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THE RANKIN-SELBERG INTEGRAL ON GSp,
FOR SQUARE-FREE LEVELS

SEIIT KUGA AND MASAO TSUZUKI

We explicitly compute the Rankin—Selberg type integral introduced by
Piatetski-Shapiro over adeles for vector-valued Siegel cusp forms of square-
free levels I'g(/NV ). On the way, for particular test functions in the Bessel
models of irreducible admissible representations, exact evaluations of the
local zeta integrals are given.

1. Introduction

Lately, the Bessel periods on the symplectic similitude group G := GSp, of rank 2
have been gaining in importance in the arithmetic of Siegel modular forms. The
notion of Bessel period and the associated local models of admissible representations
of G were originally introduced by Novodvorski and Piatetski-Shapiro in their work
[27; 26; 29], where a modern treatment of Andrianov’s integral representation
[1; 2] of the spinor L-function for Siegel modular forms was developed. Related
to this, we should also mention independent work by Sugano [42], which handles
vector-valued Hilbert—Siegel cusp forms on arithmetic groups defined by maximal
orders of indefinite division algebras. The Bessel period also plays an essential
role in a formulation of Bocherer’s conjecture posed by Liu [22] in a style of the
refined Gan—Gross—Prasad conjecture. This version of Bocherer’s conjecture has
been completely solved by Furusawa and Morimoto [9; 10].

In this paper, we compute the Rankin—Selberg type integral a la Piatetski-Shapiro
for holomorphic vector-valued Siegel cusp forms of square-free levels explicitly,
using results of Pitale and Schmidt [32] on local new vectors on G(Q,) (p < 00);
since we rely on the local-global method, our result is immediately applied to
nonholomorphic Siegel cusp forms of discrete series type (cf. [20; 23]).

We explain the background of our investigation for scalar-valued Siegel modular
forms of weight /. Let E be an imaginary quadratic field of discriminant D < 0;
depending on E, we define a closed Q-subgroup G* <> G as in Section 2.1 and
form the Eisenstein series E(s, A, i) (s € C) on G*(A) attached to an ideal class
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character A of E and a finite order character p : AX/Q* — C! (see Section 3.1).
Our focus is an asymptotic formula as N + / — oo of the average

1
1-1 E(s. A, BEA )
v [Sp2(Z) : To(N)] (pe%]vf (s, A1) | 9) BE A (p)

where BE2 (¢) is the Bessel period of ¢ in an orthonormal basis Z(/, N) of Siegel
cusp forms of weight / and square-free level To(N), and (E(s, A, ) | @) is the L2
inner product of E(s, A, i) and ¢ restricted to G*(A). We suppose the ramifications
of E/Q, p, 7 are mutually disjoint. Actually, for application ([19]), we consider a
more general average than (1-1) by requiring %(/, N) to consist of joint eigenforms
by Hecke operators and by putting the eigenvalue of such a Hecke operator at each
@ in the formation of the sum (1-1). With such generality, we obtain a completely
explicit expression of (1-1) in terms of

e the spinor L-function L(s, , 1) (see Section 4.6) attached to an irreducible
cuspidal representation 7 =~ (X) p Tp twisted by 1,

« an average of Fourier coefficients of a newform ¢2 in 7, denoted by R(¢2, E, A)
(see (4-12)) originally introduced in [18],

e an average of the local Bessel periods (5-10) of 7, or its computed form (5-12).

Precise statements, including the vector-valued case, are given in Proposition 5.1
and Theorem 5.2. Owing to the explicit nature of our result, we are able to show that,
asymptotically as the prime level N grows to infinity with the weight / being fixed,
the contribution to (1-1) of the old forms, the Yoshida lifts and the Saito—Kurokawa
lifts are 0 (see Theorem 5.4).

These results are necessary in our forthcoming paper [19], where we shall
work out the geometric side of a relative trace formula whose spectral side is
essentially (1-1). We should remark that an average similar to our computed
average (5-11) without the factors i(s +1/2,m, 1) and fs (7r) is studied in [7, §3].
When E = Q(i), our average (5-11) is almost the same as the one in [5, §8] except
the appearance of the local periods t(r, ().

Outline of paper. In Section 2, we introduce basic objects related to algebraic
subgroups of the symplectic group G and Haar measures on their p-adic, real and
adelic points. In Section 3.1, the Rankin—Selberg type integral and the global
Bessel function for Siegel cusp forms are recalled; after this preparation, the basic
identity (Lemma 3.2) is stated, which computes the pairing (E(s, A, 1), ¢) in
(1-1) in terms of the Mellin transform of the global Bessel function attached to
¢ ([29, Theorem 5.2]). We review the proof to determine a constant depending
on Haar measures exactly. In Section 4, we recall the definition of the quantity
R(p, E, A) for an ideal class character A, which was originally considered in [18];
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we describe its behavior under the Galois conjugation A — Al (Lemma 4.6). The
local multiplicity one theorem for Bessel models of 7 ,’s allows us to split B EA ()
for ¢ € 7 corresponding to a pure tensor in (X) p 7p to an Euler product of local
Bessel functions for 7, up to a constant. To define our newform ¢2 and identify
this constant with R(¢2, E, A) (see Lemma 4.8), we fix pairs of a local Bessel
functional £, on 7, and a local new vector &, of 7, such that £,(£,) = 1; in
Section 4.4, we explain that the main result of [32] ensures the existence of such
{({p.&p)} p when 7 corresponds to a new form on I'g (V). In Section 6, we compute
the local zeta integrals by using results of [32]. The unramified computations are
known (see Section 6.2). Other cases, as well as the explicit determination of the
local periods of prime level (see Section 6.8), seem to be new, so that some details
are given in Sections 6.4, 6.5 and 6.6. In Section 4.6, the functional equation of the
L-function is deduced from the basic identity by using Lemma 4.6. Although a
“nice” functional equation of the L-function itself is known in a broader generality
([39, Lemma 1.2]) owing to Arthur’s classification of the discrete spectrum, we
include this section for the sake of completeness and to provide a proof free from
Arthur’s result, confirming that the local L-factor and the local e-factor defined
by [29] coincides with the ones proposed in [36, Tables 2 and 3]. In Section 5,
we prove Proposition 5.1 and Theorem 5.2; by invoking a result by Furusawa and
Morimoto [9, Theorem 8.1], we obtain an explicit expression of (1-1) solely in
terms of L-functions (Theorem 5.3).

2. Preliminaries

Let V denotes the space of symmetric matrices of degree 2; we consider V as a
Z-scheme by defining

V(R)={[¢%]la.b.c € R}
for any commutative ring R. The group GL; (R) acts on this space from the right as

(2-1) V(R) x GL2(R) 3 (T, h) — Ts(h) := —"hTh e V(R).

det deth

Let G denote the symplectic similitude group

G:={geGLs|"¢[ ], 5le=v(® [T, 5] @v(g)eGL)

(usually denoted by GSp,), where v : G — GL; is the similitude character. The
center of G is denoted by Z, which coincides with the set of all the invertible scalar
matrices of degree 4. Let P = MN be the Siegel parabolic subgroup of G, where

M= {m(4,¢):=[4, 2, ]| 4€GL,,ceGLy},
N::{n(X)::[lZXHXeV}
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Note that v(m(4,c)) = ¢ and v(n(X)) = 1. Let
Ti= {m([48].¢) |abe <Gy},

which is a maximal torus of G. The Weyl group W := Ng(T)/T of G is generated
by the images of

2.1. Embedding of groups. Let E = Q(~/D) C C be an imaginary quadratic field
of discriminant D < 0, so that ~/D = i|D|'/? with i being the imaginary unit. Let
Ok denote the ring of integers of E. Choose a Z-basis {1, 6} of O such that

(2-2) 6—0=—D,

where 7 > 7 denotes the nontrivial automorphism of E/Q.

The differential ideal 0 /g, defined by DEI/@ ={t€ E |trg/o(t0F) CZ},is

£ thus a symplectic Z-bilinear form (-,-) : 0% x 0% — Z is defined by

VDOE; th lectic Z-bilinear f 0% x 0% — 7 is defined b
(0)i=wpo (S de 3 3]). x=[4]y=[%]eo}.

Note that the following vectors of 6"125 form a symplectic Z-basis, i.e., (vl?L , va) =0ij

and (v, vT) = (v7, vJ_) =0forall i, j:

i°7j
vi=[5] v =[8] wr=[5) v=[0]
For any ring R, set
G*(R) := {h € GL,(0f ®z R) | det(h) € R*}.

For 1 € G*(R), viewed as an R-linear automorphism of (0r ®7 R)?, let 19 (1) denote
the 4 x 4-matrix representing /2 in the R-basis {vfr, v;, vy, v, } of (OF ®z R)?,
1.e.,

(2-3) (). B (). k(o). k()] = [v]" v vy vy Teg ().
Then tg(h) € G(R) and v(tg(h)) = det h. Thus, we have an embedding
g : G*(R) = G(R).

Let B be the Borel subgroup of G* such that B¥(R) coincides with the set of all
points

(2-4) [ 2], te(E®aR*, acR, feR.

0 ¢!
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Let N* denote the unipotent radical of B, i.e., N¥(R) is the set of points (2-4) with
t=a=1.SetZ¥:={al, | a € GLy}; then Z* is a subgroup of the center of G* of
index 2.

Let Iy : E — M, (Q) denote the matrix representation of the regular representation
of the -algebra E with respect to the basis {1, 8}, i.e.,

(2-5) [t,70]=[1,0]19(x), TEE,

or, explicitly,

(2-6) Io(a+b0) = [Z aﬁif;%%} . a,beq.

For B = by + b30 € Eg with by, b3 € R, define an element X of V(R) as
2-7) Xg:=[pl 2] with by := by trgo(6) — b3NE o (6).

We have

(2-8) o ([; o ]) = m(Ip(r).a), aeR* tekE},

(2-9) 6 ([45]) =n(Xp). BeEr

By formulas (2-6) and (2-8), we have tg(al,) = aly for (¢ € R*), which implies
(2-10) 19(Z% = Z.
We then have Ng /g (x +0y) =[x, y] T[’Ji] (x,y € R) with

1 21 trE/@(G):|
@) Ng®) |

Let V% (Q) be the orthogonal of Ty in V(Q) with respect to the nondegenerate
quadratic form tr(X'Y) on V(Q), i.e.,

@2-11) Tp:= [2

vIe (@) := {X e V(Q) | tr(TpX) = 0}.
Note that tr(7,}) = 1+ (irg;q(0)/2)* + Ng/o(8)* > 0, det(Ty) = —D /4 > 0 by
(2-2). We have V1% (Q) = {Xg|B € E}, and
(2-12) V(@ =QTy eV (@).  p(N*) =n(V'?)

by (2-9). The group M acts on the space of rational homomomorhisms Hom(N, G,)
by the rule Ad*(m)x(n) = x(m™'nm) form € M, n € N and y € Hom(N, G,). For
T €V, let Mt denote the stabilizer of x7 : n(X)  tr(TX), and M7, the identity
component with respect to the Zariski topology. Then, for any Q-algebra R,

M7z, (R) = {m(I4(7).Ng/a(7)) | T € ERr}.
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Define a bilinear form on V(R) as (X,Y) := —tr(X Y1) and let SO(V(R)) be the
special orthogonal group of (-,-).

2.2. Open compact subgroups at finite places. Let p be a prime number. Set
Ep:=E®qgQpand O, ,:= Op ®7Z,. Then, K% := G*(Z ), which coincides
with the stabilizer in G*(Q,) of the Ok ,-lattice ﬁ% C E3, is a maximal compact
subgroup of G*(Q ), and K, := G(Z ) is the standard maxnnal compact subgroup
of G(Qp). For a nonzero ideal n C Z, set

Kom):={[& B]eG(Zy) | C en}.
For a nonzero ideal a C O, set

Ki(a):={[?5]eG"Zp)|cea}.
Thus, Ko(Z,) =K, and K# (0 ) =
Lemma 2.1. For a nonzero ideal w C 7, we have Kﬁ(nﬁE p) = tgl (Ko(n)).
Proof. Indeed, both ¢, 1(Kp) and K coincides with the stabilizer of 6’2 =
(v;r, v;, V], V5 )z, in G*(@p). Hence ty 1(Kp) = K# In the remaining part ofthe
proof, we suppose n C pZ Then forg=[45]e K », we have g € Ko(n) if and
only 1fg(v+) g(v;') e (vl v, v, )Zp—l—n(vl Uy )Zp For g =19(h) with h = [ ]

K# this last condition becomes [ ], [?g ] € [n@’i_" ] or, equivalently, ¢ € nﬁ E,p-
O

For N € 7, define open compact subgroups Ko (N ) C G(A¢) and K¥(N 0g) C
G*(Ay) by
Ko(N):= [] Ko(NZp). Ki(NOg):= [] KEWNOg,p).
p<00 p<00

2.3. Maximal compact subgroup at the archimedean place. The identity con-
nected component of G(R) is G(R)? = {g € G(R) | v(g) > 0}. Set Koo :=
G(R)® N O(4), which is a maximal compact subgroup of G(R)? given as

Koo ={[_48]| 4. BeM(R), A+iB cU(2)}.

Note that Ko, C Sp,(R). The action of G(R)® on the Siegel upper-half space
hr:={Z eM,(C)|'Z = Z, Im(Z) > 0}, denoted by (g, Z) — g(Z), is defined
by the usual formula, i.e.,

g(Z):=(Z+B)CZ+D)"", g=[4E8]eGR)’. Zebh,.

The stabilizer of i1, € b, in G(R)? coincides with Z(R)Kso and the map ¢ :
G(R)? > g+ g(il,) € b, induces a diffeomorphism G(R)?/Z(R)Koo = b,. Let
p denote the subspace of g := Lie(G(R)?) that is mapped bijectively onto the
tangent space of b, at i1, under the tangent map of ¢ at 14. Let p* (C pc) be
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the space of holomorphic tangent vectors and p~ the antiholomorphic ones. Set

Yoo i:=m(—1,,—1) = [_52 102] € G(R); then Koo U Koo Yoo is @ maximal compact

subgroup of G(R). The four vectors

uyi=[3] wa=[4] us=[29] wus:=[_9]

in E”% form an R-basis such that

(2-13) [, vl o7, vg] = [uy, ua, us, ug] (b))
with

i 0 ._ —1 -1 _ 127 g
2-14) b :=m(4g.271 /D), Ag.—|:0 ot p] | €GLat®

Note that b[g € G(R)° because v(bﬂ%)_1 =2"1./|D| > 0. Set
K’ :=UQ2)NG*'R) = {k" € U(2) | det(k™) = £1},

which is a maximal compact subgroup of G*(R). The identity connected component
(K% )0 of K  is SU(2), and K¥ = (K%)° U (K% )%800 with 6o := [ 9] A
general element of SU(2) is written in the form

-15)  h=[2-t] witha=d' +id".b=b"+ib"€C, af* +|b]* = 1.
For such an /4, a computation reveals the relation
(2-16)  [huy, huy, hus, hug) = [uy, uz, us, us)[ _4 8]

with 4:=[2, 4], B:=[4 0]

a’ a

Lemma 2.2. We have Lgl (Keo) = (K*O*O)O. For k’go € (Kﬁo)o as in (2-15), defining
A, B € M,(R) as in (2-16), we have

2-17) (ki) = b _3 510"

Proof. Equation (2-17) follows directly from (2-4), (2-16) and (2-13). From
[huy, huy, huz, hug] = [uy, us, usz, ug)(—y)

and —y € Ko, the assertion follows. O

2.4. Haar measures. For locally compact unimodular topological groups H rele-
vant to us, we fix Haar measures ng on H in the following manner. Let A be the
adele ring of @ and v : A/Q — C! the basic character.
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2.4.1. On the additive group C, define dnc(7) := dxdy = 271|dr AdT| for r =
x +iy (x, y € R), where dx dy is the Lebesgue measure on R2.

