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ON MULTILINEAR MAXIMAL OPERATORS
ALONG HOMOGENEOUS CURVES

LARS BECKER AND BEN KRAUSE

Suppose that
PO =), .oy @) =(art™, ..., ayt™), 1<dy<---<d, €Z, a; #0

is a homogeneous polynomial curve. We prove that whenever p;, ..., p, >
land 1/p = Z;f:l 1/p; <1, there exists an absolute constant 0 < C =
Cp,,...,pa < 00 such that

r>0

1 rn
sup ;j; T/ =yl de

n
<C- l_[ "fj"LI’j(R)-
LP(R) i=1

Our main tool is a smoothing estimate, adapted from work of Kosz, Mirek,
Peluse, Wan, and Wright.

1. Introduction

The study of multilinear maximal functions dates back to celebrated work of Lacey
[11], who proved the following theorem.

Theorem 1.1. Suppose that py, p» > 1, and that ll + pi =-< % Then there

1
. P 2 P
exists an absolute constant 0 < C, ,, < 00 such that

1BY (f1. )o@y =

1 r
sup - f, 1= n@se=panldr)

< CpipllfillLri@ll 21l w)s
whenever y;(t) = a;t and a| # a are nonzero.

The key property of this operator is its modulation invariance, which necessitated
an approach using time-frequency analysis, building off ideas of Lacey and Thiele
in their work on the bilinear Hilbert transform [12; 13]; this method was later
adapted to handle multilinear extensions, see [2].

On the other hand, when the modulation invariance embedded in ¥ is eliminated,
different techniques can be used. This was first explored in the singular integral con-
text in [14; 16], with subsequent work of [15] establishing the following; see also [5].

MSC2020: 42A99.
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208 LARS BECKER AND BEN KRAUSE

Theorem 1.2. Suppose that yi(t) =t, y»(t) = P(t), where P(t) is a polynomial of

degree d which vanishes to degree > 2 at the origin. Then whenever p1, p» > 1 and
Ll 1. ﬁ, there exists an absolute constant 0 < Cp,, ,, < 00 such that
o p2 T p :

1B (ft, D lr®) < Cpp ol fill L @l f2ll L ) -

The key ingredient in establishing Theorem 1.2 was a Sobolev estimate, a repre-
sentative case of which is stated below.

Proposition 1.3 (special case). Suppose that yi(t) =t, y(t) = t2. There exist
absolute constants 0 < ¢ < C < 0o such that if f; vanishes outside {|&| < 2'T*} for
some i, then

1 ~
| [ A —netnpe—ne o] | < il Al

In other words, the only obstruction to the estimate

1
| [ A=t pe-—netna| o <1fileelblse.

LY(

where « informally stands for “much smaller than”, arises from zero-frequency
considerations; note that the modulation invariance from Theorem 1.1 precludes
such an argument. Aside from their utility in studying the operators {B"}, Sobolev
estimates have found a wide use in problems in Euclidean Ramsey theory, dating
back to the work of Bourgain [1], with more recent contributions found in [3; 4; 6;
9; 10] among others. The current state of the art for operators of the form {B7} is
essentially due to Hu and Lie [7], who addressed trilinear formulations

V= (Pi(1), P2(1), P3(1))

provided P; are distinct degree polynomials which vanish at different rates at 0; see
Observation 1.2(1) of [7] and [5, Remark 2]. their key input was a trilinear analogue
of Proposition 1.3. We state below a slightly stronger version of their estimate [5,
Theorem 3.1]. Their estimate has an additional dependence on k, which we drop
here as justified by Proposition 1.6 below.

Proposition 1.4 (special case). Suppose that y;(t) =t', 1 <i < 3. There exist
absolute constants 0 < ¢ < C < 0o such that if f; vanishes outside {|] < 2%} for
some i, then

13 3
I fo 1A=y ) dillpg <2 T I fill .
i=1 i=1

The goal of this paper is to address multilinear analogues of BY under the
simplifying assumption that our curves are homogeneous polynomials.
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Specifically, we will be concerned with polynomial curves
P =@, . v @) = (ath, . apt™), 1<dy<---<d,€Z, a; 0.

Our main result is this:

Theorem 1.5. Suppose that p1, ..., p, > 1, and that
1 1 1
—=—4+---4+—=<1.
p P1 Pn

Then there exists an absolute constant 0 < Cp, . p,.3 < 00 such that

.....

n
<Chpniy [1 Il fill i (w)-

Lr(R) i=1

|
sup— [ [ 1fitx —yi@)ldt
r>0T J0 =

As might be expected, the key input in proving Theorem 1.5 is the following
multilinear Sobolev estimate:

Proposition 1.6. Suppose that y;(t) = a;t%, 1 <i < n with integer exponents
1<di<dy<---<d,eZ, a; #0. There exist absolute constants 0 < ¢ < C < 00
such that if f; vanishes outside {|§| < 214Ky for some i, then

n
<C27 T I fillrwy-
L'(R) i=1

1 n
H Jy it =y de

To establish Proposition 1.6, we adapt a recent result of Kosz, Mirek, Peluse, Wan,
and Wright [8]; with Proposition 1.6 in hand, Theorem 1.5 readily presents. While
it is reasonable to expect that an analogue of Proposition 1.6, and thus Theorem 1.5,
should hold for more general distinct-degree polynomial curves y; which vanish
to distinct degrees at the origin, the argument to deduce Proposition 1.6 from the
results of [8] crucially relies on homogeneity, and does not readily adapt to the
more general setting.

Notation. Throughout, we let ¢ denote various mean-one Schwartz functions,
normalized in some sufficiently large seminorm. The precise choice of ¢ might
differ from line to line. Similarly, we use i to denote a similar function, but with

(1.7) Lgjot <9 < L

and such that

(1.8) D oW/ =10
[

We use the notation

o (x) :=25¢ (2" x)
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to denote L'-normalized dilations, and let
o 1 n
(1.9 B/ (fi,--s f)@x):=Bi(fi, ..., [)(x) = /0 [1fitx =y ) dr.
i=1

Below, we will regard O # ay,...,a, = O(1) as arbitrary but fixed, and will
abbreviate

(1.10) D:=D():=dy+ - +d,.

Asymptotic notation. We will make use of the modified Vinogradov notation. We
use X SY,orY 2 X, to denote the estimate X < CY for an absolute constant C.
We use X ~ Y as shorthand for ¥ < X < Y. We also make use of big-O notation:
we let O(Y) denote a quantity that is < Y. We let f(¢) := 0,,(X(¢)) denote a
quantity such that | f(¢)|/X(t) - O as t — a.

If we need C to depend on a parameter, we shall indicate this by subscripts, thus
for instance X S, Y denotes the estimate X < C,Y for some C,, depending on p.
We analogously define O, (Y).

2. Sobolev estimates

The main goal of this section is to prove the following Sobolev estimate.

Proposition 2.1. There exists an absolute ¢ > 0 such that the following single scale
estimate holds whenever s; > 0:

n
| B bk, 4, % f1s - - -2 Wiyt * fn)||L1(R) S27 T I fillrwy s
i=1

where s == max{s; }.

The proof of Proposition 1.3 will be accomplished via a projection argument,
anchored by [8, Theorem 6.1] in the case where y;(¢) = a;t%, and K = R, which
dictates that the operator

1 2 n .
AMEPNEMMWWM%:?A 1 FiGorsnnsxi —ait®h, ... xp)dt
i=1

satisfies nontrivial norm estimates whenever some F; vanishes in |£;| <2 7kdis—1,

Lemma 2.2 (special case of Theorem 6.1 of [8]). In the above setting, suppose that
some F; vanishes in |&/| < 27%4 81, Then there exists some absolute ¢ > 0 such
that

n
(2.3) [A—CF1 o ) | gy S 6+ 275) TTIF ey
i=1

provided k > 0.
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We now remove the dependence on k on the right side of (2.3), and address the
case where k£ < 0. Specifically, we prove that for all k

n
(2.4) IA—k(F1, ..o F)llp ey Sn 8 T I FillLn ey
i=1
whenever some }A?, vanishes in |&;| < 2754 §~1; for concreteness, suppose that this
index is j.
To do so, introduce the operator
D, F(xi,...,x,):= F(kd‘xl, R kd"xn)
and choose 2% > 8!, If we define
Gi(-xlv R xn) = Dzk*kOFi(-xh R Xn),
then G[ vanishes on |§;]| < 2-kodjs=1 g0

n
IA_k(G1, ... G)llLiwny S 80_1'1 1GillLnwn).
But now i=1

DZkO’k (A—k()(le ey Gn))(X], ey xn)

2ko n
=270 [T Gi@M0 Ry, 280D gt 2480 R di
i=l1

2% n
=27k /O [] G: (2‘1l (ko_k)xl, R Zdi(ko_k)x,- —I—a,-2d"(k°_k)td", R 2d"(k0_k)x,,)
i=1

= A_;(Dokg-kG1, . .., Doyt G ) (x)
=A_i(Fi, ..., Fp)(x),
so the result follows from changing variables.

Proof of Proposition 2.1. Set g; := Ykg,+s, * fi, let 1:= n~12(1,...,1) e R", and
let ¢ : R" — C be a bump function with compactly supported Fourier transform
that is constant along R1. For each

2~ 100DIk|-100s 5 ¢ < )
sufficiently small (see (1.10)), define
Fi(xr, ... xn) =€ " (ex)gi(x - T)

so that || F; | L»w) ~ & llL»®) and I:“,- is supported in an O (€) neighborhood of
{E1:8i(&) #0};

in particular, for some j, F; vanishes when |£| < 2kdj+s So,

n
|A(Fy, ..., Fn)”L](Rn) S27 T lgillzrw)-
i=1
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On the other hand,

|ARCFL - B G )| g
& , n 5 n
2k /02 <]_[ gi(x-1 —aitd‘)) . <6"‘1 ]_[ @(ex —ea,-td’?i)) dt

i=1 i=1
o /(RI)L/R

using a change of variables (so in particular, z1, ..., z,—1 form an orthogonal basis
for (R1)1); above, ¢; is the i-th coordinate vector.
By Taylor expansion,

k 2t d ! n J
- 2 / ( . —at i >< n— _ - > )dt
«/(‘Rl)L\AI‘Q 0 il;[l 8i (y a; ) € il;ll (p(GZ €a; el)

— n o .
||§0 ”Ll((Rl)l) /l%”*l\/[‘R

27k n
+02%W¢) /{Rnil(/R2k/0 ]_[|gi(y—aitdi)|dtdy>e”_l(1 +elz]) 1% dz
i=1

LI(R”)

dydz

ZkaZk(']i[l gi(y— a,-td")) (6”‘1 ]i[1 @(ez — ea;t’ E,-)) dt

dydz

27% n

27 Tl gily —air™)de|dy
i=1

n
= ”(pn”Ll((RT)J_) || Bk(g17 sy gn)(-x) ||L'([R) + Ok (6 1_[ ”gl ”L”(R))-
i=1

The result follows by sending € |, 0. U

The following proposition will be used to complement Proposition 1.3 via inter-
polation; before we can prove it, we state a lemma.

Proposition 2.5. Supposen > 2, p1,..., p, > 1 and % =), pi < 1. Then

| fllLri w),
1

n
||Sl]'(lp |Bk(w-kd1+S| * f’ LR Wkd,,-i-s,, * f)| ||LP(R) S sn L

1

where s == max{s;}.

Lemma 2.6. Suppose that ¢ is a Schwartz function. Fort € R, consider the maximal
function

M' f(x) :=sup lg; * f|(x —27/1),
J
There exists an absolute constant 0 < C < oo (independent of t) such that

M fllproomw < Clog+ DI fll Lt w)-

Proof. Since the maximal function is trivially bounded on L>°(R) we may use
vector-valued Calderén—Zygmund theory; see [17, §1], for example. In particular,
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it suffices to show that

f|x|>10|y|2|%(x—2 Tt —y) —gj(x =271)| Sloglil.

By dilation invariance we can normalize |y| ~ 1. When 2/ < 100~! we use the
mean-value theorem; when 100! < 2/ < |t| we use a single-scale estimate; and
when 2/ > || we use the decay of ¢. O

Proof of Proposition 2.5. We have the pointwise bound
|Bk(1/fkd1+s1 * fl» ceey 1//kd,,+s,1 * fl’l)(x)|

/01< H Vs, (x — @i 27 14 —m)ﬁ-(ui)du) di

1 25 od;
= HM A fi(x) dt,
0 =1
where M' is the maximal function from Lemma 2.6 with ¢ chosen to be . So

dt
LP(R)

IsuplBeWaon e isyon ol < ] |1 0477

n
SJSH H Il fill Lri )
. i=1
as desired. ' O

3. The proof of Theorem 1.5

We will prove that

3.1 ||sn;p 1Be(frs s Sl oy S _r[] I £l -

Theorem 1.5 follows from (3.1), because averaging operators are positive and there-
fore the lacunary supremum in (3.1) dominates the full supremum in Theorem 1.5
up to a factor of two.

The proof is by induction. Thus, we will assume that for all m <n

m
||s1;p|Bk<f1,.. I oy S H|f,~||Lm(R>,

whenever y is a homogeneous polynomial curve, py, ..., pm > 1, and —i— -+
L= 117 < 1, with the n =1 case following from Hardy-Littlewood and convex1ty

Pm
By Taylor expansion, for each k, we have the decomposition
(3.2) Bk(fu o Jn)
=y = ((afmd 5 ) By (A1 o DB - et fa—kd, % fo):

j=0J
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where
() = d; kdy 1y j
By (1o fum) () =2 /0 [T fitx —ait™) (—a, 2"t/ dt,
i=1

and 3/ ¢ satisfies all of the same Schwartz normalizations as ¢ up to factors of C/,

C=0(Q).
Thus, by iterating (3.2), induction and convexity, it suffices to prove that

n
|sup | Bk (f1 — @k, * f1, - - -\ fo — Pkd, *fn)lHL,,(R) 1_[ I fill ri )
k i

in the above range of p, p;.
Define

Bis(fio - fu)i= Y Bi(Wkdi4s, * f1, -« Ykdyts, * fn)-
>0
mai{si}:s

Then, by Proposition 1.3, we have the bound
HSlzp | Bk,s (f15 s f)lll oy < Z HBk,s(fl, R (3] FAYG:S)

<27 X X 1_[ 1 Wka;+s: * fillLnw)

0<s;<s k i=
CcS /n
<2e Y H(Z Wiarts * Fillia )
5i<si=1
=2 3 [1|(S Wi = £il?) |
i ; T L"(R)
n
<273 [T ISfill ey,
$i<si=1

where

1/2
= (X lvix 1)
k
is the Littlewood—Paley square function, which is bounded on L”(R), 1 < p <o0. So
(3.3) Do MBrs (1 fdllwy S s"27 T fillr @y
k i=1

We will interpolate this with Proposition 2.5, to see that whenever py, ..., p, > 1,
=), % < 1, there exists an absolute ¢ = ¢, ... p,:p > 0 such that

.....

1
p
n
(34) [sup 1Bis(fis oo fl| Loy S5™27 TT I fillri -
k i=1

A final sum over s > 1 completes the proof, assuming (3.4) holds.
We now give the details of the interpolation argument. It is enough to prove (3.4)
for nonnegative functions f;, and by monotone convergence we may assume that
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they take only finitely many values. We normalize them so that || f; ||~ ) = 1. By
monotone convergence it is enough to prove (3.4) with the supremum extended only
over finitely many values k, at which point we can choose a measurable function
k(x) assigning to every x the maximizer. Thus, it suffices to estimate

Bt oo ) oy = sp [y @) Bios(fio - fi) @) dx,

IRl p gy =<1

where y (x) € {z € C: |z| = 1} denotes the argument of By (fi, ..., fu)(x):

Brooys(f1, .o  fa)(x) .
() = Brors e fo] T B (i f) () #0,

1 if Bixy,s (f15 - -+ fu)(x) =0.

Replacing & by |h| makes this expression larger. Using also monotone convergence,
we may assume that 4 is a nonnegative simple function.

Now pick exponents g1, ..., g, > 1, é:Zi %5 1 such that there exists 6 € (0, 1)
with
1 1-6 6 .
— = + —, i=1,...,n.
Di n qi

Define for complex z with %z € [0, 1]
Pi Pi
fi(Z) (x) = 1]‘,.(x)7é0 exp <(Zq—l + (1 - Z)j) 10g f,(x))
1

and

/
R (x) = 1j(x)0 €XP (z% log h(x)).

These functions are well defined since f; and & are nonnegative. For fixed x
the functions fi(Z)(x) and h® (x) are all bounded and analytic in the interior of
the strip 9z € [0, 1], because f; and & are simple functions. The claim (3.4)
now follows from applying the Hadamard three lines theorem to the function
F(2) = [ h® )y @) Bioos (2, ., f12)(x) dx, utilizing (3.3) when iz = 0
and Proposition 2.5 when 9iz = 1. This completes the proof.
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THE PLAIN SPHERE NUMBER OF A LINK

RYAN BLAIR, ALEXANDRA KJUCHUKOVA AND ELLA PFAFF

Let L be a link in S*. We consider a natural class of meridional presentations
for 1 (S* \ L) in which the relations are witnessed by certain embedded two-
spheres easily observed in a fixed diagram of L. The Wirtinger presentation
is a special case. We prove that the bridge number of L equals the smallest
number of generators of 7;(S* \ L) over all such presentations.

1. Introduction

We introduce a new definition of bridge number of a link. The definition arises
in the study of the meridional rank conjecture (MRC), which asks whether the
bridge number of a link L equals the smallest number of meridional generators of
71(S?\ L). The conjecture, posed by Cappell and Shaneson [17, Problem 1.11],
has been established in a variety of cases [1; 2; 3; 6; 7; 8; 9; 10; 11; 14; 19]. The
analogous statement is also shown to hold for some knotted spheres in S* [16].

In [5], it is shown that the bridge number equals the minimal number of meridional
generators over all presentations that allow only iterated Wirtinger relations in a fixed
diagram. Our main result is that equality persists after significantly generalizing
the presentations considered.

Denote the bridge number and meridional rank of a link L by 8(L) and w(L),
respectively. In [5], the authors introduce a new invariant, the Wirtinger number of a
link, denoted w(L). The Wirtinger number is defined in terms of a “coloring game”
played in a fixed diagram of L; see Definition 2.1. Performing a coloring move at a
crossing c reflects the fact that the Wirtinger meridians of the overstrand and one
understrand at ¢ generate the Wirtinger meridian of the second understrand at c.
Hence, a valid coloring sequence for D demonstrates that the Wirtinger meridians
of the initially colored strands, or seeds (Definition 2.4), generate (3 \L).

By starting with a diagram in minimal bridge position and choosing the strands
containing the local maxima as seeds, we easily see that 8(L) > w(L); moreover,
by definition, w (L) > p(L). In [5], it is shown that in fact S(L) = w(L). We now
prove that the bridge number equals the smallest number of meridional generators
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of 71 (S3\ L) across a considerably more general (though still “visible” in a single
diagram) class of meridional presentations.

The plain sphere number of a link L (Definition 2.2) is the smallest number
of Wirtinger meridians that generate 7, (S>\ L) using only relations witnessed by
certain embedded two-spheres, which we now describe. Consider a link diagram D,
and let y denote an embedded circle in the plane of projection, such that y avoids
neighborhoods of crossings and meets the interior of strands of D transversely.
Further assume that y meets D in exactly n points and that, of those, precisely
one is contained in a given strand, s, of D. Then, the Wirtinger meridians of the
remaining strands that meet y generate the Wirtinger meridian of s. To see this,
cap off the simple closed curve y with two disks, Di, whose interiors are disjoint
from the plane of projection and such that Di (resp. D?) is above (resp. below)
the plane. We refer to Di U, D? as a plain sphere — it is indeed in plain sight —
and we say that the sphere witnesses a relation in the group. That is, the product
of (appropriately oriented) Wirtinger meridians of strands intersecting y, taken
in the order determined by y, is trivial. The Wirtinger relation at any crossing ¢
corresponds to a circle y equal to the boundary of a small neighborhood of c.
Clearly, B(L) = w(L) = p(L) = u(L).

Theorem 1.1. Let L be a link in S>. The plain sphere number of L equals the
bridge number of L.

The theorem is proved in Section 3. In Section 2 we give the formal definition
of p(L), recall the definition of w(L), and establish some terminology. The short
Section 4 provides an example contrasting the plain sphere and Wirtinger numbers
of a diagram, and describes a procedure for computing p (D) for a fixed diagram.
In Section 5 we describe some plain spheres in words.

2. Preliminaries

Recall that if L is a link in R* and P : R®> — R? is the standard projection map given
by P(x,y,z) = (x,y),then P(L) is a link projection if P|r is a regular projection.
Hence, a link projection is a finite four-valent graph in the plane, and we refer to the
vertices of this graph as crossings. A link diagram is a knot projection together with
labels at each crossing that indicate which strand goes over and which goes under.
By standard convention, these labels take the form of deleting parts of the under-arc
at every crossing, and thus we think of a link diagram as a disjoint union of closed
arcs, or strands, in the plane, together with instructions for how to connect these
strands to form a union of simple closed curves in R3. At times we will refer to the
knot projection P (D) corresponding to a given knot diagram D, where P (D) is
obtained from D by forgetting the under- and over- information at crossings.
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Let D be a diagram of a link L with n crossings. Denote by s(D) the set of
strands sy, 57, ..., S, and let v(D) denote the set of crossings cy, ¢z, ..., ¢;. Two
strands s; and s; of D are adjacent if s; and s are the understrands of some crossing
in D. The diagram of the unknot with a single crossing is the unique knot diagram
up to planar isotopy for which there exists a strand s; of D that is adjacent to itself.
In all cases we consider, adjacent arcs are understood to be distinct.

Definition 2.1. We call D Wirtinger k-colorable if we have specified a set A of
strands of D and a nested sequence of subsets A = Ag C A1 C -+ C Ajy(p)|—ja| =
s(D) such that the following hold:

(1) |A| =k.
(2) Aj1\ A; = {s;} for some strand s; in D.

(3) Whenever A;;1\ A; = {s;}, s; is adjacent to s; at some crossing ¢ € v(D), and
s; € A;.

(4) The over-strand s; at ¢ is an element of A;.

When D is k-colorable in the above sense, the Wirtinger meridians of the strands
in A generate all Wirtinger meridians in the diagram, using only Wirtinger relations
at crossings.

Definition 2.2. We call D plain sphere k-colorable if we have specified a set A of
strands of D and a nested sequence of subsets A = Ag C A; C -+ C Ajsp)|—jA| =
s (D) such that the following hold:

(1) |Al=k.
(2) Aiy1\ A; = {s;} for some strand s; in D.

(3) Whenever A; 1\ A; = {5}, there exists an embedded circle L, in the plane
of projection such that: L;; is transverse to the projection P(D); L;y; is
disjoint from small neighborhoods of crossings in D; |L; 1 Ns;| = 1; and the
points of intersection between L, and strands of D are all contained in A; ;.

We refer to the circles L; as loops.

Condition (3) precisely guarantees that the Wirtinger meridian of s; is generated
by the Wirtinger meridians of the strands of D that have nontrivial intersection with
L;y1, other than s; itself. This is expressed by a relation in (S 3\ L), witnessed
by a plain sphere as defined in the introduction: an embedded two-sphere sz. that
intersects the plane of projection in the loop L;. The existence of a valid coloring
sequence as above shows that the Wirtinger meridians of the strands in A generate
all Wirtinger meridians in the diagram, using only relations witnessed by plain
two-spheres.
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Remark 2.3. We could almost regard the spheres sz. in the above description as
simultaneously and disjointly embedded in S3. Indeed we will show later that the
loops L; can be assumed pairwise nonintersecting. And, each S]z is the boundary
union of two embedded disks, on opposite sides of the plane of projection, whose
interiors do not meet. However, since the upper disk DJZ. , of each S]2. contains the
basepoint, the spheres do, in fact, intersect at a point.

Definition 2.4. When a diagram D can be colored by a valid sequence of Wirtinger
coloring moves (resp. plain sphere coloring moves) as in Definition 2.1 (resp.
Definition 2.2), the elements of A are called the seed strands, or simply seeds, for
the coloring.

The minimum value of k such that D is Wirtinger k-colorable is the Wirtinger
number of D, denoted w (D). Similarly, the minimum value of k such that D is
plain sphere k-colorable is the plain sphere number of D, denoted p (D). We use
w (D) and p(D) to define invariants of L.

Definition 2.5. Let L C S* be a link. The Wirtinger number of L, denoted w (L),
is the minimal value of w (D) over all diagrams D of L. Similarly, the plain sphere
number of L, denoted p(L), is the minimal value of p(D) over all diagrams D
of L.

We define a number of auxiliary terms related to Definitions 2.1, 2.2 and 2.5.
These terms will be used extensively in the lemmas and theorems that follow. If D
is a Wirtinger k-colorable diagram with A; \ A;_; = {s;}, we say that the strand
s is colored at stage i by a Wirtinger coloring move. Similarly, If D is a plain
sphere k-colorable diagram with A; \ A;_; = {s;}, we say that the strand s; is
colored at stage i by a plain sphere coloring move or, for short, a loop coloring
move. A partially plain sphere colored link diagram D is a nested collection of
sets A=Ay C A; C --- C A, that meet all of the requirements of Definition 2.2
with the exception that A, may be a proper subset of s(D). Additionally, if D is a
plain sphere k-colorable diagram, then a plain sphere coloring sequence for D is
an ordered set of loops £ = (L1, L2, ..., Lisp)—«) that are as in condition (3) of
Definition 2.2. Finally, if L; is a loop in a plain sphere coloring sequence for D that
is isotopic (via an isotopy that is transverse to the link projection) to the boundary
of a regular neighborhood of a crossing of D, then we call L; a Wirtinger loop.
Clearly, any plain sphere coloring move performed using a Wirtinger loop is also
achievable via a Wirtinger coloring move. In other words, a Wirtinger coloring
sequence is merely a special case of a plain sphere coloring sequence. This shows
that p (D) < w(D) for all link diagrams D and hence p(L) < w(L) for all links L
in 3.

An easy example of a plain sphere coloring move that is not a Wirtinger move
can be found in any diagram that is not visually prime. Namely, the connected
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Figure 1. Possible plain sphere coloring moves at stage i of a coloring
sequence which do not reduce to sequences of Wirtinger moves in the
given tangle diagrams. On the left is the move used in Figure 6; on the
right is a generalization. The oval contains an arbitrary n-strand tangle 7,
pictured in the case n = 4. The remaining tangle strand can be replaced
by any one-strand tangle; as long as all but one of the points in L; N D
are colored before stage i, the move will be valid.

sum sphere is a plain sphere intersecting two strands whose meridians cobound an
annulus in the link complement. Two additional plain sphere coloring moves that
are not Wirtinger moves are depicted in Figure 1. We refer to such loop moves as
nontrivial loop moves. In Figure 9 of [4] there is an example of a minimal diagram
D of a nonprime knot K such that p(D) = (D) = 5 while w(D)=6. A prime knot
diagram D with p(D) < w(D) is given in Figure 6 (page 230). This exhibits a
nontrivial plain sphere move that does not come from a connected sum sphere. For
a family of plain sphere moves see Figure 1.

3. Proof

We prove Theorem 1.1 by showing that the plain sphere number of L equals the
Wirtinger number of L. The result then follows from [5], where it is shown that the
Wirtinger number and bridge number are equal. The equality p(L) = w (L) relies
on the following lemmas.

Lemma 3.1. Let D be a link diagram. The plain sphere number of D can be realized
by a collection of disjoint circles. That is, if p(D) = n, then there exists a set of n
seed strands in D, together with an ordered set L= (L1, ..., L\s(py—n) of disjointly
embedded circles, each transverse to D and disjoint from small neighborhoods of
all crossings, such that L defines a valid plain sphere coloring sequence for D.

Proof. Let L be an ordered collection of loops realizing the plain sphere number
of D. That is, £ gives a coloring sequence for D starting from n seeds. After a
small perturbation if needed, we may assume that the pairwise intersections of
circles in £ are disjoint from D. We define the complexity of L to be the (unsigned)
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count of intersection points between pairs of circles in L:

(L) = Z |Ll‘ﬂLj|.
Li,Ljel
i#]

Without loss of generality we may assume that £ has minimal complexity over all
coloring sequences for D starting with n seeds. (Recall that p(D) < w(D), and
the Wirtinger number allows us to define a plain sphere coloring sequence where
the loops are pairwise disjoint. Thus, it is clear that the complexity of a coloring
sequence can be chosen to be zero after potentially increasing the number of seeds.
What we show here is that £ can be chosen to realize p (D) while also satisfying
«(£)=0.)

If ¢(£) #0, wecan find L;, L, € Lsuchthati #r and L; N L, # &. Select
L; with the property that it is the last loop in the ordered set £ that has nonempty
intersection with other loops in £. That is, for all k > i, Ly is disjoint from the
other loops in L.

We will prove the statement by contradiction; we will show that as long as
¢(£) # 0, the coloring sequence £ does not in fact minimize complexity over
all plain sphere coloring sequences starting with n seeds. We will do this by
producing a new plain sphere coloring sequence in which we replace L; with
another circle L}, such that L} defines a valid plain sphere coloring move at
stage i and colors the same strand as L;. (This implies that all subsequent moves
Lit1, ..., Lis(p)|—n in L can be performed without modification.) Lastly, we will
show that C((Ll, .., Li_q, L;-k, Liy1,..., L|s(D)|—n)) < c(L).

In order to simplify the exposition, assume from now on that we have already
carried out the coloring moves determined by L1, Lo, ..., L;_1, and we are at stage
i of the coloring process. That is, the coloring moves determined by Ly, ..., L;_
have been performed, and now L; determines a valid plain sphere coloring move.

Denote by E; the disk bounded by L; in the plane of projection, and denote by
A the set of components of intersection between E; and loops in L:

A= E; ﬁ( U L,)

L;eLl

J#
Note that A is the union of properly embedded 1-manifolds (i.e. arcs and loops)
in E;. Consider the possibility that A contains a loop L ;. Our assumptions about
L; imply that either L ; is disjoint from all other loops in £ or all points in L; N D
have already been colored at stage i of the coloring sequence. With this in mind,
we turn our attention to components of A that are arcs. The boundaries of the arcs
in A cut L; = 9 E; into a collection of arcs A, and moreover the arcs in A cut E;
into a collection of disks D (some of which may contain closed components of
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A in their interiors). Observe that each arc in A is contained in a circle in £ that
intersects L;. Therefore, coloring moves determined by these circles have already
been performed. This ensures that all points of intersection between D and arcs in
A’, with the exception of one point— the point being colored at stage i, using the
loop L; — are colored before stage i of the loop coloring sequence.

Since L; is a circle in £, we know that L; N D is a set of isolated points. Since
L; defines a coloring move, the intersection L; N D contains at least two points. At
stage i of the coloring sequence, L; determines a valid coloring move. Therefore,
only one of the points in L; N D is uncolored. Denote this point by x and the arc in
A’ containing x by a. Then a is contained on the boundary of one of the disks in D,
seen in Figure 2. Denote this disk by E; and observe that d E] =: L} is the union
of a and other subarcs of A. In particular, every point of intersection between D
and L lies on an arc contained in either A or A’. It follows from the above that, at
stage i of the sequence, x is the only point in L} N D that is not colored. Thus,

£* = (Lla [ ERX] Li—17 L;ka Li+1’ (R E] Lls(D)\—n)

is a valid plain sphere coloring sequence starting from n seeds. (To satisfy transver-
sality conditions in the above, we use L to denote the boundary of a slightly smaller
disk contained in the interior of E*.)

Lastly, we check that ¢(£) < ¢(£*). By construction, L} is the boundary of
a slightly shrunken copy of the disk E;. Therefore, L} itself is disjoint from L.
By contrast, L; has the property that L; N L; # & for some j # i. Therefore, as
claimed, replacing L; by L} has the effect of strictly decreasing the complexity of
the plain sphere coloring sequence. O

Figure 2. A region in the plane containing a link diagram at stage i of
the coloring process. Subarcs of the diagram are represented by short line
segments, and circles in £ that intersect L; are represented by arcs. The
loop L;, which colors the strand containing the point x, can be replaced
with the loop L}, which is disjoint from all other loops in £ and represents
a valid plain sphere coloring move at stage i for the same strand.
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Lemma 3.2. Let D be a diagram of a link L with p (D) = n. There exists a diagram
D’ of L such that the conclusion of Lemma 3.1 holds, and such that there exists a
set of n seeds for D' and a valid coloring sequence L' for D', starting from those
seeds, with the property that all innermost loops of L' are Wirtinger loops.

Proof. Since p(D) = n, there exists a coloring sequence £ for D starting from
n seeds. Using Lemma 3.1, after possibly modifying £, we can assume that the
circles contained in £ are disjoint.

Let L; be an innermost loop in £. This means that L; bounds a disk E; whose
interior is disjoint from £. As before, we consider L; at stage i of the coloring
sequence. That is, among the points in the intersection L; N D, only one point,
denoted x, is not colored. Let s be the strand of D containing x and let d(s) = {a, b}.
By the definition of a coloring move, L; intersects s transversely in exactly one point.
Therefore, a and b are contained in the two different components of R?\ L;. Without
loss of generality, assume a € E;, b ¢ E;. Denote by c the crossing in D incident
to a. See Figure 3. The key fact here is that s N E; is the only arc in D N E; that is
not colored at stage i. This is a consequence of the following two observations: x
is the only noncolored point in d E; N D, so all other strands intersecting d E; are
colored; and L; is innermost, so no strand entirely contained in E; can be colored
via another circle in £. Therefore, no strand in E? can change color after stage i.
So, indeed, at stage i, of all components of D N E; only s N E; is not colored.

Case 1: Assume that s is not the overstrand at ¢. From the above discussion, we
know that the overstrand and second understand at ¢ are both colored before stage
i. Therefore, we can color s via a Wirtinger move at the crossing c. In particular,
we can replace the loop L; in £ by a circle bounding a small neighborhood of ¢ in
the plane. This defines a valid coloring sequence £’ in which the innermost loop
L; was replaced by one that satisfies the conclusions of the lemma.

Case 2: Assume that s is the overstrand at c. We also know that c is the crossing
where s terminates. Hence, s is both the overstrand and an understrand at c. In
P (D), the planar projection determined by D, s is the union of edges of P(D)

\/b
X

Figure 3. Exactly one uncolored strand s intersects the loop L; € £ at stage i.
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Figure 4. An isotopy to ensure no seed strand s is contained entirely in
the interior of any disk E; in the plane with d(E;) = L;. After a sequence
of m Reidemeister Il moves, 2m-many Wirtinger coloring loops are added
in appropriate places to the sequence £ in order to obtain £'.

and, since s is both the overstrand and understrand at ¢, we can conclude that the
union of a subset of the edges in P (D) constitutes an embedded loop y in E;.
Moreover, y bounds a disk G C E; such that y = dG is contained in the projection
of the strand s. Hence, there is an isotopy of D along G creating a diagram D’ in
which crossing ¢ has been resolved in the direction that preserves the number of
components of the link. Note that the image of the strand s under this isotopy is
contained in a strand of D’ that intersects L; in a second, necessarily colored, point.
This eliminates the move determined by L; from the coloring sequence.

One of the two cases will apply to each innermost loop in £. Therefore, each
innermost loop L; may be removed after an isotopy contained in E; or replaced by
a Wirtinger loop. The result is a coloring sequence starting from »n seeds in which
all innermost loops represent Wirtinger moves. (]

Definition 3.3. Let D be a partially colored link diagram and £ an ordered set of
disjoint circles transverse to D and representing valid coloring sequence moves on
D. Let loop C be in £ and let G be the disk bounded in the plane by C. A loop
C is depth-two if: there exists at least one loop in £ that is contained in the interior
of G; and all loops contained in the interior of G are innermost loops of £. For
n > 2, the definition is inductive in the natural way: a loop C is depth-n if disk G
contains at least one depth-(n—1) loop and no nested sequence of n or more loops.

Lemma 3.4. Let D be a diagram of a link L with p(D) = n. There exists a diagram
D' of L and a valid coloring sequence L' for D' starting from n seeds, such that all
the conclusions of Lemma 3.2 are satisfied and, moreover, if L; is any loop in L/,
then no seed for the coloring sequence is entirely contained in the interior of the
disk E; bounded by L; in the plane of projection.
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Proof. By Lemma 3.2 we can assume that p(D) = n and that £ is a plain sphere
coloring sequence starting with seeds sy, 2, . .., s, such that all innermost loops in
L are Wirtinger loops. If L; € £ represents a Wirtinger move, then without loss of
generality we may assume that L; is the boundary of a small neighborhood of a
crossing in D, and the desired conclusion automatically holds for L;. In general,
however, E; may contain multiple crossings of D and potentially entire strands.
Assume that a seed strand s is contained in E7. Define o to be an embedded arc in
E;, transverse to D, disjoint from small neighborhoods of crossings of D, and with
the property that dow =: {a, b} has a € s° and b € (L;\ D). See Figure 4. We may use
« to guide an isotopy of s in the plane of projection to produce a new strand such
that the image of a after the isotopy lies outside of E;, in a small neighborhood of
b. The isotopy can be thought of as a sequence of Reidemeister II moves in which
s passes over every strand it encounters along o .

Let D; be the diagram that results from the above isotopy. We claim that
o(D1) = n and that D; admits a coloring sequence that is obtained from £ by
inserting 2m additional loops representing Wirtinger moves, where m := |« N D|.
More specifically, let « N D =: {p1, ..., pm}. The additional Wirtinger loops will
be interspersed across £ according to when the strands in D containing the p; are
colored. See Figure 4 for the isotopy of s and the new strands and crossings created.

Note that each point p; corresponds to a Reidemeister II move performed while
isotoping s along «. Thus, in a neighborhood of p;, two new crossings — call
them ¢; 1 and g; , — are created during the isotopy, and at both crossings s is the
overstrand. Let s; denote the strand of D containing p;. (After the isotopy, s;
is subdivided into three strands by ¢; | and g;>.) At some stage in the coloring
sequence L for D, the strand s; is colored. This implies that, at the corresponding
stage of the coloring sequence for Dy, one of the understrands at either g; | or g; >
is colored. But the overstrand at these crossings, s, is a seed, so it is colored as
well. Thus, we can perform two consecutive Wirtinger moves at these crossings and
color all three strands into which s; has been subdivided. As a result, any further
coloring moves given by £ whose validity relies on s; being colored will be valid.
Repeating this procedure for each j € {1, ..., m} produces the desired coloring
sequence for Dj.

In sum, after an isotopy supported in a neighborhood of an arc, we ensured
that the seed strand s is no longer contained in the interior of E;. Moreover, we
produced a coloring sequence, with the same number of seeds, for the diagram
resulting from this isotopy. Repeating this procedure for every instance where a
seed is contained entirely within the interior of one of the disks E;, we arrive at the
desired diagram D’ and valid coloring sequence £’ from n seeds. O

Before presenting the next lemma, we review some standard properties of tangles.
An m-strand tangle is a collection of m disjoint arcs properly embedded in a 3-ball.
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Figure 5. An isotopy at stage i of the coloring sequence of a rational
m-strand tangle supported in disk E; with d(E;) = L;. After isotopy,
starting with 2m —1 colored strands that intersect L;, all strands that meet
E; can be colored using only Wirtinger moves.

An m-strand tangle is rational if all arcs of the tangle can be simultaneously isotoped
into the boundary of the 3-ball.

Remark 3.5. Given a tangle R properly embedded in D? x [0, 1] such that R C
(dD?) x [0, 1], R has a tangle diagram, analogous to a knot diagram, achieved
by projecting R onto D? x {0}. Let x € D? denote the point with coordinates (0,
1), where D? is identified with the unit disk in the plane. If R is a rational tangle
embedded in D? x [0, 1] such that dR C 8 D? x [0, 1], then after planar isotopy, and
possibly Reidemeister moves supported in the interior of D? x {0}, R has a tangle
diagram as in the left image in Figure 5. In brief, this is true since the disks of
parallelism for the arcs in R can all be isotoped to be disjoint from the disk that is a
regular neighborhood of (D? x {1}) U (D? x {0}) U ({x} x [0, 1]) in 3(D? x [0, 1]).
Isotoping the arcs of R along these disks of parallelism until they almost lie in
d(D? x [0, 1]) results in a diagram of R that lies in an annular neighborhood of
dD? x {0} in D? x {0} such that the projection of R is disjoint from a neighborhood
of {x} x {0} and each arc of the projection has exactly one maximum with respect
to the radial height function on D? x {0} (where we think of height as increasing as
we approach the center of the disk). After a planar isotopy, this diagram becomes
the diagram of the left image in Figure 5.

Remark 3.6. Any tangle R properly embedded in D? x [0, 1] such that each arc of
R has a unique local maximum (or each has a unique local minimum) with respect
to projection on the [0, 1] component of D? x [0, 1] is a rational tangle. In brief,
this is true since if an arc « in R has a unique local maximum at height a € [0, 1],
then there is a disk of parallelism between the subarc of « above D? x {a — €} and
an arc in D? x {a — €}. Since every arc in R contains a unique local maximum,
this disk can be extended downward by moving both endpoints along the arc until
it becomes a disk of parallelism between « and a subarc in d(D? x [0, 1]). After
generating a disk of parallelism in this way for each arc of R, we can ensure that
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these disks are pairwise disjoint by an application of a standard innermost disk and
outermost arc argument. Thus, R is rational.

Lemma 3.7. Let D be a diagram of a link L with p(D) = n, and let L =
(L1, Lo, ..., Liypy|—n) be a plain sphere coloring sequence for D, satisfying the
conclusions of Lemma 3.4. Let L; be a depth-two loop in L and denote by E;
the disk in the plane of projection bounded by L;. There exists an isotopy of D,
supported in a small neighborhood of E;, such that the resulting diagram D' has a
coloring sequence L' with n seeds and such that L; is replaced by a collection of
innermost loops.

Proof. By assumption, £ is a coloring sequence for D starting from n seeds and
satisfying the conclusions of Lemma 3.4. Since L; is a depth-two loop, there exists
at least one loop of £ contained in E; and moreover all such loops are innermost.
Since the coloring sequence satisfies the conclusions of Lemma 3.2, all loops
contained in E; are Wirtinger loops. Since the conclusions of Lemma 3.4 hold as
well, we also have that no seed for the coloring sequence L is entirely contained in
E;. Let s be the unique strand of D that intersects L; and is colored at stage i in
the coloring process.

Recall that P : R} — R? denotes the standard projection map and that P(L) is
the regular projection that gives rise to D. We can assume that L C R? x [0, 1].
If L; N D = 2m, then, since no seed is entirely contained in E;, E; x [0, 1] =
P~Y(E;)N(R? x [0, 1]) is a 3-ball containing a properly embedded m-strand tangle
T =LNE; x|[0,1]. In particular, the lack of seeds in E; implies T contains no
simple closed curves. Double E; N D along 9 E; to obtain a link diagram D%’ of the
link L%" where L4"! is obtained by doubling T along 9 E; x [0, 1]. Since E; does
not entirely contain any seed strands and all loops contained in E; are Wirtinger
loops, the set of 2m strands of D! that intersect 0E;, call them oy, ..., oy,, are a
collection of seed strands for a Wirtinger coloring of D!, By Theorem 1.2 of [4],
there is an isotopy of L' achieved by modifying only the z-coordinate of points
on L! and preserving the projection P (L") at all times after which L% has
exactly 2m local maxima with respect to projection to the z-axis and each of these
maxima project to exactly one of oy NJE;, ..., oo, NI E;. This isotopy restricts
to a proper isotopy of T in E; x [0, 1] after which each strand of T contains a
unique local minimum with respect to the z-axis. Hence, by Remark 3.6, T must
be a rational m-strand tangle. Since T is rational, then, by Remark 3.5, there is a
sequence of Reidemeister moves supported in E; that produces a new diagram D*
as in Figure 5, left (see previous page). That is, T N E; is obtained from a braid by
taking the plat closure to one side. By replacing the point x in Remark 3.5 by a
point in L; close to s N L; in the clockwise direction, we can ensure that s is the
leftmost strand entering the braid box from below, as in the left image in Figure 5.
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Furthermore, it is well known that there is an isotopy of 7 fixing a7 that pulls one
arc out of the braid box, shown in Figure 5; see, for example, the Claim within
the proof of Theorem 1 in [20]. After isotopy, call the resulting link diagram D’
(Figure 5, right) and let s’ be the strand containing the image of s. Notice that since
all strands entering the braid box from below are colored at stage i, then all strands
of D’ that meet E; can be colored via Wirtinger loops, even s’.

Thus, after an isotopy supported in a neighborhood of E;, we can replace L; by
a collection of Wirtinger loops. In particular, we eliminated a depth-two loop from
the coloring sequence. 0

Corollary 3.8. If L is a link and D is a diagram of L with p(D) = p(L) = n, then
there exists a diagram D', equivalent to D, such that p(D') = w(D’) = n.

Proof. Let D be alink diagram and £ a plain sphere coloring sequence for D starting
with n seeds. By repeated application of Lemma 3.7, we can eventually eliminate
all depth-two loops. Eliminating a single loop as described in the lemma may
not immediately reduce the number of depth-two loops as it could simultaneously
produce a new depth-two loop from a previous depth-three loop; however, the
procedure can be iterated as many times as needed.

After the necessary amount of persistence, we arrive at a diagram D’, equivalent
to D, which admits a plain sphere coloring sequence £, also with n seeds, such that
L’ contains no depth-two loops. Since D was chosen to be minimal with respect
to plain sphere number, then p(D’) = n. But this in fact implies that all loops
in £’ are innermost. By Lemma 3.2, all moves in the coloring sequence £’ are
Wirtinger moves. Therefore, n > w(D’). But we also have, by definition, that
w(D") = p(D') =n. g

Proof of Theorem 1.1. Let L be a link in S with p(L) = n. We wish to show
that (L) = n as well. Let D be a diagram realizing p(L). This implies that D
admits a plain sphere coloring sequence starting from n seeds. By Corollary 3.8,
there exists a diagram D’ of L that can be colored starting with n seeds and using
only Wirtinger moves. Therefore, n > w(D’) > w(L) > p(L) = n. It then follows
from [5] that (L) = w (L) =n. [l

4. Example and computations

4.1. Example. We compute the plain sphere number of a minimal diagram of the
knot K = 14n1527, shown in Figure 6. The bridge number of K is 3 and equals the
plain sphere number of the pictured diagram. The Wirtinger number of the diagram
is 4. We thank Nathan Dunfield for detecting this example and sharing it with us.

4.2. Computing the plain sphere number of diagrams. Let D be a link diagram
in S2, P(D) be the projection corresponding to D. Recall that a region of D is the
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Figure 6. A partially colored minimal diagram D of the knot K = 14n1527
with B8(K) = p(D) =3 and w(D) = 4. Seed strands are marked with dots.
Colored strands are purple. At this stage of the coloring sequence, only
Wirtinger moves have been performed, and no further Wirtinger moves are
possible. The dotted circle Lg represents a loop coloring move. (There are
several alternative loop coloring moves.) After coloring the black strand
intersecting Lg, the rest of the diagram can be colored by Wirtinger moves.

closure of a connected component of S?\ P (D). Note that the boundary of a region
is a cycle in P(D) where P(D) is viewed as a 4-valent graph. Let I'p denote the
dual graph to D.

Definition 4.1. Let L be an embedded loop in S? that is transverse to D and is
disjoint from neighborhoods of crossings of D. We say L is tight if for every region
R of D such that LN R # &, LNR is an arc properly embedded in R with endpoints
on distinct edges of P(D) in dR.

Note that every tight loop in S? is isotopic in S? to an embedded loop in I'p via
an isotopy that is transverse to the edges of P (D) and disjoint from the vertices
of P(D).

Lemma 4.2. Let D be a link diagram. There exists a minimal plain sphere coloring

sequence for D consisting entirely of tight loops.

Proof. Given a plain sphere coloring sequence £ for a diagram D, define

(L)= ) |[LND|.
Lel
Let £ be a minimal plain sphere coloring sequence such that the loops in £ are
disjointly embedded. Assume that £ minimizes t(£) over all such sequences. By
Definition 2.2, for every L; € £ and for every region R of D, if L; N R # &, then
L; N R is a collection of arcs.
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Suppose toward a contradiction that there exists L; € £ and a region R of D
such that L; N R consists of two or more arcs. If L; colors the strand s of D, by
definition, L; Ns is a single point. Let y; and y» be two distinct arcs of L; N R that
are contained in the boundary of the same component of R \ L;. Call the closure
of this component C. Let o be an arc properly embedded in C with one endpoint
in y; and one endpoint in y». Let N be a rectangular /-fibered neighborhood of
a in C such that N = B; U B, U d; U S, where B; is embedded in y; and 6 C C°.
Surger L; along « in the standard way by removing i and 8, and gluing in §; and
8. This results in two loops in S2, L} and L, both of which are transverse to D
and disjoint from neighborhoods of crossings in D. Both L and L have nontrivial
intersection with D, so

IL:ND|<|L;NnD| and [L/ND|<|L;ND|.

Exactly one of L] and L have nontrivial intersection with s, say L, does. All
other points of intersection of D with L and L are contained in colored strands.
Then £ = (Ly,...,L;_1, L;, Liy1,...,Ly) is a minimal plain sphere coloring
sequence with t(£’) < 7(£), a contradiction. O

Consequently, p(D) can be realized by a sequence of loops represented by
embedded cycles in I'p, an approach suggested by Nathan Dunfield. In particular,
computing p(D) for a fixed link diagram D is algorithmic. The forthcoming
version 3.3 of SnapPy [13] will include a feature computing p (D). A computation
performed using this feature shows that over 600 diagrams in the knot table through
16 crossings have plain sphere number strictly less than Wirtinger number (Nathan
Dunfield, private communication, 2025).

We conclude by pointing out that our plain spheres generalize the connected
sum spheres that appear in the study of the visual primeness of links; see [18; 12;
15]. Of course, not all relators in the group of a link are necessarily witnessed by
plain spheres in a given diagram D. This is readily seen to be the case even when
D is a diagram of the unknot. Since any finite set of meridians of a link can be
realized as Wirtinger meridians in some diagram, one can regard the meridional
rank conjecture as positing equality between the bridge number and a certain elusive
sphere number of links, allowing immersed spheres that more easily evade the eye.

5. Figures

Caught in tumbleweed, in perpetual slumber
They roll: round, squished, immersed, cucumber
Elusive, blistering, fierce

Faint! Diabolical! Spheres!

Does each breed breed the bridge number?



232 RYAN BLAIR, ALEXANDRA KJUCHUKOVA AND ELLA PFAFF

Acknowledgements

AK and EP are partially supported by NSF grant DMS 2204349. RB is partially
supported by NSF grant DMS 2424734. We are particularly grateful to Nathan
Dunfield for implementing a computation of the plain sphere number of a diagram in
SnapPy and comparing the performance of the plain sphere and Wirtinger numbers
on minimal diagrams through 16 crossings.

References

[1] S. Baader and A. Kjuchukova, “Symmetric quotients of knot groups and a filtration of the
Gordian graph”, Math. Proc. Cambridge Philos. Soc. 169:1 (2020), 141-148. MR

[2] S. Baader, R. Blair, and A. Kjuchukova, “Coxeter groups and meridional rank of links”, Math.
Ann. 379:3-4 (2021), 1533-1551. MR
[3] S. Baader, R. Blair, A. Kjuchukova, and F. Misev, “The bridge number of arborescent links with
many twigs”, Algebr. Geom. Topol. 23:1 (2023), 75-85. MR
[4] R. Blair, A. Kjuchukova, and M. Ozawa, “The incompatibility of crossing number and bridge
number for knot diagrams”, Discrete Math. 342:7 (2019), 1966-1978. MR
[5] R. Blair, A. Kjuchukova, R. Velazquez, and P. Villanueva, “Wirtinger systems of generators of
knot groups”, Comm. Anal. Geom. 28:2 (2020), 243-262. MR
[6] M. Boileau and H. Zieschang, “Nombre de ponts et générateurs méridiens des entrelacs de
Montesinos”, Comment. Math. Helv. 60:2 (1985), 270-279. MR
[7]1 M. Boileau and B. Zimmermann, “The 7 -orbifold group of a link”, Math. Z. 200:2 (1989),
187-208. MR
[8] M. Boileau, E. Dutra, Y. Jang, and R. Weidmann, “Meridional rank of knots whose exterior is a
graph manifold”, Topology Appl. 228 (2017), 458-485. MR
[9] G. Burde, “Links covering knots with two bridges”, Kobe J. Math. 5:2 (1988), 209-219. MR
[10] C. R. Cornwell, “Knot contact homology and representations of knot groups”, J. Topol. 7:4
(2014), 1221-1242. MR
[11] C. R. Cornwell and D. R. Hemminger, “Augmentation rank of satellites with braid pattern”,
Comm. Anal. Geom. 24:5 (2016), 939-967. MR
[12] P. R. Cromwell, “Positive braids are visually prime”, Proc. London Math. Soc. (3) 67:2 (1993),
384-424. MR
[13] M. Culler, N. M. Dunfield, M. Goerner, and J. R. Weeks, “SnapPy: a computer program for
studying the geometry and topology of 3-manifolds”, software, 2010-2025, available at http://
snappy.computop.org.
[14] E. Dutra, “Meridional rank of Whitehead doubles”, preprint, 2022. arXiv 2212.13081
[15] P. Feller, L. Lewark, and M. Orbegozo Rodriguez, “Homogeneous braids are visually prime”, J.
Topol. 18:3 (2025), art. id. €70040, 28 pp. MR
[16] J. Joseph and P. Pongtanapaisan, “Meridional rank and bridge number of knotted 2-spheres”,
Canad. J. Math. 77:1 (2025), 282-299. MR
[17] R. Kirby, “Problems in low-dimensional topology”, pp. 35-473 in Geometric topology (Athens,
GA, 1993), edited by R. Kirby, AMS/IP Stud. Adv. Math. 2.2, Amer. Math. Soc., 1997. MR
[18] W. Menasco, “Closed incompressible surfaces in alternating knot and link complements”,
Topology 23:1 (1984), 37-44. MR


https://doi.org/10.1017/s0305004119000136
https://doi.org/10.1017/s0305004119000136
http://msp.org/idx/mr/4120787
https://doi.org/10.1007/s00208-020-02124-z
http://msp.org/idx/mr/4238272
https://doi.org/10.2140/agt.2023.23.75
https://doi.org/10.2140/agt.2023.23.75
http://msp.org/idx/mr/4568000
https://doi.org/10.1016/j.disc.2019.03.013
https://doi.org/10.1016/j.disc.2019.03.013
http://msp.org/idx/mr/3937757
https://doi.org/10.4310/cag.2020.v28.n2.a2
https://doi.org/10.4310/cag.2020.v28.n2.a2
http://msp.org/idx/mr/4101339
https://doi.org/10.1007/BF02567413
https://doi.org/10.1007/BF02567413
http://msp.org/idx/mr/800006
https://doi.org/10.1007/BF01230281
http://msp.org/idx/mr/978294
https://doi.org/10.1016/j.topol.2017.06.008
https://doi.org/10.1016/j.topol.2017.06.008
http://msp.org/idx/mr/3679100
http://msp.org/idx/mr/990822
https://doi.org/10.1112/jtopol/jtu016
http://msp.org/idx/mr/3286902
https://doi.org/10.4310/CAG.2016.v24.n5.a2
http://msp.org/idx/mr/3622310
https://doi.org/10.1112/plms/s3-67.2.384
http://msp.org/idx/mr/1226607
http://snappy.computop.org
http://snappy.computop.org
http://msp.org/idx/arx/2212.13081
https://doi.org/10.1112/topo.70040
http://msp.org/idx/mr/4958088
https://doi.org/10.4153/S0008414X23000883
http://msp.org/idx/mr/4861737
http://msp.org/idx/mr/1470751
https://doi.org/10.1016/0040-9383(84)90023-5
http://msp.org/idx/mr/721450

THE PLAIN SPHERE NUMBER OF A LINK 233

[19] M. Rost and H. Zieschang, “Meridional generators and plat presentations of torus links”, J.
London Math. Soc. (2) 35:3 (1987), 551-562. MR

[20] J. Schultens, “Additivity of bridge numbers of knots”, Math. Proc. Cambridge Philos. Soc. 135:3
(2003), 539-544. MR

Received June 24, 2025. Revised February 20, 2026.

RYAN BLAIR

DEPARTMENT OF MATHEMATICS
CALIFORNIA STATE UNIVERSITY
LONG BEACH, CA

UNITED STATES

ryan.blair@csulb.edu

ALEXANDRA KJUCHUKOVA
UNIVERSITY OF NOTRE DAME
NOTRE DAME, IN 46556
UNITED STATES

akjuchuk@nd.edu

ELLA PFAFF

UNIVERSITY OF NOTRE DAME
NOTRE DAME, IN 46556
UNITED STATES

epfaff@nd.edu


https://doi.org/10.1112/jlms/s2-35.3.551
http://msp.org/idx/mr/889376
https://doi.org/10.1017/S0305004103006832
http://msp.org/idx/mr/2018265
mailto:ryan.blair@csulb.edu
mailto:akjuchuk@nd.edu
mailto:epfaff@nd.edu




PACIFIC JOURNAL OF MATHEMATICS
Vol. 342, No. 2, 2026

https://doi.org/10.2140/pjm.2026.342.235

ON THE TEST PROPERTIES OF THE FROBENIUS
ENDOMORPHISM

OLGUR CELIKBAS, ARASH SADEGHI AND YONGWEI YAO

We prove two theorems concerning the test properties of the Frobenius
endomorphism over commutative Noetherian local rings of prime charac-
teristic p. Our first theorem generalizes a result of Funk and Marley on the
vanishing of Ext and Tor modules, while our second theorem generalizes one
of our previous results on maximal Cohen—Macaulay tensor products. In
these earlier results, we replace ° R with a more general module ° M, where
R is a Cohen—-Macaulay ring, M is a Cohen—Macaulay R-module with full
support, and ° M is the module viewed as an R-module via the e-th iteration
of the Frobenius endomorphism. We also provide examples and present
applications of our results, yielding new characterizations of the regularity
of local rings.

1. Introduction

Throughout the paper, all rings are assumed to be commutative and Noetherian. By
(R, m, k), we mean R is a local ring with a unique maximal ideal m and residue
field k.

Let R be a ring of prime characteristic p, F : R — R be the Frobenius endomor-
phism, and let M be an R-module. Each iteration F¢ of F defines a new R-module
structure on M, denoted by ‘M, whose scalar multiplication is given as follows: For
r € R and x € °M, we have that r - x = P x. We say that R is F-finite if, for some
e > 1 (or equivalently, for all e > 1), the module “R is finitely generated over R; see,
for example, [24]. We denote by F(—) the scalar extension along the e-th iteration
F§:R— Rof F. Thus,if Y, n; ®s; € F(M), where F(M) =M Qg R, n; € M
and r; € R, then r - (Y., n; @ s;) = Y_; n; ® (rs;), with rs; being the product of
r and s; in R. Note that Fp(M) is the S-module M ®p S obtained via the base
change F¢: R - S=R.

The module structure of ‘R (as an R-module) contains important information
about the homological properties of the ring R. For example, a remarkable result
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of Kunz [17] shows that R is regular if and only if ‘R is a flat R-module for some
(or equivalently, for all) e > 1; see also [4] and [25] for extensions of this result.
Motivated by Kunz’s result, the test properties of the Frobenius endomorphism have
been extensively studied.

If N is a finitely generated R-module, it follows from the work of Herzog [12]
and Peskine and Szpiro [23; 24] that pd; (N) < oo if and only if TorlR ‘R,N)=0
for infinitely many e and for all i >> 1. Avramov and Miller [3] showed that, if R
is a complete intersection, the vanishing of a single Tor® (°R, N) for some e > 1
and n > 1 suffices to conclude that pdz(/N) < co. Koh and Lee [16] developed
ideas rooted in techniques of Burch [7], Herzog [12], and Hochster [13], and
showed that R detects the finiteness of N even when finitely many Tor modules
vanish. Specifically, Koh and Lee proved that, given integers e > 0 and ¢ > 1,
if Torl-R(eR, N)=0fori=t,...,t+depth(R), then pdz(N) < oo. They further
showed that in the case where R is Cohen—Macaulay, the number of vanishing Tor
modules can be reduced by one. We refer the reader to the expository work [21] of
Miller for further details.

In this paper, we focus on the following result of Funk and Marley [11; 10], which
examines the vanishing of TorlR (°R, N) for the case where R is Cohen—-Macaulay
and N is possibly an infinitely generated R-module.

