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We use the Saloff-Coste Sobolev inequality and the Nash—-Moser iteration
method to study the local and global behaviors of positive solutions to the
nonlinear elliptic equation A ,u +au? = 0 defined on a complete Riemannian
manifold (M, g) with Ricci lower bound, where p > 1 is a constant and
Ayu = div(|Vu|?~2Vu) is the usual p-Laplace operator. Under certain
assumptions on a, p and g, we derive some gradient estimates and Liouville
type theorems for positive solutions to the above equation. In particular,
under certain assumptions on a, p and ¢ we show whether or not the exact
Cheng-Yau log-gradient estimates for the positive solutions to A ,u+au? =0
on (M, g) with Ricci lower bound hold true is equivalent to whether or not
the positive solutions to this equation fulfill Harnack inequality, and hence
some new Cheng-Yau log-gradient estimates are established.
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1. Introduction

Gradient estimates are a fundamental technique in the study of partial differential
equations on a Riemannian manifold. They can be used to deduce Liouville-type
theorems [1; 2; 23; 12; 7; 19], to derive Harnack inequalities [23; 12], to infer local
and global behavior of solutions, to study the geometry of manifolds [4; 20; 12; 11],
and so on.

On the other hand, it is well-known that Liouville’s theorem has had a huge
impact across many fields, such as complex analysis, partial differential equations,
geometry, probability, discrete mathematics and complex and algebraic geometry.
The impact of the Liouville theorem has been even larger as the starting point of
many further developments. For details on the Liouville properties of harmonic
functions and some related theory of function on a manifold we refer to an expository
paper [5] written by T. H. Colding (see also [4]).

In this paper, we are concerned with the equation

(1-1) Apu+au? =0

defined on a complete Riemannian manifold (M, g) equipped with a metric g,
where p > 1, a, g are constants and

Apu = div (IVMIP_2 Vu)

is the usual p-Laplace operator.

For simplicity, we will focus on equation (1-1) and try to establish some new
gradient estimates on the positive solutions to this equation. Now we recall some
relative results in the previous literature with the equation.

In the case that M is an Euclidean space, this equation was studied by Serrin and
Zou in [15] and some Liouville theorems and universal estimates were established.
Very recently, J. He, together with one of us (Wang) and G. Wei, [9] adopted a
new way to employ Nash—Moser iteration to study the gradient estimates of this
equation on a complete Riemannian manifold.

The new estimate

2
(1) MUl gya
- 2n <C12(n—1)(1+ﬁR)+C2 okt 2nC? )
~ 2—nmax{0, g—1} R? (2 +nmax{0, g — 1})R?

was obtained in [13] in the case p = 2 if the Ricci curvature of the domain manifold
satisfies Ric, > —(n—1)x and g < "nﬂ Obviously, this is a stronger estimate than
the logarithmic gradient estimate (also see [10]). Wang and Wei [19] also derived
Cheng—Yau-type gradient estimates for positive solutions to Au + u? = 0 under the



GRADIENT ESTIMATES FOR Apu+auf =0 397

assumption

q € (—oo, Z—_Fi +«/%>

Shortly afterward, the authors of [9] extended the Cheng—Yau estimate to the range

(o 252),

Recently, Z. Lu extended the estimate (1-2) in [13] to the range ¢ € (—o0, ).

n—1

The first goal of this paper is to give gradient estimates for positive solutions
with positive lower bounds to (1-1), different from the exact log-gradient estimate.

As a second goal we try to answer two natural questions:

o Is the value %( p —1) above optimal for deriving the exact Cheng—Yau esti-
mates for a positive C' solution to (1-1) on a complete manifold with Ricci

curvature bounded below?

e Does the exact Cheng—Yau estimate hold true if u is a C' smooth positive
solution to (1-1) that satisfies the standard Harnack inequality?

Inspired by [8; 9; 21; 22], in the present paper we use the Nash—-Moser iteration
method to study the gradient estimate and the Liouville property of equation (1-1),
defined on a complete Riemannian manifold.

Statement of main results. By a solution u of (1-1) in an (arbitrary) domain 2 we
mean a positive solution u € C'(£2) N C3($), where Q = {x € Q| |[Vu(x)| # 0}.
Any solution of (1-1) satisfies u € C* () for some « € (0, 1) (see [6; 16; 17], for
example). Moreover, u is in fact smooth in Q.

For brevity we define

hi= ﬂ(p—l)[(f__ln)zﬁJr 2.

Suppu, Ry U if 0<pB <2,
Pp = 1 if =2,
infB(xO,R) u if ,3 > 2.

We suppose that g satisfies the condition

ﬁe{(o,sz——p‘)) if 1 <p<n,

(1-3) .
(0, +00) if p>n.
Now, we state our main results.

Theorem 1.1. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)x, where « is a nonnegative constant. Assume u is
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a positive solution to equation (1-1) on the geodesic ball B(xg, 2R) C M. If the
constants a, p and q satisfy either

LA p-D—0""<q <825 p-D+r" @#0)
n—1 2 n—1

a[g-Zi(p—l)—q]EO,

where B is a constant satisfying (1-3), then there exists a positive constant C =
C(n, p,q, B) such that

or

|Vul|? 14+&R* 5 4
1-4 su <C .
(1-4) B(xo,II)?/Z) ub R? Z

If B =2, we have

Bt p—n+n 2 =" p-1) and L2 —nl=p,
n—1 n—1 2 n—1

so this case recovers the conclusion of Theorem 1.1 in [9]. At the same time, from
(1-4) we can infer that

1+«R?
sup IVul?> <C 5 ¢§=C
B(xo,R/2) R

1+« R? )
5 sup u”,
R%  B(x,R)

if p and g satisfy the assumptions of Theorem 1.1 with 8 € (0, 2).
For convenience, we define
v(l):= sup[é . w(p—l)—i—hl/z] and I'(J):= inf[é . w(p—l) —hl/z].
perl2 n—1 peil2 n—1

If 2 € I, we obviously have

n+3
n—1

v = (p—1) and I'(J) <p-1.

So, we always have

o{(0:225) = 22,

since p > 1, and hence 2 € (0, 251"_71)).

We then obtain the following consequences of Theorem 1.1:

Corollary 1.2. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n —1)k, where k is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(xg,2R) C M. Assume
also that the constants a, p and q satisfy one of the following five conditions:

ea>0, p>nandqgeR.

e a>0, 1<p<nandq<\P((0,2("T;l))).

n
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cea<0, p>nandq>T(0, +00)).
2(n—1)
ea<0,1<p<nandq>T((O, n"Tp))
ea=0, p>1.
Then there exist positive constants C =C(n, p,q) and B = B(n, p, q) € (0, +00)
such that

|Vul|? 14+kR* 5 4

B(i:lII)Q/Q) ub =C R? Z
Note that in case 2 (@ > 0 and 1 < p < n), if there exists a point By € (O, 251"7;1))
such that 2N\ [ ntl )
(052 =[5 et
then the condition g < \IJ((O, zglnf_pl))) can be relaxed to g < lIf((O, 251":;))). In the

other four cases, we can obtain similar conclusions.
Further, if 1 < p < n, it is easy to see that

n+1 Lo = \11(( 2(n—1)>)

n—

Usually, this is a strict 1nequahty; for instance, if we let n =3 and p = 2, then

(1-5) Bt (poty+ 2 = p+ /B — 5/

and B € (0, 4). Hence, we can check that (1-5) attains its maximum at an interior
point By =2 +4/+/5 € (0, 4). Therefore, we get

W((0,4)=2+5>4=3.2-1).

