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THE RANKIN–SELBERG INTEGRAL ON GSp2

FOR SQUARE-FREE LEVELS

SEIJI KUGA AND MASAO TSUZUKI

We explicitly compute the Rankin–Selberg type integral introduced by
Piatetski-Shapiro over adeles for vector-valued Siegel cusp forms of square-
free levels �0.N /. On the way, for particular test functions in the Bessel
models of irreducible admissible representations, exact evaluations of the
local zeta integrals are given.

1. Introduction

Lately, the Bessel periods on the symplectic similitude group G WDGSp2 of rank 2

have been gaining in importance in the arithmetic of Siegel modular forms. The
notion of Bessel period and the associated local models of admissible representations
of G were originally introduced by Novodvorski and Piatetski-Shapiro in their work
[27; 26; 29], where a modern treatment of Andrianov’s integral representation
[1; 2] of the spinor L-function for Siegel modular forms was developed. Related
to this, we should also mention independent work by Sugano [42], which handles
vector-valued Hilbert–Siegel cusp forms on arithmetic groups defined by maximal
orders of indefinite division algebras. The Bessel period also plays an essential
role in a formulation of Böcherer’s conjecture posed by Liu [22] in a style of the
refined Gan–Gross–Prasad conjecture. This version of Böcherer’s conjecture has
been completely solved by Furusawa and Morimoto [9; 10].

In this paper, we compute the Rankin–Selberg type integral a la Piatetski-Shapiro
for holomorphic vector-valued Siegel cusp forms of square-free levels explicitly,
using results of Pitale and Schmidt [32] on local new vectors on G.Qp/ .p <1/;
since we rely on the local-global method, our result is immediately applied to
nonholomorphic Siegel cusp forms of discrete series type (cf. [20; 23]).

We explain the background of our investigation for scalar-valued Siegel modular
forms of weight l . Let E be an imaginary quadratic field of discriminant D < 0;
depending on E, we define a closed Q-subgroup G# ,! G as in Section 2.1 and
form the Eisenstein series E.s; ƒ; �/ .s 2 C/ on G#.A/ attached to an ideal class
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character ƒ of E and a finite order character � W A�=Q�! C1 (see Section 3.1).
Our focus is an asymptotic formula as N C l!1 of the average

1

ŒSp2.Z/ W �0.N /�

X
'2B.l;N /

hE.s; ƒ; �/ j 'iBE;ƒ.'/;(1-1)

where BE;ƒ.'/ is the Bessel period of ' in an orthonormal basis B.l;N / of Siegel
cusp forms of weight l and square-free level �0.N /, and hE.s; ƒ; �/ j 'i is the L2

inner product of E.s; ƒ; �/ and ' restricted to G#.A/. We suppose the ramifications
of E=Q, �, � are mutually disjoint. Actually, for application ([19]), we consider a
more general average than (1-1) by requiring B.l;N / to consist of joint eigenforms
by Hecke operators and by putting the eigenvalue of such a Hecke operator at each
' in the formation of the sum (1-1). With such generality, we obtain a completely
explicit expression of (1-1) in terms of

� the spinor L-function L.s; �; �/ (see Section 4.6) attached to an irreducible
cuspidal representation � Š

N
p �p twisted by �,

� an average of Fourier coefficients of a newform '0
� in � , denoted by R.'0

� ;E; ƒ/

(see (4-12)) originally introduced in [18],

� an average of the local Bessel periods (5-10) of �p , or its computed form (5-12).

Precise statements, including the vector-valued case, are given in Proposition 5.1
and Theorem 5.2. Owing to the explicit nature of our result, we are able to show that,
asymptotically as the prime level N grows to infinity with the weight l being fixed,
the contribution to (1-1) of the old forms, the Yoshida lifts and the Saito–Kurokawa
lifts are 0 (see Theorem 5.4).

These results are necessary in our forthcoming paper [19], where we shall
work out the geometric side of a relative trace formula whose spectral side is
essentially (1-1). We should remark that an average similar to our computed
average (5-11) without the factors OL.sC1=2; �; �/ and OfS .�/ is studied in [7, §3].
When E DQ.i/, our average (5-11) is almost the same as the one in [5, §8] except
the appearance of the local periods t.�; �/.

Outline of paper. In Section 2, we introduce basic objects related to algebraic
subgroups of the symplectic group G and Haar measures on their p-adic, real and
adelic points. In Section 3.1, the Rankin–Selberg type integral and the global
Bessel function for Siegel cusp forms are recalled; after this preparation, the basic
identity (Lemma 3.2) is stated, which computes the pairing hE.s; ƒ; �/; 'i in
(1-1) in terms of the Mellin transform of the global Bessel function attached to
' ([29, Theorem 5.2]). We review the proof to determine a constant depending
on Haar measures exactly. In Section 4, we recall the definition of the quantity
R.';E; ƒ/ for an ideal class character ƒ, which was originally considered in [18];
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we describe its behavior under the Galois conjugation ƒ 7!ƒ| (Lemma 4.6). The
local multiplicity one theorem for Bessel models of �p’s allows us to split BE;ƒ.'/

for ' 2 � corresponding to a pure tensor in
N

p �p to an Euler product of local
Bessel functions for �p up to a constant. To define our newform '0

� and identify
this constant with R.'0

� ;E; ƒ/ (see Lemma 4.8), we fix pairs of a local Bessel
functional `p on �p and a local new vector �p of �p such that `p.�p/ D 1; in
Section 4.4, we explain that the main result of [32] ensures the existence of such
f.`p; �p/gp when � corresponds to a new form on �0.N /. In Section 6, we compute
the local zeta integrals by using results of [32]. The unramified computations are
known (see Section 6.2). Other cases, as well as the explicit determination of the
local periods of prime level (see Section 6.8), seem to be new, so that some details
are given in Sections 6.4, 6.5 and 6.6. In Section 4.6, the functional equation of the
L-function is deduced from the basic identity by using Lemma 4.6. Although a
“nice” functional equation of the L-function itself is known in a broader generality
([39, Lemma 1.2]) owing to Arthur’s classification of the discrete spectrum, we
include this section for the sake of completeness and to provide a proof free from
Arthur’s result, confirming that the local L-factor and the local "-factor defined
by [29] coincides with the ones proposed in [36, Tables 2 and 3]. In Section 5,
we prove Proposition 5.1 and Theorem 5.2; by invoking a result by Furusawa and
Morimoto [9, Theorem 8.1], we obtain an explicit expression of (1-1) solely in
terms of L-functions (Theorem 5.3).

2. Preliminaries

Let V denotes the space of symmetric matrices of degree 2; we consider V as a
Z-scheme by defining

V.R/D
˚�

a b
b c

�
j a; b; c 2R

	
for any commutative ring R. The group GL2.R/ acts on this space from the right as

(2-1) V.R/�GL2.R/ 3 .T; h/ 7! T s.h/ WD 1
det h

thT h 2 V.R/:

Let G denote the symplectic similitude group

G WD
˚
g 2GL4

ˇ̌
tg
�

O 12

�12 O

�
g D �.g/

�
O 12

�12 O

�
.9�.g/ 2GL1/

	
(usually denoted by GSp2), where � W G! GL1 is the similitude character. The
center of G is denoted by Z, which coincides with the set of all the invertible scalar
matrices of degree 4. Let PDMN be the Siegel parabolic subgroup of G, where

M WD
˚
m.A; c/ WD

�
A O
O t A�1c

� ˇ̌
A 2GL2 ; c 2GL1

	
;

N WD
˚
n.X / WD

�
12 X
O 12

� ˇ̌
X 2 V

	
:
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Note that �.m.A; c//D c and �.n.X //D 1. Let

T WD
˚
m
��

a 0
0 b

�
; c
� ˇ̌

a; b; c 2GL1

	
;

which is a maximal torus of G. The Weyl group W WDNG.T/=T of G is generated
by the images of

s1 WD

�
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

�
; s2 WD

�
0 0 1 0
0 1 0 0

–1 0 0 0
0 0 0 1

�
:

2.1. Embedding of groups. Let E DQ.
p

D/� C be an imaginary quadratic field
of discriminant D < 0, so that

p
D D i jDj1=2 with i being the imaginary unit. Let

OE denote the ring of integers of E. Choose a Z-basis f1; �g of OE such that

(2-2) � � N� D�
p

D;

where � 7! � denotes the nontrivial automorphism of E=Q.
The differential ideal dE=Q, defined by d�1

E=Q
WD f� 2E j trE=Q.�OE/� Zg, is

p
DOE ; thus a symplectic Z-bilinear form h � ; � i W O2

E
�O2

E
! Z is defined by

hx;yi WD trE=Q

�
�1p

D
det
� x1 y1

x2 y2

��
; x D

�
x1
x2

�
; y D

�
x1
x2

�
2 O2

E :

Note that the following vectors of O2
E

form a symplectic Z-basis, i.e., hvCi ; v
�
j iD ıij

and hvCi ; v
C
j i D hv

�
i ; v
�
j i D 0 for all i; j :

vC
1
WD
�

1
0

�
; vC

2
WD
�
�
0

�
; v�1 WD

�
0

� N�

�
; v�2 WD

�
0
1

�
:

For any ring R, set

G#.R/ WD fh 2GL2.OE ˝Z R/ j det.h/ 2R�g:

For h2G#.R/, viewed as an R-linear automorphism of .OE˝ZR/2, let �� .h/ denote
the 4� 4-matrix representing h in the R-basis fvC

1
; vC

2
; v�

1
; v�

2
g of .OE ˝Z R/2,

i.e.,

(2-3) Œh.vC
1
/; h.vC

2
/; h.v�1 /; h.v

�
2 /�D Œv

C

1
; vC

2
; v�1 ; v

�
2 � �� .h/:

Then �� .h/ 2 G.R/ and �.�� .h//D det h. Thus, we have an embedding

�� W G
#.R/! G.R/:

Let B# be the Borel subgroup of G# such that B#.R/ coincides with the set of all
points

(2-4)
�

a� ˇ

0 ��1

�
; � 2 .E˝Q R/�; a 2R�; ˇ 2R:
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Let N# denote the unipotent radical of B#, i.e., N#.R/ is the set of points (2-4) with
� D aD 1. Set Z# WD fa12 j a 2GL1g; then Z# is a subgroup of the center of G# of
index 2.

Let I� WE!M2.Q/ denote the matrix representation of the regular representation
of the Q-algebra E with respect to the basis f1; �g, i.e.,

(2-5) Œ�; ���D Œ1; � � I� .�/; � 2E;

or, explicitly,

(2-6) I� .aC b�/D

�
a �bNE=Q.�/

b aCb trE=Q.�/

�
; a; b 2Q:

For ˇ D b2C b3� 2ER with b2; b3 2R, define an element Xˇ of V.R/ as

(2-7) Xˇ WD
�

b1 b2

b2 b3

�
with b1 WD �b2 trE=Q.�/� b3NE=Q.�/:

We have

��

��
� 0
0 a��1

��
Dm.I� .�/; a/; a 2R�; � 2E�R;(2-8)

��

��
1 ˇ
0 1

��
D n.Xˇ/; ˇ 2ER:(2-9)

By formulas (2-6) and (2-8), we have �� .a12/D a14 for .a 2R�/, which implies

(2-10) �� .Z
#/D Z:

We then have NE=Q.xC �y/D Œx;y�T
�

x
y

�
.x;y 2R/ with

(2-11) T� WD

�
1 2�1 trE=Q.�/

2�1 trE=Q.�/ NE=Q.�/

�
:

Let VT� .Q/ be the orthogonal of T� in V.Q/ with respect to the nondegenerate
quadratic form tr.XY / on V.Q/, i.e.,

VT� .Q/ WD fX 2 V.Q/ j tr.T�X /D 0g:

Note that tr.T 2
�
/D 1C .trE=Q.�/=2/

2CNE=Q.�/
2 > 0, det.T� /D�D=4> 0 by

(2-2). We have VT� .Q/D fXˇ j ˇ 2Eg, and

(2-12) V.Q/DQT� ˚VT� .Q/; �� .N
#/D n.VT� /

by (2-9). The group M acts on the space of rational homomomorhisms Hom.N;Ga/

by the rule Ad�.m/�.n/D�.m�1nm/ for m2M, n2N and �2Hom.N;Ga/. For
T 2 V, let MT denote the stabilizer of �T W n.X / 7! tr.TX /, and Mı

T
the identity

component with respect to the Zariski topology. Then, for any Q-algebra R,

MıT� .R/D fm.I� .�/;NE=Q.�// j � 2ERg:
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Define a bilinear form on V.R/ as .X;Y / WD � tr.XY |/ and let SO.V.R// be the
special orthogonal group of . � ; � /.

2.2. Open compact subgroups at finite places. Let p be a prime number. Set
Ep WDE˝Q Qp and OE;p WD OE ˝Z Zp . Then, K#

p WD G#.Zp/, which coincides
with the stabilizer in G#.Qp/ of the OE;p-lattice O2

E;p
�E2

p , is a maximal compact
subgroup of G#.Qp/, and Kp WD G.Zp/ is the standard maximal compact subgroup
of G.Qp/. For a nonzero ideal n� Zp, set

K0.n/ WD
˚�

A B
C D

�
2 G.Zp/

ˇ̌
C 2 n

	
:

For a nonzero ideal a� OE;p, set

K#
0.a/ WD

˚�
a b
c d

�
2 G#.Zp/

ˇ̌
c 2 a

	
:

Thus, K0.Zp/DKp and K#
0
.OE;p/DK#

p.

Lemma 2.1. For a nonzero ideal n� Zp, we have K#
0
.nOE;p/D �

�1
�
.K0.n//.

Proof. Indeed, both ��1
�
.Kp/ and K#

p coincides with the stabilizer of O2
E;p
D

hvC
1
; vC

2
; v�

1
; v�

2
iZp

in G#.Qp/. Hence ��1
�
.Kp/DK#

p . In the remaining part of the
proof, we suppose n� pZp . Then for gD

�
A B
C D

�
2Kp , we have g 2K0.n/ if and

only if g.vC
1
/;g.vC

2
/2hvC

1
; vC

2
iZp
Cnhv�

1
; v�

2
iZp

. For gD �� .h/with hD
�

a b
c d

�
2

K#
p, this last condition becomes

�
a
c

�
;
�

a�
c�

�
2
� OE;p

nOE;p

�
, or, equivalently, c 2nOE;p.

�
For N 2Z>0, define open compact subgroups K0.N /�G.Af/ and K#.N OE/�

G#.Af/ by

K0.N / WD
Y

p<1

K0.N Zp/; K#
0.N OE/ WD

Y
p<1

K#
0.N OE;p/:

2.3. Maximal compact subgroup at the archimedean place. The identity con-
nected component of G.R/ is G.R/0 D fg 2 G.R/ j �.g/ > 0g. Set K1 WD
G.R/0\O.4/, which is a maximal compact subgroup of G.R/0 given as

K1 D
˚�

A B
�B A

� ˇ̌
A;B 2M2.R/; AC iB 2 U.2/

	
:

Note that K1 � Sp2.R/. The action of G.R/0 on the Siegel upper-half space
h2 WD fZ 2M2.C/ j

tZDZ; Im.Z/� 0g, denoted by .g;Z/ 7! ghZi, is defined
by the usual formula, i.e.,

ghZi WD .AZCB/.CZCD/�1; g D
�

A B
C D

�
2 G.R/0; Z 2 h2:

The stabilizer of i12 2 h2 in G.R/0 coincides with Z.R/K1 and the map � W
G.R/0 3 g 7! ghi12i 2 h2 induces a diffeomorphism G.R/0=Z.R/K1 Š h2. Let
p denote the subspace of g WD Lie.G.R/0/ that is mapped bijectively onto the
tangent space of h2 at i12 under the tangent map of � at 14. Let pC .� pC/ be
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the space of holomorphic tangent vectors and p� the antiholomorphic ones. Set

1 WDm.�12;�1/D

�
�12 0

0 12

�
2 G.R/; then K1[K1
1 is a maximal compact

subgroup of G.R/. The four vectors

u1 WD
�

1
0

�
; u2 WD

�
i
0

�
; u3 WD

�
0
�i

�
; u4 WD

�
0
�1

�
in E2

R form an R-basis such that

ŒvC
1
; vC

2
; v�1 ; v

�
2 �D Œu1;u2;u3;u4� .b

�
R/
�1(2-13)

with

b�R WDm.A� ; 2
�1
p
jDj/�1; A� WD

�
1 2�1 trE=Q.�/

0 �2�1
p
jDj

�
2GL2.R/:(2-14)

Note that b�R 2 G.R/
0 because �.b�R/

�1 D 2�1
p
jDj> 0. Set

K#
1 WD U.2/\G#.R/D fk#

2 U.2/ j det.k#/D˙1g;

which is a maximal compact subgroup of G#.R/. The identity connected component
.K#
1/

0 of K#
1 is SU.2/, and K#

1 D .K#
1/

0 [ .K#
1/

0ı1 with ı1 WD
�

1 0
0 �1

�
. A

general element of SU.2/ is written in the form

(2-15) hD
�

a �b
b a

�
with aD a0C ia00; b D b0C ib00 2 C, jaj2Cjbj2 D 1:

For such an h, a computation reveals the relation

(2-16) Œhu1; hu2; hu3; hu4�D Œu1;u2;u3;u4�
�

A B
�B A

�
with A WD

�
a0 �a00

a00 a0

�
; B WD

�
b00 b0

b0 �b00

�
:

Lemma 2.2. We have ��1
�
.K1/D .K#

1/
0. For k#

1 2 .K#
1/

0 as in (2-15), defining
A;B 2M2.R/ as in (2-16), we have

(2-17) �� .k
#
1/D b�R

�
A B
�B A

�
.b�R/

�1:

Proof. Equation (2-17) follows directly from (2-4), (2-16) and (2-13). From

Œhu1; hu2; hu3; hu4�D Œu1;u2;u3;u4�.�
 /

and �
 62K1, the assertion follows. �

2.4. Haar measures. For locally compact unimodular topological groups H rele-
vant to us, we fix Haar measures �H on H in the following manner. Let A be the
adele ring of Q and  W A=Q! C1 the basic character.
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2.4.1. On the additive group C, define d�C.�/ WD dx dy D 2�1jd� ^ d� j for � D
xC iy .x;y 2 R/, where dx dy is the Lebesgue measure on R2.