1.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R, m, k) be a d-dimensional Cohen—
Macaulay local ring of prime characteristic p, with d > 1, and let N be an R-module.
Given integers e > 0 and ¢ > 1, the following hold:

@) IfToriR(eR, N)=O0foralli =1t,...,t+d—1, then fdg(N) <d.

(i) If R is F-finite and Ext"R(eR, N)=O0foralli=t,...,t+d—1,thenidg(N) <d.

One of the main goals of this paper is to generalize the result of Funk and Marley
stated in 1.1. In fact, we prove more and establish the following theorem:

Theorem 1.2. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppr(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Given integerst > 1
and e > 0, we have the following:

() If Tor®(“‘M, N) =0 foralli =t,...,t+d — 1, then fdg(N) < d.
(i) If R is F-finite and Exty(‘M,N) = O for all i =t,...,t +d — 1, then
idp(N) <d.
(ii1) If N is finitely generated and EXtiR (N,M) =0 foralli =t,...,t+d—1,
then pdp(N) <t —1.
Parts (i) and (ii) of Theorem 1.2 recover the Funk—Marley result for the case
where M = R. Note that, in each part of Theorem 1.2, only d consecutive vanishings
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of Ext or Tor modules are needed to conclude the homological property the module
of N.

We first record several preliminary results in Section 2 and then prove the first two
parts of Theorem 1.2 as Theorem 3.2 in Section 3. The third part of Theorem 1.2 is
established as Theorem 4.3 in Section 4. Additionally, in Example 3.4, we show
that the conclusion of Theorem 1.2 may fail if the ring R in question has zero depth.

Li [18] proved that, if (R, m, k) is a Cohen—Macaulay local ring, N is a finitely
generated R-module with rank, and Fg(N) is maximal Cohen—Macaulay for some
e > 0, then N is free. In [8], the authors of the present paper replaced the rank
hypothesis on N with the weaker assumption that N is generically free, and proved
the following result:

1.3 (Celikbas, Sadeghi, Yao [8, 1.3]). Let (R, m, k) be a Cohen—Macaulay local
ring of prime characteristic p, and let M and N be finitely generated R-modules.

Assume N is generically free, that is, N, is free over R, for all p € Ass(R). If
Fg(N) is maximal Cohen—Macaulay for some e > 0, then N is free.

In Section 4, as a byproduct of Theorem 1.2(iii), we generalize 1.3 and prove the
following result; see Corollary 4.5. Note that F(N) ®g M is the S-module (N ®g
S) ®s M, where R — S = R is the e-th iteration of the Frobenius endomorphism.

Theorem 1.4. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold.:
(1) M is Cohen—Macaulay and Suppp (M) = Spec(R).
(ii) N is generically free, that is, Ny is a free Ry,-module for all p € Ass(R).
If FR(N) ® g M is maximal Cohen—Macaulay for some e >> 0, then N is free.
Examples 4.8 and 4.9 showcase the necessity of the hypotheses Supp, (M) =

Spec(R) and N is generically free in Theorem 1.4. An immediate consequence of
Theorem 1.4 over one-dimensional rings can be stated as follows:

Corollary 1.5. Let (R, m, k) be a one-dimensional reduced local ring of prime
characteristic p and let 0 # I be an ideal of R. If F{(N) ®g I is torsion-free for
some finitely generated R-module N and e > 0, then N is free.

Theorem 1.2(iii), in addition to Theorem 1.4, has other applications, namely
Corollaries 4.4, 4.6, and 4.7. Moreover, in Corollary 4.10, we obtain new character-
izations of the regularity in terms of the vanishing of Ext and Tor.

2. Preliminaries

In this section, we record several preliminary results and observations that are
necessary for our arguments in the subsequent sections. For the main results of this
paper, one can skip this section and proceed to Sections 3 and 4.
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2.1. Let (R, m, k) be a local ring and let M be an R-module.

(i) We set MY = Homg (M, Eg(k)), where Eg(k) is the injective hull of k. Note
that Homg (—, Eg(k)) is a faithful exact functor.

(ii) Assume that M is finitely generated over R. Given n > 1, we denote by Q% M
the n-th syzygy of M, namely, the image of the n-th differential map in a
minimal free resolution of M. By convention, Q%M =M.

(iii) If M # 0 is finitely generated over R and dimg (M) = ¢, we define the Hilbert—
Samuel multiplicity of M as

length o (M /m" M
er(M) = 1! lim ——2 r(M/m ),
n—

00 nt
which is a positive integer; see, for example, [20, p. 107].
2.2. Let (R, m, k) be a local ring and let N and X be R-modules.

(1) Assume Socg(X) §Z mX and let x € Socg(X) —mX. This implies that Rx =k
and the nonzero map Rx <— X — X/mX, x — x, splits. Therefore, Rx — X
splits and thus k is a direct summand of X as an R-module.

(2) Assume R has prime characteristic p and X = °M for some R-module 0 # M
and e > 0.

(a) If Socg(X) € mX, that is, ‘(0 :p mlPl ¢ “mlP1p1), then part (1) shows
that k is a direct summand of M as an R-module.

(b) Assume M is finitely generated over R with depth, (M) =0. For all e >0,
we have 0 :y mlPT) = Socg (‘M) 2 (Socg(M)) ¢ (mlPIM). Hence,
part (i) shows that k is a direct summand of ‘M for every e > 0.

(c) Assume (R, m, k) is Artinian. Then “(0:y; m{?1) Z {mlP"131) for all e > 0.
By part (i), k is a direct summand of “M for all e > 0. Thus, given i > 1,
if Ext'k (°M, N) = 0 for some e > 0, then ExtiR (k, N) =0 and hence N is
injective; see [6, 3.1.12] and also [9, 2.0.10].

2.3. Let (R, m, k) be a local ring of prime characteristic p. There exists a local
flat ring homomorphism (R, m, k) — (S, n, £) such that S is F-finite, m$S = n and
|£] = o0; hence S is faithfully flat over R, dim(S) =dim(R) and e(R) =e(S); it also
follows that R is Cohen—Macaulay (respectively, regular) if and only if S is Cohen—
Macaulay (respectively, regular). (For example, with R= kllx1, ..., xu1/1, we can
pick § = kl[xi, ..., xm]]/I%[[x], ..., X ]l, where k is the algebraic closure of k.) In
the case where S is such an extension of R and M is a finitely generated R-module,
it follows that M is a Cohen—Macaulay R-module with Supp (M) = Spec(R) if and
only if M ®g S is a Cohen—Macaulay S-module with Supps(M ®gr §) = Spec(S);
also, M is free over R if and only if M Qg S is free over S.
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2.4. Let (R, m, k) be a local ring of prime characteristic p and let M # 0 be a
finitely generated R-module. We set:

crs, (M) = min{e > 0 | (0 :37/eyp M7y ¢ ml? V(M /(x) M)
for an M-regular sequence x},

drs,(M) =min{e > 0| mlPIp < (x)M for a system of parameters x on M}.
It seems unknown whether or not sup{crs,(My) | p € Suppy (M)} is finite in general.

2.5. Let (R, m, k) be a local ring of prime characteristic p and let M # 0 be a
finitely generated Cohen—Macaulay R-module. It follows that crs, (M) < drs, (M).
If |k| = oo, then drs,(M) < flogp er(M)]; see, for example, [8, 2.4]. Therefore,
we have

max{flogp er(M)]1, crsp(M)},

sup { crs,(My) | p € Suppg(M)} < :flogp er(M) if |k| = oo,

max{[log, er(M)1, drs,(M)},

sup { drs,(My) | p € Suppg(M)} < {Hog,, er(M)] if [k] = oc.

2.6. Let R — S be a ring homomorphism, M be an S-module, and let X be an
R-module.

(1) Homgz (M, X) has an S-module structure defined as follows: For s € S and
o € Homg (M, X), we set s - € Homzp (M, X) as (s -a)(m) = a(sm) for all
meM.

(i) Homg (X, M) has an S-module structure defined as follows: For s € S and
o € Homg (X, M), we set s - € Homg(X, M) as (s -a)(n) = sa(x) for all
x € X.

(iii)) M ®g X has an S-module structure as follows: For s € S and Y 'm; ® x; €
M ®pr X, withm; € M and x; € X, we define i

s - (th ®xi) =) (sm)Q@xie M Qr X.
i i
The following observation is used in several proofs in the sequel. Note that, over
a Noetherian ring, every finitely generated module is finitely presented.

2.7. Let f : R — S be a ring homomorphism, A be an R-module, and let B be an
S-module. Assume E is an injective S-module. Given n > 0, the following hold:

@) HomS(Torf(A, B), E) = Ext (A, Homg(B, E)); see [26, 10.63].

(ii) If A is finitely presented over R, then

Homg(Extly (A, B), E) = TorX (A, Homg(B, E)).
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(iii) If (R, m, k) is local, R = §, and f =id, then parts (i) and (ii) imply that
de(B) :idR(BV) and ldR(B) :de(Bv).

2.8 (Auslander—Buchsbaum [2]). Let (R, m, k) be a d-dimensional local ring and
let N be an R-module. If idg(N) < oo, then idg (V) < d. Thus, if fdx(N) < oo,
then fdz (V) < d; see 2.7(iii).

The next observation is used in the proofs of Lemma 3.8 and Proposition 3.11.
2.9. Let (R, m, k) be a d-dimensional local ring and let N be an R-module. Con-
sider a minimal injective resolution of N:

h h hy, hy
) () PRy LNy S NNy (N L N

where

'= @ ErR/p®®N) and  wj(p, N) = ranky,) (EXt{g (k(p), N))
peSpec(R) P

for j >0. Here, u;(p, N) is not necessarily finite. Note that Homg, (k(p), (h;)p) =0
for j > 0. If q € Spec(R) and we localize I at q, then the resulting I; is a minimal
injective resolution of Ny over Ry and I] = Dy Er(R/p)®H %N for all j > 0;
see, for example, [5] and [15, 3.15 and Appendix 20-24].

Assume idg, (Np) < 00 for all p € Spec(R) — {m}. Then idR‘D (Np) < dim(Ryp) <
d — 1 for all p € Spec(R) — {m}; see 2.8. This implies that I’ = E(k)®*™N) for
all i > d. Consequently, I has the form

I= (0— ) AN {1 NN ER(k)eBud(m,N) ﬂ ER(k)EB//«d+|(m,N) — ).
2.10. Let (R, m, k) be a local ring, I be an ideal of R such that VI =.Anng (M),

M be a finitely generated R-module, and let N be an R-module. Then:

(1) Homg(M, N) = 0 <= gradey(I, N) > 1 <= Homg(R/I, N) = 0O; see
[6, 1.2.3 or 1.2.10(e)].

(i1) It follows from part (i) and 2.7(i) that

M ®r N =0+ Homg(M, NY) =0 < Homg(R/I,NY) =0
<= (R/I®QrN)" ' =0<= R/IQ N=0<> N =1IN.

(iii) If Suppr (M) = Spec(R) (or equivalently, I = 0), it follows from parts (i) and
(ii) that

Homzr(M,N)=0<= M Q@ N =0<= N =0.

(iv) Assg (Hompg (M, N)) = Suppr(M) N Assg(N); see, for example, [6, 1.2.28].
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Remark 2.11. Assume /, M, and N are as in 2.10, but R is (Noetherian as always)
not necessarily local. Then the implications considered in 2.10 still hold since they
can all be verified locally. More precisely, it follows that

Homg(M, N) =0<= Homg(R/I,N)=0 and M QrN=0<= N=1IN.

In particular, if Suppy (M) = Spec(R), we have
Homg(M,N) =0 N=0< M Q@ N =0.

These implications establish the fact Assg (Homg (M, N)) =Suppr (M)NAssg(N),

namely the equality stated in 2.10(iv), still holds.

2.12. Let (R, m, k) be a local ring and let M be a finitely generated R-module.

. .. . )
Consider a minimal free representation P 2 Py—> M — 0. The transpose Trg M

of M is defined as the cokernel of the R-dual map 9] = Homg (91, R). We refer
the reader to [1] for the details of the following:

(i) There is an exact sequence of R-modules 0 — M* — P — P/"— Trg M — 0.
(i) It follows that, up to isomorphism, Trg M is uniquely determined.
(iii) It follows that Trg(Trg M) = M.
(iv) M is free if and only if Trg M is free.
The following result from [8] is necessary for our proof of Theorem 1.4.

2.13[8, 2.2]. Let (R, m, k) be a local ring and let M and N be finitely generated
R-modules. Assume n > 1 is an integer. Assume further the following conditions
hold:

(i) Ny is free for all p € Spec(R) — {m}.
(ii) depthr(M ®g N) = n.
(iii) depthp(M) >n—1.
Then Exty(Trg N, M) =0foralli =1,...,n.

3. A generalization of a result of Funk and Marley

The main results of this section are captured in Theorem 3.2 below, stated earlier as
parts (i) and (ii) of Theorem 1.2. They generalize this result already quoted in 1.1:

3.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R, m, k) be a d-dimensional Cohen—
Macaulay local ring of prime characteristic p, withd > 1, and let N be an R-module.
Given integers ¢ > 1 and e > 0, the following hold:

@) IfToriR(eR, N)=O0foralli =1,...,t4+d—1, then fdg(N) < d.
(i) If R is F-finite and Ext’IR(eR, N)=0foralli=¢,...,t+d—1,thenidgr(N) <d.
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The original statement of 3.1 in [11] includes the case where d = 0; in fact this
case follows from the techniques of Koh and Lee used in the proof of [16, 2.6]; see
also [11, 2.8] and [21, 2.2.8]. Note also that [11, 3.1 and 3.2], namely 3.1, is stated
in terms of complexes of R-modules, but its proof naturally reduces to the case
of modules. For this reason, we consider only modules when generalizing 3.1 in
Theorems 3.2 and 4.3, which can also be extended to the complex case in a similar
manner, as explained in the proof of [11, 3.1].

Theorem 3.2. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e > 0,
the following hold:

@) IfTorlR(eM, N)=O0foralli=t,...,t+d—1, thenfdg(N) <d.
(i1) IfRisF-ﬁniteandExt"R(eM, N)=0foralli=t,...,t+d—1,thenidg(N) <d.

Remark 3.3. Let R be a ring of prime characteristic p, M be a finitely generated
R-module such that Supp, (M) = Spec(R), and let N be an R-module. Let e > 0.

(i) Assume R is F-finite. Then Homz (M, N) =0 = N = 0; see 2.10(iii).

(ii) Without the F-finite assumption, we have ‘M ® N =0 = N = 0, as locally
this reduces to the F-finite case and then follows from 2.10(ii1).

Thus, Theorem 3.2 still holds when ¢ = 0. This relies on Suppg(°M) = Spec(R)
and does not depend on the choice of e or M being Cohen—Macaulay.

Theorem 3.2 generalizes 3.1 in the case where depth(R) > 1. For a general-
ization of 3.1 in the case where depth(R) = O (that is, the d = 0 case of 3.1), see
Proposition 3.10. Before presenting our proof of Theorem 3.2 at the end of the
section, we would like to discuss the sharpness of the result and list some corollaries
of the theorem. We will also prove Propositions 3.10 and 3.11, which the proof of
Theorem 3.2 relies on.

The following example shows that the positive depth assumption on the ring is
necessary for Theorem 3.2.

Example 3.4. Let R=TF,[[x, y1l/(x2, xy) and let M = R/(x). Then R is an F-finite
ring with depth(R) = 0 and dim(R) = 1, and M is a Cohen—Macaulay R-module
such that Supp (M) = Spec(R). Moreover, ‘M = M®?* for all e > 0.

Let N = R/(y). Then Torf (M, N) = 0 so that Torf (M, , N) = 0 for all e > 0.
If pdr (N) < o0, then N is free since depth(R) =0. Hence pd(N) =fdgr(N) = oc.
This shows that the positive depth assumption is needed for Theorem 3.2(i).

Next let N = M. Then Ext}e(M, N) =0 so that Ext}e(eM, M) =0forall e > 0.
If idp(N) < oo, then idg(N) = depth(R) = 0, that is, N is injective. Hence,
idgr(N) = oo (one can also conclude that idg(N) = oo since R is not Cohen—
Macaulay). Thus the positive depth assumption is needed for Theorem 3.2(ii).
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We give several corollaries of Theorem 3.2. The next corollary covers the
particular case where S = R, the m-adic completion of (R, m).

Corollary 3.5. Let f : (R, m, k) — (S, n, £) be a flat local ring homomorphism,
where R is a d-dimensional local ring of prime characteristic p and mS =n, M be
a finitely generated Cohen—Macaulay R-module such that Suppp (M) = Spec(R),
and let N be a finitely generated S-module. Assume depth(R) > 1. Givent > 1 and
e>0, ifTorl.R(eM, N)=0foralli=t,...,t+d—1,then pdg(N) <d.

Proof. Observe Torl.R k,N)= ToriS (¢, N) for all i > 0. By Theorem 3.2, we have
that fdg (N) < d. Set r = fdg(N). It follows that Tor] (k, N) # 0 = TorX, | (k, N).
Therefore, pdg¢(N) =r < d. O

Corollary 3.6. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e >0,
ifExt’k(eM, NY)=0foralli=t,...,t+d—1,thenidgr(N") <d.

Proof. The vanishing of ExtiR (M, NY) yields the vanishing of Torl-R (‘M, N); see
2.7(1). Thus idg(N") = fdg(N) < d by Theorem 3.2(i) and 2.7(iii). O
Corollary 3.7. Let (R, m, k) be a d-dimensional local ring of prime characteristic
P, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =

Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e >0,
assume at least one of the following conditions holds:

(i) Exty(N, (‘M)Y) =0 foralli=t,...,t+d —1.
(i) Exto(N,{MY)) =0 foralli=t,...,t+d— 1.
Then fdp(N) < d.
Proof. The vanishing of Ext"R (N, (“M)Y) yields the vanishing of Torl.R (N, °M); see
2.7(1). Thus, case (i) follows from Theorem 3.2(i).

Similarly, the vanishing of EXtiR (N, A(M")) yields the vanishing of Tor{e (N, ‘M)
by 2.7(i), where R — § is the Frobenius F¢ with (S,n,¢) = (R, m, k), A= N
over R, B= M over S, and E = Eg({) is the injective hull of £ over S. Therefore,
case (ii) also follows from Theorem 3.2(i). O

Next, we prepare some auxiliary results for the proof of Theorem 3.2. To begin
with, we present Lemma 3.8 and Corollary 3.9 which are akin to [11, 4.5 and 4.6].

Lemma 3.8. Let (R, m, k) be a d-dimensional F-finite local ring of prime char-
acteristic p, M be a finitely generated R-module such that Suppp (M) = Spec(R),
and let N be an R-module. Set § = max{deptth (My) | p € Spec(R)} and let t > 1
be an integer. If

sup{e | Exty(‘M, N) =0 foralli =t,...,t+38} > supfcrs,(M,) | p € Spec(R)},
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then idg(N) < min{d, t + § — 1}. Therefore, ifExt"R(eM, N)=0foralli =
t,...,t+ 6 and for infinitely many e, then idg (N) < min{d, t + 6 — 1}.

Proof. By 2.8, it suffices to show idg (N) <+ 8 — 1, and we proceed by induction
on d. The case where d = 0 follows from 2.2(2)(ii1). Hence, we assume d > 1.

As R is F-finite, “M is a finitely presented R-module. Thus, for all p € Spec(R),
we have the isomorphisms

Exthy (‘M, N), = ExtiRp (‘My, Ny).

So, for all p € Spec(R) — {m}, the induction hypothesis dictates idg, (Np) < + 6.
By 2.9, N has a minimal injective resolution of the form

I= 01> > "M 5 Ep()®H — Eg(k)®Hst — ..,

in which p; = u;(m, N) fori >t + 6. Set depth, (M) = v. By assumption, there
exists e > crs, (M) such that Ext"R(eM, N)=0Ofori=t+8—wv,...,t+4. Since
e > crs, (M), 2.4 yields a maximal M-regular sequence x = {x, ..., x,} such that

(0:m/0om mPY) & ml? N (M/x)M).

Thus, k is a direct summand of (M/(x)M); see 2.2. As x; is M-regular, there
is a short exact sequence 0 — ‘M — ‘M — (M /x;M) — 0. This, together with
Ext’k (eM, N) =0fori=t+8—v,...,t+38, implies that

Exty((M/x1M), N)=0 forall i=t+8—v+1,...,t+8.

As x = {x1, ..., x,} is M-regular, inductively we get Ext/;" (‘\M/(x)M), N) =0.
Therefore, EX'[Z,QL‘S (k, N) = 0 since k is a direct summand of (M /(x)M). In view
of 2.9, we deduce

[r+s = rankg (Exty™ (k, N)) = 0.
Therefore, 1'% = Ex(k)®*+ = 0, which concludes that idg(N) <7+ —1. O

Corollary 3.9. Let (R, m, k) be a d-dimensional local ring of prime characteris-
tic p, M be a finitely generated R-module such that Supp (M) = Spec(R), and let
N be an R-module. Let S be a ring extension of R as in 2.3. Set

8 = max{depthg (M ®x Sp) | p € Spec(S)}
and lett > 1 be an integer. If
sup{e | Tor] (‘M,N) =0 foralli =t,...,t+8} > supfcrs,(M®S,) | p € Spec(S)},

then fdg (N) < d. In particular, if ToriR(eM, N)=0foralli =t,...,t+ 5 and for
infinitely many e, then fdg(N) < d.
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Proof. Tt suffices to show fds(N ®g S) < dim(S). Thus, given the assumption, we
may assume that R = § is already F-finite. By 2.7(i), the vanishing of TorlR ‘M, N)
yields vanishing of Ext‘k (M, NY). Now the claim follows from Lemma 3.8;
see 2.7(iii). O

As an application of Lemma 3.8 and Corollary 3.9, we obtain the following
proposition that generalizes a result of Takahashi and Yoshino [27, 5.3].

Proposition 3.10. Let (R, m, k) be a d-dimensional local ring of prime char-
acteristic p, M be a finitely generated Cohen—Macaulay R-module such that
Suppr(M) = Spec(R), and let N be an R-module. Then, givent > 1 and e > 0,
the following hold.:
() If TorX (‘M,N)=0foralli =t,...,t+d, then f{dgp(N) < d.

(1) If R is F-finite andEXt’k(eM, N)=0foralli=t,...,t+d, thenidg(N) < d.
Proof. For (i), we may assume that R is F-finite with |k| = 0o; see 2.3. In this case,
we have sup{crs, (M) | p € Spec(R)} < flogp er(M)] < oo. The rest follows from

Corollary 3.9.
For (ii), without the assumption that |k| = co, we have

sup{crs, (M) | p € Spec(R)} < max{[log, er(M)], crs, (M)} < oo.
The rest follows from Lemma 3.8. O

Our proof of Proposition 3.11 is inspired by some of the techniques employed by
Funk and Marley in the proof of [11, 3.2]. To distinguish various module structures
in the proof, we present 3.11 in the context of a general ring homomorphism
f 1 R — S. Subsequently, in the proof of Theorem 3.2, we apply Proposition 3.11
to F¢: R — R, the iterated Frobenius endomorphism. Recall that, over a local ring
(R, m, k), we set (—)¥ =Homg (—, Eg(k)).

Proposition 3.11. Let f: (R, m, k) — (S, n, £) be a module-finite local homomor-
phism of local rings, with d = dim(R) > 1, M be an S-module, and let N be an
R-module. Assume the following:

@) EXtiR(M, N)=O0foralli=t,...,t+d— 1 for somet > 1.

(i1) M is a finitely generated S-module such that Supp z (M) = Spec(R).
(iii) There exists x = {x1, ..., xq} € nsuch that x is M-regular and mM C (x)M.
(iv) idg,(Ny) < oo for all p € Spec(R) — {m}.

(v) fdg, ((NY)y) < 00 for all p € Ass(R).
Thenidg(N) < d.
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Proof. As idg,(Ny) < oo for each p € Spec(R) — {m}, 2.9 dictates that N has a
minimal injective resolution of the form

= (01" o [ L By @) s I B () BNy,

We apply Homg (M, —) to I and use our assumption (i) to obtain an exact sequence

(G.1.1) My 25 B Mg B Mg 2 M S ¢ — 0,

where M; = Homg(M, I'), gi = Homg(M, h;) and C = coker(g;+4). Note that
each M; is an S-module; see 2.6(i). Hence, C is an S-module as well.

Claim 1. The induced sequence M, 4| RITN M; g4 LN C — 0, in which

M; =Homg(M/(x)M, I'), grq=Homg(M/(x)M, hi\q)
and C = Homg(S/(x), C) is exact.

Proof. Since I' is injective over R and x; is regular on M, an application of
Homg(—, I') to the exact sequence 0 — M I M— M /x1 M — 0 induces a short
exact sequence

(A7) 0 «— M; <~ M; «— Homg(M/xM, I') «— 0.

We combine the short exact sequences (A;), foralli =¢—1,...,¢+d, with the
exact sequence (3.11.1), and obtain the exact sequence of S-modules

Homg(M/x M, 1') — -+ — Homg(M/x M, I'*?) — Homg(S/x; S, C) — 0.

Inductively, as x = {x|, ..., x4} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (3.11.1), as claimed:

Hompg(M/(x)M, It~y 554 Home (M /(x)M, I'*?) 25 Homg(S/(x)S, C) — 0.

Claim 2. ker(p) =

Proof. The assumption mM C (x) M says that, as an R-module, M /(x)M is a direct
sum of copies of k. Since I is a minimal injective resolution of N, we see that

8r+a =Homg(M/(x)M, hyyqa) =0

In view of the exact sequence in Claim 1, we get ker(p) = 0. Moreover, p can be
identified as Homg(S/(x), p) up to the natural isomorphism Homg(S/(x), M;) =
Hompg (M /(x)M, I'). Hence (0 ker(p) (X)) =ker(p) = 0. Given that M is finitely
generated over R, we have

Assg(ker(p)) € Assg(M;1q) € Assg(Eg(k)®Har™N)y c (),
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Thus Assg(ker(p)) C {n}, as n is the only prime ideal of S lying over m. So, if
ker(p) # 0, then n € Assg(ker(p)) and hence 0 # (0 :ker(p) 1) € (0 tker(p) (X)),
which contradicts the conclusion (0 :yer(p) (X)) = 0 above. This completes the proof
of the claim.

Now that we know ker(p) = 0, the exact sequence (3.11.1) forces g;+4 = 0,
which gives rise to an exact sequence

Homg(M, I'T42) 22 Homg(M, I'M41y —— 0.

Since M is finitely presented over R, we apply (—)" to the exact sequence above
and obtain the following exact sequence in light of 2.7(ii):

1®hY,,
(3.11.2) Mg (I « L Mg (I'M7HY «——o.
Next, let us return to the injective resolution I of N. Consider the exact sequence
0— N — [0 o prd=2 Jusict a1 00y

where D is the cokernel of the map /,44—1. Applying (—)" to the exact sequence
above, we get an exact sequence

(3.11.3) 0« NY «— (1" «— . «— (I"T72)V Lot 1+ L pv g
with each (I/)V flat over R; see 2.7(iii). It follows that
Assg(DY) C Assg((I'T4™1HY) C Ass(R).
Claim 3. (DY), =0 for all p € Ass(R).
Proof. Fix any p € Ass(R). From assumption (v) and 2.8, we see that
fdg, (NY)p) < dim(Ry) < d.

Thus, (3.11.3) localized at p gives rise to a flat resolution of N, over Ry, which can
be used to compute Torfp (—, (NY)p). By 2.7(ii), we have

R ~ _
Tor, !, (Mp, (NY)y) = (Torf 4 (M, N¥)), = (Extiy "' (M, N)¥), = 0.

Moreover, we have TortRjd(Mp, (N")p) =0 since ¢ +d > fdg,((N")p). Next, we
apply My ®g, — to (3.11.3) localized at p. The vanishing of Torl.RP (M, (NV),), for
i=t+d—1andi =t+d, forces the exact sequence

- 1&0 4 1) _ 19(6")
Mp®g, (I'M72)Y), T My®g, (1Y) L My@p, (DY) <—0.
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Comparing this with (3.11.2) localized at p, we see My ®g, (DY), = 0. Hence
(DY), =0 since SuppRP (My) = Spec(Ry); see 2.10. This completes the proof of
the claim. O

Overall, we have Assg(D") € Ass(R) and (DY), = 0 for all p € Ass(R). This
forces DY =0, which implies D = 0. Therefore, idg(N) <t +d, so idgr(N) < d
by 2.8. O

We are now ready to prove Theorem 3.2, a consequence of Propositions 3.10
and 3.11. Recall that F : R — R denotes the Frobenius endomorphism.

Proof of Theorem 3.2. It suffices to prove part (i) for the case where R is F-finite
with |k| = oo; see 2.3. Thus, we can obtain part (i) from part (ii) via duality;
see 2.7(iii).

To prove part (ii), note that “M is a finitely generated (and hence a finitely
presented) R-module with Suppg(°M) = Suppg(M) = Spec(R). Since e is suffi-
ciently large, there exists an M-regular sequence x = {xy, ..., x4} € m such that
m(‘M) C ((x)M); see 2.4. In light of 2.7(ii), the vanishing of Ext’,(‘M, N) implies
the vanishing of Tor{e ‘M, NY)foralli=t,...,t+d—1. Therefore, idRp (Np) <00
and dep((NV)p) < oo for all p € Spec(R) — {m}; see Proposition 3.10. Note that
Ass(R) € Spec(R) — {m} since depth(R) > 1. Now we apply Proposition 3.11,
with R = S and f = F*°, and deduce that idg(N) < d. U

Remark 3.12. We conclude this section by pointing out some lower bounds for the
integer e that ensure the validity of the proofs of certain previously stated results.

(a) Itis enough to assume e > [log »CR (M)] in part (i) of both Theorem 3.2 and
Proposition 3.10.

(b) When |k| = oo, it is enough to assume e > [log, er(M)] in part (ii) of both
Theorem 3.2 and Proposition 3.10. When |k| < oo, it is enough to assume
e > max{flogp er(M)], drsp(M)} in Theorem 3.2. When |k| < o0, it is
enough to assume e > max { flogl7 er(M)1, crs, (M)} in Proposition 3.10.

(c) Itis enough to assume e > rlogp er(M)] in Corollaries 3.5, 3.6, and 3.7.

Itis provedin [14, 2.17] that, if R is an excellent ring and M is a finitely generated
R-module, then the set sup {eRm (My) :me MaX(R)} is finite; see [14, 2.17]. We
use this fact and state a global version of Theorem 3.2.

Theorem 3.13. Let R be a d-dimensional ring of prime characteristic p, withd > 1,
M be a finitely generated Cohen—Macaulay R-module such that Suppgr(M) =
Spec(R), and let N be an R-module. Assume depth (Ry,) > min {1, dim (Ry,) }for
each maximal ideal m of R.
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(1) Assume R is excellent, s = sup {eRm (My) :me Max(R)}, and let e be an
integer such that e > |—10gp sl. Givent > 1, if ToriR(eM, N) = 0 for all
i=t,...,t+d—1,thenfdr(N) <d.

(ii) Assume R is F-finite and the residue field of Ry, is infinite for each maximal
ideal m of R. Let e be an integer such that

e > sup { Mog, er, (Mu)]1, drs,(My) : m € Max(R)} .
Givent > 1, ifEthk(eM, N)=0foralli=t,...,t+d—1, thenidg(N) < d.
Proof. Note that s < oo due to [14, 2.17]. In proving the first part, we have that
Tor’™ ‘M, Nm) =0 foralli=t,...,t4+d—1.

If dim(Ry,) =0, then the residue field of Ry, is a direct summand of “M,,, and hence
fdg,, (Nm) < dim(Ry) < d; see 2.2(2)(1). On the other hand, if dim(Ry,) > 1, then
part (i) of Theorem 3.2 yields fdg  (Nm) < d; see Remark 3.12(a). This implies that
fdgr(N) < d as flat dimension can be computed locally. We can prove the second
part similarly since sup { rlogp €R,, (Mp)]1, drs,(My) :m € MaX(R)} is finite under
our setting; see Remark 3.12(a). U

4. On the homological properties of the Frobenius endomorphism

The aim of this section is to prove Theorem 1.2(iii) and to establish Theorem 1.4.
Let us point out that Theorem 1.4 generalizes [8, 1.3]; see 1.3.

The layout of this section is as follows: We begin by preparing some auxiliary
results. Then we establish Theorem 1.2(iii) in Theorem 4.3. Finally, making use
of 2.13 and Theorem 4.3, we produce a proof of Theorem 1.4. Along the way, we
also discuss the sharpness of our results; see Examples 4.8 and 4.9.

The first auxiliary result, namely Proposition 4.1, is akin to [16, 2.6] and [22,
Theorem A]. Even though it suffices to apply the proposition to the identity map 1g :
R — R in the sequel, we present it more generally in terms of a ring homomorphism
f:R—S.

Proposition 4.1. Let f: (R, m, k) — (S, n, £) be a local homomorphism of local
rings of prime characteristic p, M # 0 be a finitely generated R-module, and let N
be a finitely generated S-module. Set d = dim(R) and v = depthg (M). Givent > 1
and e > crs,(M), ifExt"R(N, ‘My=O0foralli=t,...,t+v, thenfdg(N) <t—1,
and thus pdR(N) <t —1+4d.

Proof. By our choice of e, there exists a maximal M-regular sequence x =
{x1, ..., xy} such that k is a direct summand of (M /(x)M) over R; see 2.2 and 2.4.

As x1 is M-regular, there is a short exact sequence 0 — ‘M — ‘M — (M /x; M) — 0.
This, together with Exty, (N, M) =0 fori =t, ..., t + v, implies that
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Exty (N, (M/x1M)) =0 forall i=t,....,t+v—1.

Inductively, as x = {xy, ..., x,} is M-regular, we get Ext (N, (M/(x)M)) = 0.
Since k is a direct summand of (M /(x)M), we see that Extj,e (N, k) =0, which
implies fdg (V) <t — 1; see [22, 2.1]. Note that every flat R-module has projective
dimension at most d; see [28, 4.2.8]. Therefore, we conclude that pd; (N) <t—1+4d.

O

As in Propositions 3.11 and 4.1, we present Proposition 4.2 in the context of
a general ring homomorphism f : R — S, allowing us to distinguish various
module structures in the proof. When Proposition 4.2 is applied in the proof of
Theorem 4.3, the homomorphism will be F¢ : R — R, the e-th iteration of the
Frobenius endomorphism.

Proposition 4.2. Let (R, m, k) be a local ring, f : R — S be a ring homomorphism,
N be a finitely generated R-module, and let M be a finitely generated S-module.
Assume the following hold:

@) Ext"R(N, M)=0foralli =t,...,t+d—1forsomed > 1andt > 1.
(i1) There exists x = {x1, ..., xq} C Jac(S) such that x is M-regular and mM <
(xX)M.
Then Homg (Q%(N), M) =0.
Proof. Consider a minimal free resolution of N over R:

h iy h h
F = (..._>Ft+df_+d>Ft+d71ﬂ,...&ptéptilﬁ...ﬁo).

Applying Hompg(—, M) to F and using assumption (i), we get an induced exact
sequence

@2 Mg & Mgy & E M M <G 0,

in which M; = Homg (F;, M), g = Homg(h;, M), and G = ker(g;). All M;, and
hence G, are S-modules; see 2.6(ii). In fact, each M; is isomorphic to a finite direct
sum of M. Thus all M; are finitely generated S-modules.

As F; is free over R and x; is regular on M, an application of Homg (F;, —) to
the exact sequence 0 — M M —M /x1M — 0 induces a short exact sequence

(') 0 — M; =5 M; —> Homg (F;, M/x;M) —> 0.

We combine the exact sequences (I';), foralli =¢—1, ..., ¢+ d, with the exact
sequence (4.2.1) and obtain the following exact sequence of S-modules:

Homg(Fiyq-1, M/x1M) < --- < Homg(F;_1, M/x1 M) < G/x1G < O.
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Inductively, as x = {x, ..., x4} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (4.2.1):

& T i =

(4.2.2) M; M;_; G 0,

in which M; =Homg (F;, M/(x)M), g =Homg (h;, M/(x)M) and G =G /(x)G.
Up to isomorphism, we may write

M; = M;/(x)M; = M; ®s S/(x)S, G=G®sS/(x)S

and thus i =1 ® 15/@)5.

The assumption mM C (x)M implies that M /(x)M is annihilated by m. Since
F is a minimal free resolution of N, we conclude g, = Homg (h;, M/(x)M) = 0.
Thus, the exactness of (4.2.2) forces im(i) = ker(g;) = M,_,, meaning that im(¢) +
(Xx)M;_1=M,_. As M,_ is finitely generated over S and (x)S € Jac(S), we obtain
im(t) = M,_, thanks to Nakayama’s lemma. This forces ker(g;1) =im(g;) =0
due to the exactness of (4.2.1). Finally, as Q% (N) = coker(h;41), we see that

Hompg (QIR(N), M) = ker (Hompg (A1, M)) =ker(g;+1) =0. O

Equipped with Propositions 4.1 and 4.2, we are now ready to prove the result
stated in Theorem 1.2(ii1).

Theorem 4.3. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(R) > 1.
Givent > 1 and e > 0, l'fEXtiR(N,eM) =O0forali=t,....,t+d—1, then
pdr(N) < min{r — 1, depth(R)}.

Proof. Since e is sufficiently large, there exists x = {x1, ..., x4} € m such that x is
M -regular and m(°M) C e((ic)M ); see 2.4. Upon an application of Proposition 4.2 to
the map F°: R — R, we see that the vanishing ofEx‘[l}e (N, ‘M) fori=t,...,t+d—1
implies Homg (Q%(N), ‘M) = 0.

To prove the claim by contradiction, suppose that Q% (N) # 0 and select p
in AssR(Q’R(N)) C Ass(R); then p # m since depth(R) > 1. It follows from
Proposition 4.1 that pd Ry (Np) <o00. Hence, N, is free by the Auslander-Buchsbaum
formula. So, SZ’R(N )p # 0 is free over Ry. Also, since Suppp (‘M) = Suppr(M) =
Spec(R), we see that (‘M), # 0. Hence Homg (Qy(N),, (‘M),) # 0, which
contradicts the conclusion Homg (Q%(N), ‘M) =0. Thus Q7 (N) =0, so pdg(N) <
t — 1. This proves that pd, (N) < min{r — 1, depth(R)}. O

We now record several corollaries of Theorem 4.3. It is worth noting that the
positive depth assumption in the theorem is necessary; see Example 3.4.
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Corollary 4.4. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(R) > 1. Given
t > 1 and e > 0, assume that at least one of the following conditions holds:

(i) Tort®(N,(‘M)¥) =0 foralli=t,...,t+d —1.
(ii) TorR(N,MY)) =0 foralli=t,...,t+d— 1.
Then pdi(N) < min{r — 1, depth(R)}.

Proof. The vanishing of Tor® (N, (‘M)¥) yields the vanishing of Ext, (N, ‘M);
see 2.7(ii). Thus, case (i) follows from Theorem 4.3. Similarly, the vanishing of
Tor® (N, {M")) yields the vanishing of Ext, (N, “M) by 2.7(ii) where R — S is
the Frobenius F¢ with (S, n,¢) = (R, m, k), A= N over R, B= M over S, and
E = Eg(¥) is the injective hull of £ over S. Therefore, case (ii) also follows from
Theorem 4.3. U

Next, we provide a proof of Theorem 1.4, restated here as Corollary 4.5 for
convenience. Before doing so, we present a few facts needed for the argument.

Recall that F(—) denotes the scalar extension along F¢ : R — R, the e-th
iteration of the Frobenius endomorphism. Given R-modules X and Y, it follows
that

XQrYZ(Fp(X)®rY) and F;p (Xp) = (Fg(X)), forall p € Spec(R).

Moreover, we have Suppy(X) = Suppp(Fz(X)). Although the finitely gener-
ated case suffices for our argument in Corollary 4.5, we briefly discuss the gen-
eral situation where X may not be finitely generated. To establish the equality
Supp (X) = Suppz (Fg (X)), it is enough to assume R is local. If X # 0 is finitely
generated, then Fg(X) # 0 via a surjection X — k. In the general case, pick a flat
local ring homomorphism ¢ : R — A, where A is F-finite; such a ring map always
exists by 2.3. Setting S = R and B = A, and letting F'{ : A — B denote the e-th
iteration of the Frobenius of A, we see that the composition

poFS:RI8 5% B
agrees with F{ogp : R %A LY B. Thus
(X®rS)=0= (XQ@prS)®sB=0= (X®rA)®4B=0= XQrA=0= X=0.

Here, the second implication follows since ¢ o F = F§ o ¢, the third implication
follows from 2.10(iii) as A is F-finite, while the fourth one holds because ¢ is
faithfully flat. This establishes what we want to show. We also refer the reader to
Marley’s result in [19, 2.1] for an alternative proof of Suppz(X) = Suppg (Fg(X)).
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Corollary 4.5. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(1) M is Cohen—-Macaulay and Supp (M) = Spec(R).
(ii) N is generically free, that is, Ny is a free Ry-module for all p € Ass(R).

If FR(N) ® g M is a maximal Cohen—-Macaulay R-module for some e > 0, then N
is free.

Proof. Without loss of generality we may assume R is F-finite (and also |k| = 00);
see 2.3. Set d = dim(R) and proceed by induction on d.

As R is F-finite, the assumption that Fg(N) ®g M is maximal Cohen—Macaulay
can be interpreted as that the module N ® ‘M is maximal Cohen—Macaulay. If
depth(R) = 0, then N is free since we assume it is generically free. Hence, we
assume depth(R) > 1. Note that, by the induction hypothesis, we may assume N,
is a free Rp-module for all p € Spec(R) — {m}. Note also that depth (M) =d =
depthgx (N ®g “M). Therefore, we use 2.13 for the case where n = d and conclude
that Ext’k (Trg N,°M) =0 foralli =1,...,d. Now, Theorem 4.3 implies that
Trr N is free. Consequently, N is free; see 2.12(iv). O

Corollary 4.6. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(1) M is Cohen—Macaulay.

(i1) M has constant rank on Min(R) and N is generically free.
If FR(N) ®g M is maximal Cohen—-Macaulay for some e > 0, then N is free.

Proof. Suppose Min(R) Q Suppr(M). Then Supprp(M) N Min(R) = & since
M has constant rank on Min(R). This implies that dimg(M) < dim(R). How-
ever, this is not possible as dim(R) = dimg (Fg(N) ®g M) < dimg(M). So,
Min(R) € Suppr(M) and hence Suppy (M) = Spec(R). Now, the claim follows
from Corollary 4.5. (Il

Corollary 4.7. Let (R, m, k) be a local ring of prime characteristic p, M be a
finitely generated Cohen—Macaulay R-module, and let N be a finitely generated
R-module. Assume:

(i) For each p € Min(R), there is an integer ry > 1 such that My = R;Brp.
(i) N is generically free and dimg(N) = dim(R).
If FR(N) ®g M is Cohen—Macaulay for some e >> 0, then N is free.

Proof. 1t follows that dimg (Fg(N) g M) =dimg (Fg(N)) = dimg(N) = dim(R)
because Suppg (M) = Spec(R). Now, the claim follows from Corollary 4.5. U
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We illustrate the sharpness of Theorem 1.4 with some examples. Specifically,
Example 4.8 demonstrates that the theorem’s conclusion may fail if the module
M in question does not have full support. Similarly, Example 4.9 highlights the
necessity of the assumption that M is generically free for the theorem to hold.

Example 4.8. Let R = [F,[x, yI/(xy), M = R/(x), and N = M. Note that M
is maximal Cohen—Macaulay, and N, is a free Ry-module for all p € Ass(R). It
follows that N ® g °M is maximal Cohen-Macaulay for all e > 0 because N @ g ‘M =
N ®r M®P° = M®P° However, N is not free. Here Spec(R) > (¥) ¢ Suppp(M).
This example also shows that the constant rank assumption in Corollary 4.6 is
necessary. As a separate observation, Ext}e (M, M) = 0. Thus, the full support
assumption is necessary in Theorem 4.3.

Example 4.9. Let R = [, [[x, y1/(x%, xy), M = R/(x), and N = M. Note that
M is Cohen—Macaulay, Suppg (M) = Spec(R), and N, is a free Rp-module for all
p € Min(R). It follows that N ® g “M is maximal Cohen-Macaulay for all ¢ > 0 since
N®rM = M®P°. However, N is not free. Here we have that Ass(R) > m ¢ Min(R).

It is proved in [4, 1.1] that, if there is a finitely generated module N # O over
a local ring R of prime characteristic p such that fdg 'N) < oo or idg('N) < oo
for some r > 1, then R is regular. We use this fact and obtain the following
consequences of Theorem 1.2; cf. [29, 6.8 and 6.10].

Corollary 4.10. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Supp (M) =
Spec(R), and let N # 0 be a finitely generated R-module. Assume depth(R) > 1.
Givent > 1,r > 1 and e > 0, we further assume that at least one of the following
conditions holds:

(i) TorR(°M,"N)=0foralli=t,...,t+d— L.
(i) R is F-finite and Extoy(‘M,"N) =0 foralli =t,...,t +d — 1.
(iii) "N is finitely generated over R and Exty('N, ‘M) =0 foralli =t, ..., t+d—1.
Then R is regular.
Proof. In view of Theorem 1.2, the claims follow from [4, 1.1]. O

Remark 4.11. We point out some lower bounds for the integer e that ensure the
validity of the proofs of certain previously stated results.

(a) Itis enough to assume e > rlogp er(M)1 in Corollaries 1.5 and 4.5.

(b) Itis enough to assume e > [log »erR(M )| in both Theorem 4.3 and Corollary 4.4.
This is because we may use 2.3 and assume |k| = oo in the proofs of these
results.
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(c) It is enough to assume e > max | Mog, er(M)], drs, (M)} in Corollary 4.10
in general. If |k| = oo, however, it suffices to assume e > |-10gp er(M)] in
Corollary 4.10.

We do not know whether the Cohen—Macaulay assumption on M is necessary in
Theorem 1.4. This raises the following question:

Question 4.12. Let (R, m, k) be a local ring of prime characteristic p and let M
and N be finitely generated R-modules. Assume Suppy (M) = Spec(R) and N is
generically free. If F3(N) ®g M is maximal Cohen—Macaulay for some e > 0,
then must N be free? What if R is Cohen—Macaulay, or N = M?

We conclude this section with a global version of Theorem 4.3; we skip its proof
as it is similar to that of Theorem 3.13.

Theorem 4.13. Let R be a d-dimensional excellent ring of prime characteristic p,
M be a finitely generated Cohen—Macaulay R-module such that Suppgr(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(Ry) >
min{1, dim(Ry,)} for each maximal ideal m of R. Set

s = sup {eg,, (Mw) : m € Max(R)},

and let e be an integer such that e > rlogp sl. Givent > 1,if Ex'[i,e (N, M) =0 for
alli=t,...,t+d—1,then pdy(N) < min{r — 1, depth(R)}.
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SYMPLECTIC AUTOMORPHISMS OF A SURFACE WITH
GENUS TWO FIBRATION AND THEIR ACTION ON CH,

JIABIN DU AND WENFEI L1U

Let S be a complex smooth projective surface with a genus two fibration, and
Aut; (S) the group of symplectic automorphismes, fixing every holomorphic
2-forms (if any) on S. Based on the work of Jin-Xing Cai, we show that, if
X (Og) = 5, then |Aut(S)| < 2. Then we verify, under some conditions, that
Aut, (S) acts trivially on the Albanese kernel CH((S)ay, of the 0-th Chow
group, which is predicted by a conjecture of Bloch and Beilinson. As a
consequence, if an automorphism o € Aut(S) acts trivially on H L0(S) for
0 <i <2, then it also acts trivially on CHy(S) .
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1. Introduction

Throughout the paper, we work over the complex numbers field C.

Let X be a n-dimensional connected smooth projective variety over C. When
studying the automorphism group Aut(X), it is natural to look at the induced action
of Aut(X) on the cohomology groups that are naturally attached to X, such as
H*(X, R) with R an abelian group or H*(X, Q‘;) for 0 < p <dim X, where Qf(
is the coherent sheaf of holomorphic p-forms on X. On the other hand, there is
also an induced action of Aut(X) on the Chow groups CH, (X), which is a more
refined invariant than the cohomology groups. A deep conjecture of Bloch and
Beilinson predicts that, roughly speaking, there is a natural decreasing filtration
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F*CH,(X)g on the CH,(X)g := CH,(X) ®z Q such that the induced action of
Aut(X) on the graded pieces of F*CH,(X)g is determined by the action of Aut(X)
on the cohomology groups H*(X, Q). We refer to [Voi03, Section 11.2.2] for a
precise statement of the Bloch—Beilinson conjecture.

For a smooth projective surface S, it is clear that CH,(S) = Z and CH;(S) =
Pic(S). Thus the focus is on the still mysterious 0-th Chow group CHg(S). There
is a natural filtration on CHg(S):

(1-1) 0 C CHo(S)ain € CHo(S)hom C CHy(S)

where CHg(S)hom i the kernel of the degree map deg : CHy(S) — Z, and CHgy(S)anp
is the kernel of the Albanese map albg : CHo(S)hom — AIb(S). A famous result of
Mumford [Mum69] says, if the geometric genus p,(S) > 0, then there is no uniform
integer d > 0 such that any o« € CHy(S)pom can be written as @ = o —a™ € CHy(S)
with both of ot and o~ effective and deg ot = dega™ =d. It is thus legitimate to
call CHy(S)hom and also the Albanese kernel CH(S),yp infinite-dimensional.

The filtration (1-1) is supposed to be the filtration in the aforementioned Bloch—
Beilinson conjecture, and as a consequence, we have

Conjecture 1.1 [Voi03, Conjecture 11.19]. Let S and T be smooth projective
surfaces, I' a cycle of codimension 2 in S x T such that the map [T']* : H>%(T) —
H?>O(S) vanishes. Then the map Ty : CHy(S)aw = CHo(T)ap vanishes.

By taking T = § with po(S) =0, and ' = Ag C § x S the diagonal in
Conjecture 1.1, we recover Bloch’s initial conjecture.

Conjecture 1.2 ([Blo75]; see also [Voi03, Conjecture 11.2]). Let S be a smooth
projective surface. If py(S) = 0 then CHo(S)ap = 0.

Bloch’s conjecture has been verified in various special cases (see [DL23, page
444] for a discussion), but is widely open in general.

We are interested in the induced action of automorphisms on CHg(S). So, take
T=S,and I' := Iy — Ag, where T',; is the graph of an automorphism o in a
subgroup G C Aut(S), and we obtain from Conjecture 1.1 the following

Conjecture 1.3 (cf. [Voil2, Conjecture 1.2]). Let S be a smooth projective surface,
and G a group of automorphisms of S acting trivially on H>°(S). Then G acts
trivially on CHy(S)ap-

Define the group Aut,(S) of symplectic automorphisms
Auty(S) := {o € Aut(S) | o induces the trivial action on H>(S) = H’(S, Ky)}.
and the group Autp(S) of O-cohomologically trivial automorphisms

Autp(S) := {o € Aut(S) | o induces the trivial action on H' (S, Os) for any i}.
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By Serre duality, we have HO(S, Ks) = H*(S, Os)", and hence Autp (S) C Aut,(S);
the two groups coincide if the irregularity ¢(S) :=dim H'(S, Os) = 0. The auto-
morphisms in Aut,(S) are those fixing a general holomorphic 2-form (if any) on S,
and hence called symplectic.

Conjecture 1.3 amounts to saying that Aut,(S) acts trivially on CHg(S)a1p-

For surfaces with pg(S) > 0, Conjecture 1.3 is known to hold in certain cases:

e S is an abelian surface and G = Aut,(S) [BKL76, Theorems A.1 and A.7;
Paw19, Corollary 1.5];

o §is a K3 surface, and G C Aut,(S) is finite [Voil2; Huy12];

e § = K(A) is the Kummer K3 surface associated to an abelian surface A, and
G is generated by o € Aut(S) that lifts to a group automorphism ¢ of A
[Paw19, Theorem 1.10];

» S is a K3 surface with an elliptic fibration f : S — B, and G preserves the
fibration structure f [DL23, Theorem 1.5];

o § is a K3 surface with either the Picard number p(S) > 3 or S admitting a
Jacobian fibration, and G = Aut,(S) [LYZ23, Theorem 1.3];

¢ § has Kodaira dimension one and G = Autp(S) [DL23, Theorem 5.10];

« § has Kodaira dimension one with (p,, ¢) ¢ {(1, 1), (2,2)}, and G = Aut,(S)
[DL23, Theorem 1.3];

¢ S has a finite-dimensional Chow motive in the sense of Kimura [Kim05] (this
is the case if S has an isotrivial fibration), and G C Aut,(S) is finite [DL23,
Lemma 5.9].

In this paper, we investigate Conjecture 1.3 for surfaces of general type with
a genus two fibration. Recall that a fibration of genus g on a smooth projective
surface S means a morphism f : S — B onto a smooth projective curve B with
connected fibers of genus g.

Theorem 1.4. Let S be a surface of general type with a genus two fibration f :
S — B and x(Og) = 5. Suppose that Aut(S) is nontrivial.
@) |Aut(S)|=2.
(1) If the canonical map ¢k, : S --» PreS)=1 is composed with a pencil, then
Autg (S) preserves every fiber of f, and acts trivially on CHy(S)ap.

(iii) If the canonical map ¢k, : S --» PPs =1 is generically finite onto its image
T := ¢k (S), then Autp(S) is trivial, and Auts(S) acts trivially on CHo(S)anp
unless

(@) q(S) =g(B) = x(Os) -3,
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(b) a smooth model of the quotient surface S/{ot) is of general type with
Pg =q =0, where o is the generator of Auts(S) and t is the hyperelliptic
fibration of f, and

(c) f is not isotrivial.

The bound |Aut,(S)| < 2 of Theorem 1.4(i) is implicit in Jin-Xing Cai’s work
[Cai06a; Cai06b] on the automorphism group H of genus two fibrations acting
trivially on H>(S, Q). Specifically, by Hodge decomposition, one has H C Aut,(S),
and his proof that |H| < 2 uses only this fact.

Cai also constructed various fibered surfaces of genus two with an involution
acting trivially on H 2(S, Q) in [Cai06a; Cai06b; Cai07]. Only one series of them,
namely [Cai06b, Example 3.5], satisfies all of the conditions (a)—(c) of Theorem 1.4,
and we do not know whether or not Aut,(S) acts trivially on CHg(S)ap for S in
this example.

Theorem 1.4 follows from Propositions 3.4, Proposition 3.7, and Corollary 2.4.
Let us explain the ideas of the proofs. Following [Cai06a; Cai06b], the proof of
Theorem 1.4(i) is based on the results of Xiao on genus two fibrations [Xiao85].
Specifically, let G C Aut(S) be the subgroup generated by Aut,(S) together with
the hyperelliptic involution 7. Then the canonical map ¢k, of S factors through
the quotient map S — S/G (Lemma 3.1), and the explicit bounds for ¢, of Xiao
(Theorem 3.3) give the bound |G| < 4 and hence |Aut,(S)| < 2.

Once the bound on |Aut,(S)]| is established, we have

G = {ids, o, 1, 0T} = (Z/27)*.

We can then decompose CHy(S)ab,@ into eigenspaces with respect to the G-action,
and see that Aut,(S) acts trivially on CHy(S)ap as soon as CHy(S/{(o7))ap = 0
(Lemma 2.6). Since p¢(S/(o 7)) =0, the Albanese kernel CHy(S /(0 7))an vanishes
if (a smooth model of) the quotient surface S/(ot) is not of general type by
[BKL76]. The bulk of our arguments is devoted to verify the latter condition, once
the surface f : S — B is not isotrivial but violates one of the conditions (a) and (b)
in Theorem 1.4(iii). The case of isotrivial fibrations has been settled once and for
all by applying Kimura’s finite-dimensionality of such surfaces (Corollary 2.4).

Assuming Conjecture 1.2 holds, then CHg(S/{0t))ap = 0, and we are done
again (Proposition 3.8).

Concerning the condition x (Og) > 5 in the theorem, we remark that minimal
surfaces of general type with x(Ogs) < 5 form (only) a bounded family. This
condition is used mainly to ensure that the canonical map of S is well-behaved and
that S has at most one genus two fibration on it.

Finally, as a consequence of Theorem 1.4, Conjecture 1.3 holds for the subgroup
Autp(S) C Aut,(S) for surfaces of general type with a genus two fibration, whose
invariants are not so small.
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Corollary 1.5. Let S be a surface of general type with a genus two fibration
f:S— Band x(Og) > 5. Then Autp(S) acts trivially on CHy(S)app.

As pointed out by a referee, since there is an Auty (S)-fixed point x € S, Autp(S)
even acts trivially on the whole CHg(S), provided that ¢(S) = 0.

Outline. We recall in Section 2 some relevant notions and facts such as fibration-
preserving automorphisms, the induced action on the Albanese variety and the 0-th
Chow group, as well as useful criteria for the triviality of the induced action on
the Albanese kernel. In Section 3, we focus on genus two fibrations, first using
the canonical map to bound the symplectic automorphism group Aut,(S), and then
verifying the triviality of its induced action on the Albanese kernel as stated in
Theorem 1.4.

Notation and conventions. Let S be smooth projective surface over C.
« For a coherent sheaf F on S, we denote A (S, F) := dim¢c H'(S, F), and
FY :=Hompy(F, Oy), the dual of F.
e For0<i <2, SZ’S denotes the sheaf of i-forms on S.
¢ wg denotes the canonical sheaf of S, which can be identified with Q%, and Kg
denotes a canonical divisor of S.
 The following numerical invariants are attached to S:
— the geometric genus p,(S) := hO(S, ws);
— the irregularity q(S) := h'(S, Os) = h°(S, QL);
— the holomorphic Euler characteristic x(Os) =1 —q(S) + pg(S).
For a singular projective surface T, say with rational singularities, its geometric
genus p,(T), irregularity g(T') are defined as the corresponding invariants of its
smooth model.
For a finite group G and an element o € G, their orders are denoted by |G| and
|o| respectively. An action of G on a set X is called trivial if o (x) = x for any
o0 €Gandany x € X.

2. Preliminaries

2.1. Fibered surfaces and their automorphisms. Let S be a normal projective
surface, and f : § — B a fibration onto a smooth projective curve, that is, f is a
surjective morphism with connected fibers. The fibration is called

» of genus g if its general fiber has genus g;

o hyperelliptic (resp. elliptic, resp. a P'-fibration) if its smooth fibers are hyper-
elliptic (resp. elliptic, resp. P');

e isotrivial if its smooth fibers are mutually isomorphic.
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We call gy :=q(S) —g(B) the relative irregularity of f.
The subgroup Auty(S) of fibration-preserving automorphisms is defined as
follows:

Auts(S) :={o € Aut(S) | o maps fibers of f to fibers}

There is an induced action of Aut¢(S) on B, that is, a homomorphism r : Aut 7 (§) —
Aut(B), such that for any o € Auty(S) there is an induced automorphism op =
r(o) € Aut(B) such that the following diagram is commutative:

The elements of Autg(S) := kerr are called fiber-preserving automorphisms.

Lemma 2.1. Let f : S — B be a non-isotrivial fibration of genus g > 2. Then
Autr(S) is a finite group.

Proof. Consider the moduli map associated to f
w:B— M,,

where Mg is the (compact) moduli space of stable curves of genus g. Since f is not
isotrivial, u is generically finite, and the image Aut/(S)|p of r : Aut;(S) — Aut(B)
has order at most deg p. It follows that

(2-1)

|Aut s (S)| = [Autp(S)] - |Auty(S)|p| < |Aut(F)| - |Auty ()| < |Aut(F)| - deg

where F is a general fiber of f. Since g(F) = g > 2, Aut(F) is a finite group, and
hence Aut;(S) is also a finite group by (2-1). U

2.2. The induced action on the Albanese variety and the 0-th Chow group. The
Chow group of a normal projective variety X is the group of rational equivalence
classes of algebraic cycles on X; we refer to [Voi03, Chapter 9] for the basic
properties of Chow groups.

