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ON MULTILINEAR MAXIMAL OPERATORS
ALONG HOMOGENEOUS CURVES

LARS BECKER AND BEN KRAUSE

Suppose that

γ⃗ (t) := (γ1(t), . . . , γn(t))= (a1 td1, . . . , an tdn), 1≤ d1 < · · ·< dn ∈Z, ai ̸=0

is a homogeneous polynomial curve. We prove that whenever p1, . . . , pn >

1 and 1/ p =
∑n

j=1 1/ p j ≤ 1, there exists an absolute constant 0 < C =

C p1,..., pn < ∞ such that∥∥∥∥sup
r>0

1
r

∫ r

0

n∏
i=1

| fi (x − γi (t))| dt
∥∥∥∥

L p(R)

≤ C ·
n∏

i=1
∥ f j∥L p j (R).

Our main tool is a smoothing estimate, adapted from work of Kosz, Mirek,
Peluse, Wan, and Wright.

1. Introduction

The study of multilinear maximal functions dates back to celebrated work of Lacey
[11], who proved the following theorem.

Theorem 1.1. Suppose that p1, p2 > 1, and that 1
p1

+
1
p2

=
1
p <

3
2 . Then there

exists an absolute constant 0< C p1,p2 <∞ such that

∥B γ⃗ ( f1, f2)∥L p(R) :=

∥∥∥∥sup
r>0

1
r

∫ r

0

∣∣ f (x − γ1(t))g(x − γ2(t))
∣∣ dt

∥∥∥∥
L p(R)

≤ C p1,p2∥ f1∥L p1 (R)∥ f2∥L p2 (R),

whenever γi (t)= ai t and a1 ̸= a2 are nonzero.

The key property of this operator is its modulation invariance, which necessitated
an approach using time-frequency analysis, building off ideas of Lacey and Thiele
in their work on the bilinear Hilbert transform [12; 13]; this method was later
adapted to handle multilinear extensions, see [2].

On the other hand, when the modulation invariance embedded in γ⃗ is eliminated,
different techniques can be used. This was first explored in the singular integral con-
text in [14; 16], with subsequent work of [15] establishing the following; see also [5].
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Theorem 1.2. Suppose that γ1(t)= t, γ2(t)= P(t), where P(t) is a polynomial of
degree d which vanishes to degree ≥ 2 at the origin. Then whenever p1, p2 > 1 and
1
p1

+
1
p2

=
1
p <

d
d−1 , there exists an absolute constant 0< C p1,p2 <∞ such that

∥B γ⃗ ( f1, f2)∥L p(R) ≤ C p1,p2∥ f1∥L p1 (R)∥ f2∥L p2 (R).

The key ingredient in establishing Theorem 1.2 was a Sobolev estimate, a repre-
sentative case of which is stated below.

Proposition 1.3 (special case). Suppose that γ1(t) = t, γ2(t) = t2. There exist
absolute constants 0< c< C <∞ such that if f̂i vanishes outside {|ξ | ≤ 2l+ik

} for
some i , then∥∥∥∫ 1

0
f1(x − γ1(2−k t)) f2(x − γ2(2−k t)) dt

∥∥∥
L1(R)

≤ C2−cl
∥ f1∥L2(R)∥ f2∥L2(R).

In other words, the only obstruction to the estimate∥∥∥∫ 1

0
f1(x − γ1(2−k t)) f2(x − γ2(2−k t)) dt

∥∥∥
L1(R)

≪ ∥ f1∥L2(R)∥ f2∥L2(R),

where ≪ informally stands for “much smaller than”, arises from zero-frequency
considerations; note that the modulation invariance from Theorem 1.1 precludes
such an argument. Aside from their utility in studying the operators {B γ⃗ }, Sobolev
estimates have found a wide use in problems in Euclidean Ramsey theory, dating
back to the work of Bourgain [1], with more recent contributions found in [3; 4; 6;
9; 10] among others. The current state of the art for operators of the form {B γ⃗ } is
essentially due to Hu and Lie [7], who addressed trilinear formulations

γ⃗ = (P1(t), P2(t), P3(t))

provided Pi are distinct degree polynomials which vanish at different rates at 0; see
Observation 1.2(i) of [7] and [5, Remark 2]. their key input was a trilinear analogue
of Proposition 1.3. We state below a slightly stronger version of their estimate [5,
Theorem 3.1]. Their estimate has an additional dependence on k, which we drop
here as justified by Proposition 1.6 below.

Proposition 1.4 (special case). Suppose that γi (t) = t i , 1 ≤ i ≤ 3. There exist
absolute constants 0< c< C <∞ such that if f̂i vanishes outside {|ξ | ≤ 2l+ik

} for
some i , then∥∥∥∥∫ 1

0

3∏
i=1

fi (x − γi (2−k t)) dt
∥∥∥∥

L1(R)

≤ C2−cl
3∏

i=1
∥ fi∥L3(R).

The goal of this paper is to address multilinear analogues of B γ⃗ under the
simplifying assumption that our curves are homogeneous polynomials.
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Specifically, we will be concerned with polynomial curves

γ⃗ (t) := (γ1(t), . . . , γn(t))= (a1td1, . . . , antdn ), 1 ≤ d1 < · · ·< dn ∈ Z, ai ̸= 0.

Our main result is this:

Theorem 1.5. Suppose that p1, . . . , pn > 1, and that

1
p

=
1
p1

+ · · · +
1
pn

≤ 1.

Then there exists an absolute constant 0< C p1,...,pn;γ⃗ <∞ such that∥∥∥∥sup
r>0

1
r

∫ r

0

n∏
i=1

| fi (x − γi (t))| dt
∥∥∥∥

L p(R)

≤ C p1,...,pn;γ⃗

n∏
i=1

∥ fi∥L pi (R).

As might be expected, the key input in proving Theorem 1.5 is the following
multilinear Sobolev estimate:

Proposition 1.6. Suppose that γi (t) = ai tdi , 1 ≤ i ≤ n with integer exponents
1 ≤ d1 < d2 < · · ·< dn ∈ Z, ai ̸= 0. There exist absolute constants 0< c< C <∞

such that if f̂i vanishes outside {|ξ | ≤ 2l+di k} for some i , then∥∥∥∥∫ 1

0

n∏
i=1

fi (x − γi (2−k t)) dt
∥∥∥∥

L1(R)

≤ C2−cl
n∏

i=1
∥ fi∥Ln(R).

To establish Proposition 1.6, we adapt a recent result of Kosz, Mirek, Peluse, Wan,
and Wright [8]; with Proposition 1.6 in hand, Theorem 1.5 readily presents. While
it is reasonable to expect that an analogue of Proposition 1.6, and thus Theorem 1.5,
should hold for more general distinct-degree polynomial curves γi which vanish
to distinct degrees at the origin, the argument to deduce Proposition 1.6 from the
results of [8] crucially relies on homogeneity, and does not readily adapt to the
more general setting.

Notation. Throughout, we let ϕ denote various mean-one Schwartz functions,
normalized in some sufficiently large seminorm. The precise choice of ϕ might
differ from line to line. Similarly, we use ψ to denote a similar function, but with

(1.7) 1|ξ |≈1 ≤ ψ̂ ≤ 1|ξ |≈1

and such that

(1.8)
∑

l

ψ(ξ/2l)= 1ξ ̸=0.

We use the notation
φk(x) := 2kφ(2k x)
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to denote L1-normalized dilations, and let

(1.9) B γ⃗k ( f1, . . . , fn)(x) := Bk( f1, . . . , fn)(x) :=

∫ 1

0

n∏
i=1

fi (x − γi (2−k t)) dt.

Below, we will regard 0 ̸= a1, . . . , an = O(1) as arbitrary but fixed, and will
abbreviate

(1.10) D := D(γ⃗ ) := d1 + · · · + dn.

Asymptotic notation. We will make use of the modified Vinogradov notation. We
use X ≲ Y , or Y ≳ X , to denote the estimate X ≤ CY for an absolute constant C .
We use X ≈ Y as shorthand for Y ≲ X ≲ Y . We also make use of big-O notation:
we let O(Y ) denote a quantity that is ≲ Y . We let f (t) := ot→a(X (t)) denote a
quantity such that | f (t)|/X (t)→ 0 as t → a.

If we need C to depend on a parameter, we shall indicate this by subscripts, thus
for instance X ≲p Y denotes the estimate X ≤ C pY for some C p depending on p.
We analogously define Op(Y ).

2. Sobolev estimates

The main goal of this section is to prove the following Sobolev estimate.

Proposition 2.1. There exists an absolute c> 0 such that the following single scale
estimate holds whenever si ≥ 0:∥∥Bk(ψkd1+s1 ∗ f1, . . . , ψkdn+sn ∗ fn)

∥∥
L1(R)

≲ 2−cs
n∏

i=1
∥ fi∥Ln(R),

where s := max{si }.

The proof of Proposition 1.3 will be accomplished via a projection argument,
anchored by [8, Theorem 6.1] in the case where γi (t)= ai tdi , and K = R, which
dictates that the operator

A−k(F1, . . . ,Fn)(x1, . . . , xn) :=
1
2k

∫ 2k

0

n∏
i=1

Fi (x1, . . . , xi − ai tdi , . . . , xn)dt

satisfies nontrivial norm estimates whenever some F̂i vanishes in |ξi | ≤ 2−kdi δ−1.

Lemma 2.2 (special case of Theorem 6.1 of [8]). In the above setting, suppose that
some F̂i vanishes in |ξi | ≤ 2−kdi δ−1. Then there exists some absolute c > 0 such
that

(2.3)
∥∥A−k(F1, . . . , Fn)

∥∥
L1(Rn)

≲n (δ
c
+ 2−kc)

n∏
i=1

∥Fi∥Ln(Rn),

provided k ≥ 0.
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We now remove the dependence on k on the right side of (2.3), and address the
case where k ≤ 0. Specifically, we prove that for all k

(2.4) ∥A−k(F1, . . . , Fn)∥L1(Rn) ≲n δ
c

n∏
i=1

∥Fi∥Ln(Rn)

whenever some F̂i vanishes in |ξi | ≤ 2−kdi δ−1; for concreteness, suppose that this
index is j .

To do so, introduce the operator

DλF(x1, . . . , xn) := F(λd1 x1, . . . , λ
dn xn)

and choose 2k0 ≫ δ−1. If we define

Gi (x1, . . . , xn) := D2k−k0 Fi (x1, . . . , xn),

then Ĝi vanishes on |ξ j | ≤ 2−k0d j δ−1, so

∥A−k0(G1, . . . ,Gn)∥L1(Rn) ≲ δ
c

n∏
i=1

∥Gi∥Ln(Rn).

But now

D2k0−k
(

A−k0(G1, . . . ,Gn)
)
(x1, . . . , xn)

= 2−k0
∫ 2k0

0

n∏
i=1

Gi (2d1(k0−k)x1, . . . , 2di (k0−k)xi + ai tdi , . . . , 2dn(k0−k)xn) dt

= 2−k
∫ 2k

0

n∏
i=1

Gi (2d1(k0−k)x1, . . . , 2di (k0−k)xi + ai 2di (k0−k)tdi , . . . , 2dn(k0−k)xn)

= A−k(D2k0−k G1, . . . , D2k0−k Gn)(x)

= A−k(F1, . . . , Fn)(x),

so the result follows from changing variables.

Proof of Proposition 2.1. Set gi := ψkdi +si ∗ fi , let 1⃗ := n−1/2(1, . . . , 1) ∈ Rn , and
let ϕ : Rn

→ C be a bump function with compactly supported Fourier transform
that is constant along R1⃗. For each

2−100D|k|−100s
≫ ϵ > 0

sufficiently small (see (1.10)), define

Fi (x1, . . . , xn) := ϵ1−1/nϕ(ϵx)gi (x · 1⃗)

so that ∥Fi∥Ln(Rn) ≈ ∥gi∥Ln(R) and F̂i is supported in an O(ϵ) neighborhood of

{ξ 1⃗ : ĝi (ξ) ̸= 0};

in particular, for some j , F̂ j vanishes when |ξ | ≲ 2kd j +s . So,∥∥Ak(F1, . . . , Fn)
∥∥

L1(Rn)
≲ 2−cs

n∏
i=1

∥gi∥Ln(R).
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On the other hand,∥∥Ak(F1, . . . , Fn)(x1, . . . , xn)
∥∥

L1(Rn)

=

∥∥∥∥2k
∫ 2−k

0

( n∏
i=1

gi (x · 1⃗ − ai tdi )
)

·

(
ϵn−1

n∏
i=1
ϕ(ϵx − ϵai tdi e⃗i )

)
dt

∥∥∥∥
L1(Rn)

=

∫
(R1⃗)⊥

∫
R

∣∣∣∣2k
∫ 2−k

0

( n∏
i=1

gi (y − ai tdi )
)(
ϵn−1

n∏
i=1
ϕ(ϵz − ϵai tdi e⃗i )

)
dt

∣∣∣∣ dy dz

using a change of variables (so in particular, z1, . . . , zn−1 form an orthogonal basis
for (R1⃗)⊥); above, e⃗i is the i-th coordinate vector.

By Taylor expansion,
∫
(R1⃗)⊥

∫
R

∣∣∣∣2k
∫ 2−k

0

( n∏
i=1

gi (y − ai tdi )
)(
ϵn−1

n∏
i=1
ϕ(ϵz − ϵai tdi e⃗i )

)
dt

∣∣∣∣ dy dz

= ∥ϕn
∥L1((R1⃗)⊥) ·

∫
Rn−1

∫
R

∣∣∣∣2k
∫ 2−k

0

n∏
i=1

gi (y − ai tdi ) dt
∣∣∣∣ dy

+ O(2O(k)ϵ)
∫

Rn−1

(∫
R

2k
∫ 2−k

0

n∏
i=1

∣∣gi (y − ai tdi )
∣∣ dt dy

)
ϵn−1(1 + ϵ|z|)−100 dz

= ∥ϕn
∥L1((R1⃗)⊥)

∥∥Bk(g1, . . . , gn)(x)
∥∥

L1(R)
+ Ok

(
ϵ

n∏
i=1

∥gi∥Ln(R)

)
.

The result follows by sending ϵ ↓ 0. □

The following proposition will be used to complement Proposition 1.3 via inter-
polation; before we can prove it, we state a lemma.

Proposition 2.5. Suppose n ≥ 2, p1, . . . , pn > 1 and 1
p =

∑
i

1
pi

≤ 1. Then

∥∥sup
k

∣∣Bk(ψkd1+s1 ∗ f, . . . , ψkdn+sn ∗ f )
∣∣∥∥

L p(R)
≲ sn

n∏
i=1

∥ f ∥L pi (R),

where s := max{si }.

Lemma 2.6. Suppose that ϕ is a Schwartz function. For t ∈ R, consider the maximal
function

M t f (x) := sup
j

|ϕ j ∗ f |(x − 2− j t).

There exists an absolute constant 0< C <∞ (independent of t) such that

∥M t f ∥L1,∞(R) ≤ C log(2 + |t |)∥ f ∥L1(R).

Proof. Since the maximal function is trivially bounded on L∞(R) we may use
vector-valued Calderón–Zygmund theory; see [17, §1], for example. In particular,
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it suffices to show that∫
|x |≥10|y|

∑
j

∣∣ϕ j (x − 2− j t − y)−ϕ j (x − 2− j t)
∣∣ ≲ log |t |.

By dilation invariance we can normalize |y| ≈ 1. When 2 j
≤ 100−1 we use the

mean-value theorem; when 100−1
≤ 2 j ≲ |t | we use a single-scale estimate; and

when 2 j
≫ |t | we use the decay of ϕ. □

Proof of Proposition 2.5. We have the pointwise bound∣∣Bk(ψkd1+s1 ∗ f1, . . . , ψkdn+sn ∗ fn)(x)
∣∣

=

∣∣∣∣∫ 1

0

(∫
Rn

n∏
i=1
ψkdi +si (x − ai 2−kdi tdi − ui ) fi (ui ) du

)
dt

∣∣∣∣
≤

∫ 1

0

n∏
i=1

M2si ai tdi fi (x) dt,

where M t is the maximal function from Lemma 2.6 with ϕ chosen to be ψ . So∥∥sup
k

∣∣Bk(ψkd1+s1 ∗ f1, . . . , ψkdn+sn ∗ fn)
∣∣∥∥

L p(R)
≲

∫ 1

0

∥∥∥ n∏
i=1

M2si ai tdi fi

∥∥∥
L p(R)

dt

≲ sn
n∏

i=1
∥ fi∥L pi (R),

as desired. □

3. The proof of Theorem 1.5

We will prove that

(3.1)
∥∥sup

k
|Bk( f1, . . . , fn)|

∥∥
L p(R)

≲
n∏

i=1
∥ fi∥L pi (R).

Theorem 1.5 follows from (3.1), because averaging operators are positive and there-
fore the lacunary supremum in (3.1) dominates the full supremum in Theorem 1.5
up to a factor of two.

The proof is by induction. Thus, we will assume that for all m < n∥∥sup
k

|Bk( f1, . . . , fm)|
∥∥

L p(R)
≲

m∏
i=1

∥ fi∥L pi (R),

whenever γ⃗ is a homogeneous polynomial curve, p1, . . . , pm > 1, and 1
p1

+ · · · +

1
pm

=
1
p ≤ 1, with the n = 1 case following from Hardy–Littlewood and convexity.

By Taylor expansion, for each k, we have the decomposition

(3.2) Bk( f1, . . . , fn)

=
∑
j≥0

1
j !

(
(∂ jϕ)kdn ∗ fn

)
B( j)

k ,̸=n( f1, . . . , fn−1)+Bk( f1, . . . , fn−1, fn−ϕkdn ∗ fn),
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where

B( j)
k ,̸=n( f1, . . . , fn−1)(x) := 2k

∫ 2−k

0

n−1∏
i=1

fi (x − ai tdi ) (−an2kdn tdn ) j dt,

and ∂ jϕ satisfies all of the same Schwartz normalizations as ϕ up to factors of C j ,
C = O(1).

Thus, by iterating (3.2), induction and convexity, it suffices to prove that∥∥sup
k

|Bk( f1 −ϕkd1 ∗ f1, . . . , fn −ϕkdn ∗ fn)|
∥∥

L p(R)
≲

n∏
i=1

∥ fi∥L pi (R)

in the above range of p, pi .
Define

Bk,s( f1, . . . , fn) :=
∑

si ≥0
max{si }=s

Bk(ψkd1+s1 ∗ f1, . . . , ψkdn+sn ∗ fn).

Then, by Proposition 1.3, we have the bound∥∥∥sup
k

|Bk,s( f1, . . . , fn)|∥L1(R) ≤
∑
k

∥∥∥Bk,s( f1, . . . , fn)∥L1(R)

≤ 2−cs ∑
0≤si ≤s

∑
k

n∏
i=1

∥ψkdi +si ∗ fi∥Ln(R)

≤ 2−cs ∑
si ≤s

n∏
i=1

(∑
k

∥ψkdi +si ∗ fi∥
n
Ln(R)

)1/n

= 2−cs ∑
si ≤s

n∏
i=1

∥∥∥(∑
k

|ψkdi +si ∗ fi |
n
)1/n∥∥∥

Ln(R)

≤ 2−cs ∑
si ≤s

n∏
i=1

∥S fi∥Ln(R),

where
S f :=

(∑
k

|ψk ∗ f |
2
)1/2

is the Littlewood–Paley square function, which is bounded on L p(R), 1< p<∞. So

(3.3)
∑
k

∥Bk,s( f1, . . . , fn)∥L1(R) ≲n sn2−cs
n∏

i=1
∥ fi∥Ln(R).

We will interpolate this with Proposition 2.5, to see that whenever p1, . . . , pn > 1,
1
p =

∑
i

1
pi

≤ 1, there exists an absolute c = cp1,...,pn;p > 0 such that

(3.4)
∥∥sup

k
|Bk,s( f1, . . . , fn)|

∥∥
L p(R)

≲ sn2−cs
n∏

i=1
∥ fi∥L pi (R).

A final sum over s ≥ 1 completes the proof, assuming (3.4) holds.
We now give the details of the interpolation argument. It is enough to prove (3.4)

for nonnegative functions fi , and by monotone convergence we may assume that
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they take only finitely many values. We normalize them so that ∥ fi∥L pi (R) = 1. By
monotone convergence it is enough to prove (3.4) with the supremum extended only
over finitely many values k, at which point we can choose a measurable function
k(x) assigning to every x the maximizer. Thus, it suffices to estimate∥∥Bk(x),s( f1, . . . , fn)(x)

∥∥
L p(R)

= sup
∥h∥

L p′
(R)

≤1

∫
R

h(x)γ (x)Bk(x),s( f1, . . . , fn)(x) dx,

where γ (x) ∈ {z ∈ C : |z| = 1} denotes the argument of Bk(x)( f1, . . . , fn)(x):

γ (x)=


Bk(x),s( f1, . . . , fn)(x)

|Bk(x),s( f1, . . . , fn)(x)|
if Bk(x),s( f1, . . . , fn)(x) ̸= 0,

1 if Bk(x),s( f1, . . . , fn)(x)= 0.

Replacing h by |h| makes this expression larger. Using also monotone convergence,
we may assume that h is a nonnegative simple function.

Now pick exponents q1, . . . , qn>1, 1
q =

∑
i

1
qi

≤1 such that there exists θ ∈ (0, 1)
with

1
pi

=
1 − θ

n
+
θ

qi
, i = 1, . . . , n.

Define for complex z with ℜz ∈ [0, 1]

f (z)i (x)= 1 fi (x) ̸=0 exp
((

z
pi

qi
+ (1 − z)

pi

n

)
log fi (x)

)
and

h(z)(x)= 1h(x) ̸=0 exp
(

z
p′

q ′
log h(x)

)
.

These functions are well defined since fi and h are nonnegative. For fixed x
the functions f (z)i (x) and h(z)(x) are all bounded and analytic in the interior of
the strip ℜz ∈ [0, 1], because fi and h are simple functions. The claim (3.4)
now follows from applying the Hadamard three lines theorem to the function
F(z) =

∫
R

h(z)(x)γ (x)Bk(x),s( f (z)1 , . . . , f (z)n )(x) dx, utilizing (3.3) when ℜz = 0
and Proposition 2.5 when ℜz = 1. This completes the proof.
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THE PLAIN SPHERE NUMBER OF A LINK

RYAN BLAIR, ALEXANDRA KJUCHUKOVA AND ELLA PFAFF

Let L be a link in S3. We consider a natural class of meridional presentations
for π1(S3 \ L) in which the relations are witnessed by certain embedded two-
spheres easily observed in a fixed diagram of L. The Wirtinger presentation
is a special case. We prove that the bridge number of L equals the smallest
number of generators of π1(S3 \ L) over all such presentations.

1. Introduction

We introduce a new definition of bridge number of a link. The definition arises
in the study of the meridional rank conjecture (MRC), which asks whether the
bridge number of a link L equals the smallest number of meridional generators of
π1(S3

\L). The conjecture, posed by Cappell and Shaneson [17, Problem 1.11],
has been established in a variety of cases [1; 2; 3; 6; 7; 8; 9; 10; 11; 14; 19]. The
analogous statement is also shown to hold for some knotted spheres in S4 [16].

In [5], it is shown that the bridge number equals the minimal number of meridional
generators over all presentations that allow only iterated Wirtinger relations in a fixed
diagram. Our main result is that equality persists after significantly generalizing
the presentations considered.

Denote the bridge number and meridional rank of a link L by β(L) and µ(L),
respectively. In [5], the authors introduce a new invariant, the Wirtinger number of a
link, denoted ω(L). The Wirtinger number is defined in terms of a “coloring game”
played in a fixed diagram of L; see Definition 2.1. Performing a coloring move at a
crossing c reflects the fact that the Wirtinger meridians of the overstrand and one
understrand at c generate the Wirtinger meridian of the second understrand at c.
Hence, a valid coloring sequence for D demonstrates that the Wirtinger meridians
of the initially colored strands, or seeds (Definition 2.4), generate π1(S3

\L).
By starting with a diagram in minimal bridge position and choosing the strands

containing the local maxima as seeds, we easily see that β(L) ≥ ω(L); moreover,
by definition, ω(L) ≥ µ(L). In [5], it is shown that in fact β(L) = ω(L). We now
prove that the bridge number equals the smallest number of meridional generators
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of π1(S3
\L) across a considerably more general (though still “visible” in a single

diagram) class of meridional presentations.
The plain sphere number of a link L (Definition 2.2) is the smallest number

of Wirtinger meridians that generate π1(S3
\L) using only relations witnessed by

certain embedded two-spheres, which we now describe. Consider a link diagram D,
and let γ denote an embedded circle in the plane of projection, such that γ avoids
neighborhoods of crossings and meets the interior of strands of D transversely.
Further assume that γ meets D in exactly n points and that, of those, precisely
one is contained in a given strand, s, of D. Then, the Wirtinger meridians of the
remaining strands that meet γ generate the Wirtinger meridian of s. To see this,
cap off the simple closed curve γ with two disks, D2

±
, whose interiors are disjoint

from the plane of projection and such that D2
+

(resp. D2
−

) is above (resp. below)
the plane. We refer to D2

+
∪γ D2

−
as a plain sphere — it is indeed in plain sight —

and we say that the sphere witnesses a relation in the group. That is, the product
of (appropriately oriented) Wirtinger meridians of strands intersecting γ , taken
in the order determined by γ , is trivial. The Wirtinger relation at any crossing c
corresponds to a circle γ equal to the boundary of a small neighborhood of c.
Clearly, β(L) = ω(L) ≥ ρ(L) ≥ µ(L).

Theorem 1.1. Let L be a link in S3. The plain sphere number of L equals the
bridge number of L.

The theorem is proved in Section 3. In Section 2 we give the formal definition
of ρ(L), recall the definition of ω(L), and establish some terminology. The short
Section 4 provides an example contrasting the plain sphere and Wirtinger numbers
of a diagram, and describes a procedure for computing ρ(D) for a fixed diagram.
In Section 5 we describe some plain spheres in words.

2. Preliminaries

Recall that if L is a link in R3 and P : R3
→ R2 is the standard projection map given

by P(x, y, z) = (x, y), then P(L) is a link projection if P|L is a regular projection.
Hence, a link projection is a finite four-valent graph in the plane, and we refer to the
vertices of this graph as crossings. A link diagram is a knot projection together with
labels at each crossing that indicate which strand goes over and which goes under.
By standard convention, these labels take the form of deleting parts of the under-arc
at every crossing, and thus we think of a link diagram as a disjoint union of closed
arcs, or strands, in the plane, together with instructions for how to connect these
strands to form a union of simple closed curves in R3. At times we will refer to the
knot projection P(D) corresponding to a given knot diagram D, where P(D) is
obtained from D by forgetting the under- and over- information at crossings.
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Let D be a diagram of a link L with n crossings. Denote by s(D) the set of
strands s1, s2, . . . , sn and let v(D) denote the set of crossings c1, c2, . . . , cn . Two
strands si and s j of D are adjacent if si and s j are the understrands of some crossing
in D. The diagram of the unknot with a single crossing is the unique knot diagram
up to planar isotopy for which there exists a strand si of D that is adjacent to itself.
In all cases we consider, adjacent arcs are understood to be distinct.

Definition 2.1. We call D Wirtinger k-colorable if we have specified a set A of
strands of D and a nested sequence of subsets A = A0 ⊂ A1 ⊂ · · · ⊂ A|s(D)|−|A| =

s(D) such that the following hold:

(1) |A| = k.

(2) Ai+1 \ Ai = {s j } for some strand s j in D.

(3) Whenever Ai+1 \ Ai = {s j }, s j is adjacent to si at some crossing c ∈ v(D), and
si ∈ Ai .

(4) The over-strand sk at c is an element of Ai .

When D is k-colorable in the above sense, the Wirtinger meridians of the strands
in A generate all Wirtinger meridians in the diagram, using only Wirtinger relations
at crossings.

Definition 2.2. We call D plain sphere k-colorable if we have specified a set A of
strands of D and a nested sequence of subsets A = A0 ⊂ A1 ⊂ · · · ⊂ A|s(D)|−|A| =

s(D) such that the following hold:

(1) |A| = k.

(2) Ai+1 \ Ai = {s j } for some strand s j in D.

(3) Whenever Ai+1 \ Ai = {s j }, there exists an embedded circle L i+1 in the plane
of projection such that: L i+1 is transverse to the projection P(D); L i+1 is
disjoint from small neighborhoods of crossings in D; |L i+1 ∩ s j | = 1; and the
points of intersection between L i+1 and strands of D are all contained in Ai+1.

We refer to the circles L i as loops.

Condition (3) precisely guarantees that the Wirtinger meridian of s j is generated
by the Wirtinger meridians of the strands of D that have nontrivial intersection with
L i+1, other than s j itself. This is expressed by a relation in π1(S3

\L), witnessed
by a plain sphere as defined in the introduction: an embedded two-sphere S2

j that
intersects the plane of projection in the loop L i+1. The existence of a valid coloring
sequence as above shows that the Wirtinger meridians of the strands in A generate
all Wirtinger meridians in the diagram, using only relations witnessed by plain
two-spheres.
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Remark 2.3. We could almost regard the spheres S2
j in the above description as

simultaneously and disjointly embedded in S3. Indeed we will show later that the
loops L i can be assumed pairwise nonintersecting. And, each S2

j is the boundary
union of two embedded disks, on opposite sides of the plane of projection, whose
interiors do not meet. However, since the upper disk D2

j+ of each S2
j contains the

basepoint, the spheres do, in fact, intersect at a point.

Definition 2.4. When a diagram D can be colored by a valid sequence of Wirtinger
coloring moves (resp. plain sphere coloring moves) as in Definition 2.1 (resp.
Definition 2.2), the elements of A are called the seed strands, or simply seeds, for
the coloring.

The minimum value of k such that D is Wirtinger k-colorable is the Wirtinger
number of D, denoted ω(D). Similarly, the minimum value of k such that D is
plain sphere k-colorable is the plain sphere number of D, denoted ρ(D). We use
ω(D) and ρ(D) to define invariants of L .

Definition 2.5. Let L ⊂ S3 be a link. The Wirtinger number of L , denoted ω(L),
is the minimal value of ω(D) over all diagrams D of L . Similarly, the plain sphere
number of L , denoted ρ(L), is the minimal value of ρ(D) over all diagrams D
of L .

We define a number of auxiliary terms related to Definitions 2.1, 2.2 and 2.5.
These terms will be used extensively in the lemmas and theorems that follow. If D
is a Wirtinger k-colorable diagram with Ai \ Ai−1 = {s j }, we say that the strand
s j is colored at stage i by a Wirtinger coloring move. Similarly, If D is a plain
sphere k-colorable diagram with Ai \ Ai−1 = {s j }, we say that the strand s j is
colored at stage i by a plain sphere coloring move or, for short, a loop coloring
move. A partially plain sphere colored link diagram D is a nested collection of
sets A = A0 ⊂ A1 ⊂ · · · ⊂ Ar that meet all of the requirements of Definition 2.2
with the exception that Ar may be a proper subset of s(D). Additionally, if D is a
plain sphere k-colorable diagram, then a plain sphere coloring sequence for D is
an ordered set of loops L = (L1, L2, . . . , L |s(D)|−k) that are as in condition (3) of
Definition 2.2. Finally, if L i is a loop in a plain sphere coloring sequence for D that
is isotopic (via an isotopy that is transverse to the link projection) to the boundary
of a regular neighborhood of a crossing of D, then we call L i a Wirtinger loop.
Clearly, any plain sphere coloring move performed using a Wirtinger loop is also
achievable via a Wirtinger coloring move. In other words, a Wirtinger coloring
sequence is merely a special case of a plain sphere coloring sequence. This shows
that ρ(D) ≤ ω(D) for all link diagrams D and hence ρ(L) ≤ ω(L) for all links L
in S3.

An easy example of a plain sphere coloring move that is not a Wirtinger move
can be found in any diagram that is not visually prime. Namely, the connected
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L i L i

tangle

Figure 1. Possible plain sphere coloring moves at stage i of a coloring
sequence which do not reduce to sequences of Wirtinger moves in the
given tangle diagrams. On the left is the move used in Figure 6; on the
right is a generalization. The oval contains an arbitrary n-strand tangle Tn ,
pictured in the case n = 4. The remaining tangle strand can be replaced
by any one-strand tangle; as long as all but one of the points in L i ∩ D
are colored before stage i , the move will be valid.

sum sphere is a plain sphere intersecting two strands whose meridians cobound an
annulus in the link complement. Two additional plain sphere coloring moves that
are not Wirtinger moves are depicted in Figure 1. We refer to such loop moves as
nontrivial loop moves. In Figure 9 of [4] there is an example of a minimal diagram
D of a nonprime knot K such that ρ(D) = β(D) = 5 while ω(D)=6. A prime knot
diagram D with ρ(D) < ω(D) is given in Figure 6 (page 230). This exhibits a
nontrivial plain sphere move that does not come from a connected sum sphere. For
a family of plain sphere moves see Figure 1.

3. Proof

We prove Theorem 1.1 by showing that the plain sphere number of L equals the
Wirtinger number of L . The result then follows from [5], where it is shown that the
Wirtinger number and bridge number are equal. The equality ρ(L) = ω(L) relies
on the following lemmas.

Lemma 3.1. Let D be a link diagram. The plain sphere number of D can be realized
by a collection of disjoint circles. That is, if ρ(D) = n, then there exists a set of n
seed strands in D, together with an ordered set L= (L1, . . . , L |s(D)|−n) of disjointly
embedded circles, each transverse to D and disjoint from small neighborhoods of
all crossings, such that L defines a valid plain sphere coloring sequence for D.

Proof. Let L be an ordered collection of loops realizing the plain sphere number
of D. That is, L gives a coloring sequence for D starting from n seeds. After a
small perturbation if needed, we may assume that the pairwise intersections of
circles in L are disjoint from D. We define the complexity of L to be the (unsigned)
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count of intersection points between pairs of circles in L:

c(L) :=
∑

L i ,L j ∈L
i ̸= j

|L i ∩ L j |.

Without loss of generality we may assume that L has minimal complexity over all
coloring sequences for D starting with n seeds. (Recall that ρ(D) ≤ ω(D), and
the Wirtinger number allows us to define a plain sphere coloring sequence where
the loops are pairwise disjoint. Thus, it is clear that the complexity of a coloring
sequence can be chosen to be zero after potentially increasing the number of seeds.
What we show here is that L can be chosen to realize ρ(D) while also satisfying
c(L) = 0.)

If c(L) ̸= 0, we can find L i , Lr ∈ L such that i ̸= r and L i ∩ Lr ̸= ∅. Select
L i with the property that it is the last loop in the ordered set L that has nonempty
intersection with other loops in L. That is, for all k > i , Lk is disjoint from the
other loops in L.

We will prove the statement by contradiction; we will show that as long as
c(L) ̸= 0, the coloring sequence L does not in fact minimize complexity over
all plain sphere coloring sequences starting with n seeds. We will do this by
producing a new plain sphere coloring sequence in which we replace L i with
another circle L∗

i , such that L∗

i defines a valid plain sphere coloring move at
stage i and colors the same strand as L i . (This implies that all subsequent moves
L i+1, . . . , L |s(D)|−n in L can be performed without modification.) Lastly, we will
show that c

(
(L1, . . . , L i−1, L∗

i , L i+1, . . . , L |s(D)|−n)
)
< c(L).

In order to simplify the exposition, assume from now on that we have already
carried out the coloring moves determined by L1, L2, . . . , L i−1, and we are at stage
i of the coloring process. That is, the coloring moves determined by L1, . . . , L i−1

have been performed, and now L i determines a valid plain sphere coloring move.
Denote by Ei the disk bounded by L i in the plane of projection, and denote by

A the set of components of intersection between Ei and loops in L:

A := Ei ∩

( ⋃
L j ∈L
j ̸=i

L j

)
.

Note that A is the union of properly embedded 1-manifolds (i.e. arcs and loops)
in Ei . Consider the possibility that A contains a loop L j . Our assumptions about
L i imply that either L j is disjoint from all other loops in L or all points in L j ∩ D
have already been colored at stage i of the coloring sequence. With this in mind,
we turn our attention to components of A that are arcs. The boundaries of the arcs
in A cut L i = ∂ Ei into a collection of arcs A′, and moreover the arcs in A cut Ei

into a collection of disks D (some of which may contain closed components of
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A in their interiors). Observe that each arc in A is contained in a circle in L that
intersects L i . Therefore, coloring moves determined by these circles have already
been performed. This ensures that all points of intersection between D and arcs in
A′, with the exception of one point — the point being colored at stage i , using the
loop L i — are colored before stage i of the loop coloring sequence.

Since L i is a circle in L, we know that L i ∩ D is a set of isolated points. Since
L i defines a coloring move, the intersection L i ∩ D contains at least two points. At
stage i of the coloring sequence, L i determines a valid coloring move. Therefore,
only one of the points in L i ∩ D is uncolored. Denote this point by x and the arc in
A′ containing x by a. Then a is contained on the boundary of one of the disks in D,
seen in Figure 2. Denote this disk by E∗

i and observe that ∂ E∗

i =: L∗

i is the union
of a and other subarcs of A. In particular, every point of intersection between D
and L i

∗
lies on an arc contained in either A or A′. It follows from the above that, at

stage i of the sequence, x is the only point in L∗

i ∩ D that is not colored. Thus,

L∗
:= (L1, . . . , L i−1, L∗

i , L i+1, . . . , L |s(D)|−n)

is a valid plain sphere coloring sequence starting from n seeds. (To satisfy transver-
sality conditions in the above, we use L∗

i to denote the boundary of a slightly smaller
disk contained in the interior of E∗

i .)
Lastly, we check that c(L) < c(L∗). By construction, L∗

i is the boundary of
a slightly shrunken copy of the disk E∗

i . Therefore, L∗

i itself is disjoint from L.
By contrast, L i has the property that L i ∩ L j ̸= ∅ for some j ̸= i . Therefore, as
claimed, replacing L i by L∗

i has the effect of strictly decreasing the complexity of
the plain sphere coloring sequence. □

x

L

L i
a

L∗

i

E∗

i

Figure 2. A region in the plane containing a link diagram at stage i of
the coloring process. Subarcs of the diagram are represented by short line
segments, and circles in L that intersect L i are represented by arcs. The
loop L i , which colors the strand containing the point x , can be replaced
with the loop L∗

i , which is disjoint from all other loops in L and represents
a valid plain sphere coloring move at stage i for the same strand.
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Lemma 3.2. Let D be a diagram of a link L with ρ(D) = n. There exists a diagram
D′ of L such that the conclusion of Lemma 3.1 holds, and such that there exists a
set of n seeds for D′ and a valid coloring sequence L′ for D′, starting from those
seeds, with the property that all innermost loops of L′ are Wirtinger loops.

Proof. Since ρ(D) = n, there exists a coloring sequence L for D starting from
n seeds. Using Lemma 3.1, after possibly modifying L, we can assume that the
circles contained in L are disjoint.

Let L i be an innermost loop in L. This means that L i bounds a disk Ei whose
interior is disjoint from L. As before, we consider L i at stage i of the coloring
sequence. That is, among the points in the intersection L i ∩ D, only one point,
denoted x , is not colored. Let s be the strand of D containing x and let ∂(s)={a, b}.
By the definition of a coloring move, L i intersects s transversely in exactly one point.
Therefore, a and b are contained in the two different components of R2

\L i . Without
loss of generality, assume a ∈ Ei , b /∈ Ei . Denote by c the crossing in D incident
to a. See Figure 3. The key fact here is that s ∩ Ei is the only arc in D ∩ Ei that is
not colored at stage i . This is a consequence of the following two observations: x
is the only noncolored point in ∂ Ei ∩ D, so all other strands intersecting ∂ Ei are
colored; and L i is innermost, so no strand entirely contained in E◦

i can be colored
via another circle in L. Therefore, no strand in E◦

i can change color after stage i .
So, indeed, at stage i , of all components of D ∩ Ei only s ∩ Ei is not colored.

Case 1: Assume that s is not the overstrand at c. From the above discussion, we
know that the overstrand and second understand at c are both colored before stage
i . Therefore, we can color s via a Wirtinger move at the crossing c. In particular,
we can replace the loop L i in L by a circle bounding a small neighborhood of c in
the plane. This defines a valid coloring sequence L′ in which the innermost loop
L i was replaced by one that satisfies the conclusions of the lemma.

Case 2: Assume that s is the overstrand at c. We also know that c is the crossing
where s terminates. Hence, s is both the overstrand and an understrand at c. In
P(D), the planar projection determined by D, s is the union of edges of P(D)

s cx

ab

L i

Ei

Figure 3. Exactly one uncolored strand s intersects the loop L i ∈ L at stage i .
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s

α

b

a

s1

s2

sm

L i

p1

p2

pm

s

q1,1

q2,1

qm,1

q1,2

q2,2

qm,2

L i

Figure 4. An isotopy to ensure no seed strand s is contained entirely in
the interior of any disk Ei in the plane with ∂(Ei ) = L i . After a sequence
of m Reidemeister II moves, 2m-many Wirtinger coloring loops are added
in appropriate places to the sequence L in order to obtain L′.

and, since s is both the overstrand and understrand at c, we can conclude that the
union of a subset of the edges in P(D) constitutes an embedded loop γ in Ei .
Moreover, γ bounds a disk G ⊂ Ei such that γ = ∂G is contained in the projection
of the strand s. Hence, there is an isotopy of D along G creating a diagram D′ in
which crossing c has been resolved in the direction that preserves the number of
components of the link. Note that the image of the strand s under this isotopy is
contained in a strand of D′ that intersects L i in a second, necessarily colored, point.
This eliminates the move determined by L i from the coloring sequence.

One of the two cases will apply to each innermost loop in L. Therefore, each
innermost loop L i may be removed after an isotopy contained in Ei or replaced by
a Wirtinger loop. The result is a coloring sequence starting from n seeds in which
all innermost loops represent Wirtinger moves. □

Definition 3.3. Let D be a partially colored link diagram and L an ordered set of
disjoint circles transverse to D and representing valid coloring sequence moves on
D. Let loop C be in L and let G be the disk bounded in the plane by C . A loop
C is depth-two if: there exists at least one loop in L that is contained in the interior
of G; and all loops contained in the interior of G are innermost loops of L. For
n > 2, the definition is inductive in the natural way: a loop C is depth-n if disk G
contains at least one depth-(n−1) loop and no nested sequence of n or more loops.

Lemma 3.4. Let D be a diagram of a link L with ρ(D) = n. There exists a diagram
D′ of L and a valid coloring sequence L′ for D′ starting from n seeds, such that all
the conclusions of Lemma 3.2 are satisfied and, moreover, if L i is any loop in L′,
then no seed for the coloring sequence is entirely contained in the interior of the
disk Ei bounded by L i in the plane of projection.
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Proof. By Lemma 3.2 we can assume that ρ(D) = n and that L is a plain sphere
coloring sequence starting with seeds s1, s2, . . . , sn such that all innermost loops in
L are Wirtinger loops. If L i ∈ L represents a Wirtinger move, then without loss of
generality we may assume that L i is the boundary of a small neighborhood of a
crossing in D, and the desired conclusion automatically holds for L i . In general,
however, Ei may contain multiple crossings of D and potentially entire strands.
Assume that a seed strand s is contained in E◦

i . Define α to be an embedded arc in
Ei , transverse to D, disjoint from small neighborhoods of crossings of D, and with
the property that ∂α =: {a, b} has a ∈ s◦ and b ∈ (L i\D). See Figure 4. We may use
α to guide an isotopy of s in the plane of projection to produce a new strand such
that the image of a after the isotopy lies outside of Ei , in a small neighborhood of
b. The isotopy can be thought of as a sequence of Reidemeister II moves in which
s passes over every strand it encounters along α.

Let D1 be the diagram that results from the above isotopy. We claim that
ρ(D1) = n and that D1 admits a coloring sequence that is obtained from L by
inserting 2m additional loops representing Wirtinger moves, where m := |α ∩ D|.
More specifically, let α ∩ D =: {p1, . . . , pm}. The additional Wirtinger loops will
be interspersed across L according to when the strands in D containing the p j are
colored. See Figure 4 for the isotopy of s and the new strands and crossings created.

Note that each point p j corresponds to a Reidemeister II move performed while
isotoping s along α. Thus, in a neighborhood of p j , two new crossings — call
them q j,1 and q j,2 — are created during the isotopy, and at both crossings s is the
overstrand. Let s j denote the strand of D containing p j . (After the isotopy, s j

is subdivided into three strands by q j,1 and q j,2.) At some stage in the coloring
sequence L for D, the strand s j is colored. This implies that, at the corresponding
stage of the coloring sequence for D1, one of the understrands at either q j,1 or q j,2

is colored. But the overstrand at these crossings, s, is a seed, so it is colored as
well. Thus, we can perform two consecutive Wirtinger moves at these crossings and
color all three strands into which s j has been subdivided. As a result, any further
coloring moves given by L whose validity relies on s j being colored will be valid.
Repeating this procedure for each j ∈ {1, . . . , m} produces the desired coloring
sequence for D1.

In sum, after an isotopy supported in a neighborhood of an arc, we ensured
that the seed strand s is no longer contained in the interior of Ei . Moreover, we
produced a coloring sequence, with the same number of seeds, for the diagram
resulting from this isotopy. Repeating this procedure for every instance where a
seed is contained entirely within the interior of one of the disks Ei , we arrive at the
desired diagram D′ and valid coloring sequence L′ from n seeds. □

Before presenting the next lemma, we review some standard properties of tangles.
An m-strand tangle is a collection of m disjoint arcs properly embedded in a 3-ball.
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s . . .

. . .

braid

L i

s′

. . .

. . .

braid ′

L i

Figure 5. An isotopy at stage i of the coloring sequence of a rational
m-strand tangle supported in disk Ei with ∂(Ei ) = L i . After isotopy,
starting with 2m−1 colored strands that intersect L i , all strands that meet
Ei can be colored using only Wirtinger moves.

An m-strand tangle is rational if all arcs of the tangle can be simultaneously isotoped
into the boundary of the 3-ball.

Remark 3.5. Given a tangle R properly embedded in D2
× [0, 1] such that ∂ R ⊂

(∂ D2) × [0, 1], R has a tangle diagram, analogous to a knot diagram, achieved
by projecting R onto D2

× {0}. Let x ∈ D2 denote the point with coordinates (0,
1), where D2 is identified with the unit disk in the plane. If R is a rational tangle
embedded in D2

×[0, 1] such that ∂ R ⊂ ∂ D2
×[0, 1], then after planar isotopy, and

possibly Reidemeister moves supported in the interior of D2
× {0}, R has a tangle

diagram as in the left image in Figure 5. In brief, this is true since the disks of
parallelism for the arcs in R can all be isotoped to be disjoint from the disk that is a
regular neighborhood of (D2

×{1})∪ (D2
×{0})∪ ({x}× [0, 1]) in ∂(D2

×[0, 1]).
Isotoping the arcs of R along these disks of parallelism until they almost lie in
∂(D2

× [0, 1]) results in a diagram of R that lies in an annular neighborhood of
∂ D2

×{0} in D2
×{0} such that the projection of R is disjoint from a neighborhood

of {x} × {0} and each arc of the projection has exactly one maximum with respect
to the radial height function on D2

×{0} (where we think of height as increasing as
we approach the center of the disk). After a planar isotopy, this diagram becomes
the diagram of the left image in Figure 5.

Remark 3.6. Any tangle R properly embedded in D2
×[0, 1] such that each arc of

R has a unique local maximum (or each has a unique local minimum) with respect
to projection on the [0, 1] component of D2

× [0, 1] is a rational tangle. In brief,
this is true since if an arc α in R has a unique local maximum at height a ∈ [0, 1],
then there is a disk of parallelism between the subarc of α above D2

×{a − ϵ} and
an arc in D2

× {a − ϵ}. Since every arc in R contains a unique local maximum,
this disk can be extended downward by moving both endpoints along the arc until
it becomes a disk of parallelism between α and a subarc in ∂(D2

×[0, 1]). After
generating a disk of parallelism in this way for each arc of R, we can ensure that
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these disks are pairwise disjoint by an application of a standard innermost disk and
outermost arc argument. Thus, R is rational.

Lemma 3.7. Let D be a diagram of a link L with ρ(D) = n, and let L =

(L1, L2, . . . , L |s(D)|−n) be a plain sphere coloring sequence for D, satisfying the
conclusions of Lemma 3.4. Let L i be a depth-two loop in L and denote by Ei

the disk in the plane of projection bounded by L i . There exists an isotopy of D,
supported in a small neighborhood of Ei , such that the resulting diagram D′ has a
coloring sequence L′ with n seeds and such that L i is replaced by a collection of
innermost loops.

Proof. By assumption, L is a coloring sequence for D starting from n seeds and
satisfying the conclusions of Lemma 3.4. Since L i is a depth-two loop, there exists
at least one loop of L contained in Ei and moreover all such loops are innermost.
Since the coloring sequence satisfies the conclusions of Lemma 3.2, all loops
contained in Ei are Wirtinger loops. Since the conclusions of Lemma 3.4 hold as
well, we also have that no seed for the coloring sequence L is entirely contained in
Ei . Let s be the unique strand of D that intersects L i and is colored at stage i in
the coloring process.

Recall that P : R3
→ R2 denotes the standard projection map and that P(L) is

the regular projection that gives rise to D. We can assume that L ⊂ R2
× [0, 1].

If L i ∩ D = 2m, then, since no seed is entirely contained in Ei , Ei × [0, 1] =

P−1(Ei )∩ (R2
×[0, 1]) is a 3-ball containing a properly embedded m-strand tangle

T = L ∩ Ei × [0, 1]. In particular, the lack of seeds in Ei implies T contains no
simple closed curves. Double Ei ∩ D along ∂ Ei to obtain a link diagram Ddbl of the
link Ldbl where Ldbl is obtained by doubling T along ∂ Ei ×[0, 1]. Since Ei does
not entirely contain any seed strands and all loops contained in Ei are Wirtinger
loops, the set of 2m strands of Ddbl that intersect ∂ Ei , call them σ1, . . . , σ2m , are a
collection of seed strands for a Wirtinger coloring of Ddbl . By Theorem 1.2 of [4],
there is an isotopy of Ldbl achieved by modifying only the z-coordinate of points
on Ldbl and preserving the projection P(Ldbl) at all times after which Ldbl has
exactly 2m local maxima with respect to projection to the z-axis and each of these
maxima project to exactly one of σ1 ∩ ∂ Ei , . . . , σ2m ∩ ∂ Ei . This isotopy restricts
to a proper isotopy of T in Ei × [0, 1] after which each strand of T contains a
unique local minimum with respect to the z-axis. Hence, by Remark 3.6, T must
be a rational m-strand tangle. Since T is rational, then, by Remark 3.5, there is a
sequence of Reidemeister moves supported in Ei that produces a new diagram D∗

as in Figure 5, left (see previous page). That is, T ∩ Ei is obtained from a braid by
taking the plat closure to one side. By replacing the point x in Remark 3.5 by a
point in L i close to s ∩ L i in the clockwise direction, we can ensure that s is the
leftmost strand entering the braid box from below, as in the left image in Figure 5.
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Furthermore, it is well known that there is an isotopy of T fixing ∂T that pulls one
arc out of the braid box, shown in Figure 5; see, for example, the Claim within
the proof of Theorem 1 in [20]. After isotopy, call the resulting link diagram D′

(Figure 5, right) and let s ′ be the strand containing the image of s. Notice that since
all strands entering the braid box from below are colored at stage i , then all strands
of D′ that meet Ei can be colored via Wirtinger loops, even s ′.

Thus, after an isotopy supported in a neighborhood of Ei , we can replace L i by
a collection of Wirtinger loops. In particular, we eliminated a depth-two loop from
the coloring sequence. □

Corollary 3.8. If L is a link and D is a diagram of L with ρ(D) = ρ(L) = n, then
there exists a diagram D′, equivalent to D, such that ρ(D′) = ω(D′) = n.

Proof. Let D be a link diagram and L a plain sphere coloring sequence for D starting
with n seeds. By repeated application of Lemma 3.7, we can eventually eliminate
all depth-two loops. Eliminating a single loop as described in the lemma may
not immediately reduce the number of depth-two loops as it could simultaneously
produce a new depth-two loop from a previous depth-three loop; however, the
procedure can be iterated as many times as needed.

After the necessary amount of persistence, we arrive at a diagram D′, equivalent
to D, which admits a plain sphere coloring sequence L′, also with n seeds, such that
L′ contains no depth-two loops. Since D was chosen to be minimal with respect
to plain sphere number, then ρ(D′) = n. But this in fact implies that all loops
in L′ are innermost. By Lemma 3.2, all moves in the coloring sequence L′ are
Wirtinger moves. Therefore, n ≥ ω(D′). But we also have, by definition, that
ω(D′) ≥ ρ(D′) = n. □

Proof of Theorem 1.1. Let L be a link in S3 with ρ(L) = n. We wish to show
that ω(L) = n as well. Let D be a diagram realizing ρ(L). This implies that D
admits a plain sphere coloring sequence starting from n seeds. By Corollary 3.8,
there exists a diagram D′ of L that can be colored starting with n seeds and using
only Wirtinger moves. Therefore, n ≥ ω(D′) ≥ ω(L) ≥ ρ(L) = n. It then follows
from [5] that β(L) = ω(L) = n. □

4. Example and computations

4.1. Example. We compute the plain sphere number of a minimal diagram of the
knot K = 14n1527, shown in Figure 6. The bridge number of K is 3 and equals the
plain sphere number of the pictured diagram. The Wirtinger number of the diagram
is 4. We thank Nathan Dunfield for detecting this example and sharing it with us.

4.2. Computing the plain sphere number of diagrams. Let D be a link diagram
in S2, P(D) be the projection corresponding to D. Recall that a region of D is the
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Figure 6. A partially colored minimal diagram D of the knot K = 14n1527
with β(K ) = ρ(D) = 3 and ω(D) = 4. Seed strands are marked with dots.
Colored strands are purple. At this stage of the coloring sequence, only
Wirtinger moves have been performed, and no further Wirtinger moves are
possible. The dotted circle L8 represents a loop coloring move. (There are
several alternative loop coloring moves.) After coloring the black strand
intersecting L8, the rest of the diagram can be colored by Wirtinger moves.

closure of a connected component of S2
\ P(D). Note that the boundary of a region

is a cycle in P(D) where P(D) is viewed as a 4-valent graph. Let 0D denote the
dual graph to D.

Definition 4.1. Let L be an embedded loop in S2 that is transverse to D and is
disjoint from neighborhoods of crossings of D. We say L is tight if for every region
R of D such that L ∩ R ̸=∅, L ∩ R is an arc properly embedded in R with endpoints
on distinct edges of P(D) in ∂ R.

Note that every tight loop in S2 is isotopic in S2 to an embedded loop in 0D via
an isotopy that is transverse to the edges of P(D) and disjoint from the vertices
of P(D).

Lemma 4.2. Let D be a link diagram. There exists a minimal plain sphere coloring
sequence for D consisting entirely of tight loops.

Proof. Given a plain sphere coloring sequence L for a diagram D, define

τ(L) =
∑
L∈L

|L ∩ D|.

Let L be a minimal plain sphere coloring sequence such that the loops in L are
disjointly embedded. Assume that L minimizes τ(L) over all such sequences. By
Definition 2.2, for every L i ∈ L and for every region R of D, if L i ∩ R ̸= ∅, then
L i ∩ R is a collection of arcs.
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Suppose toward a contradiction that there exists L i ∈ L and a region R of D
such that L i ∩ R consists of two or more arcs. If L i colors the strand s of D, by
definition, L i ∩ s is a single point. Let γ1 and γ2 be two distinct arcs of L i ∩ R that
are contained in the boundary of the same component of R \ L i . Call the closure
of this component C . Let α be an arc properly embedded in C with one endpoint
in γ1 and one endpoint in γ2. Let N be a rectangular I -fibered neighborhood of
α in C such that ∂ N = β1 ∪ β2 ∪ δ1 ∪ δ2 where βi is embedded in γi and δ◦

i ⊂ C◦.
Surger L i along α in the standard way by removing β1 and β2 and gluing in δ1 and
δ2. This results in two loops in S2, L ′

i and L ′′

i , both of which are transverse to D
and disjoint from neighborhoods of crossings in D. Both L ′

i and L ′′

i have nontrivial
intersection with D, so

|L ′

i ∩ D| < |L i ∩ D| and |L ′′

i ∩ D| < |L i ∩ D|.

Exactly one of L ′

i and L ′′

i have nontrivial intersection with s, say L ′

i does. All
other points of intersection of D with L ′

i and L ′′

i are contained in colored strands.
Then L′

= (L1, . . . , L i−1, L ′

i , L i+1, . . . , Lm) is a minimal plain sphere coloring
sequence with τ(L′) < τ(L), a contradiction. □

Consequently, ρ(D) can be realized by a sequence of loops represented by
embedded cycles in 0D , an approach suggested by Nathan Dunfield. In particular,
computing ρ(D) for a fixed link diagram D is algorithmic. The forthcoming
version 3.3 of SnapPy [13] will include a feature computing ρ(D). A computation
performed using this feature shows that over 600 diagrams in the knot table through
16 crossings have plain sphere number strictly less than Wirtinger number (Nathan
Dunfield, private communication, 2025).

We conclude by pointing out that our plain spheres generalize the connected
sum spheres that appear in the study of the visual primeness of links; see [18; 12;
15]. Of course, not all relators in the group of a link are necessarily witnessed by
plain spheres in a given diagram D. This is readily seen to be the case even when
D is a diagram of the unknot. Since any finite set of meridians of a link can be
realized as Wirtinger meridians in some diagram, one can regard the meridional
rank conjecture as positing equality between the bridge number and a certain elusive
sphere number of links, allowing immersed spheres that more easily evade the eye.

5. Figures

Caught in tumbleweed, in perpetual slumber
They roll: round, squished, immersed, cucumber
Elusive, blistering, fierce
Faint! Diabolical! Spheres!
Does each breed breed the bridge number?
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ON THE TEST PROPERTIES OF THE FROBENIUS
ENDOMORPHISM

OLGUR CELIKBAS, ARASH SADEGHI AND YONGWEI YAO

We prove two theorems concerning the test properties of the Frobenius
endomorphism over commutative Noetherian local rings of prime charac-
teristic p. Our first theorem generalizes a result of Funk and Marley on the
vanishing of Ext and Tor modules, while our second theorem generalizes one
of our previous results on maximal Cohen–Macaulay tensor products. In
these earlier results, we replace e R with a more general module e M, where
R is a Cohen–Macaulay ring, M is a Cohen–Macaulay R-module with full
support, and e M is the module viewed as an R-module via the e-th iteration
of the Frobenius endomorphism. We also provide examples and present
applications of our results, yielding new characterizations of the regularity
of local rings.

1. Introduction

Throughout the paper, all rings are assumed to be commutative and Noetherian. By
(R,m, k), we mean R is a local ring with a unique maximal ideal m and residue
field k.

Let R be a ring of prime characteristic p, F : R→ R be the Frobenius endomor-
phism, and let M be an R-module. Each iteration Fe of F defines a new R-module
structure on M , denoted by eM , whose scalar multiplication is given as follows: For
r ∈ R and x ∈ eM , we have that r · x = r pe

x . We say that R is F-finite if, for some
e ⩾ 1 (or equivalently, for all e ⩾ 1), the module eR is finitely generated over R; see,
for example, [24]. We denote by Fe

R(−) the scalar extension along the e-th iteration
Fe

R : R→ R of F . Thus, if
∑

i ni⊗si ∈ Fe
R(M), where Fe

R(M)=M⊗R
eR, ni ∈M

and ri ∈ R, then r ·
( ∑

i ni ⊗ si
)
=

∑
i ni ⊗ (rsi ), with rsi being the product of

r and si in R. Note that Fe
R(M) is the S-module M ⊗R S obtained via the base

change Fe
: R→ S = R.

The module structure of eR (as an R-module) contains important information
about the homological properties of the ring R. For example, a remarkable result
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of Kunz [17] shows that R is regular if and only if eR is a flat R-module for some
(or equivalently, for all) e ⩾ 1; see also [4] and [25] for extensions of this result.
Motivated by Kunz’s result, the test properties of the Frobenius endomorphism have
been extensively studied.

If N is a finitely generated R-module, it follows from the work of Herzog [12]
and Peskine and Szpiro [23; 24] that pdR(N ) <∞ if and only if TorR

i (
eR, N )= 0

for infinitely many e and for all i ⩾ 1. Avramov and Miller [3] showed that, if R
is a complete intersection, the vanishing of a single TorR

n (
eR, N ) for some e ⩾ 1

and n ⩾ 1 suffices to conclude that pdR(N ) <∞. Koh and Lee [16] developed
ideas rooted in techniques of Burch [7], Herzog [12], and Hochster [13], and
showed that eR detects the finiteness of N even when finitely many Tor modules
vanish. Specifically, Koh and Lee proved that, given integers e ≫ 0 and t ⩾ 1,
if TorR

i (
eR, N ) = 0 for i = t, . . . , t + depth(R), then pdR(N ) <∞. They further

showed that in the case where R is Cohen–Macaulay, the number of vanishing Tor
modules can be reduced by one. We refer the reader to the expository work [21] of
Miller for further details.

In this paper, we focus on the following result of Funk and Marley [11; 10], which
examines the vanishing of TorR

i (
eR, N ) for the case where R is Cohen–Macaulay

and N is possibly an infinitely generated R-module.

1.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R,m, k) be a d-dimensional Cohen–
Macaulay local ring of prime characteristic p, with d ⩾ 1, and let N be an R-module.
Given integers e≫ 0 and t ⩾ 1, the following hold:

(i) If TorR
i (

eR, N )= 0 for all i = t, . . . , t + d − 1, then fdR(N ) ⩽ d .

(ii) If R is F-finite and ExtiR(
eR, N )= 0 for all i = t, . . . , t+d−1, then idR(N )⩽d .

One of the main goals of this paper is to generalize the result of Funk and Marley
stated in 1.1. In fact, we prove more and establish the following theorem:

Theorem 1.2. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be an R-module. Assume depth(R) ⩾ 1. Given integers t ⩾ 1
and e≫ 0, we have the following:

(i) If TorR
i (

eM, N )= 0 for all i = t, . . . , t + d − 1, then fdR(N ) ⩽ d.

(ii) If R is F-finite and ExtiR(
eM, N ) = 0 for all i = t, . . . , t + d − 1, then

idR(N ) ⩽ d.

(iii) If N is finitely generated and ExtiR(N ,
eM) = 0 for all i = t, . . . , t + d − 1,

then pdR(N ) ⩽ t − 1.

Parts (i) and (ii) of Theorem 1.2 recover the Funk–Marley result for the case
where M= R. Note that, in each part of Theorem 1.2, only d consecutive vanishings
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of Ext or Tor modules are needed to conclude the homological property the module
of N .

We first record several preliminary results in Section 2 and then prove the first two
parts of Theorem 1.2 as Theorem 3.2 in Section 3. The third part of Theorem 1.2 is
established as Theorem 4.3 in Section 4. Additionally, in Example 3.4, we show
that the conclusion of Theorem 1.2 may fail if the ring R in question has zero depth.

Li [18] proved that, if (R,m, k) is a Cohen–Macaulay local ring, N is a finitely
generated R-module with rank, and Fe

R(N ) is maximal Cohen–Macaulay for some
e≫ 0, then N is free. In [8], the authors of the present paper replaced the rank
hypothesis on N with the weaker assumption that N is generically free, and proved
the following result:

1.3 (Celikbas, Sadeghi, Yao [8, 1.3]). Let (R,m, k) be a Cohen–Macaulay local
ring of prime characteristic p, and let M and N be finitely generated R-modules.
Assume N is generically free, that is, Np is free over Rp for all p ∈ Ass(R). If
Fe

R(N ) is maximal Cohen–Macaulay for some e≫ 0, then N is free.

In Section 4, as a byproduct of Theorem 1.2(iii), we generalize 1.3 and prove the
following result; see Corollary 4.5. Note that Fe

R(N )⊗R M is the S-module (N ⊗R

S)⊗S M , where R→ S = R is the e-th iteration of the Frobenius endomorphism.

Theorem 1.4. Let (R,m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(i) M is Cohen–Macaulay and SuppR(M)= Spec(R).

(ii) N is generically free, that is, Np is a free Rp-module for all p ∈ Ass(R).

If Fe
R(N )⊗R M is maximal Cohen–Macaulay for some e≫ 0, then N is free.

Examples 4.8 and 4.9 showcase the necessity of the hypotheses SuppR(M) =

Spec(R) and N is generically free in Theorem 1.4. An immediate consequence of
Theorem 1.4 over one-dimensional rings can be stated as follows:

Corollary 1.5. Let (R,m, k) be a one-dimensional reduced local ring of prime
characteristic p and let 0 ̸= I be an ideal of R. If Fe

R(N )⊗R I is torsion-free for
some finitely generated R-module N and e≫ 0, then N is free.

Theorem 1.2(iii), in addition to Theorem 1.4, has other applications, namely
Corollaries 4.4, 4.6, and 4.7. Moreover, in Corollary 4.10, we obtain new character-
izations of the regularity in terms of the vanishing of Ext and Tor.

2. Preliminaries

In this section, we record several preliminary results and observations that are
necessary for our arguments in the subsequent sections. For the main results of this
paper, one can skip this section and proceed to Sections 3 and 4.
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2.1. Let (R,m, k) be a local ring and let M be an R-module.

(i) We set M∨ = HomR(M, ER(k)), where ER(k) is the injective hull of k. Note
that HomR(−, ER(k)) is a faithful exact functor.

(ii) Assume that M is finitely generated over R. Given n ⩾ 1, we denote by �n
R M

the n-th syzygy of M, namely, the image of the n-th differential map in a
minimal free resolution of M . By convention, �0

R M = M .

(iii) If M ̸= 0 is finitely generated over R and dimR(M)= t , we define the Hilbert–
Samuel multiplicity of M as

eR(M)= t ! lim
n→∞

lengthR(M/mn M)

nt ,

which is a positive integer; see, for example, [20, p. 107].

2.2. Let (R,m, k) be a local ring and let N and X be R-modules.

(1) Assume SocR(X)⊈mX and let x ∈ SocR(X)−mX . This implies that Rx ∼= k
and the nonzero map Rx ↪→ X ↠ X/mX , x 7→ x̄ , splits. Therefore, Rx ↪→ X
splits and thus k is a direct summand of X as an R-module.

(2) Assume R has prime characteristic p and X = eM for some R-module 0 ̸= M
and e ⩾ 0.

(a) If SocR(X) ⊈mX , that is, e
(0 :M m[p

e
]) ⊈ e

(m[p
e
]M), then part (1) shows

that k is a direct summand of eM as an R-module.
(b) Assume M is finitely generated over R with depthR(M)= 0. For all e≫ 0,

we have e
(0 :M m[p

e
]) = SocR(

eM) ⊇
e
(SocR(M)) ⊈ e

(m[p
e
]M). Hence,

part (i) shows that k is a direct summand of eM for every e≫ 0.
(c) Assume (R,m, k) is Artinian. Then e

(0 :M m[p
e
])⊈ e

(m[p
e
]M) for all e≫ 0.

By part (i), k is a direct summand of eM for all e≫ 0. Thus, given i ⩾ 1,
if ExtiR(

eM, N )= 0 for some e≫ 0, then ExtiR(k, N )= 0 and hence N is
injective; see [6, 3.1.12] and also [9, 2.0.10].

2.3. Let (R,m, k) be a local ring of prime characteristic p. There exists a local
flat ring homomorphism (R,m, k)→ (S, n, ℓ) such that S is F-finite, mS = n and
|ℓ|=∞; hence S is faithfully flat over R, dim(S)= dim(R) and e(R)= e(S); it also
follows that R is Cohen–Macaulay (respectively, regular) if and only if S is Cohen–
Macaulay (respectively, regular). (For example, with R̂∼= k[[x1, . . . , xm]]/I , we can
pick S= k[[x1, . . . , xm]]/I k[[x1, . . . , xm]], where k is the algebraic closure of k.) In
the case where S is such an extension of R and M is a finitely generated R-module,
it follows that M is a Cohen–Macaulay R-module with SuppR(M)=Spec(R) if and
only if M ⊗R S is a Cohen–Macaulay S-module with SuppS(M ⊗R S)= Spec(S);
also, M is free over R if and only if M ⊗R S is free over S.
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2.4. Let (R,m, k) be a local ring of prime characteristic p and let M ̸= 0 be a
finitely generated R-module. We set:

crsp(M)=min{e ⩾ 0 | (0 :M/(x)M m[p
e
]) ⊈m[p

e
](M/(x)M)

for an M-regular sequence x},
drsp(M)=min{e ⩾ 0 |m[p

e
]M ⊆ (x)M for a system of parameters x on M}.

It seems unknown whether or not sup{crsp(Mp) | p∈ SuppR(M)} is finite in general.

2.5. Let (R,m, k) be a local ring of prime characteristic p and let M ̸= 0 be a
finitely generated Cohen–Macaulay R-module. It follows that crsp(M) ⩽ drsp(M).
If |k| = ∞, then drsp(M) ⩽ ⌈logp eR(M)⌉; see, for example, [8, 2.4]. Therefore,
we have

sup
{

crsp(Mp) | p ∈ SuppR(M)
}
⩽

{
max

{
⌈logp eR(M)⌉, crsp(M)

}
,

⌈logp eR(M)⌉ if |k| =∞,

sup
{

drsp(Mp) | p ∈ SuppR(M)
}
⩽

{
max

{
⌈logp eR(M)⌉, drsp(M)

}
,

⌈logp eR(M)⌉ if |k| =∞.

