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THE GENERIC EXTENSION MAP AND
MODULAR STANDARD MODULES

JOHANNES DROSCHL

We study two classes of £-modular standard modules of the general linear
group. The first class is obtained by reducing existing standard modules over
@ to F, with respect to their natural integral structure. The second class
is obtained by studying the generic extension map of the cyclical quiver,
which was motivated by the construction of certain monomial bases of
quantum algebras. In the latter case we also manage to prove a modular
version of the Langlands classification, similar to the work of Langlands and
Zelevinsky over C. We also compute the corresponding £-modular Rankin—
Selberg L-functions and check that they agree with the L-functions of their
C-parameters constructed by Kurinczuk and Matringe.

1. Introduction

Let F be a nonarchimedean local field with ring of integers O and residue field
k, whose cardinality we denote by ¢, and G be a reductive group over F. We also
fix a prime £ not dividing ¢ together with a field of coefficients R € {F,, Q;, C}.
The classification of irreducible smooth representations of G (F) over R is of great
importance in establishing the local Langlands correspondence. If R = C, the
classification was first achieved by Langlands in what is now known as the Langlands
classification. His classification associates to each irreducible smooth representation
7 of G(F) a parabolic subgroup P C G, a tempered representation o of the F-points
of the Levi component M of P and a character n of the center of M satisfying certain
inequalities. Then 7 can be realized as the unique quotient of the parabolically
induced representation S(w) = indgég (0 ® n), known as the standard module
associated to 7, and the triple (P, o, 1) is unique up to certain natural symmetries.

The analytical nature of the Langlands classification as sketched above makes it
clear that it is a nontrivial task to extend it to fields of nonzero characteristic, as
soon as one ventures beyond the banal setting of [22]. Therefore the construction
of modular standard modules remained an open problem. The proposed definitions
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given in this paper avoid the above issue by considering standard modules which
are, in the modular case, not necessarily induced representations, but rather certain
subrepresentations of the space of Whittaker functions.

To motivate this approach we return for a moment to the problem of the classifi-
cation of irreducible modular representations. We recall that in the case G = GL,,
Bernstein and Zelevinsky gave in [32; 2; 3] a second classification of irreducible
complex representation in terms of combinatorial objects called multisegments.
To this date this complete second classification is a feature only present in the
representation theory of GL,, and its inner forms, although certain extensions of these
ideas to more general groups have been pursued [10]. Furthermore, the Langlands
and Zelevinsky classifications are related by the Aubert—Zelevinsky involution, an
involution on the set of isomorphism classes of the irreducible representations of
GL, (F); see [32; 1]. It thus fell upon the classification of Bernstein and Zelevinsky
in the case G = GL,, to offer itself to generalization in the modular case.

In the works of Vignéras [30] and Minguez and Sécherre [23], this feat has
been accomplished by extending their ideas. In general, the study of irreducible
representations of GL, over F, shows many similarities to the study of complex
representations, but with several key differences as we will see later. For example,
no longer is every cuspidal representation supercuspidal.

Note that the usefulness of standard modules in the complex case goes much
further than the simple classification of irreducible representations. A promi-
nent example, and the main motivator of this paper, are the local Rankin—Selberg
L-factors L(s, p, p’) of [11], which are defined for pairs of complex representations
of Whittaker type (p, p’) and they are rational functions in ¢*. In particular, if
G =GL,, every standard module S (77) is of Whittaker type, which in turn allows one
to define the invariant L(s, S(r), S(x")) for any pair of irreducible representations
of GL,,. It comes as no surprise that the L-factor L(s, S(r), S(x")) can be explicitly
computed in terms of the Langlands parameters of 7 and 7’.

Passing from the complex to the modular setting, the definition of local Rankin—
Selberg L-factors has been extended in [14] to the more general fields R we are going
to consider in this paper. The authors again associate to a pair of representations
of Whittaker type an L-factor L(X, 7, '), which is a rational function in X (with
X = ¢~ in the C-case this recovers the original construction of [12]). The Rankin—
Selberg L-factors so obtained satisfy a functional equation, which in turn gives rise
to €- and y-factors associated to the pair (;r, 7’). In [16] the authors associate to
each irreducible representation of GL, (F) a so-called C-parameter C(;r), which is
a modular version of the Langlands parameter. Moreover, they equip C-parameters
with a tensor product ®,, and define their L-, €- and y - factors.

In this paper we hope to initiate the investigation of possible candidates for
standard modules in the modular setting and their properties. We do this by
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giving two natural possible candidates for standard modules, one obtained by
reducing the ones defined over Q; to [y, the other one by considering the so-called
generic extension map, which is rooted in the analysis of certain (quantum)-algebras
associated to certain Dynkin or affine Dynkin quivers. We will prove that the former
always contain the latter and note that at the moment the evidence points towards
them being equal, although we do not treat this question in this paper.

The properties discussed above give us natural constraints our potential standard
modules should satisfy. Firstly, they should admit a modular formulation of the
Langlands classification and secondly, they should allow us to define Rankin—
Selberg L-functions, which should be explicitly computable using the C-parameters
of the underlying irreducible representations.

The contents of this paper can thus be roughly divided into three parts: the
construction of standard modules, establishing certain representation-theoretic
properties and finally the computation of their Rankin—Selberg L-factors.

To state our results more precisely, we need to introduce some notation. Let
¥ : F — R be a smooth, additive character and recall the space of Whittaker-
functions,

W) =

n—1
0 - ... ... g :W(Z Mi,i+1)f(g), f locally constant ¢.
0 ... 1 Mn_l’n i=1
0 0 1

f:G,—R:f

We also recall that a smooth representation & of G, of finite length is called of
Whittaker type if
dimg Homg, (7, W(¥)) = 1,

and in this case we denote its image by W(r, ). We let
Repw .y, = (W, ¥) - T arepresentation of G, of Whittaker type}.

Let us recall that to a cuspidal representation of G, we can associate o(p) € NU{oo},
with o(p) = oo if and only if char(R) = 0, and and that if o(p) is finite, it is the
minimal k € Z- such that p = p|—|*. We let moreover be e(p) = £ if 0(p) = 1
and e(p) = o(p) otherwise. To two integers a < b and p cuspidal, we associate
a segment (over R) [a, b], = (p|—“, ..., ,0|—|b) and we identify [a, b], with
[a+o0(p), b+o0(p)]l,. We also write [a, b]; =[—b, —a],v. A finite formal sum of
segments is called a multisegment and we denote the set of multisegments over R by
Multg, to which we extend the operation (—)". A multisegment is called aperiodic
if it does not contain a submultisegment of the form

[a, b]p+[a+1, b+1]p+ : +[Cl+€(,0)—L b+€(,0)—1],o,
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and we denote the set of aperiodic multisegments by Mult;?. We decompose any
multisegment m as m,, +m,,;, where m,;, consists of those [a, b], with o(p) = 1.
We let Mult;f)m be the set of aperiodic multisegments such that m = m,. Note
that if char(R) = 0 all multisegments are aperiodic and Multg, = Mult%’lﬂ. Then
there exists a bijection

(=) : Multy — Jee(R);

see [25] and [23]. The definition of /\/lultjg'iD is motivated by the following facts.
If, as usual, we denote by x the normalized parabolic induction, then (m) =
(mp) x (myp) and

L(X, C((m)) ®ss C((n))) = L(X, C((mp)) ®ss C((1p))).

In particular, representations with nontrivial L-functions are precisely those coming
from /\/lulte}gm. The set /\/lult?f moreover admits an order, denoted by <, which
comes from the degeneration order on certain quiver-varieties, which we will
discuss in a moment. Our goal is then to construct a map

Sw : Ml/tlt;p — mtpw,w = U S)C{epw,w,n

neN

satisfying, among others, the following properties.

(1) L(X, Sy (m) @ Sy-1(n) = L(X, C({m)) ® C((n))).

(2) Sy (m) admits (m) as a quotient and (m) appears in the Jordan-Holder decom-
position of Sy (m) with multiplicity one.

(3) Sy (m) admits (m) as its unique irreducible quotient.

Properties (2) and (3) would imply that dimg Homg, (Sy (m), S;,—1(m*)Y) =1
and every morphism in this space would factor through (m). The description of
irreducible representations in the style of properties (2) and (3) is also known as
the Langlands classification, and has not yet been achieved over Fy, unlike the case
char(R) = 0, where the relevant statements were first proved in [32] (see p. 2).

In this paper we construct such a map Sy, satisfying (1) and (2), as well as a map

Sgen,w . Mbllt;lgm — %epwﬁ,

satisfying the analogues of properties (2) and (3) for multisegments in Mult%)’m.
We also show that Sgep, (M) € Sy (m) for m € Multg . If char(R) =0, these two
constructions agree.

We start with a sketch of the construction of Sy,. If p is a cuspidal representation
over @g admitting an integral structure, we denote its reduction mod ¢ by r¢(p).
If ry(p) is again a cuspidal representation p, we say p is a lift of p. It is then
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straightforward to define a lift m € Multg, of m € Multg, by first saying that
a segment [a’, b']; is a lift of [a, D], if p is a lift of p, a = @’ modo(p) and
b—a =1D"—d’, and then extending this notion linearly to all multisegments. In
this case one can equip Sy (m) with its natural integral structure given by those
Whittaker functions that take values in Z,, and we denote the reduction mod ¢ of
this specific integral structure by SI/,TEI) For m an aperiodic multisegment over Fy,
we write
Symy:= [ Sy@),
mliftof m
where the intersection was taken in W(vr).

Theorem 1. The map Sy, :Mult%p — Repyy y, satisfies property (1). If me /\/lult%p o
4 ’ [
then (m) is a quotient of Sy (m) and appears with multiplicity 1 in it.

The proof of this theorem uses our second construction of standard modules,
denoted by Sgen,y, to which we come now. We will focus on the case R = Fy, but
the construction works similarly for char(R) = 0. In the introduction, for the sake
of clarity, we will focus on multisegments of the form [ay, b1, +- - - +[axk, bi], for
a fixed cuspidal p with o(p)>1. We denote this set by J\/lult@Z (p) and the aperiodic
multisegments in it by Mulrg (0)*. Let Q be the cyclical quiver with o(p) vertices
and oriented counterclockwise.

