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TRANSVERSE MINIMAL FOLIATIONS ON UNIT
TANGENT BUNDLES AND APPLICATIONS

SERGIO R. FENLEY AND RAFAEL POTRIE

We show that given two transverse minimal foliations on the unit tangent
bundle of a surface of genus > 2, their intersection either is an Anosov
foliation or contains a Reeb surface. The existence of a Reeb surface is
incompatible with partially hyperbolic foliations, so we deduce from this
that certain partially hyperbolic diffeomorphisms in unit tangent bundles
are collapsed Anosov flows. We also conclude that every volume preserving
partially hyperbolic diffeomorphism of a unit tangent bundle is ergodic.

1. Introduction

This article studies geometric and dynamical properties of one-dimensional subfolia-
tions obtained as the intersection of two transverse minimal foliations on unit tangent
bundles of higher genus surfaces. We prove some strong geometric properties that
imply that under certain conditions, the foliation must be homeomorphic to the
orbit foliation of the geodesic flow for a hyperbolic metric on the surface.

One big motivating example for us comes from partially hyperbolic dynamics
in dimension 3: under very general orientability conditions there is a pair of two-
dimensional branching foliations, which are approximated by regular foliations. The
pair of foliations are transverse to each other, yielding a one-dimensional subfoliation
of both. Suppose that one proves that the subfoliation is the flow foliation of a
topological Anosov flow. Then the partially hyperbolic diffeomorphism is what is
called a collapsed Anosov flow [5; 25]. This has some important consequences,
such as accessibility and ergodicity in the volume preserving case [23; 24].

This naturally leads to the following very general question, which was the initial
goal of this project:

Question. Let F| and F, be transverse minimal foliations in a closed 3-manifold.
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Are there simple conditions that guarantee that the intersection foliation is homeo-
morphic to an Anosov foliation?

Here, by an Anosov foliation we mean the orbit foliation of a (topological) Anosov
flow.! The scope of the question is quite general, and the conditions are somewhat
more restrictive than studying vector fields tangent to a foliation (for instance, the
horocycle flow is a subfoliation of the weak stable foliation of an Anosov flow but
it is rarely obtained as the intersection of two foliations). Having a vector field
tangent to a foliation already imposes some obstructions on the foliation and the
manifold (see for instance [11; 30]), so we expect here to have even more. This very
general question can be extended to the problem of understanding in general the one-
dimensional foliations induced by intersecting two general transverse foliations in a
closed 3-manifold; we have included minimality to simplify certain formulations?
but it makes sense to ask this question in general. (In fact, a similar question for
three transverse taut foliations is suggested in [39, § 7.1].)

We stress that the question of analyzing general transverse intersections of
foliations in 3-manifolds is very natural, interesting in itself, and has appeared in
other contexts, such as Anosov and pseudo-Anosov flows transverse to foliations
[19; 20; 21; 39].

In this article we start the general study of geometric properties of one-dimensional
subfoliations of a pair of transverse foliations in 3-manifolds. In this generality
the problem is at this point complex (see Section 1.2 for recent progress). Here
we restrict to a class of 3-manifolds: unit tangent bundles of surfaces of negative
Euler characteristic. In this case we have strong rigidity for single foliations and
this substantially helps study this problem. It is also relevant for us since many
people working in partially hyperbolic dynamics are more familiar with this family
of 3-manifolds. On the other hand many of the techniques introduced in this paper
should be useful for the general problem. In fact, since this paper was released,
much progress has been made in the problem, which we survey in Section 1.2,
showing the impact it has had.

Although minimal foliations in unit tangent bundles are homeomorphic to the
weak stable foliation of an Anosov flow (by a result of [34]; see also [29]), T. Barbot
pointed out to us the paper [35], which gives a beautiful example showing that even
in these manifolds, there may be obstructions to the intersection being an Anosov
foliation. (In fact, [35] contains a triple of pairwise transverse minimal foliations.)

A short definition of a topological Anosov flow is an expansive flow preserving a foliation; see
[2] for a nice introduction. In this paper we work in unit tangent bundles, where every topological
Anosov flow is orbit equivalent to the geodesic flow of some constant curvature metric (which is a
smooth Anosov flow) so we will not differentiate between them.

20ne can always blow up one of the foliations and the intersection will no longer be an Anosov
foliation. Other phenomena can also arise; see for instance the examples constructed in [10].
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Figure 1. A Reeb surface and its lift to the universal cover.

We show that, in unit tangent bundles, the conditions that obstruct the intersection
to be homeomorphic to an Anosov foliation, are similar to those appearing in the
example of [35]. In Section 7 we describe the example of [35] from the point of
view of this paper as well as discuss some possible extensions, and in Section 9 we
prove that the obstruction to intersect in a foliation homeomorphic to an Anosov
foliation can be explained by behavior identical to the ones discussed in Section 7.

The two-dimensional foliations F;, F, we deal with have Gromov hyperbolic
leaves. The strategy employed here to prove the Anosov behavior of the intersection
foliation § = &1 N F; in certain cases is the following: show geometric properties
of the subfoliations inside the leaves of the two-dimensional foliations. More
specifically we try to show that the subfoliations are by uniform quasigeodesics
inside these two-dimensional leaves. We obtain a structure that is enough to identify
the obstruction for this to happen: Reeb surfaces. These are surfaces in some leaf of
J1 or I, which are finitely covered by a two-dimensional annulus whose boundary
circles are leaves of the foliation G and the leaves of G in the interior of the annulus
spiral towards the boundary components in opposite directions (see Figure 1).

Our main result is the following:

Theorem A. Let S be a closed orientable hyperbolic surface and let M = T'S. Let
F1, F be minimal, two-dimensional foliations in M which are transverse to each
other. Let G be the intersection of F| with F,. Then either G is homeomorphic to
the orbit foliation of the geodesic flow of a hyperbolic metric on S or G contains a
Reeb surface.

We remark that minimality is necessary as one can easily obtain counterexamples
by blowing up weak stable and weak unstable foliations of Anosov flows. We
note that we get a description of § when there are Reeb surfaces: we refer the
reader to Section 9 for precise formulations (see in particular, Corollary 9.20). The
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description says that if there are Reeb surfaces, then some structure very similar to
the Matsumoto—Tsuboi example has to occur. This is a rigidity result in the sense
that counterexamples to Anosov behavior for G have very few possibilities.

An important point is that in Theorem A there is no (a priori) dynamical hy-
pothesis, but there is a strong dynamical consequence. On the two-dimensional
level, there is an a priori result which is the starting point of our study here and
which explains the choice to work with unit tangent bundles rather than general
Seifert fibered manifolds: as mentioned earlier, Matsumoto [34] proved that each F;
individually is topologically equivalent to the weak stable foliation® of the geodesic
flow in M. While many arguments in our proof hold in more generality, we have
chosen to avoid using too much terminology and background on foliations, so that
someone willing to believe Theorem 2.1 could in principle follow the proof of the
main theorem. It will also be helpful to convey the main strategy and ideas that we
are trying to communicate. See Section 1.2 for updates on recent results.

As a consequence we prove the following result for partially hyperbolic diffeo-
morphisms (see Section 10 for precise definitions and more general results).

Corollary B. Let f : M — M be a volume preserving partially hyperbolic diffeo-
morphism in M = T'S with S a closed orientable surface of genus g > 2. Then, f
is a collapsed Anosov flow. Hence f is accessible and if f is C?, then f is ergodic.

1.1. Outline of the strategy and organization of the paper. A way to detect that a
one-dimensional foliation is an Anosov foliation is to show that when seen as the
orbits of a flow, this flow is expansive. This implies that the flow is pseudo-Anosov
[31; 37], and since our one-dimensional foliation preserves a two-dimensional
foliation, being pseudo-Anosov is enough to show it is an Anosov foliation [5, § 5].

In this article we will instead consider a more geometric point of view. As
in [25; 5], the main strategy to show that the flow generated by the foliation
is a topological Anosov flow, is to show that its flow foliation subfoliates the
two-dimensional leaves by quasigeodesics. We say that the foliation is leafwise
quasigeodesic when in each leaf of say F 1 the leaves of the intersected foliation
G are quasigeodesics (note that we do not ask the one-dimensional leaves to be
quasigeodesics of M).

The idea is to try extend arguments that work in a compact surface (see [32]
or [30, Appendix A]). Note however that in closed surfaces, compactness gives
many deck transformations that preserve the universal cover, while here, leaves
of the foliation in the universal cover may typically have small stabilizer. Here,

3In contrast, for general Seifert manifolds, it was already known that minimal foliations come
from representations of surface groups into Homeo(S l) by [38; 13] (see also [16]), but what we use
here is the rigidity result of Matsumoto that gives conjugacy to a Fuchsian representation. This is also
based on previous work of Ghys [29].
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the key point is to use minimality and compactness of M to bring leaves together.
Transversality of the foliations allows to push some behavior to nearby leaves, and
then, arguments like in [22] can help partially reproducing the arguments in the
case of closed surfaces. However, there are some subtleties when trying to push
behavior to nearby leaves associated with the transverse geometry of leaves in the
universal cover. The fact that our two-dimensional foliations are Anosov (in the
sense that they are homeomorphic to the weak stable foliation of an Anosov flow
when M = T''S) is extremely useful. This allows for a very strong and precise form
of “pushing” at most points in the leaf approaching the boundary at infinity (see
Proposition 3.4). By this, we mean that if two leaves are close by in the leafspace,
then, we can sort of copy the intersected foliation § in one leaf to nearby leaves
by following the intersection with leaves of the other foliation. Note that pushing
requires having two transverse foliations and this is crucial in our arguments. In
fact, for flows tangent to a foliation, more diverse behavior is possible as it is shown
in [25] for the strong stable foliation of the examples constructed in [9].

The route taken for showing that the foliation G is leafwise quasigeodesic follows
the rough outline that was used in [25] for foliations that come from some special
dynamical systems. Not all steps hold in full generality, as examples show, but we
still describe here the main steps and explain under which assumptions they work.

Landing. In each leaf L € T 1 we look at the restriction of ?j to the leaf L. Then
every ray of any given leaf of g (which is always properly embedded in L) has a
well defined unique limit point in the compactification L U S'(L) by the Gromov
boundary of L. In Theorem 4.1 we show that in our setting, this holds in full
generality.

Small visual measure. There are many ways a properly embedded ray in a hyper-
bolic plane can be extended to the boundary, in particular, we wish to rule out the
possibility that it lands like horocycles do. For this, a technical property that we
call small visual measure is relevant. An important consequence of small visual
measure is that geodesic rays starting at a point of a ray » of a leaf ¢ € G and landing
at the same point as the ray » must be contained in a uniform neighborhood of r.
This is also something that holds always in our setting as we prove in Section 5. We
point out here that the fact that G is obtained as the intersection of two transverse
foliations is crucial, as the horocyclic flow of an Anosov flow subfoliates a minimal
foliation of T'!S but its leaves do not satisfy the small visual measure property.

No bubble leaves. To get a quasigeodesic foliation we need to rule out the existence
of leaves ¢ of § such that both rays of ¢ land in the same point of S (L) (where L
is the two-dimensional leaf containing c¢). We call such a leaf ¢ a bubble leaf. We
note that the example in [35] contains bubble leaves, so we cannot expect to prove
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the nonexistence of bubble leaves in general. But the existence of some nonbubble
leaves is important in our analysis of the small visual measure and the construction
of Reeb surfaces.

Hausdorff leaf space. Another consequence of a one-dimensional foliation subfoli-
ating a two-dimensional foliation by Gromov hyperbolic leaves and being leafwise
quasigeodesic is that the leaf space of the foliation G in each leaf L € 7, ; must be
Hausdorff. A priori, the nonexistence of bubble leaves is not enough to rule out
non-Hausdorffness, so more analysis is needed. This is the content of Section 8
where we show that non-Hausdorftfness of the leaf space leads to Reeb surfaces.

Getting the quasigeodesic property. Having Hausdorff leaf space is not enough to
deduce the leafwise quasigeodesic property as the horocycle flow shows. In our
context, we can show that it is enough and we do so in Section 6.

Outline. In Section 2 we study general properties of minimal foliations of 7S
and derive the consequences of [34] that we will use. In Section 3 we show some
properties of pairs of transverse foliations, defining and describing the landing
property and showing that in some settings it is possible to push behavior to nearby
leaves. In Sections 4 and 5 we address landing and the small visual measure
property. When the leaf space of G is leafwise Hausdorff we show in Section 6 that
the foliation § must be an Anosov foliation. In Section 7 we revisit the examples
from [35] and describe their properties from the point of view of this paper as well
as some possible extensions. In Section 8 we complete the proof of Theorem A.
In Section 9 we explore further properties that in some sense show that the examples
of [35] are the only possible way to introduce Reeb surfaces. In Section 10 we
study the applications of our result to the classification and ergodicity of partially
hyperbolic dynamics. We note that the applications to partial hyperbolicity do not
use Section 7 and Section 9, which can be skipped by the reader interested only in
the applications to partial hyperbolicity.

1.2. Recent developments. Since this paper was released in early 2023, several
new developments have been obtained that we explain here, trying to emphasize
the influence of this particular paper. Let us comment on the papers [1; 27; 26].
In [1] we extended part of the results of this paper to a more general setting, in
particular, we showed that if ¥, F, are transverse R-covered Anosov foliations
in a 3-manifold which are uniformly equivalent, then, they either intersect in the
orbit foliation of an Anosov flow, or they contain a Reeb surface. The goal of [1]
was to present a completely different approach and also present results in higher
dimensions (and some results in dimension 3 that are important in [26]), and while
it reproves Theorem A of this paper, the proof is completely different and the
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techniques do not allow to obtain the more precise results that we obtain here in
Section 9, and which we consider to be one of the main contributions of this paper
(and also, that up to now do not have any counterpart in any context).

The paper [27], which was released later than this paper, also has some overlap
with it, though they are largely independent. In [27] we reversed the strategy
presented in Section 1.1 by assuming from the start a very strong property on the
intersected foliation: that the leaf space of the intersected foliation is Hausdorff.
Under that assumption, we were able to work out the full outline of Section 1.1 by
showing landing, small visual measure (assuming that the manifold has fundamental
group which is not virtually solvable) and finally the quasigeodesic property of
leaves. While [27] works in much wider generality than this paper (no assumptions
on the topology of M), its results would not materially shorten the current paper;
they would only serve in reducing Section 6, by allowing us to apply directly the
results in [27] (but that would be less natural, as our proof here is more direct).

Finally, in the recent [26], we proved a general statement needed for the classifica-
tion of partially hyperbolic dynamics. Though it owes much to the ideas developed
here, [26] does not use or depend on this paper. Its main result is about transverse
foliations with Gromov hyperbolic leaves and says that the only obstruction to
the intersected foliation being leafwise quasigeodesic is the presence of what we
have called generalized Reeb surfaces, which extend the concept of Reeb surfaces
used here. We note that [26] gives hope in progressing in the understanding of
general transverse foliations, and in our opinion makes Section 9 of this paper even
more relevant, since no analogue of this has been shown, and the existence of Reeb
surfaces in some setting could be combined with the techniques in [26] to see if one
can produce some incompressible torus in M. This could for instance be relevant
in addressing the following question, which we believe may well have a positive
answer (see also the question on page 39):

Question. Let Fy and F, be two transverse minimal foliations in a closed hyperbolic
3-manifold. Then, they intersect in the orbit foliation of a (topological) Anosov flow.

2. Minimal foliations on unit tangent bundles

We consider M = T''S, the unit tangent bundle of a closed orientable surface S of
genus g > 2, together with a minimal foliation I on M. Such foliations have been
completely classified by Matsumoto [34]: each is homeomorphic to the weak stable
foliation of the geodesic flow on S for a hyperbolic metric. We will expand on this
as well as on previous results in [38; 13] to describe the foliations in a way that is
useful for our purposes.

We will assume throughout the article that the foliations we consider are C%!*.
This means that the leaves are C! surfaces; see for instance [17]. This assumption
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is mostly for convenience, as having smooth leaves simplifies the definition of
distances and lengths inside leaves. In [15] it is shown that for each foliation there
is a smooth structure in M which makes it C%, but it is unclear that this can be
done simultaneously for both foliations. To avoid discretizations of distances and
local problems, we will keep this assumption throughout.

2.1. Unit tangent bundles. Consider the universal covering map 7 : S — § in which
one can identify S = H? as follows: fix a discrete subgroup T' of Isom (H?) =
PSL(2, R) (acting on the right) where I' = 71(S). We can identify & with the
quotient map from H?> — H?/r.

Since PSL(2, R) naturally identifies with 7!'H? we obtain that T''S is identified
by this action with T'H?/r-. We parametrize 7'H? by H?> x dH? by identifying
a unit vector v € T,H? with the pair (x, v;) € {x} x dH?, where v, is the limit
point of the geodesic in H? starting at x with speed v. The action of PSL(2, R) on
dH? = S is given by extending the action of isometries on geodesic rays (if one
uses the upper half model of H? this action corresponds to the standard action by
rational transformations on R U {o0}).

We will denote by M = T'S, and by M = T'S its intermediate cover with
deck transformations identified with the action of I' in the coordinates given by
the identification of 7'§ = H? x dH2. We will denote by M the universal cover of
M which covers M with deck transformation group associated with the center of
1 (M) (which corresponds to the deck transformation associated to the circle fiber
of the circle bundle over §).

2.2. Horizontal foliations. Consider the foliation ?ws of T'S = H? x gH? given
by ?ws = {H? x {§}}¢come- This foliation is I'-invariant and since the I" action on
dH? is minimal it descends to a minimal foliation F,,; of M which is exactly the
weak stable foliation for the geodesic flow associated to the metric on S induced by
the choice of I" C Isom+([|-[|2).

The following result from [34] will be very important in our study and says that
JFws 1s the unique minimal foliation of M up to homeomorphisms isotopic to the
identity on the base:

Theorem 2.1 (Matsumoto [34]). Let F be a minimal foliation of M, then, there
exists a homeomorphism h : M — M inducing the identity on the base such that

h(gj) = Fus.

We note that the result of [34] is stated for C? foliations without compact leaves,
but all that is needed is that F is horizontal, see also [29; 38].

To get the horizontal property for I we use the fact that I is minimal and apply
Brittenham’s theorem [13]. There is a slightly technical issue in Brittenham’s result:
in [13] a lamination is one that is carried by a branched surface, so technically a
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foliation is not a lamination and must first be split along a finite set of leaves to
produce an essential lamination £ which, due to [13], has a minimal sublamination
which is either horizontal or vertical, which since JF is minimal this is £ itself.
But J cannot be vertical.* It follows that F is horizontal and then one can apply
Matsumoto’s result. See also [16] for generalities on foliations on circle bundles.

