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THE GENERIC EXTENSION MAP AND
MODULAR STANDARD MODULES

JOHANNES DROSCHL

We study two classes of ℓ-modular standard modules of the general linear
group. The first class is obtained by reducing existing standard modules over
Qℓ to Fℓ with respect to their natural integral structure. The second class
is obtained by studying the generic extension map of the cyclical quiver,
which was motivated by the construction of certain monomial bases of
quantum algebras. In the latter case we also manage to prove a modular
version of the Langlands classification, similar to the work of Langlands and
Zelevinsky over C. We also compute the corresponding ℓ-modular Rankin–
Selberg L-functions and check that they agree with the L-functions of their
C-parameters constructed by Kurinczuk and Matringe.

1. Introduction

Let F be a nonarchimedean local field with ring of integers OF and residue field
k, whose cardinality we denote by q, and G be a reductive group over F. We also
fix a prime ℓ not dividing q together with a field of coefficients R ∈ {Fℓ,Qℓ,C}.
The classification of irreducible smooth representations of G(F) over R is of great
importance in establishing the local Langlands correspondence. If R = C, the
classification was first achieved by Langlands in what is now known as the Langlands
classification. His classification associates to each irreducible smooth representation
π of G(F) a parabolic subgroup P ⊆ G, a tempered representation σ of the F-points
of the Levi component M of P and a character η of the center of M satisfying certain
inequalities. Then π can be realized as the unique quotient of the parabolically
induced representation S(π) = indG(F)

P(F)(σ ⊗ η), known as the standard module
associated to π , and the triple (P, σ, η) is unique up to certain natural symmetries.

The analytical nature of the Langlands classification as sketched above makes it
clear that it is a nontrivial task to extend it to fields of nonzero characteristic, as
soon as one ventures beyond the banal setting of [22]. Therefore the construction
of modular standard modules remained an open problem. The proposed definitions
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given in this paper avoid the above issue by considering standard modules which
are, in the modular case, not necessarily induced representations, but rather certain
subrepresentations of the space of Whittaker functions.

To motivate this approach we return for a moment to the problem of the classifi-
cation of irreducible modular representations. We recall that in the case G = GLn

Bernstein and Zelevinsky gave in [32; 2; 3] a second classification of irreducible
complex representation in terms of combinatorial objects called multisegments.
To this date this complete second classification is a feature only present in the
representation theory of GLn and its inner forms, although certain extensions of these
ideas to more general groups have been pursued [10]. Furthermore, the Langlands
and Zelevinsky classifications are related by the Aubert–Zelevinsky involution, an
involution on the set of isomorphism classes of the irreducible representations of
GLn(F); see [32; 1]. It thus fell upon the classification of Bernstein and Zelevinsky
in the case G = GLn to offer itself to generalization in the modular case.

In the works of Vignéras [30] and Mínguez and Sécherre [23], this feat has
been accomplished by extending their ideas. In general, the study of irreducible
representations of GLn over Fℓ shows many similarities to the study of complex
representations, but with several key differences as we will see later. For example,
no longer is every cuspidal representation supercuspidal.

Note that the usefulness of standard modules in the complex case goes much
further than the simple classification of irreducible representations. A promi-
nent example, and the main motivator of this paper, are the local Rankin–Selberg
L-factors L(s, ρ, ρ ′) of [11], which are defined for pairs of complex representations
of Whittaker type (ρ, ρ ′) and they are rational functions in qs . In particular, if
G =GLn , every standard module S(π) is of Whittaker type, which in turn allows one
to define the invariant L(s,S(π),S(π ′)) for any pair of irreducible representations
of GLn . It comes as no surprise that the L-factor L(s,S(π),S(π ′)) can be explicitly
computed in terms of the Langlands parameters of π and π ′.

Passing from the complex to the modular setting, the definition of local Rankin–
Selberg L-factors has been extended in [14] to the more general fields R we are going
to consider in this paper. The authors again associate to a pair of representations
of Whittaker type an L-factor L(X, π, π ′), which is a rational function in X (with
X = q−s in the C-case this recovers the original construction of [12]). The Rankin–
Selberg L-factors so obtained satisfy a functional equation, which in turn gives rise
to ϵ- and γ -factors associated to the pair (π, π ′). In [16] the authors associate to
each irreducible representation of GLn(F) a so-called C-parameter C(π), which is
a modular version of the Langlands parameter. Moreover, they equip C-parameters
with a tensor product ⊗ss and define their L-, ϵ- and γ - factors.

In this paper we hope to initiate the investigation of possible candidates for
standard modules in the modular setting and their properties. We do this by
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giving two natural possible candidates for standard modules, one obtained by
reducing the ones defined over Qℓ to Fℓ, the other one by considering the so-called
generic extension map, which is rooted in the analysis of certain (quantum)-algebras
associated to certain Dynkin or affine Dynkin quivers. We will prove that the former
always contain the latter and note that at the moment the evidence points towards
them being equal, although we do not treat this question in this paper.

The properties discussed above give us natural constraints our potential standard
modules should satisfy. Firstly, they should admit a modular formulation of the
Langlands classification and secondly, they should allow us to define Rankin–
Selberg L-functions, which should be explicitly computable using the C-parameters
of the underlying irreducible representations.

The contents of this paper can thus be roughly divided into three parts: the
construction of standard modules, establishing certain representation-theoretic
properties and finally the computation of their Rankin–Selberg L-factors.

To state our results more precisely, we need to introduce some notation. Let
ψ : F → R be a smooth, additive character and recall the space of Whittaker-
functions,

W(ψ) := f : Gn → R : f




1 u1,2 . . . . . .

0
. . . . . . . . .

0 . . . 1 un−1,n
0 . . . 0 1

g

=ψ

(n−1∑
i=1

ui,i+1

)
f (g), f locally constant

.
We also recall that a smooth representation π of Gn of finite length is called of
Whittaker type if

dimR HomGn (π,W(ψ))= 1,

and in this case we denote its image by W(π, ψ). We let

RepW,ψ,n = {W(π, ψ) : π a representation of Gn of Whittaker type}.

Let us recall that to a cuspidal representation of Gm we can associate o(ρ)∈N∪{∞},
with o(ρ) = ∞ if and only if char(R) = 0, and and that if o(ρ) is finite, it is the
minimal k ∈ Z>0 such that ρ ∼= ρ|−|

k . We let moreover be e(ρ) = ℓ if o(ρ) = 1
and e(ρ) = o(ρ) otherwise. To two integers a ≤ b and ρ cuspidal, we associate
a segment (over R) [a, b]ρ = (ρ|−|

a, . . . , ρ|−|
b) and we identify [a, b]ρ with

[a +o(ρ), b +o(ρ)]ρ . We also write [a, b]
∨
ρ = [−b,−a]ρ∨ . A finite formal sum of

segments is called a multisegment and we denote the set of multisegments over R by
MultR , to which we extend the operation (−)∨. A multisegment is called aperiodic
if it does not contain a submultisegment of the form

[a, b]ρ+[a+1, b+1]ρ+· · ·+[a+e(ρ)−1, b+e(ρ)−1]ρ,
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and we denote the set of aperiodic multisegments by Multap
R . We decompose any

multisegment m as mb +mnb, where mnb consists of those [a, b]ρ with o(ρ)= 1.
We let Multap

R,□ be the set of aperiodic multisegments such that m = mb. Note
that if char(R)= 0 all multisegments are aperiodic and MultQℓ

= Multap
Qℓ,□

. Then
there exists a bijection

⟨−⟩ : Multap
R → Irr(R);

see [25] and [23]. The definition of Multap
R,□ is motivated by the following facts.

If, as usual, we denote by × the normalized parabolic induction, then ⟨m⟩ ∼=

⟨mb⟩ × ⟨mnb⟩ and

L(X,C(⟨m⟩)⊗ss C(⟨n⟩))= L(X,C(⟨mb⟩)⊗ss C(⟨nb⟩)).

In particular, representations with nontrivial L-functions are precisely those coming
from Multap

R,□. The set Multap
R moreover admits an order, denoted by ⪯, which

comes from the degeneration order on certain quiver-varieties, which we will
discuss in a moment. Our goal is then to construct a map

Sψ : Multap
R → RepW,ψ =

⋃
n∈N

RepW,ψ,n

satisfying, among others, the following properties.

(1) L(X,Sψ(m)⊗Sψ−1(n))= L(X,C(⟨m⟩)⊗ C(⟨n⟩)).

(2) Sψ(m) admits ⟨m⟩ as a quotient and ⟨m⟩ appears in the Jordan–Hölder decom-
position of Sψ(m) with multiplicity one.

(3) Sψ(m) admits ⟨m⟩ as its unique irreducible quotient.

Properties (2) and (3) would imply that dimR HomGn (Sψ(m),Sψ−1(m∨)∨)= 1
and every morphism in this space would factor through ⟨m⟩. The description of
irreducible representations in the style of properties (2) and (3) is also known as
the Langlands classification, and has not yet been achieved over Fℓ, unlike the case
char(R)= 0, where the relevant statements were first proved in [32] (see p. 2).

In this paper we construct such a map Sψ satisfying (1) and (2), as well as a map

Sgen,ψ : Multap
R,□ → RepW,ψ

satisfying the analogues of properties (2) and (3) for multisegments in Multap
R,□.

We also show that Sgen,ψ(m)⊆ Sψ(m) for m ∈MultR,□. If char(R)= 0, these two
constructions agree.

We start with a sketch of the construction of Sψ . If ρ̃ is a cuspidal representation
over Qℓ admitting an integral structure, we denote its reduction mod ℓ by rℓ(ρ̃).
If rℓ(ρ̃) is again a cuspidal representation ρ, we say ρ̃ is a lift of ρ. It is then
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straightforward to define a lift m̃ ∈ MultQℓ
of m ∈ MultFℓ

by first saying that
a segment [a′, b′

]ρ̃ is a lift of [a, b]ρ if ρ̃ is a lift of ρ, a = a′ mod o(ρ) and
b − a = b′

− a′, and then extending this notion linearly to all multisegments. In
this case one can equip Sψ(m̃) with its natural integral structure given by those
Whittaker functions that take values in Zℓ, and we denote the reduction mod ℓ of
this specific integral structure by Sψ(m̃). For m an aperiodic multisegment over Fℓ,
we write

Sψ(m) :=

⋂
m̃ lift of m

Sψ(m̃),

where the intersection was taken in W(ψ).

Theorem 1. The map Sψ :Multap
Fℓ

→RepW,ψ satisfies property (1). If m∈Multap
Fℓ,□

,
then ⟨m⟩ is a quotient of Sψ(m) and appears with multiplicity 1 in it.

The proof of this theorem uses our second construction of standard modules,
denoted by Sgen,ψ , to which we come now. We will focus on the case R = Fℓ, but
the construction works similarly for char(R)= 0. In the introduction, for the sake
of clarity, we will focus on multisegments of the form [a1, b1]ρ+· · ·+[ak, bk]ρ for
a fixed cuspidal ρ with o(ρ)>1. We denote this set by MultFℓ

(ρ) and the aperiodic
multisegments in it by MultFℓ

(ρ)ap. Let Q be the cyclical quiver with o(ρ) vertices
and oriented counterclockwise.

o(ρ)
•

•
1

•
2

· · · •
o(ρ)− 2

•
o(ρ)− 1

Then the isomorphism classes of finite-dimensional, nilpotent C-representations of
Q, denoted by [Q], are in bijection with MultFℓ

(ρ). The order ⪯ on multisegments
mentioned above is nothing but the degeneration order on [Q] transported to
MultFℓ

(ρ). In [28; 4; 27] the authors investigate the so-called generic exten-
sion map ∗ : [Q] × [Q] → [Q], which sends the tuple ([M], [N ]) to [X ], where
X ∈ Ext1Q(M, N ) is such that dimC HomQ(X, X) is minimal. The product so
constructed,

∗ : MultFℓ
(ρ)×MultFℓ

(ρ)→ MultFℓ
(ρ),

is associative. The subset of MultFℓ
(ρ) generated by multisegments of the form

[i, i]ρ is then precisely the set of aperiodic multisegments MultFℓ
(ρ)ap.