0(.0)

. [ EE—— .
1 2 o(p)—2 o(p)—1

Then the isomorphism classes of finite-dimensional, nilpotent C-representations of
0, denoted by [Q], are in bijection with Multm (p). The order < on multisegments
mentioned above is nothing but the degeneration order on [Q] transported to
Multﬁ (p). In [28; 4; 27] the authors investigate the so-called generic exten-
sion map * : [Q] x [Q] — [Q], which sends the tuple ([M], [N]) to [X], where
X e ExtlQ(M , N) is such that dim¢ Homg (X, X) is minimal. The product so
constructed,

 : Multg, (p) x Multg,(p) — Multg,(p),

is associative. The subset of Multg, (p) generated by multisegments of the form
[i, i1, is then precisely the set of aperiodic multisegments Multg, (p)*.

The next result was motivated by a similar consideration of monomial bases of
quantum and Hall algebras; see for example [7] or [28].
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Theorem 2. Let m = [iy, i1],* - [ik, ix], € Mult‘g (0). Then
Sgen,y (M) 1= W(p|—["x -+ x p|=*, ¥)
only depends on m and satisfies properties (1) and (2).
This construction allows us to define the desired map:
Theorem 3. Ler m, m' € Mult'y . Then Sgen y : Multy ,—Repy, , is defined by
Sgen,y (M + M) = W(Sgen,y (M) X Sgen,y (M), ).
Moreover, if char(R) =0, Sy = Sgen,y and if R = F(, Sgen,y (M) C Sy (m).

Although the following seems at the moment out of reach, examples of small
rank seem to suggest the equality Sy = Sgen,y ON Mult?{m as well as the equality
Sy (m) = Sy (m) for any lift m of m.

2. Notation

Let F be a nonarchimedean local field with ring of integers Or and residue field k,
whose cardinality we denote by g. We also choose a uniformizer @ of the maximal
ideal of OF and fix a prime £ not dividing g. We let |—| be the absolute value of F
such that |og|= q_l.

From now on R is one of the algebraically closed fields Fy or Q,. We let A be
the maximal ideal of Z, C @g and fix a square root q% of g in Zy. By abuse of
notation, we are also going to denote its image in F by q%.

For n € Z>o we let G, := GL,(F). We denote by 1, the identity in G, and by

1
wy =
1
the antidiagonal. For m, n € N, we denote by w,_,, the block-diagonal embedding

of (1,,, wy) into G4, and the space M, ,, of n X m matrices with entries in F.
Inside G,, we consider for k € Z the closed subsets

GX :={g € G, : valp(det(g)) =k},

where valg denotes the valuation of F with valg(ew) = 1. We let B,, be the Borel
subgroup of G, of upper diagonal matrices and N, its unipotent subgroup. More
generally, if o = (1, ..., o) is a partition of n, we denote by P, the parabolic
subgroup containing B, with Levi component Gy 1= Gg, X - - - X G4, . Its opposite
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parabolic subgroup P, is conjugate to Po....a1)- We denote by

.....

H, = {(g fz) :8€Gy, xeMypy, ne Nm} C Guim
and let P, := H,_1 ;1 be the mirabolic subgroup of G,. Let C2°(F") be the space
of R-valued locally constant and compactly supported functions on F" and we set
€,:=(0,...,0,1) e F".

2.1. Representations. In the next sections we recall the usual setup for £-adic
and ¢-modular representation theory. For details, see [29]. Let G € G, be a
closed subgroup. We denote by $Rep(G, R) the category of smooth, admissible
representations of finite length of G. Whenever possible we will omit the field of
coefficients R. Let o« = (1, ..., ;) be a partition of n. We let Rep, = Rep(Gy),
let Jrry be the set of isomorphism classes of irreducible representations in Rep,,
and set
Rep 1= U Rep,,, Trr:i= U Jre,.

neN neN

If G € H C G, are closed subgroups, we denote the functors of normalized
induction by Indg and their compactly supported version by indg. We recall the
normalized Jacquet functor and parabolic induction corresponding to parabolic
subgroups P = MN of G, which give rise to the exact functors

rp : Rep, — Rep(M), indg“ :Rep(M) — Rep,,.-

We write rq :=rp, and 7y :=r P, Recall that r, and 7, are the left and right adjoints,
respectively, of indg:, by Frobenius and Bernstein reciprocities (respectively). By
abuse of notation we will also notate the maps they induce between the respective
Grothendieck groups by the same letters. As is conventional, we will write

T X -+ X T :=indg;(m®...®ﬂk).

If x is a smooth character of F and 7w € QRep, we write xm = x(det)w. If w € Rep,,,
we denote the corresponding element in the Grothendieck of fRep, by [r] and
define the length of 7 as the number of its irreducible subquotients counted with
multiplicity. If 7 is a representation of G,, we denote by 7 ¢ the representation
obtained by twisting 7 by g — w, (g~")'w,. We recall that if 7 is irreducible and
¢ >2,then 7 = V¥ (see for example [29] or [23, Remark 2.7]), and

() X m) = m* x m-.

Finally, we recall that parabolic induction on G, is commutative on the level of
Grothendieck groups, in particular for 77, 7’ € Jvr such that 7 x 7’ is irreducible,
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7 xn' =Ex’ xm;see [29, 1.16] for £ > 2, [32, Theorem 1.9] for the case R =C
and [23, Proposition 2.6] in general.

2.1.1. Cuspidal representations. A representation p € Jrt, is called cuspidal if
for all nontrivial partitions « of n, r,(p) = 0. It is called supercuspidal if there
exists no nontrivial partition & and 7 € Jrr, such that p appears as a subquotient of
indg:n. In general, supercuspidal implies cuspidal and if R = Q;, cuspidal implies
supercuspidal. We denote the subset of Jrr, consisting of cuspidal respectively
supercuspidal representations by &, respectively &€, and define

¢=Je,. eec:=|]ese,.

neN neN

We also recall the notation of cuspidal support, meaning that if = € Jvr there exist
up to possible permutation and isomorphism unique py, ..., pr € € such that 7 —
1 X - -+ X pr. We denote by cusp(sr) :=[p1]+- - - + [ox] the cuspidal support of 7.
Weakening in the above definition the condition of being a subrepresentation to being
a subquotient and cuspidal representations to supercuspidal representations gives
rise to the supercuspidal support scusp(sr). If at any point the field of coefficients
becomes important, we will add it in parentheses to the respective category or set,
e.g., Jre(Fy) versus Jre(Qy).

We recall the following notions; see for example [24, §3.4, §4.5]. Let p € € and
recall that p x xp is reducible if and only if x = |—|*. We recall the cuspidal line

Zlp] = {Ipl—I"1: k € 7}

and denote the cardinality of Z[p] by o(p). Note that o(p) is finite if and only if
R = Fz. Set

o(p) ifo(p)>1,
e(p) == .
£ otherwise.

One can associate to p an integer f(p) via type theory. If o(p) > 1, o(p) is
the order of qf ®) in R. We let Qﬁf be the subset of €, consisting of p such that
o(p) > 1; i.e., those p which make p x p is irreducible. Finally, we say p and p’
are in different cuspidal lines if [p] ¢ Z[p] and we set €":= [, . &,/

2.2. Multisegments. We now recall the combinatorics of multisegment (for details,
see [32;23]). Let p e €,, and a < b € Z. A segment is a sequence

la,bl, = (p|—11, ..., [p|—I°D.
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Two segments [a, b], and [a’, b'],y are equal if and only if p'|—|“= p|—|* and
b—a=>b'—a'. We also let [a, b]X = [—b, —a],v. Define
_[a7b]p:[a+1a b]p7 [a7b];:[a7b_1]p9
+[a7b]p:[a_1ab]p7 [a’b];:[a7b+1]p7

Z/(0(p)Z) if o(p) < oo,
VA if 0(p) = oo,

Z[(o(p)2) it o(p) < o0,
Z if o(p) = 0.

ap(la,bl,) =a e {

by(la,bl,) =b € {

We define the length and degree of a segment as [([a, b],) :==b—a+ 1€ Z and
deg([a, b],) = (b —a + 1)m € Z. The cuspidal support of [a, b], is defined as
cusp([a, bl,) = [p|—114+---+ [,ol—l]b. By abuse of notation we will often write
p for the segment [0, 0],.

A multisegment is a formal finite sum and we extend the length /, the degree
deg, the notion of cuspidal support, and (—)" linearly. We let Multg be the set
of multisegments and Multg(p) be the set of multisegments consisting only of
segments of the form [a, b],. A multisegment is called aperiodic if it does not
contain a submultisegment of the form

la,bl,+la+1,b+1],+ - -+[a+e(p)—1,b+e(p)—1],.

For any subset N' € Multg, we denote by NP the aperiodic multisegments in
N. For any m € Multg, we decompose m = my, + m,,;, with m;, consisting of all
segments [a, b], in m with p € €. We let Multg, o be the set of multisegments
such that m = m,,.

Theorem 2.2.1 [23, §9; 32, §6]. There exists a surjective map
Z : Multp — Jrv

satisfying the following.

(1) Z(m) € Trtgeg(m)-

(2) Z restricted to aperiodic multisegments is a bijection.

3) Z(m)¥V = ZmY).

(4) For m € Mulfy, cusp(Z(m)) = cusp(m). If m € Multg(p)*® with p € &€,
then scusp(Z(m)) = cusp(Z(m)).

S) If m = my 4+ my then Z(m) is a subquotient of Z(m) x Z(my) and appears
with multiplicity one in its Jordan—Holder decomposition.

(6) Z([a, bl,) is a subrepresentation of p|—|“x - - - X pl—1°.
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(D) If p1, ..., pr € € lie in pairwise different cuspidal lines and m =mj +- - - +my
with m; € Multg(p;),

Z(m) =7Z(my) X -+ - X Z(my).

If m consists only of segments of length 1, we call Z(m) nondegenerate. Finally,
we recall the Aubert—Zelevinsky involution (—)* : Jrv — Jrt (see [1; 32; 25]), and
denote

(=) :=(@2)*: Mult}p — Jrt.

