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ON THE TEST PROPERTIES OF THE FROBENIUS
ENDOMORPHISM

OLGUR CELIKBAS, ARASH SADEGHI AND YONGWEI YAO

We prove two theorems concerning the test properties of the Frobenius
endomorphism over commutative Noetherian local rings of prime charac-
teristic p. Our first theorem generalizes a result of Funk and Marley on the
vanishing of Ext and Tor modules, while our second theorem generalizes one
of our previous results on maximal Cohen—Macaulay tensor products. In
these earlier results, we replace ¢ R with a more general module ° M, where
R is a Cohen—Macaulay ring, M is a Cohen—Macaulay R-module with full
support, and ¢ M is the module viewed as an R-module via the e-th iteration
of the Frobenius endomorphism. We also provide examples and present
applications of our results, yielding new characterizations of the regularity
of local rings.

1. Introduction

Throughout the paper, all rings are assumed to be commutative and Noetherian. By
(R, m, k), we mean R is a local ring with a unique maximal ideal m and residue
field k.

Let R be a ring of prime characteristic p, F : R — R be the Frobenius endomor-
phism, and let M be an R-module. Each iteration F of F defines a new R-module
structure on M, denoted by “M, whose scalar multiplication is given as follows: For
r € R and x € °M, we have that r - x = r”"x. We say that R is F-finite if, for some
e > 1 (or equivalently, for all e > 1), the module °R is finitely generated over R; see,
for example, [24]. We denote by F(—) the scalar extension along the e-th iteration
Fg:R— Rof F. Thus,if ), n; ®s; € Ff(M), where Fi(M) =M Qg R, n; € M
and r; € R, then r - (Zl n ® s,-) =) ;n; ® (rs;), with rs; being the product of
r and s; in R. Note that Fy(M) is the S-module M ®p S obtained via the base
change F¢: R — S =R.

The module structure of ‘R (as an R-module) contains important information
about the homological properties of the ring R. For example, a remarkable result
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of Kunz [17] shows that R is regular if and only if ‘R is a flat R-module for some
(or equivalently, for all) e > 1; see also [4] and [25] for extensions of this result.
Motivated by Kunz’s result, the test properties of the Frobenius endomorphism have
been extensively studied.

If N is a finitely generated R-module, it follows from the work of Herzog [12]
and Peskine and Szpiro [23; 24] that pdz(N) < oo if and only if TorlR ‘R,N)=0
for infinitely many e and for all i >> 1. Avramov and Miller [3] showed that, if R
is a complete intersection, the vanishing of a single Tor,lf (°R, N) for some e > 1
and n > 1 suffices to conclude that pdp(N) < co. Koh and Lee [16] developed
ideas rooted in techniques of Burch [7], Herzog [12], and Hochster [13], and
showed that R detects the finiteness of N even when finitely many Tor modules
vanish. Specifically, Koh and Lee proved that, given integers e > 0 and ¢t > 1,
if TorR(°R, N) =0 fori =t,...,t+depth(R), then pdg(N) < co. They further
showed that in the case where R is Cohen—Macaulay, the number of vanishing Tor
modules can be reduced by one. We refer the reader to the expository work [21] of
Miller for further details.

In this paper, we focus on the following result of Funk and Marley [11; 10], which
examines the vanishing of Torfe (°R, N) for the case where R is Cohen—-Macaulay
and N is possibly an infinitely generated R-module.

1.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R, m, k) be a d-dimensional Cohen—
Macaulay local ring of prime characteristic p, with d > 1, and let N be an R-module.
Given integers e > 0 and ¢ > 1, the following hold:

(i) If Torf (R, N)y=0foralli =t,...,t4+d — 1, then fdg(N) < d.

(i1) If R is F-finite and Ext"R(eR, N)=O0foralli=t¢t,...,t+d—1,thenidgr(N) <d.

One of the main goals of this paper is to generalize the result of Funk and Marley
stated in 1.1. In fact, we prove more and establish the following theorem:

Theorem 1.2. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Given integers t > 1
and e > 0, we have the following:

6)) IfTorl.R(eM, N)=O0foralli=t,...,t+d—1,thenfdg(N) <d.
(1) If R is F-finite and Extlk(eM, N)=0foralli=t,....,t +d — 1, then
idp(N) < d.
(iii) If N is finitely generated and Ext"R(N, ‘M)y=0foralli=t,...,t+d—1,
thenpdp(N) <t —1.
Parts (i) and (i1) of Theorem 1.2 recover the Funk—Marley result for the case
where M = R. Note that, in each part of Theorem 1.2, only d consecutive vanishings
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of Ext or Tor modules are needed to conclude the homological property the module
of N.

We first record several preliminary results in Section 2 and then prove the first two
parts of Theorem 1.2 as Theorem 3.2 in Section 3. The third part of Theorem 1.2 is
established as Theorem 4.3 in Section 4. Additionally, in Example 3.4, we show
that the conclusion of Theorem 1.2 may fail if the ring R in question has zero depth.

Li [18] proved that, if (R, m, k) is a Cohen—Macaulay local ring, N is a finitely
generated R-module with rank, and Fg(N) is maximal Cohen—Macaulay for some
e > 0, then N is free. In [8], the authors of the present paper replaced the rank
hypothesis on N with the weaker assumption that N is generically free, and proved
the following result:

1.3 (Celikbas, Sadeghi, Yao [8, 1.3]). Let (R, m, k) be a Cohen—Macaulay local
ring of prime characteristic p, and let M and N be finitely generated R-modules.
Assume N is generically free, that is, Ny is free over Ry for all p € Ass(R). If
F¢(N) is maximal Cohen—Macaulay for some e >> 0, then N is free.

In Section 4, as a byproduct of Theorem 1.2(iii), we generalize 1.3 and prove the
following result; see Corollary 4.5. Note that F(N) ®g M is the S-module (N ®g
S) ®s M, where R — S = R is the e-th iteration of the Frobenius endomorphism.

Theorem 1.4. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:
(1) M is Cohen—-Macaulay and Supp (M) = Spec(R).
(ii) N is generically free, that is, Ny is a free Ry,-module for all p € Ass(R).
If FR(N) ®g M is maximal Cohen—-Macaulay for some e > 0, then N is free.
Examples 4.8 and 4.9 showcase the necessity of the hypotheses Supp, (M) =

Spec(R) and N is generically free in Theorem 1.4. An immediate consequence of
Theorem 1.4 over one-dimensional rings can be stated as follows:

Corollary 1.5. Let (R, m, k) be a one-dimensional reduced local ring of prime
characteristic p and let 0 # I be an ideal of R. If FR(N) ®g I is torsion-free for
some finitely generated R-module N and e > 0, then N is free.

Theorem 1.2(iii), in addition to Theorem 1.4, has other applications, namely
Corollaries 4.4, 4.6, and 4.7. Moreover, in Corollary 4.10, we obtain new character-
izations of the regularity in terms of the vanishing of Ext and Tor.

2. Preliminaries

In this section, we record several preliminary results and observations that are
necessary for our arguments in the subsequent sections. For the main results of this
paper, one can skip this section and proceed to Sections 3 and 4.
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2.1. Let (R, m, k) be a local ring and let M be an R-module.

(i) We set MY =Homg (M, Eg(k)), where Eg(k) is the injective hull of k. Note
that Homg (—, Ex(k)) is a faithful exact functor.

(ii) Assume that M is finitely generated over R. Given n > 1, we denote by Q% M
the n-th syzygy of M, namely, the image of the n-th differential map in a
minimal free resolution of M. By convention, Q%M =M.

(iii) If M # 0 is finitely generated over R and dimg (M) = ¢, we define the Hilbert—
Samuel multiplicity of M as

length, (M /m"" M)

nt

eg(M)=t! lim
n—odo

which is a positive integer; see, for example, [20, p. 107].
2.2, Let (R, m, k) be a local ring and let N and X be R-modules.

(1) Assume Socg(X) € mX and let x € Socg(X) —mX. This implies that Rx =k
and the nonzero map Rx — X — X/mX, x — X, splits. Therefore, Rx — X
splits and thus k is a direct summand of X as an R-module.