That & induces the identity on the base means that if p : T'S — S is the
projection, then the induced actions on the fundamental group satisfy p, o h, = py.
Note however, that # may not be homotopic to identity as a map of M and therefore
two minimal foliations &) and J, may not be uniformly equivalent in the sense that
leaves in the universal cover may not be a bounded distance away from a leaf of
the other foliation. (See [39] for discussion on this notion, which is different from
the notion, also used sometimes, of having homotopic plane fields.)

We will use some other properties of minimal foliations on M. Some of these
hold more generally for Reebless foliations (due to Novikov’s theorem; see [16]).
We state the properties we need in the setting we will use where the proofs are a
direct consequence of the corresponding properties for F,,; and Theorem 2.1 (the
last point also uses [13] for smoothness):

Corollary 2.2. Let F be a minimal foliation on M = T'S and denote by F and T
the lifts to the covers M and M. Then:

(1) If T is a curve transverse to F then it intersects each leaf at most once.
(1) The leaf space L=M /5 of Fis homeomorphic to S' and the leaf space L of
F is homeomorphic to R.

(iii) There is a (smooth) isotopy of F that makes every leaf transverse to the circle
fibers of T'S.

Note that a transversal to F or 7 is a continuous curve 7 : I — M where I is
some interval such that for every ¢ € I, there is ¢ > 0 such that the curve 7|;—¢ ;4¢)
is monotone in the leaf space of a foliation chart of ForF (which is an interval)
around 7(¢). We will many times abuse notation and denote by 7 the image of a
transversal.

2.3. Universal circle. One consequence of Matsumoto’s result (Theorem 2.1) is
that every minimal foliation in M is homeomorphic to our model and so we can
compare the geometry of leaves with that of hyperbolic disks simultaneously. This
allows to make natural prOJCCthI’lS into H? of lifts of leaves of a minimal foliation
F in M to the intermediate cover M or universal cover M.

We consider p : M — S to be the projection of the fiber bundle §' — M =
T'S — S. By our coordinate choices, the map p lifts to a projection p : M — H2,

41f it were, it would induce a nonsingular foliation in the base surface which has nonzero Euler
characteristic.
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that, given the identification M = H? x 9H? corresponds to the map p(x, &) = x.
We also denote by p : M — H? the lift to the universal cover.

For a minimal foliation & on M we will denote by F and 7 the lifts to M and M.
For concreteness we will consider the following metric on M = H? x 9H?, given
by the fact that the metric on H? x {£} is the one that makes projection in the first
coordinate an isometry, makes the sets H? x {£} and {x} x 9H? orthogonal and
measures distances in {x} x dH? via the visual metric; namely, we define the length
of an interval [£1, £&] C dH? as as the angle between the geodesic rays starting from
x and landing on &; and &, respectively, and measured in the direction on which
rays land in the interior of the interval. This metric is invariant under the action
of I' and thus produces a Riemannian metric on the quotient M which makes the
projection p : M — S to be a Riemannian submersion on § when given the metric
induced by the action of " on H?. In coordinates M = H? x 9H? the Riemannian
metric is

1/2
2-1 (v, W5y = ((U[H]Z’ U)H2>%Hz + (Vg wa[HP)%x,g))

’

where vy, Wye, Ve, Wyye are the projections of the vectors on the first and second
coordinates respectively, the inner product (-, - )7 2 is the standard inner product
in the hyperbolic plane and (-, - )y ¢) is an inner product on T(, &) ({x} x dH?) given
by the identification of the landing of geodesic rays of Tx] H? with 9H? at the point
£ € 9H>.

The metric on M will be the path metric associated with the pullback of the
Riemannian metric above by the universal cover projection. This metric in M will
be denoted by d : M x M — R>o.

Given a leaf L of a foliation F we consider the path distance in L induced by the
restriction of the ambient Riemannian metric on L. The choices we have made are
not important if we consider objects up to quasi-isometry: if one chooses another
metric, one obtains a distance that is quasi-isometric to the first one. Recall that a
(not necessarily continuous) map ¢q : (X1, d;) — (X2, d») is a Q-quasi-isometry if
for every x, y € X one has

1
(2-2) Edl (x,y) = Q = dx(q(x),q(y)) = Qdi(x,y) +Q

and the image of ¢ is Q-dense in X,. Being quasi-isometric (meaning there exists
a quasi-isometry between the spaces) is an equivalence relation between metric
spaces which is particularly relevant for Gromov hyperbolic spaces such as H?. We
will use several basic properties of Gromov hyperbolic spaces and refer to [12] for
proofs of those facts.

Theorem 2.1 implies the following which in particular shows that leaves of a
minimal foliation are Gromov hyperbolic:
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Proposition 2.3. There is a uniform constant Qg := Qo(F) such that for every
L € F (or € J) it follows that the restriction p|; : L — H?* (resp. p|p : L — H?) is
a Qo-quasi-isometry.

Proof. After an isotopy one can assume the foliation is horizontal (Corollary 2.2(iii)),
and thus, by choosing an appropriate metric, we can ensure that the projection is
an isometry. Since M is compact it follows that the lift of either p or p restricted
to any leaf is a uniform quasi-isometry. Since the statement (up to changing the
constants) is invariant under change of metric on M, we conclude. (|

Remark 2.4. A far-reaching generalization is Candel’s uniformization theorem
(see [16, Chapter 7]). It can be used to show that every minimal foliation on a
3-manifold with fundamental group of exponential growth admits a metric which
makes every leaf of negative curvature (see [23, § 5] and [5, Appendix A]).

We can identify the Gromov boundary of L or, equivalently, the circle at infinity
SY(L) of each leaf L € F (or F) with dH? in a canonical way. Notice that the
universal circle of J as defined in [39] is also canonically identified with 9H? in
this case.

2.4. Nonmarker points. Here we introduce the notion of marker and nonmarker
points for the foliations we are interested in. More general definitions can be found
in [16]. We start by analyzing J,,; using the metric given by (2-1) and then in the
next subsection we show similar properties for every minimal foliation (because by
Theorem 2.1, they are all homeomorphic to F;).

An orientation will be fixed on H?. Then given an oriented geodesic £ € H? we
denote H, (¢) and H_(¢) the half spaces determined by ¢ (that is, the closure in
H? of the connected components of H? \ £) with respect to the chosen orientations.
Specifically H, (£) is the half space to the left of £ and H_(£) is the half space to
the right of £, with respect to the orientation in H?. For X € H? and C > 0 denote
Bc(X) to be the set of points x € H? whose distance to X is less than or equal to C.

Proposition 2.5. Given ¢ € (0, ) there exists C := C(¢) such that for every interval
[n, £] € dH? the set of points x € H? such that the visual length from x of the interval
[n, &] is less than ¢ is H_(£) \ B¢ (£) where £ is a geodesic joining n, & oriented so
that the interval [n, £] is contained in the closure of H(£) in the compactification
H? U oH>.

Proof. For every x € H, (£) the visual length from x of [, §] is greater than or
equal to > ¢, so the set we wish to describe does not intersect H, (£).

Now, fix a geodesic ray r : [0, c0) — H?, parametrized by unit speed, starting
at some point (0) in ¢, orthogonal to it and contained in H_({). For t > ¢’ the
ideal geodesic triangle joining r (), &, n contains the triangle joining r(¢'), &, n so
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Figure 2. The set D.(I) for I = [&, n] is the complement of the union of
H,(£) and B¢ (£). If ¢ is very small, then C is very large.

the inner angle at the point (¢) is smaller than the one at the point r(¢') by Gauss—
Bonnet formula. As it varies continuously, and since the angle is 7 at r(0) and tends
to 0 at r(00), it follows that every such geodesic ray has a unique point r(fy) on
which the angle is exactly ¢ and it follows also that d(r (ty), £) =9 := C(¢). To show
that this does not depend on r(0) consider the one parameter family of isometries
of H? fixing &, n; these isometries map r(fo) transitively along the boundary of
B;,(¢) preserving angles. Hence 7 does not depend on r(0), and depends only on €.
This proves the proposition. U

We can parametrize leaves of F ws by OH? as these are of the form H? x {£} with
£ € 9H?. We denote by Ly = H? x {£} and call & the nonmarker point of L. This
will be denoted as o (Lg) =&. The key point is that the choices of coordinates make
this point in dH? special with respect to the leaf L as it will now be explained.

Given ¢ > 0 and an interval I C dH? we define the set (see Figure 2)

(2-3) D.(I) = {x e H*: dy((x,§),L,) <eforall §,nel},

where dj; is the distance in M. The point (x, &) belongs to L by definition. We will
always assume that I is not 3H? nor a single point. For any interval I = [£_, &, ],
the points in D, () form a subset of H? and the points in dH? for which the biggest
distance between the corresponding leaves is achieved is when {n, £} = {&_, &£, }.
So it is enough to look at the distance of points of the form (x,&_) to Lg, (or
(x,&4) € Lg ). From the previous proposition we deduce:

Corollary 2.6. Given I C dH? an interval and a constant € € (0, ), there exists
C :=C(,¢) such that Ds(I) is equal to the set H_(£) \ Bc(£). Here £ is the
geodesic joining the endpoints of I oriented so that 1 is contained in the closure of
H,(£) in H> U dH2.
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We will denote the lift of the points of D.(/) in L¢ by
(2-4) D(&, 1) ={(x,&) e H* x {§} : x € Do()} C Le.

2.5. Minimal foliations in M = T'S. Now, let J be an arbitrary minimal foliation
on M. By Theorem 2.1 there is a homeomorphism /4 : M — M mapping F to F;.

We will produce maps ®; for L in F which are uniform quasi-isometries
(Proposition 2.3). First fix an isotopy of M, which restricted to each individual leaf
of JF is as regular as the leaves of JF are, to get to a foliation F’ which is transverse
to the standard Seifert fibration of M = TS (Corollary 2.2(iii)). This is the Seifert
fibration whose fibers are the unit vectors over a given point in S. The lift of
this isotopy to M is denoted by v. For any leaf of F project to H? using the lift
of this Seifert fibration, this projection is p. Since the angle between F’ and the
Seifert fibration is bounded below, this projection is a uniform quasi-isometry. The
composition of the initial isotopy (lifted to M) and the projection is well defined up
to a bounded distortion (depending on J). We denote this composition by ® ;. The
conclusion is that we obtain an equivariant collection of uniform quasi-isometries
@, from leaves L € F to H2. Also, if p : M — H? is the standard projection,
there is a uniform constant Cy > 0 such that dpp (®1 (x), p(x)) < Cp. Note that
®; = pov restricted to L.

This allows us to:

« Associate to each L € F a point, which we will denote throughout the article by
a(L) € dH?, and that we will call the nonmarker point of L. It also identifies
the leaf space of F with 9H? = S'. This uses both / and the quasi-isometries
above. First the map & shows that for any leaf F' of F there is one ideal direction
which is transversely noncontracting (the nonmarker direction), and all other
directions are contracting. In particular, by lifting to appropriate covers, this
is also true for leaves in F or F. The uniform quasi-isometries then allow for
L € F to obtain the unique nonmarker point a(L) in dH?. Finally using &
again one can show that the map « is a homeomorphism when considered as a
map from the leaf space of F and 9H? = S

e Foreach L in F (or §), identify the (Gromov) boundary at infinity S (L) of L
with dH? using the fact that ®; is a quasi-isometry. Importantly, the induced
map ®; : S'(L) — dH? is independent on the choice of the isotopy of J to a
horizontal foliation.

+ We have maps
(2-5) &, : LUSY (L) —> H? U9H>.

As explained before, each such map, when restricted to L is a diffeomorphism,
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for each L; and the diffeomorphisms have uniformly bounded derivatives (thus,
it is a uniform quasi-isometry, independent on L).

Note that a(L) belongs to dH? but we can identify it canonically with a point in
SY(L) via ®; and sometimes we will go back and forth with these identifications.
Also, these facts hold for leaves L € F and we will abuse notation and denote by
& : LUSY(L) — H?>U3dH? all such maps.

2.6. Nearby sets in distinct leaves. For ¢ > 0, aleaf L € F (or F using the metric
dj;) and an interval I of the leaf space of J (or F) we define

(2-6) D.(L,I)={yeL:VEel, d(y, E) <&}

Corollary 2.6 leads to the next result, thanks to the map ®; and the fact that F
is homeomorphic to F;:

Proposition 2.7. There is a constant C > 0 independent of L such that the set
58 (L, I) it is at Hausdorff distance less than C from CIDZ1 (D¢ (I)). In particular,
since ® is a quasi-isometry, there is another constant C' > 0 such that the
Hausdorff distance between CIDL(E‘S (L, 1)) and D.(I) is less than C'. Moreover,
if Ly € I and x, € D, (L, I) is a sequence of points converging to some point
£ € SY(L) which is not a(L’) for some L' € I then we have that d(x,, L) — 0.

Proof. Recall that we start with an isotopy from & to a horizontal foliation, then
project using the Seifert fibration. These are the maps ® ;. Choose ¢’ depending on
¢ and such that if points are within &’ then after undoing the isotopy the points are
at most ¢ from each other. This shows that

o, ' (D)) C De(L, ).

Since D,/ (I) and D.(I) are a bounded Hausdorff distance from each other, there is
Cy with Be, (@] ' (D: (1)) C De(L, I).

Conversely, given ¢, since the isotopy is the lift of a compact isotopy there is
&1 = €1(¢&) such that <I>L(ﬁ8(L, 1)) C D¢, (). But D, (I) is a bounded Hausdorff
distance from D, (I), so there is C, > 0 such that

®L(D:(L, 1)) C Be,(De(D)).

Taking 7!, and noticing that it is a quasi-isometry, produces C3 > 0 such that
lA)g (L,I)C Bg, (@Zl (D¢ (1))). This finishes the proof of the proposition. |

This proposition will combine well with Corollary 2.6 to control the geometry
of the sets D, (L, I).
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2.7. Minimality of the action in the universal circle. In the next proposition we
collect some facts about the action of the fundamental group of § in the boundary
dH?2. Recall that we have chosen a fixed hyperbolic metric on S which is induced
by a subgroup I" = 71 (S) of isometries of H? that induces an action on dH? (recall
that for such groups every non identity element acts as a hyperbolic isometry, so it
has exactly two fixed points in dH?, one attracting and one repelling).

The fundamental group 771 (M) of M is a central extension of 71 (S) (that is, there
is a surjective morphism 7 (M) — m1(S) such that the preimage of the identity is
the center of the group 1 (M) and is generated by the homotopy class of the fibers)
and its action on dH? is induced by the action of its projection on 7;(S).

Proposition 2.8. The action of T' = 71(S) in dH? is minimal (i.e., every orbit is
dense). Given open sets U,V in 9H? there exists an element y € T such that

e y(U)NV # &, and
o the fixed points of y are one contained in U and one contained in V.

This result is classical; a proof can be found for instance in [22] where we prove
an extension to general uniform R-covered foliations ([22, Proposition 5.3] applied
to the foliation by compact surfaces in S x S! gives the previous result). Note that
since we can identify the leaf space of F with 9H? this also gives information about
the action of I" acting on the leaf space of F on T'H? which is a circle identified
with dH? via the map « sending a leaf into its nonmarker point. If we go to the
universal cover, then, the central extension of I' that is 7| (M) provides all lifts of
the action of I' in dH? to the universal cover (in particular, there are always lifts
with fixed points and the action is minimal).

2.8. Some plane topology. We will use the following standard consequence of the
classical Schoenflies theorem (see [36, § 9], for instance). We will always be using
piecewise smooth curves, so the proof is simpler.

Proposition 2.9. Let ¢ be a properly embedded curve in the plane. Then, the
complement of c is the union of two topological open disks whose boundary in the
plane is exactly c.

Since we will always be working on H?, where we have a natural compactification
H? U gH? homeomorphic to a disk, we want to understand the complements of
properly embedded curves in this compactification. For a set K C H? the limit set
of K is the closure of K in H? U dH? intersected with dH>. We consider a circular
order in dH?. Let ¢ be a properly embedded curve in H?> and denote by I; and
I, the limit sets of the two rays of ¢ (i.e., consider x € ¢ and denote by cy, ¢, the
connected components of ¢ \ {x}, then [; is limit set of ¢;). Notice that both I, I»
are connected subsets of dH? and are either dH? or an interval. In the case that
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they (or one of them) are not 9H? we denote them by: I} :==la, b], I :=[c,d]in
the circular order of dH?2.>

Corollary 2.10. Let ¢ be a properly embedded curve in H? as above. Let Dt and
D~ denote the connected components of H> \ ¢, and let J*, J~ be their respective
limit sets. Then

e IfHUIL = dH? then both J* and J~ coincide with d9H? (this includes the
case where one of the intervals I, or I, coincides with aH?).

o Assume that [a, b] N [c,d] = &, and suppose that a, b, c,d are circularly
ordered in dH?. Then one of J*, J” is [a, d] and the other is [c, b].

e Finally suppose |a, b], [c, d] intersect (and their union is not 9H?). Then one
of J*, J™ is OH? and the other is [a, b] U [c, d].

Proof. The limit set J* of D* is a compact connected subset of the boundary dH?.
Since c is the boundary in H? of both Dt and D~ it follows that I; U I, is contained
in both J* and J~. This already proves the first point.

For the second and third items, it is implicitly assumed that none of I, I, are
9H?2. Since DU D~ must accumulate in all of H?2, it follows that if one considers
a point & € 3H?\ (I; U 1) then it has a neighborhood N in the compactification
H2 U dH?, so that N N H? which is contained in either D or D~. To finish we
must show that (b, ¢) is contained in one of J, J~ and (d, a) is contained in the
other. To do that consider a geodesic u in L with one ideal point in (b, ¢) and the
other in (d, a). The ideal points are disjoint from /; U I; so u has rays contained
in D; U D,. If both rays are contained in say D it follows that both rays of ¢ are
also contained in the same complementary component of w. This contradicts that ¢
limits on both [a, b] and [c, d]. Hence only one ideal point is in J* and the other
is in J~, and consequently one of (b, ¢), (d, a) is contained in J T and the other in
J ™. This proves the second statement.

For the third statement: since [; intersects I, then the above fact implies that
dH?2\ (I;UD,) is contained in one and only one of J* or J~. Since [,UlL, C J*NJ ™,
the third statement follows. O

We will also need the following consequence of Proposition 2.9

Proposition 2.11. Let ry, r be two disjoint properly embedded rays in H* which
limit in intervals I, and I, respectively. Assume that 1| # OH?, then I, cannot be
contained in the interior of 1.