Let X be a smooth projective variety. Fixing a base point xg € X, we may define
a group homomorphism

Xi
0

alb: CHo(X)hom — AIb(X) = H'(X, 24"/ Hi (X, D), L nilxid—> X[ [ ],

where [ : H(X, Q}) — C maps a holomorphic 1-form 7 to the integral [ 7,
determined up to fy n for a closed loop y on X. The homomorphism alb does not
depend on the choice of the base point xg.
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Any automorphism group G C Aut(X) has an induced action on CHy(X) and
Alb(X) as follows: For o € G, 3_; ni[x;] € CHo(X), and [ [} ] € Alb(X),

o) =g () =[[1=(-0")

Note that G acts by group automorphisms on CHy(X) and Alb(X), and the ho-
momorphism alb is G-equivariant. The G-action extends in an obvious way to
CHy(X)g := CHp(X) ®z Q and Alb(X)g := Alb(X) ®z Q.

Let Z be a normal projective birational model of X, with at most rational
singularities. Then we have natural identifications (see [JLZ23, Section 2.1] for a
discussion for the Albanese variety of a singular variety):

Alb(Z) = Alb(X), CHy(Z) = CHy(X).

The following basic but important fact about the G-actions on Alb(X)g and
CHp(X)g should be well-known, but we write a proof of it for completeness
(cf. [Lat21, Lemma 1.6]).

Lemma 2.2. Let X be a smooth projective variety and G C Aut(X) a finite subgroup.
Let Y be a normal projective birational model with rational singularities of the
quotient variety X/ G. Then

Alb(X)§ = Alb(Y)g, CHo(X)§, o= CHo(Y)aw,a, CHo(X)g . o= CHo(Y)hom.a-

Proof. Since X/G and Y have at most rational singularities, there are natural
identifications
Alb(X/G) = Alb(Y),
CHo(X/G)hom,@ = CHo(Y )hom.a;

CHo(X/G)aw,@ = CHo(Y)aw,0-

Thus we may assume that ¥ = X/G.
Recall that
H'(X, Q)Y ®z,0Q

Alb(X)g = HX.Q)

and hence we have natural isomorphisms of Q-vector spaces

(H'(X, 2})%)" ®;0 L H(Y, Q) ®70
H (X, Q)¢ Hi (Y, Q)

(2-2) Alb(X)§ = = Alb(X/G)a,
where Y is a smooth projective model of X/G.

By the universal property of the Albanese morphism and by the flatness of @ as
a Z-module, the quotient map 7 : X — X/G induces the following commutative
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diagram with exact rows:

0 —— CHo(X)ap,0 — CHo(X, Qpomg — Alb(X)g —— 0

I I lm

0 —— CHo(X/G)aw,o — CHo(X/G)homa —— Alb(X/G)g — O

Restricting to the G-invariant parts of the (-vector spaces in the first row, we obtain
the following commutative diagram with exact rows:

0 —— CHo(X)§, o — CHo(X, Q) o — AIb(X)§ —— 0

[ s I

0 —— CHo(X/G)ap,0 — CHo(X/G)homoa — AIb(X/G)g —— 0

and we have seen in (2-2) that y is an isomorphism.

For a point x € X, let x be its image in X/G. Any O-cycle on X/G is rationally
equivalent to one with support outside the branch locus B of 7 [Voil2, Fact 3.3].
For [z] € CHyp(X/G)hom,0, We may thus assume that z = ) . n;x; with x; ¢ B for
any #, and one sees that 8 has an inverse

B (2D = % D0 gl

i geG

Therefore, B is an isomorphism.
By the Five Lemma, « is also an isomorphism. U

2.3. Useful criteria for a symplectic automorphism to act trivially on CHy(S)ap-

Lemma 2.3 (cf. [DL23, Lemma 5.9]). Let S be a smooth projective surface. Assume
that the Chow motive h(S) of S is finite-dimensional in the sense of Kimura [Kim05]
and O’Sullivan. Then any symplectic automorphism of finite order of S acts trivially
on CH()(S)alb.

In particular:

Corollary 2.4. Let f : S — B be an isotrivially fibered surface. Then any finite
order symplectic automorphism of S acts trivially on CHy(S)a1b-

Proof. Since f is an isotrivial fibration, S is birational to (B x F) /G, where Bisa
smooth projective curve dominating B and F is a general fiber of f. Therefore, S
is dominated by B x F and hence has finite-dimensional Chow motive by [KimO05].
Now apply Lemma 2.3. U

Corollary 2.5. Let f : S — B be a fibered surface of genus g such that g =8
Then any finite order symplectic automorphism of S acts trivially on CHy(S)app.
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Proof. Since g = gy the fibration f is isotrivial by [Bea82], and hence the assertion
follows from Corollary 2.4. (I

If a surface S has several commuting involutions, then we have the following
criterion for the triviality of the Autg(S)-action on the Albanese kernel.

Lemma 2.6. Let S be a smooth projective surface. Let G = (o, T) = (Z/27)* be
a subgroup of Aut(S). Suppose that CHo(S/{(t))aw = 0. Then o acts trivially on
CHo(S)an if and only if CHo(S/(07))a = 0.

Proof. Since CHg(S)ap has no torsion [Roj80], we may work on the Albanese
kernels with Q-coefficients. Since CHo(S/(t))an =0, T acts as —1 on CHo(S)amb. 0.
Thus o acts as identity on CHo(S)am,g if and only if ot acts as —1 on CHy(S)ab. 0,

which is equivalent to the vanishing of the (o t)-invariant part CHy(S Zfbv@ =
CHo(S/(oT))ab.a- U

If a surface with vanishing geometric genus is not of general type, then it
has trivial Albanese kernel [BKL76]. Thus we may obtain from Lemma 2.6 the
following statement.

Corollary 2.7 [DL23, Lemma 5.1]. Let S be a smooth projective surface. Let
G={(o,T)= (Z/ZZ)2 be a subgroup of Aut(S) such that (the smooth models of)
the quotient surfaces S/(t) and S/{oT) are not of general type and have vanishing
geometric genus. Then o acts trivially on CHy(S)ar.

3. Symplectic automorphisms of surfaces with a genus two fibration

For a smooth projective surface S with p, (S) > 0, one may use the canonical system
|Ks| to define a rational map ¢, : S --+ PP«(9~1 called the canonical map of S.
This map is a main tool in our study of symplectic automorphisms of surfaces with
a genus two fibration, due to the following observation.

Lemma 3.1. Let S be a smooth projective surface of general type with a hyperellip-
tic fibration f : S — B, and G C Aut(S) the subgroup generated by the hyperelliptic
involution t € Autg(S) together with the symplectic automorphism group Aut,(S).
Suppose that pg := pe(S) > 0, so that the canonical map ¢k : S --» Pre—l s
well-defined. Then ¢k, factors through the quotient map 7 : S — S/G, that is,
there is a rational map ¢ : S| G --+ PPs~! such that Pk, =@om.

Proof. Since t acts as —1 on HO(S, K) while Aut,(S) acts trivially on HO(S, Ky),
¢k, is a G-equivariant map with G acting trivially on the target. The assertion of
the lemma follows. 0

Before recalling the fundamental results of Xiao on the canonical map of a
surface of general type with a genus two fibration, we need to introduce some
notation first.
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Notation 3.2. Let S be a surface of general type, and f : S — B a genus two fibration.
We abbreviate the Euler characteristic x (Os), the geometric genus pg(S), the
irregularity g (S), the genus g(B) of the base curve B by x, p,, q, b. Let M C fiws
be an invertible subsheaf with maximal degree and e := 2 deg M — deg f.ws. Then
we have deg f.wgs = x +3(b — 1) (see the proof of [Xiao85, théoréme 2.1]) and
hence

3-1) deg M = J(e +deg fws) = e+ x +3(b—1)).

As in Lemma 3.1, we will denote by t the hyperelliptic involution of f, and let
G C Aut(S) be the subgroup generated by Aut,(S) and . Note that t acts as —1
on H°(S, K§) and hence t ¢ Autg(S) as soon as p,(S) > 0.

Theorem 3.3 [Xiao85, pages 71-73, corollaire 1 and proposition 5.2]. Let S be a
smooth projective surface of general type with a genus two fibration f : S — B, as
in Notation 3.2.

(1) If pg = 3 and the image of the canonical map ¢k is a curve, then ¢ factors
through f, and there are three possibilities for the numerical invariants:
(@) g=b=0ande = pyg;
(b) b=0,9g=1ande = pg+1;
(c) g=b=1ande= p,.
(i1) If x (Os) = 4 and the image of the canonical map is a surface, then deg ¢ €
{2, 4}. Moreover, if deg ¢, =4, then
(a) pg(S) <2b+2;
(b) T := ¢k, (S) is either a rational surface or a cone over an elliptic curve.
Now we discuss Aut,(S) for a fibered surface f : S — B of genus two according
to the behavior of the canonical map, given by Theorem 3.3.

Proposition 3.4. Let S be a smooth projective surface of general type with a genus
two fibration f : § — B such that p,(S) > 3. Suppose that the image of the
canonical map @, is a curve.

(i) Auty(S) C Autg(S), that is, each symplectic automorphism of S is fiber-
preserving.

(1) Auts(S) has order at most 2, and it acts trivially on CHo(S)ap.

Proof. By Theorem 3.3(i), ¢k, factors through f. Therefore, the fibration f is
canonical, and every automorphism of S preserves it. In other words, we have
Aut(S) = Auty(S).

By (3-1), we have
pg— 1 incases (a) and (b) of Theorem 3.3(i),

degM = { . .
Pg in case (c) of Theorem 3.3(i).
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In all cases, deg M > 2b + 1 and hence M is a very ample invertible sheaf on B.
By counting dimensions, we have H*(B, M) = H(B, f.ws) = H(S, ws), and
hence the canonical map ¢, factors as

bk S —L 3 B <Py prel

where ¢y, is the embedding defined by the complete linear system |M|.

The morphisms ¢k, f, and ¢y are all G-equivariant. Since Aut,(S) acts trivially
on PPz~ and B embeds into PP, the induced action of Aut,(S) on B is trivial,
and hence Aut,(S) C Autp(S). This proves (i).

(i1) follows from (i) and the next result. [l

Lemma 3.5. Let S be a smooth projective surface, and f : S — B a fibration of
genus two. If pg(S) > 0, then Autg(S) N Auts(S) has order at most 2, and it acts
trivially on CHo(S) ap.

Proof. Let F be a general fiber of f. Then Autg(S) injects into Aut(F’), which is
finite. Suppose that o € Autg(S) N Auts(S) \ {ids}. Then

pe(S/{0)) = pe(S) > 0.

This implies that g(F /(o)) = 1, since it is smaller than 2 but cannot be 0, due to
the positivity of p,. By the Riemann—-Hurwitz formula, we have

(3-2) 25(F) =2=0|(2g(F/{o) =2+ 3 (1= 1))

Since the automorphism group (o) generated by o is abelian, the quotient map
F — F/{o) has at least two branch points and hence Zi(l — %) > 1. Then the
equality (3-2) implies that |o| < 2.

The hyperelliptic involution 7 € Autg(S) commutes with o, and they generate
a Klein group G := (0, 17) = (Z /27)?. Since the induced fibrations S/(o7) — B
and S/(r) — B have genus 1 and 0 respectively, so both surfaces are not of general
type, and they have vanishing p,, we may conclude by Corollary 2.7 that o acts
trivially on CHg(S)a1b. O

Lemma 3.6. Let S be a smooth projective surface of general type with a genus
two fibration f : S — B. If x(Og) > 5, then Aut(S) = Auty(S), that is, every
automorphism of S preserves the fibration f.

Proof. This is because f is the unique genus two fibration on S by [Xiao85,
proposition 6.4 and théoreme 6.5], and hence preserved by any automorphism of S.
O
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Proposition 3.7. Let S be a smooth projective surface of general type with a genus
two fibration f : S — B, as in Notation 3.2. Suppose that x (Os) > 5, that the
canonical map ¢k, is generically finite onto its image T = ¢k (S), and that
Auty(S) is nontrivial.

(1) Auty(S) has order 2, and preserves the fibration f.

(ii) S--»T isbirationally a (Z/27)?-cover, i.e., the induced extension K (S) /K (T)
of function fields is Galois with group isomorphic to (Z/27Z)>.

(i) b > 2, and the induced action of Auts(S) on B is not trivial.
@1v) Autp(S) is trivial.
w) If q; > 0, then Autg(S) acts trivially on CHg(S)a1b-
Proof. By Lemma 3.1, ¢, factors through the quotient map S — S/G, where

G C Aut(S) is the subgroup generated by Aut,(S) and the hyperelliptic involution t,
which does not lie in Aut,(S). Therefore,

2|Auty(S)| < |G| < deg ok € {2, 4}

where we used the bound on deg ¢k, from Theorem 3.3(ii). Since Aut,(S) is
nontrivial by assumption, we infer that

degpgy =4, |Au(S)|=2, G=(Z/22)°.

By Lemma 3.6, Aut,(S) preserves the fibration f. Thus (i) is proved.

For (ii), note that ¢, has degree 4 and factors through the quotient map S —
S/(zr, o), which also has degree 4. Thus the induced map S/{(r,0) --» T is
birational, and (ii) follows.

(ii1)) By Theorem 3.3(ii), we have
(3-3) Pg <2b+2.

It follows that
b>=pe—b—-2>py—q—2=x—-3=22

where the last inequality is because x > 5 by assumption.

By Theorem 3.3(ii), 7T is either a rational surface or a cone over an elliptic curve.
This implies that the smooth models of 7' (and of S/ G) have irregularity at most 1.
Thus, the dimension of H(S, le)G is at most 1. On the other hand, since S/(t) is
a P!-fibration over B, we have

dim H(S, Q4" =b>2.
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It follows that HO(S, QL)G - HO(S, Q;)T, and hence o does not act trivially on
HO(S, QL) = H'(S, Og)". Therefore, the automorphism o5 € Aut(B) induced by
o is not the identity. This finishes the proof of (iii).

(iv) We have o ¢ Autp(S) by (iii), and hence Autn(S) is trivial.
(v) Note that g, <2 in any case. If q; = 2, then the assertion follows directly

from Corollary 2.5.
Thus we may assume that q;= 1, and there is a one-form

no€ H(S, Q§) \ f*H (B, Qp),

which we may assume to be an eigenvector with eigenvalue A under the action of o.
Then

HO(S, Q) = f*H(Qp) ® C - no,

both summands of which are invariant under the action of G = (o, 7). Define a
C-linear map

(3-4) Ao HO(B, Q%) — HY(S, Ks), n+ f*nAno,

which is easily seen to be injective and G-equivariant. Since o acts trivially on
H'(S, Ks) and hence also trivially on the subspace f*HO(B, Q}B)) A 1o, it follows
that o acts as the scalar multiplication by A~! on the whole H%(B, Q%). Thus the
canonical map ¢x, : B — P! factors through the quotient map B — B/(op).
Since b > 2, we infer that B is a hyperelliptic curve and op is its hyperelliptic
involution, acting as —1 on H OB, Q }g). It follows that A = —1, and the eigenvalues
of the action are as in the following table:

| f*H(Qp) C-mo

o -1 —1
T 1 —1

It follows that
pg(S/<O'T>)=O, q(S/{ot)) =1

and hence S/(ot) is not of general type [Bea96, Chapter VI]. By Corollary 2.7,
o acts trivially on CHg(S)ap.- O

Finally, we make an observation that Conjecture 1.2 (for surfaces with p, = 0)
implies Conjecture 1.1 for surfaces of general type with a genus two fibration and
x(Os) = 5.

Proposition 3.8. Let S be a smooth projective surface of general type with a genus
two fibration and x (Og) > 5. Assume that Conjecture 1.2 holds. Then Autg(S) acts
trivially on CHo(S)ap.
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Proof. We may assume that Aut,(S) is nontrivial. By Theorem 1.4, we may assume
that the canonical map ¢, is generically finite, and Aut,(S) has order two. Let o
be the generator of Aut,(S), and t € Autp(S) the hyperelliptic involution. Then
(o0, 7T)= (Z/ZZ)z, and since S/(t) — B is a P! -fibration, one has CHo(S/(T))ap =0.
Note also that p,(S/(ot)) =0.

Assuming Conjecture 1.2 holds, we have CHy(S/ (0 7))ap = 0, and hence o acts
trivially on CHg(S)a, by Lemma 2.6. U
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NON-BRAID-POSITIVE HYPERBOLIC L-SPACE KNOTS

KEISUKE HIMENO

An L-space knot is a knot that admits a positive Dehn surgery yielding an
L-space. Many known hyperbolic L-space knots are braid positive, meaning
they can be represented as the closure of a positive braid. Recently, Baker and
Kegel showed that the hyperbolic L-space knot 09_30634 from Dunfield’s
census is not braid-positive, and they constructed infinitely many candidates
for hyperbolic L-space knots that may not be braid-positive. However, it
remains unproven whether their examples are genuinely non-braid-positive.
In this paper, we construct infinitely many hyperbolic L-space knots that
are not braid-positive, and are distinct from those considered by Baker and
Kegel.

1. Introduction

An L-space is a rational homology 3—sphere whose (hat version) Heegaard Floer
homology has rank equal to the order of its first homology. A knot is called an
L-space knot if it admits a positive Dehn surgery yielding an L-space. L-space
knots were originally motivated by the study of knots admitting lens space surgeries
[14], and they continue to be an active subject of research.

In this paper, we consider the braid positivity of L-space knots. A knot or
link is said to be braid-positive if it can be expressed as the closure of a positive
braid. Many known L-space knots are braid-positive; for example, positive torus
knots are L-space knots, and then they are braid-positive. On the other hand, it is
known that not all L-space knots are braid-positive; for example, the (2, 3)-cable
of the right-handed trefoil is not braid-positive (see Example 1 of [1]). However,
the existence of non-braid-positive hyperbolic L-space knots remained an open
problem for some time (see Problem 31.2 of [5], Question 2 of [1]).

Recently, Baker and Kegel examined Dunfield’s list of 632 hyperbolic L-space
knots. They showed that all but one of these knots are braid-positive, and that the
exceptional knot, 09_30634, is not braid-positive [2]. Furthermore, they constructed
infinitely many candidates for non-braid-positive hyperbolic L-space knots, although
they could not prove that any of their examples are definitely non-braid-positive.
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Figure 1. The braid X,,.

The purpose of this paper is to give infinitely many hyperbolic L-space knots that
are not braid-positive. While all candidates by Baker and Kegel are represented as
closures of 4-braids, we construct the infinite family of such knots by increasing the
number of strands in the braid. For each n > 2, we define a knot K,, as the closure
of a 2n-braid, as follows. Let [&1i], &2i2, . .., Emim] denote the braid ofl] of; e oifnm
where o; is the i-th standard generator of the degree 2n braid group and ¢; = £1.
Define the braid

B

X,=[nn-1,n+1,n-2,n,n+2,...,1,3,...,2n—1,
2n—2,...,4,2,....,n+1,n—1,n],

illustrated in Figure 1. Let K, (n > 1) be a knot represented by the closure of
2n-braid

Bo=X)1-1,-2,....,—~(n—D,n,n—1,n—2,...,2,1,1,2,3,...,n],

shown in Figure 2. Note that K, coincides with the knot 09_30634, and K is the
(2, 5)-torus knot. Although the K, for odd n do not appear in the statement of
Theorem 1.1, we use them in the proof.

Theorem 1.1. When n is even, K,, is a non-braid-positive hyperbolic L-space knot.

Since the knots { K, } are mutually distinct (see Lemma 2.8), we have the following
corollary.

Figure 2. The knot K, is the closure of this braid.
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Corollary 1.2. There exist infinitely many non-braid-positive hyperbolic L-space
knots.

When n is odd, we also expect K,, to be a non-braid positive hyperbolic L-space
knot. However, in this case, the criterion we use for braid positivity failed to
detect it.

2. Non-braid positivity

In this section, we prove that K, is non-braid-positive when 7 is even. Our proof is
based on Ito’s criterion using the HOMFLY polynomial [8].

2.1. HOMFLY polynomial and its zeroth coefficient polynomial. For an oriented
link L, the HOMFLY polynomial Py (v, z) is a two-variable Laurent polynomial
defined by the skein relation

v P (v,2) —vPL (v, 2) = 2P, (v, 2),

together with Py (v, z) = 1, where U is the unknot. Here, the links (or diagrams)
Ly, L_ and Ly coincide outside a small 3-ball, and inside the 3-ball, they differ as
in Figure 3. (Throughout, all braids are assumed to be oriented from left to right.)

In [8], Ito provided a criterion for the braid positivity of a link using the HOMFLY
polynomial. We state the result in the case of knots. Let

Pr(e, 2) = (=) Pr (v, D] 2
where g(K) denotes the genus of a knot K.

Theorem 2.1 [8, Theorem 2]. If K is a braid-positive knot, then ﬁK (a0, 2) is positive,
that is, all nonzero coefficients of Pk (¢, z) are positive integers.

The HOMFLY polynomial Py (v, z) can be expressed in the form
PL(v,2) = (') Y pi )2,
i=0

where #L is the number of components of the link L. The polynomial piL(v) is
called the i-th coefficient (HOMFLY) polynomial of L. In this paper, we focus on
the zeroth coefficient polynomial p(L) (v). It is known that this polynomial satisfies
several important properties; see, for example [9, Section 2] and [19, Section 2].

The zeroth coefficient polynomial pg(v) satisfies the skein relation

XA X

L, L_ Ly
Figure 3. The small 3-ball in the diagrams of L, L_ and Ly.
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P, (=0,
0 8=1)),

where § = %(#L+ —#Lo+1) €{0, 1}. In particular, § =0 if L is a knot. Furthermore,
for a two-component link L = k; Uk, we have
(2-2) pr) = 2 = DO Pl @) pf (v),

where lk(ky, ko) is the linking number of k; and k;. In particular, when L is a
knot (hence L_ is also a knot and L is a two-component link k; U k»), the skein
relation (2-1) can be rewritten as

(2-3) Pl () =v72pY W)+ (1 —v 2 *ER) po () p (v).

(2-1) v2p) ()= p)_(v) = {

2.2. Degree of pg for a braid-positive link L. For a braid 8, let L(8) denote the
closure of B. A positive braid 8 is a minimal positive braid if the number of strands
of B is minimum among all the positive braid representative of L (). The following
proposition is useful when applying the skein relation to a braid-positive link.
Proposition 2.2 [21, Lemma 2]. Let L be a braid-positive link that is not an unlink.
Then there exists a positive braid 8 such that L is the closure of a positive braid of
the form aiz B for some i. Moreover, such a positive braid representative aiz,B of L
can be taken so that it is a minimal positive braid.

Lemma 2.3. Let § be a positive n-braid, and let e be the number of crossings of B.
Then the degree of the zeroth coefficient polynomial satisfies

deg p? 5, (V) <n+e—#L(B).

Proof. We prove this lemma by induction on e. For an unlink U, we have p?j (v) =
(=2 = D*U=1 50 deg pY (v) = 0.

Assume that L () is not an unlink. By Proposition 2.2, we can write L(8) =
L(Giz B’) for some i, where B’ is a positive n-braid with e —2 crossings. (If necessary,
we may increase the number of crossings to realize B’ as an n-braid.)

Applying the skein relation (2-1), we get
V2 pY gy @) (8=0),

0 é=1.
Note that #L(B8") =#L(B), and #L(0;8/) =#L(B) + 1 if § = 0. By the assumption
of induction, we have

degv’p) 4, (v) <2+ (n+e—2—#L(B")) =n+e—#L(B),
and if § =0,
degv’p} 55y (V) <2+ (n+e— 1 —#L(0; ) =n+e—#L(B).

pg(ﬂ)(v) = pg(o.[?ﬂ/)(v) = vng(ﬂ’)(v) + {

The claim follows. U
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Definition 2.4. A positive n-braid g is said to be sharp if
deg p (B)(v) =n +e—#L(B),

where e is the number of crossings of B.

We now state several lemmas concerning the notion of sharpness.
Lemma 2.5. [f positive braid o*l-2 B is sharp, then at least one of B and o; B is sharp.
Proof. The claim follows immediately from the proof of Lemma 2.3. O
Lemma 2.6. If a positive braid B is sharp, then it is a minimal positive braid.

Proof. Let B be a positive n-braid that is not minimal, and let 8’ be a minimal
positive braid representative of L(8) with n’ strands (n’ < n). The number of
crossings of B is n — x (L(B)) and that of 8" is n’ — x (L(B)) [18]. Here x (L) is
the maximal Euler characteristic among all compact, connected, oriented surfaces
whose boundary is a link L.

By Lemma 2.3,
deg pj 5 (v) </ +n" = x(L(B)) —#L(B) < n+n — x(L(B)) —#L(B).
This implies that B is not sharp. ]

Lemma 2.7. Let L =k Uk, be a two-component link represented as the closure
of a positive braid B. Suppose that each component knot k| and k, can also be
represented as the closure of positive braids B, and B,, respectively. If B is sharp,
then both By and B, are sharp.

Proof. Let n, ny, n be the numbers of strands, and e, e, e; be the numbers of
crossings of B, 81 and B;, respectively. Then,

n=ny+ny, e=e;+e+1kky, kp).

By (2-2) and Lemma 2.3, we have

deg p¥ <2-1k(ki, ko) +(n14+e1 — D)+ (na+er—1)=n+e—2.
Equality holds if and only if 81 and B, are sharp. Since 8 is sharp, equality holds,
and the result follows. U
2.3. Non-braid positivity for K,. We are ready to prove that K, is not braid-positive
when 7 is even.
Lemma 2.8. For n > 2, the top term ofp(,)(n (v) is (—1)np3n'+3n,

Proof. We prove this by induction on n. Using Sage [17], one can confirm that the
top term of p(}(z(v) is v!8.
Throughout the following, we identify each braid with its closure diagram in the

skein tree.
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Kn—l

(12,3)2,7

Figure 4. The skein tree for the knot K,,. Consider the crossing change
and the smoothing at the crossing indicated by the dashed circle.

Assume that n > 3. From the skein tree shown in Figure 4 and equation (2-3),
we obtain

P, ) = (1= v H?Ce= DD R0 @) ph  (v)
+(1— v—z)v—z . UZ(S("_Z)'HZ)P?TZ,;)ZJ(U)P(I)(n_z(v) 4.

+(1 - Uﬁz)viz(nfz) . v2(3.1~(n71)+"*1)p?T2,3)n71,3n72(v)p?(l )

+ v_z("_wp?(;r (v)
n

Z U—Z(k—l) (1 —v_z)v2(3(n_k)'k+k)P?T2,3)k,3k+1(U)P%,,,k(v)"‘v_z(n_1)1’(1)<n+(”)’

—1
k=1
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where (7».3)k.3xk—1 denotes the (k, 3k—1)-cable of the right-handed trefoil and K ,f
is the braid-positive knot shown at the bottom in Figure 4.
By the induction assumption and the fact deg p(}(l (v) = deg p(}zs(v) =6, we

have deg p?{i =3i>+3ifor1 <i <n—1. Since (T2,3)k.3k+1 1s represented by the

closure of the positive braid X,f -[1,2,...,k—1], Lemma 2.3 gives
deg(v_z(k_l)(1 - U—Z)v2(3(n—k)-k+k)p?TM)MkH (U)p([){n—k (U))

< —-2(k— 1)+2(3(n—k)k-|—k)+(2k+3k2+(k— 1)— 1)+3(n—k)2+3(n—k)
=3n%+3n.

Equality holds if and only if the positive braid X ,2 -[1,2, ..., k—1] is sharp.
Claim 2.9. For k > 2, the positive braid X,? -[1,2, ..., k—1] is not sharp.

Proof. We consider the skein tree

Dy - D — -+ - D —> D,‘_H — -+ — Dy,
\ \ \ \
Dy D b Dy,

where Dy is the braid X,f -[1,2,...,k—1] and each D; (i =1,...,k) and D;
(i=0,...,k—1) are as illustrated in Figures 5 and 6. The right arrows correspond
to crossing changes, and the down arrows correspond to smoothings. Note that all
links in the skein tree are braid-positive links.

Dy contains exactly one occurrence of the generator oy;_;, and is hence a
nonminimal positive braid. Each D} (0 <i <k — 1) is also nonminimal, as shown
in Figures 7 and 8. Thus, by Lemmas 2.5 and 2.6, the claim follows. ]

On the other hand, K is represented as the closure of the positive braid

X3.01,2,...,n=1,n,n—1,n=2,...,2,1,1,2,3,...,n].

Figure 5. The diagram D; (0 <i < k). Performing a crossing change at
the crossing indicated by the dashed circle, followed by a Reidemeister 11
move, results in the diagram D, ;. Alternatively, smoothing the crossing
produces the diagram D;.



i<k-—1).

am D} (0 <

Figure 6. The diagr

—2) is not

i<k

braid D] (0 <

Figure 7. The positive

id D_, is not

bra

Figure 8. The positive
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Lemma 2.3 gives
deg v_z(”_l)p([)q(v) <2m—-D+2n+@n*+n—1+42n)—1=3n>+3n.

Equality holds if and only if the positive braid
X31,2,...,n—1n,n—1,n-2,...,2,1,1,2,3,...,n]

is sharp again.

Claim 2.10. For n > 3, the positive braid
X3,2,...,n—1n,n—1,n-2,...,2,1,1,2,3,...,n]

is not sharp.

Proof. We consider the skein tree

E—- E - -+ - E, - Ei 1 — -+ — E,,
\ \ \ \
Ey Ej E; Eiyi

where Ej is the braid described in the claim, and E,, is X 2 -[1,2,...,n—1], which
is not sharp by Claim 2.9. The diagrams E; and E7 are illustrated in Figures 9 and
10.

As shown in Figure 10, the diagram E? consists of two components k; and k»,
represented by the positive braids yil and yiz respectively. Figure 11 shows that
yl.l (1 <i <n—1) is not minimal, and hence nonsharp by Lemma 2.6. Then,
Lemma 2.7 implies that E; is not sharp for 1 <i <n—1.

For i =0, we observe that yol is a 1-braid (thus sharp), so we analyze )/02. We
perform a crossing change and smoothing at the crossing marked in Figure 12. The
resulting diagrams (Figures 13 and 14) demonstrate that )/02 is not sharp, and hence
E| is not sharp. O

i
Figure 9. The diagram E; (0 <i <n). Performing a crossing change at

the crossing indicated by the dashed circle, results in the diagram E; ;.
Alternatively, smoothing the crossing produces the diagram E7.
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; }n—l—i

T}

a

. / : }n—l—i
T}

Figure 10. The diagram E; (0 <i <n—1) represents the two-component
link k| Uk,. k; is represented by the positive braid yil (red), and k, by yi2
(blue).

Figure 11. The positive braid y;' (1 <i <n — 1) is not minimal. The
first deformation is a conjugation that moves the X-shaped part on the
left side of the braid to the right.

Figure 12. The diagram Ej. The red line represents y, , and the blue
line represents yoz. The crossing change at the crossing indicated by the
dashed circle changes y02 into the diagram as in Figure 13. Alternatively,
the smoothing yields the diagram as in Figure 14.
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Figure 13. The diagram obtained by the crossing change of )/02. As indicated,
the corresponding positive braid is not minimal, hence not sharp.

Figure 14. The diagram obtained by the smoothing of y;. The blue line is
the positive braid qu [1,2,...,n—2], which is not sharp by Claim 2.9.

By Claims 2.9 and 2.10, the top term of p(I)(n (v) arises from the term

(1 =™ )?CeD D pp (0)pk, , (),
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which evaluates to v23(1=D-1+D (_y#) (—[)n=130r=D?+30=1) _ (_1)ny3n°+3n_ The
proof of Lemma 2.8 is complete. (]

Lemma 2.11. When n is even, the genus of K,, is given by

1
g(Ky) =3n* — S+ 1.

Proof. By [13] and Proposition 3.1 below, K, is an L-space knot, and hence fibered.
A quasi-positive Seifert surface for K,, can be constructed by attaching 3n% 4+ n + 1
bands to 2n disks, where one of the bands corresponds to the braid

[-1,-2,....,.—(n—1),n,n—1,...,2,1]

and the remaining bands correspond to the other positive crossings. By [16], the
surface is incompressible and therefore serves as the fiber surface of K,,. A direct
calculation then yields the genus g(K,) = %nZ — %n + 1. (]

Proposition 2.12. If n is even, then K, is not braid-positive.

Proof. Set n = 2k. By Lemmas 2.8 and 2.11, the top term of
(—a) =KW PO (0)|_yog s

(_a)*(6k2*k+1)(_1)2k(_a)6k2+3k )4k71 — k-1

=(—« o

Since this is the term of z° in ﬁKn (o, 2), FK” (o, z) is a non-positive polynomial.
Therefore, Theorem 2.1 implies that K, is not braid-positive. U

3. L-space surgery

In this section, we prove that K,, admits a Dehn surgery yielding an L-space if n
is even. Throughout, we set n = 2k. We apply the Montesinos trick [12]: for a
strongly invertible link L in S, the manifold obtained by Dehn surgery on L is the
double branched cover of a link ¢ arising from a tangle replacement on the axis.
See [2; 20] for details.

Figure 15 illustrates a strongly invertible position of the link K U Cy U C, U C3,
where performing (—1)-surgery on C; and 1-surgery on both C, and C3 transforms
K into Ko. Note that -surgery on K corresponds to (8k> + r)-surgery on K.

Proposition 3.1. (12k? + 2k)-surgery on Koy yields an L-space.

Proof. When k = 1, the 14-surgery on K, = 09_30634 yields an L-space [2].
Assume that £ > 2. Consider the quotient of the link in Figure 15 under the
involution around the axis, as shown in Figure 16. Note that the surgery coefficient
on K is 4k? + 2k, and the writhe of K in the diagram is 4k* 4+ 2k + 1. Hence,
(4k>4-2k)-surgery on K corresponds to a tangle replacement by the (—1)-tangle.
Figure 17 illustrates a deformation of the quotient. Performing the indicated
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Figure 15. A strongly invertible position of the link K UC; U C, U Cs.
The dashed boxes total 2k — 1: k in the upper part and k — 1 in the lower.

A

Figure 16. The quotient by the involution around the axis.

surgeries and tangle replacements on the middle right portion of the figure yields
the link diagram in the bottom portion, which we denote by £.

Claim 3.2. The double branched cover of the link £ is an L-space.

Proof. Using the Goeritz matrix derived from a checkerboard coloring of the
diagram of ¢ (Figure 17, bottom), we compute det £ = 12k? 4-2k. By smoothing the
2k—1 crossings indicated by the dashed box in that figure, as shown in Figure 18,
we obtain the links (or knots) Efo i=1,...,2k—1) and a knot £.

A computation gives det £\ = 12k? 42k — (6k + 1)i and det £y = 6k + 1. Hence,
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AN

2

3
R

Figure 17. Three deformation steps for the quotient from Figure 16. In
the bottom part, integers indicate the number of half-twists: right-handed

if positive, left-handed otherwise.
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23 02 (2!

g |

NN (= N NN
|
|

NN (=X
sN) NN

N
(=)

~
(=)

Figure 18. Smoothing the crossings indicated by the dashed circle.

det¢ =detl' ' +detty fori=1,...,2k—2, and detf=dett! +det,.

By [14, Proposition 2.1] and [15, Proposition 2.1], it suffices to show that the
double branched covers of £y and £2¢~! are both L-spaces.

As shown in Figure 19, the knot ¢y is the Montesinos knot M(—%, %, %),
which is not quasi-alternating by [6]. Its double branched cover is the Seifert fibered

Figure 19. ¢, is a Montesinos knot.
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space
L2012 \_ L1 2% 1
M(O’ T30 6k—1)_ M(_l’ 20 6k—1° 5)’
following the convention of [11], consistent with [2; 20].

According to [10; 11], such a Seifert fibered space M (—1; ry, rp, r3) with 1 >
r1 > ry > r3 > 0is an L-space if and only if there are no relatively prime integers
m > a > 0 satisfying mr; <a <m(1 —ry) and mr3 < 1. For r| = % rp = %,
and r3 = % the condition mr3 < 1 with m > a > 0 gives a = 1, m = 2, but this
violates mr; < a. Thus, the double branched cover of £ is an L-space.

. . . _1 - . 2 1 2k
Similarly, Figure 20 shows that Zgﬁ !'is the Montesinos knot M (3, -5 m),

52

Figure 20. A deformation of ng;‘l, showing that it is a Montesinos knot.
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and its double branched cover is

M(Og _%’ 2k ):M(_ll 2 2k )

> 5 14k—1 > 2050 14k—1
Set r 1y =2 and r3 = -2 . The condition mr; < 1 implies m <7 — &
1=3.12=35; 3= Tar—1- 3 p %>

som = 2,3,...,6. But for these values, there exists no integer a satisfying

%m <a< %m Therefore, the double branched cover of £2~! is an L-space. [

By the Montesinos trick and Claim 3.2, the proof of Proposition 3.1 is complete.
O

4. Hyperbolicity

To complete the proof of Theorem 1.1, we show that K,, is hyperbolic. To this
end, we prove that the braid 8, representing K,,, regarded as an element of the
mapping class group of a punctured 2-disk, is pseudo-Anosov in the sense of the
Nielsen—Thurston classification. We apply the criterion of Bestvina and Handel [3],
see also [4].

Let D be a 2-disk, and let P ={py, ..., pr} be a set of k punctures. Take k small
circlesc; (i =1, ..., k), each centered at p;, such that the interior of ¢; contains no
other punctures. Choose a finite graph G embedded in D such that it is homotopy
equivalent to D \ P, and contains C = {c1, ..., ¢} as a subgraph. We allow G to
have loops, but assume that it has no vertices of valence 1 or 2. Let V(G) and E(G)
denote the sets of vertices and edges of G, respectively. A walk T in G is a finite
sequence alternating between vertices and edges (v, e1, V2, €2, ..., Uy, €, Upt1),
where vy, ..., v € V(G) and ey, ..., e; € E(G) such that the endpoints of e;
are v; and v; 4. There is no confusion in denoting this walk by T = eje; - - - ¢4, Let
W(G) be the set of all walks in G.

A homeomorphism f on D that preserves the set of punctures P induces a graph
map

g: (V(G), W(G)) = (V(G), W(G)),

which preserves the set C set-wise. (The definition of a graph map involves the
notion of a fibered surface associated with G, but we omit those details.)

Definition 4.1. A graph map g is said to be efficient if there are no integers m > 1
and edges e € E(G) such that

gm(e):...eiei...

for some ¢; € E(G). If such integer m > 1 and an edge e € E(G) exist, then we
say that g (e) has a back track.

Let Vec(G) be the real vector space spanned by E(G). Each walk in G determines
an element of Vec(G) by mapping to the linear combination in which the coefficient
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of each e; is its multiplicity in the walk. For a graph map g, we define its transition
matrix 7, as the linear transformation

T : Vec(G) — Vec(G)

that maps each edge e to g(e), regarded as an element of Vec(G).
Let CP™ be the set of edges e € E(G) such that g (e) is contained in C for some
m > 1, and define the set of real edges by

E™(G) = E(G)\ (CUCP®).

By the definition of g and CP*, the transition matrix 7, has the block form

c A B
T,=|o0cr D,
00 T7r

where C, CP™ and 7;,“3 are the transition matrices associated with C, CP™ and E™(G).
Recall that a nonnegative square matrix M is called irreducible if, for any indices
(i, j), there exists m > 1 such that the (i, j)-entry of M is positive. By the Perron—
Frobenius theorem, such a matrix M has a real, positive eigenvalue greater than
the absolute values of all other eigenvalues. This is called the Perron—Frobenius
eigenvalue and is denoted by A(M) (it coincides with the spectral radius of M).

Theorem 4.2 [3]. Let f be a homeomorphism on D that preserves the set of
punctures P, and g be an induced graph map for f. Suppose that

o g is efficient, and

s the transition matrix T;° with respect to the real edges is irreducible with
MTS) > 1.

Then the mapping class of f (up to isotopy) is pseudo-Anosov with dilatation equal
10 A(T4©).

Lemma 4.3. The mapping class corresponding to the braid
,3,,=X2-[—l,—2,...,—(n—1),n,n—l,n—2,...,2,1, 1,2,3,...,n] (n>2)
is pseudo-Anosov.

Proof. When n = 2, the braid ; is pseudo-Anosov (confirmed using Sage [17]).
Assume that n > 3.
Consider the braid

3
=Mm,n—1,n-2,...,2,1,1,2,3,...,n]- X, - [-1,=2, ..., —(n = 1],

which is conjugate to 8.
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€2 Cn+2

Figure 21. The graph G embedded in D \ {p1, ..., p2,}. Each integer
inside a circle ¢; represents a puncture.

Let G be a graph embedded in D\ {p1, ..., pa,}, as shown in Figure 21. (Note
that this graph was chosen so that Theorem 4.2 can be applied.) Figures 22 and 23
illustrate a deformation of G induced by the braid g;,. The induced graph map g
acts on the real edges as follows:

gle;))=epp1yifori=1,...,n—1,
glepri)=efori=1,...,n—1,
gley) = €n+1€n—1Cn—1 """ €2nC2n€21€n+1,
g(ean) = exmy1,
g(€n+1) = €nt1Cnt1€nt1 - - €2nCn—1€2042, and
g(ean+2) = encCnen - - ep_1€2n11€y.

Note that ey, ..., ex,42 are real edges, and g(e) has no back tracks for any real
edge e.

Suppose that g (e) has a back track for some e € E™(G) and k > 1. Then it
must occur at e,,, that is, g¥(e) contains a subwalk of the form

k
g (e)=---eyqpi1enepernir--- .
This implies that g€~ (e) contains a subwalk of the form
k=1, N _
g (e)=---eyi2e - OF €€y,

which does not occur by Figure 23. Hence, g is efficient.
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Figure 22. The deformation of G induced by the braid S;,.

Since g(e,) passes through all real edges of G, and for any real edge e, there
exists k£ > 1 such that gk (e) passes through e, it follows that some power (7;,“’)’" of
the transition matrix has all entries that are positive integers. We can choose m such
that the trace of (’7'gre)m is greater than #E£(G). Therefore, (7;,“") is irreducible and
satisfies A(7,°) > 1. By Theorem 4.2, B, is pseudo-Anosov, and hence so is §,. [

Proposition 4.4. K,, (n > 2) is a hyperbolic knot.

Proof. Note that K,, can be obtained by the closure of the braid X, 8,X, I and
X,B.X; ! is also pseudo-Anosov by Lemma 4.3.

By Figure 24, the Dehornoy floor of X, 8,X;, ! is greater than 1 (see [7] for
definition of the Dehornoy floor). Therefore, by Theorem 1.3 of [7], the closure of
B, namely K, is a hyperbolic knot. U

Proof of Theorem 1.1. By Propositions 2.12, 3.1 and 4.4, we have the conclusion. [J
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Figure 23. Continued from Figure 22. Here, the deformation from the
right bottom in Figure 22 to the bottom of this figure is by an isotopy.
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Figure 24. Top: the braid X,8,X,!. Middle: the braid obtained by
rewriting the braid A~*X, 8, X!, where A is the Garside fundamental
2n-braid. Here the box with —2 indicates two left-handed full-twists.
Bottom: the braid obtained by further modifying the middle braid. Since
this braid is o,—positive, we have A* <p X Bu X, ! where <p is the
Dehornoy order.
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THE RANKIN-SELBERG INTEGRAL ON GSp,
FOR SQUARE-FREE LEVELS

SEIIT KUGA AND MASAO TSUZUKI

We explicitly compute the Rankin—Selberg type integral introduced by
Piatetski-Shapiro over adeles for vector-valued Siegel cusp forms of square-
free levels I'g(/V ). On the way, for particular test functions in the Bessel
models of irreducible admissible representations, exact evaluations of the
local zeta integrals are given.

1. Introduction

Lately, the Bessel periods on the symplectic similitude group G := GSp, of rank 2
have been gaining in importance in the arithmetic of Siegel modular forms. The
notion of Bessel period and the associated local models of admissible representations
of G were originally introduced by Novodvorski and Piatetski-Shapiro in their work
[27; 26; 29], where a modern treatment of Andrianov’s integral representation
[1; 2] of the spinor L-function for Siegel modular forms was developed. Related
to this, we should also mention independent work by Sugano [42], which handles
vector-valued Hilbert—Siegel cusp forms on arithmetic groups defined by maximal
orders of indefinite division algebras. The Bessel period also plays an essential
role in a formulation of Bocherer’s conjecture posed by Liu [22] in a style of the
refined Gan—Gross—Prasad conjecture. This version of Bocherer’s conjecture has
been completely solved by Furusawa and Morimoto [9; 10].

In this paper, we compute the Rankin—Selberg type integral a la Piatetski-Shapiro
for holomorphic vector-valued Siegel cusp forms of square-free levels explicitly,
using results of Pitale and Schmidt [32] on local new vectors on G(Qp) (p < 00);
since we rely on the local-global method, our result is immediately applied to
nonholomorphic Siegel cusp forms of discrete series type (cf. [20; 23]).

We explain the background of our investigation for scalar-valued Siegel modular
forms of weight /. Let E be an imaginary quadratic field of discriminant D < 0;
depending on E, we define a closed Q-subgroup G* <> G as in Section 2.1 and
form the Eisenstein series E(s, A, i) (s € C) on G*(A) attached to an ideal class
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character A of E and a finite order character p : AX/Q* — C! (see Section 3.1).
Our focus is an asymptotic formula as N +/ — oo of the average

1
1-1 E(s. A, BEA )
v [SP2(Z) : To(N)] (pe@z(m< (5. A ) | 9) BEA ()

where BE2 (¢) is the Bessel period of ¢ in an orthonormal basis Z(/, N) of Siegel
cusp forms of weight / and square-free level To(N), and (E(s, A, ) | @) is the L2
inner product of E(s, A, i) and ¢ restricted to G¥(A). We suppose the ramifications
of E/Q, p, 7 are mutually disjoint. Actually, for application ([19]), we consider a
more general average than (1-1) by requiring %(/, N') to consist of joint eigenforms
by Hecke operators and by putting the eigenvalue of such a Hecke operator at each
@ in the formation of the sum (1-1). With such generality, we obtain a completely
explicit expression of (1-1) in terms of

e the spinor L-function L(s, , 1) (see Section 4.6) attached to an irreducible
cuspidal representation 7 =~ ) p Tp twisted by p,

« an average of Fourier coefficients of a newform ¢? in 7, denoted by R(p2, E, A)
(see (4-12)) originally introduced in [18],

e an average of the local Bessel periods (5-10) of 7, or its computed form (5-12).

Precise statements, including the vector-valued case, are given in Proposition 5.1
and Theorem 5.2. Owing to the explicit nature of our result, we are able to show that,
asymptotically as the prime level N grows to infinity with the weight / being fixed,
the contribution to (1-1) of the old forms, the Yoshida lifts and the Saito—Kurokawa
lifts are 0 (see Theorem 5.4).

These results are necessary in our forthcoming paper [19], where we shall
work out the geometric side of a relative trace formula whose spectral side is
essentially (1-1). We should remark that an average similar to our computed
average (5-11) without the factors i(s +1/2,m, 1) and fs (7r) is studied in [7, §3].
When E = Q(i), our average (5-11) is almost the same as the one in [5, §8] except
the appearance of the local periods t(r, ().

Outline of paper. In Section 2, we introduce basic objects related to algebraic
subgroups of the symplectic group G and Haar measures on their p-adic, real and
adelic points. In Section 3.1, the Rankin—Selberg type integral and the global
Bessel function for Siegel cusp forms are recalled; after this preparation, the basic
identity (Lemma 3.2) is stated, which computes the pairing {(E(s, A, i), ¢) in
(1-1) in terms of the Mellin transform of the global Bessel function attached to
¢ ([29, Theorem 5.2]). We review the proof to determine a constant depending
on Haar measures exactly. In Section 4, we recall the definition of the quantity
R(g, E, A) for an ideal class character A, which was originally considered in [18];
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we describe its behavior under the Galois conjugation A — Al (Lemma 4.6). The
local multiplicity one theorem for Bessel models of 7 ,’s allows us to split BEA(p)
for ¢ € 7 corresponding to a pure tensor in (X) p 7p to an Euler product of local
Bessel functions for 7, up to a constant. To define our newform ¢2 and identify
this constant with R(¢2, E, A) (see Lemma 4.8), we fix pairs of a local Bessel
functional £, on 7, and a local new vector &, of 7, such that £,(£,) = 1; in
Section 4.4, we explain that the main result of [32] ensures the existence of such
{({p.&p)} p when 7 corresponds to a new form on I'g (V). In Section 6, we compute
the local zeta integrals by using results of [32]. The unramified computations are
known (see Section 6.2). Other cases, as well as the explicit determination of the
local periods of prime level (see Section 6.8), seem to be new, so that some details
are given in Sections 6.4, 6.5 and 6.6. In Section 4.6, the functional equation of the
L-function is deduced from the basic identity by using Lemma 4.6. Although a
“nice” functional equation of the L-function itself is known in a broader generality
([39, Lemma 1.2]) owing to Arthur’s classification of the discrete spectrum, we
include this section for the sake of completeness and to provide a proof free from
Arthur’s result, confirming that the local L-factor and the local e-factor defined
by [29] coincides with the ones proposed in [36, Tables 2 and 3]. In Section 5,
we prove Proposition 5.1 and Theorem 5.2; by invoking a result by Furusawa and
Morimoto [9, Theorem 8.1], we obtain an explicit expression of (1-1) solely in
terms of L-functions (Theorem 5.3).

2. Preliminaries

Let V denotes the space of symmetric matrices of degree 2; we consider V as a
Z-scheme by defining

V(R)={[¢%]la.b.c e R}
for any commutative ring R. The group GL;(R) acts on this space from the right as

(2-1) V(R) x GLy(R) 3 (T, h) > Ts(h) := T"hTh € V(R).

Let G denote the symplectic similitude group

G:i={geGLy|g[ 9, Gle=v@[ 9, 3] @v(eeGL))

(usually denoted by GSp,), where v : G — GL; is the similitude character. The
center of G is denoted by Z, which coincides with the set of all the invertible scalar
matrices of degree 4. Let P = MN be the Siegel parabolic subgroup of G, where
M:={m(4.c):=[5, 2 ]| 4€GL;.c € GL},
— [l X
N:={n(X):=[4 ]| XeV]
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Note that v(m(4,¢)) =c and v(n(X)) = 1. Let
Ti= {m([48].¢) |abe <Gy},

which is a maximal torus of G. The Weyl group W := Ng(T)/T of G is generated
by the images of

2.1. Embedding of groups. Let E = Q(~/D) C C be an imaginary quadratic field
of discriminant D < 0, so that ~/D = i|D|'/? with i being the imaginary unit. Let
Ok denote the ring of integers of E. Choose a Z-basis {1, 6} of O such that

(2-2) 6—0=—D,

where 7 > 7 denotes the nontrivial automorphism of E/Q.

The differential ideal d /g, defined by ogl/@ ={t € E |ttg/q(tOg) CZ},is

£ thus a symplectic Z-bilinear form (-,-) : 0% x 0% — Z is defined by

VDOE; th lectic Z-bilinear f 0% x 0% — 7 is defined b
(e 0) i=tegga (S5 de B 1), x=[8] y=[X]eo}.

Note that the following vectors of @% form a symplectic Z-basis, i.e., (v;L , v;) =0ij

and (v;",vT) = (v, vj_) =0foralli, j:

i7j
ofi=[8] of=[8] o =[8) =000

For any ring R, set
G*(R) := {h € GL,(0F ®z R) | det(h) € R*}.

For 1 € G*(R), viewed as an R-linear automorphism of (0 ®7 R)?, let 1y (/) denote
the 4 x 4-matrix representing /2 in the R-basis {vfr, v;, vy, v, } of (OF ®z R)?,
i.e.,

(2-3) (). B, h(vy), k()] = [V v vy vy Teg ().
Then tg(h) € G(R) and v(tg(h)) = det h. Thus, we have an embedding
g : G*(R) = G(R).

Let B be the Borel subgroup of G* such that B¥(R) coincides with the set of all
points

(2-4) [ 2], te(E®aR)*, ac R, BeR.

0 ¢!
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Let N* denote the unipotent radical of B, i.e., N¥(R) is the set of points (2-4) with
t=a=1.SetZ¥:={al, | a € GLy}; then Z* is a subgroup of the center of G* of
index 2.

Let Iy : E — M;(Q) denote the matrix representation of the regular representation
of the -algebra E with respect to the basis {1, 8}, i.e.,

(2-5) [t.70]=[1,0]I9(z), T E€EE,

or, explicitly,

(2-6) Io(a+b0) = [Z af;f;%f;)] . a,beq.

For B = by 4 b30 € Eg with by, b3 € R, define an element X of V(R) as
2-7) Xg:=[p1 2] with by :=—bytrg/q(8) —b3NEg/o(6).

We have

(2-8) o ([3 o, ]) = m(Ip(r).a). aeR* teE},

(2-9) Lo ([(1) /f]) =n(Xp). B e Er.

By formulas (2-6) and (2-8), we have tg(aly) = aly for (a € R™), which implies
(2-10) w(ZH =12.
We then have Ng g(x + 0y) =[x, y] T[ﬁ] (x,y € R) with

1 21 trE/@(Q):|
g Ngo@ |

Let V% (Q) be the orthogonal of Ty in V(Q) with respect to the nondegenerate
quadratic form tr(X'Y) on V(Q), i.e.,

@2-11) Tp:= [2

vI9 (@) :={X e V(Q) | tr(TyX) = 0}.
Note that tr(7,) = 1+ (trg/q(0)/2)* + Ng/o(8)* > 0, det(Ty) = —D /4 > 0 by
(2-2). We have V1% (Q) = {Xg|B €L}, and
(2-12) V(@ =QTy eV (@).  1p(N*) =n(V'?)

by (2-9). The group M acts on the space of rational homomomorhisms Hom(N, G,)
by the rule Ad*(m) x(n) = x(m™'nm) form € M, n € N and y € Hom(N, G,). For
T €V, let Mt denote the stabilizer of x7 : n(X)  tr(7X), and M7, the identity
component with respect to the Zariski topology. Then, for any Q-algebra R,

Mz, (R) = {m(I4(7).Ng/a(7)) | T € ERr}.
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Define a bilinear form on V(R) as (X,Y) := —tr(X Y T) and let SO(V(R)) be the
special orthogonal group of (-,-).

2.2. Open compact subgroups at finite places. Let p be a prime number. Set
Ep:=E®qQpand O, , = Op ®7Z,. Then, K% := G*(Z,), which coincides
with the stabilizer in G*(Q) of the Ok ,-lattice ﬁ% C E3, is a maximal compact
subgroup of G*(Q), and K, := G(Z ) is the standard maxnnal compact subgroup
of G(Qp). For a nonzero ideal n C Z, set

Kom):={[& B]eG(Zy) | C en}.
For a nonzero ideal a C O, set
Ki(a):={[?5]eG*(Zp)|cea}.
Thus, Ko(Z,) =K, and K} (0 ) =
Lemma 2.1. For a nonzero ideal w C 7, we have Kf;(nﬁE p) = te_l (Ko(n)).

Proof. Indeed, both ¢, (K p) and K# coincides with the stabilizer of 6’2 =
(v;r, v;, vy, V5 )z, in G*(@p). Hence ty 1(Kp) = K# In the remaining part of the
proof, we suppose n C pZ Then forg=[45]e K p» we have g € Ko(n) if and
only 1fg(v+) g(v;') e (vl v, v, )Zp—l—n(v1 Uy )Zp For g =1g9(h) with h = [ ]

K# this last condition becomes [ ], [?z ] € [nﬁﬁ’z” ] or, equivalently, ¢ € nﬁ E,p-
|

For N € 7, define open compact subgroups Ko(N) C G(A¢) and K*(N 0F) C
G*(Ay) by
Ko(N):= [| Ko(NZp). Kj(NOg):= [] KEWN Ok, p).
D<o p<o0
2.3. Maximal compact subgroup at the archimedean place. The identity con-
nected component of G(R) is G(R)? = {g € G(R) | v(g) > 0}. Set Koo :=
G(R)® N O(4), which is a maximal compact subgroup of G(R)? given as

Koo ={[_48]| 4, BeM(R), A+iB cU(2)}.

Note that Ko, C Sp,(R). The action of G(R)® on the Siegel upper-half space
hr:={Z eM,(C)|'Z = Z, Im(Z) > 0}, denoted by (g, Z) > g(Z), is defined
by the usual formula, i.e.,

g(Z):=(Z+B)(CZ+D)™", g=[4E8]eGR). Zebh,.

The stabilizer of i1, € b, in G(R)? coincides with Z(R)Ko and the map ¢ :
G(R)? > g+ g(il,) € b, induces a diffeomorphism G(R)?/Z(R)Kuo = b,. Let
p denote the subspace of g := Lie(G(R)?) that is mapped bijectively onto the
tangent space of h, at i1, under the tangent map of ¢ at 14. Let p* (C pc) be
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the space of holomorphic tangent vectors and p~ the antiholomorphic ones. Set

Yoo i:=m(—1,,—1) = [_(}2 102] € G(R); then Koo U Koo yoo is @ maximal compact

subgroup of G(R). The four vectors

upi=[3] w=[4] us =[] wus:=[_9]

in Eﬂ% form an R-basis such that

(2-13) [, vl o7, vg ] = [ur, ug, us, ug] (B8) ™!
with

i 0._ ~1 ~1 _ 127 g
2-14) b8 :=m(4.27'V|D] ", Ag.—|:0 D] € GL,(R).

Note that b[g € G(R)° because v(b[g)_1 =2"1./|D| > 0. Set
K’ :=UQ2)NG*'R) = {k* € U(2) | det(k™) = £1},

which is a maximal compact subgroup of G*(R). The identity connected component
(K%)? of KZ  is SU(2), and K% = (K% ))® U (K% )%8 with §oo := [} _9]. A
general element of SU(2) is written in the form

-15)  h=[2-b] witha=d +id" . b=b"+ib"€C, af* +|b]* = 1.
For such an /, a computation reveals the relation
(2-16)  [huy, huy, hus, hug) = [uy, uz, us, ug][ _4 5]

with 4:=[2 4], B:=[4 0]

a’ a

Lemma 2.2. We have Lgl (Koo) = (K% )0, For k¥ € (K%,)? as in (2-15), defining
A, B € M,(R) as in (2-16), we have

(2-17) (ki) = b 3 510"

Proof. Equation (2-17) follows directly from (2-4), (2-16) and (2-13). From
[huy, huy, huz, hug] = [uy, us, us, ug)(—y)

and —y € Ko, the assertion follows. O

2.4. Haar measures. For locally compact unimodular topological groups H rele-
vant to us, we fix Haar measures ng on H in the following manner. Let A be the
adele ring of @ and v : A/Q — C! the basic character.
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2.4.1. On the additive group C, define dnc(t) :=dxdy = 27'|dr Ad7| for r =
x +iy (x, y € R), where dx dy is the Lebesgue measure on R2.

The Haar measure ncx on C* (resp. ngx on R*) is defined by dnex (1) =
|‘[|Eld‘[ fort = x +iy € C (resp. |x|§1dx). For each p < oo, E; (resp. @;) is
endowed with the Haar measure 1) gx such that 7 gx (ﬁg’ p) =1 (resp. 1 (Z3)=1).
Then, viewing A% as the restricted product of £, we define Nay = I1 p<oco NEX-
Similarly, we set nax =[], <o N0

2.4.2. For a matrix X = [? g], set XT:= [_‘ci _2], so that XXT = (det X) 15,
and X — X induces an involution of the Q-vector space V(Q), which is viewed as
a quadratic space with the symmetric bilinear form tr(X'Y T). We endow V(A) with
the self-dual Haar measure with respect to the self-duality defined by the bicharacter
(X, Y) > y(tr(X YT)). Let na (resp. nay) be the self-dual Haar measure on
A (resp. Ag) with respect to the bicharacter (x, y) — ¥ (xy) (resp. (a, f) —
Y(trg /@(aﬂ_))). A computation shows the relation — tr( Xy X /;r) =trg /@(aﬁ) for
o, B €AE, where Xy, X BE v Te (A\) are defined by (2-7). Thus, by the isomorphism
Aps B Xge vTe(A), the Haar measure 74  1s transferred to a Haar measure
on N*(A). Since tr(Tp TOJr ) = —D/2 # 0, we have the orthogonal direct sum
decomposition V(Q) = Q7 & V7?(Q). By this and (2-12), write X € V(A) as
X = ng +Xg=yTy+ Xo (x,y €A, B,a € Ag). By the definition of the Haar
measures, we have dny ) (X) = dna(x) ® dna, (B). Since the change of variables
(x, B) — (y,@) is given as

y="2x,  a=B+2"trg0O)(x+y)+Ng/g@)x—y)0

and since |—-D/2|a = 1, we get dnya)(X) = dna(y) ® dnag («). Through the
identification V(A) 3 X - n(X) € N(A) and B3 Ap [ f] € N*(A), the groups
N(A) and N¥(A) acquire Haar measures, so that the integration formula

: _ - # #
(2-18) oy D = L\ /N sy OOT9) 15 (n")) dx

holds for any /"€ L'(N(A)). Note that vol(N(Q)\N(A)) = vol(N*(Q)\N*(A)) = 1.
2.4.3. Let p < oo. Any element g* € G*(Q,) is written as

(2-19) g =[5 51+

with a € @;, TE E;, Be€E,andk" e K’;. Then, our Haar measure on G*(Q )
is symbolically defined as

(2-20) dnera,) (g)) = laly - dng, (B) digy (a) dn g (t) dngs (KF),

where dnK?” (k*) is the Haar measure on K*’; with volume 1. For p < oo, we have
fK“}, Net(@,) = 1. On the adele group G*(A), we use the product measure of NGH@,)
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(p < o0). Then, from (2-20), we get

221) #)dg* =
(2-21) G#(A)f(g )dg
VID| BT 0 7 2#) 1,12 qot #
2 A#(A)/XAE K#f(n [(T)af]k )|a|/& dn d?’],&x(a) dnAE(T) dk )
where dk* is the normalized Haar measure on K* = [] p<oco K*’;,. Note that the

measure on N*(A) = Ag coincides with the na, defined above, which equals

(VID1/2)x[1, nE, (p < 00) due to the formulas ([1, ne,)(Ag/E) = |D|'/2/2
[47, Chapter V, §4 Proposition 7] and na . (Ag/E) = 1.

