz transform, square
function and area integral associated to operators at some endpoint. Such theories
primarily rely on the point-wise estimates or off-diagonal estimates for the heat
semigroup e~ | and can be applied to Schrdinger operator H = —A + V', where
V' is an unbounded positive potential or V' has small negative part.

However, if the potential V' has large negative component, the Schrodinger
operator H = —A + V' may admit eigenvalue and resonance at zero energy. Under
such circumstance, the development of function spaces adapted to H = —A + V' is
primarily grounded in spectral analysis and the theory of distorted Fourier transforms.
Olafsson and Zheng [66] studied the Triebel-Lizorkin spaces and Besov spaces
associated to H, where V is taken to be the Poschl-Teller potential. Cuccagna,
Visciglia and Georgiev [21] considered the Sobolev spaces associated to H under
the assumptions that V' € S(R) being both generic and exceptional. Moreover,
Georgiev and Giammetta [33] studied the homogeneous Besov spaces associated to
H with short range potential V. It is noteworthy that in [21] and [33], the authors
proved the equivalence between the classical function spaces and the corresponding
spaces associated to H.

The homogeneous Besov space Bls,’f (R) associated with H for some 1 < p < 00,
1 <r <ocand s € R is defined as follows. Let ¢; (\/ﬁ ) be the Littlewood—Paley
associated with /, which can be defined by Proposition 2.2 with m(X) = ¢; (1),
where ¢; is defined as in (2-1). Let 1 < p <00, 1 <r < oo and s € R, the
homogeneous Besov space B;fl (R) associated with the perturbed Hamiltonian H
is defined as the closure of S(R) function f* with respect to the norm

., 1/r
(3-1) 1 sy = (2 277l V2ED f oy

jez

The space B};? (R) is independent of the choice of the Littlewood—Paley function ¢.
In fact, if ¥ is of the same type as ¢ in Section 2.1, it follows that ;¥ = 0 if
|/ — k| > 3. Then by using the distorted Fourier transform and the uniform
boundedness of ¢; (v/2H) on LP?(R) for 1 < p < oo (see Remark 3.3(ii)), we have

loj (V2H) [ || Lo @) < kzz lgj (V2H) i (V2H) f || Lo )
= kzz 1F, " (0 ) Vi () Fg fED Lo )

Jj+3
< . Y Vk(V2H) fllLrw)-

which means that Bls,’fl (R) is well defined.
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We are now in a position to state the main theorem of this section.

Theorem 3.1. Assume that 1 < p <00, 1 <r < oo and —% <s< %. We have
By, ®) = By (R)
with equivalent norms.
The proof, given in Section 3.2, depends on the boundedness of wave operators

on Besov spaces and the cancellation property of the operator ¢; (/2 Hg)pr (V2 H).

3.1. Wave operators. Wave operator methods are fundamental in the study of the
evolution flow generated by the Hamiltonian H, typically considered as perturba-
tions of the free Hamiltonian Hy. They are often used to deal with the behavior of
particles interacting with each other or external potentials.

Namely, we have the free Hamiltonian Hy =— % 92 and the perturbed Hamiltonian
H = Hy + gdg with ¢ > 0. The corresponding wave operators are defined by

Wi f=s— lim e oy
t—+o0

and their conjugates

Wif=s— lim e/'HomitH 1
t—+o0o

If the potential ¢d is replaced by a general potential, W is well-defined for
P.(H) f, where P.(H) denotes the projection onto the continuous spectrum. The
wave operators enjoy the splitting property

HWy = WiH,,
and can lead to the functional calculus for H,
(3-2) g(H) =W, g(H)W} = W_g(H)W*

for any function g € L (R).
There are several ways to represent the wave operators Wy. It follows from
Schechter [69] and (2-12) that

(3-3) W, f(x) =F7 ' F(N)x) = Laf(x) + Z Ty f (%),

where [; is the identity operator and
Ty f(x) = x4 (O)F N (x Fg F () (=),
T2 f(x) = x4 () F " (x_rg F()) (%),
T3 f(x) = x_(X)F " (x_rg F(f))(=x).
Taf(x) = x_()F (x4 Fg F()) ().
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We will prove the boundedness of wave operators on various function spaces,
which can be used to prove the equivalence between B;’fl (R) and Bls), ,(R). The
boundedness of wave operators under different assumptions regarding the potential
V in Lebesgue spaces and Sobolev spaces has been extensively studied, so we
will not go further on this topic; for more information, one can see for example
D’ Ancona and Fanelli [22], Weder [80] and Yajima [81].

Denote by B(X, Y') the space of bounded linear operators from X to Y.

Proposition 3.2. The wave operators W lie in B(X, Y), where
) X=Y=LPR)withl < p <0, or
(i) X = LY (R)and Y = LV>*®(R), or
(i) X = H'(R) and Y = L' (R).
Proof. By using the identity (3-3), we only prove 7, € B(X, Y). Write

T2 f(x) = x4 )F " (m2(E)F (1)) (%)

with
x_(&)q
iE—q

Notice that m2; is smooth away from the origin and

my(§) = x_)rq(§) =

ofmaE)| < CE)T*', EeR\{0} and keN,,

where the constant C > 0 depends on k, ¢. Then it follows from a standard multiplier
theorem (see Grafakos [35]) that W, is bounded from X to ¥ with X, Y satisfying
any of the sets of conditions above. O

Remark 3.3. (1) By duality, the operators W belong to B(L”(R), L?(R)) with
1 < p <ooand B(L*®(R), BMO(R)).

(2) For 1 < p < o0, the functional calculus (3-2) and Proposition 3.2 show that if
the classic multiplier m(Hp) is bounded on L?(R), then so is m(H).

(3) Duchéne, Marzuola and Weinstein [28] considered the boundedness of wave
operators W on Sobolev spaces W 7 (R) for singular potentials in dimension one.
Their results also apply to the Schrodinger operator with delta potential.

(4) The wave operators W, may not map the Hardy space H!(R) to itself. This
is because the projection x+ will break the cancellation property for the atoms of
H'(R).

Next we investigate the boundedness of the wave operators on homogeneous
Besov spaces.
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Proposition 3.4. Assume that 1 < p < 00,1 <r <00 and —# <s§< %. Then
Wy € B(B} . (R), BS . (R)).