Proof. Consider a point o € H? and two geodesic rays g;, g» from o landing at points
&1, & in the interior of /1 and a ray g3 landing at a point &3 ¢ ;. We claim that there
are arcs v, of r; joining g1, g» which converge in the topology of H? U dH? to the

SWe allow a = b or ¢ = d, in which case the interval is a point.
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Figure 3. The limit set of ; is the interval /; with endpoints a, b. g1, g
are geodesic rays with ideal points in the interior of /;. The segments v,
are segments in r; which limit to [a, b]. The points z; are in r, and have
to connect outside the v, to one of g or g in D, . So the intersections
with (say) g; limit to an arbitrary point in the interior of /.

interval [£1, & ] contained in /;. This is because given R > 0 we have that outside
the disk Bg(o) of radius R centered in o there are sequences of points x,, y, of
r1 converging to points in I \ [§, &»] and such that the arc J, joining x, to y, is
completely outside Bg(0) and cannot intersect gz. Thus, there must be an arc inside
J, that we call v, joining g; and g> and which is outside Bg(0) and contained in
the region bounded by d Bg(0) U g1 U g» which accumulates in [£], & ]. This proves
our claim.

We refer to Figure 3 for the situation in this Lemma.

Let g; be the subray of g; starting in v, N g;. If we consider the regions D,
obtained as the closure in H? U dH? bounded by v, U g; U g» and accumulating
in [&1, &] we get that after subsequence we can assume it is a nested sequence
D,y1 C D, of disks such that (| D, = [&, &]. If r; is a properly embedded ray
disjoint from r; which accumulates in a point £ € (£, &) we can see that there is a
sequence of points z; € rp converging to & and thus must be contained in some sets
of the form D, \ D,,,. Since r; is connected, to join z; with z;4 it must exit D,
without intersecting D, ,, thus there must be an arc #; of r, that joins z; to some
point wy in either g; or g». Up to subsequence, we can assume without loss of
generality that wy is in g; and we deduce that », must limit in [&1, £]. Since &, &
were arbitrary, we deduce that r, cannot limit in an interval completely contained
in the interior of I as desired. O

Remark 2.12. In Proposition 2.11, if I; = dH?, we cannot consider the ray g3
which forces the curves v, to join g1, g» on the “correct” side. It is possible however
to restrict the possible landing regions of disjoint properly embedded rays in this
setting. This will be used later, but we will not give a precise general statement.
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3. Pairs of transverse foliations

In this section we will consider two transverse minimal foliations F; and F, in
M =T'S. We will call G := F; N F, the one-dimensional foliation by the connected
components of intersections of leaves of &} and J,. Note that since § is orientable it
induces orientations on M, F; and 3, and thus also on G, we fix one such orientation
and lift it to M.

We consider the maps <I>1 and d>2 from the compactification of leaves L € F 1
(or F and E € 3"2 (or 9’2) as defined in (2-5). Since the foliation will be implicit
from the leaf, we will usually omit the superscript, writing ®; for <I>1 when it is
clear that L lies in F 1 or T 1.

3.1. Some general properties. Given a leaf ¢ € G and x € ¢ we will denote by
(3-1) cfUc, =c\{x}

the two rays of ¢, where ¢ is the one in the positive orientation starting at x. We
will denote by ¢* and ¢ the ray class, meaning the equivalence class of rays of ¢
such that any two equivalent rays coincide in a subray.

Given a curve ¢ € § (or 5) we know that ¢ is a connected component of L N E
where L € F jand E € ?2 (or in the corresponding lifts to the universal cover).® The
following is a direct consequence of the quasi-isometric properties of d>lL and ®2E:

Lemma 3.1. The curves CDlL(c) and @% (¢) are proper and a bounded distance
away from each other in H>.

In particular, if we denote by ¢ the closure of ¢ in L U S!(L) and by ¢ the
respective closure in E U S'(E) we get the following important property:

Corollary 3.2. The sets ®;(¢z \ ¢) and ®p(Cg \ ¢) are contained in dH? and
coincide.

We will then write, for ¢ € §,
(3-2) P (c) := <I>L(EL\C)=Q>E(EE\C)C8|]-|]2.

Since ¢ is properly embedded we can write d®(¢) = 0T ®(c) U3~ P (c) where
each denotes the accumulation points of the positive and negative rays of ¢ once
a point is removed (it is easy to see that this is independent on the removed point
and so it is a property of the ray class). Note that each of 37 ®(c) and 9~ ®(c) are
compact connected and nonempty subsets of dH? (see Figure 4). Now we define a
fundamental property to be analyzed in this article:

SFor the remainder of this section we will omit saying that things hold both in the cover M and the
universal cover M.
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It d(c)

3~ d(c)

Figure 4. An example where the negative ray of ¢ lands and the positive
ray of ¢ accumulates in an interval which is not a point.

Definition 3.3. Given c € § we say that the positive ray lands (resp. the negative
ray lands) if 3T ®(c) is a point (resp. 3~ ®(c) is a point).

For notational simplicity, we also denote by d® (r) the accumulating set of a ray
when r is a ray of a leaf ¢ € §;. In addition if r lands, we say that d®(r) is the
landing point of 7. If 7 in L lands, then r also limits in a single point b in S'(L)
(in particular ®; (b) = 0P (r)). We also say that r lands in b.

3.2. Pushing to nearby leaves. If ¢ is sufficiently small it is smaller than charts on
which F is horizontal and 5> vertical and this means that the whole structure of
9L that one sees in a leaf L of (say) F 1 can be pushed isotopically to nearby leaves
L of F 1 in the set D (L, I). The roles of the foliations can be reversed.

Proposition 3.4. There exists ¢ > 0 and C > 0 such that if L, E are leaves of F 1
which are contained in an interval I of the leaf space of F 1 and r is a segment of a
leaf of § which is contained in BS(L, 1), as in equation (2-6), such thatr C FNL
where F € ?2, then, there exists a segment r’ of a leaf in § contained in F N E such
that ®! 1 (r) and ! (r ) are at distance less than C. In particular, if r is a ray, then
the landlng sets 8<I>(r), oD (r") of r and r’ coincide.

Proof. This is a direct consequence of transversality of the foliations. If ¢ is small
enough, then as long as points remain at distance less than ¢ the intersection of F
with L and E will happen in a closeby set. Since the maps <I>1L and CID}Y are quasi-
isometries and a bounded distance away from the projection to H?, the uniform
bound C is obtained. (]
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3.3. Nonseparated leaves. Given a leaf L € F ; (i =1, 2) we defined the foliation
GL= §| L. Denote by £, = L/g, its leaf space which is a one-dimensional (possibly)
non-Hausdorff manifold.

When £ is non-Hausdorff one has nonseparated leaves, that is, distinct leaves
c1, ¢3 € 1 which are accumulated by a sequence d,, of leaves of G, (since these are
foliations, this is equivalent to having sequences x,, y, € d, such that x, — x € ¢|
and y, > yoo € C2).

Remark 3.5. Two leaves ¢, ¢, € G may be separated while there is no transversal
to G, which intersects both, in that case, there must be leaves e, ¢ (one of which
could coincide with c; or ¢p) which are nonseparated and separate c¢; from ¢, in
the sense that they lie in different connected components of L \ {e;}.

In principle, there is no a priori relation between £ and £ g for different leaves
L, E. However:

Proposition 3.6. Assume that there is some L € ﬁi (i = 1,2) such that the leaf
space Ly of G is Hausdorff. Then, for every E € F| and F € F, the leaf spaces
L g and L are Hausdorff.

To show this, we first need the following useful property (see Figure 5):

Lemma3.7. FixLeF 1. The leaf space L1 of G1 is non-Hausdorf if and only if
there is E € ) such that L N E is not connected. Moreover, if two distinct leaves
c1, ¢y € G are nonseparated then, there is E € ¥, such that c,Ucy C LN E.

Proof. Assume first that LN E is not connected, therefore, there are leaves ¢y, ¢c; € G
which belong to E. Assume that the leaf space £; of G; is Hausdorff, this means

Figure 5. Intersection in more than one connected component forces
non-Hausdorff leaf space of the induced one-dimensional foliation.
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that there exists a transversal to G, joining ¢; and ¢;. This transversal is a transversal
to F> intersecting E twice, in contradiction with Corollary 2.2.

Now, assume that ¢; and ¢, are nonseparated leaves in G;. Let d, € G be a
sequence of leaves converging to both ¢; and c;. It follows that d, € E,, N L where
E, is a sequence of leaves of CT~"2. Consider x;, y, € d, such that x, — xo € ¢; and
Yn = Yoo € 2. It follows that E, converges to both the leaf through x, and the
leaf through y... Since the leaf space of ?2 is Hausdorff (see Corollary 2.2), these
leaves must coincide, and thus ¢; Uc, C ENL where E € ?2 is the leaf containing
Xoo (and yoo). (|

Proof of Proposition 3.6. By the previous lemma, if there is a leaf L € F 1 for which
L 1s non-Hausdorff then the same holds for some leaf E € §'2 and vice versa.

This implies that it is enough to show that if there is a leaf L € T 1 for which £,
is non-Hausdorff then the same holds for every L’ € F 1.

Since F is minimal, given an open interval / in the leaf space £ = M / 7 and a
leaf L' € F 1 there is some deck transformation y € 71 (M) such that y L’ € I. Thus,
since having non-Hausdorff leaf space is invariant under deck transformations, it is
enough to show that there is an interval in the leaf space where every leaf there has
non-Hausdorff leaf space.

Take L € F rand E € ST'Z such that L N E is not connected and let ¢1, ¢ € G, be
two different connected components. Note that ¢y, ¢, also belong to Gg. Consider
a transversal 7 : (—¢, ¢) — E to G through some point x € ¢ (i.e., T(0) = x) and
denote by c; the leaf of Gy through the point 7(#). Up to changing orientation in
7, we can assume that for # > 0 the leaves ¢, and ¢, belong to different connected
components of E \ c;. This is because c; is in one component of E \ ¢;. Denote
L, the leaf of F 1 through 7(¢). Given a point y € ¢ it follows that for small
enough t € (—e¢, ¢) the leaf L, intersects E close to y, thus, in the same connected
component of E \ ¢; as c,. It follows that for small ¢ > 0 the leaf L, intersects E
in two connected components and thus G, has non-Hausdorff leaf space as we
wanted to show. O

3.4. Nonseparated rays and landing. 1If c € G, recall that a ray of ¢ is a connected
component of ¢\ {x} for some x € ¢ and a ray class is one equivalence class of rays
by the relation of one of them being contained in the other; there are exactly two
ray classes for each ¢ € ;.

Lemma 3.8. Let ¢y, co € G be two nonseparated leaves, then, there is exactly one
ray class r of ¢\ and transversals 11, 15 : [0, €) = L with 7;(0) € ¢; and an increasing
homeomorphism ¢ : (0, t;] = (0, t2] for some small t|, t, with the property that if
0 <t <t and e, is the ray class of the leaf of G through t|(t) oriented as r then
e; intersects Ty at the point T(¢(t)).
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Proof. The existence of such segments is because being nonseparated implies that
there are leaves e, € Gy accumulating in both, so if we fix two transversals T and 7
to ¢; and ¢, we have segments of d, of e, intersecting T and n in points x, and y,
and such that x,, — ¢; and y,, — ¢,. The segments d,, have length going to infinity.
Assume first that there are segments d, and d,, with opposite orientation or
which cut 7 or 5 in different connected components of 7 \ ¢ or n \ ¢;. We get a
Jordan curve J made by d,, Ud,, and two segments of 7 and 5 joining the points
xn and x,, and y, and y,,. Assume without loss of generality that x, is closer to
c than x,,. Consider the ray r,, of e, starting from x,, which does not contain d,,,.
By construction, r,, enters the interior of the curve J and since it cannot intersect
d, or d,, it must exit J intersecting either t or 1 in some point different from
Xm or y,, which is a contradiction with Corollary 2.2 (in this case, it is just the
Poincaré—Bendixson theorem that is being used since we are arguing inside L).
Now, the same argument implies that between two segments d,, and d,, every leaf
intersecting the transversal T must exit through n thus completing the proof of the

lemma by choosing convenient parametrizations t; and 7, of T and 7 respectively.
O

Define a nonseparated ray class of a leaf ¢ € Gy, to be one which is nonseparated
from some other leaf in G as in the previous Lemma. Now we can prove:

Proposition 3.9. Let cq, ¢y € G be nonseparated leaves of Sy such that ¢y U cp C
LNE with L € F) and E € F,. Then, if CT is the nonseparated ray class of ¢ with
> then one has that the positive ray lands and 9" ®(c1) = a(E).

For the following proof, a crucial fact’ will be that if £ # «(L) and & > 0 is
small, then there is a neighborhood [ of L in the leaf space and a neighborhood J
of € in S'(L) such that in L U S'(L) the set 58(L, I) contains N N L, where N is
a neighborhood of J in L U S'(L) (see Proposition 2.7).

If we assume that a(E) ¢ 3+ ®(c;) then it is easier to obtain a contradiction,
since we can fix a transversal T to cf sufficiently close to some & € 3T ®(cy) so
that the full ray from this point is contained in D, (E, I) and thus, we can show
that if E’ is a leaf nearby to E intersecting 7 in the direction of ¢;, then the E' N L
must follow closely the curve c; all along the ray, but on the other hand, since c;
and ¢, are nonseparated the curve must joint a point close to T to some point in a
transversal to ¢;, and since leaves of fﬁz cannot intersect a transversal twice, one gets
a contradiction. The main difficulty in what follows is that cf could approach «(E)
and then we need to argue more carefully to get control on the nearby intersection.

Proof of Proposition 3.9. Assume that 37 ®(c1) # {a(E)}; this means that it contains
some point § # «(E) in OH->.

"This property is true for general foliations homeomorphic to weak stable foliations of Anosov
flows, but not true for general minimal foliations.
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Fix a sequence x; € cf such that ® (xx) — & which also implies that D g (x;) — &
by Lemma 3.1. We can assume by taking some subsequence that for some small &
smaller than the one given by Proposition 3.4 and some small intervals of leaves /
of ?2 containing E in the boundary we have that x; € 5£(E , 1.

We fix a sequence of transversals 7; : [0, &) — L to Gy in L, through ¢; with
74 (0) = x; of length ¢ for ¢ as above. We assume that the transversals intersect the
component of L \ ¢; which contains c;. We also fix a transversal n : [0, &) — L
such that n(0) € ¢; as in Lemma 3.8.

Since & is a marker point for 3?2 (i.e., & # a(E)) by our choice of I we know
that if a leaf E’ € I, it intersects 71 ([0, 8)) for some small §, and by Proposition 3.4
it contains a curve which remains at distance less than /2 from E and which limits
in £ (in other words, whose image under ® g+ limits in £). Note that this curve has
nothing to do with the ray cf.

In particular, we know that E’ will intersect t; for all sufficiently large k (in
fact, Proposition 3.4 also implies that E” will intersect 7 in points arbitrarily close
to xx). Note however that it could be that the intersection of E’ with 73 happens in a
different connected component of E'NL since we do not know that ch stays far from
«(E). Our goal in what follows is to show that this “splitting”” does not take place. n

Since cfr is nonseparated from c; it follows from Lemma 3.8 that, up to reducing 4,
for every ¢ € (0, 8] the leaf e, of G, through 7/ (¢) intersects 1 in some point defining
a segment d; which joins both transversals.

We claim that for every large k, every point in 7 ((0, £)) must belong to some d;.
To see this, first take the segment d;, and consider k so large that 7 ((0, ¢)) is
completely contained in the region of L bounded by cT, the arc of the transversals 7
joining 71 (0) with 7 (1), d;,, the arc of 1 joining n(0) with the intersection point with
d;, with 1 and the corresponding ray of ¢, (this bounds a region by Proposition 2.9
and by the choice of the transversals t; their image is contained in this region). Now,
fix some point 7 (s) with s € (0, £). By continuity of G, thereis ¢ € (0, §) such that e,
the curve of G through 7 (¢) intersects i in some i (s”) with s” < s. Now consider
the region g bounded by the Jordan curve formed by d;, d;, and the arcs of  and 7
joining their endpoints. Then we get that the curve e € G passing through 7, (s)
must escape J intersecting once the transversal t; and once the transversal 7, and the
intersection point with ; is in a point 71 (") with r < ¢’ < t1, which shows the claim.

For different values of ¢ the segments d, belong to distinct leaves of ff~'"2, since
each leaf intersects a transversal at most once (see Corollary 2.2). On the other hand,
given some ¢, since d; is compact and the points x; escape to infinity, it follows
that d; cannot intersect tj for very large m because c| is properly embedded. This
contradicts the fact that the leaf E’ € ?2 through some point 7 (¢) described before
must intersect 1 for all k. This contradiction then implies that ¢; cannot limit on
£ # a(E), or in other words T ®(c) = {a(E)}. O
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Remark 3.10. If L € T 1 and two curves ¢y, ¢c; € Gy are nonseparated, then, as
proved in Lemma 3.7, they belong to L N E with some E € F,. However, it should
be noted that it does not follow from Lemma 3.7 that ¢; and ¢, must be nonseparated
in the leaf space of G (only that there is no transversal in E from c; to ¢, recall
Remark 3.5) and so it does not follow that «(L) = «(E). See Section 7 for concrete
examples.

4. Landing of rays

In this section we will show:

Theorem 4.1. Let Fy, F, be two transverse foliations on M = T'S anil let G
denote the foliation obtained by intersection. Then, every ray of a leaf of G lands
(cf. Definition 3.3).

The strategy of the proof is as follows. We show that if enough rays land,
then every ray should land. In Proposition 3.9 we have shown that if rays are
nonseparated then they should land in the nonmarker point of one of the foliations.
We will use this to reduce to the case where leaves have Hausdorff leaf space, where
landing can also be shown rather directly by “pushing” to close-by leaves.

4.1. Some rays land then every ray lands. We will first prove the following:

Proposition 4.2. Assume that there is a leaf c € G, for some L € i- (i=1or2)
having one ray that lands in a point which is not a(L) (i.e., 3T ®(c) = {£} # {a(L)}
or 0~ ®(c) ={&} #{a(L)}). Then, every ray of any leaf of G lands in both foliations.

We will use minimality of the foliation to show that there is a dense set of points
in S'(L) which are landing points of leaves of Gy .