The Haar measure �C� on C� (resp. �R� on R�) is defined by d�C�.�/ D

j� j�1
C

d� for � D xC iy 2 C (resp. jxj�1
R dx). For each p <1, E�p (resp. Q�p) is

endowed with the Haar measure �E�p
such that �E�p

.O�
E;p

/D1 (resp. �Q�p
.Z�p/D1).

Then, viewing A�
E

as the restricted product of E�p , we define �A�
E
D
Q

p�1 �E�p
.

Similarly, we set �A� D
Q

p�1 �Q�p
.

2.4.2. For a matrix X D
�

a b
c d

�
, set X | WD

�
d �b
�c a

�
, so that XX | D .det X / 12,

and X 7!X | induces an involution of the Q-vector space V.Q/, which is viewed as
a quadratic space with the symmetric bilinear form tr.XY |/. We endow V.A/ with
the self-dual Haar measure with respect to the self-duality defined by the bicharacter
.X;Y / 7!  .tr.XY |//. Let �A (resp. �AE

) be the self-dual Haar measure on
A (resp. AE) with respect to the bicharacter .x;y/ 7!  .xy/ (resp. .˛; ˇ/ 7!
 .trE=Q.˛ Ň//). A computation shows the relation � tr.X˛X

|
ˇ
/D trE=Q.˛ Ň/ for

˛; ˇ2AE , where X˛;Xˇ 2V T� .A/ are defined by (2-7). Thus, by the isomorphism
AE 3 ˇ 7!Xˇ 2 V

T� .A/, the Haar measure �AE
is transferred to a Haar measure

on N#.A/. Since tr.T�T
|
�
/ D �D=2 ¤ 0, we have the orthogonal direct sum

decomposition V.Q/ D QT
|
�
˚VT� .Q/. By this and (2-12), write X 2 V .A/ as

X D xT
|
�
CXˇ D yT� CX˛ .x;y 2 A; ˇ; ˛ 2 AE/. By the definition of the Haar

measures, we have d�V.A/.X /D d�A.x/˝d�AE
.ˇ/. Since the change of variables

.x; ˇ/! .y; ˛/ is given as

y D �D
2

x; ˛ D ˇC 2�1 trE=Q.�/.xCy/C .NE=Q.�/x�y/ �

and since j�D=2jA D 1, we get d�V.A/.X / D d�A.y/˝ d�AE
.˛/. Through the

identification V.A/3X 7! n.X /2N.A/ and ˇ 3AE 7!
�

1 ˇ
0 1

�
2N#.A/, the groups

N.A/ and N#.A/ acquire Haar measures, so that the integration formula

(2-18)
Z
N.A/

f .n/ dnD
Z

A

Z
N#.A/

f .n.xT� / �� .n
#// dx dn#

holds for any f 2L1.N.A//. Note that vol.N.Q/nN.A//D vol.N#.Q/nN#.A//D 1.

2.4.3. Let p �1. Any element g# 2 G#.Qp/ is written as

(2-19) g#
D
�

1 ˇ
0 1

��
� 0
0 �a

�
k#

with a 2Q�p , � 2E�p , ˇ 2Ep and k# 2K#
p. Then, our Haar measure on G#.Qp/

is symbolically defined as

(2-20) d�G#.Qp/.g
#
p/D jaj

2
p � d�Ep

.ˇ/ d�Q�p
.a/ d�E�p

.�/ d�K#
p
.k#/;

where d�K#
p
.k#/ is the Haar measure on K#

p with volume 1. For p <1, we haveR
K#

p
�G#.Qp/D 1. On the adele group G#.A/, we use the product measure of �G#.Qp/
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.p �1/. Then, from (2-20), we get

(2-21)
Z
G#.A/

f .g#/ dg#
Dp

jDj

2

Z
N#.A/

Z
A�

Z
A�

E

Z
K#
f
�
n#� � 0

0 a�

�
k#�
jaj2A dn# d�A�.a/ d�A�

E
.�/ dk#;

where dk# is the normalized Haar measure on K# D
Q

p�1K#
p. Note that the

measure on N#.A/ Š AE coincides with the �AE
defined above, which equals

.
p
jDj=2/�

Q
p �Ep

.p�1/ due to the formulas
�Q

p �Ep

�
.AE=E/D jDj

1=2=2

[47, Chapter V, §4 Proposition 7] and �AE
.AE=E/D 1.

2.4.4. We fix �K1 so that vol.K1/ D 1. Then we normalize �Sp2.R/
in such a

way that the quotient �Sp2.R/
=�K1 corresponds to the measure .det Z/�3dX dY on

h2 Š Sp2.R/=K1. Via G.R/0 D Z.R/0 Sp2.R/Š R>0�Sp2.R/, �G.R/ is defined
by demanding that its restriction to G.R/0 is �R� ˝ �Sp2.R/

. For p <1, we fix
�G.Qp/ by demanding

R
Kp
�G.Qp/ D 1. Then, �G.A/ is defined to be the restricted

product of �G.Qp/ .p �1/.

2.5. Idele class characters. Let ƒ denote a character of the finite group

Cl.E/ WD A�E=E
�E�R yO

�
E :

As is well known, this group is isomorphic to the ideal class group of E. We regard
ƒ as an idele class character of E� of finite order. Since A� D Q�.R>0/yZ

� is
contained in the subgroup E�E�R

yO�
E

, we have

(2-22) ƒjA� D 1:

Let v be a place of E and ƒv the v-component of ƒ, i.e., ƒD
N
v ƒv. We say

that v is inert in E=Q, splits in E=Q or ramifies in E=Q if Ev WDE˝Q Qp is an
unramified field extension of Qp , is isomorphic to Qp˚Qp , or is a ramified field
extension of Qp, respectively. Since ƒ is supposed to be trivial on E�R , we have
ƒ1 D 1; moreover,

If v is inert in E=Q, then ƒv D 1:(2-23)

Indeed, since ƒ is supposed to be trivial on yO�
E

, the restriction ƒvjO�E;v is trivial.
If v is inert and p denote the residue characteristic of Ev , then p 2Qp is a prime
element of the local field Ev. We have ƒv.p/ D 1 due to (2-22). Hence, ƒv is
trivial on pZO�

E;v
DE�p .

Define the Galois conjugate ƒ| of ƒ by setting

(2-24) ƒ|.�/ WDƒ.�/; � 2 A�E :
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We have ƒ.�/ƒ|.�/Dƒ.��/D 1 for � 2 A�
E

by (2-22). Hence

(2-25) ƒ|
Dƒ�1

D Nƒ;

where Nƒ is the complex conjugate of ƒ.
For an idele class character � of E�, let OL.s; �/ be the completed Hecke L-

function of � , and Lp.s; �/ its local p-factor for p�1. Then, Lp.s; �
|/DLp.s; �/

for any p < 1. Indeed, if p is not ramified in E=Q, the equality is trivial.
Suppose that E=Q is ramified; if �p is a ramified character of E�p , then both
L-factors are 1. If �p is unramified, then for any prime element $ of Ep , we have
.�|/p.$/D �p. N$/D �p.$/, which implies the equality between local p-factors.

For any character � WA�=Q�R>0!C1, define �E WD�ıNE=Q WA
�
E
=E�!C1.

Then, �E is Galois invariant, and �EjE
�
1 D 1. Hence, .ƒ�E/

| D ƒ|�
|
E
D

ƒ�1�E , and

(2-26) OL.s; ƒ�1�E/D OL.s; ƒ
|�E/D OL.s; ƒ�E/ .Re.s/ > 1/:

Note that OL.s; ƒ�E/ is holomorphic except for possible simple poles at s D 1; 0,
which occurs if and only if both ƒ and � are trivial.

3. Eisenstein series and Rankin–Selberg integral

Let ƒD
N

p�1

ƒp 2
1Cl.E/ and �D

N
p�1

�p 2
7A�=Q�.R>0/�.

3.1. Eisenstein series. For details, we refer to [14, §19]; the theory on GL2.AE/

developed there carries over into the group G#.A/ with minor modifications. For a
finite-dimensional vector space V over a local field, let S.V / be the space of all
Schwartz–Bruhat functions on V . For p�1, � 2S.E2

p/ and s 2C with Re.s/> 0,
we define a function f .s;ƒp;�p/

�
W G#.Qp/! C by

(3-1) f
.s;ƒp;�p/

�
.g#/D

�p.det g#/jdet g#
j
sC1
p

Z
E�p

�.Œ 0 1 �Œ � 0
0 �
�g#/ƒp�E;p.�/j�� j

sC1
p d�E�p

.�/:

When p D1, we assume that � is K#
1-finite. By local Tate theory, the function

s 7!f
.s;ƒp;�p/

�
.g#/ is continued meromorphically to C in such a way that

(3-2) f
.s;ƒp;�p/

�
.g#/ WDLp.sC 1; ƒp�E;p/

�1
�f

.s;ƒp;�p/

�
.g#/

is holomorphic on C. Then, f.s;ƒp;�p/

�
belongs to the space V #.s; ƒp; �p/ consist-

ing of all smooth functions f on G#.Qp/ satisfying

f .Œ � ˇ
0 a�

�g#/Dƒp.�/
�1�p.a/

�1
jaj�.sC1/

p f .g#/

for any
�
� ˇ
0 a�

�
2 B#.Qp/ and g# 2 G#.Qp/.
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The Fourier transform y� of � 2 S.E2
p/ is defined by

(3-3) y�.x;y/ WD
Z

E2
p

�.u; v/ .hŒ xy �; Œ
u
v �i/ d�Ep

.u/ d�Ep
.v/:

Set w0 WD
�

0 �1
1 0

�
2 G#.Qp/. The standard intertwining operator

M.s/ W V #.s; ƒp; �p/! V #.�s; ƒ�1
p ; ��1

p /

is defined on Re.s/ > 0 as the absolutely convergent integral

M.s/f .g#/D
Z

Ep

f
�
w0

�
1 ˇ
0 1

�
g#� d�Ep

.ˇ/; g#
2 G#.Qp/:

The effect of M.s/ on the section f .s;ƒp;�p/

�
is described by the Fourier transform

y� as

(3-4) f
.�s;ƒ�1

p ;��1
p /

O�
.g#/D

cpƒp.
p

D/�1
jDj�sC1=2

p "p.s;ƒ�E ; Ep
/
Lp.1�s;ƒ�1��1

E
/

Lp.s;ƒ�E/
M.s/f

.s;ƒp;�p/

�
.g#/

with cp D 1 if p <1 and c1 D
p
jDj=2 if p D1, where ".s; � ;  Ep

/ denote
Tate’s local epsilon factor defined by the character  Ep

WD  p ı trEp=Qp
of Ep

and the associated self-dual measure on Ep as usual. Let S.A2
E
/ be the space of all

the Schwartz–Bruhat functions on A2
E

. For a decomposable element � D
N

p�1

�p in
S.A2

E
/, we define

f
.s;ƒ;�/

�
.g#/D

Y
p�1

f
.s;ƒp;�p/

�p
.g#

p/; g#
D .g#

p/p 2 G
#.A/:

Note that f.s;ƒ;�/
�

is left-B#.Q/-invariant and right-K#-finite. The Eisenstein series
attached to f

.s;ƒ;�/

�
is defined by the absolutely convergent series

(3-4) E.�; s; ƒ; �Ig#/ WD OL.sC 1; ƒ�E/
X

ı2B#.Q/nG#.Q/

f
.s;ƒ;�/

�
.ıg#/;

g#
2 G#.A/;

for Re.s/ > 1. The Fourier transform y� of � 2 S.A2
E
/ is defined by a formula

similar to (3-3) with respect to the measure �AE
˝ �AE

. The following properties
of the Eisenstein series are standard.

Proposition 3.1. Let � 2 S.A2
E
/, s 2 C, ƒ 2 1Cl.E/, � 25A�=Q�R>0 and g# 2

G#.A/.

(i) The map s 7! E.�; s; ƒ; �Ig#/ .Re.s/ > 1/ has a meromorphic continua-
tion to C, holomorphic in s unless ƒ�E ¤ 1, in which case it has possible
simple poles only at s D 1;�1. For a regular point s 2 C, the function
g# 7!E.�; s; ƒ; �Ig#/ is an automorphic form on G#.Q/Z#.A/nG#.A/.
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(ii) We have the functional equation E.y�;�s; ƒ�1; ��1Ig#/DE.�; s; ƒ; �Ig#/.

(iii) For a relatively compact subset N � C on which s 7! E.�; s; ƒ; �Ig#/ is
regular and for a compact set U � G#.A/, there exist constants C > 0 and
N > 0 such that

jE.�; s; ƒ; �I
�

a 0
0 1

�
g#/j � C jajN .a 2 R>1; g#

2 U ; s 2N /:

3.2. Rankin–Selberg integral and the basic identity. For any cusp form ' on
Z.A/G.Q/nG.A/, ƒ 2 1Cl.E/ and s 2 C, the Rankin–Selberg integral is defined by

(3-5) hE.�; s; ƒ; �/; 'i WD
Z
Z#.A/G#.Q/nG#.A/

E.�; s; ƒ; �Ig#/ '.�� .g
#// dg#:

By Proposition 3.1(iii) and the Fourier expansion (4-5), it is straightforward to show
the absolute convergence of the integral for s 2 C where the Eisenstein series is
regular. For T 2 V.Q/, define a character  T W N.A/! C1 by

 T .n.X //D  .tr.TX //; X 2 V.A/:

The .T� ; ƒ/-Bessel period of a cusp form ' on Z.A/G.Q/nG.A/ is defined by the
integral1

(3-6) BT� ;ƒ.'Ig/ WDZ
A�

E
=E�A�

ƒ.�/�1
Z
N.Q/nN.A/

 T� .n/
�1'.m.I� .�/;NE=Q.�//ng/ dn d��

for g2G.A/, where d�� denote the quotient measure on A�
E
=A� (see Section 2.4.1).

Formula (3-7) is the basic identity due to Piatetski-Shapiro [29]. To determine
the constant exactly under our normalization of Haar measures, we reproduce the
proof briefly.

Lemma 3.2. Let ' W Z.A/nG.Q/G.A/!C be a cusp form. For Re.s/ > 1, we have

(3-7) hE.�; s; ƒ; �/; 'i Dp
jDj

2
L.sC 1; ƒ�E/

Z
A�

Z
K#
1K#

0
.OE/

�
f
.s;ƒ;�/

�
.k#/�.a/jajs�1

A

�BT� ;ƒ.'Im.a12; a/�� .k
#//
�

d�a dk#:

Proof. By substituting (3-4) into (3-5),

L.sC 1; ƒ�E/
�1
� hE.�; s; ƒ; �/; 'i

D

Z
Z#.A/G#.Q/nG#.A/

X

2B#.Q/nG#.Q/

f
.s;ƒ;�/

�
.
g#/ '.�� .g

#// dg#

1Note that m.I� .a/;NE=Q.a// D a14 for a 2 A�. Then, due to ' being Z.A/-invariant, the
integral BT� ;ƒ.'Ig/ is 0 if ƒjA� ¤ 1. This trivial vanishing does not happen if ƒjA� D 1.
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D

Z
Z#.A/B#.Q/nG#.A/

f
.s;ƒ;�/

�
.g#/ '.�� .g

#// dg#

D

p
jDj

2

Z
A�=Q�

Z
A�

E
=A�E�

Z
N#.Q/nN#.A/

Z
K#

0
.OE/K#

1

f
.s;ƒ;�/

�
.k#

f k#
1/jaj

�.sC1/
A

�ƒ.�/�1�.a/�1'
�
�� .n

#/m.I� .�/;NE=Q.�//
�

a�112 0
0 12

�
�� .k

#
f k#
1/
�

� jaj2A d�a d�� dn# dk#
f dk#
1;

where the last equality is proved using (2-21). By Lemma 3.3, the last expression
becomesp
jDj

2

Z
A�=Q�

Z
A�

E
=A�E�

Z
N.Q/nN.A/

Z
K#

0
.OE/K#

1

f
.s;ƒ;�/

�
.k#

f k#
1/jaj

�.sC1/
A

�ƒ.�/�1�.a/�1
X
˛2Q�

'
�
nm.I� .�/;NE=Q.�//

�
˛a�112 0

0 12

�
�� .k

#
f /
�

� T� .n/
�1
jaj2A d�a d�� dn dk#

f :

The ˛-summation and the a-integral over A�=Q� are combined to yield an integral
over A�. The change of variables a 7! a�1 and (3-6) then give the desired formula.