Proof. We prove that W__ is bounded on BIS), ,(R); the same argument can be applied
for the proof on the boundedness of W_. We will establish the inequality

. 1/r
G4 W, Ly, = (2 2710 VZHOW, o) S 1/ 155, e
. i .
where ¢ is defined in Section 2.1 and ¢; (£) = ¢(27/£). Let ¢ € Cg°(R) be an
even function such that 1 = 1 on the support of ¢ and 0 < < 1. We write

f=Xx <ﬂk(\/2Ho)Wk(\/2Ho)fZkzzwk(\/ZHo)fk

kez

with f = V¥ (/2Hp) f. Then

(3-5) ¢j(V2H)W, |
= > i (vV2Ho) W, (¢x(v2Ho) fk)

kez
4
= kZZ @i (vV2Ho) o (v/2Ho) fi + 521 kZZ 0;j (v/2Ho) Ty (9x (v/2Ho) fi)
4
=12 > Rejx
{=0kez

Notice that for j € Z, ¢y is nonzero when |j — k| < 3 and otherwise it is zero.
Thus

j+3
(3-6) Y MRojxlerwy S X I fellor@w)-
kez k=j-3

Asfor Ry j p (€ =1,...,4)in (3-5), it follows from the proof of Proposition 3.2
that 7y (L =1,...,4) are bounded on L? forall 1 < p < oco. Then for fixed j € Z
and |j — k| <3,

4  j+3 Jj+3
(3-7) > 2 MRejkllrey S 2 ellrm-
{=1k=j-3 k=j—3
It remains to consider the estimates for Ry j x (£ = 1,...,4) in (3-5) with
|/ — k| > 3. We deal with the case £ = 2. Notice that
F(T29x(vV2Ho) fi)(§)

= F(X+F_1(X_rqf((pk(\/ 2Hy) /i) (€)
= F(3(1 +sgn)F M (x_rgou F(fi)) ()
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= X ©rg®er OF (/i) ) + LQu) 2 F(sgn-) * (rg x_ ok F(fi)) ()
= 3 X-OrgE ek O F (fi)(€)
+ie0E [Tk W) [ S dzdy.
Thus we can represent each R, ; i as
(3-8)
Ry ik =F (9j ) F(T20r (V2Ho) fi)) (x)
= 3F N0 ©er O x_ ©rg OF (/i) (©))(x)

+i10m72 [ff 06 Tk rg ek )™ fi(2) d= dy d
= S G OnOX Er®FIEO) W + [ K a(x.2) fio) dz

=: Ra1,jk + R22,j ks

where the kernel K i (x, z) is given by

. . 1
Ky 2) =iCm) [ X620, @p (0 —px-(ra(0) dy dt.

By using the fact that ¢; ¢ =0 when | j —k| > 3, the term R, ; i in (3-8) vanishes,
which means that

(9 IRejilr® < IRx il 5 | [ Kt i@z,

By a change of variables, we have
Kjx(x,z) =iQm)~22/2k
Jf ¢ 0000 555

By integration by parts in y and &, it follows

p(E)p()x_ 5 y)rg(2*y)
KGO 7 (2Jx)2 2k //‘ 9,0¢ 2k y_2ig ! dy d§

g k- @@ dy di.

272k
< .
(27 x)2(2kz)2 max(2k, 27)

Now for k < j — 3, it follows from Holder’s inequality that

k

LP(R ‘ 1

<27V Sl -

G100 | et e |
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As for k > j + 3, by Holder’s inequality again, we have

G0 | [ K fe() dz|

<
Lo~ o Famop
i _1
< 27RO f e @y

For fixed j € Z, combining (3-7), (3-9), (3-10) and (3-11), we have

(3-12) > IRz kllLr@w

kez
<Y (x<s(k—jD) 4 x>3k—j) + x<—3(k— ) Raj klLr ®)
kez
j+3
S 2 Wfllrw
k=j—3
o i—kl(1—1 gL
+ 3 (o3 Ge—27 VRO oy =27 TR | fiell o -
kez

where y<3(n) is the characteristic function of the set (—oo, 3] on Z, and x-3 and
X<—3 are defined similarly. The same estimate (3-12) is also true if the operator
Ry, ;i is replaced by Ry j & with (€ # 2). Writing [[an|l}, ;) = 3 laa|”. notice
that nez
—n(1—1)_
1327 0P gy S 1 for s> —(1-5) = =7
_lnl_
HX<_3(n)2 P ”SHZ}Z(Z) <1 fors< %.

Then it follows from (3-5), (3-6), (3-12) and Young’s inequality that for —# <s< %,

(13) |27 llgs (VZHOW, /o

4@

. 4
< “2” > > ||Rﬁ,j,k||L1’(R))
{=0kez

‘@

) T |
lk—jl=3

6@

nA—|i— _1 i—
i PRI e VA e
€Z

4@

A=k L +(—k
| X a2 RO
kez

4@

= P VAT

o@’

which implies (3-4). O
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Corollary 3.5. Assume that 1 < p <00, | <r < 00 and —# <s< %. Then
Wi e B(B,,(R). B} ,(R)).

Proof. For given 1 < p <00, 1 <r <ooand —% < s < 1, it is easy to see
/ 1 1\o 11

that1<p < 00, 1<r_s<ooand—s€( > p) ( @ D ,) Then for any

S €By,(R)and g € B, ’/(R), by Proposition 3.4, we have

G-14) (WL 1Sy, @I W8l i o S 1S iy, @€l 50, oy
which implies the desired result. O

Remark 3.6. We didn’t prove the boundedness of W at the endpoint r = oo.
This doesn’t mean the result is not true for r = oco. In fact, we can represent W}
similarly to (3-3) in terms of the Fourier transform, and use the same argument
used in the proof of Proposition 3.4 to obtain the boundedness at r = co. However,
Corollary 3.5 is enough for further applications.

3.2. Proof of Theorem 3.1. In this section, we prove Theorem 3.1, the equivalence

betweenBS (R)andBls,fI(lR)forl<p<oo 1 <r<ooand— p,<s<11)

Step I. We prove the embedding Bls,,r (R) — BS H(R) where the boundedness of
the wave operators on Lebesgue spaces and Besov spaces obtained in Section 3.1 will
be involved. In fact, using (3-1), the identity (3-2), Proposition 3.2 and Corollary 3.5,
we have

1 W1y = 2 27703 (V2ED f ey

jez

= Y 2NWo0i (V2HOW Lo

jez

= X 2" Ngi (V2HO W Fl Loy = WS I g SIS, gy

jez
which implies the desired conclusion.

