
Pacific
Journal of
Mathematics

FINITE BASIS PROBLEM FOR INVOLUTION SEMIGROUPS
OF ORDER FOUR

MENG GAO, EDMOND W. H. LEE, YAN FENG LUO AND WEN TING ZHANG

Volume 342 No. 1 May 2026



PACIFIC JOURNAL OF MATHEMATICS
Vol. 342, No. 1, 2026

https://doi.org/10.2140/pjm.2026.342.163

FINITE BASIS PROBLEM FOR INVOLUTION SEMIGROUPS
OF ORDER FOUR

MENG GAO, EDMOND W. H. LEE, YAN FENG LUO AND WEN TING ZHANG

Since the 1980s, it has been known that the smallest non-finitely based
semigroups are of order six. Surprisingly, for involution semigroups, a non-
finitely based example of order five was recently discovered. In this article, it
is confirmed that every involution semigroup of order four is finitely based.
Since every involution semigroup of order three or less is already known to
be finitely based, it follows that the smallest non-finitely based involution
semigroups are of order five.

1. Introduction

1.1. Minimal non-finitely based involution semigroups. An identity basis for an
algebra A is a set of identities of A that axiomatizes all the identities of A. An
algebra is finitely based if it has some finite identity basis; otherwise, it is non-
finitely based. A prominent research problem in universal algebra is the finite basis
problem: determine which finite algebras are finitely based. Finite groups [31],
finite associative rings [3], finite Lie rings [13; 27], and finite lattices [29] are
finitely based, but in general, not all finite algebras are finitely based. For instance,
the multiplicative matrix semigroup

B1
2 =

{[
0 0
0 0

]
,
[

1 0
0 0

]
,
[

0 1
0 0

]
,
[

0 0
1 0

]
,
[

0 0
0 1

]
,
[

1 0
0 1

]}
,

published by Perkins in 1969, is non-finitely based [32]. The discovery of this
example focused much attention upon the finite basis problem for small semigroups.
Decades of cumulative work that followed has shown that every semigroup of order
five or less is finitely based [15; 33; 34], and among all semigroups of order six —
28,634 of them up to isomorphism [5] — only four are non-finitely based [23; 25;
26]. The four non-finitely based semigroups of order six, which include B1

2 , are
thus minimal non-finitely based.
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The present article is concerned with involution semigroups (S,∗ ), that is, semi-
groups S with a unary operation ∗ that satisfy the identities

(1-1) (x∗)∗ ≈ x, (xy)∗ ≈ y∗x∗
;

the unary operation ∗ is called an involution of S. An inverse semigroup is an
involution semigroup (S,∗ ) that satisfies the additional identities

xx∗x ≈ x, xx∗yy∗
≈ yy∗xx∗.

Examples of inverse semigroups include any group (G,−1) with inversion −1 and
the Perkins semigroup (B1

2 ,
T ) under the usual matrix transposition T. Examples of

involution semigroups that are not inverse semigroups include the multiplicative
n×n matrix semigroup (Mn(F),

T ) over any field F with the usual transposition T and
the Perkins semigroup (B1

2 ,
S ) under the skew transposition S across the secondary

diagonal, that is, [
a b
c d

]S
=

[
d b
c a

]
.

Given how close involution semigroups are to semigroups, it seems reasonable
to conjecture that a finite involution semigroup (S,∗ ) and its semigroup reduct S
are always simultaneously finitely based. For instance, the involution semigroups
(B1

2 ,
T ) and (B1

2 ,
S ) are both non-finitely based [2; 12], while their reduct B1

2 is
also non-finitely based [32]. However, this conjecture has been refuted by several
counterexamples [8; 11; 16; 19], the smallest of which is the multiplicative matrix
semigroup

A1
0 =

{[
0 0 0
0 0 0
0 0 0

]
,
[

1 1 0
0 0 0
0 0 0

]
,
[

0 0 1
0 0 0
0 0 0

]
,
[

0 0 0
0 0 1
0 0 1

]
,
[

1 0 0
0 1 0
0 0 1

]}
under the skew transposition S. As noted above, all semigroups of order five or
less — which include A1

0 — are finitely based, but the involution semigroup (A1
0,

S )

is non-finitely based [8]. It follows that minimal non-finitely based involution
semigroups are of order at most five; this result is quite unexpected given that
minimal non-finitely based semigroups are of order six [26].

It is of fundamental importance to examine if there exists a non-finitely based
involution semigroup that is smaller than (A1

0,
S ). Since every involution semigroup

of order three or less is finitely based [20], the answer would require addressing the
finite basis problem for those of order four. Solving this problem is the objective of
the present article.

Theorem 1.1. Every involution semigroup of order four is finitely based.

Consequently, minimal non-finitely based involution semigroups are of order
five, and (A1

0,
S ) is one such example. An obvious next step in the investigation is

to question the uniqueness of this example.
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Question 1.2. Is there a non-finitely based involution semigroup of order five that
is not isomorphic to (A1

0,
S )?

It has recently been confirmed that up to isomorphism, (A1
0,

S ) is the unique
smallest non-finitely based involution semigroup within the class of all involution
semigroups with a unit element [9]. Therefore, to answer Question 1.2, it suffices
to only examine involution semigroups without a unit element.

1.2. Finite basis problem for finite (involution) semigroups. Let Mn denote the
set of all subsemigroups of Mn(R) consisting of binary matrices and let M∞ =⋃

n≥1 Mn . It is not a coincidence that all explicit examples of finite involution
semigroups given so far are semigroups from M∞ with transpositions T or S, given
that every finite semigroup is isomorphic to some semigroup in M∞ and every
finite inverse semigroup is isomorphic to some semigroup in M∞ with the usual
transposition T; see, for instance, Howie [10, Theorems 1.1.2 and 5.1.7].

Regarding finite involution semigroups in general, it turns out that every one of
them is isomorphic to some semigroup in M∞ with the skew transposition S but
not necessarily the usual transposition T [22]. Therefore, when addressing the finite
basis problem for finite semigroups (with involution) — which is currently open —
it is equivalent to focus on finite semigroups in M∞ (with the skew transposition S).
Refer to the survey by Volkov [35] for more information on the finite basis problem
for finite semigroups.

On the other hand, the finite basis problem for finite algebras is undecidable in
general [30].

1.3. Organization. Notation and background information are first given in Section 2.
An outline of the proof of Theorem 1.1 is then given in Section 3, while the finer
details of the proof are deferred to Sections 4–6. Multiplication tables of all
involution semigroups of order up to four are listed in Section 7.

2. Preliminaries

Most of the notation and background results of this article are given in this section.
Refer to the monograph of Burris and Sankappanavar [4] for any undefined notation
and terminology of universal algebra in general.

2.1. Words. Let ⪯ be a total order on a countably infinite alphabet X that excludes
the symbol 0; write x ≺ y to indicate that x ⪯ y and x ̸= y.

Let X ∗
= {x∗

| x ∈ X } be a disjoint copy of X . Elements of X ∪X ∗ are called
variables. The free involution semigroup over X is the free semigroup Finv(X )=

(X ∪X ∗)+ with unary operation given by (x∗)∗ = x for all x ∈ X and

(x1x2 · · · xn−1xn)
∗
= x∗

n x∗

n−1 · · · x∗

2 x∗

1
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for all x1, x2, . . . , xn−1, xn ∈ X ∪ X ∗. The free involution monoid over X is
F1
inv(X ) = Finv(X ) ∪ {1}, where 1 is the empty word with 1∗

= 1. Elements
of F1

inv(X ) are called words and words in X+
∪ {1} are said to be plain.

Any word w ∈ F1
inv(X ) can be written in the form

w = x⊛1
1 x⊛2

2 · · · x⊛n
n

for some x1, x2, . . . , xn ∈ X and ⊛1,⊛2, . . . ,⊛n ∈ {1, ∗} with n ≥ 0; the plain
projection of such a word is the plain word

w = x1x2 · · · xn.

For any words u, v ∈ F1
inv(X ), write u ↪→ v to indicate that u is a subsequence

of v, that is, u = x1x2 · · · xn for some x1, x2, . . . , xn ∈ X ∪X ∗ and

v = v0x1v1x2v2 · · · xnvn

for some v0, v1, . . . , vn ∈ F1
inv(X ). Specifically, a subsequence u of v such that

con(u)= {x, y} for some x, y ∈ X is called an {x, y}-subsequence of v.
For any word w ∈ Finv(X ), the content of w, denoted by con(w), is the set of

variables occurring in w; the number of times that a variable x ∈ X ∪X ∗ occurs
in w is denoted by occ(x,w); the head of w, denoted by h(w), is the first variable
occurring in w; the tail of w, denoted by t(w), is the last variable occurring in w;
and the length of w is denoted by |w|.

Example 2.1. If w = x∗xy∗x2 yz∗x∗y for some x, y, z ∈ X , then

• w = x2 yx2 yzxy;

• con(w)= {x, x∗, y, y∗, z∗
};

• occ(x,w)= 3, occ(x∗,w)= 2, occ(y,w)= 2, occ(y∗,w)= occ(z∗,w)= 1;

• h(w)= x∗, t(w)= y; and

• |w| = 9.

For any word w ∈ Finv(X ), a variable x ∈ con(w) is simple if occ(x̄,w)= 1. A
word w is simple if every variable in w is simple. If x, x∗

∈ con(w) for some x ∈X ,
then {x, x∗

} is a mixed pair of w. A word w is mixed if it has some mixed pair;
otherwise, w is bipartite.

Two words w1,w2 ∈ F1
inv(X ) are disjoint if con(w1) ∩ con(w2) = ∅. A non-

simple word w is connected if it cannot be decomposed into a product of two
disjoint nonempty words.

2.2. Identities. An identity is an expression u ≈ v formed by words u, v ∈ Finv(X );
it is nontrivial if u ̸= v. An identity u ≈ v is bipartite if both u and v are bipartite
words. A bipartite identity u ≈ v is plain if u, v ∈ X+.
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An involution semigroup (S,∗ ) satisfies an identity s ≈ t , or s ≈ t is satisfied by
(S,∗ ), if for any substitution ϕ : X → S, the elements ϕ(s) and ϕ(t) of S coincide;
in this case, s ≈ t is also said to be an identity of (S,∗ ).

Lemma 2.2 (Lee [17, Lemma 9]). An involution semigroup satisfies a bipartite
identity u ≈ v with con(u)= con(v) if and only if it satisfies u ≈ v.

Lemma 2.3 (Lee [21, Lemma 2.12]). An involution semigroup satisfies an identity
u ≈ v if and only if it satisfies the identity ⃗u ≈ ⃗v, where ⃗u and ⃗v are the words u
and v written in reverse order.

Recall that a semilattice is a semigroup that is commutative and idempotent. Up to
isomorphism, the smallest semilattice with nontrivial involution is the multiplicative
matrix semigroup

Sℓ3 =
{[

0 0
0 0

]
,
[

1 0
0 0

]
,
[

0 0
0 1

]}
under the skew transposition S.

Lemma 2.4 (Lee [17, Lemma 8]). Let u ≈ v be any identity of (Sℓ3,
S ). Then u is

bipartite if and only if v is bipartite; in this case, con(u)= con(v).

A set 6 of identities of (S,∗ ) is an identity basis for (S,∗ ) if every identity of
(S,∗ ) is deducible from 6. An involution semigroup is finitely based if it possesses
a finite identity basis. It is unambiguous and sometimes convenient to take the
involution axioms (1-1) for granted and omit them from an identity basis for an
involution semigroup.

3. Proof of Theorem 1.1

Every finite commutative involution semigroup is finitely based [9, Proposition 2.2].
Since every involution semigroup of order three or less is commutative [20], they are
all finitely based. Therefore, it remains to consider only noncommutative involution
semigroups of order four. With the help of a computer, it is routine to check that up
to isomorphism, there exist 83 involution semigroups of order four; see Section 7.
Only six of these 83 involution semigroups are noncommutative; see Table 1.

Since (S1,
∗ ) and (S3,

∗ ) satisfy the identity x1x2x3 ≈ y1 y2 y3, their identities
can be axiomatized by those formed by words of length at most four, whence
they are finitely based. The involution semigroups (S2,

∗ ), (S5,
∗ ), and (S4,

∗ ) are
shown to be finitely based in Sections 4, 5, and 6, respectively. The identities of
(S6,

∗ )— a rectangular band with involution — is long known to be axiomatized by
{x2

≈ x, xyz ≈ xz} [7, Lemma 2]. Consequently, every involution semigroup of
order four is finitely based.
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S1 1 2 3 4
1 1 1 1 1
2 1 1 1 1
3 1 1 1 1
4 1 1 2 1

x 1 2 3 4
x∗ 1 2 4 3

S2 1 2 3 4
1 1 1 1 1
2 1 1 1 1
3 1 1 1 3
4 1 2 1 4

x 1 2 3 4
x∗ 1 3 2 4

S3 1 2 3 4
1 1 1 1 1
2 1 1 1 1
3 1 1 2 1
4 1 1 2 2

x 1 2 3 4
x∗ 1 2 4 3

S4 1 2 3 4
1 1 1 1 1
2 1 1 1 2
3 1 2 3 1
4 1 1 1 4

x 1 2 3 4
x∗ 1 2 4 3

S5 1 2 3 4
1 1 1 1 1
2 1 1 1 2
3 1 2 3 2
4 1 1 1 4

x 1 2 3 4
x∗ 1 2 4 3

S6 1 2 3 4
1 1 1 3 3
2 2 2 4 4
3 1 1 3 3
4 2 2 4 4

x 1 2 3 4
x∗ 1 3 2 4

Table 1. The noncommutative involution semigroups of order four.

4. The involution semigroup (S2,
∗ )

For any word w ∈ Finv(X ), the interior of w, denoted by int(w), is the word obtained
from w by removing its first and last variables. Specifically, if w = hw0t for some
h, t ∈ X ∪ X ∗ and w0 ∈ F1

inv(X ), then int(w) = w0. Note that if |w| ≤ 2, then
int(w)= 1.

Proposition 4.1. The identities

x3
≈ x2, xyx ≈ x2 y2, xyx ≈ y2x2, xy2z ≈ xyz,(4-1a)

x∗x ≈ x2, xx∗
≈ x2, x∗yx ≈ xyx, xyx∗

≈ xyx, xy∗z ≈ xyz(4-1b)

constitute an identity basis for the involution semigroup (S2,
∗ ).

Proof. In this proof, a word w is in canonical form if every variable in int(w) and
every non-simple variable in w are plain. It is easy to see that the identities (4-1b)
can be used to convert any word into one in canonical form.

It is routine to check that (S2,
∗ ) satisfies the identities (4-1). Hence, there exists

some set 6 of identities of (S2,
∗ ), formed by words in canonical form, such that

{(4-1)}∪6 is an identity basis for (S2,
∗ ). Now the identities (4-1a) in fact constitute

an identity basis for the semigroup S2 [1, Variety 24], so every plain identity of
(S2,

∗ ) is deducible from (4-1a). Therefore, the identities in 6 can be assumed
non-plain. Let u ≈ v be any identity in 6, say with u non-plain. If |u| = 1, then
u = x∗ for some x ∈ X , whence it is easy to show that the identity u ≈ v is trivial
and so is clearly deducible from (4-1).

It remains to consider the case |u| ≥ 2. Since u is in canonical form and contains
a non-plain variable, say x∗ with x ∈ X , the variable x∗ is simple and so is either
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the head or the tail of u. In view of Lemma 2.3, it suffices to assume the former,
so that u = x∗ int(u)t(u) with int(u) ∈ X+

∪ {1} and t(u) ∈ X ∪ X ∗ such that
x /∈ con(int(u)t(u)). If h(v) ̸= x∗, then letting ϕ1 : X → S2 be the substitution that
maps x to 2 and every other variable to 4, the contradiction ϕ1(u)= 3 ̸= ϕ1(v) is
obtained. Therefore, h(v) = x∗, so that v = x∗ int(v)t(v) with int(v) ∈ X+

∪ {1}

and t(v) ∈ X ∪X ∗ such that x /∈ con(int(v)t(v)). There are two cases.

Case 1: t(u), t(v) ∈ X . Then int(u)t(u) and int(v)t(v) are plain, so that u =

x int(u)t(u) and v = x int(v)t(v).

Case 2: t(u) /∈X or t(v) /∈X . By symmetry, suppose that t(u) ∈X ∗, say t(u)= y∗

for some y ∈ X\{x}. Then u = x∗ int(u)y∗ with int(u) ∈ X+
∪ {1} such that

x, y /∈ con(int(u)). If t(v) ̸= y∗, then letting ϕ2 : X → S2 be the substitution that
maps y to 3 and every other variable to 4, the contradiction ϕ2(u)= 2 ̸= ϕ2(v) is
obtained. Therefore, t(v)= y∗, so that v = x∗ int(v)y∗ with int(v) ∈X+

∪{1} such
that x, y /∈ con(int(v)). It follows that u = x int(u)y and v = x int(v)y.