2.6. Let R→ S be a ring homomorphism, M be an S-module, and let X be an
R-module.

(i) HomR(M, X) has an S-module structure defined as follows: For s ∈ S and
α ∈ HomR(M, X), we set s ·α ∈ HomR(M, X) as (s ·α)(m)= α(sm) for all
m ∈ M .

(ii) HomR(X, M) has an S-module structure defined as follows: For s ∈ S and
α ∈ HomR(X, M), we set s · α ∈ HomR(X, M) as (s · α)(n) = sα(x) for all
x ∈ X .

(iii) M ⊗R X has an S-module structure as follows: For s ∈ S and
∑

i
mi ⊗ xi ∈

M ⊗R X , with mi ∈ M and xi ∈ X , we define

s ·
(∑

i
mi ⊗ xi

)
=

∑
i
(smi )⊗ xi ∈ M ⊗R X.

The following observation is used in several proofs in the sequel. Note that, over
a Noetherian ring, every finitely generated module is finitely presented.

2.7. Let f : R→ S be a ring homomorphism, A be an R-module, and let B be an
S-module. Assume E is an injective S-module. Given n ⩾ 0, the following hold:

(i) HomS(TorR
n (A, B), E)∼= ExtnR(A, HomS(B, E)); see [26, 10.63].

(ii) If A is finitely presented over R, then

HomS(ExtnR(A, B), E)∼= TorR
n (A, HomS(B, E)).
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(iii) If (R,m, k) is local, R = S, and f = id, then parts (i) and (ii) imply that

fdR(B)= idR(B∨) and idR(B)= fdR(B∨).

2.8 (Auslander–Buchsbaum [2]). Let (R,m, k) be a d-dimensional local ring and
let N be an R-module. If idR(N ) <∞, then idR(N ) ⩽ d. Thus, if fdR(N ) <∞,
then fdR(N ) ⩽ d; see 2.7(iii).

The next observation is used in the proofs of Lemma 3.8 and Proposition 3.11.

2.9. Let (R,m, k) be a d-dimensional local ring and let N be an R-module. Con-
sider a minimal injective resolution of N

I = (0−→ I 0 h1
−→ I 1 h2

−→ · · ·
hn
−→ I n hn+1

−−→ I n+1
−→ · · · ),

where

I j
=

⊕
p∈Spec(R)

ER(R/p)⊕µ j (p,N ) and µ j (p, N )= rankk(p)

(
Ext j

Rp
(k(p), N )

)
for j ⩾0. Here, µ j (p, N ) is not necessarily finite. Note that HomRp(k(p), (h j )p)=0
for j ⩾ 0. If q ∈ Spec(R) and we localize I at q, then the resulting Iq is a minimal
injective resolution of Nq over Rq and I j

q =
⊕

p⊆q ER(R/p)⊕µ j (p,N ) for all j ⩾ 0;
see, for example, [5] and [15, 3.15 and Appendix 20-24].

Assume idRp(Np) <∞ for all p ∈ Spec(R)−{m}. Then idRp(Np) ⩽ dim(Rp) ⩽
d − 1 for all p ∈ Spec(R)−{m}; see 2.8. This implies that I i

= ER(k)⊕µi (m,N ) for
all i ⩾ d . Consequently, I has the form

I = (0→ I 0
→ · · · → I d−1

→ ER(k)⊕µd (m,N ) hd+1
−−→ ER(k)⊕µd+1(m,N )

→ · · · ).

2.10. Let (R,m, k) be a local ring, I be an ideal of R such that
√

I =
√

AnnR(M),
M be a finitely generated R-module, and let N be an R-module. Then:

(i) HomR(M, N ) = 0 ⇐⇒ gradeR(I, N ) ⩾ 1 ⇐⇒ HomR(R/I, N ) = 0; see
[6, 1.2.3 or 1.2.10(e)].

(ii) It follows from part (i) and 2.7(i) that

M ⊗R N = 0⇐⇒ HomR(M, N∨)= 0⇐⇒ HomR(R/I, N∨)= 0

⇐⇒ (R/I ⊗R N )∨ = 0⇐⇒ R/I ⊗R N = 0⇐⇒ N = I N .

(iii) If SuppR(M)= Spec(R) (or equivalently, I = 0), it follows from parts (i) and
(ii) that

HomR(M, N )= 0⇐⇒ M ⊗R N = 0⇐⇒ N = 0.

(iv) AssR (HomR(M, N ))= SuppR(M)∩AssR(N ); see, for example, [6, 1.2.28].
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Remark 2.11. Assume I , M , and N are as in 2.10, but R is (Noetherian as always)
not necessarily local. Then the implications considered in 2.10 still hold since they
can all be verified locally. More precisely, it follows that

HomR(M, N )= 0⇐⇒ HomR(R/I, N )= 0 and M ⊗R N = 0⇐⇒ N = I N .

In particular, if SuppR(M)= Spec(R), we have

HomR(M, N )= 0⇐⇒ N = 0⇐⇒ M ⊗R N = 0.

These implications establish the fact AssR (HomR(M, N ))=SuppR(M)∩AssR(N ),
namely the equality stated in 2.10(iv), still holds.

2.12. Let (R,m, k) be a local ring and let M be a finitely generated R-module.

Consider a minimal free representation P1
∂1
−→ P0→ M→ 0. The transpose TrR M

of M is defined as the cokernel of the R-dual map ∂∗1 = HomR(∂1, R). We refer
the reader to [1] for the details of the following:

(i) There is an exact sequence of R-modules 0→M∗→ P∗0 → P∗1 →TrR M→ 0.

(ii) It follows that, up to isomorphism, TrR M is uniquely determined.

(iii) It follows that TrR(TrR M)∼= M .

(iv) M is free if and only if TrR M is free.

The following result from [8] is necessary for our proof of Theorem 1.4.

2.13 [8, 2.2]. Let (R,m, k) be a local ring and let M and N be finitely generated
R-modules. Assume n ⩾ 1 is an integer. Assume further the following conditions
hold:

(i) Np is free for all p ∈ Spec(R)−{m}.

(ii) depthR(M ⊗R N ) ⩾ n.

(iii) depthR(M) ⩾ n− 1.

Then ExtiR(TrR N , M)= 0 for all i = 1, . . . , n.

3. A generalization of a result of Funk and Marley

The main results of this section are captured in Theorem 3.2 below, stated earlier as
parts (i) and (ii) of Theorem 1.2. They generalize this result already quoted in 1.1:

3.1 (Funk and Marley [11, 3.1 and 3.2]). Let (R,m, k) be a d-dimensional Cohen–
Macaulay local ring of prime characteristic p, with d ⩾ 1, and let N be an R-module.
Given integers t ⩾ 1 and e≫ 0, the following hold:

(i) If TorR
i (

eR, N )= 0 for all i = t, . . . , t + d − 1, then fdR(N ) ⩽ d.

(ii) If R is F-finite and ExtiR(
eR, N )=0 for all i= t, . . . , t+d−1, then idR(N )⩽d .
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The original statement of 3.1 in [11] includes the case where d = 0; in fact this
case follows from the techniques of Koh and Lee used in the proof of [16, 2.6]; see
also [11, 2.8] and [21, 2.2.8]. Note also that [11, 3.1 and 3.2], namely 3.1, is stated
in terms of complexes of R-modules, but its proof naturally reduces to the case
of modules. For this reason, we consider only modules when generalizing 3.1 in
Theorems 3.2 and 4.3, which can also be extended to the complex case in a similar
manner, as explained in the proof of [11, 3.1].

Theorem 3.2. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be an R-module. Assume depth(R)⩾ 1. Given t ⩾ 1 and e≫ 0,
the following hold:

(i) If TorR
i (

eM, N )= 0 for all i = t, . . . , t + d − 1, then fdR(N ) ⩽ d.

(ii) If R is F-finite and ExtiR(
eM, N )=0 for all i= t, . . . , t+d−1, then idR(N )⩽d.

Remark 3.3. Let R be a ring of prime characteristic p, M be a finitely generated
R-module such that SuppR(M)= Spec(R), and let N be an R-module. Let e ⩾ 0.

(i) Assume R is F-finite. Then HomR(
eM, N )= 0=⇒ N = 0; see 2.10(iii).

(ii) Without the F-finite assumption, we have eM ⊗ N = 0 =⇒ N = 0, as locally
this reduces to the F-finite case and then follows from 2.10(iii).

Thus, Theorem 3.2 still holds when t = 0. This relies on SuppR(
eM) = Spec(R)

and does not depend on the choice of e or M being Cohen–Macaulay.

Theorem 3.2 generalizes 3.1 in the case where depth(R) ⩾ 1. For a general-
ization of 3.1 in the case where depth(R)= 0 (that is, the d = 0 case of 3.1), see
Proposition 3.10. Before presenting our proof of Theorem 3.2 at the end of the
section, we would like to discuss the sharpness of the result and list some corollaries
of the theorem. We will also prove Propositions 3.10 and 3.11, which the proof of
Theorem 3.2 relies on.

The following example shows that the positive depth assumption on the ring is
necessary for Theorem 3.2.

Example 3.4. Let R=Fp[[x, y]]/(x2, xy) and let M = R/(x). Then R is an F-finite
ring with depth(R)= 0 and dim(R)= 1, and M is a Cohen–Macaulay R-module
such that SuppR(M)= Spec(R). Moreover, eM ∼= M⊕pe

for all e ⩾ 0.
Let N = R/(y). Then TorR

1 (M, N )= 0 so that TorR
1 (

eM, , N )= 0 for all e ⩾ 0.
If pdR(N ) <∞, then N is free since depth(R)= 0. Hence pdR(N )= fdR(N )=∞.
This shows that the positive depth assumption is needed for Theorem 3.2(i).

Next let N = M . Then Ext1R(M, N )= 0 so that Ext1R(
eM, M)= 0 for all e ⩾ 0.

If idR(N ) < ∞, then idR(N ) = depth(R) = 0, that is, N is injective. Hence,
idR(N ) = ∞ (one can also conclude that idR(N ) = ∞ since R is not Cohen–
Macaulay). Thus the positive depth assumption is needed for Theorem 3.2(ii).
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We give several corollaries of Theorem 3.2. The next corollary covers the
particular case where S = R̂, the m-adic completion of (R,m).

Corollary 3.5. Let f : (R,m, k)→ (S, n, ℓ) be a flat local ring homomorphism,
where R is a d-dimensional local ring of prime characteristic p and mS = n, M be
a finitely generated Cohen–Macaulay R-module such that SuppR(M)= Spec(R),
and let N be a finitely generated S-module. Assume depth(R) ⩾ 1. Given t ⩾ 1 and
e≫ 0, if TorR

i (
eM, N )= 0 for all i = t, . . . , t + d − 1, then pdS(N ) ⩽ d.

Proof. Observe TorR
i (k, N )∼= TorS

i (ℓ, N ) for all i ⩾ 0. By Theorem 3.2, we have
that fdR(N ) ⩽ d. Set r = fdR(N ). It follows that TorR

r (k, N ) ̸= 0= TorR
r+1(k, N ).

Therefore, pdS(N )= r ⩽ d . □

Corollary 3.6. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be an R-module. Assume depth(R)⩾ 1. Given t ⩾ 1 and e≫ 0,
if ExtiR(

eM, N∨)= 0 for all i = t, . . . , t + d − 1, then idR(N∨) ⩽ d.

Proof. The vanishing of ExtiR(
eM, N∨) yields the vanishing of TorR

i (
eM, N ); see

2.7(i). Thus idR(N∨)= fdR(N ) ⩽ d by Theorems 3.2(i) and 2.7(iii). □

Corollary 3.7. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be an R-module. Assume depth(R)⩾ 1. Given t ⩾ 1 and e≫ 0,
assume at least one of the following conditions holds:

(i) ExtiR(N , (
eM)∨)= 0 for all i = t, . . . , t + d − 1.

(ii) ExtiR(N ,
e
(M∨))= 0 for all i = t, . . . , t + d − 1.

Then fdR(N ) ⩽ d.

Proof. The vanishing of ExtiR(N , (
eM)∨) yields the vanishing of TorR

i (N ,
eM); see

2.7(i). Thus, case (i) follows from Theorem 3.2(i).
Similarly, the vanishing of ExtiR(N ,

e
(M∨)) yields the vanishing of TorR

i (N ,
eM)

by 2.7(i), where R→ S is the Frobenius Fe with (S, n, ℓ) = (R,m, k), A = N
over R, B = M over S, and E = ES(ℓ) is the injective hull of ℓ over S. Therefore,
case (ii) also follows from Theorem 3.2(i). □

Next, we prepare some auxiliary results for the proof of Theorem 3.2. To begin
with, we present Lemma 3.8 and Corollary 3.9 which are akin to [11, 4.5 and 4.6].

Lemma 3.8. Let (R,m, k) be a d-dimensional F-finite local ring of prime char-
acteristic p, M be a finitely generated R-module such that SuppR(M)= Spec(R),
and let N be an R-module. Set δ =max{depthRp

(Mp) | p ∈ Spec(R)} and let t ⩾ 1
be an integer. If

sup{e | ExtiR(
eM, N )= 0 for all i = t, . . . , t + δ}⩾ sup{crsp(Mp) | p ∈ Spec(R)},
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then idR(N ) ⩽ min{d, t + δ − 1}. Therefore, if ExtiR(
eM, N ) = 0 for all i =

t, . . . , t + δ and for infinitely many e, then idR(N ) ⩽ min{d, t + δ− 1}.

Proof. By 2.8, it suffices to show idR(N ) ⩽ t + δ− 1, and we proceed by induction
on d . The case where d = 0 follows from 2.2(2)(iii). Hence, we assume d ⩾ 1.

As R is F-finite, eM is a finitely presented R-module. Thus, for all p ∈ Spec(R),
we have the isomorphisms

ExtiR(
eM, N )p ∼= ExtiRp

(
eMp, Np).

So, for all p ∈ Spec(R)−{m}, the induction hypothesis dictates idRp(Np) < t + δ.
By 2.9, N has a minimal injective resolution of the form

I = (0→ I 0
→ · · · → I t+δ−1

→ ER(k)⊕µt+δ → ER(k)⊕µt+δ+1 → · · · ),

in which µi = µi (m, N ) for i ⩾ t + δ. Set depthR(M)= v. By assumption, there
exists e ⩾ crsp(M) such that ExtiR(

eM, N )= 0 for i = t + δ− v, . . . , t + δ. Since
e ⩾ crsp(M), 2.4 yields a maximal M-regular sequence x = {x1, . . . , xv} such that(

0 :M/(x)M m[p
e
]
)
⊈m[p

e
]
(
M/(x)M

)
.

Thus, k is a direct summand of e(M/(x)M
)
; see 2.2. As x1 is M-regular, there

is a short exact sequence 0→ eM→ eM→ e
(M/x1 M)→ 0. This, together with

ExtiR
(eM, N

)
= 0 for i = t + δ− v, . . . , t + δ, implies that

ExtiR(
e
(M/x1 M), N )= 0 for all i = t + δ− v+ 1, . . . , t + δ.

As x = {x1, . . . , xv} is M-regular, inductively we get Extt+δ
R

(e
(M/(x)M), N

)
= 0.

Therefore, Extt+δ
R (k, N )= 0 since k is a direct summand of e

(M/(x)M). In view
of 2.9, we deduce

µt+δ = rankk(Extt+δ
R (k, N ))= 0.

Therefore, I t+δ
= ER(k)⊕µt+δ = 0, which concludes that idR(N ) ⩽ t + δ− 1. □

Corollary 3.9. Let (R,m, k) be a d-dimensional local ring of prime characteris-
tic p, M be a finitely generated R-module such that SuppR(M)= Spec(R), and let
N be an R-module. Let S be a ring extension of R as in 2.3. Set

δ =max
{
depthSp(M ⊗R Sp) | p ∈ Spec(S)

}
and let t ⩾ 1 be an integer. If

sup{e |TorR
i (

eM, N )= 0 for all i = t, . . . , t+δ}⩾ sup{crsp(M⊗Sp) |p∈Spec(S)},

then fdR(N ) ⩽ d. In particular, if TorR
i (

eM, N )= 0 for all i = t, . . . , t + δ and for
infinitely many e, then fdR(N ) ⩽ d.
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Proof. It suffices to show fdS(N ⊗R S) ⩽ dim(S). Thus, given the assumption, we
may assume that R = S is already F-finite. By 2.7(i), the vanishing of TorR

i (
eM, N )

yields vanishing of ExtiR(
eM, N∨). Now the claim follows from Lemma 3.8;

see 2.7(iii). □

As an application of Lemma 3.8 and Corollary 3.9, we obtain the following
proposition that generalizes a result of Takahashi and Yoshino [27, 5.3].

Proposition 3.10. Let (R,m, k) be a d-dimensional local ring of prime char-
acteristic p, M be a finitely generated Cohen–Macaulay R-module such that
SuppR(M) = Spec(R), and let N be an R-module. Then, given t ⩾ 1 and e≫ 0,
the following hold:

(i) If TorR
i (

eM, N )= 0 for all i = t, . . . , t + d , then fdR(N ) ⩽ d.

(ii) If R is F-finite and ExtiR(
eM, N )= 0 for all i = t, . . . , t +d , then idR(N ) ⩽ d.

Proof. For (i), we may assume that R is F-finite with |k| =∞; see 2.3. In this case,
we have sup{crsp(Mp) | p ∈ Spec(R)}⩽ ⌈logp eR(M)⌉<∞. The rest follows from
Corollary 3.9.

For (ii), without the assumption that |k| =∞, we have

sup{crsp(Mp) | p ∈ Spec(R)}⩽ max
{
⌈logp eR(M)⌉, crsp(M)

}
<∞.

The rest follows from Lemma 3.8. □

Our proof of Proposition 3.11 is inspired by some of the techniques employed by
Funk and Marley in the proof of [11, 3.2]. To distinguish various module structures
in the proof, we present 3.11 in the context of a general ring homomorphism
f : R→ S. Subsequently, in the proof of Theorem 3.2, we apply Proposition 3.11
to Fe

: R→ R, the iterated Frobenius endomorphism. Recall that, over a local ring
(R,m, k), we set (−)∨ = HomR

(
−, ER(k)

)
.

Proposition 3.11. Let f : (R,m, k)→ (S, n, ℓ) be a module-finite local homomor-
phism of local rings, with d = dim(R) ⩾ 1, M be an S-module, and let N be an
R-module. Assume the following:

(i) ExtiR(M, N )= 0 for all i = t, . . . , t + d − 1 for some t ⩾ 1.

(ii) M is a finitely generated S-module such that SuppR(M)= Spec(R).

(iii) There exists x = {x1, . . . , xd} ⊆ n such that x is M-regular and mM ⊆ (x)M.

(iv) idRp(Np) <∞ for all p ∈ Spec(R)−{m}.

(v) fdRp

(
(N∨)p

)
<∞ for all p ∈ Ass(R).

Then idR(N ) ⩽ d.
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Proof. As idRp(Np) <∞ for each p ∈ Spec(R)− {m}, 2.9 dictates that N has a
minimal injective resolution of the form

I= (0→ I 0 h1
−→· · ·→ I d−1 hd

−→ER(k)⊕µd (m,N )
→· · ·

ht+d
−−→ER(k)⊕µt+d (m,N )

→· · · ).

We apply HomR(M,−) to I and use our assumption (i) to obtain an exact sequence

(3.11.1) Mt−1
gt
−−→ · · ·

gt+d−2
−−−→ Mt+d−2

gt+d−1
−−−→ Mt+d−1

gt+d
−−−→ Mt+d

ρ
−→ C −→ 0,

where Mi = HomR(M, I i ), gi = HomR(M, hi ) and C = coker(gt+d). Note that
each Mi is an S-module; see 2.6(i). Hence, C is an S-module as well.

Claim 1. The induced sequence Mt+d−1
gt+d
−−−→ Mt+d

ρ̄
−→ C −→ 0, in which

Mi = HomR(M/(x)M, I i ), gt+d = HomR(M/(x)M, ht+d)

and C = HomS(S/(x), C) is exact.

Proof. Since I i is injective over R and x1 is regular on M , an application of
HomR(−, I i ) to the exact sequence 0→M

x1
−→M −→M/x1 M→ 0 induces a short

exact sequence

(3i ) 0←− Mi
x1
←−− Mi ←− HomR(M/x1 M, I i )←− 0.

We combine the short exact sequences (3i ), for all i = t − 1, . . . , t + d, with the
exact sequence (3.11.1), and obtain the exact sequence of S-modules

HomR(M/x1 M, I t)→ · · · → HomR(M/x1 M, I t+d)→ HomS(S/x1S, C)→ 0.

Inductively, as x = {x1, . . . , xd} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (3.11.1), as claimed:

HomR(M/(x)M, I t+d−1)
gt+d
−−→HomR(M/(x)M, I t+d)

ρ̄
−→HomS(S/(x)S, C)→ 0.

Claim 2. ker(ρ)= 0.

Proof. The assumption mM ⊆ (x)M says that, as an R-module, M/(x)M is a direct
sum of copies of k. Since I is a minimal injective resolution of N , we see that

gt+d = HomR(M/(x)M, ht+d)= 0.

In view of the exact sequence in Claim 1, we get ker(ρ̄)= 0. Moreover, ρ̄ can be
identified as HomS(S/(x), ρ) up to the natural isomorphism HomS(S/(x), Mi )∼=

HomR(M/(x)M, I i ). Hence (0 :ker(ρ) (x))∼= ker(ρ̄)= 0. Given that M is finitely
generated over R, we have

AssR(ker(ρ))⊆ AssR(Mt+d)⊆ AssR(ER(k)⊕µd+t (m,N ))⊆ {m}.
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Thus AssS(ker(ρ)) ⊆ {n}, as n is the only prime ideal of S lying over m. So, if
ker(ρ) ̸= 0, then n ∈ AssS(ker(ρ)) and hence 0 ̸= (0 :ker(ρ) n) ⊆ (0 :ker(ρ) (x)),
which contradicts the conclusion (0 :ker(ρ) (x))= 0 above. This completes the proof
of the claim.

Now that we know ker(ρ) = 0, the exact sequence (3.11.1) forces gt+d = 0,
which gives rise to an exact sequence

HomR(M, I t+d−2)
gt+d−1
−−−−→ HomR(M, I t+d−1)−−−→ 0.

Since M is finitely presented over R, we apply (−)∨ to the exact sequence above
and obtain the following exact sequence in light of 2.7(ii):

(3.11.2) M ⊗R (I t+d−2)∨
1⊗h∨t+d−1
←−−−−−− M ⊗R (I t+d−1)∨←−−− 0.

Next, let us return to the injective resolution I of N . Consider the exact sequence

0−→ N −→ I 0 h1
−−→ · · · −−→ I t+d−2 ht+d−1

−−−→ I t+d−1 θ
−→ D −→ 0,

where D is the cokernel of the map ht+d−1. Applying (−)∨ to the exact sequence
above, we get an exact sequence

(3.11.3) 0←− N∨←− (I 0)∨←−· · ·←− (I t+d−2)∨
h∨t+d−1
←−−− (I t+d−1)∨

θ∨

←−−D∨←−0

with each (I i )∨ flat over R; see 2.7(iii). It follows that

AssR(D∨)⊆ AssR((I t+d−1)∨)⊆ Ass(R).

Claim 3. (D∨)p = 0 for all p ∈ Ass(R).

Proof. Fix any p ∈ Ass(R). From assumption (v) and 2.8, we see that

fdRp((N∨)p) ⩽ dim(Rp) ⩽ d.

Thus, (3.11.3) localized at p gives rise to a flat resolution of Np over Rp, which can
be used to compute TorRp

i (−, (N∨)p). By 2.7(ii), we have

TorRp

t+d−1(Mp, (N∨)p)= (TorR
t+d−1(M, N∨))p ∼= (Extt+d−1

R (M, N )∨)p = 0.

Moreover, we have TorRp

t+d(Mp, (N∨)p)= 0 since t + d > fdRp((N∨)p). Next, we
apply Mp⊗Rp− to (3.11.3) localized at p. The vanishing of TorRp

i (Mp, (N∨)p), for
i = t + d − 1 and i = t + d , forces the exact sequence

Mp⊗Rp((I t+d−2)∨)p
1⊗(h∨t+d−1)p
←−−−−−−−Mp⊗Rp((I t+d−1)∨)p

1⊗(θ∨)p
←−−−−Mp⊗Rp(D∨)p←−0.
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Comparing this with (3.11.2) localized at p, we see Mp ⊗Rp (D∨)p = 0. Hence
(D∨)p = 0 since SuppRp

(Mp)= Spec(Rp); see 2.10. This completes the proof of
the claim. □

Overall, we have AssR(D∨)⊆ Ass(R) and (D∨)p = 0 for all p ∈ Ass(R). This
forces D∨ = 0, which implies D = 0. Therefore, idR(N ) < t + d, so idR(N ) ⩽ d
by 2.8. □

We are now ready to prove Theorem 3.2, a consequence of Propositions 3.10
and 3.11. Recall that F : R→ R denotes the Frobenius endomorphism.

Proof of Theorem 3.2. It suffices to prove part (i) for the case where R is F-finite
with |k| = ∞; see 2.3. Thus, we can obtain part (i) from part (ii) via duality;
see 2.7(iii).

To prove part (ii), note that eM is a finitely generated (and hence a finitely
presented) R-module with SuppR(

eM) = SuppR(M) = Spec(R). Since e is suffi-
ciently large, there exists an M-regular sequence x = {x1, . . . , xd} ⊆m such that
m(

eM)⊆
e
((x)M); see 2.4. In light of 2.7(ii), the vanishing of ExtiR(

eM, N ) implies
the vanishing of TorR

i (
eM, N∨) for all i = t, . . . , t+d−1. Therefore, idRp(Np)<∞

and fdRp((N∨)p) <∞ for all p ∈ Spec(R)−{m}; see Proposition 3.10. Note that
Ass(R) ⊆ Spec(R)− {m} since depth(R) ⩾ 1. Now we apply Proposition 3.11,
with R = S and f = Fe, and deduce that idR(N ) ⩽ d . □

Remark 3.12. We conclude this section by pointing out some lower bounds for the
integer e that ensure the validity of the proofs of certain previously stated results.

(a) It is enough to assume e ⩾ ⌈logp eR(M)⌉ in part (i) of both Theorem 3.2 and
Proposition 3.10.

(b) When |k| =∞, it is enough to assume e ⩾ ⌈logp eR(M)⌉ in part (ii) of both
Theorem 3.2 and Proposition 3.10. When |k| <∞, it is enough to assume
e ⩾ max

{
⌈logp eR(M)⌉, drsp(M)

}
in Theorem 3.2. When |k| < ∞, it is

enough to assume e ⩾ max
{
⌈logp eR(M)⌉, crsp(M)

}
in Proposition 3.10.

(c) It is enough to assume e ⩾ ⌈logp eR(M)⌉ in Corollaries 3.5, 3.6, and 3.7.

It is proved in [14, 2.17] that, if R is an excellent ring and M is a finitely generated
R-module, then the set sup

{
eRm(Mm) :m ∈Max(R)

}
is finite; see [14, 2.17]. We

use this fact and state a global version of Theorem 3.2.

Theorem 3.13. Let R be a d-dimensional ring of prime characteristic p, with d ⩾ 1,
M be a finitely generated Cohen–Macaulay R-module such that SuppR(M) =

Spec(R), and let N be an R-module. Assume depth (Rm) ⩾ min
{
1, dim (Rm)

}
for

each maximal ideal m of R.
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(i) Assume R is excellent, s = sup
{
eRm(Mm) :m ∈Max(R)

}
, and let e be an

integer such that e ⩾ ⌈logp s⌉. Given t ⩾ 1, if TorR
i (

eM, N ) = 0 for all
i = t, . . . , t + d − 1, then fdR(N ) ⩽ d.

(ii) Assume R is F-finite and the residue field of Rm is infinite for each maximal
ideal m of R. Let e be an integer such that

e ⩾ sup
{
⌈logp eRm(Mm)⌉, drsp(Mm) :m ∈Max(R)

}
.

Given t ⩾ 1, if ExtiR(
eM, N )= 0 for all i = t, . . . , t + d− 1, then idR(N ) ⩽ d.

Proof. Note that s <∞ due to [14, 2.17]. In proving the first part, we have that

TorRm
i (

eMm, Nm)= 0 for all i = t, . . . , t + d − 1.

If dim(Rm)= 0, then the residue field of Rm is a direct summand of eMm, and hence
fdRm(Nm) ⩽ dim(Rm) ⩽ d; see 2.2(2)(i). On the other hand, if dim(Rm) ⩾ 1, then
part (i) of Theorem 3.2 yields fdRm(Nm)⩽ d; see Remark 3.12(a). This implies that
fdR(N ) ⩽ d as flat dimension can be computed locally. We can prove the second
part similarly since sup

{
⌈logp eRm(Mm)⌉, drsp(Mm) :m ∈Max(R)

}
is finite under

our setting; see Remark 3.12(a). □

4. On the homological properties of the Frobenius endomorphism

The aim of this section is to prove Theorem 1.2(iii) and to establish Theorem 1.4.
Let us point out that Theorem 1.4 generalizes [8, 1.3]; see 1.3.

The layout of this section is as follows: We begin by preparing some auxiliary
results. Then we establish Theorem 1.2(iii) in Theorem 4.3. Finally, making use
of 2.13 and Theorem 4.3, we produce a proof of Theorem 1.4. Along the way, we
also discuss the sharpness of our results; see Examples 4.8 and 4.9.

The first auxiliary result, namely Proposition 4.1, is akin to [16, 2.6] and [22,
Theorem A]. Even though it suffices to apply the proposition to the identity map 1R :

R→ R in the sequel, we present it more generally in terms of a ring homomorphism
f : R→ S.

Proposition 4.1. Let f : (R,m, k)→ (S, n, ℓ) be a local homomorphism of local
rings of prime characteristic p, M ̸= 0 be a finitely generated R-module, and let N
be a finitely generated S-module. Set d = dim(R) and v = depthR(M). Given t ⩾ 1
and e ⩾ crsp(M), if ExtiR(N ,

eM)= 0 for all i = t, . . . , t + v, then fdR(N ) ⩽ t − 1,
and thus pdR(N ) ⩽ t − 1+ d.

Proof. By our choice of e, there exists a maximal M-regular sequence x =
{x1, . . . , xv} such that k is a direct summand of e

(M/(x)M) over R; see 2.2 and 2.4.
As x1 is M-regular, there is a short exact sequence 0→eM→eM→e

(M/x1 M)→0.
This, together with ExtiR(N ,

eM)= 0 for i = t, . . . , t + v, implies that
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ExtiR(N ,
e
(M/x1 M))= 0 for all i = t, . . . , t + v− 1.

Inductively, as x = {x1, . . . , xv} is M-regular, we get ExttR(N ,
e
(M/(x)M)) = 0.

Since k is a direct summand of e
(M/(x)M), we see that ExttR(N , k) = 0, which

implies fdR(N ) ⩽ t − 1; see [22, 2.1]. Note that every flat R-module has projective
dimension at most d; see [28, 4.2.8]. Therefore, we conclude that pdR(N )⩽ t−1+d .

□

As in Propositions 3.11 and 4.1, we present Proposition 4.2 in the context of
a general ring homomorphism f : R → S, allowing us to distinguish various
module structures in the proof. When Proposition 4.2 is applied in the proof of
Theorem 4.3, the homomorphism will be Fe

: R → R, the e-th iteration of the
Frobenius endomorphism.

Proposition 4.2. Let (R,m, k) be a local ring, f : R→ S be a ring homomorphism,
N be a finitely generated R-module, and let M be a finitely generated S-module.
Assume the following hold:

(i) ExtiR(N , M)= 0 for all i = t, . . . , t + d − 1 for some d ⩾ 1 and t ⩾ 1.

(ii) There exists x = {x1, . . . , xd} ⊆ Jac(S) such that x is M-regular and mM ⊆
(x)M.

Then HomR(�t
R(N ), M)= 0.

Proof. Consider a minimal free resolution of N over R:

F = (· · · −→ Ft+d
ht+d
−−→ Ft+d−1

ht+d−1
−−−→ · · ·

ht+1
−−→ Ft

ht
−−→ Ft−1 −→ · · · −→ 0).

Applying HomR(−, M) to F and using assumption (i), we get an induced exact
sequence

(4.2.1) Mt+d
gt+d
←−− Mt+d−1

gt+d−1
←−−− · · ·

gt+1
←−− Mt

gt
←−− Mt−1

ι
←− G←− 0,

in which Mi = HomR(Fi , M), gi = HomR(hi , M), and G = ker(gt). All Mi , and
hence G, are S-modules; see 2.6(ii). In fact, each Mi is isomorphic to a finite direct
sum of M . Thus all Mi are finitely generated S-modules.

As Fi is free over R and x1 is regular on M , an application of HomR(Fi ,−) to
the exact sequence 0→M

x1
−−→M −→M/x1 M→ 0 induces a short exact sequence

(0i ) 0−→ Mi
x1
−−→ Mi −→ HomR(Fi , M/x1 M)−→ 0.

We combine the exact sequences (0i ), for all i = t − 1, . . . , t + d, with the exact
sequence (4.2.1) and obtain the following exact sequence of S-modules:

HomR(Ft+d−1, M/x1 M)← · · · ← HomR(Ft−1, M/x1 M)← G/x1G← 0.
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Inductively, as x = {x1, . . . , xd} is an M-regular sequence, we realize the following
exact sequence of S-modules that is naturally induced from (4.2.1):

(4.2.2) Mt
gt
←−−− Mt−1

ι
←−− G←−− 0,

in which Mi =HomR
(
Fi , M/(x)M

)
, gt =HomR

(
ht , M/(x)M

)
and G=G/(x)G.

Up to isomorphism, we may write

Mi = Mi/(x)Mi = Mi ⊗S S/(x)S, G = G⊗S S/(x)S

and thus ι= ι⊗ 1S/(x)S .
The assumption mM ⊆ (x)M implies that M/(x)M is annihilated by m. Since

F is a minimal free resolution of N , we conclude gt = HomR(ht , M/(x)M)= 0.
Thus, the exactness of (4.2.2) forces im(ι)= ker(gt)= Mt−1, meaning that im(ι)+

(x)Mt−1=Mt−1. As Mt−1 is finitely generated over S and (x)S⊆ Jac(S), we obtain
im(ι)= Mt−1, thanks to Nakayama’s lemma. This forces ker(gt+1)= im(gt)= 0
due to the exactness of (4.2.1). Finally, as �t

R(N )∼= coker(ht+1), we see that

HomR
(
�t

R(N ), M
)
∼= ker (HomR(ht+1, M))= ker(gt+1)= 0. □

Equipped with Propositions 4.1 and 4.2, we are now ready to prove the result
stated in Theorem 1.2(iii).

Theorem 4.3. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be a finitely generated R-module. Assume depth(R) ⩾ 1.
Given t ⩾ 1 and e ≫ 0, if ExtiR(N ,

eM) = 0 for all i = t, . . . , t + d − 1, then
pdR(N ) ⩽ min{t − 1, depth(R)}.

Proof. Since e is sufficiently large, there exists x = {x1, . . . , xd} ⊆m such that x is
M-regular and m(

eM)⊆
e(
(x)M

)
; see 2.4. Upon an application of Proposition 4.2 to

the map Fe
: R→ R, we see that the vanishing of ExtiR(N ,

eM) for i= t, . . . , t+d−1
implies HomR

(
�t

R(N ),
eM

)
= 0.

To prove the claim by contradiction, suppose that �t
R(N ) ̸= 0 and select p

in AssR(�t
R(N )) ⊆ Ass(R); then p ̸= m since depth(R) ⩾ 1. It follows from

Proposition 4.1 that pdRp
(Np)<∞. Hence, Np is free by the Auslander–Buchsbaum

formula. So, �t
R(N )p ̸= 0 is free over Rp. Also, since SuppR(

eM)= SuppR(M)=

Spec(R), we see that (
eM)p ̸= 0. Hence HomRp(�

t
R(N )p, (

eM)p) ̸= 0, which
contradicts the conclusion HomR(�t

R(N ),
eM)= 0. Thus �t

R(N )= 0, so pdR(N )⩽
t − 1. This proves that pdR(N ) ⩽ min{t − 1, depth(R)}. □

We now record several corollaries of Theorem 4.3. It is worth noting that the
positive depth assumption in the theorem is necessary; see Example 3.4.
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Corollary 4.4. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N be a finitely generated R-module. Assume depth(R)⩾ 1. Given
t ⩾ 1 and e≫ 0, assume that at least one of the following conditions holds:

(i) TorR
i (N , (

eM)∨)= 0 for all i = t, . . . , t + d − 1.

(ii) TorR
i (N ,

e
(M∨))= 0 for all i = t, . . . , t + d − 1.

Then pdR(N ) ⩽ min{t − 1, depth(R)}.

Proof. The vanishing of TorR
i (N , (

eM)∨) yields the vanishing of ExtiR(N ,
eM);

see 2.7(ii). Thus, case (i) follows from Theorem 4.3. Similarly, the vanishing of
TorR

i (N ,
e
(M∨)) yields the vanishing of ExtiR(N ,

eM) by 2.7(ii) where R→ S is
the Frobenius Fe with (S, n, ℓ) = (R,m, k), A = N over R, B = M over S, and
E = ES(ℓ) is the injective hull of ℓ over S. Therefore, case (ii) also follows from
Theorem 4.3. □

Next, we provide a proof of Theorem 1.4, restated here as Corollary 4.5 for
convenience. Before doing so, we present a few facts needed for the argument.

Recall that Fe
R(−) denotes the scalar extension along Fe

: R → R, the e-th
iteration of the Frobenius endomorphism. Given R-modules X and Y , it follows
that

X ⊗R
eY ∼= e

(Fe
R(X)⊗R Y ) and Fe

Rp
(Xp)∼= (Fe

R(X))p for all p ∈ Spec(R).

Moreover, we have SuppR(X) = SuppR(Fe
R(X)). Although the finitely gener-

ated case suffices for our argument in Corollary 4.5, we briefly discuss the gen-
eral situation where X may not be finitely generated. To establish the equality
SuppR(X)= SuppR(Fe

R(X)), it is enough to assume R is local. If X ̸= 0 is finitely
generated, then Fe

R(X) ̸= 0 via a surjection X→→ k. In the general case, pick a flat
local ring homomorphism ϕ : R→ A, where A is F-finite; such a ring map always
exists by 2.3. Setting S = R and B = A, and letting Fe

A : A→ B denote the e-th
iteration of the Frobenius of A, we see that the composition

ϕ ◦ Fe
R : R

Fe
R
−→ S

ϕ
−→ B

agrees with Fe
A ◦ϕ : R

ϕ
−→ A

Fe
A
−→ B. Thus

(X⊗R S)=0=⇒ (X⊗R S)⊗S B=0=⇒ (X⊗R A)⊗A B=0=⇒ X⊗R A=0=⇒ X=0.

Here, the second implication follows since ϕ ◦ Fe
R = Fe

A ◦ϕ, the third implication
follows from 2.10(iii) as A is F-finite, while the fourth one holds because ϕ is
faithfully flat. This establishes what we want to show. We also refer the reader to
Marley’s result in [19, 2.1] for an alternative proof of SuppR(X)= SuppR(Fe

R(X)).
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Corollary 4.5. Let (R,m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(i) M is Cohen–Macaulay and SuppR(M)= Spec(R).

(ii) N is generically free, that is, Np is a free Rp-module for all p ∈ Ass(R).

If Fe
R(N )⊗R M is a maximal Cohen–Macaulay R-module for some e≫ 0, then N

is free.

Proof. Without loss of generality we may assume R is F-finite (and also |k| =∞);
see 2.3. Set d = dim(R) and proceed by induction on d .

As R is F-finite, the assumption that Fe
R(N )⊗R M is maximal Cohen–Macaulay

can be interpreted as that the module N ⊗R
eM is maximal Cohen–Macaulay. If

depth(R) = 0, then N is free since we assume it is generically free. Hence, we
assume depth(R) ⩾ 1. Note that, by the induction hypothesis, we may assume Np

is a free Rp-module for all p ∈ Spec(R)−{m}. Note also that depthR(
eM)= d =

depthR(N ⊗R
eM). Therefore, we use 2.13 for the case where n = d and conclude

that ExtiR(TrR N ,
eM) = 0 for all i = 1, . . . , d. Now, Theorem 4.3 implies that

TrR N is free. Consequently, N is free; see 2.12(iv). □

Corollary 4.6. Let (R,m, k) be a local ring of prime characteristic p, and let M
and N be finitely generated R-modules. Assume the following conditions hold:

(i) M is Cohen–Macaulay.

(ii) M has constant rank on Min(R) and N is generically free.

If Fe
R(N )⊗R M is maximal Cohen–Macaulay for some e≫ 0, then N is free.

Proof. Suppose Min(R) ⊈ SuppR(M). Then SuppR(M) ∩Min(R) = ∅ since
M has constant rank on Min(R). This implies that dimR(M) < dim(R). How-
ever, this is not possible as dim(R) = dimR

(
Fe

R(N ) ⊗R M
)
⩽ dimR(M). So,

Min(R) ⊆ SuppR(M) and hence SuppR(M) = Spec(R). Now, the claim follows
from Corollary 4.5. □

Corollary 4.7. Let (R,m, k) be a local ring of prime characteristic p, M be a
finitely generated Cohen–Macaulay R-module, and let N be a finitely generated
R-module. Assume:

(i) For each p ∈Min(R), there is an integer rp ⩾ 1 such that Mp
∼= R⊕rp

p .

(ii) N is generically free and dimR(N )= dim(R).

If Fe
R(N )⊗R M is Cohen–Macaulay for some e≫ 0, then N is free.

Proof. It follows that dimR(Fe
R(N )⊗R M)= dimR(Fe

R(N ))= dimR(N )= dim(R)

because SuppR(M)= Spec(R). Now, the claim follows from Corollary 4.5. □
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We illustrate the sharpness of Theorem 1.4 with some examples. Specifically,
Example 4.8 demonstrates that the theorem’s conclusion may fail if the module
M in question does not have full support. Similarly, Example 4.9 highlights the
necessity of the assumption that M is generically free for the theorem to hold.

Example 4.8. Let R = Fp[[x, y]]/(xy), M = R/(x), and N = M . Note that M
is maximal Cohen–Macaulay, and Np is a free Rp-module for all p ∈ Ass(R). It
follows that N⊗R

eM is maximal Cohen–Macaulay for all e⩾ 0 because N⊗R
eM ∼=

N ⊗R M⊕pe ∼= M⊕pe
. However, N is not free. Here Spec(R) ∋ (y) /∈ SuppR(M).

This example also shows that the constant rank assumption in Corollary 4.6 is
necessary. As a separate observation, Ext1R(M, M) = 0. Thus, the full support
assumption is necessary in Theorem 4.3.

Example 4.9. Let R = Fp[[x, y]]/(x2, xy), M = R/(x), and N = M . Note that
M is Cohen–Macaulay, SuppR(M)= Spec(R), and Np is a free Rp-module for all
p∈Min(R). It follows that N⊗R

eM is maximal Cohen–Macaulay for all e⩾0 since
N⊗R

eM∼=M⊕pe
. However, N is not free. Here we have that Ass(R)∋m /∈Min(R).

It is proved in [4, 1.1] that, if there is a finitely generated module N ̸= 0 over
a local ring R of prime characteristic p such that fdR(

rN ) <∞ or idR(
rN ) <∞

for some r ⩾ 1, then R is regular. We use this fact and obtain the following
consequences of Theorem 1.2; cf. [29, 6.8 and 6.10].

Corollary 4.10. Let (R,m, k) be a d-dimensional local ring of prime characteristic
p, M be a finitely generated Cohen–Macaulay R-module such that SuppR(M)=

Spec(R), and let N ̸= 0 be a finitely generated R-module. Assume depth(R) ⩾ 1.
Given t ⩾ 1, r ⩾ 1 and e≫ 0, we further assume that at least one of the following
conditions holds:

(i) TorR
i (

eM,
rN )= 0 for all i = t, . . . , t + d − 1.

(ii) R is F-finite and ExtiR(
eM,

rN )= 0 for all i = t, . . . , t + d − 1.

(iii) rN is finitely generated over R and ExtiR(
rN ,

eM)=0 for all i = t, . . . , t+d−1.

Then R is regular.

Proof. In view of Theorem 1.2, the claims follow from [4, 1.1]. □

Remark 4.11. We point out some lower bounds for the integer e that ensure the
validity of the proofs of certain previously stated results.

(a) It is enough to assume e ⩾ ⌈logp eR(M)⌉ in Corollaries 1.5 and 4.5.

(b) It is enough to assume e⩾⌈logp eR(M)⌉ in both Theorem 4.3 and Corollary 4.4.
This is because we may use 2.3 and assume |k| = ∞ in the proofs of these
results.
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(c) It is enough to assume e ⩾ max
{
⌈logp eR(M)⌉, drsp(M)

}
in Corollary 4.10

in general. If |k| = ∞, however, it suffices to assume e ⩾ ⌈logp eR(M)⌉ in
Corollary 4.10.

We do not know whether the Cohen–Macaulay assumption on M is necessary in
Theorem 1.4. This raises the following question:

Question 4.12. Let (R,m, k) be a local ring of prime characteristic p and let M
and N be finitely generated R-modules. Assume SuppR(M)= Spec(R) and N is
generically free. If Fe

R(N )⊗R M is maximal Cohen–Macaulay for some e≫ 0,
then must N be free? What if R is Cohen–Macaulay, or N = M?

We conclude this section with a global version of Theorem 4.3; we skip its proof
as it is similar to that of Theorem 3.13.

Theorem 4.13. Let R be a d-dimensional excellent ring of prime characteristic p,
M be a finitely generated Cohen–Macaulay R-module such that SuppR(M) =

Spec(R), and let N be a finitely generated R-module. Assume depth(Rm) ⩾
min{1, dim(Rm)} for each maximal ideal m of R. Set

s = sup
{
eRm(Mm) :m ∈Max(R)

}
,

and let e be an integer such that e ⩾ ⌈logp s⌉. Given t ⩾ 1, if ExtiR(N ,
eM)= 0 for

all i = t, . . . , t + d − 1, then pdR(N ) ⩽ min{t − 1, depth(R)}.
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SYMPLECTIC AUTOMORPHISMS OF A SURFACE WITH
GENUS TWO FIBRATION AND THEIR ACTION ON CH0

JIABIN DU AND WENFEI LIU

Let S be a complex smooth projective surface with a genus two fibration, and
Auts(S) the group of symplectic automorphisms, fixing every holomorphic
2-forms (if any) on S. Based on the work of Jin-Xing Cai, we show that, if
χ(OS) ≥ 5, then |Auts(S)| ≤ 2. Then we verify, under some conditions, that
Auts(S) acts trivially on the Albanese kernel CH0(S)alb of the 0-th Chow
group, which is predicted by a conjecture of Bloch and Beilinson. As a
consequence, if an automorphism σ ∈ Aut(S) acts trivially on H i,0(S) for
0 ≤ i ≤ 2, then it also acts trivially on CH0(S)alb.
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1. Introduction

Throughout the paper, we work over the complex numbers field C.
Let X be a n-dimensional connected smooth projective variety over C. When

studying the automorphism group Aut(X), it is natural to look at the induced action
of Aut(X) on the cohomology groups that are naturally attached to X , such as
H∗(X, R) with R an abelian group or H∗(X, �

p
X ) for 0 ≤ p ≤ dim X , where �

p
X

is the coherent sheaf of holomorphic p-forms on X . On the other hand, there is
also an induced action of Aut(X) on the Chow groups CH∗(X), which is a more
refined invariant than the cohomology groups. A deep conjecture of Bloch and
Beilinson predicts that, roughly speaking, there is a natural decreasing filtration
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F•CH∗(X)Q on the CH∗(X)Q := CH∗(X) ⊗Z Q such that the induced action of
Aut(X) on the graded pieces of F•CH∗(X)Q is determined by the action of Aut(X)

on the cohomology groups H∗(X, Q). We refer to [Voi03, Section 11.2.2] for a
precise statement of the Bloch–Beilinson conjecture.

For a smooth projective surface S, it is clear that CH2(S) ∼= Z and CH1(S) ∼=

Pic(S). Thus the focus is on the still mysterious 0-th Chow group CH0(S). There
is a natural filtration on CH0(S)

(1-1) 0 ⊂ CH0(S)alb ⊂ CH0(S)hom ⊂ CH0(S)

where CH0(S)hom is the kernel of the degree map deg : CH0(S)→ Z, and CH0(S)alb

is the kernel of the Albanese map albS : CH0(S)hom → Alb(S). A famous result of
Mumford [Mum68] says, if the geometric genus pg(S)> 0, then there is no uniform
integer d > 0 such that any α ∈ CH0(S)hom can be written as α =α+

−α−
∈ CH0(S)

with both of α+ and α− effective and deg α+
= deg α−

= d . It is thus legitimate to
call CH0(S)hom and also the Albanese kernel CH0(S)alb infinite-dimensional.

The filtration (1-1) is supposed to be the filtration in the aforementioned Bloch–
Beilinson conjecture, and as a consequence, we have:

Conjecture 1.1 [Voi03, Conjecture 11.19]. Let S and T be smooth projective
surfaces, 0 a cycle of codimension 2 in S × T such that the map [0]

∗
: H 2,0(T ) →

H 2,0(S) vanishes. Then the map 0∗ : CH0(S)alb → CH0(T )alb vanishes.

By taking T = S with pg(S) = 0, and 0 = 1S ⊂ S × S the diagonal in
Conjecture 1.1, we recover Bloch’s initial conjecture.

Conjecture 1.2 ([Blo75]; see also [Voi03, Conjecture 11.2]). Let S be a smooth
projective surface. If pg(S) = 0 then CH0(S)alb = 0.

Bloch’s conjecture has been verified in various special cases (see [DL23, page
444] for a discussion), but is widely open in general.

We are interested in the induced action of automorphisms on CH0(S). So, take
T = S, and 0 := 0σ − 1S , where 0σ is the graph of an automorphism σ in a
subgroup G ⊂ Aut(S), and we obtain from Conjecture 1.1 the following:

Conjecture 1.3 (cf. [Voi12, Conjecture 1.2]). Let S be a smooth projective surface,
and G a group of automorphisms of S acting trivially on H 2,0(S). Then G acts
trivially on CH0(S)alb.

Define the group Auts(S) of symplectic automorphisms

Auts(S) := {σ ∈ Aut(S) | σ induces the trivial action on H 2,0(S) = H 0(S, KS)}.

and the group AutO(S) of O-cohomologically trivial automorphisms

AutO(S) := {σ ∈ Aut(S) | σ induces the trivial action on H i (S,OS) for any i}.
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By Serre duality, we have H 0(S, KS)∼= H 2(S,OS)
∨, and hence AutO(S)⊂Auts(S);

the two groups coincide if the irregularity q(S) := dim H 1(S,OS) = 0. The auto-
morphisms in Auts(S) are those fixing a general holomorphic 2-form (if any) on S,
and hence called symplectic.

Conjecture 1.3 amounts to saying that Auts(S) acts trivially on CH0(S)alb.

For surfaces with pg(S) > 0, Conjecture 1.3 is known to hold in certain cases:

• S is an abelian surface and G = Auts(S) [BKL76, Theorems A.1 and A.7;
Paw19, Corollary 1.5];

• S is a K3 surface, and G ⊂ Auts(S) is finite [Voi12; Huy12];

• S = K (A) is the Kummer K3 surface associated to an abelian surface A, and
G is generated by σ ∈ Auts(S) that lifts to a group automorphism σ̃ of A
[Paw19, Theorem 1.10];

• S is a K3 surface with an elliptic fibration f : S → B, and G preserves the
fibration structure f [DL23, Theorem 1.5];

• S is a K3 surface with either the Picard number ρ(S) ≥ 3 or S admitting a
Jacobian fibration, and G = Auts(S) [LYZ24, Theorem 1.3];

• S has Kodaira dimension one and G = AutO(S) [DL23, Theorem 5.10];

• S has Kodaira dimension one with (pg, q) /∈ {(1, 1), (2, 2)}, and G = Auts(S)

[DL23, Theorem 1.3];

• S has a finite-dimensional Chow motive in the sense of Kimura [Kim05] (this
is the case if S has an isotrivial fibration), and G ⊂ Auts(S) is finite [DL23,
Lemma 5.9].

In this paper, we investigate Conjecture 1.3 for surfaces of general type with
a genus two fibration. Recall that a fibration of genus g on a smooth projective
surface S means a morphism f : S → B onto a smooth projective curve B with
connected fibers of genus g.

Theorem 1.4. Let S be a surface of general type with a genus two fibration f :

S → B and χ(OS) ≥ 5. Suppose that Auts(S) is nontrivial.

(i) |Auts(S)| = 2.

(ii) If the canonical map φKS : S 99K Ppg(S)−1 is composed with a pencil, then
Auts(S) preserves every fiber of f , and acts trivially on CH0(S)alb.

(iii) If the canonical map φKS : S 99K Ppg(S)−1 is generically finite onto its image
T := φKS (S), then AutO(S) is trivial, and Auts(S) acts trivially on CH0(S)alb

unless

(a) q(S) = g(B) ≥ χ(OS) − 3,
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(b) a smooth model of the quotient surface S/⟨στ ⟩ is of general type with
pg = q = 0, where σ is the generator of Auts(S) and τ is the hyperelliptic
fibration of f , and

(c) f is not isotrivial.

The bound |Auts(S)| ≤ 2 of Theorem 1.4(i) is implicit in Jin-Xing Cai’s work
[Cai06a; Cai06b] on the automorphism group H of genus two fibrations acting
trivially on H 2(S, Q). Specifically, by Hodge decomposition, one has H ⊂ Auts(S),
and his proof that |H | ≤ 2 uses only this fact.

Cai also constructed various fibered surfaces of genus two with an involution
acting trivially on H 2(S, Q) in [Cai06a; Cai06b; Cai07]. Only one series of them,
namely [Cai06b, Example 3.5], satisfies all of the conditions (a)–(c) of Theorem 1.4,
and we do not know whether or not Auts(S) acts trivially on CH0(S)alb for S in
this example.

Theorem 1.4 follows from Propositions 3.4 and 3.7 and Corollary 2.4. Let
us explain the ideas of the proofs. Following [Cai06a; Cai06b], the proof of
Theorem 1.4(i) is based on the results of Xiao on genus two fibrations [Xiao85].
Specifically, let G ⊂ Aut(S) be the subgroup generated by Auts(S) together with
the hyperelliptic involution τ . Then the canonical map φKS of S factors through
the quotient map S → S/G (Lemma 3.1), and the explicit bounds for φKS of Xiao
(Theorem 3.3) give the bound |G| ≤ 4 and hence |Auts(S)| ≤ 2.

Once the bound on |Auts(S)| is established, we have

G = {idS, σ, τ, στ } ∼= (Z/2Z)2.

We can then decompose CH0(S)alb,Q into eigenspaces with respect to the G-action,
and see that Auts(S) acts trivially on CH0(S)alb as soon as CH0(S/⟨στ ⟩)alb = 0
(Lemma 2.6). Since pg(S/⟨στ ⟩)= 0, the Albanese kernel CH0(S/⟨στ ⟩)alb vanishes
if (a smooth model of) the quotient surface S/⟨στ ⟩ is not of general type by
[BKL76]. The bulk of our arguments is devoted to verify the latter condition, once
the surface f : S → B is not isotrivial but violates one of the conditions (a) and (b)
in Theorem 1.4(iii). The case of isotrivial fibrations has been settled once and for
all by applying Kimura’s finite-dimensionality of such surfaces (Corollary 2.4).

Assuming Conjecture 1.2 holds, then CH0(S/⟨στ ⟩)alb = 0, and we are done
again (Proposition 3.8).

Concerning the condition χ(OS) ≥ 5 in the theorem, we remark that minimal
surfaces of general type with χ(OS) < 5 form (only) a bounded family. This
condition is used mainly to ensure that the canonical map of S is well-behaved and
that S has at most one genus two fibration on it.

Finally, as a consequence of Theorem 1.4, Conjecture 1.3 holds for the subgroup
AutO(S) ⊂ Auts(S) for surfaces of general type with a genus two fibration, whose
invariants are not so small.
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Corollary 1.5. Let S be a surface of general type with a genus two fibration
f : S → B and χ(OS) ≥ 5. Then AutO(S) acts trivially on CH0(S)alb.

As pointed out by a referee, since there is an AutO(S)-fixed point x ∈ S, AutO(S)

even acts trivially on the whole CH0(S), provided that q(S) = 0.

Outline. We recall in Section 2 some relevant notions and facts such as fibration-
preserving automorphisms, the induced action on the Albanese variety and the 0-th
Chow group, as well as useful criteria for the triviality of the induced action on
the Albanese kernel. In Section 3, we focus on genus two fibrations, first using
the canonical map to bound the symplectic automorphism group Auts(S), and then
verifying the triviality of its induced action on the Albanese kernel as stated in
Theorem 1.4.

Notation and conventions. Let S be smooth projective surface over C.

• For a coherent sheaf F on S, we denote hi (S,F) := dimC H i (S,F), and
F∨

:= HomOS (F,OS), the dual of F .

• For 0 ≤ i ≤ 2, �i
S denotes the sheaf of i-forms on S.

• ωS denotes the canonical sheaf of S, which can be identified with �2
S , and KS

denotes a canonical divisor of S.

• The following numerical invariants are attached to S:
– the geometric genus pg(S) := h0(S, ωS);
– the irregularity q(S) := h1(S,OS) = h0(S, �1

S);
– the holomorphic Euler characteristic χ(OS) = 1 − q(S) + pg(S).

For a singular projective surface T , say with rational singularities, its geometric
genus pg(T ), irregularity q(T ) are defined as the corresponding invariants of its
smooth model.

For a finite group G and an element σ ∈ G, their orders are denoted by |G| and
|σ | respectively. An action of G on a set X is called trivial if σ(x) = x for any
σ ∈ G and any x ∈ X .

2. Preliminaries

2.1. Fibered surfaces and their automorphisms. Let S be a normal projective
surface, and f : S → B a fibration onto a smooth projective curve, that is, f is a
surjective morphism with connected fibers. The fibration is called

• of genus g if its general fiber has genus g;

• hyperelliptic (resp. elliptic, resp. a P1-fibration) if its smooth fibers are hyper-
elliptic (resp. elliptic, resp. P1);

• isotrivial if its smooth fibers are mutually isomorphic.
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We call q f := q(S) − g(B) the relative irregularity of f .
The subgroup Aut f (S) of fibration-preserving automorphisms is defined as

follows:
Aut f (S) := {σ ∈ Aut(S) | σ maps fibers of f to fibers}

There is an induced action of Aut f (S) on B, that is, a homomorphism r :Aut f (S)→

Aut(B), such that for any σ ∈ Aut f (S) there is an induced automorphism σB =

r(σ ) ∈ Aut(B) such that the following diagram is commutative:

S S

B B

σ

f f

σB

The elements of AutB(S) := ker r are called fiber-preserving automorphisms.

Lemma 2.1. Let f : S → B be a non-isotrivial fibration of genus g ≥ 2. Then
Aut f (S) is a finite group.

Proof. Consider the moduli map associated to f

µ : B → Mg,

where Mg is the (compact) moduli space of stable curves of genus g. Since f is not
isotrivial, µ is generically finite, and the image Aut f (S)|B of r : Aut f (S)→ Aut(B)

has order at most deg µ. It follows that
(2-1)
|Aut f (S)| = |AutB(S)| · |Aut f (S)|B | ≤ |Aut(F)| · |Aut f (S)|B | ≤ |Aut(F)| · deg µ

where F is a general fiber of f . Since g(F) = g ≥ 2, Aut(F) is a finite group, and
hence Aut f (S) is also a finite group by (2-1). □

2.2. The induced action on the Albanese variety and the 0-th Chow group. The
Chow group of a normal projective variety X is the group of rational equivalence
classes of algebraic cycles on X ; we refer to [Voi03, Chapter 9] for the basic
properties of Chow groups.

Let X be a smooth projective variety. Fixing a base point x0 ∈ X , we may define
a group homomorphism

alb :CH0(X)hom →Alb(X)= H 0(X, �1
X )∨/H1(X, Z),

∑
i

ni [xi ] 7→
∑

i
ni

[∫ xi

x0

]
,

where
∫ xi

x0
: H 0(X, �1

X ) → C maps a holomorphic 1-form η to the integral
∫ xi

x0
η,

determined up to
∫
γ

η for a closed loop γ on X . The homomorphism alb does not
depend on the choice of the base point x0.
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Any automorphism group G ⊂ Aut(X) has an induced action on CH0(X) and
Alb(X) as follows: For σ ∈ G,

∑
i ni [xi ] ∈ CH0(X), and

[∫ x
x0

]
∈ Alb(X),

σ∗

(∑
i

ni [xi ]

)
=

∑
i

ni [σ(xi )], σ∗

([∫ x

x0

])
=

[∫ σ(x)

σ (x0)

]
=

[∫ σ(x)

x0

]
−

[∫ σ(x0)

x0

]
.

Note that G acts by group automorphisms on CH0(X) and Alb(X), and the ho-
momorphism alb is G-equivariant. The G-action extends in an obvious way to
CH0(X)Q := CH0(X) ⊗Z Q and Alb(X)Q := Alb(X) ⊗Z Q.

Let Z be a normal projective birational model of X , with at most rational
singularities. Then we have natural identifications (see [JLZ23, Section 2.1] for a
discussion for the Albanese variety of a singular variety):

Alb(Z) ∼= Alb(X), CH0(Z) ∼= CH0(X).

The following basic but important fact about the G-actions on Alb(X)Q and
CH0(X)Q should be well-known, but we write a proof of it for completeness
(cf. [Lat21, Lemma 1.6]).

Lemma 2.2. Let X be a smooth projective variety and G ⊂Aut(X) a finite subgroup.
Let Y be a normal projective birational model with rational singularities of the
quotient variety X/G. Then

Alb(X)G
Q

∼= Alb(Y )Q, CH0(X)G
alb,Q

∼= CH0(Y )alb,Q, CH0(X)G
hom,Q

∼= CH0(Y )hom,Q.

Proof. Since X/G and Y have at most rational singularities, there are natural
identifications

Alb(X/G) = Alb(Y ),

CH0(X/G)hom,Q
∼= CH0(Y )hom,Q,

CH0(X/G)alb,Q
∼= CH0(Y )alb,Q.

Thus we may assume that Y = X/G.
Recall that

Alb(X)Q =
H 0(X, �1

X )∨ ⊗Z Q

H1(X, Q)
,

and hence we have natural isomorphisms of Q-vector spaces

(2-2) Alb(X)G
Q

∼=

(
H 0(X, �1

X )G
)∨

⊗Z Q

H1(X, Q)G
∼=

H 0
(
Y, �1

Y

)∨
⊗Z Q

H1(Y, Q)
∼= Alb(X/G)Q,

where Y is a smooth projective model of X/G.
By the universal property of the Albanese morphism and by the flatness of Q as

a Z-module, the quotient map π : X → X/G induces the following commutative
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diagram with exact rows:

0 CH0(X)alb,Q CH0(X, Q)hom,Q Alb(X)Q 0

0 CH0(X/G)alb,Q CH0(X/G)hom,Q Alb(X/G)Q 0

π∗ π∗ π∗

Restricting to the G-invariant parts of the Q-vector spaces in the first row, we obtain
the following commutative diagram with exact rows:

0 CH0(X)G
alb,Q CH0(X, Q)G

hom,Q Alb(X)G
Q

0

0 CH0(X/G)alb,Q CH0(X/G)hom,Q Alb(X/G)Q 0

α β γ

and we have seen in (2-2) that γ is an isomorphism.
For a point x ∈ X , let x̄ be its image in X/G. Any 0-cycle on X/G is rationally

equivalent to one with support outside the branch locus B of π [Voi12, Fact 3.3].
For [z] ∈ CH0(X/G)hom,Q, we may thus assume that z =

∑
i ni x̄i with x̄i ̸∈ B for

any i , and one sees that β has an inverse

β−1([z]) =
1

|G|

∑
i

∑
g∈G

[g(xi )].

Therefore, β is an isomorphism.
By the five lemma, α is also an isomorphism. □

2.3. Useful criteria for a symplectic automorphism to act trivially on CH0(S)alb.

Lemma 2.3 (cf. [DL23, Lemma 5.9]). Let S be a smooth projective surface. Assume
that the Chow motive h(S) of S is finite-dimensional in the sense of Kimura [Kim05]
and O’Sullivan. Then any symplectic automorphism of finite order of S acts trivially
on CH0(S)alb.

In particular:

Corollary 2.4. Let f : S → B be an isotrivially fibered surface. Then any finite
order symplectic automorphism of S acts trivially on CH0(S)alb.

Proof. Since f is an isotrivial fibration, S is birational to (B̃ × F)/G, where B̃ is a
smooth projective curve dominating B and F is a general fiber of f . Therefore, S
is dominated by B̃ × F and hence has finite-dimensional Chow motive by [Kim05].
Now apply Lemma 2.3. □

Corollary 2.5. Let f : S → B be a fibered surface of genus g such that q f = g.
Then any finite order symplectic automorphism of S acts trivially on CH0(S)alb.
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Proof. Since g = q f , the fibration f is isotrivial by [Bea82], and hence the assertion
follows from Corollary 2.4. □

If a surface S has several commuting involutions, then we have the following
criterion for the triviality of the Auts(S)-action on the Albanese kernel.

Lemma 2.6. Let S be a smooth projective surface. Let G = ⟨σ, τ ⟩ ∼= (Z/2Z)2 be
a subgroup of Aut(S). Suppose that CH0(S/⟨τ ⟩)alb = 0. Then σ acts trivially on
CH0(S)alb if and only if CH0(S/⟨στ ⟩)alb = 0.

Proof. Since CH0(S)alb has no torsion [Roj80], we may work on the Albanese
kernels with Q-coefficients. Since CH0(S/⟨τ ⟩)alb = 0, τ acts as −1 on CH0(S)alb,Q.
Thus σ acts as identity on CH0(S)alb,Q if and only if στ acts as −1 on CH0(S)alb,Q,
which is equivalent to the vanishing of the (στ)-invariant part CH0(S)στ

alb,Q
∼=

CH0(S/⟨στ ⟩)alb,Q. □

If a surface with vanishing geometric genus is not of general type, then it
has trivial Albanese kernel [BKL76]. Thus we may obtain from Lemma 2.6 the
following statement.

Corollary 2.7 [DL23, Lemma 5.1]. Let S be a smooth projective surface. Let
G = ⟨σ, τ ⟩ ∼= (Z/2Z)2 be a subgroup of Aut(S) such that (the smooth models of )
the quotient surfaces S/⟨τ ⟩ and S/⟨στ ⟩ are not of general type and have vanishing
geometric genus. Then σ acts trivially on CH0(S)alb.

3. Symplectic automorphisms of surfaces with a genus two fibration

For a smooth projective surface S with pg(S)> 0, one may use the canonical system
|KS| to define a rational map φKS : S 99K Ppg(S)−1, called the canonical map of S.
This map is a main tool in our study of symplectic automorphisms of surfaces with
a genus two fibration, due to the following observation.

Lemma 3.1. Let S be a smooth projective surface of general type with a hyperellip-
tic fibration f : S → B, and G ⊂ Aut(S) the subgroup generated by the hyperelliptic
involution τ ∈ AutB(S) together with the symplectic automorphism group Auts(S).
Suppose that pg := pg(S) > 0, so that the canonical map φKS : S 99K Ppg−1 is
well-defined. Then φKS factors through the quotient map π : S → S/G, that is,
there is a rational map ϕ : S/G 99K Ppg−1 such that φKS = ϕ ◦ π .

Proof. Since τ acts as −1 on H 0(S, KS) while Auts(S) acts trivially on H 0(S, KS),
φKS is a G-equivariant map with G acting trivially on the target. The assertion of
the lemma follows. □

Before recalling the fundamental results of Xiao on the canonical map of a
surface of general type with a genus two fibration, we need to introduce some
notation first.
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Notation 3.2. Let S be a surface of general type, and f : S → B a genus two fibration.
We abbreviate the Euler characteristic χ(OS), the geometric genus pg(S), the
irregularity q(S), the genus g(B) of the base curve B by χ, pg, q, b. Let M ⊂ f∗ωS

be an invertible subsheaf with maximal degree and e := 2 deg M − deg f∗ωS . Then
we have deg f∗ωS = χ + 3(b − 1) (see the proof of [Xiao85, théorème 2.1]) and
hence

(3-1) deg M =
1
2(e + deg f∗ωS) =

1
2(e + χ + 3(b − 1)).

As in Lemma 3.1, we will denote by τ the hyperelliptic involution of f , and let
G ⊂ Aut(S) be the subgroup generated by Auts(S) and τ . Note that τ acts as −1
on H 0(S, KS) and hence τ /∈ Auts(S) as soon as pg(S) > 0.