This map preserves the cuspidal support and if m, my, ..., my € ./\/lult;?, the multi-
plicity of (m) in (my) x - - - x (my) is the multiplicity of Z(m) in Z(my) X - - - Z(my).

Lemma 2.2.1. Let p, p' € € be in different cuspidal lines. Moreover, let w be
an irreducible subquotient of p1 X -+ - X px, pi € Z[p], and 7' be an irreducible
subquotient of p| x - -- x p], pi € Z[p. Then w x 7' is irreducible.

Proof. By the classification of cuspidal representations in [21, §6], the cuspidal
lines of the cuspidal supports of 77 and 7’ do not intersect. Indeed, if o is a cuspidal
representation appearing in the cuspidal support of 7, its supercuspidal support
consists of representations in Z[p]; see [23, Theorem 9.36(3)]. By the uniqueness of
the cuspidal and supercuspidal supports, it follows that the cuspidal representations
appearing in 7 and 7’ lie in different cuspidal lines. The claim follows from
property (7) in Theorem 2.2.1. ([

Let m € Multg and A =[a, b],, A" =[a’, b'], be two segments in m with
at+l<d<b+1<b.
An elementary operation on m refers to changing the segment in the following way:
m>m—A—A"+[a,b],+[d,bl,.

We will say that the elementary operation is of the form [a, b], + [a', '], —
[a,b],+[d’, b],. We write n < m if n can be obtained by repeated applications of
elementary operations to m and n < m if n < m and m # n. We call two segments
A, A’ linked if there exists a presentation A = [a, b],, A" =[a’, b'], such that one
of the inequalities

at+l1<ad <b+1<b or d+1<a<b+1<b

is satisfied, i.e., there exists a multisegment n with n < A + A’. The multisegment
m= A +---+ Ay is called unlinked, if for all i # j € {1,...,k} A; and A; are
unlinked.
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Lemma 2.2.2 [32, Theorem 7.1; 8, Theorem 6.4.1]. Letm=A{+---+A; € Multg
andn € Mult;p. Then (A1) x - - - X {Ag) contains (n) as an irreducible subquotient
if and only if n < m. In particular, (m) = (A1) X --- X (Ag) if and only if m is
unlinked.

Proof. The case in R = Q, was treated in [32, Theorem 7.1] and the case R = F; in
[8, Theorem 6.4.1]. (In [8], the claim was proven for Z(—) instead of (—), however,
applying the Aubert—Zelevinsky yields the equivalence.)

To see the claim regarding the irreducibility, note that the induced representation
is irreducible if and only if it contains no irreducible subquotient (n’) for m £ n’ €
Multg. If ' is not aperiodic, it is easy to construct n” < n’ via one elementary
operation, and hence n” < n’ < m. Repeating this process, we arrive at n < n’ <m
with n aperiodic, and hence by the above lemma (n) is a subquotient of the induced
representation. Thus the induced representation is irreducible if and only if it
contains no (n) withn € ./\/lult%), which by the above can only happen if and only
if n<m. ]

Assume for a moment that R = @, and let A, A’ be two segments. We say A
precedes A" if A =[a, b],, A" =[a’,b'], and

a+l1<ad <b+1<Vb.

Thus, A and A’ are unlinked if and only if A does not precede A’ and vice versa.
Letm=A; 4 -4+ Ay € Multg,. We say (Ay, ..., Ag) is in arranged form if for
alli, j e{l,...,k}, i < j A; does not precede A;. Any multisegment over Q,
admits an arranged form and any two arranged forms can be obtained from each
other by repeatedly changing the order of two neighboring unlinked segments, i.e.,
replacing (..., Aj, Ajsq, ... )= (.., Ajy1, Aj, ... ) if A; and A4 are unlinked.

2.3. Integral structures. We recall the following results of [29, 1.9] on integral
structures. Let o be a partition of n € N and (77, V) € Rep,, (@;). We recall that an
integral structure of 7 is a Z,-lattice [ in V which generates V, i.e., the natural map
induces an isomorphism [ ®z, Q = V. If # admits an integral structure it is called
integral. For 7T € Rep,, integral and [ an integral structure, [®z, F¢ is an object in
Rep, (F¢). We denote by

(@) = [1®7, Fel,

which is an element in the Grothendieck group of Rep,, (F,). It is ry(7) which is
independent of the chosen integral structure; the representation [ ®7, [y is highly
dependent on the specific [ and in general not irreducible. Moreover, the represen-
tation indga”ﬁ is integral, with the natural integral structure indg: [, i.e., the [-valued
functions. Then

(ind§" 1) ®7, Fe = ind3" (1®5, Fo).
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Moreover, if T is a subrepresentation (resp. quotient) of 77, then [N T (resp. the
image of [in 7) is an integral structure of 7.

Finally, the functors r, and r, commute on the level of Grothendieck groups by
[6, Proposition 1.4(1)], i.e

ro(1¢(7)) = 1¢(re (7)).

An integral representation 77 € Jree(Qy) is called a liftofw e Jee(Fp) if rp(7) =[7].
If A ={a, b], is a segment over Fe,a segment A=[d, b 15 over @( is called a lift
of Aif pisaliftof p, b’ —a’ =b—a and a = @’ mod o(p). Finally, we extend this
notation of a lift to segments Mulrg, linearly.

In [29, III] the Bushnell-Kutzko construction for £-adic and modular represen-
tations was carried out. It was shown that every cuspidal representation over [,
admits a cuspidal lift 5 to Q;, and that if 5 is such a lift of p, f(p) = f(p).

Lemma 2.3.1 [23, Theorem 9.39]. Let m € ./\/lult and let W be a lift of m. Then
Z(m) appears with multiplicity 1 in r,(Z(m)) and ( ) appears with multiplicity 1

inre((m)).

Proof. The claim for Z can be found in [23, Theorem 9.39]. The one for (—)
is derived from the definition of (—) in [1] as follows. Recall the definition of
(—)*: For [] an element in the Grothendieck group of fRep,,, one first defines a
nonzero element D([7]) in the same Grothendieck group, which is represented by
the cohomology of a complex obtained from [ ] by applying repeatedly the Jacquet
functor and parabolic induction. In particular, if [7] <[], then D([xr]) < D([7]).
Moreover, if 7 is irreducible, there exists a unique irreducible summand [7*] in
D(rr) with the same cuspidal support as & and if R = Qy, then D(1r) = [7*]. The
above construction implies that D commutes with rp. Thus, r,((M)) =1, (D(Z())) =
D(r¢(Z(m))), where the latter contains D(Z(m)) > [(m)] by the first claim. O

2.4. Generic extensions. In this section we recall the composition algebra of the
cyclic quiver; compare [28]. We fix 1 <n € NU{oco} and consider the cyclic quiver
QO with vertices

- {Z/(nZ) if n < oo,

z if n = oo,

and an arrow from i to j if j =i+ 1 modn if n is finite and j =i + 1 if n = oc.
We recall that a representation of Q is nothing but a finite-dimensional /-graded
C-vector V space together with a linear map 7 : V — V of weight 1. We call the
representation nilpotent if 7" = 0 for large enough N € N, and associate to V
the dimension vector grdimV € N/, whose i-th entry equals dim¢ V;. Note that if
n = oo, for all but finitely many i € /, the dimension of dim¢ V; vanishes. We call
a vector d € N’ a dimension vector if it is O for all but finitely many i € I. We
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let Eq4 = {(V4, T)} be the set of finite-dimensional, nilpotent representations of Q
over C with underlying graded vector space

Vg = @Cdi,

iel

where we write for C° the trivial vector space. We let G4 :=[];; GLq, (C), where
GL((C) denotes the trivial group, and note that G4 acts on E4 by conjugation. The
orbits of this action are naturally parametrized as follows. We let Mult(Q) be the
set of multisegments, i.e., the formal finite sums of segments [a, b], a < b € Z up
to the equivalence

@bl ~[d.b] it {a =a; modn, b—a=>b'—a’ %fn < 00,

a=dada,b=>b if n = oco.

We write [a, b]Y = [—b, —al, [([a, b]) = b —a + 1 and extend these operations
linearly to Mult(Q). To [a, b] € Mult(Q) we associate the indecomposable repre-
sentation A([a, b]) whose underlying vector space has as a basis b —a + 1 vectors
€1, ..., ep—_qt1, With ¢; in degree i modn if n < oo and in degree i if n = co and
T(e;) =ejy; fori <b—a and T(ep—ys+1) = 0. The dimension vector of this
representation, denoted by grdim[a, b], has as its i-th entry

#{xeZ:a<x<b,x=imodn} ifn < oo,
(grdim[a, b]); = {1 fn=00,a<i<b,
0 otherwise.

More generally, we associate to a multisegment m = [ay, b1]+ - - - + [ak, br] the
representation A(m) := A([ai, b1]) ® ... D A([ak, br]). We denote its dimension
vector grdimm = grdiml[ay, b1] + - - - + grdim[ag, by]. We call a multisegment
aperiodic if either n = 0o or n < 0o and it does not contain a multisegment of the form
la, b]+- - -+[a+n—1, b+n+1]. We denote the set of aperiodic multisegments by
Mult(Q)?.

Via this construction, the G z-orbits [E4] of E4 are then in bijection with multi-
segments m such that d = grdimm. For M a representation in E4, we denote by
[M]=Gg4- M its orbit.

We write [M] < [N] for two orbits in E; if [N] is in the closure of [M] with
respect to the analytic topology. This relation gives rise to the so-called degeneration
order. We also recall the associative product

*x: [Eql X [Eqg]— [Egq q]

given by sending ([M], [N]) — [M]*[N] to the orbit of their generic extension;
see [7, §3] for cyclic quivers and [27, §2] for Dynkin quivers. The generic extension
of two representations M and N is defined as the set of X € ExtlQ (M, N) for which



14 JOHANNES DROSCHL

the dimension of the complex algebraic variety [ X] is maximal, or equivalently,
for which dimg Homg (X, X) is minimal. Any X, X’ in the generic extension of
M and N lie in the same equivalence class, thus we can define [M]*[N] as [X]
for some X in the generic extension of M and N.