The next result was motivated by a similar consideration of monomial bases of
quantum and Hall algebras; see for example [7] or [28].
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Theorem 2. Let m = [i1, i1]ρ ∗ · · · ∗ [ik, ik]ρ ∈ Multap
Fℓ
(ρ). Then

Sgen,ψ(m) := W(ρ|−|
i1× · · · × ρ|−|

ik , ψ)

only depends on m and satisfies properties (1) and (2).

This construction allows us to define the desired map:

Theorem 3. Let m,m′
∈ Multap

R,□. Then Sgen,ψ :Multap
R,□→RepW,ψ is defined by

Sgen,ψ(m ∗m′)= W(Sgen,ψ(m)×Sgen,ψ(m
′), ψ).

Moreover, if char(R)= 0, Sψ = Sgen,ψ and if R = Fℓ, Sgen,ψ(m)⊆ Sψ(m).

Although the following seems at the moment out of reach, examples of small
rank seem to suggest the equality Sψ = Sgen,ψ on Multap

R,□ as well as the equality
Sψ(m)= Sψ(m̃) for any lift m̃ of m.

2. Notation

Let F be a nonarchimedean local field with ring of integers OF and residue field k,
whose cardinality we denote by q . We also choose a uniformizerϖF of the maximal
ideal of OF and fix a prime ℓ not dividing q . We let |−| be the absolute value of F
such that |ϖF|= q−1.

From now on R is one of the algebraically closed fields Fℓ or Qℓ. We let 3 be
the maximal ideal of Zℓ ⊆ Qℓ and fix a square root q

1
2 of q in Zℓ. By abuse of

notation, we are also going to denote its image in Fℓ by q
1
2 .

For n ∈ Z≥0 we let Gn := GLn(F). We denote by 1n the identity in Gn and by

wn =

 1
...

1


the antidiagonal. For m, n ∈ N, we denote by wn,m the block-diagonal embedding
of (1m, wn) into Gn+m and the space Mn,m of n × m matrices with entries in F.

Inside Gn we consider for k ∈ Z the closed subsets

Gk
n := {g ∈ Gn : valF(det(g))= k},

where valF denotes the valuation of F with valF(ϖ) = 1. We let Bn be the Borel
subgroup of Gn of upper diagonal matrices and Nn its unipotent subgroup. More
generally, if α = (α1, . . . , αk) is a partition of n, we denote by Pα the parabolic
subgroup containing Bn with Levi component Gα := Gα1 ×· · ·× Gαk . Its opposite
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parabolic subgroup Pα is conjugate to P(αk ,...,α1). We denote by

Hn,m :=

{(
g x
0 n

)
: g ∈ Gn, x ∈ Mn,m, n ∈ Nm

}
⊆ Gn+m

and let Pn := Hn−1,1 be the mirabolic subgroup of Gn . Let C∞
c (F

n) be the space
of R-valued locally constant and compactly supported functions on Fn and we set
ϵn := (0, . . . , 0, 1) ∈ Fn .

2.1. Representations. In the next sections we recall the usual setup for ℓ-adic
and ℓ-modular representation theory. For details, see [29]. Let G ⊆ Gn be a
closed subgroup. We denote by Rep(G, R) the category of smooth, admissible
representations of finite length of G. Whenever possible we will omit the field of
coefficients R. Let α = (α1, . . . , αk) be a partition of n. We let Repα = Rep(Gα),
let Irrα be the set of isomorphism classes of irreducible representations in Repα
and set

Rep :=

⋃
n∈N

Repn, Irr :=

⋃
n∈N

Irrn.

If G ⊆ H ⊆ Gn are closed subgroups, we denote the functors of normalized
induction by IndG

H and their compactly supported version by indG
H . We recall the

normalized Jacquet functor and parabolic induction corresponding to parabolic
subgroups P = MN of Gα, which give rise to the exact functors

rP : Repα → Rep(M), indGα

P : Rep(M)→ Repα.

We write rα := rPα and rα := rPα . Recall that rα and rα are the left and right adjoints,
respectively, of indGn

Pα , by Frobenius and Bernstein reciprocities (respectively). By
abuse of notation we will also notate the maps they induce between the respective
Grothendieck groups by the same letters. As is conventional, we will write

π1 × · · · ×πk := indGn
Pα (π1 ⊗ . . .⊗πk).

If χ is a smooth character of F and π ∈Rep, we write χπ = χ(det)π . If π ∈Repn ,
we denote the corresponding element in the Grothendieck of Repn by [π ] and
define the length of π as the number of its irreducible subquotients counted with
multiplicity. If π is a representation of Gn , we denote by π c the representation
obtained by twisting π by g 7→ wn(g−1)twn . We recall that if π is irreducible and
ℓ > 2, then π c ∼= π∨ (see for example [29] or [23, Remark 2.7]), and

(π1 ×π2)
c
= π2

c
×π1

c.

Finally, we recall that parabolic induction on Gn is commutative on the level of
Grothendieck groups, in particular for π, π ′

∈ Irr such that π ×π ′ is irreducible,
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π ×π ′ ∼= π ′
×π ; see [29, 1.16] for ℓ > 2, [32, Theorem 1.9] for the case R = C

and [23, Proposition 2.6] in general.

2.1.1. Cuspidal representations. A representation ρ ∈ Irrn is called cuspidal if
for all nontrivial partitions α of n, rα(ρ) = 0. It is called supercuspidal if there
exists no nontrivial partition α and π ∈ Irrα such that ρ appears as a subquotient of
indGn

Pα π . In general, supercuspidal implies cuspidal and if R = Qℓ, cuspidal implies
supercuspidal. We denote the subset of Irrn consisting of cuspidal respectively
supercuspidal representations by Cn respectively SCn and define

C :=

⋃
n∈N

Cn, SC :=

⋃
n∈N

SCn.

We also recall the notation of cuspidal support, meaning that if π ∈ Irr there exist
up to possible permutation and isomorphism unique ρ1, . . . , ρk ∈ C such that π ↪→
ρ1 ×· · ·×ρk . We denote by cusp(π) := [ρ1]+ · · ·+[ρk] the cuspidal support of π .
Weakening in the above definition the condition of being a subrepresentation to being
a subquotient and cuspidal representations to supercuspidal representations gives
rise to the supercuspidal support scusp(π). If at any point the field of coefficients
becomes important, we will add it in parentheses to the respective category or set,
e.g., Irr(Fℓ) versus Irr(Qℓ).

We recall the following notions; see for example [24, §3.4, §4.5]. Let ρ ∈ C and
recall that ρ×χρ is reducible if and only if χ ∼= |−|

±. We recall the cuspidal line

Z[ρ] := {[ρ|−|
k
] : k ∈ Z}

and denote the cardinality of Z[ρ] by o(ρ). Note that o(ρ) is finite if and only if
R = Fℓ. Set

e(ρ) :=

{
o(ρ) if o(ρ) > 1,
ℓ otherwise.

One can associate to ρ an integer f (ρ) via type theory. If o(ρ) > 1, o(ρ) is
the order of q f (ρ) in R. We let C□

n be the subset of Cn consisting of ρ such that
o(ρ) > 1; i.e., those ρ which make ρ× ρ is irreducible. Finally, we say ρ and ρ ′

are in different cuspidal lines if [ρ ′
] /∈ Z[ρ] and we set C□

:=
⋃

n∈N C□
n .

2.2. Multisegments. We now recall the combinatorics of multisegment (for details,
see [32; 23]). Let ρ ∈ Cm and a ≤ b ∈ Z. A segment is a sequence

[a, b]ρ = ([ρ|−|
a
], . . . , [ρ|−|

b
]).
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Two segments [a, b]ρ and [a′, b′
]ρ′ are equal if and only if ρ ′

|−|
a∼= ρ|−|

a and
b − a = b′

− a′. We also let [a, b]
∨
ρ = [−b,−a]ρ∨ . Define

−
[a, b]ρ = [a + 1, b]ρ, [a, b]

−

ρ = [a, b − 1]ρ,

+
[a, b]ρ = [a − 1, b]ρ, [a, b]

+

ρ = [a, b + 1]ρ,

aρ([a, b]ρ)= a ∈

{
Z/(o(ρ)Z) if o(ρ) <∞,

Z if o(ρ)= ∞,

bρ([a, b]ρ)= b ∈

{
Z/(o(ρ)Z) if o(ρ) <∞,

Z if o(ρ)= ∞.

We define the length and degree of a segment as l([a, b]ρ) := b − a + 1 ∈ Z and
deg([a, b]ρ) = (b − a + 1)m ∈ Z. The cuspidal support of [a, b]ρ is defined as
cusp([a, b]ρ) := [ρ|−|

a
]+ · · · + [ρ|−|]

b. By abuse of notation we will often write
ρ for the segment [0, 0]ρ .

A multisegment is a formal finite sum and we extend the length l, the degree
deg, the notion of cuspidal support, and (−)∨ linearly. We let MultR be the set
of multisegments and MultR(ρ) be the set of multisegments consisting only of
segments of the form [a, b]ρ . A multisegment is called aperiodic if it does not
contain a submultisegment of the form

[a, b]ρ+[a+1, b+1]ρ+· · ·+[a+e(ρ)−1, b+e(ρ)−1]ρ .

For any subset N ⊆ MultR , we denote by N ap the aperiodic multisegments in
N . For any m ∈ MultR , we decompose m = mb +mnb with mb consisting of all
segments [a, b]ρ in m with ρ ∈ C□. We let MultR,□ be the set of multisegments
such that m = mb.

Theorem 2.2.1 [23, §9; 32, §6]. There exists a surjective map

Z : MultR → Irr

satisfying the following.

(1) Z(m) ∈ Irrdeg(m).

(2) Z restricted to aperiodic multisegments is a bijection.

(3) Z(m)∨ ∼= Z(m∨).

(4) For m ∈ Multap
R , cusp(Z(m)) = cusp(m). If m ∈ MultR(ρ)

ap with ρ ∈ SC,
then scusp(Z(m))= cusp(Z(m)).

(5) If m = m1 +m2 then Z(m) is a subquotient of Z(m1)× Z(m2) and appears
with multiplicity one in its Jordan–Hölder decomposition.

(6) Z([a, b]ρ) is a subrepresentation of ρ|−|
a
× · · · × ρ|−|

b.
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(7) If ρ1, . . . , ρl ∈ C lie in pairwise different cuspidal lines and m=m1 +· · ·+mk

with mi ∈ MultR(ρi ),

Z(m)∼= Z(m1)× · · · × Z(mk).

If m consists only of segments of length 1, we call Z(m) nondegenerate. Finally,
we recall the Aubert–Zelevinsky involution (−)∗ : Irr → Irr (see [1; 32; 25]), and
denote

⟨−⟩ := (Z)∗ : Multap
R → Irr.

This map preserves the cuspidal support and if m,m1, . . . ,mk ∈ Multap
R , the multi-

plicity of ⟨m⟩ in ⟨m1⟩×· · ·×⟨mk⟩ is the multiplicity of Z(m) in Z(m1)×· · · Z(mk).

Lemma 2.2.1. Let ρ, ρ ′
∈ C□ be in different cuspidal lines. Moreover, let π be

an irreducible subquotient of ρ1 × · · · × ρk , ρi ∈ Z[ρ], and π ′ be an irreducible
subquotient of ρ ′

1 × · · · × ρ ′

l , ρ
′

i ∈ Z[ρ]. Then π ×π ′ is irreducible.