Step II. We prove the inverse embeddmg, ([RR) — IS,J (R). Let ¢ be as defined
in Section 2.1, let ¢ (§) = (2™ 7€), and let w € C$°(R) be an even function such
that ¥ = 1 on the support of ¢ and 0 < ¢y < 1. We write

=Y aV20) =Y f.

kez kez

and then if we set f;, = Y (v2H) f, we further have
¢ (V2Ho) [ = & ¢ (v2Ho) fie = z ¢} (v2Ho) Vi (V2H) fi

=Y ¢j(V2Ho) o (V2H) f..

kez
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We next estimate ¢ (v/2Ho)pi(v2H) in L?(R). For given j € Z and any k
with |j — k| < 3, using the boundedness of the Littlewood—Paley projection and
Remark 3.3(ii), we have

(3-15) lo;i (vV2Ho)pr (V2 H) fillLr®) < Il fkllLr @wy-

It suffices to consider the estimates for | j — k| > 3. By applying Proposition 2.2 to
m(A) = ¢r (1), we have

5
(-16) ¢ (V2Ho)p (VIH) fi(x) = F @ Flon (VI ) ) = X ek

where

Ji,jk:=F _l(gojgok]-"(fk))(x),

Jajge i =F Nei Flx e F~ oerg F(x_ fi)) ().
Ty, =F o F(xe F = orrg Fx fi) (=) ] ().
Ja ik =F o (X F N oriqg F (x4 fi)))] ().
Isjg=F o F(x_F ~ (@ig F(x_ fi) (=) ] (x).

Notice that J; ; x vanishes, since ¢; (§)@x(§) = 0 when |k—j| > 3, and the other
four summands Jy ; x (£ # 1) are of the same type, so we only estimate J, ; . We
write

(3-17)  F(xe F  orgF(x_ i) ()

= ]-'(%(1 +sgn-)F ! (qukf()(_fk)))(é)

= 37qE)er(E)F (x_ fi) (€) + ﬁﬂsgn ) (rgoi F(x— fi))(§)

= Ly o O F(x_ S &) + ﬁ;  Cetr F SN E
= 1 ®eOF ) © +im) 2
1 .
X/y _gg-rq(J/)(ﬂk(J/)/e_lZyX_(Z)fk(Z) dzdy,

which implies that

Ja.pk = S 0 O OF G AOE)) + [ By ) o) dz
=: J21,j’k + J22,j,k’

with the kernel K ik (x,z) given by

~ ; ; 1
Rjae2) =iCm 1) [ e 05 @pr () —ra) dy .

§
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Similarly to the proof of Proposition 3.4, by changing variables and integrating by
parts, we have

K k(x.2)] < 2,x2]22k //

2/ 0k
~(27x)2 (2"2) max(Zk, 27) ’

52 p@)e(y)

y Ezk —2J¢ d§

which leads to the estimates
122, il < | [ Kpate 2 @z,

HJQLjJJthR)S)L/QKQJ(X,Z)jk(Z)dZHII(Ry<2 k=110 £l Loy
(k>j—3).

<27V | Sl oy (e<j—3),

Notice that J; ; x vanishes, since @; (§)@k (§) = 0 when |k— ;| > 3. With the same
meaning for the x’s as in (3-12), we have

(3-18) /2, kllr@w)
< (xes (k=275 4y 3 (o= D27 % 1=D) | el Lo -

The same estimate holds for J; ; x with £ = 3,4, 5. Now combining (3-15)-(3-18)
with the inequalities

X327y <1 s> —(1 -1y =1

HX<—3(”)2_|7’7|_M “(,‘1(2) <1, s< %,

and Young’s inequality, we obtain

< |27° kz lp; (v2Ho)or (V2 H) fic |l Loy
ez

<2f 2 ||fk||LP

@)

k=l 5@
_1
+ H Z X>3(k ])2 lj—kl(1 )+(J k)szks”fk”LI’([R{) gr(z)
kez
A=k L +(i—k
| 2 xema =2 IO oy 1
kez

<120 fellr e @ = 1/ 5.0

This concludes the proof of Theorem 3.1.
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4. Proofs of Theorems of 1.1 and 1.3

We recall the integral equation

v(t) =ug—iA /OtU(—s)(Z/I(s)v(s) U(s)v(s) Z/l(s)v(s)) ds,

where v(z) = U(—t)u(t), u(t) is the solution to the original nonlinear Schrodinger
equation (1-1) and U(t) = e~/ is the linear propagator with H = —%Bi + qdp.
In this section, we will prove Theorems 1.1 and 1.3, the local well-posedness of
v(¢) in LP-based spaces.

We start with the estimate for trilinear form

@1 Ti(r), v2(),v3(0)) = UD)(UD V1 (D UR) V2 (T) U(T) V3 (2)).

We will exploit the cancellation of 7, which is analogous to (1-6), with U(z)
replaced by /2. Set

MOS0 =5 f(x) and Jf(x) = f(—x).

Lemma 4.1. Let the trilinear form T be defined by (4-1). We have, up to a constant,

T(1(0). v2(0), v3(0) = 17" 37, (27 (01(1). v2(1). v3(1))
+ 08, (01 (1), v2(1). v3 (1))
7 F )+ Yy Q8 (01 (1), v2(0). v3(0)
1T F T ) # s, QP 1 (1), 2 (0), v3(0)),
where
S CIORAOREO)]
= MO{MOL, (v1(1) * (JM @)L, (v2(0)) * (TM D)L, (v3()))}
Q3 (w1 (1). va(1). v3(1)
= MO){(HMO)L, (v1()) * (JM(D)L, (v2(0))) * (TM ()L, (v3(1)))}
Qi) w203 (1)
= MO{(JMOL_(v1(1)) * (MO L_(v2())) * (M () L_(v3(1))}.
Qi) va () vs(1)
= MO{(JHMOL_(v1(0))) * (MO L_(v2())) * (M()L_(v3()))}.
QP i) v2(0).v3 (1)
= MO{(I ML, (v1(1) * (M@O)L, (v2(0)) % (ML, (v3())}
Qi) v2 (1) v3(1)
= MO){(JHMOL, (v1(1)) * (ML, (v2()) * (ML, (v3(1)))}.
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O (w1 (0. v2(1). v3())
= MO{MOL01(1) % (TMOL(v2(0) % (TMOL_ (03}

0 @i (D). v2(1). v3(0))
= MO{HM L 01(1) % (TM L (02(0) % (TMOL_(03(0)))}-
Proof. Set
v(1) = UV OUOVO U3 0.