(2) Assume R has prime characteristic p and X = “M for some R-module 0 # M
and e > 0.

(a) If Socg(X) ¢ mX, that is, (0 :py mlPT) € (mlP*IM), then part (1) shows
that k is a direct summand of ‘M as an R-module.

(b) Assume M is finitely generated over R with depth, (M) =0. For all e >0,
we have (0 13y mlPl) = Socg (‘M) 2 “(Socr(M)) € “(mlP*IM). Hence,
part (i) shows that k is a direct summand of “M for every e > 0.

(c) Assume (R, m, k) is Artinian. Then (0 :) mlP"l)  {mlP1p1) for all e > 0.
By part (i), k is a direct summand of “M for all e > 0. Thus, giveni > 1,
if Ext"R (°M, N) =0 for some e > 0, then Ext"R (k, N) =0 and hence N is
injective; see [6, 3.1.12] and also [9, 2.0.10].

2.3. Let (R, m, k) be a local ring of prime characteristic p. There exists a local
flat ring homomorphism (R, m, k) — (S, n, £) such that S is F-finite, m$S = n and
|£| = oo; hence S is faithfully flat over R, dim(S) =dim(R) and e(R) =e(S); it also
follows that R is Cohen—-Macaulay (respectively, regular) if and only if S is Cohen—
Macaulay (respectively, regular). (For example, with RZK[x1, ..., xnl /1, we can
pick § = kllxi, ..., xm]]/Izllxl, ..., X ]l, where k is the algebraic closure of k.) In
the case where S is such an extension of R and M is a finitely generated R-module,
it follows that M is a Cohen—Macaulay R-module with Supp (M) = Spec(R) if and
only if M ®g S is a Cohen—Macaulay S-module with Suppg(M ®r §) = Spec(S);
also, M is free over R if and only if M ®g S is free over S.
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2.4. Let (R, m, k) be a local ring of prime characteristic p and let M # 0O be a
finitely generated R-module. We set:

crs, (M) =min{e > 0| (0 :pr/yp M) & mlP V(M /(x) M)
for an M-regular sequence x},

drs,(M) = min{e >0 | ml”IM C (x)M for a system of parameters x on M}.
It seems unknown whether or not sup{crs,(My) | p € Suppy (M)} is finite in general.

2.5. Let (R, m, k) be a local ring of prime characteristic p and let M # 0 be a
finitely generated Cohen—Macaulay R-module. It follows that crs, (M) < drs,(M).
If |k| = oo, then drs,(M) < flogp er(M)]; see, for example, [8, 2.4]. Therefore,
we have

max{[log, er(M)1, crs, (M)},

[log, er(M)] if k| = oo,

max{rlogp er(M)]1, drsp(M)},
[log, er(M)] if |k| = oo.

sup { crs, (My) | p € Suppg (M)} < {

sup { drs, (M) | p € Suppr(M)} < {

2.6. Let R — S be a ring homomorphism, M be an S-module, and let X be an
R-module.

(i) Homgz(M, X) has an S-module structure defined as follows: For s € S and
o € Homg (M, X), we set s - € Homzp(M, X) as (s -a)(m) = a(sm) for all
meM.

(i1)) Homp (X, M) has an S-module structure defined as follows: For s € § and
o € Homg (X, M), we set s -« € Homgp(X, M) as (s - o)(n) = sa(x) for all
x e X.

(iii) M ®g X has an S-module structure as follows: For s € S and Y m; ® x; €
M ®pr X, with m; € M and x; € X, we define i

s - (Zm, ®x,~) =) (sm)®x; € M Qg X.
i i
The following observation is used in several proofs in the sequel. Note that, over

a Noetherian ring, every finitely generated module is finitely presented.

2.7. Let f : R — S be aring homomorphism, A be an R-module, and let B be an
S-module. Assume E is an injective S-module. Given n > 0, the following hold:

(1) HomS(Tor,If(A, B), E) = Exti (A, Homg(B, E)); see [26, 10.63].
(ii) If A is finitely presented over R, then

Homg(Ext, (A, B), E) = Tor® (A, Homg(B, E)).
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(iii) If (R, m, k) is local, R = S, and f =id, then parts (i) and (ii) imply that
fdg(B) =idg(BY) and idg(B)={fdgr(B").

2.8 (Auslander—Buchsbaum [2]). Let (R, m, k) be a d-dimensional local ring and
let N be an R-module. If idg(N) < oo, then idg(N) < d. Thus, if fdg(N) < oo,
then fdg (N) < d; see 2.7(iii).

The next observation is used in the proofs of Lemma 3.8 and Proposition 3.11.
2.9. Let (R, m, k) be a d-dimensional local ring and let N be an R-module. Con-
sider a minimal injective resolution of N:

IT= (00— O pr ey oy g o it
where

= @ Er®R/m®®Y and u;(p, N)=rankeq) (Extg (k(p), N))
peSpec(R)

for j >0. Here, u;(p, N) is not necessarily finite. Note that Homg, (k(p), (h;)p) =0
for j > 0. If q € Spec(R) and we localize I at q, then the resulting I; is a minimal
injective resolution of Ny over R, and Iqi = ®p§q Egr(R/p)®Hi®N) forall j > 0;
see, for example, [5] and [15, 3.15 and Appendix 20-24].

Assume idg, (Np) < oo for all p € Spec(R) — {m}. Then idg, (Np) < dim(Ry) <
d — 1 for all p € Spec(R) — {m}; see 2.8. This implies that I’ = E (k)®*™N) for
all i > d. Consequently, I has the form

I= (0= 10> ... 5 [971 5 Eg(k)®ramN) tasi pogoy@uanimN) oy
2.10. Let (R, m, k) be a local ring, I be an ideal of R such that VI =/Anng (M),

M be a finitely generated R-module, and let N be an R-module. Then:

(i) Homg(M, N) = 0 <= gradey(/, N) > 1 <= Homg(R/I, N) = 0O; see
[6,1.2.3 or 1.2.10(e)].

(i1) It follows from part (i) and 2.7(i) that

M®g N =0<+= Homg(M,N") =0+ Homg(R/I,N")=0
<= (R/I®rN)" =0 R/IQ N=0<= N =1IN.

(iii) If Suppr (M) = Spec(R) (or equivalently, I = 0), it follows from parts (i) and
(i1) that

Homg(M,N) =0 M Q@ N =0+ N =0.

(iv) Assg (Homg(M, N)) = Suppr (M) N Assg(N); see, for example, [6, 1.2.28].
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Remark 2.11. Assume /, M, and N are as in 2.10, but R is (Noetherian as always)
not necessarily local. Then the implications considered in 2.10 still hold since they
can all be verified locally. More precisely, it follows that

Homzr (M, N) =0<= Homgr(R/I,N)=0 and MQrN=0<= N=1IN.

In particular, if Supp, (M) = Spec(R), we have
Homgp(M,N) =04 N=0< M Q@ N =0.

These implications establish the fact Assg (Hompg (M, N)) =Suppr(M)NAssg(N),

namely the equality stated in 2.10(iv), still holds.

2.12. Let (R, m, k) be a local ring and let M be a finitely generated R-module.

Consider a minimal free representation P —> Py— M — 0. The transpose Trg M

of M is defined as the cokernel of the R-dual map 9] = Homg (91, R). We refer
the reader to [1] for the details of the following:

(i) There is an exact sequence of R-modules 0 — M* — PJ — P/ — Trg M — 0.
(i1) It follows that, up to isomorphism, Trg M is uniquely determined.
(ii1) It follows that Trg(Trg M) =M
(iv) M is free if and only if Trg M is free.
The following result from [8] is necessary for our proof of Theorem 1.4.

