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ON THE FIRST EIGENVALUE OF THE HODGE LAPLACIAN
OF SUBMANIFOLDS

CHRISTOS-RAENT ONTI

We prove that equality in a sharp lower bound for the first p-eigenvalue of
the Hodge Laplacian on closed submanifolds in space forms can occur only
on topological spheres, assuming positivity.

1. Introduction

Let Mn be a closed, connected and oriented Riemannian manifold of dimension n.
For each integer 1≤ p ≤n−1, the Hodge–Laplace operator (or the Hodge Laplacian)
acting on p-forms is defined by

1 = dδ + δd : �p(Mn) → �p(Mn),

where d and δ are the differential and the co-differential operators, respectively.
It is well known that the spectrum of the Hodge–Laplace operator is discrete and
nonnegative, and that its kernel is isomorphic to the p-th de Rham cohomology
group H p(Mn

; R). If λ1,p(Mn) denotes its lowest eigenvalue, then

λ1,p(Mn) = inf
ω∈�p(Mn)\{0}

∫
M

(
∥dω∥

2
+ ∥δω∥

2
)

d M∫
M ∥ω∥2d M

.

Since the above is invariant by the Poincaré duality induced by the Hodge ∗-operator,
we have λ1,p(Mn) = λ1,n−p(Mn) and thus we may assume that p ≤ n/2. Clearly,
if λ1,p(Mn) > 0, then H p(Mn

; R) = H n−p(Mn
; R) = 0.

The Hodge Laplacian satisfies for every p-form ω ∈ �p(Mn) the Bochner–
Weitzenböck formula

(1) 1ω = ∇
∗
∇ω +B[p]ω,

where ∇
∗
∇ is the connection Laplacian and B[p]

: �p(Mn) → �p(Mn) is a
certain symmetric endomorphism on the bundle of p-forms, called the Bochner–
Weitzenböck operator. Therefore, (1) implies that lower bounds on the Bochner–
Weitzenböck operator lead naturally to lower bounds on the Hodge–Laplace operator.
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In particular, from [6, Proposition 3] we get that

(2) if B[p]
≥ p(n−p)3 for some 3 > 0, then λ1,p(Mn) ≥ p(n−p+1)3.

Let f : Mn
→ M̃n+m, n ≥ 3, be an isometric immersion into a Riemannian

manifold M̃n+m of dimension n+m. The second fundamental form α f is viewed as
a section of the vector bundle Hom(TM × TM, N f M), where N f M is the normal
bundle. For each unit normal vector field ξ ∈ 0(N f M), the associated shape
operator Aξ is given by

⟨Aξ X, Y ⟩ = ⟨α f (X, Y ), ξ⟩, X, Y ∈ TM.

Recall that the traceless part of the second fundamental form is 8 = α f −⟨ · , · ⟩H,
where H denotes the mean curvature vector field given by H = (tr α f )/n, where tr
means taking the trace. Finally, by H we denote the length of the mean curvature,
that is, H = ∥H∥.

Proposition 1 (Onti and Vlachos [5, Proposition 16]). If the curvature operator
of M̃n+m is bounded from below by a constant c, then the Bochner–Weitzenböck
operator of Mn , for any 1 ≤ p ≤ ⌊n/2⌋, satisfies pointwise the inequality

(3) min
ω∈�p(Mn)

∥ω∥=1

⟨B[p]ω, ω⟩ ≥
p(n−p)

n

(
n(H 2

+ c) −
n(n − 2p)
√

np(n−p)
H∥8∥ −∥8∥

2
)

.

If equality holds in (3) at a point x ∈ Mn , then:

(i) The shape operator Aξ (x) has at most two distinct eigenvalues with multiplici-
ties p and n−p for every unit vector ξ ∈ N f M(x). If in addition p < n/2 and
the eigenvalue of multiplicity n−p vanishes, then Aξ (x) = 0.

(ii) If H(x) ̸= 0 and p < n/2, then Im α f (x) = span {H(x)}.