It follows from Corollary 2.3 that

42)  T((w)@®). v2(1), v3(1))(x)
= (UDv(0)(x)
= X4 () Ky % L, (0(0))(x) + x_ () K¢ % L_(0(1))(x)
= X ()T T (OE) + ()T (),
where K;(x) = e_%(2nz)_1/2e% and
Lov(t)=v(t)+F N (rgJF(xpv@)) + FH(rgF(x_v())).
L_v@)=v(@t)+F! (Fg JF(x_v(®))) + Fl (7 F (x L v())).
In the following, we will omit absolute constants in some identities.
Let us turn to the expansion of v(¢). By using Corollary 2.3 again, we have
(4-3) v(®)(y)
= (U1 (O)) W (UOVv20) W) (U@)v3 (1)) ()
= X+ DK # L, 0100 Kr % L, (02(0) () Kr % L, (03()) ()
XK+ L_ (1)) (P)Kr + L_(020) () Kr * L_(v3()) (1)
= X3 v (O) + x- (- ().

Then it follows that

4 v, 00 = [[[ Ky =) i) @Ky =B)L, 02(0))(B)
X Ki(y =)L, 03())(y) docdB dy

_3 —i(ly—al>=ly—BI2—ly—yI?)
=2 / / / e %

X Ly (@) (@) Ly (v2(0)(B)L, (v3(D))(y) dadB dy,

4-5) v_(1)(y) = t—%/// e—i<|y—a\2_|y27mz_|y_y|2)
X L_(v1(@))(@)L_(va (1) (B)L_(v3(t))(y) dadB dy.
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Now by (4-2), we have

TTO) () = K¢ % (v(t) + F g JF(,v(@) + F Hrg F(x_v(1)))) (x)
=T, H () (x) + T, 7 () (x) + T, () (x).

- —i(x—y2+|y—a2—ly—B12—ly—yI%) .
Seteq(t,x,y,a,B,y)=c¢ 2 . It is easy to see that

=y +ly—alP=y=BP=ly—yP = (*+a® =B —y*) +2y(B+y —a—x),
/él(t,x,y,a,ﬁ,y)m(y) dy

e Mai(\/—go(ﬁﬂ o — x)+lmm)»
fél(t,x,y,a,ﬁ,y)x (y)dy

=te” M(\/—go(ﬂ"ﬂ/ *—x)— 1«/lﬂﬂ+yia—x)’

which combined with (4-4) and (4-5) imply that

(4-6) Ki*(x vy (0))(x)

////el(t,x,y,a,ﬁ,y)

Xxy WL i) @)Ly (v2(D)(B)L, (v3(1)(y) da dp dy dy
_ iy JIf (o8 +v—a=—2)+ 7= ) MO L, 01 (O)@
XM ()L, (2 (BYM D)L, (v3())(y) dedf dy
=17 'MO{(IM@O)L, (v1(0) (MO L, (v2(0))) * (M ()L, (v3(2))) }(x)
+T I MO{(THM(OL, (01(1) * (ML, (02(0)) * (M ()L, (v3(1))) }(x)

and

Ko * (x_v_(0)(x)

_z_szffel(t,x,y,a,ﬂ»)’)

AL W1 (O L_ 2N BIL_(3(0)(y) da dB dy dy
=TS [ (o y a0~ g ) ML) @)
XM (DL_(02(0)(B)M () £_(v3(1)(y) do dB dy
= MO (TMOL_(010) * (MO L_(02(0)) * (MO L_(03(1))} ()
=t MO (HM@OL_ (1) = (M@OL_(02(0) = (ML (v3(0))}(x).
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Combining these formulas with (4-3), we further have

@7 TH(0)(x)
= K¢ x (X, v, (0))(x) + K¢ % (x_v_()(x)

RS RRCNNG ) 1 (D)
=t ZZ Q, (v1(2), v2(2), v3(1)) +1 KZ Q, (1 (1), v2(t), v3(1)).
=1 =3

—i(\z+y|2+|y—a|22—|y—3|2—|y—y\2>
1 .

Let us turn to T2+(t). Set ey (t,z,y,a,B,y) =e
Similarly as above, we have

lz+yP+ly—alP—y=BIP—ly—yI* = +o> ==y +2y(B+y+z—a),
[ty yx, () dy

i (22+Ol2—)/2

Cra?oy?-p%) 1 1
=te 2 (@50(ﬂ+7+2_a)+i«/ﬁﬂ+y+z—a)’

which combined with (4-4) and (4-5) imply that

K, * (JX+v+(t))(z)

- z—Z////@(z,z,y,a,ﬂ,m

XX ML i10)) (@)L (va(D))(B)L, (v3())(y) da dB dy dy
=1 [ (800 +y +2 - + 5= ) MDL, (1 (1) @)
XM (1)L (v2(D)(B)YM )L (v3(0))(y) de df dy
= 1T MO{(M @)L, (01(1)) % (M @)L, (v2(1)) * (JM ()L, (v3(1))}(2)
+t T MO {HM @)L (01(2))) * (TM ()L, (v2(2))) * (JM ()L, (v3(2))) ) (2).

Combining this with (4-3), we have
(4-8) T, (0)(x) = F 1) * Ko+ (x4 v, (D) (x)

2
=t ' F ) Y Q?)(Ul(l)v 2 (1), v3(1)).
(=1

The expansion for 7;+ () follows from the expansion of Tl+(l). Indeed, we have

(4-9) THO(x) = Frg) % Ko (x_v_(1)) (x)

4
=t F 7 (ry) *KZ Qz(gl)(vl(l),vz(f)’UZ'(Z))'
=3
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Turning to 7 ~(¢), notice that

T~ (Ox) = Kex (v@) + F (7 F(xv(0) + F 1 (7 F(Tx_v(0)))) (x)
=T (X)) + T, (O)(x) + T3~ (0)(x).