Lemma 4.3. Under the assumptions of Proposition 4.2, for every leaf E € 5"1-
and every I C OH? nontrivial interval, there is some leaf e € SE such that either
AT ®(e) = {n} or 3~ ®(e) = {n} for some n € I.

Proof. Let us work in M, else, we can apply some deck transformations in the
center of 7 (M) so that everything makes sense. Let I' = (M) /Z where Z is the
center, notice that I' = 71 (S) (cf. Section 2.1).

Up to considering a subinterval of / we can assume that the closure of [ is disjoint
from o (E). Consider a deck transformation y € I of M — M such that yEel
(see Proposition 2.8). Again, up to reducing I we can assume that ya (L) ¢ I.

Fix some open interval J, such that the closures of J, I are disjoint, and in
addition such that «(FE), ya (L) are in the interior of J.

Fix ¢ > 0 given by Proposition 3.4. There is a subray r C c landing in § such
that the projection of yr is completely contained in 58(E , J). This is because yr
lands in y& € I C J€ (see (2-6)) and «(E), ya (L) are in J. Here yr C y L and the
pushed through ray is in £ and has ideal point in y& € I. This finishes the proof. [
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Proof of Proposition 4.2. Let E € g"l-. Suppose that some ray ¢ in G does not land,
and let / be its limit set, which is then not a point.

Let J be a closed nondegenerate interval whose closure is strictly contained in
the interior of I (possibly I = dH?).

By Lemma 4.3 one can find in E at least two rays e1, e; of G landing in different
points & # & in the interior of J. We can further assume that ey, e> are disjoint.
Fix a curve joining the starting points of e, and e, and this defines two regions D™
and D~ whose limit sets in dH? are the two closed intervals €1, & ] and [&7, &1] in
dH? with respect to the circular order (cf. Corollary 2.10). Since every ray of G is
properly embedded and rays are disjoint or contained in one another, it follows that
up to removing a compact piece, then the ray ¢ must belong to either D' or D™,
and so can only accumulate on [£], & ] or [&;, &1]. This contradicts the fact that ¢
accumulates on all of 7, and / is an interval intersecting the interior of both [£1, &;]
and (&>, &1]. This proves the proposition. O

The following stronger statement will be used later:

Lemma 4.4. Let e C LN E be such that 3+ ®(e) = I where I is a not a point (in
other words, the positive ray of e does not land). Then a(L) € 1. In addition if
I # M2, then for every & in the interior of I there is no ray of a leaf of G which
lands in &. The same holds for 0~ ®(e).

Proof. In this lemma we also work in M, but the arguments can be easily adapted
to do the same in M. All leaves in this lemma are in the same foliation. First notice
that if 7 = dH? then there is nothing to prove.

First assume that (L) ¢ I. Consider y € m1(M) such that y acting on dH? has
a repelling fixed point ¥~ ¢ I (and close to @(L)) and an attracting fixed point
y T € I (Proposition 2.8).

Now, consider the leaf E’ associated to the repelling fixed point, that is, such
that «(E") = y~. It follows that this leaf is invariant under y. Consider a ray r of
e, such that d®(r) = I which is contained in 58(E , J) where J is some interval
of the leaf space containing £’ and E and ¢ > 0 given by Proposition 3.4. Using
Proposition 3.4 we deduce that there is a ray r’ of a leaf of Gg' such that 9® (r) = 1.
Moreover, yr' is a ray in G with d® (v (r)) = y (1), which is strictly contained
in 1. This contradicts Proposition 2.11.

The second statement follows immediately from Proposition 2.11. U

4.2. Finding landing rays. In this section we will show the following:

Proposition 4.5. Let L € 37‘1 and y € my(M)\ {id} such that y L = L. Then, there
is some ¢ € G which has at least one ray which lands.

We consider a closed curve in the annulus A = L/, not homotopically trivial
(for instance take a closed geodesic in A with some metric in L induced by M) and
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denote by £ a lift to L of this closed curve, which is thus y invariant, that is y £ = ¢£.
For K > 0 we denote as Bk (£) the closed tubular neighborhood of radius K around
¢ for some y-invariant metric on L; note that the quotient B (£)/,) is compact.

Lemma 4.6. Assume that y does not fix any leaf of Sp. For every K > 0 there is
K’ > 0 such that if ¢ € G then any connected component of ¢ N Bk (£) has length
less than K'.

Proof. Assume, toward a contradiction, that there are sequences of arcs d, of leaves
cn € Gz, of length going to infinity such that d, C By (¢£). There is a sequence y* of
iterates of y with k, € Z such that y*»d, has its midpoint in a compact fundamental
domain of By (¢£) which is y-invariant by choice. It follows that in the limit, y*d,,
converges to at least one leaf co, € Gy which is completely contained in Bk (£).
Let, : L — L/, be the projection. Then 7, (cx) is contained in a compact
annulus. It follows that each ray of c either projects to a closed curve or to a
curve asymptotic to a closed curve. This is a contradiction to hypothesis. U

Note that if there is a leaf ¢ € Gy which is fixed by y then immediately we have
that the landing points of ¢ are 3 ® (¢) = {y*, y 7} the attractor and repeller of y
acting at infinity.

Now we show that under the assumptions of the previous lemma, rays must keep
intersecting Bk (£) indefinitely.

Lemma 4.7. Under the assumptions of Lemma 4.6 we have that there is K > 0 such
that if c € G and r is a ray of ¢ that does not land, then r must intersect Bk (£).

We stress that K is independent of ¢ and r. Note that since r cannot be contained
in Bg (£) by the previous lemma, we deduce that every ray needs to enter and leave
Bk () infinitely many times.

Proof. Fix € > 0 given by Proposition 3.4. Now fix some large K > 0 so that if [ is
a closed interval of the leaf space of F 1 containing L as an endpoint, then D, (L, 1)
contains the connected component of the complement of Bk (¢) which does not
accumulate in I (see Proposition 2.7). Note that this value of K is independent of
the interval / as long as L is an endpoint and / is sufficiently small (so that it is
contained in the closure of one of the components of the complement of £).
Assume for a contradiction that r is completely contained in the complement of
Bk (£) which then must be contained in a unique connected component because
r is connected. Therefore, the limit set / = 0P, (r) is a proper interval contained
in 9H? which does not intersect the interior of the limit set of the image by &,
of the connected component of L \ Bk (£) which does not contain . Now pick an
interval J of the leaf space with L as an endpoint so that «(E) € J only if E = L.
For any E # L in I we can then push the ray r to E applying Proposition 3.4 and
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we deduce that there is a ray r’ in E which lands in an interval which is disjoint
from a(E) contradicting Lemma 4.4. ([l

Proof of Proposition 4.5. As noted, if y fixes some leaf of G then this leaf must
land in the attractor and repeller of y so the proposition holds. Therefore, we can
assume we are under the assumptions of Lemma 4.6.

Let ¢ be a leaf of G and r a ray of c. If r lands, the Proposition is proved, so
assume that r does not land. Then we know that r must keep intersecting B (¢) for
K asin Lemma 4.7. Consider a sequence d,, of segments of r completely contained
in the complement of Bk (£) except for the endpoints which belong to d Bg (£).
Using Lemma 4.6 we can choose the segments d, with arbitrarily large length,
since otherwise we would get arbitrarily large segments of r contained in By (£)
for some larger K'.

Let x,, y, be the endpoints of d,,. We claim first that d(x,,, y,) must be bounded:
if not, then up to considering an inverse we can assume that y x, is contained in the
segment J of d Bx (£) joining x, and y,. Since d, U J is a Jordan curve and yy,
does not belong to J we deduce that yd,, intersects d, which is not possible since
they belong to different leaves of Gy .

There is a sequence k, € Z such that y* x, belongs to a compact set. Thus,
up to taking subsequences both y*x, and y*»y, converge to points xs and yso
in 0Bk (£). Note that xo, and y,, cannot be in the same leaf of §; and being
accumulated by y*d, their leaves must be nonseparated. Therefore the proposition
follows from Proposition 3.9. ]

4.3. Proof of Theorem 4.1. To prove Theorem 4.1 we want to apply Proposition 4.2.
For this, it will be useful to use both foliations. We first show that if there is a leaf
of G which has both rays landing in the same point, then after going to a closeby
leaf of the other foliation, we will be able to apply Proposition 4.2 and we will get
landing for all leaves in both foliations:

Lemma4.8. Let L € F 1 be such that there is ¢ € G, both of whose rays land in the
same point, i.e., 8+Cbi(0) = 8_<I>1L(c) = {&}. Then, there is some leaf E € §2 with
a(E) # & such that it contains a leaf ¢’ € Gg with 3+CD]E(C/) = B_CIJ}E(C/) = {&}.
Proof. Consider the Jordan curve obtained by cU{£} in LU SY(L) and denote by D
the disk bounded by it.

Every curve ¢ € Gy intersecting D must be contained in D and thus has both
rays landing on &. Given a transversal 7 : [0, #p) — L to G, with 7(0) € ¢ and
t(t) € D for t > 0 we denote E; € ?2 to the leaf through ().

If we denote by ¢; the curve of Gy containing t(¢) we get ¢; C L N E;. Since in
L both rays of ¢, land and the landing point is &, we get by Corollary 3.2 that for
every small ¢, then ¢, lands in E, and the landing point is &. Since the nonmarker
point «(E;) varies monotonically we can choose ¢ so that «(E;) #&. U
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Figure 6. A depiction of the objects in the proof of Lemma 4.9.

The argument can be slightly extended to get:

Lemma’lv4.9. Let c € Gy satisfy 0T ®(¢c) = a(L) and 3~ P (c) # HZ. Then all
rays of G land.

Proof. Let I =0~ &1 (c). Suppose first that / = «(L), then both rays of ¢ land in
the same point a(L). The previous lemma implies that there is some ray of G in
some leaf E of ?2 landing in a point different from «(E£). Then Proposition 4.2
implies that all rays of G land and the lemma is proved.

If I is a single point & # (L), then again Proposition 4.2 also implies that all
rays land, and the lemma is also proved.

Finally from now on assume that / is not a single point. Since I # 9H?Z,
Lemma 4.4 implies that «(L) € 1.

The curve ¢ separates L in two connected components, each diffeomorphic to a
disk (see Proposition 2.9). Denote these components by Dt and D~. It follows
that up to relabeling we can assume that the closure of ®7(D%) in H> U dH? is
equal to ®;(c U D) U I while the closure of ®; (D7) in H? U 9H? is equal to
®; (cUD™)UJH?. See Figure 6.

Consider a transversal t : (—¢, ¢) — L to G with 7(0) € c¢. Denote by ¢, the
leaf of G; through the point 7(¢). We can assume that if # > O then 7(t) € DT,
thus, the limit set 3*®; (¢;) = I, of ¢; must be contained in /. Again as in the
beginning of the proof we either finish the proof of the lemma or we are in the
case that, the interval I; is nondegenerate for any ¢ > 0. Hence /; contains «(L)
by Lemma 4.4. In addition /; is weakly monotonically decreasing, meaning that if
t > t’ then I, C Iy (they could coincide).

Denote by E, the leaf of %2 such that ¢, C LNE,. Then a(Ep) = @ (L); otherwise
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again Proposition 4.2 would imply that all rays of G land in their appropriate leaves,
but at this point we are assuming that the negative ray of ¢ does not land. This
contradiction shows that «(Eg) = a(L).

In addition Lemma 4.4, applied to F,, implies that a(E;) is contained in I;.
For small r > 0, «(E;) is contained in the interior of /. Notice that «(FE;) varies
continuously with . We fix some small #p > 0. Now fix a #; with 0 < #; < #p and
such that E;, is invariant under some deck transformation y which has a fixed point
outside / (such leaves are dense, so there must be one). The other fixed point of y
is necessarily «(E;,). We can arrange that this point is contained in the interior of
I, C I;, C I. This is because by choosing #; small we can ensure that «(E;,) is in
the interior of I, and since I;, C I;,, the claim follows.

We get that ¢;, has a ray converging to an interval /;, which contains only one
of the fixed points of y. We proved before that ¢ (L) = a(Ey) € I, for any ¢. In
addition since Iy, C I;, we get that «(E;,) is alsoin I, so the interval [ (Ep), a(Ey,)]
contained in / is contained in I;,. We conclude that «(E;,) is an interior point of
I, and I;, does not contain the other fixed point of y. Applying y to E,, we obtain
two rays whose landing sets are proper intervals one contained in the interior of the
other (f;, and y (1)), contradicting Proposition 2.11 and completing the proof. []

Proof of Theorem 4.1. Using Proposition 4.5 we know that there is at least one
LeF 1 and one ¢ € Gy, having one landing ray. Up to orientation we can assume that
9T ®; (c) = &. Using Proposition 4.2, either the result holds or & = a(L). Using
Lemma 4.9 we can further assume that 3~ ®; (¢) = dH? (it is the only possibility
of that lemma that does not yield that all rays land), in particular this assumption
means that there is a ray of G that does not land.

Note that all these results apply to both F 1 and 3":2 so we will now work with 37'2.
Showing landing in both foliations is equivalent because of Lemma 3.1.

Let 7 : (—e, &) — L be a transversal to G; with 7(0) € c. Call ¢, the leaf of G,
passing through t(¢) and E, € 9?2 such that ¢, C L N E,. Notice that the {E;} are
pairwise distinct leaves.

We know that a(E() = a(L) because 37 P g (c) = 37 @1 (c) = (L) (else we
can apply Proposition 4.2 to 3?2). We choose the transversal T so small that «(E;)
is injective in (—e¢, ¢) and a(E;) is very close to «w(L). Let I, be the short closed
interval in dH? from (L) to «(E;) and J, the closure of the complementary
interval in dH?. Note that for t > 0 since ¢, € L N E,, if it has a landing ray,
then Proposition 4.2 applied to both foliations implies it must land «(L) and in
o (E;) which are different, so the limit set of both rays is a nontrivial connected
set. Lemma 4.4 applied to both foliations implies that the limit set of each ray
of ¢; must contain both «(L) and o (E;) thus it is some nontrivial connected set
containing I; or J;.
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s>t

a(E)
al) g (k)

Figure 7. A depiction of some parts of the argument of the proof of
Theorem 4.1: inclusion of sets Dy C D, and the “pairing” configuration
for rays.

For any E;, which is a deck translate of Ey there is a ray of Gz, which lands (i.e.,
the image of the landing ray of cp). By Proposition 4.2 again, it follows that this
ray must land in «(E;). Let r; be one such ray. Consider

B = {t €(—¢,¢8): E; =y Ejforsome y € m(M)}.

By minimality B is dense in (—¢, &). We will consider BT = BN (0, &).

Consider € B and let g; be a ray of ¢;. Denote by I, its limit set (that is
0PE, (g)) in dH2. Recall that I ¢ must contain /; or J; (in particular, it not a point).
The ray g; is disjoint from r;, because r; lands and no ray of ¢, lands. If I, # M2,
then applying Lemma 4.4 (first to L and ca“ and then to E; and r;) we deduce that
I, coincides with either /; or J; because there cannot be a ray landing in its interior.
If I, = dH? let us show a contradiction with a similar argument: in L the ray g; has
to be disjoint from the ray of ¢y which lands in «(L), in particular there cannot be
a sequence of segments in g; which limit to an interval in S '(L) with @(L) in its
interior. When seen in E; then g, has to be disjoint from r,, so again it cannot have
a sequence of segments with a limit which is an interval in S'(E,) with «(E;) in
its interior. It follows that I, could not be all of dH? and thus I, is either I; or J;.

Recall that car is a ray which lands in «(L). Let D, be the component of L \ ¢,
which does not contain ¢y = ¢, in particular D, is an open set in L which has
boundary (in L) equal to ¢,. Notice that if s > ¢ > 0, then Dy C D,, and in particular
that ¢, is contained in D,. For each ¢ > 0 let ¢;", ¢, be the subrays of ¢; determined
by 7(¢) and oriented coherently with cy.

Consider t € BT. We know that d®; (c; ) can only be I, or J; for each such z.
There are also two possibilities depending on where «(E;) is (so in total, four
possibilities). We say that o(E;) and t(¢) cross if we consider a ray r from t(0) to



TRANSVERSE MINIMAL FOLIATIONS ON UNIT TANGENT BUNDLES 69

& € J; avoiding c(J)r U t((0, t]) and there for every curve in L U SY(L) joining t(t)
with a(E;) the curve intersects car Ur. Note that this is independent on the choice
of r, and it is also independent on ¢ > 0. We say they pair otherwise (i.e., there is a
curve joining 7 (¢) with «(E;) and avoiding c('; ur).

We suppose first that 7(¢), «(E;) pair, see this in Figure 7. Suppose first that for
some ¢ € BT we have that 3®; (¢, ) = I,. In this case, note that the limit of ® (D;)
is also I;. For any s > t we have Dy C D;, so we now obtain that 0®; (cy) C I;.
But for such s the limit set of ¢ has to contain «(E,) which is not contained in /;
a contradiction. See Figure 7.

Now assume that t(¢), o (E;) pair but 0P (c; ) = J;. Then ¢; has points which
limit to «(E;) but ¢, does not limit in any point in the interior of /;. For any s > ¢
in BT we cannot have that 9 ® L(cy) is Jg. This is because the ray ¢, limiting to
a(E;) forces the ray c; to limit to some point in the interior of /;. Thus, we can
apply the previous analysis to s to get a contradiction. This finishes the analysis in
the case where the transversal t pairs.

We now consider the case where 7(¢), a(E;) cross. Suppose first that for some
t € BT the ray ¢, limits to I;. We depict this in Figure 8, left. Then for s < 0, it
follows that the limit sets of both ¢, ¢;” have to be contained in /;. This property is
impossible, because for s < 0 contained in B the limit sets would have to be either
I; or J; and neither is contained in ;.

The remaining case is that for any t € B+ we have that 7(t), a(E;) cross and
d®; (c;) = J;. Fix some ¢ € BT. We will need to consider a different disk Z; in
L whose boundary is made up of ¢, , the arc 7 ([0, #]) and c('f and chosen so that
it contains c;". Notice that this disk limits only on J; (see Figure 8, right). Now
consider s with 0 < s < ¢, and s € B*. Then c;r is contained in Z;, so its limit set

VAT
(L)) o(l) o(E) a(ll) oa(k)
t>0 t>0 s<0

Figure 8. A depiction of the cases that t(¢), «(¢) cross. Left: the case
that the limit set of ¢, is /;. Right: the case that the limit set is J;. For
simplicity of viewing we depict dH? in a line segment, concentrating on
what is happening near «(L).
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Figure 9. The shadow of a set from a point x € L is the set of points
in S'(L) blocked by this set (when seen in H?). To have small visual
measure means that if an arc of G, is very far from x then its shadow has
to be very small (independently of its length).

has to be also contained in J;. On the other hand it has to be either J; or I, but
neither is contained in J;, which is a contradiction.
This finishes the proof of Theorem 4.1. (]

5. Small visual measure

Let F,, F> be two transverse minimal foliations on M = T''S and G = F; N F; the
intersection foliation.