�
Lemma 3.3. For g 2 G.A/,Z

N#.Q/nN#.A/
'.�� .n

#/g/ dn#
D

X
˛2Q�

Z
N.Q/nN.A/

'
�
n
�
˛12 0

0 12

�
g
�
 T� .n/

�1 dn:

Proof. Fix g 2 G.A/ and define a function � on A by

�.x/ WD
Z
N#.Q/nN#.A/

'.n.xT� /�� .n
#/g/ dn#; x 2 A:

Since � is a Q-periodic smooth function on A, it can be expanded in a Fourier
series, which is absolutely and normally convergent:

(3-8) �.x/D
X
˛2Q

Z
A=Q

�.y/ .˛y/�1dy � .˛x/; x 2 A:

By (2-12) and (2-18),Z
A=Q

�.y/  .˛y/�1dy

D

Z
A=Q

Z
VT� .Q/nVT� .A/

'.n.yT� CZ/g/�1  .tr.˛T� .yT _� CZ/// dy dZ

D

Z
V.Q/nV.A/

'.n.X /g/  T� .n.˛X //�1 dX;
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which for ˛D 0 is zero due to the cuspidality of '. Thus, by setting x D 0 in (3-8),

�.0/D
X
˛2Q�

Z
V.Q/nV.A/

'.n.X /g/  T� .n.˛X //�1 dX

D

X
˛2Q�

Z
N.Q/nN.A/

'.n
�
˛12 0

0 12

�
g/  T� .n/

�1 dn:

The last equality is obtained by the change of variables X 7! ˛�1X and by the
automorphy of ' together with the relation n.˛�1X /D

�
˛�112 0

0 12

�
n.X /

�
˛12 0

0 12

�
.
�

4. Automorphic forms and Fourier coefficients

Let .Z2/dom WD f�D .l1; l2/ 2 Z2 j l1 � l2 g. Let �D .l1; l2/ 2 .Z2/dom and % be
the representation of GL2.C/ on the space V% of homogeneous polynomials in
X;Y of degree l1� l2 defined by %.h/f .X;Y /D .det h/l2f .aX C cY; bX CdY /

for hD
�

a b
c d

�
2GL2.C/ and f 2 V%. As is well-known, any irreducible rational

representation of GL2.C/, up to equivalence, is obtained this way. The space V%
carries an SU.2/-invariant hermitian inner product . � j � /% given by [9, (8.2.6)].
Recall K1 D

˚
k1.u/ WD

�
A B
�B A

� ˇ̌
u D AC iB 2 U.2/

	
. For N 2 Z>0, let

S%.K0.N // denote the space of smooth functions ' W G.A/! V% that satisfy the
following conditions:

(i) '.z
g/D '.g/ for .z; 
;g/ 2 Z.A/�G.Q/�G.A/.

(ii) '.gkfk1.u//D %. Nu/
�1'.g/ for kf 2K0.N / and k1.u/ 2K1.

(iii) R.X /' D 0 for all X 2 p�.

(iv) ' is bounded on G.A/.

For T 2 V.R/ with det.T /¤ 0, define the function BT
% W G.R/

0! EndC.V%/ by

(4-1) BT
% .g/ WD �.g/

.l1Cl2/=2%.C i CD/�1 exp.2� i tr.T ghi12i//;

g D
�

A B
C D

�
2 G.R/0:

This function satisfies the conditions

(4-2) BT
% .m.A; c/g/D c.l1Cl2/=2BT

% .g/ ı %.
tA�1 c/�1;

m.A; c/ 2MıT .R/; g 2 G.R/0;

(4-3) BT
% .ngk1.u//D T .n/%. Nu/

�1
ıB.g/; .n;g;u/2N.R/�G.R/0�U.2/;

(4-4) R.p�/BT
% D 0:

The function BT
%;v W g 7! BT

% .g/.v/ with v 2 V%� .0/ is bounded on G.R/0 if and
only if T 2 V.R/C, where V.R/C denotes the set of positive definite elements in
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V.R/. Set

 WDm.�12;�1/ 2M.Q/:

Note that �.
 /D�1. Set V.Q/C WD V.Q/\V.R/C.

Lemma 4.1. Let '2S%.K0.N //. There is a unique family of vectors a'.T Igf/2V%
(T 2 V.Q/; gf 2 G.Af// such that

(4-5) '.g1gf/D
X

T2V.Q/

BT
% .g1/.a'.T Igf// ; g1 2 G.R/

ı; gf 2 G.Af/:

If T 62 V.Q/C, then a'.T Igf/D 0 for all gf 2 G.Af/. For gf 2 G.Af/,

(4-6)
Z
N.A/=N.Q/

'.ng1gf/  T .n/
�1dn

D

�
BT
% .g1/.a'.T Igf// .g1 2 G.R/

ı/;

0 .g1 2 G.R/�G.R/ı/:

Proof. Fix gf 2 G.Af/ and examine the integral, say W .g1/, on the left side
of (4-6). The function W on G.R/0 satisfies conditions (4-3) and (4-4). Hence,
there is a corresponding function F W h2! V% determined by the relation F.Z/D

�.g/�.l1Cl2/=2%.C i C D/W .g1/, with g1 D
�

A B
C D

�
2 G.R/0, and such that

Z D .Ai C B/.C i CD/�1. Since F.Z/ satisfies F.Z C X / D  T .X /F.Z/

(X 2 V.R//, it is of the form F.Z/D F1.Y / exp.2� i tr.TX // with a V%-valued
C1-function F1.Y /. Since F.Z/ is holomorphic, the Cauchy–Riemann equations
yield .d=dyij /F1.Y /D�2� tij F1.Y /, which is uniquely solved as

F1.Y /D a'.T Igf/ exp.�2� tr.T Y //

with a vector a'.T Igf/2V%, or equivalently W .g1/DBT
% .g1/.a'.T Igf//. Then,

the formula in (4-5) is a consequence of the Fourier expansion of a N.Q/-periodic
function on N.A/. Since ' is bounded on G.A/, the function W .g1/ should be
bounded on G.R/0; since g1 7! BT

% .g1/.v/, with v 2 V% � f0g, is unbounded
if T 62 V.R/C, we have a'.T Igf/ D 0 for all T 2 V.Q/�V.R/C. It remains to
show the second case in (4-6). Let g1 62 G.R/

ı. Decompose 
 2M.Q/ as 
1
f
.
1 2M.R/; 
f 2M.Af// in M.A/. By the left G.Q/-invariance of ',

'.n.X /g1gf/D '.
n.X /g1gf/D '.n.�X /
1g1
fgf/:

Integrate this in X over V.Q/nV.A/ and make a change of variables n! n�1 on
the way; we haveZ

N.Q/nN.A/

'.ng1gf/  T .n/
�1dnD

Z
N.Q/nN.A/

'.n
1g1
fgf/  �T .n/
�1 dn:

Since 
1g1 2 G.R/
ı, the last integral becomes B�T

% .
1g1/.a'.�T I 
fgf// by
the first case. Since �T 62 V.R/C, we have a.�T I 
fgf/D 0. �
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The vectors a'.T Igf/ in V% are referred to as the adelic Fourier coefficients of '.
As is well-known, there is a linear bijective correspondence between '2S%.K0.N //

and the classical V%-valued Siegel cusp forms f .Z/ on

�0.N / WD
˚�

A B
C D

�
2 Sp2.Z/ j C � 0 .mod N /

	
determined by the relation

f .g1hi12i/D �.g1/
�.l1Cl2/=2%.C i CD/'.g1/; g1 D

�
A B
C D

�
2 G.R/0:

By the modular transformation lawf ..AZCB/.CZCD/�1/D%.CZCD/�1f .Z/

for
�

A B
C D

�
2�0.N /, since �14 2�0.N /, we have f .Z/� 0; hence S%.K0.N //D

.0/, unless l1 � l2 .mod 2/. (For details, see [36, §3.2] and [4, §4].)
Since N.A/\K0.N / D fn.X / j X 2 V.yZ/g, by (4-6), we have a'.T I 1/ D 0

unless T 2Q, where

Q WD
˚� a b=2

b=2 c

� ˇ̌
a; b; c 2 Z

	
is the dual lattice of V.Z/. Then, (4-5) with gf D 14 reduces to

f .Z/D
X

T2QC
a'.T I 14/ exp.2� i tr.T Z//; Z 2 h2;

where QC WDQ\V.Q/C. This means that a'.T / WD a'.T I 14/ .T 2QC/ is the
Fourier coefficient of f .Z/ in the classical sense. Set

ı WD
�

1 0
0 �1

�
2GL2.Q/:

The map T 7! �T s.ı/ preserves the set QC. If we identify QC with the set of
positive definite integral binary forms aX 2CbXYCcY 2, this operation corresponds
to a sign change in b.

Lemma 4.2. The set of adelic Fourier coefficients of ' 2 S%.K0.N // has the
following properties:
(4-7)
a'.T Im.hf; det hf/gf�/D a'.T s.h/Igf/; h 2GL2.Q/; gf 2 G.Af/; � 2K0.N /:

a'.�T s.ı/I 1/D %.ı/.a'.T I 1//; T 2 V.Q/:(4-8)

Proof. The relation in (4-7) follows from (4-6) by a simple change of variables. Let
us show (4-8). We have

(4-9) n .�X s.ı//D �n.X /��1; X 2 V.A/

with � WDm.ı; 1/ 2 G.Q/. Write � D �f�1 2 G.Af/G.R/; then, �f 2K0.N / and
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�1 2K1. Using (4-9) and the left G.Q/-invariance of ', we haveZ
N.Q/nN.A/

'.n/  �T s.ı/.n/
�1 dnD

Z
V.Q/nV.A/

'.n.�s.ı/X //  .tr.TX //�1 dX

D

Z
V.Q/nV.A/

'.�n.X /��1/  .tr.TX //�1 dX

D %.ı/
Z
N.Q/nN.A/

'.n/ T .n/
�1 dn:

From this and (4-6),

B�T s.ı/
% .14/.a'.�T s.ı/I 1//D %.ı/BT

% .14/.a'.T I 1//:

By (4-1), this leads to B�T s.ı/
% .14/D BT

% .14/D e�2� tr.T / IdV% . �

Define

(4-10) QCprim.D/ WD
˚
T D

�
a 2�1b

2�1b c

�
2Q

ˇ̌
a> 0; � det T DD=4

	
W

D is a fundamental discriminant, so T 2QCprim.D/ is primitive, i.e., gcd.a; b; c/D1;
QCprim.D/ is a subset of V.Q/, which is stable under the action of the unimodular
group SL2.Z/ induced by (2-1). The matrix T� defined by (2-11) belongs to
QCprim.D/. The SL2.Z/-orbit of T 2QCprim.D/ is denoted by ŒT �.

Lemma 4.3. For each u 2 A�
E

, let I� .u/ decompose in GL2.A/ as

I� .u/D 
uhu�u; 
u 2GL2.Q/; hu 2GL2.R/
ı; �u D .�u;p/p<1 2GL2.yZ/

(4-11)

and set T� .u/ WD T� s.
u/. Then,

(i) T� .u/ 2QCprim.D/.

(ii) The SL2.Z/-equivalence class of T� .u/ does not depend on the decomposition
(4-11). If u, u0 belongs to the same E�E�1 yO

�
E

-coset, then T� .u/ and T� .u
0/

are SL2.Z/-equivalent.

(iii) The map Œu� 7! ŒT� .u/� from Cl.E/DA�
E
=E�E�1 yO

�
E

to QCprim.D/=SL2.Z/ is
a bijection.

Proof. This is an adelic reformulation of the classically well-known correspondence
between the ideal classes and the SL2.Z/-equivalence classes of integral binary
quadratic forms. The proof is straightforward. �

Since m.GL2.yZ/; 1/ � K0.N /, the relation in (4-7) shows that the function
T 7! a'.T / WD a'.T I 14/ on V.Z/C is SL2.Z/-invariant. Hence the following sum
of vectors in V% is well-defined:

(4-12) R.';E; ƒ/ WD
X

Œu�2Cl.E/

a'.ŒT� .u/�/
SOƒ.u/�1;
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where vSO WD
R �

0 %
��

cos˛ sin˛
�sin˛ cos˛

��
v d˛ for v 2 V%. Recall the integral in (3-6) and

the function in (4-1).

Lemma 4.4. Let ' 2 S%.K0.N // and ƒ 2 1Cl.E/prim.

(i) For g1 2 G.R/
0,

BT� ;ƒ.'Ig1/D w
�1
D BT�

% .g1/.R.';E; ƒ//

where w
D

is the number of units in oE .

(ii) Set � WD
�

1 trE=Q.�/

0 �1

�
. Then

%.r/.BT� ;ƒ.'I b�R//D BT� ;ƒ.'I b�R/; r 2 SO.2/;(4-13)

%.ı/.BT� ;ƒ.'I b�R//D B�T� s.�/;ƒ.'I b�R/:(4-14)

Proof. (i) The set A�
E
=A�E�E�R decomposes into a disjoint union of o�

E
-orbits

Œu�o�
E

for different classes Œu� 2 Cl.E/. Let � denote the quotient measure on
A�

E
=A�E�E�R . For � 2A�

E
, set m� .�/ WDm.I� .�/;NE=Q.�//. Then, by (3-6) and

(4-6), BT� ;ƒ.'Ig1/ equals

BT�
% .g1/

�Z
A�

E
=A�E�E�1

Z
E�1=R�

NE1=R.�1/
.l1Cl2/=2%.tI� .�1/

|/�1a'.T� Im� .u//

�ƒ.u/�1 d��1 d�.u/
�

D BT�
% .g1/

� X
Œu�2Cl.E/

Z
Œu�o�

E

a'.T� Im� .u//
SOƒ.u/�1 d�.u/

�
;

The quotient measure �E�1=R� is identified with d˛ under the identification

E�1=R� D
˚�

cos˛ �sin˛
sin˛ cos˛

�
j ˛ 2 Œ0; �/

	
:

Since m� . yO
�
E
/�K0.N /, by (4-6), the formula in parenthesis becomesX

Œu�2Cl.E/

�.Œu�o�E/ a'.T� Im� .u//ƒ.u/
�1:

Let I� .u/ decompose as in (4-11). Then, by (4-7) and Lemma 4.3, we have

a'.T� Im� .u//D a'.T� s.
u/I 1/D a'.T� .u//:

It remains to compute �.Œu�o�
E
/. Since any fiber of the natural surjection from o�

E

onto Œu�o�
E

has a simply transitive action of the group O�
E

, we have �.Œu�o�
E
/ D

1=#o�
E
D 1=w

D
.

(ii) We have I� .e
i˛/DA�1

�

�
cos˛ �sin˛
sin˛ cos˛

�
A� , or equivalently

m.I� .e
i˛/; 1/D b�R diag.

�
cos˛ �sin˛
sin˛ cos˛

�
;
�

cos˛ �sin˛
sin˛ cos˛

�
/.b�R/

�1
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for ˛2R. Due to this andƒ1D1, formula (4-13) is proved by a change of variables
� 7! �u�1 in the integral (3-6). Since b�Rm.ı; 1/.b

�
R/
�1 Dm.�; 1/, formula (4-14)

is proved in the same way as in the proof of Lemma 4.2. �

Let ' 2 S%.K0.N // � .0/; then l1 � l2 .mod 2/ as noted above. Therefore,
dimC.V

SO.2/
% /D 1; indeed, V

SO.2/
% D C v0

% with v0
% WD .X

2CY 2/.l1�l2/=2. Set

v�% WD
�
�2p
jDj

�l1Cl2
2 %.tA� /v

0
%D

�
�2p
jDj

�l1�l2
2 .X 2

CtrE=Q.�/XYCNE=Q.�/Y
2/

l1�l2
2 :

Note that BT�
% .b

�
R/D

�
�2p
jDj

��.l1Cl2/=2e�2�
p
jDj %.tA� /

�1, so that BT�
% .b

�
R/.v

�
%/D

e�2�
p
jDjv0

%. Thus, as a corollary to Lemma 4.4, the vector R.';E; ƒ/ 2 V% is
nonzero if and only if BT� ;ƒ.'I b�R/¤ 0, in which case there exists a unique scalar
R.';E; ƒ/ such that R.';E; ƒ/DR.';E; ƒ/ v�% , or equivalently

(4-15) BT� ;ƒ.'I b�R/D �w
�1
D e�2�

p
jDjR.';E; ƒ/v0

%:

Note that .v0
%/

SO D �v0
%. Define a C1-function B

T�
% W G.R/

0! V% as

(4-16) BT�
% .g1/ WD BT�

% .g1/.v
�
%/; g1 2 G.R/

0:

4.1. Sign condition. The Galois group Gal.E=Q/ acts on Cl.E/ naturally, hence
on the orbit space QCprim.D/=SL2.Z/ through the bijection in Lemma 4.3(iii). The
following lemma describes the conjugate action on QCprim.D/=SL2.Z/ explicitly.
Recall the element � 2GL2.Z/ defined in Lemma 4.4(ii).

Lemma 4.5. For u2Cl.E/, the element T� . Nu/ is SL2.Z/-equivalent to�T� .u/s.ı/.
In other words, the conjugate action on QCprim.D/=SL2.Z/ is induced by the map
T 7! �T s.ı/.

Proof. The defining formula of I� in (2-5) yields

I� .aC �b/D
�

1 �

1 N�

��1� aC�b 0

0 aC N�b

��
1 �

1 N�

�
; a; b 2Q:

Set t WD trE=Q.�/. Then, since N� D t � � , we have a C b N� D a0 C b0� with
a0 D aC tb 2Q and b0 D�b 2Q. Then, a computation reveals

(4-17) I� .aC b N�/D �I� .aC b�/��1:

By the decomposition of I� .u/ for u 2 A�
E

in (4-11), we may take 
 Nu D �
u�
�1.

Thus, T� . Nu/D T� s.
 Nu/D T� s
�
�
u�

�1
�
. A computation shows T� s .�/D �T� .