Obviously, 7, (¢)(x) = Tl+(t)(x). From (4-6) and the identity

K, * (JX v (t))(z)

—Z_Z////ez(t z. .0, B.y)

XX (ML (1 () (@)L (vz(t))(ﬁ)ﬁ (v3()(y) do dB dy dy
5[ (o +7 +2 -0~ 5 Y HDL_ (00 @)
XML (020)BYMOL_(v3() () dodB dy
=T MO{MOL_©1(1) % (JMOL@30)) * (JMOL(030)} ()
— 1T MO{(HMOL_(01(0)) * (JMOL_(w2(0)) * (JM (O L_(v3(1) }(2)

it follows that

(4-10) T, (0)(x) = F 1 (ig) * Ko * (x4 04 (1) (x)
= T F )+ Y, QP (01(0), v2(1), v3(2)),
(4-11) T ()(x) = F 1 (iig) * Ko+ (Jx_v_(1))(x)

LEN () % Yty O (01(6), v2(0), v3(0)).
Hence, by (4-2) and (4-8)—(4-11), we have
T(v1 (1), v2(t), v3(2))
=, THO+x_ T ()
=T O+ x (LTO+T,0) +x_ (T, () + T3 (1)
=17 Y0 (QP (i (1), v2(1), v3(1)) + QY (01 (1) v2 (). v3(1)))
Y F T o) * XEs ) QP (01 (1), v2(1), 03(1))
T F T ) % Ygey OF (i (1), v2 (1), v3 (1)),

which finishes the proof. O

4.1. Proof of Theorem 1.1. We next prove Theorem 1.1 and Corollary 1.2, the well-
posedness of the integral equation (1-8) in homogeneous Besov spaces B; { (R).
The following lemma will be used to deal with the nonlinear term in (1-8).
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Lemma 4.2. Let 1 < p <2 and T be the trilinear form defined by (4-1). Assume
that v2(t) = px (V2H)va (1) and v3(t) = ¢j (v 2H)v3(t). Then we have
|71 1), 20, v30) | Loy

_2 _(1=1yitk
<720 oy O e @ o2 O e @ s Ol Lo -

Proof. We use interpolation. Consider the estimate of 7 for p = 1. Notice that
]-'_l(rq)(x) = —\/Eq)(_(x)eqx € LI(IR), L4 are bounded on L?(R) for all
1 < p <ooand H'(R) — L!(R). It follows from Lemma 4.1 and Young’s
inequality that

|7 @@ 0200 030D 1 )

4
'Y (198 1), w200, v3 (D | 1 gy + Q7 @10, 0200, 030D | 1y )
=1

S ILvi gy + IHM @ Lor ()| L1y o2 1y 03 (D 21 gy
StTHMO LU Ol @ v Ol @ 03Ol L1 @)-

where we write £ = (L_, L) and |Lf|lLr@) = L. fllLr@ + 1L fllLrw)-
On the other hand, it follows from Corollary 2.3 that

4-12) Ui Ol 2@ = X Kix Lo 01(0) + x_Ki % L_(01 ()| L2
= M @) Lo (1)l 2wy
By Lemma 2.1 and Holder’s inequality, we have
k
U@ v2() | Loow) < N1 Fg U@ V2 L1y <22 V2D 2wy

which combined with (4-12) leads to
[T (v1(2), v2(2), v3())ll L2w)

= [U(=) (U1 (OU@D) V2 (U3 (D)) || L2y

S U v O || 2@ U@ v2(D) || Loo ) 1 U (D) V3 () | Loow)

itk
<272 [IM@) Lo 2@y llvaOll 2@y 13Ol L2y -

Now we achieve the result by using multilinear interpolation and the fact that both
M (t) and L are bounded on L?(R) forall 1 < p < oco. O

Proof of Theorem 1.1. Let us recall the integral equation
t
v(t) =ug—iA /0 Z/l(—s)(Z/{(—s)ﬁ(s)(L{(s)v(s))z) ds.
For fixed 1 < p < 2, we define the space

— 'U . .
Xr={ve CO0.T) B @) | sup 1000 531ey = 2ol 5y o)
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witho =1— %, and the map

Tv(t) =ug—ik /OtZ/{(—s)(Ll(—s)ﬁ(s)(bl(s)v(s))2) ds

We show that 7" maps X7 to itself and is a contraction.

e Given v € X7, we aim to prove that T'v E Xr. By Theorem 3.1, we know that
;fI(R) BIS) (R) for 1 < p <ooand —4, < < p . In the proof of Theorem 1.1,
forl<p<2ando =1 —; onehas 0<o< ; and thus BUH([RR) B"l([RE),
which means that we can use B g ([R) instead of B" L ([R) when dealing w1th the

nonlinear term.
We make the decomposition

Y 0 (V2H)u(s) = 3 vj(s) = v(s),

jez jez
and estimate
F(s) = U(—=3) (U(=$)D(s)U(s)v($)U (s)v(s))
= ¥ U=)(U(=5)p; (V2H)T()U(s)px (V2H)v()U () (V2H)v (5))

j.k,lez

= Y UES)(UES) (UG vk ()Us)vi (5))

j.k,(lez

in BZ’IH (R). By symmetry, it suffices to estimate

Fi(s)= 3 Us)(U=9)0;(5) Uls)ve(s) Uls)vi(s)).

Jj=k=l

By Remark 3.3(ii), ¢, (v/2H) are uniformly bounded on L?(R) forall 1 < p < o0;
thus it follows from the definition of Bg’fl (R) that, setting o = 1 — L

p’
IE1 ) ot

=) 2'““H<pmw_)

j€z m=—00
x k’l:z_ UHUETOUOUOUOUO)]

» .