It is clear that in both cases, the identities {(1-1), u ≈ v} and {(1-1), u ≈ v}

are deducible from one another. Since u ≈ v is an identity of S2, it is deducible
from (4-1a). It follows that u ≈ v is deducible from {(1-1), (4-1)}. Consequently,
every identity in 6 is deducible from {(1-1), (4-1)}, so that (4-1) is an identity basis
for (S2,

∗ ). □

5. The involution semigroup (S5,
∗ )

The involution semigroup (S5,
∗ ) is isomorphic to the semigroup

A0 = ⟨E, F | E2
= E, F2

= F, FE = 0⟩ = {0, E, F, EF}

with the operation ∗ that interchanges E and F and fixes every other element.

A0 0 EF E F

0 0 0 0 0
EF 0 0 0 EF

E 0 EF E EF

F 0 0 0 F

x 0 EF E F

x∗ 0 EF F E

The involution semigroup (A0,
∗ ) is isomorphic to the involution subsemigroup of

(A1
0,

S ) that consists of its non-unit elements.
The semigroup A0 has been known to be finitely based for over 40 years [6]. The

finite basis problem for the involution semigroup (A0,
∗ ) has not been considered

and has only recently been questioned [18, Question 6.4]. The present section
addresses this problem by showing that (A0,

∗ ) is finitely based.
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Proposition 5.1. The identities

xx∗xy ≈ xx∗x, yxx∗x ≈ xx∗x, xx∗x ≈ yy∗y,(5-1a)

xyx∗
≈ xy∗x∗,(5-1b)

x2Hx∗
≈ xHx∗, xH(x∗)2 ≈ xHx∗,(5-1c)

xyHy∗
≈ yxHx∗,(5-1d)

xHx∗y ≈ y∗xHx∗,(5-1e)

x2HyTy∗
≈ xHyTy∗,(5-1f)

xyHzTz∗
≈ yxHzTz∗,(5-1g)

x3
≈ x2, x2 yx ≈ xyx, xyx2

≈ xyx,(5-1h)

xyx ≈ yxy,(5-1i)

xHyzTx ≈ xHzyTx,(5-1j)

where H ∈ {1, h} and T ∈ {1, t}, constitute an identity basis for (A0,
∗ ).

It is easily checked that (A0,
∗ ) satisfies the identities (5-1). In Section 5.1,

some information on identities of (A0,
∗ ) are given. In Section 5.2, it is shown

that the identities of (A0,
∗ ) can be used to convert every mixed word into one of

two specific forms. Based on these results, it is shown in Section 5.3 that every
identity of (A0,

∗ ) is deducible from {(1-1), (5-1)}. This completes the proof of
Proposition 5.1.

Corollary 5.2. The identities

(5-2)
x3

≈ x2, xyxy ≈ xyx, x2x∗
≈ xx∗, x2 yx∗

≈ xyx∗,

xy∗x∗
≈ xyx∗, xx∗x ≈ yy∗y, xyx∗z ≈ z∗xyx∗

constitute an identity basis for (A0,
∗ ).

Proof. It is routine to check, say with Prover9 [28], that the identities {(1-1), (5-1)}
and {(1-1), (5-2)} are deducible from one another. □

Remarks 5.3. (i) Not only is the semigroup A0 finitely based, it is hereditarily
finitely based in the sense that every semigroup in the variety Var A0 is finitely
based [14, Corollary 4.3].

(ii) In contrast, the finitely based involution semigroup (A0,
∗ ) is not hereditarily

finitely based because the variety Var(A0,
∗ ) contains a non-finitely based involution

semigroup [20, Proposition 3.8].

5.1. Some identities of (A0,
∗ ).

Lemma 5.4. The identities {(5-1h), (5-1i)} constitute an identity basis for the semi-
group A0.
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Proof. The identities6={x3
≈ x2, xyxy ≈ xyx, xyxy ≈ yxy} constitute an identity

basis for A0 [24, Theorem 4.1]; it is routine to verify that 6 and {(5-1h), (5-1i)}
are deducible from one another. □

Lemma 5.5. Let u ≈ v be any identity of (A0,
∗ ) such that either u or v is bipartite.

Then u ≈ v is deducible from {(1-1), (5-1)}.

Proof. Since (Sℓ3,
S ) is isomorphic to (A0,

∗ ) modulo the ideal {0, EF}, the identity
u ≈ v is satisfied by (Sℓ3,

S ). Then since either u or v is bipartite, by Lemma 2.4,
both u and v are bipartite with con(u) = con(v). It follows from Lemma 2.2
that (A0,

∗ ) satisfies the plain identity u ≈ v. By Lemma 5.4, the identities
{(5-1h), (5-1i)} constitute an identity basis for A0, so that u ≈ v is deducible
from {(5-1h), (5-1i)}. It then follows from Lemma 2.2 that u ≈ v is deducible from
{(1-1), (5-1)}. □

An ordered A0-block is a word of the form

c = (y1 y2 · · · yk)
2,

where y1, y2, . . . , yk ∈ X ∪X ∗ are such that y1 ≺ y2 ≺ · · · ≺ yk in X and k ≥ 1.
Note that every ordered A0-block is bipartite and connected.

Lemma 5.6 (Lee [21, Lemma 2.1]). Let u, v ∈ X+ be any plain connected words
such that con(u)= con(v). Then u ≈ v is an identity of the semigroup A0.

Lemma 5.7. Let w ∈ Finv(X ) be any bipartite connected word such that con(w)=

{y1, y2, . . . , yk} and y1 ≺ y2 ≺ · · · ≺ yk in X . Then the identities {(5-1h), (5-1i)}
can be used to convert w into the ordered A0-block c = (y1 y2 · · · yk)

2.

Proof. Since w is bipartite, there exists a partition I ∪ J = {1, 2, . . . , k} such that
yi ∈ X for all i ∈ I and y j ∈ X ∗ for all j ∈ J . Let ϕ : X → X ∪X ∗ denote the
substitution

ϕ(t)=

{
t∗ if t ∈ {y j , y∗

j | j ∈ J },

t otherwise.

Then it is easy to check that for any word v ∈ con(w)+, we have ϕ(v) = v and
ϕ(v)= v. Since w and c̄ are plain words such that con(w)= con(c̄), by Lemma 5.6,
the identity w ≈ c̄ is satisfied by A0. Then by Lemma 5.4, w ≈ c̄ is deducible from
{(5-1h), (5-1i)}. Consequently,

w = ϕ(w)
(5-1h),(5-1i)

≈ ϕ(c̄)= c. □

5.2. Some special forms of words. It is easily checked that for any substitution
ϕ : X → A0 and any variable z ∈ X , we have ϕ(zz∗z)= 0 in A0. Therefore, in the
Var(A0,

∗ )-free algebra over X , the class [zz∗z] containing zz∗z is its zero element.
This phenomenon can also be seen from the identities (5-1a) of (A0,

∗ ).
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Words of other possible forms in the class [zz∗z] are given in the following
result.

Lemma 5.8. Let w ∈ Finv(X ). Suppose that either xx∗x ↪→ w for some x ∈X ∪X ∗

or xx∗yy∗ ↪→ w for some x, y ∈ X ∪X ∗. Then the identities (5-1) can be used to
convert w into the word zz∗z for any z ∈ X ∪X ∗.

Proof. If w = w0xw1x∗w2xw3 for some w0,w1,w2,w3 ∈ F1
inv(X ), then

w
(5-1j)
≈ w0xw1w2x∗xw3

(5-1g)
≈ w0w1w2xx∗xw3

(5-1a)
≈ zz∗z.

If w = w0xw1x∗w2 yw3 y∗w4 for some w0,w1,w2,w3,w4 ∈ F1
inv(X ), then

w
(5-1c)
≈ w0x2w1x∗w2 yw3 y∗w4

(5-1g)
≈ w0xx∗xw1w2 yw3 y∗w4

(5-1a)
≈ zz∗z. □

A word w ∈ Finv(X ) is in A0-standard form if

(5-3) w = w1xw2x∗,

where x ∈ X ∪X ∗, w1 = x1x2 · · · xm , and w2 = s0
∏p

i=1(ci si ) for some m, p ≥ 0
such that the following conditions hold:

(A1) x1, x2, . . . , xm ∈ X ∪X ∗ are such that x̄1 ≺ x̄2 ≺ · · · ≺ x̄m ≺ x̄ ;

(A2) s0, s1, . . . , sp ∈ F1
inv(X ) are simple and c1, c2, . . . , cp ∈ Finv(X ) are ordered

A0-blocks;

(A3) x1, x2, . . . , xm, x, s0, s1, . . . , sp, c1, c2, . . . , cp are pairwise disjoint;

(A4) if w2 ̸= 1, then
(a) p = 0 with w2 = s0 and s0 ∈ X ; or
(b) p = 1 with w2 = c1, s0 = s1 = 1, and h(c1) ∈ X ; or
(c) h(s0)≺ t(w2) when s0 ̸= 1; or
(d) t(c1)≺ t(w2) when s0 = 1.

Remark 5.9. The following holds for the word w in (5-3) in A0-standard form:

(i) If m = 0, then w1 = 1.

(ii) If p = 0, then w2 = s0.

(iii) {x, x∗
} is the only mixed pair of w and x, x∗ /∈ con(w1w2).

(iv) w1 and w2 are bipartite words such that con(w1)∩ con(w2)= ∅.

(v) Each variable in X occurs at most twice in w.

(vi) If w2 ̸= 1 and |con(w2)| ≥ 2, then h(w2) ≺ t(w2) by condition (A4). This is
because

• if s0 ̸= 1, then h(w2)= h(s0)≺ t(w2) by condition (A4)(c);
• if s0 = 1, then since h(w2) = h(c1) ⪯ t(c1) due to c1 being an ordered

A0-block, we have h(w2)⪯ t(c1)≺ t(w2) by condition (A4)(d).
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Lemma 5.10. Let w = w1xw2x∗ be the word in (5-3) in A0-standard form. Then
there exist substitutions αw, βw : X → A0 such that

(i) αw(w1xw2)= E and αw(x∗)= F, so that αw(w)= EF;

(ii) βw(w1x)= E and βw(w2x∗)= F, so that βw(w)= EF;

(iii) αw(t)= βw(t)= 0 for all t ∈ X such that t /∈ con(w).

Proof. It follows from Remark 5.9(iii),(iv) that con(w1)= H1 ∪K∗

1 and con(w2)=

H2 ∪ K∗

2 for some H1,H2,K1,K2 ⊆ X such that H1,H2,K1,K2, {x, x∗
} are

pairwise disjoint sets. By symmetry, it suffices to assume that x ∈ X , so that
con(w)= H1 ∪K1 ∪H2 ∪K2 ∪ {x}. Define

αw(t)=


E if t ∈ H1 ∪H2 ∪ {x},

F if t ∈ K1 ∪K2,

0 otherwise;
βw(t)=


E if t ∈ H1 ∪K2 ∪ {x},

F if t ∈ K1 ∪H2,

0 otherwise.

Then it is routinely checked that the substitutions αw and βw satisfy (i)–(iii). □

Corollary 5.11. For any word w in A0-standard form and any z ∈ X ∪ X ∗, the
identity w ≈ zz∗z is not satisfied by (A0,

∗ ).

Proof. Under the substitution αw : X → A0 in Lemma 5.10, we have αw(w)= EF

and αw(zz∗z)= 0. □

Lemma 5.12. Let w be any mixed word. Then the identities {(1-1), (5-1)} can be
used to convert w into exactly one of the following:

(i) the word zz∗z for any z ∈ X ∪X ∗;

(ii) some word in A0-standard form.

Proof. In view of the identities {(1-1), (5-1c), (5-1e), (5-1g)}, we may assume that
w = w1xw2x∗, where x ∈X ∪X ∗ and w1,w2 ∈ F1

inv(X ) are such that x /∈ con(w1),
x, x∗ /∈ con(w2), and w2 is bipartite. If either x∗

∈ con(w1) or w1 contains some
mixed pair, then by Lemma 5.8, the identities (5-1) can be used to convert w into
the word zz∗z for any z ∈ X ∪X ∗. Therefore, suppose that x∗ /∈ con(w1) and w1 is
bipartite. In summary, we may assume that

(a) x, x∗ /∈ con(w1w2) and

(b) w1 and w2 are bipartite.

Suppose that con(w1)∩ con(w2) ̸= ∅. Then the x in w is sandwiched between
two occurrences of the same variable, one occurring in w1 and one in w2. Therefore,
w1 = ayb and w2 = ey f for some y ∈ X ∪X ∗ and a, b, e, f ∈ F1

inv(X ) such that
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x /∈ con(abe f ) and y /∈ con(b f ), whence

w = aybxey f x∗
(5-1h)
≈ aybxey2 f x∗

(5-1j)
≈ aybeyxy f x∗

(5-1i)
≈ aybexyx f x∗

(5-1g)
≈ aybeyx2 f x∗

(5-1c)
≈ aybeyx f x∗

;

in other words, x can be moved to the right until it is no longer sandwiched by any
two occurrences of y. This process can be repeated until x is not sandwiched by
any two occurrences of the same variable. Therefore, we may further assume that

(c) con(w1)∩ con(w2)= ∅.

Suppose that con(w1)∩ con(w2) ̸= ∅. Then the x in w is sandwiched by some
mixed pair {y, y∗

} with y ∈ con(w1) and y∗
∈ con(w2). Therefore, w1 = ayb and

w2 = ey∗ f for some a, b, e, f ∈ F1
inv(X ) such that x /∈ con(abe f ) and y∗ /∈ con(e).

By (c), we also have y /∈ con(e). Then

w = aybxey∗ f x∗
(5-1b)
≈ aybx(ey∗ f )∗x∗

(1-1)
≈ aybx f ∗ye∗x∗

(5-1h)
≈ aybx f ∗y2e∗x∗

(5-1j)
≈ ayb f ∗yxye∗x∗

(5-1i)
≈ ayb f ∗xyxe∗x∗

(5-1g)
≈ ayb f ∗yx2e∗x∗

(5-1c)
≈ ayb f ∗yxe∗x∗

(5-1b)
≈ ayb f ∗yxex∗.

Since y, y∗ /∈ con(e), the variable x is no longer sandwiched by the mixed pair
{y, y∗

}. This process can be repeated until x is not sandwiched by any mixed pair.
Therefore, we may further assume that

(d) con(w1)∩ con(w2)= ∅.

Since the prefix w1 of w is bipartite by (b), the identities (5-1g) can be used
to put the variables in w1 in order, and the identities (5-1f) can be used to reduce
the exponent of any non-simple variable to 1. Hence, we may assume that w1 =

x1x2 · · · xm for some x1, x2, . . . , xm ∈X∪X ∗ with m ≥0 such that x̄1 ≺ x̄2 ≺· · ·≺ x̄m .
By (a), we have x̄ /∈ {x̄1, x̄2, . . . , x̄m}. If x̄m ⊀ x̄ , then

w = x1x2 · · · xm−1xm xw2x∗
(5-1d)
≈ x1x2 · · · xn−1xxmw2x∗

m,

and the identities (5-1g) can be used to put the variables in the prefix x1x2 · · · xm−1x
in an order such that condition (A1) is satisfied.

Since w2 is bipartite by (b), it can be written in the form w2 = s0
∏p

i=1(ci si ),
where s0, s1, . . . , sp ∈ F1

inv(X ) are simple words and c1, c2, . . . , cp ∈ Finv(X ) are
connected words with p ≥ 0 such that

(e) s0, s1, . . . , sp, c1, c2, . . . , cp are pairwise disjoint.

Then by Lemma 5.7, the identities {(5-1h), (5-1i)} can be used to convert each ci

into the ordered A0-block word ĉi with con(ci ) = con(ĉi ). Therefore, condition
(A2) is satisfied, and it follows from (d) and (e) that condition (A3) is also satisfied.
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It remains to address condition (A4). Suppose that w2 = s0
∏p

i=1(ci si ) ̸= 1.
There are five cases.

Case 1: p = 0. Then w2 = s0.

SUBCASE 1.1: |con(s̄0)| = 1. Then w2 = s0 ∈ {y, y∗
} for some y ∈ X . If w2 = y,

then condition (A4)(a) is satisfied. If w2 = y∗, then

w = w1xy∗x∗
(5-1b)
≈ w1x(y∗)∗x∗

(1-1)
≈ w1xyx∗

;

in other words, the identities {(1-1), (5-1b)} can be used to convert the y∗ in w to
y ∈ X , so that condition (A4)(a) is satisfied.