2.4.4. We fix nk,, so that vol(Kx) = 1. Then we normalize nsp, ) in such a
way that the quotient gy, (r) /7K., corresponds to the measure (det Z )73dX dY on
b2 2 Spy(R)/Koo. Via G(R)? = Z(R)° Sp, (R) = R~ X Sp,(R), ng(r) is defined
by demanding that its restriction to G(R)? is nrx ® Nsp,(®)- For p < oo, we fix
NG(@,) by demanding pr NG(@,) = 1. Then, ng) is defined to be the restricted
product of ng(g,) (p =< 00).

2.5. Idele class characters. Let A denote a character of the finite group
CIE) :=A%/EXEXO%.

As is well known, this group is isomorphic to the ideal class group of E. We regard
A as an idele class character of E* of finite order. Since A* = Q*(R>q)Z* is
contained in the subgroup E* Ej 5}5, we have

(2-22) AJAX =1.

Let v be a place of E and A, the v-component of A, i.e., A = @), A,. We say
that v is inert in £ /Q, splits in £ /Q or ramifies in £/Q if E, := E ®g Q) is an
unramified field extension of Q, is isomorphic to Q, @& @, or is a ramified field
extension of @, respectively. Since A is supposed to be trivial on E, we have
A oo = 1; moreover,

(2-23) If visinertin £/Q, then A, = 1.

Indeed, since A is supposed to be trivial on 0%, the restriction Avlﬁg’ , 18 trivial.
If v is inert and p denote the residue characteristic of £y, then p € Q, is a prime
element of the local field £,. We have Ay(p) = 1 due to (2-22). Hence, Ay is
trivial on pzﬁggv = Ej.

Define the Galois conjugate A of A by setting

(2-24) A1) = A®@), teA}.
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We have A(7)Af (1) = A(zT) = 1 for T € A% by (2-22). Hence
(2-25) AT=A"T=A,
where A is the complex conjugate of A.

For an idele class character £ of E*, let i,(s, &) be the completed Hecke L-
function of &, and L , (s, §) its local p-factor for p <oo. Then, L (s, g = Ly(s,§)
for any p < oo. Indeed, if p is not ramified in E£/Q, the equality is trivial.
Suppose that E/Q is ramified; if £, is a ramified character of E, then both
L-factors are 1. If £, is unramified, then for any prime element  of E ,, we have
) p(@) =§&p(w) =&, (w), which implies the equality between local p-factors.

For any character j: A% /Q* R — C!, define g := ioNg /g : A%/ E* —> cl.
Then 1E is Galois invariant, and ug|E% = 1. Hence, (A,uE)T = A)r =
A~'ug, and

(2-26) Ls, A7 ug) = L(s, \pg) = L(s, Aug) (Re(s) > 1).

Note that i(s, A g) is holomorphic except for possible simple poles at s = 1, 0,
which occurs if and only if both A and p are trivial.

3. Eisenstein series and Rankin-Selberg integral

Let A = ®APECT(E)and/L: ®upem.

pP=00 P=0

3.1. Eisenstein series. For details, we refer to [14, §19]; the theory on GL,(AE)
developed there carries over into the group G*(A) with minor modifications. For a
finite-dimensional vector space V over a local field, let S(V') be the space of all
Schwartz—Bruhat functions on V. For p < o0, ¢ € S(E 12,) and s € C with Re(s) > 0,

we define a function ff’A"’”’") : G*(Qp) — C by
’A 9
(3_1) qus p,va)( #):
1 p(det g*)|det g* |S+1/ p([o 115 %]¢ #)ApME,p(T)|Tf|fp+ld77E;(T)-

When P oo, we assume that ¢ is K -finite. By local Tate theory, the function
sf ¢s Apotp) (g") is continued meromorphically to C in such a way that

>A s — ,A 5
G2 A (M) = Ly (s 4 1 A ppp, )t x LA (g
is holomorphic on C. Then, §s-Apattp) belongs to the space ¥*(s, A p, L p) consist-
ing of all smooth functions f on G*(Q ) satisfying

FUE L1gH = Ay  ip@Mal 6D f(gh)
forany [T £ ]eB*(@,) and g* € G*(Q)).
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The Fourier transform ¢ of ¢ € S(E 127) is defined by
G3  era) = [ eV BLED dos, (0 dig, W)
Set wg := [ % 7} ] € G*(Q,). The standard intertwining operator
M(s): 75, A, 1) = P (=s. A1 15 1)
is defined on Re(s) > 0 as the absolutely convergent integral

M6 &= [ f(woly %] dne,(B). &' e c*(@p).

The effect of M (s) on the section f f’A”’“” ) is described by the Fourier transform

¢ as
(_ aA_l’ _1)
(34 J; B (gt =

_ _ L,(1—=s, A" u7zh) (A poitp)

A D 1 D S+1/2 A V4 E M s4Ap>sMp #
cphp(VD) DI e p(s. App Vi, ) =SS M(8) ], (")
with ¢p = 1 if p < 00 and ceo = /| D|/2 if p = oo, where &(s,-, V¥ g,) denote
Tate’s local epsilon factor defined by the character Vg, := Ypotrg,/q, of Ep
and the associated self-dual measure on £, as usual. Let S (A%) be the space of all
the Schwartz—Bruhat functions on A%. For a decomposable element ¢ = ) ¢, in

S(A%), we define p=00
’AS ’A b
i@ = TT " eh). & = (ghp e G a).
p=0o0

Note that fés’A’“ ) is left-B* (Q)-invariant and right-K*-finite. The Eisenstein series

attached to féS’A’“ ) is defined by the absolutely convergent series
A ,A,
(34 E@.s.Awgh=Lis+LAup) Y, 156",

# #
8B (Q@)\G*(Q) ot ecta),
for Re(s) > 1. The Fourier transform ¢ of ¢ € S (A%) is defined by a formula
similar to (3-3) with respect to the measure na, ® na,. The following properties
of the Eisenstein series are standard.

Proposition 3.1. Let ¢ € S(A%), s € C, A € CI(E), p € m and g* €
G*(A).

(i) The map s — E(¢,s, A, u; g") (Re(s) > 1) has a meromorphic continua-
tion to C, holomorphic in s unless Ajug # 1, in which case it has possible
simple poles only at s = 1,—1. For a regular point s € C, the function
g E(¢,s, A, w; g%) is an automorphic form on G*(Q)Z*(A)\G*(A).
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(ii) We have the functional equation E(¢,—s, A", u=1; g%) = E(¢, s, A, u; g").

(iii) For a relatively compact subset N' C C on which s — E(¢,s, A, ju; g%) is
regular and for a compact set U C G*(A), there exist constants C > 0 and
N > 0 such that

|E(@.s. A, p;[29] ") <ClalV (@eRsy, g¥clt, seN).

3.2. Rankin—Selberg integral and the basic identity. For any cusp form ¢ on
Z(A)G(Q)\G(A), A € CI(E) and s € C, the Rankin—Selberg integral is defined by

3-5) (E(¢.s.A.p).9) = E(p.s. A, p: g" ")) dg*.
(5 (E@s A ghi= [ B @05 A g 0la(g") dg

By Proposition 3.1(iii) and the Fourier expansion (4-5), it is straightforward to show

the absolute convergence of the integral for s € C where the Eisenstein series is
regular. For T € V(Q), define a character ¥/7 : N(A) — C! by

yr(n(X)) =y ((TX)), X eV(A).
The (Ty, A)-Bessel period of a cusp form ¢ on Z(A)G(Q)\G(A) is defined by the
integral!
(3-6) B'R(pig):=

A@)™! “lo(m(Ig(r),N dn d*
S 5N [ e Vo o (). N ja(0)mg) an d*x

for g € G(A), where d* z denote the quotient measure on A% /A (see Section 2.4.1).

Formula (3-7) is the basic identity due to Piatetski-Shapiro [29]. To determine
the constant exactly under our normalization of Haar measures, we reproduce the
proof briefly.

Lemma 3.2. Let ¢ : Z(A)\G(Q)G(A) — C be a cusp form. For Re(s) > 1, we have

(3-7) (E(p.s. A, p). @)=

@L(s—i—l,A;LE)/X/KgO

A, -
wronlo @) ali”!

x BTo-A (p;m(aly, a)ig(k*))) d*a dik®.
Proof. By substituting (3-4) into (3-5),

L(s+1,App)”" x(E(¢.s. A, 1), )

(s,A,u) # # #
= f (vg") p((g™))dg
# # 4 Z ¢
Z#(A)G*(Q)\G (A)yeB#(@)\G#(@)

INote that m(I4(a), Ng/ola)) = aly fora € A*. Then, due to ¢ being Z(A)-invariant, the
integral BT6-A (¢; g) is 0 if A|JAX # 1. This trivial vanishing does not happen if A|AX = 1.
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= (S Aall“) d
Z#(A)B*(Q)\G*(A) ¢ (g )fp(te(g )) g

,/|D
/AX/QX /AE/AXEX /N*‘(@)\N#(A) /K“ (0E)KE
xA(r) '@ (19 (n*) m(Ip (1), Ngja (@) [“75'2 L Jug (kfiel))
x |a|3 d*a d*z dn® dk§ dk?,,

f(SaA,M)(kt#kgo)|a|g(s+l)

where the last equality is proved using (2-21). By Lemma 3.3, the last expression
becomes

\/ / / / / f(s’A’M)(k#k )|a|A(S+1)
A</ Jax/ax Ex In@)\wea) JKE (op)KE, ¢

<A@ @™ Y p(nm(Ip (1) Ng o) [ 24,12 L (k)

acQ” -1 2 X X #
XYr,(n)"" la|yd”ad” v dndky.

The a-summation and the a-integral over A* /@ are combined to yield an integral
over A%, The change of variables @ — a~! and (3-6) then give the desired formula.

O
Lemma 3.3. For g € G(A),

# al 0 1
dn® / 2 d
Jre e £t 2) dn = 3 L8 1o v o
Proof. Fix g € G(A) and define a function ¢ on A by

2= [ o POC TN ', x €A,

Since ¢ is a Q-periodic smooth function on A, it can be expanded in a Fourier
series, which is absolutely and normally convergent:

38 P i;jl Lo @n) ™ dy xy @), xeA.
By (2-12) and (2-18),
-1
Jjo?0) W@ dy
_ -1 \Y
= [0 Juts @t P00 T + 20 U w@Ty (/T + 2)) dy dZ

= —1
B V(@)\V(A)go(n(X)g) VT, (n(@X))”" dX,
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which for & = 0 is zero due to the cuspidality of ¢. Thus, by setting x = 0 in (3-8),
0) = f n(X n(eX)) ™' dX
$(0) Z@ v M VT, (n@X)

=y en[“y> L 12) ¥, ()" dn.
e /N(@)\N(A) 0 I ¢

The last equality is obtained by the change of variables X — o~! X and by the

automorphy of ¢ together with the relation n(a™1X) = ["‘_(; 12 102 ]n(X ) [ “(1)2 102 ]

|

4. Automorphic forms and Fourier coefficients

Let (Z?)dom :={A = (I1.1) € Z% | Iy > [ }. Let A = (I1,13) € (Z*)gom and o be
the representation of GL,(C) on the space V, of homogeneous polynomials in
X.Y of degree [; — I, defined by o(h) f(X,Y) = (deth)’2 f(aX +cY,bX +dY)
for h = [‘C’ 3] € GL,(C) and f € V,. As is well-known, any irreducible rational
representation of GL,(C), up to equivalence, is obtained this way. The space V,
carries an SU(2)-invariant hermitian inner product (- | -), given by [9, (8.2.6)].
Recall Koo = {koo(u) :=[_4 8] | u= A4+ iB € UQ2)}. For N € Z., let
So(Ko(N)) denote the space of smooth functions ¢ : G(A) — V, that satisfy the
following conditions:

(i) ¢(zvg) = ¢(g) for (z,y, g) € Z(A) x G(Q) X G(A).

(i) p(gktkoo(u)) = o(@)~'¢(g) for kt € Ko(N) and koo(u) € Koo.
(i) R(X)p =0forall X ep™.
(iv) @ is bounded on G(A).

For T € V(R) with det(T") # 0, define the function Bg : G(R)® — End¢(V,) by
@-1) BI(g):=v(e)'T)20(Ci + D)™ exp(2mi (T g(i1,))).

c=[28]cm"
This function satisfies the conditions

4-2) BI(m(4.c)g) =cNHD2BT (g)o (A7 )",
m(4,c) € M5(R), g € G(R)°,

(4-3) Bl (ngkoo(u)) =y (m)o(i) " oB(g), (n.g.u) € N(R)xG(R)° xU(2).
(4-4) R(p7)B! =o0.

The function BQT’U g Bg (g)(v) with v € V,, —(0) is bounded on G(R)? if and
only if T € V(R)™, where V(R)™ denotes the set of positive definite elements in
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V(R). Set
y i=m(—1,,—1) e M(Q).

Note that v(y) = —1. Set V(Q)* :=V(Q)NV(R)™.

Lemma 4.1. Let ¢ € Sy (Ko (V). There is a unique family of vectors ay(T'; g¢) €V
(T eV(Q), gr € G(Ay)) such that

45)  9(%0080) = Y Bl(g00)(ay(T: 1)), goo € G(R)°, gr € G(Ap).
Tev(Q)

IFT ¢V(Q)™, then a,(T; gr) = 0 for all g¢ € G(Ay). For g¢ € G(Ay),

(4-6) ¢(ngoogs) Yr(n) dn

N(A)/N(@)
_ {BQT(goo)(ago(T;gf)) (g0 € G(R)®),

0 (800 € G(R) — G(R)®).
Proof. Fix gf € G(A¢) and examine the integral, say W(g), on the left side
of (4-6). The function W on G(R)? satisfies conditions (4-3) and (4-4). Hence,
there is a corresponding function F : h, — V), determined by the relation F(Z) =
v(g)~1H12)/2p(Ci + D) W(goo), With goo = [& £] € G(R)°, and such that
Z = (Ai + B)(Ci + D)~!. Since F(Z) satisfies F(Z + X) = ¥1(X) F(Z)
(X € V(R)), it is of the form F(Z) = F(Y)exp(2ni tr(T X)) with a V,-valued
C*>-function Fy(Y). Since F(Z) is holomorphic, the Cauchy—Riemann equations
yield (d/dy;;) F1(Y) = —2nt;; F1(Y'), which is uniquely solved as

F\(Y) = ay (T g1) exp(~27 te(TY))

with a vector ay, (T'; g¢) € Vy, or equivalently W(goo) = Bg (800)(ap(T; g¢)). Then,
the formula in (4-5) is a consequence of the Fourier expansion of a N(Q)-periodic
function on N(A). Since ¢ is bounded on G(A), the function W(gso) should be
bounded on G(R)?; since goo > Bg (800)(v), with v € V, — {0}, is unbounded
if T ¢ V(R)™, we have a,(T; gr) = 0 for all T € V(Q) — V(R)™. It remains to
show the second case in (4-6). Let g & G(R)°. Decompose y € M(Q) as YooYt
(Yoo € M(R), yr € M(Ag)) in M(A). By the left G(Q)-invariance of ¢,

P(n(X)googr) = 0(¥n(X)googt) = 0(n(—X) Voo 8o V181)-

Integrate this in X over V(Q)\V(A) and make a change of variables n — n~! on

the way; we have
f o(ngoogt) Vr(n)~'dn = / o (nysogooyigt) Vg ()~ dn.
N(@)\N(A) N(Q)\N(A)

Since Yoogoo € G(R)°, the last integral becomes BET(yoogoo)(a(p (=T vtgr)) by
the first case. Since —T ¢ V(R)*, we have a(—T'; yrge) = 0. O
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The vectors a, (T'; g¢) in V, are referred to as the adelic Fourier coefficients of ¢.
As is well-known, there is a linear bijective correspondence between ¢ € S, (Ko (V))
and the classical V,-valued Siegel cusp forms f(Z) on

To(N):={[& 8] eSp,(2) | C =0 (mod N)}
determined by the relation

F(gooli12)) = 1(goo) " 1772/20(Ci + D)p(goc). g0 =[¢& B] € GR)°.

By the modular transformation law f((AZ+B)(CZ+D)™')=o(CZ+D)"'f(Z)
for [é g] €g(N), since —14 € T'g(N), we have f(Z) = 0; hence S, (Ko(N)) =
(0), unless /; = [, (mod 2). (For details, see [36, §3.2] and [4, §4].)

Since N(A) N Ko(N) = {n(X) | X € V(Z)}, by (4-6), we have a,(T;1) =0
unless 7' € Q, where

— b/2
0=, | abeez)
is the dual lattice of V(Z). Then, (4-5) with g¢ = 14 reduces to
f(Z)=) ap(T:14) expQuiw(TZ)). Zebh,
Teot
where QT := QN V(Q)™. This means that a,(T) := ay,(T; 14) (T € QF) is the
Fourier coefficient of f(Z) in the classical sense. Set

8:= [(1) _(1)] S GLz(@).

The map T + —T's(§) preserves the set Q. If we identify QT with the set of
positive definite integral binary forms a X 24+-bX Y +cY 2, this operation corresponds
to a sign change in b.

Lemma 4.2. The set of adelic Fourier coefficients of ¢ € So(Ko(N)) has the
following properties:

4-7)
ap(T;m(he,dethe)gec) = ay(T's(h); ge), h € GLa(Q), gr € G(Ag), k € Ko(N).

(4-8)  ayp(=Ts(8):1) =0()(ap(T: 1)), T eV(Q).

Proof. The relation in (4-7) follows from (4-6) by a simple change of variables. Let
us show (4-8). We have

(4-9) n(=Xs() =«n(X)k~ !, X eV(A)

with k :=m(8, 1) € G(Q). Write k = Ktkoo € G(A¢) G(R); then, «f € Ko(N) and
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Koo € Koo. Using (4-9) and the left G(Q)-invariance of ¢, we have

9(n) Y_1(s) ()" @\ )w(n(—5(5)X))W(tr(TX))_1dX

_ -1 —1
= ey PENEO ) paTX) T ax

= 0(3) e(m)yr ()~ dn.

N(@)\N(A)

/N(@)\N(A)

From this and (4-6),
B, 750 (14)(ap(=Ts(8): 1) = 0(8) B (14)(ap(T: 1)).
By (4-1), this leads to B, " *® (1) = BL (14) = 27" 14y, . O
Define

@10) ot (D)={T=[,4,2%]€Q|a>0. —detT = D/4}:
D is a fundamental discriminant, so 7 € QO prim (D) is primitive, i.e., gcd(a, b, ¢) = 1;
Q;lm(D) is a subset of V(Q), which is stable under the action of the unimodular

group SL;(Z) induced by (2-1). The matrix 7y defined by (2-11) belongs to
ot (D). The SL,(Z)-orbit of T € QF. (D) is denoted by [T].

prim prim

Lemma 4.3. For each u € A%, let Ig(u) decompose in GL(A) as

4-11)
Ig(u) == )/uhuKu, Yu € GLz(@), hu € GLz(R)O, Ky = (Ku,p)p<oo € GLZ(Z)

and set Ty(u) := Tg s(Yu). Then,

(ii) The SL(Z)-equivalence class of Ty(u) does not depend on the decomposition
(4-11). If u, u" belongs to the same E™ E5 0y -coset, then Tg(u) and Ty(u')
are SL;(Z)-equivalent.

(iii) The map [u]— [Tg(u)] from CI(E) =A% /E* EX, ﬁx to Q.

+n(D)/SLa (@) is
a bijection.

Proof. This is an adelic reformulation of the classically well-known correspondence
between the ideal classes and the SL;(Z)-equivalence classes of integral binary
quadratic forms. The proof is straightforward. O

Since m(GL, (2), 1) C Ko(N), the relation in (4-7) shows that the function
T+ ay(T):=au(T;14) on V(Z)™ is SL,(Z)-invariant. Hence the following sum
of vectors in V, is well-defined:

(4-12) Rp, E,A):= Y ap(Ta@)> A@w) ™",
[u]eCI(E)
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where v50 := [F o([ £%¢, $in® 1)y da for v € V. Recall the integral in (3-6) and

—SsSIno Cos

the function in (4-1).
Lemma 4.4. Let ¢ € So(Ko(N)) and A € CI(E) .
(i) For goo € G(R)°,

BT 2 (0: g00) = wp ' BL? (g00)(R(p, E, A))

where wy, is the number of units in o g.

(ii) Seto := [(1) trEi@i(g)]. Then

(4-13) o(r) (BT (g: b)) = BTM (1), r €SO(2),

(4-14) @) (BT (g:b%)) = BT (g1 b)),

Proof. (i) The set AL /A E* Ey decomposes into a disjoint union of o7 -orbits

[ulo’ for different classes [u] € CI(E). Let u denote the quotient measure on

A% /AXE* Ey. For T € A%, set mg(7) := m(ly(7), Ng/q(r)). Then, by (3-6) and

(4-6), BTo-2 (¢; go0) equals

T, (i+h)/2 1t -1 .

BQG(gOO)(/AE/AXEXE; /E;(O/RXNEOO/R(TOO) 1220 Tg(t00) ") ae(Th; mg(u))

x Au) " d* 1o d,u(u))

= Bge (goo)( Z . ay(Th; mg(u))so A(u)_1 d/,L(u)),

jecie) ” e

The quotient measure 1 gx /px is identified with do under the identification

EG/R = (e ~oa]laclo.n).

coso
Since my (ﬁg) C Ko(&V), by (4-6), the formula in parenthesis becomes
D w(uloE) ag(Ty: mg(u)) Adw) ™.
[u]eCI(E)

Let Iy (u) decompose as in (4-11). Then, by (4-7) and Lemma 4.3, we have

aga(T9§ mg(u)) = ap(Tys(yu)i 1) = ay(Ty(u)).

It remains to compute 1 ([u]o’;). Since any fiber of the natural surjection from o%
onto [u]o’; has a simply transitive action of the group &%, we have pu([u]oy) =
1/#% = 1/wy,.

(i) We have Ig(e'®) = Agl[‘:?s“ —sina ]Ag, or equivalently

sino cosa

m(le(eia)’ 1) — b[g diag([cosa —sina ]’ [cos(x —sina ])(b[%)—l

sina  coso sin¢  coso
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for @ € R. Due to this and A = 1, formula (4-13) is proved by a change of variables
> tu~! in the integral (3-6). Since bm (8, 1)(b2)~' = m(a, 1), formula (4-14)
is proved in the same way as in the proof of Lemma 4.2. O

Let q) € SQ (Ko(N)) — (O) then /; = [, (mod 2) as noted above. Therefore,
dime(V,°®) = 1; indeed, V50® = €V with v3 := (x> + ¥2)(1=2)/2, et

11+ h—b

0._ (=2 t I
Vo= (m) of AG)V (ﬁ) :

Note that B2? (h¢) = (550" (422 2w /IDT ot 45)71, 50 that B? () (vE) =

e~ 2Dl 0 Thus, as a corollary to Lemma 4.4, the vector R(gp, E, A) € Vj, is

nonzero if and only if BT6-A (; b? k) # 0, in which case there exists a unique scalar
R(p, E, A) such that R(p, E, A) = R(p, E, A) vg, or equivalently

(4-15) BTo2 (p:bf) = mwp e 2™VIPI R(p, E. A)V).
Note that (vg)SO = nvg. Define a C*°-function BQT ?:G(R)? — V, as
(4-16) B} (o) =B} (g00) (V).  goo € G(R)".

4.1. Sign condition. The Galois group Gal(E/Q) acts on CI(E) naturally, hence
on the orbit space Qpnm(D) /SL3(Z) through the bijection in Lemma 4.3(iii). The
following lemma describes the conjugate action on Q7. (D)/SL,(Z) explicitly.

prim

Recall the element o € GL,(Z) defined in Lemma 4.4(ii).

Lemma 4.5. For u € CI(E), the element Ty (it) is SLy(Z)-equivalent to —Tg (u) s(8).
In other words, the conjugate action on Q;;im (D)/SL,(Z) is induced by the map
T — —Ts(5).

Proof. The defining formula of /g in (2-5) yields

Io(a+0b)=[18]7[“1% L llhe] abea.

Set t := trg,g(f). Then, since 6 =t—0, we have a + b0 = d' + b'6 with
a =a+theQandb’ =—b € Q. Then, a computation reveals

(4-17) Ig(a+b0) =0lp(a+bO)o™!

By the decomposition of /g(u) for u € A% in (4-11), we may take y; = oyuo L.
Thus, Ty(it) = Tps(ya) = Tgs (o0yu0~'). A computation shows Tys (o) = —Ty.
Hence,

Ty(it) = —Tps(yuo ") = =Tp(w)s(a™") = =Tgw)s(®)s ([ § 1 ]) -
The last matrix is SL;(Z)-equivalent to — Ty (u)s(§). This completes the proof. [
For A € CT(E ), recall from (2-24) its conjugate AT € CT(E ).
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Lemma 4.6. Let ¢ € Su(Ko(N)) and A € CT(E) and suppose BTo-A (g; b[g) = 0.
Then,
R(p, E, A" = (=1)2 R(¢, E, A).

Proof. This is proved by Lemma 4.5 and (4-15) and by Q(5)Vg = (—l)lzvg. Note
that 1o = [(1) ! ] € SLy(Z), so that a,(—Tps(0), 1) = ap(—Tps(8), 1). |

4.2. Automorphic representations. Let Il.u,(Z\G) denote the set of all those
irreducible cuspidal representations of G(A) with trivial central characters, i.e.,
those irreducible (g, Koo) X G(Ag)-submodules (77, V) of the space of cusp forms
on Z(A)G(Q)\G(A). We endow V, with the restriction of the L? inner product
(@lp1)p2 = /Z(A)G(@)\G(A)fp(g)wl(g) dg. ¢, ¢1€Vn.

For 7w € Ieusp(Z\G), we fix its restricted tensor decomposition 7 2 Q) p<oo Tp With
(7w p, Vz,) being an irreducible admissible unitarizable representation of G(Q )
with trivial central character such that a K,-invariant vector ég € Vz, —(0) is
preassigned for almost all p < co. An element A € (Z?)gom is the highest weight
of the minimal K -type of a holomorphic discrete series representation (HDS for
short) of Sp, (R) if and only if /; > 2, in which case the Harish-Chandra parameter
of the HDS is (/; —1,/,—2). For such A and N € Z., let IT¢ysp(A, N) be a subset
of € I¢ysp(Z\G) having the following properties:

(i) Asa(g,Koo)-module moo = Dy, 1 1,—2® D_, 12 —1,+1, Where Dy, m, is the
discrete series representation of G(R)® of Harish-Chandra parameter (11, m1,)
with central character Z(R) = RX 3 z > sgn(z)™1 T72+1,

(i) V"™ # (0).

(iii) Let (o, Vp) be the irreducible rational representation of highest weight A
as before. The space S,(Ko(/N)) is an orthogonal direct sum of spaces
Ve Mlg] := {p € So(Ko(N)) | ¢y € Vi (Yo € V)} for m € Teugp(h, N),
where ¢, (g) 1= (¢(g) | v)o for ¢ € Sp(Ko(N)) and v € V.

Although there may be many choices of IT¢up(A, N), we fix one of them once

and for all. For 7 € I¢up(A, N), we fix a Koo-intertwining map V, ® 179 —

Dy _1,1,—2® D_j,42,—1,+1 (= 7o) once and for all, where 179 =CQ®c¢ Vo is the

complex conjugate of V.

4.3. Basic assumptions. From now on, we fix a triple (A = (/1,/;), N, M) €
(Z%)dom X Z>¢ X Z~ satisfying the following conditions:
(A-i) N is square-free.

(A-ii) /{ =1 (mod 2), and [, € Z>5 so that (/; — 1, [, —2) is the Harish-Chandra
parameter of an HDS.
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(A-iii) N and M are coprime.
(A-iv) M is odd.
(A-v) All prime divisors of NM are inert in E/Q.

We fix characters A € CT(E) and u = ®p500 Up € m with M =
cond(ut) as well. As usual, the character ¢ induces a primitive Dirichlet character
fi:(Z/MZ)* — C! in such a way that pu(u) = fi(a)~! for all u € 7% andaeZ
with u —a € M Z; thus wp(p) = ji(p) for primes p + M, and

[ Wa,(tp.vp) = M~2G(f0),
pIM

with Wa, (14p, ¥p) as in Deﬁnition 6.2 and G (L) := }_4ez/mz)~ (@)e

the Gauss sum of ji. Let HEUTS;,’ (A, N) denote the set of all those 7 € IT¢ysp(A, V)

that satisfies the condition

2m'a/M

(A-vi) m admits a global (Ty, A)-Bessel model, i.e., there exists ¢ € Vy such that
BTo:A (g; g) # 0 for some g € G(A).

We remark that the conditions listed above (when w = 1 and /; = /,) are
also imposed in the most part of [7]. Let ngsp A)()\ N )SK denote the set of

TE Hgfp A) (A, N) that is the Saito—Kurokawa lift ([28]) of a cuspidal automorphic
representation of PGL, (A) which is locally described by [37] (see also [38]). From
[37, §4], the set H&Eﬁ; (A, N)SK = J unless /1 =[5, i.e., V, is one dimensional.
We note that all the representations 7 = @) , 7p in Hgs%’)()(l N)\ Hgs%’)()(l N)SK
are non-CAP (cf. [41, 17, §3.5, 30, Corollary 4.5]); then, by [48], ), is tempered for
all p ¥ N. By invoking [3] (see also [39]), any 7 € ngsep X)(l, N)\ Héﬁ;ﬁ, X)(I, N)SK
is either a Yoshida lift, i.e., there exists a pair of irreducible cuspidal automorphic
representations (0y,0,) of GL,(A) such that L(s,7) = L(s,01)L(s,0,), or a
“general type”, that is, there exists an irreducible cuspidal automorphic representation
IT of GL4(A) such that L(s, IT, A?) has a pole at s = 1 and L(s, ) = L(s, IT).
Let chTfp’X (I, N)Y (resp. Hgﬁ,’X)(l, N)O) be the set of 7 € HEZ;HP’X)(I, N) that is
a Yoshida lift (resp. a general type). Then,
@-18) neX @ Ny =nleXa MHTunlena NY unenq, NSk

(disjoint union).

On the other hand, the set ng;%’A) (A, N) can be separated into the subsets con-
sistin of all newforms (i.e., N,T = N) and all oldforms (i.e., Ny # N) denoted
by I1 Cusp (A N)™¥ and chsp 0 (A, N)°Md respectively. For e € {G, Y, SK} and
* € {new, old}, we set

oMo, Nys>* =nTeM o, vy nied o, Ny*.

cu<p cusp cusp
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Let Ny be the product of primes p < oo such that 7, is not spherical. By condition
(ii) in Section 4.2, we have N | N. Due to (A-i), the representations 7, for p | Ny
have nonzero Ko (pZ p)-fixed vectors, which, in turn, implies that , is Iwahori
spherical so that their isomorphism classes are listed in [36, Table 3]. (For extended
tables, we refer to [34, Appendix].) Note that in [36] a different symplectic form is
used to define the symplectic group; up to the adjustment for this difference, the
group P; in [36] is our Ko(pZ ). In [34], all irreducible admissible representations
of G(Q ) that admit local Bessel models are classified, and the result is conveniently
summarized in [32, Table 2]. Here is a summary of what is available for our & (as
in Section 4.3):

* 7o as a representation of G(R)? is a direct sum of an HDS and its complex
conjugate; thus, 7 is CAP if and only if it is a Saito—Kurokawa lift from a cuspidal
representation of PGL;(A); which happens only if /; = /5.

e Suppose p t N. Then, the local representation m, is of type I and tempered if
7 is non-CAP, and is of type IIb when 7 is CAP.

e Suppose p | N. Then, the local representation 7 is either of type Illa, in which
case dimg¢ V,go plp) _ 2, or of type VIb, in which case dim¢ V,g"(p ) 1;
when 7 is CAP, 7, has to be of type VIb.

4.4. Bessel models. Let p < co. For any irreducible admissible representation
(wp.Vr,) of G(Qp), let (V;p)TG’AP denote the space of all C-linear forms £ : Vy ,—
C that satisfy

U p(m(Zp(7). NE/a()mE) = A p ()1, () L(§)., E€Vr, TE€E, neN@p).

It is known that dim@(V;)Tﬂ’A” <1[26; 33]. We say that 7, has a local (Tg, A p)-
Bessel model if (V;)T9’A" # (0); when this is the case, the space of functions of
the form g - (7 (2)€) with & € Vy,, is independent of £ € (V¥ )To-A» — (0); this
space is denoted by #(Ty, A p)[mp] and is called the local (T}, A p)-Bessel model
of mp.

When 7, is spherical, it is known that 7, has a local (Ty, A ,)-Bessel model,
and the space #(Tjy, A p)[7p] contains a unique K ,-invariant function By, such
that ng(14) =1 [42, Theorem 2-I; 6]. Let ég be the nonzero K -fixed vector
in Vy,; then there exists a unique element Egp € (V;p)TGAp — (0) such that
Egp (p (g)égp) = ng (g) for all g € G(Qp). The pair (E?Tp,égp) is referred to as
the unramified (7p, A ,)-Bessel datum for 7.

Let mw =~ ®p500 TTp € HEUTS%’A)(A, N) (see Section 4.3).

Definition 4.7. A system {({;,£p)} p<co With £, € (V¥ )T0>2» — (0) and &), €
V,E)O(N”Z”), is called a (T, A)-Bessel data for 7w if (£, &) = (ng , égﬁ) for p Ny

and £,(§p) =1 forall p < oo.
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By [32, Theorem 2 8.2 and 9.3], a (Ty, A)-Bessel data exists for our 7. Once a
(Ty, A)-Bessel data {({p, £,)} p<oo 18 fixed, one can define (pg’g € V,f‘)(N”)[Q] to
be the V,-valued cusp form such that for any v € Vj,, the function ((pg’g(g) | v)o
in Vy, =~ (X) p<oo V, corresponds to the pure tensor U ® (® o0 &p), Where v =
I1®uve VQ — V,,oo A particular choice of {({,,&,)} will be made in Section 6.8
so that (pg’ o corresponds to a newform on the arithmetic quotient I'o (N )\b> in the
sense of [7, §3.2].

Lemma 4.8. Let {({,.&p)} p<oo be a (Ty, A)-Bessel data for w € HCugfz
Letp =Q »Pp €ESAA E) be a decomposable element. Then, for any ¢ € V;°
such that, for any v € V,, @y corresponds to the pure tensor v ® (®p<oo vp) €

& p<co Vr,» we have
4-19) BT (p:g) = BT2 (09 yi800) [ €o(mn(gp)vp).
p=ee g =(gp)p € G(A).
ForRe(s) > 1,v € V, and by = (bp) p<co € G(Ay),
(4-20) (E(¢.5. A, p). R(O1DE)P,)
/D —
= |2 |Z1(;OO)(¢OO’(/)2;SaM00aA) l_[ Zp((pp» va;S,/pr;bp)a

p=oo

(A, N).

where
259 Goor 05100 N = [, [ S oo (@lali”
(v | BT 2 (g5 i maly, a)g (k*)bE)) , d*a di,,

Ap, —
Zp@p. Buyispibp) = [, [ St Uy (@)aly!
P p —
X By, (m(aply.ap)g(ki)by) da, dich,

Proof. Fix geo € G(R)? and v € V,, and regard ¢ — BTo-A (gy: g0o) as a linear
functional on (¥) Vy, by the natural inclusion

p<00
QR Ve, > ( Q Vr,) = Va.
D<o p<oo
Then, by the local multiplicity-one theorem for Bessel functionals on G(Q ) recalled
above, there exists Cy(g200) € C such that

(4-21) (v | BT (¢: g00))o = Cu(800) [ ] €pp)
pP<00
for ¢ corresponding to X) p<oco Up- To determine Cy(g8o0), set vy = &, for all

p < 00; then by €,(§,) = 1, we get (v | BTH’A(go,, 7 80000 = Culgos). Now we
apply (3-7) with Ty, A and ¢ replaced by — ~land R(bp)e. d
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4.5. Gamma Jactor and global Bessel period Recall the point b in (2-14) and
the vector v € V, in (4-16). Since v(b ) > 0, the point m(al,, a)Lg (k% )b9 with
a € R* and k# € K# belongs to G(R)? if and only if sgn(a) sgn(k ) = +1, where
sen(k?) = sgn(v(tg(koo))). Thus, by (3-6) and (4-6), we have

BTA (pg:m(als. a)ig(k)bg) = 0

unless sgn(a) sgn(k’ ) = +1. By Lemma 4.4 and (4-16),
BT02 (95 g00) = mwp' R(¢9. E, A) BY (200),  goo € G(R)”.
Substituting this, we have that Z, (o0) (Poo» (pg; s, A) equals
4-22) 27mwp R(p2. E, A) / /
@22) 2mwp RGEEN) [ [ lali
’ v m(al,,a)ig a
2 bttee) (k) (v | B (m(al k2 b)) d¥a k..

Now we specify ¢oo. Recall that the highest weight of ¢ is A = (/, /) and that
Iy =1, €27~. Setd :=[{ — I, and define

(0(CiaC™ vy | vg)e

fo(u) :=(d+1) , ue (Kh)?,
¢ (3 [v9)e
with C = o[} 1] Tfu = [ -2] € (KE)® = SUQ) with a = o’ +id",

b=0b'+ib" and 4, B € Mat,(R) defined as in (2-16), so that (b2) 15 (u)b§ =
koo(A +iB) (Lemma 2.2), then a computation reveals CitC~! = A —iB. Thus,
the automorphism u > CiaC ™! of SU(2) brings the subgroup

B*R) N (KL ={[¢ % ]laeC!}

0a!
to the subgroup SO(2), which fixes vg. Hence, f, is left-B*(R) N (K%,)°-invariant.
Thus, since G*(R) = B*(R) (K¥,)?, there exists a unique element féf) of V¥(s, 1, too)
such that £ [K¥_ = f,. Define ¢oo € S(C2) by

(4-23)  ¢poo(x,y) =

d+1ID d/4 d/2 J dj2—j 2
(d+D|D|- ]ZO( ) () (—y )T 2 exp(— 2 (x5 + 7)),

Then, noting that o(C)~! 2 = (XY)%/2 and using formulas (8,2,4), (8.2.5) and
(8.2.6) of [9], we easily confirm the relation

Doo[0. 7) = S| DI/ 41| exp(—-Zofelc), e CX, ueSUQ).

Then, by computing the integral in (3—1) for goo € SU(2), we get the relation

(4-24) f(““oo) D (1)"32 I‘@(S—i- Wil 4 )£,
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For u € (Kﬁo)o and A, B as above, by (4-1), (4-16) and Lemma 2.2, we have

(v] BZ? (m(aly, ayg(u)bh)),

Ii+1y I +1

=(-1) 2 az exp(—2 |D|m a) (v | Q(CQC_I)_lvg)

o
By using the orthogonality of matrix coefficients on SU(2), the integral in (4-22) is
computed as

s o0 11 +1
DI Te(s+ 855 + 1) 1D, [, 7a 55" exp(-2y[Dlra) da
0

I

+1
— Lpppa-5D v)oTe(s + 852 + 1)Ie(s + 832 — 1)

—2
for Re(s) + # > 1. Recall L(s, 7x0) = F@(s + % + %)F@(s + # — %)
Thus,

(4-25)  Z5 (oo 931 5. floos A)
R Lot
= 7wy R(p2. E. A) (v [v))o(—D)" D20 T L(s + §. 7o)
The formula in [46, 7.23 Lemma] yields

U —d)2+j—1
_ (s) — _ T S— J 1 (=)
(4-26) M (5)fS Py ]_[1 Trd £79),
j:
Combining this with (3-4) and (4-24), we easily deduce
(=5,1,100) __ |D] DB (=5,1,100)
(4-27) s = Bl(—ny =7 g tied),

4.6. The spinor L-function and its functional equation. Let v = ), 7, be a
cuspidal automorphic representation of G(A) with the trivial central character: then,
p = wy =, forall p < oo by [43, Proposition 2.3]. The twist 7, of = by
an idele class character p : AX/Q* — C! is defined on the space Vi of 7 as
mu(g) = m(g) - (nov)(g) for g € G(A), so that the central character of m;, is

2 (Ty,N) . . N 5
u”. Let w € Mgygy ™ (A, N) and p be as in Section 4.3, so that A = (/1, 1) € Z~,
[y =1, (mod 2), /{ >/, > 2 and the ramification loci of 7 and u are disjoint. We

define the spinor L-function of & twisted by w as the Euler product

L(S,?T, /“L) = l_[ L(S’ (T[IL)P)’ Re(S) > 2’

p<00

with L(s, () p) the local L-factor listed in [34, Table A.8]. Define
L(s,m, ) :=Te(s + % + 2)Te(s + # —3) L(s, 7. p).

Using Proposition 3.1 and Lemmas 4.8 and 4.6, combining (4-25), (4-27) and the
computations of the local zeta integrals for cases 1, 4, 5, and 6 in table (6-8), we



324 SEIJI KUGA AND MASAO TSUZUKI

obtain a meromorphic continuation of L(s, 7, u) to C as well as the functional
equation

ﬁ(s, T, 1) = e(s, m, 1) i(l — s, 7, 1)
with

e(s, T, u) = (—1)lzﬁ(N]3) (%)4 (M4N,3)1/2_S,

as expected. Moreover i(s, 7, i) is holomorphic except for possible simple poles
at s = 3/2,—1/2, which does not occur when p is nontrivial. By (4-26), M (s)fés)
has a simple zero at s = 1 if /; >[5, which in turn implies the holomorphy at s = 1 of
the global intertwining operator applied to the section f (%) as well as the Eisenstein
series E(¢,s, A, u) for ¢ as above. Hence, by (4-20) with an appropriate ¢,
L(s, 7, j1) is holomorphic at s = 3/2 when [; > [5. If  is real-valued, then

G()/vM e€{l,i} and &(1/2,7, p) = (—1)2,

so that L(1/2,m, u) = 0 unless /5 is even.

5. Spectral average of Rankin—Selberg integrals

The space Sy (Kgo(/V)) is endowed with the Hermitian inner product associated to

the norm fZ(A)G(@)\G(A) (p(g) | ®(g))odg (p € SQ(KO(N)))- Let %(G(@p)//Kp)
be the Hecke algebra for (G(Q), Kp) for p < co. For any finite set S of primes p

that is prime to N, define
PES

The C-algebra g acts on the finite-dimensional Hilbert space S, (Ko (/V)) normally

by

[R(fs)¢l(g) = /G(@ )sﬂ(gxs)fs(xs)dxs, g €G(A), fs € Hs. ¢ €Si(Ko(N)),
S

where G(Qg) := ]_[pes G(Qp). Let u and M be as in Section 4.3. We define the
Schwartz—Bruhat function ¢ € S (A%) associated with p as

1ﬁEn(x)1ﬁEp(y) (p<OO,p+M),

¢ = l_[ Pp Pp(x.y) = {1pe0Ep ()14 peog, () (p<oo,p®lM,e=1),

p=oo
with ¢ as in (4-23). In this section, we investigate the averages

5-1) 190, N, fg):=
1

[Kr: Ko(N)]

Y (E@.s, A n), ROIR(f)8,0) BT (p,0:b0),
peB(A,N)

VSO(Z) .

where vg eV, is the vector from Section 4 and b = (b)) p<oo € G(A) is defined
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by
14 (p<oo,pt NM),

Np (p<oo,p|N),

(5—2) bp= bM.:[pelzTg] (p<OOpe||M€>1)
p- 0 1 ’ T
bg (p = ).

Here

0010
77p3=|:0p0 0i|EG(@p)
-p00 O

is the Atkin—Lehner element, K¢:=K(1), and Z(A,N) = s PBr(A,N)
is an orthonormal basis of S,(Ko(N)) with %, (A, N) an orthonormal basis of
VKO(N) [o]. The sum is 1ndependent of the choice of an orthonormal basis and can
be written as I](S)(HCLlSp (k, N), fs), where for any subset X C ngTfp A)()\ N)
we define

- () S —
(53) 10X, fs) = g K(N)]Zfs(m

X ) (E@.s.A ). ROYGgE) BT (g 0:05).
0eB;(L,N)

where fs (7s) is the spherical Fourier transforms of fg at g := ) pes Tp, Which
is defined as the eigenvalue of the operator w5 (fs) on the Kg = ]_[pes K-
fixed vectors n?s >~ C. For e € {T,G,Y,SK} and * € {new, old}, we define
19, N 7s)°, (S)EA N, fs)*, and I (1, N, fS)‘f* to be 1) (X, fs) with X =

§uTgp (A, N)®, chgp (A N)* and ngspA (A, N)**, respectively. Then, due
to (4-18), the average (5-1) has the expression

(5_4) ﬂ(s)()x,N, fS) — H(s) ()\,N, fS)G,new + ﬂ(s)()u,N, fS)Y,new + ﬂ(s)()\.,N, fS)SK,new
+ 190N, f5)°9.

51. A constructwn of orthonormal basis. Letw =), 7p be an element of the
set HEZ;%’ (A, N) (see Section 4.3). We fix a (Tg, A) Bessel data {(£;.&p)} p<oo
of 7 (see Section 4.4) once and for all. Set 2 (g) := (‘Pn,g (2)] vO)Q, which is an
element of VKO(N) Since m is a unitary representation, all of its factors ), are
unitarizable. For each p < 0o, we can uniquely fix a G(Q )-invariant inner product
(+]-)p on Vz, by demanding (§, | £p)p = 1; for p = oo, we fix a G(R)-invariant
inner product so that its pullback to V, < m (cf. property (i) in Section 4.2)
coincides with the inner product (- | -), of V,. Let <p2 be the global new form



326 SEIIT KUGA AND MASAO TSUZUKI
attached to {£,} p<oo (see Section 4.4). Then,

(@ l@)r2 =)o [T (wplvp)p

5-5 _—
) @2 90) 12 b

for any ¢ € Vy that corresponds to v® ( @ v,) with v € V,,. As below, for p < oo,
fix an orthonormal basis p=oo
B(rp, Ko(NZp))

in such a way that

By, Ko(NZp) ={£0 )} ifptN.

Then, a pure tensor of the form

of V;(po (NZp)

(5-6) @2 1994 x @ vp. vy € B(mp. Ko(NZ,p)),

pP<00

yields an element ¢ € VKO(N) [/] such that for v € V,, the element ¢, € V;; corre-

sponds to v tensored with (5-6). The set of functions ¢ obtained in this way from
(5-6) will be denoted by % (A, N). If w € Ilcysp(A, N) does not satisty condition
(A-iv) in Section 4.3, then we fix arbitrary orthonormal basis %, (A, N) of the space
V,fO(N)[A]. Let B(A, N) be the union of the sets Z, (A, N) for m € Mcyep(A, N);
then, by (ii) in Section 4.2, the set Z(A, N) is an orthonormal basis of S, (Ko (V)).

5.2. Computation of the average. Let ¢ correspond to a pure tensor as in (5-6).
Then, by (4-20) and the computations recalled in Section 4.5 and Section 6.2,

(5_7) (E(¢’S’ A’M)’R(b)(pvg)
= (@2 |2 ¥ > mwp' R(@Q E.A) L(s+ 4.7 1)

_ 14 U+D —
x (V5 [vD)o(=1)2272| D247 27) T] Z%(¢p. Bu,is. ipibp),
PIN

where

Z 5 (¢ps Buyi s, tipibp) = L(s + 3, 7p, o) Zp(@p. Bu,is.ipibp)
is the normalized local zeta integral. Moreover, by (4-21) and Lemma 4.4,
(5-8) BTN (p,0:b8) =
(@9 1 92) 3/ mwp RS, E.A) (BT (bE) V9o TTtpp)

Note that 1
Bl (bf) = (- 1) exp(—27 /| D]) V)

by (4-1) and (2-14). From (5-3), (5-7) and (5-8), we get:
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Proposition 5.1. Let fg € #5. Then, 1) (A, N, fs) equals
2-272| D3G5 =27 ID]
wp[Ke: Ko(N)]

x(glvey X Js(ms)

mellad ™ (h,N)

() .
X pDoo”;p,Ko(sz)@p’ $p. Np.Lpibp),

(5-9) M8 (D) Epr (4)2(2D)G ()

[R(gq. E.M)I?

L(s+1mp
(@2¢2) 1> 5+ 2.7.11)

where &, for p < 00 is from the fixed (Ty, A)-Bessel data {({p,&p)} p<oo Of 7, and

(5-10) HS;,K()(NZP)(SP’ Gp. Ap. pibp) =

) Z5(@p. Bu,is,ip,bp) Lp(v).
ves(np Ko(NZp))

We also use the notation g (s) to denote leM(l —p5H7L

Note that if 7, with p 4 N is unramified and (Z?rp , égp) is the unramified Bessel
datum of 7, then (5-10) is 1. For other cases, we compute (5-10) in Section 6.8
completely. Substituting them, we obtain

Theorem 5.2. Let A= (/1,13), N, i, fi and M be as in Section 4.3. Let S be a finite
set of prime numbers relatively prime to DM N . Then, for any fs = Q) fp € #5,
the value 1) (A, N, fs) equals PES

2_2712|D|%(3_11J2r12)e_2’W D]
wj[Ks: Ko (V)]

x M58 () (4)(2D)G(R)N* (V) IFN“ +pH7!
V4

(5-11)

; |R(¢0’E’A)|2 -
x(olvoy Y. Js(S) = ooy L(s+3.7. 1) t9 (. ).
(Ty.A) w!¥n/)L
ﬂencusp (A,N)

with t® (7, 1) = ] t9(p, up) and 1 (. 1 p) defined as
PIN
1 if p| Nx and i) is of type VIb,
2 if p| Ny and 7ty is of type Illa,
(5-12) {2(p—1D)p~3 L, 7p,Std)
—s _ Ko(pZ _
x (1= 2Dt (p=1 Ty o 4 |y P57) + 13 (p) p9)

ifpla-
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To refine (5-11) by considering (A, N, f)*"¥ (s € {G, Y, SK}), we use an
explicit formula of the quantity |R(¢2, E, A)|?/(¢2|p2) 1 - first proved by Dickson,
Pitale, Saha, and Schmidt [7, Theorems 1.13 and 3.13] when /; = /5 under the
refined GGP conjecture for Bessel periods posed by Liu [22]. Thanks to a theorem
by Furusawa and Morimoto [10, Theorem 8.1], the formula in [7, Theorems 1.13
and 3.13] is extended to vector-valued forms unconditionally so that it can be
applied to (5-11).

Theorem 5.3. Let the notation and assumptions be as in Theorem 5.2.
@ 190, N, f5)5 equals

I1+1r,+2
2#S(N)+211—6ﬂ2|D|%e—zn./|p|

[Kr: Ko(N)]
x M0t (e HaCD)GN* ') [T (1+p7h
peS(N)
- )
x > fsmw“””“m ))i(s+%,n,//«),

L 1,7;Ad
neHé.ﬁg’A)(X,N)G,new ( )

where S(N) is the set of all the prime divisors of N, and AI (A™") is the automor-
phic induction to GL,(A) from the character A~' of A%/E>.

(i) If N has an even number of prime divisors, then 1) (A, N, f¢)Y™"¥ = 0. If N
has an odd number of prime divisors, then 1)(A, N, )Y equals

I1+1r+2
2#S(N)+211—77.[2|D|%e—2n«/|D|

Kr: Ko(V)]
X M5 L0 (DEn @ACD)GEN G N) [T (147
peS(N)
3 3 (Fsxemma)s)

T eI_IPGLz.cusp(ll +I—2,N)"v
ﬂZEHPGLz,cusp(ll _12 +2 ,N)new

y l:(%, T XAI(A_I))ZA,(%, nzxAI(A_l))i(s-i—%, T X/,L)i(s-i-%, nzx,u))
L, 7w Ad)L(1, 700 Ad) L (1, 71y x772) ’

where TIpGL,,cusp(k, N)"" is the set of all irreducible cuspidal representations
of PGL,(A) associated to holomorphic newforms of weight k and level N and
Y(m1,m3) € Heysp(A, N)"Y denotes the Yoshida lift of w1 and ;.
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(i) If A #Lorly >y, then 1) (A, N, f§)SK0Y = 0. IfA =Landl; =1, (=:1),
then 19)((1,1), N, f)S5Y equals

3'221_37'[2|D|(l+2)/2€_2”“/‘D| s
[Kr: Ko(N)] 4n

XML (D (4 R2D)G(R)NST A1 (N) QN)(1+p—1>-i(s+1,mi(s,u)
PpE

- L&, mox xp)L(1, xp)? &
x > fs(SK(mo)s) —25—= L(s+1, moxp),

(Tg.1) L(Q,ﬂO)L(l,”OiAd)
ﬂoGHPGLZ’CUSp(Zl—Z,N)“CW

where Hg,TGeL’;?CUSp (21 =2, N )"V is the set of all o € I1pGL,,cusp (2 —2, N )™V such
that the Saito—Kurokawa lift SK(7tg) of mo has the (Ty, 1)-Bessel model, and x p is

the Kronecker character of modulo D.

Proof. The equalities in (i) and (ii) are a direct corollary to Theorem 5.2 and [9,
Theorem 8.1] (for the scalar case we refer to [7, Theorems 1.13 and 3.14]); note
that the polynomial Qg , (with S = Tp) in [9, (8.2.16)] equals

h=hb 4 Lt P
(_1) 2 ( /|D|) 2 VQv

Y )
ourR((p,E,A)equalsthequantitywD(%) 2 wBA@;E)/(05,0.08.0)1,—1,

(L +12)/2
defined by [9, (8:2.17)1, and (Qs5,g. Os.0)11—1> = (I2hy~ i+ 0 oy, ), =
(%)_( 1 2)/2(\/2 | vg)g. We also note the formula

L(s, 7, ) = L(s, 7y x ) L(s, w3 x 1),

where 7 = Y (7, ;). This is obtained immediately by comparing the local
factors. It is noted in [7, p.296] that each local representation 7, of 7 = ) pTp €
HgS%’A)(A, N)Y-"¥ for p | N is of type VIb. Finally, we check statement (iii). As
quoted in [7, Theorem 3.11], the (7Ty, A)-Bessel periods of the Saito—Kurokawa
lifts are zero unless A is trivial due to Qiu. By comparing the local L-functions
([38, Theorem 5.2(i1)], cf. [28, Theorem 3.1]), we have

(5-13)  L(s,m, pu) = % (s—1/2) L(s. o x w)L(s +1/2, W) L(s —1/2, p),

where 7 = SK(7r¢). By [38] and the definition, the set Hgg;%’l)((l, 1), N)SK corre-
sponds bijectively to the set Hgfii?cusp(ﬂ —2, N) via the Saito—Kurokawa lifting
if / > 3. Note that the condition / > 3 is ensured by assumption (A-ii) in Section 4.3.

O

By (5-4), I, N, f5) =19 (L, N, f5)5"¥ is the sum of I)(A, N, fg)¥"e¥,
19D, N, f5)S5m% and I8 (A, N, f5)°. Our main focus is their values at s = 0.
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For those, we have the following upper bounds in the level aspect. For fg € 5,
let || fsll1 := [qqq) | fs(gs)|dgs denote its L'-norm.
Theorem 5.4. Let [, u, i, M, S be as in Theorem 5.2.

(1) Let A be fixed as before and N an inert prime in E/Q. Then, there exist
constants Cp ), y, C’D o 0 depending only on D, [, 1, and fs such that

(5-14) OGN, f5) < Cpapll fsliNT2,
_3
(5-15) OGN, f5)¥" | < Cp, Wl fsliNT2.

(ii) Let N be 1 or an inert prime in E Q. When . # 1,10(1, N, fg)S¥new = 0,
When u = 1, there exists a constant C > 0 such that

L1 _3
(5-16) 1O, 1), N, f5)S%"¥| < C|D|212| fs||, N 2.

Proof. We have the inequality | fs (rs)| < || fs|l1 for all irreducible unitary represen-
tation g of G(Qy). Because N is a prime, one can check that the summation range
of IO (A, N, f5)? is TEEX (0, N)°1d = 18X (3, 1), which is independent of
N . From the value of t(7p, it p) in (5-12) for p = N, combined with the tempered-
ness of 7 due to [48] and the matrix of 77 o in [31, Table 3], we get t(rn, un) =
O(N~*). This and the equation [K¢: Ko(N)]= N3(14+N~2)(1+ N 1) for prime
N yield the bound (5-14).

Next we treat the average for Yoshida lifts. For 7y € ITpgL,,cusp(l1 +/2—2, N
and my € ITpGL,,cusp(/1 — 2 + 2, N)™Y, we need the lower bound

L(1, 7y x 1) >, 1, exp(—C+/log N)

uniform in N. This is a special case of Lemma 5.5, because 7 and 7, are every-
where tempered by Deligne’s estimate and by the fact that the local p-components
of mr; for p | N are the (twisted) Steinberg representation, which is tempered. Note
that 7y 2 5 due to the weight condition. Now, we deduce the inequality (5-15)
bounding the sum from above by a product of the average considered in [8, Theorem
1.1]; to do this, we invoke the subconvexity bound

(5-17) L(L,7) =0 i @s>0)

)new

for automorphic cuspidal representations 7 of GL,(A) ([24]) and the nonnegativity
of L(3.mi x AZ(A™")) = L(3.BCg/q(mi) ® A™") for i = 1,2 due to [15].

Let us prove (5-16); by Theorem 5.3(ii), we may assume A = (/,/). Suppose
@ # 1; then, by Theorem 5.3(ii), I](S)((l I), N, fs)S%me% 5 s=1 is entire, hence
1990 ((1,1), N, fg)SKme% = () because L(s W), as well as L(s o X X D), is entire. In
the rest of the proof, we assume o = 1. Then, sL(s /L)L(S +1, ) has a simple pole
ats =0. By [37, Theorem 3.1 and Table 2], SK(7r¢) with g € ITcysp,pGL, (2/—2, N)
has the global (7, A)-Bessel model only if the sign of the functional equation of
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7o is —1 so that i(S +1/2, ) has a zero at s = 0. Hence, Theorem 5.3(ii) gives
us the following majorant of I](o)((l, ), N, fS)SK,new:

s -
Vr2(l-1) Z'F(l)“fS”llDﬁ 3 L(3.70 % xp) |L(3,70)]
[Ke:Ko(N)]  T'(1—13) 5 L(1, mo; Ad)

70 €M pgY ) cusp (21=2,N)

To estimate this, we invoke a subconvexity bound L(1/2, mox xp) = O((I*>N) %_5)
for some § > 0 from (5-17) and a lower bound

L(1, 7; Ad) > cg exp(—c; Vlog(1 +1>N))

for some constant ¢y, c; > 0 which is known by [12, Theorem 0.1] (see also
the remark after [21, Corollary 7]). The lower bound implies L(1, my; Ad)_1 =
O((12N)?%). By a common argument, we derive a subconvexity bound for the
central derivative L'(1/2, o) = 0((12N)%_8) from the bound L(1/2, mo|- |}'Af =
O((I*N(1 + |t]))/4=%) that follows from (5-17). Finally, (5-16) follows using the
uniform bound #I1pGL,,cusp(2/ —2, N) = O(IN') and the asymptotic N0

ri-1) ~1z
(I > o). >

Lemma 5.5. Let wy and 1y be irreducible cuspidal automorphic representations
of PGL,, such that C(m1), C(;2) < Q with Q > 2. We assume that w1 % 7, and
both of them are self-dual and tempered everywhere. Then,

L(1, 1y xm3) > exp(—C +/log Q)
with an absolute constant C > 0.