The Haar measure ncx on C* (resp. nrx on R*) is defined by dncx(t) =
|‘[|(Eld‘6 for t = x +1iy € C (resp. |x|§1dx). For each p < o0, E; (resp. @;) is
endowed with the Haar measure 1) g such that 7 gx (ﬁ’gﬂ p) =1 (resp. 1 (Z,)=").
Then, viewing A% as the restricted product of £, we define Nay = I1 p<oco NEX-
Similarly, we set nax =[], <00 Na3-

2.4.2. For a matrix X = [if 3], set XT:= [_‘c" _2], so that XXT = (det X) 15,
and X — X T induces an involution of the Q@-vector space V(Q), which is viewed as
a quadratic space with the symmetric bilinear form tr(X YT). We endow V(A) with
the self-dual Haar measure with respect to the self-duality defined by the bicharacter
(X, Y) > ¥y (tr(XY T)). Let na (resp. nay) be the self-dual Haar measure on
A (resp. Ag) with respect to the bicharacter (x, y) — ¥ (xy) (resp. (a, ) —
Y(trg /@(a,g))). A computation shows the relation — tr( Xy X g) =rg/q (ap) for
a, B €AE, where Xy, Xg € v Te (A) are defined by (2-7). Thus, by the isomorphism
Aps B Xge vTe(A), the Haar measure 74  1s transferred to a Haar measure
on N*(A). Since tr(Tp TGJr ) = —D/2 # 0, we have the orthogonal direct sum
decomposition V(Q) = QT @ V7?(Q). By this and (2-12), write X € V(A) as
X = ng +Xg=yTy+ Xo (x,y €A, B,a € Ag). By the definition of the Haar
measures, we have dny ) (X) = dna(x) ® dna, (B). Since the change of variables
(x,B) — (y,@) is given as
y="Lx  a=B+2"ug@Ox+y) +Ng®)x—y)0

and since [—D/2|a = 1, we get dnya)(X) = dna(y) ® dnag («). Through the
identification V(A) 3 X - n(X) € N(A) and 3 A [ f] € N*(A), the groups
N(A) and N¥(A) acquire Haar measures, so that the integration formula

: _ . # #
(2-18) NIOLE —/A/N#(A)f(n(xTe)tg(n )) dx dn

holds for any 7 € L!(N(A)). Note that vol(N(Q)\N(A)) = vol(N*(Q)\N*(A)) = 1.
2.4.3. Let p < co. Any element g* € G*(Q,) is written as

(2-19) =000 o]k

with a € @;, T€E E;, B € E, and k* e K’;. Then, our Haar measure on G#(@p)
is symbolically defined as

(2-20) dnera,) (g)) = laly - dng, (B) dngy (a) dn g (t) dngs (KF),

where dnK; (k*) is the Haar measure on K*;, with volume 1. For p < oo, we have
fK’;‘, NGt(@,) = 1. On the adele group G*(A), we use the product measure of NG#*@,)
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(p < o0). Then, from (2-20), we get
221 / (gh dg* =
(2-21) Gm)f(g )dg
VID| BT 0 128\ 1,12 gt #
2 /#(A)/XAE/K#f(n [(T)af]k )|Cl|Adl’l dr’AX(a) dnAg(T) dk ’

N
where dk* is the normalized Haar measure on K¥ = [] p<oco K*;,. Note that the
measure on N*(A) = Ag coincides with the na, defined above, which equals

(v1D1/2)x[1, nE, (p < 00) due to the formulas ([T, n£,)(Ap/E) = |D|'/2/2
[47, Chapter V, §4 Proposition 7] and na, (Ag/E) = 1.

2.4.4. We fix nk,, so that vol(Kx) = 1. Then we normalize nsp, () in such a
way that the quotient 7gp, (r) /7K., corresponds to the measure (det Z )73dX dY on
b2 2 Spy(R)/Koo. Via G(R)° = Z(R)° Sp, (R) = R~ X Sp,(R), ng(r) is defined
by demanding that its restriction to G(R)? is ngx ® Nsp,(®)- For p < oo, we fix
NG(a,) by demanding pr Ne@,) = 1. Then, ng(a) is defined to be the restricted
product of ng(g,) (p =< 00).

2.5. Idele class characters. Let A denote a character of the finite group
CIE) :=A%/EXEXO%.

As is well known, this group is isomorphic to the ideal class group of E. We regard
A as an idele class character of E* of finite order. Since A* = Q*(R>q)Z* is
contained in the subgroup E* E 52, we have

(2-22) AIAY =1.

Let v be a place of E and A, the v-component of A, i.e., A = @), A,. We say
that v is inert in £ /Q, splits in £/Q or ramifies in £/Q if E, := E ®g Q) is an
unramified field extension of Q, is isomorphic to Q, & Q, or is a ramified field
extension of @, respectively. Since A is supposed to be trivial on E, we have
A oo = 1; moreover,

(2-23) If visinertin E£/Q, then A, = 1.

Indeed, since A is supposed to be trivial on 0%, the restriction Avlﬁg’ » 18 trivial.
If v is inert and p denote the residue characteristic of £y, then p € Q, is a prime
element of the local field £,. We have Ay(p) = 1 due to (2-22). Hence, Ay is
trivial on pzﬁgjv = Ej.

Define the Galois conjugate A of A by setting

(2-24) A1) == A®@), teA}.
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We have A(7)Af (1) = A(zT) =1 for t € A% by (2-22). Hence
(2-25) A =A"1=A,
where A is the complex conjugate of A.

For an idele class character £ of E*, let f,(s, &) be the completed Hecke L-
function of £, and L ,, (s, §) its local p-factor for p <oo. Then, L (s, gh= Ly(s,§)
for any p < oo. Indeed, if p is not ramified in E£/Q, the equality is trivial.
Suppose that E/Q is ramified; if £, is a ramified character of E7, then both
L-factors are 1. If £, is unramified, then for any prime element w of E ,, we have
) p(@) =§&p(w) =&, (w), which implies the equality between local p-factors.

For any character jt: A*/Q* R — C', define g := poNg /g : A%/ E* —> cl.
Then 1E is Galois invariant, and ug|E% = 1. Hence, (A,uE)T = AT =
A~'ug, and

(2-26) Ls, A" ug) = L(s, \pg) = L(s, Aug) (Re(s) > 1).

Note that ﬁ(s, A g) is holomorphic except for possible simple poles at s = 1,0,
which occurs if and only if both A and p are trivial.

3. Eisenstein series and Rankin—-Selberg integral

Let A = ®APECT(F)aHd/L= ®/¢pem.

pP=0 P=0

3.1. Eisenstein series. For details, we refer to [14, §19]; the theory on GL,(Afg)
developed there carries over into the group G*(A) with minor modifications. For a
finite-dimensional vector space V over a local field, let S(V') be the space of all
Schwartz—Bruhat functions on V. For p < o0, ¢ € S(Ef,) and s € C with Re(s) > 0,

we define a function fdfs’A"”“'“") . G*(@)p) — C by
ﬁA bl
(3_1) qus P Mp)( #) —
up(det g*)[det g5 / $([o 115 2g") A ppe p (DTS dn g (2).

When P 0o, we assume that ¢ is K# -finite. By local Tate theory, the function
s=>f ¢S Apoto) (g") is continued meromorphically to C in such a way that

5A El — ,A 5
G2 R gy = Ly(s + 1L A g )" x [ (gh)
is holomorphic on C. Then, fy (5, p-ttp) belongs to the space ¥#(s, A p, L p) consist-
ing of all smooth functions f on G*(Q)) satisfying

SUG L1e" = Ap@ ip@ al 5 f(g")
forany [ £ £ ] B*(@,) and g* € G*(Q,).
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The Fourier transform ¢ of ¢ € S(E 1%) is defined by
G3  era) = [ eV BLED dos, () dig, W)
Set wg := [ ¢ =} ] € G*(Q,). The standard intertwining operator
M(s): 75, A i) = P (=s. A1 151
is defined on Re(s) > 0 as the absolutely convergent integral

M6 /&= [ Sy %] dne,(B). &' @p).

The effect of M (s) on the section f dfs’A” #0) i described by the Fourier transform

¢ as
(_ ,A_], —1
34y £ '(g") =

- - Ly(1—s, A" uzh (s, Ap.tip)

A D 1 D S+1/2 A V4 E M sLxpsHp #
cpp(VD) DI ey (s A Vi, ) = SEE M (s) ], (")
with ¢, = 1 if p < 00 and ¢eo = /| D|/2 if p = oo, where &(s,-, ¥ g,) denote
Tate’s local epsilon factor defined by the character Vg, := Y potrg, /g, of Ep
and the associated self-dual measure on £, as usual. Let S (A%) be the space of all
the Schwartz—Bruhat functions on A%. For a decomposable element ¢ = ) ¢, in

S(A%), we define p=00
’A7 9A b
i@ = TT " eh). f = (ghy e G A).
p=o0

Note that fés’A’” ) is left-B*(Q)-invariant and right-K*-finite. The Eisenstein series
attached to fq(:’A’” ) is defined by the absolutely convergent series

A~ ’A’
(34 E@.s.Apwgh=Lis+1Aup) Y, 56",
8eBH(@)\GH(Q) g# c G#(A),

for Re(s) > 1. The Fourier transform ¢ of ¢ € S (A%) is defined by a formula
similar to (3-3) with respect to the measure na, ® na,. The following properties
of the Eisenstein series are standard.

Proposition 3.1. Let ¢ € S(A%), s € C, A € CI(E), pu € m and g* €
G*(A).

(i) The map s — E(¢,s, A, u; g%) (Re(s) > 1) has a meromorphic continua-
tion to C, holomorphic in s unless Ajug # 1, in which case it has possible
simple poles only at s = 1,—1. For a regular point s € C, the function
gt E(¢,s, A, w; g%) is an automorphic form on G*(Q)Z*(A)\G*(A).
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(ii) We have the functional equation E(},—s, A=', u=1; g%) = E(¢,s, A, u; g%).

(iii) For a relatively compact subset N' C C on which s — E(¢,s, A, ju; g%) is
regular and for a compact set U C G*(A), there exist constants C > 0 and
N > 0 such that

|E(p.s, A 1:[29]gM = ClalN (aeRsy, g¥cld, s eN).

3.2. Rankin—Selberg integral and the basic identity. For any cusp form ¢ on
Z(A)G(Q@)\G(A), A € CI(E) and s € C, the Rankin—Selberg integral is defined by

3-5) (E(¢.s.A.p).9) = E(p.s. A, p: g" ")) dg*.
(5 (E@s. A m@hi= [ E@5 A g 0la(g") dg

By Proposition 3.1(iii) and the Fourier expansion (4-5), it is straightforward to show

the absolute convergence of the integral for s € C where the Eisenstein series is
regular. For T € V(Q), define a character ¥/7 : N(A) — C! by

vr(n(X)) =y ((TX)), X eV(A).
The (Ty, A)-Bessel period of a cusp form ¢ on Z(A)G(Q)\G(A) is defined by the
integral!
(3-6) B'R(pig):=

A@)™! “Lo(m(Ig(r),N dn d*
S 5 NO™ [ e Va0 0o (0. N0 mg) an d*x

for g € G(A), where d* z denote the quotient measure on A% /A (see Section 2.4.1).

Formula (3-7) is the basic identity due to Piatetski-Shapiro [29]. To determine
the constant exactly under our normalization of Haar measures, we reproduce the
proof briefly.

Lemma 3.2, Let ¢ : Z(A)\G(Q)G(A) — C be a cusp form. For Re(s) > 1, we have

(3-7) (E(p.s. A, p). @)=

@L(s+l,AuE)/x/Kio

A, -
wronlo @) ali”!

x BTo-M (g m(aly, a)ig (k') d*a dk®.
Proof. By substituting (3-4) into (3-5),

L(s+1,App)” x(E(¢.s. A, 1), )

_ (s,A,u) # # #
= fpeancia Yoo e ee(e") dg
yeB*(@)\G*(Q)

INote that m(Ig (@), Ng/q(a)) = aly fora € A*. Then, due to ¢ being Z(A)-invariant, the
integral BT6-2 (¢: g) is 0 if A|AX % 1. This trivial vanishing does not happen if A|AX = 1.
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HCRN)
- d
Z*(A)B*(@)\G*(A) ¢ (g )(p(LO(g )) g

,/|D
/AX/QX /AZ-/AXEX /N#(@)\N#(A) /K# (0p)K:,
><A(f) '@ o (19 (n*) m(I9(2), NEja(0) [, 12O]ta(k#k )
x |a|% d*a d*z dn® dk§ dk?,

o M ekl lal Y

where the last equality is proved using (2-21). By Lemma 3.3, the last expression
becomes

\/ / / / / f(SaA,l/«)(kt#k )|a|A(S+1)
A</ Jax/ax Ex In@)\wea) JKE (op)KY, ¢

<A@ @)™ Z o(n m(Ie)(r),NE/a;o(r))["‘“:)112 loz]to(k#))

acQ” -1 2 X X #
XYr,(n)"" lalyd”ad” rdndky.

The a-summation and the a-integral over A* /Q* are combined to yield an integral
over A*. The change of variables a — a~! and (3-6) then give the desired formula.