SUBCASE 1.2: |con(s̄0)| ≥ 2. Then w2 = s0 = y1 y2 · · · yr for some distinct
y1, y2, . . . , yr ∈ X ∪ X ∗ with r ≥ 2. If h(s0) ≺ t(w2), then condition (A4)(c)
is satisfied. If h(s0)⊀ t(w2), so that y1 = h(s0)≻ t(s0)= yr , then

w
(5-1b)
≈ w1xw∗

2 x∗
= w1x y∗

r y∗

r−1 · · · y∗

1︸ ︷︷ ︸
s∗

0 = w∗

2

x∗,

where h(s∗

0 )= yr ≺ y1 = t(s∗

0 )= t(w∗

2), whence condition (A4)(c) is satisfied.

Case 2: p ≥ 1 and s0 ̸= 1 ̸= sp. Then w2 = s0
∏p

i=1(ci si ), where s0 = y1 y2 · · · yr

and sp = z1z2 · · · zs for some distinct y1, y2, . . . , yr , z1, z2, . . . , zs ∈ X ∪X ∗ with
r, s ≥ 1. If h(s0)≺ t(w2), then condition (A4)(c) is satisfied. Hence suppose that
h(s0)⊀ t(w2), so that y1 = h(s0)≻ t(sp)= zs . Then

w
(5-1b)
≈ w1xw∗

2 x∗
(1-1)
≈ w1x · s∗

pc∗

ps∗

p−1c∗

p−1 · · · s∗

1 c∗

1 s∗

0 · x∗,

where h(s∗
p)= zs ≺ y1 = t(s∗

0 ), and the identities {(1-1), (5-1h), (5-1i)} can be used
to convert each c∗

i into an ordered A0-block (see Lemma 5.7). Therefore, condition
(A4)(c) is satisfied.

Case 3: p ≥ 1 and s0 ̸= 1 = sp. Then w2 = s0
∏p−1

i=1 (ci si )cp, where s0 = z1z2 · · · zs

and cp = (y1 y2 · · · yr )
2 for some distinct y1, y2, . . . , yr , z1, z2, . . . , zs ∈ X ∪ X ∗

with r, s ≥ 1 such that y1 ≺ y2 ≺ · · · ≺ yr . If h(s0)≺ t(w2), then condition (A4)(c)
is satisfied. If h(s0)⊀ t(w2), so that z1 = h(s0)≻ t(cp)= yr , then

w
(5-1b)
≈ w1xw∗

2 x∗
(1-1)
≈ w1x · c∗

ps∗

p−1c∗

p−1 · · · s∗

1 c∗

1 s∗

0 · x∗,

and the identities {(1-1), (5-1h), (5-1i)} can be used to convert each c∗

i into an
ordered A0-block (Lemma 5.7); specifically, c∗

p is converted into ĉ∗
p = (y∗

1 y∗

2 · · · y∗
r )

2.
Since t(c∗

p)= yr ≺ z1 = t(s∗

0 ), condition (A4)(d) is satisfied.

Case 4: p ≥ 1 and s0 = 1 ̸= sp. Then w2 =
∏p

i=1(ci si ), where c1 = (y1 y2 · · · yr )
2

and sp = z1z2 · · · zs for some distinct y1, y2, . . . , yr , z1, z2, . . . , zs ∈ X ∪X ∗ with
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r, s ≥ 1 such that y1 ≺ y2 ≺ · · · ≺ yr . If t(c1) ≺ t(w2), then condition (A4)(d) is
satisfied. If t(c1)⊀ t(w2), so that yr = t(c1)≻ t(sp)= zs , then

w
(5-1b)
≈ w1xw∗

2 x∗
(1-1)
≈ w1x · s∗

pc∗

ps∗

p−1c∗

p−1 · · · s∗

1 c∗

1 · x∗,

and the identities {(1-1), (5-1h), (5-1i)} can be used to convert each c∗

i into an
ordered A0-block (Lemma 5.7); specifically, c∗

1 is converted into ĉ∗

1 = (y∗

1 y∗

2 · · · y∗
r )

2.
Since h(s∗

p)= zs ≺ yr = t(ĉ∗

1), condition (A4)(c) is satisfied.

Case 5: p ≥ 1 and s0 = 1 = sp.

SUBCASE 5.1: p = 1. Then w2 = c1 = (y1 y2 · · · yk)
2 for some y1, y2, . . . , yk ∈

X ∪X ∗ with k ≥ 1 such that y1 ≺ y2 ≺ · · · ≺ yk . If y1 ∈ X , then condition (A4)(b)
is satisfied. Hence suppose that y1 ∈ X ∗. Then

w
(5-1b)
≈ w1xw∗

2 x∗
= w1x · c∗

1 · x∗,

and the identities {(1-1), (5-1h), (5-1i)} can be used to convert c∗

1 into an ordered
A0-block ĉ∗

1 = (y∗

1 y∗

2 · · · y∗

k )
2 (see Lemma 5.7). Now since y∗

1 ∈ X , condition
(A4)(b) is satisfied.

SUBCASE 5.2: p ≥ 2. Then w2 =
( ∏p−1

i=1 (ci si )
)
cp, where c1 = (y1 y2 · · · yr )

2 and
cp = (z1z2 · · · zs)

2 for some distinct y1, y2, . . . , yr , z1, z2, . . . , zs ∈ X ∪X ∗ with
r, s ≥ 1 such that y1 ≺ y2 ≺ · · · ≺ yr and z1 ≺ z2 ≺ · · · ≺ zs . If t(c1) ≺ t(w2),
then condition (A4)(d) is satisfied. Hence suppose that t(c1) ⊀ t(w2), so that
zs = t(cp)≻ t(c1)= yr . Then

w
(5-1b)
≈ w1xw∗

2 x∗
(1-1)
≈ w1x · c∗

ps∗

p−1c∗

p−1 · · · s∗

1 c∗

1 · x∗,

and the identities {(1-1), (5-1h), (5-1i)} can be used to convert each c∗

i into an
ordered A0-block (Lemma 5.7); specifically, c∗

1 is converted into ĉ∗

1 = (y∗

1 y∗

2 · · · y∗
r )

2

and c∗
p is converted into ĉ∗

p = (z∗

1z∗

2 · · · z∗
s )

2. Since t(ĉ∗
p)= zs ≺ yr = t(ĉ∗

1), condition
(A4)(d) is satisfied.

Consequently, the identities {(1-1), (5-1)} can be used to convert w into either
zz∗z or some word w̃ in A0-standard form. But if the identities {(1-1), (5-1)} can be
used to convert w into both zz∗z and w̃, then that would imply that (A0,

∗ ) satisfies
the identity w̃ ≈ zz∗z, which is impossible by Corollary 5.11. □

5.3. Proof of Proposition 5.1. Consider any identity

u ≈ v

satisfied by (A0,
∗ ). It suffices to show that u ≈ v is deducible from {(1-1), (5-1)}.

By Lemma 5.5, this result holds if either u or v is bipartite. Therefore, suppose
that u and v are both mixed. By Corollary 5.11 and Lemma 5.12, the identities
{(1-1), (5-1)} can be used to convert u and v simultaneously to either zz∗z or words
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in A0-standard form. In the former case, u ≈ v is deducible from {(1-1), (5-1)},
whence the proof is complete. Therefore, it remains to consider the latter case,
whence we may assume that u and v are in A0-standard form, say

u = u1xu2x∗ and v = v1 yv2 y∗,

where x, y ∈ X ∪X ∗, u1 = x1x2 · · · xm , u2 = s0
∏p

i=1(ci si ), v1 = y1 y2 · · · yn , and
v2 = t0

∏q
i=1(di ti ) satisfy conditions (A1)–(A4).

Lemma 5.13. The following holds for the words u and v:

(i) con(u)= con(v);

(ii) u1x = v1 y;

(iii) con(u2)= con(v2).

Proof. (i) Suppose that con(u) ̸= con(v), say there exists a variable z ∈ con(u)
such that z /∈ con(v). Then under the substitution αv : X → A0 in Lemma 5.10, the
contradiction αv(u)= 0 ̸= EF = αv(v) is deduced.

(ii) Due to condition (A1), the equality u1x =v1 y follows from con(u1x)=con(v1 y);
to establish the latter, by symmetry, it suffices to verify the inclusion con(u1x)⊆

con(v1 y). To this end, we need to first show that y ∈ con(u1x). Since ȳ ∈ con(v)=

con(u) by part (i),

(a) either y ∈ con(u) or y∗
∈ con(u).

If y∗
∈ con(u1xu2), then by Lemma 5.10, we have αu(u)= EF and

αu(v)= αu(v1) ·αu(y) ·αu(v2) ·αu(y∗)= αu(v1) · F ·αu(v2) · E = 0,

which is impossible. Therefore,

(b) y∗ /∈ con(u1xu2), which implies that y ̸= x∗.

If y ̸= x , then together with (b), we have y∗ /∈ con(u1xu2x∗)= con(u), so that y ∈

con(u1xu2) by (a) and (b). On the other hand, if y = x , then clearly y ∈ con(u1xu2).
Therefore, y ∈ con(u1xu2) either way. Now if y ∈ con(u2), then by Lemma 5.10,
we have βu(u)= EF and

βu(v)= βu(v1) ·βu(y) ·βu(v2) ·βu(y∗)= βu(v1) · F ·βu(v2) · E = 0,

which is impossible. Hence y /∈ con(u2); but since y ∈ con(u1xu2), we in fact have

(c) y ∈ con(u1x).

Now we are ready to establish the inclusion con(u1x)⊆ con(v1 y). Suppose there
exists some variable z ∈ con(u1x) such that z /∈ con(v1 y). Then clearly z ̸= y. If
z = y∗, then y, y∗

∈ con(u1x) by (c), so that condition (A1) is contradicted. Hence

(d) z /∈ {y, y∗
}.
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Since z̄ ∈ con(u)= con(v) by part (i), it follows from (d) that either z ∈ con(v1v2)

or z∗
∈ con(v1v2). But since z /∈ con(v1) by assumption, we have z ∈ con(v2) or

z∗
∈ con(v1) or z∗

∈ con(v2). These three cases are shown in the following to be
impossible. Therefore, the variable z does not exist, whence the required inclusion
con(u1x)⊆ con(v1 y) is established.

Case 1: z ∈ con(v2). By Lemma 5.10, we have βv(v1 y)= E and βv(v2 y∗)= F, so
that βv(v)= EF. Since z ∈ con(v2), we also have βv(z)= F. Note that

EF = βv(v)= βv(u)= βv(u1) ·βv(x) ·βv(u2) ·βv(x∗),

so we must have βv(x∗)= F and βv(x)= E, so that z ̸= x . But since z ∈ con(u1x)
by assumption, it follows that βv(u1x)= · · · F · · · E = 0, whence the contradiction
βv(u)= 0 is deduced.

Case 2: z∗
∈ con(v1). By Lemma 5.10, we have αu(u1xu2) = E and αu(x∗) = F,

so that αu(u) = EF. Since z ∈ con(u1x) by assumption, we also have αu(z) = E.
Note that

EF = αu(u)= αu(v)= αu(v1) ·αu(y) ·αu(v2) ·αu(y∗),

so we must have αu(y∗)= F and αu(y)= E. But since z∗
∈ con(v1), it follows that

αu(v1 y)= · · · F · · · E = 0, whence the contradiction αu(v)= 0 is deduced.

Case 3: z∗
∈ con(v2). By Lemma 5.10, we have αv(v1 yv2)= E and αv(y∗)= F, so

that αv(v)= EF. Since z∗
∈ con(v2), we also have αv(z)= F. Note that

EF = αv(v)= αv(u)= αv(u1) ·αv(x) ·αv(u2) ·αv(x∗),

so we must have αv(x∗)= F and αv(x)= E. But since z ∈ con(u1x) by assumption,
it follows that αv(u1x) = · · · F · · · E = 0, whence the contradiction αv(u) = 0 is
deduced.

(iii) This is a consequence of parts (i) and (ii). □

Therefore, by Lemma 5.13, we now have

u = x1x2 · · · xm︸ ︷︷ ︸
u1

· x · s0

p∏
i=1
(ci si )︸ ︷︷ ︸

u2

·x∗ and v = x1x2 · · · xm︸ ︷︷ ︸
u1

· x · t0
q∏

i=1
(di ti )︸ ︷︷ ︸

v2

· x∗,

where conditions (A1)–(A4) are satisfied.

Lemma 5.14. (i) con(s0s1 · · · sp)= con(t0 t1 · · · tq).

(ii) con(c1c2 · · · cp)= con(d1d2 · · · dq).

Proof. (i) Let s = s0s1 · · · sp and t = t0 t1 · · · tq . Suppose there exists some variable
z ∈ con(s̄) such that z /∈ con( t̄). Then

u = x1x2 · · · xm · x · az⊛b · x∗
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for some a, b ∈ F1
inv(X ) and ⊛ ∈ {1, ∗}. By the definition of A0-standard form,

occ(z, u)= 1 and the sets con(x1x2 · · · xm · x · a), {z}, con(b̄) are pairwise disjoint.
Therefore, if ϕ : X ∪X ∗

→ A0 is the substitution given by

ϕ(t)=


E if t ∈ con(x1x2 · · · xm · x · a),
EF if t = z,
F otherwise,

then ϕ(u) = Em
· E · E|a|(EF)⊛F|b|

· E∗
= EF. Now since z ∈ con(u2) = con(v2)

by Lemma 5.13(iii) and z /∈ con( t̄), there exists some j ∈ {1, 2, . . . , q} such that
z ∈ con(d̄ j ); further, since d j is an ordered A0-block, occ(z, d̄ j )= 2. It follows that
ϕ(v) = · · · EF · · · EF · · · = 0 ̸= ϕ(u), which is a contradiction. Consequently, the
variable z does not exist, so that the inclusion con(s̄)⊆ con( t̄) holds. The reverse
inclusion con(s̄)⊇ con( t̄) holds by a symmetrical argument.

(ii) This follows from part (i) since con(u2)= con(v2) by Lemma 5.13(iii). □

Lemma 5.15. (i) Suppose that yzyz ↪→ u2 for some y, z ∈ con(ci ) with 1 ≤ i ≤ p.
Then the longest {ȳ, z̄}-subsequence of v2 can only be yzyz or y∗z∗y∗z∗.

(ii) Suppose that yzyz ↪→ v2 for some y, z ∈ con(di ) with 1 ≤ i ≤ q. Then the
longest {ȳ, z̄}-subsequence of u2 can only be yzyz or y∗z∗y∗z∗.

Proof. (i) By Remark 5.9(v), yzyz is the longest {ȳ, z̄}-subsequence of u. Further,
ȳ ≺ z̄ because ci is an ordered A0-block. Hence ȳ, z̄ ∈ con(c̄i )⊆ con(d1d2 · · · dq)

by Lemma 5.14(ii). If ȳ, z̄ ∈ con(d̄ j ) for some j ∈ {1, 2, . . . , q}, then the longest
{ȳ, z̄}-subsequence of v2 is one of

yzyz, y∗zy∗z, yz∗yz∗, y∗z∗y∗z∗
;

and if ȳ ∈ con(d̄ j ) and z̄ ∈ con(d̄k) for some distinct j, k ∈ {1, 2, . . . , q}, then the
longest {ȳ, z̄}-subsequence of v2 is one of

yyzz, y∗y∗zz, yyz∗z∗, y∗y∗z∗z∗, zzyy, z∗z∗yy, zzy∗y∗, z∗z∗y∗y∗.

There are four cases to consider.

Case 1: y∗zy∗z or yz∗yz∗ or y∗y∗zz or z∗z∗yy is a subsequence of v2. Then
under the substitution αu : X → A0 in Lemma 5.10, we have αu(u1xu2) = E

and αu(x∗) = F, so that αu(u) = EF. Specifically, αu(y) = αu(z) = E because
y, z ∈ con(u2). But this implies the contradiction αu(v)= 0.

Case 2: either yyz∗z∗ ↪→ v2 or zzy∗y∗ ↪→ v2. Then under the substitution βu :X →

A0 in Lemma 5.10, we have βu(u1x)= E and βu(u2x∗)= F, so that βu(u)= EF.
Specifically, βu(y) = βu(z) = F because y, z ∈ con(u2). But this implies the
contradiction βu(v)= 0.
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Case 3: either yyzz ↪→ v2 or y∗y∗z∗z∗ ↪→ v2. Then we can write v2 = ab such
that occ(ȳ, ā)= 2 and occ(z̄, b̄)= 2. Let ϕ : X ∪X ∗

→ A0 be any substitution that
maps each variable in con(u1xa) to E and each variable in con(b) to F. Then

ϕ(v)= ϕ(u1xa) ·ϕ(b) ·ϕ(x∗)= E · E · E∗
= EF.