Proof. We recall the argument indicated in [35] (attributed originally to [25]), which
eliminates a possibility of Siegel zeros of the L-function L(s, w; X ). Fix t € R.
Then, L(s, IT x IT) with IT being the isobaric sum

= B (ry x |- | B Gy x| |3 By B (7 x |- [¥) B (1 x |- [37)

is a Dirichlet series with nonnegative coefficients [13, Lemma a]. Moreover, by [16,
Proposition 9.4] and the self-duality of 7y and 75, one expresses L(s, IT x IT) as
N L(s,mixm;)3L(s—it,mixm;j)2L(s+it,mixm;)? 2
L(S’ I x H) - l_[ [ ! xL(s—2it,n,{xnj)L(s+2it,n?xnj)] ’
1<i,j<2
which shows that L (s, IT x ﬁ) has a pole of order 6 at s = 1 (due to 7y 2 75), and
has a zero of order 8 at s = o if L(0 +it,m; x7j) =0 (i, j = 1,2). Hence, by
[11, p. 178, Lemma], one can show that L(s, 7wy X 7) has no zeros on the interval

(1— 105(])\4’ 1) for some constant Cy > 0 with

M = (14 [t)**C(mry x 1) B C (1 x 711)° C (73 x 72)?,
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where C(7r; x ) is the analytic conductor of L(s, ; X 7). By [13, Lemma b],
we have C(mr; x ;) < Q2". Thus, for an absolute constant Cy >0, L(s,my X 13)
i fi the region 1 — —— S0 < R 1. N ly th

is zero-free on the region 1 — oaafiay < e(s) < 1. Now, we apply the
argument of [21, Corollary 7] to the L-function L(s, mwy X ;). Since 7y, 7w, are
assumed to be tempered everywhere, the optimal bound of the lambda function
A 4(n) for A = 7 X m, is available so that the automorphy of 7; X w5 is not
necessary, which simplifies the proof to get the lower bound of L(1,w{ x 75). O

As a consequence of Theorem 5.4, we get

_3
(5-18) 1O, N, £5)5mY = 1O, N, f5) + Ozl fs1N72).

6. Computation of local zeta integrals for p-adic fields

In this section, let F' be a nonarchimedean local field of characteristic 0, & the
integer ring of F, p the maximal ideal of &, w a generator of p and ¢ = #(J/p).
Let | - | denote the normalized absolute value of F, i.e., |=r| = ¢~!. Fix a nontrivial
additive character ¥ : F — C! with cond(y/) ;= min{n € Z ; ¥|gng =1} = 0.

We compute the local zeta integral a la Piatetski-Shapiro [29] for several rep-
resentations, taking particular test functions; as a result, we determine the local
L-factors and the local e-factors in [29] to confirm that they coincides with the
expected ones listed in [34, Tables A8 and A9]. As explained in Section 4.3, for a
particular global application in mind, we only deal with representations of types I,
IIb, IIa and VIb (but allowing the central characters to be nontrivial when we are
concerned with newvectors.)

6.1. Local zeta integral for Bessel models. We first review some generalities on
local zeta integrals and then recall results from [32] on explicit formulas of Bessel
functions for Iwahori spherical representations of G, which are possible local
components of 7 = Q ,7p, € Hg;%’[\) (A, N).

Let K = G(0) be a standard maximal compact subgroup of G(F) and

Ko(®):={[& B]c K| C =0 (mod p°)}

be the congruence subgroup of level p®.

For a symmetric matrix 7" = [b72 béz] € Sym, (F) such that d := b? —4ac # 0,
set £ = [b_/f —bc/z]- Let L := F & F§& be the two-dimensional F-algebra, O,
be its integer ring, and py := por. Define the additive character ¥y on L by
Y =y otry/F. The maps

Lax+yEmx+%ye F(V/d) (@ ¢ (F)),
L>x+yEr (x+‘/75y,x—*/73y) eFOF (de(FX?),

are isomorphisms of F-algebras. We assume that
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(1) ae0* and b,ce 0.
(i) If d  (F*)2, then ~/d@ is the different ideal of L/F.
(iii) If d € (F*)?, then d € 0*.
We can check that
L*={r e GLy(F) | "tTr =dett-T}.

The map L > 7 — t1 € L is the nontrivial F-automorphism on L. We set 6y =
b/2—& € Or, then {a, 0y} is an O-basis of . Let (-,-) denote the symplectic
form on L2 over F defined by

(x,p)i=trp r(=QE) Nx1y2—x201), x=[¥].y=[3]eL*

We set
G*(F):={g € GLy(L) | detg € F*},

#ory . —
BYF):={[; P.]|reL*.BeLacF*}
K*:= G*(F)NGLy(0p),
or 6
Ko(®) = GHF) N[ p |-
Since (g*x,g*y) = detg®(x, y) for any x,y € L? and g* € G(F), we get a
natural embedding G*(F) > g — 1(g"¥) € G(F). More precisely, ((g¥) is the
representation matrix of the action L2 3 x — g*x € L? with respect to an F-basis
0 . i
{[ 0 ], [000 ], [_3—193 ], [ (1)]} A computation yields

t([ga2+ ]) = m(t,adett),
6D ([o%])= [25#). B=Bra+Psboe L, Xg:= [_a_lbﬁéga_]c’% gi]
©2 Q=385 |
ab
We note that K* = ~1(K) and K¥(p®) = 7 (Ko(p?)). We call
R:={([F % ])n|teL* neN(F))}

oz

the Bessel subgroup of G(F) (with respect to 7). For a character A : L* — C!,
we can check that the map

R3([§ 5 ])n(X) — Ay (r (TX)) eC!

defines a character on R. We denote this character by A ® ¥r.
Let (77, V) be an irreducible admissible representation of G(F). Let (V; YA
denote the space of all C-linear forms £ : V;; — C that satisfies

tx(r)§) =AQYr(r)£(E). &€Va.reR.
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Then, dim@(V;‘)T’A <1 [26; 33]. We say that & has a local (7', A)-Bessel model
if (V,;k)T’A Z (0). In this case, we can define the local (7, A)-Bessel model of =
as in Section 4.4. Moreover, when 7 is spherical and {7 and A are unramified, we
define the unramified (7, A)-Bessel datum (£2,£2) € (V,;")T’A X VnK for 7 as in
Section 4.4, so that

BY(g) =L2(n()82). g €G(Qp).

is the unramified Bessel function such that Bg (14) = 1. Recall that all irreducible
admissible representations of G(F) that admit local Bessel models are classified in
[34], and the result is conveniently summarized in [32, Table 2]. For our cases, as
we mentioned in Section 4.4, we may assume that 7 is of type I, IIb, Illa, or VIb.
We quote some of its properties from [32, Table 2]:

type T dim VX dim X o®) cent. char.
I XX x %o 1 4 xx'o?
(6-3) Ib xlgL, X0 1 3 x?o?
IIIa X X OSigy, 0 2 xo?
Vib | «(T,|-["20) 0 1 o2

Here, ¥, x’, and o are unramified quasicharacters on F> such that representations
are irreducible and admit (7', A)-Bessel models. For later use we set o = (@),
B = ¥(w), and y = o(w). According to [34, Table A2], for type Illa and
type VIb, the corresponding representations are unitarizable if and only if the
inducing quasicharacters are unitary, whereas, for type I, the unitarity of the inducing
quasicharacters is equivalent to the corresponding representations being unitarizable
and tempered. In what follows, having a global application in mind, we suppose
the unitarity of all the inducing characters, i.e., |a| = || = |y| = 1.

Similarly to (3-1), for a Schwartz—Bruhat function ¢ € S(L?), a character 1 on
F*, and s € C with Re(s) > 1, we define a function on G*(F) by

A,
M (e" = pdetghl det g 14 [ p((o ][5 SlgHApL@lert T e,

where 17 (v) := u(ztt), r € L* and d*7 is the normalized Haar measure on L*
such that vol(&'r) = 1. For an irreducible smooth admissible representation 7 of
Z(F)\G(F), admitting (T, A)-Bessel model and B € B(T, A)[r], define the zeta
integral by

(6-4)

2@.B.s.wg) = [ [ Bmalzanhg)u@lal ™" £ (hak*aa

for s € C with Re(s) > 1. It is shown that Z(¢, B, i; g) is a rational function in
¢~ [40, Lemma 5.3.1]. Then, the local L-function L(s, 7, 1) is defined to be the
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unique function such that L(s, 7z, ;1) ™! is a polynomial in ¢~ with constant term 1
and such that Z(¢, B,s, u, 1)/L(s,m, u) € Clg®, ¢~*] for all ¢ and B ([29]; see
also [40, Proposition 5.3.3]). For later use, we need the following:

Lemma 6.1. Suppose A is unramified. Let B € (T, A)Xo®) gnd ¢ = L, @o;-
Then, for Re(s) > 0,

A
65 2. B.5.pm) = “EEED S g, 0)cmyg oD
q*+1 =0
F¢ (@) B 0@y gD,

=0
-1
where nB denotes the right-translation of B by n := [ o }
—

Proof. Itis easy to check the equality £ A (j#) = L(s+1, App) forall k¥ € K*.
By considering the left K7 (p)-coset decomposmon of K*,

6 K=o U I 4K)
€0L/pL
the zeta integral Z(¢, B, s, j1; ) becomes [K* : K#(p)]_lL(s + 1, Auy) times
/ (nB(m(alz,a)) +$ > nB(malz.a)([§4][9 3])))u(a)lals‘1dxa.
€0L/pL

For a € w!o* (I € 7), by the left R-equivariance and the right K (p)-invariance
of B, we have

B(m(ala.a)([} 5][ 1) = ¥ (ate(Ty Xe)) B(h(I + 1, 0))

due to the relation m(al,, a)L([ 10 ])n e h(l+1,0)Ko(p), which is easily confirmed
by (6-2). Note that tr(7y Xg) = 0. Hence, the §-sum becomes g>x B(h(l +1,0))
because #(o07 /pr) = g2. From this and the vanishing of B(h(/,0)) for / < 0— see
(6-10) — we get (6-5). O

By [29, Proposition 3.2], there exists an entire function &(r, s, i, ¥) such that
the local functional equation

Z(¢.B.s.ig) _ Z@. BT —s.n7"ig)
L(s+1/2,m,n) L(=s+1/2, 7,071

holds. Here, we have defined Bt € #(T, A")[xr] by setting

(6-7) e(m,s+1/2,1,%)

+ la='b 0 0

B'(g):= B([O o9 8]g) (g € G(F)),
0 0 -albl

we have denoted by AT the Galois conjugate of A defined by Af(z) := A(z") for
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r € L*, and @ is the Fourier transform of ¢ € S(L?), defined as

b = [ ot owe([3).[4]) duce

du and dv being the Haar measures on L such that vol(&p) = 1.

We shall get explicit evaluations of the zeta integrals Z(¢, B, s, t; g) for un-
ramified A and particular choices of ¢, B and g as shown in the next table, which
allow us to determine &(s, 7, i, ¥):

type ¢ B 2 L/F g

case 1 ILorllb 1lp; 00, K-fixed unramified — 14

case 2 TorIlb 1"5: ®1+p¢ K-fixed ramified inert b

(6-8) case 3 I or IIb 1@ K-fixed  ramified inert b
case 4 lorllb 15, @6, Ko(p)-fixed unramified inert 7z

case 5 Ma 1s,06,; Ko(p)-fixed unramified inert 7

case 6 Vb  1p, 00, Ko(p)-fixed unramified inert 7

Here, the integer e is the conductor of p defined to be the minimum nonnegative
integer n satisfying (|1 4p1)nox = 1, b € G(F) is given by

e i)
(6-9) bi=[""21"],

and L/ F is said to be inert if it is an unramified field extension. For [, m € Z, set
w€+2m
h(€,m) = [ wltm ) :| € G(F).
w.m

As in [32], for a smooth representation (7, V) of G(F'), we define an operator
Ty, € End(Vy) by

Ty mv = vol(Ko(p)) ™'
emvi=vol (Ko@) [ @0 vE Ty,

with dg the Haar measure on G(F') such that vol(K) = 1, and the Atkin—Lehner
involution by

—1
nv = (n)v, n:=[ - ] vE V.
—w

If 7 is irreducible and has the (7', A)-Bessel models, then Lemma 4.4(i) of [32]
gives for any B € (T, A)[]X0®) the support conditions

(6-10) B(h(£,m)) = B(h({,m)s3) =0 if£ <0,,
(6-11) B(h(£,m)s152) = B(h({,m)sy515,) =0 if £ <—1.
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6.2. Unramified computation (case 1). When 7 is spherical, 7 is of type I or IIb
in our cases. Recall that there exists a unique element BY € %(T, A)[7]X such
that B2 (14) = 1. Then, the following formula for an unramified  in its greatest
generality is due to Sugano [42, Theorem 2.1]:

Z(¢p.By.s.pw:lg) = L(s+1/2, 7. ). Re(s) > 0.

In [20, Proposition 5.9], a proof of this formula is given when L = F @ F and 7 is
of type I based on the explicit formula of BY due to [6].

6.3. Unramified computation (cases 2 and 3). Now we assume that ¢ > 0 and
that 7 € Sym?(F) satisfies the following conditions:

e [/ F is an unramified field extension.
« T eGLy(0), —$=u(T'T"eo™

Then w remains a prime element in py. Let b be as in (6-9), and set ¢ =

legiype €S (L?). Our goal in this subsection is to calculate the zeta integrals
L L N

Z(¢, B, s, u;b) and Z(p, B2, s, u; b) explicitly. We note that Z(¢, B2, s, u; 14)

must be zero because the a-integral in (6-4) vanishes.

Definition 6.2 (root number). Let ¥ and i be as above, we define the Gauss sum

Wr(w, ¥) by
WE( ) :=q 2 u@) ™ Y Y@ a)u@).
ae(o/pe)*

This sum has absolute value 1 and is independent of the choice of @w. The
following lemma is more or less well-known [44, (2.18)].
Lemma 6.3. Let i and |1 be as above. Forn € Z,

=S5+l — 1)1 ew - _
o 0 (n # —e).

Lemma 6.4. Let L/ F be an unramified quadratic extension. For any character |4
of F with e := cond(u) > 0,

Wr(pr, ¥r) = (=1 Wr(p, ¥)>

Proof. For a virtual representation V' of the Weil group 2 of F, let e(s, V, )
denote the local epsilon factor a la Deligne—Langlands [45]. By [45, (3.4.8)], we
have

(6-12) (s. Indyy! p. ) = (5. p. Y1)

for any p of degree 0. Any character u of F* is viewed as a one-dimensional
representation of Qg by F* =~ QBB}?. If g := pwoNp/F, then Indgf Hr =
w® unr,p. If p is unramified, then (s, i, ) = 1; since L/ F is unramified,
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so is the character ny,F. From these observations, we see that equality (6-12)
holds true when p = 1. Thus, (6-12) is true when p = p with e > 0. Since
e(s, uny g W) = ¢ CTVAWE(ang g, ) for j = 0.1 and e(s, ur, Y1) =
g 2O DWWy (ap, yr), we obtain Wr(nr.¥1) = Wr (. V)Wr(unr . ).
Since ¢ > 0 and /(@) = —1, we have

Wr(unpp. V) =np p(@)Wg(u, ¥) = (=D Wr(w, ¥). O
Lemma 6.5. For k* = [z 2,] e K*, we have

(5810 (g y g 22> =) up(d) 7 u(detk®y  (ceps).
SO 1) = .
0 (otherwise),

FOA) 1) g¢ I 2 (21T A (@) ()T W, vr)  (ceoy),
¢ 0 (c€07).

Proof. These equations immediately follow by Lemma 6.3. O

Lemma 6.6. For u € 0,

> w+NL ) = (=1 u(w).
neoL /vy
u+Np,r(n)ec™
Proof. Because L/ F is an unramified extension, the norm map Ny /r : 0] — 0
is surjective. Thus, there exists v € &7 such that u = N, r(v). By replacing n by
vn, without loss of generality, we may assume that u = 1.
For an integer i with 0 <i <e + 1, we set

{ne(oL/ps)" | 1+NL/r(n) #0 (modp)} (i =0),

O =15 /v5 0<i<e),
%) i=e+1)
and
0% /(1 +p°) (i=0),
U= +p)/(1+p°)  (0<i=<e),
] (i=e+1).

When 0 <i < e/2, we can check that
Or,i\OL,i+1 31 (modp$) 1+ Np,p(n) (modp®) € Un; \Uni+1

is a surjective map having the fiber of cardinality ¢! (g + 1) at each point.
When e/2 <i < e, it is immediate that

u(+Ng,rp(m) =1, neoyL,.
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Hence

> u(l+Ng/r(n)

neoL /vy
1+Nz, r(n)es™

=2 > pu(l14+Ng, ()

i=0 neor ;\OL.it1

=¢“" g+ X > ome)+ XY #OLi\OLi)

0<i<e/2 e€llr;\Uai+1 e/2<i<e
Then the lemma follows from
0 (0<i<&t - _
> M(8)={_1 EI. P T and Y H#HOLN\OL i) =722,
e€Uri \Uni+1 2 e/2<i<e
where [-] : R — Z is the ceiling function. O

Lemma 6.7. Let B € (T, A)[7]X and n € € with ia6d +Ng/r(n) € wl 0>
0=j<=<e).
(i) Ifwe set Yy = —a27t 4+ Xy, then we have
detY, = —%a4d — a_ZNL/F(n).
(ii) There exist T € 0] and A € GLy(0) such that
Y, = t[wj 0]A.

0 1
(iii) Forn € Z and a € 0%,

B(m(w"al,, w”a)t([? ;; 1)p)
= y(—w"a-1a*d(LaSd + Ny, p(m)) ') - B(h(e +n -2/, j)).
Proof. (i) Noting that detT = —d/4, det X, = —a_zNL/F(n), and tr(TX;) =
tr(X,,TT) = 0, we obtain
detY, = Lu(¥,¥,) = Lu@* T Tt + X} X;)
=a*detT + det(Xy) = —%a“d — a_ZNL/F(n).
(i1) By (i) and the assumption that %a6d+NL/F(17) ew/ 0%, we have Y, € GLy(F).

The disjoint union GLy(F) =| |0 L*[ %" 9]GL2(6) (see [42, Lemma 2-4])
implies that there exist m € Z>g, £ € Z, T € 0], and A € GL3 (&) such that

Yy =@ [ §]a=<[=¢" 0.]4.

We now prove that m = j and £ = 0. Because t € GL, (&), the Smith normal form
of ¥y is [W"SH E(r)@ ] Hence, by the theory of the Smith normal form, we only
have to show that the elements of Y3, are coprime. This follows from the identity
tr(Y,T) = %azd and the assumption %d e o™,
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(iii) By using (6-1), we can check that
1, 0 _
(o D=1 ol (Do aD=1 37 e, |
Hence we have
m(w"al,, w"a)L([? ;Tl D)o = [w;:le wglz 1«2 8D

By (ii), we may choose elements © € 05 and 4 € GL,(0) with Y, = t[ %’ 0] A.
Then, a computation shows that

"aly 0 - A
[WY; ? o1, ] = n(@"a(detYy) Yo § 2 Jhe+n—2j. j)k.
_[4 o0 J(detYy) 11, 0 77 O -1 . .
where k = [0 ’A*][dw ( eto YRR P 12][12 we(deth)_lYn] € K. Since A is un-
ramified and B is K-invariant, we have the desired equality. O

Proposition 6.8. Suppose that 7 is of type I or IIb. Let . : F* — C' and A :
L* — C! be characters such that cond(jn) = e > 0 and A is unramified. Suppose

that T = [b?2 bﬁz] € Sym?(F) N GL,(0) satisfies that L/ F is an unramified field

extension and 2d € 0. When ¢ = lye @14pe and Re(s) > 1, we have

Z(§. B s b)) = g0 (@t~ )T g - )T (=27 ) T W (v,
Z@. BY.s.uib) = (~)qeB T (g )7 g — )T A (@) p(-271a?)
XWr(up, vL)Wr(, ¥).

Proof. Let K*(p®) = {k* ¢ K* | k* =1, (mod p$ )} be the principal congruence
subgroup of level p§ . If ¢ € S (L?) is right K*(p®)-invariant, the function

K* skt s 1000 () /FX B (m(als. a)(k*b)u(a)lal’ ' e C
is left- B¥(&)-invariant and right K*(p€)-invariant because =1t (K*(p¢))b C K.
Since K*(p®) is a normal subgroup of K* and B*(0)K*(p¢) = K}(p®), we have

(6-13)  Z(¢, BY, s, 1u; b)

= > vol(B*(0)yK* (p)) £, () 19 ()
[yleB¥(O)\K#/K#(p°)

_ (s, A,
=K KT Y MR @)
[y1eK{(p\K*

where we set Y64 (y) := S B2 (m(aly,a)(y)b) u(a)lal*~'d*a to make room.
A complete set of representatives for K*(p¢)\ K* is given by

(6-14) [:9] Eepr/py). [V7] ean/py).

Now we prove the first equation. By Lemma 6.5, when y runs through the above
elements, we have f(ﬁ(s’A’“)(lz) =g 2¢T2(g>—~1)"! and qus’A’”‘)(y) =0ify #1.
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By substituting this in (6-13), noting that [K* : K#(p)] = ¢?¢7%(¢*> + 1), and
Lemma 6.3, we have
Z($. By.s.p:b)
=g gt -7 [ B[y T Dr@lal
=g Gt -0 [ B[P ])w(a (T TH)pu(@)lal' ™" d*a
— gttt = 1y (=2 )]
% Z BO([w-e-i-nlz 0 ]) (w)q —n(s— 1)/ (w”a),u(a)dxa

nez
_u _ - 1 e
=TG- DT g - DT 2T T W ).
Next, we prove the second equation. When we replace ¢ by ¢ in (6-13) and
consider the representative (6-14), we can ignore the contribution of £-terms in the
summation from Lemma 6.5. Hence, by noting the K-invariance of B, we have

(6-15)  Z(@, BY, s, ;) = ¢*@™IT4(g* — 1) A(w) Wi (1, VL)

D B (m(aly, a)([{ 7 Db)p(a)lal~ d*a.
neor v ) F”

By replacing n by n + @wu for some u € 0, if we need, we may assume that
a%d + Nr/r(n) € wl OF with 0 < j <e. Then, Lemmas 6.3 and 6.7(iii) imply
[ Brtmi@tz.an((§ 5t Dhu@lal ™ d*a

= Y Bp(h(e+n=2j. p)u(@)"g "7V

"~ V(wa3atd(§a0d + N p() ) p@)da

=u(-2a"*d 1w/ (42°d+Ngz/r(0))
x % B(h(e+n=2j. n(@)'g" ™V [ y@" T ayp@da

nez
=g HHEEDETD (1) p(—2a4d (2% + Ny ()

WE (1. ) - By (h(=j. ))-
The last expression is equal to 0 unless j = 0 from (6-10). By substituting this into

(6-15) and Lemma 6.6, we have that Z(¢, B2, s, u; b) equals

¢ PTG )T g - )T A @) (=22
X WL(L, L) WF(i, ¥) > (3% +Npp()
neoL/pg
a®d+Np,r(n)eo™
_u _ _

= (1) (g = 1) g = )T A (@) (=2 )WL (i VL) WE (1, ).
d



342 SEIJI KUGA AND MASAO TSUZUKI

Corollary 6.9. Let &, T, u, and A be as in Proposition 6.8. Then

(.5 i ¥) = (“D°q* GV N@) " w2 O WL YD) Wr (. )2
= ¢*C I A (@) p(—a 2 ) Wr (1, ¥)*.

Proof. The first equality follows from Proposition 6.8 and (6-7); the second equality
is due to Lemma 6.4. O

6.4. Computation for old forms of type 1 and 11b (case 4). Now we assume that
7 has the trivial central character. Then, & has the (7', A)-Bessel model if and only
if A = 1. Recall that the dimension of V,TK"('J) is equal to 4 or 3 according as 7 is
of type I or type IIb.

Proposition 6.10. Let w be a smooth admissible irreducible representation of type |
or type IIb with trivial central character. Suppose that i : F* — C! is an unramified
character. When ¢ = 14, ¢, and Re(s) > 1, we have

Z(p. B.s.pin) = st L(s +1/2, 7, 1)

X[nB+q ' Ty 0 B+(u(@) ¢ T+ pu(w)g =t —tr((g ™! T1,0+77)|V7fo(p)))B](14)
for B € B(T, 1)[x]Ko®.

Proof. We will give a proof of the case that  is of type L. In the case of type IIb,
the proof is similar. Let {B}}1<j<4 C B(T, 1)[7]X0® be an eigenbasis of T} g
with eigenvalues {A;}1<;<4. Then, we suffice to check the desired equation only
for B = B;‘ (1 =j <4). Let (nij)1<i,j<4 be the representation matrix of 7| g, )
with respect to {B;’.‘}ls j<4- Then, (6-21) shows that

BX(h(I1+1,0)) = A;q > BX(h(1,0)), | € Zx,.

By applying Lemma 6.1 to B = B7, we obtain

Z(¢,B7.s.pim) =

L(s+1,ML)(4 nij B (14) +u(w)‘1q‘+13;‘f(l4))
g>+1 S I=hipw(@)g= 6+ 1= pu(w)g= 62 )

Thus, we may put

1

Ao+ A1 X+ A, X2+ A3 X3+ A, X
q*+1 '

Z 7B>‘.<9 9 ; =
(¢, Bj.s,pim) S =32)

4
(1-kig72X)™!
i=1

with X = pu(w)q™* for some 4; e C (0 <i <4).
By noting that {A1,A2, A3, 4} = {&Byq®/2, Byq®/ %, ayq®/?,y¢3/?} from [34,
Table A.8], we have

Z(p.B7.5,1:14)  Ag+ A1 X+A2 X2+ A3 X3+ A4 X*

2 . =
616 @D T X(1—g—2X?2)
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A direct computation shows that
6-17) Ao =qB%(l4),
(6-18) Ay =B (lg)+q" tr(Tl,Olij(J(P))'B;(M)_q_I'Tl,OB;((14)-

The functional equation (6-7) and the relation e(r, s, i, ) = 1 (see Theorem 4.4
in [29]) show that the right side of (6-16) is invariant under the transformation
X — X~!. By comparing coefficients, we have

(6-19) Ay =q > =D Ao, A3=—qA1, As=—q Ao
Substituting (6-17), (6-18), and (6-19) into (6-16), the right side of (6-16) becomes
(1B} +4~"' T10B}+(w(@) ' ¢* p(w)g ™ T —te(g ™ T 0l ko)) B ] (1)
" O
6.5. Computation for newforms of type Illa (case 5). In this subsection, we do

not assume the triviality of the central character. By [32, §9.1], there exists a basis
{By, By} of Z(T, A)[]¥0®) such that

T1,0B1 =ayqB, T1,0B2 =yqBs,
(6-20) To.B1 = ay*(aq+ 1)gBy, To,1By=ay*(@ 'q+1)gB,,
nBy =ayB,, nBy = yB;.

We now consider the values of By and B at the identity element. Lemma 9.1
of [32] ensures their nonvanishing and A (@) = ay? by the condition of central
character of .

Lemma 6.11. Ler T € Sym?(F) such that L/ F is an unramified field extension.
Suppose that A : L — C! is an unramified character. Then

By(14) =a ' Bi(14) #0.

Proof. For B € #(T, A)[x]¥0® and any nonnegative integer /, by Lemmas 5.1
and 5.3 in [32], we get the following relations:

(6-21) Ty,0B(h(l,0)) = ¢> B(h(I+1,0)),

(6-22) Ty,0B(h(1.0)s3) = ¢*(g—1)B(h(I+1,0))+¢> B(h(I—1,1)sys3),

(6-23) T1,0B(h(l,0)s25152) = ¢*(¢—1) B(h(I +1,0))
+A(w)B(h(I—1,0)s25152)+(g> =) B(h(I—1, 1)s152),

(6-24) To,1B(h(1.0)) = ¢°(g+1)B(h(l.1)).

(6-25) To,1 B(h(l,0)s2) = g* B(h(l, 1)s152)+qA(@) B(h(I=2,1)s157)

2(—1)B(h(. 1 {—qA(ZU)B(M) (=0,
T DBOE DT ) A@) B0 (2 1),
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Set B = Bj;. By putting / = 0 in the above relations, applying the relation (6-20),
and using the equation that B, (/(/,0)) = yB1(h(I—1,0)s,515,) for / > 0, we have

(6-26) ayqBi(s2) = ay(q—1)B1(14)+¢*B1(h(=1,1)s152),
6-27) A(@)y ' (¢ =1)By(14) = ay(q—1)Bi(14) +(¢*> —1) By (h(—1, 1)s152),
(6-28) A(w)(ceq+1)gB1(s2) = ¢* By (h(0, 1)s157)

A(@)(ag?—ag—g>—1)

+ Bi(1y).
| 1(14)

Similarly, by putting / = 1 in (6-23), we have

A@)g > (1—-q) B2 (14) = A(@)ag > (g—1)B1(14)+(¢*—1) By (h(0, 1)s152).

From this last equation, together with (6-26), (6-27), (6-28), we obtain B;(14) =
o 1B, (14). The nonvanishing of B at 14 follows from Theorem 9.3 of [32]. O

Proposition 6.12. Suppose that 7 is of type Illa. Let T € Sym?(F) be such that

L/ F is an unramified field extension. Suppose that j : F* — C' and A : L* — C!

are unramified characters. When ¢ = 1,5, ¢, and Re(s) > 1, we have

A@)  u(@) ¢!
4> +1

(6-29) Z(¢,B,s.u:n) = L(s+1/2,m, 1) B(ly),

B € B(s, N)[r]Ko®
Proof. By substituting B = B; in (6-5) for i = 1, 2, the statement is immediate for
B = B, by (6-20), (6-21), and Lemma 6.11. Since B and B, span Z(T, A)[x]Xo®)
we complete the proof. O
Corollary 6.13. Let w, T, i, and A be as in Proposition 6.12, then

1_
e(m, s, 10, V) = p(w)?q* 279,

6.6. Computation for newforms of type V1b (case 6). Suppose that 7 is of type
VIb; we do not assume the triviality of the central character. By [32, Table 3], any
element B € B(T, A)[7]%X0®) satisfies

(6-30) TioB=yqB. nB=yB.
By [32, Theorem 9.3], we have B(14) # 0 if and only if B # 0.

Proposition 6.14. Suppose that 7 is of type VIb. Let T € Sym?(F) be such that
L/ F is an unramified field extension. Suppose that ;- F* — C' and A : L* — C!
are unramified characters. When ¢ = 1,5, ¢, and Re(s) > 1, we have

A(@) " (@)~ ¢t !

Z 7B7 b ; =
(¢, B, s, puim) PN

L(s+1/2,7m,u)-B(14),
B € B(T, N)[x]¥o®),
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Proof. Similar to that of Proposition 6.12, using relations (6-21)—(6-25). O
Corollary 6.15. Let w, T', u, and A be as in Proposition 6.14. Then

e, s, 1Y) = p() g7,

6.7. The values of Bessel models at 14 for old forms. For quasicharacters y, x/,
and o on F* which are trivial on ¢, the representation (x x x’ x o, V') can be
realized as the right regular representation of the space of all smooth functions f'
on G(F) satistying

a *x k *
S ([3305_1 o }g)=IazblICI‘gx(a)x’(b)cr(C)f(g), a,b,ce F*, geG(F).
00 % cb 1

The space Vﬁ l;a;j a unique K-invariant element fx € V such that fx(14) = 1. Let
I=Kn ‘g ‘f A g be the Iwahori subgroup of K. For w € W, let fy, € VI be
ppp

the unique element such that f|x = 17w7.
By [31, Section 2], the space V! is 8-dimensional space spanned by

f14v f:?]7 ,f:S’27 f?le’ f:?]szsl’ f9152’ f:&‘1S2S1S2’ f:YZSlSZ’

A basis of the 4-dimensional space VX0® is given by

f11:=f14+f51, f21:=f5'2+]f5251v f31:=fS1S2S1+f5152» f41:=f5152S152+]f5251s2-

Recall that 7 is isomorphic to x x x’ x ¢ or x1lgL, X o for some characters x, x/,
and o on F* according as m is of type I or IIb. The representation (x1gr, @0, V)
can be realized as a subrepresentation of |- |'/2y x |- |71/2y x o, and a basis of
3-dimensional space VKo jg given by

b . b . Ib .
1 '=f14+f¥17 2 ~=f32+fszsl+fs1szsl+fs1sz’ 3 -:fY1S2S152+f92S1sz~

The representation matrices of operators 7 o and n on V,,K o®)

Table 3] and [31, Lemma 2.1].
Now we assume that 7 has the trivial central character. Let ((2, fx) be the
Bessel data for 7 defined above. For ¢ € {I,1Ib}, define a basis {B;"}
Ko(p)
of V by

are given in [31,

1<i<dim VX0

B} (9):={5(n(8) /). g €G(F).
We need the values of these functions at g = 14, which are given as follows.

Proposition 6.16. Let w be a smooth admissible irreducible K-spherical represen-
tation of type I or Ilb, and { B} } be as above for € {1, 1Ib}.
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1) If wisof type I,

Byg=—2F  pay-_—#
0= "na—p 2= e —p
2
Bly=— 2% pglay=—9 |
=" 2T au—p
(i) If  is of type 11D,
IIb _ o’ Ib _ —q'2(1+q)a
PO =ir—ggn—a % 214) @ —a)(g )
q

By (14) = :
S = T @~

Proof. Set d := dim V,TK0 ®), By the construction of the elements { /;*}<; <4, We

have BY = Zid=1 B?. For any { € Z>, we let T1€o act on the both sides of this

equation and then evaluate at g = 14 using (6-21); thus,

d
B (h(£,0) =g Y (T, BY)(La).
i=1
The value on the left-hand side is given in [6, Corollary 1.8]; by [31, Table 3], we
have a system of linear equations among B;’(14), which is solved easily. O

6.8. Local periods. For an irreducible admissible unitalizable K (p)-spherical
representation (7, V) on G(F) having the (7, A)-Bessel model, we fix a pair
7™, ™) e (V]:‘)T’A X V,TKO(’J) satisfying £, (£;) = 1. When 7 is K-spherical, we
choose (£7,£™) as the unramified Bessel datum (£7,&7). Then, there exists a
unique G(F)-invariant inner product (-|-} on Vy such that (§7|£”) = 1. For s € C,
¢ € S(L?), g € G(F), and a character u on F*, we define the local period of 7 as

1 o €™ 80 A 1 8) = > Z*(¢p. B.s. 11:8) B(14).

BeB((VF)TA,Ko(p))
where

Z*(¢.B.s,p:g) = L(s+1/2,m. )" Z(¢p. B.s. ju: 8)

is the normalized zeta integral and B((V,} )TA | Ko(p)) is an orthonormal basis of
B(T, A)[]Ko®) with respect to the inner product on (T, A)[r] via the G(F)-
isomorphism

(6-31) Ve 2§ (g La(7(2)8)) € B(T. A)[x].

6.8.1. Local periods for type I and IIb. When 1 is of type I or IIb, we recall that the
representation space can be realized as in Section 6.7. We choose §" = &7 = fk.
Then, since we are dealing with induced representations from unitary characters,
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the standard inner product ( f|g) := [ f(k)g(k)dk (f, g € V) becomes G(F)-
invariant and satisfies (§7|57) = 1.
Fore € {I, IIb}, the set {( B ‘|B’)_l B'}1<l<dlm yKow forms an orthonormal basis of

B(T, N)[r]%o®) By [36, Remark 2.1.3], the values (B?|B;) are given as follows:

(BilBj)=¢'"'(g+1) (1=i=4).
(BI°|BI") = (q+1). (BIBY") =q(q+1)> (B°|By*) =¢>(g+1).
By Propositions 6.10 and 6.16, and the matrix representation of 7' o and 1 given

in [31, Table 3] and [31, Lemma 2.1], we can find the local period by a direct
calculation.?

Proposition 6.17. Let w be a smooth admissible irreducible unitary representation
of type I or type IIb with trivial central character. Suppose that A and pu are
unramified. When ¢ = 14, o, , we have

1) 2(g—1) .
,:Ko(p)(go ¢ A i) = %L(l,n,std)

x (@) g+ (@) = g e(To + gl kew))-
where L(s, ; Std) is the standard L-function of w defined by

L(s,m;8td) = (1—aq ™)~ (1-Bg~*) " (1—a¢=) T (1-p1¢~) 1 (1—¢~*)"!
or
L(s,m;Std) =

(I—ag™*3) " (1—ag ™ 2) " (1—a g7 1) (1= 7) T (1g ™),
according as m is of type I or IIb.

6.8.2. Local period for type Illa. Suppose that i is of type Illa. Then, as remarked
before, || = |y| =1 and o # 1. By Lemma 6.11, there exists a basis { B; };=1 2 of
(T, N)[7]X®) unique up to constant, satisfying the relations (6-20) and B, (14) =
a~ !By (14) # 0. Thus, we can uniquely fix {Blma},-=1’2 by requiring B{Ha(14) =1
and the datum (£;,£7) by £,(E7) = BHla to form (6-31) and induce the G(F)-
invariant inner product on Z(T, A)[rx] such that (BIH“|BHI“‘) = 1. Since (B|B>)
vanishes by [7, Lemma 2.11], we then have (BIH£‘|BHI‘*) =1 and (BIHa|BIHa) 0
due to || = 1. The following proposition is immediate from Proposition 6.12.

Proposition 6.18. Let w be a smooth admissible irreducible unitary representation
of type Illa. Suppose that A and (. are unramified. When ¢ = 14, @0, ,
20 (@) (@)~ g !

g +1 '

”(S)Ko(p)(én ¢, A, usm) =

2We have used MATHEMATICA 13.
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6.8.3. Local period for type VIb. Suppose that 7 is of type VIb. We recall that
dim(V;X0®) = dim((T, A)Ko®) = 1; thus, by [32, Theorem 9.3], there exists
a unique element BV € %(T, A)Xo® gatistying BY™P(1,) = 1. We fix the da-
tum (£, £™) by setting £ (§7) = BY™. The following result is immediate from
Proposition 6.14.

Proposition 6.19. Let w be a smooth admissible irreducible unitary representation
of type VIb. Suppose that A and [ are unramified. When ¢ = 14, g0, ,

Aw)  p(m) gt t!

H(S)
g +1

m Kot o @ A i) =
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SUM OF THE SQUARES OF THE p’-CHARACTER DEGREES

NGUYEN N. HUNG, J. MIQUEL MARTINEZ AND GABRIEL NAVARRO

We study the sum of the squares of the irreducible character degrees not
divisible by some prime p of a finite group, and its relationship with the
corresponding quantity in a p-Sylow normalizer. This led us to study a
recent conjecture by E. Giannelli, which we prove for p = 2 and in some
other cases.

1. Introduction

There are some strikingly simple and seemingly innocent statements that follow from
the recently proven McKay conjecture [CS24] (or from the techniques developed to
prove it) whose validity appears to resist any elementary justification. For instance,
W. Feit was interested in proving that if P is an abelian Sylow p-subgroup of G,
then k(G) > k(Ng(P)), where k(G) is the number of conjugacy classes of the
finite group G [F80]. Although this inequality now follows as a consequence of
[CS24], no alternative proof is currently known. (Equality happens if and only if
P < G by the It6—Michler theorem.)

This current project — long awaited by the third author — was expected to provide
another example of such phenomena. And yet, it does not. What was anticipated
to be a theorem remains, for now, a conjecture. As usual, Irr, (G) is the set of
irreducible complex characters of the finite group G whose degree is not divisible
by the prime p, and P’ =[P, P] is the derived subgroup of the group P.

Conjecture A. Let G be a finite group and P € Syl (G). Then

> x(D*>|Ng(P): P,
XEIITI,/(G)

with equality if and only if Ng(P) has a normal complement in G.
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The McKay theorem establishes that there exists a bijection f : Irr, (G) —
Irr, (NG (P)). One way to prove Conjecture A, perhaps the most obvious, is to
show that we can choose f to satisfy the additional condition that f(x)(1) < x (1)
for all x € Irr,y(G). This turns out to be a conjecture by E. Giannelli [G25], and
it does not appear to follow easily from the proof of the McKay conjecture. In
Theorem 3.5 below we carry out the standard reduction of the McKay conjecture
now incorporating Giannelli’s strengthening, which is therefore reduced now to a
question on simple groups. This question is verified in a number of important cases
in Sections 4 and 5 below. In Theorem 5.2, we completely prove it for p =2, and
this establishes:

Theorem B. Conjecture A holds for p = 2.

Can Conjecture A be proven independently of Giannelli’s strengthening of
McKay? We do not know the answer to this question. Characters of p’-degree in
a group tend to have much larger degree than those in the normalizer of a Sylow
p-subgroup, but so far, no effective strategy has been developed to exploit this
observation.

Theorem C below, whose proof is rather involved — but does not use the classifi-
cation of finite simple groups — takes care of the equality in Conjecture A (assuming
Giannelli’s conjecture), and might have independent interest.

Theorem C. Let G be a finite group, p a prime, and P € Syl (G). Then all
irreducible characters of p’'-degree of Ng(P) extend to G if and only if there is
K < G such that KNg(P) =G and N (P) = 1.

This extends [I86, Theorem B], where it is required that all the irreducible
characters of Ng(P) extend to G. As we shall explain, in order to prove Theorem C,
we shall need to establish a relative version of it with respect to a normal subgroup.
We find it surprising that a character restriction type of theorem admits a relative
version, since these versions regarding group structure occur very rarely.

There are some variations of Conjecture A which we do not attempt here. Among
others, it seems reasonable to replace P’ by the Frattini subgroup ®(P) and the set
of p’-degree irreducible characters by the so-called almost p-rational characters of
p’-degree. Proving this, however, seems much more complicated.

Concerning Giannelli’s conjecture, let us mention here that in general it is not
always possible to find McKay bijections f : Irr, (G) — Irr, (NG (P)) such that
S (x) is an irreducible constituent of xn,p), as shown by As for p =2, or GL,(3)
for p =3.

A final but important remark is in order: Why do we care about the sum of the
squares of the irreducible character degrees not divisible by p? First of all, this
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number would be the dimension of any complex algebra affording the p’-degree
irreducible characters. Also, of the famous list of problems by Richard Brauer [B63],
Problem 2 asks when non-isomorphic finite groups G and H have isomorphic group
algebras CG and CH. If G has a normal p-complement, Isaacs proved that H
has a normal p-complement too [N18, Theorem 7.8]. The question of whether the
normality of a Sylow p-subgroup P of G is recognized by CG remains open. In
[NO4a], it is suggested that, perhaps, this happens if and only if

(= x?) =161y

XeIrrp/(G)

where n,y =n/n, with n, denoting the largest power of the prime p dividing the
integer n.

2. Proof of Theorem C

Our notation for ordinary characters follows [106] and [N18]. In this section we
prove Theorem C. In order to do that, we need to prove a relative version of it, that
allows us to use induction. This makes the proof more complicated. We start with
some preliminary results.

Lemma 2.1. Let N < G and let 6 € Irr(N) be G-invariant. Then
ker6 = () kery.
x €lrr(G10)
Proof. 1t is clear that ker 6 is contained in ker x for every x € Irr(G|0), since
XN = e, 0 for x € Irr(G|0). Suppose that x € ﬂxelrr(Gle) ker x. Then 6% (x) =
69(1) = |G : N|9(1) # 0, and therefore x € N. Since 6 is G-invariant, we have
0% (x) =|G : N|0(x), and thus 6(x) = 0(1), as wanted. O

Lemma 2.2. Supposethat K <G, H<G,N=KNH and G=KH. Lety €lrr(K)
be G-invariant, and let 6 € Irt(N) be an irreducible H-invariant constituent of yy,.
Suppose that restriction defines a bijection Irt(G|y) — Irr(H|0). Then yy = 0.

Proof. We have
> (x()/y(1)*=|G:K| and Y (z(1)/0(1))*=|H:N|.

xelr(Gly) relr(H|0)
By hypothesis,
> @M/emy’ =Y (x(H/6)?
relr(H|0) x€lr(Gly)
=@ M//OMm? X (x(D/yd)*
X €lrr(Gly)

Since |H : N| = |G : K|, we deduce that y,, = 6. U
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Lemma 2.3. Suppose that G = KP, where K is a normal p-complement and
P €Syl (G). Let y € Irr(G). If P Ckery, then y¢, (p is irreducible.

Proof. Since kery < G, we have [K, P|P C kery. Thus y, is an irreducible
character of K with [K, P] contained in its kernel. By coprime action (for instance,
Lemma 4.28 of [108]), we have Cx (P)[K, P] = K and thus y¢_p is irreducible.

O

Lemma 2.4. Suppose that N 1 G, P €Syl (G). Let N < K; I G be complementing
NNg(P)/N fori=1,2in G/N. Then K| = K>.

Proof. By working in G/N, we may assume that N = 1. Then G/K; has a normal
Sylow p-subgroup. Let L = K; N K. Then G/L has a normal Sylow p-subgroup.
Hence, LNG(P)=G. Then K; = K,NLNg(P)=L(K;NNg(P))= L, as wanted.

O

In several occasions, we shall use Tate’s theorem in the following form.

Theorem 2.5. Suppose that G is a finite group, P € Syl (G), and K < G. If
KNP =KNP,then K has a normal p-complement.

Proof. We may assume that G = KP. In the notation of [106, Theorem 6.31], we
have P N A?(G) = AP(P) = P’, where A”(G) is the smallest normal subgroup L
of G such that G/L is an abelian p-group. It then follows that G has a normal p-
complement by [106, Theorem 6.31]. Therefore, K has a normal p-complement. []

Let N < G and let 6 € Irr(N) be G-invariant. We let
Irrp e1(G|O) := {x € Irr(G|0) | p does not divide x (1)/6(1)}.

The following easily implies Theorem C (when N is trivial).

Theorem 2.6. Let N < G and let 6 € Irr(N) be G-invariant. Let P € Sylp(G).
Assume that 0 extends to NP. The following statements are equivalent.

(i) Every x € Ity ot (NNG(P)|0) extends to G.

(i1) Every x € Irr(NNg(P)|0) extends to G.

(iii) There is a normal complement K /N to Ng(P)N /N in G/N such that 6 has
an extension 0 € Irr(K).

(iv) There is a normal complement K /N to Ng(P)N/N in G/N such that 0 has a
G-invariant extension 6 € Irr(K).

Proof. First we prove that (iv) and (iii) are equivalent. We only have to prove

that (iii) implies (iv). Since PN N K = N, we have that K/N is a group of

order not divisible by p. By Sylow theory, Ng(PN) = Ng(P)N, and therefore

Cg/n(P) = Cxk/n(PN/N) € K/N N Ng/n(PN/N) = 1. Let n € Irr(K) be

an extension of 6, and let A be the set of extensions of 6 to K. We have that
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A ={An|A € Irr(K/N) is linear}, by Gallagher’s theorem [106, Corollary 6.17].
Therefore |A| is not divisible by p. Since P acts on A by conjugation, because 6 is
G-invariant, by counting we have that there is some P-invariant § € A extending 6.
Since Ck/n(P) =1, we have that 0 is the unique P-invariant character of K lying
over 6 (using [106, Theorem 13.31 and Problem 13.10]. We shall use this argument
several times). We claim that 6 is also G-invariant. It is enough to show that 6 is
Ng(P)-invariant. If n € Ng(P), then 6" is a P-invariant extension of 6" = 6. By
uniqueness, on = é, as wanted.

To prove that (iv) implies (ii), we apply [N18, Lemma 6.8(d)].

Since it is clear that (ii) implies (i), to complete the proof of the theorem, it
is enough to show that (i) implies (iii). We argue this by induction on |G : N|.
Recall that NNG(P)/N = Ng,y(PN/N). By using the theory of character triple
isomorphisms (see [106, Chapter 11]), we may assume that N C Z(G). Hence,
N C NG (P). In particular, 6 is linear. Write 6 = 6,0,,, where 6,, has order a power
of p and 6, has order not divisible by p. Since 6 extends to PN by hypothesis,
therefore so does 6,,, which is a power of 6. Hence, 6, extends to some linear
character v € Irr(G) (by [106, Theorem 6.26]). If x € Irry 11 (NG(P)|0,), then
XVNgp) €Ity 11 (NG (P)|0). If n € Irr(G) extends x vy, (p), then nv~! extends x.
Therefore, we may assume that 6 is a linear character of p’-order. By modding out
by ker 6, we may assume that N is a p’-group and that @ is faithful. Hence, our
hypothesis is that every x € Irr,, (Ng(P)|6) extends to G. We want to show that
there is K < G complementing Ng(P)/N in G, and that 8 extends to K. For each
T € Irr, (NG (P)|0), fix T € Irr(G) an extension of 7 to G.

If P C X <P and X < Ng(P), we claim that there exists L < G such that
LNNg(P)=NX. Let 6 =6 x 1x. Notice that all Irr(NG(P)lé) have p’-degree
because Ng(P)/X has an abelian normal Sylow p-subgroup P/X. Let

U= N kert < G.
relr(Ng (P)|6)

Then, using Lemma 2.1, we have U N Ng(P) = ker = X. Let L=UN < G.
Therefore L N Ng(P) = NX, as claimed. Notice that in this case, X = PNL €
Syl,(L).

By letting X = P’ in the claim in the previous paragraph of this proof, let L < G
such that LN Ng(P) = NP’. Since PN L = P’, by Tate’s theorem (Theorem 2.5),
L has a normal p-complement K. Also, P’ is a Sylow p-subgroup of L. Let
W = KNg(P) = LNg(P). Notice that Cg,y(P) = 1 since Nxg(P) = N, and
therefore over 6 there is a unique P-invariant n € Irr(K') (again using [106, Theorem
13.31 and Problem 13.10]). By uniqueness, notice that n is Ng(P)-invariant. We
have

[Lrr (W16)| = |Irr, (NG (P)[6)]
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by the relative McKay conjecture for p-solvable groups [N18, Theorem 10.26].
(Notice that W is indeed p-solvable, so we have not used the solution of the general
McKay conjecture.) We claim that Irr, (W[0) = {tw | T € Irry (NG (P)|6)}. Indeed,
let f :Irr, (Ng(P)|0) — Irr, (W10) given by f(7) = Tw. Since (T)ng(p) =T, We
do have f () elrr,,(W|0). Since f is clearly injective, it is necessarily bijective and
the claim follows. Since 7 is the only P-invariant irreducible character of K over 9,
it easily follows that Irr, (G|0) = Irr, (G|n) and Irr, (W|0) = Irr,, (W|n). Indeed,
if x € Irr,(G|0), then xx has some P-invariant irreducible constituent, using that
x has p’-degree. All irreducible constituents of xx lie over 6, so we deduce that
this P-invariant constituent should be 7. Notice then that every Irr, (W|n) extends
to G. We claim now that 5 is G-invariant. First notice that since » is P-invariant
and K is a p’-group, n extends to KP (using Corollary 6.2 of [N18]). Hence,
there is some p’-degree irreducible character of W over . Therefore, there exists
T € Irr,y (NG (P)|0) such that Ty lies over 5. Since 7 is invariant in W, it follows
that W < G,,. If € is the Clifford correspondent of T over 7, it follows that €9 =17,
Since 7g, is irreducible, necessarily G, = G. Hence, if K > N, we can apply
induction to Irr, (W |n) with respect to G.

Suppose first that P’ < G, and assume next that P’ > 1. Working in G = G/ P’
and using induction, we conclude that there is P’ < R < G such that RNg(P) =G,
and RONG(P)=NP’, and that 0 x 1 pr extends to y € Irr(R). Since PNR = P’, we
have that R has a normal p-complement S by Tate’s theorem, and Sylow p-subgroup
P’. This normal p-complement complements Ng(P)/N in G/N. Since y, =6,
we have that y¢ extends 6 and we are done, in the case that P’ < Gand P’ > 1.
Assume now that P is abelian. Hence, all Irr(Ng (P)|0) =1Irr (NG (P)|0) extend to
G, by hypothesis. By the claim in the fourth paragraph of this proof (letting X = P),
let Y < G suchthat YNNg(P)=NP. Then P € Sylp(Y) and G =Y Ng(P) by the
Frattini argument. Now, P C Z(Ny(P)), and by Burnside’s p-complement theorem
(Theorem 5.13 of [I08]), Y has a normal p-complement Q. Then Q Ng(P)= G and
ONNg(P)=N. Notice that G is p-solvable. Since Co,y(P) =1, let u €Irr(Q) be
the unique P-invariant over 6. By uniqueness, u is N (P)-invariant, and therefore
G-invariant. Also Irr, (G|0) = Irry (G|u) = Irr(Gluw), using that p extends to
QP =Y, Gallagher [106, Corollary 6.17], and the fact that P is abelian. By the
relative version of the McKay conjecture (in p-solvable groups; [N18, Theorem
10.26]), we have

[rr(Glp)| = Trrp (Gl )| = Trry (G0)| = [Tt (NG (P)[0)] = [Irr(Ng (P)16)] .

By a previous argument, we see that Irr(G ) = {7 | T € Irr(Ng(P)|6)}, and we see
that restriction defines a bijection Irr(G|) — Irr(Ng(P)|6). By Lemma 2.2, we
have uy =6, and we are done. Therefore we may assume that P’ is not normal in G.
Hence, using the notation of the fifth paragraph of this proof, we may assume that
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K > N. (Otherwise, L = NP’ = N x P’ and necessarily P’ < G.) Every Irr,,,(W|n)
extends to G. By induction, there exists K < E < G complementing W/K and some
p € Irr(E) such that pxg = 5. Notice that E complements Ng(P)/N. In particular
Cg/n(P) =1, and p is the only P-invariant over 6. Hence Irr (G |0) = Irr (G| p).
By a previous argument, we know that p is Ng(P)-invariant, and therefore G-
invariant. We only need to show that py = 6. Recall that G is p-solvable. Hence
[Irr, (G p)| = |Irr, (G|0)| = [Irr, (NG (P)]6)] (again by [N18, Theorem 10.26]),
and therefore we deduce that

Irr, (Glp) = {7 | T € Ir(Ng (P)|6)}.

Using that E is a p’-group, let p € Irr(E P) be an extension of p. Since p has
p’-degree and E P < G (because ENg(P) = G), it follows that p lies under some
p’-irreducible character of G, call it x. Hence p lies under some T = x for some
T elrr, (NG (P)|0). However tp: is a multiple of 1p.. Thus pps is a multiple of 1p:.
Write C = Cg(P’). By Lemma 2.3 applied to E P’, we have that ¢ = pc = p¢ is irre-
ducible. Hence, restriction defines a bijection Irr(G|p) — Irr(Ng (P')|¢), by [N18,
Lemma 6.8(d)]. Notice that Irr(Ng (P’)|¢) = Irr(Ng (P')|0) since Cc/n(P) = 1.
By the p-solvable case of the McKay conjecture [N18, Theorem 10.26] we know
that |Irr, (NG (P")|0)| = |Irr,y (NG (P)|0)|. Therefore

Ity (NG (P)160) = {Eng(prlT € Tiryy (NG (P)16) .

Since Ng(P’) < G, by induction, Ng(P)/N has anormal complement in Ng(P’)/N,
which by Lemma 2.4 has to be C and that 6 extends to C. By the first paragraph
of this proof, § has a P-invariant extension to C. Since Cc,y(P) = 1, then this
P-invariant extension should be ¢ = p¢, and therefore p extends 6, as desired. []

3. The McKay conjecture and inequality between character degrees

The following refinement of the McKay conjecture has been proposed in [G25].

Conjecture 3.1. Let G be a finite group, p a prime and P € Syl ,(G). Then there
is a bijection
* Ity (G) — iy (NG (P))

with
x* (1) < x (@)
forall x € Irry (G).
We observe now that if Conjecture 3.1 is true, then so is Conjecture A.

Proposition 3.2. Let G be a finite group, let p be a prime and let P € Syl (G). If
Conjecture 3.1 is true for G then
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Y x(1)>=>|Ng(P): P'|
Xelrrpr(G)

with equality if and only if Ng(P) has a normal complement in G.

Proof. Let Q : Irr, (G) — Irry (NG (P)) be the bijection from Conjecture 3.1. Then
Y oxM= Y QMP= X $()?=|Ng(P): Pl

Xx€lir, (G) Xl (G) el (NG (P))

and the inequality part follows. If

> x(1)’=|NG(P): P'|
xelrrp/(G)

then for every x € Irr,/ (G) we have Q(x)(1) = x (1). We claim that this implies that
restriction is a bijection Irr , (G) — Irr, (NG (P)). Write H = Ng (P). Suppose that
a; =1 <--- < ay are the degrees of Irr, (G), and therefore, of Irr, (H), occurring
with multiplicities m1, ..., my, respectively. Let {1, ..., ¥} and {x1,..., x;} be
the irreducible characters in Irr, (H) and Irr, (G) of maximal degree a;, where
t = my. Now, ()¢ contains an irreducible character of p’-degree of G of degree
at least v, (1), using that (1;)¢ (1) is not divisible by p. Necessarily, 1/; contains
some x;. Then (x;)u = ¥;, and we can reorder so that (x;)y = ;. Suppose that
{61,..., 8} and {n, ..., n,} are the irreducible characters in Irr, (H) and Irr,/ (G)
of the next degree a;_;, with s = my_;. Again (§;)° contains a p’-irreducible
character t with degree at least ax_;. If 7(1) = ax, then we know that 7y is
irreducible and then ty = §;. This is impossible. Hence, (8;)¢ contains some Njs
which necessarily extends §;. Reordering, we may assume that (n;)y = §;. We
proceed like this until the claim is proven.

We may now apply Theorem 2.6 with N =1 to conclude. U

The purpose of this section is to give a reduction of Conjecture 3.1 to simple
groups. The following is a slight refinement of the inductive McKay condition, and
will be the condition we impose on quasisimple groups in our reduction. We use the
central isomorphism relation >, from [N18, Definition 10.14], which generalizes
the notion of a character triple isomorphism.

Conjecture 3.3. Let S be a quasisimple group with cyclic center, P € Syl ,(S)
and A = Aut(S)p. Then there is an A-stable subgroup Ns(P) < M < S and an
A-equivariant bijection
W Irr,y (S) — Irr (M)
with
VOOM) = x() and (SX Ay, S, x) Zc (M3 Ay, M, ¥(x))

for every x € It (S).
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Theorem 3.4. Let K < G be perfect, and assume K /| Z(K) = X" where X is a finite
simple group and Z (K) cyclic. Assume every quasisimple group S with S/Z(S) = X
and Z(S) cyclic satisfies Conjecture 3.3. Let Q € Syl ,(G) and R = QN K. Then
there exists a Ng(R)-stable subgroup Nx (R) < H < K and a Ng(R)-equivariant
bijection

W Irry (K) — Trpy (H)
such that
v (O)(1) =0(1) and (Gg, K,0) =c (HNG(R)g, H, ¥(0))
forall 0 € Irr y (K).

Proof. K is a central product Sy --- S, where Z(S;) = Z(K), each S; is perfect
and S;/Z(S;) = X. Use the proof of [N18, Theorem 10.25] using the S;’s instead
of the universal covering group of X, and noticing that the construction of the
bijection W satisfies the degree inequality if one assumes Conjecture 3.3. Note that
the subgroup H is constructed by taking the product of the subgroups M appearing
in the statement of Conjecture 3.3. (I

The next result follows the proof of [N18, Theorem 10.26]. We sketch it for
the reader’s convenience. Recall that we say a nonabelian finite simple group S is
involved in G if there exist H I K < G with K/H = §.

Theorem 3.5. Assume that, for every simple group X of order divisible by p
involved in G, Conjecture 3.3 holds whenever S is a quasisimple group with
S/Z(S) = X and Z(S) is cyclic. Let Z 1 G, P € Sylp(G), M € Irr(Z) and assume
A is P-invariant. Then there is a bijection

Q:Irry (GIA) — Tty (ZNg (P)|2)
with Q(x)(1) < x(1) for all x € Irr (G).