Theorem 3.3 [Xiao85, pages 71–73, corollaire 1 and proposition 5.2]. Let S be a
smooth projective surface of general type with a genus two fibration f : S → B, as
in Notation 3.2.

(i) If pg ≥ 3 and the image of the canonical map φKS is a curve, then φKS factors
through f , and there are three possibilities for the numerical invariants:
(a) q = b = 0 and e = pg;
(b) b = 0, q = 1 and e = pg + 1;
(c) q = b = 1 and e = pg.

(ii) If χ(OS) ≥ 4 and the image of the canonical map is a surface, then deg φKS ∈

{2, 4}. Moreover, if deg φKS = 4, then

(a) pg(S) ≤ 2b + 2;
(b) T := φKS (S) is either a rational surface or a cone over an elliptic curve.

Now we discuss Auts(S) for a fibered surface f : S → B of genus two according
to the behavior of the canonical map, given by Theorem 3.3.

Proposition 3.4. Let S be a smooth projective surface of general type with a genus
two fibration f : S → B such that pg(S) ≥ 3. Suppose that the image of the
canonical map φKS is a curve.

(i) Auts(S) ⊂ AutB(S), that is, each symplectic automorphism of S is fiber-
preserving.

(ii) Auts(S) has order at most 2, and it acts trivially on CH0(S)alb.

Proof. By Theorem 3.3(i), φKS factors through f . Therefore, the fibration f is
canonical, and every automorphism of S preserves it. In other words, we have
Aut(S) = Aut f (S).

By (3-1), we have

deg M =

{
pg − 1 in cases (a) and (b) of Theorem 3.3(i),
pg in case (c) of Theorem 3.3(i).
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In all cases, deg M ≥ 2b + 1 and hence M is a very ample invertible sheaf on B.
By counting dimensions, we have H 0(B, M) ∼= H 0(B, f∗ωS) ∼= H 0(S, ωS), and
hence the canonical map φKS factors as

φKS : S B Ppg−1f φM

where φM is the embedding defined by the complete linear system |M |.
The morphisms φKS , f , and φM are all G-equivariant. Since Auts(S) acts trivially

on Ppg−1 and B embeds into Ppg−1, the induced action of Auts(S) on B is trivial,
and hence Auts(S) ⊂ AutB(S). This proves (i).

(ii) follows from (i) and the next result. □

Lemma 3.5. Let S be a smooth projective surface, and f : S → B a fibration of
genus two. If pg(S) > 0, then AutB(S) ∩ Auts(S) has order at most 2, and it acts
trivially on CH0(S)alb.

Proof. Let F be a general fiber of f . Then AutB(S) injects into Aut(F), which is
finite. Suppose that σ ∈ AutB(S) ∩ Auts(S) \ {idS}. Then

pg(S/⟨σ ⟩) = pg(S) > 0.

This implies that g(F/⟨σ ⟩) = 1, since it is smaller than 2 but cannot be 0, due to
the positivity of pg. By the Riemann–Hurwitz formula, we have

(3-2) 2g(F) − 2 = |σ |

(
2g(F/⟨σ ⟩) − 2 +

∑
i

(
1 −

1
ri

))
.

Since the automorphism group ⟨σ ⟩ generated by σ is abelian, the quotient map
F → F/⟨σ ⟩ has at least two branch points and hence

∑
i

(
1 −

1
ri

)
≥ 1. Then the

equality (3-2) implies that |σ | ≤ 2.
The hyperelliptic involution τ ∈ AutB(S) commutes with σ , and they generate

a Klein group G := ⟨σ, τ ⟩ ∼= (Z/2Z)2. Since the induced fibrations S/⟨στ ⟩ → B
and S/⟨τ ⟩ → B have genus 1 and 0 respectively, so both surfaces are not of general
type, and they have vanishing pg, we may conclude by Corollary 2.7 that σ acts
trivially on CH0(S)alb. □

Lemma 3.6. Let S be a smooth projective surface of general type with a genus
two fibration f : S → B. If χ(OS) ≥ 5, then Aut(S) = Aut f (S), that is, every
automorphism of S preserves the fibration f .

Proof. This is because f is the unique genus two fibration on S by [Xiao85,
proposition 6.4 and théorème 6.5], and hence preserved by any automorphism of S.

□
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Proposition 3.7. Let S be a smooth projective surface of general type with a genus
two fibration f : S → B, as in Notation 3.2. Suppose that χ(OS) ≥ 5, that the
canonical map φKS is generically finite onto its image T := φKS (S), and that
Auts(S) is nontrivial.

(i) Auts(S) has order 2, and preserves the fibration f .

(ii) S 99KT is birationally a (Z/2Z)2-cover, i.e., the induced extension K (S)/K (T )

of function fields is Galois with group isomorphic to (Z/2Z)2.

(iii) b ≥ 2, and the induced action of Auts(S) on B is not trivial.

(iv) AutO(S) is trivial.

(v) If q f > 0, then Auts(S) acts trivially on CH0(S)alb.

Proof. By Lemma 3.1, φKS factors through the quotient map S → S/G, where
G ⊂ Aut(S) is the subgroup generated by Auts(S) and the hyperelliptic involution τ ,
which does not lie in Auts(S). Therefore,

2|Auts(S)| ≤ |G| ≤ deg φKS ∈ {2, 4}

where we used the bound on deg φKS from Theorem 3.3(ii). Since Auts(S) is
nontrivial by assumption, we infer that

deg φKS = 4, |Auts(S)| = 2, G ∼= (Z/2Z)2.

By Lemma 3.6, Auts(S) preserves the fibration f . Thus (i) is proved.

For (ii), note that φKS has degree 4 and factors through the quotient map S →

S/⟨τ, σ ⟩, which also has degree 4. Thus the induced map S/⟨τ, σ ⟩ 99K T is
birational, and (ii) follows.

(iii) By Theorem 3.3(ii), we have

(3-3) pg ≤ 2b + 2.

It follows that

b ≥ pg − b − 2 ≥ pg − q − 2 = χ − 3 ≥ 2

where the last inequality is because χ ≥ 5 by assumption.
By Theorem 3.3(ii), T is either a rational surface or a cone over an elliptic curve.

This implies that the smooth models of T (and of S/G) have irregularity at most 1.
Thus, the dimension of H 0(S, �1

S)
G is at most 1. On the other hand, since S/⟨τ ⟩ is

a P1-fibration over B, we have

dim H 0(S, �1
S)

τ
= b ≥ 2.
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It follows that H 0(S, �1
S)

G ⊊ H 0(S, �1
S)

τ , and hence σ does not act trivially on
H 0(S, �1

S)
∼= H 1(S,OS)

∨. Therefore, the automorphism σB ∈ Aut(B) induced by
σ is not the identity. This finishes the proof of (iii).

(iv) We have σ /∈ AutO(S) by (iii), and hence AutO(S) is trivial.

(v) Note that q f ≤ 2 in any case. If q f = 2, then the assertion follows directly
from Corollary 2.5.

Thus we may assume that q f = 1, and there is a one-form

η0 ∈ H 0(S, �1
S) \ f ∗H 0(B, �B),

which we may assume to be an eigenvector with eigenvalue λ under the action of σ .
Then

H 0(S, �1
S) = f ∗H 0(�1

B) ⊕ C · η0,

both summands of which are invariant under the action of G = ⟨σ, τ ⟩. Define a
C-linear map

(3-4) ∧
η0 : H 0(B, �1

B) → H 0(S, KS), η 7→ f ∗η ∧ η0,

which is easily seen to be injective and G-equivariant. Since σ acts trivially on
H 0(S, KS) and hence also trivially on the subspace f ∗H 0(B, �1

B))∧η0, it follows
that σ acts as the scalar multiplication by λ−1 on the whole H 0(B, �1

B). Thus the
canonical map φK B : B → Pb−1 factors through the quotient map B → B/⟨σB⟩.
Since b ≥ 2, we infer that B is a hyperelliptic curve and σB is its hyperelliptic
involution, acting as −1 on H 0(B, �1

B). It follows that λ = −1, and the eigenvalues
of the action are as in the following table:

f ∗H 0(�1
B) C · η0

σ −1 −1
τ 1 −1

It follows that
pg(S/⟨στ ⟩) = 0, q(S/⟨στ ⟩) = 1

and hence S/⟨στ ⟩ is not of general type [Bea96, Chapter VI]. By Corollary 2.7,
σ acts trivially on CH0(S)alb. □

Finally, we make an observation that Conjecture 1.2 (for surfaces with pg = 0)
implies Conjecture 1.1 for surfaces of general type with a genus two fibration and
χ(OS) ≥ 5.

Proposition 3.8. Let S be a smooth projective surface of general type with a genus
two fibration and χ(OS) ≥ 5. Assume that Conjecture 1.2 holds. Then Auts(S) acts
trivially on CH0(S)alb.
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Proof. We may assume that Auts(S) is nontrivial. By Theorem 1.4, we may assume
that the canonical map φKS is generically finite, and Auts(S) has order two. Let σ

be the generator of Auts(S), and τ ∈ AutB(S) the hyperelliptic involution. Then
⟨σ, τ ⟩∼= (Z/2Z)2, and since S/⟨τ ⟩→ B is a P1-fibration, one has CH0(S/⟨τ ⟩)alb =0.
Note also that pg(S/⟨στ ⟩) = 0.

Assuming Conjecture 1.2 holds, we have CH0(S/⟨στ ⟩)alb = 0, and hence σ acts
trivially on CH0(S)alb by Lemma 2.6. □
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NON-BRAID-POSITIVE HYPERBOLIC L-SPACE KNOTS

KEISUKE HIMENO

An L-space knot is a knot that admits a positive Dehn surgery yielding an
L-space. Many known hyperbolic L-space knots are braid positive, meaning
they can be represented as the closure of a positive braid. Recently, Baker and
Kegel showed that the hyperbolic L-space knot o9_30634 from Dunfield’s
census is not braid-positive, and they constructed infinitely many candidates
for hyperbolic L-space knots that may not be braid-positive. However, it
remains unproven whether their examples are genuinely non-braid-positive.
In this paper, we construct infinitely many hyperbolic L-space knots that
are not braid-positive, and are distinct from those considered by Baker and
Kegel.

1. Introduction

An L-space is a rational homology 3–sphere whose (hat version) Heegaard Floer
homology has rank equal to the order of its first homology. A knot is called an
L-space knot if it admits a positive Dehn surgery yielding an L-space. L-space
knots were originally motivated by the study of knots admitting lens space surgeries
[14], and they continue to be an active subject of research.

In this paper, we consider the braid positivity of L-space knots. A knot or
link is said to be braid-positive if it can be expressed as the closure of a positive
braid. Many known L-space knots are braid-positive; for example, positive torus
knots are L-space knots, and then they are braid-positive. On the other hand, it is
known that not all L-space knots are braid-positive; for example, the (2, 3)-cable
of the right-handed trefoil is not braid-positive (see Example 1 of [1]). However,
the existence of non-braid-positive hyperbolic L-space knots remained an open
problem for some time (see Problem 31.2 of [5], Question 2 of [1]).

Recently, Baker and Kegel examined Dunfield’s list of 632 hyperbolic L-space
knots. They showed that all but one of these knots are braid-positive, and that the
exceptional knot, o9_30634, is not braid-positive [2]. Furthermore, they constructed
infinitely many candidates for non-braid-positive hyperbolic L-space knots, although
they could not prove that any of their examples are definitely non-braid-positive.
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n

n

Figure 1. The braid Xn .

The purpose of this paper is to give infinitely many hyperbolic L-space knots that
are not braid-positive. While all candidates by Baker and Kegel are represented as
closures of 4-braids, we construct the infinite family of such knots by increasing the
number of strands in the braid. For each n ≥ 2, we define a knot Kn as the closure
of a 2n-braid, as follows. Let [ε1i1, ε2i2, . . . , εmim] denote the braid σ

ε1
i1

σ
ε2
i2

· · · σ
εm
im

,
where σi is the i-th standard generator of the degree 2n braid group and ε j = ±1.
Define the braid

Xn = [n, n − 1, n + 1, n − 2, n, n + 2, . . . , 1, 3, . . . , 2n − 1,

2n − 2, . . . , 4, 2, . . . , n + 1, n − 1, n],

illustrated in Figure 1. Let Kn (n ≥ 1) be a knot represented by the closure of
2n-braid

βn = X3
n · [−1, −2, . . . ,−(n − 1), n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n],

shown in Figure 2. Note that K2 coincides with the knot o9_30634, and K1 is the
(2, 5)-torus knot. Although the Kn for odd n do not appear in the statement of
Theorem 1.1, we use them in the proof.

Theorem 1.1. When n is even, Kn is a non-braid-positive hyperbolic L-space knot.

Since the knots {Kn} are mutually distinct (see Lemma 2.8), we have the following
corollary.

n

n

Figure 2. The knot Kn is the closure of this braid.
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Corollary 1.2. There exist infinitely many non-braid-positive hyperbolic L-space
knots.

When n is odd, we also expect Kn to be a non-braid positive hyperbolic L-space
knot. However, in this case, the criterion we use for braid positivity failed to
detect it.

2. Non-braid positivity

In this section, we prove that Kn is non-braid-positive when n is even. Our proof is
based on Ito’s criterion using the HOMFLY polynomial [8].

2.1. HOMFLY polynomial and its zeroth coefficient polynomial. For an oriented
link L , the HOMFLY polynomial PL(v, z) is a two-variable Laurent polynomial
defined by the skein relation

v−1 PL+
(v, z) − vPL−

(v, z) = z PL0(v, z),

together with PU (v, z) = 1, where U is the unknot. Here, the links (or diagrams)
L+, L− and L0 coincide outside a small 3-ball, and inside the 3-ball, they differ as
in Figure 3. (Throughout, all braids are assumed to be oriented from left to right.)

In [8], Ito provided a criterion for the braid positivity of a link using the HOMFLY
polynomial. We state the result in the case of knots. Let

P̃K (α, z) = (−α)−g(K ) PK (v, z)|−v2=α,

where g(K ) denotes the genus of a knot K .

Theorem 2.1 [8, Theorem 2]. If K is a braid-positive knot, then P̃K (α, z) is positive,
that is, all nonzero coefficients of P̃K (α, z) are positive integers.

The HOMFLY polynomial PL(v, z) can be expressed in the form

PL(v, z) = (v−1z)−#L+1 ∑
i=0

pi
L(v)z2i ,

where #L is the number of components of the link L . The polynomial pi
L(v) is

called the i -th coefficient (HOMFLY) polynomial of L . In this paper, we focus on
the zeroth coefficient polynomial p0

L(v). It is known that this polynomial satisfies
several important properties; see, for example [9, Section 2] and [19, Section 2].

The zeroth coefficient polynomial p0
L(v) satisfies the skein relation

L+ L− L0
Figure 3. The small 3-ball in the diagrams of L+, L− and L0.
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(2-1) v−2 p0
L+

(v) − p0
L−

(v) =

{
p0

L0
(v) (δ = 0),

0 (δ = 1),

where δ=
1
2(#L+−#L0+1)∈{0, 1}. In particular, δ=0 if L+ is a knot. Furthermore,

for a two-component link L = k1 ∪ k2, we have

(2-2) p0
L(v) = (v−2

− 1)v2·lk(k1,k2) p0
k1

(v)p0
k2

(v),

where lk(k1, k2) is the linking number of k1 and k2. In particular, when L+ is a
knot (hence L− is also a knot and L0 is a two-component link k1 ∪ k2), the skein
relation (2-1) can be rewritten as

(2-3) p0
L−

(v) = v−2 p0
L+

(v) + (1 − v−2)v2·lk(k1,k2) p0
k1

(v)p0
k2

(v).

2.2. Degree of p0
L for a braid-positive link L. For a braid β, let L(β) denote the

closure of β. A positive braid β is a minimal positive braid if the number of strands
of β is minimum among all the positive braid representative of L(β). The following
proposition is useful when applying the skein relation to a braid-positive link.

Proposition 2.2 [21, Lemma 2]. Let L be a braid-positive link that is not an unlink.
Then there exists a positive braid β such that L is the closure of a positive braid of
the form σ 2

i β for some i. Moreover, such a positive braid representative σ 2
i β of L

can be taken so that it is a minimal positive braid.

Lemma 2.3. Let β be a positive n-braid, and let e be the number of crossings of β.
Then the degree of the zeroth coefficient polynomial satisfies

deg p0
L(β)(v) ≤ n + e − #L(β).

Proof. We prove this lemma by induction on e. For an unlink U , we have p0
U (v) =

(v−2
− 1)#U−1, so deg p0

U (v) = 0.
Assume that L(β) is not an unlink. By Proposition 2.2, we can write L(β) =

L(σ 2
i β ′) for some i , where β ′ is a positive n-braid with e−2 crossings. (If necessary,

we may increase the number of crossings to realize β ′ as an n-braid.)
Applying the skein relation (2-1), we get

p0
L(β)(v) = p0

L(σ 2
i β ′)

(v) = v2 p0
L(β ′)(v) +

{
v2 p0

L(σi β ′)(v) (δ = 0),

0 (δ = 1).

Note that #L(β ′) = #L(β), and #L(σiβ
′) = #L(β)+ 1 if δ = 0. By the assumption

of induction, we have

deg v2 p0
L(β ′)(v) ≤ 2 + (n + e − 2 − #L(β ′)) = n + e − #L(β),

and if δ = 0,

deg v2 p0
L(σi β ′)(v) ≤ 2 + (n + e − 1 − #L(σiβ

′)) = n + e − #L(β).

The claim follows. □
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Definition 2.4. A positive n-braid β is said to be sharp if

deg p0
L(β)(v) = n + e − #L(β),

where e is the number of crossings of β.

We now state several lemmas concerning the notion of sharpness.

Lemma 2.5. If positive braid σ 2
i β is sharp, then at least one of β and σiβ is sharp.

Proof. The claim follows immediately from the proof of Lemma 2.3. □

Lemma 2.6. If a positive braid β is sharp, then it is a minimal positive braid.

Proof. Let β be a positive n-braid that is not minimal, and let β ′ be a minimal
positive braid representative of L(β) with n′ strands (n′ < n). The number of
crossings of β is n − χ(L(β)) and that of β ′ is n′

− χ(L(β)) [18]. Here χ(L) is
the maximal Euler characteristic among all compact, connected, oriented surfaces
whose boundary is a link L .

By Lemma 2.3,

deg p0
L(β)(v) ≤ n′

+ n′
− χ(L(β)) − #L(β) < n + n − χ(L(β)) − #L(β).

This implies that β is not sharp. □

Lemma 2.7. Let L = k1 ∪ k2 be a two-component link represented as the closure
of a positive braid β. Suppose that each component knot k1 and k2 can also be
represented as the closure of positive braids β1 and β2, respectively. If β is sharp,
then both β1 and β2 are sharp.

Proof. Let n, n1, n2 be the numbers of strands, and e, e1, e2 be the numbers of
crossings of β, β1 and β2, respectively. Then,

n = n1 + n2, e = e1 + e2 + lk(k1, k2).

By (2-2) and Lemma 2.3, we have

deg p0
L ≤ 2 · lk(k1, k2) + (n1 + e1 − 1) + (n2 + e2 − 1) = n + e − 2.

Equality holds if and only if β1 and β2 are sharp. Since β is sharp, equality holds,
and the result follows. □

2.3. Non-braid positivity for Kn. We are ready to prove that Kn is not braid-positive
when n is even.

Lemma 2.8. For n ≥ 2, the top term of p0
Kn

(v) is (−1)nv3n2
+3n .

Proof. We prove this by induction on n. Using Sage [17], one can confirm that the
top term of p0

K2
(v) is v18.

Throughout the following, we identify each braid with its closure diagram in the
skein tree.
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Kn

Kn
+

Kn −1

T( )2, 3 2, 7

Kn − 2

T( )2, 3 n n− 1 − 2, 3

K =1 T2, 5

T2, 3

Figure 4. The skein tree for the knot Kn . Consider the crossing change
and the smoothing at the crossing indicated by the dashed circle.

Assume that n ≥ 3. From the skein tree shown in Figure 4 and equation (2-3),
we obtain

p0
Kn

(v) = (1 − v−2)v2(3(n−1)·1+1) p0
T2,3

(v)p0
Kn−1

(v)

+ (1 − v−2)v−2
· v2(3(n−2)·2+2) p0

(T2,3)2,7
(v)p0

Kn−2
(v) + · · ·

+ (1 − v−2)v−2(n−2)
· v2(3·1·(n−1)+n−1) p0

(T2,3)n−1,3n−2
(v)p0

K1
(v)

+ v−2(n−1) p0
K +

n
(v)

=

n−1∑
k=1

v−2(k−1)(1−v−2)v2(3(n−k)·k+k)p0
(T2,3)k,3k+1

(v)p0
Kn−k

(v)+v−2(n−1)p0
K +

n
(v),
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where (T2,3)k,3k−1 denotes the (k, 3k−1)-cable of the right-handed trefoil and K +
n

is the braid-positive knot shown at the bottom in Figure 4.
By the induction assumption and the fact deg p0

K1
(v) = deg p0

T2,5
(v) = 6, we

have deg p0
Ki

= 3i2
+ 3i for 1 ≤ i ≤ n − 1. Since (T2,3)k,3k+1 is represented by the

closure of the positive braid X3
k · [1, 2, . . . , k − 1], Lemma 2.3 gives

deg
(
v−2(k−1)(1 − v−2)v2(3(n−k)·k+k) p0

(T2,3)k,3k+1
(v)p0

Kn−k
(v)

)
≤ −2(k −1)+2(3(n − k)k + k)+ (2k +3k2

+ (k −1)−1)+3(n − k)2
+3(n − k)

= 3n2
+ 3n.

Equality holds if and only if the positive braid X3
k · [1, 2, . . . , k − 1] is sharp.

Claim 2.9. For k ≥ 2, the positive braid X3
k · [1, 2, . . . , k − 1] is not sharp.

Proof. We consider the skein tree

D0 → D1 → · · · → Di → Di+1 → · · · → Dk,

↓ ↓ ↓ ↓

Ds
0 Ds

1 Ds
i Ds

i+1

where D0 is the braid X3
k · [1, 2, . . . , k − 1] and each Di (i = 1, . . . , k) and Ds

i
(i = 0, . . . , k −1) are as illustrated in Figures 5 and 6. The right arrows correspond
to crossing changes, and the down arrows correspond to smoothings. Note that all
links in the skein tree are braid-positive links.

Dk contains exactly one occurrence of the generator σ2k−1, and is hence a
nonminimal positive braid. Each Ds

i (0 ≤ i ≤ k − 1) is also nonminimal, as shown
in Figures 7 and 8. Thus, by Lemmas 2.5 and 2.6, the claim follows. □

On the other hand, K +
n is represented as the closure of the positive braid

X3
n · [1, 2, . . . , n − 1, n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n].

k

k

i

Figure 5. The diagram Di (0 ≤ i ≤ k). Performing a crossing change at
the crossing indicated by the dashed circle, followed by a Reidemeister II
move, results in the diagram Di+1. Alternatively, smoothing the crossing
produces the diagram Ds

i .
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i

Figure 6. The diagram Ds
i (0 ≤ i ≤ k − 1).

i i

Figure 7. The positive braid Ds
i (0 ≤ i ≤ k − 2) is not minimal.

Figure 8. The positive braid Ds
k−1 is not minimal.
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Lemma 2.3 gives

deg v−2(n−1) p0
K +

n
(v) ≤ −2(n − 1) + 2n + (3n2

+ n − 1 + 2n) − 1 = 3n2
+ 3n.

Equality holds if and only if the positive braid

X3
n · [1, 2, . . . , n − 1, n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n]

is sharp again.

Claim 2.10. For n ≥ 3, the positive braid

X3
n · [1, 2, . . . , n − 1, n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n]

is not sharp.

Proof. We consider the skein tree

E0 → E1 → · · · → Ei → Ei+1 → · · · → En,

↓ ↓ ↓ ↓

E s
0 E s

1 E s
i E s

i+1

where E0 is the braid described in the claim, and En is X3
n · [1, 2, . . . , n −1], which

is not sharp by Claim 2.9. The diagrams Ei and E s
i are illustrated in Figures 9 and

10.
As shown in Figure 10, the diagram E s

i consists of two components k1 and k2,
represented by the positive braids γ 1

i and γ 2
i respectively. Figure 11 shows that

γ 1
i (1 ≤ i ≤ n − 1) is not minimal, and hence nonsharp by Lemma 2.6. Then,

Lemma 2.7 implies that E s
i is not sharp for 1 ≤ i ≤ n − 1.

For i = 0, we observe that γ 1
0 is a 1-braid (thus sharp), so we analyze γ 2

0 . We
perform a crossing change and smoothing at the crossing marked in Figure 12. The
resulting diagrams (Figures 13 and 14) demonstrate that γ 2

0 is not sharp, and hence
E s

0 is not sharp. □

n

n
i

Figure 9. The diagram Ei (0 ≤ i ≤ n). Performing a crossing change at
the crossing indicated by the dashed circle, results in the diagram Ei+1.
Alternatively, smoothing the crossing produces the diagram E s

i .
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n i

i

− −1

n i

1i

−

+

−1

i

n i− −1

i

n i− −1

Figure 10. The diagram E s
i (0≤ i ≤n−1) represents the two-component

link k1 ∪ k2. k1 is represented by the positive braid γ 1
i (red), and k2 by γ 2

i
(blue).

i

1i +

Figure 11. The positive braid γ 1
i (1 ≤ i ≤ n − 1) is not minimal. The

first deformation is a conjugation that moves the X-shaped part on the
left side of the braid to the right.

n

n

Figure 12. The diagram E s
0. The red line represents γ 1

0 , and the blue
line represents γ 2

0 . The crossing change at the crossing indicated by the
dashed circle changes γ 2

0 into the diagram as in Figure 13. Alternatively,
the smoothing yields the diagram as in Figure 14.
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n

n

n

n−1

n−1

n−1

Figure 13. The diagram obtained by the crossing change of γ 2
0 . As indicated,

the corresponding positive braid is not minimal, hence not sharp.

n

n−1

Figure 14. The diagram obtained by the smoothing of γ 2
0 . The blue line is

the positive braid X3
n−1[1, 2, . . . , n − 2], which is not sharp by Claim 2.9.

By Claims 2.9 and 2.10, the top term of p0
Kn

(v) arises from the term

(1 − v−2)v2(3(n−1)·1+1) p0
T2,3

(v)p0
Kn−1

(v),
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which evaluates to v2(3(n−1)·1+1)(−v4)(−1)n−1v3(n−1)2
+3(n−1)

= (−1)nv3n2
+3n . The

proof of Lemma 2.8 is complete. □

Lemma 2.11. When n is even, the genus of Kn is given by

g(Kn) =
3
2 n2

−
1
2

n + 1.

Proof. By [13] and Proposition 3.1 below, Kn is an L-space knot, and hence fibered.
A quasi-positive Seifert surface for Kn can be constructed by attaching 3n2

+ n + 1
bands to 2n disks, where one of the bands corresponds to the braid

[−1, −2, . . . ,−(n − 1), n, n − 1, . . . , 2, 1]

and the remaining bands correspond to the other positive crossings. By [16], the
surface is incompressible and therefore serves as the fiber surface of Kn . A direct
calculation then yields the genus g(Kn) =

3
2 n2

−
1
2 n + 1. □

Proposition 2.12. If n is even, then Kn is not braid-positive.

Proof. Set n = 2k. By Lemmas 2.8 and 2.11, the top term of
(−α)−g(K2k) p0

K2k
(v)|−v2=α is

(−α)−(6k2
−k+1)(−1)2k(−α)6k2

+3k
= (−α)4k−1

= −α4k−1.

Since this is the term of z0 in P̃Kn (α, z), P̃Kn (α, z) is a non-positive polynomial.
Therefore, Theorem 2.1 implies that Kn is not braid-positive. □

3. L-space surgery

In this section, we prove that Kn admits a Dehn surgery yielding an L-space if n
is even. Throughout, we set n = 2k. We apply the Montesinos trick [12]: for a
strongly invertible link L in S3, the manifold obtained by Dehn surgery on L is the
double branched cover of a link ℓ arising from a tangle replacement on the axis.
See [2; 20] for details.

Figure 15 illustrates a strongly invertible position of the link K ∪ C1 ∪ C2 ∪ C3,
where performing (−1)-surgery on C1 and 1-surgery on both C2 and C3 transforms
K into K2k . Note that r -surgery on K corresponds to (8k2

+ r)-surgery on K2k .

Proposition 3.1. (12k2
+ 2k)-surgery on K2k yields an L-space.

Proof. When k = 1, the 14-surgery on K2 = o9_30634 yields an L-space [2].
Assume that k ≥ 2. Consider the quotient of the link in Figure 15 under the
involution around the axis, as shown in Figure 16. Note that the surgery coefficient
on K is 4k2

+ 2k, and the writhe of K in the diagram is 4k2
+ 2k + 1. Hence,

(4k2
+2k)-surgery on K corresponds to a tangle replacement by the (−1)-tangle.

Figure 17 illustrates a deformation of the quotient. Performing the indicated
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K−1 1

C2

1

C3

C1

Figure 15. A strongly invertible position of the link K ∪ C1 ∪ C2 ∪ C3.
The dashed boxes total 2k − 1: k in the upper part and k − 1 in the lower.

1

−1

−1

Figure 16. The quotient by the involution around the axis.

surgeries and tangle replacements on the middle right portion of the figure yields
the link diagram in the bottom portion, which we denote by ℓ.

Claim 3.2. The double branched cover of the link ℓ is an L-space.

Proof. Using the Goeritz matrix derived from a checkerboard coloring of the
diagram of ℓ (Figure 17, bottom), we compute det ℓ = 12k2

+2k. By smoothing the
2k−1 crossings indicated by the dashed box in that figure, as shown in Figure 18,
we obtain the links (or knots) ℓi

∞
(i = 1, . . . , 2k − 1) and a knot ℓ0.

A computation gives det ℓi
∞

= 12k2
+2k − (6k +1)i and det ℓ0 = 6k +1. Hence,
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k−− 2)(2

k−22
k2

k2−

1− 1−

1 1

1−

1−

1−

1−

1

1−
1−

k−1
−1

k−1
−1

k−1
1 k−1

1

Figure 17. Three deformation steps for the quotient from Figure 16. In
the bottom part, integers indicate the number of half-twists: right-handed
if positive, left-handed otherwise.
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∞
1

∞
2

∞
2k −1

0 0 0

Figure 18. Smoothing the crossings indicated by the dashed circle.

det ℓi
∞

= det ℓi+1
∞

+det ℓ0 for i = 1, . . . , 2k −2, and det ℓ = det ℓ1
∞

+det ℓ0.

By [14, Proposition 2.1] and [15, Proposition 2.1], it suffices to show that the
double branched covers of ℓ0 and ℓ2k−1

∞
are both L-spaces.

As shown in Figure 19, the knot ℓ0 is the Montesinos knot M
(
−

2
3 , 1

2 , 2k
6k−1

)
,

which is not quasi-alternating by [6]. Its double branched cover is the Seifert fibered

0

k−2 k−2

k−2

Figure 19. ℓ0 is a Montesinos knot.
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space
M

(
0; −

2
3 , 1

2 , 2k
6k−1

)
= M

(
−1;

1
2 , 2k

6k−1 , 1
3

)
,

following the convention of [11], consistent with [2; 20].
According to [10; 11], such a Seifert fibered space M(−1; r1, r2, r3) with 1 ≥

r1 ≥ r2 ≥ r3 ≥ 0 is an L-space if and only if there are no relatively prime integers
m > a > 0 satisfying mr1 < a < m(1 − r2) and mr3 < 1. For r1 =

1
2 , r2 =

2k
6k−1 ,

and r3 =
1
3 , the condition mr3 < 1 with m > a > 0 gives a = 1, m = 2, but this

violates mr1 < a. Thus, the double branched cover of ℓ0 is an L-space.
Similarly, Figure 20 shows that ℓ2k−1

∞
is the Montesinos knot M

( 2
5 , − 1

2 , 2k
14k−1

)
,

k−2
k−2

k−2

k−2

k−2

∞
2k −1

∞
2k −1

−7

Figure 20. A deformation of ℓ2k−1
∞

, showing that it is a Montesinos knot.
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and its double branched cover is

M
(
0;

2
5 , − 1

2 , 2k
14k−1

)
= M

(
−1;

1
2 , 2

5 , 2k
14k−1

)
.

Set r1 =
1
2 , r2 =

2
5 , and r3 =

2k
14k−1 . The condition mr3 < 1 implies m < 7 −

1
2k ,

so m = 2, 3, . . . , 6. But for these values, there exists no integer a satisfying
1
2 m < a < 3

5 m. Therefore, the double branched cover of ℓ2k−1
∞

is an L-space. □

By the Montesinos trick and Claim 3.2, the proof of Proposition 3.1 is complete.
□

4. Hyperbolicity

To complete the proof of Theorem 1.1, we show that Kn is hyperbolic. To this
end, we prove that the braid βn representing Kn , regarded as an element of the
mapping class group of a punctured 2-disk, is pseudo-Anosov in the sense of the
Nielsen–Thurston classification. We apply the criterion of Bestvina and Handel [3],
see also [4].

Let D be a 2-disk, and let P = {p1, . . . , pk} be a set of k punctures. Take k small
circles ci (i = 1, . . . , k), each centered at pi , such that the interior of ci contains no
other punctures. Choose a finite graph G embedded in D such that it is homotopy
equivalent to D \ P , and contains C = {c1, . . . , ck} as a subgraph. We allow G to
have loops, but assume that it has no vertices of valence 1 or 2. Let V (G) and E(G)

denote the sets of vertices and edges of G, respectively. A walk τ in G is a finite
sequence alternating between vertices and edges (v1, e1, v2, e2, . . . , vℓ, eℓ, vℓ+1),
where v1, . . . , vℓ+1 ∈ V (G) and e1, . . . , eℓ ∈ E(G) such that the endpoints of ei

are vi and vi+1. There is no confusion in denoting this walk by τ = e1e2 · · · eℓ. Let
W (G) be the set of all walks in G.

A homeomorphism f on D that preserves the set of punctures P induces a graph
map

g : (V (G), W (G)) → (V (G), W (G)),

which preserves the set C set-wise. (The definition of a graph map involves the
notion of a fibered surface associated with G, but we omit those details.)

Definition 4.1. A graph map g is said to be efficient if there are no integers m ≥ 1
and edges e ∈ E(G) such that

gm(e) = · · · ei ei · · ·

for some ei ∈ E(G). If such integer m ≥ 1 and an edge e ∈ E(G) exist, then we
say that gm(e) has a back track.

Let Vec(G) be the real vector space spanned by E(G). Each walk in G determines
an element of Vec(G) by mapping to the linear combination in which the coefficient
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of each ei is its multiplicity in the walk. For a graph map g, we define its transition
matrix Tg as the linear transformation

Tg : Vec(G) → Vec(G)

that maps each edge e to g(e), regarded as an element of Vec(G).
Let Cpre be the set of edges e ∈ E(G) such that gm(e) is contained in C for some

m ≥ 1, and define the set of real edges by

E re(G) = E(G) \ (C ∪ Cpre).

By the definition of g and Cpre, the transition matrix Tg has the block form

Tg =

 C A B
0 Cpre D
0 0 T re

g

 ,

where C, Cpre and T re
g are the transition matrices associated with C , Cpre and E re(G).

Recall that a nonnegative square matrix M is called irreducible if, for any indices
(i, j), there exists m ≥ 1 such that the (i, j)-entry of Mm is positive. By the Perron–
Frobenius theorem, such a matrix M has a real, positive eigenvalue greater than
the absolute values of all other eigenvalues. This is called the Perron–Frobenius
eigenvalue and is denoted by λ(M) (it coincides with the spectral radius of M).

Theorem 4.2 [3]. Let f be a homeomorphism on D that preserves the set of
punctures P , and g be an induced graph map for f . Suppose that

• g is efficient, and

• the transition matrix T re
g with respect to the real edges is irreducible with

λ(T re
g ) > 1.

Then the mapping class of f (up to isotopy) is pseudo-Anosov with dilatation equal
to λ(T re

g ).

Lemma 4.3. The mapping class corresponding to the braid

βn = X3
n · [−1, −2, . . . ,−(n − 1), n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n] (n ≥ 2)

is pseudo-Anosov.

Proof. When n = 2, the braid β2 is pseudo-Anosov (confirmed using Sage [17]).
Assume that n ≥ 3.

Consider the braid

β ′

n = [n, n − 1, n − 2, . . . , 2, 1, 1, 2, 3, . . . , n] · X3
n · [−1, −2, . . . ,−(n − 1)],

which is conjugate to βn .
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ne −1

nc −1
n−1

ne +1

nc +1
n+1

ne +2

nc +2

n+2

ne
nc

ne +22

ne +12

ne −12

nc −12
n−12

ne2

nc2
n2

e2

c2
2

e1

c1
1

n

Figure 21. The graph G embedded in D \ {p1, . . . , p2n}. Each integer
inside a circle ci represents a puncture.

Let G be a graph embedded in D \ {p1, . . . , p2n}, as shown in Figure 21. (Note
that this graph was chosen so that Theorem 4.2 can be applied.) Figures 22 and 23
illustrate a deformation of G induced by the braid β ′

n . The induced graph map g
acts on the real edges as follows:

g(ei ) = en+1+i for i = 1, . . . , n − 1,

g(en+i ) = ei for i = 1, . . . , n − 1,

g(en) = e2n+1en−1cn−1 · · · e2nc2ne2nen+1,

g(e2n) = e2n+1,

g(e2n+1) = en+1cn+1en+1 · · · e2ncn−1e2n+2, and

g(e2n+2) = encnen · · · en−1e2n+1en.

Note that e1, . . . , e2n+2 are real edges, and g(e) has no back tracks for any real
edge e.

Suppose that gk(e) has a back track for some e ∈ E re(G) and k ≥ 1. Then it
must occur at en , that is, gk(e) contains a subwalk of the form

gk(e) = · · · e2n+1enene2n+1 · · · .

This implies that gk−1(e) contains a subwalk of the form

gk−1(e) = · · · e2n+2e2n · · · or · · · e2ne2n+2 · · · ,

which does not occur by Figure 23. Hence, g is efficient.
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n+1

n+2

n−12 1

2

n−1

n2

n+1

n+2

n−12

n2

n+1

n+2

n−12

n2

n+1

n+2

n−12

n2

n

1

2

n−1

n

1

2

n−1

n

1

n−2

n−1

G
[ ]1−, , ,1,1, 2. . . , ,. . . nn n

[ ]1−−1− ( ), 2− , ,. . . n

Xn

Xn
2

n

Figure 22. The deformation of G induced by the braid β ′
n .

Since g(en) passes through all real edges of G, and for any real edge e, there
exists k ≥ 1 such that gk(e) passes through en , it follows that some power (T re

g )m of
the transition matrix has all entries that are positive integers. We can choose m such
that the trace of (T re

g )m is greater than #E re(G). Therefore, (T re
g ) is irreducible and

satisfies λ(T re
g ) > 1. By Theorem 4.2, β ′

n is pseudo-Anosov, and hence so is βn . □

Proposition 4.4. Kn (n ≥ 2) is a hyperbolic knot.

Proof. Note that Kn can be obtained by the closure of the braid Xnβn X−1
n , and

Xnβn X−1
n is also pseudo-Anosov by Lemma 4.3.

By Figure 24, the Dehornoy floor of Xnβn X−1
n is greater than 1 (see [7] for

definition of the Dehornoy floor). Therefore, by Theorem 1.3 of [7], the closure of
βn , namely Kn , is a hyperbolic knot. □

Proof of Theorem 1.1. By Propositions 2.12, 3.1 and 4.4, we have the conclusion. □
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n+1

n+2

n−12

n2

1

n−2

n−1

n

n+1

n+2

n−12

n2

1

n−2

n−1

n

Figure 23. Continued from Figure 22. Here, the deformation from the
right bottom in Figure 22 to the bottom of this figure is by an isotopy.
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− 2

− 2

− 2 − 2

− 4∆

Figure 24. Top: the braid Xnβn X−1
n . Middle: the braid obtained by

rewriting the braid 1−4 Xnβn X−1
n , where 1 is the Garside fundamental

2n-braid. Here the box with −2 indicates two left-handed full-twists.
Bottom: the braid obtained by further modifying the middle braid. Since
this braid is σ1–positive, we have 14 <D Xnβn X−1

n where <D is the
Dehornoy order.
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THE RANKIN–SELBERG INTEGRAL ON GSp2

FOR SQUARE-FREE LEVELS

SEIJI KUGA AND MASAO TSUZUKI

We explicitly compute the Rankin–Selberg type integral introduced by
Piatetski-Shapiro over adeles for vector-valued Siegel cusp forms of square-
free levels �0.N /. On the way, for particular test functions in the Bessel
models of irreducible admissible representations, exact evaluations of the
local zeta integrals are given.

1. Introduction

Lately, the Bessel periods on the symplectic similitude group G WDGSp2 of rank 2

have been gaining in importance in the arithmetic of Siegel modular forms. The
notion of Bessel period and the associated local models of admissible representations
of G were originally introduced by Novodvorski and Piatetski-Shapiro in their work
[27; 26; 29], where a modern treatment of Andrianov’s integral representation
[1; 2] of the spinor L-function for Siegel modular forms was developed. Related
to this, we should also mention independent work by Sugano [42], which handles
vector-valued Hilbert–Siegel cusp forms on arithmetic groups defined by maximal
orders of indefinite division algebras. The Bessel period also plays an essential
role in a formulation of Böcherer’s conjecture posed by Liu [22] in a style of the
refined Gan–Gross–Prasad conjecture. This version of Böcherer’s conjecture has
been completely solved by Furusawa and Morimoto [9; 10].

In this paper, we compute the Rankin–Selberg type integral a la Piatetski-Shapiro
for holomorphic vector-valued Siegel cusp forms of square-free levels explicitly,
using results of Pitale and Schmidt [32] on local new vectors on G.Qp/ .p <1/;
since we rely on the local-global method, our result is immediately applied to
nonholomorphic Siegel cusp forms of discrete series type (cf. [20; 23]).

We explain the background of our investigation for scalar-valued Siegel modular
forms of weight l . Let E be an imaginary quadratic field of discriminant D < 0;
depending on E, we define a closed Q-subgroup G# ,! G as in Section 2.1 and
form the Eisenstein series E.s; ƒ; �/ .s 2 C/ on G#.A/ attached to an ideal class

MSC2020: primary 11F46; secondary 11F67.
Keywords: Siegel modular forms, Rankin–Selberg integral.
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character ƒ of E and a finite order character � W A�=Q�! C1 (see Section 3.1).
Our focus is an asymptotic formula as N C l!1 of the average

1

ŒSp2.Z/ W �0.N /�

X
'2B.l;N /

hE.s; ƒ; �/ j 'iBE;ƒ.'/;(1-1)

where BE;ƒ.'/ is the Bessel period of ' in an orthonormal basis B.l;N / of Siegel
cusp forms of weight l and square-free level �0.N /, and hE.s; ƒ; �/ j 'i is the L2

inner product of E.s; ƒ; �/ and ' restricted to G#.A/. We suppose the ramifications
of E=Q, �, � are mutually disjoint. Actually, for application [19], we consider a
more general average than (1-1) by requiring B.l;N / to consist of joint eigenforms
by Hecke operators and by putting the eigenvalue of such a Hecke operator at each
' in the formation of the sum (1-1). With such generality, we obtain a completely
explicit expression of (1-1) in terms of

� the spinor L-function L.s; �; �/ (see Section 4.6) attached to an irreducible
cuspidal representation � Š

N
p �p twisted by �,

� an average of Fourier coefficients of a newform '0
� in � , denoted by R.'0

� ;E; ƒ/

(see (4-12)) originally introduced in [18],

� an average of the local Bessel periods (5-10) of �p , or its computed form (5-12).

Precise statements, including the vector-valued case, are given in Proposition 5.1
and Theorem 5.2. Owing to the explicit nature of our result, we are able to show that,
asymptotically as the prime level N grows to infinity with the weight l being fixed,
the contribution to (1-1) of the old forms, the Yoshida lifts and the Saito–Kurokawa
lifts are 0 (see Theorem 5.4).

These results are necessary in our forthcoming paper [19], where we shall
work out the geometric side of a relative trace formula whose spectral side is
essentially (1-1). We should remark that an average similar to our computed
average (5-11) without the factors OL.sC1=2; �; �/ and OfS .�/ is studied in [7, §3].
When E DQ.i/, our average (5-11) is almost the same as the one in [5, §8] except
the appearance of the local periods t.�; �/.

Outline of paper. In Section 2, we introduce basic objects related to algebraic
subgroups of the symplectic group G and Haar measures on their p-adic, real and
adelic points. In Section 3.1, the Rankin–Selberg type integral and the global Bessel
function for Siegel cusp forms are recalled; after this preparation, the basic identity
(Lemma 3.2) is stated, which computes the pairing hE.s; ƒ; �/; 'i in (1-1) in terms
of the Mellin transform of the global Bessel function attached to ' [29, Theorem 5.2].
We review the proof to determine a constant depending on Haar measures exactly.
In Section 4, we recall the definition of the quantity R.';E; ƒ/ for an ideal class
characterƒ, which was originally considered in [18]; we describe its behavior under



THE RANKIN–SELBERG INTEGRAL ON GSp2 FOR SQUARE-FREE LEVELS 301

the Galois conjugation ƒ 7!ƒ| (Lemma 4.6). The local multiplicity one theorem
for Bessel models of �p’s allows us to split BE;ƒ.'/ for ' 2 � corresponding to a
pure tensor in

N
p �p to an Euler product of local Bessel functions for �p up to a

constant. To define our newform '0
� and identify this constant with R.'0

� ;E; ƒ/

(see Lemma 4.8), we fix pairs of a local Bessel functional `p on �p and a local
new vector �p of �p such that `p.�p/D 1; in Section 4.4, we explain that the main
result of [32] ensures the existence of such f.`p; �p/gp when � corresponds to a
new form on �0.N /. In Section 6, we compute the local zeta integrals by using
results of [32]. The unramified computations are known (see Section 6.2). Other
cases, as well as the explicit determination of the local periods of prime level (see
Section 6.8), seem to be new, so that some details are given in Sections 6.4, 6.5
and 6.6. In Section 4.6, the functional equation of the L-function is deduced from
the basic identity by using Lemma 4.6. Although a “nice” functional equation
of the L-function itself is known in a broader generality [39, Lemma 1.2] owing
to Arthur’s classification of the discrete spectrum, we include this section for the
sake of completeness and to provide a proof free from Arthur’s result, confirming
that the local L-factor and the local "-factor defined by [29] coincides with the
ones proposed in [36, Tables 2 and 3]. In Section 5, we prove Proposition 5.1 and
Theorem 5.2; by invoking a result by Furusawa and Morimoto [9, Theorem 8.1], we
obtain an explicit expression of (1-1) solely in terms of L-functions (Theorem 5.3).

2. Preliminaries

Let V denotes the space of symmetric matrices of degree 2; we consider V as a
Z-scheme by defining

V.R/D
˚�

a b
b c

�
j a; b; c 2R

	
for any commutative ring R. The group GL2.R/ acts on this space from the right as

(2-1) V.R/�GL2.R/ 3 .T; h/ 7! T s.h/ WD 1
det h

thT h 2 V.R/:

Let G denote the symplectic similitude group

G WD
˚
g 2GL4

ˇ̌
tg
�

O 12

�12 O

�
g D �.g/

�
O 12

�12 O

�
.9�.g/ 2GL1/

	
(usually denoted by GSp2), where � W G! GL1 is the similitude character. The
center of G is denoted by Z, which coincides with the set of all the invertible scalar
matrices of degree 4. Let PDMN be the Siegel parabolic subgroup of G, where

M WD
˚
m.A; c/ WD

�
A O
O t A�1c

� ˇ̌
A 2GL2; c 2GL1

	
;

N WD
˚
n.X / WD

�
12 X
O 12

� ˇ̌
X 2 V

	
:
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Note that �.m.A; c//D c and �.n.X //D 1. Let

T WD
˚
m
��

a 0
0 b

�
; c
� ˇ̌

a; b; c 2GL1

	
;

which is a maximal torus of G. The Weyl group W WDNG.T/=T of G is generated
by the images of

s1 WD

�
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

�
; s2 WD

�
0 0 1 0
0 1 0 0

–1 0 0 0
0 0 0 1

�
:

2.1. Embedding of groups. Let E DQ.
p

D/� C be an imaginary quadratic field
of discriminant D < 0, so that

p
D D i jDj1=2 with i being the imaginary unit. Let

OE denote the ring of integers of E. Choose a Z-basis f1; �g of OE such that

(2-2) � � N� D�
p

D;

where � 7! � denotes the nontrivial automorphism of E=Q.
The differential ideal dE=Q, defined by d�1

E=Q
WD f� 2E j trE=Q.�OE/� Zg, is

p
DOE ; thus a symplectic Z-bilinear form h � ; � i W O2

E
�O2

E
! Z is defined by

hx;yi WD trE=Q

�
�1p

D
det
� x1 y1

x2 y2

��
; x D

�
x1
x2

�
; y D

�
x1
x2

�
2 O2

E :

Note that the following vectors of O2
E

form a symplectic Z-basis, i.e., hvCi ; v
�
j iD ıij

and hvCi ; v
C
j i D hv

�
i ; v
�
j i D 0 for all i; j :

vC
1
WD
�

1
0

�
; vC

2
WD
�
�
0

�
; v�1 WD

�
0

� N�

�
; v�2 WD

�
0
1

�
:

For any ring R, set

G#.R/ WD fh 2GL2.OE ˝Z R/ j det.h/ 2R�g:

For h2G#.R/, viewed as an R-linear automorphism of .OE˝ZR/2, let �� .h/ denote
the 4� 4 matrix representing h in the R-basis fvC

1
; vC

2
; v�

1
; v�

2
g of .OE ˝Z R/2,

i.e.,

(2-3) Œh.vC
1
/; h.vC

2
/; h.v�1 /; h.v

�
2 /�D Œv

C

1
; vC

2
; v�1 ; v

�
2 � �� .h/:

Then �� .h/ 2 G.R/ and �.�� .h//D det h. Thus, we have an embedding

�� W G
#.R/! G.R/:

Let B# be the Borel subgroup of G# such that B#.R/ coincides with the set of all
points

(2-4)
�

a� ˇ

0 ��1

�
; � 2 .E˝Q R/�; a 2R�; ˇ 2R:
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Let N# denote the unipotent radical of B#, i.e., N#.R/ is the set of points (2-4) with
� D aD 1. Set Z# WD fa12 j a 2GL1g; then Z# is a subgroup of the center of G# of
index 2.

Let I� WE!M2.Q/ denote the matrix representation of the regular representation
of the Q-algebra E with respect to the basis f1; �g, i.e.,

(2-5) Œ�; ���D Œ1; � � I� .�/; � 2E;

or, explicitly,

(2-6) I� .aC b�/D

�
a �bNE=Q.�/

b aCb trE=Q.�/

�
; a; b 2Q:

For ˇ D b2C b3� 2ER with b2; b3 2R, define an element Xˇ of V.R/ as

(2-7) Xˇ WD
�

b1 b2

b2 b3

�
with b1 WD �b2 trE=Q.�/� b3NE=Q.�/:

We have

��

��
� 0
0 a��1

��
Dm.I� .�/; a/; a 2R�; � 2E�R;(2-8)

��

��
1 ˇ
0 1

��
D n.Xˇ/; ˇ 2ER:(2-9)

By formulas (2-6) and (2-8), we have �� .a12/D a14 for .a 2R�/, which implies

(2-10) �� .Z
#/D Z:

We then have NE=Q.xC �y/D Œx;y�T
�

x
y

�
.x;y 2R/ with

(2-11) T� WD

�
1 2�1 trE=Q.�/

2�1 trE=Q.�/ NE=Q.�/

�
:

Let VT� .Q/ be the orthogonal of T� in V.Q/ with respect to the nondegenerate
quadratic form tr.XY / on V.Q/, i.e.,

VT� .Q/ WD fX 2 V.Q/ j tr.T�X /D 0g:

Note that tr.T 2
�
/D 1C .trE=Q.�/=2/

2CNE=Q.�/
2 > 0, det.T� /D�D=4> 0 by

(2-2). We have VT� .Q/D fXˇ j ˇ 2Eg, and

(2-12) V.Q/DQT� ˚VT� .Q/; �� .N
#/D n.VT� /

by (2-9). The group M acts on the space of rational homomomorhisms Hom.N;Ga/

by the rule Ad�.m/�.n/D�.m�1nm/ for m2M, n2N and �2Hom.N;Ga/. For
T 2 V, let MT denote the stabilizer of �T W n.X / 7! tr.TX /, and Mı

T
the identity

component with respect to the Zariski topology. Then, for any Q-algebra R,

MıT� .R/D fm.I� .�/;NE=Q.�// j � 2ERg:
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Define a bilinear form on V.R/ as .X;Y / WD � tr.XY |/ and let SO.V.R// be the
special orthogonal group of . � ; � /.

2.2. Open compact subgroups at finite places. Let p be a prime number. Set
Ep WDE˝Q Qp and OE;p WD OE ˝Z Zp . Then, K#

p WD G#.Zp/, which coincides
with the stabilizer in G#.Qp/ of the OE;p-lattice O2

E;p
�E2

p , is a maximal compact
subgroup of G#.Qp/, and Kp WD G.Zp/ is the standard maximal compact subgroup
of G.Qp/. For a nonzero ideal n� Zp, set

K0.n/ WD
˚�

A B
C D

�
2 G.Zp/

ˇ̌
C 2 n

	
:

For a nonzero ideal a� OE;p, set

K#
0.a/ WD

˚�
a b
c d

�
2 G#.Zp/

ˇ̌
c 2 a

	
:

Thus, K0.Zp/DKp and K#
0
.OE;p/DK#

p.

Lemma 2.1. For a nonzero ideal n� Zp, we have K#
0
.nOE;p/D �

�1
�
.K0.n//.

Proof. Indeed, both ��1
�
.Kp/ and K#

p coincides with the stabilizer of O2
E;p
D

hvC
1
; vC

2
; v�

1
; v�

2
iZp

in G#.Qp/. Hence ��1
�
.Kp/DK#

p . In the remaining part of the
proof, we suppose n� pZp . Then for gD

�
A B
C D

�
2Kp , we have g 2K0.n/ if and

only if g.vC
1
/;g.vC

2
/2hvC

1
; vC

2
iZp
Cnhv�

1
; v�

2
iZp

. For gD �� .h/with hD
�

a b
c d

�
2

K#
p, this last condition becomes

�
a
c

�
;
�

a�
c�

�
2
� OE;p

nOE;p

�
, or, equivalently, c 2nOE;p.

�
For N 2Z>0, define open compact subgroups K0.N /�G.Af/ and K#.N OE/�

G#.Af/ by

K0.N / WD
Y

p<1

K0.N Zp/; K#
0.N OE/ WD

Y
p<1

K#
0.N OE;p/:

2.3. Maximal compact subgroup at the archimedean place. The identity con-
nected component of G.R/ is G.R/0 D fg 2 G.R/ j �.g/ > 0g. Set K1 WD
G.R/0\O.4/, which is a maximal compact subgroup of G.R/0 given as

K1 D
˚�

A B
�B A

� ˇ̌
A;B 2M2.R/; AC iB 2 U.2/

	
:

Note that K1 � Sp2.R/. The action of G.R/0 on the Siegel upper-half space
h2 WD fZ 2M2.C/ j

tZDZ; Im.Z/� 0g, denoted by .g;Z/ 7! ghZi, is defined
by the usual formula, i.e.,

ghZi WD .AZCB/.CZCD/�1; g D
�

A B
C D

�
2 G.R/0; Z 2 h2:

The stabilizer of i12 2 h2 in G.R/0 coincides with Z.R/K1 and the map � W
G.R/0 3 g 7! ghi12i 2 h2 induces a diffeomorphism G.R/0=Z.R/K1 Š h2. Let
p denote the subspace of g WD Lie.G.R/0/ that is mapped bijectively onto the
tangent space of h2 at i12 under the tangent map of � at 14. Let pC .� pC/ be
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the space of holomorphic tangent vectors and p� the antiholomorphic ones. Set

1 WDm.�12;�1/D

�
�12 0

0 12

�
2 G.R/; then K1[K1
1 is a maximal compact

subgroup of G.R/. The four vectors

u1 WD
�

1
0

�
; u2 WD

�
i
0

�
; u3 WD

�
0
�i

�
; u4 WD

�
0
�1

�
in E2

R form an R-basis such that

ŒvC
1
; vC

2
; v�1 ; v

�
2 �D Œu1;u2;u3;u4� .b

�
R/
�1(2-13)

with

b�R WDm.A� ; 2
�1
p
jDj/�1; A� WD

�
1 2�1 trE=Q.�/

0 �2�1
p
jDj

�
2GL2.R/:(2-14)

Note that b�R 2 G.R/
0 because �.b�R/

�1 D 2�1
p
jDj> 0. Set

K#
1 WD U.2/\G#.R/D fk#

2 U.2/ j det.k#/D˙1g;

which is a maximal compact subgroup of G#.R/. The identity connected component
.K#
1/

0 of K#
1 is SU.2/, and K#

1 D .K#
1/

0 [ .K#
1/

0ı1 with ı1 WD
�

1 0
0 �1

�
. A

general element of SU.2/ is written in the form

(2-15) hD
�

a �b
b a

�
with aD a0C ia00; b D b0C ib00 2 C, jaj2Cjbj2 D 1:

For such an h, a computation reveals the relation

(2-16) Œhu1; hu2; hu3; hu4�D Œu1;u2;u3;u4�
�

A B
�B A

�
with A WD

�
a0 �a00

a00 a0

�
; B WD

�
b00 b0

b0 �b00

�
:

Lemma 2.2. We have ��1
�
.K1/D .K#

1/
0. For k#

1 2 .K#
1/

0 as in (2-15), defining
A;B 2M2.R/ as in (2-16), we have

(2-17) �� .k
#
1/D b�R

�
A B
�B A

�
.b�R/

�1:

Proof. Equation (2-17) follows directly from (2-4), (2-16) and (2-13). From

Œhu1; hu2; hu3; hu4�D Œu1;u2;u3;u4�.�
 /

and �
 62K1, the assertion follows. �

2.4. Haar measures. For locally compact unimodular topological groups H rele-
vant to us, we fix Haar measures �H on H in the following manner. Let A be the
adele ring of Q and  W A=Q! C1 the basic character.
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2.4.1. On the additive group C, define d�C.�/ WD dx dy D 2�1jd� ^ d� j for � D
xC iy .x;y 2 R/, where dx dy is the Lebesgue measure on R2.

The Haar measure �C� on C� (resp. �R� on R�) is defined by d�C�.�/ D

j� j�1
C

d� for � D xC iy 2 C (resp. jxj�1
R dx). For each p <1, E�p (resp. Q�p) is

endowed with the Haar measure �E�p
such that �E�p

.O�
E;p

/D1 (resp. �Q�p
.Z�p/D1).

Then, viewing A�
E

as the restricted product of E�p , we define �A�
E
D
Q

p�1 �E�p
.

Similarly, we set �A� D
Q

p�1 �Q�p
.

2.4.2. For a matrix X D
�

a b
c d

�
, set X | WD

�
d �b
�c a

�
, so that XX | D .det X / 12,

and X 7!X | induces an involution of the Q-vector space V.Q/, which is viewed as
a quadratic space with the symmetric bilinear form tr.XY |/. We endow V.A/ with
the self-dual Haar measure with respect to the self-duality defined by the bicharacter
.X;Y / 7!  .tr.XY |//. Let �A (resp. �AE

) be the self-dual Haar measure on
A (resp. AE) with respect to the bicharacter .x;y/ 7!  .xy/ (resp. .˛; ˇ/ 7!
 .trE=Q.˛ Ň//). A computation shows the relation � tr.X˛X

|
ˇ
/D trE=Q.˛ Ň/ for

˛; ˇ2AE , where X˛;Xˇ 2V T� .A/ are defined by (2-7). Thus, by the isomorphism
AE 3 ˇ 7!Xˇ 2 V

T� .A/, the Haar measure �AE
is transferred to a Haar measure

on N#.A/. Since tr.T�T
|
�
/ D �D=2 ¤ 0, we have the orthogonal direct sum

decomposition V.Q/ D QT
|
�
˚VT� .Q/. By this and (2-12), write X 2 V .A/ as

X D xT
|
�
CXˇ D yT� CX˛ .x;y 2 A; ˇ; ˛ 2 AE/. By the definition of the Haar

measures, we have d�V.A/.X /D d�A.x/˝d�AE
.ˇ/. Since the change of variables

.x; ˇ/! .y; ˛/ is given as

y D �D
2

x; ˛ D ˇC 2�1 trE=Q.�/.xCy/C .NE=Q.�/x�y/ �

and since j�D=2jA D 1, we get d�V.A/.X / D d�A.y/˝ d�AE
.˛/. Through the

identification V.A/3X 7! n.X /2N.A/ and ˇ 3AE 7!
�

1 ˇ
0 1

�
2N#.A/, the groups

N.A/ and N#.A/ acquire Haar measures, so that the integration formula

(2-18)
Z
N.A/

f .n/ dnD
Z

A

Z
N#.A/

f .n.xT� / �� .n
#// dx dn#

holds for any f 2L1.N.A//. Note that vol.N.Q/nN.A//D vol.N#.Q/nN#.A//D 1.

2.4.3. Let p �1. Any element g# 2 G#.Qp/ is written as

(2-19) g#
D
�

1 ˇ
0 1

��
� 0
0 �a

�
k#

with a 2Q�p , � 2E�p , ˇ 2Ep and k# 2K#
p. Then, our Haar measure on G#.Qp/

is symbolically defined as

(2-20) d�G#.Qp/.g
#
p/D jaj

2
p � d�Ep

.ˇ/ d�Q�p
.a/ d�E�p

.�/ d�K#
p
.k#/;

where d�K#
p
.k#/ is the Haar measure on K#

p with volume 1. For p <1, we haveR
K#

p
�G#.Qp/D 1. On the adele group G#.A/, we use the product measure of �G#.Qp/
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.p �1/. Then, from (2-20), we get

(2-21)
Z
G#.A/

f .g#/ dg#
Dp

jDj

2

Z
N#.A/

Z
A�

Z
A�

E

Z
K#
f
�
n#� � 0

0 a�

�
k#�
jaj2A dn# d�A�.a/ d�A�

E
.�/ dk#;

where dk# is the normalized Haar measure on K# D
Q

p�1K#
p. Note that the

measure on N#.A/ Š AE coincides with the �AE
defined above, which equals

.
p
jDj=2/�

Q
p �Ep

.p�1/ due to the formulas
�Q

p �Ep

�
.AE=E/D jDj

1=2=2

[47, Chapter V, §4 Proposition 7] and �AE
.AE=E/D 1.

2.4.4. We fix �K1 so that vol.K1/ D 1. Then we normalize �Sp2.R/
in such a

way that the quotient �Sp2.R/
=�K1 corresponds to the measure .det Z/�3dX dY on

h2 Š Sp2.R/=K1. Via G.R/0 D Z.R/0 Sp2.R/Š R>0�Sp2.R/, �G.R/ is defined
by demanding that its restriction to G.R/0 is �R� ˝ �Sp2.R/

. For p <1, we fix
�G.Qp/ by demanding

R
Kp
�G.Qp/ D 1. Then, �G.A/ is defined to be the restricted

product of �G.Qp/ .p �1/.

2.5. Idele class characters. Let ƒ denote a character of the finite group

Cl.E/ WD A�E=E
�E�R yO

�
E :

As is well known, this group is isomorphic to the ideal class group of E. We regard
ƒ as an idele class character of E� of finite order. Since A� D Q�.R>0/yZ

� is
contained in the subgroup E�E�R

yO�
E

, we have

(2-22) ƒjA� D 1:

Let v be a place of E and ƒv the v-component of ƒ, i.e., ƒD
N
v ƒv. We say

that v is inert in E=Q, splits in E=Q or ramifies in E=Q if Ev WDE˝Q Qp is an
unramified field extension of Qp , is isomorphic to Qp˚Qp , or is a ramified field
extension of Qp, respectively. Since ƒ is supposed to be trivial on E�R , we have
ƒ1 D 1; moreover,

If v is inert in E=Q, then ƒv D 1:(2-23)

Indeed, since ƒ is supposed to be trivial on yO�
E

, the restriction ƒvjO�E;v is trivial.
If v is inert and p denote the residue characteristic of Ev , then p 2Qp is a prime
element of the local field Ev. We have ƒv.p/ D 1 due to (2-22). Hence, ƒv is
trivial on pZO�

E;v
DE�p .

Define the Galois conjugate ƒ| of ƒ by setting

(2-24) ƒ|.�/ WDƒ.�/; � 2 A�E :
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We have ƒ.�/ƒ|.�/Dƒ.��/D 1 for � 2 A�
E

by (2-22). Hence

(2-25) ƒ|
Dƒ�1

D Nƒ;

where Nƒ is the complex conjugate of ƒ.
For an idele class character � of E�, let OL.s; �/ be the completed Hecke L-

function of � , and Lp.s; �/ its local p-factor for p�1. Then, Lp.s; �
|/DLp.s; �/

for any p < 1. Indeed, if p is not ramified in E=Q, the equality is trivial.
Suppose that E=Q is ramified; if �p is a ramified character of E�p , then both
L-factors are 1. If �p is unramified, then for any prime element $ of Ep , we have
.�|/p.$/D �p. N$/D �p.$/, which implies the equality between local p-factors.

For any character � WA�=Q�R>0!C1, define �E WD�ıNE=Q WA
�
E
=E�!C1.

Then, �E is Galois invariant, and �EjE
�
1 D 1. Hence, .ƒ�E/

| D ƒ|�
|
E
D

ƒ�1�E , and

(2-26) OL.s; ƒ�1�E/D OL.s; ƒ
|�E/D OL.s; ƒ�E/ .Re.s/ > 1/:

Note that OL.s; ƒ�E/ is holomorphic except for possible simple poles at s D 1; 0,
which occurs if and only if both ƒ and � are trivial.

3. Eisenstein series and Rankin–Selberg integral

Let ƒD
N

p�1

ƒp 2
1Cl.E/ and �D

N
p�1

�p 2
7A�=Q�.R>0/�.

3.1. Eisenstein series. For details, we refer to [14, §19]; the theory on GL2.AE/

developed there carries over into the group G#.A/ with minor modifications. For a
finite-dimensional vector space V over a local field, let S.V / be the space of all
Schwartz–Bruhat functions on V . For p�1, � 2S.E2

p/ and s 2C with Re.s/> 0,
we define a function f .s;ƒp;�p/

�
W G#.Qp/! C by

(3-1) f
.s;ƒp;�p/

�
.g#/D

�p.det g#/jdet g#
j
sC1
p

Z
E�p

�.Œ 0 1 �Œ � 0
0 �
�g#/ƒp�E;p.�/j�� j

sC1
p d�E�p

.�/:

When p D1, we assume that � is K#
1-finite. By local Tate theory, the function

s 7!f
.s;ƒp;�p/

�
.g#/ is continued meromorphically to C in such a way that

(3-2) f
.s;ƒp;�p/

�
.g#/ WDLp.sC 1; ƒp�E;p/

�1
�f

.s;ƒp;�p/

�
.g#/

is holomorphic on C. Then, f.s;ƒp;�p/

�
belongs to the space V #.s; ƒp; �p/ consist-

ing of all smooth functions f on G#.Qp/ satisfying

f .Œ � ˇ
0 a�

�g#/Dƒp.�/
�1�p.a/

�1
jaj�.sC1/

p f .g#/

for any
�
� ˇ
0 a�

�
2 B#.Qp/ and g# 2 G#.Qp/.
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The Fourier transform y� of � 2 S.E2
p/ is defined by

(3-3) y�.x;y/ WD
Z

E2
p

�.u; v/ .hŒ xy �; Œ
u
v �i/ d�Ep

.u/ d�Ep
.v/:

Set w0 WD
�

0 �1
1 0

�
2 G#.Qp/. The standard intertwining operator

M.s/ W V #.s; ƒp; �p/! V #.�s; ƒ�1
p ; ��1

p /

is defined on Re.s/ > 0 as the absolutely convergent integral

M.s/f .g#/D
Z

Ep

f
�
w0

�
1 ˇ
0 1

�
g#� d�Ep

.ˇ/; g#
2 G#.Qp/:

The effect of M.s/ on the section f .s;ƒp;�p/

�
is described by the Fourier transform

y� as

(3-4) f
.�s;ƒ�1

p ;��1
p /

O�
.g#/D

cpƒp.
p

D/�1
jDj�sC1=2

p "p.s;ƒ�E ; Ep
/
Lp.1�s;ƒ�1��1

E
/

Lp.s;ƒ�E/
M.s/f

.s;ƒp;�p/

�
.g#/

with cp D 1 if p <1 and c1 D
p
jDj=2 if p D1, where ".s; � ;  Ep

/ denote
Tate’s local epsilon factor defined by the character  Ep

WD  p ı trEp=Qp
of Ep

and the associated self-dual measure on Ep as usual. Let S.A2
E
/ be the space of all

the Schwartz–Bruhat functions on A2
E

. For a decomposable element � D
N

p�1

�p in
S.A2

E
/, we define

f
.s;ƒ;�/

�
.g#/D

Y
p�1

f
.s;ƒp;�p/

�p
.g#

p/; g#
D .g#

p/p 2 G
#.A/:

Note that f.s;ƒ;�/
�

is left-B#.Q/-invariant and right-K#-finite. The Eisenstein series
attached to f

.s;ƒ;�/

�
is defined by the absolutely convergent series

(3-4) E.�; s; ƒ; �Ig#/ WD OL.sC 1; ƒ�E/
X

ı2B#.Q/nG#.Q/

f
.s;ƒ;�/

�
.ıg#/;

g#
2 G#.A/;

for Re.s/ > 1. The Fourier transform y� of � 2 S.A2
E
/ is defined by a formula

similar to (3-3) with respect to the measure �AE
˝ �AE

. The following properties
of the Eisenstein series are standard.