Therefore, if

κp := min
x∈Mn

{
(H 2

+ c) −
n − 2p

√
np(n−p)

H∥8∥ −
1
n
∥8∥

2
}

for some 1 ≤ p ≤ ⌊n/2⌋, then it follows from (2) and (3) that

(4) λ1,p(Mn) ≥ p(n−p+1)κp.

Inequality (4) was first proved by Savo for hypersurfaces [6, Theorem 7], and
subsequently extended by Cui and Sun to submanifolds of arbitrary codimension [3,
Theorem 1.1]. Those authors also showed that the inequality is sharp by providing
trivial examples attaining equality. However, no characterization was given of the
submanifolds for which equality holds. The aim of this note is to shed light on the
case of equality in (4) assuming λ1,p(Mn) > 0, when M̃n+m

= Qn+m
c , where Qn+m

c
denotes the complete simply connected space form of constant sectional curvature c.
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In fact, we prove that in this case equality occurs only on topological spheres. For
simplicity we assume that c ∈ {0, ±1}. Thus Qn+m

c is the Euclidean space Rn+m

(c = 0), the unit sphere Sn+m (c = 1), or the hyperbolic space Hn+m (c = −1).

Theorem. Let f : Mn
→ Qn+m

c , n ≥ 4, be an isometric immersion of a closed,
connected and oriented Riemannian manifold. If for some 1 ≤ p ≤ ⌊n/2⌋ equality
holds in (4) with λ1,p(Mn) > 0, then Mn is homeomorphic to the sphere Sn .

2. Proof of the Theorem

The idea of the proof is to show that Mn is a simply connected homology sphere
over the integers and the proof will follow by the generalized Poincaré conjecture
(Smale n ≥ 5, Freedman n = 4).

Assume that for some 1 ≤ p ≤ ⌊n/2⌋ equality holds in (4) with λ1,p(Mn) > 0.
Then Proposition 1 implies that the shape operator Aξ (x) at each point x will have
at most two distinct eigenvalues of multiplicities p and n−p for every unit vector
ξ ∈ N f M(x). We claim that there exists a Morse function on Mn such that the
index at each critical point is 0, p, n−p or n. To this end, we distinguish two cases:

CASE c ∈ {0, 1}: Let u ∈ Rn+m+c be a vector such that the height function

ϕ : Mn
→ R, ϕ(x) = ⟨ fc(x), u⟩

is a Morse function, where fc = f if c =0, and fc = j◦ f , where j :Sn+m
→Rn+m+1

denotes the standard inclusion, if c = 1. A direct computation gives that at a critical
point x0 of ϕ we have

u ∈ N fc M(x0) and Hess ϕ(X, Y ) = ⟨α fc(X, Y ), u⟩ for all X, Y ∈ Tx0 M.

Obviously, the second fundamental form of fc has at most two distinct principal
curvatures of multiplicities p and n−p in every normal direction and the claim
follows in this case.

CASE c = −1: We consider the function

ϕ : Hn+m
→ R, ϕ(x) =

1
2r2(x),

where r(x) denotes the distance function issuing from some suitable choice of point
o ∈ Hn+m to x ∈ Hn+m . It is a standard fact that ϕ is smooth everywhere in Hn+m .
Let γ (t) be a unit speed geodesic with γ (0)=o. Then, we have γ ′(t)=grad r(γ (t)).
For X, Y ∈ 0(T H) a direct computation gives

⟨X, grad ϕ⟩ = r⟨X, grad r⟩

and
Hess ϕ(X, Y ) = ⟨X, grad r⟩⟨Y, grad r⟩ + r Hess r(X, Y ).
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Consider ϕ̃ = ϕ ◦ f : Mn
→ (0, +∞) and choose o ∈ Hn+m such that ϕ̃ is a Morse

function on Mn (this is always possible). At a critical point x0 ∈ Mn , we have
grad r( f (x0)) ⊥ f∗(Tx0 Mn), that is the (unique unit speed) geodesic γ (t) will hit
f (Mn) orthogonally, and

(5) Hess ϕ̃(X̃ , Ỹ ) = r
(
Hess r( f∗ X̃ , f∗Ỹ ) + ⟨Agrad r X̃ , Ỹ ⟩

)
, X̃ , Ỹ ∈ Tx0 Mn.