Now depending on whether yyzz ↪→ v2 or y∗y∗z∗z∗ ↪→ v2, the pair (ϕ(y), ϕ(z))
is either (E, F) or (F, E); but in either case,

ϕ(u)= · · ·ϕ(y) · · ·ϕ(z) · · ·ϕ(y) · · ·ϕ(z) · · · = 0,

which is a contradiction.

Case 4: either zzyy ↪→ v2 or z∗z∗y∗y∗ ↪→ v2. This is symmetrical to the previous
case and so also leads to a contradiction.

Since none of the four cases is possible, the longest {ȳ, z̄}-subsequence of v2

can only be yzyz or y∗z∗y∗z∗.

(ii) This is symmetrical to part (i). □

Lemma 5.16. (i) Suppose that yz ↪→ u2 for some y, z ∈ X ∪X ∗ that are not in the
same ordered A0-block. Then the {ȳ, z̄}-subsequences of v2 of length two can only
be yz or z∗y∗.

(ii) Suppose that yz ↪→ v2 for some y, z ∈ X ∪X ∗ that are not in the same ordered
A0-block. Then the {ȳ, z̄}-subsequences of u2 of length two can only be yz or z∗y∗.

Proof. (i) By symmetry, it suffices to assume that within u2, the first y appears
before the first z. Then by assumption, depending on which of y and z is simple
or in an ordered A0-block, the longest {ȳ, z̄}-subsequence of u2 is yr zs for some
r, s ∈ {1, 2}. Since u is in A0-standard form, u2 = aybze for some pairwise disjoint
a, b, e ∈ F1

inv(X ) such that y /∈ con(be) and z /∈ con(ab). Since ȳ, z̄ ∈ con(u2) =

con(v2) by Lemma 5.14, the {ȳ, z̄}-subsequences of v2 of length two can only be

yz, y∗z, yz∗, y∗z∗, zy, z∗y, zy∗, z∗y∗.

There are three cases to consider.

Case 1: either y∗z ↪→ v2 or z∗y ↪→ v2. Then under the substitution αu : X → A0

in Lemma 5.10, we have αu(u1xu2) = E and αu(x∗) = F, so that αu(u) = EF.
Specifically, αu(y) = αu(z) = E because y, z ∈ con(u2). But this implies the
contradiction αu(v)= 0.

Case 2: either yz∗ ↪→ v2 or zy∗ ↪→ v2. Then under the substitution βu : X → A0

in Lemma 5.10, we have βu(u1x) = E and βu(u2x∗) = F, so that βu(u) = EF.
Specifically, βu(y) = βu(z) = F because y, z ∈ con(u2). But this implies the
contradiction βu(v)= 0.

Case 3: either y∗z∗ ↪→ v2 or zy ↪→ v2. Then under any substitution ϕ :X∪X ∗
→ A0
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that maps each variable in con(u1xayb) to E and each variable in con(ze) to F,
we have ϕ(u) = ϕ(u1xayb) · ϕ(ze) · ϕ(x∗) = E · F · E∗

= EF. But ϕ(v) = 0 is a
contradiction.

Since none of the three cases is possible, the {ȳ, z̄}-subsequences of v2 of length
two can only be yz or z∗y∗.

(ii) This is symmetrical to part (i). □

Lemma 5.17. Suppose that u2, v2 ̸= 1. Then h(u2)= h(v2) and t(u2)= t(v2).

Proof. Recall from Lemma 5.13(iii) that con(u2) = con(v2). First assume that
|con(u2)| = |con(v2)| = 1, say con(u2)= con(v2)= {z} for some z ∈X . Then each
of u2 and v2 can only be simple or an ordered A0-block, so that u2, v2 ∈ {z, z2

} by
conditions (A4)(a) and (A4)(b). Hence h(u2)= z = h(v2) and t(u2)= z = t(v2).

Now assume that |con(u2)| = |con(v2)| ≥ 2. Let h = h(u2), t = t(u2), H = h(v2),
and T = t(v2), so that

(5-4) h̄ ≺ t̄ and H ≺ T

by conditions (A4)(c) and (A4)(d). Recall that u2 and v2 are bipartite words such
that occ(z, u2), occ(z, v2)≤ 2 for all z ∈ X ∪X ∗. There are five cases to consider;
in each case, several intermediate results are established to eventually show that
h = H and t = T .

Case 1: occ(h, u2)= occ(t, u2)= 1. Then h = h(s0) and t = t(sp), so that s0 = ha
and sp = bt for some a, b ∈ F1

inv(X ):

(5-5) u = x1x2 · · · xm · x · ha · c1s1 · c2s2 · · · cp−1sp−1 · cpbt︸ ︷︷ ︸
u2

· x∗.

Result A. occ(h̄, v2)= occ(t̄, v2)= 1.

Proof. This holds because h̄, t̄ ∈ con(s0sp)⊆ con(t0 t1 · · · tq) by Lemma 5.14(i). □

Result B. The longest {h̄, t̄}-subsequence of v2 is ht .

Proof. Since ht ↪→ u2, it follows from Lemma 5.16(i) and Result A that the longest
{h̄, t̄}-subsequence of v2 is either ht or t∗h∗. Seeking a contradiction, suppose
that t∗h∗ is the longest {h̄, t̄}-subsequence of v2. Note that t∗ does not occur in
any ordered A0-block in v2 due to occ(t̄, v2) = 1 by Result A. It follows that if
H ̸= t∗, so that Ht∗ ↪→ v2, then by Lemma 5.16(ii), either Ht∗ ↪→ u2 or t H∗ ↪→ u2;
but neither subsequence is possible in view of (5-5). By a symmetrical argument,
it is impossible for T ̸= h∗. Therefore, H = t∗ and T = h∗. It follows that
occ(H , v2)= occ(t̄, v2)= 1 and H = h(v2)= h(t0), so that t0 ̸= 1. Given that v is
in A0-standard form, we have H ≺ T by condition (A4)(c); but this implies that
t̄ = H ≺ T = h̄, which contradicts (5-4). □

Result C. h = H and t = T .
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Proof. Suppose that h ̸= H . Then it follows from Result B that Hh ↪→ v2, and h is
not in any ordered A0-block in v2 due to Result A. Therefore, by Lemma 5.16(ii),
either Hh ↪→ u2 or h∗H∗ ↪→ u2; but neither subsequence is possible in view of
(5-5). By a symmetrical argument, it is impossible for t ̸= T . □

Case 2: occ(h, u2)= 2 and occ(t, u2)= 1. Then s0 = 1, h = h(c1), and t = t(sp),
so that c1 = haha and sp = bt for some a, b ∈ F1

inv(X ):

(5-6) u = x1x2 · · · xm · x · haha s1 · c2s2 · · · cp−1sp−1 · cpbt︸ ︷︷ ︸
u2

· x∗.

Result D. occ(h̄, v2)= 2 and occ(t̄, v2)= 1.

Proof. This holds because h̄ ∈ con(c̄1) ⊆ con(d1d2 · · · dq) and t̄ ∈ con(s̄p) ⊆

con(t0 t1 · · · tq) by Lemma 5.14. □

Result E. The longest {h̄, t̄}-subsequence of v2 is h2t .

Proof. Since h2t ↪→ u2, it follows from Lemma 5.16(i) and Result D that the
longest {h̄, t̄}-subsequence of v2 is either h2t or t∗(h∗)2. Seeking a contradiction,
suppose that t∗(h∗)2 is the longest {h̄, t̄}-subsequence of v2. Note that t∗ does not
occur in any ordered A0-block in v2 due to occ(t̄, v2)= 1 by Result D. It follows
that if H ̸= t∗, so that Ht∗ ↪→ v2, then by Lemma 5.16(ii), either Ht∗ ↪→ u2 or
t H∗ ↪→ u2; but neither subsequence is possible in view of (5-6). Hence H = t∗.

Now suppose that T ̸= h∗, so that h∗T ↪→ v2. Then since v2 is bipartite, we have
h, T ∗ /∈ con(v2). There are two cases.

(a) h∗ and T are not in the same ordered A0-block in v2. By Lemma 5.16(ii),
either h∗T ↪→ u2 or T ∗h ↪→ u2. We see from (5-6) that h∗T ̸↪→ u2, so only
T ∗h ↪→ u2 holds. Specifically, T ∗h ↪→ c1 = haha, so that hT ∗hT ∗ ↪→ u2. Hence,
by Lemma 5.15(i), either hT ∗hT ∗ ↪→ v2 or h∗T h∗T ↪→ v2; the former contradicts
h, T ∗ /∈ con(v2), while the latter contradicts the assumption of the present case.

(b) h∗ and T are in the same ordered A0-block in v2. Specifically, since T = t(v2),
we have h∗, T ∈ con(dq), so that h∗T h∗T ↪→ v2 and h̄ ≺ T . By Lemma 5.15(ii),
either h∗T h∗T ↪→ u2 or hT ∗hT ∗ ↪→ u2. It follows from (5-6) that h∗T h∗T ̸↪→ u2,
so only hT ∗hT ∗ ↪→ u2 holds, whence T ∗

∈ con(c1). Since s0 = 1 and u is in
A0-standard form, by condition (A4)(d), we have T ⪯ t(c1) ≺ t(u2) = t̄ . Now
the first variable in v2 is simple because h(v2) = H = t∗ and occ(t̄, v2) = 1;
hence t0 ̸= 1. Since v is in A0-standard form, by condition (A4)(c), we have
t̄ = H = h(t0)≺ t(v2)= T , which is a contradiction.

Since neither (a) nor (b) is possible, we have T = h∗. As observed in (b),
the first variable in v2 is simple because h(v2) = H = t∗ and occ(t̄, v2) = 1,
thus t0 ̸= 1. Given that v is in A0-standard form, by condition (A4)(c), we have
t̄ = H = h(t0)≺ t(v2)= T = h̄, which contradicts (5-4). □
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Result F. h = H and t = T .

Proof. First, suppose that t ̸= T . Then tT ↪→ v2 by Result E, and t is not in
any ordered A0-block in v2 due to Result D. Therefore, by Lemma 5.16(ii), either
tT ↪→ u2 or T ∗t∗ ↪→ u2; but neither subsequence is possible in view of (5-6).
Hence t = T .

Now suppose that h ̸= H . Then Hh ↪→ v2 by Result E. Since v2 is bipartite, we
have h∗, H∗ /∈ con(v2). There are two cases.

(a) H and h are not in the same ordered A0-block in v2. Then by Lemma 5.16(ii),
either Hh ↪→ u2 or h∗H∗ ↪→ u2. But it is clear from (5-6) that h∗H∗

̸↪→ u2, so
only Hh ↪→ u2 holds. Specifically, Hh ↪→ c1 = haha, so that h Hh H ↪→ u2.
Therefore, by Lemma 5.15(i), either h Hh H ↪→ v2 or h∗H∗h∗H∗ ↪→ v2; but the
former contradicts the assumption of the present case, while the latter contradicts
h∗, H∗ /∈ con(v2).

(b) H and h are in the same ordered A0-block in v2. Then Hh Hh ↪→ v2. Hence by
Lemma 5.15(ii), either Hh Hh ↪→ u2 or H∗h∗H∗h∗ ↪→ u2; but neither subsequence
is possible in view of (5-6).

Since neither (a) nor (b) is possible, we have h = H . □

Case 3: occ(h, u2)= 1 and occ(t, u2)= 2. Then h = h(s0), t = t(cp), and sp = 1,
so that s0 = ha and cp = bt bt for some a, b ∈ F1

inv(X ):

(5-7) u = x1x2 · · · xm · x · ha · c1s1 · c2s2 · · · cp−1sp−1 · bt bt︸ ︷︷ ︸
u2

· x∗.

Result G. occ(h̄, v2)= 1 and occ(t̄, v2)= 2.

Proof. This holds because h̄ ∈ con(s̄0) ⊆ con(t0 t1 · · · tq) and t̄ ∈ con(c̄p) ⊆

con(d1d2 · · · dq) by Lemma 5.14. □

Result H. The longest {h̄, t̄}-subsequence of v2 is ht2.

Proof. Since ht2 ↪→ u2, it follows from Lemma 5.16(i) and Result G that the
longest {h̄, t̄}-subsequence of v2 is either ht2 or (t∗)2h∗. Seeking a contradiction,
suppose that (t∗)2h∗ is the longest {h̄, t̄}-subsequence of v2. Note that h∗ does not
occur in any ordered A0-block in v2 due to occ(h̄, v2)= 1 by Result G. It follows
that if T ̸= h∗, so that h∗T ↪→ v2, then by Lemma 5.16(ii), either h∗T ↪→ u2 or
T ∗h ↪→ u2; but neither subsequence is possible in view of (5-7). Hence T = h∗.

Now suppose that H ̸= t∗, so that Ht∗ ↪→ v2. Then since v2 is bipartite,
H∗, t /∈ con(v2). There are two cases.

(a) H and t∗ are not in the same ordered A0-block in v2. Then by Lemma 5.16(ii),
either Ht∗ ↪→ u2 or t H∗ ↪→ u2. But it is clear from (5-7) that Ht∗

̸↪→ u2, so
only t H∗ ↪→ u2 holds. Specifically, t H∗ ↪→ cp = bt bt , so that H∗t H∗t ↪→ u2.
Therefore, by Lemma 5.15(i), either H∗t H∗t ↪→ v2 or Ht∗Ht∗ ↪→ v2; but the
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former contradicts H∗, t /∈ con(v2), while the latter contradicts the assumption of
the present case.

(b) H and t∗ are in the same ordered A0-block in v2. Specifically, since H = h(v2),
we have t0 = 1 and H, t∗

∈ con(d1). Given that v is in A0-standard form, by
condition (A4)(d), we have t̄ ⪯ t(d1)≺ t(v2)= T = h̄, but this contradicts (5-4).

Since neither (a) nor (b) is possible, we must have H = t∗. Now since H ≺ T by
(5-4), we have t̄ = H ≺ T = h̄; but this contradicts h̄ ≺ t̄ in (5-4). □

Result I. h = H and t = T .

Proof. First, suppose that h ̸= H . Then Hh ↪→ v2 by Result H, and h is not in
any ordered A0-block in v2 due to Result G. Therefore, by Lemma 5.16(ii), either
Hh ↪→ u2 or h∗H∗ ↪→ u2; but this is impossible in view of (5-7). Hence h = H .

Now suppose that t ̸= T . Then tT ↪→ v2 by Result H, and t∗, T ∗ /∈ con(v2)

due to v2 being bipartite. If t and T are in the same ordered A0-block in v2, so
that tT tT ↪→ v2, then by Lemma 5.15(ii), either tT tT ↪→ u2 or t∗T ∗t∗T ∗ ↪→ u2;
but neither subsequence is possible in view of (5-7). Therefore, t and T are not
in the same ordered A0-block in v2. Then by Lemma 5.16(ii), either tT ↪→ u2 or
T ∗t∗ ↪→ u2. But it is clear from (5-7) that T ∗t∗

̸↪→ u2, so only tT ↪→ u2 holds.
Specifically, tT ↪→ cp = bt bt , so that T tT t ↪→ u2. Hence by Lemma 5.15(i), either
T tT t ↪→ v2 or T ∗t∗T ∗t∗ ↪→ v2; but the former contradicts t and T not being in the
same ordered A0-block in v2, while the latter contradicts t∗, T ∗ /∈ con(v2). □

Case 4: occ(h, u2)= occ(t, u2)= 2 with p ≥ 2. Then s0 = 1, h = h(c1), t = t(cp),
and sp = 1, so that c1 = haha and cp = bt bt for some a, b ∈ F1

inv(X ):

(5-8) u = x1x2 · · · xm · x · haha s1 · c2s2 · · · cp−1sp−1 · bt bt︸ ︷︷ ︸
u2

· x∗.

Result J. occ(h̄, v2)= occ(t̄, v2)= 2.

Proof. This holds because h̄, t̄ ∈ con(c1cp)⊆ con(d1d2 · · · dq) by Lemma 5.14(ii).
□

Result K. The longest {h̄, t̄}-subsequence of v2 is either h2t2 or (t∗)2(h∗)2.