Proof. By the classification of cuspidal representations in [21, §6], the cuspidal
lines of the cuspidal supports of π and π ′ do not intersect. Indeed, if σ is a cuspidal
representation appearing in the cuspidal support of π , its supercuspidal support
consists of representations in Z[ρ]; see [23, Theorem 9.36(3)]. By the uniqueness of
the cuspidal and supercuspidal supports, it follows that the cuspidal representations
appearing in π and π ′ lie in different cuspidal lines. The claim follows from
property (7) in Theorem 2.2.1. □

Let m ∈ MultR and 1= [a, b]ρ, 1
′
= [a′, b′

]ρ be two segments in m with

a + 1 ≤ a′
≤ b + 1 ≤ b′.

An elementary operation on m refers to changing the segment in the following way:

m 7→ m−1−1′
+ [a, b′

]ρ + [a′, b]ρ .

We will say that the elementary operation is of the form [a, b]ρ + [a′, b′
]ρ 7→

[a, b′
]ρ +[a′, b]ρ . We write n ⪯ m if n can be obtained by repeated applications of

elementary operations to m and n ≺ m if n ⪯ m and m ̸= n. We call two segments
1,1′ linked if there exists a presentation 1= [a, b]ρ, 1

′
= [a′, b′

]ρ such that one
of the inequalities

a + 1 ≤ a′
≤ b + 1 ≤ b′ or a′

+ 1 ≤ a ≤ b′
+ 1 ≤ b

is satisfied, i.e., there exists a multisegment n with n ≺1+1′. The multisegment
m =11 + · · · +1k is called unlinked, if for all i ̸= j ∈ {1, . . . , k} 1i and 1 j are
unlinked.
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Lemma 2.2.2 [32, Theorem 7.1; 8, Theorem 6.4.1]. Let m=11+· · ·+1k ∈MultR

and n ∈Multap
R . Then ⟨11⟩× · · ·×⟨1k⟩ contains ⟨n⟩ as an irreducible subquotient

if and only if n ⪯ m. In particular, ⟨m⟩ ∼= ⟨11⟩ × · · · × ⟨1k⟩ if and only if m is
unlinked.

Proof. The case in R = Qℓ was treated in [32, Theorem 7.1] and the case R = Fℓ in
[8, Theorem 6.4.1]. (In [8], the claim was proven for Z(−) instead of ⟨−⟩, however,
applying the Aubert–Zelevinsky yields the equivalence.)

To see the claim regarding the irreducibility, note that the induced representation
is irreducible if and only if it contains no irreducible subquotient ⟨n′

⟩ for m ̸= n′
∈

MultR . If n′ is not aperiodic, it is easy to construct n′′
≺ n′ via one elementary

operation, and hence n′′
≺ n′

⪯ m. Repeating this process, we arrive at n ≺ n′
⪯ m

with n aperiodic, and hence by the above lemma ⟨n⟩ is a subquotient of the induced
representation. Thus the induced representation is irreducible if and only if it
contains no ⟨n⟩ with n ∈ Multap

R , which by the above can only happen if and only
if n ⪯ m. □

Assume for a moment that R = Qℓ and let 1,1′ be two segments. We say 1
precedes 1′ if 1= [a, b]ρ, 1

′
= [a′, b′

]ρ and

a + 1 ≤ a′
≤ b + 1 ≤ b′.

Thus, 1 and 1′ are unlinked if and only if 1 does not precede 1′ and vice versa.
Let m =11 +· · ·+1k ∈ MultQℓ

. We say (11, . . . ,1k) is in arranged form if for
all i, j ∈ {1, . . . , k}, i < j 1i does not precede 1 j . Any multisegment over Qℓ

admits an arranged form and any two arranged forms can be obtained from each
other by repeatedly changing the order of two neighboring unlinked segments, i.e.,
replacing (. . . , 1i ,1i+1, . . . ) 7→ (. . . , 1i+1,1i , . . . ) if 1i and 1i+1 are unlinked.

2.3. Integral structures. We recall the following results of [29, I.9] on integral
structures. Let α be a partition of n ∈ N and (π̃, V ) ∈ Repα(Qℓ). We recall that an
integral structure of π̃ is a Zℓ-lattice l in V which generates V , i.e., the natural map
induces an isomorphism l⊗Zℓ

Qℓ
∼= V . If π̃ admits an integral structure it is called

integral. For π̃ ∈ Repα integral and l an integral structure, l⊗Zℓ
Fℓ is an object in

Repα(Fℓ). We denote by
rℓ(π̃) := [l⊗Zℓ

Fℓ],

which is an element in the Grothendieck group of Repα(Fℓ). It is rℓ(π̃) which is
independent of the chosen integral structure; the representation l⊗Zℓ

Fℓ is highly
dependent on the specific l and in general not irreducible. Moreover, the represen-
tation indGn

Pα π̃ is integral, with the natural integral structure indGn
Pα l, i.e., the l-valued

functions. Then
(indGn

Pα l)⊗Zℓ
Fℓ ∼= indGn

Pα (l⊗Zℓ
Fℓ).
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Moreover, if τ̃ is a subrepresentation (resp. quotient) of π̃ , then l ∩ τ̃ (resp. the
image of l in τ̃ ) is an integral structure of τ̃ .

Finally, the functors rα and rℓ commute on the level of Grothendieck groups by
[6, Proposition 1.4(i)], i.e.,

rα(rℓ(π̃))= rℓ(rα(π̃)).

An integral representation π̃ ∈Irr(Qℓ) is called a lift of π ∈Irr(Fℓ) if rℓ(π̃)=[π ].
If 1= [a, b]ρ is a segment over Fℓ, a segment 1̃= [a′, b′

]ρ̃ over Qℓ is called a lift
of 1 if ρ̃ is a lift of ρ, b′

−a′
= b −a and a = a′ mod o(ρ). Finally, we extend this

notation of a lift to segments MultFℓ
linearly.

In [29, III] the Bushnell–Kutzko construction for ℓ-adic and modular represen-
tations was carried out. It was shown that every cuspidal representation over Fℓ

admits a cuspidal lift ρ̃ to Qℓ, and that if ρ̃ is such a lift of ρ, f (ρ)= f (ρ̃).

Lemma 2.3.1 [23, Theorem 9.39]. Let m ∈ Multap
Fℓ

and let m̃ be a lift of m. Then
Z(m) appears with multiplicity 1 in rℓ(Z(m̃)) and ⟨m⟩ appears with multiplicity 1
in rℓ(⟨m̃⟩).

Proof. The claim for Z can be found in [23, Theorem 9.39]. The one for ⟨−⟩

is derived from the definition of ⟨−⟩ in [1] as follows. Recall the definition of
(−)∗: For [π ] an element in the Grothendieck group of Repn , one first defines a
nonzero element D([π ]) in the same Grothendieck group, which is represented by
the cohomology of a complex obtained from [π ] by applying repeatedly the Jacquet
functor and parabolic induction. In particular, if [π ] ≤ [τ ], then D([π ])≤ D([τ ]).
Moreover, if π is irreducible, there exists a unique irreducible summand [π∗

] in
D(π) with the same cuspidal support as π and if R = Qℓ, then D(π)= [π∗

]. The
above construction implies that D commutes with rℓ. Thus, rℓ(⟨m̃⟩)= rℓ(D(Z(m̃)))=
D(rℓ(Z(m̃))), where the latter contains D(Z(m))≥ [⟨m⟩] by the first claim. □

2.4. Generic extensions. In this section we recall the composition algebra of the
cyclic quiver; compare [28]. We fix 1< n ∈ N∪{∞} and consider the cyclic quiver
Q with vertices

I =

{
Z/(nZ) if n <∞,

Z if n = ∞,

and an arrow from i to j if j = i + 1 mod n if n is finite and j = i + 1 if n = ∞.
We recall that a representation of Q is nothing but a finite-dimensional I -graded
C-vector V space together with a linear map T : V 7→ V of weight 1. We call the
representation nilpotent if T N

= 0 for large enough N ∈ N, and associate to V
the dimension vector grdimV ∈ NI , whose i-th entry equals dimC Vi . Note that if
n = ∞, for all but finitely many i ∈ I , the dimension of dimC Vi vanishes. We call
a vector d ∈ NI a dimension vector if it is 0 for all but finitely many i ∈ I . We
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let Ed = {(Vd, T )} be the set of finite-dimensional, nilpotent representations of Q
over C with underlying graded vector space

Vd :=

⊕
i∈I

Cd i ,

where we write for C0 the trivial vector space. We let Gd :=
∏

i∈I GLdi (C), where
GL0(C) denotes the trivial group, and note that Gd acts on Ed by conjugation. The
orbits of this action are naturally parametrized as follows. We let Mult(Q) be the
set of multisegments, i.e., the formal finite sums of segments [a, b], a ≤ b ∈ Z up
to the equivalence

[a, b] ∼ [a′, b′
] if

{
a = a′ mod n, b − a = b′

− a′ if n <∞,

a = a′, b′
= b if n = ∞.

We write [a, b]
∨

= [−b,−a], l([a, b]) = b − a + 1 and extend these operations
linearly to Mult(Q). To [a, b] ∈ Mult(Q) we associate the indecomposable repre-
sentation λ([a, b]) whose underlying vector space has as a basis b − a + 1 vectors
e1, . . . , eb−a+1, with ei in degree i mod n if n <∞ and in degree i if n = ∞ and
T (ei ) = ei+1 for i ≤ b − a and T (eb−a+1) = 0. The dimension vector of this
representation, denoted by grdim[a, b], has as its i-th entry

(grdim[a, b])i =


#{x ∈ Z : a ≤ x ≤ b, x = i mod n} if n <∞,

1 if n = ∞, a ≤ i ≤ b,
0 otherwise.

More generally, we associate to a multisegment m = [a1, b1] + · · · + [ak, bk] the
representation λ(m) := λ([a1, b1])⊕ . . .⊕ λ([ak, bk]). We denote its dimension
vector grdimm = grdim[a1, b1] + · · · + grdim[ak, bk]. We call a multisegment
aperiodic if either n =∞ or n<∞ and it does not contain a multisegment of the form
[a, b]+· · ·+[a+n−1, b+n+1]. We denote the set of aperiodic multisegments by
Mult(Q)ap.

Via this construction, the Gd-orbits [Ed] of Ed are then in bijection with multi-
segments m such that d = grdimm. For M a representation in Ed , we denote by
[M] = Gd · M its orbit.

We write [M] ⪯ [N ] for two orbits in Ed if [N ] is in the closure of [M] with
respect to the analytic topology. This relation gives rise to the so-called degeneration
order. We also recall the associative product

∗ : [Ed] × [Ed ′] → [Ed+d ′]

given by sending ([M], [N ]) 7→ [M] ∗ [N ] to the orbit of their generic extension;
see [7, §3] for cyclic quivers and [27, §2] for Dynkin quivers. The generic extension
of two representations M and N is defined as the set of X ∈ Ext1Q(M, N ) for which
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the dimension of the complex algebraic variety [X ] is maximal, or equivalently,
for which dimC HomQ(X, X) is minimal. Any X, X ′ in the generic extension of
M and N lie in the same equivalence class, thus we can define [M] ∗ [N ] as [X ]

for some X in the generic extension of M and N .

Lemma 2.4.1 ([27, Proposition 2.4]; see also [7, Proposition 3.4]). Let M ∈ Ed, N ∈

Ed ′, X ∈ Ed+d ′ . Then [M] ∗ [N ] ⪯ [X ] if and only if there exist [M] ⪯ [M ′
],

[N ] ⪯ [N ′
] such that there exists a short exact sequence 0 → M ′

→ X → N ′
→ 0.

In particular, if [M] ⪯ [M ′
], [N ] ⪯ [N ′

] then [M] ∗ [N ] ⪯ [M ′
] ∗ [N ′

].

For a word w = i1 . . . ik of indices in I , we write

mgen(w)= [i1, i1] ∗ · · · ∗ [ik, ik],

and we denote the set of words in I by �. We can describe mgen(w) recursively as
follows; see for example [7, p. 285 and Proposition 3.7].

For m ∈ Mult(Q) and i ∈ I we let

i+m :=

{
m+ [i, i] if there does not exist a segment of the form [i+1,b] in m,

m+
+1−1 where 1 is the longest segment of the form [i + 1,b] in m.