=y % | % ues e usm)|,

Jj€Z m=—0o0 k,]=—00 P(R)
jtk

sy y oo

j€Z m=—00 j
x 3 S—(%—l)z(l—%)(k-i‘l)”vj

k>l>—o00

) Le @) v () | Le @) lvi () | Le w)
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2 Jo.
<s G Y 320020 €Dy ()| o oy ok () | o ey 101 () L 2o ey

JE€Z kK,
2 .
< s‘(r”(z 291w ()l r)
jez
< -1
<s” ||v||BgH( o

Noting that 0 < ; —1<1whenl < p <2, we have

t
1TV oy = ol o s+ uu(—s)(u(—sw(s)((u(s)v(s))z)) | ey
t
< luollgg @yt f, 5~V 0

< ||1,¢0||Bcr (R)+ CTI ( )(Suposth ||U(S)||BS.I(R))
=lluoll go @+ CT?7 |lug |3

3

BY (®
< 2uoll 37 @y
where T is chosen small enough that CT2 » ||u0||%0 @ = <1.
e To prove that T is a contraction on X7, let v, vy € X7. One shows easily that

Ty () —Tva(2)
—l)x/ U(—) (U(=5)01 () U($) (v1(5) — v2(8)) U(s) (1 (5) + v2(5))) ds
—lk/ U(=5) (U(=5) (1 (s) — D2(5)) U(S)v2(5))?) ds.

Set v*(¢) = Tv1(t) — Tvo(¢). Without loss of generality we choose A = +1. By
using the same procedure as in the estimation of F, we obtain

1Ol o @
= [ U U7 O UE @ 6 02U @ ) +026)| B H @S
+ /0 JU(=5) (U=5) 1 () — Ba() Us)v2(5)?) | oA @4
= C [T 016 = 020l sy (1010t ey + 10209) gt )
<CT> 5 sup [vi(s)— 0205 o (R)IluoHBa ®

0=<t=<T

<1 sup ||v1(l)—v2(t)”B‘T L (R)’
0=<t<T

where we choose 7" small enough that

1

CT p”uO”B(r (R) 2'



148 QINGQUAN DENG, PING LI aAND XIUHONG LONG

Thus we have proved that 7" is a contraction from X7 to itself, and then by a stand
fixed point argument, we conclude that there exists a unique solution v(¢) to the
integral equation (1-8).

It remains to prove the continuous dependence of the solution v(z). Let v (¢) and
v, () be two solutions of the integral equation (1-8), corresponding to the initial
data uo; and ug,. Then

v1 (1) —v2(7)
= (uo1 —uo2) — ik / U(=3)(U(=5) (D1 (5) — D2()) (U($)v1(5))?) ds
—iA / U(=s5)(U(=5)2()U(s) (V1 (5) + v2()) U(s) (V1 (5) — v2(5))) ds.
Using the same argument as in the proof of contraction just above, we further have
o1 (6) =020 3o, o)
= luor —uozllgo @y + CT> 5 supy<; <7 01 (1) - v2(0)] go ||u0||Ba ®

1
< [luo1 _UOZHBO L (R) + 3 SUPo<s<T [[v1(2) — UZ(Z)”B;’I(IR)’

where T is chosen small enough that CT =5 lluoll% <1 The inequality

By ,(®) — 2
above further implies
su V1) —v2()| po <2 |ugy —u e ,
S o1 ®) = v20)l go | @y < Zlluor — o2l go (w)
which finishes the proof. O

Proof of Corollary 1.2. Let v(t) (t € [0,T)) be the solution to the integral
equation (1-8) given by Theorem 1.1 and u(¢) = U(¢)v(z). We will show that
ue C((O, T), BIS), 1([R?)) withl <p<2ands=1— %. We proceed in three steps.

Stepl. Forl<p<2,s=1 —% and any ¢ € S(R), we have
(4-13)
[(U) —U(2))

5= 2 2”|\<p,(~/_ YUt) = U))9] L @)
<Z2”H]—'q((u(t1) U12))9;(V2H)$) | Lo )

Jjez

i _ i g2 i, g2
=X 2| I T NA ] P
je

Shi=alt 2 27 €120 ©F @) Loy

jE

where we used the estimate ||, Yol o ® < #llLr@®). which derives from
Lemma 2.1. Next we prove that the right side of (4-13) is finite:

4-14) 2|36 OF @D Loy < oo
j€
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By the definition of the distorted Fourier transform, we have

Fa@)(E) = F(P)(E) + X E) (rg( OV T F (1. ) (E) +rg(O)F(x_9)())
+ X V(g OTF(x_9)E) + g E)F (X, $)(©)).
where Jf(x) = f(—x). Then it follows that

@15 ¥ 27 |E12 0 ) Fg @) E) Loy
je
s E 2[R OF @O Lo
jE
+ x| E1205 (€)X ©)rg O TF X, D) E) | Loy
je

+ 2 2R O @ OF DO Loy

jez

+ X 2|20 @1 ©OrEF 1 D) oy

jez

+ X 271620 ©x ©r®TF OO | Loy

jez
For the first term on the right side, setting 3; (§) = |£/2/| %(pj (&), we have

@16) Y 27 1E12 0 OO F O ®) | Loy = D) 26D |G O F @) Loy
je

jez

. 1 -
< Y 27TDNGOF @) 2w
Jjez

= Cligll 31+ oy

The remaining terms on the right side of (4-15) are of the same type, so we only
treat the third one. We write

@17 X 251201k Org OF LD E | Loy

jez
ST €125 (€)rg (6)F (1 =50 )9) )] 1o ey
S Y5GO F DOl
' + X 2[4 @@+ F@NE oy
je

ST 2D 5O F @) Ol 2w
' + 3 271612 ©rg O+ F@NE) | Loy

jez
. 1 1 ~
< ”""‘”BZ%(R) +j§z k%:z 27161205 (E)rg ) (= * k8 (E) | Loy
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where 3; (€) = |£/27|2¢; (£), and make the decomposition
¢ = kgzwk(\/ﬁw =X ok (v2Ho) Vi (v/2Ho)p = kgzsok(\/ﬁ)m
with
dr = Vi (v/2Ho).
Setting R; 4 (£) = |12 0j (£)rg(€)(* % @ i) (§) in (4-17), we have

Rj k(&) = ]2 w;(%‘)rq(é)/—sok(ym(y) dy

- J—_m 01 @@ [ 2 —gok(y)e P2 dy gy (2) dz

=: [£120; ©)rg ©) [ K(&. 29k (2) d=
with

_L ; —iyz
KE2 == [ o dy.