Proof. Since h2t2 ↪→ u2, it follows from Lemma 5.16(i) and Result J that the
longest {h̄, t̄}-subsequence of v2 is one of the following six words: h2t2, htht ,
thth, (t∗)2(h∗)2, t∗h∗t∗h∗, and h∗t∗h∗t∗. If either htht ↪→ v2 or h∗t∗h∗t∗ ↪→ v2,
then it follows from Lemma 5.15(ii) that either htht ↪→ u2 or h∗t∗h∗t∗ ↪→ u2; but
neither subsequence is possible in view of (5-8). If thth ↪→ v2, then t and h are
in the same ordered A0-block in v2, whence t̄ ≺ h̄; but this contradicts (5-4). A
similar contradiction is obtained if t∗h∗t∗h∗ ↪→ v2. □

Result L. Suppose that (t∗)2(h∗)2 ↪→ v2 and H ̸= t∗. Then t̄ ≺ T .
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Proof. By assumption, Ht∗ ↪→ v2. Since v2 is bipartite, we have H∗, t /∈ con(v2).
Suppose that H and t∗ are not in the same ordered A0-block in v2. Then by
Lemma 5.16(ii), either Ht∗ ↪→ u2 or t H∗ ↪→ u2. But it is clear from (5-8) that
Ht∗

̸↪→ u2, so only t H∗ ↪→ u2 holds. Specifically, t H∗ ↪→ cp = bt bt , so that
H∗t H∗t ↪→ u2. Therefore, by Lemma 5.15(i), either H∗t H∗t ↪→ v2 or Ht∗Ht∗ ↪→

v2; but the former contradicts H∗, t /∈ con(v2), while the latter contradicts H and
t∗ not being in the same ordered A0-block in v2.

Therefore, H and t∗ are in the same ordered A0-block in v2. Specifically, since
H = h(v2), we have H, t∗

∈ con(d1) and t0 = 1. Given that v is in A0-standard
form, it follows from condition (A4)(d) that t̄ ⪯ t(d1)≺ t(v2)= T . □

Result M. Suppose that (t∗)2(h∗)2 ↪→ v2 and T ̸= h∗. Then T ≺ t̄ .

Proof. By assumption, h∗T ↪→ v2. There are two cases.

(a) T and h∗ are not in the same ordered A0-block in v2. Then by Lemma 5.16(ii),
either h∗T ↪→ u2 or T ∗h ↪→ u2. It is clear from (5-8) that h∗T ̸↪→ u2, so only
T ∗h ↪→ u2 holds. Specifically, T ∗h ↪→ c1 = haha.

(b) T and h∗ are in the same ordered A0-block in v2. Then h∗T h∗T ↪→ v2. By
Lemma 5.15(ii), either h∗T h∗T ↪→ u2 or hT ∗hT ∗ ↪→ u2. It is clear from (5-8) that
h∗T h∗T ̸↪→ u2, so only hT ∗hT ∗ ↪→ u2 holds, whence hT ∗hT ∗ ↪→ c1 = haha.

Therefore, in any case, we have T ∗
∈ con(c1). Since s0 = 1 and u is in A0-standard

form, by condition (A4)(d), we have T ⪯ t(c1)≺ t(u2)= t̄ . □

Result N. The longest {h̄, t̄}-subsequence of v2 is h2t2.

Proof. By Result K, the longest {h̄, t̄}-subsequence of v2 is either h2t2 or (t∗)2(h∗)2.
Seeking a contradiction, suppose that (t∗)2(h∗)2 ↪→ v2. If H ̸= t∗, then t̄ ≺ T by
Result L, whence T = h∗ by Result M; but this implies that t̄ ≺ T = h̄, which
contradicts (5-4). If T ̸= h∗, then T ≺ t̄ by Result M, whence H = t∗ by Result L;
but this implies that T ≺ t̄ = H , which contradicts (5-4) again. Therefore, we must
have H = t∗ and T = h∗. Now since H ≺ T by (5-4), we have t̄ = H ≺ T = h̄;
but this contradicts h̄ ≺ t̄ in (5-4). □

Result O. h = H and t = T .

Proof. Seeking a contradiction, suppose that h ̸= H . Then Hh ↪→ v2 by Result N,
and H∗, h∗ /∈ con(v2) due to v2 being bipartite. If H and h are in the same ordered
A0-block in v2, so that Hh Hh ↪→ v2, then by Lemma 5.15(ii), either Hh Hh ↪→ u2

or H∗h∗H∗h∗ ↪→u2; but neither subsequence is possible in view of (5-8). Therefore,
H and h are not in the same ordered A0-block in v2. Then by Lemma 5.16(ii),
either Hh ↪→ u2 or h∗H∗ ↪→ u2. It is clear from (5-8) that h∗H∗

̸↪→ u2, so
only Hh ↪→ u2 holds. Specifically, Hh ↪→ c1 = haha, so that h Hh H ↪→ u2.
Therefore, by Lemma 5.15(i), either h Hh H ↪→ v2 or h∗H∗h∗H∗ ↪→ v2; but the
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former contradicts H and h not being in the same ordered A0-block in v2, while
the latter contradicts H∗, h∗ /∈ con(v2).

A symmetrical argument shows that the assumption t ̸= T also leads to a contra-
diction. □

Case 5: occ(h, u2)= occ(t, u2)= 2 with p = 1. Then s0 = 1, h = h(c1), t = t(c1),
and s1 = 1, so that c1 = hathat for some a ∈ F1

inv(X ):

(5-9) u = x1x2 · · · xm · x · hathat︸ ︷︷ ︸
u2

· x∗.

Note that due to condition (A4)(b), we have h ∈ X .

Result P. occ(ȳ, v2)= 2 for all y ∈ con(v2).

Proof. Since s0 = s1 = 1 and con(t0 t1 · · · tq) = con(s0s1) by Lemma 5.14(i), we
have t0 = t1 = · · · = tq = 1. Therefore, v2 = d1d2 · · · dq and the result follows. □

Result Q. The longest {h̄, t̄}-subsequence of v2 is htht.

Proof. Since htht ↪→ u2, it follows from Lemma 5.15(i) that the longest {h̄, t̄}-
subsequence of v2 is either htht or h∗t∗h∗t∗. Seeking a contradiction, suppose that
h∗t∗h∗t∗ ↪→ v2.

First consider the case when H ̸= h∗, so that Hh∗ ↪→ v2. Then H∗, h /∈ con(v2)

due to v2 being bipartite. If H and h∗ are in the same ordered A0-block in v2, so that
Hh∗Hh∗ ↪→ v2, then it follows from Lemma 5.15(ii) that either Hh∗Hh∗ ↪→ u2

or H∗h H∗h ↪→ u2; but neither subsequence is possible in view of (5-9). Therefore,
H and h∗ are not in the same ordered A0-block in v2. Then by Lemma 5.16(ii),
either Hh∗ ↪→ u2 or h H∗ ↪→ u2. It is clear from (5-9) that Hh∗

̸↪→ u2, so only
h H∗ ↪→ u2 holds. It follows that h H∗h H∗ ↪→ u2, so that by Lemma 5.15(i), either
h H∗h H∗ ↪→ v2 or h∗Hh∗H ↪→ v2; but the former contradicts H∗, h /∈ con(v2),
while the latter contradicts H and h∗ not being in the same ordered A0-block in v2.

Therefore, H = h∗. By a symmetrical argument, we have T = t∗. It follows that
H T H T = h∗t∗h∗t∗ ↪→ v2, so that v2 = d1 = h∗bt∗h∗bt∗ for some b ∈ F1

inv(X )
(with q = 1). As deduced in the proof of Result P, we have t0 = t1 = 1. Since
v is in A0-standard form, by condition (A4)(b), we have h∗

= h(d1) ∈ X , which
contradicts the observation h ∈ X made after (5-9). □

Result R. h = H and t = T .

Proof. Seeking a contradiction, suppose that h ̸= H . Then Hh ↪→ v2 by Result Q,
and H∗, h∗ /∈ con(v2) due to v2 being bipartite. If H and h are in the same ordered
A0-block in v2, so that Hh Hh ↪→ v2, then it follows from Lemma 5.15(ii) that
either Hh Hh ↪→ u2 or H∗h∗H∗h∗ ↪→ u2; but neither subsequence is possible
in view of (5-9). Therefore, H and h are not in the same ordered A0-block in
v2. Then by Lemma 5.16(ii), either Hh ↪→ u2 or h∗H∗ ↪→ u2. It is clear from
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(5-9) that h∗H∗
̸↪→ u2, so only Hh ↪→ u2 holds. It follows that h Hh H ↪→ u2, so

that by Lemma 5.15(i), either h Hh H ↪→ v2 or h∗H∗h∗H∗ ↪→ v2; but the former
contradicts H and h not being in the same ordered A0-block in v2, while the latter
contradicts H∗, h∗ /∈ con(v2).

A contradiction can be similarly deduced if t ̸= T . □

In conclusion, we have h = H and t = T in all five cases (Results C, F, I, O,
and R). The proof of Lemma 5.17 is thus complete. □

Lemma 5.18. The identity u2 ≈ v2 is satisfied by (A0,
∗ ).

Proof. Recall from Lemma 5.13(iii) that con(u2) = con(v2). As shown in the
beginning of the proof of Lemma 5.17, if |con(u2)| = |con(v2)| = 1, then u2, v2 ∈

{z, z2
} for some z ∈ X , so that u2 = v2 by Lemma 5.14 and conditions (A4)(a)

and (A4)(b). Therefore, it suffices to assume that |con(u2)| = |con(v2)| ≥ 2, so
that by Lemma 5.17, we have h = h(u2)= h(v2) and t = t(u2)= t(v2) with h̄ ≺ t̄ .
Specifically, u2 = hat and v2 = hbt for some a, b ∈ F1

inv(X ).
Seeking a contradiction, suppose that u2 ≈ v2 is not satisfied by (A0,

∗ ). Then
there exists a substitution ψ : con(u2)→ A0 such that ψ(u2) ̸= ψ(v2), so that

(5-10) ψ(h) ·ψ(a) ·ψ(t) ̸= ψ(h) ·ψ(b) ·ψ(t).

Clearly, ψ(h) ̸= 0 ̸= ψ(t). Further, it is routinely checked that

E · A1
0 · E = {0, E}, E · A1

0 · F = {0, EF}, E · A1
0 · EF = {0, EF},

F · A1
0 · E = {0}, F · A1

0 · F = {0, F}, F · A1
0 · EF = {0},

EF · A1
0 · E = {0}, EF · A1

0 · F = {0, EF}, EF · A1
0 · EF = {0}.

Thus for (5-10) to hold, we need (ψ(h),ψ(t))∈{(E,E),(E,F),(E,EF),(F,F),(EF,F)},
whence {ψ(u2), ψ(v2)} can be {0, E}, {0, F}, or {0, EF}. Generality is not lost by
assuming that ψ(u2)= 0 and ψ(v2) ∈ {E, F, EF}. Now extend ψ to the substitution
9 that maps every z ∈ con(u2)= con(v2) to ψ(z) and every z ∈ {x1, x2, . . . , xm, x}

to E. Then 9(u) ̸=9(v) because

9(u)=9(x1) ·9(x2) · · ·9(xm) ·9(x) ·ψ(u2) ·9(x)∗ = E · 0 · F = 0

and 9(v)=9(x1) ·9(x2) · · ·9(xm) ·9(x) ·ψ(v2) ·9(x)∗ = E ·ψ(v2) · F = EF;

but this is impossible given that u ≈ v is satisfied by (A0,
∗ ). □

Since the words u2 and v2 are bipartite, it follows from Lemmas 5.5 and 5.18
that u2 ≈ v2 is deducible from {(1-1), (5-1)}. Since

u = x1x2 · · · xm · x · u2 · x∗ and v = x1x2 · · · xm · x · v2 · x∗,

the identity u ≈ v is also deducible from {(1-1), (5-1)}. The proof of Proposition 5.1
is thus complete.
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6. The involution semigroup (S4,
∗ )

The involution semigroup (S4,
∗ ) is isomorphic to the semigroup

B0 = ⟨A, E, F | AF = EA = A, E2
= E, F2

= F, EF = FE = 0⟩ = {0, A, E, F}

with the operation ∗ that interchanges E and F and fixes every other element.

B0 0 A E F

0 0 0 0 0
A 0 0 0 A

E 0 A E 0
F 0 0 0 F

x 0 A E F

x∗ 0 A F E

The involution semigroup (B0,
∗ ) is isomorphic to the involution subsemigroup of

(B1
2 ,

S ) that consists of the elements[
0 0
0 0

]
,
[

1 0
0 0

]
,
[

0 1
0 0

]
,
[

0 0
0 1

]
.

The involution semigroup (B0,
∗ ) belongs to the variety Var(A0,

∗ ) generated by
(A0,

∗ ) [20, Proposition 3.1] and so satisfies the identities (5-1) of (A0,
∗ ). In this

section, it is shown that the identities of (B0,
∗ ) are axiomatized by (5-1) and one

additional identity.

Proposition 6.1. The identities (5-1) and

(6-1) x2 y2
≈ y2x2

constitute an identity basis for (B0,
∗ ).

It is easily checked that (B0,
∗ ) satisfies the identities {(5-1), (6-1)}. In Section 6.1,

some information on identities of (B0,
∗ ) are given. In Section 6.2, it is shown

that the identities of (B0,
∗ ) can be used to convert every mixed word into one of

two specific forms. Based on these results, it is shown in Section 6.3 that every
identity of (B0,

∗ ) is deducible from {(1-1), (5-1), (6-1)}. This completes the proof
of Proposition 6.1.

Corollary 6.2. The identities

x3
≈ x2, xyx ≈ x2 y2, x2x∗

≈ xx∗, x2 yx∗
≈ xyx∗,

xy∗x∗
≈ xyx∗, xx∗

≈ yy∗, xyx∗z ≈ z∗xyx∗
(6-2)

constitute an identity basis for (B0,
∗ ).

Proof. It is routine to check, say with Prover9, that the identities {(1-1), (5-1), (6-1)}
and {(1-1), (6-2)} are deducible from one another. □
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Remarks 6.3. (i) The variety Var B0 is defined within Var A0 by the identity (6-1),
and Var B0 is the unique maximal subvariety of Var A0 [14, Lemma 4.2]; in other
words, the interval [Var B0, Var A0] is a chain of length two.

(ii) In contrast, although the variety Var(B0,
∗ ) is also defined within Var(A0,

∗ ) by
the identity (6-1) (Proposition 6.1), the interval [Var(B0,

∗ ),Var(A0,
∗ )] contains an

infinite descending chain [20, Theorem 1.5].

6.1. Some identities of (B0,
∗ ).

Lemma 6.4. The identities {(5-1h), (5-1i), (6-1)} constitute an identity basis for the
semigroup B0.

Proof. The identities of A0, together with (6-1), form an identity basis for B0 [14,
Section 4]. The present lemma then follows from Lemma 5.4. □

Lemma 6.5. Let u ≈ v be any identity of (B0,
∗ ) such that either u or v is bipartite.

Then u ≈ v is deducible from {(1-1), (5-1), (6-1)}.

Proof. Since (Sℓ3,
S ) is isomorphic to the involution subsemigroup ({0, E, F},∗ ) of

(B0,
∗ ), the identity u ≈ v is satisfied by (Sℓ3,

S ). Since either u or v is bipartite,
by Lemma 2.4, both u and v are bipartite with con(u) = con(v). It follows from
Lemma 2.2 that (B0,

∗ ) satisfies the plain identity u ≈ v. By Lemma 6.4, the
identities {(5-1h), (5-1i), (6-1)} constitute an identity basis for B0, so that u ≈ v is
deducible from {(5-1h), (5-1i), (6-1)}. It then follows from Lemma 2.2 that u ≈ v

is deducible from {(1-1), (5-1), (6-1)}. □

An ordered B0-block is a word of the form

c = y2
1 y2

2 · · · y2
k ,

where y1, y2, . . . , yk ∈ X ∪X ∗ are such that y1 ≺ y2 ≺ · · · ≺ yk in X and k ≥ 1.
Note that every ordered B0-block is bipartite.

Lemma 6.6. Let w1,w2, . . . ,wm ∈ Finv(X ) be any pairwise disjoint bipartite
connected words such that con(w1w2 · · · wm) = {y1, y2, . . . , yk} and y1 ≺ y2 ≺

· · · ≺ yk in X . Then the identities {(5-1h), (5-1i), (6-1)} can be used to convert the
product w1w2 · · · wm into the ordered B0-block c = y2

1 y2
2 · · · y2

k .

Proof. By Lemma 5.7, the identities {(5-1h), (5-1i)} can be used to convert each wi

into some ordered A0-block ci with con(wi ) = con(ci ). Since c1, c2, . . . , cm are
ordered A0-blocks, we have

ci
(5-1h)
≈ c2

i and ci c j
(6-1)
≈ c j ci .