But we also have
W((0,4) =2++5> " (p-1)=3.

This indicates that for g > %( p—1) one also derives the gradient estimate.

Corollary 1.3. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)x, where k is a nonnegative constant. Assume u is
a positive solution to equation (1-1) on the geodesic ball B(xy, 2R) C M. If the
constants a, p and q satisfy

a<0 and q>T(0,2]),

then there exist positive constants C =C(n, p, q) and = B(n, p,q) € (0, 2] such

that 5 5
Vu 1+«R
sup [Vul <C 5 sup u>p
B(xo,R/2) uP R* BB

By using Theorem 1.1, we then reach the following conclusion.
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Corollary 1.4. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)k, where k is a nonnegative constant. Assume that u
is a positive solution to equation (1-1) on the geodesic ball B(xy, 2R) C M and that

u(x)>b>0, xeB(xg, R).
Assume also that the constants a, p and q satisfy one of the following conditions:

cea>0, p>nandqeR

cea>0,l<p<nandqg< ‘IJ([2, zzn:pl)))'
e a<0, p>nandq>T(2,+00)).

cea<0,1<p<nandq> F([Z, 251"_;1))).

ea=0, p>1

Then there exist positive constants C=C(n, p, q, b) and B =B(n, p, q) €[2, +00),
such that

|Vu|? 1+«R?
sup <C -
B(xo,R/2) UP R

The next result states that whether or not the exact Cheng—Yau log-gradient
estimates for the positive solutions to equation (1-1) hold true is equivalent to
whether or not the positive solutions to (1-1) fulfill Harnack’s inequality.

Theorem 1.5. Let p > 1 and (M, g) be an n-dimensional (n > 3) complete
manifold with Ric > —(n—1)«k, where k is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(xg, 2R) C M satisfying
the Harnack inequality

sup u <! inf u.
B(xo,R) B(xo,R)

Assume also that the constants a, q and p satisfy one of the following conditions:

cea>0, p>nand qgeR

2(n—=1)
ea>0,1<p<nandq<¥((0, n"_p ))-
e a<0, p>nandq >T(0, +00)).

cea<0,1<p<nandq>T((0, 251”:[)1))).

ea=0, p>1
Then there exists a positive constant C = C(n, p, q, 1) such that

|Vul|? 14+« R?
sup s—=C 7
B(xo,R/2) U R
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Corollary 1.6. Let p > 1 and let (M, g) be an n-dimensional (n > 3) complete
manifold with nonnegative Ricci curvature. Assume u is a positive solution to
equation (1-1) on any given geodesic ball B(xo, 2R) C M, and that it satisfies the
Harnack inequality

sup u <[ inf u,
B(xo,R) B(xo,R)

where | is independent of u and R. Assume also that the constants a, q and p
satisfy one of the following conditions:
cea>0, p>nandqelR
2(n—1
e a>0, 1<p<nandq<\D((0,(rl"T17))).
e a<0, p>nandq >T(0, +00)).
2(n—1)
e a<0, 1<p<nandq>F((0, n"_—p))
ea=0, p>1

Then there exist a positive constant C = C(n, p, q, 1) such that

|Vul|? _c
su —.
B(xo,Il)?/Z) u? — R?

Conversely, if the above log-gradient estimate holds true, then, for any given
B(xg, R) C M, there holds

sup u <[ inf u,
B(xo,R) B(xo,R)

where [ is independent of u and R.
If we consider (1-1) in R"” (n > 3), we can achieve the following conclusion.

Corollary 1.7. Assume u is a positive solution to equation (1-1) on the ball
B(x0,2R) C R". Assume also that the constants a, q and p satisfy one of the
following conditions:

e a>0, 1<p<n,p;éqandqe(p—l,%).
cea>0, p>n,q# pand q € (0, +00).
oazland1<p:q<n<p2.

cea>land p=gq >n.
Then there exist a positive constant C = C(n, p, q, a) such that

IVul> ¢
u < —.
B(xo,R/2) U> R?
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The corollary tells us that Z%?( p—1) is not an optimal bound for deriving an
exact Cheng—Yau-type log-gradient estimate, since

IVul> ¢
Su <

B(xo,[;e/z) u2 ~ R?

inthecasea >0, p>n, g # p and g € (0, +00).
The next result is a direct consequence of Corollary 1.7.

Theorem 1.8. Assume u is a positive solution to equation (1-1) on R" and n > 3.
Assume also that the constants a, p and q satisfy one of the following conditions:

(p—l)n).

e a>0, 1<p<n,p75qandqe(p—1, np

cea>0, p>n,p#qand q e (0, +0).
ea>landl <p=qg<n<p-
cea>1land p=q >n.

then (1-1) admits no positive solution.

In the above conclusions, we always suppose that dim M = n > 3. In fact, for
the case dim M = 2 we can also obtain similar conclusions. Since the proofs are
similar to the case dim M > 3, we will not give details.

Main ideas of proof and the organization of paper. In order to give the gradient
estimates, we consider the linearized operator £, of the p-Laplace operator at a
solution u, and let £, act on an auxiliary function given by

|Vu|?

Fu) ==

B > 0.

The use of such an auxiliary function is inspired by the gradient estimates established
in [18] for another equation related to Ricci solitons. Then, we need to establish
some suitable pointwise estimate of £,(F’) using the techniques of Cheng and Yau
[3; 23], so that we can take a Nash—Moser iteration scheme to give the L°°-norm of
F (u). Saloff-Coste’s Sobolev inequalities play an important role in our arguments.

Outline. In Section 2, we recall some background and establish important lemmas,
which will play a key role in the Nash—Moser iteration process. In Section 3, the
main body of this paper, we prove the gradient estimates. In Section 4, we give the
proofs of the main theorem and its corollaries.

2. Preliminaries

Throughout this paper, we let (M, g) be an n-dimensional Riemannian manifold
(n > 3), and V denotes the Levi-Civita connection corresponding to the metric g.
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We denote the volume form on (M, g) by

dvol = /det(g;;j)dxi N --- ANdx,,

where (x1, ..., x,) is a local coordinate chart, and for simplicity we usually omit
the volume form of integral over M.

P (M) is a weak solution of (1-1) if

oc

Definition 2.1. We say that u € C'(M)N'W,
for all € W(}’p(M) we have

/ |V |P~2 (Vu,Vlﬁ):f auiy.
M M

Next, we recall the Saloff-Coste Sobolev inequalities (see [14]), which shall play
a key role in our proof of the main theorems.

Lemma 2.2 (Saloff-Coste [14]). Let (M, g) be a complete manifold with Ric >
—(n—1)k. For n > 2, there exists a positive constant C,, depending only on n, such
that for all B C M of radius R and volume V we have for hy € C3°(B)

1122y = €XPIC (1 + VRNV R [ [V + R=23),

For n = 2, the above inequality holds with n replaced by any fixed n’ > 2.