O
Lemma 3.3. For g € G(A),

# # al 0 1
d e / 2 d
Fianaro 0@ = 3 [ el 2e) imonan
Proof. Fix g € G(A) and define a function ¢ on A by

20V = [ anmrin PO TN ', x €A

Since ¢ is a Q-periodic smooth function on A, it can be expanded in a Fourier
series, which is absolutely and normally convergent:

(3-8) o= |, PO @Iy <P (@), xen.
ac

By (2-12) and (2-18),
-1
Jjo?0) @ dy

= T, 7 -1 t T, TV 7 dvdZ
/A\/@/\/Te(@)\v%(/-\)‘p(”(y 0 +2)g) Y ((@Ty(yT,) + 2Z)))dy

- ~1
B V(@)\V(A)go(n (X)g) ¥r, (n(eX)) " dX,
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which for & = 0 is zero due to the cuspidality of ¢. Thus, by setting x = 0 in (3-8),
0) = / n(X n(eX))~dX
$(0) 2@; @i M VT, (n@X)

=y en[“y> L 12) ¥, ()" dn.
e /Nm)\m(m 0 12 o

The last equality is obtained by the change of variables X — o~! X and by the

automorphy of ¢ together with the relation n(a™1X) = ["‘_(; 12 102 ]n(X ) [ “52 102 ]

O

4. Automorphic forms and Fourier coefficients

Let (Z?)dom :={A = (I1.1) € Z% | Iy > [ }. Let A = (I1,13) € (Z*)gom and o be
the representation of GL,(C) on the space V, of homogeneous polynomials in
X, Y of degree Iy — I, defined by o(h) (X, Y) = (deth)2 f(aX +cY,bX +dY)
for h = [‘C’ 3] € GL,(C) and f € V,. As is well-known, any irreducible rational
representation of GL,(C), up to equivalence, is obtained this way. The space V,
carries an SU(2)-invariant hermitian inner product (- | -), given by [9, (8.2.6)].
Recall Koo = {koo(u) :=[_4 8] | u= A4+ iB € UQ2)}. For N € Z., let
So(Ko(N)) denote the space of smooth functions ¢ : G(A) — V,, that satisfy the
following conditions:
(i) ¢(zvg) = ¢(g) for (z,y, g) € Z(A) x G(Q) X G(A).
(i) p(gktkoo(u)) = o(@)'¢(g) for kt € Ko(N) and koo(u) € Koo.
(iii) R(X)p =0forall X e p~.
(iv) ¢ is bounded on G(A).
For T € V(R) with det(T") # 0, define the function BZ; : G(R)® — Endc(V,) by
@-1) BJ(9) = v(e)"*20(Ci + D) exp(2mi (T g(i12))).
g=[28]<cm’
This function satisfies the conditions
(4-2) Bl (m(4,c)g) =c"1H212BT (g) oo A7 )71,
m(4,¢) € MZ(R), g € G(R)°,

(4-3) B[ (ngkoo(u)) =Y (n)o(it) ' oB(g). (n.g.u) € N(R)xG(R)°xU(2),
4-4) R(p7)B! =o0.

The function BQT,U g Bg (g)(v) with v € V,, —(0) is bounded on G(R)? if and
only if T € V(R)™, where V(R)™ denotes the set of positive definite elements in
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V(R). Set
y :=m(—1,,—1) e M(Q).

Note that v(y) = —1. Set V(Q)* :=V(Q)NV(R)™.

Lemma 4.1. Let ¢ € Sy (Ko (N)). There is a unique family of vectors ay(T'; g¢) €V
(T eV(Q), gr € G(A¢)) such that

45)  9(80080) = Y Bl(g00)(ay(T: 1)), goo € G(R)°. gr € G(Ap).
Tev(Q)

IFT ¢V(Q)T, then ay,(T; gr) = 0 for all g¢ € G(Ay). For g¢ € G(Ay),

(4-6) / o(ngoogr) Y (n) " dn
N(A)/N(Q)

_ {Bg(goo)(a(p(T§gf)) (g0 € G(R)®),

0 (80 € G(R) — G(R)°).
Proof. Fix g¢ € G(A¢) and examine the integral, say W(g), on the left side
of (4-6). The function W on G(R)? satisfies conditions (4-3) and (4-4). Hence,
there is a corresponding function F : h, — V), determined by the relation F(Z) =
v(g)~1H2)/2p(Ci + D) W(goo), With goo = [& £] € G(R)°, and such that
Z = (Ai + B)(Ci + D)~!. Since F(Z) satisfies F(Z + X) = y7(X) F(Z)
(X € V(R)), it is of the form F(Z) = F(Y)exp(2ni tr(T X)) with a V,-valued
C*-function F;(Y). Since F(Z) is holomorphic, the Cauchy—Riemann equations
yield (d/dy;;j) F1(Y) = —2rt;j F1(Y'), which is uniquely solved as

F\(Y) = ay (T g1) exp(~27 tr(TY))

with a vector ay, (T'; gr) € Vy, or equivalently W(goo) = BZ; (800)(ay(T; g¢)). Then,
the formula in (4-5) is a consequence of the Fourier expansion of a N(Q)-periodic
function on N(A). Since ¢ is bounded on G(A), the function W(gso) should be
bounded on G(R)?; since goo > Bg (800)(v), with v € V, — {0}, is unbounded
if T ¢ V(R)™, we have a,(T; gr) = 0 for all T € V(Q) — V(R)*. It remains to
show the second case in (4-6). Let goo & G(R)°. Decompose y € M(Q) as YooYt
(Yoo € M(R), ¥t € M(Ag)) in M(A). By the left G(Q)-invariance of ¢,

P(n(X)googt) = @(¥n(X)googt) = ¢(N(—X)Yoo&oo VELE)-

Integrate this in X over V(Q)\V(A) and make a change of variables n — n~! on

the way; we have
/ o(ngoogt) Vr(n) " dn = f o (nysogooyigt) Yot ()~ dn.
N(@)\N(A) N(Q)\N(A)

Since Yoogoo € G(R)®, the last integral becomes BET(yoogoo)(a(p (=T vtge)) by
the first case. Since —7" ¢ V(R)™, we have a(—T'; ytgr) = 0. O
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The vectors a, (T'; g¢) in V, are referred to as the adelic Fourier coefficients of ¢.
As is well-known, there is a linear bijective correspondence between ¢ € S, (Ko (V))
and the classical V,-valued Siegel cusp forms f(Z) on

To(N):={[& 8] eSp,(2)| C =0 (mod N)}
determined by the relation

F(goo(i12)) = 1(goo) " V1T72/2(Ci + D)p(goc). g0 =[¢& B] € GR)°.

By the modular transformation law f((AZ+B)(CZ+D)™')=o(CZ+D)~ 1 f(Z)
for [é g] €g(N), since —14 € T'g(N), we have f(Z) = 0; hence S, (Ko(N)) =
(0), unless /; = [, (mod 2). (For details, see [36, §3.2] and [4, §4].)

Since N(A) N Ko(N) = {n(X) | X € V(Z)}, by (4-6), we have a,(T;1) =0
unless 7' € Q, where

— b/2
Q:={[,)," | abcez;
is the dual lattice of V(Z). Then, (4-5) with g¢ = 14 reduces to
F(Z)=Y" ap(T:14) expQrite(T Z)), Z €y,
Teot
where O := QN V(Q)™. This means that a,(T) := ay(T;14) (T € QF) is the
Fourier coefficient of f(Z) in the classical sense. Set

8:= [(1) _(1)] S GLz(@).

The map T + —T's(§) preserves the set QF. If we identify Q with the set of
positive definite integral binary forms a X 2+bX Y +cY 2, this operation corresponds
to a sign change in b.

Lemma 4.2. The set of adelic Fourier coefficients of ¢ € So(Ko(N)) has the
following properties:

4-7)
ap(T;m(he,dethg)gec) = ay(T's(h); ge), h € GLa(Q), gr € G(Ag), k € Ko(N).

(4-8)  ap(=Ts(8):1) = 0(8)(ap(T: 1)), T eV(Q).

Proof. The relation in (4-7) follows from (4-6) by a simple change of variables. Let
us show (4-8). We have

(4-9) n(=Xs@) =«n(X)k™', X eVA)

with k :=m(8, 1) € G(Q). Write k = kfkoo € G(Af) G(R); then, k¢ € Ko(N) and
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Koo € Koo. Using (4-9) and the left G(Q)-invariance of ¢, we have

e Yy () dn= [ e(n(—s@)X0) Y (TN dX

_ -1 —1
= [ g PO TX) T ax

— —1
= 0(9) N(@)\N(A)w(n)wr(n) dn.

/N(@)\N(A)

From this and (4-6),
B, @ (14)(ay (~Ts(8): 1)) = 0(8) B (1) (g (T: 1))
. —Ts(8 —
By (4-1), this leads to B, *®@ (1) = BI (14) = e 27" 1dy, . O
Define
@10) o, (D):={T=[,4,%*]eQ|a>0,—detT = D/4}:
D is a fundamental discriminant, so T € Q;;im (D) is primitive, i.e., gcd(a, b, ¢) = 1;
Q;;im(D) is a subset of V(Q), which is stable under the action of the unimodular
group SL;(Z) induced by (2-1). The matrix Ty defined by (2-11) belongs to
Q;;im(z)). The SL;(Z)-orbit of T € QT. (D) is denoted by [T].

prim

Lemma 4.3. For each u € A%, let Ig(u) decompose in GLy(A) as

4-11)
I@(ll) == VuhuKu, Yu € GLz(@), hu € GLZ(R)O, Ky = (Ku’p)p<oo € GLZ(Z)

and set Tg(u) := Ty s(yy). Then,

() Tp(u) € Qi (D).

(ii) The SLy(Z)-equivalence class of Ty(u) does not depend on the decomposition
(4-11). If u, u’ belongs to the same E™ E5 0. -coset, then Tg(u) and Ty(u')
are SL; (Z)-equivalent.

(iii) The map [u]+— [Ty (u)] from CI(E) = AE/EXEg(OﬁAE to Ot (D)/SL,(Z) is

prim
a bijection.
Proof. This is an adelic reformulation of the classically well-known correspondence
between the ideal classes and the SL;(Z)-equivalence classes of integral binary
quadratic forms. The proof is straightforward. O

Since m(GL, (2), 1) C Ko(V), the relation in (4-7) shows that the function
T+ ay(T) :=au(T;14) on V(Z)™ is SL,(Z)-invariant. Hence the following sum
of vectors in V), is well-defined:

(4-12) Rp, E,A):= Y ap(To@)> Aw) ™",
[u]leCI(E)
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where v50 := [F o([ £%¢, sin® 1)y da for v € V. Recall the integral in (3-6) and

—sSind Cos

the function in (4-1).
Lemma 4.4. Let ¢ € So(Ko(N)) and A € CI(E) .
(i) For goo € G(R)°,

BT A (0 g00) = wp " BL? (g00)(R(p, E, A))

where wy, is the number of units in o g.

(ii) Seto := [(1) trEi@i(e)]. Then

(4-13) o) (BT (p: ) = BTN (p:b7).  r €SO(2).

(4-14) 0@ (BT (p:b8)) = B~To5 A (p: b).

Proof. (i) The set AL /A E* Ey decomposes into a disjoint union of o7 -orbits

[u]o for different classes [u] € CI(E). Let u denote the quotient measure on

A% /AXE* Ey. For t € A%, set mg(7) := m(Iy(7), Ng/q(7)). Then, by (3-6) and

(4-6), BTo-A (¢: go0) equals

T, (i+h)/2 1t -1 .

BQG(gOO)(—/AE/AXEXE(;)/EQ/RXNEOO/R(TOO) 1220 Tg(t00) ") ap(Th; mg(u))

x Au) ™' 7o d,u(u))

= BQT@ (goo)( Z . ay(Th; mg(u))so A(u)_1 d/},(u)),

jecie) ” e

The quotient measure 1 gx /px is identified with do under the identification

EG/R ={[fe ~oa]laclo. ).

coso
Since mg(ég) C Ko(&V), by (4-6), the formula in parenthesis becomes
> n(uloE) ap(Ty: mg(u)) Adw)™".
[u]eCI(E)

Let Iy(u) decompose as in (4-11). Then, by (4-7) and Lemma 4.3, we have

a(p(TGZ mg(u)) = ap(Tys(yu); 1) = ay(Ty(u)).

It remains to compute p([u]o’;). Since any fiber of the natural surjection from o%
onto [u]o’; has a simply transitive action of the group &%, we have u([u]oy) =
1/#0% = 1/wy,.

(ii) We have Ig(e'®) = Agl[c"s“ —sina ]Ag, or equivalently

sina@  cos

m(IO(eia)» 1) = b[% diag([cosa —sina ], [cosa —sina ])(bﬂ%)—l

sina  coso sina  coso
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for @ € R. Due to this and A o = 1, formula (4-13) is proved by a change of variables
> tu~! in the integral (3-6). Since bm (8, 1)(b2)~' = m(a, 1), formula (4-14)
is proved in the same way as in the proof of Lemma 4.2. O

Let <p € SQ (Ko(N)) — (0) then /; = [, (mod 2) as noted above. Therefore,
dime(V,°®) = 1; indeed, V50® = €V with v3 := (X* + ¥)(1=2)/2, et

6 a2 _p (152
VQ:_(m) o( 4g)v, _(ﬁ) :
Note that BL? (b8) = ( ﬁ) +12)/2 =27 /DT (¢ 4 )~ , so that B}? (b8 o) =

e~ 21Dl 0 Thus, as a corollary to Lemma 4.4, the vector R(gp, E, A) € Vj, is

nonzero if and only if BTo-A(; b? k) # 0, in which case there exists a unique scalar
R(p, E, A) such that R(p, E, A) = R(p, E, A) vg, or equivalently

(4-15) BTo2(p:bf) = mwp e 2™VIPI R(p, E. AV,
Note that (vg)SO = nvg. Define a C°°-function Bg ?:G(R)? — V, as
(4-16) BI?(g00) :=BI? (g00) (V).  goo € G(R)".

4.1. Sign condition. The Galois group Gal(E/Q) acts on CI(E) naturally, hence
on the orbit space Qpnm(D) /SL3(Z) through the bijection in Lemma 4.3(iii). The
following lemma describes the conjugate action on Q7. (D)/SL,(Z) explicitly.

prim

Recall the element o € GL,(Z) defined in Lemma 4.4(ii).

Lemma 4.5. For u € CI( E), the element Ty (1) is SL,(Z)-equivalent to —Tg (u) s(3).
In other words, the conjugate action on Q;;im (D)/SL,(2) is induced by the map
T — —Ts(5).

Proof. The defining formula of Ig in (2-5) yields

Io(a+0b)=[18]7[“1# L llhe] abea.

Set ¢t := trg/g(f). Then, since 6 =t—0, we have a + b0 = a’ + b’ with
a =a+the@andb’ =—b € Q. Then, a computation reveals

(4-17) Ig(a+b0) =0lg(a+bO)o™!

By the decomposition of /4 (u) for u € A% in (4-11), we may take yz = oyuo L.
Thus, Ty(it) = Tps(ya) = Tgs (0yu0~"). A computation shows Tys (o) = —Ty.
Hence,

Ty(it) = —Tps(yuo ") = =Tp(u)s(o™") = =Tg()s(®)s ([§ 1 ]) -
The last matrix is SL;(Z)-equivalent to — Ty (#)s(§). This completes the proof. [
For A € CT(E ), recall from (2-24) its conjugate AT € CT(E ).
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Lemma 4.6. Let ¢ € Sp(Ko(N)) and A € CT(E) and suppose BTo-A (g; b[g) 0.
Then,
R(p, E.AT) = (=) R(g, E, ).