Similarly, we let

m+i :=

{
m+ [i, i] if there does not exist a segment of the form [a, i−1] in m,

m+1+
−1 where1 is the longest segment of the form [a, i − 1] in m.

Lemma 2.4.2 [7, Proposition 3.7]. In this notation, we have mgen(iw)= i+mgen(w)

and mgen(wi)= mgen(w)+ i .

From now on we implicitly identify the isomorphism classes of representations
of Q with Mult(Q)ap.

Theorem 2.4.1. The map mgen : � → Mult(Q) has image Mult(Q)ap and two
words w and w′ give rise to the same multisegment if and only if they are related by
the degenerate Serre relations.

(1) i j = j i if i and j are not neighbors.

(2) i(i + 1) i = ii(i + 1) and i(i + 1)(i + 1)= (i + 1) i(i + 1) if n > 2.

(3) i(i + 1) ii = ii(i + 1) i if n = 2.

Proof. For a proof see [28, Theorem A, Theorem B], where the author considers the
algebras Ht(Q) we consider below specialised to the case that t is a prime number.
We sketch the argument for the sake of the reader; see also [27, Theorem 4.2]. Let
t be an indeterminate and consider the Q[t]-algebra Ht(Q), which is generated by
variables x1, . . . , xn satisfying the following relations:

(1) xi x j = x j xi if i, j are not neighbors in Q;
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(2) x2
i xi+1 − t xi+1x2

i = (t +1)xi xi+1xi and xi x2
i+1 − t x2

i+1xi = (t +1)xi+1xi xi+1

if n > 2;

(3) t x2x3
1 − (t2

+ t + 1)(x1x2x2
1 + x2

1 x2x1)= t x3
1 and

t x1x3
2 − (t2

+ t + 1)(x2x1x2
2 + x2

2 x1x2)= t x3
2 if n = 2.

Given a dimension vector d, we can ask for the rank of the free Q[t]-submodule
H d

t (Q) of Ht(Q) spanned by the monomials containing xi with multiplicity di .
Specializing at t = 1, we have that H1(Q) is the universal enveloping algebra of a
certain upper-triangular part of a Lie algebra, and obtain by [28, Proposition 7.2]
that the rank equals the number of aperiodic elements in Mult(Q) with dimension
vector d. The author achieves this by constructing an explicit PBW basis of the
latter space. But on the other hand, we obtain by specializing at t = 0 the associative
algebra on � subject to the Serre relations. We have a morphism of algebras

H0(Q)→ Q[Mult(Q)ap
],

where the right side is equipped with the generic extension product and we send i
to [i, i]. Indeed, one just needs to check that the expressions involved in the Serre
relations give rise to the same multisegments. For example, if n > 2,

i(i + 1) i = [i, i + 1] + [i, i] = ii(i + 1).

The other relations can be checked similarly. This map is surjective by [28, §4],
and since for d a cuspidal support, H d

0 (Q) has image in the multisegments with
cuspidal support d, the claim follows, because the dimensions agree. □

Remark. There exists a second map mcrys :�→ Mult(Q) linked to ρ-derivatives
and certain crystal bases of quantum groups; see for example [8] or [17]. Even
though mcrys admits a similar, although slightly more involved, recursive description
as mgen, these two maps differ in general.

If w = i1 . . . ik ∈�, we let w∨
= (−ik) . . . (−i1). It follows from the definitions

that (i +m)∨ = m∨
+ (−i) and hence

mgen(w
∨)= mgen(w)

∨.

2.4.1. Degeneration order and Serre relations. In this subsection we describe how,
given two words v,w ∈�, one can decide whether [mgen(v)] ⪯ [mgen(w)]. Elemen-
tary operations on Mult(Q) can be defined in a manner completely analogous to
those on MultR and the first step in answering the above question is the following.

Proposition 2.1 [33, Theorem 2.2; 13; 26, Theorem 3.12]. The degeneration order
and the order by elementary operations are equivalent, i.e.,

[λ(m)] ⪯ [λ(n)]

if and only if m can be obtained by n via finitely many elementary operations.
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Let v,w ∈�. We write v ≤ w if v can be obtained from w by applying a finite
sequence of the following moves.

(1) i j 7→ j i if i and j are not neighbors in I .

(2) If n > 2, (i + 1) i 7→ i(i + 1) and ii(i + 1) 7→ i(i + 1) i .

(3) If n = 2, i(i + 1)(i + 1) 7→ (i + 1) i(i + 1).

The Serre relations are invariant under these moves.
The goal of this section is to prove the following proposition.

Proposition 2.2. Let v,w ∈�. If v ≥ w then mgen(v)≤ mgen(w). If n = ∞, then
mgen(v)≤ mgen(w) implies v ≥ w.

It is possible that there exists a more straightforward proof than the direct, purely
combinatorial proof we offer, namely by relating the questions to properties of
PBW bases as in the proof of Theorem 2.4.1. Note that the second implication
in the proposition is wrong if n is not infinite. For example, if n = 3, we can set
v = 002211102 and w = 022110021. Then w is maximal with respect to the above
order but

mgen(v)= [0, 2] + [0, 1] + [2, 3] + [2, 2] + [1, 1]

>mgen(w)= [0, 2] + [−1, 1] + [2, 3] + [1, 1].

Proof of Proposition 2.2. Assume first that v ≤ w. Then it suffices by Lemma 2.4.1
to show that [i, i]+[i+1, i+1]= (i+1)+i ⪰ i+(i+1)=[i, i+1] and i+i+(i+1)=
i +(i +1)+i if n > 2. The first is seen to be a simple elementary operation whereas
the second is a Serre relation. The case n = 2 can be checked analogously.

For the other direction (in the case n being infinite) write n = mgen(v) and
m = mgen(w), n ≺ m. Using the Serre relations, it suffices to find some words
v′

⪯ w′ with n = mgen(v
′) and m = mgen(w

′). We will thus construct for any
aperiodic n ≺ m two such words v′

≤ w′ via induction on the length of m.
It clearly suffices to treat the case where n is obtained from m via one elementary

operation [a,b]+[a′,b′
] 7→ [a,b′

]+[a′,b], a ≤ a′
+1 ≤ b ≤ b′

+1 and n ≺ m

is minimal, i.e., there exists no k with n ≺ k ≺ m. This implies in particular the
following. If there exists [c,d] ∈ m with a ≤ c ≤ a′

≤ b ≤ d ≤ b′, then [c,d]

is one of [a,b], [a′,b′
], [a,b′

] or [a′,b]. Indeed, if there would exist a [c,d]

different from these four segments we could decompose the above elementary
operation in the following way. Assume that a < c < a′; the other case follows
analogously. Then we can first apply [a′,b′

]+[c,d] 7→ [a′,d]+[c,b′
] to m, then

[a,b]+[a′,d] 7→ [a′,b]+[a,d] and finally [a,d]+[c,b′
] 7→ [a,b′

]+[c,d] to
obtain n, contradicting the minimality of the elementary operation.

Note that it makes no difference whether we prove the claim for m or m∨; thus
we can assume without loss of generality that b−a ≥ b′

−a′. We now let [c,d]
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be the longest segment in m with a ≤ c such that [c+1,d +1] does not appear
in m. Set m′

= m−[c,d]+[c+1,d] and by construction c+m′
= m. If [c,d]

is not the precise copy of [a′,b′
] involved in the elementary operation, it follows

straightforwardly that the elementary operation descends to an elementary operation
on m′ yielding a multisegment n′

⪯m′ with c+n′
= n. In this case the claim follows

by the induction hypothesis. On the other hand, if [c,d] = [a′,b′
], it follows by

construction and the assumption b−a ≥ b′
−a′ that b−a = b′

−a′ and for all
i ∈ {0, . . . ,a′

−a}, [a+i,b+i] appears in m. By the minimality of the elementary
operation this implies that [a′,b′

] = [a −1,b−1]. Moreover, [a,b] is a longest
segment in m.

It follows that for m′′
= m−[a,b]−[a′,b′

]+[a +1,b]+[a′
+1,b′

] we have
a+(a+1)+m′

= n and (a+1)+a+m′
= m, finishing the claim. □

Let w = i1 . . . il ∈ � and m ∈ Mult(Q). We call w a descendant of m if it is
obtained from m in the following, recursive, way. Write m=[a1, b1]+· · ·+[ak, bk]

and choose i ∈ {1, . . . , k}. Then choose a descendant w′ of m′
= [a1, b1] + · · · +

[ai + 1, bi ] + · · · + [ak, bk]. If m′ is empty, w′ is the empty word. Finally, w is a
descendant of m if it is of the form w = aiw

′ for some ai and w′ as above.

Lemma 2.4.3. Let w ∈� and m ∈ Mult(Q). Then w is a descendant of m if and
only if mgen(w)⪯ m.

Proof. We argue by induction on the length of m, the case of length 1 being
trivially true, and we use the notation employed above the lemma. First assume
that w is a descendant of m and write w = aiw

′, w′ a descendant of m′, as above
the lemma. By the induction hypothesis we have that mgen(w

′) ⪯ m′ and hence
mgen(w)⪯ ai +m′. It thus suffices to show that ai +m′

⪯m, which follows quickly.
If [ai +1, bi ] is the longest segment in m′ starting in ai +1 mod n, we have in
fact equality. Otherwise, let [ai +1, d] be the respective longest segment. Then
ai +m′

=m−[ai +1, d]+[ai , d]. Note that we can perform the elementary operation
[ai , bi ]+[ai +1, d] 7→ [ai , d]+[ai +1, bi ] on m, yielding ai +m′, and thus proving
the claim.

For the other direction, assume that mgen(w) ⪯ m and write w = cw′, c ∈ I .
Then it follows from [8, Lemma 6.3.3] that c ∈ {a1, . . . , ak} and mgen(w

′) ⪯ m′,
where m′ is of the form [a1, b1]+· · ·+[a j +1, b j ]+· · ·+[ak, bk] for some j with
a j = c mod n. The claim follows immediately. □

3. Whittaker models

We follow the setup of [2] (see [14] for the case of nonzero characteristic). Let ψR

be an additive character ψR : F → R. Moreover, we demand that ψQℓ
⊗Zℓ

Fℓ = ψFℓ
.

By abuse of notation, we will from now on write ψ = ψR . We extend ψ to Nn by
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defining

ψ(u)= ψ

(
n−1∑
i=1

ui,i+1

)
.

We define the space of Whittaker functions of Gn with respect to ψ as

W(ψ)= Wn(ψ) :== IndGn
Nn
ψ =

{
W : Gn → R locally constant :

W (ug)= ψ(u)W (g) for all u ∈ Nn, g ∈ Gn
}
,

on which Gn acts by right-translation. We call π ∈ Repn of Whittaker type if

dimR HomGn (π,W(ψ))= 1,

in which case we denote the image of π in W(ψ) by W(π, ψ). Thus, W(π, ψ) is
socle-irreducible and its unique irreducible subrepresentation appears with multi-
plicity 1 in it. Moreover, if

W(π, ψ)→ W(π ′, ψ)

is a nonzero map for a second representation π ′ of Whittaker type, it is injective.
If π is on top of that irreducible we call it generic.

Let W be a Whittaker function. We define the map W̃ by

g 7→ W̃ (g) := W (wn(g−1)t).

Finally, if π is of Whittaker type, we set

W(π, ψ)c = {W̃ (g) : W ∈ W(π, ψ)} = W(π c, ψ−1).

We recall that if π1 and π2 are of Whittaker type, so is π1 × π2 (see [2; 3], and
also [29, III.1.10]), and then W(π1 × π2, ψ) = W(W(π1, ψ) × W(π2, ψ), ψ).
We denote by RepW,ψ,n the set of finite-length subrepresentations of Wn(ψ) which
are of Whittaker type and we set

RepW,ψ :=

⋃
n∈N

RepW,ψ,n.