Lemma 2.4.1 ([27, Proposition 2.4]; see also [7, Proposition 3.4]). Let M € E4, N €
Ey,X € Eg g Then [M]*[N] < [X] if and only if there exist [M] <X (M,
[N] < [N'] such that there exists a short exact sequence 0 - M' — X — N’ — 0.
In particular, if [M] < [M'], [N] < [N'] then [M] % [N] < [M'] % [N'].

For a word w =i ...i; of indices in I, we write
Mgen(w) = [iy, i1] % - -~ * [ig, i],

and we denote the set of words in / by €2. We can describe mge,(w) recursively as
follows; see for example [7, p. 285 and Proposition 3.7].
For m € Mult(Q) and i € I we let

m m+[i, 1] if there does not exist a segment of the form [i+1, ] in m,
i =
m+ TA—A where A is the longest segment of the form [i + 1, 5] in m.

Similarly, we let

ot m+[i,i] if there does not exist a segment of the form [a,i—1] in m,
=

m-+A" —A  where A is the longest segment of the form [a, i — 1] in m.
Lemma 2.4.2 [7, Proposition 3.7]. In this notation, we have WMgen (i w) =i +Mgen (W)

and Mgen (Wi) = Mgen (W) + 1.
From now on we implicitly identify the isomorphism classes of representations
of O with Mult(Q)™.

Theorem 2.4.1. The map Mge, : 2 — Mult(Q) has image Mult(Q)* and two
words w and w' give rise to the same multisegment if and only if they are related by
the degenerate Serre relations.

(1) ij = ji if i and j are not neighbors.

Qi+ Di=iii+Dandi(+DE+)=0C+1)iG+1)ifn>2.

B i+ Dii=ii@+1)iifn=2.
Proof. For a proof see [28, Theorem A, Theorem B], where the author considers the
algebras H,(Q) we consider below specialised to the case that ¢ is a prime number.
We sketch the argument for the sake of the reader; see also [27, Theorem 4.2]. Let

t be an indeterminate and consider the Q[¢]-algebra H,(Q), which is generated by
variables x1, ..., x, satisfying the following relations:

(1) x;jx; =xjx; if i, j are not neighbors in Q;
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2 2 2 2
(2) x;xip1 —txip1x; = (0 + Dxgxipx; and xix;  —1x7 %0 = (0 + DXip1xixi4

ifn > 2;
3) txg)cl3 — (414 1)(x1x2x12 +x12x2x1) = txf’ and

txlxg — 2+t + 1)(x2x1x§ +x22x1x2) = txg ifn=2.
Given a dimension vector d, we can ask for the rank of the free (Q[¢]-submodule
th(Q) of H,(Q) spanned by the monomials containing x; with multiplicity d;.
Specializing at t = 1, we have that H;(Q) is the universal enveloping algebra of a
certain upper-triangular part of a Lie algebra, and obtain by [28, Proposition 7.2]
that the rank equals the number of aperiodic elements in Mult(Q) with dimension
vector d. The author achieves this by constructing an explicit PBW basis of the
latter space. But on the other hand, we obtain by specializing at t = 0 the associative
algebra on €2 subject to the Serre relations. We have a morphism of algebras

Ho(Q) — Q[Mult(Q)*],

where the right side is equipped with the generic extension product and we send i
to [Z, i]. Indeed, one just needs to check that the expressions involved in the Serre
relations give rise to the same multisegments. For example, if n > 2,

i+ Di=Li+ 1+ il=id@+1).
The other relations can be checked similarly. This map is surjective by [28, §4],

and since for d a cuspidal support, Hé’ (Q) has image in the multisegments with
cuspidal support d, the claim follows, because the dimensions agree. U

Remark. There exists a second map merys : 2 — Mult(Q) linked to p-derivatives
and certain crystal bases of quantum groups; see for example [8] or [17]. Even
though meys admits a similar, although slightly more involved, recursive description
as Mgey, these two maps differ in general.

fw=ij...iy €, weletwY = (—iy)...(—i1). It follows from the definitions
that (i + m)¥ =m" + (—i) and hence

mgen(wv) = mgen(w)v-

2.4.1. Degeneration order and Serre relations. In this subsection we describe how,
given two words v, w € £2, one can decide whether [mge, (V)] < [Mgen(w)]. Elemen-
tary operations on Mult(Q) can be defined in a manner completely analogous to
those on Multp and the first step in answering the above question is the following.

Proposition 2.1 [33, Theorem 2.2; 13; 26, Theorem 3.12]. The degeneration order
and the order by elementary operations are equivalent, i.e.,

[A(m)] < [A(W)]

if and only if m can be obtained by n via finitely many elementary operations.
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Let v, w € Q2. We write v < w if v can be obtained from w by applying a finite
sequence of the following moves.

(1) ij — jiifi and j are not neighbors in /.
Q) Ifn>2,(+)i—i((+1)andii(i+1)— i@+ 1)i.
B In=2,i+DE+1)—G+1)iGi+1).

The Serre relations are invariant under these moves.
The goal of this section is to prove the following proposition.

Proposition 2.2. Let v, w € Q. If v > w then Mge,(v) < Mgen(w). If n = 00, then
Mgen (V) < Mgen(w) implies v > w.

It is possible that there exists a more straightforward proof than the direct, purely
combinatorial proof we offer, namely by relating the questions to properties of
PBW bases as in the proof of Theorem 2.4.1. Note that the second implication
in the proposition is wrong if # is not infinite. For example, if n = 3, we can set
v =1002211102 and w = 022110021. Then w is maximal with respect to the above
order but

Mgen(v) = [0, 2] + [0, 1]+ (2, 3] + 2, 2] + [1, 1]
> mgen(w) =[0,2]+[-1,1]1+[2, 3]+ [1, 1].

Proof of Proposition 2.2. Assume first that v < w. Then it suffices by Lemma 2.4.1
to show that [, i]4+[i+1,i+1]=G+1D)+i =i+G+ 1) =[i,i+1]andi+i+(G+1) =
i+(@{+1)+iif n > 2. The first is seen to be a simple elementary operation whereas
the second is a Serre relation. The case n = 2 can be checked analogously.

For the other direction (in the case n being infinite) write n = mgey(v) and
m = Mgen(w), n < m. Using the Serre relations, it suffices to find some words
v < w’ with n = mgen(v') and m = mgen(w’). We will thus construct for any
aperiodic n < m two such words v’ < w’ via induction on the length of m.

It clearly suffices to treat the case where n is obtained from m via one elementary
operation [a, b]+[a’,b'] — [a,b']+[a’,bl,a <d'+1 <b <D +1landn~<m
is minimal, i.e., there exists no € with n < £ < m. This implies in particular the
following. If there exists [c,d] e m witha < ¢ <d' <b <d < b/, then [c,d]
is one of [a,b], [a’,b'], [a,b'] or [d’, b]. Indeed, if there would exist a [c, d]
different from these four segments we could decompose the above elementary
operation in the following way. Assume that a < ¢ < a’; the other case follows
analogously. Then we can first apply [a’, b']+[c,d] +— [d’,d]+][c, b'] to m, then
[a,bl+[d’,d] — [a',b]+[a,d] and finally [a,d]+[c,b'] — [a,b']+[c,d] to
obtain n, contradicting the minimality of the elementary operation.

Note that it makes no difference whether we prove the claim for m or m"; thus
we can assume without loss of generality that b—a > b’ —a’. We now let [c, d]
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be the longest segment in m with a < ¢ such that [c+1,d 4 1] does not appear
inm. Setm’ =m—[c,d]+[c+1,d] and by construction c+m’' = m. If [c, d]
is not the precise copy of [@’, b'] involved in the elementary operation, it follows
straightforwardly that the elementary operation descends to an elementary operation
on m’ yielding a multisegment n’ < m’ with c+n’ = n. In this case the claim follows
by the induction hypothesis. On the other hand, if [c, d] = [a’, b'], it follows by
construction and the assumption b —a > b’ —a’ that b—a = b’ —a’ and for all
i €{0,...,a’—a}, [a+i,b+i] appears in m. By the minimality of the elementary
operation this implies that [a’, '] = [a — 1, b—1]. Moreover, [a, b] is a longest
segment in m.

It follows that for m” = m—[a, b]—[a’,b']1+[a+1,b]+[a’+1, '] we have
a+(a+1)+m' =nand (a+1)+a+m =m, finishing the claim. O

Letw=1i;...i; € Q and m € Mult(Q). We call w a descendant of m if it is
obtained from m in the following, recursive, way. Write m = [ay, b1]+- - -+ [ak, bi]
and choose i € {1, ..., k}. Then choose a descendant w’ of m’ = [ay, b1]+--- +
la; +1,b;1+ -+ [ak, be]. If m is empty, w’ is the empty word. Finally, w is a
descendant of m if it is of the form w = a;w’ for some a; and w’ as above.

Lemma 2.4.3. Let w € Q2 and m € Mult(Q). Then w is a descendant of m if and
only if Mgep(w) X m.

Proof. We argue by induction on the length of m, the case of length 1 being
trivially true, and we use the notation employed above the lemma. First assume
that w is a descendant of m and write w = q; w’, w’ a descendant of m’, as above
the lemma. By the induction hypothesis we have that mg,(w’) < m’ and hence
Mgen(w) < a; +mw’. It thus suffices to show that a; +m’ < m, which follows quickly.
If [a; + 1, b;] is the longest segment in m’ starting in a; + 1 mod n, we have in
fact equality. Otherwise, let [a; 4+ 1, d] be the respective longest segment. Then
a;+m' =m—[a;+1, d]+[a;, d]. Note that we can perform the elementary operation
la;, bjl+[a;+1,d] — [a;, d]+[a; +1, b;] on m, yielding a; +m’, and thus proving
the claim.

For the other direction, assume that mge,(w) < m and write w = cw’, ¢ € 1.