Hence,

T� . Nu/D�T� s.
u�
�1/D�T� .u/s.�

�1/D�T� .u/s.ı/s
��

1 t
0 1

��
:

The last matrix is SL2.Z/-equivalent to �T� .u/s.ı/. This completes the proof. �

For ƒ 2 1Cl.E/, recall from (2-24) its conjugate ƒ| 2 1Cl.E/.
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Lemma 4.6. Let ' 2 S%.K0.N // and ƒ 2 1Cl.E/ and suppose BT� ;ƒ.'I b�R/¤ 0.
Then,

R.';E; ƒ|/D .�1/l2 R.';E; ƒ/:

Proof. This is proved by Lemma 4.5 and (4-15) and by %.ı/v0
% D .�1/l2v0

%. Note
that ı�1� D

�
1 t
0 1

�
2 SL2.Z/, so that a'.�T� s.�/; 1/D a'.�T� s.ı/; 1/. �

4.2. Automorphic representations. Let …cusp.ZnG/ denote the set of all those
irreducible cuspidal representations of G.A/ with trivial central characters, i.e.,
those irreducible .g;K1/�G.Af/-submodules .�;V�/ of the space of cusp forms
on Z.A/G.Q/nG.A/. We endow V� with the restriction of the L2 inner product

.' j '1/L2 WD

Z
Z.A/G.Q/nG.A/

'.g/'1.g/ dg; '; '1 2 V� :

For � 2…cusp.ZnG/, we fix its restricted tensor decomposition �Š
N

p�1 �p with
.�p;V�p

/ being an irreducible admissible unitarizable representation of G.Qp/

with trivial central character such that a Kp-invariant vector �0
p 2 V�p

� .0/ is
preassigned for almost all p <1. An element � 2 .Z2/dom is the highest weight
of the minimal K1-type of a holomorphic discrete series representation (HDS for
short) of Sp2.R/ if and only if l2 > 2, in which case the Harish-Chandra parameter
of the HDS is .l1�1; l2�2/. For such � and N 2Z>0, let …cusp.�;N / be a subset
of � 2…cusp.ZnG/ having the following properties:

(i) As a .g;K1/-module �1ŠDl1�1;l2�2˚D�l2C2;�l1C1, where Dm1;m2
is the

discrete series representation of G.R/0 of Harish-Chandra parameter .m1;m2/

with central character Z.R/Š R� 3 z 7! sgn.z/m1Cm2C1.

(ii) V
K0.N /
� ¤ .0/.

(iii) Let .%;V%/ be the irreducible rational representation of highest weight �
as before. The space S%.K0.N // is an orthogonal direct sum of spaces
V

K0.N /
� Œ%� WD f' 2 S%.K0.N // j 'v 2 V� .8v 2 V%/g for � 2 …cusp.�;N /,

where 'v.g/ WD .'.g/ j v/% for ' 2 S%.K0.N // and v 2 V%.

Although there may be many choices of …cusp.�;N /, we fix one of them once
and for all. For � 2 …cusp.�;N /, we fix a K1-intertwining map V% ˚ V % ,!

Dl1�1;l2�2˚D�l2C2;�l1C1 .Š �1/ once and for all, where V % WDC˝C V% is the
complex conjugate of V%.

4.3. Basic assumptions. From now on, we fix a triple .� D .l1; l2/;N;M / 2

.Z2/dom �Z>0 �Z>0 satisfying the following conditions:

(A-i) N is square-free.

(A-ii) l1� l2 .mod 2/, and l2 2 Z�3 so that .l1�1; l2�2/ is the Harish-Chandra
parameter of an HDS.
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(A-iii) N and M are coprime.

(A-iv) M is odd.

(A-v) All prime divisors of NM are inert in E=Q.

We fix characters ƒ 2 1Cl.E/ and � D
N

p�1 �p 2
5A�=Q�R>0 with M WD

cond.�/ as well. As usual, the character � induces a primitive Dirichlet character
Q� W .Z=M Z/�! C1 in such a way that �.u/D Q�.a/�1 for all u 2 yZ� and a 2 Z

with u� a 2M yZ; thus �p.p/D Q�.p/ for primes p −M , andY
pjM

WQp
.�p;  p/DM�1=2G. Q�/;

with WQp
.�p;  p/ as in Definition 6.2 and G. Q�/ WD

P
a2.Z=M Z/� Q�.a/e

2�ia=M ,
the Gauss sum of Q�. Let….T� ;ƒ/cusp .�;N / denote the set of all those � 2…cusp.�;N /

that satisfies the condition

(A-vi) � admits a global .T� ; ƒ/-Bessel model, i.e., there exists ' 2 V� such that
BT� ;ƒ.'Ig/¤ 0 for some g 2 G.A/.

We remark that the conditions listed above (when � D 1 and l1 D l2) are
also imposed in the most part of [7]. Let ….T� ;ƒ/cusp .�;N /SK denote the set of
� 2…

.T� ;ƒ/
cusp .�;N / that is the Saito–Kurokawa lift ([28]) of a cuspidal automorphic

representation of PGL2.A/, which is locally described by [37] (see also [38]). From
[37, §4], the set ….T� ;ƒ/cusp .�;N /SK D¿ unless l1 D l2, i.e., V% is one dimensional.
We note that all the representations �Š

N
p �p in….T� ;�/cusp .l;N /n…

.T� ;�/
cusp .l;N /SK

are non-CAP (cf. [41, 17, §3.5, 30, Corollary 4.5]); then, by [48], �p is tempered for
all p −N . By invoking [3] (see also [39]), any � 2….T� ;�/cusp .l;N /n…

.T� ;�/
cusp .l;N /SK

is either a Yoshida lift, i.e., there exists a pair of irreducible cuspidal automorphic
representations .�1; �2/ of GL2.A/ such that L.s; �/ D L.s; �1/L.s; �2/, or a
“general type”, that is, there exists an irreducible cuspidal automorphic representation
… of GL4.A/ such that L.s;…;^2/ has a pole at s D 1 and L.s; �/ D L.s;…/.
Let ….T� ;�/cusp .l;N /Y (resp. ….T� ;�/cusp .l;N /G) be the set of � 2….T� ;�/cusp .l;N / that is
a Yoshida lift (resp. a general type). Then,

(4-18) ….T� ;�/cusp .l;N /D….T� ;�/cusp .l;N /G[….T� ;�/cusp .l;N /Y[….T� ;�/cusp .l;N /SK

(disjoint union):

On the other hand, the set ….T� ;ƒ/cusp .�;N / can be separated into the subsets con-
sisting of all newforms (i.e., N� D N / and all oldforms (i.e., N� ¤ N ) denoted
by ….T� ;ƒ/cusp .�;N /new and ….T� ;ƒ/cusp .�;N /old respectively. For � 2 fG;Y;SKg and
� 2 fnew; oldg, we set

….T� ;ƒ/cusp .�;N /�;� D….T� ;ƒ/cusp .�;N /�\….T� ;ƒ/cusp .�;N /�:
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Let N� be the product of primes p <1 such that �p is not spherical. By condition
(ii) in Section 4.2, we have N� jN . Due to (A-i), the representations �p for p jN�
have nonzero K0.pZp/-fixed vectors, which, in turn, implies that �p is Iwahori
spherical so that their isomorphism classes are listed in [36, Table 3]. (For extended
tables, we refer to [34, Appendix].) Note that in [36] a different symplectic form is
used to define the symplectic group; up to the adjustment for this difference, the
group P1 in [36] is our K0.pZp/. In [34], all irreducible admissible representations
of G.Qp/ that admit local Bessel models are classified, and the result is conveniently
summarized in [32, Table 2]. Here is a summary of what is available for our � (as
in Section 4.3):

� �1 as a representation of G.R/0 is a direct sum of an HDS and its complex
conjugate; thus, � is CAP if and only if it is a Saito–Kurokawa lift from a cuspidal
representation of PGL2.A/; which happens only if l1 D l2.

� Suppose p −N� . Then, the local representation �p is of type I and tempered if
� is non-CAP, and is of type IIb when � is CAP.

� Suppose p jN� . Then, the local representation �p is either of type IIIa, in which
case dimC V

K0.pZp/
�p

D 2, or of type VIb, in which case dimC V
K0.pZp/
�p

D 1;
when � is CAP, �p has to be of type VIb.

4.4. Bessel models. Let p <1. For any irreducible admissible representation
.�p;V�p

/ of G.Qp/, let .V ��p
/T� ;ƒp denote the space of all C-linear forms ` WV�p

!

C that satisfy

`.�p.m.I� .�/;NE=Q.�//n/�/Dƒp.�/ T� .n/`.�/; � 2V�p
; � 2E�p ; n2N.Qp/:

It is known that dimC.V
�
� /

T� ;ƒp � 1 [26; 33]. We say that �p has a local .T� ; ƒp/-
Bessel model if .V �� /

T� ;ƒp ¤ .0/; when this is the case, the space of functions of
the form g 7! `.�p.g/�/ with � 2 V�p

is independent of `2 .V ��p
/T� ;ƒp � .0/; this

space is denoted by B.T� ; ƒp/Œ�p � and is called the local .T� ; ƒp/-Bessel model
of �p.

When �p is spherical, it is known that �p has a local .T� ; ƒp/-Bessel model,
and the space B.T� ; ƒp/Œ�p � contains a unique Kp-invariant function B�p

such
that B0

�p
.14/ D 1 [42, Theorem 2-I; 6]. Let �0

p be the nonzero Kp-fixed vector
in V�p

; then there exists a unique element `0
�p
2 .V ��p

/T� ;ƒp � .0/ such that
`0
�p
.�p.g/�

0
�p
/D B0

�p
.g/ for all g 2 G.Qp/. The pair .`0

�p
; �0
�p
/ is referred to as

the unramified .T� ; ƒp/-Bessel datum for �p.
Let � Š

N
p�1 �p 2…

.T� ;ƒ/
cusp .�;N / (see Section 4.3).

Definition 4.7. A system f.`p; �p/gp<1 with `p 2 .V
�
�p
/T� ;ƒp � .0/ and �p 2

V
K0.N�Zp/
�p

, is called a .T� ; ƒ/-Bessel data for � if .`p; �p/D .`
0
�p
; �0
�p
/ for p −N�

and `p.�p/D 1 for all p <1.
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By [32, Theorem 2 8.2 and 9.3], a .T� ; ƒ/-Bessel data exists for our � . Once a
.T� ; ƒ/-Bessel data f.`p; �p/gp<1 is fixed, one can define '0

�;% 2 V
K0.N� /
� Œ%� to

be the V%-valued cusp form such that for any v 2 V%, the function .'0
�;%.g/ j v/%

in V� Š
N

p�1 V�p
corresponds to the pure tensor Nv˝ .

N
p<1 �p/, where Nv D

1˝ v 2 V % ,! V�1 . A particular choice of f.`p; �p/g will be made in Section 6.8
so that '0

�;% corresponds to a newform on the arithmetic quotient �0.N /nh2 in the
sense of [7, §3.2].

Lemma 4.8. Let f.`p; �p/gp<1 be a .T� ; ƒ/-Bessel data for � 2 …cusp.�;N /.
Let �D

N
p �p 2 S.A2

E
/ be a decomposable element. Then, for any ' 2V

K0.N /
� Œ%�

such that, for any v 2 V%, 'v corresponds to the pure tensor v˝ .
N

p<1 vp/ 2N
p�1 V�p

, we have

(4-19) BT� ;ƒ.'Ig/D BT� ;ƒ.'0
�;%Ig1/

Y
p<1

`p.�p.gp/vp/;

g D .gp/p 2 G.A/:

For Re.s/ > 1, v 2 V% and bf D .bp/p<1 2 G.Af/,

(4-20) hE.�; s; ƒ; �/;R.bfb
�
R/'vi

D

p
jDj

2
Z.1/
v .�1; '

0
� I s; �1; ƒ/

Y
p�1

Zp.�p;Bvp
I s; �pI bp/;

where

Z.1/
v .�1; '

0
� I s; �1; ƒ/ WD

Z
K#
1

Z
R�
f
.s;1;�1/

�1
.k#
1/�1.a/jaj

s�1
R

�
�
v j BT� ;ƒ.'0

�;%Im.a12; a/�� .k
#/b�R/

�
%

d�a dk#
1;

Zp.�p;Bvp
I s; �pI bp/ WD

Z
K#

p

Z
Q�p

f
.s;ƒp;�p/

�p
.k#

p/�p.a/jaj
s�1
p

�Bvp
.m.ap12; ap/�� .k

#
p/bp/ d�ap dk#

p;

with Bvp
.gp/ WD `p.�p.gp/vp/ for gp 2 G.Qp/.

Proof. Fix g1 2 G.R/0 and v 2 V% and regard ' 7! BT� ;ƒ.'vIg1/ as a linear
functional on

N
p<1

V�p
by the natural inclusionN
p<1

V�p
,! v˝

� N
p<1

V�p

�
,! V� :

Then, by the local multiplicity-one theorem for Bessel functionals on G.Qp/ recalled
above, there exists Cv.g1/ 2 C such that

(4-21) .v j BT� ;ƒ.'Ig1//% D Cv.g1/
Y

p<1

`p.vp/

for ' corresponding to
N

p<1 vp. To determine Cv.g1/, set vp D �p for all
p <1; then by `p.�p/D 1, we get .v j BT� ;ƒ.'0

�;%Ig1//% D Cv.g1/. Now we
apply (3-7) with T� ; ƒ and ' replaced by �T� ; ƒ

�1 and R.bf/'. �
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4.5. Gamma factor and global Bessel period. Recall the point b�R in (2-14) and
the vector v�% 2 V% in (4-16). Since �.b�R/ > 0, the point m.a12; a/�� .k

#
1/b

�
R with

a2R� and k#
1 2K#

1 belongs to G.R/0 if and only if sgn.a/ sgn.k#
1/DC1, where

sgn.k#
1/ WD sgn.�.�� .k#

1///. Thus, by (3-6) and (4-6), we have

BT� ;ƒ.'0
� Im.a12; a/�� .k

#
1/b

�
R/D 0

unless sgn.a/ sgn.k#
1/DC1. By Lemma 4.4 and (4-16),

BT� ;ƒ.'0
� Ig1/D �w

�1
D R.'0

� ;E; ƒ/BT�
% .g1/; g1 2 G.R/

0:

Substituting this, we have that Z
.1/
v .�1; '

0
� I s; ƒ/ equals

(4-22) 2�w�1
D;R.'

0
� ;E; ƒ/

Z
.K#
1/

0

Z 1
0
jajs�1

R

f
.s;1;�1/

�1
.k#
1/.v j B

T�
% .m.a12; a/�� .k

#
1/b

�
R//% d�a dk#

1:

Now we specify �1. Recall that the highest weight of % is �D .l1; l2/ and that
l1� l2 2 2Z>0. Set d WD l1� l2 and define

f%.u/ WD .d C 1/
.%.C NuC�1/v0

% j v
0
%/%

.v0
% j v

0
%/%

; u 2 .K#
1/

0;

with C WD 1p
2

�
1 1
i �i

�
. If u D

�
a �Nb
b Na

�
2 .K#

1/
0 D SU.2/ with a D a0 C ia00,

b D b0C ib00 and A;B 2Mat2.R/ defined as in (2-16), so that .b�R/
�1�� .u/b

�
R D

k1.AC iB/ (Lemma 2.2), then a computation reveals C NuC�1 DA� iB. Thus,
the automorphism u 7! C NuC�1 of SU.2/ brings the subgroup

B#.R/\ .K#
1/

0
D
˚�

a 0
0 a�1

�
j a 2 C1

	
to the subgroup SO.2/, which fixes v0

%. Hence, f% is left-B#.R/\ .K#
1/

0-invariant.
Thus, since G#.R/DB#.R/.K#

1/
0, there exists a unique element f.s/% of V#.s; 1; �1/

such that f.s/% jK#
1 D f%. Define �1 2 S.C2/ by

(4-23) �1.x;y/ WD

.dC1/jDj�d=4
d=2P
jD0

�
d=2

j

�2
.x Nx/j .�y Ny/d=2�j 2

�
exp

�
�

2�p
jDj
.x NxCy Ny/

�
:

Then, noting that %.C /�1v0
% D .XY /d=2 and using formulas (8,2,4), (8.2.5) and

(8.2.6) of [9], we easily confirm the relation

�1.Œ0; � �u/D f%.u/
ˇ̌
jDj�d=4

j�
ˇ̌d=2
C

exp
�
�

2�p
jDj
j� jC

�
; � 2 C�; u 2 SU.2/:

Then, by computing the integral in (3-1) for g1 2 SU.2/, we get the relation

(4-24) f
.s;1;�1/

�1
D jDj

sC1
2 .�1/

l1�l2
2 �C

�
sC l1�l2

2
C 1

�
f.s/% :
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For u 2 .K#
1/

0 and A;B as above, by (4-1), (4-16) and Lemma 2.2, we have�
v jBT�

% .m.a12; a/�� .u/b
�
R/
�
%

D .�1/
l1Cl2

2 a
l1Cl2

2 exp
�
�2
p
jDj� a

� �
v j %.C NuC�1/�1v0

%

�
%
:

By using the orthogonality of matrix coefficients on SU.2/, the integral in (4-22) is
computed as

jDj
s
2 .�1/l1�C

�
sC l1�l2

2
C 1

�
.v j v0

%/%

Z 1
0

asC
l1Cl2

2
�1 exp

�
�2
p
jDj� a

�
d�a

D
1
2
jDj

1
2
.1�

l1Cl2
2

/.�1/l1.v j v0
%/%�C

�
sC l1�l2

2
C 1

�
�C

�
sC l1Cl2

2
� 1

�
for Re.s/C l1Cl2

2
> 1. Recall L.s; �1/D �C

�
sC l1�l2

2
C

1
2

�
�C

�
sC l1Cl2

2
�

3
2

�
.