We define the shadow of a subset X C L seen from x € L as the set of points
£ € OH? for which there is a geodesic ray in H? starting at ®; (x) and passing
through some point y € ®; (X) with ideal point £.

As in [25, §4.3] we will say that G has the small visual measure property if for
every € > 0 there exists R > 0 such thatif L 7, i»Xx € L and £ a segment of some
leaf of G such that £ N Br(x) = &, then the shadow of £ seen from x has length
smaller than ¢ (meaning that the angle of the interval of vectors such that geodesic
rays in H? from ®; (x) to the shadow of ¢ is less than ¢).

In this section we will show:

Proposition 5.1. Let F1, > be two transverse minimal foliations on M = T'S and
let G denote the foliation obtained by intersection. Then, G has the small visual
measure property.

Before we proceed with the proof let us explore some of its consequences. In
[25, Lemma 5.9] the following is proved.
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Proposition 5.2. Assume that G has the small visual measure property, then, there
exists ag > 0 such that for every segment £ of leaf of S we have that the geodesic
segment joining the endpoints of € is contained in Bg,(£).

We stress that B, (£) is the neighborhood of £ of size ag in L, rather than in M.

Note that from this we get that small visual measure allows to control endpoints
of rays of leaves of G;. That is, if one considers a point x € L which belongs to
some leaf ¢ € G, and considers points y, in ¢ going to infinity. It follows that
the geodesic segments joining x and y, are all contained in the ag neighborhood
of ¢; thus, it follows that the geodesic ray joining x with 37 ®(c) is contained in
the ag-neighborhood of c;f.

5.1. Bubble leaves.

Definition 5.3. (bubble leaves) We say that ¢ € § is a bubble leaf if 9T ®(c) =
3~ ®(c) = (&} where & is some point in dH?.

We have dealt with such leaves in Lemma 4.8 showing that nearby leaves of
the other foliation must also have bubble leaves with the same endpoint. We will
perform a similar argument now, but trying to control the size of the interval on the
leaf space where this holds.

The goal of this subsection is to show the following:

Proposition 5.4. There exists a leaf c € § such that 3T ®(c) # 9~ ®(c) (see (3-2)).

We will need to control the place where the bubble leaves land. For this, we
will separate the leaf L in bubble regions. To introduce this, let us first make some
definitions. Notice first that by Corollary 2.10 we know that if ¢ € G, is a bubble
leaf with 3T ®(c) = {£} we can define D, to be the disk in the complement of ¢
such that the accumulation of ®; (D,) in dH? is exactly &.

Definition 5.5. (bubble region of ¢) Given L € i and ¢ € G, a bubble leaf with
0t d(c) = {£) we denote by B(c, L) the bubble region of ¢ in L as the union of all
leaves ¢’ € G;, such that there is some ¢” € G; which is a bubble leaf and is such
that D.U Dy C D.». We call & the landing point of the bubble region.

We also remark that in general the bubble region of c¢ is not the union of all
bubble leaves ¢’ in Gy, such that 9d*(c’) = {£}. For example it could be that ¢, ¢/
bound maximal disjoint disks D., D. By maximal for ¢ we mean there is no leaf
¢” of Gy, distinct from ¢, and such that D.» D D,. In this case D., D are two
disjoint bubble regions with the same ideal point &.

Lemma 5.6. Every bubble region is either open or closed. Each leaf contains at
most countably many distinct bubble regions. If every leafin G is a bubble leaf,
then there is a unique open bubble region B such that 1 (B) accumulates in all

of dH>.
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Figure 10. Depiction of a leaf L such that every leaf of G, is a bubble leaf.
The painted regions are the closed bubble regions and their complement
is the open bubble region.

In Figure 10 a depiction of the conclusion of this lemma is presented.

Proof. Each bubble region is a set saturated by G. There is a natural partial order
between the leaves in a bubble region given by c¢| < ¢; if D, C D, . It follows that
if there is a maximal element in the bubble region, then it is unique (by definition
of bubble region, every pair of elements is smaller or equal than some element in
the region) and the bubble region is closed, while if there is no maximal element
then the bubble region is open. As bubble regions have nonempty interior we know
that there are at most countably many bubble regions.

Assume now that every leaf of G, belongs to some bubble region. If there is
a unique bubble region, then it is an open bubble region since there cannot be a
maximal element. We next prove that not every bubble is closed: Let B be a closed
bubble with boundary leaf ¢ and let t be a small transversal to § in L with an
endpoint in ¢ and not intersecting the interior of B. Parametrize T as x;,,0 <t <1
with xg in c¢. Suppose a bubble region B’ intersects 7 not in xo. Then its boundary
intersects T (as xg is not in B’). In addition its boundary intersects t in a single
point, because if it intersected t in two points, one would produce a bubble leaf
intersecting 7 in two points, contradiction. It follows that there is a single bubble
region B’ containing 7 \ {xo} and B’ is an open bubble.

Finally, given an open bubble region B we can consider B to be B together with
all the closed bubbles whose boundary intersects the boundary of B. It follows that
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B is an open set and that if B’ is another open bubble region, then BNB =g,
thus, we get there is a unique open bubble region.

To conclude, using Corollary 2.10 we know that the complement of a closed
bubble region accumulates in all of S'(L), so the same holds for the complement
of countably many closed bubble regions, thus the open bubble region accumulates
everywhere, also using the properties derived above. (|

We remark that the uniqueness of open bubble regions in a leaf L of f:"i does not
necessarily work if not every leaf in G is a bubble leaf.

Since open bubble regions are special, it is natural to expect that their landing
point will also be special:

Lemma 5.7. If every leaf in G is a bubble leaf then in each L € ff:i the unique open
bubble region of G has «(L) as its landing point.

Proof. The proof is by contradiction. Assume that there is a leaf L € F; where the
unique open bubble region O has landing point £ # «(L). We fix a closed interval
I in the leaf space of 3~"l~ containing L in its interior and such that for every L' € [
we have that (L) # &. Denote by J C 9H? the interval J = {a(L') : L' € I'}. We
consider ¢ > 0 from Proposition 3.4 and fix the region ﬁs (L, 1).

We first notice that Lemma 4.3 shows that the existence of a leaf whose landing
point is & # «(L) implies that in each leaf L the set of landing points of rays in
the leaf is dense in dH?. Thus, for a given leaf L there must be rays converging
to this dense set of points and thus also closed bubble regions in L the union of
whose landing points is a dense in dH?. Pick one closed bubble region B whose
ideal point is neither «(L) nor &.

Up to shrinking 7 to a smaller interval we assume that B completely contained in
55 (L, I). Moreover, if we call ¢ the maximal element of B, it is a leaf of §; whose
endpoints are TP (¢) = {n} with ¢ J. We can assume that every closed bubbles
leaf whose landing point is in the interval K joining & and 7 and not intersecting
J is contained in D (L, I). Indeed any such bubble region B’ not contained in
D, (L, I) has points limiting to points in the interval K as well as points a bounded
distance from the geodesic g in L with ideal points the endpoints of /. Suppose
there are infinitely many of these. They cannot accumulate to some point in L,
hence segments of the boundary of these limit on a nondegenerate open interval of
S'(L). This contradicts that the set of ideal points of leaves of G; is dense in S'(L).
It follows that there are only finitely many bubbles in L satisfying this property and
we take the last one satisfying the property.

Since O is an open bubble, we can find a sequence of nested curves e, in O
which accumulates on ¢. More precisely, if D,, are the disks defined by e, and
contained in O it follows that D,, C D,,,, and O =, D,,. It follows that there
are rays r, of e, contained in 5S(L, I) and that accumulate on ¢ (note that the full
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curve e, must enter 58(L, I), but it cannot happen that for large n both rays are
contained in 58 (L, I), since the union of the disks D, is all of O).

Now we fix a leaf E € [ that is invariant under some y € (M) \ {id} (cf. Section 2.7)
and such that the fixed points of y are different from & (note that one must be
contained in J). If we apply Proposition 3.4 we deduce that the leaf ¢ pushes to a
leaf ¢’ of G whose endpoints are 1 and the rays r, push to rays r, which have one
endpoint in § and accumulate on a ray of ¢’. If ¢, are the leaves of Gg containing
the rays r;, we deduce that they must belong to an open bubble region since every
leaf of G is a bubble leaf and the leaves e, are all landing in &. It follows that E
has an open bubble region with limit point £. Applying y we deduce that there is
more than one open bubble region in E contradicting the previous lemma. (]

To prove Proposition 5.4 we will proceed by contradiction and therefore assume
that all leaves of G are bubble leaves. This will allow us to use the previous results.
To be able to get a contradiction we will need to construct uncountably many bubble
leaves with different landing points in a leaf of the other foliation.

Proof of Proposition 5.4. Assume for a contradiction that every leaf of G is a bubble
leaf.

We claim that for each L € F 1 there is a nontrivial interval of the leaf space
of f;"z which contains bubble leaves whose limit points are «(L). This is just
because Lemma 5.7 states that the open bubble region Oy of L, which exists due to
Lemma 5.6, must land in «(L). Considering a transversal t to G, inside O gives
a non trivial interval I of the leaf space of ?2 (i.e., those leaves which intersect 7)
containing bubble leaves whose landing point is «(L). The interval I also depends
on T, but we are omitting this dependence. Notice that we are not claiming that the
elements of {I;, L € F 1} are pairwise distinct.

Pick x, dense and countable in the leaf space of §"2 (which is homeomorphic to
R). If for every x,, there are only countably many L € F 1 such that x,, € I, then
the set of those L € F 1 for which I; does not contain any x,, is still uncountable.
Hence this set is nonempty, contradicting the density of {x,}, since any I, is an
open set in the leaf space of f?z.

We deduce that there is a leaf E € %2 for which there are uncountably many
L e 5’1 such that £ € I} with pairwise distinct «(L). It follow that E contains
uncountably many bubble leaves which land in pairwise different points. This
contradicts the fact that a leaf can contain at most countably many distinct bubble
regions (see Lemma 5.6). This contradiction completes the proof. ([

5.2. Proof of Proposition 5.1. The proof will be by contradiction. Using what we
have proved we will have a ray landing at a marker point. Then, assuming that the
small visual property fails, we can use the following lemma and minimality to get
a contradiction.
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Lemma 5.8. For every § > O there exists K := K (8) > 0 such that if
e [ is a segment in oH2,
o x e H?, and

e 1 is a geodesic ray starting from x and landing in some point & of I separating
I in two intervals of visual measure > §/2 seen from x,

then if y € r satisfies dyp(x,y) > K, it follows that the visual measure of I seen
from y is larger than 27 — 8. Here dyp is the hyperbolic metric in H.

Proof. Since isometries are transitive in 7'H? we can assume in the upper half
space model of H2, that x = i, the geodesic ray r is the ray {ai : @ > 1} and
the interval I contains, for some large ¢ depending on § a set of the form A; =
[, +00) U {oco} U (=00, —¢t]. The lemma then reduces to computing the visual
measure of A; from a point of the form ai which goes to 27 with a — oo. ]

Proof of Proposition 5.1. Consider ¢ € g given by Proposition 5.4 and let L € F 1
E e 5’2 be such that c C L N E. We will argue for L (the case for E is symmetric).

Let r be a ray of ¢ with landing point 0®(r) = & # «(L). Let I be a closed
interval of the leaf space of F containing L in its interior and such that if L' € I
then a(L’) # £. Up to reducing the ray r we can assume that r C D, (L, I) for ¢ as
given in Proposition 3.4.

Now assume for a contradiction that there is § > 0 and a sequence ¢,, of segments
of Gy, with L, € ?1 and points x, € L, such that dy (x,, g,) > 5n and £, has
shadow in S!(L,) of length > 108 when seen from x,. Up to cutting the segments
£, we can assume that the shadow has length > 56 and is disjoint from «(L},).

Consider for each n a geodesic ray from x,, to the middle point of the shadow
of ¢,, and a point y, in the geodesic ray and at distance = 2n from x,,. By minimality
of & and up to changing slightly the geodesic ray, we can assume that there is y,
sending y, to a point very close to L and in a compact set of M. Using Lemma 5.8
we get that, up to a subsequence,

o dLn (yl’lv gl’l) > 27’1,

o the visual measure of ¢, seen from y, is larger than 2w — a,, with a, — O (this
is after identifying S (L) with 9H?), and

® YnYn —> Yoo € L.

We chose ¢,, so that a(L,) does not belong to the shadow of ¢, from x,, and
thus we get that the shadow from y,, y, of y,g, contains £ in its interior if n is big
enough. This is because y,L, — L and a(y,L,) — a(L). Since for large n the
leaf y, L, is close to L we can assume that y, L, is in / and we can push arcs £,
of y,gn to L so that 7 (¢,) accumulates in an interval containing & in its interior.
This forces £, to eventually intersect » which is a contradiction. O



76 SERGIO R. FENLEY AND RAFAEL POTRIE

6. Leafwise Hausdorff leaf space implies quasigeodesic

Here we will show the following:

Theorem 6.1. Let F\ and F, be transverse minimal foliations of M = TS and let
G denote the foliation obtained by intersection. Assume that in some leaf L € F;
the leaf space of G is Hausdorff. Then, the foliation G is an Anosov foliation.

This also follows from [27] which gives an alternative proof. Here we present a
proof in our restricted setting, since it is vastly simpler and can show some of the
ideas in a more transparent way.

Recall that an Anosov foliation is a one-dimensional foliation in M which is
homeomorphic to the orbit foliation of a topological Anosov flow. As follows from
[5, § 6], due to minimality, it is enough to show that the one-dimensional foliation
is quasigeodesic, that is, for every leaf L € i- the leaves of G, are quasigeodesics
in L.

Here we are working with M = T''S so it makes sense to compare our one-
dimensional foliation with the one of the geodesic flow in negative curvature: this
foliation, when restricted to a leaf L of the weak-stable or weak-unstable foliation
has the following properties that we will try to produce to show Theorem 6.1:

o One of the landing points of every leaf of G is a(L).

e Given any point & € H?\ {a(L)} there is a (unique) leaf whose landing points
are £ and a(L).

Thanks to some classical results, showing these properties will be enough to
establish that the foliation is an Anosov foliation (see [28]). This implies that it is
quasigeodesic (see [18]). We refer the reader to [5, § 5] for details.

6.1. Bubble leaves and landing. First we need to show that bubble leaves (recall
Section 5.1) produce non-Hausdorff behavior. For this, the small visual measure
property is crucial, in particular Proposition 5.2.

We recall here that the assumptions of Theorem 6.1 imply that in every leaf of
T 1 and 372 the restriction of § has Hausdorff leaf space because of Proposition 3.6.

Lemma 6.2. If G has a bubble leaf for some L € i-, then there is a leaf L' € §l-
such that Gy has non-Hausdorff leaf space.

Proof. Consider a bubble leaf ¢ € G (assume L € F 1) and fix a geodesic ray r
starting at some point in ¢ which has the same landing point £ € H? as c (i.e.,
Ad(r) = 3T d(c) = {£}). Let x( be the starting point of r in ¢ and consider the
rays c;; and ¢, . Passing to the limit in Proposition 5.2 we know that there is some
ap > 0 such that r is contained in the ag-neighborhood of c;% and Cry-

Fix a sequence y, € r such that ®; (y,) — £ and consider points p, € c;g) and
gn € cy, at distance less than ag from y, in L. It follows that
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o dr(Pn, gn) < 2ay,
e ®;(pp) — & and ®1(q,) — &, and

o the length of the segment of ¢ joining p, and g, goes to infinity.

Now consider deck transformations y,, € w1(M) which map p, to a compact
fundamental domain K C M. Since ¥, are isometries and dy (p;, q,) 1s bounded,
the points y,,g, also belong to a compact set. Up to subsequence we can assume that
both y,, p, and y, g, converge to points p, and g~,. Note that since the distance
in L from p, and g, is bounded, both points p., and g~ belong to the same leaf
L e ? i

Since the length from p,, to g, along c goes to infinity it follows that p., and
goo cannot belong to the same leaf of G;.. On the other hand p,, g, belong to the
same leaf of G and thus the same leaf E, of F, which since Dn» qn are close to L’ it
follows that either £, N L’ is not connected (in which case, the leaf space of G;- is
not Hausdorff) or E,, N L’ is a sequence of leaves of G, converging to both the leaf
through po, and g~ and again we get that G, does not have Hausdorff leaf space.

Since poo, oo do not belong to the same leaf of G/ but p,, g, belong to the
same leaf of ’JN"Q thus, G;/ does not have Hausdorff leaf space as we wanted to
show. ([

Now we show that at least one of the endpoints of each leaf in §; must be the
nonmarker point. Fix an orientation in L and consider, for a given ¢ € Gy which we
know separates L in two open disks D=, each one such that the limit set of & (D¥)
in 9H? is one of the intervals joining the landing points of ¢ (see Corollary 2.10).

Lemma 6.3. Let L € ?,- and ¢ € Gy, then either 9T ®(c) = {a(L)} or 3~ ®(c) =
{a(L)}.

Proof. Let L € fr~rl~ and ¢ € G; and assume that (L) ¢ 0T ®(c) Ud~ D (c).
Proposition 3.4 lets us assume that the leaf L is fixed by some y € (M) \ {id},
and such that both points in T ®(c) U 3~ ®(c) belong to the same connected
component of dH? minus the fixed points of y. It is enough to consider an interval
I of the leaf space of 7 ; containing L in the interior so that the nonmarker points of
leaves in I are never in 3T ®(c) U9~ ®(c): hence given an even smaller interval we
can push the entire leaf ¢ to nearby leaves of 5-} along the leaf of the other foliation
with Proposition 3.4. Then since leaves with nontrivial stabilizer are dense (see
Section 2.7), we can push to one of them in I to get the same property in such a
leaf. To get that the fixed points of y do not link with 87 ®(c) U3~ ®(c) we can
use for instance that the set of closed geodesics in § is dense in S (Section 2.7).
We now choose orientations so that D is the complementary component of ¢
which does not limit on ¥, y~. If there is a transversal to G; in L from c
to yc, then the image of this under y is a transversal from yc to y2c. Notice



78 SERGIO R. FENLEY AND RAFAEL POTRIE

]/+ = a(Ly)

Figure 11. If no ray lands in o (L) the leaf space cannot be Hausdorff.

that D}, y(D}), y*(DJ) are pairwise disjoint. It now follows that ¢, y*c cannot
intersect a common transversal and the leaf space cannot be Hausdorff. (See
Figure 11.) ]

6.2. Construction of the Anosov foliation. To complete the proof that the foliation
G is an Anosov foliation we need to show that for every L € ST} and £ € JH? \{a(L)}
there is a leaf ¢ € Gy such that 0®(c) = {&, «(L)} and that such a leaf is unique;
this will produce an equivariant equivalence with the leaf space of the orbit flow of
the geodesic flow in negative curvature [28] which is known to be enough to show
that the foliation has the desired properties.