When |k—j| < 3, since |- |%rq e L°°(R), it follows from Holder’s inequality and
the L2(R) boundedness of the Hilbert transform # that

1_ 1y ~ 1_ 1y, ~
@18) Ry kllLr@ 52972 | Higrdi) | L2y 5272 | oni
257 gyl 2y

When k > j + 3, by integration by parts, we have, for any integer N > 0,

keI 52| [ g e o ]

k
(2"22)1\’/ )35(ﬁ¢(y))‘dy R (zklz)N'

Combined with the fact that | - |%rq € L°°(R) and Holder’s inequality, this implies

(4-19) IR kllLe @y < llojllLem) ” f’C("Z)¢k(Z) dZ“LOO(R)

Lo
52”(] k)||¢k||Lp’(R)-

When k < j — 3, similarly as above, we have

K& 21524 [ g eme 2 ay|
@7 [ o) (2925 )| v < (22:—_;N
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. : . : . 1 _1
which, combined with the inequality “5 |2rg (5)‘ < (14 1&|)"2, leads to

@200 Rl < |1 Ferral oy | [RGB,

—L(ji—k)—-L
<2 wUh 2||¢k||Lp’(R)-

Combining (4-18)—(4-20), we have

@20 ¥ 3 27|R ke
j€Zkez

<3 Y 275 (x<s (k=7 ) + x=3(k—7) + x<—3 (k=D IR 4 Lo )
jE€EZ kez

. . 1_ 1y
<Y Y 25 (a3 (k= D22 gl 2
JE€EZ kez ) l(j—k)
+ x>3(k—j)2» ||¢k||Lp’(|Rg)
A— L (G—k)—%
+ X3 e= 277 Y72 el )

—(k—j 1 .

Sl e+ X 2 27 DD k= 2* Itnl L )
B,, " ®) je€Zkez

1

—A+L_5)(j—k . -1
+ Y Y 2Ty =2 Dkl L gy
jE€Zkez

Sl go2-r +lollps, @+l -1
N SR

2p
p’.1

where the discrete Young’s inequality is used in the last inequality. By (4-16),
(4-17) and (4-21), we show that (4-15) is finite, which verifies (4-14). Hence for
l<p<2s=1 —% and any ¢ € S(R), by (4-13), we have

(4-22) (@) = Ul s, @ <10 =12l

Step II. For general ¢ € BISJ/ ((R)ywithl<p<2ands=1— %, let ¢~> € S(R) and
t1,1 € R, by the decay estimates of 2/(¢) (see the proof of Corollary 2.4), we have

(@) -u)e| B, ®
S [ug-ud] 5, @t [U-Uw)4)

<6752 |p—g|

[;;/’1 ([R)+ H u(12)¢_u(’:2)5‘ B;/’l ®)

B, (R)+|\U(t1)$—u(tz)$\gs, (R)—|—|12|_(%—%)H¢_5‘
.1 5

which, combined with (4-22) and the standard %-argument, implies that for any
pelPR)withl < p<2ands=1-— %, the map ¢ — U(¢)¢ is continuous from
R\ {0} to BIS),’1 (R).

Step III. Let v(¢) be the solution of the integral equation (1-8) given by Theorem 1.1
and let u(¢) = U(t)v(t), for any ¢, 79 € (0, T). It follows from the decay estimates

B, (R
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of U(¢) that
[Ju () — ”(to)”j;;/J (®)
< U@ @) = U-10)ult0) | s, ey
+ ||u(t)u(—t;))u(t0) — U(to)U(—to)u(lo) ||B;, (®
<[ () - U(IO)HB,?,I(R) + |U()v(to) — U(’O)”(’O)”B;,J(R)' |

Letting ¢t — 79, the first term of the right side tends to 0 by the assumption, and the
second term goes to 0 by Step II. This concludes the proof. O

4.2. Proof of Theorem 1.3. We now prove Theorem 1.3 and Corollary 1.4, the
well-posedness of the integral equation (1-8) in L?(R). Set

vo (1) = U(—1) (U= D1 () U@ v2 (D) U1 )v3(1)).
The next lemma will be used to treat the nonlinear term.

Lemma4.3. Let1 < p <2. Forany T > 0,
2 4 3
4-23) |t7 " wo(0) HL;U/L?C([O,T]X[R) Sjl;[l(llvj OllLr @ +10:v; Ol L1 210, 71xm))-
Proof. Notice that
t
v; (1) = vj (0) + /0 9. (v) dr.
By the L! estimate for the trilinear form in the proof of Lemma 4.2, we have

lzvo @l oo 11 0, 71xm)
SIM @O LY (Ol g1 gy V2Ol 1 @y 13O 1wy

< (IMOLU Ol gy + | ML /()tE)rvi(r) dr|

H}(R))
t
< (1020l 4y + | [ 9rv20) d|
t
< (13Ol yg + | [ drvs@ |
Next we show that (4-23) holds for p = 2. To see this, let

Li(R))

L}C([R{)>'

It is easy to see that
i0;uj(t) = Huj(t)+ilU()o.v;(t) and u;(0)=v;(0).

By Duhamel’s formula, we have for j =1, 2, 3,
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(4-24) uj(t) = Ut)vj (0) —i /0 U - ) U(s)Dsvj (s) ds

_ u(z)(vj(O)—i/Otasvj(s) ds),

which, combined with the Strichartz estimates from Corollary 2.4, implies

t
45Ol 2o 7y < 05 Oz + | [ dsvyrds],

On the other hand, it follows from Remark 2.5, (4-24) and the Strichartz estimates
of Up(t) that

Iy Ol g o, = | 1 Uo L (210 =i [ 8,015 ds)
+x oL (=i [ 8,015 ds )|

LOL([0,TIXR)

< IM@O LV O 2.y + HM(Z)E /()fa,vi(f) dt

Li(R)

Therefore, we have

ol 22 22 0, 71xR)

3
= TT i Oll Lo Lo qo,71xr)
i=1

t
5 (IMO L1 2y + IMOL [ 300i(x) dol 13w

(120 + | [ asva0rds] ) (Il + ] [ sesds

By the interpolation theorem on the multilinear functionals (see Bergh and
Lofstrom [8, Theorme 4.4.1]) and the fact that both M (¢) and £4 are bounded on
LP(R) for all 1 < p < oo, we obtain the desired estimate. O

L,%(R))'

Proof of Theorem 1.3. Recall the integral equation

v(t) =ug—iA /OtL{(—s)(L[(—s)ﬁ(s)(bl(s)v(s))z) ds.
For fixed 1 < p < 2, we define the space
Xr = {00 = uo, 17 30Ol 117 o 71y = CrllHol ey}
where Cy > 0 is a large constant independent of the initial data ¢, and a map
Tu(t) =ug—ik /OtL{(—s)(Z/{(—s)ﬁ(s)(u(s)v(s))z) ds.
We show that 7" maps X7 to itself. For any v € X7, we have Tv(0) = uo and
3 (Tv(t)) = —i \U(=t) (U(=)0 () (UE)V(1))?) = —iAvg(?).