Proposition 3.1. Let � 2 S.A2
E
/, s 2 C, ƒ 2 1Cl.E/, � 25A�=Q�R>0 and g# 2

G#.A/.

(i) The map s 7! E.�; s; ƒ; �Ig#/ .Re.s/ > 1/ has a meromorphic continua-
tion to C, holomorphic in s unless ƒ�E ¤ 1, in which case it has possible
simple poles only at s D 1;�1. For a regular point s 2 C, the function
g# 7!E.�; s; ƒ; �Ig#/ is an automorphic form on G#.Q/Z#.A/nG#.A/.
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(ii) We have the functional equation E.y�;�s; ƒ�1; ��1Ig#/DE.�; s; ƒ; �Ig#/.

(iii) For a relatively compact subset N � C on which s 7! E.�; s; ƒ; �Ig#/ is
regular and for a compact set U � G#.A/, there exist constants C > 0 and
N > 0 such thatˇ̌

E
�
�; s; ƒ; �I

�
a 0
0 1

�
g#�ˇ̌
� C jajN .a 2 R>1; g#

2 U ; s 2N /:

3.2. Rankin–Selberg integral and the basic identity. For any cusp form ' on
Z.A/G.Q/nG.A/, ƒ 2 1Cl.E/ and s 2 C, the Rankin–Selberg integral is defined by

(3-5) hE.�; s; ƒ; �/; 'i WD
Z
Z#.A/G#.Q/nG#.A/

E.�; s; ƒ; �Ig#/ '.�� .g
#// dg#:

By Proposition 3.1(iii) and the Fourier expansion (4-5), it is straightforward to show
the absolute convergence of the integral for s 2 C where the Eisenstein series is
regular. For T 2 V.Q/, define a character  T W N.A/! C1 by

 T .n.X //D  .tr.TX //; X 2 V.A/:

The .T� ; ƒ/-Bessel period of a cusp form ' on Z.A/G.Q/nG.A/ is defined by the
integral1

(3-6) BT� ;ƒ.'Ig/ WDZ
A�

E
=E�A�

ƒ.�/�1
Z
N.Q/nN.A/

 T� .n/
�1'.m.I� .�/;NE=Q.�//ng/ dn d��

for g2G.A/, where d�� denote the quotient measure on A�
E
=A� (see Section 2.4.1).

Formula (3-7) is the basic identity due to Piatetski-Shapiro [29]. To determine
the constant exactly under our normalization of Haar measures, we reproduce the
proof briefly.

Lemma 3.2. Let ' W Z.A/nG.Q/G.A/!C be a cusp form. For Re.s/ > 1, we have

(3-7) hE.�; s; ƒ; �/; 'i Dp
jDj

2
L.sC 1; ƒ�E/

Z
A�

Z
K#
1K#

0
.OE/

�
f
.s;ƒ;�/

�
.k#/�.a/jajs�1

A

�BT� ;ƒ.'Im.a12; a/�� .k
#//
�

d�a dk#:

Proof. By substituting (3-4) into (3-5),

L.sC 1; ƒ�E/
�1
� hE.�; s; ƒ; �/; 'i

D

Z
Z#.A/G#.Q/nG#.A/

X

2B#.Q/nG#.Q/

f
.s;ƒ;�/

�
.
g#/ '.�� .g

#// dg#

1Note that m.I� .a/;NE=Q.a// D a14 for a 2 A�. Then, due to ' being Z.A/-invariant, the
integral BT� ;ƒ.'Ig/ is 0 if ƒjA� ¤ 1. This trivial vanishing does not happen if ƒjA� D 1.
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D

Z
Z#.A/B#.Q/nG#.A/

f
.s;ƒ;�/

�
.g#/ '.�� .g

#// dg#

D

p
jDj

2

Z
A�=Q�

Z
A�

E
=A�E�

Z
N#.Q/nN#.A/

Z
K#

0
.OE/K#

1

f
.s;ƒ;�/

�
.k#

f k#
1/jaj

�.sC1/
A

�ƒ.�/�1�.a/�1'
�
�� .n

#/m.I� .�/;NE=Q.�//
�

a�112 0
0 12

�
�� .k

#
f k#
1/
�

� jaj2A d�a d�� dn# dk#
f dk#
1;

where the last equality is proved using (2-21). By Lemma 3.3, the last expression
becomesp
jDj

2

Z
A�=Q�

Z
A�

E
=A�E�

Z
N.Q/nN.A/

Z
K#

0
.OE/K#

1

f
.s;ƒ;�/

�
.k#

f k#
1/jaj

�.sC1/
A

�ƒ.�/�1�.a/�1
X
˛2Q�

'
�
nm.I� .�/;NE=Q.�//

�
˛a�112 0

0 12

�
�� .k

#
f /
�

� T� .n/
�1
jaj2A d�a d�� dn dk#

f :

The ˛-summation and the a-integral over A�=Q� are combined to yield an integral
over A�. The change of variables a 7! a�1 and (3-6) then give the desired formula.

�
Lemma 3.3. For g 2 G.A/,Z

N#.Q/nN#.A/
'.�� .n

#/g/ dn#
D

X
˛2Q�

Z
N.Q/nN.A/

'
�
n
�
˛12 0

0 12

�
g
�
 T� .n/

�1 dn:

Proof. Fix g 2 G.A/ and define a function � on A by

�.x/ WD
Z
N#.Q/nN#.A/

'.n.xT� /�� .n
#/g/ dn#; x 2 A:

Since � is a Q-periodic smooth function on A, it can be expanded in a Fourier
series, which is absolutely and normally convergent:

(3-8) �.x/D
X
˛2Q

Z
A=Q

�.y/ .˛y/�1dy � .˛x/; x 2 A:

By (2-12) and (2-18),Z
A=Q

�.y/  .˛y/�1dy

D

Z
A=Q

Z
VT� .Q/nVT� .A/

'.n.yT� CZ/g/�1  .tr.˛T� .yT _� CZ/// dy dZ

D

Z
V.Q/nV.A/

'.n.X /g/  T� .n.˛X //�1 dX;
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which for ˛D 0 is zero due to the cuspidality of '. Thus, by setting x D 0 in (3-8),

�.0/D
X
˛2Q�

Z
V.Q/nV.A/

'.n.X /g/  T� .n.˛X //�1 dX

D

X
˛2Q�

Z
N.Q/nN.A/

'.n
�
˛12 0

0 12

�
g/  T� .n/

�1 dn:

The last equality is obtained by the change of variables X 7! ˛�1X and by the
automorphy of ' together with the relation n.˛�1X /D

�
˛�112 0

0 12

�
n.X /

�
˛12 0

0 12

�
.
�

4. Automorphic forms and Fourier coefficients

Let .Z2/dom WD f�D .l1; l2/ 2 Z2 j l1 � l2 g. Let �D .l1; l2/ 2 .Z2/dom and % be
the representation of GL2.C/ on the space V% of homogeneous polynomials in
X;Y of degree l1� l2 defined by %.h/f .X;Y /D .det h/l2f .aX C cY; bX CdY /

for hD
�

a b
c d

�
2GL2.C/ and f 2 V%. As is well-known, any irreducible rational

representation of GL2.C/, up to equivalence, is obtained this way. The space V%
carries an SU.2/-invariant hermitian inner product . � j � /% given by [9, (8.2.6)].
Recall K1 D

˚
k1.u/ WD

�
A B
�B A

� ˇ̌
u D AC iB 2 U.2/

	
. For N 2 Z>0, let

S%.K0.N // denote the space of smooth functions ' W G.A/! V% that satisfy the
following conditions:

(i) '.z
g/D '.g/ for .z; 
;g/ 2 Z.A/�G.Q/�G.A/.

(ii) '.gkfk1.u//D %. Nu/
�1'.g/ for kf 2K0.N / and k1.u/ 2K1.

(iii) R.X /' D 0 for all X 2 p�.

(iv) ' is bounded on G.A/.

For T 2 V.R/ with det.T /¤ 0, define the function BT
% W G.R/

0! EndC.V%/ by

(4-1) BT
% .g/ WD �.g/

.l1Cl2/=2%.C i CD/�1 exp.2� i tr.T ghi12i//;

g D
�

A B
C D

�
2 G.R/0:

This function satisfies the conditions

(4-2) BT
% .m.A; c/g/D c.l1Cl2/=2BT

% .g/ ı %.
tA�1 c/�1;

m.A; c/ 2MıT .R/; g 2 G.R/0;

(4-3) BT
% .ngk1.u//D T .n/%. Nu/

�1
ıB.g/; .n;g;u/2N.R/�G.R/0�U.2/;

(4-4) R.p�/BT
% D 0:

The function BT
%;v W g 7! BT

% .g/.v/ with v 2 V%� .0/ is bounded on G.R/0 if and
only if T 2 V.R/C, where V.R/C denotes the set of positive definite elements in
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V.R/. Set

 WDm.�12;�1/ 2M.Q/:

Note that �.
 /D�1. Set V.Q/C WD V.Q/\V.R/C.

Lemma 4.1. Let '2S%.K0.N //. There is a unique family of vectors a'.T Igf/2V%
(T 2 V.Q/; gf 2 G.Af// such that

(4-5) '.g1gf/D
X

T2V.Q/

BT
% .g1/.a'.T Igf// ; g1 2 G.R/

ı; gf 2 G.Af/:

If T 62 V.Q/C, then a'.T Igf/D 0 for all gf 2 G.Af/. For gf 2 G.Af/,

(4-6)
Z
N.A/=N.Q/

'.ng1gf/  T .n/
�1dn

D

�
BT
% .g1/.a'.T Igf// .g1 2 G.R/

ı/;

0 .g1 2 G.R/�G.R/ı/:

Proof. Fix gf 2 G.Af/ and examine the integral, say W .g1/, on the left side
of (4-6). The function W on G.R/0 satisfies conditions (4-3) and (4-4). Hence,
there is a corresponding function F W h2! V% determined by the relation F.Z/D

�.g/�.l1Cl2/=2%.C i C D/W .g1/, with g1 D
�

A B
C D

�
2 G.R/0, and such that

Z D .Ai C B/.C i CD/�1. Since F.Z/ satisfies F.Z C X / D  T .X /F.Z/

(X 2 V.R//, it is of the form F.Z/D F1.Y / exp.2� i tr.TX // with a V%-valued
C1-function F1.Y /. Since F.Z/ is holomorphic, the Cauchy–Riemann equations
yield .d=dyij /F1.Y /D�2� tij F1.Y /, which is uniquely solved as

F1.Y /D a'.T Igf/ exp.�2� tr.T Y //

with a vector a'.T Igf/2V%, or equivalently W .g1/DBT
% .g1/.a'.T Igf//. Then,

the formula in (4-5) is a consequence of the Fourier expansion of a N.Q/-periodic
function on N.A/. Since ' is bounded on G.A/, the function W .g1/ should be
bounded on G.R/0; since g1 7! BT

% .g1/.v/, with v 2 V% � f0g, is unbounded
if T 62 V.R/C, we have a'.T Igf/ D 0 for all T 2 V.Q/�V.R/C. It remains to
show the second case in (4-6). Let g1 62 G.R/

ı. Decompose 
 2M.Q/ as 
1
f
.
1 2M.R/; 
f 2M.Af// in M.A/. By the left G.Q/-invariance of ',

'.n.X /g1gf/D '.
n.X /g1gf/D '.n.�X /
1g1
fgf/:

Integrate this in X over V.Q/nV.A/ and make a change of variables n! n�1 on
the way; we haveZ

N.Q/nN.A/

'.ng1gf/  T .n/
�1dnD

Z
N.Q/nN.A/

'.n
1g1
fgf/  �T .n/
�1 dn:

Since 
1g1 2 G.R/
ı, the last integral becomes B�T

% .
1g1/.a'.�T I 
fgf// by
the first case. Since �T 62 V.R/C, we have a.�T I 
fgf/D 0. �
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The vectors a'.T Igf/ in V% are referred to as the adelic Fourier coefficients of '.
As is well-known, there is a linear bijective correspondence between '2S%.K0.N //

and the classical V%-valued Siegel cusp forms f .Z/ on

�0.N / WD
˚�

A B
C D

�
2 Sp2.Z/ j C � 0 .mod N /

	
determined by the relation

f .g1hi12i/D �.g1/
�.l1Cl2/=2%.C i CD/'.g1/; g1 D

�
A B
C D

�
2 G.R/0:

By the modular transformation lawf ..AZCB/.CZCD/�1/D%.CZCD/�1f .Z/

for
�

A B
C D

�
2�0.N /, since �14 2�0.N /, we have f .Z/� 0; hence S%.K0.N //D

.0/, unless l1 � l2 .mod 2/. (For details, see [36, §3.2] and [4, §4].)
Since N.A/\K0.N / D fn.X / j X 2 V.yZ/g, by (4-6), we have a'.T I 1/ D 0

unless T 2Q, where

Q WD
˚� a b=2

b=2 c

� ˇ̌
a; b; c 2 Z

	
is the dual lattice of V.Z/. Then, (4-5) with gf D 14 reduces to

f .Z/D
X

T2QC
a'.T I 14/ exp.2� i tr.T Z//; Z 2 h2;

where QC WDQ\V.Q/C. This means that a'.T / WD a'.T I 14/ .T 2QC/ is the
Fourier coefficient of f .Z/ in the classical sense. Set

ı WD
�

1 0
0 �1

�
2GL2.Q/:

The map T 7! �T s.ı/ preserves the set QC. If we identify QC with the set of
positive definite integral binary forms aX 2CbXYCcY 2, this operation corresponds
to a sign change in b.

Lemma 4.2. The set of adelic Fourier coefficients of ' 2 S%.K0.N // has the
following properties:
(4-7)
a'.T Im.hf; det hf/gf�/D a'.T s.h/Igf/; h 2GL2.Q/; gf 2 G.Af/; � 2K0.N /:

a'.�T s.ı/I 1/D %.ı/.a'.T I 1//; T 2 V.Q/:(4-8)

Proof. The relation in (4-7) follows from (4-6) by a simple change of variables. Let
us show (4-8). We have

(4-9) n .�X s.ı//D �n.X /��1; X 2 V.A/

with � WDm.ı; 1/ 2 G.Q/. Write � D �f�1 2 G.Af/G.R/; then, �f 2K0.N / and
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�1 2K1. Using (4-9) and the left G.Q/-invariance of ', we haveZ
N.Q/nN.A/

'.n/  �T s.ı/.n/
�1 dnD

Z
V.Q/nV.A/

'.n.�s.ı/X //  .tr.TX //�1 dX

D

Z
V.Q/nV.A/

'.�n.X /��1/  .tr.TX //�1 dX

D %.ı/
Z
N.Q/nN.A/

'.n/ T .n/
�1 dn:

From this and (4-6),

B�T s.ı/
% .14/.a'.�T s.ı/I 1//D %.ı/BT

% .14/.a'.T I 1//:

By (4-1), this leads to B�T s.ı/
% .14/D BT

% .14/D e�2� tr.T / IdV% . �

Define

(4-10) QCprim.D/ WD
˚
T D

�
a 2�1b

2�1b c

�
2Q

ˇ̌
a> 0; �det T DD=4

	
W

D is a fundamental discriminant, so T 2QCprim.D/ is primitive, i.e., gcd.a; b; c/D1;
QCprim.D/ is a subset of V.Q/, which is stable under the action of the unimodular
group SL2.Z/ induced by (2-1). The matrix T� defined by (2-11) belongs to
QCprim.D/. The SL2.Z/-orbit of T 2QCprim.D/ is denoted by ŒT �.

Lemma 4.3. For each u 2 A�
E

, let I� .u/ decompose in GL2.A/ as

I� .u/D 
uhu�u; 
u 2GL2.Q/; hu 2GL2.R/
ı; �u D .�u;p/p<1 2GL2.yZ/

(4-11)

and set T� .u/ WD T� s.
u/. Then:

(i) T� .u/ 2QCprim.D/.

(ii) The SL2.Z/-equivalence class of T� .u/ does not depend on the decomposition
(4-11). If u, u0 belongs to the same E�E�1 yO

�
E

-coset, then T� .u/ and T� .u
0/

are SL2.Z/-equivalent.

(iii) The map Œu� 7! ŒT� .u/� from Cl.E/DA�
E
=E�E�1 yO

�
E

to QCprim.D/=SL2.Z/ is
a bijection.

Proof. This is an adelic reformulation of the classically well-known correspondence
between the ideal classes and the SL2.Z/-equivalence classes of integral binary
quadratic forms. The proof is straightforward. �

Since m.GL2.yZ/; 1/ � K0.N /, the relation in (4-7) shows that the function
T 7! a'.T / WD a'.T I 14/ on V.Z/C is SL2.Z/-invariant. Hence the following sum
of vectors in V% is well-defined:

(4-12) R.';E; ƒ/ WD
X

Œu�2Cl.E/

a'.ŒT� .u/�/
SOƒ.u/�1;
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where vSO WD
R �

0 %
��

cos˛ sin˛
�sin˛ cos˛

��
v d˛ for v 2 V%. Recall the integral in (3-6) and

the function in (4-1).

Lemma 4.4. Let ' 2 S%.K0.N // and ƒ 2 1Cl.E/prim.

(i) For g1 2 G.R/
0,

BT� ;ƒ.'Ig1/D w
�1
D BT�

% .g1/.R.';E; ƒ//

where w
D

is the number of units in oE .

(ii) Set � WD
�

1 trE=Q.�/

0 �1

�
. Then

%.r/.BT� ;ƒ.'I b�R//D BT� ;ƒ.'I b�R/; r 2 SO.2/;(4-13)

%.ı/.BT� ;ƒ.'I b�R//D B�T� s.�/;ƒ.'I b�R/:(4-14)

Proof. (i) The set A�
E
=A�E�E�R decomposes into a disjoint union of o�

E
-orbits

Œu�o�
E

for different classes Œu� 2 Cl.E/. Let � denote the quotient measure on
A�

E
=A�E�E�R . For � 2A�

E
, set m� .�/ WDm.I� .�/;NE=Q.�//. Then, by (3-6) and

(4-6), BT� ;ƒ.'Ig1/ equals

BT�
% .g1/

�Z
A�

E
=A�E�E�1

Z
E�1=R�

NE1=R.�1/
.l1Cl2/=2%.tI� .�1/

|/�1a'.T� Im� .u//

�ƒ.u/�1 d��1 d�.u/
�

D BT�
% .g1/

� X
Œu�2Cl.E/

Z
Œu�o�

E

a'.T� Im� .u//
SOƒ.u/�1 d�.u/

�
;

The quotient measure �E�1=R� is identified with d˛ under the identification

E�1=R� D
˚�

cos˛ �sin˛
sin˛ cos˛

�
j ˛ 2 Œ0; �/

	
:

Since m� . yO
�
E
/�K0.N /, by (4-6), the formula in parenthesis becomesX

Œu�2Cl.E/

�.Œu�o�E/ a'.T� Im� .u//ƒ.u/
�1:

Let I� .u/ decompose as in (4-11). Then, by (4-7) and Lemma 4.3, we have

a'.T� Im� .u//D a'.T� s.
u/I 1/D a'.T� .u//:

It remains to compute �.Œu�o�
E
/. Since any fiber of the natural surjection from o�

E

onto Œu�o�
E

has a simply transitive action of the group O�
E

, we have �.Œu�o�
E
/ D

1=#o�
E
D 1=w

D
.

(ii) We have I� .e
i˛/DA�1

�

�
cos˛ �sin˛
sin˛ cos˛

�
A� , or equivalently

m.I� .e
i˛/; 1/D b�R diag.

�
cos˛ �sin˛
sin˛ cos˛

�
;
�

cos˛ �sin˛
sin˛ cos˛

�
/.b�R/

�1
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for ˛2R. Due to this andƒ1D1, formula (4-13) is proved by a change of variables
� 7! �u�1 in the integral (3-6). Since b�Rm.ı; 1/.b

�
R/
�1 Dm.�; 1/, formula (4-14)

is proved in the same way as in the proof of Lemma 4.2. �

Let ' 2 S%.K0.N // � .0/; then l1 � l2 .mod 2/ as noted above. Therefore,
dimC.V

SO.2/
% /D 1; indeed, V

SO.2/
% D C v0

% with v0
% WD .X

2CY 2/.l1�l2/=2. Set

v�% WD
�
�2p
jDj

�l1Cl2
2 %.tA� /v

0
%D

�
�2p
jDj

�l1�l2
2 .X 2

CtrE=Q.�/XYCNE=Q.�/Y
2/

l1�l2
2 :

Note that BT�
% .b

�
R/D

�
�2p
jDj

��.l1Cl2/=2e�2�
p
jDj %.tA� /

�1, so that BT�
% .b

�
R/.v

�
%/D

e�2�
p
jDjv0

%. Thus, as a corollary to Lemma 4.4, the vector R.';E; ƒ/ 2 V% is
nonzero if and only if BT� ;ƒ.'I b�R/¤ 0, in which case there exists a unique scalar
R.';E; ƒ/ such that R.';E; ƒ/DR.';E; ƒ/ v�% , or equivalently

(4-15) BT� ;ƒ.'I b�R/D �w
�1
D e�2�

p
jDjR.';E; ƒ/v0

%:

Note that .v0
%/

SO D �v0
%. Define a C1-function B

T�
% W G.R/

0! V% as

(4-16) BT�
% .g1/ WD BT�

% .g1/.v
�
%/; g1 2 G.R/

0:

4.1. Sign condition. The Galois group Gal.E=Q/ acts on Cl.E/ naturally, hence
on the orbit space QCprim.D/=SL2.Z/ through the bijection in Lemma 4.3(iii). The
following lemma describes the conjugate action on QCprim.D/=SL2.Z/ explicitly.
Recall the element � 2GL2.Z/ defined in Lemma 4.4(ii).

Lemma 4.5. For u2Cl.E/, the element T� . Nu/ is SL2.Z/-equivalent to�T� .u/s.ı/.
In other words, the conjugate action on QCprim.D/=SL2.Z/ is induced by the map
T 7! �T s.ı/.

Proof. The defining formula of I� in (2-5) yields

I� .aC �b/D
�

1 �

1 N�

��1� aC�b 0

0 aC N�b

��
1 �

1 N�

�
; a; b 2Q:

Set t WD trE=Q.�/. Then, since N� D t � � , we have a C b N� D a0 C b0� with
a0 D aC tb 2Q and b0 D�b 2Q. Then, a computation reveals

(4-17) I� .aC b N�/D �I� .aC b�/��1:

By the decomposition of I� .u/ for u 2 A�
E

in (4-11), we may take 
 Nu D �
u�
�1.

Thus, T� . Nu/D T� s.
 Nu/D T� s
�
�
u�

�1
�
. A computation shows T� s .�/D �T� .

Hence,

T� . Nu/D�T� s.
u�
�1/D�T� .u/s.�

�1/D�T� .u/s.ı/s
��

1 t
0 1

��
:

The last matrix is SL2.Z/-equivalent to �T� .u/s.ı/. This completes the proof. �

For ƒ 2 1Cl.E/, recall from (2-24) its conjugate ƒ| 2 1Cl.E/.
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Lemma 4.6. Let ' 2 S%.K0.N // and ƒ 2 1Cl.E/ and suppose BT� ;ƒ.'I b�R/¤ 0.
Then,

R.';E; ƒ|/D .�1/l2 R.';E; ƒ/:

Proof. This is proved by Lemma 4.5 and (4-15) and by %.ı/v0
% D .�1/l2v0

%. Note
that ı�1� D

�
1 t
0 1

�
2 SL2.Z/, so that a'.�T� s.�/; 1/D a'.�T� s.ı/; 1/. �

4.2. Automorphic representations. Let …cusp.ZnG/ denote the set of all those
irreducible cuspidal representations of G.A/ with trivial central characters, i.e.,
those irreducible .g;K1/�G.Af/-submodules .�;V�/ of the space of cusp forms
on Z.A/G.Q/nG.A/. We endow V� with the restriction of the L2 inner product

.' j '1/L2 WD

Z
Z.A/G.Q/nG.A/

'.g/'1.g/ dg; '; '1 2 V� :

For � 2…cusp.ZnG/, we fix its restricted tensor decomposition �Š
N

p�1 �p with
.�p;V�p

/ being an irreducible admissible unitarizable representation of G.Qp/

with trivial central character such that a Kp-invariant vector �0
p 2 V�p

� .0/ is
preassigned for almost all p <1. An element � 2 .Z2/dom is the highest weight
of the minimal K1-type of a holomorphic discrete series representation (HDS for
short) of Sp2.R/ if and only if l2 > 2, in which case the Harish-Chandra parameter
of the HDS is .l1�1; l2�2/. For such � and N 2Z>0, let …cusp.�;N / be a subset
of � 2…cusp.ZnG/ having the following properties:

(i) As a .g;K1/-module �1ŠDl1�1;l2�2˚D�l2C2;�l1C1, where Dm1;m2
is the

discrete series representation of G.R/0 of Harish-Chandra parameter .m1;m2/

with central character Z.R/Š R� 3 z 7! sgn.z/m1Cm2C1.

(ii) V
K0.N /
� ¤ .0/.

(iii) Let .%;V%/ be the irreducible rational representation of highest weight �
as before. The space S%.K0.N // is an orthogonal direct sum of spaces
V

K0.N /
� Œ%� WD f' 2 S%.K0.N // j 'v 2 V� .8v 2 V%/g for � 2 …cusp.�;N /,

where 'v.g/ WD .'.g/ j v/% for ' 2 S%.K0.N // and v 2 V%.

Although there may be many choices of …cusp.�;N /, we fix one of them once
and for all. For � 2 …cusp.�;N /, we fix a K1-intertwining map V% ˚ V % ,!

Dl1�1;l2�2˚D�l2C2;�l1C1 .Š �1/ once and for all, where V % WDC˝C V% is the
complex conjugate of V%.

4.3. Basic assumptions. From now on, we fix a triple .� D .l1; l2/;N;M / 2

.Z2/dom �Z>0 �Z>0 satisfying the following conditions:

(A-i) N is square-free.

(A-ii) l1� l2 .mod 2/, and l2 2 Z�3 so that .l1�1; l2�2/ is the Harish-Chandra
parameter of an HDS.
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(A-iii) N and M are coprime.

(A-iv) M is odd.

(A-v) All prime divisors of NM are inert in E=Q.

We fix characters ƒ 2 1Cl.E/ and � D
N

p�1 �p 2
5A�=Q�R>0 with M WD

cond.�/ as well. As usual, the character � induces a primitive Dirichlet character
Q� W .Z=M Z/�! C1 in such a way that �.u/D Q�.a/�1 for all u 2 yZ� and a 2 Z

with u� a 2M yZ; thus �p.p/D Q�.p/ for primes p −M , andY
pjM

WQp
.�p;  p/DM�1=2G. Q�/;

with WQp
.�p;  p/ as in Definition 6.2 and G. Q�/ WD

P
a2.Z=M Z/� Q�.a/e

2�ia=M ,
the Gauss sum of Q�. Let….T� ;ƒ/cusp .�;N / denote the set of all those � 2…cusp.�;N /

that satisfies the condition

(A-vi) � admits a global .T� ; ƒ/-Bessel model, i.e., there exists ' 2 V� such that
BT� ;ƒ.'Ig/¤ 0 for some g 2 G.A/.

We remark that the conditions listed above (when � D 1 and l1 D l2) are
also imposed in the most part of [7]. Let ….T� ;ƒ/cusp .�;N /SK denote the set of
� 2…

.T� ;ƒ/
cusp .�;N / that is the Saito–Kurokawa lift [28] of a cuspidal automorphic

representation of PGL2.A/, which is locally described by [37] (see also [38]). From
[37, §4], the set ….T� ;ƒ/cusp .�;N /SK D¿ unless l1 D l2, i.e., V% is one dimensional.
We note that all the representations �Š

N
p �p in….T� ;�/cusp .l;N /n…

.T� ;�/
cusp .l;N /SK

are non-CAP (cf. [41, 17, §3.5, 30, Corollary 4.5]); then, by [48], �p is tempered for
all p −N . By invoking [3] (see also [39]), any � 2….T� ;�/cusp .l;N /n…

.T� ;�/
cusp .l;N /SK

is either a Yoshida lift, i.e., there exists a pair of irreducible cuspidal automorphic
representations .�1; �2/ of GL2.A/ such that L.s; �/ D L.s; �1/L.s; �2/, or a
“general type”, that is, there exists an irreducible cuspidal automorphic representation
… of GL4.A/ such that L.s;…;^2/ has a pole at s D 1 and L.s; �/ D L.s;…/.
Let ….T� ;�/cusp .l;N /Y (resp. ….T� ;�/cusp .l;N /G) be the set of � 2….T� ;�/cusp .l;N / that is
a Yoshida lift (resp. a general type). Then,

(4-18) ….T� ;�/cusp .l;N /D….T� ;�/cusp .l;N /G[….T� ;�/cusp .l;N /Y[….T� ;�/cusp .l;N /SK

(disjoint union):

On the other hand, the set ….T� ;ƒ/cusp .�;N / can be separated into the subsets con-
sisting of all newforms (i.e., N� D N / and all oldforms (i.e., N� ¤ N ) denoted
by ….T� ;ƒ/cusp .�;N /new and ….T� ;ƒ/cusp .�;N /old respectively. For � 2 fG;Y;SKg and
� 2 fnew; oldg, we set

….T� ;ƒ/cusp .�;N /�;� D….T� ;ƒ/cusp .�;N /�\….T� ;ƒ/cusp .�;N /�:
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Let N� be the product of primes p <1 such that �p is not spherical. By condition
(ii) in Section 4.2, we have N� jN . Due to (A-i), the representations �p for p jN�
have nonzero K0.pZp/-fixed vectors, which, in turn, implies that �p is Iwahori
spherical so that their isomorphism classes are listed in [36, Table 3]. (For extended
tables, we refer to [34, Appendix].) Note that in [36] a different symplectic form is
used to define the symplectic group; up to the adjustment for this difference, the
group P1 in [36] is our K0.pZp/. In [34], all irreducible admissible representations
of G.Qp/ that admit local Bessel models are classified, and the result is conveniently
summarized in [32, Table 2]. Here is a summary of what is available for our � (as
in Section 4.3):

� �1 as a representation of G.R/0 is a direct sum of an HDS and its complex
conjugate; thus, � is CAP if and only if it is a Saito–Kurokawa lift from a cuspidal
representation of PGL2.A/, which happens only if l1 D l2.

� Suppose p −N� . Then, the local representation �p is of type I and tempered if
� is non-CAP, and is of type IIb when � is CAP.

� Suppose p jN� . Then, the local representation �p is either of type IIIa, in which
case dimC V

K0.pZp/
�p

D 2, or of type VIb, in which case dimC V
K0.pZp/
�p

D 1;
when � is CAP, �p has to be of type VIb.

4.4. Bessel models. Let p <1. For any irreducible admissible representation
.�p;V�p

/ of G.Qp/, let .V ��p
/T� ;ƒp denote the space of all C-linear forms ` WV�p

!

C that satisfy

`.�p.m.I� .�/;NE=Q.�//n/�/Dƒp.�/ T� .n/`.�/; � 2V�p
; � 2E�p ; n2N.Qp/:

It is known that dimC.V
�
� /

T� ;ƒp � 1 [26; 33]. We say that �p has a local .T� ; ƒp/-
Bessel model if .V �� /

T� ;ƒp ¤ .0/; when this is the case, the space of functions of
the form g 7! `.�p.g/�/ with � 2 V�p

is independent of `2 .V ��p
/T� ;ƒp � .0/; this

space is denoted by B.T� ; ƒp/Œ�p � and is called the local .T� ; ƒp/-Bessel model
of �p.

When �p is spherical, it is known that �p has a local .T� ; ƒp/-Bessel model,
and the space B.T� ; ƒp/Œ�p � contains a unique Kp-invariant function B�p

such
that B0

�p
.14/ D 1 [42, Theorem 2-I; 6]. Let �0

p be the nonzero Kp-fixed vector
in V�p

; then there exists a unique element `0
�p
2 .V ��p

/T� ;ƒp � .0/ such that
`0
�p
.�p.g/�

0
�p
/D B0

�p
.g/ for all g 2 G.Qp/. The pair .`0

�p
; �0
�p
/ is referred to as

the unramified .T� ; ƒp/-Bessel datum for �p.
Let � Š

N
p�1 �p 2…

.T� ;ƒ/
cusp .�;N / (see Section 4.3).

Definition 4.7. A system f.`p; �p/gp<1 with `p 2 .V
�
�p
/T� ;ƒp � .0/ and �p 2

V
K0.N�Zp/
�p

, is called a .T� ; ƒ/-Bessel data for � if .`p; �p/D .`
0
�p
; �0
�p
/ for p −N�

and `p.�p/D 1 for all p <1.
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By [32, Theorem 2 8.2 and 9.3], a .T� ; ƒ/-Bessel data exists for our � . Once a
.T� ; ƒ/-Bessel data f.`p; �p/gp<1 is fixed, one can define '0

�;% 2 V
K0.N� /
� Œ%� to

be the V%-valued cusp form such that for any v 2 V%, the function .'0
�;%.g/ j v/%

in V� Š
N

p�1 V�p
corresponds to the pure tensor Nv˝

�N
p<1 �p

�
, where Nv D

1˝ v 2 V % ,! V�1 . A particular choice of f.`p; �p/g will be made in Section 6.8
so that '0

�;% corresponds to a newform on the arithmetic quotient �0.N /nh2 in the
sense of [7, §3.2].

Lemma 4.8. Let f.`p; �p/gp<1 be a .T� ; ƒ/-Bessel data for � 2…cusp.�;N /. Let
�D

N
p �p 2S.A2

E
/ be a decomposable element. Then, for any '2V K0.N /

� Œ%� such
that, for any v 2 V%, 'v corresponds to the pure tensor v ˝

�N
p<1 vp

�
2N

p�1 V�p
, we have

(4-19) BT� ;ƒ.'Ig/D BT� ;ƒ.'0
�;%Ig1/

Y
p<1

`p.�p.gp/vp/;

g D .gp/p 2 G.A/:

For Re.s/ > 1, v 2 V% and bf D .bp/p<1 2 G.Af/,

(4-20) hE.�; s; ƒ; �/;R.bfb
�
R/'vi

D

p
jDj

2
Z.1/
v .�1; '

0
� I s; �1; ƒ/

Y
p�1

Zp.�p;Bvp
I s; �pI bp/;

where

Z.1/
v .�1; '

0
� I s; �1; ƒ/ WD

Z
K#
1

Z
R�
f
.s;1;�1/

�1
.k#
1/�1.a/jaj

s�1
R

�
�
v j BT� ;ƒ.'0

�;%Im.a12; a/�� .k
#/b�R/

�
%

d�a dk#
1;

Zp.�p;Bvp
I s; �pI bp/ WD

Z
K#

p

Z
Q�p

f
.s;ƒp;�p/

�p
.k#

p/�p.a/jaj
s�1
p

�Bvp
.m.ap12; ap/�� .k

#
p/bp/ d�ap dk#

p;

with Bvp
.gp/ WD `p.�p.gp/vp/ for gp 2 G.Qp/.

Proof. Fix g1 2 G.R/0 and v 2 V% and regard ' 7! BT� ;ƒ.'vIg1/ as a linear
functional on

N
p<1

V�p
by the natural inclusionN
p<1

V�p
,! v˝

� N
p<1

V�p

�
,! V� :

Then, by the local multiplicity-one theorem for Bessel functionals on G.Qp/ recalled
above, there exists Cv.g1/ 2 C such that

(4-21) .v j BT� ;ƒ.'Ig1//% D Cv.g1/
Y

p<1

`p.vp/

for ' corresponding to
N

p<1 vp. To determine Cv.g1/, set vp D �p for all
p <1; then by `p.�p/D 1, we get .v j BT� ;ƒ.'0

�;%Ig1//% D Cv.g1/. Now we
apply (3-7) with T� ; ƒ and ' replaced by �T� ; ƒ

�1 and R.bf/'. �
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4.5. Gamma factor and global Bessel period. Recall the point b�R in (2-14) and
the vector v�% 2 V% in (4-16). Since �.b�R/ > 0, the point m.a12; a/�� .k

#
1/b

�
R with

a2R� and k#
1 2K#

1 belongs to G.R/0 if and only if sgn.a/ sgn.k#
1/DC1, where

sgn.k#
1/ WD sgn.�.�� .k#

1///. Thus, by (3-6) and (4-6), we have

BT� ;ƒ.'0
� Im.a12; a/�� .k

#
1/b

�
R/D 0

unless sgn.a/ sgn.k#
1/DC1. By Lemma 4.4 and (4-16),

BT� ;ƒ.'0
� Ig1/D �w

�1
D R.'0

� ;E; ƒ/BT�
% .g1/; g1 2 G.R/

0:

Substituting this, we have that Z
.1/
v .�1; '

0
� I s; ƒ/ equals

(4-22) 2�w�1
D;R.'

0
� ;E; ƒ/

Z
.K#
1/

0

Z 1
0
jajs�1

R

f
.s;1;�1/

�1
.k#
1/.v j B

T�
% .m.a12; a/�� .k

#
1/b

�
R//% d�a dk#

1:

Now we specify �1. Recall that the highest weight of % is �D .l1; l2/ and that
l1� l2 2 2Z>0. Set d WD l1� l2 and define

f%.u/ WD .d C 1/
.%.C NuC�1/v0

% j v
0
%/%

.v0
% j v

0
%/%

; u 2 .K#
1/

0;

with C WD 1p
2

�
1 1
i �i

�
. If u D

�
a �Nb
b Na

�
2 .K#

1/
0 D SU.2/ with a D a0 C ia00,

b D b0C ib00 and A;B 2Mat2.R/ defined as in (2-16), so that .b�R/
�1�� .u/b

�
R D

k1.AC iB/ (Lemma 2.2), then a computation reveals C NuC�1 DA� iB. Thus,
the automorphism u 7! C NuC�1 of SU.2/ brings the subgroup

B#.R/\ .K#
1/

0
D
˚�

a 0
0 a�1

�
j a 2 C1

	
to the subgroup SO.2/, which fixes v0

%. Hence, f% is left-B#.R/\ .K#
1/

0-invariant.
Thus, since G#.R/DB#.R/.K#

1/
0, there exists a unique element f.s/% of V#.s; 1; �1/

such that f.s/% jK#
1 D f%. Define �1 2 S.C2/ by

(4-23) �1.x;y/ WD

.dC1/jDj�d=4
d=2P
jD0

�
d=2

j

�2
.x Nx/j .�y Ny/d=2�j 2

�
exp

�
�

2�p
jDj
.x NxCy Ny/

�
:

Then, noting that %.C /�1v0
% D .XY /d=2 and using formulas (8,2,4), (8.2.5) and

(8.2.6) of [9], we easily confirm the relation

�1.Œ0; � �u/D f%.u/
ˇ̌
jDj�d=4

j�
ˇ̌d=2
C

exp
�
�

2�p
jDj
j� jC

�
; � 2 C�; u 2 SU.2/:

Then, by computing the integral in (3-1) for g1 2 SU.2/, we get the relation

(4-24) f
.s;1;�1/

�1
D jDj

sC1
2 .�1/

l1�l2
2 �C

�
sC l1�l2

2
C 1

�
f.s/% :



THE RANKIN–SELBERG INTEGRAL ON GSp2 FOR SQUARE-FREE LEVELS 323

For u 2 .K#
1/

0 and A;B as above, by (4-1), (4-16) and Lemma 2.2, we have�
v jBT�

% .m.a12; a/�� .u/b
�
R/
�
%

D .�1/
l1Cl2

2 a
l1Cl2

2 exp
�
�2
p
jDj� a

� �
v j %.C NuC�1/�1v0

%

�
%
:

By using the orthogonality of matrix coefficients on SU.2/, the integral in (4-22) is
computed as

jDj
s
2 .�1/l1�C

�
sC l1�l2

2
C 1

�
.v j v0

%/%

Z 1
0

asC
l1Cl2

2
�1 exp

�
�2
p
jDj� a

�
d�a

D
1
2
jDj

1
2
.1�

l1Cl2
2

/.�1/l1.v j v0
%/%�C

�
sC l1�l2

2
C 1

�
�C

�
sC l1Cl2

2
� 1

�
for Re.s/C l1Cl2

2
> 1. Recall L.s; �1/D �C

�
sC l1�l2

2
C

1
2

�
�C

�
sC l1Cl2

2
�

3
2

�
.

Thus,

(4-25) Z.1/
v .�1; '

0
� I s; �1; ƒ/

D �w�1
D R.'0

� ;E; ƒ/.v j v
0
%/%.�1/l1 jDj

1
2
.1�

l1Cl2
2

/L
�
sC 1

2
; �1

�
:

The formula in [46, 7.23 Lemma] yields

(4-26) M.s/f.s/% D
�

s�d=2

d=2Y
jD1

s�d=2Cj�1

sCd=2�j
f.�s/
% :

Combining this with (3-4) and (4-24), we easily deduce

(4-27) f
.�s;1;�1/

O�1
D
jDj
4
.�1/

l1�l2
2 f

.�s;1;�1/

�1
:

4.6. The spinor L-function and its functional equation. Let � Š
N
v �v be a

cuspidal automorphic representation of G.A/ with the trivial central character: then,
N�p Š �

_
p Š �p for all p <1 by [43, Proposition 2.3]. The twist �� of � by

an idele class character � W A�=Q� ! C1 is defined on the space V� of � as
��.g/ WD �.g/ � .� ı �/.g/ for g 2 G.A/, so that the central character of �� is
�2. Let � 2….T� ;ƒ/cusp .�;N / and � be as in Section 4.3, so that �D .l1; l2/ 2 Z2,
l1 � l2 .mod 2/, l1 � l2 > 2 and the ramification loci of � and � are disjoint. We
define the spinor L-function of � twisted by � as the Euler product

L.s; �; �/ WD
Y

p<1

L.s; .��/p/; Re.s/ > 5
2
;

with L.s; .��/p/ the local L-factor listed in [34, Table A.8]. Define

OL.s; �; �/ WD �C

�
sC l1�l2

2
C

1
2

�
�C

�
sC l1Cl2

2
�

3
2

�
L.s; �; �/:

Using Proposition 3.1 and Lemmas 4.8 and 4.6, combining (4-25), (4-27) and the
computations of the local zeta integrals for cases 1, 4, 5, and 6 in table (6-8), we
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obtain a meromorphic continuation of L.s; �; �/ to C as well as the functional
equation

OL.s; �; �/D ".s; �; �/ OL.1� s; �; N�/

with
".s; �; �/ WD .�1/l2 Q�.N 2

� /
�

G. Q�/
p

M

�4
.M 4N 2

� /
1=2�s;

as expected. Moreover OL.s; �; �/ is holomorphic except for possible simple poles
at s D 3=2;�1=2, which does not occur when � is nontrivial. By (4-26), M.s/f

.s/
%

has a simple zero at sD1 if l1> l2, which in turn implies the holomorphy at sD1 of
the global intertwining operator applied to the section f .s/

�
as well as the Eisenstein

series E.�; s; ƒ; �/ for �1 as above. Hence, by (4-20) with an appropriate �,
OL.s; �; �/ is holomorphic at s D 3=2 when l1 > l2. If � is real-valued, then

G. Q�/=
p

M 2 f1; ig and ".1=2; �; �/D .�1/l2 ;

so that L.1=2; �; �/D 0 unless l2 is even.

5. Spectral average of Rankin–Selberg integrals

The space S%.K0.N // is endowed with the Hermitian inner product associated to
the norm

R
Z.A/G.Q/nG.A/.'.g/ j '.g//% dg .' 2S%.K0.N ///. Let H .G.Qp/==Kp/

be the Hecke algebra for .G.Qp/;Kp/ for p <1. For any finite set S of primes p

that is prime to N , define

HS WD
N

p2S

H .G.Qp/ ==Kp/:

The C-algebra HS acts on the finite-dimensional Hilbert space S%.K0.N // normally
by

ŒR.fS /'�.g/D
Z
G.QS /

'.gxS /fS .xS / dxS ; g 2 G.A/; fS 2HS ; ' 2 Sl.K0.N //;

where G.QS / WD
Q

p2S G.Qp/. Let � and M be as in Section 4.3. We define the
Schwartz–Bruhat function � 2 S.A2

E
/ associated with � as

� D
Y

p�1

�p; �p.x;y/D

�
1OEp

.x/1OEp
.y/ .p <1;p −M /;

1peOEp
.x/11CpeOEp

.y/ .p <1;pe kM; e � 1/;

with �1 as in (4-23). In this section, we investigate the averages

(5-1) I.s/.�;N; fS / WD
1

ŒKf WK0.N /�

X
'2B.�;N /

hE.�; s; ƒ; �/;R.b/R.fS /'v0
%
iBT� ;ƒ.'v0

%
I b�R/;

where v0
% 2V

SO.2/
% is the vector from Section 4 and bD .bp/p�1 2G.A/ is defined
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by

(5-2) bp D

8̂̂̂̂
<̂
ˆ̂̂:

14 .p <1;p −NM /;

�p .p <1;p jN /;

bM
p WD

�
pe12 T

|
�

0 12

�
.p <1;pe kM; e � 1/;

b�R .p D1/:

Here

�p WD

"
0 0 0 –1
0 0 1 0
0 p 0 0

–p 0 0 0

#
2 G.Qp/

is the Atkin–Lehner element, Kf WDK0.1/, and B.�;N /D
S
�2…cusp.�;N /

B�.�;N /

is an orthonormal basis of S%.K0.N // with B�.�;N / an orthonormal basis of
V

K0.N /
� Œ%�. The sum is independent of the choice of an orthonormal basis and can

be written as I.s/.…
.T� ;ƒ/
cusp .�;N /; fS /, where for any subset X �…

.T� ;ƒ/
cusp .�;N /

we define

(5-3) I.s/.X; fS /D
1

ŒKf WK0.N /�

X
�2X

OfS .�S /

�

X
'2B� .�;N /

hE.�; s; ƒ; �/;R.b/'v0
%
iBT� ;ƒ.'v0

%
I b�R/;

where OfS .�S / is the spherical Fourier transforms of fS at �S WD
N

p2S �p , which
is defined as the eigenvalue of the operator �S .fS / on the KS D

Q
p2S Kp-

fixed vectors �KS

S
Š C. For � 2 fT;G;Y;SKg and � 2 fnew; oldg, we define

I.s/.�;N; fS /
�, I.s/.�;N; fS /

�, and I.s/.�;N; fS /
�;� to be I.s/.X; fS / with X D

…
.T� ;ƒ/
cusp .�;N /�, ….T� ;ƒ/cusp .�;N /� and ….T� ;ƒ/cusp .�;N /�;�, respectively. Then, due

to (4-18), the average (5-1) has the expression

(5-4) I.s/.�;N;fS /D I.s/.�;N;fS /
G;newC I.s/.�;N;fS /

Y;newC I.s/.�;N;fS /
SK;new

C I.s/.�;N;fS /
old:

5.1. A construction of orthonormal basis. Let �Š
N

p�1 �p be an element of the
set ….T� ;ƒ/cusp .�;N / (see Section 4.3). We fix a .T� ; ƒ/-Bessel data f.`p; �p/gp<1
of � (see Section 4.4) once and for all. Set '0

�.g/ WD .'
0
�;%.g/ j v

0
%/%, which is an

element of V
K0.N /
� . Since � is a unitary representation, all of its factors �p are

unitarizable. For each p <1, we can uniquely fix a G.Qp/-invariant inner product
. � j � /p on V�p

by demanding .�p j �p/p D 1; for p D1, we fix a G.R/-invariant
inner product so that its pullback to V% ,! �1 (cf. property (i) in Section 4.2)
coincides with the inner product . � j � /% of V%. Let '0

� be the global new form
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attached to f�pgp<1 (see Section 4.4). Then,

(5-5)
.' j '/L2

.'0
� j '

0
�/L2

D .vjv/%
Q

p<1
.vpjvp/p

for any ' 2V� that corresponds to v˝
� N
p<1

vp

�
with v 2V%. As below, for p<1,

fix an orthonormal basis
B.�p;K0.N Zp//

of V
K0.N Zp/
�p

in such a way that

B.�p;K0.N Zp//D f�
0
�p
g if p −N :

Then, a pure tensor of the form

(5-6) .'0
� j '

0
�/
�1=2

L2 �
N

p<1
vp; vp 2B.�p;K0.N Zp//;

yields an element ' 2 V
K0.N /
� Œl � such that for v 2 V% the element 'v 2 V� corre-

sponds to v tensored with (5-6). The set of functions ' obtained in this way from
(5-6) will be denoted by B�.�;N /. If � 2…cusp.�;N / does not satisfy condition
(A-iv) in Section 4.3, then we fix arbitrary orthonormal basis B�.�;N / of the space
V

K0.N /
� Œ��. Let B.�;N / be the union of the sets B�.�;N / for � 2…cusp.�;N /;

then, by (ii) in Section 4.2, the set B.�;N / is an orthonormal basis of S%.K0.N //.

5.2. Computation of the average. Let ' correspond to a pure tensor as in (5-6).
Then, by (4-20) and the computations recalled in Section 4.5 and Section 6.2,

(5-7) hE.�; s; ƒ; �/;R.b/'v0
%
i

D .'0
� j '

0
�/
�1=2

L2 � w�1
D R.'0

� ;E; ƒ/
OL
�
sC 1

2
; �; �

�
� .v0

% j v
0
%/%.�1/l22�2

jDj
1
2
.4�

l1Cl2
2

/ Q
pjN

Z�p.�p;Bvp
I s; �pI bp/;

where

Z�p.�p;Bvp
I s; �pI bp/ WDL

�
sC 1

2
; �p; �p

��1
Zp.�p;Bvp

I s; �pI bp/

is the normalized local zeta integral. Moreover, by (4-21) and Lemma 4.4,

(5-8) BT� ;ƒ.'v0
%
I b�R/D

h'0
� j '

0
�i
�1=2

L2 � w�1
D R.'0

� ;E; ƒ/ .B
T�
% .b�R/ j v

0
%/%

Q
pjN

`p.vp/:

Note that
BT�
% .b�R/D .�1/

l1Cl2
2 exp.�2�

p
jDj/ v0

%

by (4-1) and (2-14). From (5-3), (5-7) and (5-8), we get:
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Proposition 5.1. Let fS 2HS . Then, I.s/.�;N; fS / equals

(5-9)
2�2�2jDj

1
2
.3�

l1Cl2
2

/e�2�
p
jDj

w2
D
ŒKf WK0.N /�

M s�6�M .1/�M .4/ Q�.2D/G. Q�/

� .v0
% j v

0
%/

2
%

P
�2…

.T� ;ƒ/
cusp .�;N /

OfS .�S /
jR.'0

� ;E; ƒ/j
2

.'0
� j'

0
�/L2

OL
�
sC 1

2
; �; �

�
�
Q

p<1
I
.s/

�p;K0.N Zp/
.�p; �p; ƒp; �pI bp/;

where �p for p <1 is from the fixed .T� ; ƒ/-Bessel data f.`p; �p/gp<1 of � , and

(5-10) I
.s/

�p;K0.N Zp/
.�p; �p; ƒp; �pI bp/ WDP

v2B.�p;K0.N Zp//

Z�p.�p;Bvp
I s; �p; bp/ `p.v/:

We also use the notation �M .s/ to denote
Q

pjM .1�p�s/�1.

Note that if �p with p −N is unramified and .`0
�p
; �0
�p
/ is the unramified Bessel

datum of �p, then (5-10) is 1. For other cases, we compute (5-10) in Section 6.8
completely. Substituting them, we obtain:

Theorem 5.2. Let �D .l1; l2/;N , �, Q� and M be as in Section 4.3. Let S be a finite
set of prime numbers relatively prime to DMN . Then, for any fS D

N
p2S

fp 2HS ,
the value I.s/.�;N; fS / equals

(5-11)
2�2�2jDj

1
2
.3�

l1Cl2
2

/e�2�
p
jDj

w2
D
ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q�.N /

Q
pjN

.1Cp�2/�1

� .v0
% jv

0
%/

2
%

X
�2…

.T� ;ƒ/
cusp .�;N /

OfS .�S /
jR.'0

� ;E; ƒ/j
2

.'0
� j'

0
�/L2

OL
�
sC1

2
; �; �

�
t.s/.�; �/;

with t.s/.�; �/D
Q

pjN

t.s/.�p; �p/ and t.s/.�p; �p/ defined as

(5-12)

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1 if p jN� and �p is of type VIb;

2 if p jN� and �p is of type IIIa;

2.p� 1/p�5L.1; �p;Std/

�
�
1�

�p.p/p
�s

pC1
tr.p�1T1;0C �pj�

K0.pZp/
p /C�2

p.p/p
�2s

�
if p j N

N�
:
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To refine (5-11) by considering I.s/.�;N; fS /
�;new (� 2 fG;Y;SKg), we use an

explicit formula of the quantity jR.'0
� ;E; ƒ/j

2=.'0
� j'

0
�/L2 first proved by Dickson,

Pitale, Saha, and Schmidt [7, Theorems 1.13 and 3.13] when l1 D l2 under the
refined GGP conjecture for Bessel periods posed by Liu [22]. Thanks to a theorem
by Furusawa and Morimoto [10, Theorem 8.1], the formula in [7, Theorems 1.13
and 3.13] is extended to vector-valued forms unconditionally so that it can be
applied to (5-11).

Theorem 5.3. Let the notation and assumptions be as in Theorem 5.2.

(i) I.s/.�;N; fS /
G;new equals

2#S.N /C2l1�6�2jDj
l1Cl2C2

4 e�2�
p
jDj

ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q��1.N /

Q
p2S.N /

.1Cp�1/

�

X
�2…

.T� ;ƒ/
cusp .�;N /G;new

OfS .�S /
OL
�

1
2
; � �AI.ƒ�1/

�
OL.1; � IAd/

OL
�
sC 1

2
; �; �

�
;

where S.N / is the set of all the prime divisors of N , and AI.ƒ�1/ is the automor-
phic induction to GL2.A/ from the character ƒ�1 of A�

E
=E�.

(ii) If N has an even number of prime divisors, then I.s/.�;N; fS /
Y;new D 0. If N

has an odd number of prime divisors, then I.s/.�;N; fS /
Y;new equals

2#S.N /C2l1�7�2jDj
l1Cl2C2

4 e�2�
p
jDj

ŒKf WK0.N /�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1
Q��1.N /

Q
p2S.N /

.1Cp�1/

�

X
�12…PGL2;cusp.l1Cl2�2;N /new

�22…PGL2;cusp.l1�l2C2;N /new

�
OfS .Y.�1; �2/S /

�

OL
�

1
2
; �1�AI.ƒ�1/

�
OL
�

1
2
; �2�AI.ƒ�1/

�
OL
�
sC1

2
; �1��

�
OL
�
sC1

2
; �2��

�
OL.1; �1IAd/ OL.1; �2IAd/ OL.1; �1��2/

�
;

where …PGL2;cusp.k;N /new is the set of all irreducible cuspidal representations
of PGL2.A/ associated to holomorphic newforms of weight k and level N and
Y.�1; �2/ 2…cusp.�;N /new denotes the Yoshida lift of �1 and �2.
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(iii) Ifƒ¤ 1 or l1 > l2, then I.s/.�;N; fS /
SK;newD 0. IfƒD 1 and l1D l2 .DW l/,

then I.s/..l; l/;N; fS /
SK;new equals

3 � 22l�3�2jDj.lC2/=2e�2�
p
jDj

ŒKf WK0.N /�
�

s

4�

�M s�6�M .1/�M .4/ Q�.2D/G. Q�/N s�1 Q��1.N /
Q

p2S.N /

.1Cp�1/ � OL.sC1; �/ OL.s; �/

�

X
�02…

.T� ;1/

PGL2;cusp.2l�2;N /new

OfS .SK.�0/S /
OL.1

2
; �0 ��D/ OL.1; �D/

2

OL.3
2
; �0/ OL.1; �0IAd/

OL
�
sC1

2
; �0��

�
;

where….T� ;1/PGL2;cusp.2l�2;N /new is the set of all �0 2…PGL2;cusp.2l�2;N /new such
that the Saito–Kurokawa lift SK.�0/ of �0 has the .T� ;1/-Bessel model, and �D is
the Kronecker character of modulo D.

Proof. The equalities in (i) and (ii) are a direct corollary to Theorem 5.2 and [9,
Theorem 8.1] (for the scalar case we refer to [7, Theorems 1.13 and 3.14]); note
that the polynomial QS;% (with S D T� ) in [9, (8.2.16)] equals

.�1/
l1�l2

2

�
2p
jDj

� l1Cl2
2 v�%;

our R.';E;ƒ/ equals the quantityw
D

�p
jDj
2

�� l1Cl2
2 �Bƒ.'IE/=.QS;%;QS;%/l1�l2

defined by [9, (8.2.17)], and .QS;%;QS;%/l1�l2
D
�
jDj
4

��.l1Cl2/=2.v0
%; v

0
%/l1�l2

D�
jDj
4

��.l1Cl2/=2.v0
% j v

0
%/%. We also note the formula

OL.s; �; �/D OL.s; �1 ��/ OL.s; �2 ��/;

where � D Y .�1; �2/. This is obtained immediately by comparing the local factors.
It is noted in [7, p. 296] that each local representation �p of � Š

N
p �p 2

…
.T� ;ƒ/
cusp .�;N /Y;new for p jN is of type VIb. Finally, we check statement (iii). As

quoted in [7, Theorem 3.11], the .T� ; ƒ/-Bessel periods of the Saito–Kurokawa
lifts are zero unless ƒ is trivial due to Qiu. By comparing the local L-functions
[38, Theorem 5.2(ii)] (cf. [28, Theorem 3.1]), we have

(5-13) OL.s; �; �/D
1

4�
.s� 1=2/ OL.s; �0 ��/ OL.sC 1=2; �/ OL.s� 1=2; �/;

where � D SK.�0/. By [38] and the definition, the set ….T� ;1/cusp ..l; l/;N /SK corre-
sponds bijectively to the set ….T� ;1/PGL2;cusp.2l � 2;N / via the Saito–Kurokawa lifting
if l � 3. Note that the condition l � 3 is ensured by assumption (A-ii) in Section 4.3.

�

By (5-4), I.s/.�;N; fS /� I.s/.�;N; fS /
G;new is the sum of I.s/.�;N; fS /

Y;new,
I.s/.�;N; fS /

SK;new and I.s/.�;N; fS /
old. Our main focus is their values at s D 0.
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For those, we have the following upper bounds in the level aspect. For fS 2HS ,
let kfSk1 WD

R
G.QS /

jfS .gS /j dgS denote its L1-norm.

Theorem 5.4. Let l , �, z�, M , S be as in Theorem 5.2.

(i) Let � be fixed as before and N an inert prime in E=Q. Then, there exist
constants CD;�;�;C

0
D;�;�

> 0 depending only on D, l , �, and fS such that

jI.0/.�;N; fS /
old
j< CD;�;�kfSk1N�8;(5-14)

jI.0/.�;N; fS /
Y;new
j< C 0D;�;�kfSk1N�

3
2 :(5-15)

(ii) Let N be 1 or an inert prime in E=Q. When �¤ 1, I.0/.l;N; fS /
SK;new D 0.

When �D 1, there exists a constant C > 0 such that

jI.0/..l; l/;N; fS /
SK;new

j< C jDj
l
2 l

1
2 kfSk1N�

3
2 :(5-16)

Proof. We have the inequality j OfS .�S /j�kfSk1 for all irreducible unitary represen-
tation �S of G.QS /. Because N is a prime, one can check that the summation range
of I.0/.�;N; fS /

old is ….T� ;�/cusp .�;N /old D…
.T� ;�/
cusp .�; 1/, which is independent of

N . From the value of t.�p; �p/ in (5-12) for pDN , combined with the tempered-
ness of �N due to [48] and the matrix of T1;0 in [31, Table 3], we get t.�N ; �N /D

O.N�4/. This and the equation ŒKf WK0.N /�DN 3.1CN�2/.1CN�1/ for prime
N yield the bound (5-14).

Next we treat the average for Yoshida lifts. For �12…PGL2;cusp.l1Cl2�2;N /new

and �2 2…PGL2;cusp.l1� l2C 2;N /new, we need the lower bound

L.1; �1 ��2/�l1;l2
exp.�C

p
log N /

uniform in N . This is a special case of Lemma 5.5, because �1 and �2 are every-
where tempered by Deligne’s estimate and by the fact that the local p-components
of �i for p jN are the (twisted) Steinberg representation, which is tempered. Note
that �1 6Š �2 due to the weight condition. Now, we deduce the inequality (5-15)
bounding the sum from above by a product of the average considered in [8, Theorem
1.1]; to do this, we invoke the subconvexity bound

(5-17) L
�

1
2
; �
�
DO.C.�/

1
4
�ı/ .9 ı > 0/

for automorphic cuspidal representations � of GL2.A/ [24] and the nonnegativity
of L

�
1
2
; �i �AI.ƒ�1/

�
DL

�
1
2
;BCE=Q.�i/˝ƒ

�1
�

for i D 1; 2 due to [15].
Let us prove (5-16); by Theorem 5.3(ii), we may assume � D .l; l/. Suppose

� ¤ 1; then, by Theorem 5.3(ii), I.s/..l; l/;N; fS /
SK;new � s�1 is entire, hence

I.0/..l; l/;N; fS /
SK;newD 0 because OL.s; �/, as well as OL.s; �0��D/, is entire. In

the rest of the proof, we assume �D1. Then, s OL.s; �/ OL.sC1; �/ has a simple pole
at sD0. By [37, Theorem 3.1 and Table 2], SK.�0/with �02…cusp;PGL2

.2l�2;N /

has the global .T� ; ƒ/-Bessel model only if the sign of the functional equation of
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�0 is �1 so that OL.sC 1=2; �0/ has a zero at s D 0. Hence, Theorem 5.3(ii) gives
us the following majorant of I.0/..l; l/;N; fS /

SK;new:

23�
5
2 .l � 1/�2

ŒKf WK0.N /�
�
�.l/kfSk1

�.l � 1
2
/
jDj

l
2

X
�02…

.T� ;1/

PGL2;cusp.2l�2;N /

L.1
2
; �0 ��D/ jL

0.1
2
; �0/j

L.1; �0IAd/
:

To estimate this, we invoke a subconvexity bound L.1=2; �0��D/DO..l2N /
1
4
�ı/

for some ı > 0 from (5-17) and a lower bound

L.1; �0IAd/ > c0 exp
�
�c1

p
log.1C l2N /

�
for some constant c0; c1 > 0 which is known by [12, Theorem 0.1] (see also
the remark after [21, Corollary 7]). The lower bound implies L.1; �0IAd/�1 D

O..l2N /2ı/. By a common argument, we derive a subconvexity bound for the
central derivative L0.1=2; �0/DO..l2N /

1
4
�ı/ from the bound L.1=2; �0j � j

it
A /D

O..l2N.1Cjt j//1=4�ı/ that follows from (5-17). Finally, (5-16) follows using the
uniform bound #…PGL2;cusp.2l � 2;N /DO.lN / and the asymptotic �.l/

�.l� 1
2
/
� l

1
2

.l!1/. �

Lemma 5.5. Let �1 and �2 be irreducible cuspidal automorphic representations
of PGLn such that C.�1/;C.�2/�Q with Q> 2. We assume that �1 6Š �2 and
both of them are self-dual and tempered everywhere. Then,

L.1; �1 ��2/� exp.�C
p

log Q/

with an absolute constant C > 0.

Proof. We recall the argument indicated in [35] (attributed originally to [25]), which
eliminates a possibility of Siegel zeros of the L-function L.s; �1 ��2/. Fix t 2 R.
Then, L.s;…� z…/ with … being the isobaric sum

… WD �1� .�1 � j � j
it
A /� .�1 � j � j

�it
A /��2� .�2 � j � j

it
A /� .�2 � j � j

�it
A /

is a Dirichlet series with nonnegative coefficients [13, Lemma a]. Moreover, by [16,
Proposition 9.4] and the self-duality of �1 and �2, one expresses L.s;…� z…/ as

L.s;…� z…/D
Y

1�i;j�2

h
L.s;�i��j /

3L.s�it;�i��j /
2L.sCit;�i��j /

2

�L.s�2it;�i��j /L.sC2it;�i��j /

i2
;

which shows that L.s;…� z…/ has a pole of order 6 at sD 1 (due to �1© �2), and
has a zero of order 8 at s D � if L.� C i t; �i ��j /D 0 .i; j D 1; 2/. Hence, by
[11, p. 178, Lemma], one can show that L.s; �1 ��2/ has no zeros on the interval�
1� C0

log M
; 1
�

for some constant C0 > 0 with

M D .1Cjt j/24C.�2 ��2/
18C.�1 ��1/

9C.�2 ��2/
2;
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where C.�i ��j / is the analytic conductor of L.s; �i ��j /. By [13, Lemma b],
we have C.�i ��j /�Q2n. Thus, for an absolute constant C 0

0
> 0, L.s; �1��2/

is zero-free on the region 1 �
C 0

0

log Q.1CjIm.s/j/ < Re.s/ < 1. Now, we apply the
argument of [21, Corollary 7] to the L-function L.s; �1 ��2/. Since �1; �2 are
assumed to be tempered everywhere, the optimal bound of the lambda function
ƒA.n/ for A D �1 � �2 is available so that the automorphy of �1 � �2 is not
necessary, which simplifies the proof to get the lower bound of L.1; �1 ��2/. �

As a consequence of Theorem 5.4, we get

I.0/.�;N; fS /
G;new

D I.0/.�;N; fS /COƒ;�;�.kfSk1N�
3
2 /:(5-18)

6. Computation of local zeta integrals for p-adic fields

In this section, let F be a nonarchimedean local field of characteristic 0, O the
integer ring of F , p the maximal ideal of O, $ a generator of p and q D #.O=p/.
Let j � j denote the normalized absolute value of F , i.e., j$ j D q�1. Fix a nontrivial
additive character  W F ! C1 with cond. / WDminfn 2 Z I  j$nO D 1g D 0.

We compute the local zeta integral à la Piatetski-Shapiro [29] for several rep-
resentations, taking particular test functions; as a result, we determine the local
L-factors and the local "-factors in [29] to confirm that they coincides with the
expected ones listed in [34, Tables A8 and A9]. As explained in Section 4.3, for a
particular global application in mind, we only deal with representations of types I,
IIb, IIIa and VIb (but allowing the central characters to be nontrivial when we are
concerned with newvectors.)

6.1. Local zeta integral for Bessel models. We first review some generalities on
local zeta integrals and then recall results from [32] on explicit formulas of Bessel
functions for Iwahori spherical representations of G, which are possible local
components of � Š˝p�p 2…

.T� ;ƒ/
cusp .�;N /.

Let K D G.O/ be a standard maximal compact subgroup of G.F / and

K0.p
e/ WD

˚�
A B
C D

�
2K

ˇ̌
C � 0 .mod pe/

	
be the congruence subgroup of level pe.

For a symmetric matrix T D
�

a b=2
b=2 c

�
2 Sym2.F / such that d WD b2� 4ac¤ 0,

set � D
�
b=2 c
�a �b=2

�
. Let L WD F ˚ F� be the two-dimensional F -algebra, OL

be its integer ring, and pL WD poL. Define the additive character  L on L by
 L WD  ı trL=F . The maps

L 3 xCy� 7! xC
p

d
2

y 2 F.
p
d/ .d 62 .F�/2/;

L 3 xCy� 7!
�
xC

p
d

2
y;x�

p
d

2
y
�
2 F ˚F .d 2 .F�/2/;

are isomorphisms of F -algebras. We assume that
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(i) a 2 O� and b; c 2 O.

(ii) If d 62 .F�/2, then
p
dOL is the different ideal of L=F .

(iii) If d 2 .F�/2, then d 2 O�.