Hence

w1w2 · · · wm
(5-1h),(5-1i)

≈ c1c2 · · · cm
(5-1h)
≈ c2

1c2
2 · · · c2

m
(6-1)
≈ (c1c2 · · · cm)

2.
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Since (c1c2 · · · cm)
2 is a bipartite connected word with content {y1, y2, . . . , yk}, by

Lemma 5.7, the identities {(5-1h), (5-1i)} can be used to convert it into the ordered
A0-block (y1 y2 · · · yk)

2. Hence

(y1 y2 · · · yk)
2 (5-1h)

≈ (y2
1 y2

2 · · · y2
k )

2 (6-1)
≈ y4

1 y4
2 · · · y4

k
(5-1h)
≈ y2

1 y2
2 · · · y2

k . □

6.2. Some special forms of words. It is easily checked that for any substitution
ϕ : X → B0 and any variable z ∈ X , we have ϕ(zz∗)= 0 in B0. Therefore, in the
Var(B0,

∗ )-free algebra over X , the class [zz∗
] containing zz∗ is its zero element.

This phenomenon is equivalent to the following result, whose justification is routine.

Lemma 6.7. The identities

(6-3) xx∗y ≈ xx∗, yxx∗
≈ xx∗, xx∗

≈ yy∗

are deducible from {(1-1), (5-1), (6-1)}.

Words of other possible forms in the class [zz∗
] are listed in the following result.

Lemma 6.8. Let w ∈ Finv(X ). Suppose that one of the following conditions holds:

(a) xx∗x ↪→ w for some x ∈ X ∪X ∗;

(b) xx∗yy∗ ↪→ w for some x, y ∈ X ∪X ∗;

(c) w = ax bx∗e for some x ∈ X ∪X ∗ and a, b, e ∈ F1
inv(X ) such that for each

y ∈ con(b), we have occ(y,w)≥ 2.

Then the identities {(5-1), (6-1)} can be used to convert w into the word zz∗ for any
z ∈ X ∪X ∗.

Proof. By Lemma 6.7, it suffices to convert w into the word zz∗, using the identities
{(5-1), (6-1), (6-3)}. If either (a) or (b) holds, then by Lemma 5.8,

w
(5-1)
≈ zz∗z

(6-3)
≈ zz∗.

Thus suppose (c) holds. By assumption, b = y1 y2 · · · ym for some y1, y2, . . . , ym ∈

X ∪X ∗ with m ≥ 0 such that occ(yi ,w)≥ 2 for all i . Then by Lemma 6.7,

w
(5-1c)
≈ ax2bx∗e

(5-1h)
≈ ax2 y2

1 y2
2 · · · y2

m x∗e
(6-1)
≈ ay2

1 y2
2 · · · y2

m x2x∗e
(6-3)
≈ zz∗. □

A word w ∈ Finv(X ) is in B0-standard form if

(6-4) w = w1xw2x∗,

where x ∈ X ∪X ∗, w1 = x1x2 · · · xm , and w2 = s0
∏p

i=1(ci si ) for some m, p ≥ 0
such that the following conditions hold:

(B1) x1, x2, . . . , xm ∈ X ∪X ∗ are such that x̄1 ≺ x̄2 ≺ · · · ≺ x̄m ≺ x̄ ;
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(B2) s0, s1, . . . , sp ∈ Finv(X ) are simple and c1, c2, . . . , cp ∈ Finv(X ) are ordered
B0-blocks;

(B3) x1, x2, . . . , xm, x, s0, s1, . . . , sp, c1, c2, . . . , cp are pairwise disjoint;

(B4) either

(a) p = 0 with w2 = s0 and s0 ∈ X ; or
(b) h(w2)≺ t(w2).

Remark 6.9. The following holds for the word w in (6-4) in B0-standard form:

(i) If m = 0, then w1 = 1.

(ii) If p = 0, then w2 = s0 ∈ Finv(X ); in particular, w2 always contains some
simple variable and so is nonempty.

(iii) {x, x∗
} is the only mixed pair of w and x, x∗ /∈ con(w1w2).

(iv) w1 and w2 are bipartite words such that con(w1)∩ con(w2)= ∅.

(v) Each variable in X occurs at most twice in w.

Lemma 6.10. Let w = w1xw2x∗ be the word in (6-4) in B0-standard form and
z ∈ X ∪X ∗ be any simple variable in w, so that z ∈ con(s0s1 · · · sp) and w2 = azb
for some a, b ∈ F1

inv(X ). Then there exists a substitution γ z
w : X → B0 such that

(i) γ z
w(w1xa)= E, γ z

w(z)= A, and γ z
w(bx∗)= F, so that γ z

w(w)= A;

(ii) γ z
w(s)= 0 for all s ∈ X such that s /∈ con(w).

Proof. It follows from Remark 6.9(iii),(iv) that con(w1) = H1 ∪ K∗

1, con(a) =

H2 ∪K∗

2, and con(b) = H3 ∪K∗

3 for some H1,H2,H3,K1,K2,K3 ⊆ X such that
H1,H2,H3,K1,K2,K3, {x, x∗

}, {z} are pairwise disjoint sets. By symmetry, it
suffices to assume that x ∈X , so that con(w)=H1∪K1∪H2∪K2∪H3∪K3∪{x, z̄}.
Define

γ z
w(s)=


E if s ∈ H1 ∪H2 ∪K3 ∪ {x},

A if s = z̄,
F if s ∈ K1 ∪K2 ∪H3,

0 otherwise.

Then it is routinely checked that the substitution γ z
w satisfies (i) and (ii). □

Corollary 6.11. For any word w in B0-standard form and any z ∈ X ∪ X ∗, the
identity w ≈ zz∗ is not satisfied by (B0,

∗ ).

Proof. Let w = w1xw2x∗ be the word in (6-4) in B0-standard form. Then by
Remark 6.9(ii), the word w2 contains some simple variable s ∈ X ∪X ∗, so that
w2 = asb for some a, b ∈ F1

inv(X ). Under the substitution γ s
w : X → B0 in

Lemma 6.10, we have γ s
w(w)= A and γ s

w(zz∗)= 0. □
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Lemma 6.12. Let w be any mixed word. Then the identities {(1-1), (5-1), (6-1)}
can be used to convert w into exactly one of the following:

(i) the word zz∗ for any z ∈ X ∪X ∗;

(ii) some word in B0-standard form.

Proof. By Lemma 6.7, it suffices to convert w into (i) or (ii), using the identities
{(1-1), (5-1), (6-1), (6-3)}. By Lemma 5.12, the identities {(1-1), (5-1)} can first
be used to convert w into either zz∗z or some word in A0-standard form. In
the former case, the first identity in (6-3) can be used to convert zz∗z into zz∗.
Therefore, it remains to assume that w = w1xw2x∗, where w1 = x1x2 · · · xm and
w2 = s0

∏p
i=1(ci si ), satisfies conditions (A1)–(A4). Then conditions (B1) and (B3)

hold because they coincide with conditions (A1) and (A3).
By (A2), s0, s1, . . . , sp ∈ F1

inv(X ) are simple and c1, c2, . . . , cp ∈ Finv(X ) are
ordered A0-blocks. By Lemma 6.6, each ci can be converted by {(5-1), (6-1)}
into some ordered B0-block y2

i,1 y2
i,2 · · · y2

i,hi
. If s0 = s1 = · · · = sp = 1, then by

Lemma 6.8, the identities {(1-1), (5-1)} can be used to convert w into zz∗. Therefore,
assume that s0, s1, . . . , sp are not all empty. If si = 1 for some i ∈ {1, 2, . . . , p−1},
so that the ordered B0-blocks ci and ci+1 are adjacent, then (6-1) can be used to
arrange the squares y2

i,1, y2
i,2, . . . , y2

i,hi
, y2

i+1,1, y2
i+1,2, . . . , y2

i+1,hi+1
in the product

ci ci+1 in order, resulting in a single ordered B0-block. Hence we may assume
that for each i ∈ {1, 2, . . . , p − 1}, the words ci and ci+1 are separated due to
si ̸= 1. If s0 = 1, so that x is adjacent to the ordered B0-block c1, then the identities
{(5-1), (6-1)} can be used to move c1 to the left of x and turn it into a simple word:

w
(5-1c)
≈ x1x2 · · · xm · x2

·

c1︷ ︸︸ ︷
y2

1,1 y2
1,2 · · · y2

1,h1
· s1

( p∏
i=2
(ci si )

)
x∗

(6-1)
≈ x1x2 · · · xm · y2

1,1 y2
1,2 · · · y2

1,h1
· x2

· s1

( p∏
i=2
(ci si )

)
x∗

(5-1f)
≈ x1x2 · · · xm · y1,1 y1,2 · · · y1,h1 · x2

· s1

( p∏
i=2
(ci si )

)
x∗

(5-1c)
≈ x1x2 · · · xm · y1,1 y1,2 · · · y1,h1 · x · s1

( p∏
i=2
(ci si )

)
x∗

;

by the arguments in the proof of Lemma 5.12, we may assume that

x̄1 ≺ x̄2 ≺ · · · ≺ x̄m ≺ y1,1 ≺ y1,2 ≺ · · · ≺ y1,h1 ≺ x̄ .

If sp = 1, so that x∗ is adjacent to the ordered B0-block cp, then the identities
{(5-1), (6-1)} can be used to move cp to the left of x and turn it into a simple word:

w
(5-1c)
≈ x1x2 · · · xm · x · s0

( p−1∏
i=1
(ci si )

) cp︷ ︸︸ ︷
y2

p,1 y2
p,2 · · · y2

p,h p
· (x∗)2
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(6-1)
≈ x1x2 · · · xm · x · s0

( p−1∏
i=1
(ci si )

)
(x∗)2 y2

p,1 y2
p,2 · · · y2

p,h p

(5-1e)
≈ x1x2 · · · xm · (y∗

p,1)
2(y∗

p,2)
2
· · · (y∗

p,h p
)2 · x · s0

( p−1∏
i=1
(ci si )

)
(x∗)2

(5-1f)
≈ x1x2 · · · xm · y∗

p,1 y∗

p,2 · · · y∗

p,h p
· x · s0

( p−1∏
i=1
(ci si )

)
(x∗)2

(5-1c)
≈ x1x2 · · · xm · y∗

p,1 y∗

p,2 · · · y∗

p,h p
· x · s0

( p−1∏
i=1
(ci si )

)
x∗

;

by repeating the arguments in the proof of Lemma 5.12, we may assume that

x̄1 ≺ x̄2 ≺ · · · ≺ x̄m ≺ yp,1 ≺ yp,2 ≺ · · · ≺ yp,h p ≺ x̄ .

Therefore, we may assume that s0, sp ̸= 1. It follows that s0, s1, . . . , sp ∈ Finv(X ),
so that condition (B2) is satisfied.

It remains to address condition (B4). If w2 is a single variable, so that p = 0
with w2 = s0 ∈ X ∪X ∗, then the identity (5-1b) can be used to convert s0 into a
variable in X , whence condition (B4)(a) is satisfied. Hence, assume that w2 is not
a single variable, so that h(w2) ̸= t(w2) by conditions (B2) and (B3). In this case,
since each si is a nonempty simple word, we have si = si,1si,2 · · · si,ki for some
si,1, si,2, . . . , si,ki ∈X∪X ∗ such that si,1, si,2, . . . , si,ki are distinct. If h(w2)≺ t(w2),
then condition (B4)(b) is satisfied. If h(w2)⊀ t(w2), so that sp,kp ≺ s0,1, then

w
(5-1b)
≈ w1 · x ·

(
s0

p∏
i=1

(ci si )

)∗

x∗
(1-1)
≈ w1 · x ·

( 1∏
i=p

(s∗

i c∗

i )

)
s∗

0 · x∗,

where the identities {(1-1), (6-1)} can be used to convert s∗

i and c∗

i into the simple
word s∗

i,ki
s∗

i,ki −1 · · · s∗

i,1 and the ordered B0-block (y∗

i,1)
2(y∗

i,2)
2
· · · (y∗

i,hi
)2, respec-

tively; thus, condition (B4)(b) is satisfied.
Thus the identities {(1-1), (5-1), (6-1)} can be used to convert w into either zz∗ or

some word w̃ in B0-standard form. But if the identities {(1-1), (5-1), (6-1)} can be
used to convert w into both zz∗ and w̃, then that would imply that (B0,

∗ ) satisfies
the identity w̃ ≈ zz∗, which is impossible by Corollary 6.11. □

6.3. Proof of Proposition 6.1. Consider any identity

u ≈ v

satisfied by (B0,
∗ ). If we show that u ≈ v is deducible from {(1-1), (5-1), (6-1)}, the

proposition will follow. By Lemma 6.5, this result holds if either u or v is bipartite.
Therefore, suppose that u and v are both mixed. By Corollary 6.11 and Lemma 6.12,
the identities {(1-1), (5-1), (6-1)} can be used to convert u and v simultaneously to
either zz∗ or words in B0-standard form. In the former case, u ≈ v is deducible
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from {(1-1), (5-1), (6-1)}, whence the proof is complete. Therefore, it remains to
consider the latter case, whence we may assume that u and v are in B0-standard
form, say

u = u1xu2x∗ and v = v1 yv2 y∗,

where x, y ∈ X ∪X ∗, u1 = x1x2 · · · xm , u2 = s0
∏p

i=1(ci si ), v1 = y1 y2 · · · yn , and
v2 = t0

∏q
i=1(di ti ) satisfy conditions (B1)–(B4).

Lemma 6.13. The following holds for the words u and v:

(i) con(u)= con(v);

(ii) u1x = v1 y;

(iii) con(u2)= con(v2).

Proof. (i) Suppose that con(u) ̸= con(v), say there exists a variable t ∈ con(v) such
that t /∈ con(u). Then by Remark 6.9(ii), the word u2 contains some simple variable
z ∈ X ∪ X ∗, so that u2 = azb for some a, b ∈ F1

inv(X ). Under the substitution
γ z

u : X → B0 in Lemma 6.10, the contradiction γ z
u (u)= A ̸= 0 = γ z

u (v) is deduced.

(ii) Due to condition (B1), the equality u1x =v1 y follows from con(u1x)=con(v1 y);
to establish the latter, by symmetry, it suffices to verify the inclusion con(u1x)⊆

con(v1 y). To this end, we need to first show that y ∈ con(u1x). Since ȳ ∈ con(v)=

con(u) by part (i),

(a) either y ∈ con(u) or y∗
∈ con(u).

Now since sp ̸= 1, the variable z = t(sp)= t(u2) is simple in u, so that u2 = az for
some a ∈ F1

inv(X ) such that z̄ /∈ con(ā). Then under the substitution γ z
u : X → B0

in Lemma 6.10, we have

γ z
u (u)= γ z

u (u1xa) · γ z
u (z) · γ

z
u (x

∗)= E · A · E∗
= A.

If y∗
∈ con(u1xu2), then

γ z
u (v)= γ z

u (v1) · γ
z
u (y) · γ

z
u (v2) · γ

z
u (y

∗)

=

{
γ z

u (v1) · A · γ z
u (v2) · A if y∗

= z
γ z

u (v1) · F · γ z
u (v2) · E if y∗

̸= z
= 0,

which is impossible. Therefore,

(b) y∗ /∈ con(u1xu2), which implies that y ̸= x∗.

If y ̸= x , then together with (b), we have y∗ /∈ con(u1xu2x∗)= con(u), so that y ∈

con(u1xu2) by (a) and (b). On the other hand, if y = x , then clearly y ∈ con(u1xu2).
Therefore, y ∈ con(u1xu2) either way.
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Seeking a contradiction, suppose that y ∈ con(u2). Then occ(y, u2) ∈ {1, 2}

by condition (B2). If occ(y, u2)= 1, then under the substitution γ y
u : X → B0 in

Lemma 6.10, we have γ y
u (u)= A and

γ y
u (v)= γ y

u (v1) · γ
y

u (y) · γ
y

u (v2) · γ
y

u (y
∗)= γ y

u (v1) · A · γ y
u (v2) · A = 0,

which is impossible. If occ(y, u2) = 2, so that u2 = hb for some b ∈ Finv(X )
with y ∈ con(b) and h = h(s0) being simple in u2, then under the substitution
γ h

u : X → B0 in Lemma 6.10, we have γ h
u (u)= A and

γ h
u (v)= γ h

u (v1) · γ
h
u (y) · γ

h
u (v2) · γ

h
u (y

∗)= γ h
u (v1) · F · γ h

u (v2) · E = 0,

which again is impossible. Thus, y /∈ con(u2); but since y ∈ con(u1xu2), together
with (b), we have

(c) y ∈ con(u1x) and y, y∗ /∈ con(u2).