Now we consider the linearization operator £, of p-Laplace operator:
2-1) Lp(Y) =div[ [P A(VY)],
where f = IVul2 and
(2-2) ANVY) = VY +(p=2f (V. Vu) Vu.
We first derive an useful expression of £,(f).
Lemma 2.3. The equality
Lp(f)=(2=1) P22V P+2 P21 (|VVul|* + Ric(Vu,Vu)) +2(V A yu, Vu)
holds pointwise in {x : f(x) > O}
Proof. By the definition of A in (2-2), we have

(2-3) A(V)=Vf+(p-2)f (Vf,Vu)Vu.
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Combining (2-1) and (2-3), we obtain
Q-4) L,(N)=(5=1)fPP2IVFPH PPN +(p=2)(5=2) £V, Vu)?
+ (p=2) [PV V), Vu) + (p=2) fPP2(Vf,Vu) Au.
At the same time, by the definition of the p-Laplacian, we have
(2-5) 2(VA,u,Vu)
= (p=2(5 =2) fPP3(VEVu) + (p—2) fP*2V(V£.Vu), Vu)
+(p=2) fPIP2(VEVu) Au+2 P21V Au, Vu).
We combine (2-4) and (2-5) to obtain
(2-6) L,(f)=
(3 —1)fPR2IVFP+ fPPVALf +2(VAu, Vu) — 2 P21V Au, V).
From (2-6) and the Bochner formula
IAf =|VVul* +Ric(Vu,Vu) + (VAu,Vu)
we get
Lp(f)=(5=1) PP 2Vf P42 721 (IVVul* 4+ Ric(Vu, V) +2(VA pu, Vu).
Thus, we finish the proof. (]

In the last section, we are going to use the following lemmas. We denote by Bg
a ball with radius R and let €2 be a domain in R".

Lemma 2.4 [15, Theorem 4.1(a)]. Suppose n > m and s € (m, %) Let w be
a nonnegative weak solution of the differential inequality

(2-7) oM< —Apw< A0 in Q,

for some constant A > 1. Then there is a constant C =C(n, m, s, A) > 0 such that
(2-8) supp, w(x) < Cinfp, w(x).

Lemma 2.5 [15, Theorem 4.3(a)]. Let n <m. Assume the hypotheses of Lemma 2.4,
except that the condition s € (m, mn("fjnl)) is replaced by s € (1, 400), that is,
m—) = +o0. Then (2-8) is valid with C = C(n, m, s, A) > 0.

3. Gradient estimates

3.1. Estimate for the linearized operator of p-Laplace. First, we need to give the
pointwise estimate of £, (F), where

F=iﬁ (B>0)
u



GRADIENT ESTIMATES FOR Apu+auf =0 405

and L, is the linearized operator of p-Laplacian at u.

Lemma 3.1. The equality

Ly(F)=u"PLy(f)+BB+D(p—Du P2 fr/2H
—B(L+5)(p—=Du P PPNV £ V) — B(p—Du P P2 Au

holds pointwise in {x : f(x) > 0}.

Proof. By the definition of A in (2-2), we have

(3-1) A(VF)=uPAVS) — Bu Pl fA(Vu),
(3-2) A(Vu) = (p—1)Vu,
(3-3) ANVH) =V 4+ (p=2)f " (Vu,Vf)Vu.

Combining (2-1) and (3-1), we obtain
(3-4)  Ly(F)=div[u PP ANV - Bdiv[u P PRAVW].
Direct computation shows that

(3-5) div[u PPt AV S)]

= —Bu PPN AVE), Vu) +uP div [ 7T AV ]
and

(3-6) div[u P fPRPANVW] = —(B+Du P2 P2 (A(Vu), Vu)
+ 2y P PP AV, V) +u PP div A(Va).
By substituting (2-1) and (3-3) into (3-5), we have
(3-7) div[u P fPPANVS ] = —B(p—Du P PNV VU +uTP L, (f).
Substituting (3-2) into (3-6) leads to
(3-8) div[u P fPRPANVI] = —(B+1)(p—Dyu P2
+2(p—Du P PRIV VU + (p—Du P P2 Au.

Now, we plug (3-7) and (3-8) into (3-4) to derive the required equality, and hence
finish the proof of Lemma 3.1. O

Lemma 3.2. Let u be a positive solution of equation (1-1) in Q C M. Then
(3-9) L,(F)=(%—1)uf fr22|VF|?

+2a[E(p—1) = qJut P~ f — ppu P21 (VF, Vu)

+2u~P P21 (1Y V] 4+ Ric(Vu, V) + [- 1 pB2 + (p— 1) Blu=P =2 7/2H1
holds pointwise in {x € Q: f(x) >0}.



406 YOUDE WANG AND LIQIN ZHANG

Proof. By summarizing Lemma 2.3 and Lemma 3.1 we can achieve that
(3-10) L, (F)=u"F
x[(5=1) fP22VF P42 P27 (IV VU4 Ric(Vi, Vi) ) +2(V A pu, Vi) |
+ BB+ (p—Du P2
—B(1+5)(p=Du P~ PNV EVu) = B(p—Dyu =P P12 Au.
Since F = f/u®, we can infer that
Vf=Bu'fVu+uPVF.
Hence, we have
(3-11) (V£ Vu) = Bu=" 2 +uf (VF,Vu),
(3-12) V1> =B2u=2f3 +2BulP~ F(VF,Vu) +u*P|VF|%.
Substituting (1-1), (3-11) and (3-12) into (3-10), we obtain
(3-13) Lp(F)= (5 —1)uf fPP2VF? —2aqui~F~'f
+2u~P P2 (|VVu|? 4+ Rie(Vu, Vi)
+ =57 =2p+2)B> + (p—DB| u P2 P2
— 3 (P> =p+2)Bu fPPH(VF, Vu)—B(p—Du P~ P12 Au.
From (1-1) and the equality
Apu=div(fP>IVu)= (5 = 1) fP22(VE,Vu) + fP727 A,
it is easy to verify that

(3-14) Au=(1-2) f7UVF,Vu) —aud f175.

Substituting (3-11) into the above (3-14) yields
(3-15) Au=(1-L)ul f=HVF,Vu)+ (1 - L) Bu~"f —au? f175.
Hence, we substitute (3-15) into (3-13) to derive the required equality. Thus we
complete the proof of Lemma 3.2. ]
Lemma 3.3. Let @ > 1 and let u be a positive solution of equation (1-1) in Q C M.
Then, the following holds pointwise in {x € Q2: f(x) > 0}:
(3-16) éFZ—“.c,,(F“)
= (w+ 5 =2) PP IVFP + (@ = D(p-2) fP*X(VF,Vu)®
+2u~ 2P P12 (IVVul* + Ric(Vu,Vu)) — Bpu P~ fPI2(VF,Vu)
+2a[5(p=1) = qut 2 4 [ B+ (p—DpJu 2P
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Proof. By the definition of A in (2-2), we have

(3-17) A(V(F%) = ozF"‘_lA(VF)
and
(3-18) (A(VF),VF) = |VF| +(p— 2)f (VF Vu)

Combining (2-1), (3-17) and (3-18), we obtain
(3-19) L,(F%)
=adiv[F* ' fP2TA(VF)]
=a(a— 1) FO2fPRP=1A(VF), VF)-i—aF“_]L (F)
=a(@—D)F* 2 f PP |VE PP+ (p=2) f~HVF,Vu)? |+« F*~ 'L, (F).

In view of (3-9) and (3-19), we can derive the required equality and complete the
proof of Lemma 3.3. (]

Next, we need to consider the pointwise estimate of £,(F%). We begin with two
lemmas.

Lemma 3.4. Leta #0, o > 1 and let u be a positive solution of (1-1) in Q C M
with Ric > —(n—1)k. Set

(3-20) H=B(p-1)[z2258+1] -

Then we have, pointwise in {x € Q2: f(x) >0},
(3-21) 1F7L(FY) = =2 —Dxu P PP 4 (p—1) LRy ~F PI2(VF V)
+Hu—2,3—2fp/2+2.