Then RepW,ψ can be equipped with an associative product

∗ : RepW,ψ ×RepW,ψ → RepW,ψ , (π, π ′) 7→ W(π ×π ′, ψ).

Associativity is an easy consequence of uniqueness of the equality W(π1×π2, ψ)=

W(W(π1, ψ)×W(π2, ψ), ψ).
If 1 = [a, b]ρ is a segment, the representation ⟨1⟩ is of Whittaker type if

l(1) < e(ρ), by [23, Remark 8.14]. Every cuspidal representation is of Whittaker
type.
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3.1. Derivatives. We recall the four exact functors in the definition of the Bernstein–
Zelevinsky derivatives; see [2; 3], and compare [29, III.1]. Recall also the groups
Pn from Section 2 and write the unipotent subgroups as{

Un−1,1 :=
( 1 x

1

)
∈ Gn : x ∈ Mn−1,1

}
.

The four functors are

(1) 9+
:Repn−1 →Rep(Pn), the extension by the trivial representation of Un−1,1

and twisted by |−|
1
2 ;

(2) 9−
: Rep(Pn)→ Repn−1, the Un−1,1-coinvariants twisted by |−|

−
1
2 ;

(3) 8+
= indPn

Pn−1Un−1,1
(− ⊗ψ) : Rep(Pn−1)→ Rep(Pn);

(4) 8−
: Rep(Pn)→ Rep(Pn−1), the (Un−1,1, ψ)-coinvariants twisted by |−|

−
1
2 .

Let τ ∈ Rep(Pn), k ∈ {1, . . . , n} and set τ(k) := (8−)k−1(τ ) and τ (k) :=9−(τ(k)).
For π ∈ Repn we set π(k) := (π |Pn )(k), π

(k)
:= (π |Pn )

(k) and π (0) := π .

3.2. Derivatives and Whittaker models. We recall also the Kirillov model of a
representation π of Whittaker type. It is defined as the Pn-representation given by

K(π, ψ) := {W |Pn : W ∈ W(π, ψ)} ⊆ IndPn
Nn
ψ.

Theorem 3.2.1 [9, 4.3; 20; 15]. Let π ∈ Repn be of Whittaker type. The map
W 7→ W |Pn is injective on W(π, ψ).

We have the following description of (8−)k .

Lemma 3.2.1 [5, Proposition 1.3]. Let π be of Whittaker type. Then we can identify
(8−)k(K(π, ψ)) with the space{

p 7→ |det(p)|−
k
2 W

(p
1k

)
: p ∈ Pn−k, W ∈ W(π, ψ)

}
.

The authors only prove the claim for R = C, but the same method works for
arbitrary base fields.

The description of the space 9−(8−)k(K(π, ψ)) is trickier. Let τ be a subrep-
resentation of K(π, ψ)(k) with central character χ . Let σ be the inverse image of τ
in K(π, ψ). For W ∈ σ and g ∈ Gn−k define the map

(1) S(W )(g)= lim
z→0

|z|
k−n

2 |det(g)|
k
2χ−1(z)W

(zg
1k

)
.

Here z ∈ F× is seen as an element of Zn−k and the limit becomes stationary for z
small enough.

Proposition 3.1 [5, Proposition 1.7; 18, Corollary 2.1]. The map S : σ 7→ W(ψ)

induces the nonzero, injective map

S : τ ↪→ W(ψ).
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Whittaker models are a useful place to look for integral structures, as the next
theorem shows.

Theorem 3.2.2 [31, Theorem 2]. For π an integral representation of Whittaker
type over Qℓ of Gn , set

Wen(π, ψ)=
{
W ∈ W(π, ψ) : W (Gn)⊆ Zℓ

}
.

If π ∈Rep is integral and of Whittaker type, then Wen(π, ψ) is an integral structure
of W(π, ψ).

In this case we denote

W(π, ψ) := Wen(π, ψ)⊗Zℓ
Fℓ.

Lemma 3.2.2. Let π1, . . . , πk be integral representations of Whittaker type. Then
the nonzero map

W(π1, ψ)× · · · ×W(πn, ψ)→ W(π1 × · · · ×πk, ψ)

respects the integral structures and hence induces a nonzero map

W(π1, ψ)× · · · ×W(πn, ψ)→ W(π1 × · · · ×πk, ψ).

Proof. See for example the proof of [14, Theorem 2.26]. □

We recall some useful properties of Whittaker models.

Proposition 3.2 [15, Proposition 3.7]. Let π1 ∈ Repn1
, π2 ∈ Repn2

W(π2, ψ)⊆ W(π1 ×π2, ψ)
(n1).

Theorem 3.2.3 [15, Theorem 3.10]. Let n ≥ 2 and τ be an a submodule of IndPn
Nn
ψ .

If for k ∈ {1, . . . , n − 1}, τ (k) admits a central character, for any W0 ∈ W(τ (k), ψ)

and φ ∈ C∞
c (F

n−k) there exists W ∈ τ such that for all g ∈ Gn−k

W
(

g
1k

)
= W0(g)φ(ϵn−k g)|det(g)|

k−1
2 .

The proofs of these two results in [15] apply to R = C, but the methods readily
generalize to the more general settings presented here.

3.3. Rankin–Selberg L-factors. We now recall the construction of Rankin–Selberg
L-factors as presented in [14]. For complex representations this goes back to the clas-
sical text [12]. Let π ∈ Repn and π ′

∈ Repm be representations of Whittaker type.

Definition. Let W ∈ W(π, ψ), W ′
∈ W(π ′, ψ−1) and k ∈ Z.
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(1) The case n = m: Let φ ∈ C∞
c (F

n) and define

ck(W,W ′, φ) :=

∫
Nn\Gk

n

W (g)W ′(g)φ(ϵk g) dl g,

I (X,W,W, φ)=

∑
k∈Z

ck(W,W ′, φ)X k
∈ R(X).

(2) The case n < m: Let j ∈ {0, . . . , n − m − 1} and define

ck(W,W ′, j) :=

∫
M j,m

∫
Nn\Gk

n

W (g)W ′

g
x 1 j

1n−m− j

 dl g dl x,

I (X,W,W, j)=

∑
k∈Z

ck(W,W ′, j)X k
∈ R(X).

(3) The case n > m: Analogous to the case n < m.

Having defined this, we can now recall the definition of the L-factors.

Theorem 3.3.1 [14, Theorem 3.5]. Let π ∈Repn and π ′
∈Repm be representations

of Whittaker type.

(1) The case n = m. The ideal spanned by I (X,W,W ′, φ), where we vary over
W ∈ W(π, ψ), W ′

∈ W(π ′, ψ−1) and φ ∈ C∞
c (F

n) is fractional and admits
a generator L(X, π, π ′) with L(X, π, π ′)−1

∈ R[X ], which is normalized by
demanding L(0, π, π ′)= 1.

(2) The case n ̸=m. Fix j ∈{0, . . . , |n−m|−1}. The ideal spanned by I (X,W,W ′, j),
where we vary over W ∈ W(π, ψ) and W ′

∈ W(π ′, ψ−1) is fractional, inde-
pendent of j and admits a generator L(X, π, π ′) with L(X, π, π ′)−1

∈ R[X ],
which is normalized by demanding L(0, π, π ′)= 1.

In particular L(X, π, π ′) = L(X, π ′, π). As usual, these L-factors satisfy a
functional equation, giving rise to an ϵ-factor. For φ ∈ C∞

c (F
n), we denote by φ̂ its

Fourier transform with respect to the character ψ .

Theorem 3.3.2 [14, Corollary 3.11, Lemma 3.12]. Let π ∈ Repn, π
′
∈ Repm be

representations of Whittaker type with central characters cπ and cπ ′ , and let n ≤ m.
Let W ∈ W(π, ψ), W ′

∈ W(π ′, ψ−1), φ ∈ C∞
c (F

n) and j ∈ {0, . . . ,m − n − 1}.
Then there exists ϵ(X, π, π ′, ψ) ∈ R[X, X−1

]
× such that the following holds.

(1) The case n = m.

I (q−1 X−1, W̃ , W̃ ′, φ̂)

L(q−1, π c, π ′c)
= cπ ′(−1)n−1ϵ(X, π, π ′, ψ)

I (X,W,W ′, φ)

L(X, π, π ′)
.
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(2) The case n < m.

I (q−1 X−1, ρ(wn,n−m)W̃ , W̃ ′,m − n − j − 1)
L(q−1, π c, π ′c)

= cπ ′(−1)n−1ϵ(X, π, π ′, ψ)
I (X,W,W ′, j)

L(X, π, π ′)
.

The last local factor, the γ -factor, is finally defined as follows.

Definition. Let π, π ′
∈ Rep be representations of Whittaker type. Then we define

γ (X, π, π ′, ψ) := ϵ(X, π, π ′, ψ)
L(q−1 X−1, π c, π ′c)

L(X, π, π ′)
∈ R(X).

We now recall the most important properties of these local factors.

Lemma 3.3.1 [14, Theorem 3.13]. Let π, π ′, π ′′
∈ Rep be representations of

Whittaker type and τ a subrepresentation of π of Whittaker type. Then

γ (X, π, π ′, ψ)= γ (X, τ, π ′, ψ) and L(X, τ, π ′)−1
|L(X, π, π ′)−1.

Moreover, we have the so-called inductivity relation

γ (X, π ×π ′′, π ′, ψ)= γ (X, π, π ′, ψ)γ (X, π ′′, π ′, ψ).

Finally, let us remark how these factors interact with respect to reductionmod ℓ.

Lemma 3.3.2 [14, Theorem 4.1, §4.1]. Let π, π ′
∈ Rep be two integral representa-

tions of Whittaker type over Qℓ. Then L(X, π, π ′), ϵ(X, π, π ′, ψ), γ (X, π, π ′, ψ)

lie in Zℓ(X) and

γ (X,W(π, ψ),W(π ′, ψ), ψ)= rℓ(γ (X, π, π ′, ψ)),

L(X,W(π, ψ),W(π ′, ψ))−1
|rℓ(L(X, π, π ′)−1).

Lemma 3.3.3. Let π ∈ Repn, π
′
∈ Repm be two representation of Whittaker type

and k ∈ {0, . . . , n}. Let τ be a subrepresentation of π (k) admitting a central
character. Then

L(X, τ, π ′)−1
|L(X, π, π ′)−1.

Proof. As explained in the proof of [14, Lemma 4.6, Proposition 4.7] (see also [12,
Lemma 9.2]), the claim holds true if one shows the following. For any W0 ∈W(τ, ψ)

and φ ∈ C∞
c (F

n−k) there exists W ∈ W(π, ψ) such that for all g ∈ Gn−k

W
(

g
1n−k

)
= W0(g)φ(ϵn−k g)|det(g)|

k−1
2 .

But by assumption on τ (k), W(τ (k), ψ) admits a central character; hence this follows
from Theorem 3.2.3. □
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We finish by recalling the L-factors of C-parameters of [16]. For the moment
we slightly extend this notation to aperiodic multisegments and to avoid confusion
we will denote our parameters by C′.

Definition. Let ρ, ρ ′
∈ C. We set

L(X,C′(ρ),C′(ρ ′)) :={
(1 − (χ(ϖF)X) f (ρ))−1 if ρ ′ ∼= χρ∨, ρ ∈ C□, χ an unramified character,

1 otherwise.

Let 1= [a, b]ρ,1
′
= [a′, b′

]
′
ρ be two segments. Then we set

L(X,C′(1),C′(1′)) :=

{∏b
i=a L(X,C′(ρ|−|

i ),C′(ρ ′
|−|

b)) if l(1)≤ l(1′),∏b′

i=a′ L(X,C′(ρ|−|
b),C′(ρ ′

|−|
i )) if l(1)≥ l(1′).

Finally, if m, n ∈MultR of the form m=11 +· · ·+1k, n=1′

1 +· · ·+1′

l we set

L(X,C′(m),C′(n)) :=

∏
1≤i≤k
1≤ j≤l

L(X,C′(1i ),C′(1′

j )).