2.13 [8, 2.2]. Let (R, m, k) be a local ring and let M and N be finitely generated
R-modules. Assume n > 1 is an integer. Assume further the following conditions
hold:

(1) Ny is free for all p € Spec(R) — {m}.
(ii) depthr(M ®r N) =2 n
(iii) depthp(M) >n —1.
Then Exty(Trg N, M) =0 foralli=1,...,n

3. A generalization of a result of Funk and Marley

The main results of this section are captured in Theorem 3.2 below, stated earlier as
parts (i) and (ii) of Theorem 1.2. They generalize this result already quoted in 1.1:

3.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R, m, k) be a d-dimensional Cohen—
Macaulay local ring of prime characteristic p, with d > 1, and let N be an R-module.
Given integers ¢ > 1 and e > 0, the following hold:

(1) IfTor-R(R N)=O0foralli =t¢, ,t+d—1, then fdgp(N) < d.
(i) If RisF- finite and Ext} (R N)=O0foralli=t¢,...,t4+d—1,thenidgp(N) <d.
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The original statement of 3.1 in [11] includes the case where d = 0; in fact this
case follows from the techniques of Koh and Lee used in the proof of [16, 2.6]; see
also [11, 2.8] and [21, 2.2.8]. Note also that [11, 3.1 and 3.2], namely 3.1, is stated
in terms of complexes of R-modules, but its proof naturally reduces to the case
of modules. For this reason, we consider only modules when generalizing 3.1 in
Theorems 3.2 and 4.3, which can also be extended to the complex case in a similar
manner, as explained in the proof of [11, 3.1].

Theorem 3.2. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppg(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e >0,
the following hold.:

) IfTorl-R(eM, N)=O0foralli=t,...,t+d—1, then fdg(N) < d.
@) IfR isF—ﬁniteandExt"R(eM, N)=0foralli=t,...,t+d—1,thenidg(N) <d.

Remark 3.3. Let R be a ring of prime characteristic p, M be a finitely generated
R-module such that Suppy (M) = Spec(R), and let N be an R-module. Let e > 0.

(i) Assume R is F-finite. Then Homz (M, N) =0 => N = 0; see 2.10(iii).

(ii) Without the F-finite assumption, we have ‘M ® N =0 = N = 0, as locally
this reduces to the F-finite case and then follows from 2.10(iii).

Thus, Theorem 3.2 still holds when 7 = 0. This relies on Suppg (‘M) = Spec(R)
and does not depend on the choice of e or M being Cohen—Macaulay.

Theorem 3.2 generalizes 3.1 in the case where depth(R) > 1. For a general-
ization of 3.1 in the case where depth(R) = 0 (that is, the d = 0 case of 3.1), see
Proposition 3.10. Before presenting our proof of Theorem 3.2 at the end of the
section, we would like to discuss the sharpness of the result and list some corollaries
of the theorem. We will also prove Propositions 3.10 and 3.11, which the proof of
Theorem 3.2 relies on.

The following example shows that the positive depth assumption on the ring is
necessary for Theorem 3.2.

Example 3.4. Let R=F,[x, y1/(x%, xy) and let M = R/(x). Then R is an F-finite
ring with depth(R) = 0 and dim(R) = 1, and M is a Cohen—Macaulay R-module
such that Supp (M) = Spec(R). Moreover, ‘M = M®?* for all e > 0.

Let N = R/(y). Then Torf (M, N) = 0 so that Torf (‘M, , N) = 0 for all e > 0.
If pdg(N) < oo, then N is free since depth(R) = 0. Hence pd(N) =fdr(N) = cc.
This shows that the positive depth assumption is needed for Theorem 3.2(i).

Next let N = M. Then Ext}e(M, N) = 0 so that Ext}e(eM, M) =0forall e > 0.
If idp(N) < oo, then idg(N) = depth(R) = 0, that is, N is injective. Hence,
idz(N) = oo (one can also conclude that idg(N) = oo since R is not Cohen—
Macaulay). Thus the positive depth assumption is needed for Theorem 3.2(ii).
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We give several corollaries of Theorem 3.2. The next corollary covers the
particular case where S = R, the m-adic completion of (R, m).

Corollary 3.5. Let f : (R, m, k) — (S, n, £) be a flat local ring homomorphism,
where R is a d-dimensional local ring of prime characteristic p and mS =n, M be
a finitely generated Cohen—Macaulay R-module such that Supp (M) = Spec(R),
and let N be a finitely generated S-module. Assume depth(R) > 1. Givent > 1 and
e 0, if TorR(‘M, N) =0 foralli =t,...,t+d — 1, then pdg(N) < d.

Proof. Observe Torl-R (k, N) = Tor;g (¢, N) for all i > 0. By Theorem 3.2, we have
that fdp (N) < d. Set r = fdg(N). It follows that Torfe (k, N) 0= TorfJrl (k, N).
Therefore, pdg(N) =r <d. O

Corollary 3.6. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e >0,
if Exto(‘M,NY)=0foralli=t,...,t+d—1,thenidg(N") < d.

Proof. The vanishing of Ext"R (°M, NV) yields the vanishing of TorlR (°M, N); see
2.7(i). Thus idg(N") = fdg(N) < d by Theorem 3.2(i) and 2.7(iii). ([
Corollary 3.7. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =

Spec(R), and let N be an R-module. Assume depth(R) > 1. Givent > 1 and e > 0,
assume at least one of the following conditions holds:

(i) Extha(N, (‘M)Y) =0 foralli=t,...,.t+d—1.
(i) Exth(N, (M) =0 foralli=t,...,t+d — L.
Then fdg(N) < d.
Proof. The vanishing of Ext"R (N, (°M)Y) yields the vanishing of TorlR (N, “M); see
2.7(1). Thus, case (i) follows from Theorem 3.2(i).

Similarly, the vanishing of Ext"R (N, (M")) yields the vanishing of TorL-R (N, ‘M)
by 2.7(i), where R — S is the Frobenius F¢ with (S, n,¢) = (R, m, k), A=N
over R, B= M over S, and E = Eg({) is the injective hull of £ over S. Therefore,
case (ii) also follows from Theorem 3.2(i). [l

Next, we prepare some auxiliary results for the proof of Theorem 3.2. To begin
with, we present Lemma 3.8 and Corollary 3.9 which are akin to [11, 4.5 and 4.6].

Lemma 3.8. Let (R, m, k) be a d-dimensional F-finite local ring of prime char-
acteristic p, M be a finitely generated R-module such that Supp (M) = Spec(R),
and let N be an R-module. Set § = max{deptth (My) | p € Spec(R)} and let t > 1
be an integer. If

sup{e | Exty(‘M, N) =0foralli=t,...,t+8} > supfcrs,(M,) | p € Spec(R)},
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then idgr(N) < min{d, t + & — 1}. Therefore, ifEXt’IR(eM, N)=0foralli =
t,...,t+§ and for infinitely many e, then idg(N) < min{d, t +§ — 1}.

Proof. By 2.8, it suffices to show idg (N) <+ 8 — 1, and we proceed by induction
on d. The case where d = 0 follows from 2.2(2)(iii). Hence, we assume d > 1.

As R is F-finite, “M is a finitely presented R-module. Thus, for all p € Spec(R),
we have the isomorphisms

Exthy (M, N), = Ext;p (‘My, N).

So, for all p € Spec(R) — {m}, the induction hypothesis dictates idg, (Np) <+ .
By 2.9, N has a minimal injective resolution of the form

I= 0—>1°> . > ' 5 Eg()®+ — Eg(k)®Htt — ...,

in which p; = p;(m, N) fori >t + 6. Set depth, (M) = v. By assumption, there
exists e > crs, (M) such that Extyy(‘M, N) =0fori =t+8—v,...,t+4. Since
e > crs, (M), 2.4 yields a maximal M-regular sequence x = {x, ..., x,} such that

(0 a1/ mP) PN (M /(x)M).

Thus, k is a direct summand of (M/(x)M); see 2.2. As x; is M-regular, there
is a short exact sequence 0 — ‘M — ‘M — (M /x;M) — 0. This, together with
Exty (M, N)=0fori=1+8—v,...,t+4, implies that

Exth((M/x1M), Ny =0 forall i=t+8—v+1,...,1+8.