Then it follows from [8, Lemma 6.3.3] that ¢ € {ay, ..., a;} and mge,(w') < W,
where m’ is of the form [ay, b1]+---+[a;j+1, bj1+- - -+[ax, bi] for some j with
aj = c¢ modn. The claim follows immediately. O

3. Whittaker models

We follow the setup of [2] (see [14] for the case of nonzero characteristic). Let ¥
be an additive character /¢ : F — R. Moreover, we demand that ¥, ®7, Fe = Vg,
By abuse of notation, we will from now on write i = ¥z. We extend ¢ to N,, by
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defining
n—1
Yu) =1y (Z Mi,i+1) :
i=1
We define the space of Whittaker functions of G, with respect to i as

W) =W,(¥) == Indﬁ:x// ={W : G, — R locally constant :
Wug) =y w)W(g) forallu € N,, g € G,},

on which G, acts by right-translation. We call = € 9iep, of Whittaker type if
dimg Homg, (7, W(¥)) = 1,

in which case we denote the image of = in W(y) by W(r, ). Thus, W(m, ¥) is
socle-irreducible and its unique irreducible subrepresentation appears with multi-
plicity 1 in it. Moreover, if

W, ) — W', ¥)

is a nonzero map for a second representation " of Whittaker type, it is injective.
If 7 is on top of that irreducible we call it generic.
Let W be a Whittaker function. We define the map W by

g W(g) :=Ww,(g™"").
Finally, if 7 is of Whittaker type, we set
W@, ¥) = {W(g): WeW(m, )} =W(ms, v .

We recall that if 7 and 7, are of Whittaker type, so is w1 X w2 (see [2; 3], and
also [29, II1.1.10]), and then W(mr| X w2, ¥) = WW(ry, ¥) X W(ma, ), ¥).
We denote by Repyy ,,, the set of finite-length subrepresentations of W, () which
are of Whittaker type and we set

Repy 1= U RePw yon-

neN

Then Repyy ,, can be equipped with an associative product
% Repy y X Repy , = Repy . (1, 71) > Wi x ', ).

Associativity is an easy consequence of uniqueness of the equality W (| X 7, ¥) =
WW(mr, ) x W, ), ¥).

If A = [a,b], is a segment, the representation (A) is of Whittaker type if
[(A) < e(p), by [23, Remark 8.14]. Every cuspidal representation is of Whittaker

type.
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3.1. Derivatives. We recall the four exact functors in the definition of the Bernstein—
Zelevinsky derivatives; see [2; 3], and compare [29, III.1]. Recall also the groups
P, from Section 2 and write the unipotent subgroups as

{Un—l,l = (1)16) (S Gn X e Mn—l,l}-

The four functors are
(1) W' :Rep,_; — Rep(P,), the extension by the trivial representation of U,,_;
and twisted by |—|%;
(2) W~ : Rep(P,) — Rep,,_;, the U, _; 1-coinvariants twisted by |—|_%;
3) @ =indy (= ®Y): Rep(Py_1) > Rep(P);

4) ©7 :Rep(Py) = Rep(Py—1), the (U,—1.1, ¥)-coinvariants twisted by |—|_%.
Let v € Rep(Py), k€ {l,...,n}and set Ty := (®) () and t® := Y ().
For 7t € Rep, we set y := (]p,) k), 7% 1= (w|p,)® and 7@ := 7.

3.2. Derivatives and Whittaker models. We recall also the Kirillov model of a
representation 7t of Whittaker type. It is defined as the P,-representation given by

K@, ¥):={Wl|p,: WeW(r, ¥)} € Indy ¥,
Theorem 3.2.1 [9, 4.3; 20; 15]. Let m € Rep,, be of Whittaker type. The map
W+ W|p, is injective on W(r, ).
We have the following description of (®7)*.

Lemma 3.2.1 [5, Proposition 1.3]. Let w be of Whittaker type. Then we can identify
(D)X (K, ¥)) with the space

{p > [det(p)| 2w (7 L) PE P WeWG, w)} :

The authors only prove the claim for R = C, but the same method works for
arbitrary base fields.

The description of the space W~ (®~)*(K(r, )) is trickier. Let 7 be a subrep-
resentation of K (i, ¥)® with central character x. Let o be the inverse image of T
in K(m, ¥). For W € 0 and g € G, define the map

(1) S(W)(g) =Zliir(l)lzlk%"Idet(g)lgx_l(z)W(zg1k>-

Here z € F* is seen as an element of Z,,_; and the limit becomes stationary for z
small enough.

Proposition 3.1 [5, Proposition 1.7; 18, Corollary 2.1]. The map S : 0 — W()
induces the nonzero, injective map

St > WW).
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Whittaker models are a useful place to look for integral structures, as the next
theorem shows.

Theorem 3.2.2 [31, Theorem 2]. For w an integral representation of Whittaker
type over Q of G, set

W, ¥) = (W e W, ) : W(Gy) CZ,}.

If T € Rep is integral and of Whittaker type, then W (7w, V) is an integral structure
of W(r, ).

In this case we denote
W, ) == W"(x, ¥) ®7, Fe.

Lemma 3.2.2. Let 7y, ..., my be integral representations of Whittaker type. Then
the nonzero map

Wy, ) X - X W(Ttn, ¥) = W(y X - - - X 71, §r)

respects the integral structures and hence induces a nonzero map

W(rr, ) X - X W(ty, ¥) = W X -+ - X7, ).
Proof. See for example the proof of [14, Theorem 2.26]. ([
We recall some useful properties of Whittaker models.

Proposition 3.2 [15, Proposition 3.7]. Let y € Rep,,,, m2 € Rep,,,
W2, ) S W x 2, ) ™.

Theorem 3.2.3 [15, Theorem 3.10]. Let n > 2 and t be an a submodule of IndII\J,’;w.
Ifforke{l,...,n—1}, t® admits a central character, for any Wy € WE®, )
and ¢ € C° (F"%) there exists W € t such that for all g € G,_j

w (g lk) = Wo()(ea—cg)ldet(g)] 7 .

The proofs of these two results in [15] apply to R = C, but the methods readily
generalize to the more general settings presented here.

3.3. Rankin-Selberg L-factors. We now recall the construction of Rankin—Selberg
L-factors as presented in [14]. For complex representations this goes back to the clas-
sical text [12]. Let m € Rep,, and 7’ € Rep,, be representations of Whittaker type.

Definition. Let W e W(rr, ¥), W e W(x', v ~") and k € Z.
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(1) The case n =m: Let ¢ € C>°(F") and define

(W, W', ¢) = [ W()W'(g)¢(exg) dig,
Ni\GY

(X, W.W.¢)= > cx(W, W $)X" e R(X).
kez

(2) The casen <m: Let j €{0,...,n—m — 1} and define

8
(W, W', j):= / / WgW | x 1; djg dx,
Mj,m Nn\Gﬁ ln—m—j

IX, W W, )= aW. W, px*eRX.
kez

(3) The case n > m: Analogous to the case n < m.
Having defined this, we can now recall the definition of the L-factors.

Theorem 3.3.1 [14, Theorem 3.5]. Let w € Rep,, and v’ € Rep,, be representations
of Whittaker type.

(1) The case n = m. The ideal spanned by I (X, W, W', @), where we vary over
W eWm, ¥), W eW', 1) and ¢ € C°(F") is fractional and admits
a generator L(X, w, ') with L(X, w, #')~' € R[X], which is normalized by
demanding L0, r, ") = 1.

(2) The casen#m. Fix j€{0, ..., |n—m|—1}. The ideal spanned by I (X, W, W', j),
where we vary over W € W(m, ¥) and W' € W(n', ¥~ 1) is fractional, inde-
pendent of j and admits a generator L(X, 7, ") with L(X, m, 7')~' € R[X],
which is normalized by demanding L(0, 7, 7") = 1.

In particular L(X, 7w, ') = L(X,n’, 7). As usual, these L-factors satisfy a
functional equation, giving rise to an e-factor. For ¢ € C.°(F"), we denote by ¢ its
Fourier transform with respect to the character .

Theorem 3.3.2 [14, Corollary 3.11, Lemma 3.12]. Let & € Rep,,, n’ € Rep,, be
representations of Whittaker type with central characters c; and ¢/, and let n < m.
Let W e W(m, ), W e W', v, ¢ € C°F") and j € {0,...,m —n —1}.
Then there exists €(X, , ', ) € R[X, X~ '1* such that the following holds.

(1) The case n = m.

I XL, W, W, é I1(X, W, W,
4 : ?) = (=1)"e(X, 7w, 7, 1//)—( ?)
L(g=',mc, ") L(X, 7, 7'
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(2) The case n < m.

1q "X, oo )W, W m—n—j—1)
Lg=', 7, 7’9

L(X, W, W', j)

=co(=D)"le(X, 7,7,
(=" e(X, ', Y) LX. 7.7

The last local factor, the y-factor, is finally defined as follows.

Definition. Let 7, 7" € QRep be representations of Whittaker type. Then we define

[P /AP ST, TF. 100 W
V( vnan’]p)'_e( ,7'[,7'[,1//) L(Xj[]'[/) S ()

We now recall the most important properties of these local factors.

Lemma 3.3.1 [14, Theorem 3.13]. Let 7, ', " € Rep be representations of
Whittaker type and t a subrepresentation of w of Whittaker type. Then

yX,m, o',y =yX,t,7', ) and L(X,t,7)" Y L(X, 7, )"\
Moreover, we have the so-called inductivity relation
yX,axa", 7', y)y=yX, 7,7, v)y X, 7", 7', ¥).
Finally, let us remark how these factors interact with respect to reductionmod .

Lemma 3.3.2 [14, Theorem 4.1, §4.1]. Let , ' € Rep be two integral representa-
tions of Whittaker type over Qq. Then L(X, w, '), e(X, m, 7', ¥), y(X, 7, 7', ¥)
lie in Zy(X) and

Yy (X, W, ), W', ), ) = re(y (X, 7, ', ¥)),
LX, W, ¥), W', ¥) e (L(X, mr, 7)) 7).