Proof. Let {ey, ..., e,} be an orthonormal frame of 7M on a domain with f #0
such that e; = Vu/|Vu|. We infer the equalities

(3-22) A uy =TIV un = (ijf,fVuZ’
i=1
(3-23) Ap”=(P—l)fpﬂ_lull+fp/2_1 > uij.

i=2
Substituting (3-11) and (3-12) into the two equations in (3-22) leads respectively to
(3-24) 4 Z ud, =uPfYVEP? + B2u2 2+ 28uP " (VF,Vu)
i=1
and

(3-25) 2uiy = Bu” f+uf fTUVF,Vu).
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Combining (1-1) and (3-23), we obtain

n

2

(3-26) (S wi) =[(p=Dun +af =],
i=2

By substituting (3-25) into (3-26), we have

n

¢2n (%

i=2

2
u,-,-) = [pT_l,Buflf—i— pT_luﬂf*I(VF,Vu) +af1*guq]2.

By omitting some nonnegative terms in |V Vu|*> and using Cauchy’s inequality, we
arrive at

2 n n 2 n 2 1 n 2
(3-28) VVal = Y ud b Yk = L+ (3 wir)

We plug (3-24) and (3-27) into (3-28) to obtain

(3-29) |VVul* > L Y VFP + 1722 + 1 puP " (VF,Vu)
+ L (2 Bu 4 25 P UV E, Vu) +af R ud]
By expanding the last term of (3-29), we obtain

_ 2 ERTY
IVVul? > quP fVFP + 2= 1) w? f2VF,Vu)? + L1+ 2], 2 f2

+ B[+ =) ﬁ—1<VF Vu)—l—lf—zluzqu_”—i—afl’%]lﬁu"_lfz_”/z
+alZ But= AP g DLy P 5 (VF.Vu).
Using this inequality and Ric > —(n—1)«, we have
(3-30) 2u~ P fP/2(1VVul? + Ric(Vu,Vu))
> —2n—Dweu 2P P2 4 1 pp2 SR 4 g1+ M]u*/’*ﬂ’ﬂ(vnvm
+E1 4 0], -2 P22y ot 1;fp/2 2(VF,Vu)? + 222028 p2=p )2
+02(p l)ﬂ q—2p— lf +a 2(p l)uq ﬂ(VF Vu).
Substituting (3-30) into (3-16) yields
(3-31) LF*UL,(FY)
Z_z(n_l)Ku72ﬁfp/2+l+2 [ﬂn+1(p 1)— ] q72,871f2

—1)? _
+ (a5 = 3) fPPNVEP + [(@ = D(p=2) + S5 [ /727 2(VE, Vu)?

+(p— VB[ B+1]u P2 fP22 4 (p—1)BL=Fu P f PPV, Vu)

+ nza : M2q—2f3f2—p/2 + a%u‘f—ﬂ (VF,Vu).
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Byusing p>1, o > 1and
(3-32) fPPTUVEP = fPR2(VF,Vu)?,
we arrive at

(3-33) (a+5=3) PP IVFP + (@ = D(p-2) + £ U]f”/z 2(VF,Vu)?A
> (p— 1)[0{—}—2(" 1)]fp/2 2(VF,Vu)>.

By substituting (3-33) into (3-31), we obtain

(3-34) LF7L,(F*) > -2 —Dru=P /2 1 2a[ B2t (p—1)—q|u? =~ f2
+(p—Dfa+ 5575 P2 2(VF, Vu)?
+(p=DB[EZ5 B Ju 2
+ (p—D)BLZty B P12V E Vi) 2452428 p2-p/2
+a2 22Dy =PV F Vu).

Noting that & > 1 and using the inequality af —2aya; > —a%, we infer

(3-35) (p—D[a+ 5225177 HVF, Vu) + a2 L0t~ (VF, Vu)
|7 u2a=28 202,

2 _
> — gy (P Dle+ 567
We substitute (3-35) into (3-34) to obtain
(3-36) LF7L(F*) > —2(n—Diu=Pfr/PH 4 2a[ B0t (p 1) g u?=?P~1 2

+(P—1)/3[2(1!;,_j1)ﬂ—|-1]z,fszj 2pp/242
+(p—D)BLA P fPI2(VF V)

+{nzil - 1)2(19 Dl + 2575 1)]_1}”2q_2ﬁf2_p/2-

Using o > 1 and the inequality a% —2a1a; > —a% again, we obtain

(3-37) {%_#(1)—1)[“""2@ 1)]_1} 24=2p 2o/
+2a[ Bt (p 1) — gJud=2P 1 f2
e

- 2 P 1 [ p—n ]—1

=1 12 9T 2m=1)

u"HB2pp/242,

Now, we plug (3-37) into (3-36) to deduce the desired inequality and hence complete
the proof of Lemma 3.4. U
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Lemma 3.5. Let o > 1 and let u be a positive solution of equation (1-1)in Q C M
with Ric > —(n —1)k. Then we have, pointwise in {x € Q: f(x) > 0},

(3-38) LF* oL, (F) = —2(n—Dku P PP 4 B(p—1) =20 P71 fPI2(VF V)
+2a[ﬁn+1 p— 1) ]uq 26— lf + 8 (p 1)(2+P ’1118) —28— 2f]7/2+2

Proof. By using the inequality (a; + a)? > af + 2aa,, we have

(3-39) [Z2Bu~"f + 25 uf £~ (VF,Vu) +af'™ 2uq]2
14
> D262, =242 4 (p—1)Bu f (25 P fTHVE,Vu) +af T 2ud).
Substituting (3-39) into (3-29), we have
(3-40) |VVu? = L2 p | WFP 4 B[ 14 @222
+E[1+ %]uﬂ*(wivm +apllut= e,
By using (3-40) and the assumption Ric > —(n —1)x, we have
(3-41) 2u™? fP12(|VVul* 4+ Ric(Vu,Vu))
>-2(n— 1)Ku—2ﬁfp/2+1+ fp/2 1|VF| +I3 [1+(P 1? ] —2/3—2fp/2+2
+B[1+ L=y A1 P2V F V) 4 2ap =it 2P f2,
We plug (3-41) into (3-16) to derive
(3-42) L1F>oL,(F¥) > —2(n—Dku= [P+ B(p—1) Ly =P~ fPI2(VF,Vu)
+ (a5 =3) PP NVFP + (@ — D(p—2) P> X(VF,Vu)?
+2a[l3n+l(p 1) ]uq 28— lf 48 (p 1)(2+P }ilﬁ) —28— pr/2+2.
Noting that p > 1, ¢ > 1 and fPP=YVF|? > fP/>72(VF,Vu)?, we arrive at

(3-43) (a+L—3) PP YVFP + (e — D) (p—2) fP/* *(VF,Vu)?
> (@ —3)(p—=1) fP>72(VF,Vu)*.

In view of (3-42) and (3-43), we can derive the desired inequality and complete the
proof of Lemma 3.5. O

By using Lemmas 3.4 and 3.5, we can achieve the following pointwise estimate
of L£,(F%).

Lemma 3.6. Let u be a positive solution of equation (1-1) in Q C M with Ric >
—(n—1)k. Set

(3-44) h=B(p=D[ =5

nzl]
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and suppose that  satisfies
2=y
ﬁe{(o,,f—p) if 1 <p<n,
0, 4+00) if p=n.
If the constants a, p and q satisfy either

(3-45)

Botlp-1 -0 <qg <L 2 0p-D+h @#0)
n—1 2 n—1

or

a[é n+l
2 n—1

then there exists o > 1 such that

(p—l)—q]EO,

(3-46) LL(F*) = —2(n—DkuP/> D petr/2-]
+ AuPIDB=2 potp/2 _ gy (B (=D=1 pat(p-3)/2| g |

pointwise in {x € Q: f(x) > 0}, where A is a positive constant and
B=(p-1pl=2l.
n—1

Proof. Case 1: £.mtL(p—1)—n'2 < g <& (p—1) +1n'/2, with a #0.