As x = {x1, ..., x,} is M-regular, inductively we get ExttRJ”S (‘\M/(x)M), N) =0.
Therefore, Ext’RJ”S (k, N) =0 since k is a direct summand of (M /(x)M). In view
of 2.9, we deduce

fir+s = ranky (Exty™ (k, N)) = 0.
Therefore, 1'% = Eg(k)®*+ = 0, which concludes that idg(N) <t+8—1. O

Corollary 3.9. Let (R, m, k) be a d-dimensional local ring of prime characteris-
tic p, M be a finitely generated R-module such that Supp (M) = Spec(R), and let
N be an R-module. Let S be a ring extension of R as in 2.3. Set

§= max{depthsp (M ®g Sp) | b € Spec(S)}
and let t > 1 be an integer. If
sup{e | Tor] ‘M, N) =0 foralli =t,...,t+8} > supfcrs,(M®S,) | p € Spec(S)},

then fdg(N) < d. In particular, if Torl-R(eM, N)=O0foralli =t,...,t+ 4 and for
infinitely many e, then fdg(N) < d.
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Proof. It suffices to show fds(N ®pg S) < dim(S). Thus, given the assumption, we
may assume that R = § is already F-finite. By 2.7(i), the vanishing of Torl.R (M, N)
yields vanishing of Ext‘k(eM ,NY). Now the claim follows from Lemma 3.8;
see 2.7(iii). O

As an application of Lemma 3.8 and Corollary 3.9, we obtain the following
proposition that generalizes a result of Takahashi and Yoshino [27, 5.3].

Proposition 3.10. Let (R, m, k) be a d-dimensional local ring of prime char-
acteristic p, M be a finitely generated Cohen—Macaulay R-module such that
Suppr(M) = Spec(R), and let N be an R-module. Then, givent > 1 and e > 0,
the following hold:
@) IfTorl.R(eM, N)=O0foralli=t,...,t+d, then fdg(N) < d.

(i1) If R is F-finite and ExtiR(eM, N)=O0foralli =t,...,t+d, thenidg(N) < d.
Proof. For (i), we may assume that R is F-finite with |k| = o0o; see 2.3. In this case,
we have sup{crs,(M,) | p € Spec(R)} < flogp er(M)] < oo. The rest follows from

Corollary 3.9.
For (ii), without the assumption that |k| = co, we have

sup{crs,(My) | p € Spec(R)} < max{ flogp er(M)]1, crsp(M)}< 0.
The rest follows from Lemma 3.8. [l

Our proof of Proposition 3.11 is inspired by some of the techniques employed by
Funk and Marley in the proof of [11, 3.2]. To distinguish various module structures
in the proof, we present 3.11 in the context of a general ring homomorphism
f : R — S. Subsequently, in the proof of Theorem 3.2, we apply Proposition 3.11
to F¢: R — R, the iterated Frobenius endomorphism. Recall that, over a local ring
(R, m, k), we set (—)" =Homg (—, Eg(k)).

Proposition 3.11. Let f: (R, m, k) — (S, n, £) be a module-finite local homomor-
phism of local rings, with d = dim(R) > 1, M be an S-module, and let N be an
R-module. Assume the following:

(1) Ext"R(M, N)=O0foralli=t,...,t+d—1 for somet > 1.
(i) M is a finitely generated S-module such that Supp (M) = Spec(R).
(iii) There exists x = {x1, ..., x4} € nsuch that x is M-regular and mM C (x)M.
(iv) idg,(Ny) < oo for all p € Spec(R) — {m}.
(v) fdg, ((Nv)p) < o0 for all p € Ass(R).
Then idg(N) < d.
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Proof. As idg,(Ny) < oo for each p € Spec(R) — {m}, 2.9 dictates that N has a
minimal injective resolution of the form

I= 0= 100 . pat g @) el g @) Ly

We apply Homg (M, —) to I and use our assumption (i) to obtain an exact sequence

GA11) My 25 o B Mo BN M 2 My S € — 0,

where M; = Homg (M, I'), gi = Homg(M, h;) and C = coker(g;+4). Note that
each M; is an S-module; see 2.6(i). Hence, C is an S-module as well.

Claim 1. The induced sequence M, 4 EATN M,1q 2> C — 0, in which

M; = Homg(M/(x)M, I'), g7a =Homg(M/@x)M, hi14)
and C = Homg(S/(x), C) is exact.

Proof. Since I' is injective over R and x| is regular on M, an application of
Hompg(—, I') to the exact sequence 0 — M M — M /x1M — 0 induces a short
exact sequence

(A) 0<«— M; <x—1M,- <«— Homgp(M/x1 M, Ii)<—0.

We combine the short exact sequences (A;), foralli =¢—1,...,t+d, with the
exact sequence (3.11.1), and obtain the exact sequence of S-modules

Homg(M /xiM, 1") — - -+ — Homg (M /x; M, I't?) — Homg(S/x; S, C) — 0.

Inductively, as x = {x, ..., x4} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (3.11.1), as claimed:

Homg (M /(x)M, I'=1) 254 Homg (M /(x)M, ') 25 Homg(S/(x)S, C) — 0.

Claim 2. ker(p) = 0.

Proof. The assumption mM C (x) M says that, as an R-module, M /(x)M is a direct
sum of copies of k. Since I is a minimal injective resolution of N, we see that

i+d =Homg(M/(x)M, hi14) = 0.

In view of the exact sequence in Claim 1, we get ker(p) = 0. Moreover, p can be
identified as Homg(S/(x), p) up to the natural isomorphism Homg(S/(x), M;) =
Homg(M/(x)M, I'). Hence (0 ker(p) (X)) =ker(p) = 0. Given that M is finitely
generated over R, we have

Assg(ker(p)) € Assg(M,14) C Assg(Eg (k)P ™N)y C fm),
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Thus Assg(ker(p)) € {n}, as n is the only prime ideal of S lying over m. So, if
ker(p) # 0, then n € Assg(ker(p)) and hence 0 # (0 :ker(p) 1) € (0 iker(p) (X)),
which contradicts the conclusion (0 :ger(p) (X)) = 0 above. This completes the proof
of the claim.

Now that we know ker(p) = 0, the exact sequence (3.11.1) forces g;+4 = 0,
which gives rise to an exact sequence

Homg (M, I' T2y 251 Homg(M, 'ty —— 0.

Since M is finitely presented over R, we apply (—)" to the exact sequence above
and obtain the following exact sequence in light of 2.7(ii):

1®hy, ,_
(3.11.2) Mg (I'M72)Y «— L Mg ('Y «—.
Next, let us return to the injective resolution I of N. Consider the exact sequence

h _9 hiya— 1 0
O-)N—>10—1>"'—)It+d Zﬂ)lt—i_dl—)l)—)o,

where D is the cokernel of the map %, 4_1. Applying (—)" to the exact sequence
above, we get an exact sequence

(B113) 04 NY e (10 . o (prd=2yv Lot rea=tyy 87 by
with each (I')V flat over R; see 2.7(iii). It follows that
Assp(DY) C Assg((I'™7 1)) C Ass(R).
Claim 3. (DY), =0 for all p € Ass(R).
Proof. Fix any p € Ass(R). From assumption (v) and 2.8, we see that
fdg, (NV)p) < dim(R,) < d.

Thus, (3.11.3) localized at p gives rise to a flat resolution of N, over Ry, which can
be used to compute Torl.Rp (—, (NY)p). By 2.7(ii), we have

R
Tor, "

P (M, (NY)p) = (Torf ;| (M, NY)), = (Bxtiy (M, N)¥), =0.

Moreover, we have TortRjd(Mp, (NY)p) =0since t +d > fdg,((N"),). Next, we
apply My, ®g, — to (3.11.3) localized at p. The vanishing of ToriRp (M, (NY)y), for
i=t+d—1andi =t +d, forces the exact sequence

\2
t+d—1)P

_ 1®(h _ 1®(6")
Mp®g, (I3 )y == M@, (I'THY)y «—— My®g, (DY), <— 0.
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Comparing this with (3.11.2) localized at p, we see M, R, (DY), = 0. Hence
(DY), =0 since SuppRJD (My) = Spec(Ry); see 2.10. This completes the proof of
the claim. U

Overall, we have Assg(D") € Ass(R) and (DY), = 0 for all p € Ass(R). This
forces DY = 0, which implies D = 0. Therefore, idg(N) <t +d, so idg(N) < d
by 2.8. O

We are now ready to prove Theorem 3.2, a consequence of Propositions 3.10
and 3.11. Recall that F' : R — R denotes the Frobenius endomorphism.