By a symmetrical argument,

(d) x ∈ con(v1 y) and x, x∗ /∈ con(v2).

Now we are ready to establish the inclusion con(u1x)⊆ con(v1 y). Suppose there
exists some variable z ∈ con(u1x) such that z /∈ con(v1 y). Then clearly z ̸= y. But
if z = y∗, then it follows from (c) that y, y∗

∈ con(u1x), whence condition (B1) is
contradicted. Hence

(e) z /∈ {y, y∗
}.

Since z̄ ∈ con(u)= con(v) by part (i), it follows from (e) that either z ∈ con(v1v2)

or z∗
∈ con(v1v2). But since z /∈ con(v1) by assumption, we have z ∈ con(v2) or

z∗
∈ con(v1) or z∗

∈ con(v2). These three cases are shown in the following to be
impossible. Therefore, the variable z does not exist, whence the required inclusion
con(u1x)⊆ con(v1 y) is established.

Case 1: z ∈ con(v2). Then z /∈ {x, x∗
} by (d). But since z ∈ con(u1x) by assumption,

we have

(f) z ∈ con(u1).

By condition (B2), we have occ(z, v2) ∈ {1, 2}, so there are two subcases.

SUBCASE 1.1: occ(z, v2)= 1. Then v2 = azb for some a, b ∈ F1
inv(X ) such that

z̄ /∈ con(ab). Hence under the substitution γ z
v : X → B0 in Lemma 6.10, we have

γ z
v (v)= γ z

v (v1 ya) · γ z
v (z) · γ

z
v (by∗)= E · A · F = A.

It follows that γ z
v (x) = E because x ∈ con(v1 y) by (d), and γ z

v (u1) = · · · A · · ·

because z ∈ con(u1) by (f). Therefore,

γ z
v (u)= γ z

v (u1) · γ
z
v (x) · γ

z
v (u2x∗)= · · · A · · · E · γ z

v (u2x∗)= 0,
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which implies a contradiction.

SUBCASE 1.2: occ(z, v2)= 2. Since t0 ̸= 1, the variable h = h(t0)= h(v2) is simple
in v, so that v2 = haz2b for some a, b ∈ F1

inv(X ) such that a, b, h, z are pairwise
disjoint. Then under the substitution γ h

v : X → B0 in Lemma 6.10, we have

γ h
v (v)= γ h

v (v1 y) · γ h
v (h) · γ

h
v (az2by∗)= E · A · F = A.

It follows that γ h
v (x) = E because x ∈ con(v1 y) by (d), and γ h

v (z) = F. Further,
since z ∈ con(u1) by (f), we have γ h

v (u1)= · · · F · · · . Therefore,

γ h
v (u)= γ h

v (u1) · γ
h
v (x) · γ

h
v (u2x∗)= · · · F · · · E · γ h

v (u2x∗)= 0,

which implies a contradiction.

Case 2: z∗
∈ con(v1). Since s0 ̸= 1, the variable h = h(s0)= h(u2) is simple in u, so

that u2 = hb for some b ∈ F1
inv(X ) such that h̄ /∈ con(b̄). Then under the substitution

γ h
u : X → B0 in Lemma 6.10, we have

γ h
u (u)= γ h

u (u1x) · γ h
u (h) · γ

h
u (bx∗)= E · A · F = A.

It follows that γ h
u (y)= E because y ∈ con(u1x) by (c), and that γ h

u (z)= E because
z ∈ con(u1x) by assumption. Further, since z∗

∈ con(v1), we have γ h
u (v1)=· · · F · · · .

Therefore,

γ h
u (v)= γ h

u (v1) · γ
h
u (y) · γ

h
u (v2 y∗)= · · · F · · · E · γ h

u (v2 y∗)= 0,

which implies a contradiction.

Case 3: z∗
∈ con(v2). Then z /∈{x, x∗

} by (d). But since z ∈ con(u1x) by assumption,
we have

(g) z ∈ con(u1).

By condition (B2), we have occ(z∗, v2) ∈ {1, 2}, so there are two subcases.

SUBCASE 3.1: occ(z∗, v2)= 1. Then v2 = az∗b for some a, b ∈ F1
inv(X ) such that

z̄ /∈ con(ab). Hence under the substitution γ z∗

v : X → B0 in Lemma 6.10, we have

γ z∗

v (v)= γ z∗

v (v1 ya) · γ z∗

v (z
∗) · γ z∗

v (by∗)= E · A · F = A.

It follows that γ z∗

v (x) = E because x ∈ con(v1 y) by (d), and γ z∗

v (u1) = · · · A · · ·

because z ∈ con(u1) by (g). Therefore,

γ z∗

v (u)= γ z∗

v (u1) · γ
z∗

v (x) · γ
z∗

v (u2x∗)= · · · A · · · E · γ z∗

v (u2x∗)= 0,

which implies a contradiction.

SUBCASE 3.2: occ(z∗, v2) = 2. Since tq ̸= 1, the variable t = t(tq) = t(v2) is
simple in v, so that v2 = a(z∗)2bt for some a, b ∈ F1

inv(X ) such that a, b, z, t are
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pairwise disjoint. Then under the substitution γ t
v : X → B0 in Lemma 6.10, we

have
γ t

v (v)= γ t
v

(
v1 ya(z∗)2b

)
· γ t

v (t) · γ
t
v (y

∗)= E · A · F = A.

It follows that γ t
v (x)= E because x ∈ con(v1 y) by (d), and γ t

v (z)= F. Further, since
z ∈ con(u1) by (g), we have γ t

v (u1)= · · · F · · · . Therefore,

γ t
v (u)= γ t

v (u1) · γ
t
v (x) · γ

t
v (u2x∗)= · · · F · · · E · γ h

v (u2x∗)= 0,

which implies a contradiction.

(iii) This is a consequence of parts (i) and (ii). □

Therefore, by Lemma 6.13, we now have

u = x1x2 · · · xm︸ ︷︷ ︸
u1

·x · s0

p∏
i=1
(ci si )︸ ︷︷ ︸

u2

·x∗ and v = x1x2 · · · xm︸ ︷︷ ︸
u1

·x · t0
q∏

i=1
(di ti )︸ ︷︷ ︸

v2

·x∗,

where conditions (B1)–(B4) are satisfied. In the remainder of this section, it is
shown that u2 = v2 (Lemma 6.19), so that u = v. The identity u ≈ v is thus
vacuously deducible from {(1-1), (5-1), (6-1)}, whence the proof of Proposition 6.1
is complete.

Lemma 6.14. (i) con(s0s1 · · · sp)= con(t0 t1 · · · tq).

(ii) con(c1c2 · · · cp)= con(d1d2 · · · dq).

Proof. (i) Let s = s0s1 · · · sp and t = t0 t1 · · · tq . Suppose that con(s̄)⊈ con( t̄). Then
there exists some z ∈ con(s) such that z̄ ∈ con(s̄) and z̄ /∈ con( t̄). Therefore, under
the substitution γ z

u : X → B0 in Lemma 6.10, we have γ z
u (u) = A. On the other

hand, since z̄ ∈ con(u2)= con(v2) by Lemma 6.13(iii) but z̄ /∈ con( t̄) by assumption,
we have z̄ ∈ con(d̄i ) for some i ∈ {1, 2, . . . , q}. Since di is an ordered B0-block,
we have γ z

u (di )= · · · A2
· · · = 0, whence the contradiction γ z

u (v)= 0 is deduced.
Hence the variable z does not exist, so that the inclusion con(s̄) ⊆ con( t̄) holds.
The reverse inclusion con(s̄)⊇ con( t̄) holds by a symmetrical argument.

(ii) This follows from part (i) since con(u2)= con(v2) by Lemma 6.13(iii). □

Lemma 6.15. (i) Suppose that yz ↪→ u2 for some y, z ∈ con(s0s1 · · · sp). Then
the longest {ȳ, z̄}-subsequence of v2 can only be yz or z∗y∗.

(ii) Suppose that yz ↪→ v2 for some y, z ∈ con(t0 t1 · · · tq). Then the longest {ȳ, z̄}-
subsequence of u2 can only be yz or z∗y∗.

Proof. (i) By assumption,

u = u1 · x · aybze︸ ︷︷ ︸
u2

·x∗
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for some a, b, e ∈ F1
inv(X ) such that u1, a, b, e, x, y, z are pairwise disjoint. Since

ȳ, z̄ ∈ con(s0s1 · · · sp) = con(t0 t1 · · · tq) by Lemma 6.14(i), we have occ(ȳ, v) =

occ(z̄, v)=1 by conditions (B2) and (B3). Therefore, the longest {ȳ, z̄}-subsequence
of v2 can only be one of

yz, yz∗, y∗z, y∗z∗, zy, zy∗, z∗y, z∗y∗.

There are four cases to consider.

Case 1: yz∗ ↪→ v2. Then

v = u1 · x · f y gz∗h︸ ︷︷ ︸
v2

· x∗

for some f , g, h ∈ F1
inv(X ) such that u1, f , g, h, x, y, z are pairwise disjoint. Under

the substitution γ y
v : X → B0 in Lemma 6.10, we have

γ y
v (v)= γ y

v (u1x f ) · γ y
v (y) · γ

y
v (gz∗hx∗)= E · A · F = A.

But since γ y
v (y)= A and γ y

v (z)= E, we deduce the contradiction

γ y
v (u)= γ y

v (u1xa) · A · γ y
v (b) · E · γ y

v (ex∗)= 0.

Case 2: zy∗ ↪→ v2. Then

v = u1 · x · f z gy∗h︸ ︷︷ ︸
v2

· x∗

for some f , g, h ∈ F1
inv(X ) such that u1, f , g, h, x, y, z are pairwise disjoint. Under

the substitution γ y∗

v : X → B0 in Lemma 6.10, we have

γ y∗

v (v)= γ y∗

v (u1x f z g) · γ y∗

v (y
∗) · γ y∗

v (hx∗)= E · A · F = A.

But since γ y∗

v (y)= A and γ y∗

v (z)= E, we deduce the contradiction

γ y∗

v (u)= γ y∗

v (u1xa) · A · γ y∗

v (b) · E · γ y∗

v (ex∗)= 0.

Case 3: y∗z ↪→ v2 or zy ↪→ v2. Under the substitution γ z
u :X → B0 in Lemma 6.10,

we have
γ z

u (u)= γ z
u (u1xayb) · γ z

u (z) · γ
z
u (ex∗)= E · A · F = A.

But since γ z
u (y)= E and γ z

u (z)= A, we deduce the contradiction

γ z
u (v)=

{
· · · E∗

· · · A · · · if y∗z ↪→ v2

· · · A · · · E · · · if zy ↪→ v2

= 0.
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Case 4: z∗y ↪→ v2 or y∗z∗ ↪→ v2. Then

v = u1 · x · f z∗ gyh︸ ︷︷ ︸
v2

· x∗ or v = u1 · x · f y∗ gz∗h︸ ︷︷ ︸
v2

· x∗

for some f , g, h ∈ F1
inv(X ) such that u1, f , g, h, x, y, z are pairwise disjoint. Under

the substitution γ z∗

v : X → B0 in Lemma 6.10, we have

γ z∗

v (v)=

{
γ z∗

v (u1x f ) · γ z∗

v (z
∗) · γ z∗

v (gyhx∗) if z∗y ↪→ v2

γ z∗

v (u1x f y∗ g) · γ z∗

v (z
∗) · γ z∗

v (hx∗) if y∗z∗ ↪→ v2

= E · A · F = A.

But since γ z∗

v (y)= F and γ z∗

v (z)= A, we deduce the contradiction

γ z∗

v (u)= γ z∗

v (u1xa) · F · γ z∗

v (b) · A · γ z∗

v (ex∗)= 0.

Since none of the four cases is possible, the longest {ȳ, z̄}-subsequences of v2

can only be yz or z∗y∗.

(ii) This is symmetrical to part (i). □

Lemma 6.16. (i) Suppose that y2z ↪→ u2 for some y ∈ con(c1c2 · · · cp) and
z ∈ con(s0s1 · · · sp). Then the longest {ȳ, z̄}-subsequence of v2 can only be y2z
or z∗(y∗)2.

(ii) Suppose that y2z ↪→ v2 for some y ∈ con(d1d2 · · · dq) and z ∈ con(t0 t1 · · · tq).
Then the longest {ȳ, z̄}-subsequence of u2 can only be y2z or z∗(y∗)2.

Proof. (i) Since the prefix s0 of u2 consists of simple variables of u, it follows from
the assumption that

u = u1 · x · ay2bze︸ ︷︷ ︸
u2

· x∗

for some a ∈ Finv(X ) and b, e ∈ F1
inv(X ) such that u1, a, b, e, x, y, z are pairwise

disjoint. Since z̄ ∈ con(s0s1 · · · sp) = con(t0 t1 · · · tq) and ȳ ∈ con(c1c2 · · · cp) =

con(d1d2 · · · dq) by Lemma 6.14, we have occ(ȳ, v2)= 2 and occ(z̄, v2)= 1. Hence
the longest {ȳ, z̄}-subsequence of v2 can only be one of

y2z, y2z∗, (y∗)2z, (y∗)2z∗, zy2, z(y∗)2, z∗y2, z∗(y∗)2.

There are two cases to consider.

Case 1: y2z∗ ↪→ v2 or z(y∗)2 ↪→ v2. The variable h = h(a) is simple in u, so
that a = h f for some f ∈ F1

inv(X ). Then under the substitution γ h
u : X → B0 in

Lemma 6.10, we have

γ h
u (u)= γ h

u (u1x) · γ h
u (h) · γ

h
u ( f y2bzex∗)= E · A · F = A.
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But since γ h
u (y)= γ h

u (z)= F, we deduce the contradiction

γ h
u (v)=

{
· · · F2

· · · F∗
· · · if y2z∗ ↪→ v2

· · · F · · · (F∗)2 · · · if z(y∗)2 ↪→ v2

= 0.

Case 2: (y∗)2z ↪→ v2 or (y∗)2z∗ ↪→ v2 or zy2 ↪→ v2 or z∗y2 ↪→ v2. Then under the
substitution γ z

u : X → B0 in Lemma 6.10, we have

γ z
u (u)= γ z

u (u1xay2b) · γ z
u (z) · γ

z
u (ex∗)= E · A · F = A.

But since γ z
u (y)= E and γ z

u (z)= A, we deduce the contradiction

γ z
u (v)=

{
· · · (E∗)2 · · · A · · · if (y∗)2z ↪→ v2 or (y∗)2z∗ ↪→ v2

· · · A · · · E2
· · · if zy2 ↪→ v2 or z∗y2 ↪→ v2

= 0.

Since none of the two cases is possible, the longest {ȳ, z̄}-subsequences of v2

can only be y2z or z∗(y∗)2.

(ii) This is symmetrical to part (i). □

Lemma 6.17. (i) Suppose that yz2 ↪→ u2 for some y ∈ con(s0s1 · · · sp) and
z ∈ con(c1c2 · · · cp). Then the longest {ȳ, z̄}-subsequence of v2 can only be
yz2 or (z∗)2 y∗.

(ii) Suppose that yz2 ↪→ v2 for some y ∈ con(t0 t1 · · · tq) and z ∈ con(d1d2 · · · dq).
Then the longest {ȳ, z̄}-subsequence of u2 can only be yz2 or (z∗)2 y∗.

Proof. This is very similar to the proof of Lemma 6.16, but details are given for the
sake of completeness.

(i) Since the suffix sp of u2 consists of simple variables of u, it follows from the
assumption that

u = u1 · x · aybz2e︸ ︷︷ ︸
u2

· x∗

for some a, b ∈ F1
inv(X ) and e ∈ Finv(X ) such that u1, a, b, e, x, y, z are pairwise

disjoint. Since ȳ ∈ con(s0s1 · · · sp) = con(t0 t1 · · · tq) and z̄ ∈ con(c1c2 · · · cp) =

con(d1d2 · · · dq) by Lemma 6.14, we have occ(ȳ, v2)= 1 and occ(z̄, v2)= 2. Hence
the longest {ȳ, z̄}-subsequence of v2 can only be one of

yz2, y(z∗)2, y∗z2, y∗(z∗)2, z2 y, z2 y∗, (z∗)2 y, (z∗)2 y∗.

There are two cases to consider.
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Case 1: y∗z2 ↪→ v2 or (z∗)2 y ↪→ v2. The variable t = t(e) is simple in u, so
that e = f t for some f ∈ F1

inv(X ). Then under the substitution γ t
u : X → B0 in

Lemma 6.10, we have

γ t
u(u)= γ t

u(u1xaybz2 f ) · γ t
u(t) · γ

t
u(x

∗)= E · A · F = A.