Thus,

(4-25) Z.1/
v .�1; '

0
� I s; �1; ƒ/

D �w�1
D R.'0

� ;E; ƒ/.v j v
0
%/%.�1/l1 jDj

1
2
.1�

l1Cl2
2

/L
�
sC 1

2
; �1

�
:

The formula in [46, 7.23 Lemma] yields

(4-26) M.s/f.s/% D
�

s�d=2

d=2Y
jD1

s�d=2Cj�1

sCd=2�j
f.�s/
% :

Combining this with (3-4) and (4-24), we easily deduce

(4-27) f
.�s;1;�1/

O�1
D
jDj
4
.�1/

l1�l2
2 f

.�s;1;�1/

�1
:

4.6. The spinor L-function and its functional equation. Let � Š
N
v �v be a

cuspidal automorphic representation of G.A/ with the trivial central character: then,
N�p Š �

_
p Š �p for all p <1 by [43, Proposition 2.3]. The twist �� of � by

an idele class character � W A�=Q� ! C1 is defined on the space V� of � as
��.g/ WD �.g/ � .� ı �/.g/ for g 2 G.A/, so that the central character of �� is
�2. Let � 2….T� ;ƒ/cusp .�;N / and � be as in Section 4.3, so that �D .l1; l2/ 2 Z2,
l1 � l2 .mod 2/, l1 � l2 > 2 and the ramification loci of � and � are disjoint. We
define the spinor L-function of � twisted by � as the Euler product

L.s; �; �/ WD
Y

p<1

L.s; .��/p/; Re.s/ > 5
2
;

with L.s; .��/p/ the local L-factor listed in [34, Table A.8]. Define

OL.s; �; �/ WD �C

�
sC l1�l2

2
C

1
2

�
�C

�
sC l1Cl2

2
�

3
2

�
L.s; �; �/:

Using Proposition 3.1 and Lemmas 4.8 and 4.6, combining (4-25), (4-27) and the
computations of the local zeta integrals for cases 1, 4, 5, and 6 in table (6-8), we
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obtain a meromorphic continuation of L.s; �; �/ to C as well as the functional
equation

OL.s; �; �/D ".s; �; �/ OL.1� s; �; N�/

with
".s; �; �/ WD .�1/l2 Q�.N 2

� /
�

G. Q�/
p

M

�4
.M 4N 2

� /
1=2�s;

as expected. Moreover OL.s; �; �/ is holomorphic except for possible simple poles
at s D 3=2;�1=2, which does not occur when � is nontrivial. By (4-26), M.s/f

.s/
%

has a simple zero at sD1 if l1> l2, which in turn implies the holomorphy at sD1 of
the global intertwining operator applied to the section f .s/

�
as well as the Eisenstein

series E.�; s; ƒ; �/ for �1 as above. Hence, by (4-20) with an appropriate �,
OL.s; �; �/ is holomorphic at s D 3=2 when l1 > l2. If � is real-valued, then

G. Q�/=
p

M 2 f1; ig and ".1=2; �; �/D .�1/l2 ;

so that L.1=2; �; �/D 0 unless l2 is even.

5. Spectral average of Rankin–Selberg integrals

The space S%.K0.N // is endowed with the Hermitian inner product associated to
the norm

R
Z.A/G.Q/nG.A/.'.g/ j '.g//% dg .' 2S%.K0.N ///. Let H .G.Qp/==Kp/

be the Hecke algebra for .G.Qp/;Kp/ for p <1. For any finite set S of primes p

that is prime to N , define

HS WD
N

p2S

H .G.Qp/ ==Kp/:

The C-algebra HS acts on the finite-dimensional Hilbert space S%.K0.N // normally
by

ŒR.fS /'�.g/D
Z
G.QS /

'.gxS /fS .xS / dxS ; g 2 G.A/; fS 2HS ; ' 2 Sl.K0.N //;

where G.QS / WD
Q

p2S G.Qp/. Let � and M be as in Section 4.3. We define the
Schwartz–Bruhat function � 2 S.A2

E
/ associated with � as

� D
Y

p�1

�p; �p.x;y/D

�
1OEp

.x/1OEp
.y/ .p <1;p −M /;

1peOEp
.x/11CpeOEp

.y/ .p <1;pe kM; e � 1/;

with �1 as in (4-23). In this section, we investigate the averages

(5-1) I.s/.�;N; fS / WD
1

ŒKf WK0.N /�

X
'2B.�;N /

hE.�; s; ƒ; �/;R.b/R.fS /'v0
%
iBT� ;ƒ.'v0

%
I b�R/;

where v0
% 2V

SO.2/
% is the vector from Section 4 and bD .bp/p�1 2G.A/ is defined
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by

(5-2) bp D

8̂̂̂̂
<̂
ˆ̂̂:

14 .p <1;p −NM /;

�p .p <1;p jN /;

bM
p WD

�
pe12 T

|
�

0 12

�
.p <1;pe kM; e � 1/;

b�R .p D1/:

Here

�p WD

"
0 0 0 –1
0 0 1 0
0 p 0 0

–p 0 0 0

#
2 G.Qp/

is the Atkin–Lehner element, Kf WDK0.1/, and B.�;N /D
S
�2…cusp.�;N /

B�.�;N /

is an orthonormal basis of S%.K0.N // with B�.�;N / an orthonormal basis of
V

K0.N /
� Œ%�. The sum is independent of the choice of an orthonormal basis and can

be written as I.s/.…
.T� ;ƒ/
cusp .�;N /; fS /, where for any subset X �…

.T� ;ƒ/
cusp .�;N /

we define

(5-3) I.s/.X; fS /D
1

ŒKf WK0.N /�

X
�2X

OfS .�S /

�

X
'2B� .�;N /

hE.�; s; ƒ; �/;R.b/'v0
%
iBT� ;ƒ.'v0

%
I b�R/;

where OfS .�S / is the spherical Fourier transforms of fS at �S WD
N

p2S �p , which
is defined as the eigenvalue of the operator �S .fS / on the KS D

Q
p2S Kp-

fixed vectors �KS

S
Š C. For � 2 fT;G;Y;SKg and � 2 fnew; oldg, we define

I.s/.�;N; fS /
�, I.s/.�;N; fS /

�, and I.s/.�;N; fS /
�;� to be I.s/.X; fS / with X D

…
.T� ;ƒ/
cusp .�;N /�, ….T� ;ƒ/cusp .�;N /� and ….T� ;ƒ/cusp .�;N /�;�, respectively. Then, due

to (4-18), the average (5-1) has the expression

(5-4) I.s/.�;N;fS /D I.s/.�;N;fS /
G;newC I.s/.�;N;fS /

Y;newC I.s/.�;N;fS /
SK;new

C I.s/.�;N;fS /
old:

5.1. A construction of orthonormal basis. Let �Š
N

p�1 �p be an element of the
set ….T� ;ƒ/cusp .�;N / (see Section 4.3). We fix a .T� ; ƒ/-Bessel data f.`p; �p/gp<1
of � (see Section 4.4) once and for all. Set '0

�.g/ WD .'
0
�;%.g/ j v

0
%/%, which is an

element of V
K0.N /
� . Since � is a unitary representation, all of its factors �p are

unitarizable. For each p <1, we can uniquely fix a G.Qp/-invariant inner product
. � j � /p on V�p

by demanding .�p j �p/p D 1; for p D1, we fix a G.R/-invariant
inner product so that its pullback to V% ,! �1 (cf. property (i) in Section 4.2)
coincides with the inner product . � j � /% of V%. Let '0

� be the global new form
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attached to f�pgp<1 (see Section 4.4). Then,

(5-5)
.' j '/L2

.'0
� j '

0
�/L2

D .vjv/%
Q

p<1
.vpjvp/p

for any ' 2V� that corresponds to v˝
� N
p<1

vp

�
with v 2V%. As below, for p<1,

fix an orthonormal basis
B.�p;K0.N Zp//

of V
K0.N Zp/
�p

in such a way that

B.�p;K0.N Zp//D f�
0
�p
g if p −N :

Then, a pure tensor of the form

(5-6) .'0
� j '

0
�/
�1=2

L2 �
N

p<1
vp; vp 2B.�p;K0.N Zp//;

yields an element ' 2 V
K0.N /
� Œl � such that for v 2 V% the element 'v 2 V� corre-

sponds to v tensored with (5-6). The set of functions ' obtained in this way from
(5-6) will be denoted by B�.�;N /. If � 2…cusp.�;N / does not satisfy condition
(A-iv) in Section 4.3, then we fix arbitrary orthonormal basis B�.�;N / of the space
V

K0.N /
� Œ��. Let B.�;N / be the union of the sets B�.�;N / for � 2…cusp.�;N /;

then, by (ii) in Section 4.2, the set B.�;N / is an orthonormal basis of S%.K0.N //.

5.2. Computation of the average. Let ' correspond to a pure tensor as in (5-6).
Then, by (4-20) and the computations recalled in Section 4.5 and Section 6.2,

(5-7) hE.�; s; ƒ; �/;R.b/'v0
%
i

D .'0
� j '

0
�/
�1=2

L2 � w�1
D R.'0

� ;E; ƒ/
OL
�
sC 1

2
; �; �

�
� .v0

% j v
0
%/%.�1/l22�2

jDj
1
2
.4�

l1Cl2
2

/ Q
pjN

Z�p.�p;Bvp
I s; �pI bp/;

where

Z�p.�p;Bvp
I s; �pI bp/ WDL

�
sC 1

2
; �p; �p

��1
Zp.�p;Bvp

I s; �pI bp/

is the normalized local zeta integral. Moreover, by (4-21) and Lemma 4.4,

(5-8) BT� ;ƒ.'v0
%
I b�R/D

h'0
� j '

0
�i
�1=2

L2 � w�1
D R.'0

� ;E; ƒ/ .B
T�
% .b�R/ j v

0
%/%

Q
pjN

`p.vp/:

Note that
BT�
% .b�R/D .�1/

l1Cl2
2 exp.�2�

p
jDj/ v0

%

by (4-1) and (2-14). From (5-3), (5-7) and (5-8), we get:
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Proposition 5.1. Let fS 2HS . Then, I.s/.�;N; fS / equals

(5-9)
2�2�2jDj

1
2
.3�

l1Cl2
2

/e�2�
p
jDj

w2
D
ŒKf WK0.N /�

M s�6�M .1/�M .4/ Q�.2D/G. Q�/

� .v0
% j v

0
%/

2
%

P
�2…

.T� ;ƒ/
cusp .�;N /

OfS .�S /
jR.'0

� ;E; ƒ/j
2

.'0
� j'

0
�/L2

OL
�
sC 1

2
; �; �

�
�
Q

p<1
I
.s/

�p;K0.N Zp/
.�p; �p; ƒp; �pI bp/;

where �p for p <1 is from the fixed .T� ; ƒ/-Bessel data f.`p; �p/gp<1 of � , and

(5-10) I
.s/

�p;K0.N Zp/
.�p; �p; ƒp; �pI bp/ WDP

v2B.�p;K0.N Zp//

Z�p.�p;Bvp
I s; �p; bp/ `p.v/:

We also use the notation �M .s/ to denote
Q

pjM .1�p�s/�1.

Note that if �p with p −N is unramified and .`0
�p
; �0
�p
/ is the unramified Bessel

datum of �p, then (5-10) is 1. For other cases, we compute (5-10) in Section 6.8
completely. Substituting them, we obtain

Theorem 5.2. Let �D .l1; l2/;N , �, Q� and M be as in Section 4.3. Let S be a finite
set of prime numbers relatively prime to DMN . Then, for any fS D

N
p2S

fp 2HS ,
the value I.s/.�;N; fS / equals

(5-11)
2�2�2jDj

1
2
.3�

l1Cl2
2

/e�2�
p
jDj

w2
D
ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q�.N /

Q
pjN

.1Cp�2/�1

� .v0
% jv

0
%/

2
%

X
�2…

.T� ;ƒ/
cusp .�;N /

OfS .�S /
jR.'0

� ;E; ƒ/j
2

.'0
� j'

0
�/L2

OL
�
sC1

2
; �; �

�
t.s/.�; �/;

with t.s/.�; �/D
Q

pjN

t.s/.�p; �p/ and t.s/.�p; �p/ defined as

(5-12)

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1 if p jN� and �p is of type VIb;

2 if p jN� and �p is of type IIIa;

2.p� 1/p�5L.1; �p;Std/

�
�
1�

�p.p/p
�s

pC1
tr.p�1T1;0C �pj�

K0.pZp/
p /C�2

p.p/p
�2s

�
if p j N

N�
:
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To refine (5-11) by considering I.s/.�;N; fS /
�;new (� 2 fG;Y;SKg), we use an

explicit formula of the quantity jR.'0
� ;E; ƒ/j

2=.'0
� j'

0
�/L2 first proved by Dickson,

Pitale, Saha, and Schmidt [7, Theorems 1.13 and 3.13] when l1 D l2 under the
refined GGP conjecture for Bessel periods posed by Liu [22]. Thanks to a theorem
by Furusawa and Morimoto [10, Theorem 8.1], the formula in [7, Theorems 1.13
and 3.13] is extended to vector-valued forms unconditionally so that it can be
applied to (5-11).

Theorem 5.3. Let the notation and assumptions be as in Theorem 5.2.

(i) I.s/.�;N; fS /
G;new equals

2#S.N /C2l1�6�2jDj
l1Cl2C2

4 e�2�
p
jDj

ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q��1.N /

Q
p2S.N /

.1Cp�1/

�

X
�2…

.T� ;ƒ/
cusp .�;N /G;new

OfS .�S /
OL.1

2
; � �AI.ƒ�1//

OL.1; � IAd/
OL
�
sC 1

2
; �; �

�
;

where S.N / is the set of all the prime divisors of N , and AI.ƒ�1/ is the automor-
phic induction to GL2.A/ from the character ƒ�1 of A�

E
=E�.

(ii) If N has an even number of prime divisors, then I.s/.�;N; fS /
Y;new D 0. If N

has an odd number of prime divisors, then I.s/.�;N; fS /
Y;new equals

2#S.N /C2l1�7�2jDj
l1Cl2C2

4 e�2�
p
jDj

ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q��1.N /

Q
p2S.N /

.1Cp�1/

�

X
�12…PGL2;cusp.l1Cl2�2;N /new

�22…PGL2;cusp.l1�l2C2;N /new

�
OfS .Y.�1; �2/S /

�

OL
�

1
2
; �1�AI.ƒ�1/

�
OL
�

1
2
; �2�AI.ƒ�1/

�
OL
�
sC1

2
; �1��

�
OL
�
sC1

2
; �2��

�
OL.1; �1IAd/ OL.1; �2IAd/ OL.1; �1��2/

�
;

where …PGL2;cusp.k;N /new is the set of all irreducible cuspidal representations
of PGL2.A/ associated to holomorphic newforms of weight k and level N and
Y.�1; �2/ 2…cusp.�;N /new denotes the Yoshida lift of �1 and �2.
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(iii) Ifƒ¤ 1 or l1 > l2, then I.s/.�;N; fS /
SK;newD 0. IfƒD 1 and l1D l2 .DW l/,

then I.s/..l; l/;N; fS /
SK;new equals

3 � 22l�3�2jDj.lC2/=2e�2�
p
jDj

ŒKf WK0.N /�
�

s

4�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1 Q��1.N /
Q

p2S.N /

.1Cp�1/ � OL.sC1; �/ OL.s; �/

�

X
�02…

.T� ;1/

PGL2;cusp.2l�2;N /new

OfS .SK.�0/S /
OL.1

2
; �0 ��D/ OL.1; �D/

2

OL.3
2
; �0/ OL.1; �0IAd/

OL
�
sC1

2
; �0��

�
;

where….T� ;1/PGL2;cusp.2l�2;N /new is the set of all �0 2…PGL2;cusp.2l�2;N /new such
that the Saito–Kurokawa lift SK.�0/ of �0 has the .T� ; 1/-Bessel model, and �D is
the Kronecker character of modulo D.

Proof. The equalities in (i) and (ii) are a direct corollary to Theorem 5.2 and [9,
Theorem 8.1] (for the scalar case we refer to [7, Theorems 1.13 and 3.14]); note
that the polynomial QS;% (with S D T� ) in [9, (8.2.16)] equals

.�1/
l1�l2

2

�
2p
jDj

� l1Cl2
2 v�%;

our R.';E;ƒ/ equals the quantityw
D

�p
jDj
2

�� l1Cl2
2 �Bƒ.'IE/=.QS;%;QS;%/l1�l2

defined by [9, (8.2.17)], and .QS;%;QS;%/l1�l2
D
�
jDj
4

��.l1Cl2/=2.v0
%; v

0
%/l1�l2

D�
jDj
4

��.l1Cl2/=2.v0
% j v

0
%/%. We also note the formula

OL.s; �; �/D OL.s; �1 ��/ OL.s; �2 ��/;

where � D Y .�1; �2/. This is obtained immediately by comparing the local
factors. It is noted in [7, p.296] that each local representation �p of � Š

N
p �p 2

…
.T� ;ƒ/
cusp .�;N /Y;new for p jN is of type VIb. Finally, we check statement (iii). As

quoted in [7, Theorem 3.11], the .T� ; ƒ/-Bessel periods of the Saito–Kurokawa
lifts are zero unless ƒ is trivial due to Qiu. By comparing the local L-functions
([38, Theorem 5.2(ii)], cf. [28, Theorem 3.1]), we have

(5-13) OL.s; �; �/D
1

4�
.s� 1=2/ OL.s; �0 ��/ OL.sC 1=2; �/ OL.s� 1=2; �/;

where � D SK.�0/. By [38] and the definition, the set ….T� ;1/cusp ..l; l/;N /SK corre-
sponds bijectively to the set ….T� ;1/PGL2;cusp.2l � 2;N / via the Saito–Kurokawa lifting
if l � 3. Note that the condition l � 3 is ensured by assumption (A-ii) in Section 4.3.