We can check that

L� D
˚
� 2GL2.F /

ˇ̌
t�T � D det � �T

	
:

The map L 3 � 7! �| 2 L is the nontrivial F -automorphism on L. We set �0 D

b=2� � 2 OL, then fa; �0g is an O-basis of OL. Let h � ; � i denote the symplectic
form on L2 over F defined by

hx;yi WD trL=F .�.2�/
�1.x1y2�x2y1//; x D

�
x1
x2

�
;y D

� y1
y2

�
2L2:

We set
G#.F / WD

˚
g 2GL2.L/

ˇ̌
det g 2 F�

	
;

B#.F / WD
˚�
� ˇ

0 a�|

� ˇ̌
� 2L�; ˇ 2L; a 2 F�

	
;

K#
WDG#.F /\GL2.OL/;

K#
0.p

e/ WDG#.F /\
� OL OL

pe
L

OL

�
:

Since hg#x;g#yi D det g#hx;yi for any x;y 2 L2 and g# 2 G.F /, we get a
natural embedding G#.F / 3 g 7! �.g#/ 2 G.F /. More precisely, �.g#/ is the
representation matrix of the action L2 3 x 7! g#x 2L2 with respect to an F -basis˚�

a
0

�
;
�
�0

0

�
;
� 0

�a�1�
|
0

�
;
�

0
1

�	
. A computation yields

�
��
� 0
0 a�|

��
Dm.�; a det �/;

�
��

1 ˇ
0 1

��
D
� 12 Xˇ

0 12

�
; ˇ D ˇ2aCˇ3�0 2L; Xˇ WD

�
�a�1bˇ2�a

�1cˇ3 ˇ2

ˇ2 ˇ3

�
;(6-1)

�
��

0 1
1 0

��
D

"
0 0 �a�2b a�1

0 0 a�1 0
0 a 0 0
a b 0 0

#
:(6-2)

We note that K# D ��1.K/ and K#
0
.pe/D ��1.K0.p

e//. We call

R WD
˚
�
��
� 0
0 �|

��
n
ˇ̌
� 2L�; n 2 N.F /

	
the Bessel subgroup of G.F / (with respect to T ). For a character ƒ W L�! C1,
we can check that the map

R 3 �
��
� 0
0 �|

��
n.X / 7!ƒ.�/ .tr .TX // 2 C1

defines a character on R. We denote this character by ƒ˝ T .
Let .�;V�/ be an irreducible admissible representation of G.F /. Let .V �� /

T;ƒ

denote the space of all C-linear forms ` W V� ! C that satisfies

`.�.r/�/Dƒ˝ T .r/ `.�/; � 2 V� ; r 2R:
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Then, dimC.V
�
� /

T;ƒ � 1 [26; 33]. We say that � has a local .T; ƒ/-Bessel model
if .V �� /

T;ƒ ¤ .0/. In this case, we can define the local .T; ƒ/-Bessel model of �
as in Section 4.4. Moreover, when � is spherical and  T and ƒ are unramified, we
define the unramified .T; ƒ/-Bessel datum .`0

� ; �
0
�/ 2 .V

�
� /

T;ƒ �V K
� for � as in

Section 4.4, so that

B0
�.g/D `

0
�.�.g/�

0
�/; g 2 G.Qp/;

is the unramified Bessel function such that B0
�.14/D 1. Recall that all irreducible

admissible representations of G.F / that admit local Bessel models are classified in
[34], and the result is conveniently summarized in [32, Table 2]. For our cases, as
we mentioned in Section 4.4, we may assume that � is of type I, IIb, IIIa, or VIb.
We quote some of its properties from [32, Table 2]:

(6-3)

type � dim V K
� dim V

K0.p/
� cent: char:

I ���0 Ì � 1 4 ��0�2

IIb �1GL2
Ì � 1 3 �2�2

IIIa �Ì �StGL2
0 2 ��2

VIb �.T; j � j�
1
2�/ 0 1 �2

Here, �, �0, and � are unramified quasicharacters on F� such that representations
are irreducible and admit .T; ƒ/-Bessel models. For later use we set ˛ D �.$/,
ˇ D �0.$/, and 
 D �.$/. According to [34, Table A2], for type IIIa and
type VIb, the corresponding representations are unitarizable if and only if the
inducing quasicharacters are unitary, whereas, for type I, the unitarity of the inducing
quasicharacters is equivalent to the corresponding representations being unitarizable
and tempered. In what follows, having a global application in mind, we suppose
the unitarity of all the inducing characters, i.e., j˛j D jˇj D j
 j D 1.

Similarly to (3-1), for a Schwartz–Bruhat function � 2 S.L2/, a character � on
F�, and s 2 C with Re.s/ > 1, we define a function on G#.F / by

f
.s;ƒ;�/

�
.g#/D �.det g#/j det g#

j
sC1

Z
L�
�.Œ 0 1 �Œ � 0

0 �| �g
#/ƒ�L.�/j��

|
j
sC1d��;

where �L.�/ WD �.��
|/; � 2L� and d�� is the normalized Haar measure on L�

such that vol.OL/D 1. For an irreducible smooth admissible representation � of
Z.F /nG.F /, admitting .T; ƒ/-Bessel model and B 2B.T; ƒ/Œ��, define the zeta
integral by
(6-4)
Z.�;B; s; �Ig/D

Z
F�

Z
K #

B.m.a12; a/�.k
#/g/�.a/jajs�1f

.s;ƒ;�/

�
.k#/dk#d�a

for s 2 C with Re.s/ > 1. It is shown that Z.�;B; �Ig/ is a rational function in
q�s [40, Lemma 5.3.1]. Then, the local L-function L.s; �; �/ is defined to be the
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unique function such that L.s; �; �/�1 is a polynomial in q�s with constant term 1

and such that Z.�;B; s; �; 1/=L.s; �; �/ 2 CŒqs; q�s � for all � and B ([29]; see
also [40, Proposition 5.3.3]). For later use, we need the following:

Lemma 6.1. Suppose ƒ is unramified. Let B 2 B.T; ƒ/K0.p/ and � D 1oL˚oL
.

Then, for Re.s/� 0,

(6-5) Z.�;B; s; �I �/D
L.sC 1; ƒ�L/

q2C 1

n 1P
lD0

�B.h.l; 0//�.$/lq�l.s�1/

C qsC1�.$/�1
1P

lD0

B.h.l; 0//�.$/lq�l.s�1/
o
;

where �B denotes the right-translation of B by � WD
�

�1
1

$
�$

�
.

Proof. It is easy to check the equality f .s;ƒ;�/
�

.k#/DL.sC1; ƒ�L/ for all k#2K#.
By considering the left K#

0
.p/-coset decomposition of K#,

(6-6) K#
DK#

0.p/t
� F
�2OL=pL

�
1 �
0 1

��
0 1
1 0

�
K#

0.p/
�
;

the zeta integral Z.�;B; s; �I �/ becomes ŒK# WK#
0
.p/��1L.sC 1; ƒ�L/ timesZ

F�

�
�B.m.a12; a//C

P
�2OL=pL

�B
�
m.a12; a/�

��
1 �
0 1

��
0 1
1 0

����
�.a/jajs�1d�a:

For a 2$ lo� .l 2 Z/, by the left R-equivariance and the right K0.p/-invariance
of B, we have

B
�
m.a12; a/�

��
1 �
0 1

��
0 1
1 0

���
D  .a tr.T�X�//B.h.l C 1; 0//

due to the relation m.a12; a/�
��

0 1
1 0

��
�2h.lC1; 0/K0.p/, which is easily confirmed

by (6-2). Note that tr.T�X�/D 0. Hence, the �-sum becomes q2 �B.h.l C 1; 0//

because #.oL=pL/D q2. From this and the vanishing of B.h.l; 0// for l < 0 — see
(6-10) — we get (6-5). �

By [29, Proposition 3.2], there exists an entire function ".�; s; �;  / such that
the local functional equation

(6-7) ".�; sC 1=2; �;  /
Z.�;B; s; �Ig/

L.sC 1=2; �; �/
D

Z.y�;B|;�s; ��1Ig/

L.�sC 1=2; O�;��1/

holds. Here, we have defined B| 2B.T; ƒ|/Œ�� by setting

B|.g/ WD B

��
1 a�1b 0 0
0 -1 0 0
0 0 -1 0
0 0 -a�1b 1

�
g

�
.g 2 G.F //;

we have denoted by ƒ| the Galois conjugate of ƒ defined by ƒ|.�/ WDƒ.�|/ for
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� 2L�, and y� is the Fourier transform of � 2 S.L2/, defined as

y�.x;y/D

Z
L2

�.u; v/ L

�˝�
x
y

�
;
�

u
v

�˛�
dudv

du and dv being the Haar measures on L such that vol.OL/D 1.
We shall get explicit evaluations of the zeta integrals Z.�;B; s; �Ig/ for un-

ramified ƒ and particular choices of �, B and g as shown in the next table, which
allow us to determine ".s; �; �;  /:

(6-8)

type � B � L=F g

case 1 I or IIb 1OL˚OL
K-fixed unramified � 14

case 2 I or IIb 1pe
L
˚1Cpe

L
K-fixed ramified inert b

case 3 I or IIb 31pe
L
˚1Cpe

L
K-fixed ramified inert b

case 4 I or IIb 1OL˚OL
K0.p/-fixed unramified inert �

case 5 IIIa 1OL˚OL
K0.p/-fixed unramified inert �

case 6 VIb 1OL˚OL
K0.p/-fixed unramified inert �

Here, the integer e is the conductor of � defined to be the minimum nonnegative
integer n satisfying �j.1Cpn/\o� D 1, b 2 G.F / is given by

b WD
�
$e12 T |

0 12

�
;(6-9)

and L=F is said to be inert if it is an unramified field extension. For l;m 2 Z, set

h.`;m/ WD

�
$`C2m

$`Cm

1
$m

�
2 G.F /:

As in [32], for a smooth representation .�;V�/ of G.F /, we define an operator
T`;m 2 End.V�/ by

T`;mv WD vol.K0.p//
�1
Z

K0.p/h.`;m/K0.p/
�.g/v dg; v 2 V� ;

with dg the Haar measure on G.F / such that vol.K/D 1, and the Atkin–Lehner
involution by

�v WD �.�/v; � WD

�
�1

1
$

�$

�
; v 2 V� :

If � is irreducible and has the .T; ƒ/-Bessel models, then Lemma 4.4(i) of [32]
gives for any B 2B.T; ƒ/Œ��K0.p/ the support conditions

B.h.`;m//D B.h.`;m/s2/D 0 if ` < 0; ;(6-10)

B.h.`;m/s1s2/D B.h.`;m/s2s1s2/D 0 if ` < �1:(6-11)
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6.2. Unramified computation .case 1/. When � is spherical, � is of type I or IIb
in our cases. Recall that there exists a unique element B0

� 2 B.T; ƒ/Œ��K such
that B0

�.14/D 1. Then, the following formula for an unramified � in its greatest
generality is due to Sugano [42, Theorem 2.1]:

Z.�;B0
� ; s; �I 14/DL.sC 1=2; �; �/; Re.s/� 0:

In [20, Proposition 5.9], a proof of this formula is given when LDF ˚F and � is
of type I based on the explicit formula of B0

� due to [6].

6.3. Unramified computation .cases 2 and 3/. Now we assume that e > 0 and
that T 2 Sym2.F / satisfies the following conditions:

� L=F is an unramified field extension.

� T 2GL2.O/; �
d
2
D tr.T T |/ 2 O�.

Then $ remains a prime element in pL. Let b be as in (6-9), and set � D
1pe

L
˚1Cpe

L
2 S.L2/. Our goal in this subsection is to calculate the zeta integrals

Z.�;B0
� ; s; �I b/ and Z.y�;B0

� ; s; �I b/ explicitly. We note that Z.�;B0
� ; s; �I 14/

must be zero because the a-integral in (6-4) vanishes.

Definition 6.2 (root number). Let  and � be as above, we define the Gauss sum
WF .�;  / by

WF .�;  / WD q�
e
2�.$/�e P

˛2.O=pe/�
 .$�e˛/�.˛/:

This sum has absolute value 1 and is independent of the choice of $ . The
following lemma is more or less well-known [44, (2.18)].

Lemma 6.3. Let  and � be as above. For n 2 Z,Z
O�
 .$na/�.a/d�aD

�
q�

e
2
C1.q� 1/�1�.$/eWF .�;  / .nD�e/;

0 .n¤�e/:

Lemma 6.4. Let L=F be an unramified quadratic extension. For any character �
of F with e WD cond.�/ > 0,

WL.�L;  L/D .�1/eWF .�;  /
2:

Proof. For a virtual representation V of the Weil group WF of F , let ".s;V;  /
denote the local epsilon factor à la Deligne–Langlands [45]. By [45, (3.4.8)], we
have

(6-12) ".s; IndWF

WL
�; /D ".s; �;  L/

for any � of degree 0. Any character � of F� is viewed as a one-dimensional
representation of WF by F� Š Wab

F
. If �L WD � ı NL=F , then IndWF

WL
�L Š

�˚ ��L=F . If � is unramified, then ".s; �;  / D 1; since L=F is unramified,
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so is the character �L=F . From these observations, we see that equality (6-12)
holds true when � D 1. Thus, (6-12) is true when � D � with e > 0. Since
".s; ��

j

L=F
;  / D q�e.s�1=2/WF . N��

j

L=F
;  / for j D 0; 1 and ".s; �L;  L/ D

q�2e.s�1=2/WL. N�L;  L/, we obtain WL.�L;  L/ D WF .�;  /WF .��L=F ;  /.
Since e > 0 and �L=F .$/D�1, we have

WF .��L=F ;  /D �L=F .$/
eWF .�;  /D .�1/eWF .�;  /: �

Lemma 6.5. For k# D
�

a b
c d

�
2K#, we have

f
.s;ƒ;�/

�
.k#/D

(
q�2eC2.q2�1/�1�L.d/

�1�.detk#/ .c2pe
L
/;

0 .otherwise/;

f
.s;ƒ;�/

O�
.k#/D

(
qe.2s�3/C2.q2�1/�1ƒ.$/�e�L.c/

�1WL.�L; L/ .c2O�
L
/;

0 .c 62O�
L
/:

Proof. These equations immediately follow by Lemma 6.3. �

Lemma 6.6. For u 2 O�,X
�2OL=p

e
L

uCNL=F .�/2O�

�.uCNL=F .�//D .�1/eqe�.u/:

Proof. Because L=F is an unramified extension, the norm map NL=F W O
�
L
! O�

is surjective. Thus, there exists v 2 O�
L

such that uD NL=F .v/. By replacing � by
v�, without loss of generality, we may assume that uD 1.

For an integer i with 0� i � eC 1, we set

OL;i D

8<:
˚
� 2

�
OL=p

e
L

�� ˇ̌
1CNL=F .�/ 6� 0 .mod p/

	
.i D 0/;

pi
L
=pe

L
.0< i � e/;

¿ .i D eC 1/

and

Ui D

8<:
O�=.1C pe/ .i D 0/;

.1C pi/=.1C pe/ .0< i � e/;

¿ .i D eC 1/:

When 0� i < e=2, we can check that

OL;i nOL;iC1 3 � .mod pe
L/ 7! 1CNL=F .�/ .mod pe/ 2 U2i nU2iC1

is a surjective map having the fiber of cardinality qe�1.qC 1/ at each point.
When e=2� i � e, it is immediate that

�.1CNL=F .�//D 1; � 2 OL;i :
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HenceP
�2OL=p

e
L

1CNL=F .�/2O�

�.1CNL=F .�//

D

eP
iD0

P
�2OL;inOL;iC1

�.1CNL=F .�//

D qe�1.qC 1/
P

0�i<e=2

P
"2U2inU2iC1

�."/ C
P

e=2�i�e

#.OL;i nOL;iC1/:

Then the lemma follows fromX
"2U2inU2iC1

�."/D

�
0

�
0� i < e�1

2

�
�1

�
i D e�1

2

� and
X

e=2�i�e

#.OL;inOL;iC1/Dq2e�2de=2e;

where d�e W R! Z is the ceiling function. �

Lemma 6.7. Let B 2 B.T; ƒ/Œ��K and � 2 O with 1
4
a6dCNL=F .�/ 2 $

jO�

.0� j � e/.

(i) If we set Y� D�a
2T |CX�, then we have

det Y� D�
1
4
a4d� a�2NL=F .�/:

(ii) There exist � 2 O�
L

and A 2GL2.O/ such that

Y� D �
�
$j 0
0 1

�
A:

(iii) For n 2 Z and a 2 O�,

B
�
m.$na12;$

na/�
�� 0 �1

1 �|

��
b
�

D  
�
�$na � 1

2
a4d

�
1
4
a6dCNL=F .�/

��1�
�B
�
h.eC n� 2j ; j /

�
:

Proof. (i) Noting that det T D �d=4, det X� D �a
�2NL=F .�/, and tr.TX�/ D

tr.X�T |/D 0, we obtain

det Y� D
1
2

tr.Y�Y |
� /D

1
2

tr.a4T T |
CX |

�X�/

D a4 det T C det.X�/D�1
4
a4d� a�2NL=F .�/:

(ii) By (i) and the assumption that 1
4
a6dCNL=F .�/2$

jO�, we have Y�2GL2.F /.
The disjoint union GL2.F /D

F
m�0 L�

�
$m 0

0 1

�
GL2.O/ (see [42, Lemma 2–4])

implies that there exist m 2 Z�0, ` 2 Z, � 2 O�
L

, and A 2GL2.O/ such that

Y� D .$
`�/
�
$m 0

0 1

�
AD �

�
$mC` 0

0 $`

�
A:

We now prove that mD j and `D 0. Because � 2GL2.O/, the Smith normal form
of Y� is

�
$mC` 0

0 $`

�
. Hence, by the theory of the Smith normal form, we only

have to show that the elements of Y� are coprime. This follows from the identity
tr.Y�T /D 1

2
a2d and the assumption 1

2
d 2 O�.
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(iii) By using (6-1), we can check that

�
�� 1 0
��| 1

��
D
� 12 0

X
|
� 12

�
; �

��
0 �1
1 0

��
b�
��

0 1
�1 0

��
D
� 12 0

�a2T $e12

�
:

Hence we have

m.$na12;$
na/�

�� 0 �1
1 �|

��
b D

�$na12 0

Y
|
� $e12

�
�
��

0 1
�1 0

��
:

By (ii), we may choose elements � 2 O�
L

and A 2GL2.O/ with Y� D �
�
$j 0
0 1

�
A.

Then, a computation shows that�$na12 0

Y
|
� $e12

�
D n.$na.det Y�/

�1Y�/
�
� 0
0 t�|

�
h.eC n� 2j ; j /k;

where k D
�

A 0
0 t A|

��
a$j .det Y�/

�112 0

0 12

�� 0 �12

12 $
e.det Y�/

�1Y�

�
2 K. Since ƒ is un-

ramified and B is K-invariant, we have the desired equality. �

Proposition 6.8. Suppose that � is of type I or IIb. Let � W F� ! C1 and ƒ W
L�! C1 be characters such that cond.�/D e > 0 and ƒ is unramified. Suppose
that T D

� a b=2
b=2 c

�
2 Sym2.F /\GL2.O/ satisfies that L=F is an unramified field

extension and 2d 2 O�. When � D 1pe
L
˚1Cpe

L
and Re.s/ > 1, we have

Z.�;B0
� ; s; �I b/D qe.s� 11

2
/C5.q4

� 1/�1.q� 1/�1�.�2�1d/�1WF .�;  /;

Z.y�;B0
� ; s; �I b/D .�1/eqe.3s� 11

2
/C5.q4

� 1/�1.q� 1/�1ƒ.$/�e�.�2�1a2/

�WL.�L;  L/WF .�;  /:

Proof. Let K#.pe/D fk# 2K# j k# � 12 .mod pe
L
/g be the principal congruence

subgroup of level pe
L

. If � 2 S.L2/ is right K#.pe/-invariant, the function

K#
3 k#

7! f
.s;ƒ;�/

�
.k#/

Z
F�

B0
�.m.a12; a/�.k

#/b/�.a/jajs�1
2 C

is left-B#.O/-invariant and right K#.pe/-invariant because b�1�.K#.pe//b � K.
Since K#.pe/ is a normal subgroup of K# and B#.O/K#.pe/DK#

0
.pe/, we have

(6-13) Z.�;B0
� ; s; �I b/

D
P

Œ
 �2B#.O/nK #=K #.pe/

vol.B#.O/
K#.pe//f
.s;ƒ;�/

�
.
 /‡ .s;�/.
 /

D ŒK#
WK#

0.p
e/��1 P

Œ
 �2K #
0
.pe/nK #

f
.s;ƒ;�/

�
.
 /‡ .s;�/.
 /

where we set ‡ .s;�/.
 / WD
R

F� B0
�.m.a12; a/�.
 /b/�.a/jaj

s�1d�a to make room.
A complete set of representatives for K#.pe/nK# is given by

(6-14)
�

1 0
� 1

�
.� 2 pL=p

e
L/;

� 0 �1
1 �|

�
.� 2 OL=p

e
L/:

Now we prove the first equation. By Lemma 6.5, when 
 runs through the above
elements, we have f .s;ƒ;�/

�
.12/D q�2eC2.q2�1/�1 and f .s;ƒ;�/

�
.
 /D 0 if 
 ¤ 1.
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By substituting this in (6-13), noting that ŒK# W K#
0
.pe/� D q2e�2.q2 C 1/, and

Lemma 6.3, we have

Z.�;B0
� ; s; �I b/

D q�4eC4.q4
� 1/�1

Z
F�

B0
�

��
a$e12 aT |

0 12

��
�.a/jajs�1d�a

D q�4eC4.q4
� 1/�1

Z
F�

B0
�

��
a$e12 0

0 12

��
 .a � tr.T T |//�.a/jajs�1d�a

D q�4eC4.q4
� 1/�1�.�2�1d/�1

�
P
n2Z

B0
�

��
$eCn12 0

0 12

��
�.$/nq�n.s�1/

Z
O�
 .$na/�.a/d�a

D qe.s� 11
2
/C5.q4

� 1/�1.q� 1/�1�.�2�1d/�1WF .�;  /:

Next, we prove the second equation. When we replace � by y� in (6-13) and
consider the representative (6-14), we can ignore the contribution of �-terms in the
summation from Lemma 6.5. Hence, by noting the K-invariance of B, we have

(6-15) Z.y�;B0
� ; s; �I b/D qe.2s�5/C4.q4

� 1/�1ƒ.$/�eWL.�L;  L/

�
P

�2OL=p
e
L

Z
F�

B0
�.m.a12; a/�.

� 0 �1
1 �|

�
/b/�.a/jajs�1d�a:

By replacing � by �C$eu for some u 2 OL if we need, we may assume that
a6dCNL=F .�/ 2$

jO�
L

with 0� j � e. Then, Lemmas 6.3 and 6.7(iii) implyZ
F�

B0
�.m.a12; a/�.

� 0 �1
1 �|

�
/b/�.a/jajs�1d�a

D
P
n2Z

B0
�.h.eC n� 2j ; j //�.$/nq�n.s�1/

�

Z
O�
 
�
�$na � 1

2
a4d

�
1
4
a6dCNL=F .�/

��1�
�.a/d�a

D �
�
�2a�4d�1$�j

�
1
4
a6dCNL=F .�/

��
�
P
n2Z

B0
�.h.eC n� 2j ; j //�.$/nq�n.s�1/

Z
O�
 .$n�j a/�.a/d�a

D q�
e
2
C1C.e�j/.s�1/.q� 1/�1�.�2a�4d�1/�

�
1
4
a6dCNL=F .�/

�
WF .�;  / �B

0
�.h.�j ; j //:

The last expression is equal to 0 unless j D 0 from (6-10). By substituting this into
(6-15) and Lemma 6.6, we have that Z.�;B0

� ; s; �I b/ equals

qe.3s� 13
2
/C5.q4

� 1/�1.q� 1/�1ƒ.$/�e�.�2a�4d�1/

�WL.�L;  L/WF .�;  /
P

�2OL=p
e
L

a6dCNL=F .�/2O�

�
�

1
4
a6dCNL=F .�/

�
D .�1/eqe.3s� 11

2
/C5.q4� 1/�1.q�1/�1ƒ.$/�e�.�2�1a2/WL.�L;  L/WF .�;  /:

�
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Corollary 6.9. Let � , T , �, and ƒ be as in Proposition 6.8. Then

".�; s; �;  /D .�1/eq4e. 1
2
�s/ƒ.$/�e�.�a�2d/WL.�L;  L/WF .�;  /2

D q4e. 1
2
�s/ƒ.$/�e�.�a�2d/WF .�;  /4:

Proof. The first equality follows from Proposition 6.8 and (6-7); the second equality
is due to Lemma 6.4. �

6.4. Computation for old forms of type I and IIb .case 4/. Now we assume that
� has the trivial central character. Then, � has the .T; ƒ/-Bessel model if and only
if ƒD 1. Recall that the dimension of V

K0.p/
� is equal to 4 or 3 according as � is

of type I or type IIb.

Proposition 6.10. Let � be a smooth admissible irreducible representation of type I
or type IIb with trivial central character. Suppose that � WF�!C1 is an unramified
character. When � D 1OL˚OL

and Re.s/ > 1, we have

Z.�;B; s; �I �/D 1
q2C1

L.sC 1=2; �; �/

�
�
�BCq�1T1;0BC

�
�.$/�1qsC1C�.$/q�sC1�tr..q�1T1;0C�/jV

K0.p/
�

/
�
B
�
.14/

for B 2B.T; 1/Œ��K0.p/.

Proof. We will give a proof of the case that � is of type I. In the case of type IIb,
the proof is similar. Let fB�j g1�j�4 � B.T;1/Œ��K0.p/ be an eigenbasis of T1;0

with eigenvalues f�j g1�j�4. Then, we suffice to check the desired equation only
for B D B�j .1� j � 4/. Let .�ij /1�i;j�4 be the representation matrix of �jK0.p/

with respect to fB�j g1�j�4. Then, (6-21) shows that

B�j .h.lC1;0//D �j q�3B�j .h.l;0//; l 2 Z�0:

By applying Lemma 6.1 to B D B�j , we obtain

Z.�;B�j ;s;�I�/D
L.sC1;�L/

q2C1

�
4P

iD1

�ij B�i .14/

1��i�.$/q�.sC2/
C
�.$/�1qsC1B�j .14/

1��j�.$/q�.sC2/

�
:

Thus, we may put

Z.�;B�j ;s;�I�/D
1

q2C1

4Y
iD1

.1��iq
�2X /�1 A0CA1XCA2X 2CA3X 3CA4X 4

X.1�q�2X 2/

with X D �.$/q�s for some Ai 2 C .0� i � 4/.
By noting that f�1;�2;�3;�4g D f˛ˇ
q3=2;ˇ
q3=2;˛
q3=2;
q3=2g from [34,

Table A.8], we have

(6-16) .q2
C1/�

Z.�;B�j ;s;�I14/

L.sC1=2;�;�/
D

A0CA1XCA2X 2CA3X 3CA4X 4

X.1�q�2X 2/
:
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A direct computation shows that

A0 D qB�j .14/;(6-17)

A1 D �B
�
j .14/Cq�1 tr.T1;0jV

K0.p/
�

/�B�j .14/�q�1
�T1;0B�j .14/:(6-18)

The functional equation (6-7) and the relation ".�;s;�; /D 1 (see Theorem 4.4
in [29]) show that the right side of (6-16) is invariant under the transformation
X !X�1. By comparing coefficients, we have

A2 D q�2.q2
�1/A0; A3 D�q�2A1; A4 D�q�2A0:(6-19)

Substituting (6-17), (6-18), and (6-19) into (6-16), the right side of (6-16) becomes�
�B�jCq�1T1;0B�jC

�
�.$/�1qsC1

C�.$/q�sC1
�tr.q�1T1;0jV

K0.p/
�

/
�
B�j
�
.14/:

�

6.5. Computation for newforms of type IIIa .case 5/. In this subsection, we do
not assume the triviality of the central character. By [32, §9.1], there exists a basis
fB1;B2g of B.T; ƒ/Œ��K0.p/ such that

(6-20)

T1;0B1 D ˛
qB1; T1;0B2 D 
qB2;

T0;1B1 D ˛

2.˛qC 1/qB1; T0;1B2 D ˛


2.˛�1qC 1/qB2;

�B1 D ˛
B2; �B2 D 
B1:

We now consider the values of B1 and B2 at the identity element. Lemma 9.1
of [32] ensures their nonvanishing and ƒ.$/D ˛
 2 by the condition of central
character of � .

Lemma 6.11. Let T 2 Sym2.F / such that L=F is an unramified field extension.
Suppose that ƒ WL�! C1 is an unramified character. Then

B2.14/D ˛
�1B1.14/¤ 0:

Proof. For B 2 B.T; ƒ/Œ��K0.p/ and any nonnegative integer l , by Lemmas 5.1
and 5.3 in [32], we get the following relations:

(6-21) T1;0B.h.l; 0//D q3B.h.lC1; 0//;

(6-22) T1;0B.h.l; 0/s2/D q2.q�1/B.h.lC1; 0//Cq2B.h.l�1; 1/s1s2/;

(6-23) T1;0B.h.l; 0/s2s1s2/D q2.q�1/B.h.lC1; 0//

Cƒ.$/B.h.l�1; 0/s2s1s2/C.q
2
�1/B.h.l�1; 1/s1s2/;

(6-24) T0;1B.h.l; 0//D q3.qC1/B.h.l; 1//;

(6-25) T0;1B.h.l; 0/s2/D q4B.h.l; 1/s1s2/Cqƒ.$/B.h.l�2; 1/s1s2/

Cq2.q�1/B.h.l; 1//C

�
�qƒ.$/B.14/ .l D 0/;

q.q�1/ƒ.$/B.h.l; 0// .l � 1/:
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Set B D B1. By putting l D 0 in the above relations, applying the relation (6-20),
and using the equation that B2.h.l; 0//D 
B1.h.l�1; 0/s2s1s2/ for l � 0, we have

(6-26) ˛
qB1.s2/D ˛
 .q�1/B1.14/Cq2B1.h.�1; 1/s1s2/;

(6-27) ƒ.$/
�1.q�1
�1/B2.14/D ˛
 .q�1/B1.14/C.q

2
�1/B1.h.�1;1/s1s2/;

(6-28) ƒ.$/.˛qC1/qB1.s2/D q4B1.h.0; 1/s1s2/

C
ƒ.$/.˛q2�˛q�q2�1/

qC1
B1.14/:

Similarly, by putting l D 1 in (6-23), we have

ƒ.$/q�3.1�q/B2.14/Dƒ.$/˛q�2.q�1/B1.14/C.q
2
�1/B1.h.0; 1/s1s2/:

From this last equation, together with (6-26), (6-27), (6-28), we obtain B2.14/D

˛�1B1.14/. The nonvanishing of B1 at 14 follows from Theorem 9.3 of [32]. �
Proposition 6.12. Suppose that � is of type IIIa. Let T 2 Sym2.F / be such that
L=F is an unramified field extension. Suppose that � WF�!C1 andƒ WL�!C1

are unramified characters. When � D 1OL˚OL
and Re.s/ > 1, we have

(6-29) Z.�;B; s; �I �/D
ƒ.$/�1�.$/�1qsC1

q2C 1
L.sC 1=2; �; �/ �B.14/;

B 2B.s; ƒ/Œ��K0.p/:

Proof. By substituting B D Bi in (6-5) for i D 1; 2, the statement is immediate for
BDBi by (6-20), (6-21), and Lemma 6.11. Since B1 and B2 span B.T; ƒ/Œ��K0.p/,
we complete the proof. �
Corollary 6.13. Let � , T , �, and ƒ be as in Proposition 6.12, then

".�; s; �;  /D �.$/2q2. 1
2
�s/:

6.6. Computation for newforms of type VIb .case 6/. Suppose that � is of type
VIb; we do not assume the triviality of the central character. By [32, Table 3], any
element B 2B.T; ƒ/Œ��K0.p/ satisfies

T1;0B D 
qB; �B D 
B:(6-30)

By [32, Theorem 9.3], we have B.14/¤ 0 if and only if B ¤ 0.

Proposition 6.14. Suppose that � is of type VIb. Let T 2 Sym2.F / be such that
L=F is an unramified field extension. Suppose that � WF�!C1 andƒ WL�!C1

are unramified characters. When � D 1OL˚OL
and Re.s/ > 1, we have

Z.�;B; s; �I �/D
ƒ.$/�1�.$/�1qsC1

q2C 1
L.sC 1=2; �; �/ �B.14/;

B 2B.T; ƒ/Œ��K0.p/:
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Proof. Similar to that of Proposition 6.12, using relations (6-21)–(6-25). �

Corollary 6.15. Let � , T , �, and ƒ be as in Proposition 6.14. Then

".�; s; �;  /D �.$/2q2. 1
2
�s/:

6.7. The values of Bessel models at 14 for old forms. For quasicharacters �, �0,
and � on F� which are trivial on O�, the representation .�� �0 Ì �;V / can be
realized as the right regular representation of the space of all smooth functions f
on G.F / satisfying

f

 "
a � � �

0 b � �

0 0 ca�1 0
0 0 � cb�1

#
g

!
Dja2bjjcj�

3
2�.a/�0.b/�.c/f .g/; a; b; c2F�; g2G.F /:

The space V has a unique K-invariant element fK 2 V such that fK .14/D 1. Let

I DK\

� O p O O
O O O O
p p O O
p p p O

�
be the Iwahori subgroup of K. For w 2W , let fw 2 V I be the unique element
such that fwjK D 1IwI .

By [31, Section 2], the space V I is 8-dimensional space spanned by

f14
; fs1

; fs2
; fs2s1

; fs1s2s1
; fs1s2

; fs1s2s1s2
; fs2s1s2

:

A basis of the 4-dimensional space V K0.p/ is given by

f I
1 WDf14

Cfs1
; f I

2 WDfs2
Cfs2s1

; f I
3 WDfs1s2s1

Cfs1s2
; f I

4 WDfs1s2s1s2
Cfs2s1s2

:

Recall that � is isomorphic to ���0Ì� or �1GL2
Ì� for some characters �, �0,

and � on F� according as � is of type I or IIb. The representation .�1GL2
Ì �;V /

can be realized as a subrepresentation of j � j1=2�� j � j�1=2�Ì � , and a basis of
3-dimensional space V K0.p/ is given by

f IIb
1 WDf14

Cfs1
; f IIb

2 WDfs2
Cfs2s1

Cfs1s2s1
Cfs1s2

; f IIb
3 WDfs1s2s1s2

Cfs2s1s2
:

The representation matrices of operators T1;0 and � on V
K0.p/
� are given in [31,

Table 3] and [31, Lemma 2.1].
Now we assume that � has the trivial central character. Let .`0

� ; fK / be the
Bessel data for � defined above. For � 2 fI; IIbg, define a basis fB�i g1�i�dim V

K0.p/
�

of V
K0.p/
� by

B�i .g/ WD `
0
�.�.g/f

�
i /; g 2 G.F /:

We need the values of these functions at g D 14, which are given as follows.

Proposition 6.16. Let � be a smooth admissible irreducible K-spherical represen-
tation of type I or IIb, and fB�i g be as above for � 2 fI; IIbg.
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(i) If � is of type I,

BI
1.14/D

˛ˇ

.q�˛/.q�ˇ/
; BI

2.14/D
�qˇ

.q�˛/.q�ˇ/
;

BI
3.14/D

�q˛

.q�˛/.q�ˇ/
; BI

4.14/D
q2

.q�˛/.q�ˇ/
:

(ii) If � is of type IIb,

BIIb
1 .14/D

˛2

.q1=2�˛/.q3=2�˛/
; BIIb

2 .14/D
�q1=2.1C q/˛

.q1=2�˛/.q3=2�˛/
;

BIIb
3 .14/D

q2

.q1=2�˛/.q3=2�˛/
:

Proof. Set d WD dim V
K0.p/
� . By the construction of the elements ff �i g1�i�d , we

have B0
� D

Pd
iD1 B�i . For any ` 2 Z�0, we let T `

1;0
act on the both sides of this

equation and then evaluate at g D 14 using (6-21); thus,

B0
�.h.`; 0//D q�3`

dX
iD1

.T `
1;0B�i /.14/:

The value on the left-hand side is given in [6, Corollary 1.8]; by [31, Table 3], we
have a system of linear equations among B�i .14/, which is solved easily. �

6.8. Local periods. For an irreducible admissible unitalizable K0.p/-spherical
representation .�;V�/ on G.F / having the .T; ƒ/-Bessel model, we fix a pair
.`� ; ��/ 2 .V �� /

T;ƒ �V
K0.p/
� satisfying `�.��/D 1. When � is K-spherical, we

choose .`� ; ��/ as the unramified Bessel datum .`�
0
; ��

0
/. Then, there exists a

unique G.F /-invariant inner product h �j� i on V� such that h�� j��i D 1. For s 2 C,
� 2 S.L2/, g 2 G.F /, and a character � on F�, we define the local period of � as

I
.s/

�;K0.p/
.�� ; �;ƒ;�Ig/D

X
B2B..V �� /T;ƒ;K0.p//

Z�.�;B; s; �Ig/B.14/;

where

Z�.�;B; s; �Ig/ WDL.sC 1=2; �; �/�1Z.�;B; s; �Ig/

is the normalized zeta integral and B..V �� /T;ƒ;K0.p// is an orthonormal basis of
B.T; ƒ/Œ��K0.p/ with respect to the inner product on B.T; ƒ/Œ�� via the G.F /-
isomorphism

V� 3 � 7! .g 7! `�.�.g/�// 2B.T; ƒ/Œ��:(6-31)

6.8.1. Local periods for type I and IIb. When � is of type I or IIb, we recall that the
representation space can be realized as in Section 6.7. We choose �� D ��

0
D fK .

Then, since we are dealing with induced representations from unitary characters,
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the standard inner product hf jgi WD
R

K f .k/g.k/dk (f;g 2 V� ) becomes G.F /-
invariant and satisfies h��

0
j��

0
i D 1.

For � 2 fI; IIbg, the set fhB�i jB
�
i i
� 1

2 B�i g1�i�dim V
K0.p/
�

forms an orthonormal
basis of B.T; ƒ/Œ��K0.p/. By [36, Remark 2.1.3], the values hB�i jB

�
i i are given as

follows:
hBI

i jB
I
ii D qi�1.qC 1/ .1� i � 4/;

hBIIb
1 jB

IIb
1 i D .qC 1/; hBIIb

2 jB
IIb
2 i D q.qC 1/2; hBIIb

3 jB
IIb
3 i D q3.qC 1/:

By Propositions 6.10 and 6.16, and the matrix representation of T1;0 and � given
in [31, Table 3] and [31, Lemma 2.1], we can find the local period by a direct
calculation.2

Proposition 6.17. Let � be a smooth admissible irreducible unitary representation
of type I or type IIb with trivial central character. Suppose that ƒ and � are
unramified. When � D 1OL˚OL

, we have

I
.s/

�;K0.p/
.��0 ; �;ƒ;�I �/D

2.q�1/

q5.q2C1/
L.1; � IStd/

�
�
�.$/�1qsC1

C�.$/q�sC1
�

1
qC1

tr.T1;0C q�j
V

K0.p/
�

/
�
;

where L.s; � IStd/ is the standard L-function of � defined by

L.s; � IStd/D .1�˛q�s/�1.1�ˇq�s/�1.1�˛�1q�s/�1.1�ˇ�1q�s/�1.1�q�s/�1

or

L.s; � IStd/D

.1�˛q�sC 1
2 /�1.1�˛q�s� 1

2 /�1.1�˛�1q�sC 1
2 /�1.1�˛�1q�s� 1

2 /�1.1�q�s/�1;

according as � is of type I or IIb.

6.8.2. Local period for type IIIa. Suppose that � is of type IIIa. Then, as remarked
before, j˛j D j
 j D 1 and ˛¤ 1. By Lemma 6.11, there exists a basis fBigiD1;2 of
B.T; ƒ/Œ��K.p/, unique up to constant, satisfying the relations (6-20) and B2.14/D

˛�1B1.14/¤ 0. Thus, we can uniquely fix fBIIIa
i giD1;2 by requiring BIIIa

1
.14/D 1

and the datum .`� ; �
�/ by `�.��/ D BIIIa

1
to form (6-31) and induce the G.F /-

invariant inner product on B.T; ƒ/Œ�� such that hBIIIa
1
jBIIIa

1
i D 1. Since hB1jB2i

vanishes by [7, Lemma 2.11], we then have hBIIIa
2
jBIIIa

2
i D 1 and hBIIIa

1
jBIIIa

2
i D 0

due to j˛j D 1. The following proposition is immediate from Proposition 6.12.

Proposition 6.18. Let � be a smooth admissible irreducible unitary representation
of type IIIa. Suppose that ƒ and � are unramified. When � D 1OL˚OL

,

I
.s/

�;K0.p/
.�� ; �;ƒ;�I �/D

2ƒ.$/�1�.$/�1qsC1

q2C 1
:

2We have used MATHEMATICA 13.
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6.8.3. Local period for type VIb. Suppose that � is of type VIb. We recall that
dim.V K0.p/

� /D dim.B.T; ƒ/K0.p//D 1; thus, by [32, Theorem 9.3], there exists
a unique element BVIb 2 B.T; ƒ/K0.p/ satisfying BVIb.14/ D 1. We fix the da-
tum .`� ; �

�/ by setting `�.��/D BVIb. The following result is immediate from
Proposition 6.14.

Proposition 6.19. Let � be a smooth admissible irreducible unitary representation
of type VIb. Suppose that ƒ and � are unramified. When � D 1OL˚OL

,

I
.s/

�;K0.p/
.�� ; �;ƒ;�I �/D

ƒ.$/�1�.$/�1qsC1

q2C 1
:
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SUM OF THE SQUARES OF THE p′-CHARACTER DEGREES

NGUYEN N. HUNG, J. MIQUEL MARTÍNEZ AND GABRIEL NAVARRO

We study the sum of the squares of the irreducible character degrees not
divisible by some prime p of a finite group, and its relationship with the
corresponding quantity in a p-Sylow normalizer. This led us to study a
recent conjecture by E. Giannelli, which we prove for p = 2 and in some
other cases.

1. Introduction

There are some strikingly simple and seemingly innocent statements that follow from
the recently proven McKay conjecture [CS24] (or from the techniques developed to
prove it) whose validity appears to resist any elementary justification. For instance,
W. Feit was interested in proving that if P is an abelian Sylow p-subgroup of G,
then k(G) ≥ k(NG(P)), where k(G) is the number of conjugacy classes of the
finite group G [F80]. Although this inequality now follows as a consequence of
[CS24], no alternative proof is currently known. (Equality happens if and only if
P ⊴ G by the Itô–Michler theorem.)

This current project — long awaited by the third author — was expected to provide
another example of such phenomena. And yet, it does not. What was anticipated
to be a theorem remains, for now, a conjecture. As usual, Irrp′(G) is the set of
irreducible complex characters of the finite group G whose degree is not divisible
by the prime p, and P ′

= [P, P] is the derived subgroup of the group P .

Conjecture A. Let G be a finite group and P ∈ Sylp(G). Then∑
χ∈Irrp′ (G)

χ(1)2 ≥ |NG(P) : P ′
|,

with equality if and only if NG(P) has a normal complement in G.
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The McKay theorem establishes that there exists a bijection f : Irrp′(G) →

Irrp′(NG(P)). One way to prove Conjecture A, perhaps the most obvious, is to
show that we can choose f to satisfy the additional condition that f (χ)(1)≤ χ(1)
for all χ ∈ Irrp′(G). This turns out to be a conjecture by E. Giannelli [G25], and
it does not appear to follow easily from the proof of the McKay conjecture. In
Theorem 3.5 below we carry out the standard reduction of the McKay conjecture
now incorporating Giannelli’s strengthening, which is therefore reduced now to a
question on simple groups. This question is verified in a number of important cases
in Sections 4 and 5 below. In Theorem 5.2, we completely prove it for p = 2, and
this establishes:

Theorem B. Conjecture A holds for p = 2.

Can Conjecture A be proven independently of Giannelli’s strengthening of
McKay? We do not know the answer to this question. Characters of p′-degree in
a group tend to have much larger degree than those in the normalizer of a Sylow
p-subgroup, but so far, no effective strategy has been developed to exploit this
observation.

Theorem C below, whose proof is rather involved — but does not use the classifi-
cation of finite simple groups — takes care of the equality in Conjecture A (assuming
Giannelli’s conjecture), and might have independent interest.

Theorem C. Let G be a finite group, p a prime, and P ∈ Sylp(G). Then all
irreducible characters of p′-degree of NG(P) extend to G if and only if there is
K ⊴ G such that K NG(P)= G and NK (P)= 1.

This extends [I86, Theorem B], where it is required that all the irreducible
characters of NG(P) extend to G. As we shall explain, in order to prove Theorem C,
we shall need to establish a relative version of it with respect to a normal subgroup.
We find it surprising that a character restriction type of theorem admits a relative
version, since these versions regarding group structure occur very rarely.

There are some variations of Conjecture A which we do not attempt here. Among
others, it seems reasonable to replace P ′ by the Frattini subgroup 8(P) and the set
of p′-degree irreducible characters by the so-called almost p-rational characters of
p′-degree. Proving this, however, seems much more complicated.

Concerning Giannelli’s conjecture, let us mention here that in general it is not
always possible to find McKay bijections f : Irrp′(G)→ Irrp′(NG(P)) such that
f (χ) is an irreducible constituent of χNG(P), as shown by A5 for p = 2, or GL2(3)
for p = 3.

A final but important remark is in order: Why do we care about the sum of the
squares of the irreducible character degrees not divisible by p? First of all, this
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number would be the dimension of any complex algebra affording the p′-degree
irreducible characters. Also, of the famous list of problems by Richard Brauer [B63],
Problem 2 asks when non-isomorphic finite groups G and H have isomorphic group
algebras CG and CH . If G has a normal p-complement, Isaacs proved that H
has a normal p-complement too [N18, Theorem 7.8]. The question of whether the
normality of a Sylow p-subgroup P of G is recognized by CG remains open. In
[N04], it is suggested that, perhaps, this happens if and only if( ∑

χ∈Irrp′ (G)
χ(1)2

)
p′
= |G|p′ ,

where n p′ = n/n p with n p denoting the largest power of the prime p dividing the
integer n.

2. Proof of Theorem C

Our notation for ordinary characters follows [I06] and [N18]. In this section we
prove Theorem C. In order to do that, we need to prove a relative version of it, that
allows us to use induction. This makes the proof more complicated. We start with
some preliminary results.

Lemma 2.1. Let N ⊴ G and let θ ∈ Irr(N ) be G-invariant. Then

ker θ =
⋂

χ∈Irr(G|θ)

kerχ .

Proof. It is clear that ker θ is contained in kerχ for every χ ∈ Irr(G|θ), since
χN = eχθ for χ ∈ Irr(G|θ). Suppose that x ∈

⋂
χ∈Irr(G|θ) kerχ . Then θG(x) =

θG(1) = |G : N |θ(1) ̸= 0, and therefore x ∈ N . Since θ is G-invariant, we have
θG(x)= |G : N |θ(x), and thus θ(x)= θ(1), as wanted. □

Lemma 2.2. Suppose that K ⊴ G, H ≤G, N = K ∩H and G = K H. Let γ ∈ Irr(K )
be G-invariant, and let θ ∈ Irr(N ) be an irreducible H-invariant constituent of γN .
Suppose that restriction defines a bijection Irr(G|γ )→ Irr(H |θ). Then γN = θ .

Proof. We have∑
χ∈Irr(G|γ )

(χ(1)/γ (1))2 = |G : K | and
∑

τ∈Irr(H |θ)

(τ (1)/θ(1))2 = |H : N | .

By hypothesis,∑
τ∈Irr(H |θ)

(τ (1)/θ(1))2 =
∑

χ∈Irr(G|γ )

(χ(1)/θ(1))2

= (γ (1)/θ(1))2
∑

χ∈Irr(G|γ )

(χ(1)/γ (1))2 .

Since |H : N | = |G : K |, we deduce that γN = θ . □
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Lemma 2.3. Suppose that G = KP , where K is a normal p-complement and
P ∈ Sylp(G). Let γ ∈ Irr(G). If P ⊆ ker γ , then γCK (P) is irreducible.

Proof. Since ker γ ⊴ G, we have [K , P]P ⊆ ker γ . Thus γK is an irreducible
character of K with [K , P] contained in its kernel. By coprime action (for instance,
Lemma 4.28 of [I08]), we have CK (P)[K , P] = K and thus γCK (P) is irreducible.

□

Lemma 2.4. Suppose that N ⊴ G, P ∈Sylp(G). Let N ≤ Ki ⊴ G be complementing
NNG(P)/N for i = 1, 2 in G/N. Then K1 = K2.

Proof. By working in G/N , we may assume that N = 1. Then G/Ki has a normal
Sylow p-subgroup. Let L = K1 ∩ K2. Then G/L has a normal Sylow p-subgroup.
Hence, L NG(P)= G. Then Ki = Ki ∩L NG(P)= L(Ki ∩ NG(P))= L , as wanted.

□

In several occasions, we shall use Tate’s theorem in the following form.

Theorem 2.5. Suppose that G is a finite group, P ∈ Sylp(G), and K ⊴ G. If
K ∩ P = K ∩ P ′, then K has a normal p-complement.

Proof. We may assume that G = KP . In the notation of [I06, Theorem 6.31], we
have P ∩ Ap(G)= Ap(P)= P ′, where Ap(G) is the smallest normal subgroup L
of G such that G/L is an abelian p-group. It then follows that G has a normal p-
complement by [I06, Theorem 6.31]. Therefore, K has a normal p-complement. □

Let N ⊴ G and let θ ∈ Irr(N ) be G-invariant. We let

Irrp′,rel(G|θ) := {χ ∈ Irr(G|θ) | p does not divide χ(1)/θ(1)}.

The following easily implies Theorem C (when N is trivial).

Theorem 2.6. Let N ⊴ G and let θ ∈ Irr(N ) be G-invariant. Let P ∈ Sylp(G).
Assume that θ extends to NP. The following statements are equivalent.

(i) Every χ ∈ Irrp′,rel(NNG(P)|θ) extends to G.

(ii) Every χ ∈ Irr(NNG(P)|θ) extends to G.

(iii) There is a normal complement K/N to NG(P)N/N in G/N such that θ has
an extension θ̂ ∈ Irr(K ).

(iv) There is a normal complement K/N to NG(P)N/N in G/N such that θ has a
G-invariant extension θ̂ ∈ Irr(K ).

Proof. First we prove that (iv) and (iii) are equivalent. We only have to prove
that (iii) implies (iv). Since PN ∩ K = N , we have that K/N is a group of
order not divisible by p. By Sylow theory, NG(PN ) = NG(P)N , and therefore
CK/N (P) = CK/N (PN/N ) ⊆ K/N ∩ NG/N (PN/N ) = 1. Let η ∈ Irr(K ) be
an extension of θ , and let 1 be the set of extensions of θ to K . We have that
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1 = {λη | λ ∈ Irr(K/N ) is linear}, by Gallagher’s theorem [I06, Corollary 6.17].
Therefore |1| is not divisible by p. Since P acts on 1 by conjugation, because θ is
G-invariant, by counting we have that there is some P-invariant θ̂ ∈1 extending θ .
Since CK/N (P)= 1, we have that θ̂ is the unique P-invariant character of K lying
over θ (using [I06, Theorem 13.31 and Problem 13.10]. We shall use this argument
several times). We claim that θ̂ is also G-invariant. It is enough to show that θ̂ is
NG(P)-invariant. If n ∈ NG(P), then θ̂n is a P-invariant extension of θn

= θ . By
uniqueness, θ̂n

= θ̂ , as wanted.
To prove that (iv) implies (ii), we apply [N18, Lemma 6.8(d)].
Since it is clear that (ii) implies (i), to complete the proof of the theorem, it

is enough to show that (i) implies (iii). We argue this by induction on |G : N |.
Recall that NNG(P)/N = NG/N (PN/N ). By using the theory of character triple
isomorphisms (see [I06, Chapter 11]), we may assume that N ⊆ Z(G). Hence,
N ⊆ NG(P). In particular, θ is linear. Write θ = θpθp′ , where θp has order a power
of p and θp′ has order not divisible by p. Since θ extends to PN by hypothesis,
therefore so does θp, which is a power of θ . Hence, θp extends to some linear
character ν ∈ Irr(G) (by [I06, Theorem 6.26]). If χ ∈ Irrp′,rel(NG(P)|θp′), then
χνNG(P) ∈ Irrp′,rel(NG(P)|θ). If η ∈ Irr(G) extends χνNG(P), then ην−1 extends χ .
Therefore, we may assume that θ is a linear character of p′-order. By modding out
by ker θ , we may assume that N is a p′-group and that θ is faithful. Hence, our
hypothesis is that every χ ∈ Irrp′(NG(P)|θ) extends to G. We want to show that
there is K ⊴ G complementing NG(P)/N in G, and that θ extends to K . For each
τ ∈ Irrp′(NG(P)|θ), fix τ̃ ∈ Irr(G) an extension of τ to G.

If P ′
⊆ X ≤ P and X ⊴ NG(P), we claim that there exists L ⊴ G such that

L ∩ NG(P)= N X . Let θ̃ = θ × 1X . Notice that all Irr(NG(P)|θ̃ ) have p′-degree
because NG(P)/X has an abelian normal Sylow p-subgroup P/X . Let

U =
⋂

τ∈Irr(NG(P)|θ̃ )

ker τ̃ ⊴ G .

Then, using Lemma 2.1, we have U ∩ NG(P) = ker θ̃ = X . Let L = U N ⊴ G.
Therefore L ∩ NG(P) = N X , as claimed. Notice that in this case, X = P ∩ L ∈

Sylp(L).

By letting X = P ′ in the claim in the previous paragraph of this proof, let L ⊴ G
such that L ∩ NG(P)= NP ′. Since P ∩ L = P ′, by Tate’s theorem (Theorem 2.5),
L has a normal p-complement K . Also, P ′ is a Sylow p-subgroup of L . Let
W = K NG(P) = L NG(P). Notice that CK/N (P) = 1 since NK (P) = N , and
therefore over θ there is a unique P-invariant η∈ Irr(K ) (again using [I06, Theorem
13.31 and Problem 13.10]). By uniqueness, notice that η is NG(P)-invariant. We
have

|Irrp′(W |θ)| = |Irrp′(NG(P)|θ)|
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by the relative McKay conjecture for p-solvable groups [N18, Theorem 10.26].
(Notice that W is indeed p-solvable, so we have not used the solution of the general
McKay conjecture.) We claim that Irrp′(W |θ)= {τ̃W | τ ∈ Irrp′(NG(P)|θ)}. Indeed,
let f : Irrp′(NG(P)|θ)→ Irrp′(W |θ) given by f (τ )= τ̃W . Since (τ̃ )NG(P) = τ , we
do have f (τ )∈ Irrp′(W |θ). Since f is clearly injective, it is necessarily bijective and
the claim follows. Since η is the only P-invariant irreducible character of K over θ ,
it easily follows that Irrp′(G|θ)= Irrp′(G|η) and Irrp′(W |θ)= Irrp′(W |η). Indeed,
if χ ∈ Irrp′(G|θ), then χK has some P-invariant irreducible constituent, using that
χ has p′-degree. All irreducible constituents of χK lie over θ , so we deduce that
this P-invariant constituent should be η. Notice then that every Irrp′(W |η) extends
to G. We claim now that η is G-invariant. First notice that since η is P-invariant
and K is a p′-group, η extends to KP (using Corollary 6.2 of [N18]). Hence,
there is some p′-degree irreducible character of W over η. Therefore, there exists
τ ∈ Irrp′(NG(P)|θ) such that τ̃W lies over η. Since η is invariant in W , it follows
that W ≤ Gη. If ϵ is the Clifford correspondent of τ̃ over η, it follows that ϵG

= τ̃ .
Since τ̃Gη

is irreducible, necessarily Gη = G. Hence, if K > N , we can apply
induction to Irrp′(W |η) with respect to G.

Suppose first that P ′ ⊴ G, and assume next that P ′ > 1. Working in Ḡ = G/P ′

and using induction, we conclude that there is P ′
≤ R ⊴ G such that RNG(P)= G,

and R∩NG(P)= NP ′, and that θ×1P ′ extends to γ ∈ Irr(R). Since P∩R = P ′, we
have that R has a normal p-complement S by Tate’s theorem, and Sylow p-subgroup
P ′. This normal p-complement complements NG(P)/N in G/N . Since γN = θ ,
we have that γS extends θ and we are done, in the case that P ′ ⊴ G and P ′ > 1.
Assume now that P is abelian. Hence, all Irr(NG(P)|θ)= Irrp′(NG(P)|θ) extend to
G, by hypothesis. By the claim in the fourth paragraph of this proof (letting X = P),
let Y ⊴ G such that Y ∩ NG(P)= NP . Then P ∈ Sylp(Y ) and G = Y NG(P) by the
Frattini argument. Now, P ⊆ Z(NY (P)), and by Burnside’s p-complement theorem
(Theorem 5.13 of [I08]), Y has a normal p-complement Q. Then Q NG(P)= G and
Q∩NG(P)= N . Notice that G is p-solvable. Since CQ/N (P)=1, letµ∈ Irr(Q) be
the unique P-invariant over θ . By uniqueness, µ is NG(P)-invariant, and therefore
G-invariant. Also Irrp′(G|θ) = Irrp′(G|µ) = Irr(G|µ), using that µ extends to
Q P = Y , Gallagher [I06, Corollary 6.17], and the fact that P is abelian. By the
relative version of the McKay conjecture (in p-solvable groups; [N18, Theorem
10.26]), we have

|Irr(G|µ)| = |Irrp′(G|µ)| = |Irrp′(G|θ)| = |Irrp′(NG(P)|θ)| = |Irr(NG(P)|θ)| .

By a previous argument, we see that Irr(G|µ)= {τ̃ | τ ∈ Irr(NG(P)|θ)}, and we see
that restriction defines a bijection Irr(G|µ)→ Irr(NG(P)|θ). By Lemma 2.2, we
have µN = θ , and we are done. Therefore we may assume that P ′ is not normal in G.
Hence, using the notation of the fifth paragraph of this proof, we may assume that
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K > N . (Otherwise, L = NP ′
= N × P ′ and necessarily P ′ ⊴ G.) Every Irrp′(W |η)

extends to G. By induction, there exists K ≤ E ⊴ G complementing W/K and some
ρ ∈ Irr(E) such that ρK = η. Notice that E complements NG(P)/N . In particular
CE/N (P)= 1, and ρ is the only P-invariant over θ . Hence Irrp′(G|θ)= Irrp′(G|ρ).
By a previous argument, we know that ρ is NG(P)-invariant, and therefore G-
invariant. We only need to show that ρN = θ . Recall that G is p-solvable. Hence
|Irrp′(G|ρ)| = |Irrp′(G|θ)| = |Irrp′(NG(P)|θ)| (again by [N18, Theorem 10.26]),
and therefore we deduce that

Irrp′(G|ρ)= {τ̃ | τ ∈ Irr(NG(P)|θ)} .

Using that E is a p′-group, let ρ̂ ∈ Irr(E P) be an extension of ρ. Since ρ̂ has
p′-degree and E P ⊴ G (because E NG(P)= G), it follows that ρ̂ lies under some
p′-irreducible character of G, call it χ . Hence ρ̂ lies under some τ̃ = χ for some
τ ∈ Irrp′(NG(P)|θ). However τP ′ is a multiple of 1P ′ . Thus ρ̂P ′ is a multiple of 1P ′ .
Write C = CE(P ′). By Lemma 2.3 applied to E P ′, we have that ϕ= ρ̂C =ρC is irre-
ducible. Hence, restriction defines a bijection Irr(G|ρ)→ Irr(NG(P ′)|ϕ), by [N18,
Lemma 6.8(d)]. Notice that Irr(NG(P ′)|ϕ) = Irr(NG(P ′)|θ) since CC/N (P) = 1.
By the p-solvable case of the McKay conjecture [N18, Theorem 10.26] we know
that |Irrp′(NG(P ′)|θ)| = |Irrp′(NG(P)|θ)|. Therefore

Irrp′(NG(P ′)|θ)=
{
τ̃NG(P ′) | τ ∈ Irrp′(NG(P)|θ)

}
.

Since NG(P ′)<G, by induction, NG(P)/N has a normal complement in NG(P ′)/N ,
which by Lemma 2.4 has to be C and that θ extends to C . By the first paragraph
of this proof, θ has a P-invariant extension to C . Since CC/N (P) = 1, then this
P-invariant extension should be ϕ = ρC , and therefore ρ extends θ , as desired. □

3. The McKay conjecture and inequality between character degrees

The following refinement of the McKay conjecture has been proposed in [G25].

Conjecture 3.1. Let G be a finite group, p a prime and P ∈ Sylp(G). Then there
is a bijection

∗
: Irrp′(G)→ Irrp′(NG(P))

with
χ∗(1)≤ χ(1)

for all χ ∈ Irrp′(G).

We observe now that if Conjecture 3.1 is true, then so is Conjecture A.

Proposition 3.2. Let G be a finite group, let p be a prime and let P ∈ Sylp(G). If
Conjecture 3.1 is true for G then
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χ∈Irrp′ (G)

χ(1)2 ≥ |NG(P) : P ′
|

with equality if and only if NG(P) has a normal complement in G.

Proof. Let � : Irrp′(G)→ Irrp′(NG(P)) be the bijection from Conjecture 3.1. Then∑
χ∈Irrp′ (G)

χ(1)2 ≥
∑

χ∈Irrp′ (G)
�(χ)(1)2 =

∑
ψ∈Irrp′ (NG(P))

ψ(1)2 = |NG(P) : P ′
|

and the inequality part follows. If∑
χ∈Irrp′ (G)

χ(1)2 = |NG(P) : P ′
|

then for every χ ∈ Irrp′(G)we have�(χ)(1)=χ(1). We claim that this implies that
restriction is a bijection Irrp′(G)→ Irrp′(NG(P)). Write H = NG(P). Suppose that
a1 = 1< · · ·< ak are the degrees of Irrp′(G), and therefore, of Irrp′(H), occurring
with multiplicities m1, . . . ,mk , respectively. Let {ψ1, . . . , ψt } and {χ1, . . . , χt } be
the irreducible characters in Irrp′(H) and Irrp′(G) of maximal degree ak , where
t = mk . Now, (ψi )

G contains an irreducible character of p′-degree of G of degree
at least ψi (1), using that (ψi )

G(1) is not divisible by p. Necessarily, ψi contains
some χ j . Then (χ j )H = ψi , and we can reorder so that (χi )H = ψi . Suppose that
{δ1, . . . , δs} and {η1, . . . , ηs} are the irreducible characters in Irrp′(H) and Irrp′(G)
of the next degree ak−1, with s = mk−1. Again (δi )

G contains a p′-irreducible
character τ with degree at least ak−1. If τ(1) = ak , then we know that τH is
irreducible and then τH = δi . This is impossible. Hence, (δi )

G contains some η j ,
which necessarily extends δi . Reordering, we may assume that (ηi )H = δi . We
proceed like this until the claim is proven.

We may now apply Theorem 2.6 with N = 1 to conclude. □

The purpose of this section is to give a reduction of Conjecture 3.1 to simple
groups. The following is a slight refinement of the inductive McKay condition, and
will be the condition we impose on quasisimple groups in our reduction. We use the
central isomorphism relation ≥c from [N18, Definition 10.14], which generalizes
the notion of a character triple isomorphism.

Conjecture 3.3. Let S be a quasisimple group with cyclic center, P ∈ Sylp(S)
and A = Aut(S)P . Then there is an A-stable subgroup NS(P) ≤ M < S and an
A-equivariant bijection

9 : Irrp′(S)→ Irrp′(M)

with

9(χ)(1)≤ χ(1) and (S ⋊ Aχ , S, χ)≥c (M ⋊ Aχ ,M, 9(χ))

for every χ ∈ Irrp′(S).
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Theorem 3.4. Let K ⊴ G be perfect, and assume K/Z(K )∼= Xn where X is a finite
simple group and Z(K ) cyclic. Assume every quasisimple group S with S/Z(S)∼= X
and Z(S) cyclic satisfies Conjecture 3.3. Let Q ∈ Sylp(G) and R = Q ∩ K . Then
there exists a NG(R)-stable subgroup NK (R)≤ H < K and a NG(R)-equivariant
bijection

9 : Irrp′(K )→ Irrp′(H)

such that

9(θ)(1)≤ θ(1) and (Gθ , K , θ)≥c (HNG(R)θ , H, 9(θ))

for all θ ∈ Irrp′(K ).

Proof. K is a central product S1 · · · Sn where Z(Si ) = Z(K ), each Si is perfect
and Si/Z(Si )∼= X . Use the proof of [N18, Theorem 10.25] using the Si ’s instead
of the universal covering group of X , and noticing that the construction of the
bijection 9 satisfies the degree inequality if one assumes Conjecture 3.3. Note that
the subgroup H is constructed by taking the product of the subgroups M appearing
in the statement of Conjecture 3.3. □

The next result follows the proof of [N18, Theorem 10.26]. We sketch it for
the reader’s convenience. Recall that we say a nonabelian finite simple group S is
involved in G if there exist H ⊴ K ≤ G with K/H ∼= S.

Theorem 3.5. Assume that, for every simple group X of order divisible by p
involved in G, Conjecture 3.3 holds whenever S is a quasisimple group with
S/Z(S)∼= X and Z(S) is cyclic. Let Z ⊴ G, P ∈ Sylp(G), λ ∈ Irr(Z) and assume
λ is P-invariant. Then there is a bijection

� : Irrp′(G|λ)→ Irrp′(Z NG(P)|λ)

with �(χ)(1)≤ χ(1) for all χ ∈ Irrp′(G).

Proof. We argue by induction on |G : Z |. Since |G : Gλ| ≥ |Z NG(P) : (Z NG(P))λ|,
by the Clifford correspondence we may assume λ is G-invariant. By character
triple isomorphisms we may assume Z is central and cyclic and λ is linear and
faithful. Let L/Z be a chief factor of G/Z . Let 1 be a G-transversal on the set of
P-invariant characters in Irr(L|λ) lying under some χ ∈ Irrp′(G) and notice that
[N18, Lemma 9.3] implies that 1 is also a NG(P)-transversal on the P-invariant
characters in Irr(L|λ) lying under some χ ∈ Irrp′(L NG(P)). This implies that

Irrp′(G|λ)=
⊔
θ∈1

Irrp′(G|θ)

and
Irrp′(L NG(P)|λ)=

⊔
θ∈1

Irrp′(L NG(P)|θ).
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By induction, for every µ ∈1 there is a bijection

�µ : Irrp′(G|µ)→ Irrp′(L NG(P)|µ)

satisfying �µ(χ)(1)≤ χ(1) for every χ ∈ Irrp′(G|µ). We define

�1 : Irrp′(G|λ)→ Irrp′(L NG(P)|λ)

by �1(χ) = �µ(χ) if χ ∈ Irr(G|µ) and we have �1 is a bijection satisfying
�1(χ)(1)≤ χ(1) for every χ ∈ Irrp′(G|λ). If L NG(P) < G then by induction we
have a bijection

�0 : Irrp′(L NG(P)|λ)→ Irrp′(NG(P)|λ)

also satisfying�0(ψ)(1)≤ψ(1) for everyψ ∈ Irrp′(G|λ). We take� :=�0◦�1 and
this bijection satisfies the desired properties. Thus we may assume L NG(P)= G.
In particular, L/Z is not a p-group.