Proof of Theorem 3.2. It suffices to prove part (i) for the case where R is F-finite
with |k| = oo; see 2.3. Thus, we can obtain part (i) from part (ii) via duality;
see 2.7(iii).

To prove part (ii), note that “M is a finitely generated (and hence a finitely
presented) R-module with Suppg(“M) = Suppg(M) = Spec(R). Since e is suffi-
ciently large, there exists an M-regular sequence x = {xy, ..., x4} € m such that
m(‘M) C “((x)M); see 2.4. In light of 2.7(ii), the vanishing of Ext’, (M, N) implies
the vanishing of TorlR ‘M, NY)foralli =t,...,t+d—1. Therefore, idRp (Np) <0
and fdg, ((NY)p) < oo for all p € Spec(R) — {m}; see Proposition 3.10. Note that
Ass(R) € Spec(R) — {m]} since depth(R) > 1. Now we apply Proposition 3.11,
with R = § and f = F*¢, and deduce that idg(N) < d. O

Remark 3.12. We conclude this section by pointing out some lower bounds for the
integer e that ensure the validity of the proofs of certain previously stated results.

(a) It is enough to assume e > [log »€ r(M)] in part (i) of both Theorem 3.2 and
Proposition 3.10.

(b) When |k| = oo, it is enough to assume e > [log,, eg(M)] in part (ii) of both
Theorem 3.2 and Proposition 3.10. When |k| < oo, it is enough to assume
e > max {[log, eg(M)]1, drs,(M)} in Theorem 3.2. When |k| < oo, it is
enough to assume e > max { [log, er(M)], crs, (M)} in Proposition 3.10.

(c) Itis enough to assume e > flogp er(M)] in Corollaries 3.5, 3.6, and 3.7.

Itis proved in [14, 2.17] that, if R is an excellent ring and M is a finitely generated
R-module, then the set sup {eRm (My) :me Max(R)} is finite; see [14, 2.17]. We
use this fact and state a global version of Theorem 3.2.

Theorem 3.13. Let R be a d-dimensional ring of prime characteristic p, withd > 1,
M be a finitely generated Cohen—Macaulay R-module such that Suppg (M) =
Spec(R), and let N be an R-module. Assume depth (Ry) > min {1, dim (Rw) } for
each maximal ideal m of R.
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(1) Assume R is excellent, s = sup {eRm (My) :me Max(R)}, and let e be an
integer such that e > flogl7 sl. Givent > 1, if ToriR(eM, N) = 0 for all
i=t,...,t+d—1, thenfdgr(N) <d.

(i1) Assume R is F-finite and the residue field of Ry, is infinite for each maximal
ideal m of R. Let e be an integer such that

e > sup { flogp ery (M), drs,(My) :m € Max(R)} .
Givent > 1, if Exto(‘M, Ny =0 foralli=t,...,t +d — 1, then idg(N) < d.
Proof. Note that s < co due to [14, 2.17]. In proving the first part, we have that
Torf™ ‘M, Nw) =0  foralli=t,...,t4+d—1.

If dim(Ry,) = 0, then the residue field of Ry, is a direct summand of “M,,, and hence
fdg, (Nm) < dim(Ry) < d; see 2.2(2)(1). On the other hand, if dim(Ry,) > 1, then
part (i) of Theorem 3.2 yields fdg  (Nm) < d; see Remark 3.12(a). This implies that
fdgr (N) < d as flat dimension can be computed locally. We can prove the second
part similarly since sup { [log p CRu (M), drs p(My) :m e Max(R)} is finite under
our setting; see Remark 3.12(a). (]

4. On the homological properties of the Frobenius endomorphism

The aim of this section is to prove Theorem 1.2(iii) and to establish Theorem 1.4.
Let us point out that Theorem 1.4 generalizes [8, 1.3]; see 1.3.

The layout of this section is as follows: We begin by preparing some auxiliary
results. Then we establish Theorem 1.2(iii) in Theorem 4.3. Finally, making use
of 2.13 and Theorem 4.3, we produce a proof of Theorem 1.4. Along the way, we
also discuss the sharpness of our results; see Examples 4.8 and 4.9.

The first auxiliary result, namely Proposition 4.1, is akin to [16, 2.6] and [22,
Theorem A]. Even though it suffices to apply the proposition to the identity map 1g :
R — R in the sequel, we present it more generally in terms of a ring homomorphism
f:R—S.

Proposition 4.1. Let f: (R, m, k) — (S, n, £) be a local homomorphism of local
rings of prime characteristic p, M # 0 be a finitely generated R-module, and let N
be a finitely generated S-module. Set d = dim(R) and v = depthx(M). Givent > 1
and e > crs,(M), ifExt’k(N, ‘M)=0foralli=t,...,t+v,thenfdg(N) <t—1,
and thus pdp(N) <t —1+d.

Proof. By our choice of e, there exists a maximal M-regular sequence x =
{x1, ..., xy} such that k is a direct summand of (M /(x)M) over R; see 2.2 and 2.4.

As x1 is M-regular, there is a short exact sequence 0 — ‘M — ‘M — (M /x;M) — 0.
This, together with Ext’k (N,°M)=0fori=t,...,t+v,implies that
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Exty (N, (M/x1M)) =0 forall i=t,...,t4+v—1.

Inductively, as x = {x, ..., x,} is M-regular, we get Ext} (N, (M/(x)M)) = 0.
Since k is a direct summand of ‘(M /(x)M), we see that Ext)y (N, k) = 0, which
implies fdg (V) <t — 1; see [22, 2.1]. Note that every flat R-module has projective
dimension at most d; see [28, 4.2.8]. Therefore, we conclude that pdz (N) <t—1+d.

O

As in Propositions 3.11 and 4.1, we present Proposition 4.2 in the context of
a general ring homomorphism f : R — S, allowing us to distinguish various
module structures in the proof. When Proposition 4.2 is applied in the proof of
Theorem 4.3, the homomorphism will be F¢ : R — R, the e-th iteration of the
Frobenius endomorphism.

Proposition 4.2. Let (R, m, k) be a local ring, f : R — S be a ring homomorphism,
N be a finitely generated R-module, and let M be a finitely generated S-module.
Assume the following hold.:

@) EXtiR(N, M)=0foralli=t,...,t+d—1forsomed>1andt > 1.

(1) There exists x = {xy, ..., xq} C Jac(S) such that x is M-regular and mM C

(x)M.

Then Hompg (Q%(N), M) =0.
Proof. Consider a minimal free resolution of N over R:

hitd hitd—1

F=(-'-——>F,+d——>Ft+d_] '-h—HLF,ﬁ—)F,_lﬁ---——)()).

Applying Homg(—, M) to F and using assumption (i), we get an induced exact
sequence

8t+d 8t+d—1 8t+1 8 L
4.2.1) Mijg € Mypg <& . &M, < M,_| < G <0,

in which M; = Homg(F;, M), gi = Homg(h;, M), and G = ker(g,). All M;, and
hence G, are S-modules; see 2.6(ii). In fact, each M; is isomorphic to a finite direct
sum of M. Thus all M; are finitely generated S-modules.

As F; is free over R and x| is regular on M, an application of Homg (F;, —) to
the exact sequence 0 — M LM —M /x1M — 0 induces a short exact sequence

(T 0 — M; = M; —> Homg(F;, M/x;M) —> 0.