This implies limy—, oo H > 0, where H is defined in (3-20). Thus, we can
choose g large enough that for any o > «,

(3-47) H > 0.
Furthermore, we have
(3-48) (p—DBL=u P~ fPA(VF Vu) = —(p—DBEu=F~! fr+ 02|V F|
— —Bu_ﬂ_lf(p+l)/2|VF|.
Combining (3-21) and (3-48), we can infer that
(3-49) LF*UL(F*) = —2(n—1ku P /2t
_ Bu—ﬂ—lf(P+1)/2|VF| + Hu—Zﬁ—pr/Z-i-z (a #0).
Combining (3-47) and (3-49) leads to (3-46).
Case 2: a[2™tl(p—1)—q¢]=>0.

2n—1
In this case we have

(3-50) 2a[B1tL(p—1) — qJu?™71 2 > 0.
Combining (3-38), (3-48) and (3-50), we obtain
(3-51) LF*UL,(F) > -2 —Dku 2P P2t — py=F-1 D2y F|

Sk )



412 YOUDE WANG AND LIQIN ZHANG

Since B satisfies (3-45), it is easy to see that

(3-52) E(p—D(2+L2p)>0.
Combining the above, we complete the proof of Lemma 3.6. U

3.2. Deducing the main integral inequality.

Lemma 3.7. Let M be a complete manifold with Ric > —(n—1)k and let u be a
positive solution of equation (1-1) in Bar(xg) C M. Then, there exist constants t
large enough and ., > 0 such that

_ Pia—1.t o _2
exp{—Cn(1+ﬁR)}V2/nR 2||F4+ p) +2n||L2n/<n_2)(Q)+ut¢g /QFt+a+p/2n2
< ((n—l)[,thK+R_2) /QFI+G+P/2—1n2+MI/QFZ+I7/2+(X—1|V”|2,

where Q = Br(xo), n € C°(2, R) is a nonnegative function and V is the volume
of Br(xo).

Proof. We choose a geodesic ball Q2 = Bg(xo) C M and a test function £ - u* =
Fé’n2 -u*, where 1 € C5° (L2, R) is nonnegative, Fe = (F —€e)T,e>0,t>1 and
A € R are to be determined later. It follows from (2-1) that

- _/QW(&M), PR VE 4+ (p—2) £~ (Vu,VF) Vul)
:—/fo’/z—lF“—luHVF,va—)\/Quk—lf!’/z—lF“—WVF,vms
—(p-2) /Q P2 Ea= 1M Y F Vi) (Vu, VE)
—(p—2)A /Q Py e WA vI R VY
:—/Qf”/z_lF"‘_luA(VF,Vé)—(p—l)A /QfP/Z—IF“—luA—IWF,vmg
—(p-2) /Q P2 el Y F V) (Vu, VE).
Since £ = F! n?, we can achieve that
(3-53) é /Qﬁ,,(F“) CF'p? ot
- /Q fPRVET WM VE, tFE PV F 4 2F V)
—(p=D foP/HI«"‘”*lLﬂ*l(VF,W)F;n2

_(p_z)/ fPP2F W (VE,Vu)(Vu, tF™'n*VF +2F!nVn)
Q
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_ —t/ u(p/2—l),3+)»Fp/2+oc—2Fet—l |VF|2172
_ ZQ/QM(p/2—1)ﬂ+AFp/2+a—2F€z(VF’VHM
—(p—Da /Qu(p/Z—l),B-‘rA—lFp/2+a—2F6t<VF’vu>n2
—(p=2)t /szu(p/z—z)ﬂ+pr/2+a—3F€z—1 (VF,Vu)2n2
—2(p-2) /Qu@/z—z)ﬂ“Ff’/““—f‘Fg (VF,Vu)(Vu, V).
Combining (3-46) and (3-53), we achieve
_t/gu(p/z—l)ﬂﬂFp/2+a—2F€t—1|VF|2772
_2/Qu(p/Z—l)ﬂHFp/Ha—ZFet(VF’vn)n
—(p=D)x /Qu(p/Z—l)ﬂ—H»—lFp/2+a—2F€t<VF’Vu>n2
—(p-2)t fQu(p/Z—Z)ﬂ+AFp/2+a—3th—l<VF’VM>2772
—2(p-2) /Qu@/z—Z)ﬂ“FP/H“*F; (VF,Vu)(Vu,Vn)n
> _2(n_I)K/Qu(p/Z—l)ﬂ-H»Fa-i-p/Z—lFetn2
_|_A/Qu(p/Z)ﬂ—Z-i-AFa-‘rp/ZFeth . B/;Zu,B/Z(p—l)—l+AFa+(p—3)/2|VF|F61772.
From this, we obtain
(3-54) 2(n—1D)k /Qu@/z—“ﬂ“F“ﬂ’/z—lF;n2
) /QM(P/Z*I)ﬂH»FP/ZJra*ZFGt(vp’vmn
—2(p-2) /Qu(”/z_z)’s“F”/2+"‘_3F§(VF,VL¢)(Vu,Vn)n
+(B+(p—DIr]) /Qu(ﬂ/Z)(P—l)—l—H»Fa+u(p—3)/2|VF|Fétn2
> t/;zu(p/271)13+}\Fp/2+0!72F€1‘71|VF|2772
+(p _2)I/Qu(p/2—2)ﬁ+)»Fp/2+ot—3Fet—l (VF,VM)2n2
+A/S2u(p/2)ﬂ—2+)»Fa+p/2F€tn2‘
Set
(3-55) L, :t/Qu(p/Zfl)ﬁJr}»FpﬂJrothFetfl|VF|2n2

2-2 A 24+a—3 -1 2.2
—I—(p—2)t/Qu(p/ VB pr/2te=3 pi-l (g p )2,
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Then we need to consider two cases:

Casei: p>2. Here we get from (3-34) that
(3-56) L,> t/;zu(p/2—1)ﬂ+AFp/2+a—2F€t—l|VF|27)2.

Caseii: 1 < p <?2. Here, again from (3-34), we get

(57)  Ly=i [ ulP/mOR R L E R
2-2)B+A p/2+a—3 pt—1 2.2
—Q=p)t /qu’/ BHhpp/2te=3 pi-lig g g2y

> t/ M(p/Zfl)ﬁJr}»Fp/ZJrafZFetfl|VF|2n2
Q
. (z_p)I/Qu(p/2—l)ﬁ+AFp/2+a—2F€t—l |VF|2172

= (p_1)1»/9u(P/z_l),B‘i‘)»FP/Z‘HX—ZFel—1 |VF|21’]2
Set

-1 ifl<p<?2;
(3-58) 0(p) = {” 1 b

if p>2.
Combining (3-55), (3-56), (3-57) and (3-58) yields

(3-59) L,> e(p)t/ uPI2 VB pp/ e piol |y 2,2,
Q
By combining (3-54) and (3-59), we have
z(n_1)K/Qu(p/2—1)ﬁ+)»Fa+p/2—lFEInZ
_ 2/;2u(p/z—])ﬂ-‘r)an/z-‘rOt—zFel‘(VF’vn>n
2(p-2) /Q WP DBA PP/ 3 BLG B ) (Vu, Vi)
+ (B + (p—1)|)»|) / 14(,3/2)(17—1)—14-)\F¢>l-0-(17—3)/2|VF|Feln2
Q
> 9(p)t/ﬂu(P/2—1)13+)»FP/2+a—2F€z—1 |VF|2772+A /QM(I’/Z)B_ZHF””/ZFE’%.
By letting € — 0T, we obtain
(3-60) 2(n_I)K/;2M(p/2—l)ﬁ+}uFt+0{+P/2—ln2
_2/ u(p/Z—l)ﬂ-l—)»Ft+p/2+0{—2<VF’VT)>77
Q
—2(p-2) / w( P22 pEEPRAC=3 (G F T u) (Vu, Vi)n
Q
+ (B + (p—l)l)nl)/ u(ﬁ/2)(p71)71+)nFt+a+(pf3)/2|VF|n2
Q