Proof. We argue by induction on |G : Z|. Since |G : G| > |ZNg(P) : (ZNg(P)),l,
by the Clifford correspondence we may assume A is G-invariant. By character
triple isomorphisms we may assume Z is central and cyclic and X is linear and
faithful. Let L/Z be a chief factor of G/Z. Let A be a G-transversal on the set of
P-invariant characters in Irr(L|1) lying under some y € Irr,(G) and notice that
[N18, Lemma 9.3] implies that A is also a N (P)-transversal on the P-invariant
characters in Irr(L|)) lying under some y € Irr,y(LNg(P)). This implies that

Irr, (G|2) = || T,y (G6)
e
and
Irr (LNG(P)|A) = 0|_| Irr,y (LNG(P)|6).
eA
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By induction, for every u € A there is a bijection
Q. Ity (Glp) — Trry (LNG (P)|1)
satisfying €2,,(x)(1) < x (1) for every x € Irr,(G|u). We define
Q :Irrpy (G|A) — It (LNG (P)|A)

by Q1(x) = Q,(x) if x € Irr(G|un) and we have 21 is a bijection satisfying
Qi(x)(1) < x() for every x € Irr,y(G|A). If LNG(P) < G then by induction we
have a bijection

Qo : Ity (LNG(P)|1) = Tty (NG (P)])

also satisfying Q0(v) (1) <y (1) for every ¥ € Irr,y (G|A). We take € := 202 and
this bijection satisfies the desired properties. Thus we may assume LNg(P) = G.
In particular, L/Z is not a p-group.

If L/Z isa p'-group then we write Z=Z ), x Z}, where Z, € Syl ,(Z) and p =2z,
andv=»xz,. Let K <L bea p-complementof L. If A is a G-transversal on the set
of P-invariant characters of Irr(K |u) and * : Irr p (K') — Irr(C) is the P-Glauberman
correspondence, where C = Ck (P), then notice that this correspondence restricts
to a bijection * : Irrp (K |) — Irr(C|w). We have

Irr, (GIA) = L] Irr, (GO x v)
e
and

Irr, (NG (P)|4) = || Trr (NG (P)[0* x v)
e

again applying [N18, Lemma 9.3]. By [T08, Theorem 6.5] and [T09, Theorem 7.12]
the character triples (Gy, K, 0) and (Ng(P)g+, C, 6*) are isomorphic, which im-
plies that there is a bijection

Dy : Irr(Gyl0) — It (NG (P)g+|0%)

preserving character degree ratios (and in particular, restricting to p’-degree char-
acters). Since 6*(1) < 6(1), we have ®g(¥)(1) < ¥ (1) for all ¥ € Irr, (Ggl6).
Further, it follows from the definition of character triple isomorphism that ®g
restricts to a bijection

Dy : Irr (GglO x v) = Tty (NG (P)o=|0" x v)

with @ () (1) <y (1) for all ¢ € Irr, (G |0 x v). Since Go NNG(P) = Ng(P)o+,
using the Clifford correspondence we find a bijection

dp It (GO x v) = Trry (NG (P)|6% x v)
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with ég(}()(l) < x (1) for all x €Irr, (Ggl6 x v) and we are done by defining
Q :Irrpy (G|A) — It (NG (P)|A)

by (x) := Pg(x) where 6 € A lies below x.

Therefore we may assume L/Z is semisimple. Let K =L, Zi =ZNK = Z(K),
and v = Az,. Then K is perfect and satisfies the hypotheses of Theorem 3.4. Let
R = PN K. There exists a Ng(R)-stable subgroup Nx(R) < H < K and an
Ng (R)-equivariant bijection

W Ity (K) — It (H)

satisfying W (1) (1) < n(1) and inducing central character triple isomorphisms. By
the definition of >, we see that W restricts to a bijection

W Irr, (K |v) — Ity (H |v)
with the same properties. The character triple isomorphisms induce bijections
&, Ity (Gplp) = Trrpy (HNG(R) w0 |W (1))

which satisfy ®,(x)(1) < x (1), and send characters over the central product
- A € Irry (L) to characters over W(w) - A € Irry (HZ). Again, |G : G| >
|[HNG(R) : MNG(R) (| so by the Clifford correspondence and the above remark
we may find a bijection
®,, Ty (Gl - 1) = Trry (HNG(R) W (1) - 1)

satisfying CiDM(X)(l) < x(1) for all x € Irr, (G|w - A). Now by taking transversals
over the P-invariant characters in Irr,/ (K |v) that lie under characters x € Irr, (G)
and arguing as before we obtain a bijection

Qo : Ity (G|A) — Tty (HNG(R)|A)

satisfying €2o(x) (1) < x (1) for every x € Irr,y(G|A). Since H < K and LNG(P) =
G we have Ng(P) < HNg(R) < G so, by induction we have a bijection

Q :Irry (HNG (R)|1) — Iy (NG (P)|A)

satisfying 21 (y)(1) <y (1) for all ¥ € Irr,y (HNg (R)|A) and the result follows by
taking Q := Qj o Q. (]

Conjecture 3.1 can be recovered by setting Z =1 in Theorem 3.5. By arguing as in
Proposition 3.2 and using Theorem 3.5 we obtain a relative version of Conjecture A.
If N < G and 0 € Irr(N) recall that we write

Irry el (G160) = {x € Irr(G10) | p does not divide x (1)/6(1)}.
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Proposition 3.6. Let G be a finite group and P € Syl ,(G). Let N < G, and let
0 € Irr(N) be G-invariant such that 6 extends to NP. Assume Conjecture 3.3 holds
for every covering group of every simple group of order divisible by p involved in G.
Then

> (x(h/em)? = > (T(1)/6(1))?,
x€lr (G16) telrr, o (NNG(P)|0)
with equality if and only if there is a normal complement K /N to Ng(P)N/N in
G/ N such that 6 has an extension 0 € Irr(K).

4. Quasisimple groups

In this section and the next, we present evidence supporting Conjecture 3.3. We
verify the conjecture for, among other cases, all quasisimple groups of exceptional
Lie type with respect to all primes, as well as for all groups of Lie type defined in
characteristic equal to the given prime p. These results, in particular, allow us to
confirm the conjecture for all quasisimple groups when p = 2.

In the cases mentioned, we prove a slightly stronger version of Conjecture 3.3:

Conjecture 4.1. Let S be a quasisimple group with cyclic center, P € Syl ,(S) and
A = Aut(S) p. Then there exists an A-equivariant bijection

W Irr, (S) — It (Ns(P))
such that
x(M=WGO) and (Sx Ay, S, x) =c (Ns(P) X Ay, Ng(P), V(x))

for every x € It (S).

The existence of an A-equivariant bijection W from Irr,/(S) to Irr, (Ngs(P))
satisfying the so-called central isomorphism

($X Ay, S, x) =c (Ns(P) 3 Ay, Ns(P), ¥(x))

(of character triples) has been established in several papers and was completed
in [CS24] by Cabanes and Spith. In fact, by [CS24, Theorem B], we now know
that such bijection, which we shall refer to as a McKay-good bijection, exists for
all finite groups. It is the extra degree condition WV (x)(1) < x (1) that we need to
consider in this paper.

Following the literature, we say that a quasisimple group S satisfies the inductive
McKay condition if it satisfies Conjecture 3.3, possibly excluding the degree con-
dition. Note that there are other equivalent formulations of the inductive McKay
conditions; see, for example, [[IMNO7, §10]. In some cases, we will work with this
version of the inductive condition. We also note that if Conjecture 4.1 holds for a
quasisimple group S (with or without cyclic center), then it also holds for every
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quotient of S by a central subgroup. For further discussion, we refer the reader to
[CS24, Remark 2.9].

Notation 4.2. Let G be a finite group.

(1) d(G) :=min{x (1) : x € Irr(G), x (1) > 1} is the smallest nontrivial degree
of a (complex) irreducible character of G. By convention, d(G) =1 if G is
abelian.

(i1) mp(G) :=min{x (1) : x € Irr,y(G), x (1) > 1} is the smallest nontrivial degree
of an irreducible p’-character of G. By convention, m »(G) = 1if G has no
non-linear p’-degree irreducible character.

(iii) b,(G) :=max{x (1) : x € Irr,y(G)} is the largest degree of an irreducible
p’-character of G.

(iv) We will use m(G) and b(G), respectively, for m,(G) and b,(G), whenever p
is implicitly known or the presence of p is not important.

Hypothesis 4.3. m(S) > b(Ns(P)), where S is a quasisimple group, p is a prime,
and P € Sylp(S).

Proposition 4.4. Fix a quasisimple group S and a prime p. If Hypothesis 4.3, or the
stronger condition d(S) > b(Ns(P)), is true for S, then so is Conjecture 4.1 for S.

Proof. 1If m(S) > b(Ns(P)), then any bijection ¥ from Irr, (S) to Irr, (Ns(P))
sending 1 to 1y,(p) automatically satisfies the degree condition W (x)(1) < x (1)
for every x € Irr, (S). O

Hypothesis 4.3, unfortunately, fails quite often. For instance, in general, it fails
when S is a cover of an alternating or a simple classical group (in characteristic not
equal to p). It also fails for certain groups of Lie type in characteristic p (see the
proof of Proposition 4.11).

4.1. Groups of Lie type in characteristic p. The failure of Hypothesis 4.3 when S
is a group of Lie type in characteristic p arises in the case of unitary groups. This
case requires additional work. Our notation for finite simple groups (and related
ones) follows [C85; Atl].

Low-degree irreducible representations of the special unitary groups SU,(g)
(g = p' is a power of a prime p and n > 3, excluding (1, ¢) = (3, 2)) are studied
in [TZ96, §4] and [LOST10, §6.1]. Among these are the so-called irreducible Weil
characters, denoted by ¢, , for 0 < i < g. The characters ¢, , with i > 0 have
degree (¢" — (—1)")/(q + 1), while {,?’q has degree (¢" +q(—1)")/(g + 1). In
fact, these g“,‘;’ 4 account for all nontrivial characters of SU, (¢) with degree at most
d(SU,(g)) + 1. Hence, if p is the defining characteristic of the group, we have

mp(SUu(9)) = (¢" — (=D")/(g + D).
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For our purposes, we need to construct a non-Weil character of the unitary groups
that is invariant under the automorphism groups.

To do so, we first describe the Weil characters of G := SU,, (¢) via the notion of
Lusztig series and semisimple characters, as follows. The set Irr(G) of irreducible
characters of G is partitioned into the Lusztig series £(G, s), where s runs over
a complete set of representatives of conjugacy classes of semisimple elements
of G* :=PGU, (gq) (see [GM20, Theorem 2.6.2]). Each £(G, s) contains one or
more special members called semisimple characters whose degrees are equal to
|G* : Cg+(s)], (see [GM20, Definition 2.6.9]).

Centralizers of semisimple elements in classical groups are well known (see
[C81; Franceschi] for instance). We recall here the needed result for GU,,(g).

Lemma 4.5. Let G = GU, (q) and s € G be a semisimple element. For a monic
polynomial g(t) = ttag itV dait+ag e F,2(2) not equal to t, write
g (1) ==t + (a1 /ap) 1t + - -+ (ag_1/ao)it + (1/ag)?. Let f(t) be the charac-
teristic polynomial of s and assume that its decomposition into irreducible monic
polynomials over 2 is

a b
O =% 110" x 1 (60850,
i= Jj=

where f; = f* and g; # g;f for every i and j and they are pairwise distinct. Let
d; :=deg(f;) and ej :=deg(g;). Then

a b
Cs(s) = [1 GU,,(¢") x [] GLu,(g*).

i=1 ]:1

Remark 4.6. Irreducible factors of the characteristic polynomial f(¢) of a semisim-
ple element in GU,,(g) are subject to certain restrictions. For example, a polynomial
g is a factor if and only if g* is also a factor. Additionally, any factor g satisfying
g = g* must have odd degree.

Let § be a generator of the multiplicative group [quz. For 1 <i < g, consider the
semisimple element s; € G* to be the image of the diagonal matrix

5 :=diag(8'@V, 1" 1 € G := GU,(q)

under the natural projection 7 : G — G*. For general s, £(G, s) may contain more
than one semisimple character, but we claim that, each £(G, s;) contains a unique
one.

Note that G is self-dual (in the sense of [C85, §4.3]) and we may identify G
with its dual group. As the center of the ambient algebraic group of G is connected,
the series £ ((N}, §;) contains a unique semisimple character [GM20, p. 171]. We
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denote this character by v;. Then ¥; (1) = |5 : C5(51)|,. By Lemma 4.5,
Cz (i) =GU,—1(q) x GUi(q).

The choice of eigenvalues of s;’s implies that Cg+«(s;) = Cz(5;)/Z G. (To see this,
let C := 7 ~'(Cg+(s;).) Then the mapping 7 : C — ZG defined by gsg~' = 1(g)s
is a homomorphism with Ker 7 = C(5;). However, the fact that s and gsg~! have
the same eigenvalues forces t(g) = 1 for every g € C.) It follows that

g"— (=1)"
q+1

so that semisimple characters in £(G, s;) have the same degree as the (only) semisim-
ple character ¥; in £ (5, 5;). By [GM20, Corollary 2.6.18], semisimple characters
in £(G, s;) are irreducible constituents of the restriction of v; from G to G*. We
deduce that £(G, s;) has a unique semisimple character, as claimed. This is the
Weil character ¢, , mentioned above.

1G*: Co+(s:)|y = G : C5 ()| =

k]

Lemma 4.7. Assume the above notation. Then a Weil character (,g" q for some
1 <i < gq is invariant under all field automorphisms of G if and only if i (p — 1)
is divisible by q + 1. In particular, if p = 2, then every g“,i, q is moved by some
automorphism of G.

Proof. The character ¢, , is invariant under all field automorphisms of G if and
only if 8@~V = §iP@=D_which means that i(g — 1) = ip(g — 1)( mod ¢> — 1),
and the first statement follows. When p = 2, each g,f;, g (for 1 <i < g) is moved by
some field automorphisms of G, as desired. O

Lemma 4.8. Let G = SU, (q) where n > 3 is odd, (n,q + 1) =1, and g = p' for
some prime p. Then G possesses an irreducible character x of degree not divisible

n—1

by p such that x is Aut(G)-invariant and x (1) > g

Proof. By the hypothesis, G is simple and self-dual. By [B09, Lemma 5], p'-
degree irreducible characters of G are precisely the semisimple characters of G,
which in turn can be labeled by conjugacy classes of semisimple elements of
G*:=PGU,(q) =G.

It is well known that Aut(G) permutes the Lusztig series of G. In our situation,
by identifying the automorphisms of G with the corresponding automorphisms of
G* under the natural isomorphism, every ¢ € Aut(G) maps £(G, s) to (G, ¢(s))
(see [T18, Proposition 7.2]). Since each £(G, s) contains a unique semisimple
character (using again [GM20, p. 171] and the fact that the ambient algebraic group
of PGU,(g) has connected center), of degree |G* : Cg+(s)|,, it follows that a p’-
degree irreducible characters of G is Aut(G)-invariant if and only if the semisimple
conjugacy class labeling it is Aut(G*)-invariant. Therefore, the result follows if
we are able to produce a semisimple element s € G* such that its G*-conjugacy
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class is Aut(G*)-invariant and |G* : Cg+«(s)|, > g"~!. Recall that Out(G*) = Coy
is the cyclic group of order 2 f consisting of the field automorphisms of G*.

Suppose first that ¢ is odd. Let s be the image of a diagonal matrix § € G :=
GU, (g) with spectrum Spec(s) = {1,...,1, —1, —1} under the projection 7 :
G — G* mentioned earlier. Note that n is odd. Similar arguments as above
show that C(5) is the complete inverse image of Cg=(s). Moreover, Cz(5) =
GU,,—2(g) x GU;,(g). It follows that

~ 3 n_|_1 n_l—l
|G* . CG*(S)|17/ = |G . Ca(s)|p/ = (q(qZ _)1()61(q—|— 1) )

Observe that, as s is invariant under all field automorphisms, s is Aut(G*)-invariant.
The required character x can be taken to be the (only) semisimple character in the
Lusztig series associated to s.

Assume now that ¢ =2/ with f even. We then take § to be a diagonal matrix with
Spec(s) = {8(42_1)/3, 82(‘72_])/3, 1”‘2} instead, where §, as before, is a generator of
[F;z. Again, by Lemma 4.5, we have Cg(s5) = GU,_2(q) x GLl(qz) and Cz(5) is
the complete inverse image of Cg+(s). (This is clear when n > 3. When n = 3,
the image of the homomorphism 7 : 7' (Cg+(s)) — ZG defined by gsg~! =
7(g)s is contained in {Id, 8(”’2_1)/3Id, 32(q2—1)/31d}' However, both 8@ =D/31d and
§2@*=D/31d have order 3, which does not divide |Z 5| =g + 1. Therefore we still
have t(g =1Id for all g € 7~ 1(Cs+(s)).) We then have

) (@"+D@" "' -1
el =T g

It is straightforward to check that this is greater than ¢"~
the previous case.

We solve the remaining case g =2/ with f odd by a somewhat different argument,
working with the ambient algebraic group of G and its associated Frobenius map
instead. So let G be a simple algebraic group of adjoint type of type A, defined over
an algebraically closed field of characteristic 2. Let F; be the standard Frobenius
map on G, raising all matrix entries to the 2/-th power and p the inverse transpose.
Set F := Fyop. Then G = G* is precisely the group of F-fixed points in G. Let

I and we conclude as in

Fo:=Fiop. As fisodd, wehave F = Frop= Fof. Note that F) induces a generator,
say of,, for Out(G) = Cay; on the other hand, Fj induces of, € Out(G) of order
f and (oF,) = ((0F,)?) = ((0F)?). By the work of Brunat [B09, Proposition 2],
the number of o -invariant irreducible characters of G of odd degree is equal to
the number of semisimple characters of G =PGU,(2) = SU,(2). (Note that, by
the assumptions, f is odd and (n,2/ 4+ 1) = 1. In particular, 7 is coprime to 3.)
This number, in turn, is 2”1, by [C85, Corollary 8.3.6]. These 2n=1 characters
are permuted by of,, forming orbits of size 1 or 2. The trivial character forms
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its own orbit. Consequently, at least one of the nontrivial characters, say yx, is
fixed by oF, — that is, x is Out(G)-invariant. By Lemma 4.7, x cannot be a Weil
character. Moreover, under the assumptions on n, ¢, and f, we have n > 5. It then
follows from [TZ96, Table V] that x (1) > (¢" + 1)(¢" ' — ¢ /(g + 1)(¢g*> — 1),
and therefore x (1) > ¢"~!. This concludes the proof. ]

Lemma 4.9. Let G = G* be the group of fixed points of a simple algebraic group
G of simply connected type over an algebraically closed field of characteristic p,
under a Steinberg endomorphism F of G, and assume that G/ZG is simple. Let
P € Syl,(G). Then

b(Ng(P)) =IT/ZG],

where T := TF and T is a maximally split F-stable maximal torus of G.

Proof. Let B be an F-stable Borel subgroup of G containing 7. Let & be the
root system of G with respect to T and B. Let ® and A = {o; : i € I} be the
corresponding set of positive roots and simple roots, respectively. Also, let X,
denote the root subgroup associated to each o € .

LetU :=]], co+ X, Which is the unipotent radical of B. According to [MT11,
Corollary 24.11], we have P := U" € Syl ,(G) and B" = Ng(P). Furthermore,

Ng(P)=P T,

where T := T'¥'. At this point we have h(Ng(P)) < |Ng(P)/P|=|T| but, in many
cases, this upper bound for b(Ng(P)) is not sufficient. We need to know more
details about the action of 7 on Irr(P/P’).

Let U, := Haeq>+\A X,. As explained in [C85, §2.9], U, is normal in U and
U/U. =[],;c; Xa,. The endomorphism F naturally acts on the roots, and thus on
the root subgroups, given by F'(Xy) = Xf(q). As B and T are F'-stable, F' permutes
the positive roots, as well as the simple roots. Both U and U, are therefore F-stable.
Let p denote the permutation on / induced from the action of F on the simple roots,
and O be the set of p-orbits on /. For each such an orbit J, let X; :=[],.; Xa;,
which is an F-stable group. Further, let X ; := X ‘; . We then have

(4-1) v =11 %,
JeO

Note that each X,, is normalized by T (see [C85, p. 18]). Thus U and U, are
both normalized by T = T¥, and so T acts on the factor group U /U.F. In fact,
each direct factor X; with J € © of UF / U.F is normalized by T. Remark that
ZG < T (see the proof of [MT11, Lemma 24.12]) and ZG acts trivially on U F,
Therefore the maximal size of a T-orbit on U¥ /U, is at most |T/ZG]|.

Assume from now on that G ¢ {Sp,, (2), F4(2), G2(3)}. (For these exceptions, a
Sylow 2-subgroup of G is self-normalizing and the desired inequality is immediate.)
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Then, according to [B09, Lemma 5], U.F is the derived subgroup P’ of P =U F
As the actions of T on P/P’ and Irr(P/P’) are isomorphic, |T/ZG]| is also an
upper bound for the sizes of the T-orbits on Irr(P/P’). Moreover, the restriction
of every irreducible character of P/P’ x T to P/P’ is multiplicity-free, as T is
abelian and |T| is coprime to p. The result now follows. ([

Lemma 4.10. Assume the hypotheses of Lemma 4.9. Then S = G/ZG satisfies
Hypothesis 4.3, unless G = SU,,(q) withn > 3 odd and (n,q +1) = 1.

Proof. Clearly, m(G) < m(S) and b(Ng(Q)) = b(Ns(P)) for P € Syl (S) and
Q € Syl,,(G). Therefore, if Hypothesis 4.3 holds for G, then it also holds for S.
Sylow p-subgroups and their normalizers of a finite reductive group in characteristic
p are best described through the framework of Borel subgroups and their unipotent
radicals in the ambient algebraic group. For convenience, we shall use the same P
for a Sylow p-subgroup of G (in fact, P = Q, see [MT11, p. 214] ).

Note that the group X in the proof of Lemma 4.9 is isomorphic to F,;; and
|X ;| = ¢!, where g is the absolute value of all eigenvalues of F on the character
group of an F-stable maximal torus of G. Furthermore, as noted in [C85, p. 74],
we have

ITI= ] @""=D.

JeO

Lemma 4.9 therefore implies that

[T@'-1

JeO
|ZG]|

The p-action on the set of the simple roots, defined in the proof of Lemma 4.9,
for all the relevant (G, F) is described in [C85, p. 37], allowing one to easily
determine the sizes of p-orbits. Generally, |J| € {1, 2, 3} for all (G, F) and when
G is untwisted, |J| = 1 for all J. On the other hand, the values of the smallest
nontrivial p’-degree m(G) can be read off from [TZ96] and [N10] when G is of
classical type and those for exceptional types can be found in [L#01].

Consider G =SL;(g) with g odd. Then |T|=¢g—1and so b(Ng(P)) <(g—1)/2.
On the other hand, m(G) = (¢ — 1)/2 and so Hypothesis 4.3 is satisfied. (In this
case, in fact, b(Ng(P)) =m(G) = (¢ — 1)/2. Each element t of T = [F; acts on
P= [FZIr by mapping u to ut?, and so the stabilizer in T of any nontrivial (linear)
character of P is precisely the order-2 subgroup of 7. Therefore Ng(P) has g — 1
linear characters and four characters of degree (¢ —1)/2.) Similarly, for G =SL;(q)
with g even, one has m(G) =g — 1 =|T| and Hypothesis 4.3 is still valid.

Let G =SL,(q) withn >3. Here |T|=(g—1)*"' and m(G) = (¢"—1)/ (g — 1),
unless (n, ¢) = (4, 3). Note that m(SL4(3)) = 26. In any case, we have |T| <m(G),
and Hypothesis 4.3 is verified.

b(Ng(P)) <
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Let G =SU, (¢) with n > 3. Then

)= (g% —1)r=D/2 if n is odd,
T\ @P=-DD2(g—1) ifniseven.

and, as mentioned,
m(G)=(q¢" —(=1)"/(g+1).

We now can verify that Hypothesis 4.3 holds when #n is even or n is odd and
|ZG|=(n,qg+1) > 1.

For G = Sp,,(¢q) or Spin,, ;(g) with n > 2, we have |T| = (¢ — 1)" and
b(Ng(P)) <(g—1)"/(2,g —1). One can verify from Table 1 that, d(G), which
serves as a lower bound for m(G), is always at least (g — 1)"/(2, g — 1). Similarly,
for G = Spinj, (¢) with € € {£} and n > 4, we have b(Ng(P)) < (¢ — D g -
€l)/(4, g"—e€l), while m(G) > (¢"—1)(¢"~ ' —1)/2(g+1), by [N10, Theorems 1.3
and 1.4]. Hypothesis 4.3 is again satisfied.

Let G = ?Bs(g?) or 2G(¢?), where g% = 22"+! or ¢? = 3%"*!, respectively. In
these cases, |T| = q2 — 1, which is less than m(G). (For type 2By, m(G) is at
least \/T/2¢q (g% — 1), while for type 2G>, m(G) = g* — g> + 1.) Similarly, when
G = 2F4(q?), we have |T| = (¢> — 1)? and m(G) > /1/2¢°(¢g*> — 1). In all these
cases, the required inequality holds.

For the remaining exceptional-type groups, we always have |T'| < ¢"*(%), where
rk(G) is the semisimple rank of G. However, the lower bound for the smallest
nontrivial irreducible representation of G, as shown in Table 1, confirms that
m(G) > g™, O

Proposition 4.11. Conjecture 4.1 is true when S is a quotient of a non-exceptional
covering group of a simple group of Lie type in characteristic p.

Proof. We assume that S is not the Tits group 2F4(2)’, since Hypothesis 4.3 can
be verified directly for this group using GAP 4.11.0 (http://www.gap-system.org).
By Lemma 4.10 and Proposition 4.4, it remains to consider only the case where
G =SU,(¢g) withn >3 odd and (n,q+1) =1.

In this case, G can be viewed as a group of adjoint type and hence, by [C85, §2.9],

T’EHTJ,

JeO

the direct product of cyclic groups T; = C,2_;. (Here, every orbit J, defined in the
proof of Lemma 4.9, has length 2.) Further, the action of 7 on P/P' =[], » X,
(see (4-1)) is a “product” action, in the way that T, acts trivially on X,/ if J # J'
and transitively on X \ {1}. Therefore T has a (unique) regular orbit on P/P’,
as well as on Irr(P/P’), implying that 5(Ng(P)) = |T| and N (P) has a unique
p’-degree irreducible character of degree |7| = (¢g> — 1)*~1/2, We shall denote
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this character by t. Every other p’-degree irreducible character of N (P) restricts
trivially to at least one of X ;’s, and hence has degree at most |T|/(g> — 1).

Note that, as (n, g + 1) = 1, G is simple and the group, say A, of outer auto-
morphisms of G is cyclic and stabilizes (the unipotent subgroup) P. Moreover, a
bijection between Irr,,(G) and Irr, (NG (P)) is McKay-good if and only if it is A-
equivariant. The existence of such a bijection was established in [B09; S12]. In other
words, we know that, for every subgroup B < A, the numbers of B-fixed characters
in Irr, (G) and Irry (NG (P)) are the same. Note that the above-mentioned character
T of Ng(P) is A-invariant (due to its uniqueness property). Let & be the character
of G produced by Lemma 4.8; in particular, £ is p’-degree and A-invariant. Now the
numbers of B-fixed characters in Irr,, (G) \ {§} and Irr,, (NG (P)) \ {t} are the same
for every B < A. Using [106, Lemma 13.23], one can construct an A-equivariant
bijection from Irr, (G) \ {§} to Irr,y (Ng(P)) \ {r}, which can be extended to an
A-equivariant bijection W : Irr,, (G) — Irry (NG (P)) such that W (§) = 7.

We claim that x (1) > W(x)(1) for all x € Irr,(G). First, observe that

() >qg" ' > (@2 — D2 =1(1).

On the other hand, when x # &, we have W(x) # 7, and so W(x) (1) <|T|/(g>*—1) =
(g> — D32 which implies that

q" —(=D"
x(1) > o1 > W(x)(D),

and this finishes the proof. O

4.2. Groups of Lie type in characteristic not equal to p.

Lemma 4.12. Let H < G be such that |G : H| is not divisible by p. Then b(H) <
b(G).

Proof. Let ¢ € Irr,y(H) such that ¢ (1) = b(H). By Frobenius reciprocity, ¢ is
contained in x for any irreducible constituent x of ¢¢. Since ¢ (1) =¢(1)|G : H|
is not divisible by p, at least one of those constituents has p’-degree. (]

Proposition 4.13. Conjecture 4.1 is true when S is a non-exceptional covering
group of a simple group of exceptional Lie type in characteristic different from p.

Proof. Assume for now that S is not of Suzuki or Ree type. As before, S is a
quotient of G := G¥, where G is a simple algebraic group of simply connected
type and F is a Steinberg endomorphism on G. Let g be the absolute value of all
eigenvalues of F on the character group of an F-stable maximal torus of G. We
know that p does not divide g, and we may assume that p divides |G]|.

We require some d-Harish-Chandra theory, particularly the concept of Sylow
d-tori, which was first introduced by Broué and Malle in [BM92]. (For a detailed
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G conditions d(G)
Stalg) 95 . @-D/Qq-D
SLa(q) ?n,ch) ¢1(3,2),(3,4), 42,43} @ -D/g-D
O ZEESSSH( ?n L I e
> (n,q) €142, 43} (@"—D/g+1)
. sz B g iy
B nz2geven(mq)# 22 ¢" D@ —@)/2q+D
. 2n __ 2 _
Sping, 1(@) 23230 D= =1
n n—1 2
Spinf, (@) nZa ae {32, 3} (n, q) # (4,2) 8 - 38*‘ ti]%((gz - 1l>)
Spin, (@ nz4 @D /@)
2By(g%) g*=24"1>38 V1/2q(q* = 1)
5 S gy AT R
g i gy
P T B AT
B R L R QI
Rz
Ee@e 2@ =D
CEsW@se 2@ =D
En@se 2¢”@ =D
Es(q) >q(q* - 1)

Table 1. Values or bounds for the minimal nontrivial degree of ordinary
characters of finite reductive groups of simply connected type [TZ96;
LiO1].

account, see also [GM20, §3.5].) Define e as the multiplicative order of ¢ modulo p
if p>2orif p=2andg=1(mod 4). For p=2and g = —1( mod 4), let e :=2.
As p | |G|, we know that ®,(q) | |G|, where ®, is the e-th cyclotomic polynomial.
Let S, be a Sylow e-torus of G. It is, by definition, an F-stable torus of G whose
order polynomial is the maximal power of ®, dividing the generic order of G (see
[GM20, p. 259]).

Let L.:=Cg(S.), known as a (minimal) e-split Levi subgroup of G. Itis F'-stable
(see [GM20, p. 258]) and we write L, := LZ". Note that, by the conjugation property
of Sylow d-tori, we have Ng(S.) = Ng(L.). The quotient Wg(L.) := Ng (Le)/Lf
is referred to as the relative Weyl group of L, in G.

According to [MO07, Proposition 5.21], N (S,.) contains a Sylow p-subgroup,
say P, of G. In fact, by [M07, Theorem 7.8], Ng(S.) contains Ng(P), unless
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p=3and G = Gy(q) withg =2,4,5, or 7( mod 9). For now, let us exclude this
exception. It follows from Lemma 4.12 that

b(NG(P)) < b(Ng(L.)).

Suppose first that e is a regular number for (G, F), which means that L, is a
maximal torus of G (see [GM20, p. 259]). Then L, := Lf is abelian, and thus
b(Ng(L.)) <|Ng(L.)/L.|, by [106, Corollary 11.29]. In summary, if e is a regular
number for (G, F) and G is not of type G,, then

b(Ng(P)) < |Wg(L.)I.

Consider the case when the power of ®, in the order polynomial of G is pre-
cisely 1, or equivalently, where Wg(L,) is cyclic (see [GM20, Proposition 3.5.12]).
As computed in [BM93, Table 8.1], with one exception at type Eg and e = 30, we
have |Wg(L,.)| <24 for all relevant G and e. One can easily check that the minimal
character degree d(G) of G, displayed in Table 1, is always at least 26, and so we
are done. For the exception, we have |Wg(L,)| = 30, while d(G) > q27 (q2 -1
and so Hypothesis 4.3 is satisfied. On the other hand, non-cyclic relative Weyl
groups of minimal e-split Levi subgroups for exceptional types are available in
[GM20, Table 3.2]. We have verified that | Wg(L.)| remains at most d(G), except
for the specific cases discussed in the next paragraph.

Consider G = Eg(q), for instance. Then |Wg(L,.)| <d(G) unless e =2, g =2,
and p = 3. For the exception, Wg(L,) is isomorphic to the Weyl group W (Es) =
Cr.G O; (2) of Es, which has order 696729600, while the smallest nontrivial degree
d(Eg(2)) of Eg(2) is 545925250. However, since b3(Ng(L,)) divides |Wg(L.)|,
by [106, Corollary 11.29], we have b3(Ng(L.)) < 6967296003 = 2867200 <
d(G), and the result follows as before. Other exceptions occur for (G, ¢q, p, e) =
(E7(q)se, 2, 3,2) or (*Eg(2)sc, 2, 3, 2), but the arguments are entirely similar.

Next we consider the case where e is not a regular number for (G, F). This
includes e = 5 for type E¢; e = 10 for 2F¢; e € {4,5,8,10, 12} for E7; and
e e€{7,9,14,18} for Es. Note that L, is no longer abelian. But, as S, := SeF is
abelian, we shall use the bound

b(NG(P)) <b(Ng(L.)) < INg(Le) : Sel = [Wg(Le)l|Le = S|

instead.

Let G = E7(q)sc and e =4. Then |[Ng(L.)/L.| =96 and L, has type ®3A;(¢)*
(see [GM20, Table 3.3]). Thus |Ng(L,) : S.| < 96¢°(¢*> — 1), which is smaller
than d(E7(q)sc), as desired. In the remaining cases, W (L,) is cyclic and its order
together with the structure of L, are again given in [BM93, Table 8.1]. Note that, in
this case, the Sylow e-torus S, has order ®,(g). It is now straightforward to check
that |Wg(L,)||L. : Se| < d(G) for all relevant G and e.
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For Suzuki and Ree groups, Broué and Malle introduced an adapted version of
®,, denoted by fbgp ), which are cyclotomic polynomials over @(\/i) or Q(+/3) (see
[MO7, §8]). For the Tits group, we can verify Hypothesis 4.3 directly using GAP;
therefore, we assume that S # 2F4(2)’. With this, there exists a Sylow c1>§” )_torus
S of G such that Ng(S) > Ng(P) for some Sylow p-subgroup P of G, unless

(i) p=2and G = >G,(q), or
(ii) p =3 and G = 2F4(q) with g =2, 5( mod 9).

(See [MO07, Theorem 8.4].) The case when such a Sylow dDE,p )_torus exists can be
argued similarly as above. (Alternatively, one can use [IMNO7, §16 and §17] and
[A98] to achieve the result for these groups.) The case p =2 and G = 2G2(q)
follows from the proof of the McKay inductive conditions for the group (see [IMNO7,
§17]). When p =3 and 2F4(q), according to [A98, (2B)], we have |[Ng(P)/P| <48,
and the same reasoning applies.

Finally, the case p = 3 and G;(g) (that we previously excluded) follows from
An’s proof of the Alperin-McKay conjecture for G,(g). (See [A94, p. 190] where
it was shown that |[Ng(P)/P| is bounded above by 16, which is smaller than

d(G2(q)).) a

4.3. Exceptional covering groups. Here we deal with exceptional covering groups
of finite simple groups. These include 3-fold and 6-fold covers of Ag and A7, covers
of sporadic simple groups (by convention), and certain covers of simple groups of
Lie type with a non-generic Schur multiplier (see [MT11, Table 24.3]). Here, a
(perfect central) cover S of a simple group of Lie type X is called exceptional if it
is not a quotient of the finite reductive group of simply connected type covering X;
in particular, S is a proper cover of X.

Proposition 4.14. Conjecture 4.1 is true when S is an exceptional covering group.

Proof. The existence of a McKay-good bijection for exceptional covering groups
was established by Malle [M08]. We note that, except the single case § = 2 -
PSL3(4), the group of outer automorphisms stabilizing P € Syl ,(S) is either trivial
or cyclic of prime order, and so any bijection that respects the action of those outer
automorphisms is McKay-good. Building on Malle’s work, we show that in most
cases, Hypothesis 4.3 holds, ensuring that any such bijection automatically satisfies
the additional degree condition. In the remaining cases, it turns out that S has
precisely one character of degree smaller than b(Ng(P)). In these instances, it
suffices to identify a corresponding (p’-degree) character of Ng(P) with smaller
degree that is invariant under the action of the outer automorphisms.

Throughout we let X :=S/Z and Q :=PZ/Z € Sylp(X), where Z :=ZS. Of
course we may assume that p | |S|.
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First suppose that |S|, = p; in particular, p is odd. In this case, work of
Dade [D66; D96] provides a natural bijection between the irreducible characters
in any block B of S and those in its Brauer correspondent b, and this bijection
satisfies the required degree condition. We may assume that B has full defect.
When [S|, = p, Dade’s bijection is described in Lemmas 4.7—4.10 of [D96] and
is known, in particular, to preserve decomposition numbers. Hence it suffices to
verify the desired degree inequality for the corresponding bijection between the
Brauer characters of B and b given in [D96, Lemma 4.7].

This bijection between Brauer characters is defined as follows. The Green
correspondence sends the isomorphism classes of finite-dimensional non-projective
indecomposable kS-modules M belonging to B bijectively onto the isomorphism
classes of finite-dimensional non-projective indecomposable kNg(P)-modules M,
where k is a suitable residue field of characteristic p (see [F82, II1.5]). Moreover,
this correspondence satisfies the degree inequality dim(M) > dim(M). If M is
simple, the socle S (M ) of M lies in a uniquely determined isomorphism class of
simple kNg(P)-modules. Dade’s bijection then sends the Brauer character afforded
by M to that afforded by S (ZVI ), and therefore also satisfies the degree inequality.
(We also note that in a recent preprint [Li25], Linckelmann proved that, when
a defect group of B is cyclic in general, there exists a perfect isometry between
Z Irr(B) and Z Irr(b) with the degree condition.) Furthermore, Koshitani and Spith
[KS16] proved that Dade’s bijection fulfills the inductive Alperin—-McKay condition,
and hence is McKay-good. We assume from now on that p? | |S].

I) Consider the sporadic groups. The structure of the quotient group Nx(Q)/Q’
is given in [W98]. When X € {Fi§4, B, M}, we have checked that m(S) >
|Z||Nx(Q)/Q| = |Ns(P)/P]|, thereby confirming that Hypothesis 4.3 holds. For
the remaining sporadic groups, computations using GAP reveal that Hypothesis 4.3
fails in the following cases. We include here the relevant values of m(S) and
b(Ng(P)).

(S, p, b(Ns(P)), m(S)) € {(Coa, 5,24, 23), (Cos, 3, 32,23), (Cos, 5, 24, 23),
(McL,5,24,22), (3- McL,5,24,22)).

When S € {Co,, Cos}, as the outer automorphism group of § is trivial, any bijection
(from Irr,(S) to Irr,r (Ns(P))) is McKay-good. In these cases, S has a unique irre-
ducible p’-degree character, say ¥, of degree smaller than 5(Ng(P)). Furthermore,
we observe that Ng(P) is not perfect. (Indeed, Ng(P)/P’' = 5% % (4-S4) when
S =Co,,and Ns(P)/P’' =S5 x (3%: SDg) when S = Co3.) Consequently, Ns(P)
has a nontrivial linear character, say t. It then follows that any bijection sending
to t satisfies the required degree condition.
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Let (S, p) e {(McL,5),(3-McL,5)}. In both cases, the outer automorphism
group Out(S) = C, normalizes P. Moreover, S has exactly one irreducible character
of degree less than b(Ng(P)) =24, and this character is necessarily Out(.S)-invariant.
Suppose first that S = McL. By [Atl], Ng(P) = P x D, where P is an extra-special
group of order 53 and exponent 5, and D = C3 x Cg. The group D acts Frobeniusly
on Irr(P/P’) = Cs x Cs, and hence Ng(P) has a unique irreducible character
of degree 24. This is the only 5'-degree character of Ng(P) of degree greater
than m(S) = 22. All other 5'-degree irreducible characters of Ng(P) are trivial
on P, and thus can be viewed as characters of D, with degrees 1 and 2. Now,
the required bijection can be constructed in the way that this degree-24 character
corresponds to (any) Out(S)-invariant irreducible character of S of degree greater
than 22. (The group McL indeed has several such characters.) When S =3- McL,
again Irrs (Vg (P)) contains a single member of degree 24. As in the case S= McL,
this is the only 5’-degree character of Ng(P) of degree greater than m(S) = 22, and
the same reasoning applies.

IT) The simple groups of Lie type with a non-generic Schur multiplier are:

PSL;(4), PSL»(9), PSL3(2), PSL3(4), PSL4(2), PSU4(2), PSU4(3),
PSUs(2), 2B,(8), PO7(3), PSpg(2), POF (2), G2(3), G2(4), F4(2), and 2E4(2).

(See [MT11, Table 24.3].)

Consider the (only) exceptional cover S =2 - F4(2) of X = F4(2). When p =2,
as all the faithful irreducible characters of S have even degree ([Atl]), the problem
is reduced to the simple group F4(2), which was already solved in Proposition 4.11.
When p =3, the Sylow normalizer Nx (Q) of X is contained in PSL4(3).2, and lifts
to the direct product C, x Nx(Q) in S, as described in [MOS8, §4]. From the proof
of Proposition 4.11, the maximal 3’-degree of the Sylow 3-normalizer of SL4(3)
is at most (3 — 1)3/2 =4, implying b(Ns(P)) = b(Nx(Q)) < 8. When p =5,
Nx(Q) is an extension of C52 with the complex reflection group Gg, which has
the structure C4.S4. In this case, Ng(P) = Z x Nx(Q), and elementary character
theory yields b(Ng(P)) < 24. Similarly, for p =7, Nx(Q) is an extension of C%
with the complex reflection group G5 of structure Cg.A4. Here, it can be shown that
b(Ng(P)) <48. As m(S) = 52 ([Atl]), Hypothesis 4.3 holds for all the relevant p.

Consider X = 2E(2). This group has two exceptional covers 2- X and 6 - X
with cyclic center. When p =2, as in the case S = 2 - F4(2), the problem reduces
to handling the covers X and 3 - X, which are actually non-exceptional covers of X,
and we are done by Proposition 4.11. Consider p = 3. Then Nx(Q) is contained
in €7(3) and is lifted to the direct product C; x Nx(Q) in 2 - X. The proof of
Proposition 4.11 shows that the maximal 3’-degree of the Sylow 3-normalizer of
©27(3) is at most 4, and therefore b(Ns(P)) =b(Nx(Q)) <4 for S =2-X. For the
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six-fold cover S = 6- X, as the 3’-degree irreducible characters of both S and Ng(P)
are trivial on ZS3, we still have b(Ng(P)) = b(Ns;zs,(P/ZS3)) <4. When p =35,
[MOS, Table 2] shows that the largest 5'-degree of the Sylow normalizer of both
2-X and 6- X (and of X itself as well) is 48. For p =7, as mentioned in [MOS, §4],
the Sylow 7-normalizer of X is contained in F4(2) and moreover, Fy(2) is lifted to
2-F4(2)in2-X andto 3 x2- F4(2) in 6- X. It follows from the previous paragraph
that b(Ng(P)) < 48, whether S is the double or 6-fold cover of X. On the other
hand, the smallest nontrivial degree of 6 - 2E6(2) is 1938 (GAP). Hypothesis 4.3
again holds true in this case.

Finally, using GAP, we have checked that Hypothesis 4.3 also holds for all other
exceptional covers of the simple groups of Lie type listed above, as well as for the
3-fold and 6-fold covers of Ag and Ay. The proof is complete. J

A few remarks are in order. First, Propositions 4.11, 4.13, and 4.14 together imply
that Conjecture 4.1 holds for every quasisimple group S of exceptional Lie type
and for every prime p. Second, our arguments show that, in all cases considered,
Hypothesis 4.3 holds for (S, p), except possibly in the following situations: § =
PSU,(q) withn>3o0dd, (n,g+1)=1, and g a power of p; when S is sporadic and
|S|, = p; or when (S, p) € {(Coy,5), (Coz, 3), (Co3,5), (McL,5), (3-McL,5)}.

5. Odd-degree characters

In this section we confirm Conjectures 4.1, 3.3, and 3.1 for p = 2, thereby proving
Theorem B.

Theorem 5.1. Conjecture 4.1 is true for all quasisimple groups S and p = 2.

Proof. By Propositions 4.14, 4.11, and 4.13, and noting that Sylow 2-subgroups
of an alternating group or its double cover are self-normalizing [O76], we only
need to consider classical groups over fields of odd characteristic. Furthermore,
we may assume that S is a non-exceptional covering group of the simple group
X :=S8/ZS. As before, we use G for the finite reductive group of simply connected
type such that G/ZG = X, and so S is a certain quotient of G. By Proposition 4.4,
the existence of a required bijection is guaranteed if we are able to show that

(5-1) b(Ng(Q)) =m(G)

for O € Syl,(G).

Let X =PSL;(g) with 5 < ¢ odd, and hence G = SL,(g). Assume first that g =
+3( mod 8). Then Q is the quaternion group of order 8 and N (Q) is isomorphic
to SL,>(3) (see [IMNO7, §15E]). We have b(Ng(Q)) =3, while m(G) =(g—1)/2 if
g =3(mod 8) and m(G) = (g +1)/2if ¢ =—3( mod 8), and so (5-1) is satisfied.
When ¢ = +1( mod 8), Q is self-normalizing and the inequality is trivial.
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Let X = PSL,“I—L (g) with n > 3. Here, as usual, we use the superscript + for
linear groups, while — for unitary groups. Then G = SLiE (@). Let G := GL,T(q),
R € Syl,(G), and take Q := RN G. By [KO05, Theorem 1], we have

N5(Q) = N5(R) = RC5(R).

The structure of Sylow normalizers in G was determined by Carter and Fong in
[CF64, Lemma 6 and Theorem 4], as follows

N&(R) = R x (Cigg1y,)'s

where (¢ F 1)y is the odd part of ¢ ¢ 1 and ¢ is the number of terms in the 2-adic
expansion of n. It follows that

Nz(0)/Q' =Nz(R)/ Q' = (R/Q') x (Cigz),)"-

Let b(M) denote the largest degree of an irreducible character of a finite group M.
We have

b(Nz(Q)/0)=b(R/Q)<IR:Ql<q+]1.

Here, the inequality in the middle follows from [I06, Corollary 11.29] and the fact
that Q/Q’ is an abelian normal subgroup of R/Q’. The last inequality follows
from [R: Q|=|R:(RNG)|=|RG:G|<|G:G| < g+ 1. Since Ng(Q)/ Q' is a
normal subgroup of Nz(Q)/Q’, we deduce that

b(NG(Q)) =b(NG(Q)/Q) <b(Nz(0)/Q") <gq+1.

The desired inequality b(Ng(Q)) < m(G) then follows immediately from the bound
provided in Table 1.

Next, consider X = PSp»,(g) with n > 2 and ¢ odd. Then G = Sp,,,(¢) with
ZG being cyclic of order 2. The Sylow 2-subgroup Q is self-normalizing in G
when ¢ = +1( mod 8); otherwise, |[Ng(Q)/Q| = 3' where ¢ is the number of
terms in the 2-adic expansion of n (see [CF64, Theorem 4]). In the former case,
Hypothesis 4.3 is trivial. In the latter, we have

b(NG(Q)) < INg(Q)/Q]=3" < (¢" = 1)/2=d(G) <m(G),
and we are done again.
Lastly, consider X = Q,41(g) with n > 3 or X = PQ3. (¢) with n > 4 (q again
is odd). Here G = Spiny, ,(g) or Spinzztn (q), respectively. According to [CF64,

Theorem 5], Sylow 2-subgroups of G are self-normalizing, and we conclude as
before. ]

Theorem 5.2. Conjecture 3.1 is true when p = 2.

Proof. This follows from Theorems 5.1 and 3.5. U
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As said in the introduction, Theorem B immediately follows from Theorem 5.2.

We conclude with some remarks. To complete the proof of Conjecture A and
Conjecture 3.1 for all primes p, it remains to verify Conjecture 3.3 for quasisimple
classical groups S in characteristic different from p, as well as for covers of
alternating groups. This appears to be a nontrivial problem, since for these groups
the normalizer Ng(P) typically has many irreducible p’-characters whose degrees
exceed the minimal p’-degree of S.

Conjecture 3.1 has now been established for symmetric groups by Giannelli
[G25]. It may be possible to adapt the methods of [G25] to prove Conjecture 3.3
for alternating groups.
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ON THE FIRST EIGENVALUE OF THE HODGE LAPLACIAN
OF SUBMANIFOLDS

CHRISTOS-RAENT ONTI

We prove that equality in a sharp lower bound for the first p-eigenvalue of
the Hodge Laplacian on closed submanifolds in space forms can occur only
on topological spheres, assuming positivity.

1. Introduction

Let M" be a closed, connected and oriented Riemannian manifold of dimension #.
For each integer 1 < p <n—1, the Hodge—Laplace operator (or the Hodge Laplacian)
acting on p-forms is defined by

A=ds+68d:QP(M") — QP (M"),

where d and § are the differential and the co-differential operators, respectively.
It is well known that the spectrum of the Hodge—Laplace operator is discrete and
nonnegative, and that its kernel is isomorphic to the p-th de Rham cohomology
group HP(M"; R). If A1 ,(M") denotes its lowest eigenvalue, then

Sy (ldeol® + 80]*) dM

A, (M™) =
(M) weQP (MM)\{0) [y lol?dM

Since the above is invariant by the Poincaré duality induced by the Hodge *-operator,
we have A1 ,(M") = A1 ,—p(M") and thus we may assume that p < n/2. Clearly,
if 1,,(M") >0, then HP(M"; R) = H" P (M"; R) = 0.

The Hodge Laplacian satisfies for every p-form w € Q7 (M") the Bochner—
Weitzenbéck formula

(D Aw = V*Vo+ B8Py,

where V*V is the connection Laplacian and B!P1 : QP(M") — QP(M") is a
certain symmetric endomorphism on the bundle of p-forms, called the Bochner—
Weitzenbock operator. Therefore, (1) implies that lower bounds on the Bochner—
Weitzenbock operator lead naturally to lower bounds on the Hodge—Laplace operator.
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In particular, from [6, Proposition 3] we get that
2) if BV > p(n—p)A for some A > 0, then iy ,(M") > p(n—p+1)A.

Let f : M" — M ntm p > 3 be an isometric immersion into a Riemannian
manifold M"*" of dimension n +m. The second fundamental form o 7 1s viewed as
a section of the vector bundle Hom(TM x TM, Ny M), where Ny M is the normal
bundle. For each unit normal vector field § € I'(NyM), the associated shape
operator Ag is given by

(Ae X, Y)=(ap(X,Y), &), X, YeTM.

Recall that the traceless part of the second fundamental formis ® =a s — (-, - ),
where # denotes the mean curvature vector field given by # = (troy)/n, where tr
means taking the trace. Finally, by H we denote the length of the mean curvature,
that is, H = || #||.

Proposition 1 (Onti and Vlachos [5, Proposition 16]). If the curvature operator
of M"t™ is bounded from below by a constant c, then the Bochner—Weitzenbick
operator of M", for any 1 < p < |n/2], satisfies pointwise the inequality

. (p] p(n—p) 2 _ n(n—2p)
3) weglpl(r}w)(@ w, w) > Y (n(H +0) —W

H||®| ~ ||<I>||2>.
lel=1
If equality holds in (3) at a point x € M", then:

(1) The shape operator Ag(x) has at most two distinct eigenvalues with multiplici-
ties p and n—p for every unit vector § € Ny M (x). If in addition p < n/2 and
the eigenvalue of multiplicity n— p vanishes, then Ag(x) = 0.
(ii) If H(x) #0and p < n/2, then Im oy (x) = span {# (x)}.
Therefore, if
n—2p
Vnp(n—p)

for some 1 < p < |n/2], then it follows from (2) and (3) that

Kp = min {(H2+c)—

1 2
H||P| — D]
xeMn n

4 A p(M") = p(n—p+Dkp.

Inequality (4) was first proved by Savo for hypersurfaces [6, Theorem 7], and
subsequently extended by Cui and Sun to submanifolds of arbitrary codimension [3,
Theorem 1.1]. Those authors also showed that the inequality is sharp by providing
trivial examples attaining equality. However, no characterization was given of the
submanifolds for which equality holds. The aim of this note is to shed light on the
case of equality in (4) assuming A1 ,(M") > 0, when M"*™" = Q!+, where Q"+
denotes the complete simply connected space form of constant sectional curvature c.
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In fact, we prove that in this case equality occurs only on topological spheres. For
simplicity we assume that ¢ € {0, £1}. Thus Q"™ is the Euclidean space R"*"
(c =0), the unit sphere S"™ (¢ = 1), or the hyperbolic space "™ (¢ = —1).

Theorem. Let f: M" — @Z‘*m, n > 4, be an isometric immersion of a closed,
connected and oriented Riemannian manifold. If for some 1 < p < |n/2] equality
holds in (4) with Ay ,(M") > 0, then M" is homeomorphic to the sphere S".

2. Proof of the Theorem

The idea of the proof is to show that M" is a simply connected homology sphere
over the integers and the proof will follow by the generalized Poincaré conjecture
(Smale n > 5, Freedman n = 4).

Assume that for some 1 < p < |n/2] equality holds in (4) with A; ,(M") > 0.
Then Proposition 1 implies that the shape operator Ag (x) at each point x will have
at most two distinct eigenvalues of multiplicities p and n—p for every unit vector
& € NyM(x). We claim that there exists a Morse function on M" such that the
index at each critical point is 0, p, n—p or n. To this end, we distinguish two cases:

CASE c € {0, 1}: Let u € R"™*¢ be a vector such that the height function

(p : Mﬂ - R9 go(x) = (fC(x)v I/i)

is a Morse function, where f. = f if c=0, and f. = jo f, where j : S"*" — Rr+m+1
denotes the standard inclusion, if c = 1. A direct computation gives that at a critical
point xg of ¢ we have

ueNpM(xo) and Hesso(X,Y)=(an(X,Y),u) forall X,Y € T\ (M.

Obviously, the second fundamental form of f, has at most two distinct principal
curvatures of multiplicities p and n—p in every normal direction and the claim
follows in this case.

CASE ¢ = —1: We consider the function
@ :H™ SR, o) =3r’x),

where 7 (x) denotes the distance function issuing from some suitable choice of point
o € H"™ to x € H"*™. It is a standard fact that ¢ is smooth everywhere in H" ™,
Let y (¢) be a unit speed geodesic with ¥ (0) =o. Then, we have y’'(t) = grad r (y (¢)).
For X, Y € I'(TH) a direct computation gives

(X, gradp) =r(X, gradr)
and
Hess (X, Y) = (X, gradr)(Y, gradr) +r Hessr (X, Y).



384 CHRISTOS-RAENT ONTI

Consider ¢ =@ o f : M" — (0, +00) and choose 0 € H"*™ such that ¢ is a Morse
function on M" (this is always possible). At a critical point xo € M", we have
gradr(f(xo)) L f«(Tx,M"), that is the (unique unit speed) geodesic y (t) will hit
f(M™) orthogonally, and

(5) Hess@(X,Y)=r(Hessr(fiX, fi¥) + (Agraa, X, Y)), X, Y € T, ,M".

Let y(£) = f(xo) and consider a Jacobi field J(¢) along y(¢) with J(0) = 0. It
follows that

1d
(6) Hessr(J(0), J () = (J'(0), J(O)) = EE”JU)HZH:E-

Recall that the Jacobi fields J(¢) in H**™ with J'(0) L y’(0) are given by
J(t) = sinh 7 - w(t),

where w(t) is a parallel vector field along y (¢) with J'(0) = w and ||w| = 1.
Observe that Agrag - (xo) has at most two distinct eigenvalues, say A and p with
multiplicities p and n— p, respectively. Consider an orthonormal basis {ey, ..., e,}
of Ty,M" such that

re; for 1 <i<p,
Agradr(ei): .
we; for p+1<i<n.

Let w; (¢) be such that
w;(€) = filei), 1=i=n,
with corresponding Jacobi fields
Ji(t) =sinht-w; (), 1<i<n.

Therefore, from (6) we obtain
1d 1
Hessr (J; (£), J; (£)) = EEIM O i=¢ = 3 sinh(2¢), forall 1 <i <n.

Hence (5) gives

f(cothl+X) for 1 <i<p,

Hess ¢(e;, ¢;) =
plei, e {Z(coth£+u) for p+l=i=n,

and therefore it is now clear that Index ¢(xo) € {0, p, n—p, n}, proving the claim.

Therefore, it follows from standard Morse theory (see [4, Theorem 3.5] or
[2, Theorem 4.10]) that M" has the homotopy type of a CW-complex with cells
only in dimensions 0, p, n—p or n. Therefore

7 H,(M";Z)=0 foralli #0, p,n—p,n.
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Next, we claim that also

) Hy(M": 7) = H,—,(M"; Z) = 0.

Indeed, our hypothesis implies H? (M"; R) = H" P (M"; R) = 0. Hence

9 H,(M";Z)=Tor(H,(M"; 7)) and H,_,(M"; Z) = Tor(H,_,(M"; 7)).
By Poincaré duality, the universal coefficient theorem and (7), we have

Tor(H,(M"; 7)) = Tor(H,—,—1(M"; 7)) =0
and
Tor(H,—,(M"; 7)) = Tor(H,—_1(M"; 7)) =0,

where = denotes the isomorphism of the corresponding groups. This, in combination
with (9), proves (8). Hence M" is a homology sphere over the integers.

Finally, we show that M" is simply connected. If p # 1 this follows directly
from [1, Proposition 4.5.7, p.90], since in this case, ¢ has no critical points of
index one. If p = 1, then since there are no 2-cells, it follows by the cellular
approximation theorem that the inclusion of the 1-skeleton X! < M” induces
isomorphism between the fundamental groups. Therefore, 71 (M") is a free group
on B1(M"; Z) =0 elements, and thus M" is simply connected.

Therefore, M" is a homotopy sphere and by the generalized Poincaré conjecture
(Smale n > 5, Freedman n = 4), M" is homeomorphic to S”, which concludes the
proof of the theorem.
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HOWE DUALITY FOR THE DUAL PAIR SL>(R) x Fy4,1:
A PING PONG OF K-TYPES

GORDAN SAVIN

We prove Howe duality for an exceptional theta correspondence. To that end,
we relate the K-types of corresponding representations by exploiting a pair
of see-saw identities.

1. Introduction

Let O be the algebra of Cayley octonions over the field of real numbers R. Let J be
the 27-dimensional space of 3 x 3 hermitian symmetric matrices with coefficients
in 0. Let Ny : J — R be the cubic form (the norm of J), essentially the determinant
of 3 x 3 matrices. For every e € J such that Nj(e) # O there is a structure of
exceptional Jordan algebra on J such that e is the identity of J. Let G = Aut(J, e)
be the group of automorphisms of the resulting Jordan algebra, which is the same
as the group of linear transformations of J preserving N; and the point e. It is a
simple Lie group of absolute type F4. See [6] for all of this. If we pick e to be

then G is compact for the first choice of e and of split rank one for the second [11].
The Jordan algebra, by way of the Koecher—Tits construction [8], gives rise to a
simply connected group G (J), of the exceptional type E7 and split rank 3 over R
(the same group for both choices of ¢). The group G (J) comes along with the dual
pair (see [7])

SLo(R) x G € G(J).

These dual pairs are completely analogous to SL,(R) x O(p, g) in Sp,, (R) where
n = p+q. Indeed, if we take J to be the space of n x n symmetric matrices with
coefficients in R, then orthogonal groups are stabilizers of generic points in J, and
G(J) is Spy, (R).
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The group G (J) has a minimal (holomorphic) representation IT that appears as a
local component of a global representation [5]. In [3], [T was restricted to the dual
pair SL,(R) x G, with G compact, and the following decomposition was obtained:

N=Ps@n+12) QE,.

n>0

Here 8 (2n + 12) is the holomorphic representation of the lowest weight 2n 4+ 12 and
E, is the irreducible representation of G of the highest weight nw4 where @y is the
fourth fundamental weight for Fy. It is the highest weight of the 26-dimensional
irreducible representation of G (the complement of the line through e in J).

Here we study the restriction of IT to the dual pair with G noncompact. Let
K be the maximal compact subgroup of G. We emphasize that we do not work
with continuous representations of noncompact groups, but with the corresponding
(g, K)-modules, where g is the complex Lie algebra of G. Thus, if 7 is a (g, K)-
module of finite length, we define

O)=M®nr"),.