If L/Z is a p′-group then we write Z = Z p×Z ′
p where Z p ∈Sylp(Z) andµ=λZ p′

and ν= λZ p . Let K ⊴ L be a p-complement of L . If1 is a G-transversal on the set
of P-invariant characters of Irr(K |µ) and ∗

: IrrP(K )→ Irr(C) is the P-Glauberman
correspondence, where C = CK (P), then notice that this correspondence restricts
to a bijection ∗

: IrrP(K |µ)→ Irr(C |µ). We have

Irrp′(G|λ)=
⊔
θ∈1

Irrp′(G|θ × ν)

and
Irrp′(NG(P)|λ)=

⊔
θ∈1

Irrp′(NG(P)|θ∗
× ν)

again applying [N18, Lemma 9.3]. By [T08, Theorem 6.5] and [T09, Theorem 7.12]
the character triples (Gθ , K , θ) and (NG(P)θ∗,C, θ∗) are isomorphic, which im-
plies that there is a bijection

8θ : Irr(Gθ |θ)→ Irr(NG(P)θ∗ |θ∗)

preserving character degree ratios (and in particular, restricting to p′-degree char-
acters). Since θ∗(1) ≤ θ(1), we have 8θ (ψ)(1) ≤ ψ(1) for all ψ ∈ Irrp′(Gθ |θ).
Further, it follows from the definition of character triple isomorphism that 8θ
restricts to a bijection

8θ : Irrp′(Gθ |θ × ν)→ Irrp′(NG(P)θ∗ |θ∗
× ν)

with 8θ (ψ)(1)≤ψ(1) for all ψ ∈ Irrp′(Gθ |θ×ν). Since Gθ ∩ NG(P)= NG(P)θ∗ ,
using the Clifford correspondence we find a bijection

8̂θ : Irrp′(G|θ × ν)→ Irrp′(NG(P)|θ∗
× ν)
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with 8̂θ (χ)(1)≤ χ(1) for all χ ∈ Irrp′(Gθ |θ × ν) and we are done by defining

� : Irrp′(G|λ)→ Irrp′(NG(P)|λ)

by �(χ) := 8̂θ (χ) where θ ∈1 lies below χ .
Therefore we may assume L/Z is semisimple. Let K = L ′, Z1 = Z ∩ K = Z(K ),

and ν = λZ1 . Then K is perfect and satisfies the hypotheses of Theorem 3.4. Let
R = P ∩ K . There exists a NG(R)-stable subgroup NK (R) ≤ H < K and an
NG(R)-equivariant bijection

9 : Irrp′(K )→ Irrp′(H)

satisfying 9(η)(1)≤ η(1) and inducing central character triple isomorphisms. By
the definition of ≥c we see that 9 restricts to a bijection

9 : Irrp′(K |ν)→ Irrp′(H |ν)

with the same properties. The character triple isomorphisms induce bijections

8µ : Irrp′(Gµ|µ)→ Irrp′(HNG(R)9(µ)|9(µ))

which satisfy 8µ(χ)(1) ≤ χ(1), and send characters over the central product
µ · λ ∈ Irrp′(L) to characters over 9(µ) · λ ∈ Irrp′(H Z). Again, |G : Gµ| ≥

|HNG(R) : M NG(R)9(µ)| so by the Clifford correspondence and the above remark
we may find a bijection

8̂µ : Irrp′(G|µ · λ)→ Irrp′(HNG(R)|9(µ) · λ)

satisfying 8̂µ(χ)(1)≤ χ(1) for all χ ∈ Irrp′(G|µ · λ). Now by taking transversals
over the P-invariant characters in Irrp′(K |ν) that lie under characters χ ∈ Irrp′(G)
and arguing as before we obtain a bijection

�0 : Irrp′(G|λ)→ Irrp′(HNG(R)|λ)

satisfying�0(χ)(1)≤χ(1) for every χ ∈ Irrp′(G|λ). Since H < K and L NG(P)=
G we have NG(P)≤ HNG(R) < G so, by induction we have a bijection

�1 : Irrp′(HNG(R)|λ)→ Irrp′(NG(P)|λ)

satisfying �1(ψ)(1)≤ψ(1) for all ψ ∈ Irrp′(HNG(R)|λ) and the result follows by
taking � :=�1 ◦�0. □

Conjecture 3.1 can be recovered by setting Z =1 in Theorem 3.5. By arguing as in
Proposition 3.2 and using Theorem 3.5 we obtain a relative version of Conjecture A.
If N ⊴ G and θ ∈ Irr(N ) recall that we write

Irrp′,rel(G|θ)=
{
χ ∈ Irr(G|θ) | p does not divide χ(1)/θ(1)

}
.
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Proposition 3.6. Let G be a finite group and P ∈ Sylp(G). Let N ⊴ G, and let
θ ∈ Irr(N ) be G-invariant such that θ extends to NP. Assume Conjecture 3.3 holds
for every covering group of every simple group of order divisible by p involved in G.
Then ∑

χ∈Irrp′,rel(G|θ)

(χ(1)/θ(1))2 ≥
∑

τ∈Irrp′,rel(NNG(P)|θ)
(τ (1)/θ(1))2,

with equality if and only if there is a normal complement K/N to NG(P)N/N in
G/N such that θ has an extension θ̂ ∈ Irr(K ).

4. Quasisimple groups

In this section and the next, we present evidence supporting Conjecture 3.3. We
verify the conjecture for, among other cases, all quasisimple groups of exceptional
Lie type with respect to all primes, as well as for all groups of Lie type defined in
characteristic equal to the given prime p. These results, in particular, allow us to
confirm the conjecture for all quasisimple groups when p = 2.

In the cases mentioned, we prove a slightly stronger version of Conjecture 3.3:

Conjecture 4.1. Let S be a quasisimple group with cyclic center, P ∈ Sylp(S) and
A = Aut(S)P . Then there exists an A-equivariant bijection

9 : Irrp′(S)→ Irrp′(NS(P))

such that

χ(1)≥9(χ)(1) and (S ⋊ Aχ , S, χ)≥c (NS(P)⋊ Aχ , NS(P),9(χ))

for every χ ∈ Irrp′(S).

The existence of an A-equivariant bijection 9 from Irrp′(S) to Irrp′(NS(P))
satisfying the so-called central isomorphism

(S ⋊ Aχ , S, χ)≥c (NS(P)⋊ Aχ , NS(P),9(χ))

(of character triples) has been established in several papers and was completed
in [CS24] by Cabanes and Späth. In fact, by [CS24, Theorem B], we now know
that such bijection, which we shall refer to as a McKay-good bijection, exists for
all finite groups. It is the extra degree condition 9(χ)(1)≤ χ(1) that we need to
consider in this paper.

Following the literature, we say that a quasisimple group S satisfies the inductive
McKay condition if it satisfies Conjecture 3.3, possibly excluding the degree con-
dition. Note that there are other equivalent formulations of the inductive McKay
conditions; see, for example, [IMN07, §10]. In some cases, we will work with this
version of the inductive condition. We also note that if Conjecture 4.1 holds for a
quasisimple group S (with or without cyclic center), then it also holds for every
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quotient of S by a central subgroup. For further discussion, we refer the reader to
[CS24, Remark 2.9].

Notation 4.2. Let G be a finite group.

(i) d(G) := min{χ(1) : χ ∈ Irr(G), χ(1) > 1} is the smallest nontrivial degree
of a (complex) irreducible character of G. By convention, d(G)= 1 if G is
abelian.

(ii) m p(G) := min{χ(1) : χ ∈ Irrp′(G), χ(1) > 1} is the smallest nontrivial degree
of an irreducible p′-character of G. By convention, m p(G)= 1 if G has no
non-linear p′-degree irreducible character.

(iii) bp(G) := max{χ(1) : χ ∈ Irrp′(G)} is the largest degree of an irreducible
p′-character of G.

(iv) We will use m(G) and b(G), respectively, for m p(G) and bp(G), whenever p
is implicitly known or the presence of p is not important.

Hypothesis 4.3. m(S)≥ b(NS(P)), where S is a quasisimple group, p is a prime,
and P ∈ Sylp(S).

Proposition 4.4. Fix a quasisimple group S and a prime p. If Hypothesis 4.3, or the
stronger condition d(S)≥ b(NS(P)), is true for S, then so is Conjecture 4.1 for S.

Proof. If m(S) ≥ b(NS(P)), then any bijection 9 from Irrp′(S) to Irrp′(NS(P))
sending 1S to 1NS(P) automatically satisfies the degree condition 9(χ)(1)≤ χ(1)
for every χ ∈ Irrp′(S). □

Hypothesis 4.3, unfortunately, fails quite often. For instance, in general, it fails
when S is a cover of an alternating or a simple classical group (in characteristic not
equal to p). It also fails for certain groups of Lie type in characteristic p (see the
proof of Proposition 4.11).

4.1. Groups of Lie type in characteristic p. The failure of Hypothesis 4.3 when S
is a group of Lie type in characteristic p arises in the case of unitary groups. This
case requires additional work. Our notation for finite simple groups (and related
ones) follows [C85; Atl].

Low-degree irreducible representations of the special unitary groups SUn(q)
(q = p f is a power of a prime p and n ≥ 3, excluding (n, q)= (3, 2)) are studied
in [TZ96, §4] and [LOST10, §6.1]. Among these are the so-called irreducible Weil
characters, denoted by ζ i

n,q for 0 ≤ i ≤ q. The characters ζ i
n,q with i > 0 have

degree (qn
− (−1)n)/(q + 1), while ζ 0

n,q has degree (qn
+ q(−1)n)/(q + 1). In

fact, these ζ i
n,q account for all nontrivial characters of SUn(q) with degree at most

d(SUn(q))+ 1. Hence, if p is the defining characteristic of the group, we have

m p(SUn(q))= (qn
− (−1)n)/(q + 1).
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For our purposes, we need to construct a non-Weil character of the unitary groups
that is invariant under the automorphism groups.

To do so, we first describe the Weil characters of G := SUn(q) via the notion of
Lusztig series and semisimple characters, as follows. The set Irr(G) of irreducible
characters of G is partitioned into the Lusztig series E(G, s), where s runs over
a complete set of representatives of conjugacy classes of semisimple elements
of G∗

:= PGUn(q) (see [GM20, Theorem 2.6.2]). Each E(G, s) contains one or
more special members called semisimple characters whose degrees are equal to
|G∗

: CG∗(s)|p′ (see [GM20, Definition 2.6.9]).
Centralizers of semisimple elements in classical groups are well known (see

[C81; D18] for instance). We recall here the needed result for GUn(q).

Lemma 4.5. Let G = GUn(q) and s ∈ G be a semisimple element. For a monic
polynomial g(t) = td

+ ad−1td−1
+ · · · + a1t + a0 ∈ Fq2(t) not equal to t , write

g∗(t) := td
+ (a1/a0)

q td−1
+ · · · + (ad−1/a0)

q t + (1/a0)
q . Let f (t) be the charac-

teristic polynomial of s and assume that its decomposition into irreducible monic
polynomials over Fq2 is

f (t)= ±

a∏
i=1

fi (t)ni ×

b∏
j=1
(g j (t)g∗

j (t))
m j ,

where fi = f ∗

i and g j ̸= g∗

j for every i and j and they are pairwise distinct. Let
di := deg( fi ) and e j := deg(g j ). Then

CG(s)∼=

a∏
i=1

GUni (q
di )×

b∏
j=1

GLm j (q
2e j ).

Remark 4.6. Irreducible factors of the characteristic polynomial f (t) of a semisim-
ple element in GUn(q) are subject to certain restrictions. For example, a polynomial
g is a factor if and only if g∗ is also a factor. Additionally, any factor g satisfying
g = g∗ must have odd degree.

Let δ be a generator of the multiplicative group F×

q2 . For 1 ≤ i ≤ q , consider the
semisimple element si ∈ G∗ to be the image of the diagonal matrix

s̃i := diag(δi(q−1), 1n−1) ∈ G̃ := GUn(q)

under the natural projection π : G̃ → G∗. For general s, E(G, s) may contain more
than one semisimple character, but we claim that, each E(G, si ) contains a unique
one.

Note that G̃ is self-dual (in the sense of [C85, §4.3]) and we may identify G̃
with its dual group. As the center of the ambient algebraic group of G̃ is connected,
the series E(G̃, s̃i ) contains a unique semisimple character [GM20, p. 171]. We
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denote this character by ψi . Then ψi (1)= |G̃ : CG̃(s̃i )|p′ . By Lemma 4.5,

CG̃(s̃i )∼= GUn−1(q)× GU1(q).

The choice of eigenvalues of si ’s implies that CG∗(si )= CG̃(s̃i )/ZG̃. (To see this,
let C := π−1(CG∗(si ).) Then the mapping τ : C → ZG̃ defined by gsg−1

= τ(g)s
is a homomorphism with Ker τ = CG̃(s̃i ). However, the fact that s and gsg−1 have
the same eigenvalues forces τ(g)= 1 for every g ∈ C .) It follows that

|G∗
: CG∗(si )|p′ = |G̃ : CG̃(s̃i )|p′ =

qn
− (−1)n

q + 1
,

so that semisimple characters in E(G, si ) have the same degree as the (only) semisim-
ple character ψi in E(G̃, s̃i ). By [GM20, Corollary 2.6.18], semisimple characters
in E(G, si ) are irreducible constituents of the restriction of ψi from G̃ to G∗. We
deduce that E(G, si ) has a unique semisimple character, as claimed. This is the
Weil character ζ i

n,q mentioned above.

Lemma 4.7. Assume the above notation. Then a Weil character ζ i
n,q for some

1 ≤ i ≤ q is invariant under all field automorphisms of G if and only if i(p − 1)
is divisible by q + 1. In particular, if p = 2, then every ζ i

n,q is moved by some
automorphism of G.

Proof. The character ζ i
n,q is invariant under all field automorphisms of G if and

only if δi(q−1)
= δi p(q−1), which means that i(q − 1) ≡ i p(q − 1) (mod q2

− 1),
and the first statement follows. When p = 2, each ζ i

n,q (for 1 ≤ i ≤ q) is moved by
some field automorphisms of G, as desired. □

Lemma 4.8. Let G = SUn(q) where n ≥ 3 is odd, (n, q + 1)= 1, and q = p f for
some prime p. Then G possesses an irreducible character χ of degree not divisible
by p such that χ is Aut(G)-invariant and χ(1) > qn−1.

Proof. By the hypothesis, G is simple and self-dual. By [B09, Lemma 5], p′-
degree irreducible characters of G are precisely the semisimple characters of G,
which in turn can be labeled by conjugacy classes of semisimple elements of
G∗

:= PGUn(q)∼= G.
It is well known that Aut(G) permutes the Lusztig series of G. In our situation,

by identifying the automorphisms of G with the corresponding automorphisms of
G∗ under the natural isomorphism, every ϕ ∈ Aut(G) maps E(G, s) to E(G, ϕ(s))
(see [T18, Proposition 7.2]). Since each E(G, s) contains a unique semisimple
character (using again [GM20, p. 171] and the fact that the ambient algebraic group
of PGUn(q) has connected center), of degree |G∗

: CG∗(s)|p′ , it follows that a p′-
degree irreducible characters of G is Aut(G)-invariant if and only if the semisimple
conjugacy class labeling it is Aut(G∗)-invariant. Therefore, the result follows if
we are able to produce a semisimple element s ∈ G∗ such that its G∗-conjugacy
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class is Aut(G∗)-invariant and |G∗
: CG∗(s)|p′ > qn−1. Recall that Out(G∗)∼= C2 f

is the cyclic group of order 2 f consisting of the field automorphisms of G∗.
Suppose first that q is odd. Let s be the image of a diagonal matrix s̃ ∈ G̃ :=

GUn(q) with spectrum Spec(s̃) = {1, . . . , 1,−1,−1} under the projection π :

G̃ → G∗ mentioned earlier. Note that n is odd. Similar arguments as above
show that CG̃(s̃) is the complete inverse image of CG∗(s). Moreover, CG̃(s̃) ∼=

GUn−2(q)× GU2(q). It follows that

|G∗
: CG∗(s)|p′ = |G̃ : CG̃(s̃)|p′ =

(qn
+ 1)(qn−1

− 1)
(q2 − 1)(q + 1)

.

Observe that, as s̃ is invariant under all field automorphisms, s is Aut(G∗)-invariant.
The required character χ can be taken to be the (only) semisimple character in the
Lusztig series associated to s.

Assume now that q = 2 f with f even. We then take s̃ to be a diagonal matrix with
Spec(s̃) = {δ(q

2
−1)/3, δ2(q2

−1)/3, 1n−2
} instead, where δ, as before, is a generator

of F×

q2 . Again, by Lemma 4.5, we have CG̃(s̃)∼= GUn−2(q)× GL1(q2) and CG̃(s̃)
is the complete inverse image of CG∗(s). (This is clear when n > 3. When n = 3,
the image of the homomorphism τ : π−1(CG∗(s)) → ZG̃ defined by gsg−1

=

τ(g)s is contained in {Id, δ(q
2
−1)/3Id, δ2(q2

−1)/3Id}. However, both δ(q
2
−1)/3Id and

δ2(q2
−1)/3Id have order 3, which does not divide |ZG̃| = q + 1. Therefore we still

have τ(g)= Id for all g ∈ π−1(CG∗(s)).) We then have

|G∗
: CG∗(s)|p′ =

(qn
+ 1)(qn−1

− 1)
(q2 − 1)(q − 1)

.

It is straightforward to check that this is greater than qn−1, and we conclude as in
the previous case.

We solve the remaining case q =2 f with f odd by a somewhat different argument,
working with the ambient algebraic group of G and its associated Frobenius map
instead. So let G be a simple algebraic group of adjoint type of type A, defined over
an algebraically closed field of characteristic 2. Let F f be the standard Frobenius
map on G, raising all matrix entries to the 2 f -th power and ρ the inverse transpose.
Set F := F f ◦ ρ. Then G = G∗ is precisely the group of F-fixed points in G. Let
F0 := F1◦ρ. As f is odd, we have F = F f ◦ρ= F f

0 . Note that F1 induces a generator,
say σF1 , for Out(G)∼= C2 f ; on the other hand, F0 induces σF0 ∈ Out(G) of order
f and ⟨σF0⟩ = ⟨(σF0)

2
⟩ = ⟨(σF1)

2
⟩. By the work of Brunat [B09, Proposition 2],

the number of σF0-invariant irreducible characters of G of odd degree is equal to
the number of semisimple characters of GF0 = PGUn(2)∼= SUn(2). (Note that, by
the assumptions, f is odd and (n, 2 f

+ 1) = 1. In particular, n is coprime to 3.)
This number, in turn, is 2n−1, by [C85, Corollary 8.3.6]. These 2n−1 characters
are permuted by σF1 , forming orbits of size 1 or 2. The trivial character forms
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its own orbit. Consequently, at least one of the nontrivial characters, say χ , is
fixed by σF1 – that is, χ is Out(G)-invariant. By Lemma 4.7, χ cannot be a Weil
character. Moreover, under the assumptions on n, q , and f , we have n ≥ 5. It then
follows from [TZ96, Table V] that χ(1) ≥ (qn

+ 1)(qn−1
− q2)/(q + 1)(q2

− 1),
and therefore χ(1) > qn−1. This concludes the proof. □

Lemma 4.9. Let G = GF be the group of fixed points of a simple algebraic group
G of simply connected type over an algebraically closed field of characteristic p,
under a Steinberg endomorphism F of G, and assume that G/ZG is simple. Let
P ∈ Sylp(G). Then

b(NG(P))≤ |T/ZG|,

where T := T F and T is a maximally split F-stable maximal torus of G.

Proof. Let B be an F-stable Borel subgroup of G containing T . Let 8 be the
root system of G with respect to T and B. Let 8+ and 1 = {αi : i ∈ I } be the
corresponding set of positive roots and simple roots, respectively. Also, let Xα

denote the root subgroup associated to each α ∈8.
Let U :=

∏
α∈8+ Xα , which is the unipotent radical of B. According to [MT11,

Corollary 24.11], we have P := U F
∈ Sylp(G) and BF

= NG(P). Furthermore,

NG(P)= P ⋊ T,

where T := T F . At this point we have b(NG(P))≤ |NG(P)/P| = |T | but, in many
cases, this upper bound for b(NG(P)) is not sufficient. We need to know more
details about the action of T on Irr(P/P ′).

Let Uc :=
∏
α∈8+\1 Xα. As explained in [C85, §2.9], Uc is normal in U and

U/Uc =
∏

i∈I Xαi . The endomorphism F naturally acts on the roots, and thus on
the root subgroups, given by F(Xα)= XF(α). As B and T are F-stable, F permutes
the positive roots, as well as the simple roots. Both U and Uc are therefore F-stable.
Let ρ denote the permutation on I induced from the action of F on the simple roots,
and O be the set of ρ-orbits on I . For each such an orbit J , let X J :=

∏
i∈J Xαi ,

which is an F-stable group. Further, let X J := X F
J . We then have

(4-1) U F/Uc
F

=

∏
J∈O

X J .

Note that each Xα is normalized by T (see [C85, p. 18]). Thus U F and Uc
F are

both normalized by T = T F , and so T acts on the factor group U F/Uc
F . In fact,

each direct factor X J with J ∈ O of U F/Uc
F is normalized by T . Remark that

ZG ≤ T (see the proof of [MT11, Lemma 24.12]) and ZG acts trivially on U F .
Therefore the maximal size of a T -orbit on U F/Uc

F is at most |T/ZG|.
Assume from now on that G /∈ {Sp2n(2), F4(2),G2(3)}. (For these exceptions, a

Sylow 2-subgroup of G is self-normalizing and the desired inequality is immediate.)
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Then, according to [B09, Lemma 5], Uc
F is the derived subgroup P ′ of P = U F .

As the actions of T on P/P ′ and Irr(P/P ′) are isomorphic, |T/ZG| is also an
upper bound for the sizes of the T -orbits on Irr(P/P ′). Moreover, the restriction
of every irreducible character of P/P ′ ⋊ T to P/P ′ is multiplicity-free, as T is
abelian and |T | is coprime to p. The result now follows. □

Lemma 4.10. Assume the hypotheses of Lemma 4.9. Then S = G/ZG satisfies
Hypothesis 4.3, unless G = SUn(q) with n ≥ 3 odd and (n, q + 1)= 1.

Proof. Clearly, m(G) ≤ m(S) and b(NG(Q)) ≥ b(NS(P)) for P ∈ Sylp(S) and
Q ∈ Sylp(G). Therefore, if Hypothesis 4.3 holds for G, then it also holds for S.
Sylow p-subgroups and their normalizers of a finite reductive group in characteristic
p are best described through the framework of Borel subgroups and their unipotent
radicals in the ambient algebraic group. For convenience, we shall use the same P
for a Sylow p-subgroup of G (in fact, P ∼= Q, see [MT11, p. 214] ).

Note that the group X J in the proof of Lemma 4.9 is isomorphic to Fq |J | and
|X J | = q |J |, where q is the absolute value of all eigenvalues of F on the character
group of an F-stable maximal torus of G. Furthermore, as noted in [C85, p. 74],
we have

|T | =
∏

J∈O
(q |J |

− 1).

Lemma 4.9 therefore implies that

b(NG(P))≤

∏
J∈O

(q |J |
− 1)

|ZG|
.

The ρ-action on the set of the simple roots, defined in the proof of Lemma 4.9,
for all the relevant (G, F) is described in [C85, p. 37], allowing one to easily
determine the sizes of ρ-orbits. Generally, |J | ∈ {1, 2, 3} for all (G, F) and when
G is untwisted, |J | = 1 for all J . On the other hand, the values of the smallest
nontrivial p′-degree m(G) can be read off from [TZ96] and [N10] when G is of
classical type and those for exceptional types can be found in [Lü01].

Consider G =SL2(q)with q odd. Then |T |=q−1 and so b(NG(P))≤ (q−1)/2.
On the other hand, m(G)= (q − 1)/2 and so Hypothesis 4.3 is satisfied. (In this
case, in fact, b(NG(P))= m(G)= (q − 1)/2. Each element t of T ∼= F×

q acts on
P ∼= F+

q by mapping u to ut2, and so the stabilizer in T of any nontrivial (linear)
character of P is precisely the order-2 subgroup of T . Therefore NG(P) has q − 1
linear characters and four characters of degree (q−1)/2.) Similarly, for G = SL2(q)
with q even, one has m(G)= q − 1 = |T | and Hypothesis 4.3 is still valid.

Let G = SLn(q) with n ≥ 3. Here |T | = (q −1)n−1 and m(G)= (qn
−1)/(q −1),

unless (n, q)= (4, 3). Note that m(SL4(3))= 26. In any case, we have |T | ≤ m(G),
and Hypothesis 4.3 is verified.
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Let G = SUn(q) with n ≥ 3. Then

|T | =

{
(q2

− 1)(n−1)/2 if n is odd,
(q2

− 1)(n−2)/2(q − 1) if n is even,

and, as mentioned,
m(G)= (qn

− (−1)n)/(q + 1).

We now can verify that Hypothesis 4.3 holds when n is even or n is odd and
|ZG| = (n, q + 1) > 1.

For G = Sp2n(q) or Spin2n+1(q) with n ≥ 2, we have |T | = (q − 1)n and
b(NG(P))≤ (q − 1)n/(2, q − 1). One can verify from Table 1 that, d(G), which
serves as a lower bound for m(G), is always at least (q − 1)n/(2, q − 1). Similarly,
for G = Spinϵ2n(q) with ϵ ∈ {±} and n ≥ 4, we have b(NG(P))≤ (q − 1)n−1(q −

ϵ1)/(4, qn
−ϵ1), while m(G)≥ (qn

−1)(qn−1
−1)/2(q+1), by [N10, Theorems 1.3

and 1.4]. Hypothesis 4.3 is again satisfied.
Let G =

2B2(q2) or 2G2(q2), where q2
= 22n+1 or q2

= 32n+1, respectively. In
these cases, |T | = q2

− 1, which is less than m(G). (For type 2B2, m(G) is at
least

√
1/2q(q2

− 1), while for type 2G2, m(G)= q4
− q2

+ 1.) Similarly, when
G =

2F4(q2), we have |T | = (q2
− 1)2 and m(G)≥

√
1/2q9(q2

− 1). In all these
cases, the required inequality holds.

For the remaining exceptional-type groups, we always have |T | ≤ qrk(G), where
rk(G) is the semisimple rank of G. However, the lower bound for the smallest
nontrivial irreducible representation of G, as shown in Table 1, confirms that
m(G) > qrk(G). □

Proposition 4.11. Conjecture 4.1 is true when S is a quotient of a non-exceptional
covering group of a simple group of Lie type in characteristic p.

Proof. We assume that S is not the Tits group 2 F4(2)′, since Hypothesis 4.3 can
be verified directly for this group using GAP 4.11.0 (http://www.gap-system.org).
By Lemma 4.10 and Proposition 4.4, it remains to consider only the case where
G = SUn(q) with n ≥ 3 odd and (n, q + 1)= 1.

In this case, G can be viewed as a group of adjoint type and hence, by [C85, §2.9],

T ∼=

∏
J∈O

TJ ,

the direct product of cyclic groups TJ ∼= Cq2−1. (Here, every orbit J , defined in the
proof of Lemma 4.9, has length 2.) Further, the action of T on P/P ′ ∼=

∏
J∈O X J

(see (4-1)) is a “product” action, in the way that TJ acts trivially on X J ′ if J ̸= J ′

and transitively on X J \ {1}. Therefore T has a (unique) regular orbit on P/P ′,
as well as on Irr(P/P ′), implying that b(NG(P))= |T | and NG(P) has a unique
p′-degree irreducible character of degree |T | = (q2

− 1)(n−1)/2. We shall denote
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this character by τ . Every other p′-degree irreducible character of NG(P) restricts
trivially to at least one of X J ’s, and hence has degree at most |T |/(q2

− 1).
Note that, as (n, q + 1) = 1, G is simple and the group, say A, of outer auto-

morphisms of G is cyclic and stabilizes (the unipotent subgroup) P . Moreover, a
bijection between Irrp′(G) and Irrp′(NG(P)) is McKay-good if and only if it is A-
equivariant. The existence of such a bijection was established in [B09; S12]. In other
words, we know that, for every subgroup B ≤ A, the numbers of B-fixed characters
in Irrp′(G) and Irrp′(NG(P)) are the same. Note that the above-mentioned character
τ of NG(P) is A-invariant (due to its uniqueness property). Let ξ be the character
of G produced by Lemma 4.8; in particular, ξ is p′-degree and A-invariant. Now the
numbers of B-fixed characters in Irrp′(G)\{ξ} and Irrp′(NG(P))\{τ } are the same
for every B ≤ A. Using [I06, Lemma 13.23], one can construct an A-equivariant
bijection from Irrp′(G) \ {ξ} to Irrp′(NG(P)) \ {τ }, which can be extended to an
A-equivariant bijection 9 : Irrp′(G)→ Irrp′(NG(P)) such that 9(ξ)= τ .

We claim that χ(1)≥9(χ)(1) for all χ ∈ Irrp′(G). First, observe that

ξ(1) > qn−1 > (q2
− 1)(n−1)/2

= τ(1).

On the other hand, when χ ̸=ξ , we have9(χ) ̸=τ , and so9(χ)(1)≤|T |/(q2
−1)=

(q2
− 1)(n−3)/2, which implies that

χ(1)≥
qn

− (−1)n

q + 1
≥9(χ)(1),

and this finishes the proof. □

4.2. Groups of Lie type in characteristic not equal to p.

Lemma 4.12. Let H ≤ G be such that |G : H | is not divisible by p. Then b(H)≤

b(G).

Proof. Let ϕ ∈ Irrp′(H) such that ϕ(1) = b(H). By Frobenius reciprocity, ϕ is
contained in χH for any irreducible constituent χ of ϕG . Since ϕG(1)=ϕ(1)|G : H |

is not divisible by p, at least one of those constituents has p′-degree. □

Proposition 4.13. Conjecture 4.1 is true when S is a non-exceptional covering
group of a simple group of exceptional Lie type in characteristic different from p.

Proof. Assume for now that S is not of Suzuki or Ree type. As before, S is a
quotient of G := GF , where G is a simple algebraic group of simply connected
type and F is a Steinberg endomorphism on G. Let q be the absolute value of all
eigenvalues of F on the character group of an F-stable maximal torus of G. We
know that p does not divide q , and we may assume that p divides |G|.

We require some d-Harish-Chandra theory, particularly the concept of Sylow
d-tori, which was first introduced by Broué and Malle in [BM92]. (For a detailed
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G conditions d(G)
SL2(q) q ≥ 5 (q − 1)/(2, q − 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
SLn(q)

n ≥ 3
(n, q) ̸∈ {(3, 2), (3, 4), (4, 2), (4, 3)} (qn

− 1)/(q − 1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

SUn(q)
n ≥ 3 odd; (n, q) ̸= (3, 2)
n ≥ 4 even; (n, q) ̸∈ {(4, 2), (4, 3)}

(qn
− q)/(q + 1)

(qn
− 1)/(q + 1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Sp2n(q)

n ≥ 2; q odd
n ≥ 2; q even; (n, q) ̸= (2, 2)

(qn
− 1)/2

(qn
− 1)(qn

− q)/2(q + 1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Spin2n+1(q)
n ≥ 3; q > 3 odd
n ≥ 3; q = 3

(q2n
− 1)/(q2

− 1)
(qn

− 1)(qn
− q)/(q2

− 1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Spin+

2n(q)
n ≥ 4; q > 3
n ≥ 4; q ∈ {2, 3}; (n, q) ̸= (4, 2)

(qn
− 1)(qn−1

+ q)/(q2
− 1)

(qn
− 1)(qn−1

− 1)/(q2
− 1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Spin−

2n(q) n ≥ 4 (qn
+ 1)(qn−1

− q)/(q2
− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2B2(q2) q2
= 22 f +1

≥ 8
√

1/2q(q2
− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2G2(q2) q2
= 32 f +1

≥ 27 q4
− q2

+ 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2F4(q2) q2

= 22 f +1
≥ 8

√
1/2q9(q2

− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
G2(q) q ≥ 3 ≥ q3

− 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3D4(q) ≥ q3(q2

− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
F4(q) ≥ q8

+ q4
+ 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E6(q)sc ≥ q9(q2
− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2E6(q)sc ≥ q9(q2
− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E7(q)sc ≥ q15(q2
− 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E8(q) ≥ q27(q2
− 1)

Table 1. Values or bounds for the minimal nontrivial degree of ordinary
characters of finite reductive groups of simply connected type [TZ96;
Lü01].

account, see also [GM20, §3.5].) Define e as the multiplicative order of q modulo p
if p> 2 or if p = 2 and q ≡ 1 (mod 4). For p = 2 and q ≡ −1 (mod 4), let e := 2.
As p | |G|, we know that 8e(q) | |G|, where 8e is the e-th cyclotomic polynomial.
Let Se be a Sylow e-torus of G. It is, by definition, an F-stable torus of G whose
order polynomial is the maximal power of 8e dividing the generic order of G (see
[GM20, p. 259]).

Let Le :=CG(Se), known as a (minimal) e-split Levi subgroup of G. It is F-stable
(see [GM20, p. 258]) and we write Le := LF

e . Note that, by the conjugation property
of Sylow d-tori, we have NG(Se)= NG(Le). The quotient WG(Le) := NG(Le)/LF

e
is referred to as the relative Weyl group of Le in G.

According to [M07, Proposition 5.21], NG(Se) contains a Sylow p-subgroup,
say P , of G. In fact, by [M07, Theorem 7.8], NG(Se) contains NG(P), unless
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p = 3 and G = G2(q) with q ≡ 2, 4, 5, or 7 (mod 9). For now, let us exclude this
exception. It follows from Lemma 4.12 that

b(NG(P))≤ b(NG(Le)).

Suppose first that e is a regular number for (G, F), which means that Le is a
maximal torus of G (see [GM20, p. 259]). Then Le := LF

e is abelian, and thus
b(NG(Le))≤ |NG(Le)/Le|, by [I06, Corollary 11.29]. In summary, if e is a regular
number for (G, F) and G is not of type G2, then

b(NG(P))≤ |WG(Le)|.

Consider the case when the power of 8e in the order polynomial of G is pre-
cisely 1, or equivalently, where WG(Le) is cyclic (see [GM20, Proposition 3.5.12]).
As computed in [BM93, Table 8.1], with one exception at type E8 and e = 30, we
have |WG(Le)| ≤ 24 for all relevant G and e. One can easily check that the minimal
character degree d(G) of G, displayed in Table 1, is always at least 26, and so we
are done. For the exception, we have |WG(Le)| = 30, while d(G) ≥ q27(q2

− 1)
and so Hypothesis 4.3 is satisfied. On the other hand, non-cyclic relative Weyl
groups of minimal e-split Levi subgroups for exceptional types are available in
[GM20, Table 3.2]. We have verified that |WG(Le)| remains at most d(G), except
for the specific cases discussed in the next paragraph.

Consider G = E8(q), for instance. Then |WG(Le)| ≤ d(G) unless e = 2, q = 2,
and p = 3. For the exception, WG(Le) is isomorphic to the Weyl group W (E8)=

C2.G O+

8 (2) of E8, which has order 696729600, while the smallest nontrivial degree
d(E8(2)) of E8(2) is 545925250. However, since b3(NG(Le)) divides |WG(Le)|,
by [I06, Corollary 11.29], we have b3(NG(Le)) ≤ 6967296003′ = 2867200 <
d(G), and the result follows as before. Other exceptions occur for (G, q, p, e)=

(E7(q)sc, 2, 3, 2) or (2E6(2)sc, 2, 3, 2), but the arguments are entirely similar.
Next we consider the case where e is not a regular number for (G, F). This

includes e = 5 for type E6; e = 10 for 2E6; e ∈ {4, 5, 8, 10, 12} for E7; and
e ∈ {7, 9, 14, 18} for E8. Note that Le is no longer abelian. But, as Se := SF

e is
abelian, we shall use the bound

b(NG(P))≤ b(NG(Le))≤ |NG(Le) : Se| = |WG(Le)||Le : Se|

instead.
Let G = E7(q)sc and e = 4. Then |NG(Le)/Le| = 96 and Le has type 82

4 A1(q)3

(see [GM20, Table 3.3]). Thus |NG(Le) : Se| ≤ 96q3(q2
− 1)3, which is smaller

than d(E7(q)sc), as desired. In the remaining cases, WG(Le) is cyclic and its order
together with the structure of Le are again given in [BM93, Table 8.1]. Note that, in
this case, the Sylow e-torus Se has order 8e(q). It is now straightforward to check
that |WG(Le)||Le : Se| ≤ d(G) for all relevant G and e.
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For Suzuki and Ree groups, Broué and Malle introduced an adapted version of
8e, denoted by8(p)e , which are cyclotomic polynomials over Q(

√
2) or Q(

√
3) (see

[M07, §8]). For the Tits group, we can verify Hypothesis 4.3 directly using GAP;
therefore, we assume that S ̸=

2F4(2)′. With this, there exists a Sylow 8
(p)
e -torus

S of G such that NG(S)≥ NG(P) for some Sylow p-subgroup P of G, unless

(i) p = 2 and G =
2G2(q), or

(ii) p = 3 and G =
2F4(q) with q ≡ 2, 5 (mod 9).

(See [M07, Theorem 8.4].) The case when such a Sylow 8
(p)
e -torus exists can be

argued similarly as above. (Alternatively, one can use [IMN07, §16 and §17] and
[A98] to achieve the result for these groups.) The case p = 2 and G =

2G2(q)
follows from the proof of the McKay inductive conditions for the group (see [IMN07,
§17]). When p =3 and 2F4(q), according to [A98, (2B)], we have |NG(P)/P|≤48,
and the same reasoning applies.

Finally, the case p = 3 and G2(q) (that we previously excluded) follows from
An’s proof of the Alperin-McKay conjecture for G2(q). (See [A94, p. 190] where
it was shown that |NG(P)/P| is bounded above by 16, which is smaller than
d(G2(q)).) □

4.3. Exceptional covering groups. Here we deal with exceptional covering groups
of finite simple groups. These include 3-fold and 6-fold covers of A6 and A7, covers
of sporadic simple groups (by convention), and certain covers of simple groups of
Lie type with a non-generic Schur multiplier (see [MT11, Table 24.3]). Here, a
(perfect central) cover S of a simple group of Lie type X is called exceptional if it
is not a quotient of the finite reductive group of simply connected type covering X ;
in particular, S is a proper cover of X .

Proposition 4.14. Conjecture 4.1 is true when S is an exceptional covering group.

Proof. The existence of a McKay-good bijection for exceptional covering groups
was established by Malle [M08]. We note that, except the single case S = 2 ·

PSL3(4), the group of outer automorphisms stabilizing P ∈ Sylp(S) is either trivial
or cyclic of prime order, and so any bijection that respects the action of those outer
automorphisms is McKay-good. Building on Malle’s work, we show that in most
cases, Hypothesis 4.3 holds, ensuring that any such bijection automatically satisfies
the additional degree condition. In the remaining cases, it turns out that S has
precisely one character of degree smaller than b(NS(P)). In these instances, it
suffices to identify a corresponding (p′-degree) character of NS(P) with smaller
degree that is invariant under the action of the outer automorphisms.

Throughout we let X := S/Z and Q := P Z/Z ∈ Sylp(X), where Z := ZS. Of
course we may assume that p | |S|.
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First suppose that |S|p = p; in particular, p is odd. In this case, work of
Dade [D66; D96] provides a natural bijection between the irreducible characters
in any block B of S and those in its Brauer correspondent b, and this bijection
satisfies the required degree condition. We may assume that B has full defect.
When |S|p = p, Dade’s bijection is described in Lemmas 4.7–4.10 of [D96] and
is known, in particular, to preserve decomposition numbers. Hence it suffices to
verify the desired degree inequality for the corresponding bijection between the
Brauer characters of B and b given in [D96, Lemma 4.7].

This bijection between Brauer characters is defined as follows. The Green
correspondence sends the isomorphism classes of finite-dimensional non-projective
indecomposable kS-modules M belonging to B bijectively onto the isomorphism
classes of finite-dimensional non-projective indecomposable k NS(P)-modules M̃ ,
where k is a suitable residue field of characteristic p (see [F82, III.5]). Moreover,
this correspondence satisfies the degree inequality dim(M) ≥ dim(M̃). If M is
simple, the socle S(M̃) of M̃ lies in a uniquely determined isomorphism class of
simple k NS(P)-modules. Dade’s bijection then sends the Brauer character afforded
by M to that afforded by S(M̃), and therefore also satisfies the degree inequality.
(We also note that in a recent preprint [Li25], Linckelmann proved that, when
a defect group of B is cyclic in general, there exists a perfect isometry between
Z Irr(B) and Z Irr(b) with the degree condition.) Furthermore, Koshitani and Späth
[KS16] proved that Dade’s bijection fulfills the inductive Alperin–McKay condition,
and hence is McKay-good. We assume from now on that p2

| |S|.

(I) Consider the sporadic groups. The structure of the quotient group NX (Q)/Q′

is given in [W98]. When X ∈ {Fi ′

24, B,M}, we have checked that m(S) ≥

|Z ||NX (Q)/Q| ≥ |NS(P)/P|, thereby confirming that Hypothesis 4.3 holds. For
the remaining sporadic groups, computations using GAP reveal that Hypothesis 4.3
fails in the following cases. We include here the relevant values of m(S) and
b(NS(P)):

(S, p, b(NS(P)),m(S)) ∈ {(Co2, 5, 24, 23), (Co3, 3, 32, 23), (Co3, 5, 24, 23),

(McL , 5, 24, 22), (3 · McL , 5, 24, 22)}.

When S ∈ {Co2,Co3}, as the outer automorphism group of S is trivial, any bijection
(from Irrp′(S) to Irrp′(NS(P))) is McKay-good. In these cases, S has a unique irre-
ducible p′-degree character, say ψ , of degree smaller than b(NS(P)). Furthermore,
we observe that NS(P) is not perfect. (Indeed, NS(P)/P ′ ∼= 52 ⋊ (4 · S4) when
S = Co2, and NS(P)/P ′ ∼= S3 ×(32

: SD16) when S = Co3.) Consequently, NS(P)
has a nontrivial linear character, say τ . It then follows that any bijection sending ψ
to τ satisfies the required degree condition.
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Let (S, p) ∈ {(McL , 5), (3 · McL , 5)}. In both cases, the outer automorphism
group Out(S)∼=C2 normalizes P . Moreover, S has exactly one irreducible character
of degree less than b(NS(P))=24, and this character is necessarily Out(S)-invariant.
Suppose first that S = McL . By [Atl], NS(P)= P⋊D, where P is an extra-special
group of order 53 and exponent 5, and D = C3 ⋊C8. The group D acts Frobeniusly
on Irr(P/P ′) ∼= C5 × C5, and hence NS(P) has a unique irreducible character
of degree 24. This is the only 5′-degree character of NS(P) of degree greater
than m(S) = 22. All other 5′-degree irreducible characters of NS(P) are trivial
on P , and thus can be viewed as characters of D, with degrees 1 and 2. Now,
the required bijection can be constructed in the way that this degree-24 character
corresponds to (any) Out(S)-invariant irreducible character of S of degree greater
than 22. (The group McL indeed has several such characters.) When S = 3 · McL ,
again Irr5′(NS(P)) contains a single member of degree 24. As in the case S = McL ,
this is the only 5′-degree character of NS(P) of degree greater than m(S)= 22, and
the same reasoning applies.

(II) The simple groups of Lie type with a non-generic Schur multiplier are

PSL2(4),PSL2(9),PSL3(2),PSL3(4),PSL4(2),PSU4(2),PSU4(3),

PSU6(2), 2B2(8),PO7(3),PSp6(2),PO+

8 (2),G2(3),G2(4), F4(2), and 2E6(2).

(See [MT11, Table 24.3].)
Consider the (only) exceptional cover S = 2 · F4(2) of X = F4(2). When p = 2,

as all the faithful irreducible characters of S have even degree [Atl], the problem is
reduced to the simple group F4(2), which was already solved in Proposition 4.11.
When p = 3, the Sylow normalizer NX (Q) of X is contained in PSL4(3).22 and lifts
to the direct product C2 × NX (Q) in S, as described in [M08, §4]. From the proof
of Proposition 4.11, the maximal 3′-degree of the Sylow 3-normalizer of SL4(3)
is at most (3 − 1)3/2 = 4, implying b(NS(P)) = b(NX (Q)) ≤ 8. When p = 5,
NX (Q) is an extension of C2

5 with the complex reflection group G8, which has
the structure C4.S4. In this case, NS(P)= Z × NX (Q), and elementary character
theory yields b(NS(P))≤ 24. Similarly, for p = 7, NX (Q) is an extension of C2

7
with the complex reflection group G5 of structure C6.A4. Here, it can be shown that
b(NS(P))≤ 48. As m(S)= 52 [Atl], Hypothesis 4.3 holds for all the relevant p.

Consider X =
2E6(2). This group has two exceptional covers 2 · X and 6 · X

with cyclic center. When p = 2, as in the case S = 2 · F4(2), the problem reduces
to handling the covers X and 3 · X , which are actually non-exceptional covers of X ,
and we are done by Proposition 4.11. Consider p = 3. Then NX (Q) is contained
in �7(3) and is lifted to the direct product C2 × NX (Q) in 2 · X . The proof of
Proposition 4.11 shows that the maximal 3′-degree of the Sylow 3-normalizer of
�7(3) is at most 4, and therefore b(NS(P))= b(NX (Q))≤ 4 for S = 2 · X . For the
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six-fold cover S = 6 · X , as the 3′-degree irreducible characters of both S and NS(P)
are trivial on ZS3, we still have b(NS(P))= b(NS/ZS3(P/ZS3))≤ 4. When p = 5,
[M08, Table 2] shows that the largest 5′-degree of the Sylow normalizer of both
2 · X and 6 · X (and of X itself as well) is 48. For p = 7, as mentioned in [M08, §4],
the Sylow 7-normalizer of X is contained in F4(2) and moreover, F4(2) is lifted to
2 · F4(2) in 2 · X and to 3×2 · F4(2) in 6 · X . It follows from the previous paragraph
that b(NS(P)) ≤ 48, whether S is the double or 6-fold cover of X . On the other
hand, the smallest nontrivial degree of 6 ·

2E6(2) is 1938 (GAP). Hypothesis 4.3
again holds true in this case.

Finally, using GAP, we have checked that Hypothesis 4.3 also holds for all other
exceptional covers of the simple groups of Lie type listed above, as well as for the
3-fold and 6-fold covers of A6 and A7. The proof is complete. □

A few remarks are in order. First, Propositions 4.11, 4.13, and 4.14 together imply
that Conjecture 4.1 holds for every quasisimple group S of exceptional Lie type
and for every prime p. Second, our arguments show that, in all cases considered,
Hypothesis 4.3 holds for (S, p), except possibly in the following situations: S =

P SUn(q) with n ≥ 3 odd, (n, q+1)= 1, and q a power of p; when S is sporadic and
|S|p = p; or when (S, p) ∈ {(Co2, 5), (Co3, 3), (Co3, 5), (McL , 5), (3 · McL , 5)}.

5. Odd-degree characters

In this section we confirm Conjectures 4.1, 3.3, and 3.1 for p = 2, thereby proving
Theorem B.

Theorem 5.1. Conjecture 4.1 is true for all quasisimple groups S and p = 2.

Proof. By Propositions 4.14, 4.11, and 4.13, and noting that Sylow 2-subgroups
of an alternating group or its double cover are self-normalizing [O76], we only
need to consider classical groups over fields of odd characteristic. Furthermore,
we may assume that S is a non-exceptional covering group of the simple group
X := S/ZS. As before, we use G for the finite reductive group of simply connected
type such that G/ZG = X , and so S is a certain quotient of G. By Proposition 4.4,
the existence of a required bijection is guaranteed if we are able to show that

(5-1) b(NG(Q))≤ m(G)

for Q ∈ Syl2(G).
Let X = PSL2(q) with 5 ≤ q odd, and hence G = SL2(q). Assume first that q ≡

±3 (mod 8). Then Q is the quaternion group of order 8 and NG(Q) is isomorphic
to SL2(3) (see [IMN07, §15E]). We have b(NG(Q))= 3, while m(G)= (q−1)/2 if
q ≡ 3 (mod 8) and m(G)= (q +1)/2 if q ≡ −3 (mod 8), and so (5-1) is satisfied.
When q ≡ ±1 (mod 8), Q is self-normalizing and the inequality is trivial.
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Let X = PSL±

n (q) with n ≥ 3. Here, as usual, we use the superscript + for
linear groups, while − for unitary groups. Then G = SL±

n (q). Let G̃ := GL±

n (q),
R ∈ Syl2(G̃), and take Q := R ∩ G. By [K05, Theorem 1], we have

NG̃(Q)= NG̃(R)= RCG̃(R).

The structure of Sylow normalizers in G̃ was determined by Carter and Fong in
[CF64, Lemma 6 and Theorem 4], as follows

NG̃(R)∼= R × (C(q∓1)2′ )
t ,

where (q ∓ 1)2′ is the odd part of q ∓ 1 and t is the number of terms in the 2-adic
expansion of n. It follows that

NG̃(Q)/Q′
= NG̃(R)/Q′ ∼= (R/Q′)× (C(q∓1)2′ )

t .

Let b(M) denote the largest degree of an irreducible character of a finite group M .
We have

b(NG̃(Q)/Q′)= b(R/Q′)≤ |R : Q| ≤ q + 1.

Here, the inequality in the middle follows from [I06, Corollary 11.29] and the fact
that Q/Q′ is an abelian normal subgroup of R/Q′. The last inequality follows
from |R : Q| = |R : (R ∩ G)| = |RG : G| ≤ |G̃ : G| ≤ q + 1. Since NG(Q)/Q′ is a
normal subgroup of NG̃(Q)/Q′, we deduce that

b(NG(Q))= b(NG(Q)/Q′)≤ b(NG̃(Q)/Q′)≤ q + 1.

The desired inequality b(NG(Q))≤ m(G) then follows immediately from the bound
provided in Table 1.

Next, consider X = P Sp2n(q) with n ≥ 2 and q odd. Then G = Sp2n(q) with
ZG being cyclic of order 2. The Sylow 2-subgroup Q is self-normalizing in G
when q ≡ ±1 (mod 8); otherwise, |NG(Q)/Q| = 3t where t is the number of
terms in the 2-adic expansion of n (see [CF64, Theorem 4]). In the former case,
Hypothesis 4.3 is trivial. In the latter, we have

b(NG(Q))≤ |NG(Q)/Q| = 3t < (qn
− 1)/2 = d(G)≤ m(G),

and we are done again.
Lastly, consider X =�2n+1(q) with n ≥ 3 or X = P�±

2n(q) with n ≥ 4 (q again
is odd). Here G = Spin2n+1(q) or Spin±

2n(q), respectively. According to [CF64,
Theorem 5], Sylow 2-subgroups of G are self-normalizing, and we conclude as
before. □

Theorem 5.2. Conjecture 3.1 is true when p = 2.

Proof. This follows from Theorems 5.1 and 3.5. □
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As said in the introduction, Theorem B immediately follows from Theorem 5.2.
We conclude with some remarks. To complete the proof of Conjecture A and

Conjecture 3.1 for all primes p, it remains to verify Conjecture 3.3 for quasisimple
classical groups S in characteristic different from p, as well as for covers of
alternating groups. This appears to be a nontrivial problem, since for these groups
the normalizer NS(P) typically has many irreducible p′-characters whose degrees
exceed the minimal p′-degree of S.

Conjecture 3.1 has now been established for symmetric groups by Giannelli
[G25]. It may be possible to adapt the methods of [G25] to prove Conjecture 3.3
for alternating groups.
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ON THE FIRST EIGENVALUE OF THE HODGE LAPLACIAN
OF SUBMANIFOLDS

CHRISTOS-RAENT ONTI

We prove that equality in a sharp lower bound for the first p-eigenvalue of
the Hodge Laplacian on closed submanifolds in space forms can occur only
on topological spheres, assuming positivity.

1. Introduction

Let Mn be a closed, connected and oriented Riemannian manifold of dimension n.
For each integer 1≤ p ≤n−1, the Hodge–Laplace operator (or the Hodge Laplacian)
acting on p-forms is defined by

1 = dδ + δd : �p(Mn) → �p(Mn),

where d and δ are the differential and the co-differential operators, respectively.
It is well known that the spectrum of the Hodge–Laplace operator is discrete and
nonnegative, and that its kernel is isomorphic to the p-th de Rham cohomology
group H p(Mn

; R). If λ1,p(Mn) denotes its lowest eigenvalue, then

λ1,p(Mn) = inf
ω∈�p(Mn)\{0}

∫
M

(
∥dω∥

2
+ ∥δω∥

2
)

d M∫
M ∥ω∥2d M

.

Since the above is invariant by the Poincaré duality induced by the Hodge ∗-operator,
we have λ1,p(Mn) = λ1,n−p(Mn) and thus we may assume that p ≤ n/2. Clearly,
if λ1,p(Mn) > 0, then H p(Mn

; R) = H n−p(Mn
; R) = 0.

The Hodge Laplacian satisfies for every p-form ω ∈ �p(Mn) the Bochner–
Weitzenböck formula

(1) 1ω = ∇
∗
∇ω +B[p]ω,

where ∇
∗
∇ is the connection Laplacian and B[p]

: �p(Mn) → �p(Mn) is a
certain symmetric endomorphism on the bundle of p-forms, called the Bochner–
Weitzenböck operator. Therefore, (1) implies that lower bounds on the Bochner–
Weitzenböck operator lead naturally to lower bounds on the Hodge–Laplace operator.
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In particular, from [6, Proposition 3] we get that

(2) if B[p]
≥ p(n−p)3 for some 3 > 0, then λ1,p(Mn) ≥ p(n−p+1)3.

Let f : Mn
→ M̃n+m, n ≥ 3, be an isometric immersion into a Riemannian

manifold M̃n+m of dimension n+m. The second fundamental form α f is viewed as
a section of the vector bundle Hom(TM × TM, N f M), where N f M is the normal
bundle. For each unit normal vector field ξ ∈ 0(N f M), the associated shape
operator Aξ is given by

⟨Aξ X, Y ⟩ = ⟨α f (X, Y ), ξ⟩, X, Y ∈ TM.

Recall that the traceless part of the second fundamental form is 8 = α f −⟨ · , · ⟩H,
where H denotes the mean curvature vector field given by H = (tr α f )/n, where tr
means taking the trace. Finally, by H we denote the length of the mean curvature,
that is, H = ∥H∥.

Proposition 1 (Onti and Vlachos [5, Proposition 16]). If the curvature operator
of M̃n+m is bounded from below by a constant c, then the Bochner–Weitzenböck
operator of Mn , for any 1 ≤ p ≤ ⌊n/2⌋, satisfies pointwise the inequality

(3) min
ω∈�p(Mn)

∥ω∥=1

⟨B[p]ω, ω⟩ ≥
p(n−p)

n

(
n(H 2

+ c) −
n(n − 2p)
√

np(n−p)
H∥8∥ −∥8∥

2
)

.

If equality holds in (3) at a point x ∈ Mn , then:

(i) The shape operator Aξ (x) has at most two distinct eigenvalues with multiplici-
ties p and n−p for every unit vector ξ ∈ N f M(x). If in addition p < n/2 and
the eigenvalue of multiplicity n−p vanishes, then Aξ (x) = 0.

(ii) If H(x) ̸= 0 and p < n/2, then Im α f (x) = span {H(x)}.

Therefore, if

κp := min
x∈Mn

{
(H 2

+ c) −
n − 2p

√
np(n−p)

H∥8∥ −
1
n
∥8∥

2
}

for some 1 ≤ p ≤ ⌊n/2⌋, then it follows from (2) and (3) that

(4) λ1,p(Mn) ≥ p(n−p+1)κp.

Inequality (4) was first proved by Savo for hypersurfaces [6, Theorem 7], and
subsequently extended by Cui and Sun to submanifolds of arbitrary codimension [3,
Theorem 1.1]. Those authors also showed that the inequality is sharp by providing
trivial examples attaining equality. However, no characterization was given of the
submanifolds for which equality holds. The aim of this note is to shed light on the
case of equality in (4) assuming λ1,p(Mn) > 0, when M̃n+m

= Qn+m
c , where Qn+m

c
denotes the complete simply connected space form of constant sectional curvature c.
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In fact, we prove that in this case equality occurs only on topological spheres. For
simplicity we assume that c ∈ {0, ±1}. Thus Qn+m

c is the Euclidean space Rn+m

(c = 0), the unit sphere Sn+m (c = 1), or the hyperbolic space Hn+m (c = −1).

Theorem. Let f : Mn
→ Qn+m

c , n ≥ 4, be an isometric immersion of a closed,
connected and oriented Riemannian manifold. If for some 1 ≤ p ≤ ⌊n/2⌋ equality
holds in (4) with λ1,p(Mn) > 0, then Mn is homeomorphic to the sphere Sn .

2. Proof of the theorem

The idea of the proof is to show that Mn is a simply connected homology sphere
over the integers and the proof will follow by the generalized Poincaré conjecture
(Smale n ≥ 5, Freedman n = 4).

Assume that for some 1 ≤ p ≤ ⌊n/2⌋ equality holds in (4) with λ1,p(Mn) > 0.
Then Proposition 1 implies that the shape operator Aξ (x) at each point x will have
at most two distinct eigenvalues of multiplicities p and n−p for every unit vector
ξ ∈ N f M(x). We claim that there exists a Morse function on Mn such that the
index at each critical point is 0, p, n−p or n. To this end, we distinguish two cases:

CASE c ∈ {0, 1}: Let u ∈ Rn+m+c be a vector such that the height function

ϕ : Mn
→ R, ϕ(x) = ⟨ fc(x), u⟩

is a Morse function, where fc = f if c =0, and fc = j◦ f , where j :Sn+m
→Rn+m+1

denotes the standard inclusion, if c = 1. A direct computation gives that at a critical
point x0 of ϕ we have

u ∈ N fc M(x0) and Hess ϕ(X, Y ) = ⟨α fc(X, Y ), u⟩ for all X, Y ∈ Tx0 M.

Obviously, the second fundamental form of fc has at most two distinct principal
curvatures of multiplicities p and n−p in every normal direction and the claim
follows in this case.

CASE c = −1: We consider the function

ϕ : Hn+m
→ R, ϕ(x) =

1
2r2(x),

where r(x) denotes the distance function issuing from some suitable choice of point
o ∈ Hn+m to x ∈ Hn+m . It is a standard fact that ϕ is smooth everywhere in Hn+m .
Let γ (t) be a unit speed geodesic with γ (0)=o. Then, we have γ ′(t)=grad r(γ (t)).
For X, Y ∈ 0(T H) a direct computation gives

⟨X, grad ϕ⟩ = r⟨X, grad r⟩

and
Hess ϕ(X, Y ) = ⟨X, grad r⟩⟨Y, grad r⟩ + r Hess r(X, Y ).
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Consider ϕ̃ = ϕ ◦ f : Mn
→ (0, +∞) and choose o ∈ Hn+m such that ϕ̃ is a Morse

function on Mn (this is always possible). At a critical point x0 ∈ Mn , we have
grad r( f (x0)) ⊥ f∗(Tx0 Mn), that is the (unique unit speed) geodesic γ (t) will hit
f (Mn) orthogonally, and

(5) Hess ϕ̃(X̃ , Ỹ ) = r
(
Hess r( f∗ X̃ , f∗Ỹ ) + ⟨Agrad r X̃ , Ỹ ⟩

)
, X̃ , Ỹ ∈ Tx0 Mn.

Let γ (ℓ) = f (x0) and consider a Jacobi field J (t) along γ (t) with J (0) = 0. It
follows that

(6) Hess r(J (ℓ), J (ℓ)) = ⟨J ′(ℓ), J (ℓ)⟩ =
1
2

d
dt

∥J (t)∥2
|t=ℓ.

Recall that the Jacobi fields J (t) in Hn+m with J ′(0) ⊥ γ ′(0) are given by

J (t) = sinh t · w(t),

where w(t) is a parallel vector field along γ (t) with J ′(0) = w and ∥w∥ = 1.
Observe that Agrad r (x0) has at most two distinct eigenvalues, say λ and µ with
multiplicities p and n−p, respectively. Consider an orthonormal basis {e1, . . . , en}

of Tx0 Mn such that

Agrad r (ei ) =

{
λei for 1 ≤ i ≤ p,

µei for p+1 ≤ i ≤ n.

Let wi (t) be such that

wi (ℓ) = f∗(ei ), 1 ≤ i ≤ n,

with corresponding Jacobi fields

Ji (t) = sinh t · wi (t), 1 ≤ i ≤ n.

Therefore, from (6) we obtain

Hess r(Ji (ℓ), Ji (ℓ)) =
1
2

d
dt

∥Ji (t)∥2
|t=ℓ =

1
2

sinh(2ℓ), for all 1 ≤ i ≤ n.

Hence (5) gives

Hess ϕ̃(ei , ei ) =

{
ℓ(coth ℓ + λ) for 1 ≤ i ≤ p,

ℓ(coth ℓ + µ) for p+1 ≤ i ≤ n,

and therefore it is now clear that Index ϕ̃(x0) ∈ {0, p, n−p, n}, proving the claim.
Therefore, it follows from standard Morse theory (see [4, Theorem 3.5] or

[2, Theorem 4.10]) that Mn has the homotopy type of a CW-complex with cells
only in dimensions 0, p, n−p or n. Therefore

(7) Hi (Mn
; Z) = 0 for all i ̸= 0, p, n−p, n.
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Next, we claim that also

(8) Hp(Mn
; Z) = Hn−p(Mn

; Z) = 0.

Indeed, our hypothesis implies H p(Mn
; R) = H n−p(Mn

; R) = 0. Hence

(9) Hp(Mn
; Z) = Tor(Hp(Mn

; Z)) and Hn−p(Mn
; Z) = Tor(Hn−p(Mn

; Z)).

By Poincaré duality, the universal coefficient theorem and (7), we have

Tor(Hp(Mn
; Z)) ∼= Tor(Hn−p−1(Mn

; Z)) = 0
and

Tor(Hn−p(Mn
; Z)) ∼= Tor(Hp−1(Mn

; Z)) = 0,

where ∼= denotes the isomorphism of the corresponding groups. This, in combination
with (9), proves (8). Hence Mn is a homology sphere over the integers.

Finally, we show that Mn is simply connected. If p ̸= 1 this follows directly
from [1, Proposition 4.5.7, p. 90], since in this case, ϕ has no critical points of
index one. If p = 1, then since there are no 2-cells, it follows by the cellular
approximation theorem that the inclusion of the 1-skeleton X(1) ↪→ Mn induces
isomorphism between the fundamental groups. Therefore, π1(Mn) is a free group
on β1(Mn

; Z) = 0 elements, and thus Mn is simply connected.
Therefore, Mn is a homotopy sphere and by the generalized Poincaré conjecture

(Smale n ≥ 5, Freedman n = 4), Mn is homeomorphic to Sn , which concludes the
proof of the theorem.
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HOWE DUALITY FOR THE DUAL PAIR SL2(R) × F4,1:
A PING PONG OF K -TYPES

GORDAN SAVIN

We prove Howe duality for an exceptional theta correspondence. To that end,
we relate the K -types of corresponding representations by exploiting a pair
of see-saw identities.

1. Introduction

Let O be the algebra of Cayley octonions over the field of real numbers R. Let J be
the 27-dimensional space of 3 × 3 hermitian symmetric matrices with coefficients
in O. Let NJ : J → R be the cubic form (the norm of J ), essentially the determinant
of 3 × 3 matrices. For every e ∈ J such that NJ (e) ̸= 0 there is a structure of
exceptional Jordan algebra on J such that e is the identity of J . Let G = Aut(J, e)
be the group of automorphisms of the resulting Jordan algebra, which is the same
as the group of linear transformations of J preserving NJ and the point e. It is a
simple Lie group of absolute type F4. See [6] for all of this. If we pick e to be+1

+1
+1

 or

−1
−1

+1

 ,

then G is compact for the first choice of e and of split rank one for the second [11].
The Jordan algebra, by way of the Koecher–Tits construction [8], gives rise to a
simply connected group G(J ), of the exceptional type E7 and split rank 3 over R

(the same group for both choices of e). The group G(J ) comes along with the dual
pair (see [7])

SL2(R) × G ⊂ G(J ).

These dual pairs are completely analogous to SL2(R)× O(p, q) in Sp2n(R) where
n = p + q . Indeed, if we take J to be the space of n × n symmetric matrices with
coefficients in R, then orthogonal groups are stabilizers of generic points in J , and
G(J ) is Sp2n(R).
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The group G(J ) has a minimal (holomorphic) representation 5 that appears as a
local component of a global representation [5]. In [3], 5 was restricted to the dual
pair SL2(R) × G, with G compact, and the following decomposition was obtained:

5 =

⊕
n≥0

δ(2n + 12) ⊗ En.

Here δ(2n +12) is the holomorphic representation of the lowest weight 2n +12 and
En is the irreducible representation of G of the highest weight nϖ4 where ϖ4 is the
fourth fundamental weight for F4. It is the highest weight of the 26-dimensional
irreducible representation of G (the complement of the line through e in J ).

Here we study the restriction of 5 to the dual pair with G noncompact. Let
K be the maximal compact subgroup of G. We emphasize that we do not work
with continuous representations of noncompact groups, but with the corresponding
(g, K )-modules, where g is the complex Lie algebra of G. Thus, if π is a (g, K )-
module of finite length, we define

2(π) = (5 ⊗ π∨)g.

Here π∨ is the contragredient of π , and the subscript g is saying that we are taking
co-invariants with respect to the action of g on the tensor product. If π is irreducible
then 2(π)⊗π is the maximal π-isotypic quotient of 5 (see [1]). In other words,
the above definition generalizes the usual definition of the theta lift.

We can analogously define 2(σ) for an (sl2, SO(2))-module σ of finite length.
Observe that 2(π) and 2(σ) are naturally (sl2, SO(2)) and (g, K )-modules, re-
spectively. We shall show that 2(π) and 2(σ) are finite length modules, and that
they have unique irreducible quotients, if π and σ are irreducible. The main input
is the structure of lifts of types. More precisely, if τ is a K -type, then

2(τ) = (5 ⊗ τ∨)K

is also an (sl2, SO(2))-module that we determine explicitly. Similarly, we have
a description of the lift for SO(2)-types. This is done in the last section using a
strategy of Howe [4], involving the following see-saw diagram of dual pairs in
G(J ):

SO(2)

SL2

SL2 × SL2

K

G

H

�
�
�
�
�
�
�
�A

A
A
A
A
A
A
A
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Here H is a simply connected, hermitian symmetric group of absolute type E6.
The centralizer of G sits diagonally in SL2 × SL2. Thus 2(τ) is naturally an
(sl2 + sl2, SO(2) × SO(2))-module. We compute it, and then restrict it to the
diagonal sl2. A similar strategy is used for lifts of SO(2)-types.

With the lift of types computed, we can play a game of ping pong with types: if
σ ⊗ π is a quotient of 5 and τ is a type of π then, by a see-saw identity, σ must
have an SO(2)-type determined by τ and vice versa. More details in the next section
where main results are obtained. A similar strategy (and the name ping-pong) was
used in [2] to establish Howe duality for exceptional p-adic dual pairs.

2. Main results

The correspondence with compact G establishes a correspondence of infinitesimal
characters in the noncompact case. The reader can consult [10] for more details
on this. Let us write down the correspondence. Using the standard realization of
the F4 root system, the infinitesimal character of En (the representation with the
highest weight nϖ4) is

1
2(2n+11, 5, 3, 1).

On the other hand, the infinitesimal character of δ(2n + 12) is 2n + 11, which
we recognize as the first entry above. This means that if σ has infinitesimal
character x , then 2(σ) has infinitesimal character 1

2(x, 5, 3, 1). More generally,
if σ is annihilated by an ideal in the center of U (sl2) of finite codimension, then
2(π) is also annihilated by an ideal in the center of U (g) of finite codimension.
Hence, for σ of finite length, in order to prove that 2(σ) has finite length, it suffices
to prove that it is admissible. The same goes for 2(π).

The maximal compact subgroup of SL2(R) is SO(2). Its irreducible representa-
tions are one-dimensional characters parameterized with integers n. Let (n) denote
the corresponding one-dimensional representation. Since the center of SL2(R) is
also the center of the simply connected G(J ), only even n = 2m characters appear
in 5.

The maximal compact subgroup of G is denoted by K . It is a simple group
of type B4. The group K can be picked to be the intersection of G with the
compact form of G, where the two groups are the stabilizers of the two choices
for e, as in the introduction. Let g be the complex simple Lie algebra of G, and
g = k⊕ p the corresponding Cartan decomposition. Here p is the 16-dimensional
spin representation of K . Let µ be its highest weight, and let λ be the highest
weight of the standard 9-dimensional irreducible representation of K . Let τ(m, n)

be the irreducible representation of K of the highest weight

mλ + nµ.
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Applying the branching rule [9] to the representations En , we see that only these
representations of K lie in 5. Let

2(τ(m, n)) = (5 ⊗ τ(m, n)∨)K

be the lift of τ(m, n). It is naturally an sl2-module. We have, by Proposition 3.1,

2(τ(m, n)) ∼= U (sl2) ⊗U (so(2)) ⊗(2m+4).

A power of this identity is demonstrated by the following lemma:

Lemma 2.1. Let σ be a finite length (sl2, SO(2))-module. Then

HomK (2(σ), τ (m, n)) ∼= Homsl2(2(τ(m, n)), σ ) ∼= HomSO(2)((2m+4), σ ).

Proof. The first isomorphism is a see-saw identity, obtained by switching the order of
taking sl2 and K co-invariants. The second isomorphism follows from the Frobenius
reciprocity, since 2(τ(m, n)) is isomorphic to U (sl2) ⊗U (so(2)) ⊗(2m+4). □

Now we have the following consequence, Santa Claus is coming to town:

Proposition 2.2. Let σ be a finite length (sl2, SO(2))-module. Then 2(σ) ̸= 0 if
and only if σ has a type 2m+4 for some m ≥ 0. 2(σ) has finite length. If σ is
irreducible, 2(σ) has multiplicity free K -types, consisting of all τ(m, n) such that
2m+4 is a type of σ .

Proof. This is all trivial from the lemma; only the finite length of 2(σ) perhaps
merits some explanation. It is a combination of admissibility (from the lemma) and
the fact that 2(σ) is annihilated by an ideal in Z(g) of finite codimension. □

Now we go in the opposite direction. For a character 2m+4 of SO(2) consider
2(2m+4). By Proposition 3.2, it is a quotient of

U (g) ⊗U (k) Fm

where Fm = C if m ≤ 0, otherwise

Fm = τ(0, 0) ⊕ τ(1, 0) ⊕ · · · ⊕ τ(m, 0).

Lemma 2.3. Let π be a finite length (g, K )-module. Then

HomSO(2)(2(π), (2m+4)) ∼= Homg(2(2m+4), π) ⊆ HomK (Fm, π).

Proof. The isomorphism is again a see-saw identity. The inclusion follows from the
Frobenius reciprocity, since 2(2m+4) is a quotient of U (g) ⊗U (k) Fm . □

We now record an easy consequence.

Proposition 2.4. Let π be a finite length (g, K )-module. Then 2(π) ̸= 0 only if π

contains a type τ(m, 0) for some m. 2(π) is of finite length.
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We are now ready to state and prove the main result of this paper.