Z9(p)[/QM(P/271)[5+)»FI+P/2+0573|VF|27,}2+A/Qu(p/2)ﬂ72+AFt+a+p/2n2.
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By the absolute value inequality and the Cauchy inequality, we have
(3-61) (B+(p_1)|)\:|) /;-2u(ﬂ/2)(p—1)—1+)~Ft+a+(p—3)/2|VF|n2

< 9(p)t/ u (P2~ DB+ pip/24a=3 |y |22

I (B DIx / (P/2)B=2+2 prta+p/2,2
+9()(+(p M) [ u n

(3_62) ) /Qu(p/Z—l)}3+)»FZ+P/2+(1—2<VF’Vn>n
<2/ u(p/2fl)ﬁ+)uFt+p/2+a72|VF||Vn|n
- Q

< 9(4p)t/ u (P2~ DB+ prp/24a=3 |y |22
Q

4 /u(p/2—1)5+)»Ft+p/2+a—1|Vn|2’
O(p)t

(3-63)  —2(p—2) / uP/2=DB+R p4p/24a=3 (G F 7y (Vi Vi)
Q
<2|p_2|/u(p/z—l)ﬂ-‘r)»Fl-‘rp/z-‘rOt—Z|VF||Vn|n
- Q

< 9(p)t/ u(PI2= DB+ prp/24a=3 |y |22

9( )t(p 2)2/ (p/z—l)ﬂ-‘r)\,Fl-‘rp/z-‘rOl—l|vn|2'

Substituting (3-61), (3-62) and (3-63) into (3-60), we obtain
(3-64) Mt/ u(p/Z—l)ﬁ-H»Ft+p/2+a—3|VF|2n2+A/ u(PIDB=241 prtatp/2, 2
4 Q Q
<2(n—1)k / (P2~ DB+ prrvactp/2=12
a Q

— (B N / (P/DB=2+A pri+a+p/2,2
+9()( +(p=DIrl)" [ u n

4 2 (p/2=D)B+A t+p/2+a—1 2
14 (p—2 / P Fip vil2.
+9(p)t( +(p—2)%) U |V

Now we choose ¢ large enough that

(3-65) (B+(p—DIAl)’ <

l\J|D>

9( )t
It follows from (3-64) and (3-65) that

9(41?)tfgu(p/z—l)ﬂﬂFz+p/2+a—3|VF|znz+%/szu(p/z)ﬂ—2+sz+a+p/2n2

< 2(n_1)K/Qu(l’/zfl)ﬁ+}»Ft+a+p/2fln2

+ (1+(p— 2))/ u(P/2= OB pip/ 2= g 12

9( )t



416 YOUDE WANG AND LIQIN ZHANG

By letting A = B (1 — £), we obtain
(3-66) 9(4P)t/ Fl+p/2+a—3|VF|2n2+A/2/ uﬁ—2F1+a+p/2n2
Q

52(n—1)K/;2Ft+a+p/2 1n2+ (1+(p 2) )/ Fl+p/2+a 1|vn| .

0(p)t
On the other hand, we have
(3-67) |v( Fp/4+(0t—1+l)/2n )|2
= (p+2+2 _2)Fp/4+(t+a—3)/2nVF+Fp/4+(t—a—l)/2vn‘2
< %(p 42420 — 2)2Fp/2+t+a—3 |VF|2 ],)2 +2Fp/2+t+ol—l |vn|2 ]

Substituting (3-67) into (3-66) gives

) 20(p)t /V FP/At@—140/2, 12 é/ B2 prta+p/2,2
(368 r2ir20-27 g‘ ( ' +3 o g

< 2(}1—1)/(/ Ft+a+p/2_lﬂ2

40(p)t t+p/24+a—1 2
+{9( )t(1+(p 2%+ (p+2t+2a—z)2}/st IVl

At the same time, the Saloff-Coste Sobolev inequality implies
(3-69) exp{—C, (1 + Kk R) V" R™2| Fr/4tle140/2y ||iz,1/<,172>(9)

< /Q ‘V(Fp/4+(a—1+l)/2n)‘2 +R2 /ngp/2+a+t—1n2.
Now, we substitute (3-69) into (3-68) to obtain

20(p)t - - 2
—(p+2t—|(—121 22 exp {—Cn(l + ﬁR)} v2/ng 2HF17/4+(a 1+t)/2'7”LG/<nfz>(Q)

< _A [ p2prtatp/2)2 [2 1 20(p)t ]/ pitatp/2—1,2
/ R T T P oy s 1

49(p)t } / t+ +a—1 )
+14/6(p)t(1+ (p—2)* F 2 V.
{ /9(p) ( (p=2) ) (p+2t+2a—2)2 Vol
We divide both sides of this inequality by 20(p)t to obtain

(p+2t+2a—2)2
— — 2
(3-70)  exp {=Cp(1 + KR} VIR PP 02 0 )

+A(P+2t+2a_2)2/uﬂ—ZFH-OH-p/ZnZ
49(p)t

(p+2t+2a—2)? ]f t+a+p/2—1 2
< pralre—2)” F
< [ PRy n

2
+{2(P+2l+20l 2) (1+(p_2)2)+2}/ FH'P/2+O!—1|V”|2‘
62(p)t? Q
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Set

2(p+2t+2a—2)° 2 (p+2t+2a—2)?
= su 1+(p—-2)")+2, =A inf Xt——""— =
M= S e A=) H= 0 dlie 401

Then p; and p are both finite positive constants. Combining their definitions with

(3-70) yields

(3-71)  exp{—Cu(1+ ViR V"R Frid+a=tenry 2, o
+W/Qu,s—2Fz+a+p/2nz

< ((n—l)MltK+R72) V/‘QFZ“HY‘F[)/Z*IWZ_{_'“&/;ZFf+P/2+a*1|vn|2.

Set
supou if 0<p <2,
(3-72) op = 1 if =2,
infou if B> 2.
With this notation we obtain an inequality identical to (3-71), except that the
summand on the second line is replaced by

(3_73) wut ¢§_2f9 Ft+0l+p/2n2.
This is sufficient to prove the lemma. ([

3.3. LPi-bound of gradient in a geodesic ball with radius 3R /4.

Lemma 3.8. Let (M, g) be an n-dimensional (n > 3) complete manifold with
Ric > —(n —1)«x, where k is a nonnegative constant. Furthermore, suppose that a,
q, p and B satisfy the conditions stated in Lemma 3.6. Let

74 __n .p+2to+2(x—2‘
(3-74) pr =L 2

If u is a positive solution to equation (1-1) on the geodesic ball B(xy,2R) C M,
then for to large enough there exists C =C(n, p, q, ) > 0 such that

(3-75) IF 141 By 3874y < CV/PH e + R P,
where V is the volume of the geodesic ball Br(xy) and ¢ is defined in (3-72).
Proof. As observed at the end of the previous proof, we have
(3-76) exp {~Cu(1+ AR} VIR Friavetcozy 2,
_|_WO¢§—2/QFto+a+p/2,72
< ((n—=Dptok +R7?) /SZF’°+“+”/2‘1772+M1 /QF“’“’/H“_IIV??IZ,
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where t = 1 satisfies (3-65). Define

(3-77) Q= {x:Fz (2(n—1)xﬂ+i)¢2—ﬂ, er}.
n - pioR?