Here 7" is the contragredient of 7, and the subscript g is saying that we are taking
co-invariants with respect to the action of g on the tensor product. If  is irreducible
then ® () ® 7 is the maximal w-isotypic quotient of IT (see [1]). In other words,
the above definition generalizes the usual definition of the theta lift.

We can analogously define ® (o) for an (slp, SO(2))-module o of finite length.
Observe that ® () and © (o) are naturally (sl, SO(2)) and (g, K)-modules, re-
spectively. We shall show that ® (;r) and ® (o) are finite length modules, and that
they have unique irreducible quotients, if ¥ and o are irreducible. The main input
is the structure of lifts of types. More precisely, if T is a K-type, then

() =Mtk

is also an (slp, SO(2))-module that we determine explicitly. Similarly, we have
a description of the lift for SO(2)-types. This is done in the last section using a
strategy of Howe [4], involving the following see-saw diagram of dual pairs in
G(WJ):

SL2 X SL2 H
SL2 G

SO(2) K
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Here H is a simply connected, hermitian symmetric group of absolute type
E¢. The centralizer of G sits diagonally in SL; x SL;. Thus ®(7) is naturally
an (sly 4+ slp, SO(2) x SO(2))-module. We compute it, and then restrict it to the
diagonal sl,. A similar strategy is used for lifts of SO(2)-types.

With the lift of types computed, we can play a game of ping pong with types: if
o ® m is a quotient of IT and t is a type of & then, by a see-saw identity, c must
have an SO(2)-type determined by T and vice versa. More details in the next section
where main results are obtained. A similar strategy (and the name ping-pong) was
used in [2] to establish Howe duality for exceptional p-adic dual pairs.

2. Main results

The correspondence with compact G establishes a correspondence of infinitesimal
characters in the noncompact case. The reader can consult [10] for more details
on this. Let us write down the correspondence. Using the standard realization of
the F4 root system, the infinitesimal character of E,, (the representation with the
highest weight nwy) is

1@2n+11,5,3,1).

On the other hand, the infinitesimal character of §(2n + 12) is 2n + 11, which we
recognize as the first entry above. This means that if o has infinitesimal character
x, then ® (o) has infinitesimal character %(x, 5,3,1). More generally, if o is
annihilated by an ideal in the center of U (sl,) of finite codimension, then ® (;r) is
also annihilated by an ideal in the center of U (g) of finite codimension. Hence, for
o of finite length, in order to prove that ® (o) has finite length, it suffices to prove
that it is admissible. The same goes for ® ().

The maximal compact subgroup of SL;(R) is SO(2). Its irreducible representa-
tions are one-dimensional characters parameterized with integers n. Let (n) denote
the corresponding one-dimensional representation. Since the center of SL;(R) is
also the center of the simply connected G (J), only even n = 2m characters appear
in IT.

The maximal compact subgroup of G is denoted by K. It is a simple group
of type Bs. The group K can be picked to be the intersection of G with the
compact form of G, where the two groups are the stabilizers of the two choices
for e, as in the introduction. Let g be the complex simple Lie algebra of G, and
g = £ p the corresponding Cartan decomposition. Here p is the 16-dimensional
spin representation of K. Let u be its highest weight, and let A be the highest
weight of the standard 9-dimensional irreducible representation of K. Let t(m, n)
be the irreducible representation of K of the highest weight

mi+nu.
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Applying the branching rule [9] to the representations E,,, we see that only these
representations of K lie in IT. Let

O(t(m,n) = (M@t(m,n)")k
be the lift of 7(m, n). It is naturally an sl;-module. We have, by Proposition 3.1,
O(t(m,n)) = U(sh) Qusor) @(2m+4).
A power of this identity is demonstrated by the following lemma:

Lemma 2.1. Let o be a finite length (slp, SO(2))-module. Then
HomK (®(O')’ T(ma n)) ; H0m5[2(®(1—(m’ l’l)), 0) E HomSO(Z)((2m+4)» 0)

Proof. The first isomorphism is a see-saw identity, obtained by switching the order of
taking sl and K co-invariants. The second isomorphism follows from the Frobenius
reciprocity, since ® (t(m, n)) is isomorphic to U (sl) Qu(so(2)) ® (2m +-4). O

Now we have the following consequence, Santa Claus is coming to town:

Proposition 2.2. Let o be a finite length (sly, SO(2))-module. Then ® (o) # 0 if
and only if o has a type 2m+4 for some m > 0. O (o) has finite length. If o is
irreducible, © (o) has multiplicity free K -types, consisting of all T (m, n) such that
2m+4isatype ofo.

Proof. This is all trivial from the lemma; only the finite length of ® (o) perhaps
merits some explanation. It is a combination of admissibility (from the lemma) and
the fact that ® (o) is annihilated by an ideal in Z(g) of finite codimension. U

Now we go in the opposite direction. For a character 2m +4 of SO(2) consider
®((2m+4). By Proposition 3.2, it is a quotient of

U(9) ®u ) Fin
where F,, = C if m < 0, otherwise
F,=7t0,00t(1,0®---®1t(m,0).
Lemma 2.3. Let  be a finite length (g, K)-module. Then
Homgo2) (O (), 2m+4)) = Homy(© (2m+4), r) € Homg (F,y,, ).

Proof. The isomorphism is again a see-saw identity. The inclusion follows from the
Frobenius reciprocity, since ©(2m+4) is a quotient of U (g) Qv &) Fi- O

We now record an easy consequence.

Proposition 2.4. Let w be a finite length (g, K)-module. Then ® () # 0 only if
contains a type t(m, 0) for some m. O () is of finite length.
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We are now ready to state and prove the main result of this paper.

Theorem 2.5. Let o be an irreducible (sly, SO(2))-module. Assume that o contains
the type 2m+4), for m > 0, and no smaller types 2n+4, withn > 0. Then © (o)
has a unique irreducible quotient. It contains the type t(m, 0) with multiplicity one,
and no types t(n, 0) with n < m. Conversely, let w be an irreducible (g, K)-module
containing the type t(m, 0), and no smaller such types. If ©(7) is nonzero, then
O(m) has a unique irreducible quotient. It contains the type (2m+4), and no
smaller types 2n+4, with n > 0.

Proof. Assume 7 is a quotient of ®(o). We do not assume that 7 is irreducible.
By Lemma 2.1, we have the sequence of inclusions

Homg (, T(m, 0)) € Homg (®(0), T(m, 0)) = Homg, (O (z (m, 0)), o)
= Homso(z)((Zm +4), O’).

We can ran this sequence with any 2n+4 in place of 2m+4. If n < m, by the
assumption, the last space is trivial, hence 7(n, 0) is not a type of w. We shall use
this in a moment. Since 7 is a quotient of ® (o) and o is irreducible, 7 ® o is a
quotient of I1. But this implies that o is a quotient of ® (;r), and by Lemma 2.3 we
have a second sequence of inclusions (note that we are starting with the space of
the same dimension as as the space we ended with in the first sequence):

Homso2) (0, (2m+4)) € Homgp2)(O (), (2m+4)) = Homy(© 2m+4), )
C Homg (Fy, ).
Since 7 has no type 7 (n, 0) with n < m, we ended with Homg (7 (m, 0), 7)), which
has the same dimension as Homg (77, T (m, 0)), the starting space in the first se-
quence of inclusions. Thus all inclusions in the two sequences are isomorphisms, and
all spaces are one-dimensional, since Homgo(2) ((2m +-4), o) is one-dimensional.

However, we did not assume that 7 is irreducible. If w = 7; @ 7, and if we run
the above argument for each & and 7,, then we can write the chain

1+ 1 =dimHomg (7r, t(m, 0)) + dim Homg (775, T(m, 0))
= dim Homg (rr, T(m, 0)) =1,

a contradiction. Thus ® (o) has a unique irreducible quotient. It contains 7 (m, 0),
with multiplicity one.

In the other direction, now 7 is irreducible and o is a quotient of ® (), we start
with the second sequence. That sequence ends with

Homg (F,,;, ) = Homg (t(m, 0), ),

since w does not contain K-types t(n,0) with n < m. Next, we run the first
sequence. The conclusion is that all spaces have the same dimension d, equal to
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the multiplicity of t(m, 0) in = which is not 0. Again, we did not assume that o is
irreducible. So, if 0 = 01 @ 0, and we run the same argument for each o) and o,
since

dim Homso(z) (o1, 2m+4)) +dim HOmSO(z) (02, Cm+4))
= dim Homso2) (0, (2m+4)),

we arrive at d +d = d, a contradiction. O

3. Computing lifts of types

In this section we verify the expressions for ® (7 (m, n)) and ®(2m +4) used in the
proof of the main result. As indicated in the introduction, we use the following
see-saw diagram in G (J):

SL2 X SL2 H
SL, G
SO(2) K

Here H is a simply connected, hermitian symmetric group of absolute type Ef.
Our SL,, the centralizer of G, sits diagonally in SL, x SL,, the centralizer of K.
A word of caution here. If we pick a different SL, in SL, x SL,, the one consisting
of all (g, hgh_l), where h = ((1) _(1)), then G and H in the above are replaced
by their compact forms. In other words, it is important how we identify groups
isomorphic to SL;(R).

Let (e, h, f) be an sl)-triple such that C - & is the Lie algebra of SO(2). For
an integer n > 0, let §(n) be the irreducible lowest weight n module. Let v, be a
nonzero lowest weight vector. Let §(m) be the complex conjugate of §(m). It is the
irreducible highest weight —m module. Observe that there is a natural map

U(sh) ®uso)) (n —m) — 8(n) @ 8(m)

where 1 € C = (n — m) is mapped to v, ® v,,. Since §(n) is a free C[e]-module
generated by v, and 8(m) is a free C[ f]-module generated by v,,, the above map
is easily checked to be an isomorphism.

Proposition 3.1. Let T(m, n) be the irreducible K -type as previously. Then

O(t(m, n)) = U (sh) Quse2)) ®(2m+4).
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Proof. Since the centralizer of K is SL, xSLy, ® (t (i, n)) is naturally an SL; x SL;-
module. By [13, Proposition 3.3.3] (careful with SL,’s) we have

O m,n) Z8Qm+n+8) Q8(n+4).

In view of the discussion above, and (2m +n+8) — (n+4) = 2m +4, the proposition
follows. O

It remains to discuss ®(2m+4). Let L be a maximal compact subgroup of H.
We can assume that K C L. Let f and [ be the complex Lie algebras of H and L.
Since H/L is a hermitian symmetric space, [ is a Levi subalgebra such that [[, [] is
a simple Lie algebra of type Ds. We have a Cartan decomposition

hb=u+Il+u

such that ¢ = [ 4 u is a parabolic subalgebra. If F is a finite-dimensional [-module,
we can define a highest weight module

UB)Qup FEUWRF.

We now restrict this module to g = £ 4 p. Recall that p is 16-dimensional spin-
module. On the other hand, 1 and u are two 16-dimensional spin modules for [I, [],
the simple algebra of type Ds. Hence p must embed diagonally into it 4-u. Now it
is not difficult to check that the natural map

U@ Quw F—>Ub) Quy F

given by the identity on 1 ® F is an isomorphism. We are ready to prove the
following:

Proposition 3.2. For m integer, ® 2m+4) is a quotient of U (g9) Qu ) F, where
F,, =Cifm <O0; otherwise

F,=10,001(1,0®---®1t(m,0).

Proof. ®(2m+4) is an (h, L)-module, determined in [12, Section 6]. It is a quotient
of the Verma module U (h) ®y ) Fin where F,, is a one dimensional representation
of L if m < 0. Otherwise F,,, restricted to [L, L], is irreducible with the highest
weight (m, 0, 0, 0, 0). The restriction of this representation to K is the claimed
sum. O
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LIOUVILLE THEOREMS AND NEW GRADIENT ESTIMATES
FOR POSITIVE SOLUTIONS TO A, u+au? =0 ON A
COMPLETE MANIFOLD

YOUDE WANG AND LIQIN ZHANG

We use the Saloff-Coste Sobolev inequality and the Nash—-Moser iteration
method to study the local and global behaviors of positive solutions to the
nonlinear elliptic equation A ,u +au? = 0 defined on a complete Riemannian
manifold (M, g) with Ricci lower bound, where p > 1 is a constant and
Ayu = div(|Vu|?~2Vu) is the usual p-Laplace operator. Under certain
assumptions on a, p and ¢q, we derive some gradient estimates and Liouville
type theorems for positive solutions to the above equation. In particular,
under certain assumptions on a, p and ¢ we show whether or not the exact
Cheng-Yau log-gradient estimates for the positive solutions to A ,u+au? =0
on (M, g) with Ricci lower bound hold true is equivalent to whether or not
the positive solutions to this equation fulfill Harnack inequality, and hence
some new Cheng-Yau log-gradient estimates are established.
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1. Introduction

Gradient estimates are a fundamental technique in the study of partial differential
equations on a Riemannian manifold. They can be used to deduce Liouville-type
theorems [1; 2; 23; 12; 7; 19], to derive Harnack inequalities [23; 12], to infer local
and global behavior of solutions, to study the geometry of manifolds [4; 20; 12; 11],
and so on.

On the other hand, it is well-known that Liouville’s theorem has had a huge
impact across many fields, such as complex analysis, partial differential equations,
geometry, probability, discrete mathematics and complex and algebraic geometry.
The impact of the Liouville theorem has been even larger as the starting point of
many further developments. For details on the Liouville properties of harmonic
functions and some related theory of function on a manifold we refer to an expository
paper [5] written by T. H. Colding (see also [4]).

In this paper, we are concerned with the equation

(1-1) Apu+au? =0

defined on a complete Riemannian manifold (M, g) equipped with a metric g,
where p > 1, a, g are constants and

Apu = div (IVMI"’_2 Vu)

is the usual p-Laplace operator.

For simplicity, we will focus on equation (1-1) and try to establish some new
gradient estimates on the positive solutions to this equation. Now we recall some
relative results in the previous literature with the equation.

In the case that M is an Euclidean space, this equation was studied by Serrin and
Zou in [15] and some Liouville theorems and universal estimates were established.
Very recently, J. He, together with one of us (Wang) and G. Wei, [9] adopted a
new way to employ Nash—Moser iteration to study the gradient estimates of this
equation on a complete Riemannian manifold.

The new estimate

2
(1) NVUE 4 gya
- 2n <Cf(n—1)(1+ﬁR)+c2 okt 2nC? )
~ 2—nmax{0,g—1} R? (2 +nmax{0, g — 1}) R?

was obtained in [13] in the case p = 2 if the Ricci curvature of the domain manifold
satisfies Ricg > —(n—1)x and g < ”niz Obviously, this is a stronger estimate than
the logarithmic gradient estimate (also see [10]). Wang and Wei [19] also derived
Cheng—Yau-type gradient estimates for positive solutions to Au 4+ u? = 0 under the
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assumption

q € (—oo, Zi_i +\/n(57_1)>

Shortly afterward, the authors of [9] extended the Cheng—Yau estimate to the range

_ n+3>
qe ( o0, -7 )-
Recently, Z. Lu extended the estimate (1-2) in [13] to the range g € (—o0, Z—fi)

The first goal of this paper is to give gradient estimates for positive solutions
with positive lower bounds to (1-1), different from the exact log-gradient estimate.

As a second goal we try to answer two natural questions:

o Is the value :‘l—f?( p—1) above optimal for deriving the exact Cheng—Yau esti-
mates for a positive C' solution to (1-1) on a complete manifold with Ricci

curvature bounded below?

e Does the exact Cheng—Yau estimate hold true if u is a C' smooth positive
solution to (1-1) that satisfies the standard Harnack inequality?

Inspired by [8; 9; 21; 22], in the present paper we use the Nash—-Moser iteration
method to study the gradient estimate and the Liouville property of equation (1-1),
defined on a complete Riemannian manifold.

Statement of main results. By a solution u of (1-1) in an (arbitrary) domain Q2 we
mean a positive solution u € C'(£2) N C3($), where Q = {x € Q| |Vu(x)| # 0}.
Any solution of (1-1) satisfies u € C* () for some « € (0, 1) (see [6; 16; 17], for
example). Moreover, u is in fact smooth in Q.

For brevity we define

hi= ﬂ(p—l)[(j_‘l”)zm 2.

SUppu, Ry U 1If 0<pB <2,
¢p = 1 if =2,
infB(xO,R) u if IB > 2.

We suppose that g satisfies the condition

ﬂe{(o,ﬁ”—;‘)) if 1 <p<n,

(1-3) .
(0, +00) if p>n.
Now, we state our main results.

Theorem 1.1. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)x, where k is a nonnegative constant. Assume u is
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a positive solution to equation (1-1) on the geodesic ball B(xg,2R) C M. If the
constants a, p and q satisfy either

B ”_‘H(p_l)

—h1/2<q<’3 "l )4 R2 (@ £0)
2 n—1 n—

1
or

a[g . %(P—l)—Q] >0,

where B is a constant satisfying (1-3), then there exists a positive constant C =
C(n, p,q, B) such that
|Vul? 1+kR> ,_

B
1-4 su <C .
(1-4) B(xo I1)e/2) ub — R? Z

If B =2, we have

Bt p—n+n 2 =" p-1) and L2 —n=p,
n—1 n—1 2 n—1

so this case recovers the conclusion of Theorem 1.1 in [9]. At the same time, from
(1-4) we can infer that

R? 1+« R?
sup |Vu| <C +K qbﬂ +—K sup u?,
B(x0,R/2) R?  B(x.R)

if p and ¢ satisfy the assumptions of Theorem 1.1 with 8 € (0, 2).

For convenience, we define

()= /ssull)[g : %(p—l)+h1/2] and T'(I):= }g[% : Z—_I_}(p—l) —hl/z].
; — —

If 2 € I, we obviously have

n+3

Wz = (p—1) and T(D)<p-1.

So, we always have

‘~I’<<O, 2(n—1))) n+3 (p D,
n—p

, 2m-1)

since p > 1, and hence 2 € (0, - )-

We then obtain the following consequences of Theorem 1.1:

Corollary 1.2. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n —1)k, where k is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(xo, 2R) C M. Assume
also that the constants a, p and q satisfy one of the following five conditions:

cea>0, p>nand g eR.

2(n71))).

e a>0, 1<p<nandq<lIJ((O, n—p
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ea<0, p>nandq>T(0, +00)).
e a<0, 1<p<nandq>F((0,2§1"T;l))).

ea=0, p>1
Then there exist positive constants C =C(n, p,q) and B = B(n, p, q) € (0, +00)
such that

|Vul|? 1+&kR?* 5 4

B(i:)l%/Z) ub =C R? Z
Note that in case 2 (@ > 0 and 1 < p < n), if there exists a point By € (0, szffpl))
such that 2D\ [ ntl "
(o550 =15 rhe-n+nt]|
then the condition ¢ < \D((O, z(nnf_pl))) can be relaxed to g < \D((O, 251":[)]))). In the

other four cases, we can obtain similar conclusions.
Further, if 1 < p < n, it is easy to see that

41 29((0.220)

n

Usually, this is a strict inequality; for instance, if we let » =3 and p = 2, then

(1-5) Bt (poty+ 2 = o+ /BT — 5/

and B € (0, 4). Hence, we can check that (1-5) attains its maximum at an interior
point By =2 +4/+/5 € (0, 4). Therefore, we get

W((0,4)=2+v5>4=3.2-1.

But we also have
W((0,4) =2++5> " (p-1)=3.

This indicates that for g > n+ — (p—1) one also derives the gradient estimate.

Corollary 1.3. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)k, where k is a nonnegative constant. Assume u is
a positive solution to equation (1-1) on the geodesic ball B(xg,2R) C M. If the
constants a, p and q satisfy

a<0 and q>T(Q0,2]),

then there exist positive constants C =C(n, p,q) and = B(n, p,q) € (0, 2] such

that ) 5
Vu 1+«R
sup [Vul <C 5 sup u>p
B(xo,R/2) uP R*  B(xo.R)

By using Theorem 1.1, we then reach the following conclusion.



400 YOUDE WANG AND LIQIN ZHANG

Corollary 1.4. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)k, where « is a nonnegative constant. Assume that u
is a positive solution to equation (1-1) on the geodesic ball B(xy, 2R) C M and that

u(x)>b>0, xeB(xg R).
Assume also that the constants a, p and q satisfy one of the following conditions:

cea>0, p>nand geR

2—1)
o a>0, 1<p<nandq<\IJ([2,n"Tp)).
cea<0, p>nandq>T(2,+00)).

ea<0,1<p<nandq> F([2, 251"_;1))).

ea=0, p>1.

Then there exist positive constants C=C(n, p, q, b) and B =B(n, p, q) €[2, +00),
such that
|Vul|? 1+«R?
su <C .
B(xo,R/2) UP R2

The next result states that whether or not the exact Cheng—Yau log-gradient
estimates for the positive solutions to equation (1-1) hold true is equivalent to
whether or not the positive solutions to (1-1) fulfill Harnack’s inequality.

Theorem 1.5. Let p > 1 and (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n —1)k, where k is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(xg, 2R) C M satisfying
the Harnack inequality

sup u <! inf u.
B(xo,R) B(xo,R)

Assume also that the constants a, q and p satisfy one of the following conditions:

cea>0, p>nand geR

2(n—1)
ea>0,1<p<nandq<¥((0, n”_p ).
e a<0, p>nandq >T(0, +00)).

ca<0,1<p<nandq>T((0, 2;”:[)1))).

ea=0, p>1
Then there exists a positive constant C = C(n, p, q, 1) such that

|Vu|? 14« R?
su 5 <C 7
B(xo,R/2) U R
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Corollary 1.6. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with nonnegative Ricci curvature. Assume u is a positive solution to
equation (1-1) on any given geodesic ball B(xo, 2R) C M, and that it satisfies the
Harnack inequality

sup u <[ inf u,
B(xo,R) B(xo,R)

where | is independent of u and R. Assume also that the constants a, q and p
satisfy one of the following conditions:
cea>0, p>nandqelR
2(n—1
ea>0, 1<p<nandq<\ll((0,(nnfp))).
e a<0, p>nandq >T(0, +00)).
2(n—1)
e a<0, 1<p<nandq>F((O, n"_—p))
cea=0, p>1

Then there exist a positive constant C = C(n, p, q, 1) such that

|Vul|? _c
su —.
B(xo,II)?/Z) u? — R?

Conversely, if the above log-gradient estimate holds true, then, for any given
B(xg, R) C M, there holds

sup u <[ inf u,
B(x9,R) B(xo,R)

where [ is independent of u and R.
If we consider (1-1) in R"” (n > 3), we can achieve the following conclusion.

Corollary 1.7. Assume u is a positive solution to equation (1-1) on the ball
B(x0,2R) C R". Assume also that the constants a, q and p satisfy one of the
following conditions:

ea>0, 1<p<n,p;ﬁqandqe(p—1,%).
cea>0, p>n,q#pand q € (0, +00).
-azland1<p:q<n<p2.
ea>land p=gq >n.

Then there exist a positive constant C = C(n, p, q, a) such that

|Vul|? _c
sup ——— < —.
B(xo,];I)?/Z) u? — R?
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The corollary tells us that Z%?( p—1) is not an optimal bound for deriving an
exact Cheng—Yau-type log-gradient estimate, since
IVul> ¢
su <

B(xo,%/Z) uz ~ R?

inthecasea >0, p>n, g # p and g € (0, +00).
The next result is a direct consequence of Corollary 1.7.

Theorem 1.8. Assume u is a positive solution to equation (1-1) on R" and n > 3.
Assume also that the constants a, p and q satisfy one of the following conditions:

(p—l)n).

e a>0, 1<p<n,p7éqandqe(p—1, np

cea>0, p>n,p#qandq e (0, +00).
ea>landl <p=qg<n<p-
ea>1and p=q >n.

then (1-1) admits no positive solution.

In the above conclusions, we always suppose that dim M = n > 3. In fact, for
the case dim M = 2 we can also obtain similar conclusions. Since the proofs are
similar to the case dim M > 3, we will not give details.

Main ideas of proof and the organization of paper. In order to give the gradient
estimates, we consider the linearized operator £, of the p-Laplace operator at a
solution u, and let £, act on an auxiliary function given by

|Vu|?

Fu) ==

B> 0.

The use of such an auxiliary function is inspired by the gradient estimates established
in [18] for another equation related to Ricci solitons. Then, we need to establish
some suitable pointwise estimate of £,(F’) using the techniques of Cheng and Yau
[3; 23], so that we can take a Nash—Moser iteration scheme to give the L°°-norm of
F (u). Saloft-Coste’s Sobolev inequalities play an important role in our arguments.

Outline. In Section 2, we recall some background and establish important lemmas,
which will play a key role in the Nash—Moser iteration process. In Section 3, the
main body of this paper, we prove the gradient estimates. In Section 4, we give the
proofs of the main theorem and its corollaries.

2. Preliminaries

Throughout this paper, we let (M, g) be an n-dimensional Riemannian manifold
(n > 3), and V denotes the Levi-Civita connection corresponding to the metric g.
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We denote the volume form on (M, g) by

dvol = /det(g;;)dxi N --- ANdx,,

where (x, ..., x,) is a local coordinate chart, and for simplicity we usually omit
the volume form of integral over M.

Definition 2.1. We say that u € cl(mn Wllo’f (M) is a weak solution of (1-1) if
for all y € W(}’p(M) we have

/|W|P*2 (w,vw)zf audy.
M M

Next, we recall the Saloff-Coste Sobolev inequalities (see [14]), which shall play
a key role in our proof of the main theorems.

Lemma 2.2 (Saloff-Coste [14]). Let (M, g) be a complete manifold with Ric >
—(n—1)x. For n > 2, there exists a positive constant C,,, depending only on n, such
that for all B C M of radius R and volume V we have for hy € C3°(B)

112002y = XD+ VRNV R [ [V + R723),

For n = 2, the above inequality holds with n replaced by any fixed n’ > 2.

Now we consider the linearization operator £, of p-Laplace operator:
2-1) L,(¥) =div[ P21 A(VY)],
where f = IVul2 and
(2-2) ANVY) =YY +(p=2f (V. Vu) Vu.
We first derive an useful expression of £,(f).
Lemma 2.3. The equality
Lp(f)=(5=1) P22V +2 P21 (|VVul* + Ric(Vu,Vu)) +2(V A yu, Vu)
holds pointwise in {x : f(x) > 0}
Proof. By the definition of A in (2-2), we have

(2-3) A(V)=Vf+(p-2) f (Vf,Vu)Vu.
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Combining (2-1) and (2-3), we obtain
Q2-4) Lp()=(5=1)fPP2IVf P+ PP Af+(p =2 (5-2) 7273V, Vu)?
+(p=2) [PV V), Vu) + (p=2) fPP72(V £, Vu) Au.
At the same time, by the definition of the p-Laplacian, we have
(2-5) 2(VA,u,Vu)
= (p=2(5 =2) fPPV£Vu) + (p—2) f 7 H(V(V£.Vu), Vu)
+(p=2) fPIP2(VEVu) Au+2 P77 HV Au, Vu).
We combine (2-4) and (2-5) to obtain
(2-6) L,(f)=
(2 —1)fPR2IVEP + fPPIALf +2(VApu,Vu) = 2 P21V Au, Vu).
From (2-6) and the Bochner formula
IAf =|VVul* +Ric(Vu,Vu) + (VAu,Vu)
we get
Lp(f)=(5=1) PP 2V P42 7271 (IVVul* + Ric(Vu, Vi) +2(V A pu, Vu).
Thus, we finish the proof. (]

In the last section, we are going to use the following lemmas. We denote by Br
a ball with radius R and let 2 be a domain in R”".

Lemma 2.4 [15, Theorem 4.1(a)]. Suppose n > m and s € (m, %) Let w be
a nonnegative weak solution of the differential inequality

(2-7) oM< —Apw< A0 in Q,

for some constant A > 1. Then there is a constant C =C(n, m, s, A) > 0 such that
(2-8) supp, w(x) < Cinfp, w(x).

Lemma 2.5 [15, Theorem 4.3(a)]. Let n <m. Assume the hypotheses of Lemma 2.4,
except that the condition s € (m, %) is replaced by s € (1, 400), that is,
m0=D — to0. Then (2-8) is valid with C = C(n, m, s, A) > 0.

3. Gradient estimates

3.1. Estimate for the linearized operator of p-Laplace. First, we need to give the
pointwise estimate of £, (F), where
f

F==5 (8>0)
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and L, is the linearized operator of p-Laplacian at u.

Lemma 3.1. The equality

Ly(F)=u"PLy(f)+BB+D(p—Du P72 fr/2H
—B(L+5)(p=Du P PPNV £ V) — B(p—Du P P2 Au

holds pointwise in {x : f(x) > 0}.

Proof. By the definition of A in (2-2), we have

(3-1) A(VF)=uPAVS) — Bu P~ fA(Vu),
(3-2) A(Vu) = (p—1)Vu,
(3-3) ANVH) =Vf+(p=2)f(Vu,Vf)Vu.

Combining (2-1) and (3-1), we obtain
(3-4)  Ly(F)=div[u PP ANV = Bdiv[u P PRAVW].
Direct computation shows that

(3-5) div[u PP AVS)]

= —Bu PPN AVE), Vu) +uP div [ 7T AV ]
and

(3-6) div[u P fPRPANVW] = —(B+Du P2 P2 (A(Vu), Vu)
+ Zu Pl PR YAV, VE) +u P P2 div A(Vu).
By substituting (2-1) and (3-3) into (3-5), we have
(3-7) div[u P fPPANVS ] = —B(p—Du P PNV VU +uTP L, (f).
Substituting (3-2) into (3-6) leads to
(3-8) div[u P fPRPANVI] = —(B+1)(p—Dyu PP
+ 2(p—Du P PPNV A VU) + (p—Du P P2 Au

Now, we plug (3-7) and (3-8) into (3-4) to derive the required equality, and hence
finish the proof of Lemma 3.1. O

Lemma 3.2. Let u be a positive solution of equation (1-1) in Q C M. Then
(3-9) L,(F)=(%—1)uf fr22|VF)?

+2a[E(p—1) — qJut P~ f — ppu fP/2N(VF, Vu)

+2u~P P21 (1VVul? 4+ Ric(Vu, V) + [-1 pB2 + (p— 1) Blu=F =2 7/>H1

holds pointwise in {x € Q: f(x) >0}.
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Proof. By summarizing Lemma 2.3 and Lemma 3.1 we can achieve that
(3-10) L,(F)=u""’
x[(5=1) fP22VF P42 /27N (IVVu4Ric(Vi, Vi) ) +2(V A pu, Vi) |
+BB+D(p—Lyu P22
—B(1+5)(p=Du P PPNV £ Vu) = B(p—Dyu =P P12 Au.
Since F = f/u®, we can infer that
Vf=Bu'fVu+uPVF.

Hence, we have
(3-11) (VVu) = Bu='f2 +uP(VF,Vu),
(3-12) IVF12=B2u2f +2BuP~ f(VF,Vu) + u*P|VF %
Substituting (1-1), (3-11) and (3-12) into (3-10), we obtain
(3-13) L,(F)= (5 —1)uf fPP2|VF|* —2aqui~F~'f

+2u~P P21 (|VVu|? + Ric(Vu, Vu))

+[-1@*—2p+ DB+ (p—DBJu P2 r/AH!

— (PP —p+2)Bu fPEHVE,Vu)—B(p—Dyu P~ P12 Au.
From (1-1) and the equality

Apu=div(fP*IVu)= (5 = 1) fP2(VE,Vu) + fP727 A,

it is easy to verify that
(3-14) Au=(1-2) f7UVF,Vu) —aud f175.
Substituting (3-11) into the above (3-14) yields
(3-15) Au=(1=2)Yuf fTUVF,Vu)+ (1 = &) Bu~"f —aud f1=%.

Hence, we substitute (3-15) into (3-13) to derive the required equality. Thus we
complete the proof of Lemma 3.2. (]

Lemma 3.3. Let o > 1 and let u be a positive solution of equation (1-1) in Q C M.
Then, the following holds pointwise in {x € Q2 : f(x) > 0}:
(3-16) éFZ—“.c,,(F“)
= (a+ L —2) PP VF> + (@ — D)(p—2) fP/**(VF,Vu)*
+2u~ P fP12 (IVVul* + Ric(Vu,Vu)) — Bpu P~ fPI2(VF,Vu)
+2a[5(p=1) = qJut™P 2 [ 587+ (p—D)BJu 2P
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Proof. By the definition of A in (2-2), we have

(3-17) AV(F%)) = aF“_lA(VF)
and
(3-18) (A(VF),VF) = |VF| +(p— 2)f (VF Vu)

Combining (2-1), (3-17) and (3-18), we obtain
(3-19) L,(F%)
=adiv[F* ' fP27TA(VF)]
=a(a— 1) FO2fPRP=VA(VF), VF>+aF°‘—1£ (F)
=a(@—D)FO 2 PP |VEP+ (p—=2) f~HVF,Vu)* |+« F*~ 'L, (F).

In view of (3-9) and (3-19), we can derive the required equality and complete the
proof of Lemma 3.3. (]

Next, we need to consider the pointwise estimate of £,(F*). We begin with two
lemmas.

Lemma 3.4. Leta #0, o > 1 and let u be a positive solution of (1-1) in Q C M
with Ric > —(n—1)k. Set

(3-20) H=B(p—1)[z2258+1] -

Then we have, pointwise in {x € Q: f(x) >0},
(3-21) 1F7L(FY) = =2 —Dxu P PP 4 (p—1) LRy ~F fPI2(VF V)
+Hu—2,3—2fp/2+2.

Proof. Let {eq, ..., e,} be an orthonormal frame of 7M on a domain with f #0
such that e; = Vu/|Vu|. We infer the equalities

(3-22) 4y ud =R un =%fv>
i=1
(3-23) Apu=(p=1)fP > Tuyy + P21 wy;

i=2
Substituting (3-11) and (3-12) into the two equations in (3-22) leads respectively to
(3-24) 4 Z ul, =uPfYVEP + B2u=2f + 2uP 1 (VF,Vu)
i=1
and

(3-25) 2uiy = Bu” f +uf fTUVF,Vu).
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Combining (1-1) and (3-23), we obtain

n

2

(3-26) (S wi) =[(p=Dun +af' =]’
i=2

By substituting (3-25) into (3-26), we have

n

G2 (3

i=2

2
wi) =25 Buf + 2t TV E Vi) +af 'Rl )

By omitting some nonnegative terms in |VVu|*> and using Cauchy’s inequality, we

arrive at
2 2 v 2 L2 1 (& 2
(3-28) VP2 Yo+ Yk z Y ud+ (ZZM) .
1= 1= 1=

N

We plug (3-24) and (3-27) into (3-28) to obtain
(3-29) |VVul* > Lu® Y VFP + 1222 + L puP~ (VF, Vu)
+ L (2 Bu 4+ 25 P YV Vu) +af R ud]

By expanding the last term of (3-29), we obtain

2 124
IVVul? > quP N VFP + 2= ” w2 VF,Vu)? + B [1+ 2=y 2 2
+é[1+(l"1) ] ﬁ—l(v};‘ Vu>+0_21u2(]f2—l7+a£l7_:11’3ut]—1f2—17/2
+al ut= AP g DLy 3 (VF.Vu).
Using this inequality and Ric > —(n —1)«, we have
(3-30) 2u~*f fP/2(]VVul? + Ric(Vu,Vu))
> —2(n—Dku P pr/ L 22N gp 2 4ol + M]u*ﬁ*ﬂ’/z(vnvm
2 —_ —
+ﬂ_[1+(p 1)] 22 p/2+2+(?n 1;fp/2 2<VF Vu) + 1 ua- Zﬁf2 p/2
+a2(l7 l),B q—2p~— lf +a 2(17 l)uq ﬁ(VF Vu).
Substituting (3-30) into (3-16) yields
(3-31) 1P, (F%)
> —2(n—Du PP 4 2a[ B2 (p—1) — g Jud =271 2
—_1N2 _
+ (5= 3) fPPVFP + [(a = D(p=2) + L5 ] P2 (VF, Vu)?
+ (p=DB[ B+ 1]u P 2P 4 (p= D) Epu P PV E V)

+ r%a : M2q—2ﬂf2—p/2 + a%u‘ﬁﬂ (VF,Vu).
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Byusing p> 1, > 1 and
(3-32) fPPTUVEP = fPR2(VF,Vu)?,
we arrive at

(3-33) (a+5=3) PP VER +[@— D(p—2)+ L5 P22V, Vu)? A
> (p—Dla+ 52251 /7*2(VF, Vu)’.

By substituting (3-33) into (3-31), we obtain

(3-34) LF7L,(F*) > —2(n—Dru=P /2 1 2a[ B2 (p—1)—q u? =2~ 2
+(p—D[a+ 55251 P22 (VF, Vu)?
+(p=DB[5E=5B+1]u 25—2fp/2+2
+(p—1)BEu P [PV, V) + 22,202 2=/
+a2 2Dy =P (VF Vu).

Noting that & > 1 and using the inequality a% —2a1a; > —a%, we infer

(3-35) (p—D[a+ 5225172 HVF, Vu) + a2 L0t~ (VF, Vu)
| ura-28 g2,

2 _
= _(nil)z (p=Dfa+ 251—n1)
We substitute (3-35) into (3-34) to obtain

(3-36) LF7L(F*) > —2(n—Diu P P2 4 2a[ B0t (1) —glu??P~1 2

+(P—1)ﬁ[2(€:11)ﬂ+1]u*2ﬁ 2pp/2+2
+(p—D)BLA P fPI2(VF V)

+{nzil i— 1)2(19 Dfe + 5575 1)]_1}”2q_2ﬁf2_p/2-

Using o > 1 and the inequality al2 —2aiay > —ag again, we obtain

(3-37) {%—ﬁ(p—l)[a—i—z(n 1)]_1} 2420 2o/
28 (p 1)~ g1

[Botl 1)y’

- 2 p—1 1 [ p—n ]—1

=1 -2 9T 2m=1)

w2 /242,

Now, we plug (3-37) into (3-36) to deduce the desired inequality and hence complete
the proof of Lemma 3.4. U
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Lemma 3.5. Let o > 1 and let u be a positive solution of equation (1-1)in Q C M
with Ric > —(n —1)k. Then we have, pointwise in {x € Q: f(x) > 0},

(3-38) L F>79L,(F*) = —2(n—Dxu 2P fPPH1 4 B(p —1) LRy~ fPI2(VF V)
+2a[ﬂn+1 p—1)— ]uq 28— lf +ﬁ(p 1)(2+p rlzﬂ) —28— pr/2+2

Proof. By using the inequality (a; +a»)? > a% + 2aya,, we have

(3-39) [Z2Bu~'f + 25 uf UV, Vu) +af'” 2uq]2
P
> LU 4 (p=Dpu f (Pl fTHYE.Vu) +af! 2 u).
Substituting (3-39) into (3-29), we have
(3-40) |VVu]®> = L2 | WFP 4 B[ 4 22D -2p2
+8[1 4+ 2=~ (VF, V) 4+ apL=tud =1 202,
By using (3-40) and the assumption Ric > —(n —1)x, we have
(3-41) 2u~*P P2 (IVVul* + Ric(Vu, Vu))
>-2(n— 1)Ku—2/3f17/2+1+ fp/2 1|VF| +ﬂ [1+(P ? ] —2/3—2fp/2+2
+B[1+ L=V A1 P2V F, V) 4 2ap =it 2P p2,
We plug (3-41) into (3-16) to derive
(3-42) LF?7eL,(F*) > —2(n—1)ku= P fPI2H14 B(p—1) L2y == fPI2(VF,Vu)
+(a+Z=3) PPN VFP + (@ — D(p—2) fP>>(VF,Vu)?
+2a[ 5 (p—1) — qJut™ 7 2+ E(p—1) (2 + L B)u 22122,
Noting that p > 1, ¢ > 1 and fPP=YVF|? > fP/>72(VF,Vu)?, we arrive at

(3-43) (+ L5 —3) PPN VFP + (@ — D) (p—2) fP/* *(VF,Vu)?
= (@ —3)(p=D fPP72(VF Vu)®.

In view of (3-42) and (3-43), we can derive the desired inequality and complete the
proof of Lemma 3.5. U

By using Lemmas 3.4 and 3.5, we can achieve the following pointwise estimate
of L£,(F%).

Lemma 3.6. Let u be a positive solution of equation (1-1) in Q C M with Ric >
—(n—1)k. Set

(3-44) h=B(p—D[ 5

nil]
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and suppose that B satisfies

ﬂe{(o,zg"——p‘)) if 1 <p<n,

(3-45) :
(0, +00) if p>n.

If the constants a, p and q satisfy either

ot p-1 -0 <qg< L2 0p-D+h @#0)
n—1 2 n—1

a[g-Zi(p—l)—q]ZO,

then there exists o > 1 such that

or

(3-46) LrL(F*) > —2(n—1)kuP/> VP petr/2-l
4 AuPIDB=2 potp/2 _ gy (B (=D=1 pat(p=3)/2| g |

pointwise in {x € Q: f(x) > 0}, where A is a positive constant and
= (p—np=tl

Proof. Case 1: g-"“(p 1) — h1/2<q<g-”+1(p 1)+ 1'%, with a # 0.

This implies limy—, o0 H > 0, where H is defined in (3-20). Thus, we can
choose «( large enough that for any o > «,

(3-47) H > 0.
Furthermore, we have
(3-48) (p—DBL=u™ P~ fPA(VF,Vu) = —(p— DB U~ f PRV |
= _—Bu P~ lf(p+l)/2|VF|.
Combining (3-21) and (3-48), we can infer that
(3-49) LF*UL(F*) = —2(n—1)ku 2P /2t
— Bu P p D2V E 4 Hu B2 (g £0).
Combining (3-47) and (3-49) leads to (3-46).
Case 2: a[£2H (p—1)—q4]=0.

2n—1
In this case we have

(3-50) 2a[E1t(p—1) — qJu?™#71 2 > 0.
Combining (3-38), (3-48) and (3-50), we obtain
(3-51) LF*L,(F) > —2(m—Dku 2P fr/2H1 — py=F-1 D2y F|

+5(p—D)(2+ L5 B)u2P 2 r22,
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Since B satisfies (3-45), it is easy to see that

(3-52) E(p—D(2+L22p)>0.

Combining the above, we complete the proof of Lemma 3.6. (]

3.2. Deducing the main integral inequality.

Lemma 3.7. Let M be a complete manifold with Ric > —(n—1)k and let u be a
positive solution of equation (1-1) in Bar(xg) C M. Then, there exist constants t
large enough and | > 0 such that

_ Pia=1.1t o )
exp{—Cn(1+ﬁR)}V2/nR 2||F4+ ) +277||LG/<”-2)(9)+#[¢§ QFt+a+p/2nz
< ((n_l)ultk_+R—2)AFI+Q+P/2—IUZ+MI/QF1+I7/2+(X—1|V”|2,

where Q = Br(xo), n € C°(2, R) is a nonnegative function and V is the volume
of Br(xo).

Proof. We choose a geodesic ball 2 = Bg(xo) C M and a test function £ - u* =
Fén2 -u”, where 1 € C5° (2, R) is nonnegative, Fe = (F —e)t,e>0,t>1and
A € R are to be determined later. It follows from (2-1) that

= — [[V(euw), 7P FNVE + (p=2) £ (VU V) V)
:—/QfP/Z—IF“—luHVF,vg)—)\/Quk—lfﬂ/z—lF“—WVF,vmg
—(p—z)/QfP/Z—ZF“—luk(VF,W)(W,V&)
—(p—2)A /Q PP el =Ly B vy e
=—/pr/2—1F“—1uA<VF,vg>—(p—l),\/Qfl’/z—lF“—luk—WVF,vmg
—(p—2)fQfp/Q_zF"‘_lu’\(VF,Vu)(Vu,VS).
Since & = Fe’nz, we can achieve that
(3-53) é /Qc,,(F“) CF'p? ot
- /Q SRR WA VE, PV F - 2F V)
—(p—Dr fQf”/z’lF""luk’l(VF,Vu)Fe’nz

_(p_z)/ PR W (VE, Vu)(Vu, tF!™'n*VF +2F!nVn)
Q
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_ —t/ u(p/2—1),8+ka/2+oc—2F€t—l |VF|2172
_ 29/§2u(p/2—1)}3+)»Fp/2+a—2F€t(VF’vn>n
—(p—D /Qu(p/Z—l)ﬁ+A—lFp/Z—!—ot—ZFEI,‘(VF’vu)nZ
—(p=2)t /Szu(p/z—z)ﬂ+pr/z+a—3FEt—1 (VF’sznz
—2(p-2) /Q uP2-DBEA P23 FLUGE 3y (Vi Vi),
Combining (3-46) and (3-53), we achieve
_t/Qu(p/z—1>,3+,\Fp/2+a—2F€t—1|VF|2772
) /Qu(p/2—1)/3+kpp/2+a—2pef (VF,Vn)n
—(p=D)x /Qu(p/Z—l)ﬂ—H»—lFp/2+a—2F€t<VF’Vu>n2
—(p-2)t /Qu(p/2—2)/3+)»Fp/2+a—3F€t—l (VF,Vu)2n2
—2(p=2) /Qu<P/2—2>5“FP/2+“—3F; (VF,Vu)(Vu,Vn)n
> _2(n_I)K/Qu(p/2—l)/3+)»Fa+p/2—lFetn2
_|_A/Qu(p/Z)ﬂ—2+AFa+p/2F:n2 . B/;zM,B/Z(p—1)—1+AFa+(p—3)/2|VF|Feth.
From this, we obtain
(3-54) 2(n—1D)k /Qu@/z—”ﬂ“F“ﬂ/z—lanz
) /QM(P/Z*I)ﬂJrAFP/ZJraﬂFet(VF’VHM
—2(p-2) /Qu”’/z—w“FP/2+°’—3F5<VF,Vu)(w,vnm
+(B+(p—Dr]) /Qu(ﬂ/Z)(p—l)—l—HFa+u(p—3)/2|VF|FGIUZ
> t/;]u(p/Zfl)ﬂ+}»Fp/2+a72F€tfl|VF|2772
+(p _2)I/Qu(p/z—Z)ﬂ+pr/2+a—3Fez—l (VF,Vu)2n2
+A/Qu(p/Z)ﬂ—Z—{—)uFa-i-p/ZFeth‘
Set
(3-55) L, =t/Qu(p/Zfl)/ﬁJr}»Fp/ZJrafZFetfl|VF|2n2

2-2 A 24+a—3 -1 2.2
T (p—2)t /Qu“’/ VB pr/2te=3 pi-l g p )2,
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Then we need to consider two cases:

Casei: p>2. Here we get from (3-34) that
(3-56) L,> t/gu(p/2—1)ﬂ+pr/2+a—2F€t—1|VF|2n2_

Caseii: 1 < p <?2. Here, again from (3-34), we get

(-57) L=t [ ulPPmOR prie L E R
2-2)f+A p/2+a—3 pt—1 2.2
—Q=p)t /Qu@/ Bhpp/2te=3 pi-l iy B vy)2y

> t/ u(p/Zfl)ﬁ+}»Fp/2+ot72F€t71|VF|27)2
Q
. (2_p)I/Qu(p/2—l)ﬁ+ka/2+a—2F€t—l |VF|2172

= (p_1);/9u(P/z_l)ﬂ‘HLFP/Z‘HX—ZFGZ—l |VF|21’]2
Set

-1 ifl<p<?2;
(3-58) 0(p) = {p 1 b

if p>2.
Combining (3-55), (3-56), (3-57) and (3-58) yields

(3-59) L,> 9(p)t/ WP/ VBA pp/ 2t 2 pi-l |y 2,2,
Q
By combining (3-54) and (3-59), we have
2(n_1)K/Qu(p/2—l)ﬂ+kpa+p/2—lFeth
_ 2 /;2M(p/z—l)ﬂ-‘r)xFp/2+0l—2F€l‘<VF,vn>n
_2(p—2) /Q WP DBEA ppI2t 3 PLGE ) (Vu, Vi)n
+ (B + (p—1)|k|) / 1,1(1‘3/2)(1!7—1)—14-)»F'Ol-f-(17—3)/2|vp|FEI,]2
Q
> 9(p)t/Qu(p/2—1),3+AFp/2+a—2F€t—1 |VF|2n2+A /Qu(p/Z)ﬂ—Z-HFa—&—p/ZFetnz.
By letting € — 0T, we obtain
(3-60) 2(n _1)K/QM(P/2—1)19+)» Ft+a+P/2—1n2
. 2/ u(P/2=DB+1 Ferp/erm—sz’Vm77
Q
—-2(p-2) / (PRI PR3 (G F V) (Vu, Vi)n
Q
+ (B T(p —1)|)»|) / u(ﬁ/Z)(p71)71+)LFI+01+(1773)/2|VF|772
Q

Z9(p)[/SZM(P/Zfl)ﬁ+AFt+P/2+a73|VF|2772+A/Qu(p/2)ﬁ72+kFt+a+p/2n2‘
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By the absolute value inequality and the Cauchy inequality, we have
(3-61) (B“l_(p _ 1)|)\‘|) / u(ﬁ/Z)(p—l)—l-‘rA Ft+a+(p_3)/ZIVF|772
Q

< G(P)t/ u(PI2=DB: prp/2ta=3 g 22

oo (B4 (p=DIl)’ [ a2 precr g2,

O(p)t
(3'62) _2 /Qu(p/z—l)ﬂ-‘r)»Ft-‘rP/z-‘rOl—z(VF’V’,HTI
< 2/ uP2=DETA prtp/2e=2 g F vy |y
- Ja

< 9(4p)t/ u(P2=DB+A prp/24a=3 |y |22
Q

4 /u(p/2—l)ﬂ+AFt+p/2+a—1|Vn|2’
0(p)t

(3-63)  —2(p—2) / uP/2=DB+Y pi4p/24a=3 (G | 7y (Vi Vi)
Q
<2|p_2|/ u(p/2—1)/3+AFt+p/2+a—2|VF||Vn|n
- Q

< 9(p)t/ u(P2=DB+A prp/24a=3 |y |22

9( )t(p 2)2/ (p/z—l)ﬂ-‘r)\,Fl-‘rp/z-‘rOl—l|vn|2'

Substituting (3-61), (3-62) and (3-63) into (3-60), we obtain

415

(3-64) @t/ M(p/Z—l)ﬁ+AFz+p/2+a—3|VF|2n2+A/ u(p/2)ﬁ—2+AFt+Ol+p/2n2
£ Q

<2(n —I)K/Qu(P/Z—l)/3+)»Ft+a+p/2_1772

+ (B+(p— 1)|)»|) /Qu(p/z)ﬂ—2+th+a+p/2nz

9()
+

9( )t

Now we choose ¢ large enough that

(3-65) (B+(p—DIAl)’ <

~.| >

9( )t
It follows from (3-64) and (3-65) that

9(4p)t/;zu(p/Z—l)ﬂ—i-)»Fl-‘rp/Z—i-oz—S|VF|2n2+%/;ZM(p/Z)ﬂ—Z-i-kFt—}—a-‘rp/ZnZ

< 2(n—l)/c/Qu(”/zfl)ﬁ“F’*“*P/z*lnz

+

9( )t

(1+(p 2) )/Qu(p/2—1)ﬂ+)»Ft+p/2+a—1|V77|2.

(+(P 2))/ u(P/2=DBh prp/ 2=y 12
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By letting A = B (1 — £), we obtain
(3-66) 9(4P)t/ Fl+p/2+a—3|VF|2n2+A/2f uﬂ—2FI+Ol+P/2n2
Q

52(n_1)K\/S‘2}';t<|>(>[+17/2 1n2+ (1+(p 2) )/ Ft+p/2+ot 1|Vn| .

9( )t

On the other hand, we have

(3-67) |V(Fp/4+(a—l+l)/2n)|2
— ’%(p+2t+20l—2)Fp/4+(t+a_3)/2nVF+Fp/4+(t_a_1)/zvn‘2
< %(p+2t+2a_2)2Fp/2+t+0{—3 |VF|2 772_i_2F~,D/2-H‘+Ol—l |V77|2

Substituting (3-67) into (3-66) gives

) 20(p)t fv Fp/Ata@—140/2, 112 é/ B=2 prta+p/2, 2
(68 2202y g‘ ( ml'+3 o g

52(1’1—1)/(/ Ft+a+p/2_17’]2

% _ 4pr t+p/2+a—1 2
+{9( 4+ P=2) )+(p+2r+2a—2)2}/st Vil

At the same time, the Saloff-Coste Sobolev inequality implies
(3-69) exp{—Cy(1+ kR V" R2|Fritetznry 2,

< /Q }V(Fp/4+(a—1+t)/2n)‘2 +R2 /;ZFp/2+a+t—1n2.
Now, we substitute (3-69) into (3-68) to obtain

20(p)t . - 2
—(p+2tj(f;21_2)2 exp {—Cn(l + \/ER)} v2/ng 2H Fp/At@ 1+z)/2n”LG/(n72)(m

A B—2 pitatp/2, 2 [ 20(p)t ] t+atp/2—1 2

< - F p 2 _1 F P
- 2/9” ne 20 )K+(p+2t+2a 2)2R2 / 1
49(p)t }/ t+ +Fa—1 )
4/6(p)t(1 -2)?) + F 2 V2.
+{ /6(p)t(1+(p=2)%) + (p+214+2a—2)2 [Vl

20(p)t
(p+2t+2a—2)?

(3-70)  exp{—Cy(1+KR)} VIR FrictCmtsory B o

+A(P+2l+2a—2)2fuﬂ—ZFt-i-a-i-p/ZnZ
49(p)t

(p+21+2a—2)> ]f ta+p/2—1, 2
< piatrea—2)” F
<|@-1 o n

2
+{2(P+2t+20t 2) (1+(p_2)2)+2}/ Ft+17/2+05—1lvn|2‘
62(p)t? Q

We divide both sides of this inequality by to obtain
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Set

2(p+2t+2a—2)? 2 (p+2t+2a—2)?
= su 1+(p—-2)7)+2, =A inf Xt—""— =
M= S e A=) H= 8 dlie 401

Then 1 and p are both finite positive constants. Combining their definitions with

(3-70) yields

(3-T1)  exp{—Cu(1+ ViR VIR prid+ateniy 2, o
+Mt/9uﬂ—2Ft+a+p/2n2

< ((l’l—l),bbltK _{_sz) /‘QFt‘l’Ot‘Fp/Z*lnz_{_'u/l /‘QFI+p/2+O{*1|vn|2.

Set
supou if 0 <p <2,
(3-72) op = 1 if =2,
infou if g>2.
With this notation we obtain an inequality identical to (3-71), except that the
summand on the second line is replaced by

(3_73) wut ¢§_2/Q Ft+ot+P/2n2.
This is sufficient to prove the lemma. (I

3.3. LPi-bound of gradient in a geodesic ball with radius 3R /4.

Lemma 3.8. Let (M, g) be an n-dimensional (n > 3) complete manifold with
Ric > —(n —1)«, where k is a nonnegative constant. Furthermore, suppose that a,
q, p and B satisfy the conditions stated in Lemma 3.6. Let

74 __n _p+2to+2a—2‘
(3-74) pr =L L2

If u is a positive solution to equation (1-1) on the geodesic ball B(xy,2R) C M,
then for to large enough there exists C =C(n, p, q, ) > 0 such that

(3-75) IF 141 Bxy 3874y < CV/P e+ R P,
where V is the volume of the geodesic ball Br(xy) and ¢ is defined in (3-72).
Proof. As observed at the end of the previous proof, we have
(3-76) exp {~Cy(1+ &R} V¥R | pris+etew 2y 2
+Mf0¢g_2/9 Flota+p/2,2
< ((n=Dpitok +R7?) /Q Fhoretp2=In2 4y, fQ Flotrire=ligy 2,
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where 1 = ¢ satisfies (3-65). Define

(3-77) Q= {x:Fz (2(n—1)xﬂ+i)¢2—ﬂ, xesz}.
n - ptoR?

Then we have

(3-78) ((n_l)ﬂltOK+R_2)/ Flota+p/2—1 2

Fto+ot+p/2 2'
Q 2 d) /sz 7

Setszzszsz\szlz{x:F<(2(n—1)/<ﬂ )¢H,xesz _Then
n

l‘()R2

(3-79) ((”—1)M110K+R_2)f Flotetp/2=1,2
Q2

’

2 28 t(H-DH-p/Z—lV
,bLl‘()R2 )d)

where V is the volume of Q = B(xp, R). Combining (3-78) and (3-79), we obtain

< ((n=Dypurrox + R <2(n—1)/<% +

(3-80) ((n—Dpitox +R7?) /Q Fotectr 2t — Lol /Q Flotetp/2y2

2 :| 27,3}t0+a+p/2_lv
,bLl‘()R2

We set Q1 = B(xo, 3R/4) and choose 1y € C;°(R2) satisfying

< ((n=Dypitor + R’z){[2(n—1)/c% +

O0=<m=1, m=1 inQy, V| < C/R,

and let - /2+
(07
n= 7710 p

Then, we have

_ 2 _ _
(3'81) “1/;2F10+p/2+(¥ 1|Vn|2:M1(tO+g+a)/QFI(H‘I’/Z-HI 1771P+2Ol 2+2Iolvnl|2

2
2C -1, p+2a—2+2
< ,le(to-l-%—l—a) ﬁ /Q Flotp/2+a lniv o o
By Holder’s inequality, (3-81) can be written as

(3-82) /QF’”P/”“IWIZ

2ty+p+2a—2 )
1 2 2t0+p+2a\ 2to+p+2 T, pv
<mi(to+2+a) = </ plotp/2ta 2oty ) o+p v ZoFpFla

2t§+p+20£ 2 )
=m(to+5 +a) </ F’0+”/2+"‘n2> DFPE v 20 tpila

By using Young’s inequality, we can write (3-82) as
(-83) oy [ O P < quigg = [ PR

22 0P/ 2 Ty py2a—2) 2—pg]lotP/ZHe]
+ 2to+p+2a [“100"‘ +0‘) R2] Clo+p2a)uto 14
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Substituting (3-80) and (3-83) into (3-76) gives

(3-84) exp {—Cy(1+ ViR V¥"R2| Fridtia—tiorzy 2,

_ _p)fotatp/2—-1
< (=Dt +R2) {2001yt 4 22 g2 v

22 0P/ 2 Mo py2a—2) g0t P/FHe]
+ 2t0+l7+2a [“1(t0+ +°‘) RZ] Qo+ p2e) it 4

Taking 2 powers on both sides of (3-84), we obtain
294 p+2a—2

IE | L1 (Bxo,3R/4))
< |Frita-troizy) 420t ptae—2

LZn/(n—Z)(Q)
< exp{ 2C,(1+«R) }Vl/ﬁl
210+ p+2a—2
_ 2 _ 5 2 2—B\o+a+p/2—1
<[ (=Dt R + 1) ([200 = Vil + 216> )
2R2 [ » 2C2:|IO+P/2+01
e — t . o —_
+2t0+P+2a M1(0+2+ ) R? 5
21+ p+20=2) 2B fot+p/24a—1 2t0+p+2a—2
(2to+p+2a) iy ’
where

n_ p+2h+2a—2

br=173 2

Using the fact that (a; 4+ a)?' < 25 (ab1 + azl) valid for a¢; > 0 and b; > 0, we
infer from the preceding inequality that

2C,(1+ kR | 1
(3-85) 1 F Nl 2 (B(xo,3R/4)) = €XP {ZIO 22 vUPi(I + 1),
where
2 2t0+p+2a
_ 22/2to+p+2a—2( 2 > 20+ p+2a—2 P 202\ 2+ pF2a—2
2 21+ p+2a (k1 to + 5 +e)°C)

2Qt+p+2a—2) 2 p2
2to+p+2a) uty
will be estimated later, and
(3-86)

2
_22t0+p+20z 2 —1)M110R2K+1)2[°+p+2a 2(2(’1_1)KM+W R2)¢2—ﬂ

2to+p+2a 2to+p+2a
= 220+p+2e=2 ((n— 1)M1t0R2K+1)2f0+1’+2°‘ 2;-1 p 'R72p> P

2t0+p+H2a 2tp+p+2a ) 2t0+p+2a . 5.5
< 22+p+2a=2 ((n— 1)Mlt0+1)210+p+2a 2 (14 R%k) 2t0tp+2a— 2; ) -B

2ip+p+2a 2 _2ip+p+2a
=220 P 202 (n—1)py 41y ) ZotpH2e=2 (14 R?i) Zotp2e=2 =T R™2p>~F
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Noticing that

2ot ptla 2
lim 220+p+2a—2 [(n_l)m + ,0—1]2t0+p+2a—2 =2,
ty—+00
we can verify that
_2to+ptla 2
(3-87) sup 220+p+2a=2 [(n —Du + ty ]2to+p+2a—2 < +o00.
to€[1,+00)

Combining (3-86) and (3-87) leads to

2t0+p+2a
(3-88) L <Cp(1+ R%ic) Zo+pT2a=2 "L R=292F

where Cy, is a positive constant which depends only on n, p and ¢.
Similarly, we have

(3-89) L=Chu 'R 9> F,

where Cy, is a positive constant which depends only on n, p and ¢.
Substituting (3-88) and (3-89) into (3-85), we obtain

2C,(1+/kR)
2t + p 4+ 20 —2

IF L8 (B(xo,3R/4)) = €XP {

2t0+p+2a
Na A [CII 1+ KR2) 2tp+p+F2a—2 +C12t0]R_2M_1¢2_’3.