Lemma 3.3.3. Let m € Rep,,, 7' € Rep,, be two representation of Whittaker type
and k € {0,...,n}). Let T be a subrepresentation of m™® admitting a central
character. Then

LX,r, 7)Y L(X, 7, n")~ "

Proof. As explained in the proof of [14, Lemma 4.6, Proposition 4.7] (see also [12,
Lemma 9.2]), the claim holds true if one shows the following. For any Wp e W(z, )
and ¢ € CfO(F”_k) there exists W € W(rr, i) such that for all g € G,

w (g | _k) = Wo(g)¢ (€a—1g)det(g)| 7 -

But by assumption on 7®), W(‘E(k), Yr) admits a central character; hence this follows
from Theorem 3.2.3. O
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We finish by recalling the L-factors of C-parameters of [16]. For the moment
we slightly extend this notation to aperiodic multisegments and to avoid confusion
we will denote our parameters by C'.

Definition. Let p, p’ € €. We set

L(X,C'(p),C'(p") :=
{(1 — (x (@p)X)T )= if p’ = xpV, p € €7, x an unramified character,

1 otherwise.

Let A =[a,b]l,, A'=[d, b/]jo be two segments. Then we set

1o, L(X. C'(p|—). C'(p'|—1?) if I(A) <I(A)),

L(X,C(A),C(A)) = ) .
lnﬁ;a/ux,C’(p|—|b>,C’<p/|—|l>> if [(A) > 1(A).

Finally, if m, n € Multg of the formm=A;+---+ A, n=A]+---+A] we set

L(X,C'(m),C'(n)) := 1_[ L(X,C(A)), C’(A’j)).
1<i<k
I<j=l
3.4. Associative products and the map Sgey,y. For the rest of this section, we
fix an additive character ¥ of F. We also fix p € €" and let Q be the quiver of
Section 2.4 with n = 0o(p) > 1 and set of indices /. Fix a cuspidal support

d=> dilpl-I]
iel

and note that d; = 0 for all but finitely many i € I and hence d gives rise to a
dimension vector denoted by the same letter d for Q. We let Multg(p)4 be the set
of multisegments with support d. We then recall the natural bijection

Multgr(p)g <> {Gg4-orbits in E g4},

which respects the orders on each side, by Proposition 2.1. This bijection allows us
to import the generic extension product to Multr(p), which by abuse of notation
we also denote by x. This product has the following representation-theoretic
interpretation. By Theorem 2.4.1, there exists for m € Mult%) (p) representations
01, ..., Pr In Z[p] such that m = pj * - - - % pr. We then set

Sgen,llr(m) = W(pl X e X Pk, W)

This representation is independent of our choices; to prove this, we first note the
following analogue of the degenerate Serre relations.
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Lemma 3.4.1. Let p' € Z[p] be such that p’ % p|—|*'. Then
W(p xp', %) =W(p' x p, ).
Ifo(p) > 2,
W(p x pxpl=I, ) =W(p x pl=|xp, ¥),

W(p x pl=Ixpl=|, ¥) =W(p|—=Ixp x pl—|, ¥).

Ifo(p) =2,
W(p x pl=|xp X p,¥) =W(p X p X p|—=[xp, V).

Proof. Under the hypothesis, p x p’ is irreducible, and

W xp' y)Zpxp Zp' xp=W(" xp, ¥).

Hence they are equal. We only show the remaining claims for o(p) > 2; the case
o(p) =2 follows analogously. We start with the equality W(p x p X p|—|, ¥) =
W(p x p|—|xp, V). By [23, Proposition 7.17],

pxpxpl=l=px(0,1],),

which is irreducible by Lemma 2.2.2 and of Whittaker type. Thus the uniqueness
of the Whittaker model forces

W(p x px pl=|,¥) = p x([0,1],).

Similarly,
W(p x pl=Ixp,¥) =([0,1]5) x p.

By the commutativity of parabolic induction on the Grothendieck group we have

([0,1],) x p = px([0,1],); the claim follows. The equality W(p X p|—|xp|—|, V)=

W(p|—|xp x p|—|,¥) follows by an analogous argument. O
From the lemma and Theorem 2.4.1 we obtain:

Corollary 3.4.1. The representation Sgen, y (W) is independent of the sequence
Pls - -+, Pk With py*- - % pp =m. Moreover, the map Sgen y : Multg ()™ — Repy,
respects the respective products, i.e., for my, mp € Multg(p)*, we have

W(Sgen w(ml) X Sgen 1//(m2) Y) = gen ij(ml * M)

Next we define the map S.. gen, by setting for m € Multg(p) not necessarily
aperiodic
gen ¥ (m) - U Sgen v (ﬂ)

n=<m,
n aperlodlc

Here the union is taken in the space of Whittaker functions.



THE GENERIC EXTENSION MAP AND MODULAR STANDARD MODULES 25

Proposition 3.3. Let n, m € Multg(p) withn <m. Then

gen v (I‘l) cs gen, (m)

Moreover, let m' € Multg(p) such that w' x p =m. Then

W (Sgeny (W) X 0, ) C Sgep (M),

Similarly, if m' € Multg(p) such that p x m' = m, then

W(IO X en w(m) 1//) CSen W(m)

Proof. The first claim follows from the definition. For the second claim we
argue as follows. We only treat the case m’ x p = m, as the other one follows
similarly. Then for n’ < m’ we have by Lemma 2.4.1 that n’ * p < m and hence
W(SY sen, I//(m) X p, ) C S;en’w(m) by the first claim. O

Finally, for m € Multg o, write m = m; + - - - + my with m; € Multg o(p;),
where the p; € € are in pairwise different cuspidal lines. Then we set

Sgeny (M) := W (Sgen,y (M1) X+ X Sgeny (M), V), Span y (M) := ] Seny (),
nal;)gr‘;lc;dic

and if m" =m| + .- +mj € Multg o, m; € Multg(p;) is a second multisegment,
we define

mam i=mykm| -+ mygkmy,
extending the product * to % : Multg o x Multg o — Multg .

Lemma34.2. [etm=m;+---+m; € Multé;;[, as above. Then

W(Sgen y(m), Y) = gen ¥ (mp) x -+ X Sgen,t//(mk)

and hence for m’ € /\/lult;iep o a second multisegment we have

W(Sgen,w (m) X Sgen,w (m/), 1/f) = Sgen,ljl (m * m/).

An analogous claim holds for S v and ifn <mthen S gen ¢(“) cS gen w(m).

gen

Proof. There exists a nonzero map

Sgen,x//(ml) XX Sgen,i/f(mk) g W(Sgen,w(m)7 V).

Let  be the unique irreducible subrepresentation of the latter representation. It is
then enough to show that 7 is the unique subrepresentation of the former represen-
tation. To see this note that by Theorem 2.2.1 and Lemma 2.2.1, the representation
my X - -+ X 7y, 18 irreducible, where 7; is the unique irreducible subrepresentation of
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Sgen,y (M;). Since my X - - - X my is generic, it has to be isomorphic to 7. Thus 7 is
a subrepresentation of

Sgen,W(ml) XX Sgen,xb(mk)-

For the second point, note that if m and m’ are in different cuspidal lines, then
we just proved that W(Sgen,y (M) X Sgen,y (M), ¥) = W(Sgen,y (M +m), ¥) =
W (Sgen,y (M +m), ) = W(Sgen,y (M) X Sgen,y (M), ). From this the second
claim follows. Finally, if n < m with m;, n; € Multg(p;) as above, we have
by definition n < m if and only if n; < m; for all i. From the first point and
Proposition 3.3 it then follows that there exists an injection

Sgeny (V) = Sgup (M),
which by the uniqueness of the Whittaker model must be an inclusion.

The claim for S;en,w follows the exact same pattern. ([

4. Standard modules

For the rest of this section, we fix an additive character .

Definition. Two maps Ty, Ty -1 : Multg — Rep are called of Whittaker type if
they satisfy the following.

(1) For each m € Multg, Ty (m) is a representation of Ggeg(m) and is contained in
Rep W

() Ty (m) =Ty (mY).
(3) If n < m then Ty (n) C Ty (m).
Since by (2), Ty~ is determined by 7y, we will usually omit 7;,-1.

The map Ty, is called L-standard if it is of Whittaker type and for all n, m €
/\/lultz;ep

L(X, Ty(n), Ty-1(m)) = L(X, C'(n), C'(m)).

Finally, an L-standard map 7T is called standard if it moreover satisfies the following.

(1) For eachm € ./\/lult;‘f there exists a nonzero map 7y (m) — (m).
(2) For eachm € ./\/lult;p, dimg HOMAG gy (T (M) & Ty -1 mY),R) =1.
(3) The multiplicity of (m) in Ty (m) is 1.

Replacing Multg by Multp - in the above definition, we obtain the notions of
[)-Whittaker type, [-L-standard and [J-standard.

It is easy to see that if 7y is standard and ¢ # 2, the nonzero map 7y (m) —
7@71 (m")Y, which is unique up to a scalar, factors through (m). Indeed, since £ # 2,
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we have that (m)¢ = (m)" is a quotient of Ty (m"), and since Aubert duality
commutes with taking duals, we have a nonzero map

Ty (M) = (m) = Ty (m")".

For 7 a standard map, the representations 7,-1(m) with m aperiodic are called
standard modules.

4.1. Standard modules over @z. For this section we set R = Q. For an arranged
form (Ajq, ..., Ag) of a multisegment m we denote

Ty (m) ;== W((A1) X - - x W({(Ak), ¥),

whose isomorphism type is independent of the arranged order; see, for example,
[32, Theorem 6.1]. If m is moreover integral we write

Ty (m) == WR (A1), ¥) X -+ x W ((A), ¥).

Theorem 4.1.1. The map Sy, : Multg, — Rep given by m +— W(T (m), ) is
standard.

Proof. For the computation of L-factors see [12, Theorem 8.2]. The other properties
are proved in [32, §6, §7, §9]. O

We let Sy, (m)*" be the subspace of Z-valued function in Sy (m).
Lemma 4.1.1. For all m € Multg,, Sgen,y (M) = Sy, (m).

Proof. We argue by induction on deg(m). We first treat the case where m is one
segment [0, b],. Then by [32, Proposition 9.5] and Frobenius reciprocity we have
p x([1,b],) — ([0, bl,), which is a generic representation by the uniqueness of
the Whittaker model. Thus W(p x ([1, bl,), ¥) = W(([O, bl,), ¥). By induction
on b the left-hand side equals Sgen, ([0, b],) by Proposition 3.3.