�

By (5-4), I.s/.�;N; fS /� I.s/.�;N; fS /
G;new is the sum of I.s/.�;N; fS /

Y;new,
I.s/.�;N; fS /

SK;new and I.s/.�;N; fS /
old. Our main focus is their values at s D 0.
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For those, we have the following upper bounds in the level aspect. For fS 2HS ,
let kfSk1 WD

R
G.QS /

jfS .gS /j dgS denote its L1-norm.

Theorem 5.4. Let l , �, z�, M , S be as in Theorem 5.2.

(i) Let � be fixed as before and N an inert prime in E=Q. Then, there exist
constants CD;�;�;C

0
D;�;�

> 0 depending only on D, l , �, and fS such that

jI.0/.�;N; fS /
old
j< CD;�;�kfSk1N�8;(5-14)

jI.0/.�;N; fS /
Y;new
j< C 0D;�;�kfSk1N�

3
2 :(5-15)

(ii) Let N be 1 or an inert prime in E=Q. When �¤ 1, I.0/.l;N; fS /
SK;new D 0.

When �D 1, there exists a constant C > 0 such that

jI.0/..l; l/;N; fS /
SK;new

j< C jDj
l
2 l

1
2 kfSk1N�

3
2 :(5-16)

Proof. We have the inequality j OfS .�S /j�kfSk1 for all irreducible unitary represen-
tation �S of G.QS /. Because N is a prime, one can check that the summation range
of I.0/.�;N; fS /

old is ….T� ;�/cusp .�;N /old D…
.T� ;�/
cusp .�; 1/, which is independent of

N . From the value of t.�p; �p/ in (5-12) for pDN , combined with the tempered-
ness of �N due to [48] and the matrix of T1;0 in [31, Table 3], we get t.�N ; �N /D

O.N�4/. This and the equation ŒKf WK0.N /�DN 3.1CN�2/.1CN�1/ for prime
N yield the bound (5-14).

Next we treat the average for Yoshida lifts. For �12…PGL2;cusp.l1Cl2�2;N /new

and �2 2…PGL2;cusp.l1� l2C 2;N /new, we need the lower bound

L.1; �1 ��2/�l1;l2
exp.�C

p
log N /

uniform in N . This is a special case of Lemma 5.5, because �1 and �2 are every-
where tempered by Deligne’s estimate and by the fact that the local p-components
of �i for p jN are the (twisted) Steinberg representation, which is tempered. Note
that �1 6Š �2 due to the weight condition. Now, we deduce the inequality (5-15)
bounding the sum from above by a product of the average considered in [8, Theorem
1.1]; to do this, we invoke the subconvexity bound

(5-17) L
�

1
2
; �
�
DO.C.�/

1
4
�ı/ .9 ı > 0/

for automorphic cuspidal representations � of GL2.A/ ([24]) and the nonnegativity
of L

�
1
2
; �i �AI.ƒ�1/

�
DL

�
1
2
;BCE=Q.�i/˝ƒ

�1
�

for i D 1; 2 due to [15].
Let us prove (5-16); by Theorem 5.3(ii), we may assume � D .l; l/. Suppose

� ¤ 1; then, by Theorem 5.3(ii), I.s/..l; l/;N; fS /
SK;new � s�1 is entire, hence

I.0/..l; l/;N; fS /
SK;newD 0 because OL.s; �/, as well as OL.s; �0��D/, is entire. In

the rest of the proof, we assume �D1. Then, s OL.s; �/ OL.sC1; �/ has a simple pole
at sD0. By [37, Theorem 3.1 and Table 2], SK.�0/with �02…cusp;PGL2

.2l�2;N /

has the global .T� ; ƒ/-Bessel model only if the sign of the functional equation of
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�0 is �1 so that OL.sC 1=2; �0/ has a zero at s D 0. Hence, Theorem 5.3(ii) gives
us the following majorant of I.0/..l; l/;N; fS /

SK;new:

23�
5
2 .l � 1/�2

ŒKf WK0.N /�
�
�.l/kfSk1

�.l � 1
2
/
jDj

l
2

X
�02…

.T� ;1/

PGL2;cusp.2l�2;N /

L.1
2
; �0 ��D/ jL

0.1
2
; �0/j

L.1; �0IAd/
:

To estimate this, we invoke a subconvexity bound L.1=2; �0��D/DO..l2N /
1
4
�ı/

for some ı > 0 from (5-17) and a lower bound

L.1; �0IAd/ > c0 exp
�
�c1

p
log.1C l2N /

�
for some constant c0; c1 > 0 which is known by [12, Theorem 0.1] (see also
the remark after [21, Corollary 7]). The lower bound implies L.1; �0IAd/�1 D

O..l2N /2ı/. By a common argument, we derive a subconvexity bound for the
central derivative L0.1=2; �0/DO..l2N /

1
4
�ı/ from the bound L.1=2; �0j � j

it
A /D

O..l2N.1Cjt j//1=4�ı/ that follows from (5-17). Finally, (5-16) follows using the
uniform bound #…PGL2;cusp.2l � 2;N /DO.lN / and the asymptotic �.l/

�.l� 1
2
/
� l

1
2

.l!1/. �

Lemma 5.5. Let �1 and �2 be irreducible cuspidal automorphic representations
of PGLn such that C.�1/;C.�2/�Q with Q> 2. We assume that �1 6Š �2 and
both of them are self-dual and tempered everywhere. Then,

L.1; �1 ��2/� exp.�C
p

log Q/

with an absolute constant C > 0.

Proof. We recall the argument indicated in [35] (attributed originally to [25]), which
eliminates a possibility of Siegel zeros of the L-function L.s; �1 ��2/. Fix t 2 R.
Then, L.s;…� z…/ with … being the isobaric sum

… WD �1� .�1 � j � j
it
A /� .�1 � j � j

�it
A /��2� .�2 � j � j

it
A /� .�2 � j � j

�it
A /

is a Dirichlet series with nonnegative coefficients [13, Lemma a]. Moreover, by [16,
Proposition 9.4] and the self-duality of �1 and �2, one expresses L.s;…� z…/ as

L.s;…� z…/D
Y

1�i;j�2

h
L.s;�i��j /

3L.s�it;�i��j /
2L.sCit;�i��j /

2

�L.s�2it;�i��j /L.sC2it;�i��j /

i2
;

which shows that L.s;…� z…/ has a pole of order 6 at sD 1 (due to �1© �2), and
has a zero of order 8 at s D � if L.� C i t; �i ��j /D 0 .i; j D 1; 2/. Hence, by
[11, p. 178, Lemma], one can show that L.s; �1 ��2/ has no zeros on the interval�
1� C0

log M
; 1
�

for some constant C0 > 0 with

M D .1Cjt j/24C.�2 ��2/
18C.�1 ��1/

9C.�2 ��2/
2;
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where C.�i ��j / is the analytic conductor of L.s; �i ��j /. By [13, Lemma b],
we have C.�i ��j /�Q2n. Thus, for an absolute constant C 0

0
> 0, L.s; �1��2/

is zero-free on the region 1 �
C 0

0

log Q.1CjIm.s/j/ < Re.s/ < 1. Now, we apply the
argument of [21, Corollary 7] to the L-function L.s; �1 ��2/. Since �1; �2 are
assumed to be tempered everywhere, the optimal bound of the lambda function
ƒA.n/ for A D �1 � �2 is available so that the automorphy of �1 � �2 is not
necessary, which simplifies the proof to get the lower bound of L.1; �1 ��2/. �

As a consequence of Theorem 5.4, we get

I.0/.�;N; fS /
G;new

D I.0/.�;N; fS /COƒ;�;�.kfSk1N�
3
2 /:(5-18)

6. Computation of local zeta integrals for p-adic fields

In this section, let F be a nonarchimedean local field of characteristic 0, O the
integer ring of F , p the maximal ideal of O, $ a generator of p and q D #.O=p/.
Let j � j denote the normalized absolute value of F , i.e., j$ j D q�1. Fix a nontrivial
additive character  W F ! C1 with cond. / WDminfn 2 Z I  j$nO D 1g D 0.

We compute the local zeta integral à la Piatetski-Shapiro [29] for several rep-
resentations, taking particular test functions; as a result, we determine the local
L-factors and the local "-factors in [29] to confirm that they coincides with the
expected ones listed in [34, Tables A8 and A9]. As explained in Section 4.3, for a
particular global application in mind, we only deal with representations of types I,
IIb, IIIa and VIb (but allowing the central characters to be nontrivial when we are
concerned with newvectors.)

6.1. Local zeta integral for Bessel models. We first review some generalities on
local zeta integrals and then recall results from [32] on explicit formulas of Bessel
functions for Iwahori spherical representations of G, which are possible local
components of � Š˝p�p 2…

.T� ;ƒ/
cusp .�;N /.

Let K D G.O/ be a standard maximal compact subgroup of G.F / and

K0.p
e/ WD

˚�
A B
C D

�
2K

ˇ̌
C � 0 .mod pe/

	
be the congruence subgroup of level pe.

For a symmetric matrix T D
�

a b=2
b=2 c

�
2 Sym2.F / such that d WD b2� 4ac¤ 0,

set � D
�
b=2 c
�a �b=2

�
. Let L WD F ˚ F� be the two-dimensional F -algebra, OL

be its integer ring, and pL WD poL. Define the additive character  L on L by
 L WD  ı trL=F . The maps

L 3 xCy� 7! xC
p

d
2

y 2 F.
p
d/ .d 62 .F�/2/;

L 3 xCy� 7!
�
xC

p
d

2
y;x�

p
d

2
y
�
2 F ˚F .d 2 .F�/2/;

are isomorphisms of F -algebras. We assume that
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(i) a 2 O� and b; c 2 O.

(ii) If d 62 .F�/2, then
p
dOL is the different ideal of L=F .

(iii) If d 2 .F�/2, then d 2 O�.

We can check that

L� D
˚
� 2GL2.F /

ˇ̌
t�T � D det � �T

	
:

The map L 3 � 7! �| 2 L is the nontrivial F -automorphism on L. We set �0 D

b=2� � 2 OL, then fa; �0g is an O-basis of OL. Let h � ; � i denote the symplectic
form on L2 over F defined by

hx;yi WD trL=F .�.2�/
�1.x1y2�x2y1//; x D

�
x1
x2

�
;y D

� y1
y2

�
2L2:

We set
G#.F / WD

˚
g 2GL2.L/

ˇ̌
det g 2 F�

	
;

B#.F / WD
˚�
� ˇ

0 a�|

� ˇ̌
� 2L�; ˇ 2L; a 2 F�

	
;

K#
WDG#.F /\GL2.OL/;

K#
0.p

e/ WDG#.F /\
� OL OL

pe
L

OL

�
:

Since hg#x;g#yi D det g#hx;yi for any x;y 2 L2 and g# 2 G.F /, we get a
natural embedding G#.F / 3 g 7! �.g#/ 2 G.F /. More precisely, �.g#/ is the
representation matrix of the action L2 3 x 7! g#x 2L2 with respect to an F -basis˚�

a
0

�
;
�
�0

0

�
;
� 0

�a�1�
|
0

�
;
�

0
1

�	
. A computation yields

�
��
� 0
0 a�|

��
Dm.�; a det �/;

�
��

1 ˇ
0 1

��
D
� 12 Xˇ

0 12

�
; ˇ D ˇ2aCˇ3�0 2L; Xˇ WD

�
�a�1bˇ2�a

�1cˇ3 ˇ2

ˇ2 ˇ3

�
;(6-1)

�
��

0 1
1 0

��
D

"
0 0 �a�2b a�1

0 0 a�1 0
0 a 0 0
a b 0 0

#
:(6-2)

We note that K# D ��1.K/ and K#
0
.pe/D ��1.K0.p

e//. We call

R WD
˚
�
��
� 0
0 �|

��
n
ˇ̌
� 2L�; n 2 N.F /

	
the Bessel subgroup of G.F / (with respect to T ). For a character ƒ W L�! C1,
we can check that the map

R 3 �
��
� 0
0 �|

��
n.X / 7!ƒ.�/ .tr .TX // 2 C1

defines a character on R. We denote this character by ƒ˝ T .
Let .�;V�/ be an irreducible admissible representation of G.F /. Let .V �� /

T;ƒ

denote the space of all C-linear forms ` W V� ! C that satisfies

`.�.r/�/Dƒ˝ T .r/ `.�/; � 2 V� ; r 2R:
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Then, dimC.V
�
� /

T;ƒ � 1 [26; 33]. We say that � has a local .T; ƒ/-Bessel model
if .V �� /

T;ƒ ¤ .0/. In this case, we can define the local .T; ƒ/-Bessel model of �
as in Section 4.4. Moreover, when � is spherical and  T and ƒ are unramified, we
define the unramified .T; ƒ/-Bessel datum .`0

� ; �
0
�/ 2 .V

�
� /

T;ƒ �V K
� for � as in

Section 4.4, so that

B0
�.g/D `

0
�.�.g/�

0
�/; g 2 G.Qp/;

is the unramified Bessel function such that B0
�.14/D 1. Recall that all irreducible

admissible representations of G.F / that admit local Bessel models are classified in
[34], and the result is conveniently summarized in [32, Table 2]. For our cases, as
we mentioned in Section 4.4, we may assume that � is of type I, IIb, IIIa, or VIb.
We quote some of its properties from [32, Table 2]:

(6-3)

type � dim V K
� dim V

K0.p/
� cent: char:

I ���0 Ì � 1 4 ��0�2

IIb �1GL2
Ì � 1 3 �2�2

IIIa �Ì �StGL2
0 2 ��2

VIb �.T; j � j�
1
2�/ 0 1 �2

Here, �, �0, and � are unramified quasicharacters on F� such that representations
are irreducible and admit .T; ƒ/-Bessel models. For later use we set ˛ D �.$/,
ˇ D �0.$/, and 
 D �.$/. According to [34, Table A2], for type IIIa and
type VIb, the corresponding representations are unitarizable if and only if the
inducing quasicharacters are unitary, whereas, for type I, the unitarity of the inducing
quasicharacters is equivalent to the corresponding representations being unitarizable
and tempered. In what follows, having a global application in mind, we suppose
the unitarity of all the inducing characters, i.e., j˛j D jˇj D j
 j D 1.

Similarly to (3-1), for a Schwartz–Bruhat function � 2 S.L2/, a character � on
F�, and s 2 C with Re.s/ > 1, we define a function on G#.F / by

f
.s;ƒ;�/

�
.g#/D �.det g#/j det g#

j
sC1

Z
L�
�.Œ 0 1 �Œ � 0

0 �| �g
#/ƒ�L.�/j��

|
j
sC1d��;

where �L.�/ WD �.��
|/; � 2L� and d�� is the normalized Haar measure on L�

such that vol.OL/D 1. For an irreducible smooth admissible representation � of
Z.F /nG.F /, admitting .T; ƒ/-Bessel model and B 2B.T; ƒ/Œ��, define the zeta
integral by
(6-4)
Z.�;B; s; �Ig/D

Z
F�

Z
K #

B.m.a12; a/�.k
#/g/�.a/jajs�1f

.s;ƒ;�/

�
.k#/dk#d�a

for s 2 C with Re.s/ > 1. It is shown that Z.�;B; �Ig/ is a rational function in
q�s [40, Lemma 5.3.1]. Then, the local L-function L.s; �; �/ is defined to be the
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unique function such that L.s; �; �/�1 is a polynomial in q�s with constant term 1

and such that Z.�;B; s; �; 1/=L.s; �; �/ 2 CŒqs; q�s � for all � and B ([29]; see
also [40, Proposition 5.3.3]). For later use, we need the following:

Lemma 6.1. Suppose ƒ is unramified. Let B 2 B.T; ƒ/K0.p/ and � D 1oL˚oL
.

Then, for Re.s/� 0,

(6-5) Z.�;B; s; �I �/D
L.sC 1; ƒ�L/

q2C 1

n 1P
lD0

�B.h.l; 0//�.$/lq�l.s�1/

C qsC1�.$/�1
1P

lD0

B.h.l; 0//�.$/lq�l.s�1/
o
;

where �B denotes the right-translation of B by � WD
�

�1
1

$
�$

�
.