Proof. This is proved by Lemma 4.5 and (4-15) and by o(8§)v5 = (~1)"2vJ. Note
that 1o = [(1) ! ] € SLy(Z), so that a,(—Tps(0), 1) = ap(—Tps(8), 1). O

4.2. Automorphic representations. Let Il.,(Z\G) denote the set of all those
irreducible cuspidal representations of G(A) with trivial central characters, i.e.,
those irreducible (g, Koo) X G(Ag)-submodules (7, V) of the space of cusp forms
on Z(A)G(Q)\G(A). We endow V, with the restriction of the L? inner product
(@lp1)p2 = /Z(A)G(@)\G(A)so(g)wl(g) dg. ¢, ¢1€Vz.

For 7 € Mcusp(Z\G), we fix its restricted tensor decomposition 7 2 Q) p<oo Tp With
(7 p, Vz,) being an irreducible admissible unitarizable representation of G(Q )
with trivial central character such that a K,-invariant vector Sg € Vz, —(0) is
preassigned for almost all p < co. An element A € (Z?)gom is the highest weight
of the minimal K -type of a holomorphic discrete series representation (HDS for
short) of Sp, (R) if and only if /, > 2, in which case the Harish-Chandra parameter
of the HDS is (/; —1,/,—2). For such A and N € Z., let IToysp(A, N) be a subset
of € I¢ysp(Z\G) having the following properties:

(1) Asa(g,Koo)-module woo = Dy 1 1,—2® D_, 12, —1,+1, Where Dy m, is the
discrete series representation of G(R)® of Harish-Chandra parameter (111, m1,)
with central character Z(R) = R* 3 z +> sgn(z)™1tm2+1,

(i) V"™ # ().

(iii) Let (o, Vp) be the irreducible rational representation of highest weight A
as before. The space S,(Ko(/N)) is an orthogonal direct sum of spaces
Ve Mlg] := {p € So(Ko(N)) | ¢y € Vi (Vv € V)} for € Teugp(h, N),
where ¢, (g) 1= (¢(g) | v)o for ¢ € Sp(Ko(N)) and v € V.

Although there may be many choices of IT¢up(A, N), we fix one of them once

and for all. For 7 € Tlusp(A, N), we fix a Koo-intertwining map V, ® I7Q —

Dy —1,1,—2® D_j,42,—1,+1 (= 7o) once and for all, where I7Q =C®c Vo is the

complex conjugate of V.

4.3. Basic assumptions. From now on, we fix a triple (A = (/1,/5), N, M) €
(Z%)dom X Z>q X Z= satisfying the following conditions:
(A-i) N is square-free.

(A-ii) Iy =1, (mod 2), and [, € Z>3 so that (/; — 1, [/, —2) is the Harish-Chandra
parameter of an HDS.
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(A-iii) N and M are coprime.

(A-iv) M is odd.

(A-v) All prime divisors of NM are inert in E/Q.
We fix characters A € CT(E) and 4 = @ p<co Up € m with M =
cond(ut) as well. As usual, the character ¢ induces a primitive Dirichlet character
fi: (Z/MZ)* — C! in such a way that j(u) = fi(a)" ' forallu e ZX anda € Z
withu —a € M Z; thus u,(p) = ji(p) for primes p + M, and

[ Wa,(tp-vp) = M~2G(R0).
pIM

with Wo, (14 p, ¥p) as in Deﬁnition 6.2 and G (L) := }_,ez/mz)~ (@)e

the Gauss sum of ji. Let HEUTS%’ (A, N) denote the set of all those 7 € IT¢ysp(A, V)

that satisfies the condition

2m'a/M

(A-vi) 7 admits a global (Ty, A)-Bessel model, i.e., there exists ¢ € V; such that
BTo:A (g; g) # 0 for some g € G(A).

We remark that the conditions listed above (when w = 1 and /; = /,) are
also imposed in the most part of [7]. Let ngsp A)(k N )SK denote the set of

TE Hgf’p A) (A, N) that is the Saito—Kurokawa lift ([28]) of a cuspidal automorphic
representation of PGL, (A) which is locally described by [37] (see also [38]). From
[37, §4], the set Hgﬁp’ (A, N)SK = @ unless [; = 1,, i.e., V, is one dimensional.
We note that all the representations 7 = @) , 7p in H((;IZ;%’X)(I N)\ HS{%’X)(! N)SK
are non-CAP (cf. [41, 17, §3.5, 30, Corollary 4.5]); then, by [48], ), is tempered for
all p + N. By invoking [3] (see also [39]), any 7 € ngsep X)(l, N)\ Hgg;% X)(l, N)SK
is either a Yoshida lift, i.e., there exists a pair of irreducible cuspidal automorphic
representations (0y,0,) of GL,(A) such that L(s,7) = L(s,01)L(s,0,), or a
“general type”, that is, there exists an irreducible cuspidal automorphic representation
IT of GL4(A) such that L(s, IT, A?) has a pole at s = 1 and L(s, ) = L(s, IT).
Let HCZ;HP’X (I, N)Y (resp. ngTfp’X)(l, N)O) be the set of 7 € Hg;%’X) (I, N) that is
a Yoshida lift (resp. a general type). Then,
@-18) ne0 @ Ny=nle0 0 MHTunlena NyY unlen NSk

(disjoint union).

On the other hand, the set Hgﬁ%’A) (A, N) can be separated into the subsets con-
sistin of all newforms (i.e., N,T = N) and all oldforms (i.e., Ny # N) denoted
by IT Cusp (k N)™¥ and chsp A)(k N)°d respectively. For ¢ € {G,Y, SK} and
* € {new, old}, we set

(Te,A)(k N)®* = H(TGyA)(A’ N)*N H(TGyA)()\’ N)*.

cusp cusp cusp
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Let Ny be the product of primes p < oo such that 7, is not spherical. By condition
(ii) in Section 4.2, we have N | N. Due to (A-i), the representations 7, for p | N
have nonzero Ko (pZ ,)-fixed vectors, which, in turn, implies that , is Iwahori
spherical so that their isomorphism classes are listed in [36, Table 3]. (For extended
tables, we refer to [34, Appendix].) Note that in [36] a different symplectic form is
used to define the symplectic group; up to the adjustment for this difference, the
group P; in [36] is our Ko(pZ ). In [34], all irreducible admissible representations
of G(Q ) that admit local Bessel models are classified, and the result is conveniently
summarized in [32, Table 2]. Here is a summary of what is available for our 7 (as
in Section 4.3):

e 7o as a representation of G(R)? is a direct sum of an HDS and its complex
conjugate; thus, 7 is CAP if and only if it is a Saito—Kurokawa lift from a cuspidal
representation of PGL;(A); which happens only if /; = /5.

e Suppose p t N. Then, the local representation 7, is of type I and tempered if
7 is non-CAP, and is of type IIb when 7 is CAP.

e Suppose p | N. Then, the local representation 7 is either of type Illa, in which
case dimg¢ V,E,U Plp) _ 2, or of type VIb, in which case dim¢ V,g"(p ) 1;
when 7 is CAP, 7, has to be of type VIb.

4.4. Bessel models. Let p < co. For any irreducible admissible representation
(p.Vr,) of G(Qp), let (V;p)TG’AP denote the space of all C-linear forms £ : V ,—
C that satisfy

U p(m(Zp(1). NE/a()mE) = A p ()1, () L), E€Vr, TEE, neN@p).

It is known that dim@(V;)TG’A” <1 [26; 33]. We say that 7, has a local (Ty, A p)-
Bessel model if (V,;")T 6:Ap —£ (0); when this is the case, the space of functions of
the form g - (7 (2)€) with & € Vy,, is independent of £ € (V¥ )To-A» — (0); this
space is denoted by #(Ty, A p)[mp] and is called the local (T, A p)-Bessel model
of p.

When ), is spherical, it is known that 7, has a local (Ty, A ,)-Bessel model,
and the space #(Ty, A p)[rp] contains a unique K -invariant function By, such
that ng (14) = 1 [42, Theorem 2-I; 6]. Let 552 be the nonzero K -fixed vector
in Vy,; then there exists a unique element Egp € (V;p)T(”AP — (0) such that
Egp (np(g)égp) = ng (g) for all g € G(Qp). The pair (ng,égp) is referred to as
the unramified (7, A p)-Bessel datum for 7.

Let mw =~ ®p500 TTp € ngTs%’A)()\, N) (see Section 4.3).

Definition 4.7. A system {({,, £p)} p<co With £, € (V¥ )T0%» — (0) and £, €
V,E)O(N”Z”), is called a (T, A)-Bessel data for  if (£, &) = (E?Tp , Egp) for py Ny

and £,(§p) =1 forall p < oo.



THE RANKIN-SELBERG INTEGRAL ON GSp, FOR SQUARE-FREE LEVELS 321

By [32, Theorem 2 8.2 and 9.3], a (Ty, A)-Bessel data exists for our 7. Once a
(Ty, A)-Bessel data {(£,£p)} p<oo is fixed, one can define ¢ o€ VKO(N”)[Q] to
be the V,-valued cusp form such that for any v € Vj,, the function (gomg(g) | v)o
in V, =~ (X) p<oo V, corresponds to the pure tensor U ® (® 00 &p), Where v =
I1®ve VQ — V,Too A particular choice of {({,,&,)} will be made in Section 6.8
so that (pg’ o corresponds to a newform on the arithmetic quotient I'o(N )\b> in the
sense of [7, §3.2].

Lemma 4.8. Let {({,.&p)} p<oo be a (Ty, A)-Bessel data for w € chgﬁ
Letp =@ »Pp €ESAA E) be a decomposable element. Then, for any ¢ € Vy°
such that, for any v € V,, @y corresponds to the pure tensor v ® (& p<ocoV p) €

& p<co Vr,» we have
4-19) BT (p:g) = BT2 (03 yi800) [ €o(mp(gp)vp).
p=ee g=1(gp)p € G(A).
ForRe(s) > 1,v € V, and by = (bp) p<co € G(Ay),
4-20) (E($.5. A, 1), ROR)P,)
D —
_ _\/|2|z§oo)(¢oo,<pg;s,uoo,/\) [1 Zo(@p. Bu,is.ipibp).

p=<oo

(A, N).

where
259 Goor 05100 N = [, [ S oo (@lali”
(v | BT 2 (g5 i m(aly, a)g (k*)bR)) , 4% a dic,,

A
Zy@p- Buyisitipibp) = [, [ Lo, O @laly!
X By, (m(aply.ap)g(kipby) d*a, dich,

with By, (gp) := Lp(mp(gpvp) for gp € G(Q)).
Proof. Fix geo € G(R)? and v € V,, and regard ¢ — BTo:-A(gy: go0) as a linear
functional on (¥) Vy, by the natural inclusion
<0
! QR Ve, >v® ( Q Vr,) = Va.

p<00 p<o0
Then, by the local multiplicity-one theorem for Bessel functionals on G(Q ) recalled
above, there exists Cy(goo) € C such that

(4-21) (v | BT (¢: g00))o = Cu(800) [ ] €pp)
pP<00
for ¢ corresponding to X) p<oco Vp- To determine C, (80), set v, = &, for all

p < 00; then by €,(£,) = 1, we get (v | BTH’A(go,, 780000 = Colgos). Now we
apply (3-7) with Ty, A and ¢ replaced by — Uand R(by)g. d
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4.5. Gamma factor and global Bessel period Recall the point b in (2-14) and
the vector v € V, in (4-16). Since v(b ) > 0, the point m(al,, a)Lg(k )be with
aeR* and k# € K# belongs to G(R)? if and only if sgn(a) sgn(k ) = +1, where
sgn(koo) = sgn(v(tg(koo))). Thus, by (3-6) and (4-6), we have

BT (pg:m(als. a)ig(k)bg) = 0

unless sgn(a) sgn(k ) = +1. By Lemma 4.4 and (4-16),
BT0R (g1 g00) = mwp' R(¢. E.A) By (80).  goo € G(R)’.
Substituting this, we have that Z, (o0) (Poo» (pg; s, A) equals
4-22) 27wp' R(Y. E. A) / /
422) 2wwp! RS EN) [ [ lali
(s Ltoo) k v BT" m(al,, a)ig k 4 dxadk#
r))e

Now we specify ¢oo. Recall that the highest weight of ¢ is A = (/,/,) and that
l1 —1, €27~. Setd :=[{ — I, and define

(@(CiaC™ vy [ vg)e

fo(u) :=(d+1) , ue (K%)°,
¢ 3o
with C = o[} 1] Tfu = [ -2] € (KE)® = SUQ) with a = o' +id",

b=0b'+ib" and A, B € Mat,(R) defined as in (2-16), so that (%) 115 (u)bf =
koo(A +iB) (Lemma 2.2), then a computation reveals CitC~! = A —iB. Thus,
the automorphism u > CiiC ! of SU(2) brings the subgroup

B*R) N (KE)? ={[¢ ° ]laeC!}

0a!
to the subgroup SO(2), which fixes vg. Hence, f, is left-B*(R) N (K%,)°-invariant.
Thus, since G*(R) = B*(R) (K¥,)?, there exists a unique element fé(,s) of V¥(s, 1, ltoo)
such that f$ [K¥_ = f,. Define ¢oo € S(C2) by

(4-23)  oo(x,y) =

d+1DID d/4 d/2 J dj2—j 2
(d+ 1| DI~ ,Zo( ) () (—y )T 2 exp(— 2 (x5 + 7)),

Then, noting that o(C)~! g = (XY)%/2 and using formulas (8,2,4), (8.2.5) and
(8.2.6) of [9], we easily confirm the relation

$oo(0.70) = o) 1D~ [¢* exp(~2Z5lelc). T e €, ueSUQ).