154 QINGQUAN DENG, PING LI aAND XIUHONG LONG

Then it follows from Lemma 4.3 and Holder’s inequality that

|67~ 0 (Tv@)], »
! L? L2([0,T]xR)

3
< C(luollr@ + 13Ol 11 2o 17w

-241 2 3
< C(luollrw + 1677 ooy 117~ 30Ol L 12 g0 7pm)

£ 3 3
= C(lluollLr@ +CT? Cilluollz o)

3
=< Cl”“o”LP(R)’

1
where we choose T small enough that CC; T 7’ ||u0||ip(R) <1

Now we show that 7" is a contraction on X7; that is, for any vy, v, € X7,

2_ 2_
Hl P lat(T'Ul ([)_TUZ (t)) HL#’/Lﬁ([O,T]XR) = % H[p lat(vl (t)_v2 ([)) HLf)/Lg([O,T]XR).
Note that

3¢ (Tvy(t) = Ta(2))
= — i AU(—1) (U(—=1) (D1 () — D2(1)) U(D)V1 (1))?)
— i MU(=1) (U= B2 (OU) (01 (1) + V2 (O)UE) (V1 () — v2(1))).

The two terms on the right side of this identity are of the same type as vo(¢). We
apply the same argument used in the proof of Lemma 4.3 to get (henceforth we
abbreviate L! LZ([0, T]xR) to L1 L%)

*25) 770 (T (0 = Tv20) | .

< C(lviOllzr@ + 1001 Ol 1 12) 161 (1) = 2Dl 1 10
+C (1 +v)O)lLr@ + 181 + ) Ol 1 12)
% (1020l Lo + 180020l 1 12) 1 (1 (0) = V2D 1 1.2
< C1v1Ollzr@ + 1020 Lo+ 1901 Ol s 12+ 10020 1 2)?

X (19 (i (1) =v2 ()1 o

For v; € X7 (i =1, 2), by Holder’s inequality, we have

2

lorvi @)l pipe =l

1
< CT7V Cilluoll} -

+1 21
||Lf[0,T]||tp atv(t)“Lf’/L£
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Therefore,

|65 719,(Tvi () — Tv2(0)) lor e

= CT7 (luollLoy + CT 7 Culuto 30 y) 1779001 (1) = 20 | 0
< 1570001 () — V() o

provided that T of order ||u0||z% ® is small enough.
It remains to prove stability. Let ugq, tgp € L?(R) and let v{(¢), v2(¢) be the
corresponding solutions of the integral equation (1-8). Then

vi (1) —v2(t)(uo1 —uo2) —ik /OtU(—S)(U(—S)(l_fl(S)—ﬁz(s))(U(S)vl(S))z)dS
— ik /OIU(—S)(U(—S)f)z(s)u(s)(vl(S) + v2())U(5) (V1 (5) = v2(s))) ds.
Similarly to (4-25), we have
177001 ) = v20) | 1y
< (lluo1llLr @y + luoz |l Lr @) + CT#CH o1 IIip(R) + CT’%CI ||1402||zp(@))2

05710, (u1 (1) = v2(0)) 2o 2):

1
X (lluor —uozllLr@ +CT?

which implies

2_ 2
|¢7 lat(vl(t)_UZ(Z))HLf/LzSC(””OI||LP(R)+||UOZ||LP(R)) luo1—uoz2llLr )

by choosing T of order (||ug1|lzr®) + |u02||Lp(R))_2 to be sufficiently small.
It follows from the last inequality that

[v1 (@) —v2 (@)l Lr(w)
T _2_ T2
< luor —uoallogey + ([ 57 0Pde) " |07 0 010 = w2 Ly
1 2
< lluor —uo2llLr@wy + CT? (luorllLr @ + luo2llLewy) o1 — uo2ll Lr w)-

Provided that 7" of order (||uo1 || Lr ) + |[402]lLr )~ is sufficiently small, this
gives the stability of the solution.

To conclude, the same procedure as above also implies that for the solution v(¥)
with initial data u,

lv@llLr@w) = ClluollLr@wy. t€[0,T),
where T of order |uq ||Z,2, ®) is small enough. O

Proof of Corollary 1.4. Let v(t) (¢t € (0, T)) be the solution to the integral equa-
tion (1-8) given by Theorem 1.3 and let u(z) = U(z)v(z). We will show that
ueC((0,7), LP (R)) with 1 < p <2.
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We claim that for any ¢ € L?(R) with 1 < p < 2, the map ¢t — U(t)¢ is
continuous from R\ {0} to L?'(R). For any ¢ € S(R), we write
¢ =umiezpr(V2H)9,

where ¢y (v/2H) is the standard Littlewood—Paley projection. Then for any ¢, ¢, €
(0, T'), the same procedure used in Step I of the proof of Corollary 1.2 leads to

426) [ (U@) - U@))$| 1 g S z | @) = U@) e V2| L )
€z

1
< Clt; —12]%,

where the constant C' depends on some Besov norm of ¢. For general ¢ € LP(R)
with 1 < p <2, we choose ¢ € S(R) such that

H U(ll)¢—U(Zz)¢ HLP’ ®)
< U)oU) Ly @y + UG~ UEIS | Ly + | U)S= U D] 1 g

1

_(1_1 ~ ~ ~ _(1_1 ~
<12 Np—ll Lo + [UDS—UED| L gy + 1217 20—l Lo -

where we use the decay estimates of U(¢) (see the proof of Corollary 2.4). From
this estimate and (4-26), via the standard %—argument, the claim follows.
For any fg, ¢ € (0, T), it follows from the decay estimate of /() that

lu(t) = u(to) | Loy
< U@ @=u) — U-to)u) | L
+ [U@U(to)u(to) — Uto)U (~to)u(to) | 1y (g
<200~ v(to) Loy + [ U@) — U)U(~10)1(00) | L .

Letting ¢ — ¢y, the first term on the last line tends to 0 by assumption, and the
second term goes to 0 by the above claim. O
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