Proof. It is easy to check the equality f .s;ƒ;�/
�

.k#/DL.sC1; ƒ�L/ for all k#2K#.
By considering the left K#

0
.p/-coset decomposition of K#,

(6-6) K#
DK#

0.p/t
� F
�2OL=pL

�
1 �
0 1

��
0 1
1 0

�
K#

0.p/
�
;

the zeta integral Z.�;B; s; �I �/ becomes ŒK# WK#
0
.p/��1L.sC 1; ƒ�L/ timesZ

F�

�
�B.m.a12; a//C

P
�2OL=pL

�B
�
m.a12; a/�

��
1 �
0 1

��
0 1
1 0

����
�.a/jajs�1d�a:

For a 2$ lo� .l 2 Z/, by the left R-equivariance and the right K0.p/-invariance
of B, we have

B
�
m.a12; a/�

��
1 �
0 1

��
0 1
1 0

���
D  .a tr.T�X�//B.h.l C 1; 0//

due to the relation m.a12; a/�.
�

0 1
1 0

�
/�2h.lC1; 0/K0.p/, which is easily confirmed

by (6-2). Note that tr.T�X�/D 0. Hence, the �-sum becomes q2 �B.h.l C 1; 0//

because #.oL=pL/D q2. From this and the vanishing of B.h.l; 0// for l < 0 — see
(6-10) — we get (6-5). �

By [29, Proposition 3.2], there exists an entire function ".�; s; �;  / such that
the local functional equation

(6-7) ".�; sC 1=2; �;  /
Z.�;B; s; �Ig/

L.sC 1=2; �; �/
D

Z.y�;B|;�s; ��1Ig/

L.�sC 1=2; O�;��1/

holds. Here, we have defined B| 2B.T; ƒ|/Œ�� by setting

B|.g/ WD B

��
1 a�1b 0 0
0 -1 0 0
0 0 -1 0
0 0 -a�1b 1

�
g

�
.g 2 G.F //;

we have denoted by ƒ| the Galois conjugate of ƒ defined by ƒ|.�/ WDƒ.�|/ for
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� 2L�, and y� is the Fourier transform of � 2 S.L2/, defined as

y�.x;y/D

Z
L2

�.u; v/ L

�˝�
x
y

�
;
�

u
v

�˛�
dudv

du and dv being the Haar measures on L such that vol.OL/D 1.
We shall get explicit evaluations of the zeta integrals Z.�;B; s; �Ig/ for un-

ramified ƒ and particular choices of �, B and g as shown in the next table, which
allow us to determine ".s; �; �;  /:

(6-8)

type � B � L=F g

case 1 I or IIb 1OL˚OL
K-fixed unramified � 14

case 2 I or IIb 1pe
L
˚1Cpe

L
K-fixed ramified inert b

case 3 I or IIb 31pe
L
˚1Cpe

L
K-fixed ramified inert b

case 4 I or IIb 1OL˚OL
K0.p/-fixed unramified inert �

case 5 IIIa 1OL˚OL
K0.p/-fixed unramified inert �

case 6 VIb 1OL˚OL
K0.p/-fixed unramified inert �

Here, the integer e is the conductor of � defined to be the minimum nonnegative
integer n satisfying �j.1Cpn/\o� D 1, b 2 G.F / is given by

b WD
�
$e12 T |

0 12

�
;(6-9)

and L=F is said to be inert if it is an unramified field extension. For l;m 2 Z, set

h.`;m/ WD

�
$`C2m

$`Cm

1
$m

�
2 G.F /:

As in [32], for a smooth representation .�;V�/ of G.F /, we define an operator
T`;m 2 End.V�/ by

T`;mv WD vol.K0.p//
�1
Z

K0.p/h.`;m/K0.p/
�.g/v dg; v 2 V� ;

with dg the Haar measure on G.F / such that vol.K/D 1, and the Atkin–Lehner
involution by

�v WD �.�/v; � WD

�
�1

1
$

�$

�
; v 2 V� :

If � is irreducible and has the .T; ƒ/-Bessel models, then Lemma 4.4(i) of [32]
gives for any B 2B.T; ƒ/Œ��K0.p/ the support conditions

B.h.`;m//D B.h.`;m/s2/D 0 if ` < 0; ;(6-10)

B.h.`;m/s1s2/D B.h.`;m/s2s1s2/D 0 if ` < �1:(6-11)
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6.2. Unramified computation .case 1/. When � is spherical, � is of type I or IIb
in our cases. Recall that there exists a unique element B0

� 2 B.T; ƒ/Œ��K such
that B0

�.14/D 1. Then, the following formula for an unramified � in its greatest
generality is due to Sugano [42, Theorem 2.1]:

Z.�;B0
� ; s; �I 14/DL.sC 1=2; �; �/; Re.s/� 0:

In [20, Proposition 5.9], a proof of this formula is given when LDF ˚F and � is
of type I based on the explicit formula of B0

� due to [6].

6.3. Unramified computation .cases 2 and 3/. Now we assume that e > 0 and
that T 2 Sym2.F / satisfies the following conditions:

� L=F is an unramified field extension.

� T 2GL2.O/; �
d
2
D tr.T T |/ 2 O�.

Then $ remains a prime element in pL. Let b be as in (6-9), and set � D
1pe

L
˚1Cpe

L
2 S.L2/. Our goal in this subsection is to calculate the zeta integrals

Z.�;B0
� ; s; �I b/ and Z.y�;B0

� ; s; �I b/ explicitly. We note that Z.�;B0
� ; s; �I 14/

must be zero because the a-integral in (6-4) vanishes.

Definition 6.2 (root number). Let  and � be as above, we define the Gauss sum
WF .�;  / by

WF .�;  / WD q�
e
2�.$/�e P

˛2.O=pe/�
 .$�e˛/�.˛/:

This sum has absolute value 1 and is independent of the choice of $ . The
following lemma is more or less well-known [44, (2.18)].

Lemma 6.3. Let  and � be as above. For n 2 Z,Z
O�
 .$na/�.a/d�aD

�
q�

e
2
C1.q� 1/�1�.$/eWF .�;  / .nD�e/;

0 .n¤�e/:

Lemma 6.4. Let L=F be an unramified quadratic extension. For any character �
of F with e WD cond.�/ > 0,

WL.�L;  L/D .�1/eWF .�;  /
2:

Proof. For a virtual representation V of the Weil group WF of F , let ".s;V;  /
denote the local epsilon factor à la Deligne–Langlands [45]. By [45, (3.4.8)], we
have

(6-12) ".s; IndWF

WL
�; /D ".s; �;  L/

for any � of degree 0. Any character � of F� is viewed as a one-dimensional
representation of WF by F� Š Wab

F
. If �L WD � ı NL=F , then IndWF

WL
�L Š

�˚ ��L=F . If � is unramified, then ".s; �;  / D 1; since L=F is unramified,



338 SEIJI KUGA AND MASAO TSUZUKI

so is the character �L=F . From these observations, we see that equality (6-12)
holds true when � D 1. Thus, (6-12) is true when � D � with e > 0. Since
".s; ��

j

L=F
;  / D q�e.s�1=2/WF . N��

j

L=F
;  / for j D 0; 1 and ".s; �L;  L/ D

q�2e.s�1=2/WL. N�L;  L/, we obtain WL.�L;  L/ D WF .�;  /WF .��L=F ;  /.
Since e > 0 and �L=F .$/D�1, we have

WF .��L=F ;  /D �L=F .$/
eWF .�;  /D .�1/eWF .�;  /: �

Lemma 6.5. For k# D
�

a b
c d

�
2K#, we have

f
.s;ƒ;�/

�
.k#/D

(
q�2eC2.q2�1/�1�L.d/

�1�.detk#/ .c2pe
L
/;

0 .otherwise/;

f
.s;ƒ;�/

O�
.k#/D

(
qe.2s�3/C2.q2�1/�1ƒ.$/�e�L.c/

�1WL.�L; L/ .c2O�
L
/;

0 .c 62O�
L
/:

Proof. These equations immediately follow by Lemma 6.3. �

Lemma 6.6. For u 2 O�,X
�2OL=p

e
L

uCNL=F .�/2O�

�.uCNL=F .�//D .�1/eqe�.u/:

Proof. Because L=F is an unramified extension, the norm map NL=F W O
�
L
! O�

is surjective. Thus, there exists v 2 O�
L

such that uD NL=F .v/. By replacing � by
v�, without loss of generality, we may assume that uD 1.

For an integer i with 0� i � eC 1, we set

OL;i D

8<:
˚
� 2

�
OL=p

e
L

�� ˇ̌
1CNL=F .�/ 6� 0 .mod p/

	
.i D 0/;

pi
L
=pe

L
.0< i � e/;

¿ .i D eC 1/

and

Ui D

8<:
O�=.1C pe/ .i D 0/;

.1C pi/=.1C pe/ .0< i � e/;

¿ .i D eC 1/:

When 0� i < e=2, we can check that

OL;i nOL;iC1 3 � .mod pe
L/ 7! 1CNL=F .�/ .mod pe/ 2 U2i nU2iC1

is a surjective map having the fiber of cardinality qe�1.qC 1/ at each point.
When e=2� i � e, it is immediate that

�.1CNL=F .�//D 1; � 2 OL;i :
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HenceP
�2OL=p

e
L

1CNL=F .�/2O�

�.1CNL=F .�//

D

eP
iD0

P
�2OL;inOL;iC1

�.1CNL=F .�//

D qe�1.qC 1/
P

0�i<e=2

P
"2U2inU2iC1

�."/ C
P

e=2�i�e

#.OL;i nOL;iC1/:

Then the lemma follows fromX
"2U2inU2iC1

�."/D

�
0

�
0� i < e�1

2

�
�1

�
i D e�1

2

� and
X

e=2�i�e

#.OL;inOL;iC1/Dq2e�2de=2e;

where d�e W R! Z is the ceiling function. �

Lemma 6.7. Let B 2 B.T; ƒ/Œ��K and � 2 O with 1
4
a6dCNL=F .�/ 2 $

jO�

.0� j � e/.

(i) If we set Y� D�a
2T |CX�, then we have

det Y� D�
1
4
a4d� a�2NL=F .�/:

(ii) There exist � 2 O�
L

and A 2GL2.O/ such that

Y� D �
�
$j 0
0 1

�
A:

(iii) For n 2 Z and a 2 O�,

B
�
m.$na12;$

na/�
�� 0 �1

1 �|

��
b
�

D  
�
�$na � 1

2
a4d

�
1
4
a6dCNL=F .�/

��1�
�B
�
h.eC n� 2j ; j /

�
:

Proof. (i) Noting that det T D �d=4, det X� D �a
�2NL=F .�/, and tr.TX�/ D

tr.X�T |/D 0, we obtain

det Y� D
1
2

tr.Y�Y |
� /D

1
2

tr.a4T T |
CX |

�X�/

D a4 det T C det.X�/D�1
4
a4d� a�2NL=F .�/:

(ii) By (i) and the assumption that 1
4
a6dCNL=F .�/2$

jO�, we have Y�2GL2.F /.
The disjoint union GL2.F /D

F
m�0 L�

�
$m 0

0 1

�
GL2.O/ (see [42, Lemma 2–4])

implies that there exist m 2 Z�0, ` 2 Z, � 2 O�
L

, and A 2GL2.O/ such that

Y� D .$
`�/
�
$m 0

0 1

�
AD �

�
$mC` 0

0 $`

�
A:

We now prove that mD j and `D 0. Because � 2GL2.O/, the Smith normal form
of Y� is

�
$mC` 0

0 $`

�
. Hence, by the theory of the Smith normal form, we only

have to show that the elements of Y� are coprime. This follows from the identity
tr.Y�T /D 1

2
a2d and the assumption 1

2
d 2 O�.
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(iii) By using (6-1), we can check that

�
�� 1 0
��| 1

��
D
� 12 0

X
|
� 12

�
; �

��
0 �1
1 0

��
b�
��

0 1
�1 0

��
D
� 12 0

�a2T $e12

�
:

Hence we have

m.$na12;$
na/�

�� 0 �1
1 �|

��
b D

�$na12 0

Y
|
� $e12

�
�
��

0 1
�1 0

��
:

By (ii), we may choose elements � 2 O�
L

and A 2GL2.O/ with Y� D �
�
$j 0
0 1

�
A.

Then, a computation shows that�$na12 0

Y
|
� $e12

�
D n.$na.det Y�/

�1Y�/
�
� 0
0 t�|

�
h.eC n� 2j ; j /k;

where k D
�

A 0
0 t A|

��
a$j .det Y�/

�112 0

0 12

�� 0 �12

12 $
e.det Y�/

�1Y�

�
2 K. Since ƒ is un-

ramified and B is K-invariant, we have the desired equality. �

Proposition 6.8. Suppose that � is of type I or IIb. Let � W F� ! C1 and ƒ W
L�! C1 be characters such that cond.�/D e > 0 and ƒ is unramified. Suppose
that T D

� a b=2
b=2 c

�
2 Sym2.F /\GL2.O/ satisfies that L=F is an unramified field

extension and 2d 2 O�. When � D 1pe
L
˚1Cpe

L
and Re.s/ > 1, we have

Z.�;B0
� ; s; �I b/D qe.s� 11

2
/C5.q4

� 1/�1.q� 1/�1�.�2�1d/�1WF .�;  /;

Z.y�;B0
� ; s; �I b/D .�1/eqe.3s� 11

2
/C5.q4

� 1/�1.q� 1/�1ƒ.$/�e�.�2�1a2/

�WL.�L;  L/WF .�;  /:

Proof. Let K#.pe/D fk# 2K# j k# � 12 .mod pe
L
/g be the principal congruence

subgroup of level pe
L

. If � 2 S.L2/ is right K#.pe/-invariant, the function

K#
3 k#

7! f
.s;ƒ;�/

�
.k#/

Z
F�

B0
�.m.a12; a/�.k

#/b/�.a/jajs�1
2 C

is left-B#.O/-invariant and right K#.pe/-invariant because b�1�.K#.pe//b � K.
Since K#.pe/ is a normal subgroup of K# and B#.O/K#.pe/DK#

0
.pe/, we have

(6-13) Z.�;B0
� ; s; �I b/

D
P

Œ
 �2B#.O/nK #=K #.pe/

vol.B#.O/
K#.pe//f
.s;ƒ;�/

�
.
 /‡ .s;�/.
 /

D ŒK#
WK#

0.p
e/��1 P

Œ
 �2K #
0
.pe/nK #

f
.s;ƒ;�/

�
.
 /‡ .s;�/.
 /

where we set ‡ .s;�/.
 / WD
R

F� B0
�.m.a12; a/�.
 /b/�.a/jaj

s�1d�a to make room.
A complete set of representatives for K#.pe/nK# is given by

(6-14)
�

1 0
� 1

�
.� 2 pL=p

e
L/;

� 0 �1
1 �|

�
.� 2 OL=p

e
L/:

Now we prove the first equation. By Lemma 6.5, when 
 runs through the above
elements, we have f .s;ƒ;�/

�
.12/D q�2eC2.q2�1/�1 and f .s;ƒ;�/

�
.
 /D 0 if 
 ¤ 1.
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By substituting this in (6-13), noting that ŒK# W K#
0
.pe/� D q2e�2.q2 C 1/, and

Lemma 6.3, we have

Z.�;B0
� ; s; �I b/

D q�4eC4.q4
� 1/�1

Z
F�

B0
�

��
a$e12 aT |

0 12

��
�.a/jajs�1d�a

D q�4eC4.q4
� 1/�1

Z
F�

B0
�

��
a$e12 0

0 12

��
 .a � tr.T T |//�.a/jajs�1d�a

D q�4eC4.q4
� 1/�1�.�2�1d/�1

�
P
n2Z

B0
�

��
$eCn12 0

0 12

��
�.$/nq�n.s�1/

Z
O�
 .$na/�.a/d�a

D qe.s� 11
2
/C5.q4

� 1/�1.q� 1/�1�.�2�1d/�1WF .�;  /:

Next, we prove the second equation. When we replace � by y� in (6-13) and
consider the representative (6-14), we can ignore the contribution of �-terms in the
summation from Lemma 6.5. Hence, by noting the K-invariance of B, we have

(6-15) Z.y�;B0
� ; s; �I b/D qe.2s�5/C4.q4

� 1/�1ƒ.$/�eWL.�L;  L/

�
P

�2OL=p
e
L

Z
F�

B0
�.m.a12; a/�.

� 0 �1
1 �|

�
/b/�.a/jajs�1d�a:

By replacing � by �C$eu for some u 2 OL if we need, we may assume that
a6dCNL=F .�/ 2$

jO�
L

with 0� j � e. Then, Lemmas 6.3 and 6.7(iii) implyZ
F�

B0
�.m.a12; a/�.

� 0 �1
1 �|

�
/b/�.a/jajs�1d�a

D
P
n2Z

B0
�.h.eC n� 2j ; j //�.$/nq�n.s�1/

�

Z
O�
 
�
�$na � 1

2
a4d

�
1
4
a6dCNL=F .�/

��1�
�.a/d�a

D �
�
�2a�4d�1$�j

�
1
4
a6dCNL=F .�/

��
�
P
n2Z

B0
�.h.eC n� 2j ; j //�.$/nq�n.s�1/

Z
O�
 .$n�j a/�.a/d�a

D q�
e
2
C1C.e�j/.s�1/.q� 1/�1�.�2a�4d�1/�

�
1
4
a6dCNL=F .�/

�
WF .�;  / �B

0
�.h.�j ; j //:

The last expression is equal to 0 unless j D 0 from (6-10). By substituting this into
(6-15) and Lemma 6.6, we have that Z.�;B0

� ; s; �I b/ equals

qe.3s� 13
2
/C5.q4

� 1/�1.q� 1/�1ƒ.$/�e�.�2a�4d�1/

�WL.�L;  L/WF .�;  /
P

�2OL=p
e
L

a6dCNL=F .�/2O�

�
�

1
4
a6dCNL=F .�/

�
D .�1/eqe.3s� 11

2
/C5.q4� 1/�1.q�1/�1ƒ.$/�e�.�2�1a2/WL.�L;  L/WF .�;  /:

�
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Corollary 6.9. Let � , T , �, and ƒ be as in Proposition 6.8. Then

".�; s; �;  /D .�1/eq4e. 1
2
�s/ƒ.$/�e�.�a�2d/WL.�L;  L/WF .�;  /2

D q4e. 1
2
�s/ƒ.$/�e�.�a�2d/WF .�;  /4:

Proof. The first equality follows from Proposition 6.8 and (6-7); the second equality
is due to Lemma 6.4. �

6.4. Computation for old forms of type I and IIb .case 4/. Now we assume that
� has the trivial central character. Then, � has the .T; ƒ/-Bessel model if and only
if ƒD 1. Recall that the dimension of V

K0.p/
� is equal to 4 or 3 according as � is

of type I or type IIb.