Then, by computing the integral in (3-1) for goo € SU(2), we get the relation

(4-24) SO IH) = | DIF (1) T T (s + D52 4 1) 1),
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For u € (Kﬁo)o and A4, B as above, by (4-1), (4-16) and Lemma 2.2, we have

(v] BZ? (m(aly, ayg()bh)),

I+l 1+

=(-1) 2 az exp(—2 |D|m a) (v | Q(CQC_I)_IVS)

o
By using the orthogonality of matrix coefficients on SU(2), the integral in (4-22) is
computed as

s o0 I11+1
DI Te(s + 4352 + )0 Ve [~ 27" exp(-2V[Dlma) a*a

I

= 31D20-

for Re(s) + # > 1. Recall L(s, 7s0) = F@(s + % + %)qu(s + # — %)
Thus,
(4-25)  Z5 (oo 091 5. fhoos A)
R Lo_hth
=mwp ' R(pQ, E. A [ v]) (=D D202 L(s + 1, o).
The formula in [46, 7.23 Lemma] yields

+1
2 2)(_1)11 (v | vg)QF@(S + % + 1)F@(S + 11-512 . 1)

U d)2tj—1
- (s) — _ T S— J—1 (—s)
(4-26) M (5)fS p— Y ]_[1 Srd £79),
j:
Combining this with (3-4) and (4-24), we easily deduce
(=$,1,100) __ | D] DB (=5,1,100)
(4-27) 2 = DIy g oo tues),

4.6. The spinor L-function and its functional equation. Let = = ), 7, be a
cuspidal automorphic representation of G(A) with the trivial central character: then,
7p = wy = m, forall p < oo by [43, Proposition 2.3]. The twist 7, of = by
an idele class character u : AX/Q% — C! is defined on the space V, of 7 as
mu(g) :=m(g) - (nov)(g) for g € G(A), so that the central character of m;, is

2 (Ty,N) . . i 5
pu-. Let w € Igygy™ (A, N) and p be as in Section 4.3, so that A = (I, 1) € Z7,
[y =1, (mod 2), !y >/, > 2 and the ramification loci of 7 and u are disjoint. We

define the spinor L-function of & twisted by u as the Euler product

L(Svﬂ’ I‘L) = l_[ L(S’ (T[IL)P)’ Re(S) > i’

p<00

with L(s, () p) the local L-factor listed in [34, Table A.8]. Define
ﬁ(s, T, ) = F@(s + % + %)F@(s + # — %) L(s,m, ).

Using Proposition 3.1 and Lemmas 4.8 and 4.6, combining (4-25), (4-27) and the
computations of the local zeta integrals for cases 1, 4, 5, and 6 in table (6-8), we
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obtain a meromorphic continuation of L(s, 7, 1) to C as well as the functional
equation
ﬁ(s, T, 1) = e(s, m, 1) ﬁ(l — 8,7, L)
with
s, 1) = (<12 AN) (S2) (a2,

as expected. Moreover ﬁ(s 7, ) is holomorphic except for possible simple poles
at s = 3/2,—1/2, which does not occur when g is nontrivial. By (4-26), M (s)f(s)
has a simple zero at s = 1 if /; > /5, which in turn implies the holomorphy at s = 1 of
the global intertwining operator applied to the section f %) as well as the Eisenstein
series E(¢,s, A, u) for ¢ as above. Hence, by (4-20) with an appropriate ¢,
L(s,, () is holomorphic at s = 3/2 when [ > [,. If p is real-valued, then

G()/vM e€{l,i} and &(1/2,7, pn) = (=1)2,

so that L(1/2,m, u) = 0 unless /5 is even.

5. Spectral average of Rankin-Selberg integrals

The space Sy (Ko(/V)) is endowed with the Hermitian inner product associated to

the norm fz(A)G(@)\G(A)((/)(g) | ‘P(g))g dg (p € Sp(Ko(N))). Let %(G(@p)//Kp)
be the Hecke algebra for (G(Q), K,) for p < co. For any finite set S of primes p
that is prime to N, define

= ® %(G(@p) //Kp)-

PES

The C-algebra /g acts on the finite-dimensional Hilbert space S, (Ko (/V)) normally
by

[R(fs)¢l(g) = /G(@S)sﬂ(gxs)fs(xs)dxs, g €GA), fs € Hts. ¢ €S(Ko(N)).

where G(Qg) := ]_[pes G(Qp). Let u and M be as in Section 4.3. We define the
Schwartz—Bruhat function ¢ € S (A ) associated with p as

1og,(X)Log, () (p<oo.pt M),
o= ¢,,(x,y)={1 AR | Me>1
<00 peog, ) ligpeop, () (p<oo, p®| M,e=1),
with ¢oo as in (4-23). In this section, we investigate the averages

5-1) 190, N, fg):=
1

[Kr: Ko(N)]

Y (E@.s. A w), ROYR(f)8,0) BT  (0,0:b0),
peB(A,N)

SO(2) .

where v eV, is the vector from Section 4 and b = (b)) p<oco € G(A) is defined
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by
14 (p<oo,pt NM),
Np (p<oo,p|N),
(5-2) bp: M ._[ply T e
b, = o 12] (p<oo,pl || M,e>1),
b[g (p = ).
Here
0010
Up3=|:0p0 oi|€G(@p)
—p00 0

is the Atkin—Lehner element, K¢:=Kg (1), and Z(A,N) = Unel'lcusp()» N) Bx(A,N)
is an orthonormal basis of S,(Ko(N)) with % (A, N) an orthonormal basis of
VKO(N) [0]- The sum is independent of the choice of an orthonormal basis and can
be written as I](S)(ng;%’A) (A, N), fs), where for any subset X C Hgfp A)()\ N)
we define

- () S —
(5-3) 1V, fs) = g K(N)]Zfs(m

XD (E@.s A ). ROYFg) BT (p,0:00).
0eB;(L,N)

where fS (7s) is the spherical Fourier transforms of fg at g := ) pes Tp, Which
is defined as the eigenvalue of the operator 7wg(fg) on the Kg = [] pes Kp-
fixed vectors n?s >~ C. For e € {T,G,Y,SK} and * € {new, old}, we define
19, N 7s)°, <S>§x N, fs)*, and I (X, N, f5)** to be I)(X, fs) with X =

SuTsp (A, N)®, chgp (A N)* and HEUSPA (A, N)**, respectively. Then, due
to (4-18), the average (5-1) has the expression

(5_4) [l(s)()\.,N, fS) — H(s) ()\,N, fS)G,new + |](s) ()\,N, fS)Y,new + ﬂ(s)()\.,N, fS)SK,new
+ IO, N, f5)°4.

51. A constructlon of orthonormal basis. Letnw =), 7p be an element of the
set Hgﬁ%’ (A, N) (see Section 4.3). We fix a (T9 A) Bessel data {(£;.&p)} p<oo
of 7 (see Section 4.4) once and for all. Set 2 (g) := ((pmg(g) | vQ)Q, which is an
element of VKO(N) Since m is a unitary representation, all of its factors ) are
unitarizable. For each p < 0o, we can uniquely fix a G(Q )-invariant inner product
(+|+)p on Vg, by demanding (§, | §p)p = 1; for p = oo, we fix a G(R)-invariant
inner product so that its pullback to V, <> m (cf. property (i) in Section 4.2)
coincides with the inner product (- | -), of V,. Let (pg be the global new form
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attached to {£,} p<oo (see Section 4.4). Then,

(@)
(5-5) = ([v)o [T (vplvp)
@2 1¢9) .2 “poo 1T
for any ¢ € Vy that corresponds to v® ( @) v,) with v € V. As below, for p < oo,

fix an orthonormal basis p=0o0
B(mp, Ko(NZp))

Z») in such a way that

of V,EO(N
B(np. Ko(NZp)) ={E3} ifptN.

Then, a pure tensor of the form

(5-6) @2 192752 x ® vp, vy € Bp. Ko(NZp)).

pP<00

yields an element ¢ € VKO(N) [/] such that for v € V,, the element ¢, € V;; corre-

sponds to v tensored with (5-6). The set of functions ¢ obtained in this way from
(5-6) will be denoted by #x (A, N). If m € I¢yep(A, N) does not satisfy condition
(A-iv) in Section 4.3, then we fix arbitrary orthonormal basis %, (A, N) of the space
V;("(N)[)\]. Let B(A, N) be the union of the sets Z, (A, N) for m € Mcyep(A, N);
then, by (ii) in Section 4.2, the set Z(A, N) is an orthonormal basis of S, (Ko (V)).

5.2. Computation of the average. Let ¢ correspond to a pure tensor as in (5-6).
Then, by (4-20) and the computations recalled in Section 4.5 and Section 6.2,

(5_7) (E(¢9S’ A,M),R(b)¢v8>
= (@2 1923  mwp! R(@Q E.A) L(s + 1.7, )

_ 14 UL+D —
x (VS [v)o(=1)2272| D207 27) T] Z%(¢p. Bu,is. ipibp),
PIN

where

Z;(‘va Evp?s?ﬂp;bp) = L(S + %’”p’ﬂp)_l Zp(9p, Evp§s»ﬂp§bp)
is the normalized local zeta integral. Moreover, by (4-21) and Lemma 4.4,
(5-8) BT (g:08) =
(@9 192) 5/ mwp  R(@Y. E.A) (BT (08) 1v9) T1 £p(vp).

pIN
Note that

BTV () = (=)' 7™ exp(—2 /[D VY
by (4-1) and (2-14). From (5-3), (5-7) and (5-8), we get:
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Proposition 5.1. Let fg € 5. Then, 1) (A, N, fs) equals

2-272| D3G5 271D
w3 [Ks: Ko(N)]
x (V3 [ V)2 > fs(ms)

relled ™ (. N)

() .
) Pljoouﬂp,Ko(NZp)(gp’ $p- Mp- 1hp: bp)’

(5-9) M58 (D) Epr (4)2(2D)G (1)

[R(gn. E.A)I?

Ls+1mp
(@21¢2) 12 (5+2.7.11)

where &, for p < 00 is from the fixed (Ty, A)-Bessel data {({p,&p)} p<oco Of 7, and

(s) . .
(5-10) T oz, Ep Eoe Mptpibp) i=
Z Z;(¢pvapaSaﬂp:bp)€p(v)
vEB(p Ko(NZp))

We also use the notation g (s) to denote leM(l —p5H~L

Note that if 7, with p 4 N is unramified and (Z?Tp , égp) is the unramified Bessel
datum of 7, then (5-10) is 1. For other cases, we compute (5-10) in Section 6.8
completely. Substituting them, we obtain

Theorem 5.2. Let A =(/1,13), N, i, fi and M be as in Section 4.3. Let S be a finite
set of prime numbers relatively prime to DMN. Then, for any fs = Q) fp € #s,
the value 1) (A, N, fs) equals PeS

2_2n2|D|%(3_ll;lz)e_2”V DI
wj[Ks: Ko(N)]

x M58 0 ()Epr (4)L(2D)G(R)N* (N) IFN“ +p !
V4

(5-11)

A |R(¢p, E. M) -
x(olvoy Y. SsG)= oiony s L(s+3.7. 1) t9 (. ).
(Ty.A) nl¥n /)L
ﬂencusp (A,N)

with t® (7, 1) = ] t© (p, wp) and 1 (rwp, 1 p) defined as
PIN
1 if p| Ny and mp is of type VID,
2 if p| Ny and 7ty is of type Illa,
(5-12) {2(p—1D)p~> LA, 7p,Std)
—s _ Ko(pZ _
) (1= 2D tr(p=1Ty o 4|y P57) + 143 (p) %)

ifpla-
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To refine (5-11) by considering ) (A, N, f)*"¥ (s € {G, Y, SK}), we use an
explicit formula of the quantity |R(¢2, E, A)|?/(¢2|92) 1.2 first proved by Dickson,
Pitale, Saha, and Schmidt [7, Theorems 1.13 and 3.13] when /; = /5 under the
refined GGP conjecture for Bessel periods posed by Liu [22]. Thanks to a theorem
by Furusawa and Morimoto [10, Theorem 8.1], the formula in [7, Theorems 1.13
and 3.13] is extended to vector-valued forms unconditionally so that it can be
applied to (5-11).

Theorem 5.3. Let the notation and assumptions be as in Theorem 5.2.

Q) 190, N, f§)5"Y equals

I1+1r,+2
2#S(N)+211—67.[2|D|%e—2n«/lD|

[Kr: Ko(N)]
x M50t (e HaRD)GN* (V) [T (1+p7h
peS(N)
- B
X > fs(ﬂs)L(z’nXAl(A ))i(S-l-%,JT,,U«),

L 1,7;Ad
HGHE.ﬁg’A)(X,N)G,new ( )

where S(N) is the set of all the prime divisors of N, and AI(A™") is the automor-
phic induction to GL,(A) from the character A~' of A%/E>.

(i) If N has an even number of prime divisors, then 1) (A, N, f¢)Y™"¥ = 0. If N
has an odd number of prime divisors, then 1)(A, N, )Y equals

I1+1r+2
2#S(N)+211—77.[2|D|%e—2ﬂ«/|D|

Kr Ko(NV)]
X M5 L0 (DEn @ACD)GEN G N) [T (14 p7)
peS(N)
N 3 (Fsxemma)s)

T eI_IPGLZ.cusp(ll +I—2,N)"v
ﬂZEHPGLz,cusp(ll _12 +2 ’N)new

5 i(%, T XAI(A_I))IA,(%, JrzxAI(A_l))]:(s-i—%, T xu)ﬁ(s-l—%, nzxu))
L1, 7 Ad)L(1, 7r0: Ad)L(1, 71y x712) ’

where TIpGL,,cusp(k, N)"V is the set of all irreducible cuspidal representations
of PGL,(A) associated to holomorphic newforms of weight k and level N and
Y(y,m3) € Heysp(A, N)"V denotes the Yoshida lift of wy and .



THE RANKIN-SELBERG INTEGRAL ON GSp, FOR SQUARE-FREE LEVELS 329

(i) If A #Lorly >y, then 1 (A, N, f§)S50 = 0. IfA =Landl; =1, (=:1),
then 19((1,1), N, fs)S5"Y equals

3'221_37T2|D|(l+2)/2€_2”“/|D| s

[K¢: Ko(N)] 47
X MO0 (D (42 D)G(R)NST A1 (N) QN)(1+p—1)-fi<s+1,mi<s,m
DE
A L L 7o x L 1, 2,
x > fs(SK(rg)5) 20 APILC DY (1 )

L3, m0)L(1, 70; Ad
noer)Z@L’;lusp(ﬂ—z,N)"EW (2 0) ( 0 )

where Hgfﬁ;?cusp (21 =2, N )"V is the set of all 7o € I1pGL,,cusp (2l —2, N )™V such
that the Saito—Kurokawa lift SK(7tg) of mo has the (Ty, 1)-Bessel model, and x p is

the Kronecker character of modulo D.

Proof. The equalities in (i) and (ii) are a direct corollary to Theorem 5.2 and [9,
Theorem 8.1] (for the scalar case we refer to [7, Theorems 1.13 and 3.14]); note
that the polynomial Qg , (with § = Tp) in [9, (8.2.16)] equals

+in

h=b 5 I P
(_1) 2 (m) 2 VQ7

- JIDI\— 152
our R(g, E,A) equals the quantity wy, (T) 2 B ((pszB/g/QzS’Q’ 0s,0)1,—1,
D f—
deﬁnedlbyl[9, (8.2.17)], and (05,0, 05,0011, = (L) ™22 W99y, =
(%)_( 1 2)/2(v2 | vg)g. We also note the formula

L(s, o) = L(s.my x ) L(s, 73 x 1),

where 7 = Y (7, m;). This is obtained immediately by comparing the local
factors. It is noted in [7, p.296] that each local representation 7, of 7 = ) pTp €
H((;ESQP’A) (A, N)Y-"% for p | N is of type VIb. Finally, we check statement (iii). As
quoted in [7, Theorem 3.11], the (Ty, A)-Bessel periods of the Saito—Kurokawa
lifts are zero unless A is trivial due to Qiu. By comparing the local L-functions
([38, Theorem 5.2(i1)], cf. [28, Theorem 3.1]), we have

(5-13)  L(s,m, pu) = % (s—1/2) L(s. 7o x w)L(s +1/2, W) L(s —1/2, ),

where m = SK(7rg). By [38] and the definition, the set ng;%’l)((l, 1), N)SK corre-
sponds bijectively to the set Hf,g‘)ii?cusp(ﬂ —2, N) via the Saito—Kurokawa lifting
if / > 3. Note that the condition / > 3 is ensured by assumption (A-ii) in Section 4.3.