Then we have

(3-78) ((n_l)M1l0K+R_2)/ Flota+p/2—1 2

Fto+a+p/2 2'
Q 2 d) /sz 7

Set Q) ::Q\le{x:F<(2(n—1)Kﬂ )¢>H,xesz _Then
n

(3-79) ((n—l)/,thoK+R—2)/ Fto+a+p/2—1n2
Q2

’

2 28 t()+ol+17/2—lv
,bLl‘()R2 )d)

where V is the volume of 2 = B(xg, R). Combining (3-78) and (3-79), we obtain

< ((n=D)uator + R*z){<2(n—1)x% +

(80) ((r—Dypurton +R72) [ Frrecp2l g [ pusecpry2

2 ] 27ﬁ}to+a+p/2—lv

2 %
< ((n=Dypator + R ){[Z(n—l)/cj o
We set Q1 = B(xo, 3R/4) and choose n; € C;°(R2) satisfying

O0=<m =1, m=1 inQy, V| < C/R,

and let - /2+
o
n= 7710 p

Then, we have

_ 2 _ —
(3-81) MI/SVZFI()-FP/Z-H){ 1|V7’]|2:,U/1([0+§+0()AFIO_FP/ZJFO{ lnf+20t 2+2to|vnl|2

2
2C -1, p+2a—2+2
= ,le(fo-l-%—l—ot) = /gz Flotp/2+a lnf o i
By Holder’s inequality, (3-81) can be written as

w&>mLfMWWﬂWW

2ty+p+2a—2 )
1 2 2t0+p+2a\ 2t0+p+2a L
< m(to—l-%—l-a) (/ plotp/2ta oty ) o+p vV ZoFp2a

21§+p+20£ 2 )
=m(to+5 +a) </ F’°+”/2+“n2> OFP 20t p e

By using Young’s inequality, we can write (3-82) as
(3-83) gur [ PO O < Qg [ Foreeey

22 10T/ 2H Tyt py2a—2) 2 pg]lotP/FHe]
+ 2to+p+2a [“1(“)"‘ +°‘) Rz] Qo+ p2a) ity 4
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Substituting (3-80) and (3-83) into (3-76) gives

(3-84) exp{—Cy(1+ iR} V¥/"R2|pridta-teniiyd,

_ _p)fotatp/2—-1
< (=Dt +R2) [ 2001yt 4 225 2 v

22 0P/ 2H Ty pyoa—2) 2 pg]lotP/FHe]
+ 2t0+p+2a [“l(to"‘ +°‘) R2] Qlo+p2a) it 4

Taking 2 powers on both sides of (3-84), we obtain
20+ p+2a—2

”F”Lﬂl (B(x0,3R/4))
< H Fp/4+(a—1+z0)/2n “4/2to+p+2a—2

L2n/(n—2)(Q)
< exp{ 2C,(1+«R) }‘/1/,3l
20+ p+2a—2
2 2—B\lo+a+p/2—1
<[ (=D R + 1) ([200 — il 4 2] 6> P!
2R? [ p 22 ]to+p/2+a
e — t _ o —_
T2t pr2a mlto+ 5 +e) i X
% 21+ p+20=2) 2B fotp/2+a—1 2t0+p+2a—2
(2to+p+2a)uto ’
where

n_ p+2h+2a—2

hi=:7 2

Using the fact that (a; +ay)h <2b (ab1 + azl) valid for a¢; > 0 and by > 0, we
infer from the preceding inequality that

2C,(1+VkR) | .,

3-85 F < VY1, + 1),
3-89 IF o oo sy = exp { 20+ p+20 -2 (h+1)
where

2 210+ p+20
_ 22/2to+P+2a—2(2t0+i+2a> 20+ p+2a—=2 (Ml (fo+ 2 + a)zcz) Dto+pF2a—2

2Qt+p+2a—2) 2- p—2
2to+ p+2a) uty
will be estimated later, and
(3-86)

2
_22t0+p+2a 2 —1)M110R2K+1)2t°+p+2a 2(2(n_1)KM+/M R2)¢2—ﬂ

2t0+p+2a 2t0+p+2a P
= 22i0+p+2e=2 ((n— 1),ultoR2K+1)2t0+l’+2"‘ 2t IR F

2t+p+20 _2n0+pt2a M
< 22t0+p+2a— 2((n ])'ulto_|_1)2t()+p+2a 2(1+R2K)2t0+p+201 2t —1R—2¢2_,3

2t0+p+H2a 2 ) 2t0+p+2a | ”
= 220+p 202 ((n— 1)M1+t )2t0+p+20l 2 (14-R%k) 2t0+p+2e— 2M R™ ¢ B
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Noticing that

210+p+2a 2
lim 220+p+2a—2 [(n —Dp + to_l] 2 Fp2e—2 =),
thy— 400
we can verify that
2tp+p+2a ! 2
(3-87) sup 22f0tpt+2e—2 [(n —Dpy+1y ]2’0+P+2“*2 < 400.
to€(1,+00)

Combining (3-86) and (3-87) leads to

2t0+p+2a
(3-88) L <Cr(1+ R%ic) Zo+pT2a=2 "L R=292F

where Cy, is a positive constant which depends only on n, p and ¢.
Similarly, we have

(3-89) L<Chu 'R ¢*F,

where Cy, is a positive constant which depends only on n, p and ¢.
Substituting (3-88) and (3-89) into (3-85), we obtain

2C,(1+/kR)
2t0+ p 4+ 20 —2

IF 1 L8 (B(x,3R/4)) < €XP {

20otptla
Na A [CII a1+ KR2) 2tp+p+2a—2 +CIZIO]R_2M_1¢2_’S-

We can derive from this inequality that

2C,(1+ /kR)
20+ p+20 -2

(3-90) 11l pias 3k )4y) < C1 €XD {

2n0+pt2a
y /B [(1 + KRZ) 2o+p+20-2 | IO]R_2¢2_'3,

where C; := max{Cy,, C1,}u " is a positive constant depending only on n, 8, p, q.
Now, let #g satisfy (3-65) and
(3-91) (1+&R?*) <19 <Co(1+«R?),
where Cy = Co(n, p, q, B) is a positive constant. Combining (3-90) and (3-91) gives
IF N 261 (B(xo,3R/4)) = CVP (e + R )¢p* P,
where C is a positive constant that depends only on n, 8, p, g. This completes the
proof of Lemma 3.8. O

3.4. Moser iteration for positive solutions of (1-1).

Lemma 3.9. Let (M, g) be an n-dimensional (n > 3) complete manifold with
Ric > —(n—1)x, where k is a nonnegative constant. Suppose that a, q, p and B
satisfy the same conditions as in Lemma 3.6. Let

B = n_ p+2h+2a—2
T2 2 '
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If u is a positive solution to equation (1-1) on the geodesic ball B(xy,2R) C M,
then for to large enough there exists C =C(n, p, q) > 0 such that

IF Nl Beso. k20 < CVTVPHIF s @),
where V is the volume of the geodesic ball Bg(xy).