We divide this into some steps:

Lemma 6.4. Let L € 5’,- and & € dH?, then, there exists ¢ € G, with a ray landing
in & (i.e., such that £ € 3£ ®(c)).

Proof. Recall from Lemma 4.3 that the set of points in dH? for which there is a ray
in L which lands in that point is dense.

Consider a sequence ¢, of leaves of Gy converging to some leaf ¢ € G (which
is unique because the leaf space of G is Hausdorff). Let &, be the landing point
of ¢, different from (L) and let & and (L) be the landing points of ¢. Assume
that (up to taking a subsequence) &, — 1 #% £. One can then consider a ray which
lands in a point which belongs to the interval between & and 1 not containing o (L).
This ray belongs to some leaf £ € G,.. By the previous lemma, the leaf £ has one
ideal point in a(L). It follows that £ must then separate the curves ¢, with large n
from c, contradicting the fact that ¢, — c.

This continuity plus the fact that the landing points are dense implies that every
point different from «(L) is a landing point as we wanted to show. U
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Now we show uniqueness as a consequence of minimality of the foliations, and
derive from Theorem 2.1 that the nonmarker points of leaves vary monotonically
(Section 2.4).

Lemma 6.5. Let L € CTT“i and & € dH? \ {ax(L)}, then, the leaf c € G such that
0t D (c) = {&, a(L)} is unique.

Proof. Assume that in a leaf L € F | (the case where L € ?2 is symmetric) there are
two leaves of Gy landing in & and «(L). Since the leaf space of Gy is Hausdorff
and one of the landing points of every ¢ € Gy, is «(L) we deduce that there is an
interval / in the leaf space of ?2 consisting on leaves E such that EN L is a leaf
c € Gy such that 3T ®; (¢) = {£, «(L)}. From the previous lemma applied to 37'2 we
know that if E € I and if ¢’ € G then a(E) € 3*®g(c’). Consideringce ENL
we deduce that for every E € I we have that «(E) € {§, «(L)}. Since the point
o« (E) varies continuously with £ we deduce that there is an interval of ffz which
has the same nonmarker point while the nonmarker point varies monotonically. [

Now we are ready to prove the main result of this section.

Proof of Theorem 6.1. From our previous results we have a bijection between the
space of leaves of g (the lift of the foliation G to M the intermediate cover of M )
and the set of pairs of distinct points of dH?. This bijection is continuous and
equivariant under deck transformations which is enough to show that the foliation
is homeomorphic to the orbit foliation of the geodesic flow of a hyperbolic metric
on S. (See [28] or [5] for details.) |

7. The Matsumoto-Tsuboi example revisited

Here we revisit the example from [35] from the point of view of our results. In [35]
an example of a pair of transverse foliations® of T? x [—1, 1] is constructed in such
a way that the boundaries match with the weak stable and weak unstable foliations
seen in the lift to T''S of a simple closed geodesic. That is, if £ is a closed geodesic
in S, it lifts to a torus 7 C T''S which contains two periodic orbits of the geodesic
flow (associated to the orbits associated to y with both orientations). Note that the
weak stable and weak unstable foliations are horizontal, so they are transverse to 7.
Figure 12 depicts the intersection of the foliations with the torus in its universal
cover (which become tangent at the two periodic orbits that are common to both
weak foliations).

This way one can cut T'S along such a torus and glue this new foliation of
T2 x [—1, 1] to obtain a new pair of transverse foliations of T'S. From the way
this pair of foliations is constructed, it is clear that the new foliations, called 7, I,

81n [35] triples of transverse foliations are considered, but for the interests of our work we will
ignore the third foliation.
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Figure 12. The intersection of the transverse tori with the weak stable
and weak unstable of the geodesic flow.

will continue to be minimal and their intersection foliation § will be such that for
every leaf L € 7, ; the foliation G will not have Hausdorff leaf space. In this paper
we will not use this construction, but we thought it could be relevant to spend some
time explaining the example from our point of view which was relevant for us
to formulate the right statements in the next two sections. We plan to study this
example as well as other examples of transverse foliations with Reeb surfaces in a
future work.

7.1. The construction and its possible variants. Let S be a closed surface with a
hyperbolic metric and let ¢; : T'S — T''S be the geodesic flow. The metric induces
an action of I' = 77;(S) on H? and on T'H? = M such that the weak stable foliation
of ¢; is the foliation F,; defined in Section 2 by identifying 7''H? with H? x dH?.
The weak unstable foliation will be called &, and is obtained in a similar process,
only that the identification of T'H? with H?> x dH? is made by identifying the point
at infinity as the limit of the geodesic in the backwards direction. Both J,; and
Fwu are transverse to the fibers.

Fix any simple closed geodesic £ in M = T'S for the metric g and let T; be
the torus obtained by looking at the unit vectors tangent at points of £. This torus
intersects both F,,; and &, transversally and the flow is transverse to T, except at
the two orbits of ¢; contained in 7. See Figure 12.

In [35] a construction of two transverse foliations 8, U of T; x [0, 1] are given
intersecting the boundary tori with the following properties:

o Each leaf S € § is either a cylinder (i.e., homeomorphic to S 1'% [0, 1]) or a band
(i.e., homeomorphic to R x [0, 1]), and the intersection of S with each boundary
torus 7y x {0} and T, x {1} are the same (in the trivialization Ty x [0, 1]) and
coincides with the intersection of some leaf of &F,,; with Ty.
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e Each leaf U € U is either a cylinder or a band, and the intersection with
each boundary torus 7, x {0} and 7, x {1} is the same and coincides with the
intersection of some leaf of F,,, with Tj.

« There are exactly two cylinder leaves Sy, S; of § and U;, U, of U corresponding
to the periodic orbits of the flow in 7.

e Each leaf S € 8\ {81, >} intersects either U; or U; in two connected compo-
nents that are infinite lines and bound a Reeb band.

e Each leaf U € 8\ {U, U,} intersects either S; or S in two connected compo-
nents that are infinite lines and bound a Reeb band.

¢ S intersects U in at least three circles,

¢ S, intersects Us in at least three circles and U; in at least four circles.

We depict one possibility in Figures 13 and 14.

A

%
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/

Figure 13. The horizontal lines represent the cylinders U; and U, (and
their translations up by deck transformations) and the red curves represent

the cylinders S; and S, (and their translations up by deck transforma-
tions). The figure depicts how the leaves intersect and each intersection
corresponds to a circle in the leaf. The rest of the leaves of the U foliation
are also horizontal leaves, but when going around the holonomy of the
compact leaves, they intersect in a different height (in particular, the
corresponding leaf is an infinite band whose intersection with the torus is
an infinite family of horizontal segments which accumulate in U; and U,
when going forward and backward respectively). The other leaves of the
8 foliation interpolate the traces of S| and S, and also change as going
around the torus in the flow direction.
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Figure 14. Left: the lift of one of the cylinders (U,) and the intersected
foliation lifted to this cover. Right: the same for the other cylinder (U;).
These intersections correspond to intersecting the leaves as one moves in
the direction of the flow (which makes leaves of the 8 foliation approach
in the forward or backward direction to the leaves S; and S;). The straight
lines corresponds to the intersection with the leaves S} and S, which are
invariant under moving one step up.

We now consider the foliations F;, F, in M obtained by first cutting T'S
foliated with F,; and &, along T, and gluing a copy of T x [0, 1] foliated by
8 and U and gluing the foliation F,,; with 8§ and F,,, with U. The manifold M,
is still diffeomorphic to TS (we have changed T, for T, x [0, 1] with the trivial
identification of 7}, x {0} and 7, x {1} with the two copies of T, one gets after
“cutting” T'S) and the foliations F; and J, are everywhere transverse. We note that
it is possible to choose the foliations § and U in order that the resulting foliations
F1 and F, are not uniformly equivalent, that is, the homeomorphisms /4| and 4,
given by Theorem 2.1 sending F; and F, to F,,; cannot be homotopic to each other
(see Figures 15 and 16). The example in [35] provides examples for which both
foliations are uniformly equivalent.

Remark 7.1. One can glue more than one block 7, x [0, 1], concatenating consec-
utive blocks. It is also possible to do the cut and paste process in several disjoint
simple closed geodesic to obtain variants of these examples. More generally, take
any Anosov flow in a closed 3-manifold with an embedded Birkhoff torus with
only two Birkhoff annuli (that is, when the intersection of the weak stable and
weak unstable foliations of the Anosov flow intersect the tori exactly as in this
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Figure 15. How the cylinders of each foliation can intersect so as to yield
a pair of non-uniformly equivalent foliations intersecting transversally.
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Figure 16. Left: A diagram of the foliations in the cylinder leaves when
crossing the tori. Right: the foliation interpolating both foliations of a
leaf that accumulates in both cylinders in the different directions.

case). Then, one can glue some of the foliations of T2 x [0, 1] and produce similar
examples. We leave to a forthcoming work the (similar) analysis of this case. One
can also do this with embedded Birkhoff tori with more Birkhoff annuli, but then
the building blocks have to be accordingly adjusted: one needs at least the same
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number of Birkhoff annuli, which can be achieved by finite covers of T2 x [0, 1].
This will also be pursued in the future.

7.2. Properties of the intersected foliation. From the point of view of this paper,
it is relevant for us to understand the properties of the foliation G obtained by
intersecting J1 and J,. The main observations are the following:

e Given Le T 1 we have that the foliation G coincides with the foliation by
geodesics as long as L does not intersect the lift to the universal cover of
T, x [0, 1]. This lift has the property that it intersects every leaf in some
regions which are bounded by two curves at bounded distance and landing at
given points of dH? independent of the leaf L.

« Inside each of the regions of intersection of the lift of 7, x [0, 1] to M the
foliation Gy has some design that depends on the specific foliation (see for
instance Figure 14 for a depiction of the leaves in some specific examples).
However, it is always the case that in these regions there is a pair of nonsepa-
rated leaves at bounded distance of each other and landing at the two points at
infinity of the region. Every leaf that enters the region must land in one of the
endpoints of the region. In particular each ray of a leaf that enters this region
does not leave this region.

» Given two nonseparated leaves ¢y, ¢, € G they must accumulate in one of the
regions mentioned in the previous point. Note that if the nonseparated leaves
are not contained in the region modified between the two tori, the nonseparated
leaves may be at unbounded distance inside their leaf.

These properties will become more apparent in Section 9 which actually shows
that behavior like this is the only possible.

8. A dichotomy Hausdorff vs Reeb surfaces

Let 1, ¥, be two transverse minimal foliations on M = T''S and let G be the
foliation obtained by intersecting them.

We define a Reeb surface to be a compact surface with boundary R satisfying
the following properties:

¢ R is contained in a leaf S of F; (with i =1, 2),
o the boundary components of R are closed leaves of G,

o if L is a lift of S to the universal cover, then, the lift of R to L is a surface B
whose boundary consists of exactly two leaves ¢y, ¢; of G at bounded distance
which are nonseparated in Gz..

In particular, it is easy to see that the surface must be either an annulus or a
Mobius band.
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Figure 17. The interior of a non-Hausdorff bigon may not be trivially
foliated if it is not y-invariant for some y € 7 (M).

We will define foraleaf L € F ; anon-Hausdorff bigon to be a pair of nonseparated
leaves ¢, ¢; € G such that 3T ®(cy) # 3~ ®(cy) and 9T D (c)) = 0T D (cy). It does
not follow that the leaf space of G;, inside the bigon is the reals (see Figure 17).
For example one can have bubble leaves ¢, ¢’ in the bigon so that the disks D, D
are disjoint. On the other hand it is easy to see that if the boundaries of the bigon
are invariant by a nontrivial deck transformation, then the leaf space of G inside
the bigon is the reals. In particular, the existence of a Reeb surface is equivalent to
having a non-Hausdorff bigon invariant under some deck transformation y # id.

Here we show:

Theorem 8.1. Either there is a leaf L € §1 such that the leaf space of Gy, is
Hausdorff, or there exists a Reeb surface.

Theorem 8.1 together with Theorem 6.1 is enough to conclude the proof of
Theorem A. The purpose of this section is to prove Theorem 8.1.

8.1. Some analysis on nonseparated leaves. We first find a useful criterion to
obtain Reeb surfaces:

Proposition 8.2. Let L € f;':l- containing two nonseparated leaves c1, c» € G such
that there is y € mi(M) \ {id} which fixes L (i.e., yL = L). Assume that the
nonseparated rays ry, ry of c1, ¢ (cf. Section 3.4) satisfy 0®(r1) = 0P (rp) =&
with y& = &. Then, F; has a Reeb surface in the projection of L to M.

Note in particular that if & = «(L) then the hypothesis that y& = £ holds
automatically.
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Proof. Let £ C L be a y-invariant curve joining £ with the other fixed point of
y in S'(L), without loss of generality we can assume that ¢ intersects r; and 7».
The small visual measure property (Proposition 5.2) implies that there is @y such
that every ray r of G, which lands in £ and intersects £ satisfies the condition that
the ap-neighborhood of r contains a ray of €. This applies to ry, r, but also their
iterates y*r; fori = 1,2 and k € Z. Since y/r; is nonseparated with y/r, it follows
that in a given fundamental domain, one can have at most finitely many such rays.
This implies that there is k € Z \ {0} such that y*r; Nr; # @ and thus y*¢; = ¢; for
i=1,2.

This implies that ¢ and c¢; join & with the other fixed point of y and project to a
(simple) closed curve in M. If y preserves orientation, it follows that both ¢; and
¢, are y-invariant, else, it can be that y permutes them and 2 preserves them. In
both cases we deduce that they bound a Reeb surface. ([

8.2. Proof of Theorem 8.1. The following proposition will be proved in the next
subsection.

Proposition 8.3. Let L € §,~ and cy, ¢ € G be two nonseparated leaves such that
their Qonsepamted rays ri, ry satisfy 09 (r)) = 0P (ry) = & # a(L). Then, there is
L' € F; and a deck transformation y € m1(M) \ {id} such that

eyE=EandyL =L’ and

e there is a y-invariant non-Hausdorff bigon in L' (which has & as one of its
endpoints).

We explain how Theorem 8.1, and thus Theorem A, follow from this proposition.
As shown in Proposition 3.6, if some leaf L € ff~"l~ has the property that the leaf
space of G is non-Hausdorff then the same holds for every leaf of both foliations.
By Proposition 8.2, if there is a leaf L € .";”,- with nontrivial stabilizer for which
the nonseparated rays of a pair of non separated leaves land in «(L) then we can
conclude the existence of a Reeb surface. So, we can assume that there is a leaf
L € F) which has nonseparated leaves c1, ¢z such that their nonseparated rays ry, r»
satisfy 0® (r;) = 0P (r2) # a(L). Thus, we can apply Proposition 8.3 to deduce the
existence of a y-invariant non-Hausdorff bigon in some leaf L’ € F; which implies
the existence of a Reeb surface by Proposition 8.2. This completes the proof of
Theorem 8.1.

For the purposes of the study we will make in Section 9, it is useful to obtain the
following additional information:

Addendum 8.4. Under the assumptions of Proposition 8.3 one can choose L' so
that the rays ry, ry are asymptotic to L' in M.
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Here, by “asymptotic” to L in M we mean that if we parametrize r; in M by arc
length as r;(¢), then, as ¢ goes to infinity, d(;(¢), L’) converges to zero. In other
words the projection 7 (r;) of r; to M is asymptotic to a closed curve of G in 7 (L’).

8.3. Proof of Proposition 8.3. The proof of this proposition has two main steps:
we first analyze some impossible configurations of returns of the curves r; when
projected to M and then we use the small visual measure to determine that the rays
m(r1) and 7 (r;) need to accumulate as desired.

Let ry, rp be nonseparated rays of §; converging to & € § Y(L). Let ¢; be the
leaves of G; containing them. Let o : [0, 1] — L be a properly embedded segment
satisfying the following conditions:

(1) 0(0) ery,o(l) €rp.

(2) o intersects ¢ U ¢ only in the endpoints and o transverse to Gy, except at one
interior point.

(3) There is a small transverse arc 8 to G starting in «(0) and going in the direction
of ¢, so that if a leaf of G, intersects the interior of « then it intersects S.

Let C=r; Ur, Uo ([0, 1]) which is a Jordan curve and let B = B(ry, r2, o) be the
closure of the connected component of the complement of € which accumulates
only on £ in S'(L). We say that B is a good half-band if B is the closure of the
union of the arcs of leaves of G contained in B and joining points of o = o ([0, 1]).
Equivalently, we say that B is a good half-band if the boundary contains two
nonseparated rays and it does not contain any complete leaf in its interior.

Lemma 8.5. Let c’l, c’2 € G1 be two nonseparated leaves in L € ST“,- such that
their nonseparated rays ry,r} satisfy 0®(r|) = 0®(ry) = &. Then, there exist
nonseparated leaves c1, c; € G with nonseparated rays ry, ry satisfying 0® (ry) =
d®(ry) = & and moreover it bounds a good half-band.

Proof. Applying the consequence of the small visual measure property given in
Proposition 5.2 we get that for any geodesic ray £ landing in d® (r) = 0P (r}) =£
one has that ¢y has a subray contained in the ag + a;-neighborhood of every ray
B of Gy that lands in &: this is because there is a geodesic ray with starting point
the starting point of 8, ideal point £ and contained in the ay neighborhood of 8.
Then by Gromov hyperbolicity, there is a global constant a; > 0 such that any two
geodesic rays with ideal point &, have subrays which are < a; Hausdorff distant
from each other in L.