3.4. Associative products and the map Sgen,ψ . For the rest of this section, we
fix an additive character ψ of F. We also fix ρ ∈ C□ and let Q be the quiver of
Section 2.4 with n = o(ρ) > 1 and set of indices I . Fix a cuspidal support

d =

∑
i∈I

di [ρ|−|
i
]

and note that di = 0 for all but finitely many i ∈ I and hence d gives rise to a
dimension vector denoted by the same letter d for Q. We let MultR(ρ)d be the set
of multisegments with support d. We then recall the natural bijection

MultR(ρ)d ↔ {Gd-orbits in Ed},

which respects the orders on each side, by Proposition 2.1. This bijection allows us
to import the generic extension product to MultR(ρ), which by abuse of notation
we also denote by ∗. This product has the following representation-theoretic
interpretation. By Theorem 2.4.1, there exists for m ∈ Multap

R (ρ) representations
ρ1, . . . , ρk in Z[ρ] such that m = ρ1 ∗ · · · ∗ ρk . We then set

Sgen,ψ(m) := W(ρ1 × · · · × ρk, ψ).

This representation is independent of our choices; to prove this, we first note the
following analogue of the degenerate Serre relations.
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Lemma 3.4.1. Let ρ ′
∈ Z[ρ] be such that ρ ′ ≇ ρ|−|

±1. Then

W(ρ× ρ ′, ψ)= W(ρ ′
× ρ,ψ).

If o(ρ) > 2,

W(ρ× ρ× ρ|−|, ψ)= W(ρ× ρ|−|×ρ,ψ),

W(ρ× ρ|−|×ρ|−|, ψ)= W(ρ|−|×ρ× ρ|−|, ψ).

If o(ρ)= 2,

W(ρ× ρ|−|×ρ× ρ,ψ)= W(ρ× ρ× ρ|−|×ρ,ψ).

Proof. Under the hypothesis, ρ× ρ ′ is irreducible, and

W(ρ× ρ ′, ψ)∼= ρ× ρ ′ ∼= ρ ′
× ρ ∼= W(ρ ′

× ρ,ψ).

Hence they are equal. We only show the remaining claims for o(ρ) > 2; the case
o(ρ)= 2 follows analogously. We start with the equality W(ρ× ρ× ρ|−|, ψ)=

W(ρ× ρ|−|×ρ,ψ). By [23, Proposition 7.17],

ρ× ρ× ρ|−|↠ ρ× ⟨[0, 1]ρ⟩,

which is irreducible by Lemma 2.2.2 and of Whittaker type. Thus the uniqueness
of the Whittaker model forces

W(ρ× ρ× ρ|−|, ψ)∼= ρ× ⟨[0,1]ρ⟩.

Similarly,
W(ρ× ρ|−|×ρ,ψ)∼= ⟨[0,1]ρ⟩ × ρ.

By the commutativity of parabolic induction on the Grothendieck group we have
⟨[0,1]ρ⟩×ρ∼=ρ×⟨[0,1]ρ⟩; the claim follows. The equality W(ρ×ρ|−|×ρ|−|, ψ)=

W(ρ|−|×ρ× ρ|−|,ψ) follows by an analogous argument. □

From the lemma and Theorem 2.4.1 we obtain:

Corollary 3.4.1. The representation Sgen,ψ(m) is independent of the sequence
ρ1, . . . , ρk with ρ1 ∗· · ·∗ρk =m. Moreover, the map Sgen,ψ :MultR(ρ)

ap
→RepW

respects the respective products, i.e., for m1,m2 ∈ MultR(ρ)
ap, we have

W(Sgen,ψ(m1)×Sgen,ψ(m2), ψ)= Sgen,ψ(m1 ∗m2)

Next we define the map S∪

gen,ψ by setting for m ∈ MultR(ρ) not necessarily
aperiodic

S∪

gen,ψ(m) :=

⋃
n⪯m,

n aperiodic

Sgen,ψ(n).

Here the union is taken in the space of Whittaker functions.
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Proposition 3.3. Let n,m ∈ MultR(ρ) with n ⪯ m. Then

S∪

gen,ψ(n)⊆ S∪

gen,ψ(m).

Moreover, let m′
∈ MultR(ρ) such that m′

∗ ρ = m. Then

W(S∪

gen,ψ(m
′)× ρ,ψ)⊆ S∪

gen,ψ(m).

Similarly, if m′
∈ MultR(ρ) such that ρ ∗m′

= m, then

W(ρ×S∪

gen,ψ(m
′), ψ)⊆ S∪

gen,ψ(m).

Proof. The first claim follows from the definition. For the second claim we
argue as follows. We only treat the case m′

∗ ρ = m, as the other one follows
similarly. Then for n′

⪯ m′ we have by Lemma 2.4.1 that n′
∗ ρ ⪯ m and hence

W(S∪

gen,ψ(m
′)× ρ,ψ)⊆ S∪

gen,ψ(m) by the first claim. □

Finally, for m ∈ MultR,□, write m = m1 + · · · + mk with mi ∈ MultR,□(ρi ),
where the ρi ∈ C□ are in pairwise different cuspidal lines. Then we set

Sgen,ψ(m) :=W(Sgen,ψ(m1)×· · ·×Sgen,ψ(mk), ψ), S∪

gen,ψ(m) :=
⋃
n⪯m,

n aperiodic

Sgen,ψ(n),

and if m′
= m′

1 + · · ·+m′

k ∈ MultR,□, m
′

i ∈ MultR(ρi ) is a second multisegment,
we define

m ∗m′
:= m1 ∗m′

1 + · · · +mk ∗m′

k,

extending the product ∗ to ∗ : MultR,□ ×MultR,□ → MultR,□.

Lemma 3.4.2. Let m = m1 + · · · +mk ∈ Multap
R,□ as above. Then

W(Sgen,ψ(m), ψ)∼= Sgen,ψ(m1)× · · · ×Sgen,ψ(mk)

and hence for m′
∈ Multap

R,□ a second multisegment we have

W(Sgen,ψ(m)×Sgen,ψ(m
′), ψ)= Sgen,ψ(m ∗m′).

An analogous claim holds for S∪

gen,ψ and if n ⪯ m then S∪

gen,ψ(n)⊆ S∪

gen,ψ(m).

Proof. There exists a nonzero map

Sgen,ψ(m1)× · · · ×Sgen,ψ(mk)→ W(Sgen,ψ(m), ψ).

Let π be the unique irreducible subrepresentation of the latter representation. It is
then enough to show that π is the unique subrepresentation of the former represen-
tation. To see this note that by Theorem 2.2.1 and Lemma 2.2.1, the representation
π1 ×· · ·×πk is irreducible, where πi is the unique irreducible subrepresentation of



26 JOHANNES DROSCHL

Sgen,ψ(mi ). Since π1 × · · · ×πk is generic, it has to be isomorphic to π . Thus π is
a subrepresentation of

Sgen,ψ(m1)× · · · ×Sgen,ψ(mk).

For the second point, note that if m and m′ are in different cuspidal lines, then
we just proved that W(Sgen,ψ(m) × Sgen,ψ(m

′), ψ) = W(Sgen,ψ(m + m′), ψ) =

W(Sgen,ψ(m
′
+ m), ψ) = W(Sgen,ψ(m

′)× Sgen,ψ(m), ψ). From this the second
claim follows. Finally, if n ⪯ m with mi , ni ∈ MultR(ρi ) as above, we have
by definition n ⪯ m if and only if ni ⪯ mi for all i . From the first point and
Proposition 3.3 it then follows that there exists an injection

S∪

gen,ψ(n) ↪→ S∪

gen,ψ(m),

which by the uniqueness of the Whittaker model must be an inclusion.
The claim for S∪

gen,ψ follows the exact same pattern. □

4. Standard modules

For the rest of this section, we fix an additive character ψ .

Definition. Two maps Tψ , Tψ−1 : MultR → Rep are called of Whittaker type if
they satisfy the following.

(1) For each m ∈ MultR , Tψ(m) is a representation of Gdeg(m) and is contained in
RepW,ψ .

(2) Tψ(m)c = Tψ−1(m∨).

(3) If n ⪯ m then Tψ(n)⊆ Tψ(m).

Since by (2), Tψ−1 is determined by Tψ , we will usually omit Tψ−1 .
The map Tψ is called L-standard if it is of Whittaker type and for all n,m ∈

Multap
R

L(X, Tψ(n), Tψ−1(m))= L(X,C′(n),C′(m)).

Finally, an L-standard map T is called standard if it moreover satisfies the following.

(1) For each m ∈ Multap
R there exists a nonzero map Tψ(m)↠ ⟨m⟩.

(2) For each m ∈ Multap
R , dimR Hom1Gdeg(m)(Tψ(m)⊗ Tψ−1(m∨), R)= 1.

(3) The multiplicity of ⟨m⟩ in Tψ(m) is 1.

Replacing MultR by MultR,□ in the above definition, we obtain the notions of
□-Whittaker type, □-L-standard and □-standard.

It is easy to see that if Tψ is standard and ℓ ̸= 2, the nonzero map Tψ(m) →

Tψ−1(m∨)∨, which is unique up to a scalar, factors through ⟨m⟩. Indeed, since ℓ ̸= 2,
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we have that ⟨m⟩
c ∼= ⟨m⟩

∨ is a quotient of Tψ−1(m∨), and since Aubert duality
commutes with taking duals, we have a nonzero map

Tψ(m)↠ ⟨m⟩ ↪→ Tψ−1(m∨)∨.

For T a standard map, the representations Tψ−1(m) with m aperiodic are called
standard modules.

4.1. Standard modules over Qℓ. For this section we set R = Qℓ. For an arranged
form (11, . . . ,1k) of a multisegment m we denote

Tψ(m) := W(⟨11⟩)× · · · ×W(⟨1k⟩, ψ),

whose isomorphism type is independent of the arranged order; see, for example,
[32, Theorem 6.1]. If m is moreover integral we write

T en
ψ (m) := Wen(⟨11⟩, ψ)× · · · ×Wen(⟨1k⟩, ψ).

Theorem 4.1.1. The map Sψ : MultQℓ
→ Rep given by m 7→ W(T (m), ψ) is

standard.

Proof. For the computation of L-factors see [12, Theorem 8.2]. The other properties
are proved in [32, §6, §7, §9]. □

We let Sψ(m)en be the subspace of Zℓ-valued function in Sψ(m).

Lemma 4.1.1. For all m ∈ MultQℓ
, Sgen,ψ(m)= Sψ(m).

Proof. We argue by induction on deg(m). We first treat the case where m is one
segment [0, b]ρ . Then by [32, Proposition 9.5] and Frobenius reciprocity we have
ρ× ⟨[1, b]ρ⟩ ↠ ⟨[0, b]ρ⟩, which is a generic representation by the uniqueness of
the Whittaker model. Thus W(ρ×⟨[1, b]ρ⟩, ψ)= W(⟨[0, b]ρ⟩, ψ). By induction
on b the left-hand side equals Sgen,ψ([0, b]ρ) by Proposition 3.3.

We come to the general case. Write m= ρ ∗m′ as follows. Let [0, b]ρ , ρ ∈ C, be
a longest segment in m such all segments 1 in m with aρ(1)= 1 satisfy l(1) < b.
Taking m′

=m−[0, b]+[1, b]ρ we obtain ρ ∗m′
=m. One can choose an arranged

form (11, . . . ,1k) of m′ such that for j < i , where i is the minimal i such that
1i = [1, b]ρ , either 1 j has cuspidal support not intersecting Z[ρ] or aρ(1 j ) is not
equal to 1. In any case, [0, 0] +1 j is unlinked for j < i . We recall that by the
uniqueness of the Whittaker model, we have for three representations π1, π2, π3 of
Whittaker type

W(π1 ×π2 ×π3, ψ)= W(π1 ×W(π2, ψ)×π3, ψ).
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Thus by the case of a single segment

W(ρ×⟨11⟩×· · ·×⟨1k⟩, ψ)= W(⟨11⟩×· · ·×ρ×⟨1i ⟩×· · ·×⟨1k⟩, ψ)

= W(⟨11⟩×· · ·×W(ρ×⟨1i ⟩, ψ)×· · ·×⟨1k⟩, ψ)

= W(⟨11⟩×· · ·×⟨
+1i ⟩×· · ·×⟨1k⟩, ψ).