Proof. Recall the integral inequality (3-71) from the proof of Lemma 3.8 (page 417).
By dropping the second nonnegative term in that inequality, we obtain

(3-92) exp {—Co(1+ iR} V"R FPAT@1E02y 17 o o)

< ((n—l)mt/c—l—R_Z) /QFt+a+p/2—1n2+M1 /QFH—p/Z-i-ot—lIva’

Then we set

R R
rm =5+47 and Qm = B(-x()’rm)’

and then choose 7, € C5°(2,) satisfying
. 4m
Ofnmf 1, nmzl n B(X(),I"m+1), |Vﬂm|§C?
Replacing 1 by n,, in (3-92), we can easily verify that

(3-93) exp {—Cu(1+ VKR VIR PP R0, o

-2 t+p/24+a—1 C216m t+p/24+a—1
< ((n—Duitk + R )/QF s /QF .

Next, we choose

Bi=(to+5+a—1)-"

[\

n_
and let t = t,, such that
tn+5+a—1=p8,.

Then
(3-94) exp{—C,(1 +ﬁR)}V2/n(/ Fﬁm+l)(n_2)/"

Q41

< ((n=D)p1tn R + 14 1,C*16") f Fhn.

m

Taking 1/8,, powers on both sides of (3-94), we obtain

(3-95)  NFllpmi1 (g,

< exp{ LIy =210 (1 st R 41411C16") P | Pl s
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Keeping the definition of #,, in mind, from (3-95) we deduce that
< eXp{ Cn(1+\/ER) }V—Z/nﬁm 16m/;3m

|| F”Lﬁm-H Qmt1) —

1/Bm
x ((n=Dpi(t0+ 8 +oa—1)kR2+ 141 C?) "I F | g, -
Noting that

we have

| F' [l Lo (B(xo, R/2))
< exp{ nCn(lzJ;\/FR) }Vfl/m 167/ @B)
1
x ((n=Dpi (to+ L +a—1)cR* + 1+, C?
nCy(1+VkR) | y,—1/8 2\n/(2f1)
SCSeXP{m}V "(I+kR%) VIE 261,

where C3 = C3(n, p, g) is a positive constant. In view of (3-65) (¢ = 1p) and (3-91),
it is not difficult to see that

n/(2B1)
| R Va7

L
I FllLeBxo.r/2)) <CV PUIF (1)

where C = C(n, p, q) is a positive constant. U

4. Proof of the main theorem and its consequences

Theorem 1.1 follows easily from Lemmas 3.8 and 3.9. Therefore, we omit its proof,
but give those of Corollary 1.2, Theorem 1.5 and Corollary 1.7. We omit those of
Corollary 1.6 (very easy) and those of Corollaries 1.3 and 1.4 (similar to that of
Corollary 1.2).

Proof of Corollary 1.2. By using Theorem 1.1, we only need to confirm that the
constants a, g and p satisfy either

Lot lp- -0 <qg <L 20D +h' @#0)
n—1 2 n—1

or

(4-1) a[%-%(p—l)—q] > 0.

Here, we only check case 1; the others are similar.

Casel: a>0, p>n and g € R. Since p > n, we can see that § € (0, +00) by
using (1-3). Furthermore, since a > 0, we can verify that (4-1) is equivalent to

(42) g=5- ",

n—1
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Hence, for any fixed p (p > n), n and g € R, we can make (4-2) be true by letting
B large enough. Therefore, we complete the proof of case 1. ([
Proof of Theorem 1.5. By using Corollary 1.2, we know that there exist positive
constants C =C(n, p,q) and g = B(n, p, q) € (0, c0), such that

Vul|? 1+KR
4-3) sup VP <
( B(xo 13%/2) uf R?

5

Since

SUppu,R) U 1f 0<pB <2,
(4-4) op = 1 if =2,
infB(xO’R) u if ,3 > 2,

we consider three cases:

Case 1: B €(0,2). Combining (4-3) and (4-4), we have the estimate

IVul> _ ,1+kR?

4-5) sup <C—p2 sup u>=P.
B(xo,R/2) uP R B(xo.R)
Multiplying both sides of (4-5) by sup u#~? leads to
B(xo R)
2 2
(4-6) sup [Vul sup l<c 1+K2R sup u?=b sup ub=2
B(xo,R/2) 4P B(x, R) R* " B(xo,R) B(x0,R)

Since supp(x,,r) # < linfp(x, r) 1, we see that

_ _ 2—-B . B2 2-8
4-7) sup u>? sup uP?=( sup u inf wu <[“F.
( B (XOPR) B (XOPR) ( B (xo,pR) ) ( B(xo,R) )
Furthermore,
2 2 2
4-8) su [Vul? < su [Vu? sup wP?< su [Vul® sup uf2.
( p p P

B(xo,R/2) U> B(xo.R/2) UP  B(xo,R/2) B(xo,R/2) UP  B(xo,R)

Now, substituting (4-7) and (4-8) into (4-6) leads to

[Vu|? 2-B 1+KR
su Cl .
B(xo,lze/z) u? CRY
Thus we finish the proof of case 1.
Case 2: B =2. Combining (4-3) and (4-4), we have the estimate
2
sup WT Sckﬂf
B(xo,R/2) U R

Therefore, we complete the proof of case 2.

Case 3: B >2. The proof of case 3 is similar to case 1. Hence, we omit it. [
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Now, we turn to (1-1) in R” and give the proof of Corollary 1.7, which uses
Lemmas 2.4 and 2.5.

Proof of Corollary 1.7. In order to use Lemmas 2.4 and 2.5, we need to consider
separately the four cases from the statements. We give the proofs in cases 1 and 3
only; in cases 2 and 4 they are similarly to those of 1 and 3 respectively.

Casel: a>0,1<p<n.p#qandge(p—1.(p—Dn/(n—p)). Defineu=
a'/(P=4=Dy. Then w satisfies Ap,w~+w? =0, thanks to (1-1). By using Lemma 2.4,
2=Un) the Harnack inequality

n—p

we know that forany 1 < p <nandgq € (p—l,

(4-9) supp, w(x) <Cinfp, w(x)
holds true, where C = C(n, p, q) is a positive constant. Combining Theorem 1.5

and (4-9), we deduce that forany 1 < p <nandg € (p—1, %), the estimate

Vuw|? C
4-10 sup wl o €
(4-10) B(xo,];I)?/Z) w? T R?

holds true, where C=C(n, p, ¢) is a positive constant. Substituting w =ga'/@=P+Dy
into (4-10), we obtain

2
sup U < €
B(xo,R/2) U R

where C = C(n, p, q) is a positive constant. This finishes the proof of case 1.

Case3: a>land 1l <p=g <n < p> Since p=qg and 1 < p <n < pz,
we know that g € (p—1, %) By using Lemma 2.4, we know that for any

1 < p=gq <n < p? the Harnack inequality

4-11) supp, u(x) < Cinfp, u(x)

holds true, where C = C(n, p, q, a) is a positive constant. By using Theorem 1.5
and (4-11), we achieve the estimate

where C =C(n, p, g, a) is a positive constant. This finishes the proof of case 3. [J

Proof of Theorem 1.8. By using Corollary 1.7, we know that if the constants a, g
and p satisfy one of the four conditions listed in the theorem, then the estimate

Vul> _ €
B(xo,R/2) > — R?
holds true, where C = C(n, p, g, a) is a positive constant. By letting R — 400, we

conclude that supr: |Vu| = 0. Hence, u is a constant. But, no positive constant is a
positive solution to (1-1). O
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