Proposition 6.10. Let � be a smooth admissible irreducible representation of type I
or type IIb with trivial central character. Suppose that � WF�!C1 is an unramified
character. When � D 1OL˚OL

and Re.s/ > 1, we have

Z.�;B; s; �I �/D 1
q2C1

L.sC 1=2; �; �/

�
�
�BCq�1T1;0BC

�
�.$/�1qsC1C�.$/q�sC1�tr..q�1T1;0C�/jV

K0.p/
�

/
�
B
�
.14/

for B 2B.T; 1/Œ��K0.p/.

Proof. We will give a proof of the case that � is of type I. In the case of type IIb,
the proof is similar. Let fB�j g1�j�4 � B.T;1/Œ��K0.p/ be an eigenbasis of T1;0

with eigenvalues f�j g1�j�4. Then, we suffice to check the desired equation only
for B D B�j .1� j � 4/. Let .�ij /1�i;j�4 be the representation matrix of �jK0.p/

with respect to fB�j g1�j�4. Then, (6-21) shows that

B�j .h.lC1;0//D �j q�3B�j .h.l;0//; l 2 Z�0:

By applying Lemma 6.1 to B D B�j , we obtain

Z.�;B�j ;s;�I�/D
L.sC1;�L/

q2C1

�
4P

iD1

�ij B�i .14/

1��i�.$/q�.sC2/
C
�.$/�1qsC1B�j .14/

1��j�.$/q�.sC2/

�
:

Thus, we may put

Z.�;B�j ;s;�I�/D
1

q2C1

4Y
iD1

.1��iq
�2X /�1 A0CA1XCA2X 2CA3X 3CA4X 4

X.1�q�2X 2/
:

with X D �.$/q�s for some Ai 2 C .0� i � 4/.
By noting that f�1;�2;�3;�4g D f˛ˇ
q3=2;ˇ
q3=2;˛
q3=2;
q3=2g from [34,

Table A.8], we have

(6-16) .q2
C1/�

Z.�;B�j ;s;�I14/

L.sC1=2;�;�/
D

A0CA1XCA2X 2CA3X 3CA4X 4

X.1�q�2X 2/
:
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A direct computation shows that

A0 D qB�j .14/;(6-17)

A1 D �B
�
j .14/Cq�1 tr.T1;0jV

K0.p/
�

/�B�j .14/�q�1
�T1;0B�j .14/:(6-18)

The functional equation (6-7) and the relation ".�;s;�; /D 1 (see Theorem 4.4
in [29]) show that the right side of (6-16) is invariant under the transformation
X !X�1. By comparing coefficients, we have

A2 D q�2.q2
�1/A0; A3 D�q�2A1; A4 D�q�2A0:(6-19)

Substituting (6-17), (6-18), and (6-19) into (6-16), the right side of (6-16) becomes�
�B�jCq�1T1;0B�jC

�
�.$/�1qsC1

C�.$/q�sC1
�tr.q�1T1;0jV

K0.p/
�

/
�
B�j
�
.14/:

�

6.5. Computation for newforms of type IIIa .case 5/. In this subsection, we do
not assume the triviality of the central character. By [32, §9.1], there exists a basis
fB1;B2g of B.T; ƒ/Œ��K0.p/ such that

(6-20)

T1;0B1 D ˛
qB1; T1;0B2 D 
qB2;

T0;1B1 D ˛

2.˛qC 1/qB1; T0;1B2 D ˛


2.˛�1qC 1/qB2;

�B1 D ˛
B2; �B2 D 
B1:

We now consider the values of B1 and B2 at the identity element. Lemma 9.1
of [32] ensures their nonvanishing and ƒ.$/D ˛
 2 by the condition of central
character of � .

Lemma 6.11. Let T 2 Sym2.F / such that L=F is an unramified field extension.
Suppose that ƒ WL�! C1 is an unramified character. Then

B2.14/D ˛
�1B1.14/¤ 0:

Proof. For B 2 B.T; ƒ/Œ��K0.p/ and any nonnegative integer l , by Lemmas 5.1
and 5.3 in [32], we get the following relations:

(6-21) T1;0B.h.l; 0//D q3B.h.lC1; 0//;

(6-22) T1;0B.h.l; 0/s2/D q2.q�1/B.h.lC1; 0//Cq2B.h.l�1; 1/s1s2/;

(6-23) T1;0B.h.l; 0/s2s1s2/D q2.q�1/B.h.lC1; 0//

Cƒ.$/B.h.l�1; 0/s2s1s2/C.q
2
�1/B.h.l�1; 1/s1s2/;

(6-24) T0;1B.h.l; 0//D q3.qC1/B.h.l; 1//;

(6-25) T0;1B.h.l; 0/s2/D q4B.h.l; 1/s1s2/Cqƒ.$/B.h.l�2; 1/s1s2/

Cq2.q�1/B.h.l; 1//C

�
�qƒ.$/B.14/ .l D 0/;

q.q�1/ƒ.$/B.h.l; 0// .l � 1/:
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Set B D B1. By putting l D 0 in the above relations, applying the relation (6-20),
and using the equation that B2.h.l; 0//D 
B1.h.l�1; 0/s2s1s2/ for l � 0, we have

(6-26) ˛
qB1.s2/D ˛
 .q�1/B1.14/Cq2B1.h.�1; 1/s1s2/;

(6-27) ƒ.$/
�1.q�1
�1/B2.14/D ˛
 .q�1/B1.14/C.q

2
�1/B1.h.�1;1/s1s2/;

(6-28) ƒ.$/.˛qC1/qB1.s2/D q4B1.h.0; 1/s1s2/

C
ƒ.$/.˛q2�˛q�q2�1/

qC1
B1.14/:

Similarly, by putting l D 1 in (6-23), we have

ƒ.$/q�3.1�q/B2.14/Dƒ.$/˛q�2.q�1/B1.14/C.q
2
�1/B1.h.0; 1/s1s2/:

From this last equation, together with (6-26), (6-27), (6-28), we obtain B2.14/D

˛�1B1.14/. The nonvanishing of B1 at 14 follows from Theorem 9.3 of [32]. �
Proposition 6.12. Suppose that � is of type IIIa. Let T 2 Sym2.F / be such that
L=F is an unramified field extension. Suppose that � WF�!C1 andƒ WL�!C1

are unramified characters. When � D 1OL˚OL
and Re.s/ > 1, we have

(6-29) Z.�;B; s; �I �/D
ƒ.$/�1�.$/�1qsC1

q2C 1
L.sC 1=2; �; �/ �B.14/;

B 2B.s; ƒ/Œ��K0.p/:

Proof. By substituting B D Bi in (6-5) for i D 1; 2, the statement is immediate for
BDBi by (6-20), (6-21), and Lemma 6.11. Since B1 and B2 span B.T; ƒ/Œ��K0.p/,
we complete the proof. �
Corollary 6.13. Let � , T , �, and ƒ be as in Proposition 6.12, then

".�; s; �;  /D �.$/2q2. 1
2
�s/:

6.6. Computation for newforms of type VIb .case 6/. Suppose that � is of type
VIb; we do not assume the triviality of the central character. By [32, Table 3], any
element B 2B.T; ƒ/Œ��K0.p/ satisfies

T1;0B D 
qB; �B D 
B:(6-30)

By [32, Theorem 9.3], we have B.14/¤ 0 if and only if B ¤ 0.

Proposition 6.14. Suppose that � is of type VIb. Let T 2 Sym2.F / be such that
L=F is an unramified field extension. Suppose that � WF�!C1 andƒ WL�!C1

are unramified characters. When � D 1OL˚OL
and Re.s/ > 1, we have

Z.�;B; s; �I �/D
ƒ.$/�1�.$/�1qsC1

q2C 1
L.sC 1=2; �; �/ �B.14/;

B 2B.T; ƒ/Œ��K0.p/:
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Proof. Similar to that of Proposition 6.12, using relations (6-21)–(6-25). �

Corollary 6.15. Let � , T , �, and ƒ be as in Proposition 6.14. Then

".�; s; �;  /D �.$/2q2. 1
2
�s/:

6.7. The values of Bessel models at 14 for old forms. For quasicharacters �, �0,
and � on F� which are trivial on O�, the representation .�� �0 Ì �;V / can be
realized as the right regular representation of the space of all smooth functions f
on G.F / satisfying

f

 "
a � � �

0 b � �

0 0 ca�1 0
0 0 � cb�1

#
g

!
Dja2bjjcj�

3
2�.a/�0.b/�.c/f .g/; a; b; c2F�; g2G.F /:

The space V has a unique K-invariant element fK 2 V such that fK .14/D 1. Let

I DK \

�
O p O O
O O O O
p p O O
p p p O

�
be the Iwahori subgroup of K. For w 2W , let fw 2 V I be

the unique element such that fwjK D 1IwI .
By [31, Section 2], the space V I is 8-dimensional space spanned by

f14
; fs1

; fs2
; fs2s1

; fs1s2s1
; fs1s2

; fs1s2s1s2
; fs2s1s2

:

A basis of the 4-dimensional space V K0.p/ is given by

f I
1 WDf14

Cfs1
; f I

2 WDfs2
Cfs2s1

; f I
3 WDfs1s2s1

Cfs1s2
; f I

4 WDfs1s2s1s2
Cfs2s1s2

:

Recall that � is isomorphic to ���0Ì� or �1GL2
Ì� for some characters �, �0,

and � on F� according as � is of type I or IIb. The representation .�1GL2
Ì �;V /

can be realized as a subrepresentation of j � j1=2�� j � j�1=2�Ì � , and a basis of
3-dimensional space V K0.p/ is given by

f IIb
1 WDf14

Cfs1
; f IIb

2 WDfs2
Cfs2s1

Cfs1s2s1
Cfs1s2

; f IIb
3 WDfs1s2s1s2

Cfs2s1s2
:

The representation matrices of operators T1;0 and � on V
K0.p/
� are given in [31,

Table 3] and [31, Lemma 2.1].
Now we assume that � has the trivial central character. Let .`0

� ; fK / be the
Bessel data for � defined above. For � 2 fI; IIbg, define a basis fB�i g1�i�dim V

K0.p/
�

of V
K0.p/
� by

B�i .g/ WD `
0
�.�.g/f

�
i /; g 2 G.F /:

We need the values of these functions at g D 14, which are given as follows.

Proposition 6.16. Let � be a smooth admissible irreducible K-spherical represen-
tation of type I or IIb, and fB�i g be as above for � 2 fI; IIbg.
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(i) If � is of type I,

BI
1.14/D

˛ˇ

.q�˛/.q�ˇ/
; BI

2.14/D
�qˇ

.q�˛/.q�ˇ/
;

BI
3.14/D

�q˛

.q�˛/.q�ˇ/
; BI

4.14/D
q2

.q�˛/.q�ˇ/
:

(ii) If � is of type IIb,

BIIb
1 .14/D

˛2

.q1=2�˛/.q3=2�˛/
; BIIb

2 .14/D
�q1=2.1C q/˛

.q1=2�˛/.q3=2�˛/
;

BIIb
3 .14/D

q2

.q1=2�˛/.q3=2�˛/
:

Proof. Set d WD dim V
K0.p/
� . By the construction of the elements ff �i g1�i�d , we

have B0
� D

Pd
iD1 B�i . For any ` 2 Z�0, we let T `

1;0
act on the both sides of this

equation and then evaluate at g D 14 using (6-21); thus,

B0
�.h.`; 0//D q�3`

dX
iD1

.T `
1;0B�i /.14/:

The value on the left-hand side is given in [6, Corollary 1.8]; by [31, Table 3], we
have a system of linear equations among B�i .14/, which is solved easily. �

6.8. Local periods. For an irreducible admissible unitalizable K0.p/-spherical
representation .�;V�/ on G.F / having the .T; ƒ/-Bessel model, we fix a pair
.`� ; ��/ 2 .V �� /

T;ƒ �V
K0.p/
� satisfying `�.��/D 1. When � is K-spherical, we

choose .`� ; ��/ as the unramified Bessel datum .`�
0
; ��

0
/. Then, there exists a

unique G.F /-invariant inner product h �j� i on V� such that h�� j��i D 1. For s 2 C,
� 2 S.L2/, g 2 G.F /, and a character � on F�, we define the local period of � as

I
.s/

�;K0.p/
.�� ; �;ƒ;�Ig/D

X
B2B..V �� /T;ƒ;K0.p//

Z�.�;B; s; �Ig/B.14/;

where

Z�.�;B; s; �Ig/ WDL.sC 1=2; �; �/�1Z.�;B; s; �Ig/

is the normalized zeta integral and B..V �� /T;ƒ;K0.p// is an orthonormal basis of
B.T; ƒ/Œ��K0.p/ with respect to the inner product on B.T; ƒ/Œ�� via the G.F /-
isomorphism

V� 3 � 7! .g 7! `�.�.g/�// 2B.T; ƒ/Œ��:(6-31)

6.8.1. Local periods for type I and IIb. When � is of type I or IIb, we recall that the
representation space can be realized as in Section 6.7. We choose �� D ��

0
D fK .

Then, since we are dealing with induced representations from unitary characters,
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the standard inner product hf jgi WD
R

K f .k/g.k/dk (f;g 2 V� ) becomes G.F /-
invariant and satisfies h��

0
j��

0
i D 1.

For�2fI; IIbg, the set fhB�i jB
�
i i
� 1

2 B�i g1�i�dim V
K0.p/
�

forms an orthonormal basis of
B.T; ƒ/Œ��K0.p/. By [36, Remark 2.1.3], the values hB�i jB

�
i i are given as follows:

hBI
i jB

I
ii D qi�1.qC 1/ .1� i � 4/;

hBIIb
1 jB

IIb
1 i D .qC 1/; hBIIb

2 jB
IIb
2 i D q.qC 1/2; hBIIb

3 jB
IIb
3 i D q3.qC 1/:

By Propositions 6.10 and 6.16, and the matrix representation of T1;0 and � given
in [31, Table 3] and [31, Lemma 2.1], we can find the local period by a direct
calculation.2

Proposition 6.17. Let � be a smooth admissible irreducible unitary representation
of type I or type IIb with trivial central character. Suppose that ƒ and � are
unramified. When � D 1OL˚OL

, we have

I
.s/

�;K0.p/
.��0 ; �;ƒ;�I �/D

2.q�1/

q5.q2C1/
L.1; � IStd/

�
�
�.$/�1qsC1

C�.$/q�sC1
�

1
qC1

tr.T1;0C q�j
V

K0.p/
�

/
�
;

where L.s; � IStd/ is the standard L-function of � defined by

L.s; � IStd/D .1�˛q�s/�1.1�ˇq�s/�1.1�˛�1q�s/�1.1�ˇ�1q�s/�1.1�q�s/�1

or

L.s; � IStd/D

.1�˛q�sC 1
2 /�1.1�˛q�s� 1

2 /�1.1�˛�1q�sC 1
2 /�1.1�˛�1q�s� 1

2 /�1.1�q�s/�1;

according as � is of type I or IIb.

6.8.2. Local period for type IIIa. Suppose that � is of type IIIa. Then, as remarked
before, j˛j D j
 j D 1 and ˛¤ 1. By Lemma 6.11, there exists a basis fBigiD1;2 of
B.T; ƒ/Œ��K.p/, unique up to constant, satisfying the relations (6-20) and B2.14/D

˛�1B1.14/¤ 0. Thus, we can uniquely fix fBIIIa
i giD1;2 by requiring BIIIa

1
.14/D 1

and the datum .`� ; �
�/ by `�.��/ D BIIIa

1
to form (6-31) and induce the G.F /-

invariant inner product on B.T; ƒ/Œ�� such that hBIIIa
1
jBIIIa

1
i D 1. Since hB1jB2i

vanishes by [7, Lemma 2.11], we then have hBIIIa
2
jBIIIa

2
i D 1 and hBIIIa

1
jBIIIa

2
i D 0

due to j˛j D 1. The following proposition is immediate from Proposition 6.12.

Proposition 6.18. Let � be a smooth admissible irreducible unitary representation
of type IIIa. Suppose that ƒ and � are unramified. When � D 1OL˚OL

,

I
.s/

�;K0.p/
.�� ; �;ƒ;�I �/D

2ƒ.$/�1�.$/�1qsC1

q2C 1
:

2We have used MATHEMATICA 13.
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6.8.3. Local period for type VIb. Suppose that � is of type VIb. We recall that
dim.V K0.p/

� /D dim.B.T; ƒ/K0.p//D 1; thus, by [32, Theorem 9.3], there exists
a unique element BVIb 2 B.T; ƒ/K0.p/ satisfying BVIb.14/ D 1. We fix the da-
tum .`� ; �

�/ by setting `�.��/D BVIb. The following result is immediate from
Proposition 6.14.

Proposition 6.19. Let � be a smooth admissible irreducible unitary representation
of type VIb. Suppose that ƒ and � are unramified. When � D 1OL˚OL

,

I
.s/

�;K0.p/
.�� ; �;ƒ;�I �/D

ƒ.$/�1�.$/�1qsC1

q2C 1
:
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