We combine the exact sequences (I';), foralli =¢—1, ..., ¢+ d, with the exact
sequence (4.2.1) and obtain the following exact sequence of S-modules:

Homg(Fiiq—1, M/x1M) < --- < Homg(F;_1, M/x ;M) < G/x1G < 0.
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Inductively, as x = {x, ..., x4} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (4.2.1):

(4.2.2) M, M,_, G 0,

in which M; =Homg (F;, M/(x)M), g =Homg (h;, M/(x)M) and G =G /(x)G.
Up to isomorphism, we may write

M; = M;/(x)M; = M; ®5 S/(x)S, G=G®;sS/(x)S

and thus i =1 ® 15/@)5.

The assumption mM C (x)M implies that M /(x)M is annihilated by m. Since
F is a minimal free resolution of N, we conclude g, = Hompg (h;, M/(x)M) = 0.
Thus, the exactness of (4.2.2) forces im(i) = ker(g;) = M,_1, meaning that im(¢) +
(xX)M;_1=M,_,. As M,_, is finitely generated over S and (x)S C Jac(S), we obtain
im(t) = M,_, thanks to Nakayama’s lemma. This forces ker(g;11) =im(g;) =0
due to the exactness of (4.2.1). Finally, as Q’R (N) = coker(h;11), we see that

Hompg (Q%(N), M) = ker (Homg (h;11, M)) = ker(g,+1) = 0. O

Equipped with Propositions 4.1 and 4.2, we are now ready to prove the result
stated in Theorem 1.2(iii).

Theorem 4.3. Let (R, m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(R) > 1.
Givent > 1 and e > 0, lj‘Ext"R(N,eM) =O0foralli =t,...,t +d —1, then
pdg(N) < min{s — 1, depth(R)}.

Proof. Since e is sufficiently large, there exists x = {x1, ..., x4} € m such that x is
M -regular and m(‘M) C e(@)M ); see 2.4. Upon an application of Proposition 4.2 to
the map F¢: R — R, we see that the vanishing ofExtlk (N, ‘M) fori=t,..., t+d—1
implies Homg (Q%(N), ‘M) = 0.

To prove the claim by contradiction, suppose that Q% (N) # 0 and select p
in AssR(Q’R(N)) C Ass(R); then p # m since depth(R) > 1. It follows from
Proposition 4.1 that pd R, (Np) <0o. Hence, N, is free by the Auslander—Buchsbaum
formula. So, Q;e (N)p # 01s free over Ry. Also, since Suppg (‘M) = Suppgr (M) =
Spec(R), we see that (‘M), # 0. Hence Homg, (Q%(N)p, (‘M),) # 0, which
contradicts the conclusion Homg (% (N), ‘M) =0. Thus % (N) =0, so pdgx(N) <
t — 1. This proves that pdz(N) < min{zr — 1, depth(R)}. Ul

We now record several corollaries of Theorem 4.3. It is worth noting that the
positive depth assumption in the theorem is necessary; see Example 3.4.
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Corollary 4.4. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppy(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(R) > 1. Given
t = 1 and e > 0, assume that at least one of the following conditions holds:

(i) Tort®(N, (‘M)¥)=0 foralli=t,...,t+d—1.
(i) Torf(N,MY)) =0 foralli=t,...,t+d— 1.
Then pdi(N) < min{r — 1, depth(R)}.

Proof. The vanishing of Tor® (N, (‘M)) yields the vanishing of Exty(N, ‘M);
see 2.7(ii). Thus, case (i) follows from Theorem 4.3. Similarly, the vanishing of
TorR (N, “(M")) yields the vanishing of Exti (N, M) by 2.7(ii) where R — S is
the Frobenius F¢ with (S, n,£) = (R, m, k), A= N over R, B= M over S, and
E = Eg(£) is the injective hull of £ over S. Therefore, case (ii) also follows from
Theorem 4.3. U

Next, we provide a proof of Theorem 1.4, restated here as Corollary 4.5 for
convenience. Before doing so, we present a few facts needed for the argument.

Recall that Fy(—) denotes the scalar extension along F¢ : R — R, the e-th
iteration of the Frobenius endomorphism. Given R-modules X and Y, it follows
that

XQrYE(Fr(X)®rY) and Fg, (Xp) = (F(X))p for all p € Spec(R).

Moreover, we have Suppy(X) = Suppp(F(X)). Although the finitely gener-
ated case suffices for our argument in Corollary 4.5, we briefly discuss the gen-
eral situation where X may not be finitely generated. To establish the equality
Supp(X) = Suppr (Fg(X)), it is enough to assume R is local. If X # 0 is finitely
generated, then Fp(X) # 0 via a surjection X —> k. In the general case, pick a flat
local ring homomorphism ¢ : R — A, where A is F-finite; such a ring map always
exists by 2.3. Setting S = R and B = A, and letting F§ : A — B denote the e-th
iteration of the Frobenius of A, we see that the composition

poFS:RE 5% B
agrees with F{og: R 4oath B. Thus
(X®rS)=0= (X®rS)®sB=0= (XQrA)Q@4B=0= X®rA=0= X=0.

Here, the second implication follows since ¢ o F = F§ o ¢, the third implication
follows from 2.10(iii) as A is F-finite, while the fourth one holds because ¢ is
faithfully flat. This establishes what we want to show. We also refer the reader to
Marley’s result in [19, 2.1] for an alternative proof of Suppz(X) = Suppg (F(X)).



ON THE TEST PROPERTIES OF THE FROBENIUS ENDOMORPHISM 253

Corollary 4.5. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(1) M is Cohen—Macaulay and Suppp (M) = Spec(R).
(ii) N is generically free, that is, Ny is a free Ry,-module for all p € Ass(R).

If FR(N) ®g M is a maximal Cohen—-Macaulay R-module for some e > 0, then N
is free.

Proof. Without loss of generality we may assume R is F-finite (and also |k| = 00);
see 2.3. Set d = dim(R) and proceed by induction on d.

As R is F-finite, the assumption that F(N) ® g M is maximal Cohen-Macaulay
can be interpreted as that the module N ®g ‘M is maximal Cohen—Macaulay. If
depth(R) = 0, then N is free since we assume it is generically free. Hence, we
assume depth(R) > 1. Note that, by the induction hypothesis, we may assume Ny
is a free Rp-module for all p € Spec(R) — {m}. Note also that depth rR(M)=d=
depthz (N ®g ‘M). Therefore, we use 2.13 for the case where n = d and conclude
that Ext‘k (Trg N,M) =0 foralli =1,...,d. Now, Theorem 4.3 implies that
Trr N is free. Consequently, N is free; see 2.12(iv). O

Corollary 4.6. Let (R, m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(i) M is Cohen—Macaulay.
(i) M has constant rank on Min(R) and N is generically free.

If FR(N) ®g M is maximal Cohen—-Macaulay for some e > 0, then N is free.

Proof. Suppose Min(R) ¢_ Suppr(M). Then Suppr(M) N Min(R) = & since
M has constant rank on Min(R). This implies that dimg(M) < dim(R). How-
ever, this is not possible as dim(R) = dimg (F;(N) QR M) < dimg(M). So,
Min(R) € Suppr(M) and hence Suppg (M) = Spec(R). Now, the claim follows
from Corollary 4.5. O

Corollary 4.7. Let (R, m, k) be a local ring of prime characteristic p, M be a
finitely generated Cohen—Macaulay R-module, and let N be a finitely generated
R-module. Assume:

(i) For each p € Min(R), there is an integer ry > 1 such that M, = R;Br".
(1) N is generically free and dimg (N) = dim(R).
If FR(N) ®g M is Cohen—Macaulay for some e >> 0, then N is free.

Proof. 1t follows that dimg (Fg(N) @ g M) =dimg(Fi(N)) = dimg(N) = dim(R)
because Suppr (M) = Spec(R). Now, the claim follows from Corollary 4.5. U



254 OLGUR CELIKBAS, ARASH SADEGHI AND YONGWEI YAO

We illustrate the sharpness of Theorem 1.4 with some examples. Specifically,
Example 4.8 demonstrates that the theorem’s conclusion may fail if the module
M in question does not have full support. Similarly, Example 4.9 highlights the
necessity of the assumption that M is generically free for the theorem to hold.