We come to the general case. Write m = p *m’ as follows. Let [0, ] 0> P €C, be
a longest segment in m such all segments A in m with a,(A) = 1 satisfy [(A) < b.
Taking m’ =m —[0, b]+[1, b], we obtain p *m’ =m. One can choose an arranged
form (A1, ..., Ay) of m’ such that for j < i, where i is the minimal i such that
A; =1, b],, either A; has cuspidal support not intersecting Z[p] or a,(A ;) is not
equal to 1. In any case, [0, 0] + A; is unlinked for j < i. We recall that by the
uniqueness of the Whittaker model, we have for three representations 7wy, 7o, 73 of
Whittaker type

W(my X mp X 73, ) = W(m x W(m2, ¥) X 73, ¥).
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Thus by the case of a single segment

W(p X (A1) X+ X (Ar), ¥) = WAL X+ X p X (Aj) X - X (Ag), ¥)
= WA X XW(p X (Aj), ¥) X+ X (Ag), )
= WAL X=X (FA;) x - X (Ar), ).

It is easy to see that (A, ..., TA;, ..., Ay) is an arranged form of m; hence the
right-hand side is equal to Sy (m). By induction and Proposition 3.3 the left-hand
side is equal t0 Sgep,y (M). O

4.2. Standard modules over ;. We come to our definition of standard modules
over Fy. We saw in the introduction that if fi1 is a lift of m € ./\/lultﬁ (Section 2.3),
Theorem 3.2.2 says that Sy, (m) can be equipped with a natural integral structure,
whose reduction mod £ is again of Whittaker type and is denoted by &/,Trﬁ) For
m € Multy, we then defined the intersection

Symy:= [ Sy
M lift of m

in the space of Whittaker functions. The representation is nonzero if m € Multg :
indeed, each SwTﬁl) contains with multiplicity one and as a unique subrepresen-
tation the degenerate representation Z(s), where s = cusp(m). Then Z(s) is a
subrepresentation of Sy, (m) since dimg Homg, (Z(s), W(y)) = 1.

Definition. Let 7y a map of Whittaker type. We call T extending if for all m €
Multg 5 and p € €-

W(p X Ty(m), ) C Ty (pxm), W(Ty(m) x p, ) C Ty(mx*p).
Lemma 4.2.1. The maps Sy, and S;en,w are extending.

Proof. For S;mw the claim is a consequence of Proposition 3.3. The claim for

Sy in the case R = [, follows by noting that on the one hand, for every lift @’ of
p *m, one can find lifts p and @ of p and m such that o * M = M’ and vice versa.
By Lemma 3.2.2 the surjective, and hence nonzero, map W(p, ¥) x Sy (W) —»
W(p x Sy (M), ¥) = W(Sy (p *m), ) reduces to a nonzero map

WP, ) x Sy (M) = W(Sy (p*m), ¥).

Taking the intersection in the space of Whittaker models we obtain a nonzero map

p X Sy (m) = Sy (p*m).
To see that the map on the intersection is nonzero, it suffices to note that the map

WP, ¥) x Sy (M) > W(Sy (p +m), V)
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does not vanish on the subrepresentation W(p, ¥) x Z(cusp(m)), where Z(cusp(m))

is the unique irreducible subrepresentation of Swaﬁ) that is independent of the lift m.
By the uniqueness of the Whittaker model we thus have that W(p x Sy, (m), ) C

Sy (p x m). The other inclusion follows by the same argument. U

Corollary 4.2.1. The map S en v’ ./\/lult[F o — Rep is of L-Whittaker type. For
m € Multg,, Sgen,y (M) S Sy (M) and S en y (M) € Sy (m).

Proof. We start with proving properties (1) and (2) of being a [I-Whittaker type for
Seen,yr» Which proves them for S, sen,y- Lhe first claim is true by construction. The
second claim follows from the followmg observation. Let m € Mulrg, -, and p € (e
Then it follows from the construction of mge, that (pxm)” =m" % p". In particular,
if m is of the form py % - - - % pi for suitable p; € €7, then m" = p *---* p/.
Moreover, Multg, . is nonzero only if £ # 2 and hence p; = p;’. We thus have that

Seen,y (M =W(py X -+ X p, W) = W(pf x -+ x pf, ™) = Sgen g1 (M)

and the second claim follows. The third claim for Sgeq, y follows from Lemma 2.4.1.

Finally, to prove S.. gen,y (M) S Sy (m) it suffices to prove that for n aperiodic with
n <m we have S;en v (n) € Sy (m). Moreover, by Lemma 3.4.2 it suffices to assume
that m € Multg(p). Write n = p; * - - - * p;. By the uniqueness of the Whittaker
model it suffices to give a nonzero map p; X --- X px — Sy (m). By Lemma 2.4.3
and the Geometric Lemma, we have that p; ® ... ® px appears in rp (m), for
any lift m of m, as a subquotient. Since m € Multr(p), considering the central
characters implies that it appears as a subrepresentation, which in turn implies
that there exists a nonzero map p; X - -+ X pp —> m Since p; X -+ - X pi is of
Whittaker type, W(p1 X - -+ X pg, ¥) is contained in the intersection of the m,
implying the claim. U
Remark. If m is a banal multisegment (see [22]), i.e., if for each cuspidal repre-
sentation p, the cuspidal support of m does not contain p|—|* for some k, the same
argument as in Lemma 4.1.1 shows that Sgep  (m) and Sy (m) agree.

Lemma 4.2.2. Assume Ty is an extending map of Whittaker type. Let m € Multg n
and let A={a, b],, p € €Y. be a segment in m. Then Ty(m—A+"A)C n(m)(’").

m?
Proof. We show that p|—|*x(m —A+~"A) <m. Let ' =[a — 1, b'],, be the longest
segment in m — A+ ~A witha,(I') =a — 1. If ' = A we have that the left side
equals the right side. Otherwise, we have b’ > b and that the left side equals

m—A+ " A—-T+7T,

which can be obtained from m via the elementary operation I' + A > T + ~A.
By the above observation and the properties of 7Ty, we obtain that

W(pl=*xTy(m—=A+"A), ¥) S Ty(m).
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The claim then follows from Proposition 3.2. (|

4.3. L-factors of standard modules. Fix an additive character ¥r. The goal of this
section is to show that Sy and Sgep y are L-standard.

Theorem 4.3.1. Let Ty be an extending map of Whittaker type such that Ty (m) C
Sy (m) for all m € Multg. Then Ty, is L-standard, i.e., for n, m € Multe;ep’m

L(X, Ty(m), Ty-1(n)) = L(X, C'(m), C'(n)).

This has been achieved in [16, Theorem 4.22] for generic representations if R is
arbitrary. In the case R = (g, this follows from the work of [12] as mentioned in
Section 4.1, yielding the following corollary of Lemma 3.3.2 and Lemma 3.3.3.

Corollary 4.3.1. Let n, m € Multg. Then
L(X, Ty (m), Ty-1(m) ' |L(X, C'(m), C'(n)) "

Before we come to the proof of Theorem 4.3.1, we note the following useful
lemmas, all of which follow easily from the definitions.

Lemma4.3.1. Let m € Multy containing segments A=|a, b],, A'=[a+1, b+1],
for some p € €V, Let n € Multg and let v be the submultisegment of n consisting
of segments of the form [c, d], with p' = xp" for some unramified character x and
c—d=>b—a. Finally, setm' =m —A —A"+[a,b+1],+[a+ 1, D], Then

L(X,C'(m),C'(n))
L(X,C'w),C'(n)

[[ (-x@pqg*x) 7.

[e.d] v e

Lemma 4.3.2. Let m,n € Multg and A = [a, b, a segment of maximal length
in m, where we assume p € €5, Let v be the submultisegment of n consisting of
segments [c, d]y with p' = xp" for some unramified character x and c —d > b —a.
Finally set ' =m — A+ ~A. Then

L(X,C'(m),C'(n))
L(X,C'(m'),C'(n))

[] G—x@pgx)/®.

[C,d]xﬂv en

Lemma 4.3.3. Let m, n€ Multg and Ty a map of Whittaker type such that Ty (n) C
Sy (M), Ty (m) € Sy (m). Then

L(X, Ty(m), Ty-1(m)L(g~' X!, C'(m"), C'(n"))
Lig='X~1, Ty(mY), Ty- (n¥))L(X, C'(m), C'(n))

is a unit in R[X, X~].
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Proof. Combining Lemmas 3.3.1 and 3.3.2 shows that the above fraction equals
re(e(X, Sy (W), Sy-1(®), ¥))e(X, Ty (m), Ty-1(n), )~

for suitable lifts @ and i of m and n. Since e-factors are units in R[X, X '], the
claim follows. U

Lemma 4.3.4. Let o, B € R such that o’ # B/. Then
ged(1 — (@X)/, 1- (X)) = 1.

Proof of Theorem 4.3.1. In fact we will show the slightly stronger statement that if
m, n € Multg with at least one of them aperiodic, then

L(X, Ty (m), Ty-1(n)) = L(X, C'(m), C'(n)).

We argue firstly by induction on deg(m) and deg(n) and for fixed deg(m) and deg(n)
we argue moreover by induction on the order < on the set of multisegments. The
base case is [16, Theorem 4.22].

By Corollary 4.3.1 we know that there exists P € F¢[X] such that

L(X, Ty (), Ty1 () "' P(X) = L(X, C'(m), C'(n))~".
Moreover, let m;, and n, be the banal parts of m and n. By definition
L(X,C/(m),C'(n) = L(X, C'(my), C'(np))
and by Lemma 3.3.1 and Proposition 3.2 and the base case,
L(X, Ty (mp), Ty-1(np)) = L(X, Ty (m), Ty-1(n)),

hence it is enough to treat the case where m = m;, n = ny.
We first assume without loss of generality that m is not aperiodic, i.e., it contains
a multisegment

la,bl,+---+la+o(p)—1,b+o0(p) —1],.