It is easy to see that (11, . . . ,
+1i , . . . ,1k) is an arranged form of m; hence the

right-hand side is equal to Sψ(m). By induction and Proposition 3.3 the left-hand
side is equal to Sgen,ψ(m). □

4.2. Standard modules over Fℓ. We come to our definition of standard modules
over Fℓ. We saw in the introduction that if m̃ is a lift of m ∈ MultFℓ

(Section 2.3),
Theorem 3.2.2 says that Sψ(m̃) can be equipped with a natural integral structure,
whose reduction mod ℓ is again of Whittaker type and is denoted by Sψ(m̃). For
m ∈ MultFℓ

we then defined the intersection

Sψ(m) :=

⋂
m̃ lift of m

Sψ(m̃)

in the space of Whittaker functions. The representation is nonzero if m ∈ MultR,□:
indeed, each Sψ(m̃) contains with multiplicity one and as a unique subrepresen-
tation the degenerate representation Z(s), where s = cusp(m). Then Z(s) is a
subrepresentation of Sψ(m) since dimR HomGn (Z(s),W(ψ))= 1.

Definition. Let Tψ a map of Whittaker type. We call T extending if for all m ∈

MultR,□ and ρ ∈ C□

W(ρ× Tψ(m), ψ)⊆ Tψ(ρ ∗m), W(Tψ(m)× ρ,ψ)⊆ Tψ(m ∗ ρ).

Lemma 4.2.1. The maps Sψ and S∪

gen,ψ are extending.

Proof. For S∪

gen,ψ the claim is a consequence of Proposition 3.3. The claim for
Sψ in the case R = Fℓ follows by noting that on the one hand, for every lift m̃′ of
ρ ∗m, one can find lifts ρ̃ and m̃ of ρ and m such that ρ̃ ∗ m̃ = m̃′ and vice versa.
By Lemma 3.2.2 the surjective, and hence nonzero, map W(ρ̃, ψ)× Sψ(m̃)↠
W(ρ×Sψ(m̃), ψ)= W(Sψ(ρ̃ ∗ m̃), ψ) reduces to a nonzero map

W(ρ̃, ψ)×Sψ(m̃)→ W(Sψ(ρ̃ ∗ m̃), ψ).

Taking the intersection in the space of Whittaker models we obtain a nonzero map

ρ×Sψ(m)→ Sψ(ρ ∗m).

To see that the map on the intersection is nonzero, it suffices to note that the map

W(ρ̃, ψ)×Sψ(m̃)→ W(Sψ(ρ̃ ∗ m̃), ψ)
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does not vanish on the subrepresentation W(ρ̃, ψ)×Z(cusp(m)), where Z(cusp(m))
is the unique irreducible subrepresentation of Sψ(m̃) that is independent of the lift m̃.

By the uniqueness of the Whittaker model we thus have that W(ρ×Sψ(m̃), ψ)⊆
Sψ(ρ×m). The other inclusion follows by the same argument. □

Corollary 4.2.1. The map S∪

gen,ψ : MultFℓ,□
→ Rep is of □-Whittaker type. For

m ∈ MultFℓ
, Sgen,ψ(m)⊆ Sψ(m) and S∪

gen,ψ(m)⊆ Sψ(m).

Proof. We start with proving properties (1) and (2) of being a □-Whittaker type for
Sgen,ψ , which proves them for S∪

gen,ψ . The first claim is true by construction. The
second claim follows from the following observation. Let m∈MultFℓ,□

and ρ ∈C□.
Then it follows from the construction of mgen that (ρ ∗m)∨ =m∨

∗ρ∨. In particular,
if m is of the form ρ1 ∗ · · · ∗ ρk for suitable ρi ∈ C□, then m∨

= ρ∨

k ∗ · · · ∗ ρ∨

1 .
Moreover, MultFℓ,□

is nonzero only if ℓ ̸= 2 and hence ρci ∼= ρ∨

i . We thus have that

Sgen,ψ(m)
c
= W(ρ1 × · · · × ρk, ψ)

c
= W(ρck × · · · × ρc1, ψ

−1)= Sgen,ψ−1(m∨)

and the second claim follows. The third claim for Sgen,ψ follows from Lemma 2.4.1.
Finally, to prove S∪

gen,ψ(m)⊆ Sψ(m) it suffices to prove that for n aperiodic with
n⪯m we have S∪

gen,ψ(n)⊆Sψ(m). Moreover, by Lemma 3.4.2 it suffices to assume
that m ∈ MultR(ρ). Write n = ρ1 ∗ · · · ∗ ρk . By the uniqueness of the Whittaker
model it suffices to give a nonzero map ρ1 × · · · × ρk → Sψ(m). By Lemma 2.4.3
and the Geometric Lemma, we have that ρ1 ⊗ . . .⊗ ρk appears in rPα (Sψ(m̃)), for
any lift m̃ of m, as a subquotient. Since m ∈ MultR(ρ), considering the central
characters implies that it appears as a subrepresentation, which in turn implies
that there exists a nonzero map ρ1 × · · · × ρk → Sψ(m̃). Since ρ1 × · · · × ρk is of
Whittaker type, W(ρ1 × · · ·× ρk, ψ) is contained in the intersection of the Sψ(m̃),
implying the claim. □

Remark. If m is a banal multisegment (see [22]), i.e., if for each cuspidal repre-
sentation ρ, the cuspidal support of m does not contain ρ|−|

k for some k, the same
argument as in Lemma 4.1.1 shows that Sgen,ψ(m) and Sψ(m) agree.

Lemma 4.2.2. Assume Tψ is an extending map of Whittaker type. Let m ∈MultR,□

and let1= [a, b]ρ , ρ ∈C□
m , be a segment in m. Then Tψ(m−1+

−1)⊆ Tψ(m)(m).

Proof. We show that ρ|−|
a
∗(m−1+

−1)⪯m. Let 0 = [a −1, b′
]ρ be the longest

segment in m−1+
−1 with aρ(0)= a − 1. If 0 =

−1 we have that the left side
equals the right side. Otherwise, we have b′ > b and that the left side equals

m−1+
−1−0+

+0,

which can be obtained from m via the elementary operation 0+1 7→
+0+

−1.
By the above observation and the properties of Tψ , we obtain that

W(ρ|−|
a
×Tψ(m−1+

−1),ψ)⊆ Tψ(m).
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The claim then follows from Proposition 3.2. □

4.3. L-factors of standard modules. Fix an additive character ψ . The goal of this
section is to show that Sψ and Sgen,ψ are L-standard.

Theorem 4.3.1. Let Tψ be an extending map of Whittaker type such that Tψ(m)⊆

Sψ(m) for all m ∈ MultR . Then Tψ is L-standard, i.e., for n,m ∈ Multap
R,□

L(X, Tψ(m), Tψ−1(n))= L(X,C′(m),C′(n)).

This has been achieved in [16, Theorem 4.22] for generic representations if R is
arbitrary. In the case R = Qℓ, this follows from the work of [12] as mentioned in
Section 4.1, yielding the following corollary of Lemma 3.3.2 and Lemma 3.3.3.

Corollary 4.3.1. Let n,m ∈ MultR . Then

L(X, Tψ(m), Tψ−1(n))−1
|L(X,C′(m),C′(n))−1.

Before we come to the proof of Theorem 4.3.1, we note the following useful
lemmas, all of which follow easily from the definitions.

Lemma 4.3.1. Let m∈MultR containing segments1=[a, b]ρ, 1
′
=[a+1, b+1]ρ

for some ρ ∈ C□. Let n ∈ MultR and let n′ be the submultisegment of n consisting
of segments of the form [c, d]ρ′ with ρ ′ ∼= χρ∨ for some unramified character χ and
c − d = b − a. Finally, set m′

= m−1−1′
+ [a, b + 1]ρ + [a + 1, b]ρ . Then

L(X,C′(m),C′(n))

L(X,C′(m′),C′(n))
=

∏
[c,d]χρ∨∈n′

(1 −χ(ϖF)q−a−d X)− f (ρ).

Lemma 4.3.2. Let m, n ∈ MultR and 1 = [a, b]ρ a segment of maximal length
in m, where we assume ρ ∈ C□. Let n′ be the submultisegment of n consisting of
segments [c, d]ρ′ with ρ ′ ∼= χρ∨ for some unramified character χ and c−d ≥ b−a.
Finally set m′

= m−1+
−1. Then

L(X,C′(m),C′(n))

L(X,C′(m′),C′(n))
=

∏
[c,d]χρ∨∈n′

(1 −χ(ϖF)q−a−d X)− f (ρ).

Lemma 4.3.3. Let m, n∈MultR and Tψ a map of Whittaker type such that Tψ(n)⊆
Sψ(n), Tψ(m)⊆ Sψ(m). Then

L(X, Tψ(m), Tψ−1(n))L(q−1 X−1,C′(m∨),C′(n∨))

L(q−1 X−1, Tψ(m∨), Tψ−1(n∨))L(X,C′(m),C′(n))

is a unit in R[X, X−1
].
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Proof. Combining Lemmas 3.3.1 and 3.3.2 shows that the above fraction equals

rℓ(ϵ(X,Sψ(m̃),Sψ−1(ñ), ψ))ϵ(X, Tψ(m), Tψ−1(n), ψ)−1

for suitable lifts m̃ and ñ of m and n. Since ϵ-factors are units in R[X, X−1
], the

claim follows. □

Lemma 4.3.4. Let α, β ∈ R such that α f
̸= β f . Then

gcd(1 − (αX) f , 1 − (βX) f )= 1.

Proof of Theorem 4.3.1. In fact we will show the slightly stronger statement that if
m, n ∈ MultR with at least one of them aperiodic, then

L(X, Tψ(m), Tψ−1(n))= L(X,C′(m),C′(n)).

We argue firstly by induction on deg(m) and deg(n) and for fixed deg(m) and deg(n)
we argue moreover by induction on the order ⪯ on the set of multisegments. The
base case is [16, Theorem 4.22].

By Corollary 4.3.1 we know that there exists P ∈ Fℓ[X ] such that

L(X, Tψ(m), Tψ−1(n))−1 P(X)= L(X,C′(m),C′(n))−1.

Moreover, let mb and nb be the banal parts of m and n. By definition

L(X,C′(m),C′(n))= L(X,C′(mb),C′(nb))

and by Lemma 3.3.1 and Proposition 3.2 and the base case,

L(X, Tψ(mb), Tψ−1(nb))= L(X, Tψ(m), Tψ−1(n)),

hence it is enough to treat the case where m = mb, n = nb.
We first assume without loss of generality that m is not aperiodic, i.e., it contains

a multisegment

[a, b]ρ + · · · + [a + o(ρ)− 1, b + o(ρ)− 1]ρ .

Choose i ∈ {0, . . . , o(ρ)− 1} and using the notation of Lemma 4.3.1, we set 1=

[a+ i, b+ i]ρ, 1′
= [a+ i +1, b+ i +1]ρ . By assumption on, Tψ , Tψ(m′)⊆ Tψ(m)

and hence by induction on ⪯ we obtain by Lemma 4.3.1 that

P(X)
∣∣ ∏

[c,d]χρ∨∈n
d−c=b−a

(1 −χ(ϖF)q−a−i−d X) f (ρ).