We can derive from this inequality that

2C,(1+4 /KR)
210+ p+ 20 —2

(390)  IFllm ey 3k 8y < C1 XD {

2t0+p+20
Ve [(1 4 K R?)Z0tpt2a=2 4 to] R24>F

where C; := max{Cy,, C1,}u " is a positive constant depending only on n, 8, p, q.
Now, let #g satisfy (3-65) and
(3-91) (1+&R?* <1y <Co(1+«R?),
where Co = Co(n, p, q, B) is a positive constant. Combining (3-90) and (3-91) gives
IF W 261 (B(xo,3R/4)) = CVPi (e + R > P,
where C is a positive constant that depends only on n, 8, p, g. This completes the
proof of Lemma 3.8. U

3.4. Moser iteration for positive solutions of (1-1).

Lemma 3.9. Let (M, g) be an n-dimensional (n > 3) complete manifold with
Ric > —(n—1)x, where k is a nonnegative constant. Suppose that a, q, p and B
satisfy the same conditions as in Lemma 3.6. Let

B =

n_ p+2y+2a—2
n—2 2 '
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If u is a positive solution to equation (1-1) on the geodesic ball B(xy,2R) C M,
then for ty large enough there exists C =C(n, p, q) > 0 such that

IF Nl Beso. k2 < CVTVPHIF s @),
where V is the volume of the geodesic ball Bg(xy).

Proof. Recall the integral inequality (3-71) from the proof of Lemma 3.8 (page 417).
By dropping the second nonnegative term in that inequality, we obtain

(3-92) exp {—Cy(1+ iR} V"R FPIAT@IE02y |17 o o)

< ((n_l)ultk.+R—2)/;-2Ft+a+p/2—ln2+ul /QFt+p/2+a—l|vn|2’

Then we set

R R
'm =§+47 and Qm = B(XO’ rm)’

and then choose n,, € C;°(2,) satisfying
. 4"
0<nm =1, mm =1 in B(xo, rm+1), |V77m|§C?-
Replacing n by n,, in (3-92), we can easily verify that

(3-93) exp {—Cu(1+ VKR VIR PP R0, o

2 24a-1 c’16" 2+a—1
< ((n—Dpitk + R~ )/ Firp/2zre=ly / pitp/2ta—1
Rz Ja,

m

Next, we choose

n n
and By =

Br=(0+5+a—1)— ot

and let t = t,, such that
tn+5+a—1=p8,.

Then
(3-94) eXp{—Cn(1+ﬁR)}V2/n</ Fﬂmﬂ)(n—zvn

Q41

< ((n=Dp1tm R + 1+ 11, C216™) / Fhn.

m

Taking 1/8,, powers on both sides of (3-94), we obtain

(3-95) ||F||L/3m+1(§2m+l)

< exp| CELR Ny 2108 (n = gt R4 14m €167) P I Fl .
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Keeping the definition of #,, in mind, from (3-95) we deduce that
< exp{ Cu(1+VkR) } V=2 g/ Bn

|| F||Lﬂm+| (Qng1) =

1/Bm
x (n=Dpi(to+ 2 +a—DcR*+ 141 C) P | Fll ow -

Noting that
2

3 n X m n
— =— and —_ =
mgl Bn 261 mX::l B  4B1

we have

| F' [l Lo (B(xo, R/2))
< exp{ nCn(lzJ/;\/FR) }Vfl/m 167/ @B
1
X ((n—l)u,l (to—l— % —l—oc—l)tch +1 +M1C2
nCy(1+VkR) | y,—1/8 2\n/(2f1)
<G exp{m}V L1+ kR F 1oy o)

where C3 = C3(n, p, g) is a positive constant. In view of (3-65) (t = 1p) and (3-91),
it is not difficult to see that

n/(2B1)
" NF s )

L
I FllLeBxo.r/2)) <CV PUIF 1)

where C = C(n, p, q) is a positive constant. U

4. Proof of the main theorem and its consequences

Theorem 1.1 follows easily from Lemmas 3.8 and 3.9. Therefore, we omit its proof,
but give those of Corollary 1.2, Theorem 1.5 and Corollary 1.7. We omit those of
Corollary 1.6 (very easy) and those of Corollaries 1.3 and 1.4 (similar to that of
Corollary 1.2).

Proof of Corollary 1.2. By using Theorem 1.1, we only need to confirm that the
constants a, g and p satisfy either

B2t (p-1) =0 <q <L 20— +n' @#0)
n—1 2 n—1

or

(4-1) a[g-%(p—l)—q] > 0.

Here, we only check case 1; the others are similar.

Casel: a>0, p>n and g € R. Since p > n, we can see that § € (0, +00) by
using (1-3). Furthermore, since a > 0, we can verify that (4-1) is equivalent to

(42) g=5 ",

n—1
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Hence, for any fixed p (p > n), n and g € R, we can make (4-2) be true by letting
B large enough. Therefore, we complete the proof of case 1. (I
Proof of Theorem 1.5. By using Corollary 1.2, we know that there exist positive
constants C =C(n, p,q) and g = B(n, p, q) € (0, 00), such that

Vul|? 1+KR
4-3) sup P <
( B(xo l?e/z) ub R?

5

Since

SUppu,R) U 1If 0<pB <2,
(4-4) Pp = 1 if =2,
infB(xo,R) u if ,3 > 2,

we consider three cases:

Case 1: B €(0,2). Combining (4-3) and (4-4), we have the estimate

IVul> _ ,1+kR?

4-5) sup <C—p23 sup u*P.
B(xo,R/2) uP R B(xo.R)
Multiplying both sides of (4-5) by sup u#~? leads to
B(X() R)
2 2
(4-6) sup [Vul sup l<c 1+K2R sup u?=f sup ub=2
B(xo,R/2) 4P B(x, R) R* B(xo,R) B(x0,R)

Since supp(x,,r) # < linfp(x, r) u, we see that

4-7 sup 1> P sup uP2=( sup u)*P( inf u)’<2P.
@7 B (Xo,pR) B(XOPR) ( B(xoPR) ) ( B(xo,R) ) o
Furthermore,

2 2 2

4-8) su [Vu? < su [Vul? sup wP?< su [Vul® sup uf2.

( p p p

B(xo,R/2) U> B(xo.R/2) UP  B(xo,R/2) B(xo.R/2) UP B(xo,R)
Now, substituting (4-7) and (4-8) into (4-6) leads to

sup |VL;| clr /31+K2R '
B(xo.R/2) U R

Thus we finish the proof of case 1.

Case 2: B =2. Combining (4-3) and (4-4), we have the estimate
2
sup |Vl/;| - Cl+/<2R .
B(xo,R/2) U R

Therefore, we complete the proof of case 2.

Case 3: B >2. The proof of case 3 is similar to case 1. Hence, we omit it. [
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Now, we turn to (1-1) in R" and give the proof of Corollary 1.7, which uses
Lemmas 2.4 and 2.5.

Proof of Corollary 1.7. In order to use Lemmas 2.4 and 2.5, we need to consider
separately the four cases from the statements. We give the proofs in cases 1 and 3
only; in cases 2 and 4 they are similarly to those of 1 and 3 respectively.

Casel: a>0,1<p<n.p#qandqge(p—1.(p—Dn/(n—p)). Defineu=
a'/(P=4=Dy. Then w satisfies Apw~+w? =0, thanks to (1-1). By using Lemma 2.4,

2= 1;"), the Harnack inequality

we know that forany 1 < p <nand g € (p—1,

(4-9) supp, w(x) <Cinfp, w(x)
holds true, where C = C(n, p, q) is a positive constant. Combining Theorem 1.5

and (4-9), we deduce that forany 1 < p <nandg € (p—1, %), the estimate

Vuw|? C
4-10 sup YWl €
(4-10) B(xo,];I)?/Z) w? T R?

holds true, where C =C(n, p, q) is a positive constant. Substituting w =a!/@=P+Dy
into (4-10), we obtain

2
sup U < €
B(xo,R/2) U R

where C = C(n, p, q) is a positive constant. This finishes the proof of case 1.

Case3: a>land 1l <p=g <n < p> Since p=¢g and 1 < p <n < pz,
we know that g € (p—1, %) By using Lemma 2.4, we know that for any

1 < p =g <n < p? the Harnack inequality

4-11) supp, u(x) <Cinfp, u(x)

holds true, where C = C(n, p, q, a) is a positive constant. By using Theorem 1.5
and (4-11), we achieve the estimate

where C = C(n, p, g, a) is a positive constant. This finishes the proof of case 3. [J

Proof of Theorem 1.8. By using Corollary 1.7, we know that if the constants a, g
and p satisfy one of the four conditions listed in the theorem, then the estimate

2
B(xo,R/2) U R

holds true, where C = C(n, p, g, a) is a positive constant. By letting R — 400, we
conclude that supgr- |[Vu| = 0. Hence, u is a constant. But, no positive constant is a
positive solution to (1-1). O
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p-NUCLEARITY OF REDUCED GROUP
L?-OPERATOR ALGEBRAS

ZHEN WANG

Let p € (1, 00). G. An, J.-J. Lee, and Z.-J. Ruan introduced p-nuclearity
for L?-operator algebras. They proved that the reduced group L?-operator
algebra Fx" (G), where G is a discrete group, is p-nuclear and the p-pseudo-
measure algebra PM,(G) is p-semidiscrete if G is amenable. In this paper,
we show that the following are equivalent: (i) G is amenable; (ii) the reduced
group L?-operator algebra F(G) is p-nuclear; (iii) the p-pseudomeasure
algebra PM,(G) is p-semidiscrete. This solves an open problem raised by
N. C. Phillips concerning the p-nuclearity for reduced group L?-operator
algebras.

1. Introduction

For p € [1, 00), we say that a Banach algebra A is an L?-operator algebra if it is
isometrically isomorphic to a norm-closed subalgebra of the algebra B(E) of all
bounded linear operators on some L”-space E. Clearly, L?-operator algebras are
a natural generalization of operator algebras on Hilbert spaces (and in particular
C*-algebras) by replacing Hilbert spaces with L?-spaces.

The study of L”-operator algebras traces back to C. Herz’s influential work on
harmonic analysis of group algebras in the 1970’s [22; 23; 24]. For a locally compact
group G, Herz introduced the Banach algebra P F),(G), defined as the operator
norm closure of the image of the left regular representation A , : LY(G)— B(L?(G)).
The Banach algebra P F,(G) is called p-pseudofunctions of G by C. Herz. This
algebra is also called the reduced group L?-operator algebra of G and it is denoted
by Ff(G) in [18]. If p =2, then FAZ(G) is the reduced group C*-algebra of G,
which is usually denoted by C;(G). We adopt the notation F. f (G) throughout the
following of this paper.

Associated with Ff (G) there are two other natural algebras, the p-pseudo-
measure algebra PM,,(G) and the algebra of p-convolvers CV,(G). The p-pseudo-
measure algebra PM,(G) is the weak* closure of Ff(G) in B(L?(G)). Let

pp: G — B(P(G))

MSC2020: primary 47110, 47L25; secondary 43A07, 43A15.
Keywords: reduced group LP-operator algebra, p-pseudomeasure algebra, nuclearity, amenability.
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be the right regular representation. The algebra of p-convolvers CV,(G) is the
commutant of p,(G). If p = 2, then PM>(G) and CV,(G) are the group von
Neumann algebra, which is denoted by L(G). The reader is referred to [11; 12] for
more research concerning them, especially on the problem of determining whether
PM,(G) =CV,(G).

Recently, interest in L”-operator algebras has been renewed due to the work of
N. C. Phillips. In the last ten years, Phillips introduced and studied L?-operator
algebras [31; 32; 33; 34; 35; 36; 37]. These studies encourage many authors to
participate in the research of L”-operator algebras. This includes the work on
group LP-operator algebras [18]; groupoid L?-operator algebras [16]; L?-operator
crossed products [19; 42; 43] and the [”-Toeplitz algebra [41]. Although most
previous investigations have been very largely focused on various examples, some
recent works were undertaken in a more abstract and systematic way [3; 6; 17].
Surprisingly, when p € [1, 0o) \ {2}, the research on L”-operator algebra has many
wonderful results for rigidity problems [6; 7; 20]. The reader is referred to [15] for
more historical comments and recent developments in L”-operator algebras.

Nuclearity is an important property for C*-algebras. This property was introduced
by Takesaki [40]. A C*-algebra A is called nuclear if for any C*-algebra B there is
a unique norm on the algebraic tensor product A ® B. By the remarkable work of
Lance [28], Choi and Effros [5] and Kirchberg [26], the nuclearity is equivalent to
completely positive approximation property, that is, there exist nets of contractive
completely positive maps ¢y : A — M) and Yy : My ) — A such that

Ve 0 pu(a) —all =0

foralla € A. Also it is well known that the nuclearity is equivalent to the amenability
for C*-algebras [8; 21], which was originally introduced by B. E. Johnson [25] for
Banach algebras.

The semidiscreteness of von Neumann algebras is close related to nuclearity
of C*-algebras. A von Neumann algebra M is semidiscrete if there exist nets
of weak™ continuous contractive completely positive maps ¢ : M — M, and
VYo : My@) — M such that

(Yo 0pu(a)—a, f) =0

foralla e M and f € M,, where M, is the predual of M. The following theorem is a
classical result concerning the nuclear reduced group C*-algebras and semidiscrete
group von Neumann algebras.

Theorem 1.1 [4, Theorem 2.6.8]. Let G be a discrete group. The following state-
ments are equivalent:

(1) G is amenable.
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(ii) The reduced group C*-algebra C}(G) is nuclear.

(iii) The group von Neumann algebra L(G) is semidiscrete.

In [1, Proposition 5.1(a)], G. An, J.-J. Lee and Z.-J. Ruan studied p-nuclearity
of reduced group L?”-operator algebra F. f (G) and p-semidiscreteness of p-pseudo-
measure algebra PM,(G). They proved the following proposition.

Proposition 1.2 [1, Proposition 5.1]. Let p > 1 and let G be a discrete amenable
group.
(1) The reduced group LP-operator algebra F,{D (G) is p-nuclear.

(ii) The p-pseudomeasure algebra PM,(G) is p-semidiscrete.

Since Fkl(G) is always 1-nuclear for all discrete group G (see [1, Theorem 6.4]),
we only consider the following problem for p € (1, 00).

Problem 1.3 [35, Problem 10.4]. Let p € (1, 00). If G is a discrete group and
Ff (G) is p-nuclear, does it follow that G is amenable?

In this paper, we solve N. C. Phillips’ problem by proving the following theorem.

Theorem 1.4. Let p € (1,00) and let G be a discrete group. The following
statements are equivalent:

(1) G is amenable.

(i1) Ff (G) is p-nuclear.

(iii) PM,(G) is p-semidiscrete.

(iv) There exists an isomorphism @ : Ff(G) é”Ff(G) — Ff(G) épr(G), where
& and & are the p-operator space injective and projective tensor products,
respectively.

(v) The canonical linear map h : Ff(G) ® Ff(G) — B(?(G)) given by

h()‘p(s) ®)\p(t)) = )\p(s)pp(t)

is continuous with respect to the p-operator space injective tensor norm, where
® is the algebraic tensor product.

(vi) For any f € Co(G), we have |1, (Pl = |¥yeq f(©)]-
(vii) For any finite subset E C G, we have |E| = “ Y oiep Apt) ”
Remark 1.5. Condition (vi) implies that the trivial representation 15 extends to a

representation of F. f (G). This is also equivalent to the amenability of G (see [13,
Theorem 5.2]).
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In the reduced group C*-algebra case, one way to prove (ii) = (i) of Theorem 1.1
is based on the Arveson’s extension theorem (see [4, Theorem 2.6.8]). In the proof
of (iii) = (i) of Theorem 1.1, Arveson’s extension theorem is also applied to
construct unital completely positive map from B (I2(G)) to L(G) that restricts to the
identity on L(G) (i.e., semidiscreteness implies injectivity). Arveson’s extension
theorem states that every contractive completely positive map ¢ : B — B(H) can
be extended to a contractive completely positive map ¢ : A — B(H), where A is a
C*-algebra, B is an operator subsystem of A, and H is a complex Hilbert space.
However, J-J. Lee gave an example that the Arveson—Wittstock—Hahn—Banach
theorem does not hold for p-operator space [30], that is, there are p-operator spaces
V. .C W,an SQ,-space E, and a p-completely contractive map ¢ : V — B(E) such
that ¢ does not extend to a p-completely contractive map on W. The lack of a
valid Arveson—Wittstock—Hahn—Banach theorem for p-operator spaces forces us to
adopt alternative approaches. Our proof of Theorem 1.4 is inspired by the method
of C. Anantharaman-Delaroche (see [2, Proposition 3.5]). Her proof is based on
the functorial property [2, Proposition 2.6] of spatial and maximal tensor products
and weak containment of unitary representations [2, Proposition 3.5]. Our proof
relies on

« the functorial properties of p-operator spaces projective and injective tensor prod-
ucts (see Lemma 2.4, 2.5 and the proof of (ii) = (iv), (iii) = (v) in Theorem 1.4);

« the uniform convexity of /” (G) that is motivated by G. Pisier (see [38, Theorem 3.30]
and the proof of (vii) = (i)).

The paper is organized as follows. In Section 2, we make some preparations for
the proof of Theorem 1.4. In Section 3, we give a proof of Theorem 1.4.

2. Preliminaries

In this section, we recall some notation, definitions and lemmas for the proof of
Theorem 1.4.

2.1. Reduced group LP-operator algebras and p-pseudomeasure algebras. Let
p € (1, 00). For a discrete group G, we let A, : G — B(/?(G)) denote the left
regular representation, that is A, (s)(8;) = dy; for all s, ¢ € G, where {;};¢c is the
canonical basis of [7(G).

Definition 2.1. The reduced group L”-operator algebra of G, denoted F}’(G), is
the completion of C.(G) with respect to the norm |4, (f)]l.

There are many equivalent definitions for amenable groups. We will use the
following definition in the proof of the Theorem 1.4.
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Definition 2.2 [9, Definition 11.2.3]. Let p € [1, 0o) and let G be a discrete group.
The group G is amenable if there exists a net f, € [”(G) such that f, >0, || foll, =1
and [|A,(s) fo — fullp — Oforall s € G.

For p € (1, 00), and we denote by p’ its conjugate exponent, which satisfies

+ o= =1. Let V (l” (G)) =17 (G) ®I7(G) denote the space of nuclear operators
on lP(G) where ® is the projective tensor product. Then B(/?(G)) is the dual
space of N'(I7(G)) by way of dual paring (T, £ ® n) = (¢, Tn) where & € 17(G)
and n € [?(G). We say that a net (T,) in B(I”(G)) converges weak* to an operator
T in B(IP(G)) if (Ty, f) — (T, f) forall f €1?(G) QI (G).

Definition 2.3. The p-pseudomeasure algebra of G, denoted PM,(G), is the weak*
closure of F/’(G) in B(IP(G)).

When p =2, we have PM,(G) = L(G), where L(G) is the group von Neumann
algebra of G.

The p-pseudomeasure algebra has a predual A ,(G), thatis, PM,(G)=A,(G)' [1].
The algebra A, (G) is called the Figa—Talamanca—Herz algebra and will be intro-
duced next. Let A, : 17 (G) ® [P(G) — Co(G) be given by

Ap(E@m(s) = (&, Ap(s)m)

foralls € G,ne€l”’(G), & € IP'(G). Since C.(G) is dense in [ (G) and 7' (G), it
follows that A, maps into Co(G). Then A,(G) is defined to be the coimage of A,
i.e., the space of f € Cy(G) for which there are (§,) C 1P (G) and (nn) CIP(G)
such that o o
FG) =2 &nxiu(s) = Zl(én, Ap($)1n)
n=

n=1
with norm

00 00
1 £y = inf{ 3 16 limall s £ = 3 o x| < o0,
n=1 n=1

where 77, (s) = n,(s~1) and &, * 1, (s) = D oieG E()N,(t~Ls). It follows from [22]
that A,(G) is a commutative Banach algebra with pointwise multiplication.

It follows from the definition that A ,(G) can be identified with the quotient of
nuclear space N (I”(G)). In fact, we have A,(G) =N (”(G))/PM,(G), where
PM,(G), =ker A, and PM,(G) is called the pre-annihilator of PM,(G) in
N (I7(G)). Therefore we have the isometric isomorphism PM,(G) = A,(G)'.

2.2. p-operator spaces. The notion of p-operator spaces is closely related to that
of LP-operator algebras. Let p € (1, 00). For each positive integer n, let [} =
LP({1,2,...,n},v), where v is the counting measure on {1, 2, ..., n}. We denote
MY = B@F). Let m be a positive integer, and we denote M,ﬁm =B, 11, A
p-operator space is defined to be a Banach space together with a matrix norm,
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i.e., anorm | - ||, on each matrix space M,(V), which satisfies the following two
conditions:

(1) Doo : [1x @ Yllntm = max{llx[l, [|yllm} for x € M, (V) and y € M, (V).

(i) M, : laxBlla < llellllxll.lIB]l for x € M, (V) and &, B € M;).

Let V and W be p-operator spaces. We say that a linear map ¢ : V — W is
p-completely bounded if

lellper = sup {ll@all} < oo,

n€Z>0
where ¢, : [x;;]1 € M, (V) — [¢(x;;)] € M,(W) is the induced map from M, (V)
to M, (W). We say that ¢ is a p-complete contraction (respectively, a p-complete

isometry) if ||@|l pcp <1 (respectively, ¢, is an isometry for each n € Z.).
Let E be an L?-space and let n be a positive integer. Then

E"=17({1,2,...,n}, E)

with the norm ||[x;]l| = (X7, ||x,~||")% is again an LP-space. We can obtain
a norm | - ||, on the matrix space M, (B(E)) by the canonical identification
M, (B(E)) = B(E"). Then it follows from [27] that B(E) is a p-operator space.
On the other hand, Le Merdy proves that every p-operator space is p-completely
isometrically isomorphic to a norm-closed subspace of B(E) for some E € SQ,,
(see [29, Theorem 4.1]), where SQ, is the collection of subspaces of quotients of
L?-spaces. The reader is referred to [1; 10; 30] for more research on p-operator
spaces.

The p-operator space projective tensor norm ||+ [| . » on M, (V ® W) is defined by

lulln,n = inf{ vl TwlHB] 4= a(v@w)p
fora € M), ve My(V), we M(W)and B € M[, ,}.

We let V & W denote the completion of V ® W with respect to this matrix norm,
and call V & W the p-operator space projective tensor product of V and W.

The following lemma is a functorial property of the p-operator space projective
tensor product.

Lemma 2.4 [1, p. 938]. Let Vi, Vo, W and W, be p-operator spaces. If
ui:Vi—=>Ww;, i=1,2,
are p-complete contractions, then the corresponding mapping
uQ@uy: Vi@V —> Wi@Ww,
extends to a p-complete contraction

Ap . Ap Ap
Ui Uy :Vig Vo — Wi g Ws.
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We let CB,(V, W) denote the space of p-completely bounded maps from V
to W. It follows from Le Merdy’s characterization theorem that CB,(V, W) is a
p-operator space with the matrix norm given by

M,(CB,(V,W)) =CB,(V, M,(W)).

In particular, the dual space V' =CB,(V, C) has a natural p-operator space structure
given by
M,(V")=CB,(V, M}).

Let V and W be p-operator spaces. There exists an injective embedding
0:xQ@QyeVROW = 0(x®y)€CB,(V', W)

given by 0 (x ® y)(f) = f(x)y for f € V'. The completion V W of VW in
CB,(V', W) is a p-operator subspace of CBB,(V’, W). We call V&W the p-operator
space injective tensor product of V and W. Let M,,,(V'); and M(W’); denote the
closed unit ball of M,,(V’) and M (W’), respectively. It follows from [1] that for
each u € M, (V ® W), the p-operator space injective tensor norm ||ul|y, » can be
expressed by

lullv,.n = sup{ll(¢ ® ¥)n )l : ¢ € My (V')1, ¥ € Mp(W')1,m, k € Z~0}.

The following lemma is a functorial property of the p-operator space injective
tensor product.

Lemma 2.5 [1, p. 942]. Let V|, Vo, Wy and W, be p-operator spaces. If
u:Vi—>Ww;,, i=1,2,
are p-complete contractions, then the corresponding mapping
UIQur:Vi® Vo —> W1 @ W,
extends to a p-complete contraction
ui G ur: VigVe— Wi & W.

2.3. Spatial L?-operator tensor products and p-completely bounded maps of L?-
operator algebras. Let p > 1. Let (X, n) and (Y, v) be two measure spaces, there
is an LP-tensor product L”(X, u) ® , LP(Y, v) which can be canonical identified
with LP(X x Y,u x v) via &£ ® n(x,y) = E(x)n(y) for all £ € LP(X, u) and
nelP(Y,v). IfaeB(L?(X, n))and b e B(L?(Y, v)), then there is a corresponding
tensor product operator a @ b € B(LP(X x Y, u x v)). Let A C B(L?(X, n)) and
B C B(L?(Y,v)) be two norm-closed subalgebras. Define an algebra

A®,B CB(L’(X XY, ju x v))
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to be the closed linear span of all a € A and b € B. Then A®,, B is an L?-operator
algebra, and it is called the spatial L”-operator tensor product of A and B.

Remark 2.6. Let A C B(L?(X, n)) and B C B(L?(Y, v)) be LP-operator algebras.
Then it follows from [1, Theorem 3.3] that A & B is p-completely isometric to
A®,B.

Given a norm-closed subalgebra A of B(L? (X, i)), the spatial tensor product
M} ®, A is the L”-matrix algebra. Clearly, each element of M} ®, A is of
form [a; jli<i j<n With a; j € A, which is also written as Z?,j:lei,j ®a;, j, where
{ei,j}1<i, j<n are the canonical matrix units of MP.

Definition 2.7. Let A be a closed subalgebra of B(L?”(X, 1)), B be a closed

subalgebra of B(L? (Y, v)) and ¢ be a linear map ¢ : A — B. We denote by ¢, the
map from M, ® , A to M;; ® , B defined by

n n
<Pn< > ei,j®ai,j>= Y e ®oea; ;)
i,j=1 i,j=1
for Z?,j:l eij®a;; € My ®, A. We denote
I@llper = sup lgnll.
n€Z>0

We say that ¢ is p-completely bounded if ||¢|| ,cp < C for some positive constant C,
say that ¢ is p-completely contractive if ||| ,cp < 1, and say that ¢ is p-completely
isometric if @, is isometric for all positive integer n.

2.4. p-nuclearity and p-semidiscreteness. We now define p-nuclearity.

Definition 2.8 [1, Proposition 5.1(a)]. Let (X, B, ) be a measure space, and let
A C B(L?(X, u)) be a norm-closed subalgebra. We say that A is p-nuclear if there
exist nets of p-completely contractive maps ¢, : A — M, and Yo : My, — A
such that

Ve 0 pu(a) —al — 0
for all a € A.

Definition 2.9. The p-pseudomeasure algebra PM,(G) is p-semidiscrete if there
exist nets of weak™® continuous p-completely contractive maps ¢, : PM,(G) —
MP and ¥, M — PM ,(G) such that

n(aw) n(a)
(Yoopula)—a, f)—0
forall a € PM,(G) and f € A,(G).

When p =2 and A is a C*-algebra, R. R. Smith proved that p-nuclearity is
equivalent to nuclearity (see [39, Theorem 1.1]).
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Remark 2.10. The p-nuclearity is not equivalent to the amenability of L”-operator
algebras. The reader is referred to [43, Remark 1.4(iii)] for some examples.

Example 2.11 [1; 43]. Let p € [1, 00). The following are examples of p-nuclear
LP-operator algebras:

(1) C(X), where X is a compact metric space;
(i) M? and >, M7
(iii) the reduced group L”-operator algebra F. f (G), where G is a discrete amenable
group;
(iv) the LP-Cuntz algebra (’)5 ;
(v) the rotation L”-operator algebras F”(Z, FP(Z), Bg) and FP(Z, S L ap).

3. Proof of Theorem 1.4
We show (i) = (ii) = (iv) = (v) = (vi) = (vii) = (i), then (i) = (iii) = (v); this
will prove Theorem 1.4.
(i) = (i1): This follows from [1, Proposition 5.1].

(i) = @(v): Let ¢, : F/(G) > M? e and Vg
p-completely contractive maps such that

n(a) — Ff(G) be the nets of
Vo 0pu(a) —all -0

for all a € F'(G). Since M}, ,
there exists an isomorphism W from M?” n(e) @ Fp (G) to Mn(a)
2.4 and 2.5, we have

has p- OAP it follows from [1, Theorem 3.12] that
®FP(G). By Lemmas

o 1 )
FP(G) §F(G) — M? oy ® FL(G)
l\v
1//'1 ® Id]:)L (G)

FY(G)&F(G) ——— M! & F(G)

Define ®, = (Vo @ Ide(G)) oWo (o & Ide(G)) Then @, is a bounded linear
map from F/(G) & F!'(G) to F!(G) §'F/(G). We denote by Idpr (g ®ldpr g :
Fl(G)® FP(G) — F/(G)® FP(G) the algebraic tensor product map. Since
1P (x) —1dpr () ®1dpr gy (x) | — O for all x € Fl(G) ® F}(G), it follows that
Idgr () ® Idgr () 1s a bounded linear map from the p-operator space injective
tensor norm on F(G) ® F;’(G) to the p-operator space projective tensor norm on
FP(G) ® FP(G). Hence it extends to a bounded linear map P : Fp(G) Fp(G) —
F; PG g A"F "(G). Since | - | A, 18 the largest p-operator space norm [10, Proposition
4.8], it follows that & is an isomorphism. This proves (iv).
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(iv) = (v): Recall that p, : G — B(I?(G)) is the right regular representation. We
denote by A, - p, the biregular representation (s, ) — A,(s)p,(t) of G x G on
[P(G). Since || - |5, is the largest p-operator space norm [10, Proposition 4.8], it
follows that the canonical linear map 4 : F. f (G)RF f (G) — B(I?(G)) defined by

h(Ap(s) @ Ap(1)) = Ap(s)pp (1)

has a continuous extension on F;’(G) & F)’(G) and it is denoted by (A, - p)s. By
(iv), there exists a bounded linear map from F(G) &' F} (G) to B(I”(G)), which
is denoted by (A ,-p,) . This proves (v).

(v) = (vi): We recall that o, is the conjugacy representation s > A, (s)p,(s) of G
on [?(G). By (iv), the following diagram is commutative:

FP(G) ———— B(P(G))
Pn <x7p/,,)ﬁ
FP(G) ——— F/(G)JF/(G).
Here ((s) = A, (s) ® A, (s) for each s € G. Let 6 = (A ,-p,); ot. Then o, =6 o A,.
Claim 1: [|0]| < 1. To see this, recall that p,(s)8; = §,,-1 for all s € G. Then
[Ap (O = llep(H

for all f € C.(G). In fact, let V : [?(G) — [P (G) be the invertible isometry given
by V§; = ,-1. Then one can check that V)»p(f)Vflé, = p,(f)6;. This shows that

125 (O =llpp(OI-
For any f € C.(G) with ||[A,(f)]| <1 and § €P(G), we have

1OCHEN =12 (H)op(DEN < IAp (O Iop O IEN = A, OI - IE].
Hence [16(f)] < ||)»,,(f)||2 < 1, and therefore ||#]| < 1. This proves Claim 1.

Now we will prove (vi). Since 0, =60 oL, and ||0] < 1, it follows that

lop (N =10 0, (NI <12, (Ol

It is easy to check that o, (s) 8, = J.. Hence

12 (DI = Nlop (O = Nlop (el =

Zf(t)‘.

teG

This proves (vi).

(vi) = (vii): For any finite subset £ C G, by (vi), we have H Y ek )Lp(t)” > |E]|.
Obviously, |Y,cz »p(®)|| < |E|. This proves (vii).

(vii) = (i): For any finite subset E C G, we can assume that e € E, where e is the
unit of G. By (v), we have || Y oice Ap®)/IE] H = 1. Then there exists a sequence
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(&) in I7(G) such that & > 0, [|&]l, = 1 and |}, A, (D& /|E|| — 1. Since

[P (G) is a uniformly convex Banach space for p € (1, 00), it follows from [14] that
[P (G) is a full k-convex Banach space for all positive integer kK > 2. Then

IAp()§i — Ap()&illp — 0O

for all s, € E. Since e € E, it follows that

[Ap ()& —&ill, = 0

for all s € E. Then there exists a net (1) in [”(G) such that n, >0, ||n4|l, =1 and

”)‘p(s)noz - 770:”[7 -0
for all s € G. By Definition 2.2, we have that G is amenable.
(i) = (iii): It follows from [1, Proposition 5.1].

(iii) = (v): Let ¢y : PM,(G) — M:( and ¥ : n(a) — PM,(G) be the nets of
weak* continuous p-completely contractive maps such that

(Yo o0@a(@a)—a, f) =0

forall a € PM,(G) and f € A,(G).
Since M}f( ) has p-OAP, it follows from [1, Theorem 3.12] that there exists an
isomorphism ¥ from M” (@) &PM »(G) to Mn(a) & yPM,(G). By Lemmas 2.4 and
2.5, we have

vp G & Idpm, (6

PM,(G) ———— M (a)®PM (G)

lw
Ap Ve QA@F Idpmp (6 Ap
PM,(G) §PM,(G) +——— M? n(e) @ PMp(G)

PM,(G) e

Since || - || A, is the largest p-operator space norm [10, Proposition 4.8], it follows
that the canonical linear map

h:PM,(G)® PM,(G) — B("(G))
defined by
h(Ap(s) @ Ap(1)) = Ap(8)pp(1)

Ap

has a continuous extension on PM,(G) @ PM,(G) and it is denoted by (A, - o).
Then we can define a net of bounded linear maps

®, : PM,(G) &' PM,(G) — B(”(G))

by @y = ((hp - pp)i) © (Va & 1dpur, () 0 ¥ 0 (9 & 1dpa,(c))- Since BUP(G)) =
N(P(G)), it follows from [4, Theorem 1.3.7] that there exists a point-weak* cluster
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point @ of the net ($,). Then we get a bounded linear map
®: PM,(G)&'PM,(G) — B(I7(G)).

Claim 2: The bounded linear map ® extends the map h : PM,(G) ® PM,(G) —
B(17(G)) given by h (Ap(s) @ Ap(1)) = A ,(s)pp(2).
Indeed, since PM,(G) is p-semidiscrete, we have

(Y O(Pot()\p(s)) _)\p(s)a fr= i_o:l <$n7 (% O(pa()\p(s)) _)‘p(s)) (nn)) — 0,
for all f = fgn %1, € Ap(G) and 5, t € G. Then, for any

n=1

0 ’ —~
8= Z Xn @y, € s (G)®IP(G),

n=1
we have
(Po(Ap(s) @ Ap(1) — Ap(8)pp(0), g)
=(p - Pp)r (Ve 0 0o (Ap () ®Ap(1)) — Ap($)pp(1), 8)
= (% °(pa()‘p(s))pp(t) - )Lp(s)pp(t)7 g)
(Ve 0 0a(Mp(s)) — Ap(5)) pp(0), g)

(Xn, (Wa O(pa()hp(s)) - )\p(s))pp(t))’n>

Il
128

n=1

\
o

It follows that

(@ Ap(s) ®Ap(1) — Ap(8)pp(0), &)
<UD Rp () @ Ap(1)) — P (Xp(s) @ Ap(1)), &)
+ [(Pa(hp(5) @ Ap(1)) — Ap(5)pp (1), &)

— 0.
Hence ®(A,(s) @ A, (1)) = h(A,(s) ® A,(2)), proving Claim 2. Then (v) follows
easily. O
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A HIGHER-RANK ANALOG OF THE
STRONG OPENNESS PROPERTY

JINGcAO WU

We study a strong openness property for singular Hermitian vector bundles
(E, h) that are Griffiths-semipositive.

1. Introduction

The strong openness conjecture is an important subject in complex geometry. It
was completely solved by Q. Guan and X. Zhou as follows:

Theorem 1.1 [11, Theorem 1.1]. Let A" be the unit polydisc, and let (L, ¢) be
a singular Hermitian line bundle on A". Assume that the associated curvature
satisfies i®p , > 0, and that F is a holomorphic section of L which satisfies

/ |F|2¢™%d) < oo,
A)l

where d) is the Lebesgue measure. After shrinking A" if necessary, there exists a
positive ¢ such that

/ IF|2e=0%99 43 < oo.
An
Equivalently, the following equality concerning multiplier ideal sheaves holds:

(1) U7 +e)9) =7
e>0
It has led to fruitful developments, such as [3; 1; 2; 13; 9; 12]. Among them, we
mention the following variant for later use.

Corollary 1.1 [3, Corollary B.2]. Let ¢, Y be plurisubharmonic functions on a
domain U C C". Assume that  has analytic singularities. Then for any compact
subset K € U, there exists a positive ¢ such that

eV ¢ e LIIOC(U, K) ifandonlyif eV~1%9¢ ¢ Llloc(U, K).

This research was supported by NSFC (grant 12201381) and Shanghai Scientific Sailing Program
(grant 22YF1412500).

MSC2020: 32110, 32005, 32D15.

Keywords: strong openness, singular metric, vector bundle.

© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0
(CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/pjm/
https://doi.org/10.2140/pjm.2026.342-2
https://doi.org/10.2140/pjm.2026.342.441
http://www.ams.org/mathscinet/search/mscdoc.html?code=32L10, 32U05, 32D15
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

442 JINGCAO WU

Here LIIOC(U , K) denotes the set of Lebesgue measurable functions f defined in a
neighborhood of K in U such that | f| is locally integrable in a neighborhood of

every point x € K.

It is natural to ask if the strong openness property holds for the higher-rank vector
bundles. There are some discussions in [16; 18; 19], and we should make a brief
review first. For an arbitrary holomorphic vector bundle E and a singular Hermitian
metric £, they considered the multiplier submodule sheaf £(4) defined as

Eh), :={Fx € ExllFx|i is integrable around x}.

Suppose that {/;} is a sequence of singular metrics decreasing to /. Then, under a
certain Nakano-type positivity (on {A;} or h), they concluded that

2) Ué’(hj):S(h).
J

In this paper, we investigate this problem from another point of view. More
precisely, we apply the deep relationship between the Hermitian metrics on E and
its tautological line bundle O (1), to reduce everything to the rank one case. This
theory is known as the Finsler geometry, which will be recalled later. Then we
obtain that

Theorem 1.2. Let E be a holomorphic vector bundle of rank r over A", and let
h be a singular Hermitian metric on E such that (E, h) is Griffiths semipositive.
Assume that deth has analytic singularities. If F is a holomorphic section of E
satisfying

/|mﬁx<m,
An

then after shrinking A" if necessary, there exists a positive ¢ (independent of F)
such that

/|ﬂ$“wx<m.
Arl

In principle, the Griffiths-type positivity is strictly weaker than the Nakano-type
positivity. But we should also notice that [16; 18; 19] made no restrictions on the
singularity of det #. Hence, there is no direct relationship between [16; 18; 19] and
Theorem 1.2.

Next, let us consider general singular metrics. Remember that in the line bundle
case, if we furthermore suppose that .# () = Oan, the equality (1) is then called
the openness property. It was proved by [4], and certainly can be seen as a special
case of Theorem 1.1. We generalize it to the higher-rank vector bundles as follows:

Theorem 1.3. Let E be a holomorphic vector bundle of rank r over Ay, where A’y
is a polydisc with radius R slightly larger than 1. Let h be a singular Hermitian
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metric on E such that (E, h) is Griffiths semipositive, and let ¢ be the metric on
Ofg (1) induced by h. Assume that

3) J((r + D) = Opex).
Then there exist positive numbers R and & such that

/ |F|i(1+£)dx <0
A
R

for any holomorphic section F of E.

As we will see in Section 4, (3) implies that
/ |F2dx < 0o
Ak

for any F, namely
Eh)=ELE.

But the converse seems not obvious.

This paper is organized as follows: in Section 2 we will review the basic materials
of singular metrics and Finsler geometry, and in Section 3 we give the proof of
Theorem 1.2. In the end we prove Theorem 1.3.

2. Preliminary

Let X be a complex manifold of dimension 7, and let p : E — X be a holomorphic
vector bundle over X of rank r.
2.1. Singular Hermitian metrics.

Definition 2.1 [5; 21; 22]. A singular Hermitian metric on E is a map h that
associates to every point x € X a singular Hermitian inner product |- |, s : Ex —
[0, 4-00] on the complex vector space Ey, subject to the following two conditions:

1. h is finite and positive definite almost everywhere, meaning that for all x
outside a set of Lebesgue measure zero, | - |, is a Hermitian inner product on
Ey;

2. h is measurable, meaning that the function

|Flp:U—[0,400], x> |F(X)lhx,

is measurable for any open U € X and F e I'(U, E).

Definition 2.2 [22]. Let & be a singular Hermitian metric on E, which canonically
induces a singular metric #* on the dual bundle E*.

(1) (E, h) is called Griffiths-seminegative (or negatively curved) if, for any (local)
holomorphic section F of E, the function log | F |% is plurisubharmonic.
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(2) (E, h) is called Griffiths-semipositive (or positively curved) if (E*, h*) is
Griffiths-seminegative.

Proposition 2.1 [22, Proposition 1.3]. Let E be a holomorphic vector bundle over
A", equipped with a singular Hermitian metric h.

(1) (See also [5], Proposition 3.1.) If (E, h) is Griffiths-semipositive, then over
any smaller polydisk there is a sequence of smooth, Griffiths positive metrics
{h,} increasing pointwise to h.

(2) If (E, h) is Griffiths-seminegative, then log det h is a plurisubharmonic func-
tion.

Definition 2.3 [6]. A plurisubharmonic function ¢ is said to have analytic singular-
ities if ¢ can be written locally as

p=alog(lfil*+---+Ifnl) +v,
where o € R4, v is a bounded function and the f; are holomorphic functions.

When (E, h) is a Griffiths-semipositive singular Hermitian vector bundle, the
function —logdet & is plurisubharmonic by Proposition 2.1(2). Then we can ask
it has analytic singularities, and briefly say that det/ has analytic singularities.
Obviously, it not necessarily implies that 4 itself has analytic singularities.

2.2. Finsler geometry revisited. We only collect the necessary materials. One
could refer to [8; 15] for a sophisticated comprehension.

Letx=(x!, ..., x") be alocal coordinate systemin X and let w = W’ ..., wh
be the fiber coordinate system defined by a local holomorphic frame

w={w° ..., wh

of E. Let h be a smooth Hermitian metric on E. We write
oh oh 3%h 3%h
= h]:T, ii = Aiazie o = : )
oax! ax/ 7 dxtax/ ax'dw*
and so on, to denote the differentiation with respect to x’, X/ (1 <i, j < n) and
w*, WP O<a, p<r—1).
Denote by ¢ : P(E) — X the natural projection from the projectivized bundle

to the ambient space, and / induces a Hermitian metric ¢*h on ¢*E. Then as a
subbundle,

hi

Op)(—1) == {((x, [w]), Z) € ¢*E|Z = Aw, L € C}

inherits a metric from ¢* E, whose weight function is denoted by —r. Accordingly,
we can define the metrics ¥, —¢ and ¢ on Opg) (1), OpE+(—1) and Opg+ (1)
respectively in an obvious way. By definition, one easily verifies: when (E, h) is
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Griffiths-semipositive, (Opg+) (1), ¢) is semipositive. For this reason, we usually
denote Op(g+) (1) by Og (1), and call it the tautological line bundle of E.

Remark 2.1. Following the same procedure, a singular Hermitian metric 4 on E
induces singular metrics on Opg)(—1), Op(g)(1), Op(—1) and Ofg(1) respectively.

Moreover, if (E, h) is Griffiths-semipositive, Og (1) is pseudo-effective equipped
with the corresponding metric as is shown in [21], Proposition 2.3.5.

Next let us recall the celebrated curvature formula in [15]. Remember that v is
the weight function of the metric on Op(g)(1) induced by h. We first expand i 09y
on P(E) as follows:

100y =i(g;;dx' ANdX) + g;zdx' NdeP + g, ;de* NdX) + g,gde® AdeP).

Here (w°, ..., w" 1 lifts as (¢!, ..., e 1), and we adopt the summation conven-
tion of Einstein. Note if we furthermore ask the holomorphic frame W to be normal
with respect i at x, ig,gde” A deP is just the Fubini-Study metric on P(E),. Thus
the matrix [g,, ,g] is invertible everywhere. Denote by [gﬁ“] the inverse matrix. Then
we can define the conformal basis by

(8¢ = de® + gPg,5dx", dx').
It is shown in [15] that on this basis we can rewrite iaéw as
4) 130y = —V + wrg,

where
e%ef

v=i0 —dx' Adx) and  wps=ig,zde” Ao’

aBij hgf e’ e’
Restricted on each P(E),, wrs is just the Fubini—Study metric up to a coordinate
transform.

We should also make a brief explanation of W. ©g; 7 is the curvature tensor of E

associated with 4. Moreover, remember that (wo, o w Y difts to (el, e h.
Locally, say on {wo # 0}, we have ¢* = w"‘/w0 fora=1,...,r — 1. In view of
this relationship, W is interpreted as
o
W= i@ag,.jh“f—“(jﬁ_rdxf ndF.
oTW” W
Since both @alg”‘- and h,; are independent of w* and w“wﬁ/(hofw"wf) is ho-
mogeneous of degree 0, this expression is indeed a function of (e!,..., e ™).

Therefore W is well-defined.
In practice, we will apply (4) to the tautological bundle (Og (1), ¢) on P(E™). It
enables us to establish a crucial isometry:

Koy x = Op(r) @ * det E*.
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3. Strong openness

We briefly recall the L>-representation in [20; 17] for a (singular) Hermitian metric
of a vector bundle, which helps us to reduce everything to the line bundle case;
then we apply Corollary 1.1 to obtain our desired estimate.

We will work with the following setup: let X be a complex manifold, and let
E be a holomorphic vector bundle of rank r over X. Let & : P(E*) — X be the
natural projection. For a Hermitian metric 2 on E, we denote by ¢ the weight
function of the induced metric 4y on Og(1). Suppose that & is smooth, then i 85<p
is a Fubini-Study-type metric along each fiber P(E*),. We briefly denote it by
Wy = (i85¢)|p(5*)x, then the volume Vol(P(E*),) against w, equals 1 for every x.
This is standard in Finsler geometry, and one could refer to [7, Lemma 2.1] for a
beautiful explanation.

3.1. The L?-representation. We have a canonical isomorphism 7, Op(1) ~ E
[14, Chapter II, Proposition 7.11]). Hence, for any local holomorphic section F
of E, |F|?e~% is understood in an obvious way. Combining with [20; 17], we
obtain:

Proposition 3.1. Up to a multiplication of a constant, for every x € X and F € E,
we have

5 F|? =f FlPe %0 !
5) Fli= [ ., 1FPeve)
Furthermore, ¢ induces an isometry between the canonical isomorphism:
KP(E*)/X >~ Op(r)@n*det E*.
Namely, if (', ..., e 1) is a fiber coordinate system of P(E*), then

(6) o V=i deth* e de! Ade' A+ Ade" T AdE !

X

up to a constant.

Moreover, when (E, h) is a Griffiths-semipositive singular Hermitian vector
bundle, the integral of the right hand side of (5) is still well-defined, and (5) holds
almost everywhere.

Proof. The smooth version of the L2-representation (5) is nothing but a reformulation
of [17], Theorem 7.1. In fact, if we take k =1 and F = Oy, (3.3) in [17] defines a
metric f on E via m,Og(1) >~ E, which is exactly

|
¢ r—1
(r—1)'/|p<E* IFPPe*w,.

Then (7.3) there implies that f = & up to multiplication by ~———
desired conclusion.

r—1
D™ ) _which is the
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As for (6), it is enough to show that the associated curvature forms of both sides
are equal. For this purpose, we apply (4). Keep the notation there. Without loss of

generality, we can make {W?, ..., W'~} normal for /* at a fixed point x. Then at
(x;el, ..., e ), w, s just the standard Fubini—Study metric on P" ~land
. _w"tI)ﬂ ; _j
v = l@aﬂidex /\dx .

1

Taking the integral against @~ ", we obtain

. wrwf 4 i - . 8up 4 i _j
W :l®“’§ij</|p(E*)y e ', )dx’/\dxf =z®a/;ij-75dx’ Ndx’

aaij

i ] - I
==Y 0,4 :dx' NdX! = =Oget p* deth*
r o r
at x, hence everywhere. On the other hand, remember that fp( B w7l =1,
X
; *@ r—1 __ @
17T Odet E* deth* N Wy, ~ = 10det E* deth*-
P(E*)/ X

Here fp( Enyx N "~ ! refers to taking the integral along fibers. It exactly implies
that there exists an element y with

i
%) W = “7*Oge £ et + 7 and f y A"l =0.
r P(E*)/ X

Combining with the fact that wpy is the Fubini—Study metric along each fiber of
and the canonical isomorphism

Koy x = Op(r) @ " det E¥,
we conclude from (7) that
iO0p(r).rg =irdd¢p = =1V + rops = —i7*Odet £+ deth + i®Kn5<lE*/xyw71'
The proof of (6) is then finished. Observe that by setting
(G, hg) == (Op(r+1)®@n*det E*, h’LJr1 ®m*deth®),

we can interpret (5) as
8 F2 = / FP2
( ) | |h’x P(E*)x | |hG

in view of (6). The definition of /P |F |%G is based on
(E™)

X

Or(1) = Kp(ery)x ® Op(r +1) @ m* det E™,

and is carefully explained in [20], Sect. 2.2.
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Whereas the singular version of (5) is nothing but a reformulation of [20],
Proposition 3.1. Indeed, by [20] the integral of the right hand side of (8) is still
well-defined when 4 is singular and (E, h) is Griffiths-semipositive. Moreover, (8)
holds outside V := {deth = oco}. Note V must be a set of measure zero since # is
finite almost everywhere, which concludes the last assertion. (]

We next restate and prove Theorem 1.2:

Theorem 3.1. Let E be a holomorphic vector bundle of rank r over A", and let
h be a singular Hermitian metric on E such that (E, h) is Griffiths-semipositive.
Assume that deth has analytic singularities. If F is a holomorphic section of E
satisfying

/ |FPRdx < oo,
An

then after shrinking A" if necessary, there exists a positive ¢ (independent of F)
such that

f |F21%9) ), < oo.
An

Proof. Keep the notations of Proposition 3.1. Due to (the singular version of) (8)
and Fubini’s theorem, it is enough to show that there exists a positive ¢ such that

( |F|2 )1+€d)\'
< Q.
/A" ./[F"(E*)X he

By hypothesis, 7* det h* = eV, where v is a plurisubharmonic function with
analytic singularities. So we have

1+e 14+¢
/(/ |FI%G) dk=/ (deth*)”f(/ |F|2e*<’+1><ﬂ) di
A'NJ P(E*), A" P(E*),
A" P(E*)x

=C/ / eIHe)log [FP+y)—(1+e)(r+ D¢ 75 |
" JPE),

The inequality is a simple application of Holder’s inequality, and C is a universal
positive constant.
On the other hand, by assumption F a priori satisfies

// POEIFPHY=(r+De 13— oo
" P(E"),

So after shrinking A” if necessary, by Corollary 1.1 there exists a positive gy such
that

9) / f PO IFPHY =460 (r D0 ) < o
" JPE,
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Since e%0002IFI*+¥) is bounded, (9) implies that

2 14+¢9
/ (/ |F|hc) dj. < o0,
A\S pE),

In the end, notice that [23], Theorem 1.2 indicates that £(/) is coherent hence is
locally finitely generated in our situation. So we can even obtain a uniform constant
&o for all holomorphic sections of £(h). The proof is complete. (]

4. Openness

Now we would like to remove the restriction in Theorem 3.1 that det 4 has analytic
singularities. A natural idea is to approximate 4 by a sequence of smooth metrics
{h,}, whose existence is due to Proposition 2.1. Then we apply Theorem 3.1 on
each i, (which gives a corresponding ¢,), and take the limit to obtain the desired
estimate. For this purpose, we need a universal lower bound for these ¢,. The
related topic is called the effectiveness of the strong openness property. It is much
involved even in the line bundle case (see [10], Theorem 1.3). As a compromise, we
will instead apply the following effective version of the openness property in [4].

The line bundle case revisited.

Theorem 4.1 [4, Theorem 1.1]. Let ¢ be a plurisubharmonic function in B" with
¢ < 0. Assume that

/ e Ydr < o0.
B"l

Then there is a number ¢ > 0 such that

/ e~ 19905 < 0.
B'I/Z

Here B" and B"/2 refer to the n-dimensional balls of radii 1 and 1/2 respectively.
Moreover, € can be taken so that

5O
€2 ————,
" [pue?dn

where §,, depends only on the dimension.

Let us briefly recall some crucial steps in the proof of Theorem 4.1 for readers’
benefit. For any s > 0 and holomorphic function £, let

@5 :=max(¢ + s, 0)

and
1802 := [ |hPe > da.
B"/2
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The factor 2 in the exponent is necessary, and we define the norm ||-||; here over B"/2
(rather than B" in [4]) for our purposes. Then a simple variant of Proposition 2.1
in [4] indicates that for 0 < ¢ < 1,

[e.¢]
(10) / e~ 9%\ = q, / 195|111 2ds + b, Vol (B™).
B"/2 0
Here 2
1—¢ 1—¢
a; = and bg = W

Pick a universal constant §, so that if w is holomorphic and

[ wPdr<ds,.
BV!
then

1
SUpap (W] < 13-

The existence of such a §, is due to the mean value property of holomorphic
functions. In particular, §,, depends only on the dimension.
Now / e~ ?d)\. < 0o by hypothesis,
Bn

o0 2
/ es(f e “’S)dsgf e Ydr <00
O n Bll

due to (the original version of) Proposition 2.1 in [4]. Then by Theorem 3.3 of [4],
forany ¢ > 0 and s > % there is a holomorphic function /4, such that

(11) / 11— hy|2d <4g/ eYd,
Bll Bll

and

(12) / s 2e™25 dp < e~ 1F295\01 (B™).

B)l
Take 5,
E=——"—.
Sgn e=9d2

Then (11) implies that the holomorphic function 1 — A satisfies
f 11— hy2dA < 48,
BVL

1

75+ Therefore hy satisfies

hence sup g, |1 — hy| <
1 < 2|hy)?

on B"/2. Multiply by e~2¢s and integrate on B"/2, we obtain from this inequality



A HIGHER-RANK ANALOG OF THE STRONG OPENNESS PROPERTY 451
and (12) that

13y r<2 / hy2e 2% < 2 / 2e~20 4 < 26129301 (B,

Now multiply the both sides of (13) by ¢!!*®* and integrate from O to infinity.
Combining with (10) we get

(14) f e~ 1994,
B?l/z

ga,;/“ 1495 1112ds + g, / 170092, (1420)s\i51 (B ds 4 b, Vol(B")
0

2e
L 00
< a,Vol(B"/2) / ¥ s gg + a, Vol (B") f e %ds + b Vol(B")
0 %

I+s

= 27" ol(B")S n a€Vol(B")$ + b, Vol(B")
_ (“8(6 - - D, bs) Vol(B™)

2n(1+¢) ef
=: ¢, Vol(B").

Since (13) is valid when s > 21 ,
integral from O to 2 is standard, since 0 < @ < 2 : the integral from - 3¢ to infinity

is estimated via (13), and it leads to the second inequality. The rest is routine.

we have to divide the integral into two parts. The

Proof of Theorem 1.3. Now we are ready to prove the openness for the higher-
rank case. Let E be a holomorphic vector bundle of rank r over A, where A,
is a polydisc with radius R slightly larger than 1. Let (e!,..., e ') be a fiber
coordinate system of P(E*), and let de A de be short for

de' nde' A Ade" TP Ade !

Take a finite coordinate chart { B;’“fl} of P(E*). For an arbitrary singular Hermit-
ian metric i on E, denote by ¢ the induced metric on Og(1), and

/ o e_(r+1)¢d)\‘ = max{/ o e—(r-i-l)‘ﬂd)\}
B J Bj

with the convention that

/ e~ D9 dn = +00  if some / e~ e = +00.
pntr=1 prtr=1

J

We restate and prove Theorem 1.3.
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Theorem 4.2. Assume that (E, h) is Griffiths-semipositive, and
J((r+ D) = Opex).
Then there exist positive numbers R and & such that

/ |F|i(l+8)dk <00
A
R
for any holomorphic section F of E. Moreover, € can be taken so that

5n+r71
&>
=

where 8,4, depends only on the dimension.

Proof. Pick an R’ € (1, R). By Proposition 2.1(1), there exists a sequence of smooth,
Griffiths positive metrics {&,} over A’, increasing pointwise to i. Let ¢, be the
metric on Og(1) induced by 4,, and let w, ,, := (i85<pv)|p(E*)X. Consequently, ¢,
deceases to ¢. Since both ¢ and ¢, are plurisubharmonic, we can assume ¢, ¢, <0
without loss of generality.
Now by assumption we have
/Bwile_(ﬂr])‘p“d)» < e~ rthegn < 0.

B)H»rfl

Then apply Theorem 4.1 ((14), more precisely), we obtain
(15) / eI gy e Vol (BT,
Bll r— /2

where ¢ can be taken so that

‘Sn-i-r—l
&> .
i fB"+’—‘ e—r+Dou ),

Since ¢, decreases to @,

8n+r—1 \ 5n+r_1
fBrH—r—l e~ r+Devd ) an+r—l e—(r+hedn ’

Let
8n+r—l

‘[Bn+r71 e_(r_'—l)(pd)" ,

£ =

and take the limit of (15) with respect to v. We finally obtain

/ eIy < e Vol (BT < oo,
Bmtr=172

In the end, observe that we can take a positive number R < R’ such that the total
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space of P(E™)| A is finitely covered by B}Hr_l /2. It exactly implies that

1+e
[ ar= [ ([ FPerent)
A’I'é v '}1% P(E*), ’

< </ (|F|26—¢U)1+8w;—vl></ C();_Ul> 1+8d)\.
INAVLEN v\ e,

= (fp (|[F e~ thenyte o deth* . i"de A d@)d,\
ANSP(E?),

<y 1 |F|2(1+8)e—(r+1+€)<.0w ¥ deth?jdk
j BT

<C e~ U H1+ee gy

= ; B;Hrr—l/z

<C Z/ 1 e~ rHIHOe 4y < 0
j BT

for any F. In the forth inequality we abuse the notation that dA refers to the
Lebesgue measure on both A’]’é and B;’+r_1 /2. The fifth inequality is due to the fact

that {deth}} is a decreasing sequence of smooth functions. So |F |2(1+8) 7% det A}
is bounded by some positive constant C only depends on F. As v tends to zero, we

obtain
/ IFPP ) < oo
A

R

for any F. The proof is complete. O

Let {U;} be a finite coordinate covering of P(E™), and let {p;} be the associated
partition of unity. When .# ((r + 1)¢) = Op(g+), for any holomorphic section F we
have

Fhav=[ ([ . 1FPe o) )a
./A"l i A [P’(E*)X| | Y

= (/ |F2e= D90 det i -ir—lde/\dé)dx
A" P(E*),

= Z/ plelze_(’H)“’V ¥ dethdx
—~ JU;
j

<C /‘ef(rﬂ)c.ovd)L

“Cny

<C Z /Uje_(’+l)‘pdk < 00.
J

As v tends to zero, we obtain

/ |F2dA < 0o
An
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for any F. Hence
(16) Eh)=L.

However, if one attempts to deduce .7 ((r 4+ 1)¢) = Op(g+) from (16), the influence
of the zero locus of det 4* cannot be ignored. Hence the converse is not clear.
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