But since γ t
u(y)= γ t

u(z)= E, we deduce the contradiction

γ t
u(v)=

{
· · · E∗

· · · E2
· · · if y∗z2 ↪→ v2

· · · (E∗)2 · · · E · · · if (z∗)2 y ↪→ v2

= 0.

Case 2: y(z∗)2 ↪→ v2 or y∗(z∗)2 ↪→ v2 or z2 y ↪→ v2 or z2 y∗ ↪→ v2. Then under the
substitution γ y

u : X → B0 in Lemma 6.10, we have

γ y
u (u)= γ y

u (u1xa) · γ y
u (y) · γ

y
u (bz2ex∗)= E · A · F = A.

But since γ y
u (y)= A and γ y

u (z)= F, we deduce the contradiction

γ y
u (v)=

{
· · · A · · · (F∗)2 · · · if y(z∗)2 ↪→ v2 or y∗(z∗)2 ↪→ v2

· · · F2
· · · A · · · if z2 y ↪→ v2 or z2 y∗ ↪→ v2

= 0.

Since none of the two cases is possible, the longest {ȳ, z̄}-subsequences of v2

can only be yz2 or (z∗)2 y∗.

(ii) This is symmetrical to part (i). □

Lemma 6.18. h(u2)= h(v2) and t(u2)= t(v2).

Proof. Recall that con(u2) = con(v2) by Lemma 6.13(iii). First, suppose that
|con(u2)| = |con(v2)| = 1, say con(u2) = con(v2) = {z} for some z ∈ X . Then it
follows from condition (B4)(a) that u2 = v2 = z, whence h(u2) = z = h(v2) and
t(u2)= z = t(v2).

Hence, it remains to assume |con(u2)| = |con(v2)| ≥ 2. Let h = h(u2)= h(s0),
t = t(u2)= h(sp), H = h(v2)= h(t0), and T = t(v2)= h(tq), so that

(6-5) h̄ ≺ t̄ and H ≺ T

by condition (B4)(b). Then

(6-6) u = u1 · x · hat︸︷︷︸
u2

· x∗ and v = u1 · x · H bT︸ ︷︷ ︸
v2

· x∗

for some a, b ∈ F1
inv(X ) such that ht /∈ con(u1xa) and H T /∈ con(u1x b). Since

ht ↪→ u2 with h, t ∈ con(s0sp), it follows from Lemma 6.15(i) that the longest
{h̄, t̄}-subsequence of v2 is ht or t∗h∗.
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Seeking a contradiction, suppose that t∗h∗ is the longest {h̄, t̄}-subsequence
of v2. If H ̸= t∗, so that Ht∗ ↪→ v2, then by Lemma 6.15(ii), either Ht∗ ↪→ u2 or
t H∗ ↪→ u2; but neither subsequence is possible in view of (6-6). Hence H = t∗.
By a symmetrical argument, we deduce T = h∗. Since h̄ ≺ t̄ by (6-5), we have
T = h̄ ≺ t̄ = H ; but this contradicts H ≺ T from (6-5).

Therefore, ht is the longest {h̄, t̄}-subsequence of v2. If H ̸= h, so that Hh ↪→ v2,
then by Lemma 6.15(ii), either Hh ↪→ u2 or h∗H∗ ↪→ u2; but neither subsequence
is possible in view of (6-6). Hence H = h. By a symmetrical argument, we deduce
T = t . □

Lemma 6.19. u2 = v2.

Proof. Recall that

u2 = s0

p∏
i=1
(ci si ) and v2 = t0

q∏
i=1
(di ti ),

and con(u2)= con(v2) by Lemma 6.13(iii). If |con(u2)| = |con(v2)| = 1, then as
shown in the proof of Lemma 6.18, we have u2 = v2. Therefore, it suffices to
assume that |con(u2)| = |con(v2)| ≥ 2. By Lemma 6.18, we have

(a) h(s0)= h(u2)= h(v2)= h(t0) and t(sp)= t(u2)= t(v2)= t(tq).

Suppose that z ∈ con(s0s1 · · · sp) with z ̸= h(s0), t(sp), so that h(s0)z ↪→ u2. Then
by Lemma 6.15(i), the longest {h(s0), z̄}-subsequence of v2 can only be h(s0)z or
z∗(h(s0))

∗. But since v2 is a bipartite word (see Remark 6.9(iv)) that contains the
variable h(t0) = h(s0), it cannot contain the variable (h(s0))

∗. Hence the longest
{h(s0), z̄}-subsequence of v2 must be h(s0)z, so that z ∈ con(t0 t1 · · · tq). There-
fore, the inclusion con(s0s1 · · · sp)⊆ con(t0 t1 · · · tq) holds. The reverse inclusion
con(s0s1 · · · sp)⊇ con(t0 t1 · · · tq) is established by a symmetrical argument, so that
con(s0s1 · · · sp) = con(t0 t1 · · · tq). Further, since h(s0) = h(t0) and t(sp) = t(tq)
by (a), it is easy to show by Lemma 6.15 that s0s1 · · · sp = t0 t1 · · · tq . Hence

(b) s0s1 · · · sp = t0 t1 · · · tq = z1z2 · · · zr for some distinct z1, z2, . . . , zr ∈ X ∪X ∗,

where z1 = h(s0)= h(t0) and zr = t(sp)= t(tq).
Now it follows from Lemma 6.14 that p = 0 if and only if q = 0, so there are

two cases: p = q = 0 and p, q ≥ 1. If p = q = 0, then u2 = s0 = t0 = v2, so the
proof is complete. Hence it remains to assume p, q ≥ 1.

Seeking a contradiction, suppose that s0 ̸= t0. Then by (b), either s0 is a proper
prefix of t0 or t0 is a proper prefix of s0. By symmetry, suppose that s0 is a proper
prefix of t0, so that s0 = z1z2 · · · zk and t0 = z1z2 · · · zℓ with k < ℓ≤ r . Then

u2 = z1z2 · · · zk · c1 · zk+1zk+2 · · ·

and
v2 = z1z2 · · · zk · zk+1zk+2 · · · zℓ · d1 · zℓ+1zℓ+2 · · · .
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Since c1 is an ordered B0-block, it begins with y2 for some y ∈ X ∪ X ∗. Then
y2zk+1 ↪→ u2 but y2zk+1 ̸↪→ v2 and z∗

k+1(y
∗)2 ̸↪→ v2, which is impossible in view

of Lemma 6.16(i). Therefore, s0 = z1z2 · · · zk = t0, so that

u2 = z1z2 · · · zk · c1 · zk+1zk+2 · · ·

and

v2 = z1z2 · · · zk · d1 · zk+1zk+2 · · · .

Seeking a contradiction, suppose that con(c1) ̸=con(d1), say y ∈con(c1)\ con(d1).
Then since c1 is an ordered B0-block, c1 = ay2b for some a, b ∈ F1

inv(X ). Hence
y2zk+1 ↪→ u2 but y2zk+1 ̸↪→ v2 and z∗

k+1(y
∗)2 ̸↪→ v2, which is impossible in view

of Lemma 6.16(i). Therefore, con(c1) = con(d1). Since c1 and d1 are ordered
B0-blocks, we have c1 = d1.

Without loss of generality, assume that p ≤ q. The arguments in the previous
two paragraphs can be repeated to show that ci = di and si = ti and for all i =

1, 2, . . . , p − 1. Hence

u2 = s0

( p−1∏
i=1
(ci si )

)
cpsp and v2 = s0

( p−1∏
i=1
(ci si )

)
dp tpdp+1 tp+1 · · · dq tq .

Arguments that are dual to those from the previous two paragraphs (with the use of
Lemma 6.17 instead of Lemma 6.16) can be repeated to show that sp = tq and then
cp = dq . It follows from (b) that p = q and u2 = v2. □

7. Involution semigroups of order up to four

Multiplication tables of involution semigroups of order up to four are given in this
section. For a more compact presentation, the column/row headers are omitted
from each multiplication table. For instance, the involution semigroup S = {1, 2, 3}

given by the multiplication table on the left is abbreviated to the array on the right:

S 1 2 3
1 1 2 3
2 2 3 1
3 3 1 2

x 1 2 3
x∗ 1 3 2

→

1 2 3
2 3 1
3 1 2
1 3 2

Up to isomorphism, there are three involution semigroups of order two and 15
involution semigroups of order three, all of which are commutative [20, Section 4];
see Table 2.

Up to isomorphism, there are 83 involution semigroups of order four; see Table 3.
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1 1
1 1
1 2

1 1
1 2
1 2

1 2
2 1
1 2

1 1 1
1 1 1
1 1 1
1 2 3

1 1 1
1 1 1
1 1 1
1 3 2

1 1 1
1 1 1
1 1 2
1 2 3

1 1 1
1 1 1
1 1 3
1 2 3

1 1 1
1 1 2
1 2 3
1 2 3

1 1 1
1 2 1
1 1 3
1 2 3

1 1 1
1 2 1
1 1 3
1 3 2

1 1 1
1 2 2
1 2 2
1 2 3

1 1 1
1 2 2
1 2 3
1 2 3

1 1 1
1 2 3
1 3 2
1 2 3

1 1 3
1 1 3
3 3 1
1 2 3

1 1 3
1 2 3
3 3 1
1 2 3

1 2 2
2 1 1
2 1 1
1 2 3

1 2 3
2 3 1
3 1 2
1 2 3

1 2 3
2 3 1
3 1 2
1 3 2

Table 2. The three involution semigroups of order two and the 15 of order three.

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 2 4 3

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 2
1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 4
1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 4
1 3 2 4

1 1 1 1
1 1 1 1
1 1 1 1
1 1 2 1
1 2 4 3

1 1 1 1
1 1 1 1
1 1 1 2
1 1 2 1
1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 2
1 1 2 1
1 2 4 3

1 1 1 1
1 1 1 1
1 1 1 2
1 1 2 2
1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 2
1 1 2 3

1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 3
1 1 3 4

1 2 3 4

1 1 1 1
1 1 1 1
1 1 1 3
1 2 1 4
1 3 2 4

1 1 1 1
1 1 1 1
1 1 2 1
1 1 1 2
1 2 3 4

1 1 1 1
1 1 1 1
1 1 2 1
1 1 1 2
1 2 4 3

1 1 1 1
1 1 1 1
1 1 2 1
1 1 1 4
1 2 3 4

1 1 1 1
1 1 1 1
1 1 2 1
1 1 2 2
1 2 4 3

1 1 1 1
1 1 1 1
1 1 2 2
1 1 2 2
1 2 3 4

1 1 1 1
1 1 1 1
1 1 2 2
1 1 2 2
1 2 4 3

1 1 1 1
1 1 1 1
1 1 3 1
1 1 1 4
1 2 3 4

1 1 1 1
1 1 1 1
1 1 3 1
1 1 1 4
1 2 4 3

1 1 1 1
1 1 1 1
1 1 3 3
1 1 3 3

1 2 3 4

1 1 1 1
1 1 1 1
1 1 3 3
1 1 3 4

1 2 3 4

1 1 1 1
1 1 1 1
1 1 3 4
1 1 4 3

1 2 3 4

1 1 1 1
1 1 1 2
1 1 1 2
1 2 2 4
1 2 3 4

1 1 1 1
1 1 1 2
1 1 1 3
1 2 3 4

1 2 3 4

1 1 1 1
1 1 1 2
1 1 1 3
1 2 3 4

1 3 2 4

1 1 1 1
1 1 1 2
1 1 2 3
1 2 3 4

1 2 3 4

1 1 1 1
1 1 1 2
1 1 3 1
1 2 1 4
1 2 3 4

1 1 1 1
1 1 1 2
1 1 3 3
1 2 3 4

1 2 3 4

1 1 1 1
1 1 1 2
1 2 3 1
1 1 1 4
1 2 4 3

1 1 1 1
1 1 1 2
1 2 3 2
1 1 1 4
1 2 4 3

1 1 1 1
1 1 2 2
1 2 3 3
1 2 3 3

1 2 3 4

1 1 1 1
1 1 2 2
1 2 3 3
1 2 3 4

1 2 3 4

1 1 1 1
1 1 2 2
1 2 3 4
1 2 4 3

1 2 3 4

1 1 1 1
1 2 1 1
1 1 3 1
1 1 1 4
1 2 3 4

1 1 1 1
1 2 1 1
1 1 3 1
1 1 1 4
1 2 4 3

1 1 1 1
1 2 1 1
1 1 3 3
1 1 3 3

1 2 3 4

1 1 1 1
1 2 1 1
1 1 3 3
1 1 3 4

1 2 3 4

1 1 1 1
1 2 1 1
1 1 3 4
1 1 4 3

1 2 3 4

1 1 1 1
1 2 1 2
1 1 3 3
1 2 3 4

1 2 3 4

1 1 1 1
1 2 1 2
1 1 3 3
1 2 3 4

1 3 2 4

1 1 1 1
1 2 2 2
1 2 2 2
1 2 2 2
1 2 3 4

1 1 1 1
1 2 2 2
1 2 2 2
1 2 2 2
1 2 4 3

1 1 1 1
1 2 2 2
1 2 2 2
1 2 2 3

1 2 3 4

1 1 1 1
1 2 2 2
1 2 2 2
1 2 2 4
1 2 3 4

1 1 1 1
1 2 2 2
1 2 2 3
1 2 3 4

1 2 3 4

1 1 1 1
1 2 2 2
1 2 3 2
1 2 2 4
1 2 3 4

1 1 1 1
1 2 2 2
1 2 3 2
1 2 2 4
1 2 4 3

1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 3

1 2 3 4

1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4

1 2 3 4

1 1 1 1
1 2 2 2
1 2 3 4
1 2 4 3

1 2 3 4

1 1 1 1
1 2 2 4
1 2 2 4
1 4 4 2
1 2 3 4

1 1 1 1
1 2 2 4
1 2 3 4
1 4 4 2
1 2 3 4

1 1 1 1
1 2 3 3
1 3 2 2
1 3 2 2

1 2 3 4

1 1 1 1
1 2 3 4
1 3 4 2
1 4 2 3

1 2 3 4

1 1 1 1
1 2 3 4
1 3 4 2
1 4 2 3

1 2 4 3

1 1 1 4
1 1 1 4
1 1 1 4
4 4 4 1
1 2 3 4

1 1 1 4
1 1 1 4
1 1 1 4
4 4 4 1
1 3 2 4

1 1 1 4
1 1 1 4
1 1 2 4
4 4 4 1
1 2 3 4

1 1 1 4
1 1 1 4
1 1 3 4
4 4 4 1
1 2 3 4

1 1 1 4
1 1 2 4
1 2 3 4
4 4 4 1
1 2 3 4

1 1 1 4
1 2 1 4
1 1 3 4
4 4 4 1
1 2 3 4

1 1 1 4
1 2 1 4
1 1 3 4
4 4 4 1
1 3 2 4

1 1 1 4
1 2 2 4
1 2 2 4
4 4 4 1
1 2 3 4

1 1 1 4
1 2 2 4
1 2 3 4
4 4 4 1
1 2 3 4

1 1 1 4
1 2 3 4
1 3 2 4
4 4 4 1
1 2 3 4

1 1 3 3
1 1 3 3
3 3 1 1
3 3 1 1

1 2 3 4

1 1 3 3
1 1 3 3
3 3 1 1
3 3 1 2

1 2 3 4

1 1 3 3
1 2 3 3
3 3 1 1
3 3 1 1

1 2 3 4

1 1 3 3
1 2 3 4
3 3 1 1
3 4 1 1

1 2 3 4

1 1 3 3
1 2 3 4
3 3 1 1
3 4 1 2

1 2 3 4

1 1 3 3
2 2 4 4
1 1 3 3
2 2 4 4
1 3 2 4

1 1 3 4
1 1 3 4
3 3 4 1
4 4 1 3

1 2 3 4

1 1 3 4
1 1 3 4
3 3 4 1
4 4 1 3

1 2 4 3

1 1 3 4
1 2 3 4
3 3 4 1
4 4 1 3

1 2 3 4

1 1 3 4
1 2 3 4
3 3 4 1
4 4 1 3

1 2 4 3

1 2 2 2
2 1 1 1
2 1 1 1
2 1 1 1
1 2 3 4

1 2 2 2
2 1 1 1
2 1 1 1
2 1 1 1
1 2 4 3

1 2 2 4
2 4 4 1
2 4 4 1
4 1 1 2
1 2 3 4

1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

1 2 3 4

1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

1 2 4 3

1 2 3 4
2 1 4 3
3 4 2 1
4 3 1 2

1 2 3 4

1 2 3 4
2 1 4 3
3 4 2 1
4 3 1 2

1 2 4 3

Table 3. The 83 involution semigroups of order four.
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