O

By (5-4), I, N, f5) =19, N, f5)5"¥ is the sum of I (A, N, f5)¥ "%,
1YL, N, f5)5K%m% and 19X, N, f5)°. Our main focus is their values at s = 0.
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For those, we have the following upper bounds in the level aspect. For fg € %,
let || fsll1:= fG(@s) | fs(gs)|dgs denote its L'-norm.
Theorem 5.4. Let [, i, (i, M, S be as in Theorem 5.2.

(1) Let A be fixed as before and N an inert prime in E/Q. Then, there exist
constants Cp ), ., C’D o 0 depending only on D, [, 1, and fs such that

(5-14) IO, N, £) < Cp o ull fsIliN 5,
_3
(5-15) OGN, f5)¥" ™ < Cp, Wl fsliNT2.

(ii) Let N be 1 or an inert prime in E Q. When  # 1,10(1, N, fg)S¥ew = 0,
When pu = 1, there exists a constant C > 0 such that

L1 _3
(5-16) 1O, 1), N, f5)S%™¥| < C|D|212| fs||, N2

Proof. We have the inequality | fg (rs)| < || fs |1 for all irreducible unitary represen-
tation g of G(Qg). Because N is a prime, one can check that the summation range
of IO(A, N, f5)? is TEEX (0, N)°1d = 11L& (3, 1), which is independent of
N . From the value of t(7p, it p) in (5-12) for p = N, combined with the tempered-
ness of 7 due to [48] and the matrix of T o in [31, Table 3], we get t(ny, un) =
O(N~*). This and the equation [K¢: Ko(N)]= N3(14+N~2)(1+ N 1) for prime
N yield the bound (5-14).

Next we treat the average for Yoshida lifts. For 7y € ITpgL,,cusp(l1 +/2—2, N
and 75 € ITpGL,,cusp(/1 — 2 +2, N)™Y, we need the lower bound

L(1, 7y x 1) >, 1, exp(—C y/log N)

uniform in N. This is a special case of Lemma 5.5, because 7 and 7, are every-
where tempered by Deligne’s estimate and by the fact that the local p-components
of mr; for p | N are the (twisted) Steinberg representation, which is tempered. Note
that 7y 2 5 due to the weight condition. Now, we deduce the inequality (5-15)
bounding the sum from above by a product of the average considered in [8, Theorem
1.1]; to do this, we invoke the subconvexity bound

(5-17) L(L,7)= 0@ @s>0)

)new

for automorphic cuspidal representations 7w of GL,(A) ([24]) and the nonnegativity
of L(3,7i x AZ(A™")) = L(3.BCg/q(mi) ® A7) for i = 1,2 due to [15].

Let us prove (5-16); by Theorem 5.3(ii), we may assume A = (/,/). Suppose
u # 1; then, by Theorem 5.3(ii), I](S)((l [), N, fs)S®me% 5 s=1 is entire, hence
190 ((1,1), N, fs)SKme% =  because L(s W), as well as L(s o X Xp), is entire. In
the rest of the proof, we assume 1 = 1. Then, sL(s /,L)L(S +1, ) has a simple pole
ats =0. By [37, Theorem 3.1 and Table 2], SK(7r¢) with g € M cysp,pGL, (21 =2, N)
has the global (7, A)-Bessel model only if the sign of the functional equation of
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7 is —1 so that i(s + 1/2, mp) has a zero at s = 0. Hence, Theorem 5.3(ii) gives
us the following majorant of 1€0((/, /), N, fg)SK-new:

S

Pri( =D TOWslypy g~ Lamox o)L G

[Ke:Ko(N)]  TI'(1—13) 5 L(1, 7o; Ad)
]TOEHPG?;z,cusp(ZI_Z’N)

To estimate this, we invoke a subconvexity bound L(1/2, mox xp) = O((I*>N) %_5)
for some § > 0 from (5-17) and a lower bound

L(1, 79; Ad) > cg exp(—c; Viog(1 +1>N))

for some constant ¢y, c; > 0 which is known by [12, Theorem 0.1] (see also
the remark after [21, Corollary 7]). The lower bound implies L(1, my; Ad)_1 =
O((I1*N)?%). By a common argument, we derive a subconvexity bound for the
central derivative L'(1/2, o) = 0((12N)%_5) from the bound L(1/2, 7o - |f§ =
O((I*N(1 + |t]))"/4=%) that follows from (5-17). Finally, (5-16) follows using the
uniform bound #I1pGL,,cusp(2/ —2, N) = O(IN) and the asymptotic F{I(—l)l) ~12
(I - 00). > O

Lemma 5.5. Let wy and 1y be irreducible cuspidal automorphic representations
of PGL,, such that C(m1), C(m2) < Q with Q > 2. We assume that w1 % 75 and
both of them are self-dual and tempered everywhere. Then,

L(1, 7 x ) > exp(—C +/log Q)
with an absolute constant C > 0.

Proof. We recall the argument indicated in [35] (attributed originally to [25]), which
eliminates a possibility of Siegel zeros of the L-function L(s, w; X 7). Fix t € R.
Then, L(s, IT x IT) with IT being the isobaric sum

=y B (g x |- |5 B (ry x |- [3") By B (rg x |- |5 B (2 x| - [57)

is a Dirichlet series with nonnegative coefficients [13, Lemma a]. Moreover, by [16,
Proposition 9.4] and the self-duality of 7; and 75, one expresses L(s, IT x IT) as
=N L(s,mixm;)3L(s—it,mixmw;j)2L(s+it,mixm;)>? 2
L(S’ I x H) - 1_[ [ ! ><L(s—2it,7r,{xnj)L(s+2it,nfx7rj)i| ’
1<i,j<2
which shows that L (s, IT x ﬁ) has a pole of order 6 at s = 1 (due to 7y 2 75), and
has a zero of order 8 at s = o if L(0 +it,m; xmj) =0 (i, j = 1,2). Hence, by
[11, p. 178, Lemma], one can show that L(s, 7wy X 75) has no zeros on the interval

(1—- log(])\l’ 1) for some constant Cy > 0 with

M = (1+[t)** C(mra x m2) " C (71 x 711)° C (72 x 12)?,
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where C(7r; x ) is the analytic conductor of L(s, 7r; X 7). By [13, Lemma b],
we have C(; x 71j) < Q*". Thus, for an absolute constant Cy >0, L(s,my X 73)

is zero-free on the region 1 — < Re(s) < 1. Now, we apply the

CO
log Q(1+(Im(s)[)
argument of [21, Corollary 7] to the L-function L(s, w{ X 75). Since mq, m, are
assumed to be tempered everywhere, the optimal bound of the lambda function
A 4(n) for A = 7 X m, is available so that the automorphy of 7; X w5 is not

necessary, which simplifies the proof to get the lower bound of L(1,wy X p). O

As a consequence of Theorem 5.4, we get

_3
(5-18) 1O, N, £5)5"Y = 1O, N, f5) + Oasu(l fs1N72).

6. Computation of local zeta integrals for p-adic fields

In this section, let F' be a nonarchimedean local field of characteristic 0, & the
integer ring of F, p the maximal ideal of &, @w a generator of p and ¢ = #(J/p).
Let | - | denote the normalized absolute value of F, i.e., || = ¢~!. Fix a nontrivial
additive character ¥ : F — C! with cond(y) :=min{n € Z ; ¥|gny =1} = 0.

We compute the local zeta integral a la Piatetski-Shapiro [29] for several rep-
resentations, taking particular test functions; as a result, we determine the local
L-factors and the local e-factors in [29] to confirm that they coincides with the
expected ones listed in [34, Tables A8 and A9]. As explained in Section 4.3, for a
particular global application in mind, we only deal with representations of types I,
IIb, IIla and VIb (but allowing the central characters to be nontrivial when we are
concerned with newvectors.)

6.1. Local zeta integral for Bessel models. We first review some generalities on
local zeta integrals and then recall results from [32] on explicit formulas of Bessel
functions for Iwahori spherical representations of G, which are possible local
components of 7 = Q ,7p, € HEE&,’A) (A, N).

Let K = G(0) be a standard maximal compact subgroup of G(F) and

Ko(®):={[& B]e K| C =0 (mod p°)}

be the congruence subgroup of level p®.

For a symmetric matrix 7" = [b72 béz] € Sym, (F) such that d := b? —4ac # 0,
set £ = [b_/f —bc/z]- Let L := F & F§& be the two-dimensional F-algebra, O,
be its integer ring, and pz := por. Define the additive character ¥y on L by
Y =y otry/F. The maps

L5x+yErx+ Yy e F(Vd) (d & (F*)?),
L>x+yEr (x+*/75y,x—‘/75y) eFOF (de(F?),

are isomorphisms of F-algebras. We assume that
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(1) ae0* and b,ce 0.
(ii) If d ¢ (F*)2, then /d0, is the different ideal of L/F.
(iii) If d € (F*)?, then d € 0*.
We can check that
L*={reGLy(F) | "tTr =dett-T}.

The map L > 7 — t1 € L is the nontrivial F-automorphism on L. We set 6y =
b/2—& € Or, then {a, 0y} is an O-basis of . Let (-,-) denote the symplectic
form on L2 over F defined by

(x,p) =t r(=QE) Hx1y2—x201), x=[X].y=[3]eL*

We set
G*(F):={g € GLy(L) | detg € F*},
BYF):={[} P ]|reL*.BeL.ac F},

K*:= G*(F) N GL,(61),
Kiw®) =GR N[ OF 1.

py oL
Since (g*x, g*y) = detg®(x, y) for any x,y € L? and g* € G(F), we get a
natural embedding G*(F) > g — 1(g"¥) € G(F). More precisely, ((g¥) is the
representation matrix of the action L2 3 x > g*x € L? with respect to an F-basis
{[ a ], [%) ], [_3_0103 ], [?]} A computation yields

L([(T) a(r)* ]) = m(t,adett),
61 ([JEN=[2%]. B=Pra+PsboeL, Xg:=[" thahibe]

0 1 B> B3
00—a2pa!l
(6-2) ([Po) =132 %" § |
ab 0 0

We note that K* = =1 (K) and K¥(p®) = = (Ko(p®)). We call
Ri={([§ % ])n|re L™ neN(F)}
the Bessel subgroup of G(F) (with respect to T'). For a character A : L* — C!,
we can check that the map
R3([F & Pn(X) = A(@)y (e (TX)) e C!

defines a character on R. We denote this character by A ® 7.
Let (7, V) be an irreducible admissible representation of G(F). Let (V,;")T’A
denote the space of all C-linear forms £ : V;; — C that satisfies

tx(r)§) =AQYyr(r) L), &€Va.reR.
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Then, dimq;(VJ;")T’A <1 [26; 33]. We say that & has a local (7', A)-Bessel model
if (V,:‘)T’A Z (0). In this case, we can define the local (7, A)-Bessel model of =
as in Section 4.4. Moreover, when 7 is spherical and ¥ and A are unramified, we
define the unramified (7, A)-Bessel datum (£2,£2) € (Vn’f‘)T’A X V,IK for 7 as in
Section 4.4, so that

BY(g) =L3(n()82), g €G(Qyp).

is the unramified Bessel function such that 32(14) = 1. Recall that all irreducible
admissible representations of G(F') that admit local Bessel models are classified in
[34], and the result is conveniently summarized in [32, Table 2]. For our cases, as
we mentioned in Section 4.4, we may assume that 7 is of type I, IIb, Illa, or VIb.
We quote some of its properties from [32, Table 2]:

type T dim VX dim vK o®) cent. char.
I XX x xo 1 4 xx'o?
(6-3) IIb xlgL, X0 1 3 x?o?
IIIa X X Oty 0 2 xo?
Vib | «(T,|-]"20) 0 1 o2

Here, ¥, x’, and o are unramified quasicharacters on F> such that representations
are irreducible and admit (7', A)-Bessel models. For later use we set o« = x (@),
B = ¥(w), and y = o(w). According to [34, Table A2], for type Illa and
type VIb, the corresponding representations are unitarizable if and only if the
inducing quasicharacters are unitary, whereas, for type I, the unitarity of the inducing
quasicharacters is equivalent to the corresponding representations being unitarizable
and tempered. In what follows, having a global application in mind, we suppose
the unitarity of all the inducing characters, i.e., |a| = |8| = |y| = 1.

Similarly to (3-1), for a Schwartz—Bruhat function ¢ € S(L?), a character . on
F*, and s € C with Re(s) > 1, we define a function on G*(F) by

A,
(8" = pndetgh det g1 [ p((o ][5 Sl AnL@leet T e,

where 7 (7) := u(ztt), € L* and d*7 is the normalized Haar measure on L*
such that vol(€'p ) = 1. For an irreducible smooth admissible representation 7 of
Z(F)\G(F), admitting (T, A)-Bessel model and B € B(T, A)[r], define the zeta
integral by

(6-4)

2@.Bos.wg) = [ [ Bmalyanhg)u@lal ™ £ k*)aktaa

for s € C with Re(s) > 1. It is shown that Z(¢, B, i; g) is a rational function in
¢~ [40, Lemma 5.3.1]. Then, the local L-function L(s, 7, i) is defined to be the
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unique function such that L(s, 7z, £) ™! is a polynomial in ¢~ with constant term 1
and such that Z(¢, B,s, u,1)/L(s, m, u) € Clg®, ¢~*] for all ¢ and B ([29]; see
also [40, Proposition 5.3.3]). For later use, we need the following:

Lemma 6.1. Suppose A is unramified. Let B € (T, A)Xo®) gnd ¢ = L, @0 -
Then, for Re(s) > 0,

A
65 2. B.spuin) = DO TEEIS g o)) 16
q*+1 1=0
Fg (@) S B 0)u(@)g DY,

=0
-1
where nB denotes the right-translation of B by n := [ o }
—w

Proof. It is easy to check the equality f(s AW () = L(s+1, App) forall k¥ € K*.
By considering the left K} (p)-coset decomposmon of K*,

6 K= koo (U I R)
€0L/pL
the zeta integral Z(¢, B, s, j1; 1) becomes [K* : K#(p)]_lL(s + 1, Apy) times
/ (nB(m(alz,a)) +$ > nB(maly.an([§4][9 é])))u(a)lals“dxa.
€0L/pL

For a € w!o* (I € 7), by the left R-equivariance and the right K (p)-invariance
of B, we have

B(m(ala.a)([} 5][ 1) = ¥ (ate(Ty Xe)) B(h(I + 1, 0))

due to the relation m(al,, a)t([ 10 ])n eh(l+1,0)Ky(p), which is easily confirmed
by (6-2). Note that tr(7y Xg) = 0. Hence, the §-sum becomes q>x B(h(I +1,0))
because #(07 /pr) = ¢2. From this and the vanishing of B(h(/,0)) for / < 0— see
(6-10) — we get (6-5). O

By [29, Proposition 3.2], there exists an entire function e(, s, i, ¥) such that
the local functional equation

Z(¢. B.s.ig) _ Z@. B —s.n7"g)
L(s+1/2,m,n) L(=s+1/2,7,u71)

holds. Here, we have defined BY € #(T, A")[xr] by setting

(6-7) e(m,s+1/2,u,%)

+ la='b 0 0

B'(g):= B([o o9 g}g) (g € G(F)),
0 0 -albl

we have denoted by AT the Galois conjugate of A defined by Af(z) := A(z") for
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T € L, and ¢ is the Fourier transform of ¢ € S(L?), defined as

b0 = [ o owe([3).[4]) duce

du and dv being the Haar measures on L such that vol(&p) = 1.