Example 4.8. Let R = F,[[x, yI/(xy), M = R/(x), and N = M. Note that M
is maximal Cohen—Macaulay, and N, is a free Ry-module for all p € Ass(R). It
follows that N ® g ‘M is maximal Cohen-Macaulay for all e > 0 because N @ g ‘M =
N ®g M®P° = M®P°, However, N is not free. Here Spec(R) > (y) ¢ Suppg(M).
This example also shows that the constant rank assumption in Corollary 4.6 is
necessary. As a separate observation, Ext}e(M , M) = 0. Thus, the full support
assumption is necessary in Theorem 4.3.

Example 4.9. Let R = [, [[x, y]]/(xz, xy), M = R/(x), and N = M. Note that
M is Cohen-Macaulay, Supp, (M) = Spec(R), and Ny, is a free R,-module for all
p € Min(R). It follows that N ® g ‘M is maximal Cohen—Macaulay for all e > 0 since
N®grM = M®P°. However, N is not free. Here we have that Ass(R) > m ¢ Min(R).

It is proved in [4, 1.1] that, if there is a finitely generated module N # 0 over
a local ring R of prime characteristic p such that fdg ("N) < oo or idg('N) < 00
for some r > 1, then R is regular. We use this fact and obtain the following
consequences of Theorem 1.2; cf. [29, 6.8 and 6.10].

Corollary 4.10. Let (R, m, k) be a d-dimensional local ring of prime characteristic
D, M be a finitely generated Cohen—Macaulay R-module such that Suppp(M) =
Spec(R), and let N # 0 be a finitely generated R-module. Assume depth(R) > 1.
Givent > 1,r > 1 and e > 0, we further assume that at least one of the following
conditions holds:

(i) Tor®(‘M,"N)=0foralli=t,...,t +d—1.
(i) R is F-finite and Bxtoy(‘M,"N) =0 foralli =t,... .t +d — 1.
(iii) "N is finitely generated over R and Bxty('N, ‘M) =0 foralli =t, ..., t+d—1.
Then R is regular.
Proof. In view of Theorem 1.2, the claims follow from [4, 1.1]. U

Remark 4.11. We point out some lower bounds for the integer e that ensure the
validity of the proofs of certain previously stated results.

(a) Itis enough to assume e > flogp er(M)] in Corollaries 1.5 and 4.5.

(b) Itis enough to assume e > [log » CR (M)1 in both Theorem 4.3 and Corollary 4.4.
This is because we may use 2.3 and assume |k| = 0o in the proofs of these
results.
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(c) Itis enough to assume e > max { flogp er(M)]1, drs, (M)} in Corollary 4.10
in general. If |k| = oo, however, it suffices to assume e > flogl7 er(M)] in
Corollary 4.10.

We do not know whether the Cohen—Macaulay assumption on M is necessary in
Theorem 1.4. This raises the following question:

Question 4.12. Let (R, m, k) be a local ring of prime characteristic p and let M
and N be finitely generated R-modules. Assume Suppr(M) = Spec(R) and N is
generically free. If Fg(N) ®g M is maximal Cohen—Macaulay for some e > 0,
then must N be free? What if R is Cohen—Macaulay, or N = M?

We conclude this section with a global version of Theorem 4.3; we skip its proof
as it is similar to that of Theorem 3.13.

Theorem 4.13. Let R be a d-dimensional excellent ring of prime characteristic p,
M be a finitely generated Cohen—Macaulay R-module such that Suppg(M) =
Spec(R), and let N be a finitely generated R-module. Assume depth(Rp) >
min{1, dim(Ryx,)} for each maximal ideal m of R. Set

s =sup {eRm(Mm) ‘me MaX(R)} ,

and let e be an integer such that e > flogp sl. Givent > 1,if Ext’k (N,°M) =0 for
alli=t,...,t+d—1, then pdp(N) < min{t — 1, depth(R)}.

Acknowledgements

Part of this work was completed during Celikbas’s visit to the Department of
Mathematics and Statistics at Georgia State University in February 2018, and
during the visit of Celikbas, Sadeghi, and Yao to the Nesin Mathematics Village in
[zmir, Tiirkiye, in May 2019.

The authors thank these two institutions for their hospitality. They also thank
Mohsen Asgarzadeh for his comments on a previous version of the manuscript.
Finally, the authors thank the referee for a careful reading of the manuscript and
for helpful comments.

References

[1] M. Auslander and M. Bridger, Stable module theory, Memoirs of the American Mathematical
Society 94, American Mathematical Society, 1969. MR

[2] M. Auslander and D. A. Buchsbaum, “Homological dimension in noetherian rings, II”’, Trans.
Amer. Math. Soc. 88 (1958), 194-206. MR

[3] L. L. Avramov and C. Miller, “Frobenius powers of complete intersections”, Math. Res. Lett.
8:1-2 (2001), 225-232. MR

[4] L. L. Avramov, M. Hochster, S. B. Iyengar, and Y. Yao, “Homological invariants of modules
over contracting endomorphisms”, Math. Ann. 353:2 (2012), 275-291. MR


http://msp.org/idx/mr/269685
https://doi.org/10.2307/1993246
http://msp.org/idx/mr/96720
https://doi.org/10.4310/MRL.2001.v8.n2.a10
http://msp.org/idx/mr/1825272
https://doi.org/10.1007/s00208-011-0682-z
https://doi.org/10.1007/s00208-011-0682-z
http://msp.org/idx/mr/2915536

256 OLGUR CELIKBAS, ARASH SADEGHI AND YONGWEI YAO

[5] H. Bass, “On the ubiquity of Gorenstein rings”, Math. Z. 82 (1963), 8-28. MR

[6] W. Bruns and J. Herzog, Cohen—Macaulay rings, Cambridge Studies in Advanced Mathematics
39, Cambridge University Press, 1993. MR

[7] L. Burch, “On ideals of finite homological dimension in local rings”, Proc. Cambridge Philos.
Soc. 64 (1968), 941-948. MR

[8] O. Celikbas, A. Sadeghi, and Y. Yao, “Tensoring with the Frobenius endomorphism”, Homology
Homotopy Appl. 20:1 (2018), 251-257. MR

[9] T. H. Funk, Frobenius and homological dimensions of complexes, PhD thesis, University of
Nebraska — Lincoln, 2021, available at https://digitalcommons.unl.edu/mathstudent/107.

[10] T. Funk and T. Marley, “Correction to: Frobenius and homological dimensions of complexes”,
Collect. Math. 71:2 (2020), 299-300. MR

[11] T. Funk and T. Marley, “Frobenius and homological dimensions of complexes”, Collect. Math.
71:2 (2020), 287-297. MR

[12] J. Herzog, “Ringe der Charakteristik p und Frobeniusfunktoren”, Math. Z. 140 (1974), 67-78.
MR

[13] M. Hochster, “Cyclic purity versus purity in excellent Noetherian rings”, Trans. Amer. Math.
Soc. 231:2 (1977), 463-488. MR

[14] M. Hochster and Y. Yao, “Frobenius splitting, strong F-regularity, and small Cohen—-Macaulay
modules”, Trans. Amer. Math. Soc. 376:9 (2023), 6729-6765. MR

[15] S. B. Iyengar, G. J. Leuschke, A. Leykin, C. Miller, E. Miller, A. K. Singh, and U. Walther,
Twenty-four hours of local cohomology, Graduate Studies in Mathematics 87, American Mathe-
matical Society, 2007. MR

[16] J. Koh and K. Lee, “Some restrictions on the maps in minimal resolutions”, J. Algebra 202:2
(1998), 671-689. MR

[17] E. Kunz, “Characterizations of regular local rings of characteristic p”, Amer. J. Math. 91 (1969),
772-784. MR

[18] J. Li, “Frobenius criteria of freeness and Gorensteinness”, Arch. Math. (Basel) 98:6 (2012),
499-506. MR

[19] T. Marley, “The Frobenius functor and injective modules”, Proc. Amer. Math. Soc. 142:6 (2014),
1911-1923. MR

[20] H. Matsumura, Commutative ring theory, 2nd ed., Cambridge Studies in Advanced Mathematics
8, Cambridge University Press, 1989. MR