Let Ii = {χ(ϖF)q−a−i−d
: [c, d]χρ∨ ∈ n : d − c = b − a}. Assume that P(X) is

nonzero and let (1 −αX) be one of its nonzero factors with

(1 −αX)
∣∣1 −χ(ϖF)q−a−i−d X) f (ρ)
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for some i and [c, d]χρ∨ ∈ n : d − c = b − a. Let j ∈ {1, . . . , o(ρ)}. Since

(1 −αX)
∣∣ ∏

[c,d]χρ∨∈n
d−c=b−a

(1 −χ(ϖF)q−a− j−d X) f (ρ),

it follows that (1 − αX) | (1 − χ ′(ϖF)q−a− j−d ′

X) f (ρ) for some [c′, d ′
]χ ′ρ∨ ∈ n.

Therefore, by Lemma 4.3.4,

χ ′(ϖF)
f (ρ)q f (ρ)(−a− j−d ′)

= χ(ϖF)
f (ρ)q f (ρ)(−a−i−d).

It follows straightforwardly that this implies that for each j , [c + j, d + j]χρ∨

appears in m, contradicting the assumption on its being aperiodic.
Secondly, we assume that both m and n are aperiodic and, without loss of

generality, that the length of the longest segment in m is greater than or equal than
the length of the longest segment in n. We will now use the notation of Lemma 4.3.2,
e.g., 1= [a, b]ρ is a longest segment in m. Now Lemma 4.2.2 and the induction
hypothesis in combination with Proposition 3.2 and Lemma 3.3.3 give

P(X)|
∏

[c,d]χρ∨∈n′

(1 −χ(ϖF)q−a−d X) f (ρ).

If n′ is empty, we are done; hence we can assume that the longest segment in m

and the longest segment in n have the same length.
Replacing m and n by m∨ and n∨ we obtain a polynomial P∨(X) such that by

Lemma 4.3.3
P(X)

P∨(q−1 X−1)
= r X k, r ∈ Fℓ, k ∈ Z.

Applying the same reasoning as above to P∨(X) we obtain

P∨(X)
∣∣ ∏

[c,d]χρ∨∈n′

(1 −χ(ϖF)
−1qb+c X) f (ρ).

We now assume that P(X) is not a constant, and has a zero at (χ(ϖF)q−a−d)−1

with [c, d]χρ∨ ∈ n′. Then P∨(q−1 X−1) has to have a zero also at χ(ϖF)q−a−d ,
implying that there exists [c′, d ′

]χ ′ρ∨ ∈ n′ such that

χ ′(ϖF)q−b−c′
+1

= χ(ϖF)q−a−d .

Thus χ ′
= χ |−|

−c′
+1+c and hence [c + 1, d + 1]χρ∨ ∈ n′.

But now we can switch the roles of m and n as

L(X, Tψ(m), Tψ−1(n))= L(X, Tψ(n), Tψ−1(m))

and apply Lemma 4.3.2 with the longest segment [c + 1, d + 1]χρ∨ , yielding that
[a −1, b −1]ρ has to be a segment of m, since (χ(ϖF)q−a−d)−1 is a zero of P(X).
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Repeating this process we obtain that for all i ∈ Z≥0 the segment [a − i, b − i]ρ is
contained in m, a contradiction to the assumption that m is aperiodic. □

Recall now the C-parameters of [16], i.e., the image of the injective map con-
structed in [16]

C : Irrn → {semisimple Deligne R − representations of length n}.

For the precise definition we refer to [16]. The right hand side of the above map
is equipped with a tensor product denoted by ⊗ss and one can associate to two
C-parameters C(π) and C(π ′) the three local factors

L(X,C(π)⊗ss C(π ′)), ϵ(X,C(π)⊗ss C(π ′), ψ), γ (X,C(π)⊗ss C(π ′), ψ).

As a corollary to Theorem 4.3.1, one can prove exactly as in [16, §6.4] the following.

Corollary 4.3.2. Let π = ⟨m⟩, π ′
= ⟨m′

⟩ ∈ Irr. Then

L(X,Sψ(m),Sψ−1(n))= L(X,C(π)⊗ss C(π ′)),

ϵ(X,Sψ(m),Sψ−1(n), ψ)= ϵ(X,C(π)⊗ss C(π ′), ψ),

γ (X,Sψ(m),Sψ−1(n), ψ)= γ (X,C(π)⊗ss C(π ′), ψ).

If m ∈ MultR,□, the same is true if one replaces S by S∪

gen,ψ .

4.4. Quotients of standard modules. Let m ∈ MultR,□. We can define

Jm : Sψ(m)⊗Sψ−1(m∨)⊗ C∞

c (F
n)→ R

by
(W,W ′, φ) 7→ L(X,Sψ(m),Sψ−1(m∨))−1 I (X,W,W ′, φ)|X=1.

Let C∞

c,0(F
n) be the subspace of C∞

c (F
n) consisting of all function vanishing at 0.

Proposition 4.1. The map Jm vanishes for all φ ∈ C∞

c,0(F
n). In particular, we

obtain a nonzero map

Jm : Sgen,ψ(m)⊗Sgen,ψ−1(m∨) ↪→ Sψ(m)⊗Sψ−1(m∨)→ R

given by
W ⊗ W ′

7→ Jm(W,W ′, φ),

where φ is some fixed element in C∞
c (F

n) such that φ(0) ̸= 0.
Moreover, if m̃ is a lift of m then Jm̃ restricts to a map

Jm̃ : Sψ(m̃)en
⊗Sψ−1(m̃∨)en

→ Zℓ

whose reduction mod ℓ equals Jm.
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Proof. We start with the case R = Qℓ. By [19, Proposition 4.6], if m̃ is totally
unlinked the map

Jm̃ : Sψ(m̃)⊗Sψ−1(m̃∨)⊗ C∞

c,0(F
n)→ Qℓ

vanishes. More generally, let m̃ =11 + · · · +1k with the segments in an arranged
order, choose s ∈ Zk , and set

Sψ,s(m̃)= W
(
W(⟨11⟩, ψ)|−|

s1× · · · ×W(⟨1k⟩, ψ)|−|
sk , ψ

)
,

Sψ−1,s(m̃
∨)= W

(
W(⟨1∨

k ⟩, ψ−1)|−|
−sk × · · · ×W(⟨1∨

1 ⟩|−|
−s1, ψ−1), ψ−1).

Fix flat sections
fs ∈ Sψ,s(m̃), f ′

s ∈ Sψ−1,s(m̃
∨)

in the sense of [5, §3]. We obtain for fixed φ ∈ C∞

c,0(F
n) by [12, Proposition 3.3]

a rational function over Qℓ such that P(X1, . . . , Xk) such that Jms ( fs, f ′
s , φ) =

P(qs1, . . . , qsk ). As observed above, for all but finitely many s, P(qs1, . . . , qsk )= 0
and hence it vanishes everywhere.

The case R = Fℓ follows readily from the case R = Qℓ. Let m̃ be any lift of m
to Qℓ. Then the map

Jm̃ : Sψ(m̃)⊗Sψ−1(m̃∨)⊗ C∞

c,0(F
n)→ Qℓ

vanishes. Since Jm̃ obviously respects the integral structures, it reduces to the map

Jm : Sψ(m)⊗Sψ−1(m∨)⊗ C∞

c,0(F
n)→ Fℓ,

which therefore also vanishes. Moreover, if m̃ is any multisegment over Qℓ, the map
Sψ(m̃)⊗Sψ−1(m̃∨)→ Qℓ factors through ⟨m̃⟩ ⊗ ⟨m̃∨

⟩ and in particular vanishes
on Sψ(ñ)⊗Sψ−1(ñ∨) for any ñ ≺ m̃. Hence Jm̃ vanishes on

Sψ(ñ)⊗Sψ−1(m̃∨)⊗ C∞

c (F
n).

We now argue that Jm does not vanish on the restriction to

Sgen,ψ(m)⊗Sgen,ψ−1(m∨)⊗ C∞

c (F
n);

this will prove the claim. It suffices to show that for n ≺ m the map Jm vanishes on
S∪

gen,ψ(n)⊗S∪

gen,ψ−1(m
∨)⊗ C∞

c (F
n). It suffices to show the claim for n maximal,

i.e., that it is obtained from m via one elementary operation. But then we can choose
a lift m̃ of m and ñ of n with ñ≺ m̃ and the claim follows from the observation above
and the fact that S∪

gen,ψ(n)⊆ Sψ(n)⊆ Sψ(ñ); see Corollary 4.2.1. By an analogous
argument we can also show that Jm vanishes on S∪

gen,ψ(m̃)⊗S∪

gen,ψ−1(ñ
∨)⊗C∞

c (F
n)

and hence it cannot vanish on Sgen,ψ(m)⊗Sgen,ψ−1(m∨)⊗C∞
c (F

n). By the previous
arguments we know that Jm vanishes on Sgen,ψ(m)⊗Sgen,ψ−1(m∨)⊗C∞

c,0(F
n), which

finishes the argument. □
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Theorem 4.4.1. Let m ∈ Multap
R,□. Then ⟨m⟩ is the unique irreducible quotient of

Sgen,ψ(m).

Proof. Let m ∈ Multap
R,□. We argue by induction on deg(m) and ⪯. The base case

is trivial. Let π = ⟨n⟩ be a quotient of Sgen,ψ(m). Note that cusp(π) = cusp(m).
Since π has to be an irreducible subquotient of Sψ(m), we have by Lemma 2.2.2
that n ⪯ m.

We write m = m′
∗ρ, ρ ∈ C□

m and m′
∈ Multap

R,□ and hence Sgen,ψ(m
′)×ρ↠ π

by Lemma 2.4.1. In particular Sgen,ψ(m
′)⊗ ρ ↪→ r(deg(m)−m,m)(π). By induction

and Proposition 3.3 we obtain that ⟨m′
⟩ ⊗ ρ appears in r(deg(m)−m,m)(Sψ(n)). By

the geometric lemma of Bernstein and Zelevinsky [2, Theorem 5.2; 32, Theorem
1.1], it follows that m′

⪯ n′, where n′ is of the form n′
= n− [a, 0]ρ + [a,−1]ρ

for a suitable segment [a, 0]ρ . By the same argument as in Lemma 4.2.2 we have
n′

∗ ρ ⪯ n. On the other hand by Lemma 2.4.1 we have m = m′
∗ ρ ⪯ n′

∗ ρ ⪯ n

and hence n = m. Since Sgen,ψ(m) ⊆ Sψ(m), and ⟨m⟩ appears in the latter with
multiplicity one by Lemma 2.3.1, this is also true for Sgen,ψ . □

Let us state two corollaries to this result. By abuse of notation we will also
write Jm : Sψ(m)→ Sψ−1(m∨)∨ for the map obtained from Proposition 4.1. As a
consequence of this proposition, it restricts to a map Sgen,ψ(m)→ Sgen,ψ−1(m∨)∨,
which factors through ⟨m⟩.

Corollary 4.4.1. Let m ∈ MultR,□. Then ⟨m⟩ appears in the image of Jm as a
quotient.

Proof. Let I (m) denote the image of Jm : Sψ(m) → Sψ−1(m∨)∨. Let 6(m) be
the kernel of the map Sgen,ψ(m)→ ⟨m⟩. Then 6(m∨) = 6(m)c. Since Sgen,ψ is
□-standard, the kernel of the map Jm restricted to Sgen,ψ(m) is 6(m); thus I (m) is
a quotient of 5(m) :=6(m)\Sψ(m). we know that both I (m) and 5(m) contain
⟨m⟩ with multiplicity 1 by Theorem 4.4.1 and 5(m) contains it moreover as a
subrepresentation. Since 5(m)c ∼=5(m∨), it also follows that 5(m) admits ⟨m⟩ as
a quotient, and hence as a direct summand since it appears only with multiplicity 1.
Thus ⟨m⟩ is also a quotient of I (m). □

The second corollary follows readily from Theorem 4.4.1, Proposition 3.3,
Lemma 2.2.2 and Corollary 4.2.1.

Corollary 4.4.2. For n,m ∈ MultR,□ we have S∪

gen,ψ(n)⊆ S∪

gen,ψ(m) if and only if
n ⪯ m. We thus have an order-preserving injection

S∪

gen,ψ : MultR,□ ↪→ RepW,ψ ,

respecting the products.
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