We shall get explicit evaluations of the zeta integrals Z(¢, B, s, ; g) for un-
ramified A and particular choices of ¢, B and g as shown in the next table, which
allow us to determine &(s, 7, i, ¥):

type ¢ B Iz L/F g

case 1 ILorllb 1lp; 00, K-fixed unramified — 14

case 2 TorIlb 1Pi ®1+p¢ K-fixed ramified inert b

(6-8) case 3 I or IIb 1@ K-fixed  ramified inert b
case 4 lorllb 15, @6, Ko(p)-fixed unramified inert 7z

case 5 Ma 15,06, Ko(p)-fixed unramified inert 7

case 6 VIb  1p, 00, Ko(p)-fixed unramified inert 7

Here, the integer e is the conductor of p defined to be the minimum nonnegative
integer n satisfying (|1 4p1)nox = 1, b € G(F) is given by

e T
(6-9) bi=["" 1],

and L/ F is said to be inert if it is an unramified field extension. For /,m € Z, set
w€+2m
h(€,m) = |: wltm ) :| € G(F).
w.m

As in [32], for a smooth representation (7, V) of G(F'), we define an operator
Ty.m € End(Vy) by

Ty mv :=vol(Ko(p)) ™'
emvi=vol (Ko™ [ @V vE Ty,

with dg the Haar measure on G(F') such that vol(K) = 1, and the Atkin—Lehner
involution by

—1
nv = (n)v, n:=|: - ], vE V.
—w

If 7 is irreducible and has the (7', A)-Bessel models, then Lemma 4.4(i) of [32]
gives for any B € (T, A)[]¥0®) the support conditions

(6-10) B(h(£,m)) = B(h({,m)s3) =0 if£ <0,,
(6-11) B(h(€,m)s152) = B(h(£,m)s25152) =0 iff <—1.
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6.2. Unramified computation (case 1). When 7 is spherical, 7 is of type I or IIb
in our cases. Recall that there exists a unique element BY € %(T, A)[7]X such
that B2 (14) = 1. Then, the following formula for an unramified  in its greatest
generality is due to Sugano [42, Theorem 2.1]:

Z(¢p.By.s.pu:lg) = L(s+1/2,7m. 1), Re(s) > 0.

In [20, Proposition 5.9], a proof of this formula is given when L = F @ F and 7 is
of type I based on the explicit formula of BY due to [6].

6.3. Unramified computation (cases 2 and 3). Now we assume that ¢ > 0 and
that 7 € Sym?(F) satisfies the following conditions:

e [ /F is an unramified field extension.
« T eGLy(0), —$=u(TT"eo™

Then w remains a prime element in py. Let b be as in (6-9), and set ¢ =

legiype €S (L?). Our goal in this subsection is to calculate the zeta integrals
L L N

Z(¢, B, s, u;b) and Z(p, B2, s, uu; b) explicitly. We note that Z(¢, B2, s, u; 14)

must be zero because the g-integral in (6-4) vanishes.

Definition 6.2 (root number). Let ¥ and u be as above, we define the Gauss sum

WE (i, ) by
Wr(p ) =g 2u@) ™ 3 y(@ ‘ou(@).
ae(0/pe)*
This sum has absolute value 1 and is independent of the choice of @w. The
following lemma is more or less well-known [44, (2.18)].

Lemma 6.3. Let i and | be as above. Forn € Z,

—$+1(g—1)"! ew - _
/ w(wna)ﬂ(a)dxa= {q (q ) /’L(w—) F(/’L? W) (n e)?
o 0 (n # —e).
Lemma 6.4. Let L/ F be an unramified quadratic extension. For any character |4
of F with e := cond(u) > 0,

Wr(pr, ¥r) = (1) Wr(p, ¥)>.

Proof. For a virtual representation V' of the Weil group W of F, let e(s, V, )
denote the local epsilon factor a la Deligne—Langlands [45]. By [45, (3.4.8)], we
have

(6-12) e(s. Indy ! p.¥) = e(s. p. YL)

for any p of degree 0. Any character u of F* is viewed as a one-dimensional
representation of Qg by F* =~ QB;‘E’. If oy, :== poNp/F, then Ind%i Hr =
pn® ung,r. If pis unramified, then &(s, u, ) = 1; since L/F is unramified,
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so is the character ny,r. From these observations, we see that equality (6-12)
holds true when p = 1. Thus, (6-12) is true when p = u with e > 0. Since

e(s, 10y . V) = q et I/Z)WF(l“?L/F» y) for j = 0,1 and (s, ur,¥r) =

g 2 YDW (. yr), we obtain Wr(ur. ¥r) = We (. V)Wr(unpyr. ¥).
Since e>0and ny,/p(w)=—1, we have

WE(unp p. ¥) =np (@) Wr(u, ¥) = (=) Wg (1, ¥). O
Lemma 6.5. For k¥ = [c d] e K*, we have
f(s At (1) g2 (=) up (@) pu(detk®)  (cepg),
0 (otherwise),
FOA) gy g¢ I A (@) ()T W, vr)  (ceoy),
¢ 0 (c€07)
Proof. These equations immediately follow by Lemma 6.3. O

Lemma 6.6. For u € 0%,

> w+Nrpm) = (=1 u(w).
neoL /vy
u+Np,/r(n)eo™
Proof. Because L/ F is an unramified extension, the norm map Ny /r : 07 — 0
is surjective. Thus, there exists v € &7 such that u = N, r(v). By replacing n by
vn, without loss of generality, we may assume that u = 1.
For an integer i with 0 <i <e + 1, we set

e (or/py)” |1+ NL/p(n) #0 (modp)} (i =0),

OLi=\pL/pg (0<i<e),
%) i=e+1)
and
0 /(1 +p) (i =0),
U= (1+p)/1+p°)  (0<i<e),
%] (i=e+1).

When 0 <i < e/2, we can check that
Or,i\OL,i+1 31 (modpg) 1+ Np,p(n) (modp®) € Uni \Unit1

is a surjective map having the fiber of cardinality ¢! (g + 1) at each point.
When e/2 <i < e, it is immediate that

u(l+Ngp(m) =1, neor,.
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Hence

> u(l+Ng,/r(n)

neoL/prg
1+Nz,/ r(n)es™

=2 > pu(14+Ng, ()

i=0 neor i\OL.it1

=¢“"'g+1) X > me)+ XY #OLi\OLit).

0<i<e/2 e€llr;\Uai+1 e/2<i<e
Then the lemma follows from
0 (0<i<&t I B
> M(&‘):{_l Ei ey =) and Y #(OL\OLi+1)=qT¢],
EETZi\MZi—‘,-I 2 e/2<i<e
where [-] : R — Z is the ceiling function. O

Lemma 6.7. Let B € B(T, A)[7]X and n € € with %aéd +Ng/r(n) € wl o>
0=j<=<e.
(i) Ifwe set Yy = —a27t 4+ Xy, then we have
detY, = —%a4d —a_zNL/F(n).
(ii) There exist T € 0 and A € GLy(0) such that
Y, = T[wj 0]A.

0 1
(iii) Forn € Z and a € 0%,

0-—1
B(m(w”alz, w”a)t([1 . ])b)
=y (—w"a-La*d(LaSd + Ny p(m) ') - B(h(e +n -2/, /).
Proof. (i) Noting that detT = —d/4, det X, = —a_ZNL/F(n), and tr(TXy) =
tr(XnTJr) = 0, we obtain

detYy = (Y V) = Lu@* T T + X X7)
=a*det T + det(Xy) = —%a“d — a_zNL/F(n).

(i1) By (i) and the assumption that iaGd—I-NL/F(n) ew’ 0%, wehave Y, € GLy(F).
The disjoint union GLy(F) =| |0 L*[ %" 9]GL2(6) (see [42, Lemma 2-4])
implies that there exist m € Z>, £ € Z, T € 0], and A € GL3 (&) such that

Yy = (@[ 9]a=c[="" 0

¢ ]A.

We now prove that m = j and £ = 0. Because t € GL, (&), the Smith normal form
of ¥y is [w"(;H u-?ﬂ ] Hence, by the theory of the Smith normal form, we only
have to show that the elements of Y3, are coprime. This follows from the identity

tr(Y,T) = %azd and the assumption %d e o™,
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(iii) By using (6-1), we can check that
1, 0 _
(o D=1 ol (@ Do 2 D=1 37 e, |
Hence we have
m(w"al,, w”a)t([? ;fl ])b = [w;:*lz w812 ]‘([—01 (1)])

By (ii), we may choose elements © € 05 and 4 € GL,(0) with ¥, = t[ %’ 0] A.
Then, a computation shows that

"al, 0 - .
[’I’Y; ? o1, ] = n(@"a(detYy) Y § 2 he+n—2j. j)k.
_[4 o J(detYy;)" 11, 097 O -1 . .
where k = [0 ,AT][“W ( eto 2 12][12 we(deth)_lyn] € K. Since A is un-
ramified and B is K-invariant, we have the desired equality. O

Proposition 6.8. Suppose that 7 is of type I or IIb. Let . : F* — C' and A :
L* — C! be characters such that cond(j) = e > 0 and A is unramified. Suppose

that T = [ b;Z bﬁz ] € Sym?(F) N GL,(0) satisfies that L/ F is an unramified field

extension and 2d € 0. When ¢ = lye @14pe and Re(s) > 1, we have

Z(§. B 5. :b) = ¢°CT (@t~ )T g~ )T (=27 ) T W (v,
Z@. BY.s.uib) = (~)qeBTT (gt - )T g - DT A(w) T pu(-271a?)
XWr(up, yL)Wr(, ¥).

Proof. Let K*(p®) = {k* ¢ K* | k¥ =1, (mod p% )} be the principal congruence
subgroup of level p . If ¢ € S (L?) is right K*(p®)-invariant, the function

K* 5kt s 000 () /FX B (m(als.a)(k*b)u(a)|al’ " e C
is left- B#(&)-invariant and right K*(p€)-invariant because =1t (K*(p¢))b C K.
Since K*(p®) is a normal subgroup of K* and B*(0)K*(p¢) = K} (p®), we have
(6-13)  Z(¢.BY.s,;b)

= > vol(B*(0)yK*(5)) £, () TE) ()
[vleB¥(O)\K#/K#(p°)

_ (s, A,
=K KGO Y MR )
[y1eKi(p\K*

where we set Y4 () := S B2 (m(aly,a)(y)b) u(a)lal*~'d*a to make room.
A complete set of representatives for K*(p¢)\ K* is given by

(6-14) [£9] Gepr/vy). [157] meorn/py).

Now we prove the first equation. By Lemma 6.5, when y runs through the above
elements, we have fdj(s’A”“‘)(lz) =g 2¢T2(g>—~1)"! and ff’A’“)(y) =0ify #1.
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By substituting this in (6-13), noting that [K* : K#(p)] = ¢?¢7%(¢*> + 1), and
Lemma 6.3, we have
Z(¢. By.s.u:b)
—q 4e+4(q . 1)—1 /FX Bg([awo"lz aT*])M(a)|a|s—1dxa
=gt -0 [ B[ DV @ w(T Tp@)al ™ d"a
— gt (gt = 1y (=2 )]
< Z BO([u-reJr"lz 0 ]) (@)"q —n(s— 1)/ (w”a),u(a)dxa

nez
_u _ - 1 e
=TG- DT g - DT 2T T W ().
Next, we prove the second equation. When we replace ¢ by ¢ in (6-13) and
consider the representative (6-14), we can ignore the contribution of £-terms in the
summation from Lemma 6.5. Hence, by noting the K-invariance of B, we have
(6-15)  Z@. By.5.1:b) = ¢*® 7 g* — )T A@) WL yr)

x X B(m(aly, a)([ ] i Db)p(@)lal d*a.
neor /v 7 F”

By replacing n by n + @wu for some u € 0, if we need, we may assume that
a%d + Nr/r(n) € w/ OF with 0 < j <e. Then, Lemmas 6.3 and 6.7(iii) imply
[ Brmi@iz.an ([} ! Dhu@lal ™ d*a

=Y Bp(h(e+n=2j. (@) "q "7V

net X/ﬁxl,[/( w"a-1a%d(£a%+ Ny, p(n)” );L(a)dxa

=u(-2a"*d 1w/ (42°d+ Nz r(0))
x X B(h(e+n—2j. Nu@)'g" D [ y@" T ayp@da

nez
= 2 HHEmDET (g - 1) (=27 (3ad + Ny p(0)
WE (. ) B (h(=]. ]))-
The last expression is equal to 0 unless j = 0 from (6-10). By substituting this into
(6-15) and Lemma 6.6, we have that Z(¢, B2, s, u; b) equals
¢TI - )T g )T A @) (=22
X WL (kL. v W, ¥) > (3% +Npp()
neoL /v

a%d+Np ,p(n)€o™

= (—1)2geB S (g4 1)L (g — 1) A (@) (=2 AR W (e, L) W (1, ).
0
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Corollary 6.9. Let w, T, u, and A be as in Proposition 6.8. Then

1_ _ -
e, ¥) = (“Dg*CTIN@) (a2 WL (L. v Wr (1. )2
. B P —
= ¢*CETI N (@)~ u(=a ) Wr (1. ¥)*.
Proof. The first equality follows from Proposition 6.8 and (6-7); the second equality
is due to Lemma 6.4. O

6.4. Computation for old forms of type 1 and 11b (case 4). Now we assume that
7 has the trivial central character. Then, & has the (7', A)-Bessel model if and only
if A = 1. Recall that the dimension of V,TKO(p) is equal to 4 or 3 according as 7 is
of type I or type IIb.