Theorem 2.5. Let σ be an irreducible (sl2, SO(2))-module. Assume that σ contains
the type (2m+4), for m ≥ 0, and no smaller types 2n+4, with n ≥ 0. Then 2(σ)

has a unique irreducible quotient. It contains the type τ(m, 0) with multiplicity one,
and no types τ(n, 0) with n < m. Conversely, let π be an irreducible (g, K )-module
containing the type τ(m, 0), and no smaller such types. If 2(π) is nonzero, then
2(π) has a unique irreducible quotient. It contains the type (2m+4), and no
smaller types 2n+4, with n ≥ 0.

Proof. Assume π is a quotient of 2(σ). We do not assume that π is irreducible.
By Lemma 2.1, we have the sequence of inclusions

HomK (π, τ (m, 0)) ⊆ HomK (2(σ), τ (m, 0)) ∼= Homsl2(2(τ(m, 0)), σ )

∼= HomSO(2)((2m+4), σ ).

We can ran this sequence with any 2n+4 in place of 2m+4. If n < m, by the
assumption, the last space is trivial, hence τ(n, 0) is not a type of π . We shall use
this in a moment. Since π is a quotient of 2(σ) and σ is irreducible, π ⊗ σ is a
quotient of 5. But this implies that σ is a quotient of 2(π), and by Lemma 2.3 we
have a second sequence of inclusions (note that we are starting with the space of
the same dimension as as the space we ended with in the first sequence):

HomSO(2)(σ, (2m+4)) ⊆ HomSO(2)(2(π), (2m+4)) ∼= Homg(2(2m+4), π)

⊆ HomK (Fm, π).

Since π has no type τ(n, 0) with n < m, we ended with HomK (τ (m, 0), π), which
has the same dimension as HomK (π, τ (m, 0)), the starting space in the first se-
quence of inclusions. Thus all inclusions in the two sequences are isomorphisms, and
all spaces are one-dimensional, since HomSO(2)((2m+4), σ ) is one-dimensional.

However, we did not assume that π is irreducible. If π = π1 ⊕ π2 and if we run
the above argument for each π1 and π2, then we can write the chain

1 + 1 = dim HomK (π1, τ (m, 0)) + dim HomK (π2, τ (m, 0))

= dim HomK (π, τ (m, 0)) = 1,

a contradiction. Thus 2(σ) has a unique irreducible quotient. It contains τ(m, 0),
with multiplicity one.

In the other direction, now π is irreducible and σ is a quotient of 2(π), we start
with the second sequence. That sequence ends with

HomK (Fm, π) ∼= HomK (τ (m, 0), π),

since π does not contain K -types τ(n, 0) with n < m. Next, we run the first
sequence. The conclusion is that all spaces have the same dimension d, equal to
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the multiplicity of τ(m, 0) in π which is not 0. Again, we did not assume that σ is
irreducible. So, if σ = σ1 ⊕ σ2 and we run the same argument for each σ1 and σ2,
since

dim HomSO(2)(σ1, (2m+4)) + dim HomSO(2)(σ2, (2m+4))

= dim HomSO(2)(σ, (2m+4)),

we arrive at d + d = d, a contradiction. □

3. Computing lifts of types

In this section we verify the expressions for 2(τ(m, n)) and 2(2m+4) used in the
proof of the main result. As indicated in the introduction, we use the following
see-saw diagram in G(J ):

SO(2)

SL2

SL2 × SL2

K

G

H

�
�
�
�
�
�
�
�A

A
A
A
A
A
A
A

Here H is a simply connected, hermitian symmetric group of absolute type E6.
Our SL2, the centralizer of G, sits diagonally in SL2 × SL2, the centralizer of K .
A word of caution here. If we pick a different SL2 in SL2 ×SL2, the one consisting
of all (g, hgh−1), where h =

( 1 0
0 −1

)
, then G and H in the above are replaced

by their compact forms. In other words, it is important how we identify groups
isomorphic to SL2(R).

Let (e, h, f ) be an sl2-triple such that C · h is the Lie algebra of SO(2). For
an integer n > 0, let δ(n) be the irreducible lowest weight n module. Let vn be a
nonzero lowest weight vector. Let δ̄(m) be the complex conjugate of δ(m). It is the
irreducible highest weight −m module. Observe that there is a natural map

U (sl2) ⊗U (so(2)) (n − m) → δ(n) ⊗ δ̄(m)

where 1 ∈ C ∼= (n − m) is mapped to vn ⊗ vm . Since δ(n) is a free C[e]-module
generated by vn and δ̄(m) is a free C[ f ]-module generated by vm , the above map
is easily checked to be an isomorphism.

Proposition 3.1. Let τ(m, n) be the irreducible K -type as previously. Then

2(τ(m, n)) ∼= U (sl2) ⊗U (so(2)) ⊗(2m+4).
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Proof. Since the centralizer of K is SL2×SL2, 2(τ(m, n)) is naturally an SL2×SL2-
module. By [13, Proposition 3.3.3] (careful with SL2’s) we have

2(τ(m, n)) ∼= δ(2m + n + 8) ⊗ δ̄(n+4).

In view of the discussion above, and (2m+n+8)−(n+4)= 2m+4, the proposition
follows. □

It remains to discuss 2(2m+4). Let L be a maximal compact subgroup of H .
We can assume that K ⊂ L . Let h and l be the complex Lie algebras of H and L .
Since H/L is a hermitian symmetric space, l is a Levi subalgebra such that [l, l] is
a simple Lie algebra of type D5. We have a Cartan decomposition

h = ū+ l+ u

such that q = l+ u is a parabolic subalgebra. If F is a finite-dimensional l-module,
we can define a highest weight module

U (h) ⊗U (q) F ∼= U (ū) ⊗ F.

We now restrict this module to g = k+ p. Recall that p is 16-dimensional spin-
module. On the other hand, ū and u are two 16-dimensional spin modules for [l, l],
the simple algebra of type D5. Hence p must embed diagonally into ū+ u. Now it
is not difficult to check that the natural map

U (g) ⊗U (k) F → U (h) ⊗U (q) F

given by the identity on 1 ⊗ F is an isomorphism. We are ready to prove the
following:

Proposition 3.2. For m integer, 2(2m+4) is a quotient of U (g) ⊗U (k) Fm where
Fm = C if m ≤ 0; otherwise

Fm = τ(0, 0) ⊕ τ(1, 0) ⊕ · · · ⊕ τ(m, 0).

Proof. 2(2m+4) is an (h, L)-module, determined in [12, Section 6]. It is a quotient
of the Verma module U (h)⊗U (q) Fm where Fm is a one dimensional representation
of L if m ≤ 0. Otherwise Fm , restricted to [L , L], is irreducible with the highest
weight (m, 0, 0, 0, 0). The restriction of this representation to K is the claimed
sum. □
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1. Introduction

Gradient estimates are a fundamental technique in the study of partial differential
equations on a Riemannian manifold. They can be used to deduce Liouville-type
theorems [1; 2; 23; 12; 7; 19], to derive Harnack inequalities [23; 12], to infer local
and global behavior of solutions, to study the geometry of manifolds [4; 20; 12; 11],
and so on.

On the other hand, it is well-known that Liouville’s theorem has had a huge
impact across many fields, such as complex analysis, partial differential equations,
geometry, probability, discrete mathematics and complex and algebraic geometry.
The impact of the Liouville theorem has been even larger as the starting point of
many further developments. For details on the Liouville properties of harmonic
functions and some related theory of function on a manifold we refer to an expository
paper [5] written by T. H. Colding (see also [4]).

In this paper, we are concerned with the equation

(1-1) 1pu + auq
= 0

defined on a complete Riemannian manifold (M, g) equipped with a metric g,
where p > 1, a, q are constants and

1pu = div
(
|∇u|

p−2
∇u

)
is the usual p-Laplace operator.

For simplicity, we will focus on equation (1-1) and try to establish some new
gradient estimates on the positive solutions to this equation. Now we recall some
relative results in the previous literature with the equation.

In the case that M is an Euclidean space, this equation was studied by Serrin and
Zou in [15] and some Liouville theorems and universal estimates were established.
Very recently, J. He, together with one of us (Wang) and G. Wei, [9] adopted a
new way to employ Nash–Moser iteration to study the gradient estimates of this
equation on a complete Riemannian manifold.

The new estimate

(1-2) |∇u|
2

u2
+ auq−1

≤
2n

2−n max{0, q−1}

(C2
1(n−1)(1+

√
κR)+C2

R2
+2κ+

2nC2
1

(2 + n max{0, q − 1})R2

)
was obtained in [13] in the case p = 2 if the Ricci curvature of the domain manifold
satisfies Ricg ≥ −(n−1)κ and q < n+2

n . Obviously, this is a stronger estimate than
the logarithmic gradient estimate (also see [10]). Wang and Wei [19] also derived
Cheng–Yau-type gradient estimates for positive solutions to 1u +uq

= 0 under the
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assumption

q ∈

(
−∞,

n+1
n−1

+
2

√
n(n−1)

)
.

Shortly afterward, the authors of [9] extended the Cheng–Yau estimate to the range

q ∈

(
−∞,

n+3
n−1

)
.

Recently, Z. Lu extended the estimate (1-2) in [13] to the range q ∈
(
−∞, n+3

n−1

)
.

The first goal of this paper is to give gradient estimates for positive solutions
with positive lower bounds to (1-1), different from the exact log-gradient estimate.

As a second goal we try to answer two natural questions:

• Is the value n+3
n−1(p−1) above optimal for deriving the exact Cheng–Yau esti-

mates for a positive C1 solution to (1-1) on a complete manifold with Ricci
curvature bounded below?

• Does the exact Cheng–Yau estimate hold true if u is a C1 smooth positive
solution to (1-1) that satisfies the standard Harnack inequality?

Inspired by [8; 9; 21; 22], in the present paper we use the Nash–Moser iteration
method to study the gradient estimate and the Liouville property of equation (1-1),
defined on a complete Riemannian manifold.

Statement of main results. By a solution u of (1-1) in an (arbitrary) domain � we
mean a positive solution u ∈ C1(�)∩ C3(�̃), where �̃ = {x ∈� | |∇u(x)| ̸= 0}.
Any solution of (1-1) satisfies u ∈ C1,α(�) for some α ∈ (0, 1) (see [6; 16; 17], for
example). Moreover, u is in fact smooth in �̃.

For brevity we define

h := β(p−1)
[

p−n
(n−1)2

β +
2

n−1

]
,

φβ :=


supB(x0,R) u if 0< β < 2,

1 if β = 2,
infB(x0,R) u if β > 2.

We suppose that β satisfies the condition

(1-3) β ∈

{(
0, 2(n−1)

n−p

)
if 1< p < n,

(0, +∞) if p ≥ n.

Now, we state our main results.

Theorem 1.1. Let p > 1 and let (M, g) be an n-dimensional (n ≥ 3) complete
manifold with Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Assume u is
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a positive solution to equation (1-1) on the geodesic ball B(x0, 2R) ⊂ M. If the
constants a, p and q satisfy either

β

2
·

n+1
n−1

(p−1)− h1/2 < q < β

2
·

n+1
n−1

(p−1)+ h1/2 (a ̸= 0)

or
a
[
β

2
·

n+1
n−1

(p−1)− q
]

≥ 0,

where β is a constant satisfying (1-3), then there exists a positive constant C =

C(n, p, q, β) such that

(1-4) sup
B(x0,R/2)

|∇u|
2

uβ
≤ C

1 + κR2

R2 φ
2−β
β .

If β = 2, we have

β

2
·

n+1
n−1

(p−1)+ h1/2
=

n+3
n−1

(p−1) and β

2
·

n+1
n−1

(p−1)− h1/2
= p−1,

so this case recovers the conclusion of Theorem 1.1 in [9]. At the same time, from
(1-4) we can infer that

sup
B(x0,R/2)

|∇u|
2
≤ C

1 + κR2

R2 φ2
β = C

1 + κR2

R2 sup
B(x0,R)

u2,

if p and q satisfy the assumptions of Theorem 1.1 with β ∈ (0, 2).

For convenience, we define

9(I ) := sup
β∈I

[
β

2
·

n+1
n−1

(p−1)+h1/2
]

and 0(I ) := inf
β∈I

[
β

2
·

n+1
n−1

(p−1)−h1/2
]
.

If 2 ∈ I , we obviously have

9(I )≥
n+3
n−1

(p−1) and 0(I )≤ p−1.

So, we always have

9
((

0, 2(n−1)
n− p

))
≥

n+3
n−1

(p−1),

since p > 1, and hence 2 ∈
(
0, 2(n−1)

n−p

)
.

We then obtain the following consequences of Theorem 1.1:

Corollary 1.2. Let p > 1 and let (M, g) be an n-dimensional (n ≥ 3) complete
manifold with Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(x0, 2R) ⊂ M. Assume
also that the constants a, p and q satisfy one of the following five conditions:

• a > 0, p ≥ n and q ∈ R.

• a > 0, 1< p < n and q <9
(
(0, 2(n−1)

n−p )
)
.
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• a < 0, p ≥ n and q > 0((0, +∞)).

• a < 0, 1< p < n and q > 0
(
(0, 2(n−1)

n−p )
)
.

• a = 0, p > 1.

Then there exist positive constants C = C(n, p, q) and β = β(n, p, q) ∈ (0, +∞)

such that
sup

B(x0,R/2)

|∇u|
2

uβ
≤ C

1 + κR2

R2 φ
2−β
β .

Note that in case 2 (a > 0 and 1< p< n), if there exists a point β0 ∈
(
0, 2(n−1)

n−p

)
such that

9
((

0, 2(n−1)
n− p

))
=

[
β

2
·

n+1
n−1

(p−1)+ h1/2
]∣∣∣
β=β0

,

then the condition q <9
((

0, 2(n−1)
n−p

))
can be relaxed to q ≤9

((
0, 2(n−1)

n−p

))
. In the

other four cases, we can obtain similar conclusions.
Further, if 1< p < n, it is easy to see that

n+1
n− p

(p−1)≤9
((

0, 2(n−1)
n− p

))
.

Usually, this is a strict inequality; for instance, if we let n = 3 and p = 2, then

(1-5) β

2
·

n+1
n−1

(p−1)+ h1/2
= β +

√
β(1 −β/4)

and β ∈ (0, 4). Hence, we can check that (1-5) attains its maximum at an interior
point β0 = 2 + 4/

√
5 ∈ (0, 4). Therefore, we get

9((0, 4))= 2 +
√

5> 4 =
3+1
3−2 · (2 − 1).

But we also have

9((0, 4))= 2 +
√

5> n+3
n−1(p−1)= 3.

This indicates that for q ≥
n+3
n−1(p−1) one also derives the gradient estimate.

Corollary 1.3. Let p > 1 and let (M, g) be an n-dimensional (n ≥ 3) complete
manifold with Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Assume u is
a positive solution to equation (1-1) on the geodesic ball B(x0, 2R) ⊂ M. If the
constants a, p and q satisfy

a < 0 and q > 0((0, 2]),

then there exist positive constants C = C(n, p, q) and β = β(n, p, q) ∈ (0, 2] such
that

sup
B(x0,R/2)

|∇u|
2

uβ
≤ C

1 + κR2

R2 sup
B(x0,R)

u2−β .

By using Theorem 1.1, we then reach the following conclusion.
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Corollary 1.4. Let p > 1 and let (M, g) be an n-dimensional (n ≥ 3) complete
manifold with Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Assume that u
is a positive solution to equation (1-1) on the geodesic ball B(x0, 2R)⊂ M and that

u(x)≥ b > 0, x ∈ B(x0, R).

Assume also that the constants a, p and q satisfy one of the following conditions:

• a > 0, p ≥ n and q ∈ R.

• a > 0, 1< p < n and q <9
([

2, 2(n−1)
n−p

))
.

• a < 0, p ≥ n and q > 0([2,+∞)).

• a < 0, 1< p < n and q > 0
([

2, 2(n−1)
n−p

))
.

• a = 0, p > 1.

Then there exist positive constants C = C(n, p, q, b) and β=β(n, p, q)∈ [2,+∞),
such that

sup
B(x0,R/2)

|∇u|
2

uβ
≤ C

1 + κR2

R2 .

The next result states that whether or not the exact Cheng–Yau log-gradient
estimates for the positive solutions to equation (1-1) hold true is equivalent to
whether or not the positive solutions to (1-1) fulfill Harnack’s inequality.

Theorem 1.5. Let p > 1 and (M, g) be an n-dimensional (n ≥ 3) complete
manifold with Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Assume u is a
positive solution to equation (1-1) on the geodesic ball B(x0, 2R)⊂ M satisfying
the Harnack inequality

sup
B(x0,R)

u ≤ l inf
B(x0,R)

u.

Assume also that the constants a, q and p satisfy one of the following conditions:

• a > 0, p ≥ n and q ∈ R.

• a > 0, 1< p < n and q <9
((

0, 2(n−1)
n−p

))
.

• a < 0, p ≥ n and q > 0((0, +∞)).

• a < 0, 1< p < n and q > 0
((

0, 2(n−1)
n−p

))
.

• a = 0, p > 1.

Then there exists a positive constant C = C(n, p, q, l) such that

sup
B(x0,R/2)

|∇u|
2

u2 ≤ C
1 + κR2

R2 .
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Corollary 1.6. Let p > 1 and let (M, g) be an n-dimensional (n ≥ 3) complete
manifold with nonnegative Ricci curvature. Assume u is a positive solution to
equation (1-1) on any given geodesic ball B(x0, 2R)⊂ M , and that it satisfies the
Harnack inequality

sup
B(x0,R)

u ≤ l inf
B(x0,R)

u,

where l is independent of u and R. Assume also that the constants a, q and p
satisfy one of the following conditions:

• a > 0, p ≥ n and q ∈ R.

• a > 0, 1< p < n and q <9
((

0, 2(n−1)
n−p

))
.

• a < 0, p ≥ n and q > 0((0, +∞)).

• a < 0, 1< p < n and q > 0
((

0, 2(n−1)
n−p

))
.

• a = 0, p > 1.

Then there exist a positive constant C = C(n, p, q, l) such that

sup
B(x0,R/2)

|∇u|
2

u2 ≤
C
R2 .

Conversely, if the above log-gradient estimate holds true, then, for any given
B(x0, R)⊂ M , there holds

sup
B(x0,R)

u ≤ l inf
B(x0,R)

u,

where l is independent of u and R.

If we consider (1-1) in Rn (n ≥ 3), we can achieve the following conclusion.

Corollary 1.7. Assume u is a positive solution to equation (1-1) on the ball
B(x0, 2R) ⊂ Rn . Assume also that the constants a, q and p satisfy one of the
following conditions:

• a > 0, 1< p < n, p ̸= q and q ∈
(

p−1, (p−1)n
n−p

)
.

• a > 0, p ≥ n, q ̸= p and q ∈ (0, +∞).

• a ≥ 1 and 1< p = q < n < p2.

• a ≥ 1 and p = q ≥ n.

Then there exist a positive constant C = C(n, p, q, a) such that

sup
B(x0,R/2)

|∇u|
2

u2 ≤
C
R2 .
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The corollary tells us that n+3
n−1(p−1) is not an optimal bound for deriving an

exact Cheng–Yau-type log-gradient estimate, since

sup
B(x0,R/2)

|∇u|
2

u2 ≤
C
R2

in the case a > 0, p ≥ n, q ̸= p and q ∈ (0, +∞).

The next result is a direct consequence of Corollary 1.7.

Theorem 1.8. Assume u is a positive solution to equation (1-1) on Rn and n ≥ 3.
Assume also that the constants a, p and q satisfy one of the following conditions:

• a > 0, 1< p < n, p ̸= q and q ∈
(

p−1, (p−1)n
n−p

)
.

• a > 0, p ≥ n, p ̸= q and q ∈ (0, +∞).

• a ≥ 1 and 1< p = q < n < p2.

• a ≥ 1 and p = q ≥ n.

then (1-1) admits no positive solution.

In the above conclusions, we always suppose that dim M = n ≥ 3. In fact, for
the case dim M = 2 we can also obtain similar conclusions. Since the proofs are
similar to the case dim M ≥ 3, we will not give details.

Main ideas of proof and the organization of paper. In order to give the gradient
estimates, we consider the linearized operator Lp of the p-Laplace operator at a
solution u, and let Lp act on an auxiliary function given by

F(u)=
|∇u|

2

uβ
, β > 0.

The use of such an auxiliary function is inspired by the gradient estimates established
in [18] for another equation related to Ricci solitons. Then, we need to establish
some suitable pointwise estimate of Lp(F) using the techniques of Cheng and Yau
[3; 23], so that we can take a Nash–Moser iteration scheme to give the L∞-norm of
F(u). Saloff-Coste’s Sobolev inequalities play an important role in our arguments.

Outline. In Section 2, we recall some background and establish important lemmas,
which will play a key role in the Nash–Moser iteration process. In Section 3, the
main body of this paper, we prove the gradient estimates. In Section 4, we give the
proofs of the main theorem and its corollaries.

2. Preliminaries

Throughout this paper, we let (M, g) be an n-dimensional Riemannian manifold
(n ≥ 3), and ∇ denotes the Levi-Civita connection corresponding to the metric g.
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We denote the volume form on (M, g) by

d vol =
√

det(gi j ) dx1 ∧ · · · ∧ dxn,

where (x1, . . . , xn) is a local coordinate chart, and for simplicity we usually omit
the volume form of integral over M .

Definition 2.1. We say that u ∈ C1(M)∩ W 1,p
loc (M) is a weak solution of (1-1) if

for all ψ ∈ W 1,p
0 (M) we have

∫
M

|∇u|
p−2

⟨∇u,∇ψ⟩ =

∫
M

auqψ.

Next, we recall the Saloff-Coste Sobolev inequalities (see [14]), which shall play
a key role in our proof of the main theorems.

Lemma 2.2 (Saloff-Coste [14]). Let (M, g) be a complete manifold with Ric ≥

−(n−1)κ . For n > 2, there exists a positive constant Cn , depending only on n, such
that for all B ⊂ M of radius R and volume V we have for h1 ∈ C∞

0 (B)

∥h1∥
2
L2n/(n−2)(B) ≤ exp{Cn(1 +

√
κR)}V −2/n R2

(∫
B
|∇h1|

2
+ R−2h2

1

)
.

For n = 2, the above inequality holds with n replaced by any fixed n′ > 2.

Now we consider the linearization operator Lp of p-Laplace operator:

(2-1) Lp(ψ)= div
[

f p/2−1 A
(
∇ψ

)]
,

where f = |∇u|
2 and

(2-2) A (∇ψ)= ∇ψ + (p−2) f −1
⟨∇ψ,∇u⟩∇u.

We first derive an useful expression of Lp( f ).

Lemma 2.3. The equality

Lp( f )=
( p

2 −1
)

f p/2−2
|∇ f |

2
+2 f p/2−1 (

|∇∇u|
2
+ Ric(∇u,∇u)

)
+2⟨∇1pu,∇u⟩

holds pointwise in {x : f (x) > 0}.

Proof. By the definition of A in (2-2), we have

(2-3) A(∇ f )= ∇ f + (p−2) f −1
⟨∇ f,∇u⟩∇u.
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Combining (2-1) and (2-3), we obtain

(2-4) Lp( f )=
( p

2 −1
)

f p/2−2
|∇ f |

2
+ f p/2−11 f +(p−2)

( p
2 −2

)
f p/2−3

⟨∇ f,∇u⟩
2

+ (p−2) f p/2−2
⟨∇⟨∇ f,∇u⟩,∇u⟩ + (p−2) f p/2−2

⟨∇ f,∇u⟩1u.

At the same time, by the definition of the p-Laplacian, we have

(2-5) 2⟨∇1pu,∇u⟩

= (p−2)
( p

2 − 2
)

f p/2−3
⟨∇ f,∇u⟩

2
+ (p−2) f p/2−2

⟨∇⟨∇ f,∇u⟩,∇u⟩

+ (p−2) f p/2−2
⟨∇ f,∇u⟩1u + 2 f p/2−1

⟨∇1u,∇u⟩.

We combine (2-4) and (2-5) to obtain

(2-6) Lp( f )=( p
2 − 1

)
f p/2−2

|∇ f |
2
+ f p/2−11 f + 2⟨∇1pu,∇u⟩ − 2 f p/2−1

⟨∇1u,∇u⟩.

From (2-6) and the Bochner formula

1
21 f = |∇∇u|

2
+ Ric(∇u,∇u)+ ⟨∇1u,∇u⟩

we get

Lp( f )=
( p

2 −1
)

f p/2−2
|∇ f |

2
+2 f p/2−1 (

|∇∇u|
2
+ Ric(∇u,∇u)

)
+2⟨∇1pu,∇u⟩.

Thus, we finish the proof. □

In the last section, we are going to use the following lemmas. We denote by BR

a ball with radius R and let � be a domain in Rn .

Lemma 2.4 [15, Theorem 4.1(a)]. Suppose n > m and s ∈
(
m, m(n−1)

n−m

)
. Let ω be

a nonnegative weak solution of the differential inequality

(2-7) ωs−1
≤ −1mω ≤3ωs−1 in �,

for some constant 3> 1. Then there is a constant C = C(n,m, s,3) > 0 such that

(2-8) supBR ω(x)≤ C infBR ω(x).

Lemma 2.5 [15, Theorem 4.3(a)]. Let n ≤ m. Assume the hypotheses of Lemma 2.4,
except that the condition s ∈

(
m, m(n−1)

n−m

)
is replaced by s ∈ (1,+∞), that is,

m(n−1)
n−m = +∞. Then (2-8) is valid with C = C(n,m, s,3) > 0.

3. Gradient estimates

3.1. Estimate for the linearized operator of p-Laplace. First, we need to give the
pointwise estimate of Lp(F), where

F =
f

uβ
(β > 0)
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and Lp is the linearized operator of p-Laplacian at u.

Lemma 3.1. The equality

Lp(F)= u−βLp( f )+β(β+1)(p−1)u−β−2 f p/2+1

−β
(
1 +

p
2

)
(p−1)u−β−1 f p/2−1

⟨∇ f,∇u⟩ −β(p−1)u−β−1 f p/21u

holds pointwise in {x : f (x) > 0 }.

Proof. By the definition of A in (2-2), we have

A(∇F)= u−β A(∇ f ) −βu−β−1 f A(∇u),(3-1)

A(∇u)= (p−1)∇u,(3-2)

A(∇ f )= ∇ f + (p−2) f −1
⟨∇u,∇ f ⟩∇u.(3-3)

Combining (2-1) and (3-1), we obtain

(3-4) Lp(F)= div
[
u−β f p/2−1 A(∇ f )

]
−β div

[
u−β−1 f p/2 A(∇u)

]
.

Direct computation shows that

(3-5) div
[
u−β f p/2−1 A(∇ f )

]
= −βu−β−1 f p/2−1

⟨A(∇ f ),∇u⟩ + u−β div
[

f p/2−1 A(∇ f )
]

and

(3-6) div
[
u−β−1 f p/2 A(∇u)

]
= −(β+1)u−β−2 f p/2

⟨A(∇u),∇u⟩

+
p
2 u−β−1 f p/2−1

⟨A(∇u),∇ f ⟩ + u−β−1 f p/2 div A(∇u).

By substituting (2-1) and (3-3) into (3-5), we have

(3-7) div
[
u−β f p/2−1 A(∇ f )

]
= −β(p−1)u−β−1 f p/2−1

⟨∇ f,∇u⟩ + u−βLp( f ).

Substituting (3-2) into (3-6) leads to

(3-8) div
[
u−β−1 f p/2 A(∇u)

]
= −(β+1)(p−1)u−β−2 f p/2+1

+
p
2 (p−1)u−β−1 f p/2−1

⟨∇ f,∇u⟩ + (p−1)u−β−1 f p/21u.

Now, we plug (3-7) and (3-8) into (3-4) to derive the required equality, and hence
finish the proof of Lemma 3.1. □

Lemma 3.2. Let u be a positive solution of equation (1-1) in �⊂ M. Then

(3-9) Lp(F)=
( p

2 − 1
)
uβ f p/2−2

|∇F |
2

+ 2a
[
β

2 (p−1)− q
]
uq−β−1 f − pβu−1 f p/2−1

⟨∇F,∇u⟩

+ 2u−β f p/2−1 (
|∇∇u|

2
+ Ric(∇u,∇u)

)
+

[
−

1
2 pβ2

+ (p−1)β
]
u−β−2 f p/2+1

holds pointwise in {x ∈� : f (x) > 0 }.
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Proof. By summarizing Lemmas 2.3 and 3.1 we can achieve that

(3-10) Lp(F)= u−β

×
[( p

2 −1
)

f p/2−2
|∇ f |

2
+2 f p/2−1

(
|∇∇u|

2
+Ric(∇u,∇u)

)
+2⟨∇1pu,∇u⟩

]
+β(β+1)(p−1)u−β−2 f p/2+1

−β
(
1+

p
2

)
(p−1)u−β−1 f p/2−1

⟨∇ f,∇u⟩ −β(p−1)u−β−1 f p/21u.

Since F = f/uβ , we can infer that

∇ f = βu−1 f ∇u + uβ∇F.
Hence, we have

⟨∇ f,∇u⟩ = βu−1 f 2
+ uβ⟨∇F,∇u⟩,(3-11)

|∇ f |
2
= β2u−2 f 3

+ 2βuβ−1 f ⟨∇F,∇u⟩ + u2β
|∇F |

2.(3-12)

Substituting (1-1), (3-11) and (3-12) into (3-10), we obtain

(3-13) Lp(F)=
( p

2 − 1
)
uβ f p/2−2

|∇F |
2
− 2aquq−β−1 f

+ 2u−β f p/2−1 (
|∇∇u|

2
+ Ric(∇u,∇u)

)
+

[
−

1
2(p

2
− 2p + 2)β2

+ (p−1)β
]

u−β−2 f p/2+1

−
1
2(p

2
−p+2)βu−1 f p/2−1

⟨∇F,∇u⟩−β(p−1)u−β−1 f p/21u.

From (1-1) and the equality

1pu = div
(

f p/2−1
∇u

)
=

( p
2 − 1

)
f p/2−2

⟨∇ f,∇u⟩ + f p/2−11u,

it is easy to verify that

(3-14) 1u =
(
1 −

p
2

)
f −1

⟨∇ f,∇u⟩ − auq f 1−
p
2 .

Substituting (3-11) into the above (3-14) yields

(3-15) 1u =
(
1 −

p
2

)
uβ f −1

⟨∇F,∇u⟩ +
(
1 −

p
2

)
βu−1 f − auq f 1−

p
2 .

Hence, we substitute (3-15) into (3-13) to derive the required equality. Thus we
complete the proof of Lemma 3.2. □

Lemma 3.3. Let α > 1 and let u be a positive solution of equation (1-1) in �⊂ M.
Then, the following holds pointwise in {x ∈� : f (x) > 0}:

(3-16) 1
α

F2−αLp(Fα)

=
(
α+

p
2 − 2

)
f p/2−1

|∇F |
2
+ (α− 1)(p−2) f p/2−2

⟨∇F,∇u⟩
2

+ 2u−2β f p/2 (
|∇∇u|

2
+ Ric(∇u,∇u)

)
−βpu−β−1 f p/2

⟨∇F,∇u⟩

+ 2a
[
β

2 (p−1)− q
]
uq−2β−1 f 2

+
[
−

p
2β

2
+ (p−1)β

]
u−2β−2 f p/2+2
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Proof. By the definition of A in (2-2), we have

(3-17) A(∇(Fα))= αFα−1 A(∇F)

and

(3-18) ⟨A(∇F),∇F⟩ = |∇F |
2
+ (p−2) f −1

⟨∇F,∇u⟩
2.

Combining (2-1), (3-17) and (3-18), we obtain

(3-19) Lp(Fα)

= α div
[
Fα−1 f p/2−1 A(∇F)

]
= α(α− 1)Fα−2 f p/2−1

⟨A(∇F),∇F⟩ +αFα−1Lp(F)

= α(α−1)Fα−2 f p/2−1[
|∇F |

2
+(p−2) f −1

⟨∇F,∇u⟩
2]

+αFα−1Lp(F).

In view of (3-9) and (3-19), we can derive the required equality and complete the
proof of Lemma 3.3. □

Next, we need to consider the pointwise estimate of Lp(Fα). We begin with two
lemmas.

Lemma 3.4. Let a ̸= 0, α > 1 and let u be a positive solution of (1-1) in �⊂ M
with Ric ≥ −(n−1)κ . Set

(3-20) H = β(p−1)
[ p−n

2(n−1)β+1
]
−

[
β

2
n+1
n−1(p−1)− q

]2

2
n−1 −

p−1
(n−1)2

[
α+

p−n
2(n−1)

]−1 .

Then we have, pointwise in {x ∈� : f (x) > 0 },

(3-21) 1
α

F2−αL(Fα)≥−2(n−1)κu−2β f p/2+1
+(p−1)β p−n

n−1 u−β−1 f p/2
⟨∇F,∇u⟩

+Hu−2β−2 f p/2+2.

Proof. Let {e1, . . . , en} be an orthonormal frame of TM on a domain with f ̸= 0
such that e1 = ∇u/|∇u|. We infer the equalities

4
n∑

i=1
u2

1i = f −1
|∇ f |

2, u11 =
⟨∇ f,∇u⟩

2 f
,(3-22)

1pu = (p−1) f p/2−1u11 + f p/2−1
n∑

i=2
ui i .(3-23)

Substituting (3-11) and (3-12) into the two equations in (3-22) leads respectively to

(3-24) 4
n∑

i=1
u2

1i = u2β f −1
|∇F |

2
+β2u−2 f 2

+ 2βuβ−1
⟨∇F,∇u⟩

and

(3-25) 2u11 = βu−1 f + uβ f −1
⟨∇F,∇u⟩.
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Combining (1-1) and (3-23), we obtain

(3-26)
( n∑

i=2
ui i

)2
=

[
(p−1)u11 + a f 1−p/2uq]2

.

By substituting (3-25) into (3-26), we have

(3-27)
( n∑

i=2
ui i

)2
=

[ p−1
2 βu−1 f +

p−1
2 uβ f −1

⟨∇F,∇u⟩ + a f 1−
p
2 uq]2

.

By omitting some nonnegative terms in |∇∇u|
2 and using Cauchy’s inequality, we

arrive at

(3-28) |∇∇u|
2
≥

n∑
i=1

u2
1i +

n∑
i=2

u2
i i ≥

n∑
i=1

u2
1i +

1
n−1

( n∑
i=2

ui i

)2
.

We plug (3-24) and (3-27) into (3-28) to obtain

(3-29) |∇∇u|
2
≥

1
4 u2β f −1

|∇F |
2
+

1
4β

2u−2 f 2
+

1
2βuβ−1

⟨∇F,∇u⟩

+
1

n−1

[ p−1
2 βu−1 f +

p−1
2 uβ f −1

⟨∇F,∇u⟩ + a f 1−
p
2 uq]2

.

By expanding the last term of (3-29), we obtain

|∇∇u|
2
≥

1
4 u2β f −1

|∇F |
2
+

(p−1)2
4(n−1)u

2β f −2
⟨∇F,∇u⟩

2
+

β2

4

[
1 +

(p−1)2
n−1

]
u−2 f 2

+
β

2

[
1 +

(p−1)2
n−1

]
uβ−1

⟨∇F,∇u⟩ +
a2

n−1 u2q f 2−p
+ a p−1

n−1βuq−1 f 2−p/2

+ a p−1
n−1βuq−1 f 2−p/2

+ a p−1
n−1 uq+β f −

p
2 ⟨∇F,∇u⟩.

Using this inequality and Ric ≥ −(n−1)κ , we have

(3-30) 2u−2β f p/2(
|∇∇u|

2
+ Ric(∇u,∇u)

)
≥ − 2(n−1)κu−2β f p/2+1

+
1
2 f p/2−1

|∇F |
2
+β

[
1 +

(p−1)2
n−1

]
u−β−1 f p/2

⟨∇F,∇u⟩

+
β2

2

[
1 +

(p−1)2
n−1

]
u−2β−2 f p/2+2

+
(p−1)2
2(n−1) f p/2−2

⟨∇F,∇u⟩
2
+

2a2

n−1 u2q−2β f 2−p/2

+ a 2(p−1)
n−1 βuq−2β−1 f 2

+ a 2(p−1)
n−1 uq−β

⟨∇F,∇u⟩.

Substituting (3-30) into (3-16) yields

(3-31) 1
α

F2−αLp(Fα)

≥ − 2(n−1)κu−2β f p/2+1
+ 2a

[
β

2
n+1
n−1(p−1)− q

]
uq−2β−1 f 2

+
(
α+

p
2 −

3
2

)
f p/2−1

|∇F |
2
+

[
(α− 1)(p−2)+ (p−1)2

2(n−1)

]
f p/2−2

⟨∇F,∇u⟩
2

+ (p−1)β
[ p−n

2(n−1)β+1
]
u−2β−2 f p/2+2

+ (p−1)β p−n
n−1 u−β−1 f p/2

⟨∇F,∇u⟩

+
2a2

n−1 u2q−2β f 2−p/2
+ a 2(p−1)

n−1 uq−β
⟨∇F,∇u⟩.
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By using p > 1, α > 1 and

(3-32) f p/2−1
|∇F |

2
≥ f p/2−2

⟨∇F,∇u⟩
2,

we arrive at

(3-33)
(
α+

p
2 −

3
2

)
f p/2−1

|∇F |
2
+

[
(α−1)(p−2)+ (p−1)2

2(n−1)

]
f p/2−2

⟨∇F,∇u⟩
2 A

≥ (p−1)
[
α+

p−n
2(n−1)

]
f p/2−2

⟨∇F,∇u⟩
2.

By substituting (3-33) into (3-31), we obtain

(3-34) 1
α

F2−αLp(Fα)≥−2(n−1)κu−2β f p/2+1
+2a

[
β

2
n+1
n−1(p−1)−q

]
uq−2β−1 f 2

+ (p−1)
[
α+

p−n
2(n−1)

]
f p/2−2

⟨∇F,∇u⟩
2

+ (p−1)β
[ p−n

2(n−1)β+1
]
u−2β−2 f p/2+2

+ (p−1)β p−n
n−1 u−β−1 f p/2

⟨∇F,∇u⟩ +
2a2

n−1 u2q−2β f 2−p/2

+ a 2(p−1)
n−1 uq−β

⟨∇F,∇u⟩.

Noting that α > 1 and using the inequality a2
1 − 2a1a2 ≥ −a2

2 , we infer

(3-35) (p−1)
[
α+

p−n
2(n−1)

]
f p/2−2

⟨∇F,∇u⟩
2
+ a 2(p−1)

n−1 uq−β
⟨∇F,∇u⟩

≥ −
a2

(n−1)2 (p−1)
[
α+

p−n
2(n−1)

]−1u2q−2β f 2−p/2.

We substitute (3-35) into (3-34) to obtain

(3-36) 1
α

F2−αL(Fα)≥−2(n−1)κu−2β f p/2+1
+2a

[
β

2
n+1
n−1(p−1)−q

]
uq−2β−1 f 2

+ (p−1)β
[ p−n

2(n−1)β+1
]
u−2β−2 f p/2+2

+ (p−1)β p−n
n−1 u−β−1 f p/2

⟨∇F,∇u⟩

+
{ 2a2

n−1 −
a2

(n−1)2 (p−1)
[
α+

p−n
2(n−1)

]−1}u2q−2β f 2−p/2.

Using α > 1 and the inequality a2
1 − 2a1a2 ≥ −a2

2 again, we obtain

(3-37)
{ 2a2

n−1 −
a2

(n−1)2 (p−1)
[
α+

p−n
2(n−1)

]−1}u2q−2β f 2−p/2

+ 2a
[
β

2
n+1
n−1(p−1)− q

]
uq−2β−1 f 2

≥ −

[
β

2
n+1
n−1 (p−1)−q

]2

2
n−1 −

p−1
(n−1)2

[
α+

p−n
2(n−1)

]−1 u−2β−2 f p/2+2.

Now, we plug (3-37) into (3-36) to deduce the desired inequality and hence complete
the proof of Lemma 3.4. □
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Lemma 3.5. Let α > 1 and let u be a positive solution of equation (1-1) in �⊂ M
with Ric ≥ −(n−1)κ . Then we have, pointwise in {x ∈� : f (x) > 0},

(3-38) 1
α

F2−αLp(Fα)≥−2(n−1)κu−2β f p/2+1
+β(p−1) p−n

n−1 u−β−1 f p/2
⟨∇F,∇u⟩

+ 2a
[
β

2
n+1
n−1(p−1)− q

]
uq−2β−1 f 2

+
β

2 (p−1)
(
2 +

p−n
n−1β

)
u−2β−2 f p/2+2.

Proof. By using the inequality (a1 + a2)
2
≥ a2

1 + 2a1a2, we have

(3-39)
[ p−1

2 βu−1 f +
p−1

2 uβ f −1
⟨∇F,∇u⟩ + a f 1−

p
2 uq]2

≥
(p−1)2

4 β2u−2 f 2
+ (p−1)βu−1 f

( p−1
2 uβ f −1

⟨∇F,∇u⟩ + a f 1−
p
2 uq)

.

Substituting (3-39) into (3-29), we have

(3-40) |∇∇u|
2
≥

1
4 u2β f −1

|∇F |
2
+

β2

4

[
1 +

(p−1)2
n−1

]
u−2 f 2

+
β

2

[
1 +

(p−1)2
n−1

]
uβ−1

⟨∇F,∇u⟩ + aβ p−1
n−1 uq−1 f 2−p/2.

By using (3-40) and the assumption Ric ≥ −(n−1)κ , we have

(3-41) 2u−2β f p/2(
|∇∇u|

2
+ Ric(∇u,∇u)

)
≥−2(n−1)κu−2β f p/2+1

+
1
2 f p/2−1

|∇F |
2
+
β2

2

[
1+

(p−1)2
n−1

]
u−2β−2 f p/2+2

+β
[
1 +

(p−1)2
n−1

]
u−β−1 f p/2

⟨∇F,∇u⟩ + 2aβ p−1
n−1 uq−2β−1 f 2.

We plug (3-41) into (3-16) to derive

(3-42) 1
α

F2−αLp(Fα)≥−2(n−1)κu−2β f p/2+1
+β(p−1) p−n

n−1 u−β−1 f p/2
⟨∇F,∇u⟩

+
(
α+

p
2 −

3
2

)
f p/2−1

|∇F |
2
+ (α− 1)(p−2) f p/2−2

⟨∇F,∇u⟩
2

+ 2a
[
β

2
n+1
n−1(p−1)− q

]
uq−2β−1 f 2

+
β

2 (p−1)
(
2 +

p−n
n−1β

)
u−2β−2 f p/2+2.

Noting that p > 1, α > 1 and f p/2−1
|∇F |

2
≥ f p/2−2

⟨∇F,∇u⟩
2, we arrive at

(3-43)
(
α+

p
2 −

3
2

)
f p/2−1

|∇F |
2
+ (α− 1)(p−2) f p/2−2

⟨∇F,∇u⟩
2

≥
(
α−

1
2

)
(p−1) f p/2−2

⟨∇F,∇u⟩
2.

In view of (3-42) and (3-43), we can derive the desired inequality and complete the
proof of Lemma 3.5. □

By using Lemmas 3.4 and 3.5, we can achieve the following pointwise estimate
of Lp(Fα).

Lemma 3.6. Let u be a positive solution of equation (1-1) in � ⊂ M with Ric ≥

−(n−1)κ . Set

(3-44) h = β(p−1)
[ p−n
(n−1)2β +

2
n−1

]
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and suppose that β satisfies

(3-45) β ∈

{(
0, 2(n−1)

n−p

)
if 1< p < n,

(0,+∞) if p ≥ n.

If the constants a, p and q satisfy either

β

2
·

n+1
n−1

(p−1)− h1/2 < q < β

2
·

n+1
n−1

(p−1)+ h1/2 (a ̸= 0)

or
a
[
β

2
·

n+1
n−1

(p−1)− q
]

≥ 0,

then there exists α > 1 such that

(3-46) 1
α
L(Fα)≥ −2(n−1)κu(p/2−1)βFα+p/2−1

+ Au(p/2)β−2 Fα+p/2
− Bu(β/2)(p−1)−1 Fα+(p−3)/2

|∇F |

pointwise in {x ∈� : f (x) > 0}, where A is a positive constant and

B = (p−1)β |n− p|

n−1
.

Proof. Case 1: β

2 ·
n+1
n−1(p−1)− h1/2 < q < β

2 ·
n+1
n−1(p−1)+ h1/2, with a ̸= 0.

This implies limα→+∞ H > 0, where H is defined in (3-20). Thus, we can
choose α0 large enough that for any α > α0,

(3-47) H > 0.

Furthermore, we have

(3-48) (p−1)β p−n
n−1 u−β−1 f p/2

⟨∇F,∇u⟩ ≥ −(p−1)β |n−p|

n−1 u−β−1 f (p+1)/2
|∇F |

= −Bu−β−1 f (p+1)/2
|∇F |.

Combining (3-21) and (3-48), we can infer that

(3-49) 1
α

F2−αL(Fα)≥ −2(n−1)κu−2β f p/2+1

− Bu−β−1 f (p+1)/2
|∇F | + Hu−2β−2 f p/2+2 (a ̸= 0).

Combining (3-47) and (3-49) leads to (3-46).

Case 2: a
[
β

2
n+1
n−1(p−1)− q

]
≥ 0.

In this case we have

(3-50) 2a
[
β

2
n+1
n−1(p−1)− q

]
uq−2β−1 f 2

≥ 0.

Combining (3-38), (3-48) and (3-50), we obtain

(3-51) 1
α

F2−αLp(Fα)≥ −2(n−1)κu−2β f p/2+1
− Bu−β−1 f (p+1)/2

|∇F |

+
β

2 (p−1)
(
2 +

p−n
n−1β

)
u−2β−2 f p/2+2.
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Since β satisfies (3-45), it is easy to see that

(3-52) β

2 (p−1)
(
2 +

p−n
n−1β

)
> 0.

Combining the above, we complete the proof of Lemma 3.6. □

3.2. Deducing the main integral inequality.

Lemma 3.7. Let M be a complete manifold with Ric ≥ −(n−1)κ and let u be a
positive solution of equation (1-1) in B2R(x0) ⊂ M. Then, there exist constants t
large enough and µ1 > 0 such that

exp
{
−Cn(1+

√
κR)

}
V 2/n R−2∥∥F

p
4 +

α−1
2 +

t
2η

∥∥2
L2n/(n−2)(�)

+µtφβ−2
β

∫
�

F t+α+p/2η2

≤
(
(n−1)µ1tκ + R−2) ∫

�
F t+α+p/2−1η2

+µ1

∫
�

F t+p/2+α−1
|∇η|2,

where �= BR(x0), η ∈ C∞

0 (�,R) is a nonnegative function and V is the volume
of BR(x0).

Proof. We choose a geodesic ball � = BR(x0) ⊂ M and a test function ξ · uλ =

F t
ϵη

2
· uλ, where η ∈ C∞

0 (�,R) is nonnegative, Fϵ = (F − ϵ)+, ϵ > 0, t > 1 and
λ ∈ R are to be determined later. It follows from (2-1) that

1
α

∫
�
Lp(Fα) · ξ · uλ

= −

∫
�

〈
∇(ξuλ), f p/2−1 Fα−1

[∇F + (p−2) f −1
⟨∇u,∇F⟩∇u]

〉
= −

∫
�

f p/2−1 Fα−1uλ⟨∇F,∇ξ⟩ − λ
∫
�

uλ−1 f p/2−1 Fα−1
⟨∇F,∇u⟩ξ

− (p−2)
∫
�

f p/2−2 Fα−1uλ⟨∇F,∇u⟩⟨∇u,∇ξ⟩

− (p−2)λ
∫
�

f p/2−1 Fα−1uλ−1
⟨∇F,∇u⟩ξ

= −

∫
�

f p/2−1 Fα−1uλ⟨∇F,∇ξ⟩ − (p−1)λ
∫
�

f p/2−1 Fα−1uλ−1
⟨∇F,∇u⟩ξ

− (p−2)
∫
�

f p/2−2 Fα−1uλ⟨∇F,∇u⟩⟨∇u,∇ξ⟩.

Since ξ = F t
ϵη

2, we can achieve that

1
α

∫
�
Lp(Fα) · F t

ϵη
2
· uλ(3-53)

= −

∫
�

f p/2−1 Fα−1uλ
〈
∇F, t F t−1

ϵ η2
∇F + 2F t

ϵη∇η
〉

− (p−1)λ
∫
�

f p/2−1 Fα−1uλ−1
⟨∇F,∇u⟩F t

ϵη
2

− (p−2)
∫
�

f p/2−2 Fα−1uλ⟨∇F,∇u⟩
〈
∇u, t F t−1

ϵ η2
∇F + 2F t

ϵη∇η
〉
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= − t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

− 2
∫
�

u(p/2−1)β+λF p/2+α−2 F t
ϵ ⟨∇F,∇η⟩η

− (p−1)λ
∫
�

u(p/2−1)β+λ−1 F p/2+α−2 F t
ϵ ⟨∇F,∇u⟩η2

− (p−2)t
∫
�

u(p/2−2)β+λF p/2+α−3 F t−1
ϵ ⟨∇F,∇u⟩

2η2

− 2(p−2)
∫
�

u(p/2−2)β+λF p/2+α−3 F t
ϵ ⟨∇F,∇u⟩⟨∇u,∇η⟩η.

Combining (3-46) and (3-53), we achieve

− t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

−2
∫
�

u(p/2−1)β+λF p/2+α−2 F t
ϵ ⟨∇F,∇η⟩η

− (p−1)λ
∫
�

u(p/2−1)β+λ−1 F p/2+α−2 F t
ϵ ⟨∇F,∇u⟩η2

− (p−2)t
∫
�

u(p/2−2)β+λF p/2+α−3 F t−1
ϵ ⟨∇F,∇u⟩

2η2

− 2(p−2)
∫
�

u(p/2−2)β+λF p/2+α−3 F t
ϵ ⟨∇F,∇u⟩⟨∇u,∇η⟩η

≥ −2(n−1)κ
∫
�

u(p/2−1)β+λFα+p/2−1 F t
ϵη

2

+ A
∫
�

u(p/2)β−2+λFα+p/2 F t
ϵη

2
− B

∫
�

uβ/2(p−1)−1+λFα+(p−3)/2
|∇F |F t

ϵη
2.

From this, we obtain

2(n−1)κ
∫
�

u(p/2−1)β+λFα+p/2−1 F t
ϵη

2(3-54)

− 2
∫
�

u(p/2−1)β+λF p/2+α−2 F t
ϵ ⟨∇F,∇η⟩η

− 2(p−2)
∫
�

u(p/2−2)β+λF p/2+α−3 F t
ϵ ⟨∇F,∇u⟩⟨∇u,∇η⟩η

+
(
B + (p−1)|λ|

) ∫
�

u(β/2)(p−1)−1+λFα+u(p−3)/2
|∇F |F t

ϵη
2

≥ t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

+ (p−2)t
∫
�

u(p/2−2)β+λF p/2+α−3 F t−1
ϵ ⟨∇F,∇u⟩

2η2

+ A
∫
�

u(p/2)β−2+λFα+p/2 F t
ϵη

2.

Set

(3-55) L p = t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

+ (p−2)t
∫
�

u(p/2−2)β+λF p/2+α−3 F t−1
ϵ ⟨∇F,∇u⟩

2η2.
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Then we need to consider two cases:

Case i: p ⩾ 2. Here we get from (3-34) that

(3-56) L p ≥ t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2.

Case ii: 1< p < 2. Here, again from (3-34), we get

(3-57) L p = t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

− (2−p)t
∫
�

u(p/2−2)β+λF p/2+α−3 F t−1
ϵ ⟨∇F,∇u⟩

2η2

≥ t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

− (2−p)t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2

= (p−1)t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2.

Set

(3-58) θ(p)=

{
p − 1 if 1< p < 2;

1 if p ≥ 2.

Combining (3-55), (3-56), (3-57) and (3-58) yields

(3-59) L p ≥ θ(p)t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2.

By combining (3-54) and (3-59), we have

2(n−1)κ
∫
�

u(p/2−1)β+λFα+p/2−1 F t
ϵη

2

− 2
∫
�

u(p/2−1)β+λF p/2+α−2 F t
ϵ ⟨∇F,∇η⟩η

−2(p−2)
∫
�

u(p/2−2)β+λF p/2+α−3 F t
ϵ ⟨∇F,∇u⟩⟨∇u,∇η⟩η

+
(
B + (p−1)|λ|

) ∫
�

u(β/2)(p−1)−1+λFα+(p−3)/2
|∇F |F t

ϵη
2

≥ θ(p)t
∫
�

u(p/2−1)β+λF p/2+α−2 F t−1
ϵ |∇F |

2η2
+ A

∫
�

u(p/2)β−2+λFα+p/2 F t
ϵη

2.

By letting ϵ → 0+, we obtain

(3-60) 2(n−1)κ
∫
�

u(p/2−1)β+λF t+α+p/2−1η2

− 2
∫
�

u(p/2−1)β+λF t+p/2+α−2
⟨∇F,∇η⟩η

− 2(p−2)
∫
�

u(p/2−2)β+λF t+p/2+α−3
⟨∇F,∇u⟩⟨∇u,∇η⟩η

+
(
B + (p−1)|λ|

) ∫
�

u(β/2)(p−1)−1+λF t+α+(p−3)/2
|∇F |η2

≥ θ(p)t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2
+ A

∫
�

u(p/2)β−2+λF t+α+p/2η2.
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By the absolute value inequality and the Cauchy inequality, we have(
B+(p−1)|λ|

) ∫
�

u(β/2)(p−1)−1+λF t+α+(p−3)/2
|∇F |η2(3-61)

≤
θ(p)

4
t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2

+
1

θ(p)t

(
B + (p−1)|λ|

)2
∫
�

u(p/2)β−2+λF t+α+p/2η2,

−2
∫
�

u(p/2−1)β+λF t+p/2+α−2
⟨∇F,∇η⟩η(3-62)

≤ 2
∫
�

u(p/2−1)β+λF t+p/2+α−2
|∇F ||∇η|η

≤
θ(p)

4
t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2

+
4

θ(p)t

∫
�

u(p/2−1)β+λF t+p/2+α−1
|∇η|2,

−2(p−2)
∫
�

u(p/2−2)β+λF t+p/2+α−3
⟨∇F,∇u⟩⟨∇u,∇η⟩η(3-63)

≤ 2|p − 2|

∫
�

u(p/2−1)β+λF t+p/2+α−2
|∇F ||∇η|η

≤
θ(p)

4
t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2

+
4

θ(p)t
(p−2)2

∫
�

u(p/2−1)β+λF t+p/2+α−1
|∇η|2.

Substituting (3-61), (3-62) and (3-63) into (3-60), we obtain

(3-64) θ(p)
4

t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2
+ A

∫
�

u(p/2)β−2+λF t+α+p/2η2

≤ 2(n−1)κ
∫
�

u(p/2−1)β+λF t+α+p/2−1η2

+
1

θ(p)t

(
B + (p−1)|λ|

)2
∫
�

u(p/2)β−2+λF t+α+p/2η2

+
4

θ(p)t

(
1 + (p−2)2

) ∫
�

u(p/2−1)β+λF t+p/2+α−1
|∇η|2.

Now we choose t large enough that

(3-65) 1
θ(p)t

(
B + (p−1)|λ|

)2
≤

A
2
.

It follows from (3-64) and (3-65) that

θ(p)
4

t
∫
�

u(p/2−1)β+λF t+p/2+α−3
|∇F |

2η2
+

A
2

∫
�

u(p/2)β−2+λF t+α+p/2η2

≤ 2(n−1)κ
∫
�

u(p/2−1)β+λF t+α+p/2−1η2

+
4

θ(p)t

(
1 + (p−2)2

) ∫
�

u(p/2−1)β+λF t+p/2+α−1
|∇η|2.
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By letting λ= β
(
1 −

p
2

)
, we obtain

(3-66) θ(p)
4

t
∫
�

F t+p/2+α−3
|∇F |

2η2
+ A/2

∫
�

uβ−2 F t+α+p/2η2

≤ 2(n−1)κ
∫
�

F t+α+p/2−1η2
+

4
θ(p)t

(1 + (p−2)2)
∫
�

F t+p/2+α−1
|∇η|2.

On the other hand, we have

(3-67) |∇( F p/4+(α−1+t)/2η )|2

=
∣∣ 1

4(p + 2t + 2α− 2)F p/4+(t+α−3)/2η∇F + F p/4+(t−a−1)/2
∇η

∣∣2

≤
1
8(p + 2t + 2α− 2)2 F p/2+t+α−3

|∇F |
2 η2

+ 2F p/2+t+α−1
|∇η|2 .

Substituting (3-67) into (3-66) gives

(3-68) 2θ(p)t
(p+2t+2α−2)2

∫
�

∣∣∇(F p/4+(α−1+t)/2η)
∣∣2

+
A
2

∫
�

uβ−2 F t+α+p/2η2

≤ 2(n−1)κ
∫
�

F t+α+p/2−1η2

+

{
4

θ(p)t
(1 + (p−2)2)+ 4θ(p)t

(p+2t+2α−2)2

} ∫
�

F t+p/2+α−1
|∇η|2.

At the same time, the Saloff-Coste Sobolev inequality implies

(3-69) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2η

∥∥2
L2n/(n−2)(�)

≤

∫
�

∣∣∇(F p/4+(α−1+t)/2η)
∣∣2

+ R−2
∫
�

F p/2+α+t−1η2.

Now, we substitute (3-69) into (3-68) to obtain

2θ(p)t
(p+2t+2α−2)2

exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2η

∥∥2
L2n/(n−2)(�)

≤ −
A
2

∫
�

uβ−2 F t+α+p/2η2
+

[
2(n−1)κ +

2θ(p) t
(p+2t+2α−2)2 R2

] ∫
�

F t+α+p/2−1η2

+

{
4/θ(p)t

(
1 + (p−2)2

)
+

4θ(p) t
(p+2t+2α−2)2

} ∫
�

F
t+

p
2

+α−1
|∇η|2.

We divide both sides of this inequality by 2θ(p)t
(p+2t+2α−2)2

to obtain

exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2η

∥∥2
L2n/(n−2)(�)

(3-70)

+
A(p+2t+2α−2)2

4θ(p)t

∫
�

uβ−2 F t+α+p/2η2

≤

[
(n−1) (p+2t+2α−2)2

θ(p)t
κ +

1
R2

] ∫
�

F t+α+p/2−1η2

+

{
2(p+2t+2α−2)2

θ2(p)t2
(1 + (p−2)2)+ 2

} ∫
�

F t+p/2+α−1
|∇η|2.
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Set

µ1 = sup
t∈[1,∞)

2(p+2t+2α−2)2

θ2(p) t2
(1+(p−2)2)+2, µ= A inf

t∈[1,∞)

(p+2t+2α−2)2

4θ(p) t2
.

Then µ1 and µ are both finite positive constants. Combining their definitions with
(3-70) yields

(3-71) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2η

∥∥2
L2n/(n−2)(�)

+µt
∫
�

uβ−2 F t+α+p/2η2

≤
(
(n−1)µ1tκ + R−2) ∫

�
F t+α+p/2−1η2

+µ1

∫
�

F t+p/2+α−1
|∇η|2.

Set

(3-72) φβ =


sup� u if 0< β < 2,

1 if β = 2,
inf� u if β > 2.

With this notation we obtain an inequality identical to (3-71), except that the
summand on the second line is replaced by

(3-73) µt φβ−2
β

∫
�

F t+α+p/2η2.

This is sufficient to prove the lemma. □

3.3. Lβ1-bound of gradient in a geodesic ball with radius 3R/4.

Lemma 3.8. Let (M, g) be an n-dimensional (n ≥ 3) complete manifold with
Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Furthermore, suppose that a,
q , p and β satisfy the conditions stated in Lemma 3.6. Let

(3-74) β1 =
n

n−2
·

p+2t0+2α−2
2

.

If u is a positive solution to equation (1-1) on the geodesic ball B(x0, 2R) ⊂ M ,
then for t0 large enough there exists C = C(n, p, q, β) > 0 such that

(3-75) ∥F∥Lβ1 (B(x0,3R/4)) ≤ CV 1/β1(κ + R−2)φ2−β,

where V is the volume of the geodesic ball BR(x0) and φ is defined in (3-72).

Proof. As observed at the end of the previous proof, we have

(3-76) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t0)/2η

∥∥2
L2n/(n−2)(�)

+µt0φ
β−2
β

∫
�

F t0+α+p/2η2

≤
(
(n−1)µ1t0κ + R−2) ∫

�
F t0+α+p/2−1η2

+µ1

∫
�

F t0+p/2+α−1
|∇η|2,
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where t = t0 satisfies (3-65). Define

(3-77) �1 :=

{
x : F ≥

(
2(n−1)κ µ1

µ
+

2
µt0 R2

)
φ2−β, x ∈�

}
.

Then we have

(3-78)
(
(n−1)µ1t0κ + R−2)∫

�1

F t0+α+p/2−1η2
≤
µ

2
t0φ

β−2
β

∫
�

F t0+α+p/2η2.

Set �2 :=� \�1 =

{
x : F <

(
2(n−1)κ µ1

µ
+

2
µt0 R2

)
φ2−β, x ∈�

}
. Then

(3-79)
(
(n−1)µ1t0κ + R−2) ∫

�2

F t0+α+p/2−1η2

≤
(
(n−1)µ1t0κ + R−2){(

2(n−1)κ µ1

µ
+

2
µt0 R2

)
φ2−β

}t0+α+p/2−1
V,

where V is the volume of �= B(x0, R). Combining (3-78) and (3-79), we obtain

(3-80)
(
(n−1)µ1t0κ + R−2) ∫

�
F t0+α+p/2−1η2

−
µ

2
t0φ

β−2
β

∫
�

F t0+α+p/2η2

≤
(
(n−1)µ1t0κ + R−2){[

2(n−1)κ µ1

µ
+

2
µt0 R2

]
φ2−β

}t0+α+p/2−1
V .

We set �1 = B(x0, 3R/4) and choose η1 ∈ C∞

0 (�) satisfying

0 ≤ η1 ≤ 1, η1 ≡ 1 in �1, |∇η1| ≤ C/R,

and let
η = η

t0+p/2+α

1 .

Then, we have

(3-81) µ1

∫
�

F t0+p/2+α−1
|∇η|2 = µ1

(
t0+

p
2 +α

)2
∫
�

F t0+p/2+α−1η
p+2α−2+2t0
1 |∇η1|

2

≤ µ1
(
t0+

p
2 +α

)2 C2

R2

∫
�

F t0+p/2+α−1η
p+2α−2+2t0
1 .

By Hölder’s inequality, (3-81) can be written as

(3-82) µ1

∫
�

F t0+p/2+α−1
|∇η|2

≤ µ1
(
t0 +

p
2 +α

)2 C2

R2

(∫
�

F t0+p/2+αη
2t0+p+2α
1

)2t0+p+2α−2
2t0+p+2α V

2
2t0+p+2α

= µ1
(
t0 +

p
2 +α

)2 C2

R2

(∫
�

F t0+p/2+αη2
)2t0+p+2α−2

2t0+p+2α V
2

2t0+p+2α .

By using Young’s inequality, we can write (3-82) as

(3-83) µ1

∫
�

F t0+p/2+α−1
|∇η|2 ≤

1
2µt0φβ−2

∫
�

F t0+p/2+αη2

+
2

2t0+p+2α

[
µ1

(
t0 +

p
2 +α

)2 C2

R2

]t0+p/2+α [
2(2t0+p+2α−2)
(2t0+p+2α)µt0

φ2−β
]t0+p/2+α−1

V .
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Substituting (3-80) and (3-83) into (3-76) gives

(3-84) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t0)/2η

∥∥2
L2n/(n−2)(�)

≤
(
(n−1)µ1t0κ + R−2) {[

2(n−1)κ µ1
µ

+
2

µt0 R2

]
φ2−β

}t0+α+p/2−1
V

+
2

2t0+p+2α

[
µ1

(
t0 +

p
2 +α

)2 C2

R2

]t0+p/2+α [
2(2t0+p+2α−2)
(2t0+p+2α)µt0

φ2−β
]t0+p/2+α−1

V .

Taking 2
2t0+ p+2α−2

powers on both sides of (3-84), we obtain

∥F∥Lβ1 (B(x0,3R/4))

≤
∥∥F p/4+(α−1+t0)/2η

∥∥4/2t0+p+2α−2
L2n/(n−2)(�)

≤ exp
{

2Cn(1+
√
κR)

2t0+ p+2α−2

}
V 1/β1

×

{(
(n−1)µ1t0 R2κ + 1

)([
2(n−1)κ µ1

µ
+

2
µt0 R2

]
φ2−β

)t0+α+p/2−1

+
2R2

2t0+ p+2α

[
µ1

(
t0 +

p
2 +α

)2 C2

R2

]t0+p/2+α

×

[
2(2t0+p+2α−2)
(2t0+p+2α)µt0

φ2−β
]t0+p/2+α−1 } 2

2t0+p+2α−2
,

where

β1 =
n

n−2
·

p+2t0+2α−2
2

.

Using the fact that (a1 + a2)
b1 ≤ 2b1(ab1

1 + ab1
2 ), valid for ai ≥ 0 and b1 > 0, we

infer from the preceding inequality that

(3-85) ∥F∥Lβ1 (B(x0,3R/4)) ≤ exp
{

2Cn(1 +
√
κR)

2t0 + p + 2α− 2

}
V 1/β1(I1 + I2),

where

I2 := 22/2t0+p+2α−2
(

2
2t0+ p+2α

) 2
2t0+p+2α−2 (

µ1(t0 +
p
2 +α)2C2) 2t0+p+2α

2t0+p+2α−2

2(2t0+ p+2α−2)
(2t0+ p+2α)µt0

φ2−βR−2

will be estimated later, and
(3-86)

I1 := 2
2

2t0+p+2α−2
(
(n−1)µ1t0 R2κ+1

) 2
2t0+p+2α−2

(
2(n−1)κ µ1

µ
+

2
µt0 R2

)
φ2−β

= 2
2t0+p+2α

2t0+p+2α−2
(
(n−1)µ1t0 R2κ+1

) 2t0+p+2α
2t0+p+2α−2 t−1

0 µ−1 R−2φ2−β

≤ 2
2t0+p+2α

2t0+p+2α−2
(
(n−1)µ1t0+1

) 2t0+p+2α
2t0+p+2α−2 (1+R2κ)

2t0+p+2α
2t0+p+2α−2 t−1

0 µ−1 R−2φ2−β

= 2
2t0+p+2α

2t0+p+2α−2
(
(n−1)µ1+t−1

0

) 2
2t0+p+2α−2 (1+R2κ)

2t0+p+2α
2t0+p+2α−2µ−1 R−2φ2−β .
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Noticing that

lim
t0→+∞

2
2t0+p+2α

2t0+p+2α−2
[
(n−1)µ1 + t−1

0

] 2
2t0+p+2α−2 = 2,

we can verify that

(3-87) sup
t0∈[1,+∞)

2
2t0+p+2α

2t0+p+2α−2
[
(n−1)µ1 + t−1

0

] 2
2t0+p+2α−2 <+∞.

Combining (3-86) and (3-87) leads to

(3-88) I1 ≤ CI1(1 + R2κ)
2t0+p+2α

2t0+p+2α−2µ−1 R−2φ2−β,

where CI1 is a positive constant which depends only on n, p and q .
Similarly, we have

(3-89) I2 ≤ CI2µ
−1t0 R−2φ2−β,

where CI2 is a positive constant which depends only on n, p and q .
Substituting (3-88) and (3-89) into (3-85), we obtain

∥F∥Lβ1 (B(x0,3R/4)) ≤ exp
{

2Cn(1 +
√
κR)

2t0 + p + 2α− 2

}
× V 1/β1

[
CI1(1 + κR2)

2t0+p+2α
2t0+p+2α−2 + CI2 t0

]
R−2µ−1φ2−β .

We can derive from this inequality that

(3-90) ∥F∥Lβ1 (B(x0,3R/4)) ≤ C1 exp
{

2Cn(1 +
√
κR)

2t0 + p + 2α− 2

}
V 1/β1

[
(1 + κR2)

2t0+p+2α
2t0+p+2α−2 + t0

]
R−2φ2−β,

where C1 := max{CI1, CI2}µ
−1 is a positive constant depending only on n, β, p, q.

Now, let t0 satisfy (3-65) and

(3-91) (1 + κR2)≤ t0 ≤ C0(1 + κR2),

where C0 = C0(n, p, q, β) is a positive constant. Combining (3-90) and (3-91) gives

∥F∥Lβ1 (B(x0,3R/4)) ≤ CV 1/β1(κ + R−2)φ2−β,

where C is a positive constant that depends only on n, β, p, q . This completes the
proof of Lemma 3.8. □

3.4. Moser iteration for positive solutions of (1-1).

Lemma 3.9. Let (M, g) be an n-dimensional (n ≥ 3) complete manifold with
Ric ≥ −(n−1)κ , where κ is a nonnegative constant. Suppose that a, q , p and β
satisfy the same conditions as in Lemma 3.6. Let

β1 =
n

n−2
·

p+2t0+2α−2
2

.
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If u is a positive solution to equation (1-1) on the geodesic ball B(x0, 2R) ⊂ M ,
then for t0 large enough there exists C = C(n, p, q) > 0 such that

∥F∥L∞(B(x0,R/2)) ≤ CV −1/β1∥F∥Lβ1 (�1)
,

where V is the volume of the geodesic ball BR(x0).