Choose i € {0, ..., 0(p) — 1} and using the notation of Lemma 4.3.1, we set A =
la+i,b+il,, A'=[a+i+]1,b+i+1],. By assumption on, Ty, Ty (m') C Ty (m)
and hence by induction on < we obtain by Lemma 4.3.1 that

PX)| J] (=x(@rg " x)/®.
[C,d]Xﬂvén
d—c=b—a

Let [; = {x(wg)g ¢~ : [c, dlypv €n:d—c=>b—a}. Assume that P(X) is
nonzero and let (1 — aX) be one of its nonzero factors with

(1—aX) |l — x(@p)g X))/ ®
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for some i and [c,d],,v €n:d—c=b—a.Let je{l,...,0(p)}. Since
A—ax)| [] d=x@rg7~x)/®,
[C,d]xpvén
d—c=b—a

it follows that (1 — aX) | (1 — x'(wp)g~* /=% X)/® for some [/, d'],/pv € n.
Therefore, by Lemma 4.3.4,

X/(wF)f(p)qf(ﬂ)(—a—j—d) — X(wF)f(ﬂ)qf(p)(—a—i—d).

It follows straightforwardly that this implies that for each j, [c + j, d + jl,,v
appears in m, contradicting the assumption on its being aperiodic.

Secondly, we assume that both m and n are aperiodic and, without loss of
generality, that the length of the longest segment in m is greater than or equal than
the length of the longest segment in n. We will now use the notation of Lemma 4.3.2,
e.g., A =|a, b], is a longest segment in m. Now Lemma 4.2.2 and the induction
hypothesis in combination with Proposition 3.2 and Lemma 3.3.3 give

POOI J] (=x(@rg“x)/®.

le.d),,v en

If n’ is empty, we are done; hence we can assume that the longest segment in m
and the longest segment in n have the same length.
Replacing m and n by m" and n¥ we obtain a polynomial P (X) such that by

Lemma 4.3.3

P(X) k =
— = — Xk reF, kez
PY(qg7'X™h

Applying the same reasoning as above to P (X) we obtain

PYX) | J] (=x(@r) g7 x) @,

[e.d],,ven

We now assume that P(X) is not a constant, and has a zero at (x (wg)g ¢~ ¢)~!
with [¢, d],,v € n'. Then PY(g~'X~!) has to have a zero also at x (wp)g "7,

implying that there exists [¢’, d'],/,v € n’ such that

—b—c'+1 a—d

x'(@r)g = x(wr)q~

Thus x' = x|—|~*'*¢ and hence [c + 1,d + 1],,v € 1.
But now we can switch the roles of m and n as

L(X, Ty(m), Ty-1(n)) = L(X, Ty (n), Ty-1(m))

and apply Lemma 4.3.2 with the longest segment [c + 1, d + 1],,v, yielding that
[a—1,b—1], has to be a segment of m, since (x (wl:)q_“_“')_1 is a zero of P(X).
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Repeating this process we obtain that for all i € Z-( the segment [a — i, b —i], is
contained in m, a contradiction to the assumption that m is aperiodic. U

Recall now the C-parameters of [16], i.e., the image of the injective map con-
structed in [16]

C: Jrr, — {semisimple Deligne R — representations of length n}.

For the precise definition we refer to [16]. The right hand side of the above map
is equipped with a tensor product denoted by ®;; and one can associate to two
C-parameters C(;r) and C(x") the three local factors

L(X, C(m) ®ss (1)), (X, C(m) @55 C(1), ), v (X, C(1) ®ss C(n), ¥).
As a corollary to Theorem 4.3.1, one can prove exactly as in [16, §6.4] the following.
Corollary 4.3.2. Let 1 = (m), 7’ = (w') € Jev. Then

L(X, Sy(m), Sy-1(n)) = L(X, C(7) ®, C(1)),
€(X, Sy(m), Sy-1(n), ¥) = e(X, C() ®s; C(nr), ¥),
Y (X, Sy (m), Sy-1(n), ¥) = y (X, C(mr) ®ys C(), ¥).

If m € Multg o, the same is true if one replaces S by S;en’w.

4.4. Quotients of standard modules. Let m € Multgr 5. We can define

I 1 Sy (M) @ Sy—1(m") ® CX(F") - R
by
(W, W', ¢) > L(X, Sy(m), Sy—1(m") ' 1(X, W, W', $)|x=1.

Let Cg% (F") be the subspace of C2°(F") consisting of all function vanishing at 0.

Proposition 4.1. The map Ju vanishes for all ¢ € CZy(F"). In particular, we
obtain a nonzero map

I : Sgen,y (M) ® Sgen g1 (M) = Sy (M) ® Sy-1(m”) — R

given by
WRW = Jun(W, W, @),

where ¢ is some fixed element in C2°(F") such that ¢ (0) # 0.
Moreover, if W is a lift of m then J restricts to a map

Ji : Sy (M Sy () — 7,

whose reduction mod £ equals Jp,.
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Proof. We start with the case R = Q;. By [19, Proposition 4.6], if i is totally
unlinked the map

T Sy () © Sy 1 (V) @ CX(F") — Q

vanishes. More generally, let m = A + - - - + Ay with the segments in an arranged
order, choose s € Z¥, and set

Sys (@) = WAL, Y) =11 X - - - X WAL, ¥)|—I%, %),
Sy, (@) = WWAAY), D=7 - x WHAY) =1, v, v Y.

Fix flat sections
fs € Sy s(m), fs/ € Si//*,s(lﬁv)

in the sense of [5, §3]. We obtain for fixed ¢ € Ci%(F”) by [12, Proposition 3.3]
a rational function over Q; such that P(Xy, ..., X) such that J (f;, f,. ¢) =
P(q®, ..., q%). As observed above, for all but finitely many s, P(¢*!, ..., g*%)=0
and hence it vanishes everywhere.

The case R = F; follows readily from the case R = Q. Let f be any lift of m
to Q. Then the map

Jiy 0 Sy (@) ® Sy 1 (V) ® CH(F") — Q
vanishes. Since Jg obviously respects the integral structures, it reduces to the map
T 2 Sy (m) @ Sy—1 (m") @ CXH(F™) — F,

which therefore also vanishes. Moreover, if fit is any multisegment over Q;, the map
Sy (M) ® Sy-1 (MmY) — Qg factors through (M) ® (M") and in particular vanishes
on Sy (M) ® Sy-1 (@) for any il < m. Hence Jg vanishes on

Sy () @ Sy-1(MY) ® CZ°(F™).
We now argue that J,, does not vanish on the restriction to
Sgen,w(m) ® Sgen,zp*] (mv) ® C?o (F");

this will prove the claim. It suffices to show that for n < m the map Jy, vanishes on
S;en’w(n) ® S;en’ - (mY) @ C°(F™). It suffices to show the claim for n maximal,
i.e., that it is obtained from m via one elementary operation. But then we can choose
a lift m of m and 1 of n with n < m and the claim follows from the observation above
and the fact that S;en’w(n) CSy(n) < &l,_(ﬁ); see Corollary 4.2.1. By an analogous
argument we can also show that Ji, vanishes on S;en’w () ®S%n’ - #{Y)QCX(F")
and hence it cannot vanish on Sgep, (M) ® Sgen, -1 (mY)Q@C(F"). By the previous
arguments we know that Jy, vanishes on Sgen, y (M) ®@Sgen -1 (mv)®C§% (F™), which
finishes the argument. (]
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Theorem 4.4.1. Letm € /\/lult?{im. Then (m) is the unique irreducible quotient of
Sgen,v,b (m)

Proof. Letm € Mult;pﬂ. We argue by induction on deg(m) and <. The base case
is trivial. Let w = (n) be a quotient of Sgen y (m). Note that cusp(r) = cusp(m).
Since 7 has to be an irreducible subquotient of Sy, (m), we have by Lemma 2.2.2
that n < m.

We writem =m'xp, p € € andm’ € Multigu and hence Sgen,y (M) X p — 7
by Lemma 2.4.1. In particular Sgen y (M) ® 0 = Fdeg(m)—m.,m) (7). By induction
and Proposition 3.3 we obtain that (m’) ® p appears in 7deg(m)—m,m) (Sy (n)). By
the geometric lemma of Bernstein and Zelevinsky [2, Theorem 5.2; 32, Theorem
1.1], it follows that m’ < n’, where 1’ is of the form n" =n — [a, 0], + [a, —11,
for a suitable segment [a, 0],. By the same argument as in Lemma 4.2.2 we have
n’ % p < n. On the other hand by Lemma 2.4.1 we have m=m'xp <n'*xp <n
and hence n = m. Since Sgen,y (M) € Sy (M), and (m) appears in the latter with
multiplicity one by Lemma 2.3.1, this is also true for Sgep,y - O

Let us state two corollaries to this result. By abuse of notation we will also
write Jiy : Sy (m) — Sy-1(m")" for the map obtained from Proposition 4.1. As a
consequence of this proposition, it restricts to a map Sgen,y (M) — Sgen y-1(MY)",
which factors through (m).

Corollary 4.4.1. Let m € Multg n. Then (m) appears in the image of Jn as a
quotient.

Proof. Let I (m) denote the image of Jy : Sy (m) — Sy-1(m")". Let X(m) be
the kernel of the map Sgen y (m) — (m). Then X (m") = X (m)°. Since Sgen,y is
[-standard, the kernel of the map Jy, restricted to Sgen,y (m) is X (m); thus I (m) is
a quotient of IT(m) := X (m)\Sy (m). we know that both /(m) and IT(m) contain
(m) with multiplicity 1 by Theorem 4.4.1 and I1(m) contains it moreover as a
subrepresentation. Since IT(m)¢ = IT(m"), it also follows that IT(m) admits (m) as
a quotient, and hence as a direct summand since it appears only with multiplicity 1.
Thus (m) is also a quotient of I (m). U

The second corollary follows readily from Theorem 4.4.1, Proposition 3.3,
Lemma 2.2.2 and Corollary 4.2.1.

Corollary 4.4.2. For n, m € Multg o we have S;en’w (n) C Sgen’w(m) if and only if
n X m. We thus have an order-preserving injection

S;m,i// s Multg o — S%epw,d,,

respecting the products.
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