Proposition 6.10. Let 7w be a smooth admissible irreducible representation of type I
or type IIb with trivial central character. Suppose that i : F* — C is an unramified
character. When ¢ = 14, @, and Re(s) > 1, we have

Z(¢,B,S,/J/;T’)= q2_1_|_1L(S+1/277T7,UV)

X[nB+q ' Ty 0 B+(u(w) ¢ T+ p(w)g =t —tr((g ™! T1,0+77)|V]fo(p)))B](14)
for B € B(T, 1)[x]Ko®).

Proof. We will give a proof of the case that r is of type L. In the case of type IIb,
the proof is similar. Let {37}15154 C B(T,1)[x]%X0® be an eigenbasis of T,
with eigenvalues {1 }1<;<4. Then, we suffice to check the desired equation only
for B = B}‘.‘ (1 =j <4). Let (nij)1<i,j<4 be the representation matrix of 7| g, )
with respect to {B;‘}ls j<4- Then, (6-21) shows that

BX(h(I+1,00) = ;g BE(h(1,0)), | € Zx,.

By applying Lemma 6.1 to B = B}, we obtain

.. B¥ —1 S+IB>(f 1
Z(¢, BY.5,j00) = L(SHML)( 4 mijBi(ly) (@)~ g T B 4)).

+
g*+1  \/ S 1=dip(@)g=6FD " 1=hjpu(w)g=6+2)

Thus, we may put

1

L Ao+ AT X+ A, X2+ A3 X3+ 4, X4
q*+1 '

X(1—¢g—2X?2)

4
Z(¢, B}, s, p5m) = [J0-hig™2x)~
i=1
with X = u(w)q ™ for some 4; e C (0 <i <4).

By noting that {A1,A2, A3, 4} = {&Byq®/2, Byq3/?, ayq®/?, 143/} from [34,
Table A.8], we have
Z(p.B7.5,1:14)  Ag+ A1 X+Ar X2+ A3 X3+ A4 X*

2 . =
©-16) @D T X(1—q—2X?)
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A direct computation shows that
6-17) Ao =qB%(l4),
(6-18) A4, = 713;(14)4‘(]_1tf(Tl,o|V7§o<p>)'37(14)—q_1'T1,03;<(14)-

The functional equation (6-7) and the relation &(r, s, u,¥) = 1 (see Theorem 4.4
in [29]) show that the right side of (6-16) is invariant under the transformation
X — X~!. By comparing coefficients, we have

(6-19) Ay =q 2> =D Ao, A3=—qA1, As=—q 4o
Substituting (6-17), (6-18), and (6-19) into (6-16), the right side of (6-16) becomes
[1B}+q~"' T1,0B}+(w(@) ' ¢* - p(w)g ™ T —te(q ™ T 0l ko)) B ](1a).
" O
6.5. Computation for newforms of type Illa (case 5). In this subsection, we do

not assume the triviality of the central character. By [32, §9.1], there exists a basis
{B1, By} of B(T, A)[r]Xo® such that

T1,0B1 =ayqB, T1,0B2 =yqBs,
(6-20) To.B1 = ay*(aq+ 1)gBy, To,1By=ay*(@ 'q+1)gB,,
nBy =ayB,, nBy = yB;.

We now consider the values of By and B, at the identity element. Lemma 9.1
of [32] ensures their nonvanishing and A (w) = ay? by the condition of central
character of .

Lemma 6.11. Ler T € Sym>(F) such that L/ F is an unramified field extension.
Suppose that A : L* — C! is an unramified character. Then

By(14) =a ' Bi(14) #0.

Proof. For B € #(T, A)[x]¥0® and any nonnegative integer /, by Lemmas 5.1
and 5.3 in [32], we get the following relations:

(6-21) Ty1,0B(h(1,0)) = ¢’ B(h(I+1,0)),

(6-22) Ty,0B(h(1.0)s3) = ¢*(g—1)B(h(I+1,0))+¢> B(h(I—1,1)sys3),

(6-23) T1,0B(h(l.0)s25152) = q*(q—1)B(h(I+1,0))
+A(@)B(h(I—1,0)s25152)+(g*>—1)B(h(I—1,1)s152),

(6-24) To,1 B(h(1.0)) = ¢ (g+1)B(h(l. 1))

(6-25) To,1 B(h(1,0)s2) = q*B(h(l.1)s152) +qA (@) B(h(I—2.1)s152)

2(g—1)B(h(l. 1 {—QA(W)B(14) (=0,
TG DBOEINT ) A@) BHG.0) (= 1),
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Set B = B;. By putting / = 0 in the above relations, applying the relation (6-20),
and using the equation that B, (h(/,0)) = yB1(h(I—1,0)s,515,) for [ > 0, we have

(6-26) ayqBi(s2) = ay(qg—1)Bi(14)+q*B(h(—1,1)s15s7),
(6-27) A@)y (g7 =1)Ba(1s) = ay(g—1)Bi(14)+(¢>—1) By (h(—1. 1)s152),
(6-28) A(w)(eeq+1)gBi(s2) = q* By (h(0, 1)sy52)

A(w)(ag*—ag—qg*—1)
+
qg+1

B1(14).
Similarly, by putting / = 1 in (6-23), we have

A@)g > (1—-q) B2 (14) = A(@)ag > (g—1)B1(14)+(¢*—1) By (h(0, 1)s152).

From this last equation, together with (6-26), (6-27), (6-28), we obtain B;(14) =
o 1By (14). The nonvanishing of B at 14 follows from Theorem 9.3 of [32]. O

Proposition 6.12. Suppose that 7 is of type Illa. Let T € Sym?(F) be such that

L/ F is an unramified field extension. Suppose that j : F* — C' and A : L* — C!

are unramified characters. When ¢ = 1,5, ¢, and Re(s) > 1, we have

A@) 'p(@) ¢!
g*+1

(6-29) Z(¢,B,s,u;n) = L(s+1/2,m, 1) B(l4),

B € B(s, N)[r]Ko®,
Proof. By substituting B = B; in (6-5) for i = 1, 2, the statement is immediate for
B = B, by (6-20), (6-21), and Lemma 6.11. Since By and B, span Z(T, A)[x]Ko®
we complete the proof. O

Corollary 6.13. Let w, T, i, and A be as in Proposition 6.12, then

1_
e(m, 5, 10, ¥) = p(w)?q* 279,

6.6. Computation for newforms of type V1b (case 6). Suppose that 7 is of type
VIb; we do not assume the triviality of the central character. By [32, Table 3], any
element B € B(T, A)[x]Xo® satisfies

(6-30) Ty0B=yqB, nB=yB.
By [32, Theorem 9.3], we have B(14) # 0 if and only if B # 0.

Proposition 6.14. Suppose that 7 is of type VIb. Let T € Sym?(F) be such that
L/ F is an unramified field extension. Suppose that ;- F* — C' and A : L* — C!
are unramified characters. When ¢ = 1,5, ¢, and Re(s) > 1, we have

A(@) "' w(@) ¢t *!

Z 7B7 b ; ==
(¢, B, s, puim) PN

L(s+1/2,7m,u)-B(14),
B € B(T, N)[x]¥o®),
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Proof. Similar to that of Proposition 6.12, using relations (6-21)—(6-25). O

Corollary 6.15. Let w, T', u, and A be as in Proposition 6.14. Then
e, s, 1Y) = () g7,

6.7. The values of Bessel models at 14 for old forms. For quasicharacters y, x/,
and o on F* which are trivial on ¢, the representation (x x x’ x o, V') can be
realized as the right regular representation of the space of all smooth functions f
on G(F) satisfying

/ ([8 b eat o }g) = |a2b||c| "3 x(@) X' (b)o(c) f(g), a.,b,ceFX geG(F).
00 % cb !

has a unique K-invariant element fx € V such that fx(14) = 1. Let
b
p
p

a

00

2 2 be the Iwahori subgroup of K. For w € W, let f,, € VI be
0

. p
the unique element such that fi,|x = 17w7.

By [31, Section 2], the space V! is 8-dimensional space spanned by

f14’ f:s’l’ fS‘Z’ f:s'zsl’ fs;15251’ f:s'ISZ’ f:s’lsZSISZ’ fV25152’

A basis of the 4-dimensional space VX0®) is given by

f11:=f14+fsl, f21:=f52+]f5231v f3l:=fS1s251_+_fs132’ f41:=fS1S25152+]f52S1s2-

Recall that 7 is isomorphic to x x x' x o or x1lgr, X o for some characters x, x/,
and o on F* according as 7 is of type I or IIb. The representation (x1gr, @0, V)
can be realized as a subrepresentation of |- |/2x x |- |71/2y x o, and a basis of
3-dimensional space VKo jg given by

v
o
o
p
p

b . b . IIb .
1 -=f14+fs1’ 2 -:fY2+fS‘2$1+fS‘15251+f¥132v 3 -=f5‘1$2S152+fY2S132'

The representation matrices of operators 7 o and n on V,,K o®)

Table 3] and [31, Lemma 2.1].
Now we assume that 7 has the trivial central character. Let ((2, fx) be the
Bessel data for 7 defined above. For ¢ € {I,1Ib}, define a basis {B;"}
Ko(p)
of V; by

are given in [31,

1<i<dim V,X0®

B} (g):={3(m(g) /). g €G(F).
We need the values of these functions at g = 14, which are given as follows.

Proposition 6.16. Let w be a smooth admissible irreducible K-spherical represen-
tation of type I or IIb, and { B} } be as above for » € {1, 1Ib}.
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@) If mis of type I,

Bayg=—2F  pay-_——#
=" —p 2= Cou—p
2
Blly=— 2% play=—9 |
0= BT e p
(ii) If  is of type 11D,
o —ql/z(l—i-q)oz
P T i
qz

By (14) = :
1= G e g —a)

Proof. Set d := dim V,TK o), By the construction of the elements { /,°};<;j<q, We

have B? = Z,il B?. For any { € Z>, we let Tleo act on the both sides of this

equation and then evaluate at g = 14 using (6-21); thus,

d
BY(h(€,0)) = g3 Y (T4 BY)(14).
i=1
The value on the left-hand side is given in [6, Corollary 1.8]; by [31, Table 3], we
have a system of linear equations among B;’(14), which is solved easily. O

6.8. Local periods. For an irreducible admissible unitalizable K(p)-spherical
representation (7, V) on G(F) having the (7, A)-Bessel model, we fix a pair
(", £7) e (VHTA x V;,KO(’J) satisfying £ (§;) = 1. When x is K-spherical, we
choose ({7, &™) as the unramified Bessel datum (€7, £7). Then, there exists a
unique G(F)-invariant inner product (-|-} on Vy such that (¢§7|£") = 1. For s € C,
¢ € S(L?), g € G(F), and a character  on F*, we define the local period of 7 as

1 oy €0 A 13 g) = > Z*(¢. B. s, p: g) B(14),

BeB((VF)TA,Ko(p))
where

Z*(¢p.B.s. i g) = L(s+1/2,m, 1) Z($, B, 5, ju: g)

is the normalized zeta integral and B((V,} )TA | Ko(p)) is an orthonormal basis of
B(T, A)[]Ko®) with respect to the inner product on %(T, A)[x] via the G(F)-
isomorphism

(6-31) Vi 2§ (g La(7(g)§)) € B(T. A)[x].

6.8.1. Local periods for type I and IIb. When 1 is of type I or IIb, we recall that the
representation space can be realized as in Section 6.7. We choose §* = &7 = fk.
Then, since we are dealing with induced representations from unitary characters,
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the standard inner product ( f|g) := [ f(k)g(k)dk (f, g € V) becomes G(F)-
invariant and satisfies (§7|57) = 1.

. L] —l °
Fore € {1, IIb}, the set {{B}| B} )~ 2 B; }1<l<d1m !
B(T, A)[]Ko®) By [36 Remark 2.1.3], the values (B;'|B;) are given as follows:

(BIBY=¢"'(q+1) (1<i=<4),
(BI*|BI®) = (¢ + 1), (BY|BY*)=q(q+1D? (BY|B®)=¢’(¢+1).

Ko forms an orthonormal basis of

By Propositions 6.10 and 6.16, and the matrix representation of 7' o and 1 given
in [31, Table 3] and [31, Lemma 2.1], we can find the local period by a direct
calculation.?

Proposition 6.17. Let w be a smooth admissible irreducible unitary representation
of type I or type IIb with trivial central character. Suppose that A and pu are
unramified. When ¢ = 1,5, g6, , we have

1®) 2(g=1) .
;Ko(p)(SO ¢, A i) = %L(I’W,Std)

(@) g+ (@)™ = g (Mo + gl kew)-
where L(s, r; Std) is the standard L-function of  defined by

L(s,m;8td) = (1—ag ™)~ (1-Bg~*) " (1—a~¢=) T (1-p1¢~) 1 (1—¢~*)"!
or
L(s,m;Std) =

(I—ag™*3) ™ (1—ag ™ 2) " (1—a g7 2) T (1—a g™ 72) T (1g ™),
according as  is of type I or IIb.

6.8.2. Local period for type Illa. Suppose that i is of type Illa. Then, as remarked
before, || = |y| =1 and o # 1. By Lemma 6.11, there exists a basis { B; };=1 2 of
B(T, N)[7]X®) unique up to constant, satisfying the relations (6-20) and B, (14) =
a~ !By (14) # 0. Thus, we can uniquely fix {Blma},-=1’2 by requiring B{Ha(14) =1
and the datum (£;,£7) by £,(E7) = B{Ha to form (6-31) and induce the G(F)-
invariant inner product on %(T, A)[r] such that (B{Ha|B{H"‘) = 1. Since (B1|B>)
vanishes by [7, Lemma 2.11], we then have (B;IIQ|B£H"‘) =1 and (BPI£‘|B£H‘1) =0
due to || = 1. The following proposition is immediate from Proposition 6.12.

Proposition 6.18. Let 7w be a smooth admissible irreducible unitary representation
of type Illa. Suppose that A and . are unramified. When ¢ = 14, g0, »
20 (@) (@) g !

g +1 '

1 sy E 8 A i) =

2We have used MATHEMATICA 13.
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6.8.3. Local period for type VIb. Suppose that r is of type VIb. We recall that
dim(V;X0®) = dim(#(T, A)Ko®) = 1; thus, by [32, Theorem 9.3], there exists
a unique element BV € (T, A)Ko®) satisfying BV™°(14) = 1. We fix the da-
tum (£, E™) by setting £ (§7) = BY™®. The following result is immediate from
Proposition 6.14.

Proposition 6.19. Let w be a smooth admissible irreducible unitary representation
of type VIb. Suppose that A and [ are unramified. When ¢ = 14, g0, ,

A@) p(w) g5 t!

H(S)
g +1

m Ko & 8 A i) =
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