Let γ (ℓ) = f (x0) and consider a Jacobi field J (t) along γ (t) with J (0) = 0. It
follows that

(6) Hess r(J (ℓ), J (ℓ)) = ⟨J ′(ℓ), J (ℓ)⟩ =
1
2

d
dt

∥J (t)∥2
|t=ℓ.

Recall that the Jacobi fields J (t) in Hn+m with J ′(0) ⊥ γ ′(0) are given by

J (t) = sinh t · w(t),

where w(t) is a parallel vector field along γ (t) with J ′(0) = w and ∥w∥ = 1.
Observe that Agrad r (x0) has at most two distinct eigenvalues, say λ and µ with
multiplicities p and n−p, respectively. Consider an orthonormal basis {e1, . . . , en}

of Tx0 Mn such that

Agrad r (ei ) =

{
λei for 1 ≤ i ≤ p,

µei for p+1 ≤ i ≤ n.

Let wi (t) be such that

wi (ℓ) = f∗(ei ), 1 ≤ i ≤ n,

with corresponding Jacobi fields

Ji (t) = sinh t · wi (t), 1 ≤ i ≤ n.

Therefore, from (6) we obtain

Hess r(Ji (ℓ), Ji (ℓ)) =
1
2

d
dt

∥Ji (t)∥2
|t=ℓ =

1
2

sinh(2ℓ), for all 1 ≤ i ≤ n.

Hence (5) gives

Hess ϕ̃(ei , ei ) =

{
ℓ(coth ℓ + λ) for 1 ≤ i ≤ p,

ℓ(coth ℓ + µ) for p+1 ≤ i ≤ n,

and therefore it is now clear that Index ϕ̃(x0) ∈ {0, p, n−p, n}, proving the claim.
Therefore, it follows from standard Morse theory (see [4, Theorem 3.5] or

[2, Theorem 4.10]) that Mn has the homotopy type of a CW-complex with cells
only in dimensions 0, p, n−p or n. Therefore

(7) Hi (Mn
; Z) = 0 for all i ̸= 0, p, n−p, n.
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Next, we claim that also

(8) Hp(Mn
; Z) = Hn−p(Mn

; Z) = 0.

Indeed, our hypothesis implies H p(Mn
; R) = H n−p(Mn

; R) = 0. Hence

(9) Hp(Mn
; Z) = Tor(Hp(Mn

; Z)) and Hn−p(Mn
; Z) = Tor(Hn−p(Mn

; Z)).

By Poincaré duality, the universal coefficient theorem and (7), we have

Tor(Hp(Mn
; Z)) ∼= Tor(Hn−p−1(Mn

; Z)) = 0
and

Tor(Hn−p(Mn
; Z)) ∼= Tor(Hp−1(Mn

; Z)) = 0,

where ∼= denotes the isomorphism of the corresponding groups. This, in combination
with (9), proves (8). Hence Mn is a homology sphere over the integers.

Finally, we show that Mn is simply connected. If p ̸= 1 this follows directly
from [1, Proposition 4.5.7, p. 90], since in this case, ϕ has no critical points of
index one. If p = 1, then since there are no 2-cells, it follows by the cellular
approximation theorem that the inclusion of the 1-skeleton X(1) ↪→ Mn induces
isomorphism between the fundamental groups. Therefore, π1(Mn) is a free group
on β1(Mn

; Z) = 0 elements, and thus Mn is simply connected.
Therefore, Mn is a homotopy sphere and by the generalized Poincaré conjecture

(Smale n ≥ 5, Freedman n = 4), Mn is homeomorphic to Sn , which concludes the
proof of the theorem.
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