A priori there could be some leaves of §; nonseparated from ¢} and ¢ and
between ¢/, ¢} (i.e., if we pick a curve ¢’ as above and define B’ = B(c}, ¢}, o),
there may be curves nonseparated from ¢ and ¢}, which have both endpoints in & and
intersect B’ — and hence contained in B’). But since all of these keep intersecting
the ag + a; neighborhood of €y, it follows that there are only finitely many of them.
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Therefore up to replacing ¢} if necessary by the leaf nonseparated from ¢, ¢, and
closest to ¢| we assume there are no nonseparated leaves from ¢, ¢ and between
them. This way, up to replacing the curves and choosing the rays conveniently one
can produce o so that it produces a good half-band as above. ([

We can then start the analysis with a good half-band B; = B(ry, r2, o). Denote
by E = E(ry, rp) the leaf of ?2 such that r; Ur, C L N E. Choosing « in a similar
way as o but contained in E and such that the curve g in the last condition is small,
this implies that every curve of G intersecting the interior of the band intersects By
in a compact set. It also implies that every leaf of 37'2 that intersects the interior of
B must intersect a transversal to E, in particular, £ cannot intersect the interior
of By, unless y E = E, in which case we get the conclusion of Proposition 8.3.

We consider an arc 7 in E joining the endpoints of . Note that there is a
unlform aj such that we can choose t to have length less than a; because 1eaves
of CT"Z are uniformly properly embedded.® The r; are contained in leaves ¢; of S.
We also choose t to that it does not intersect ¢ U ¢, in its interior. We denote by
Br = @(rl, r2, T) the half-band in E whose boundary in the compactification of
E isriUr, Ut U&. Note that this may not be a “good half-band” as we defined
before, because there is no reason for r; and r, to be nonseparated in Gf.

Lemma 8.6. There is an embedded disk D in M whose boundary is o U T intersect-
ing By UBE only in the boundary.

Proof. The bands B and Bf only intersect at their boundaries r; U r;, and thus
Br UBg is a properly (and tamely) embedded copy of S! x [0, 0o0) (in fact, it
is piecewise C!). Taking the one point compactification of M to S3 we get that
D=3, UBgU {oo} is a tamely embedded disk whose boundary is T U o and
therefore, there is a homeomorphism of s3 sending D to the standard disk in a
hemisphere (see [36, § 17]). Thus one can homotope the disk Drel 3D away from
oo and so that it does not intersects D in the interior and get an embedded disk D
in M with the desired properties. O

Let V := V(r, 2, 0, T) be the region defined in M bounded by DUB; UBg
such that in each leaf inside, it limits only on £. This is a topological ball.'? We
call such a region a good half-region.

We analyze a good half-region V =V (ry, r», o, t) with boundary DU B; U B
where B is a good half-band in L € 3"1 and B is a half- band in E. Let pi €oNTNr;
the corner points of D and small foliation boxes B’ and B of F 1 and &"2 respectively

9This follows from Theorem 2.1 in our case, but is also a general fact for R-covered foliations;
see, e.g., [16, Lemma 4.48].

IOAgain, this is a consequence of Schoenflies theorem in dimension 3, see [36, § 17]. Note that the
surfaces we are constructing are all tamely embedded by construction (they are piecewise leaves of
foliations, and D can be chosen smooth).
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around p; (for i =1, 2). We consider I/, Iﬁ small nondegenerate closed intervals
in the leaf spaces of | and F, consisting on the leaves intersecting Bi and Bé
respectively. We can assume that the boxes are small enough that (fori =1, 2 and
j=1,2),

o every leaf of F | through Bi intersects E,

« every leaf of ?2 through Bé intersects L, and

o the set D.(L, I!) contains'' B (see Proposition 2.7).

By slightly changing B} and B we can and will assume that /| = I? = I; and
1} = I3 = I,. These conditions on the sets B; and the intervals 1y, I, will be assumed
in what follows. We can also consider /1, I; small enough that they are disjoint
from their images by the deck transformation associated to the center of 7| (M)
(i.e., they correspond to an interval in the leaf space £ in M; see Corollary 2.2).
This implies that every y € 7 (M) \ {id} can have at most two fixed points in /;
and if it has two, one must be attracting and one repelling.

We are going to show that there are some restrictions on how 'V can intersect
with its translates under deck transformations. See Figure 18.

Lemma 8.7. Assume that y € (M) is such that

o there is a point 7| € r| such that yz; € Bl1 NB.,

o there is a point 7y € ry such that the distance in L from z; to 73 is less than
2ag + 1 and such that yz; € Bl2 N 322,

e y(I)) CInt(1y), and
o [r ClInt(y(1p)).

Then, y L cannot intersect the interior of V, unless y E = E, in which case we
achieve the conclusion of Proposition 8.3.

7w

Figure 18. Forbidden returns of a good half-region according to Lemma 8.7.

1This uses the fact that &  a(L).
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Proof. We assume for a contradiction that y L intersects the interior of V. From
how we chose the intervals it follows that there is a (unique) fixed point of y in [
(which is attracting) and one in I, (which is repelling). Let L’ be the fixed point by
y in I; and similarly E’ the fixed point of y in I;. Note that since y is attracting on
I then either L’ = L or L’ belongs to the same connected component of 77 \ {L} as
y L and since y is expanding on I, either E’ = E or E’ belongs to the connected
component of I; \ {E} not containing y E (recall that the intervals where chosen
small enough that the action of y has a unique fixed point in /| and /7). In particular,
both E’ and L’ intersect Bl.j fori =1,2; j =1, 2 and using Corollary 2.2 we know
that they intersect each such box in a unique plaque.

Since we have assumed that y L intersects the interior of V then y L # L, and
so by our choice of Iy, it follows that L’ also intersects the interior of V, since it
belongs to the connected component of /; \ L containing y L (the set of leaves of
?1 which intersect the interior of V). Since L’ € I} and B, C 55 (L, I;) we have
that L and L’ are asymptotic in By, (i.e., d(LNBy, L") < &, meaning every point in
By is < & from L) and we can apply Proposition 3.4. Denote by B, the band in
L' obtained by pushing from B to L’ in the sense of Proposition 3.4 (i.e., the band
B is the one bounded by the intersections of E with L” which are close to r; and
r2). Note that this implies that B, is a good half-band, and its boundary rays that
we denote as ri, ré (and are contained in L' N E) land in & and are nonseparated.

Let us first assume that y E intersects V. In this case, since yz; € Bl1 N le and
Y2 € Bl2 N 322 it follows that yB; and y Br must intersect V. We obtain that V
projects to a solid torus in M, = M /(- Then that y B, whose boundaries are
yry and yr,, has a definite width in y L, meaning that the distance from one curve
to the other is bounded below by some uniform constant due to the fact that they
belong to the same leaf of 37'2. This implies that the band cannot disappear and is
completely contained in V. It must thus be asymptotic to an infinite strip strictly
inside By, which must be invariant under y and such that the boundaries are curves
which limit on & and separate r| from r} contradicting the fact that B,/ is a good
half-band.

Suppose now that y E = E. The argument in the previous case still applies so the
band B is asymptotic to a band in L’ which is invariant under y. This produces
a bigon in L’ and B, is asymptotic to this y-invariant bigon. This achieves the
conclusion of Proposition 8.3 in this case.

Finally we treat the case that ¥ E does not intersect V. This implies that E’, the
fixed point of y in I, belongs to the connected component of /5 \ { E} not containing
y E. Thus, E’ must intersect V. Since B, is a good half-band, each connected
component of E'NB- is a piece of a leaf of G and must be a compact interval by
definition of good half-band. The same holds for £’ NB; due to Proposition 3.4.
However, since y fixes both L’ and E’ and because E’ intersects B in a unique



TRANSVERSE MINIMAL FOLIATIONS ON UNIT TANGENT BUNDLES 91

plaque we get that ¥ must fix the connected component of the intersection L' N E’
intersecting B12 and thus projects to a closed curve which lifts to a curve separating
ry from r) we have shown had to be nonseparated. This is a contradiction and
completes the proof. ([

Now, we will show that it is possible to find deck transformations with the
properties required by Lemma 8.7.

Consider a geodesic ray fo in L that limits in §&. The small visual measure
property implies that there is some ag > 0 so that for each x in £y there is z in r;
with dr (x, z) < ag (see Proposition 5.2).

Lemma 8.8. Let V = V(r, rp, 0, T) be a good half-region and py = o Nr;Nt.
Consider Bll, le and 1y, Iy as above and assume that there exists a sequence of
points z, in ry, with dp(z,, x,) < ag where the x, are in a geodesic ray £y as
above and x, — &. Assume moreover that there are deck transformations y, such
that y,z, € Bl1 N le. Then, for large enough n we have that y, I, C Int(I}) and
Yo 'L C Int(1r).

Proof. This will use that £ # «(L), but £ = «(E) by Proposition 3.9. Up to
subsequence assume that y,,z,, and y,x, converge.

Fix a transversal ¢ to J through p; intersecting exactly the leaves of F 1 in 1.
Let L, L, be the leaves of 5"1 through the endpoints of ¢. Recall that the ideal
pomt of r1, rp and hence that of ¢y is & # «a(L) so 1t is a contracting direction for
F,. So for big enough n there is a transversal to F, of arbitrarily short length,
through x,, and connecting the leaves L, L. By assumption dy (x,, z,) is bounded
by ap independently of n, so using the local product structure of the foliation F
we obtain that there is also a transversal 3, to F 1 through z,, of very small length
and connecting L; to L,. Then y, 8, is a transversal of very small length passing
through y,,z, which is very close to p. In particular for » sufficiently y, 8, intersects
a set of leaves of F 1 which is strictly contained in /;. This implies that y,, I} C Int(/;)
for n big enough.

Next consider I, and 5"2. We first have to verify that in E the points z,, are a
bounded distance from a geodesic ray in E. First recall that Proposition 2.3 proves
that there is a constant Qo > 0 such that for any F a leaf of ; then oL F — H?
is a Qg quasi-isometry.

The z,, are a bounded distance from the geodesic ray £( in L. By Proposition 2.3
the image ! 1 (£o) is a quasigeodesic and hence the points ! 1 (zn) are a bounded
distance from a geodesic ray in H?> which we denote by ¢;. Lemma 3.1 implies
that there is a; > 0 such that for any point x in M ifxelLe 3'"1 and x € E € 3'“2,
then de(CID (x), P2 %(x)) < a;. Hence CIDZE(z,,) are a bounded distance from £;.
Applying (d> )1 shows that z,, are a bounded distance from (CDZ) 1(¢}). The last
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curve is a quasigeodesic in E (again Proposition 2.3) and we conclude that z,, are a
bounded distance from a geodesic ray in E as claimed.

We know that £; converges to @(E), so holonomy of ?2 along £, is expanding.
We have chosen le sufficiently small that the transversal through z,, intersecting the
leaves corresponding to le will have length much bigger than length of a transversal
through p;. Then one gets that Int(y, 1) D I», or equivalently yn_llz C Int(l») as
claimed. U

Before we show that an accumulation point must be fixed by some deck transfor-
mation we will show some general property about geodesic rays in leaves of J;.

Lemma 8.9. Let £ be a geodesic ray in some leaf L € ffN",- with 9®(£) = & € OH?
then one of the following holds:

(1) thereisy € my(M)\ {id} and a leaf L' € F, such that yL' =L and y& =&
and the projection of € spirals towards the projection of L, or,

(2) for every g1 > 0 there is a foliated box U in M of diameter less than €1, a
sequence of points y, € € going to infinity and deck transformations n, € (M)
for which n,y, € U are in different leaves of §,~ and such that n, L accumulate
in infinitely many distinct leaves of g’}.

Proof. Up to changing ¢ by a uniformly bounded amount which does not affect the
result, one can assume that J; is the weak stable foliation of the geodesic flow on
M =TS for a hyperbolic metric on S (cf. Theorem 2.1). Note that since this is the
case, the accumulation set of £ when projected to M is the same as the accumulation
of the orbit of the geodesic flow from (L) to £ inside L traversed in the direction
opposite to the flow. In particular it consists of a compact connected set saturated
by orbits that we shall denote by A.

First, note that unless L = y L and y& = £ for some y € w1(M) \ {id} (in which
case A is the unique closed geodesic in L and we are in the first option) we have
that all returns of the projection of £ to M to a foliation box must happen in distinct
plaques of J. This is the same for any backward orbit of the geodesic flow, if it
limits in a point x and it is not periodic, then it must intersect a transversal to x in
infinitely many distinct plaques of F} (because JF is the weak stable foliation of
the geodesic flow by construction).

Next, we assume that there is some ¢; > 0 such that for every x € A the two-
dimensional transversal of size ] to the geodesic flow through the point x does
not intersect A except perhaps at x itself. In this case, we get that A is a closed
geodesic which belongs to some leaf & and considering some lift L’ of this leaf
to M gives us the first option of the lemma.

Finally, assume that A is not a periodic orbit. Then, there is x € A such that
every transversal to the flow through x intersects A in infinitely many distinct
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leaves. For every foliated neighborhood U of x we get that the returns need to
have accumulation points every point of A N U which has infinitely many different
leaves obtaining the second option of the lemma. ([

Using the small visual measure property, one can extend this to rays of G, for
every L.

Corollary 8.10. Let r be a ray in some leaf of G, for L € i‘ with ideal point &
and let Lo be a geodesic ray in L with ideal point &. Suppose that £y does not
spiral towards a leaf L' € &T’,- invariant under some deck transformation. Then,
for every gy > O there is a sequence of points x, € r going to infinity and deck
transformations n, € wi(M) such that for every ng > 0 there are n; < ny < nj
such that 0y, Xn,, MnyXny, MnyXny are & distance apart and ny, L is between n,,L
and n,, L

Proof. Fix ag given by the small visual measure so that for every y € £ there is a
point x € r such that d(x, y) < ag. For y € M denote by D, to the disk of 3" of
radius ag centered in y.

We fix ¢, and choose ¢; sufficiently small that if two points z, w are &;-close,
then, the disks D, and D,, are at Hausdorff distance less than &,. Now, choose k

sufficiently large that if one chooses k-points zj, ..., zx in a transversal to f;‘"i of
length &1 and picks one point w; in each D, then it holds that at least 3 of them
are &, apart.

Note that the assumption on r implies that £ satisfies the second alternative in
the previous lemma, implying that for every &1 > O there is a sequence of points
yn € £ going to infinity in £y and deck transformations 7, such that all points
N,y belong to an open set U of diameter less than & and that the leaves 7, L
have infinitely many accumulation points. In particular, we can assume that 7, y,
accumulate in k-points z1, ..., zx € U belonging to different leaves of f;"i.

Now, given ng, we can choose n; < ny < n3 and points yy,, yn, and y,, such
that the n,, y,, are in U, the leaf n,, L is between the leaves 1,, L and n,,L, and the
corresponding points x,, in r are &; close. This completes the proof. O

The next lemma completes the proof of Proposition 8.3 and Addendum 8.4.

Lemma 8.11. Let ¢y, ¢y € G be two nonseparated leaves in L € i whose non-
separated rays ry, rp satisfy 0®(r1) = 0P (rp) =& # a(L). Then there exists some
yem(M)\{id} and L' € F; such that yL' =L and y& = &. The rays r;, when
projected to M, spiral towards the projection of L', and there exists a y -invariant
bigonin L.

Proof. Assume without loss of generality (cf. Lemma 8.5) that r; and r, are
boundaries of a good half-band By in L.
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Let V :=V(ry, r, 0, 7) a good half-region with boundary D U B; U Bg con-
structed as in Lemma 8.6. We can choose an ordering of the leaf space of F 1 SO
that leaves that intersect V are above L.

By Proposition 8.2 we can assume that r; satisfies the assumptions of Corollary
8.10. Orient 1 and given x € r; consider rq(x) to be the ray starting at x. We can
also define 'V, :=V(r(x), r2, 0y, T,) by changing the arcs to intersect in x. Now,
using Corollary 8.10 given &, we can find points x, y in r; such that y is in r{ (x)
and a deck transformation n such that x and ny and are very close and that nL is
above L. This contradicts Lemma 8.7.

It follows that the point £ is invariant under some y and that the ray r; converges
to a closed a leaf L’ of F | invariant under y.

In addition, the region between ry and r; in L is asymptotic to a region in L’.
This region in L’ has ideal point & # «(L’). The rays rq and r, are thus converging
to some limit rays e; and e, in L. These rays are nonseparated in L” and they have
ideal point & such that y& =& and y L’ = L'. Proposition 8.2 implies that ej, e, are
the boundaries of a y-invariant bigon. This completes the proof of Lemma 8.11. [J

Remark 8.12. Note that in the proof we also obtain that the endpoint £ is not equal
to a(L”) for the leaf L’ we have found.

9. Consequences of the existence of Reeb surfaces

The next result gives more structure and improves Theorem A. In a certain sense, it
says that if the intersected foliation G is not an Anosov foliation, then the foliations
should look very much like the ones studied in Section 7.

Theorem 9.1. Assume that F| and F, have a Reeb surface and let B be its lift
toL e f;"l (a non-Hausdorff bigon). Denote by &, 1 its limit points in dH?. Then,
for every L' € ?l- there is a pair of nonseparated leaves ¢y, cy € G/ such that
0t D (¢c;) =1{&,n) fori=1,2.

To prove this, we first provide some stability properties of non-Hausdorff bigons
in nearby leaves. Let B be a non-Hausdorff bigon in a leaf L € §,~ with boundaries
c1, c2 € G, we denote by S; and &5 the points in dH? given by 3T ®(c¢;) = {S;’, &g}
for i =1, 2 and such that {S;} is the ideal point of the rays of c¢i, ¢, which are
nonseparated from each other. See Figure 19.

9.1. Persistence and extension to the closure. We next consider a Reeb surface
lifting to a non-Hausdorff bigon B in some leaf L € 7, ; which is y-invariant, and
let Iyi be the connected components of dH? \ {y*} where y* are the fixed points
of y. We will show that for one of the intervals I, say I, it holds that for every
L' €F; such that a (L)) € [} the leaf L’ has a non-Hausdorff bigon B’ sharing the
same endpoints as B. To do this, we will need to prove several stability properties,
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‘

§p
Figure 19. The ideal points of a non-Hausdorff bigon B.

and along the way we will obtain some useful information that will help us to prove
Theorem 9.1.

We first show the easy consequence of Proposition 3.4 that bigons persist in
nearby leaves when both endpoints are marker points.

Lemma 9.2. Let B be a non-Hausdorff bigon in a leaf L € ?,- with boundaries
c1, ¢y €9y such that a(L) ¢ {?;‘;, &g }. Then, there is a neighborhood I of L in the
leaf space ofi' such that for every L' € I there is a non-Hausdorff bigon B" in L'
which shares both endpoints with B.