[21] C. Miller, “The Frobenius endomorphism and homological dimensions”, pp. 207-234 in Com-
mutative algebra (Grenoble and Lyon, 2001), Contemp. Math. 331, Amer. Math. Soc., 2003.
MR

[22] S. Nasseh, M. Tousi, and S. Yassemi, “Characterization of modules of finite projective dimension
via Frobenius functors”, Manuscripta Math. 130:4 (2009), 425-431. MR

[23] C. Peskine and L. Szpiro, “Sur la topologie des sous-schémas fermés d’un shéma localement
noethérien, définis comme support d’un faisceau cohérent localement de dimension projective
finie”, C. R. Acad. Sci. Paris Sér. A-B 269 (1969), A49-A51. MR

[24] C. Peskine and L. Szpiro, “Dimension projective finie et cohomologie locale. Applications a
la démonstration de conjectures de M. Auslander, H. Bass et A. Grothendieck”, Inst. Hautes
Etudes Sci. Publ. Math. 42 (1973), 47-119. MR

[25] A. G. Rodicio, “On a result of Avramov”, Manuscripta Math. 62:2 (1988), 181-185. MR


https://doi.org/10.1007/BF01112819
http://msp.org/idx/mr/153708
http://msp.org/idx/mr/1251956
https://doi.org/10.1017/s0305004100043620
http://msp.org/idx/mr/229634
https://doi.org/10.4310/HHA.2018.v20.n1.a15
http://msp.org/idx/mr/3775359
https://digitalcommons.unl.edu/mathstudent/107
https://doi.org/10.1007/s13348-019-00271-4
http://msp.org/idx/mr/4083652
https://doi.org/10.1007/s13348-019-00260-7
http://msp.org/idx/mr/4083648
https://doi.org/10.1007/BF01218647
http://msp.org/idx/mr/352081
https://doi.org/10.2307/1997914
http://msp.org/idx/mr/463152
https://doi.org/10.1090/tran/8964
https://doi.org/10.1090/tran/8964
http://msp.org/idx/mr/4630790
https://doi.org/10.1090/gsm/087
http://msp.org/idx/mr/2355715
https://doi.org/10.1006/jabr.1997.7310
http://msp.org/idx/mr/1617663
https://doi.org/10.2307/2373351
http://msp.org/idx/mr/252389
https://doi.org/10.1007/s00013-012-0391-1
http://msp.org/idx/mr/2935655
https://doi.org/10.1090/S0002-9939-2014-11924-1
http://msp.org/idx/mr/3182010
http://msp.org/idx/mr/1011461
https://doi.org/10.1090/conm/331/05912
http://msp.org/idx/mr/2013168
https://doi.org/10.1007/s00229-009-0296-x
https://doi.org/10.1007/s00229-009-0296-x
http://msp.org/idx/mr/2563144
http://msp.org/idx/mr/248131
https://doi.org/10.1007/BF02685877
https://doi.org/10.1007/BF02685877
http://msp.org/idx/mr/374130
https://doi.org/10.1007/BF01278977
http://msp.org/idx/mr/963004

ON THE TEST PROPERTIES OF THE FROBENIUS ENDOMORPHISM 257

[26] J.J. Rotman, An introduction to homological algebra, 2nd ed., Springer, 2009. MR

[27] R. Takahashi and Y. Yoshino, “Characterizing Cohen-Macaulay local rings by Frobenius maps”,
Proc. Amer. Math. Soc. 132:11 (2004), 3177-3187. MR

[28] J. Xu, Flat covers of modules, Lecture Notes in Mathematics 1634, Springer, 1996. MR

[29] M. R. Zargar, O. Celikbas, M. Gheibi, and A. Sadeghi, “Homological dimensions of rigid
modules”, Kyoto J. Math. 58:3 (2018), 639—-669. MR

Received March 13, 2025. Revised January 31, 2026.

OLGUR CELIKBAS

SCHOOL OF MATHEMATICAL AND DATA SCIENCES
WEST VIRGINIA UNIVERSITY

MORGANTOWN, WV

UNITED STATES

olgur.celikbas@math.wvu.edu

ARASH SADEGHI
DOKHANIAT 49179-66686
GORGAN

IRAN

sadeghiarash61 @gmail.com

YONGWEI YAO

DEPARTMENT OF MATHEMAICS AND STATISTICS
GEORGIA STATE UNIVERSITY

ATLANTA, GA

UNITED STATES

yyao@gsu.edu


https://doi.org/10.1007/b98977
http://msp.org/idx/mr/2455920
https://doi.org/10.1090/S0002-9939-04-07525-2
http://msp.org/idx/mr/2073291
https://doi.org/10.1007/BFb0094173
http://msp.org/idx/mr/1438789
https://doi.org/10.1215/21562261-2017-0033
https://doi.org/10.1215/21562261-2017-0033
http://msp.org/idx/mr/3843394
mailto:olgur.celikbas@math.wvu.edu
mailto:sadeghiarash61@gmail.com
mailto:yyao@gsu.edu

PACIFIC JOURNAL OF MATHEMATICS

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

msp.org/pjm

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Matthias Aschenbrenner Vyjayanthi Chari
Fakultit fiir Mathematik Department of Mathematics
Universitit Wien University of California
Vienna, Austria Riverside, CA 92521-0135
matthias.aschenbrenner @univie.ac.at chari @math.ucr.edu

Atsushi Ichino Kefeng Liu Sucharit Sarkar
Department of Mathematics School of Sciences Department of Mathematics
Kyoto University Chongging University of Technology University of California
Kyoto 606-8502, Japan Chongging 400054, China Los Angeles, CA 90095-1555
atsushi.ichino@gmail.com liu@math.ucla.edu sucharit@math.ucla.edu

Dimitri Shlyakhtenko Ruixiang Zhang
Department of Mathematics Department of Mathematics
University of California University of California
Los Angeles, CA 90095-1555 Berkeley, CA 94720-3840
shlyakht@ipam.ucla.edu ruixiang @berkeley.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2026 is US $710/year for the electronic version, and $965/year for print and electronic.

Subscriptions, requests for back issues and changes of subscriber address should be sent to Mathematical Sciences Publishers, 2000
Allston Way # 59, Berkeley, CA 94701-4004, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zen-
tralblatt MATH, PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science

Citation Index).

The Pacific Journal of Mathematics (ISSN 1945-5844 electronic, 0030-8730 printed) at Mathematical Sciences Publishers, 2000 All-
ston Way # 59, Berkeley, CA 94701-4004, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59,

Berkeley, CA 94701-4004.

PIM peer review and production are managed by EditFLoW® from Mathematical Sciences Publishers.
PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
©2026 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:blasius@math.ucla.edu
mailto:matthias.aschenbrenner@univie.ac.at
mailto:chari@math.ucr.edu
mailto:atsushi.ichino@gmail.com
mailto:liu@math.ucla.edu
mailto:sucharit@math.ucla.edu
mailto:shlyakht@ipam.ucla.edu
mailto:ruixiang@berkeley.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

an

Non-braid-positive hyperbolic L-space knots 275
KEISUKE HIMENO

The Rankin—Selberg integral on GSp, for square-free levels 299
SE1IITI KUGA and MASAO TSUZUKI

Sum of the squares of the p’-character degrees 351
NGUYEN N. HUNG, J. MIQUEL MARTINEZ and GABRIEL NAVARRO

On the first eigenvalue of the Hodge Laplacian of submanifolds 381
CHRISTOS-RAENT ONTI

Howe duality for the dual pair SL>(R) x F4 1: a ping pong of K -types 387
GORDAN SAVIN

Liouville theorems and new gradient estimates for positive solutions to 395
Apu+au? =0 on a complete manifold

YOUDE WANG and LIQIN ZHANG

p-nuclearity of reduced group L?-operator algebras 427
ZHEN WANG
A higher-rank analog of the strong openness property 441

JINGCAO WU



	1. Introduction
	2. Preliminaries
	3. A generalization of a result of Funk and Marley
	4. On the homological properties of the Frobenius endomorphism
	Acknowledgements
	References