Proof. Recall the integral inequality (3-71) from the proof of Lemma 3.8 (page 417).
By dropping the second nonnegative term in that inequality, we obtain

(3-92) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2η

∥∥2
L2n/(n−2)(�)

≤
(
(n−1)µ1tκ + R−2) ∫

�
F t+α+p/2−1η2

+µ1

∫
�

F t+p/2+α−1
|∇η|2,

Then we set

rm :=
R
2

+
R

4m and �m := B(x0, rm),

and then choose ηm ∈ C∞

0 (�m) satisfying

0 ≤ ηm ≤ 1, ηm ≡ 1 in B(x0, rm+1), |∇ηm | ≤ C 4m

R
.

Replacing η by ηm in (3-92), we can easily verify that

(3-93) exp
{
−Cn(1 +

√
κR)

}
V 2/n R−2∥∥F p/4+(α−1+t)/2∥∥2

L2n/(n−2)(�m+1)

≤
(
(n−1)µ1tκ + R−2) ∫

�m

F t+p/2+α−1
+µ1

C216m

R2

∫
�m

F t+p/2+α−1.

Next, we choose

β1 =
(
t0 +

p
2 +α− 1

) n
n−2

and βm+1 =
nβm

n−2
,

and let t = tm such that

tm +
p
2 +α− 1 = βm .

Then

(3-94) exp
{
−Cn(1 +

√
κR)

}
V 2/n

(∫
�m+1

Fβm+1
)(n−2)/n

≤
(
(n−1)µ1tm R2κ + 1 +µ1C216m) ∫

�m

Fβm .

Taking 1/βm powers on both sides of (3-94), we obtain

(3-95) ∥F∥Lβm+1 (�m+1)

≤ exp
{

Cn(1+
√
κR)

βm

}
V −2/(nβm)

(
(n−1)µ1tmκR2

+1+µ1C216m)1/βm
∥F∥Lβm (�m).



422 YOUDE WANG AND LIQIN ZHANG

Keeping the definition of tm in mind, from (3-95) we deduce that

∥F∥Lβm+1 (�m+1)
≤ exp

{
Cn(1+

√
κR)

βm

}
V −2/nβm 16m/βm

×
(
(n−1)µ1

(
t0 +

p
2 +α−1

)
κR2

+ 1 +µ1C2)1/βm
∥F∥Lβm (�m).

Noting that
∞∑

m=1

1
βm

=
n

2β1
and

∞∑
m=1

m
βm

=
n2

4β1
,

we have

∥F∥L∞(B(x0,R/2))

≤ exp
{

nCn(1+
√
κR)

2β1

}
V −1/β116n2/(4β1)

×
[
(n−1)µ1

(
t0 +

p
2 +α−1

)
κR2

+ 1 +µ1C2]n/(2β1)
∥F∥Lβ1 (�1)

≤ C3 exp
{

nCn(1+
√
κR)

2t0+ p+2α−2

}
V −1/β1(1 + κR2)n/(2β1)∥F∥Lβ1 (�1)

,

where C3 = C3(n, p, q) is a positive constant. In view of (3-65) (t = t0) and (3-91),
it is not difficult to see that

∥F∥L∞(B(x0,R/2)) ≤ CV −
1
β1 ∥F∥Lβ1 (�1)

,

where C = C(n, p, q) is a positive constant. □

4. Proof of the main theorem and its consequences

Theorem 1.1 follows easily from Lemmas 3.8 and 3.9. Therefore, we omit its proof,
but give those of Corollary 1.2, Theorem 1.5 and Corollary 1.7. We omit those of
Corollary 1.6 (very easy) and those of Corollaries 1.3 and 1.4 (similar to that of
Corollary 1.2).

Proof of Corollary 1.2. By using Theorem 1.1, we only need to confirm that the
constants a, q and p satisfy either

β

2
·

n+1
n−1

(p−1)− h1/2 < q < β

2
·

n+1
n−1

(p−1)+ h1/2 (a ̸= 0)

or

(4-1) a
[
β

2
·

n+1
n−1

(p−1)− q
]

≥ 0.

Here, we only check case 1; the others are similar.

Case 1: a > 0, p ⩾ n and q ∈ R. Since p ≥ n, we can see that β ∈ (0,+∞) by
using (1-3). Furthermore, since a > 0, we can verify that (4-1) is equivalent to

(4-2) q ≤
β

2
·

n+1
n−1

(p−1).
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Hence, for any fixed p (p ≥ n), n and q ∈ R, we can make (4-2) be true by letting
β large enough. Therefore, we complete the proof of case 1. □

Proof of Theorem 1.5. By using Corollary 1.2, we know that there exist positive
constants C = C(n, p, q) and β = β(n, p, q) ∈ (0,∞), such that

(4-3) sup
B(x0,R/2)

|∇u|
2

uβ
≤ C 1+κR2

R2
φ

2−β
β .

Since

(4-4) φβ =


supB(x0,R) u if 0< β < 2,

1 if β = 2,
infB(x0,R) u if β > 2,

we consider three cases:

Case 1: β ∈ (0, 2). Combining (4-3) and (4-4), we have the estimate

(4-5) sup
B(x0,R/2)

|∇u|
2

uβ
≤ C 1+κR2

R2
sup

B(x0,R)
u2−β .

Multiplying both sides of (4-5) by sup
B(x0,R)

uβ−2 leads to

(4-6) sup
B(x0,R/2)

|∇u|
2

uβ
sup

B(x0,R)
vβ−2

≤ C 1+κR2

R2
sup

B(x0,R)
u2−β sup

B(x0,R)
uβ−2.

Since supB(x0,R) u ≤ l infB(x0,R) u, we see that

(4-7) sup
B(x0,R)

u2−β sup
B(x0,R)

uβ−2
=

(
sup

B(x0,R)
u
)2−β( inf

B(x0,R)
u
)β−2

≤ l2−β .

Furthermore,

(4-8) sup
B(x0,R/2)

|∇u|
2

u2
≤ sup

B(x0,R/2)

|∇u|
2

uβ
sup

B(x0,R/2)
uβ−2

≤ sup
B(x0,R/2)

|∇u|
2

uβ
sup

B(x0,R)
uβ−2.

Now, substituting (4-7) and (4-8) into (4-6) leads to

sup
B(x0,R/2)

|∇u|
2

u2
≤ C l2−β 1+κR2

R2
.

Thus we finish the proof of case 1.

Case 2: β = 2. Combining (4-3) and (4-4), we have the estimate

sup
B(x0,R/2)

|∇u|
2

u2
≤ C 1+κR2

R2
.

Therefore, we complete the proof of case 2.

Case 3: β > 2. The proof of case 3 is similar to case 1. Hence, we omit it. □
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Now, we turn to (1-1) in Rn and give the proof of Corollary 1.7, which uses
Lemmas 2.4 and 2.5.

Proof of Corollary 1.7. In order to use Lemmas 2.4 and 2.5, we need to consider
separately the four cases from the statements. We give the proofs in cases 1 and 3
only; in cases 2 and 4 they are similarly to those of 1 and 3 respectively.

Case 1: a > 0, 1< p < n, p ̸= q and q ∈
(

p−1, (p−1)n/(n−p)
)
. Define u =

a1/(p−q−1)w. Thenw satisfies1pw+wq
= 0, thanks to (1-1). By using Lemma 2.4,

we know that for any 1< p < n and q ∈
(

p−1, (p−1)n
n−p

)
, the Harnack inequality

(4-9) supBR w(x)≤ C infBR w(x)

holds true, where C = C(n, p, q) is a positive constant. Combining Theorem 1.5
and (4-9), we deduce that for any 1< p < n and q ∈

(
p−1, (p−1)n

n−p

)
, the estimate

(4-10) sup
B(x0,R/2)

|∇w|
2

w2
≤

C
R2

holds true, where C=C(n, p, q) is a positive constant. Substitutingw=a1/(q−p+1)u
into (4-10), we obtain

sup
B(x0,R/2)

|∇u|
2

u2
≤

C
R2
,

where C = C(n, p, q) is a positive constant. This finishes the proof of case 1.

Case 3: a ⩾ 1 and 1< p = q < n < p2. Since p = q and 1 < p < n < p2,
we know that q ∈

(
p−1, (p−1)n

n−p

)
. By using Lemma 2.4, we know that for any

1< p = q < n < p2 the Harnack inequality

(4-11) supBR u(x)≤ C infBR u(x)

holds true, where C = C(n, p, q, a) is a positive constant. By using Theorem 1.5
and (4-11), we achieve the estimate

sup
B(x0,R/2)

|∇u|
2

u2
≤

C
R2
,

where C = C(n, p, q, a) is a positive constant. This finishes the proof of case 3. □

Proof of Theorem 1.8. By using Corollary 1.7, we know that if the constants a, q
and p satisfy one of the four conditions listed in the theorem, then the estimate

sup
B(x0,R/2)

|∇u|
2

u2
≤

C
R2

holds true, where C = C(n, p, q, a) is a positive constant. By letting R → +∞, we
conclude that supRn |∇u| = 0. Hence, u is a constant. But, no positive constant is a
positive solution to (1-1). □
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p-NUCLEARITY OF REDUCED GROUP
L p-OPERATOR ALGEBRAS

ZHEN WANG

Let p ∈ (1, ∞). G. An, J.-J. Lee, and Z.-J. Ruan introduced p-nuclearity
for L p-operator algebras. They proved that the reduced group L p-operator
algebra F p

λ (G), where G is a discrete group, is p-nuclear and the p-pseudo-
measure algebra PM p(G) is p-semidiscrete if G is amenable. In this paper,
we show that the following are equivalent: (i) G is amenable; (ii) the reduced
group L p-operator algebra F p

λ (G) is p-nuclear; (iii) the p-pseudomeasure
algebra PM p(G) is p-semidiscrete. This solves an open problem raised by
N. C. Phillips concerning the p-nuclearity for reduced group L p-operator
algebras.

1. Introduction

For p ∈ [1,∞), we say that a Banach algebra A is an L p-operator algebra if it is
isometrically isomorphic to a norm-closed subalgebra of the algebra B(E) of all
bounded linear operators on some L p-space E . Clearly, L p-operator algebras are
a natural generalization of operator algebras on Hilbert spaces (and in particular
C∗-algebras) by replacing Hilbert spaces with L p-spaces.

The study of L p-operator algebras traces back to C. Herz’s influential work on
harmonic analysis of group algebras in the 1970’s [22; 23; 24]. For a locally compact
group G, Herz introduced the Banach algebra P Fp(G), defined as the operator
norm closure of the image of the left regular representation λp : L1(G)→B(L p(G)).
The Banach algebra P Fp(G) is called p-pseudofunctions of G by C. Herz. This
algebra is also called the reduced group L p-operator algebra of G and it is denoted
by F p

λ (G) in [18]. If p = 2, then F2
λ (G) is the reduced group C∗-algebra of G,

which is usually denoted by C∗

λ(G). We adopt the notation F p
λ (G) throughout the

following of this paper.
Associated with F p

λ (G) there are two other natural algebras, the p-pseudo-
measure algebra PMp(G) and the algebra of p-convolvers CVp(G). The p-pseudo-
measure algebra PMp(G) is the weak* closure of F p

λ (G) in B(L p(G)). Let

ρp : G → B(l p(G))
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© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0
(CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org/pjm/
https://doi.org/10.2140/pjm.2026.342-2
https://doi.org/10.2140/pjm.2026.342.427
http://www.ams.org/mathscinet/search/mscdoc.html?code=47L10, 47L25
http://www.ams.org/mathscinet/search/mscdoc.html?code=43A07, 43A15
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


428 ZHEN WANG

be the right regular representation. The algebra of p-convolvers CVp(G) is the
commutant of ρp(G). If p = 2, then PM2(G) and CV2(G) are the group von
Neumann algebra, which is denoted by L(G). The reader is referred to [11; 12] for
more research concerning them, especially on the problem of determining whether
PMp(G)= CVp(G).

Recently, interest in L p-operator algebras has been renewed due to the work of
N. C. Phillips. In the last ten years, Phillips introduced and studied L p-operator
algebras [31; 32; 33; 34; 35; 36; 37]. These studies encourage many authors to
participate in the research of L p-operator algebras. This includes the work on
group L p-operator algebras [18]; groupoid L p-operator algebras [16]; L p-operator
crossed products [19; 42; 43] and the l p-Toeplitz algebra [41]. Although most
previous investigations have been very largely focused on various examples, some
recent works were undertaken in a more abstract and systematic way [3; 6; 17].
Surprisingly, when p ∈ [1,∞) \ {2}, the research on L p-operator algebra has many
wonderful results for rigidity problems [6; 7; 20]. The reader is referred to [15] for
more historical comments and recent developments in L p-operator algebras.

Nuclearity is an important property for C∗-algebras. This property was introduced
by Takesaki [40]. A C∗-algebra A is called nuclear if for any C∗-algebra B there is
a unique norm on the algebraic tensor product A ⊗ B. By the remarkable work of
Lance [28], Choi and Effros [5] and Kirchberg [26], the nuclearity is equivalent to
completely positive approximation property, that is, there exist nets of contractive
completely positive maps ϕα : A → Mn(α) and ψα : Mn(α) → A such that

∥ψα ◦ϕα(a)− a∥ → 0

for all a ∈ A. Also it is well known that the nuclearity is equivalent to the amenability
for C∗-algebras [8; 21], which was originally introduced by B. E. Johnson [25] for
Banach algebras.

The semidiscreteness of von Neumann algebras is close related to nuclearity
of C∗-algebras. A von Neumann algebra M is semidiscrete if there exist nets
of weak* continuous contractive completely positive maps ϕα : M → Mn(α) and
ψα : Mn(α) → M such that

⟨ψα ◦ϕα(a)− a, f ⟩ → 0

for all a ∈ M and f ∈ M∗, where M∗ is the predual of M . The following theorem is a
classical result concerning the nuclear reduced group C∗-algebras and semidiscrete
group von Neumann algebras.

Theorem 1.1 [4, Theorem 2.6.8]. Let G be a discrete group. The following state-
ments are equivalent:

(i) G is amenable.
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(ii) The reduced group C∗-algebra C∗

λ(G) is nuclear.

(iii) The group von Neumann algebra L(G) is semidiscrete.

In [1, Proposition 5.1(a)], G. An, J.-J. Lee and Z.-J. Ruan studied p-nuclearity
of reduced group L p-operator algebra F p

λ (G) and p-semidiscreteness of p-pseudo-
measure algebra PMp(G). They proved the following proposition.

Proposition 1.2 [1, Proposition 5.1]. Let p > 1 and let G be a discrete amenable
group.

(i) The reduced group L p-operator algebra F p
λ (G) is p-nuclear.

(ii) The p-pseudomeasure algebra PMp(G) is p-semidiscrete.

Since F1
λ (G) is always 1-nuclear for all discrete group G (see [1, Theorem 6.4]),

we only consider the following problem for p ∈ (1,∞).

Problem 1.3 [35, Problem 10.4]. Let p ∈ (1,∞). If G is a discrete group and
F p
λ (G) is p-nuclear, does it follow that G is amenable?

In this paper, we solve N. C. Phillips’ problem by proving the following theorem.

Theorem 1.4. Let p ∈ (1,∞) and let G be a discrete group. The following
statements are equivalent:

(i) G is amenable.

(ii) F p
λ (G) is p-nuclear.

(iii) PMp(G) is p-semidiscrete.

(iv) There exists an isomorphism 8 : F p
λ (G)

∨p
⊗ F p

λ (G)→ F p
λ (G)

∧p
⊗ F p

λ (G), where
∨p
⊗ and ∧p

⊗ are the p-operator space injective and projective tensor products,
respectively.

(v) The canonical linear map h : F p
λ (G)⊗ F p

λ (G)→ B(l p(G)) given by

h(λp(s)⊗ λp(t))= λp(s)ρp(t)

is continuous with respect to the p-operator space injective tensor norm, where
⊗ is the algebraic tensor product.

(vi) For any f ∈ Cc(G), we have ∥λp( f )∥ ≥
∣∣∑

t∈G f (t)
∣∣.

(vii) For any finite subset E ⊂ G, we have |E | =
∥∥∑

t∈E λp(t)
∥∥.

Remark 1.5. Condition (vi) implies that the trivial representation 1G extends to a
representation of F p

λ (G). This is also equivalent to the amenability of G (see [13,
Theorem 5.2]).



430 ZHEN WANG

In the reduced group C∗-algebra case, one way to prove (ii) ⇒ (i) of Theorem 1.1
is based on the Arveson’s extension theorem (see [4, Theorem 2.6.8]). In the proof
of (iii) ⇒ (i) of Theorem 1.1, Arveson’s extension theorem is also applied to
construct unital completely positive map from B(l2(G)) to L(G) that restricts to the
identity on L(G) (i.e., semidiscreteness implies injectivity). Arveson’s extension
theorem states that every contractive completely positive map ϕ : B → B(H) can
be extended to a contractive completely positive map ϕ : A → B(H), where A is a
C∗-algebra, B is an operator subsystem of A, and H is a complex Hilbert space.
However, J-J. Lee gave an example that the Arveson–Wittstock–Hahn–Banach
theorem does not hold for p-operator space [30], that is, there are p-operator spaces
V ⊂ W , an SQ p-space E , and a p-completely contractive map ϕ : V → B(E) such
that ϕ does not extend to a p-completely contractive map on W . The lack of a
valid Arveson–Wittstock–Hahn–Banach theorem for p-operator spaces forces us to
adopt alternative approaches. Our proof of Theorem 1.4 is inspired by the method
of C. Anantharaman-Delaroche (see [2, Proposition 3.5]). Her proof is based on
the functorial property [2, Proposition 2.6] of spatial and maximal tensor products
and weak containment of unitary representations [2, Proposition 3.5]. Our proof
relies on

• the functorial properties of p-operator spaces projective and injective tensor prod-
ucts (see Lemma 2.4, 2.5 and the proof of (ii) ⇒ (iv), (iii) ⇒ (v) in Theorem 1.4);

• the uniform convexity of l p(G) that is motivated by G. Pisier (see [38, Theorem 3.30]
and the proof of (vii) ⇒ (i)).

The paper is organized as follows. In Section 2, we make some preparations for
the proof of Theorem 1.4. In Section 3, we give a proof of Theorem 1.4.

2. Preliminaries

In this section, we recall some notation, definitions and lemmas for the proof of
Theorem 1.4.

2.1. Reduced group L p-operator algebras and p-pseudomeasure algebras. Let
p ∈ (1,∞). For a discrete group G, we let λp : G → B(l p(G)) denote the left
regular representation, that is λp(s)(δt)= δst for all s, t ∈ G, where {δt }t∈G is the
canonical basis of l p(G).

Definition 2.1. The reduced group L p-operator algebra of G, denoted F p
λ (G), is

the completion of Cc(G) with respect to the norm ∥λp( f )∥.

There are many equivalent definitions for amenable groups. We will use the
following definition in the proof of the Theorem 1.4.
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Definition 2.2 [9, Definition 11.2.3]. Let p ∈ [1,∞) and let G be a discrete group.
The group G is amenable if there exists a net fα ∈ l p(G) such that fα ≥ 0, ∥ fα∥p = 1
and ∥λp(s) fα − fα∥p → 0 for all s ∈ G.

For p ∈ (1,∞), and we denote by p′ its conjugate exponent, which satisfies
1
p +

1
p′ = 1. Let N (l p(G))= l p′

(G) ⊗̂ l p(G) denote the space of nuclear operators
on l p(G), where ⊗̂ is the projective tensor product. Then B(l p(G)) is the dual
space of N (l p(G)) by way of dual paring ⟨T, ξ ⊗ η⟩ = ⟨ξ, Tη⟩ where ξ ∈ l p′

(G)
and η ∈ l p(G). We say that a net (Tα) in B(l p(G)) converges weak* to an operator
T in B(l p(G)) if ⟨Tα, f ⟩ → ⟨T, f ⟩ for all f ∈ l p′

(G) ⊗̂ l p(G).

Definition 2.3. The p-pseudomeasure algebra of G, denoted PMp(G), is the weak*
closure of F p

λ (G) in B(l p(G)).

When p = 2, we have PM2(G)= L(G), where L(G) is the group von Neumann
algebra of G.

The p-pseudomeasure algebra has a predual Ap(G), that is,PMp(G)= Ap(G)′ [1].
The algebra Ap(G) is called the Figà–Talamanca–Herz algebra and will be intro-
duced next. Let 3p : l p′

(G) ⊗̂ l p(G)→ C0(G) be given by

3p(ξ ⊗ η)(s)= ⟨ξ, λp(s)η⟩

for all s ∈ G, η ∈ l p(G), ξ ∈ l p′

(G). Since Cc(G) is dense in l p(G) and l p′

(G), it
follows that 3p maps into C0(G). Then Ap(G) is defined to be the coimage of 3p,
i.e., the space of f ∈ C0(G) for which there are (ξn) ⊂ l p′

(G) and (ηn) ⊂ l p(G)
such that

f (s)=

∞∑
n=1

ξn ∗ η̌n(s)=

∞∑
n=1

⟨ξn, λp(s)ηn⟩

with norm

∥ f ∥Ap(G) = inf
{ ∞∑

n=1
∥ξn∥∥ηn∥ : f =

∞∑
n=1

ξn ∗ η̌n

}
<∞,

where η̌n(s)= ηn(s−1) and ξn ∗ η̌n(s)=
∑

t∈G ξ(t)η̌n(t−1s). It follows from [22]
that Ap(G) is a commutative Banach algebra with pointwise multiplication.

It follows from the definition that Ap(G) can be identified with the quotient of
nuclear space N (l p(G)). In fact, we have Ap(G)= N (l p(G))/PMp(G)⊥, where
PMp(G)⊥ = ker3p and PMp(G)⊥ is called the pre-annihilator of PMp(G) in
N (l p(G)). Therefore we have the isometric isomorphism PMp(G)= Ap(G)′.

2.2. p-operator spaces. The notion of p-operator spaces is closely related to that
of L p-operator algebras. Let p ∈ (1,∞). For each positive integer n, let l p

n =

L p({1, 2, . . . , n}, ν), where ν is the counting measure on {1, 2, . . . , n}. We denote
M p

n = B(l p
n ). Let m be a positive integer, and we denote M p

n,m = B(l p
m, l

p
n ). A

p-operator space is defined to be a Banach space together with a matrix norm,
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i.e., a norm ∥ · ∥n on each matrix space Mn(V ), which satisfies the following two
conditions:

(i) D∞ : ∥x ⊕ y∥n+m = max{∥x∥n, ∥y∥m} for x ∈ Mn(V ) and y ∈ Mm(V ).

(ii) Mp : ∥αxβ∥n ≤ ∥α∥∥x∥n∥β∥ for x ∈ Mn(V ) and α, β ∈ M p
n .

Let V and W be p-operator spaces. We say that a linear map ϕ : V → W is
p-completely bounded if

∥ϕ∥pcb = sup
n∈Z>0

{∥ϕn∥}<∞,

where ϕn : [xi j ] ∈ Mn(V )→ [ϕ(xi j )] ∈ Mn(W ) is the induced map from Mn(V )
to Mn(W ). We say that ϕ is a p-complete contraction (respectively, a p-complete
isometry) if ∥ϕ∥pcb ≤ 1 (respectively, ϕn is an isometry for each n ∈ Z>0).

Let E be an L p-space and let n be a positive integer. Then

En
= l p({1, 2, . . . , n}, E)

with the norm ∥[xi ]∥ =
(∑n

i=1 ∥xi∥
p
) 1

p is again an L p-space. We can obtain
a norm ∥ · ∥n on the matrix space Mn (B(E)) by the canonical identification
Mn(B(E)) ∼= B(En). Then it follows from [27] that B(E) is a p-operator space.
On the other hand, Le Merdy proves that every p-operator space is p-completely
isometrically isomorphic to a norm-closed subspace of B(E) for some E ∈ SQ p

(see [29, Theorem 4.1]), where SQ p is the collection of subspaces of quotients of
L p-spaces. The reader is referred to [1; 10; 30] for more research on p-operator
spaces.

The p-operator space projective tensor norm ∥·∥∧p,n on Mn(V ⊗W ) is defined by

∥u∥∧p,n = inf
{
∥α∥∥v∥∥w∥∥β∥ : u = α(v⊗w)β

for α ∈ M p
n,kl, v ∈ Mk(V ), w ∈ Ml(W ) and β ∈ M p

kl,n

}
.

We let V ∧p
⊗ W denote the completion of V ⊗ W with respect to this matrix norm,

and call V ∧p
⊗ W the p-operator space projective tensor product of V and W .

The following lemma is a functorial property of the p-operator space projective
tensor product.

Lemma 2.4 [1, p. 938]. Let V1, V2,W1 and W2 be p-operator spaces. If

ui : Vi → Wi , i = 1, 2,

are p-complete contractions, then the corresponding mapping

u1 ⊗ u2 : V1 ⊗ V2 → W1 ⊗ W2

extends to a p-complete contraction

u1
∧p
⊗ u2 : V1

∧p
⊗ V2 → W1

∧p
⊗ W2.
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We let CBp(V,W ) denote the space of p-completely bounded maps from V
to W . It follows from Le Merdy’s characterization theorem that CB p(V,W ) is a
p-operator space with the matrix norm given by

Mn(CB p(V,W ))= CB p(V,Mn(W )).

In particular, the dual space V ′
=CB p(V,C) has a natural p-operator space structure

given by
Mn(V ′)= CB p(V,M p

n ).

Let V and W be p-operator spaces. There exists an injective embedding

θ : x ⊗ y ∈ V ⊗ W ↪→ θ(x ⊗ y) ∈ CBp(V ′,W )

given by θ(x ⊗ y)( f ) = f (x)y for f ∈ V ′. The completion V ∨p
⊗ W of V ⊗ W in

CBp(V ′,W ) is a p-operator subspace of CBp(V ′,W ). We call V ∨p
⊗ W the p-operator

space injective tensor product of V and W . Let Mm(V ′)1 and Mk(W ′)1 denote the
closed unit ball of Mm(V ′) and Mk(W ′), respectively. It follows from [1] that for
each u ∈ Mn(V ⊗ W ), the p-operator space injective tensor norm ∥u∥∨p,n can be
expressed by

∥u∥∨p,n = sup
{
∥(ϕ⊗ψ)n(u)∥ : ϕ ∈ Mm(V ′)1, ψ ∈ Mk(W ′)1,m, k ∈ Z>0

}
.

The following lemma is a functorial property of the p-operator space injective
tensor product.

Lemma 2.5 [1, p. 942]. Let V1, V2,W1 and W2 be p-operator spaces. If

ui : Vi → Wi , i = 1, 2,

are p-complete contractions, then the corresponding mapping

u1 ⊗ u2 : V1 ⊗ V2 → W1 ⊗ W2

extends to a p-complete contraction

u1
∨p
⊗ u2 : V1

∨p
⊗ V2 → W1

∨p
⊗ W2.

2.3. Spatial L p-operator tensor products and p-completely bounded maps of L p-
operator algebras. Let p ≥ 1. Let (X, µ) and (Y, ν) be two measure spaces, there
is an L p-tensor product L p(X, µ)⊗p L p(Y, ν) which can be canonical identified
with L p(X × Y, µ × ν) via ξ ⊗ η(x, y) = ξ(x)η(y) for all ξ ∈ L p(X, µ) and
η∈ L p(Y, ν). If a ∈B(L p(X, µ)) and b ∈B(L p(Y, ν)), then there is a corresponding
tensor product operator a ⊗ b ∈ B(L p(X × Y, µ× ν)). Let A ⊂ B(L p(X, µ)) and
B ⊂ B(L p(Y, ν)) be two norm-closed subalgebras. Define an algebra

A ⊗p B ⊂ B(L p(X × Y, µ× ν))
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to be the closed linear span of all a ∈ A and b ∈ B. Then A ⊗p B is an L p-operator
algebra, and it is called the spatial L p-operator tensor product of A and B.

Remark 2.6. Let A ⊂B(L p(X, µ)) and B ⊂B(L p(Y, ν)) be L p-operator algebras.
Then it follows from [1, Theorem 3.3] that A ∨p

⊗ B is p-completely isometric to
A ⊗p B.

Given a norm-closed subalgebra A of B(L p(X, µ)), the spatial tensor product
M p

n ⊗p A is the L p-matrix algebra. Clearly, each element of M p
n ⊗p A is of

form [ai, j ]1≤i, j≤n with ai, j ∈ A, which is also written as
∑n

i, j=1ei, j ⊗ ai, j , where
{ei, j }1≤i, j≤n are the canonical matrix units of M p

n .

Definition 2.7. Let A be a closed subalgebra of B(L p(X, µ)), B be a closed
subalgebra of B(L p(Y, ν)) and ϕ be a linear map ϕ : A → B. We denote by ϕn the
map from M p

n ⊗p A to M p
n ⊗p B defined by

ϕn

( n∑
i, j=1

ei, j ⊗ ai, j

)
=

n∑
i, j=1

ei, j ⊗ϕ(ai, j )

for
∑n

i, j=1 ei, j ⊗ ai, j ∈ M p
n ⊗p A. We denote

∥ϕ∥pcb = sup
n∈Z>0

∥ϕn∥.

We say that ϕ is p-completely bounded if ∥ϕ∥pcb ≤ C for some positive constant C ,
say that ϕ is p-completely contractive if ∥ϕ∥pcb ≤ 1, and say that ϕ is p-completely
isometric if ϕn is isometric for all positive integer n.

2.4. p-nuclearity and p-semidiscreteness. We now define p-nuclearity.

Definition 2.8 [1, Proposition 5.1(a)]. Let (X,B, µ) be a measure space, and let
A ⊂ B(L p(X, µ)) be a norm-closed subalgebra. We say that A is p-nuclear if there
exist nets of p-completely contractive maps ϕα : A → M p

n(α) and ψα : M p
n(α) → A

such that
∥ψα ◦ϕα(a)− a∥ → 0

for all a ∈ A.

Definition 2.9. The p-pseudomeasure algebra PMp(G) is p-semidiscrete if there
exist nets of weak* continuous p-completely contractive maps ϕα : PMp(G)→

M p
n(α) and ψα : M p

n(α) → PMp(G) such that

⟨ψα ◦ϕα(a)− a, f ⟩ → 0

for all a ∈ PMp(G) and f ∈ Ap(G).

When p = 2 and A is a C∗-algebra, R. R. Smith proved that p-nuclearity is
equivalent to nuclearity (see [39, Theorem 1.1]).
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Remark 2.10. The p-nuclearity is not equivalent to the amenability of L p-operator
algebras. The reader is referred to [43, Remark 1.4(iii)] for some examples.

Example 2.11 [1; 43]. Let p ∈ [1,∞). The following are examples of p-nuclear
L p-operator algebras:

(i) C(X), where X is a compact metric space;

(ii) M p
n and

⋃
∞

n=1 M p
n ;

(iii) the reduced group L p-operator algebra F p
λ (G), where G is a discrete amenable

group;

(iv) the L p-Cuntz algebra O p
d ;

(v) the rotation L p-operator algebras F p(Z, F p(Z), βθ ) and F p(Z, S1, αθ ).

3. Proof of Theorem 1.4

We show (i) ⇒ (ii) ⇒ (iv) ⇒ (v) ⇒ (vi) ⇒ (vii) ⇒ (i), then (i) ⇒ (iii) ⇒ (v); this
will prove Theorem 1.4.

(i) ⇒ (ii): This follows from [1, Proposition 5.1].

(ii) ⇒ (iv): Let ϕα : F p
λ (G) → M p

n(α) and ψα : M p
n(α) → F p

λ (G) be the nets of
p-completely contractive maps such that

∥ψα ◦ϕα(a)− a∥ → 0

for all a ∈ F p
λ (G). Since M p

n(α) has p-OAP, it follows from [1, Theorem 3.12] that
there exists an isomorphism 9 from M p

n(α)
∨p
⊗ F p

λ (G) to M p
n(α)

∧p
⊗ F p

λ (G). By Lemmas
2.4 and 2.5, we have

F p
λ (G)

∨p
⊗ F p

λ (G)
ϕα

∨p
⊗ IdF p

λ
(G)
// M p

n(α)
∨p
⊗ F p

λ (G)

9

��

F p
λ (G)

∧p
⊗ F p

λ (G) M p
n(α)

∧p
⊗ F p

λ (G)
ψα

∧p
⊗ IdF p

λ
(G)

oo

Define 8α = (ψα
∧p
⊗ IdF p

λ (G)
) ◦9 ◦ (ϕα

∨p
⊗ IdF p

λ (G)
). Then 8α is a bounded linear

map from F p
λ (G)

∨p
⊗ F p

λ (G) to F p
λ (G)

∧p
⊗ F p

λ (G). We denote by IdF p
λ (G)

⊗ IdF p
λ (G)

:

F p
λ (G)⊗ F p

λ (G) → F p
λ (G)⊗ F p

λ (G) the algebraic tensor product map. Since
∥8α(x)− IdF p

λ (G)
⊗ IdF p

λ (G)
(x)∥ → 0 for all x ∈ F p

λ (G)⊗ F p
λ (G), it follows that

IdF p
λ (G)

⊗ IdF p
λ (G)

is a bounded linear map from the p-operator space injective
tensor norm on F p

λ (G)⊗ F p
λ (G) to the p-operator space projective tensor norm on

F p
λ (G)⊗ F p

λ (G). Hence it extends to a bounded linear map 8 : F p
λ (G)

∨p
⊗ F p

λ (G)→
F p
λ (G)

∧p
⊗ F p

λ (G). Since ∥·∥∧p is the largest p-operator space norm [10, Proposition
4.8], it follows that 8 is an isomorphism. This proves (iv).
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(iv) ⇒ (v): Recall that ρp : G → B(l p(G)) is the right regular representation. We
denote by λp · ρp the biregular representation (s, t) → λp(s)ρp(t) of G × G on
l p(G). Since ∥ · ∥∧p is the largest p-operator space norm [10, Proposition 4.8], it
follows that the canonical linear map h : F p

λ (G)⊗ F p
λ (G)→ B(l p(G)) defined by

h(λp(s)⊗ λp(t))= λp(s)ρp(t)

has a continuous extension on F p
λ (G)

∧p
⊗ F p

λ (G) and it is denoted by (λp · ρp)λ. By
(iv), there exists a bounded linear map from F p

λ (G)
∨p
⊗ F p

λ (G) to B(l p(G)), which
is denoted by ˜(λp·ρp)λ. This proves (v).

(v) ⇒ (vi): We recall that σp is the conjugacy representation s 7→ λp(s)ρp(s) of G
on l p(G). By (iv), the following diagram is commutative:

F p(G)

λp
��

σp
// B(l p(G))

F p
λ (G)

ι
// F p
λ (G)

∨p
⊗ F p

λ (G).

˜(λp ·ρp)λ

OO

Here ι(s)= λp(s)⊗λp(s) for each s ∈ G. Let θ = ˜(λp·ρp)λ ◦ ι. Then σp = θ ◦λp.

Claim 1: ∥θ∥ ≤ 1. To see this, recall that ρp(s)δt = δts−1 for all s ∈ G. Then

∥λp( f )∥ = ∥ρp( f )∥

for all f ∈ Cc(G). In fact, let V : l p(G)→ l p(G) be the invertible isometry given
by V δt = δt−1 . Then one can check that Vλp( f )V −1δt = ρp( f )δt . This shows that
∥λp( f )∥ = ∥ρp( f )∥.

For any f ∈ Cc(G) with ∥λp( f )∥ ≤ 1 and ξ ∈ l p(G), we have

∥θ( f )ξ∥ = ∥λp( f )ρp( f )ξ∥ ≤ ∥λp( f )∥ · ∥ρp( f )∥ · ∥ξ∥ = ∥λp( f )∥2
· ∥ξ∥.

Hence ∥θ( f )∥ ≤ ∥λp( f )∥2
≤ 1, and therefore ∥θ∥ ≤ 1. This proves Claim 1.

Now we will prove (vi). Since σp = θ ◦ λp and ∥θ∥ ≤ 1, it follows that

∥σp( f )∥ = ∥θ ◦ λp( f )∥ ≤ ∥λp( f )∥.

It is easy to check that σp(s)δe = δe. Hence

∥λp( f )∥ ≥ ∥σp( f )∥ ≥ ∥σp( f )δe∥ =

∣∣∣∑
t∈G

f (t)
∣∣∣.

This proves (vi).

(vi) ⇒ (vii): For any finite subset E ⊂ G, by (vi), we have
∥∥∑

t∈E λp(t)
∥∥ ≥ |E |.

Obviously,
∥∥∑

t∈E λp(t)
∥∥ ≤ |E |. This proves (vii).

(vii) ⇒ (i): For any finite subset E ⊂ G, we can assume that e ∈ E , where e is the
unit of G. By (v), we have

∥∥∑
t∈E λp(t)/|E |

∥∥ = 1. Then there exists a sequence
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(ξi ) in l p(G) such that ξi ≥ 0, ∥ξi∥p = 1 and
∥∥∑

t∈E λp(t)ξi/|E |
∥∥ → 1. Since

l p(G) is a uniformly convex Banach space for p ∈ (1,∞), it follows from [14] that
l p(G) is a full k-convex Banach space for all positive integer k ≥ 2. Then

∥λp(s)ξi − λp(t)ξi∥p → 0

for all s, t ∈ E . Since e ∈ E , it follows that

∥λp(s)ξi − ξi∥p → 0

for all s ∈ E . Then there exists a net (ηα) in l p(G) such that ηα ≥ 0, ∥ηα∥p = 1 and

∥λp(s)ηα − ηα∥p → 0

for all s ∈ G. By Definition 2.2, we have that G is amenable.

(i) ⇒ (iii): It follows from [1, Proposition 5.1].

(iii) ⇒ (v): Let ϕα : PMp(G)→ M p
n(α) and ψα : M p

n(α) → PMp(G) be the nets of
weak* continuous p-completely contractive maps such that

⟨ψα ◦ϕα(a)− a, f ⟩ → 0

for all a ∈ PMp(G) and f ∈ Ap(G).
Since M p

n(α) has p-OAP, it follows from [1, Theorem 3.12] that there exists an
isomorphism 9 from M p

n(α)
∨p
⊗ PMp(G) to M p

n(α)
∧p
⊗ PMp(G). By Lemmas 2.4 and

2.5, we have

PMp(G)
∨p
⊗ PMp(G)

ϕα
∨p
⊗ IdPMp (G)

// M p
n(α)

∨p
⊗ PMp(G)

9

��

PMp(G)
∧p
⊗ PMp(G) M p

n(α)
∧p
⊗ PMp(G)

ψα
∧p
⊗ IdPMp (G)
oo

Since ∥·∥∧p is the largest p-operator space norm [10, Proposition 4.8], it follows
that the canonical linear map

h : PMp(G)⊗ PMp(G)→ B(l p(G))

defined by
h(λp(s)⊗ λp(t))= λp(s)ρp(t)

has a continuous extension on PMp(G)
∧p
⊗ PMp(G) and it is denoted by (λp · ρp)λ.

Then we can define a net of bounded linear maps

8α : PMp(G)
∨p
⊗ PMp(G)→ B(l p(G))

by 8α = ((λp · ρp)λ) ◦ (ψα
∧p
⊗ IdPMp(G)) ◦9 ◦ (ϕα

∨p
⊗ IdPMp(G)). Since B(l p(G))=

N (l p(G))′, it follows from [4, Theorem 1.3.7] that there exists a point-weak* cluster
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point 8 of the net (8α). Then we get a bounded linear map

8 : PMp(G)
∨p
⊗ PMp(G)→ B

(
l p(G)

)
.

Claim 2: The bounded linear map 8 extends the map h : PMp(G)⊗ PMp(G)→

B (l p(G)) given by h
(
λp(s)⊗ λp(t)

)
= λp(s)ρp(t).

Indeed, since PMp(G) is p-semidiscrete, we have

⟨ψα ◦ϕα(λp(s))− λp(s), f ⟩ =

∞∑
n=1

〈
ξn,

(
ψα ◦ϕα(λp(s))− λp(s)

)
(ηn)

〉
→ 0,

for all f =

∞∑
n=1
ξn ∗ η̌n ∈ Ap(G) and s, t ∈ G. Then, for any

g =

∞∑
n=1

xn ⊗ yn ∈ l p′

(G) ⊗̂ l p(G),

we have〈
8α(λp(s)⊗ λp(t))− λp(s)ρp(t), g

〉
=

〈
(λp · ρp)λ

(
ψα ◦ϕα(λp(s))⊗ λp(t)

)
− λp(s)ρp(t), g

〉
=

〈
ψα ◦ϕα(λp(s))ρp(t)− λp(s)ρp(t), g

〉
=

〈(
ψα ◦ϕα(λp(s))− λp(s)

)
ρp(t), g

〉
=

∞∑
n=1

⟨xn,
(
ψα ◦ϕα(λp(s))− λp(s)

)
ρp(t)yn⟩

→ 0.

It follows that∣∣⟨8(λp(s)⊗ λp(t))− λp(s)ρp(t), g⟩
∣∣

≤
∣∣⟨8(λp(s)⊗ λp(t))−8α(λp(s)⊗ λp(t)), g⟩

∣∣
+

∣∣⟨8α(λp(s)⊗ λp(t))− λp(s)ρp(t), g⟩
∣∣

→ 0.

Hence 8(λp(s)⊗ λp(t))= h(λp(s)⊗ λp(t)), proving Claim 2. Then (v) follows
easily. □
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A HIGHER-RANK ANALOG OF THE
STRONG OPENNESS PROPERTY

JINGCAO WU

We study a strong openness property for singular Hermitian vector bundles
(E, h) that are Griffiths-semipositive.

1. Introduction

The strong openness conjecture is an important subject in complex geometry. It
was completely solved by Q. Guan and X. Zhou as follows:

Theorem 1.1 [11, Theorem 1.1]. Let 1n be the unit polydisc, and let (L , ϕ) be
a singular Hermitian line bundle on 1n . Assume that the associated curvature
satisfies i2L ,ϕ ⩾ 0, and that F is a holomorphic section of L which satisfies∫

1n
|F |

2e−ϕdλ <∞,

where dλ is the Lebesgue measure. After shrinking 1n if necessary, there exists a
positive ε such that ∫

1n
|F |

2e−(1+ε)ϕdλ <∞.

Equivalently, the following equality concerning multiplier ideal sheaves holds:

(1)
⋃
ε>0

I ((1 + ε)ϕ)= I (ϕ).

It has led to fruitful developments, such as [3; 1; 2; 13; 9; 12]. Among them, we
mention the following variant for later use.

Corollary 1.1 [3, Corollary B.2]. Let ϕ,ψ be plurisubharmonic functions on a
domain U ⊆ Cn . Assume that ψ has analytic singularities. Then for any compact
subset K ⋐ U , there exists a positive ε such that

eψ−ϕ
∈ L1

loc(U, K ) if and only if eψ−(1+ε)ϕ
∈ L1

loc(U, K ).
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Here L1
loc(U, K ) denotes the set of Lebesgue measurable functions f defined in a

neighborhood of K in U such that | f | is locally integrable in a neighborhood of
every point x ∈ K .

It is natural to ask if the strong openness property holds for the higher-rank vector
bundles. There are some discussions in [16; 18; 19], and we should make a brief
review first. For an arbitrary holomorphic vector bundle E and a singular Hermitian
metric h, they considered the multiplier submodule sheaf E(h) defined as

E(h)x := {Fx ∈ Ex | |Fx |
2
h is integrable around x}.

Suppose that {h j } is a sequence of singular metrics decreasing to h. Then, under a
certain Nakano-type positivity (on {h j } or h), they concluded that

(2)
⋃

j
E(h j )= E(h).

In this paper, we investigate this problem from another point of view. More
precisely, we apply the deep relationship between the Hermitian metrics on E and
its tautological line bundle OE(1), to reduce everything to the rank one case. This
theory is known as the Finsler geometry, which will be recalled later. Then we
obtain that

Theorem 1.2. Let E be a holomorphic vector bundle of rank r over 1n , and let
h be a singular Hermitian metric on E such that (E, h) is Griffiths semipositive.
Assume that det h has analytic singularities. If F is a holomorphic section of E
satisfying ∫

1n
|F |

2
hdλ <∞,

then after shrinking 1n if necessary, there exists a positive ε (independent of F)
such that ∫

1n
|F |

2(1+ε)
h dλ <∞.

In principle, the Griffiths-type positivity is strictly weaker than the Nakano-type
positivity. But we should also notice that [16; 18; 19] made no restrictions on the
singularity of det h. Hence, there is no direct relationship between [16; 18; 19] and
Theorem 1.2.

Next, let us consider general singular metrics. Remember that in the line bundle
case, if we furthermore suppose that I (ϕ)= O1n , the equality (1) is then called
the openness property. It was proved by [4], and certainly can be seen as a special
case of Theorem 1.1. We generalize it to the higher-rank vector bundles as follows:

Theorem 1.3. Let E be a holomorphic vector bundle of rank r over 1n
R , where 1n

R
is a polydisc with radius R slightly larger than 1. Let h be a singular Hermitian
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metric on E such that (E, h) is Griffiths semipositive, and let ϕ be the metric on
OE(1) induced by h. Assume that

(3) I ((r + 1)ϕ)= OP(E∗).

Then there exist positive numbers R̂ and ε such that∫
1n

R̂

|F |
2(1+ε)
h dλ <∞

for any holomorphic section F of E.

As we will see in Section 4, (3) implies that∫
1n

R

|F |
2
hdλ <∞

for any F , namely
E(h)= E .

But the converse seems not obvious.
This paper is organized as follows: in Section 2 we will review the basic materials

of singular metrics and Finsler geometry, and in Section 3 we give the proof of
Theorem 1.2. In the end we prove Theorem 1.3.

2. Preliminary

Let X be a complex manifold of dimension n, and let p : E → X be a holomorphic
vector bundle over X of rank r .

2.1. Singular Hermitian metrics.

Definition 2.1 [5; 21; 22]. A singular Hermitian metric on E is a map h that
associates to every point x ∈ X a singular Hermitian inner product | · |h,x : Ex →

[0,+∞] on the complex vector space Ex , subject to the following two conditions:

1. h is finite and positive definite almost everywhere, meaning that for all x
outside a set of Lebesgue measure zero, | · |h,x is a Hermitian inner product on
Ex ;

2. h is measurable, meaning that the function

|F |h : U → [0,+∞], x 7→ |F(x)|h,x ,

is measurable for any open U ⊆ X and F ∈ 0(U, E).

Definition 2.2 [22]. Let h be a singular Hermitian metric on E , which canonically
induces a singular metric h∗ on the dual bundle E∗.

(1) (E, h) is called Griffiths-seminegative (or negatively curved) if, for any (local)
holomorphic section F of E , the function log |F |

2
h is plurisubharmonic.
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(2) (E, h) is called Griffiths-semipositive (or positively curved) if (E∗, h∗) is
Griffiths-seminegative.

Proposition 2.1 [22, Proposition 1.3]. Let E be a holomorphic vector bundle over
1n , equipped with a singular Hermitian metric h.

(1) (See also [5, Proposition 3.1].) If (E, h) is Griffiths-semipositive, then over
any smaller polydisk there is a sequence of smooth, Griffiths positive metrics
{hν} increasing pointwise to h.

(2) If (E, h) is Griffiths-seminegative, then log det h is a plurisubharmonic func-
tion.

Definition 2.3 [6]. A plurisubharmonic function ϕ is said to have analytic singular-
ities if ϕ can be written locally as

ϕ = α log
(
| f1|

2
+ · · · + | fN |

2)
+ v,

where α ∈ R+, v is a bounded function and the f j are holomorphic functions.

When (E, h) is a Griffiths-semipositive singular Hermitian vector bundle, the
function −log det h is plurisubharmonic by Proposition 2.1(2). Then we can ask
it has analytic singularities, and briefly say that det h has analytic singularities.
Obviously, it not necessarily implies that h itself has analytic singularities.

2.2. Finsler geometry revisited. We only collect the necessary materials. One
could refer to [8; 15] for a sophisticated comprehension.

Let x = (x1, . . . , xn) be a local coordinate system in X and letw= (w0, . . . ,wr−1)

be the fiber coordinate system defined by a local holomorphic frame

W = {W 0, . . . ,W r−1
}

of E . Let h be a smooth Hermitian metric on E . We write

hi =
∂h
∂x i , h j̄ =

∂h
∂ x̄ j , hi j̄ =

∂2h
∂x i∂ x̄ j , hiα =

∂2h
∂x i∂wα

,

and so on, to denote the differentiation with respect to x i , x̄ j (1 ⩽ i, j ⩽ n) and
wα, w̄β (0 ⩽ α, β ⩽ r − 1).

Denote by q : P(E)→ X the natural projection from the projectivized bundle
to the ambient space, and h induces a Hermitian metric q∗h on q∗E . Then as a
subbundle,

OP(E)(−1) :=
{
((x, [w]), Z) ∈ q∗E | Z = λw, λ ∈ C

}
inherits a metric from q∗E , whose weight function is denoted by −ψ . Accordingly,
we can define the metrics ψ , −ϕ and ϕ on OP(E)(1), OP(E∗)(−1) and OP(E∗)(1)
respectively in an obvious way. By definition, one easily verifies: when (E, h) is
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Griffiths-semipositive, (OP(E∗)(1), ϕ) is semipositive. For this reason, we usually
denote OP(E∗)(1) by OE(1), and call it the tautological line bundle of E .

Remark 2.1. Following the same procedure, a singular Hermitian metric h on E
induces singular metrics on OP(E)(−1), OP(E)(1), OE(−1) and OE(1) respectively.

Moreover, if (E, h) is Griffiths-semipositive, OE(1) is pseudo-effective equipped
with the corresponding metric as is shown in [21, Proposition 2.3.5].

Next let us recall the celebrated curvature formula in [15]. Remember that ψ is
the weight function of the metric on OP(E)(1) induced by h. We first expand i∂∂̄ψ
on P(E) as follows:

i∂∂̄ψ = i
(
gi j̄ dx i

∧ dx̄ j
+ gi β̄dx i

∧ dēβ + gα j̄ deα∧ dx̄ j
+ gαβ̄deα∧ dēβ

)
.

Here (w0, . . . , wr−1) lifts as (e1, . . . , er−1), and we adopt the summation conven-
tion of Einstein. Note if we furthermore ask the holomorphic frame W to be normal
with respect h at x , igαβ̄deα∧ dēβ is just the Fubini–Study metric on P(E)x . Thus
the matrix [gαβ̄] is invertible everywhere. Denote by [gβ̄α] the inverse matrix. Then
we can define the conformal basis by

{δeα = deα + gβ̄αgi β̄dx i , dx i
}.

It is shown in [15] that on this basis we can rewrite i∂∂̄ψ as

(4) i∂∂̄ψ = −9 +ωF S,

where

9 = i2αβ̄i j̄
eα ēβ

hσ τ̄ eσ ēτ
dx i

∧ dx̄ j and ωF S = igαβ̄δe
α
∧ δēβ .

Restricted on each P(E)x , ωF S is just the Fubini–Study metric up to a coordinate
transform.

We should also make a brief explanation of9. 2αβ̄i j̄ is the curvature tensor of E
associated with h. Moreover, remember that (w0, . . . , wr−1) lifts to (e1, . . . , er−1).
Locally, say on {w0

̸= 0}, we have eα = wα/w0 for α = 1, . . . , r − 1. In view of
this relationship, 9 is interpreted as

9 = i2αβ̄i j̄
wαw̄β

hσ τ̄wσ w̄τ
dx i

∧ dx̄ j .

Since both 2αβ̄i j̄ and hσ τ̄ are independent of wα and wαw̄β/(hσ τ̄wσ w̄τ ) is ho-
mogeneous of degree 0, this expression is indeed a function of (e1, . . . , er−1).
Therefore 9 is well-defined.

In practice, we will apply (4) to the tautological bundle (OE(1), ϕ) on P(E∗). It
enables us to establish a crucial isometry:

K −1
P(E∗)/X ≃ OE(r)⊗π∗ det E∗.
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3. Strong openness

We briefly recall the L2-representation in [20; 17] for a (singular) Hermitian metric
of a vector bundle, which helps us to reduce everything to the line bundle case;
then we apply Corollary 1.1 to obtain our desired estimate.

We will work with the following setup: let X be a complex manifold, and let
E be a holomorphic vector bundle of rank r over X . Let π : P(E∗)→ X be the
natural projection. For a Hermitian metric h on E , we denote by ϕ the weight
function of the induced metric hL on OE(1). Suppose that h is smooth, then i∂∂̄ϕ
is a Fubini–Study-type metric along each fiber P(E∗)x . We briefly denote it by
ωx := (i∂∂̄ϕ)|P(E∗)x , then the volume Vol(P(E∗)x) against ωx equals 1 for every x .
This is standard in Finsler geometry, and one could refer to [7, Lemma 2.1] for a
beautiful explanation.

3.1. The L2-representation. We have a canonical isomorphism π∗OE(1) ≃ E
[14, Chapter II, Proposition 7.11]. Hence, for any local holomorphic section F
of E , |F |

2e−ϕ is understood in an obvious way. Combining with [20; 17], we
obtain:

Proposition 3.1. Up to a multiplication of a constant, for every x ∈ X and F ∈ Ex

we have

(5) |F |
2
h,x =

∫
P(E∗)x

|F |
2e−ϕωr−1

x .

Furthermore, ϕ induces an isometry between the canonical isomorphism:

K −1
P(E∗)/X ≃ OE(r)⊗π∗ det E∗.

Namely, if (e1, . . . , er−1) is a fiber coordinate system of P(E∗), then

(6) ωr−1
x = ir−1π∗ det h∗

· e−rϕde1
∧ dē1

∧ · · · ∧ der−1
∧ dēr−1

up to a constant.
Moreover, when (E, h) is a Griffiths-semipositive singular Hermitian vector

bundle, the integral of the right hand side of (5) is still well-defined, and (5) holds
almost everywhere.

Proof. The smooth version of the L2-representation (5) is nothing but a reformulation
of [17, Theorem 7.1]. In fact, if we take k = 1 and F = OX , (3.3) in [17] defines a
metric f on E via π∗OE(1)≃ E , which is exactly

1
(r − 1)!

∫
P(E∗)x

|F |
2e−ϕωr−1

x .

Then (7.3) there implies that f = h up to multiplication by (r+1)r−1

r !
, which is the

desired conclusion.
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As for (6), it is enough to show that the associated curvature forms of both sides
are equal. For this purpose, we apply (4). Keep the notation there. Without loss of
generality, we can make {W 0, . . . ,W r−1

} normal for h∗ at a fixed point x . Then at
(x; e1, . . . , er−1), ωx is just the standard Fubini–Study metric on Pr−1 and

9 = i2αβ̄i j̄
wαw̄β

|w|2
dx i

∧ dx̄ j .

Taking the integral against ωr−1
x , we obtain

π∗9 = i2αβ̄i j̄

(∫
P(E∗)x

wαw̄β

|w|2
ωr−1

x

)
dx i

∧ dx̄ j
= i2αβ̄i j̄

δαβ̄

r
dx i

∧ dx̄ j

=
i
r

∑
α

2αᾱi j̄ dx i
∧ dx̄ j

=
i
r
2det E∗,det h∗

at x , hence everywhere. On the other hand, remember that
∫

P(E∗)x
ωr−1

x = 1,∫
P(E∗)/X

iπ∗2det E∗,det h∗ ∧ωr−1
x = i2det E∗,det h∗ .

Here
∫

P(E∗)/X · ∧ωr−1
x refers to taking the integral along fibers. It exactly implies

that there exists an element γ with

(7) 9 =
i
r
π∗2det E∗,det h∗ + γ and

∫
P(E∗)/X

γ ∧ωr−1
x = 0.

Combining with the fact that ωF S is the Fubini–Study metric along each fiber of π
and the canonical isomorphism

K −1
P(E∗)/X ≃ OE(r)⊗π∗ det E∗,

we conclude from (7) that

i2OE (r),rϕ = ir∂∂̄ϕ = −r9 + rωFS = −iπ∗2det E∗,det h∗ + i2K −1
P(E∗/X),ω

r−1
x
.

The proof of (6) is then finished. Observe that by setting

(G, hG) := (OE(r + 1)⊗π∗ det E∗, hr+1
L ⊗π∗ det h∗),

we can interpret (5) as

(8) |F |
2
h,x =

∫
P(E∗)x

|F |
2
hG

in view of (6). The definition of
∫

P(E∗)x

|F |
2
hG

is based on

OE(1)≃ KP(E∗)/X ⊗OE(r + 1)⊗π∗ det E∗,

and is carefully explained in [20, Section 2.2].
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Whereas the singular version of (5) is nothing but a reformulation of [20, Proposi-
tion 3.1]. Indeed, by [20] the integral of the right hand side of (8) is still well-defined
when h is singular and (E, h) is Griffiths-semipositive. Moreover, (8) holds outside
V := {det h = ∞}. Note V must be a set of measure zero since h is finite almost
everywhere, which concludes the last assertion. □

We next restate and prove Theorem 1.2:

Theorem 3.1. Let E be a holomorphic vector bundle of rank r over 1n , and let
h be a singular Hermitian metric on E such that (E, h) is Griffiths-semipositive.
Assume that det h has analytic singularities. If F is a holomorphic section of E
satisfying ∫

1n
|F |

2
hdλ <∞,

then after shrinking 1n if necessary, there exists a positive ε (independent of F)
such that ∫

1n
|F |

2(1+ε)
h dλ <∞.

Proof. Keep the notations of Proposition 3.1. Due to (the singular version of) (8)
and Fubini’s theorem, it is enough to show that there exists a positive ε such that∫

1n

(∫
P(E∗)x

|F |
2
hG

)1+ε

dλ <∞.

By hypothesis, π∗ det h∗
= eψ , where ψ is a plurisubharmonic function with

analytic singularities. So we have∫
1n

(∫
P(E∗)x

|F |
2
hG

)1+ε

dλ=

∫
1n
(det h∗)1+ε

( ∫
P(E∗)x

|F |
2e−(r+1)ϕ

)1+ε

dλ

⩽ C
∫
1n
(det h∗)1+ε

( ∫
P(E∗)x

(|F |
2e−(r+1)ϕ)1+ε

)
dλ

= C
∫
1n

∫
P(E∗)x

e(1+ε)(log |F |
2
+ψ)−(1+ε)(r+1)ϕdλ.

The inequality is a simple application of Hölder’s inequality, and C is a universal
positive constant.

On the other hand, by assumption F a priori satisfies∫
1n

∫
P(E∗)x

elog |F |
2
+ψ−(r+1)ϕdλ <∞.

So after shrinking 1n if necessary, by Corollary 1.1 there exists a positive ε0 such
that

(9)
∫
1n

∫
P(E∗)x

elog |F |
2
+ψ−(1+ε0)(r+1)ϕdλ <∞.
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Since eε0(log |F |
2
+ψ) is bounded, (9) implies that∫

1n

(∫
P(E∗)x

|F |
2
hG

)1+ε0
dλ <∞.

In the end, notice that [23, Theorem 1.2] indicates that E(h) is coherent hence is
locally finitely generated in our situation. So we can even obtain a uniform constant
ε0 for all holomorphic sections of E(h). The proof is complete. □

4. Openness

Now we would like to remove the restriction in Theorem 3.1 that det h has analytic
singularities. A natural idea is to approximate h by a sequence of smooth metrics
{hν}, whose existence is due to Proposition 2.1. Then we apply Theorem 3.1 on
each hν (which gives a corresponding εν), and take the limit to obtain the desired
estimate. For this purpose, we need a universal lower bound for these εν . The
related topic is called the effectiveness of the strong openness property. It is much
involved even in the line bundle case (see [10, Theorem 1.3]). As a compromise, we
will instead apply the following effective version of the openness property in [4].

The line bundle case revisited.

Theorem 4.1 [4, Theorem 1.1]. Let ϕ be a plurisubharmonic function in Bn with
ϕ ⩽ 0. Assume that ∫

Bn
e−ϕdλ <∞.

Then there is a number ε > 0 such that∫
Bn/2

e−(1+ε)ϕdλ <∞.

Here Bn and Bn/2 refer to the n-dimensional balls of radii 1 and 1/2 respectively.
Moreover, ε can be taken so that

ε ⩾
δn∫

Bn e−ϕdλ
,

where δn depends only on the dimension.

Let us briefly recall some crucial steps in the proof of Theorem 4.1 for readers’
benefit. For any s ⩾ 0 and holomorphic function h, let

ϕs := max(ϕ+ s, 0)

and
∥h∥

2
s :=

∫
Bn/2

|h|
2e−2ϕs dλ.
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The factor 2 in the exponent is necessary, and we define the norm ∥·∥s here over Bn/2
(rather than Bn in [4]) for our purposes. Then a simple variant of Proposition 2.1
in [4] indicates that for 0< ε < 1,

(10)
∫

Bn/2
e−(1+ε)ϕdλ= aε

∫ ∞

0
e(1+ε)s

∥1∥
2
s ds + bεVol(Bn).

Here
aε =

1 − ε2

2
and bε =

1 − ε

2n+1 .

Pick a universal constant δn so that if w is holomorphic and∫
Bn

|w|
2dλ⩽ 4δn,

then
supBn/2 |w| ⩽ 1

10 .

The existence of such a δn is due to the mean value property of holomorphic
functions. In particular, δn depends only on the dimension.

Now
∫

Bn
e−ϕdλ <∞ by hypothesis,

∫ ∞

0
es

(∫
Bn

e−2ϕs
)

ds ⩽
∫

Bn
e−ϕdλ <∞

due to (the original version of) Proposition 2.1 in [4]. Then by Theorem 3.3 of [4],
for any ε > 0 and s > 1

2ε there is a holomorphic function hs such that

(11)
∫

Bn
|1 − hs |

2dλ⩽ 4ε
∫

Bn
e−ϕdλ,

and

(12)
∫

Bn
|hs |

2e−2ϕs dλ⩽ e−(1+2ε)sVol(Bn).

Take
ε =

δn∫
Bn e−ϕdλ

.

Then (11) implies that the holomorphic function 1 − hs satisfies∫
Bn

|1 − hs |
2dλ⩽ 4δn,

hence supBn/2 |1 − hs | ⩽
1
10 . Therefore hs satisfies

1< 2|hs |
2

on Bn/2. Multiply by e−2ϕs and integrate on Bn/2, we obtain from this inequality
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and (12) that

(13) ∥1∥
2
s ⩽ 2

∫
Bn/2

|hs |
2e−2ϕs dλ⩽ 2

∫
Bn

|hs |
2e−2ϕs dλ⩽ 2e−(1+2ε)sVol(Bn).

Now multiply the both sides of (13) by e(1+ε)s and integrate from 0 to infinity.
Combining with (10) we get

(14)
∫

Bn/2
e−(1+ε)ϕdλ

⩽ aε
∫ 1

2ε

0
e(1+ε)s

∥1∥
2
s ds + aε

∫ ∞

1
2ε

e(1+ε)s2e−(1+2ε)sVol(Bn)ds + bεVol(Bn)

⩽ aεVol(Bn/2)
∫ 1

2ε

0
e(1+ε)sds + aεVol(Bn)

∫ ∞

1
2ε

e−εsds + bεVol(Bn)

=
aε
2n Vol(Bn)

e
1+ε
2ε − 1
1 + ε

+ aεVol(Bn)
1
ε
√

e
+ bεVol(Bn)

=

(
aε(e

1+ε
2ε − 1)

2n(1 + ε)
+

aε
ε
√

e
+ bε

)
Vol(Bn)

=: cεVol(Bn).

Since (13) is valid when s > 1
2ε , we have to divide the integral into two parts. The

integral from 0 to 1
2ε is standard, since 0 ⩽ ϕs ⩽

1
2ε ; the integral from 1

2ε to infinity
is estimated via (13), and it leads to the second inequality. The rest is routine.

Proof of Theorem 1.3. Now we are ready to prove the openness for the higher-
rank case. Let E be a holomorphic vector bundle of rank r over 1n

R , where 1n
R

is a polydisc with radius R slightly larger than 1. Let (e1, . . . , er−1) be a fiber
coordinate system of P(E∗), and let de ∧ dē be short for

de1
∧ dē1

∧ · · · ∧ der−1
∧ dēr−1.

Take a finite coordinate chart {Bn+r−1
j } of P(E∗). For an arbitrary singular Hermit-

ian metric h on E , denote by ϕ the induced metric on OE(1), and∫
Bn+r−1

e−(r+1)ϕdλ := max
j

{∫
Bn+r−1

j

e−(r+1)ϕdλ
}

with the convention that∫
Bn+r−1

e−(r+1)ϕdλ= +∞ if some
∫

Bn+r−1
j

e−(r+1)ϕdλ= +∞.

We restate and prove Theorem 1.3.
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Theorem 4.2. Assume that (E, h) is Griffiths-semipositive, and

I ((r + 1)ϕ)= OP(E∗).

Then there exist positive numbers R̂ and ε such that∫
1n

R̂

|F |
2(1+ε)
h dλ <∞

for any holomorphic section F of E. Moreover, ε can be taken so that

ε ⩾
δn+r−1∫

Bn+r−1 e−(r+1)ϕdλ
,

where δn+r−1 depends only on the dimension.

Proof. Pick an R′
∈ (1, R). By Proposition 2.1(1), there exists a sequence of smooth,

Griffiths positive metrics {hν} over 1n
R′ increasing pointwise to h. Let ϕν be the

metric on OE(1) induced by hν , and let ωx,ν := (i∂∂̄ϕν)|P(E∗)x . Consequently, ϕν
deceases to ϕ. Since both ϕ and ϕν are plurisubharmonic, we can assume ϕ, ϕν ⩽ 0
without loss of generality.

Now by assumption we have∫
Bn+r−1

e−(r+1)ϕνdλ⩽
∫

Bn+r−1
e−(r+1)ϕdλ <∞.

Then apply Theorem 4.1 ((14), more precisely), we obtain

(15)
∫

Bn+r−1/2
e−(1+ε)(r+1)ϕνdλ⩽ cεVol(Bn+r−1),

where ε can be taken so that

ε ⩾
δn+r−1∫

Bn+r−1 e−(r+1)ϕνdλ
.

Since ϕν decreases to ϕ,

δn+r−1∫
Bn+r−1 e−(r+1)ϕνdλ

↘
δn+r−1∫

Bn+r−1 e−(r+1)ϕdλ
.

Let

ε =
δn+r−1∫

Bn+r−1 e−(r+1)ϕdλ
,

and take the limit of (15) with respect to ν. We finally obtain∫
Bn+r−1/2

e−(1+ε)(r+1)ϕdλ⩽ cεVol(Bn+r−1) <∞.

In the end, observe that we can take a positive number R̂ < R′ such that the total
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space of P(E∗)|1n
R̂

is finitely covered by Bn+r−1
j /2. It exactly implies that

∫
1n

R̂

|F |
2(1+ε)
hν dλ=

∫
1n

R̂

(∫
P(E∗)x

|F |
2e−ϕνωr−1

x,ν

)1+ε

dλ

⩽
∫
1n

R̂

(∫
P(E∗)x

(|F |
2e−ϕν )1+εωr−1

x,ν

)(∫
P(E∗)x

ωr−1
x,ν

) ε
1+ε

dλ

=

∫
1n

R̂

(∫
P(E∗)x

(|F |
2e−( r

1+ε
+1)ϕν )1+ε

·π∗ det h∗

ν · ir−1de ∧ dē
)

dλ

⩽
∑

j

∫
Bn+r−1

j /2
|F |

2(1+ε)e−(r+1+ε)ϕν ·π∗ det h∗

νdλ

⩽ C
∑

j

∫
Bn+r−1

j /2
e−(r+1+ε)ϕνdλ

⩽ C
∑

j

∫
Bn+r−1

j /2
e−(r+1+ε)ϕdλ <∞

for any F . In the forth inequality we abuse the notation that dλ refers to the
Lebesgue measure on both 1n

R̂
and Bn+r−1

j /2. The fifth inequality is due to the fact
that {det h∗

ν} is a decreasing sequence of smooth functions. So |F |
2(1+ε)π∗ det h∗

ν

is bounded by some positive constant C only depends on F . As ν tends to zero, we
obtain ∫

1n
R̂

|F |
2(1+ε)
h dλ <∞

for any F . The proof is complete. □

Let {U j } be a finite coordinate covering of P(E∗), and let {ρ j } be the associated
partition of unity. When I ((r + 1)ϕ)= OP(E∗), for any holomorphic section F we
have ∫

1n
|F |

2
hνdλ=

∫
1n

(∫
P(E∗)x

|F |
2e−ϕνωr−1

x,ν

)
dλ

=

∫
1n

(∫
P(E∗)x

|F |
2e−(r+1)ϕν ·π∗ det h∗

ν · ir−1de ∧ dē
)

dλ

=

∑
j

∫
U j

ρ j |F |
2e−(r+1)ϕν ·π∗ det h∗

νdλ

⩽ C
∑

j

∫
U j

e−(r+1)ϕνdλ

⩽ C
∑

j

∫
U j

e−(r+1)ϕdλ <∞.

As ν tends to zero, we obtain ∫
1n

|F |
2
hdλ <∞
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for any F . Hence

(16) E(h)= E .

However, if one attempts to deduce I ((r + 1)ϕ)= OP(E∗) from (16), the influence
of the zero locus of det h∗ cannot be ignored. Hence the converse is not clear.
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