Proof. This is just an application of Proposition 3.4 since the non-Hausdorff bigon
is contained in D, (L, I) (see Proposition 2.7) for some ¢ for whichNProposition 34
applies and some small neighborhood I of L in the leaf space of J;. ([

Such bigons extend to the boundary y-invariant leaves:

Lemma 9.3. Let B be a non-Hausdorff bigon in a leaf L € SN",' with boundaries
c1,¢p € G such that a(L) ¢ {5;, &g ). Assume that there is y € m(M) whose
fixed point at 9H? are exactly é; and &g . Then, for every L' € f;':,- such that a(L")
is in the same connected component as o (L) in oH? \ {S;, &y} the leaf L' has a
non-Hausdorff bigon with the same endpoints as B. Moreover, this property passes
to the closure of that set of leaves and thus extends to the boundary leaves L, L
such that a(Lo) = & and a(Ly) = &5.

We note that up to composing y with a power of the deck transformation as-
sociated to fibers we can assume that the leaves Ly and L in the conclusion are
y-invariant.
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Proof. We assume that L € F 1. The set of leaves for which «(L’) belongs to the
same connected component of o (L) in dH?\ {S;, &5 } is a countable union of open
intervals. For any pair of such intervals, there is power of the deck transformation
associated to the fiber (which induces the identity in dH?) which maps one interval to
the other, so it is enough to show that one such open interval Iy (the one containing L)
satisfies the desired property. We can also assume that y fixes Ij.

Let E € %2 be the leaf such that £ N L contains the boundaries of the non-
Hausdorff bigon and consider the set of leaves I} C I consisting of leaves L’ such
that L’ N E contains curves that bound a non-Hausdorff bigon joining {’g‘;, &g}
Note that since Sg is the point where the nonseparation happens, it follows from
Proposition 3.9 that ¢ (E) = 5;{ and is thus y-invariant. We claim that this implies
that y E = E: note that since y«a(E) = «(E) then either FE is fixed, or it is mapped
to a leaf E’ obtained by acting on E with a power of the deck transformation
associated to the fiber and therefore y acts freely on the leaf space of F » (recall that
we are assuming that y is the element of 7ty (M) \ {id} which also fixes Iy, which is
an interval in the leaf space of F 1). To show that y E = E we therefore note that
y"(c1), y"(c2) are boundaries in bigons in y" (L) and since y fixes Iy which is a
bounded interval in the leaf space of F 1 the iterates " (L) converges to some leaf
Le¥ 1. By the small visual measure property it follows that " (c;) must remain
intersecting a compact set in M and hence y"(E) which contains y"(c1) must also
intersect a compact set in M for all n. This shows that y cannot act freely on the
leaf space of 3:2 and since a(FE) is y-invariant we deduce y E = E.

Applying the argument in the previous lemma and using the fact that as long as
a(l) ¢ {f;‘;, &5 } we can push the non-Hausdorff bigon to nearby leaves we deduce
that /; is open in /y.

To complete the proof we will show that /; is also closed in /.

Consider L, — L’ € Iy with L, in an open interval I contained in ;. The leaf
L, contains a non-Hausdorff bigon B, bounded by leaves r{', rj of Gz, contained
in L, but also in E, because pushing preserves the ?2 leaves they are in. Denote
by D, the region in E bounded by r{' and r;. We can assume that the sequence D,
is monotonic. If the region D,, decreases with n (i.e., if D, C D,) then since D,,
must contain a non-Hausdorff bigon of E we get that in the limit the curves r{' and
ry converge to curves joining S; and &5, as we want to show.

We assume then that the sets D,, increase with n and consider the set Do, =|_J,, D,y
whose closure in E U S'(L) is compact, connected, and cannot be the whole
EUS!(E) (because of the small visual measure property). Let Ri={l1,.... 8 ...}
be the (possibly finite, but countable) collection of all limits of the curves r{ in
GEg. Similarly, denote by R, = {22, el Efn, ...} the limits of r;. Since the r{, ry
are in L, N E, the limits are in E N L’. Hence they belong to S¢ and G;/. By
Proposition 3.9 the limit points of the leaves Elj can be either the ones of r}’ (that is,
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5; =a(E) or &), or (L") if there is more than one limit curve.

The set RiUR, in EUS '(E) bounds the set Do, which is Gg-saturated and has
nonempty interior since the region between r{' and r; must contain a non-Hausdorff
bigon which belongs to all the D,,. Since the possible limit points of any leaf in the
boundary are only S;, &g, a(L'), It follows that R| or R} must contain at least one
leaf with an ideal point in 5; and one with an ideal point in &5 (they could be the
same leaf).

Therefore, if L’ does not contain a non-Hausdorff bigon joining S; and &5
bounded by leaves in R U R, C L' N E, there must be a region whose limit in 9H?
is either exactly {é;, &g, a(L")}; or two regions, one with ideal points {5;, a(Lh},
and one with ideal points {£,, «(L")}. We analyze the first possibility, the second
one is similar. Since E is y-invariant and since y does not fix a(L’), then applying
y or y~! to a curve with ideal points &5, a(L") we obtain a curve with one ideal
point £ and another in the open interval (5;, (L") which does not contain &5
This gives a contradiction since the curves in Gg cannot cross.

Note that the boundary leaves bound a non-Hausdorff bigon in L’. Indeed these
boundary leaves have ideal points &, 5;, and Proposition 3.4 implies that the same
local picture has to be seen in L’ as for L,, for large n. In other words the bigons in
L, push through to L'.

Note that in the case of L, — L; withi =0, 1 we get the same conclusion (even
simpler, since we do not have the possibility to have three limit points), only that
when o (L;) = a(E) we cannot ensure that the region bounded by the leaves is
a non-Hausdorff bigon. However, since there is no transversal intersecting both
boundary leaves, it is easy to see that there must be one non-Hausdorff bigon in
between. U

When the endpoints of the bigon contain the nonmarker point of L, stability
is harder to establish. There are two cases depending on whether 5; =a(L) or

£ =a(L).

9.2. Half interval stability: the case where a(L) = E;. The goal of this subsection
is to give a proof of the following

Proposition 9.4. Let B be a non-Hausdorff bigon in a leaf L € 7, i with boundaries
c1, ¢y €9y such that a(L) = S;. Assume moreover that for some y € (M) \ {id}
we have that y B = B. Then, there is a half neighborhood I of L in the leaf space
of F ; (i.e., I is a connected component of J \ {L} where J is a neighborhood of L
in the leaf space) such that for every L' € I there is a non-Hausdorff bigon B’ in L'
which shares both endpoints with B.

Let us assume that L € F 1. Since ¢ and ¢, are nonseparated in Gy, we know
that there is £ € F, such that c;Ucpy C ENL.
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Let Br denote the region in E bounded by ¢ U ¢, which is an infinite band with
bounded width, limiting on égt (cf. Lemma 3.1). This set Bg is not necessarily a
non-Hausdorff bigon since ¢ and ¢, could be separated in G, but there must exist
some non-Hausdorff bigon contained in Bg and limiting in the same points. By
assumption (L) = S; and using Proposition 3.9 we have that o(E) = S; =a(L).
Up to considering the inverse, we can assume that y acts as an expansion on 5;.
(Since a(E) = a(L) we have E =y E.)

Fix small transversals 7| and 1, to G in E parametrized in such a way that the
leaf L; € F 1 through 7 (¢) also passes through 7,(¢) and that 7; (0) belongs to c;.
We also assume these are parametrized so that for # > 0 we have that 71 (¢) belongs
to Bg.

For t < 0 denote by c’1 and c’2 the leaves of G through 71 (¢) and 7,(¢) respectively,
which belong to L, N E. Note that these cannot coincide because they are separated
by ¢ (and c;). Note also that the rays of ¢} and ¢} in the direction of £; must
approximate ¢y and c; for ¢ small because a neighborhood of £, in L is contained
in the set where Proposition 3.4 applies.

The leaves ¢ and ¢, cannot be connected by a transversal in L, (since they are
both in E). Between them (maybe coinciding with one of them), there is a pair of
leaves e/, ¢}, which is nonseparated and such that ¢/, e both separate | from ¢}
(unless they coincide with them). It follows that both have &, as an ideal point.

We call E, € T, the leaf such that ejUel C L,NE;. We will show that the other
landing point of ¢!, ¢} is in &£, and thus there is a non-Hausdorff bigon in L, with
ideal points &, E; as desired. Notice that a priori E; does not vary continuously
with 7, even though we will show in the next lemma that E; is continuous with ¢
when t = 0.

The other rays of e’1 and eg must land in o (E;) (because the rays we showed limit
in & are separated by Proposition 3.4 and thus the other rays are nonseparated;
therefore Proposition 3.9 applies). In particular, the curves e} and e bound a
non-Hausdorff bigon B; in L; which limits in §; = «(E;) andin&,. Let Lo =L
and %‘0 = Ol(LQ) = Ol(E)

Lemma 9.5. The function & of t is continuous at zero. More precisely, for every J
neighborhood of S; there is 5 > 0 such that for every t € (8, 0] we have that &, € J.

Proof. To see this fix some small neighborhood U of & in dH?. Now choose a
transversal 1 to G starting at a point in ¢; and entering B.

We choose 1 small enough such that if a leaf £ of G, intersects n, then the leaf
£ is contained in a leaf E’ ¢ ?2 such that w(E’) € U. Denote by £ the leaf of G
through the endpoint of n which is not in c;. In particular £ is contained in the
interior of B. Now choose a neighborhood I of a(L) such that £y U n is contained
in 58(L, I) (this set is defined as in (2-6), where ¢ is chosen so that Proposition 3.4
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holds). Recall that L = Lg. Let £, be the push through to L, of the leaf £; C L. In
other words ¢; is the component of 5"2 (£p) N L, which is g-close to £y. In the same
way 7 can be pushed to a transversal 7, to Gz, in L, starting in ¢} and ending in £,.
For each ¢, ¢, is contained in between ctl, c’2 in L,. In addition there is a transversal
n: to G, from ct1 to £;. Therefore ¢; is in between etl, 6’2 in L, In particular this
1mphes that e1 is in between c1 and ¢, in L,. We have that c1 C E, el C E; and
l C 3’“2(30) with oz(fr"z(ﬁo)) in U. Since «(E) is in U, it now follows that o (E;) is
in U all well, as long as «(L;) is in I. Since & = «(E;) this completes the proof. []

Note that we have also shown that there is a transversal to Gy, from e’1 to c’1
which ¢ pushes to L = L and similarly there is a transversal from €} to ¢}, which
also pushes to L. It now makes sense to talk about monotonicity of &, we can
indeed show:

Lemma 9.6. The point & varies in a weakly monotonic way, that is, for small
t,t' € (=8, 0] we have that if t' < t then & < & for the orientation of J making &,
the maximal point.

Proof. For small 8’ > 0, consider 1 : (—8’, 0] — L such that 7 is transverse to G, and
such that (0) € ¢; and n(s) € B for all s € (=48, 0). Note that as we have shown
in Proposition 3.9, that if § is small enough, we know that for every r € (=6, 0)
we have that e’l belongs to the same leaf of ffz as n(s) for some s € (=4§,0].
This identification will be recorded by a function p : (—8, 0] — (&', 0] such that
p(t) =s. R

If § is small enough, then the image of 5 is contained in D.(L, Is) where I is
the interval of dH? made by «(L,) with ¢ € (=8, 0], so, applying Proposition 3.4
we find transversals n’ : (—68’, 0] — L, intersecting the same 3~"2 leaves. Denote by
¢5 € G, the leaf of G, through the point n(s) and by E; € 3?2 the leaf that contains
£;. We note that all £, with s € (—§’, 0) are bubble leaves with endpoint in &g

For the function p defined above, we have E;, = E /’O e Consider ei, to be the leaf
of Gz, containing n'(p(¢')). We get that e} = ¢/ by definition.

We can thus restate the claim stating that whenever ¢’ < r < 0 one has that
p(t) < p(t). We assume by contradiction that this does not hold, that is, for a pair
t' <t <0 we have p(t') > p(¢). Then we get that the leaf ef/ is a bubble leaf with
endpoint ;. On the other hand e} = ¢] is a leaf in L, with one ideal point & It
follows that the leaf £, = E ; (z) must intersect L, and L in bubble leaves while it
intersects L, in at least e U e5. We will show that this is impossible: Denote by ¢
the corresponding bubble intersection of E; with L. By the remark after the proof
of Lemma 9.5, we know that there is a small transversal B to G, in L, from ei/ to
cg and this pushes to Lo, through 5’"2 (e;/) = E;. Then E,; intersects L; near the push
through of 8. The same happens for 5. Hence the local leaf of E; passes through
et2 and also c. In other words there is a small transversal v, to G, in E; intersecting
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eﬁ/, eé and c in turn. In the same way there is a small transversal vy to G, in E;
from eﬁ/ to €| to c. Consider the closed curve in E, which is the concatenation of
V1, a segment in ¢, v and a segment in eﬁ/. This closed curve does not bound a disk
in E, because e/, ¢}, intersect this curve in a single point. This would show that E,
is not a plane. This contradiction completes the proof. ([

Note that Lemma 9.2 applies directly as soon as & # «(L;), so, we get:
Lemma 9.7. For everyt € (=6, 0] either &; is locally constant near t or & = a(Ly).
Finally, we show:

Lemma 9.8. If & = «a(L,) for t # 0 then, one cannot have that L, is invariant
under some y; € w1 (M) \ {id}.

Proof. First notice that if this is the case then also one has that y,&, = &, since
v, L; = L, implies that a(L,) is y;-invariant. On the other hand, by definition, L,
contains a non-Hausdorff bigon B; whose endpoints are & and &, . Since 7 # 0 and
& =a(L,) then & # a(Lo). Butas &4 = a(Ly), then & # &, . Also we know that
E;{ and & are the fixed points of y = yy (the deck transformation leaving L = L
invariant) then y;§; # &, . Let B, be a bigon in L, with ideal points &; and & .
Now we argue as in Proposition 8.2: Due to the small visual measure property
there is a uniform bound on the number of distinct non-Hausdorff bigons that share
an endpoint in a given leaf of 7, ;. On the other hand, applying y,* to B; we obtain
infinitely many disjoint non-Hausdorff bigons in L, sharing one of the endpoints,
namely &;. This gives a contradiction and proves the lemma. U

Proof of Proposition 9.4. We show that & must be constant and equal to Sg, as
desired. Assume first that we have that & = «(L,) in an open interval I C (-6, 0).
Since leaves with nontrivial stabilizer are dense, it follows that for some ¢ close to O
we have that L, is y; invariant for some y; € (M) \ {id} contradicting Lemma 9.8.

Now, assume that for some ¢ € (—§, 0) we have that & # «a(L;). Consider
A={s € (-4,0):& =&} Note that Lemma 9.5 implies &, is continuous at t =0
we know that A avoids a neighborhood of 0. Therefore, if 59 < 0 is the supremum
of A, it follows from Lemma 9.7 that &, = a(Lg,). In Ly, we have a bigon By,
with E;:O = &,,. Applying Proposition 8.3 to L, with s in the interior of the interval
(so s # s9) we deduce that &, is fixed by some deck transformation y; € m; (M)
and not acting trivially on dH?. Since o (L s0) = &5, then up to changing y; € 71 (M)
by some power of the deck transformation generated by the fiber we get some
vs € m1 (M) \ {id} which fixes Ly, again contradicting Lemma 9.8, unless 5o = 0.
In other words the interval where &; is constant has an endpoint in 0.

This completes the proof that & must be constant equal to S; fort € (—6,0)
and thus completes the proof of Proposition 9.4. U



TRANSVERSE MINIMAL FOLIATIONS ON UNIT TANGENT BUNDLES 101

Remark 9.9. We have in fact showed the following: If B is a y-invariant bigon in
aleaf Le T 1,and E € §2 is the leaf which intersects B in the boundary ¢y, ¢, € G,
is such that the nonseparated rays of ¢, ¢; in L land in « (L), then for every leaf
LeT 1 close to L intersecting E outside the region Br bounded by c; Uc, the leaf
L' contains a bigon B’ whose endpoints coincide with those of B and its boundaries
correspond to the intersection with E.

9.3. Half interval stability: the nonseparated side is a marker point. This means
that ég # a(L), but §; = a(L). When the endpoint of the bigon is a marker point
for L, we can also push it to one side, but the argument is different:

Proposition 9.10. Let B be a non-Hausdorff bigon in a leaf L € §,- with boundaries
c1, 2 € Gp such that a(L) = &g . Assume moreover that for some y € (M) \ {id}
we have that y B = B. Then, there is a half neighborhood I of L in the leaf space of
i- such that for every L' € I there is a non-Hausdorff bigon B’ in L’ which shares
both endpoints with B.

Proof. Assume for concreteness that L € F 1. Let E be the leaf in ?2 such that
ciUcy CLNE. Then a(L) =& by assumption and «(E) = 5; by Proposition 3.9.

Denote by Bg the region in E bounded between ¢ and ¢;. Suppose that B is a
non-Hausdorff bigon contained in Bg. We claim that B’ must have its nonseparated
rays land in S;{ (and in particular, this shows that ¢; and ¢, cannot be nonseparated
in E because they belong to L and a(L) = &5 and Proposition 3.9 would imply
that the nonseparated rays land there). To prove the claim, consider first some E’
very close to E in such a way that it intersects B in a curve which is very close to
c1Ucy. If C is a non-Hausdorff bigon in B limiting in &, first let L” be the F 1
leaf containing dC, and then can take a leaf L’ of F very close to L” and in such
a way that the intersection of L’ with E is a bubble leaf with points very close to
E’. Tt follows that the intersection of L" and E’ in the region between B and Bg
must be compact, which is a contradiction because it would give a circle leaf in G-
(and Gg). This proves the claim.

The same argument shows that any bigon in Br cannot have a boundary leaf in
c1 or ¢p. This implies that inside Bg both ¢y, ¢; have a neighborhood that does not
intersect a bigon. Starting from c;, consider leaves e of G inside Bg and near c;.
There is a small interval of leaves where y acts as a contraction or expansion in this
interval. Similarly for c¢;. Hence there is a maximal interval [cy, e;] where y fixes
the endpoints and no other leaf of G in between. Similarly there is a maximal
interval [c7, e;] with the same properties. The leaves ey, e, are in the same leaf L’
of F| and it is invariant under y. By construction a(L) = &, . Finally any leaf L”
of F | between L and L’ has a bigon B~ which is asymptotic to B in one direction
and to a bigon By in the other direction.

This provides the interval required by the proposition. U
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Remark 9.11. As a consequence of the proof we have the following property: Let
B a y-invariant non-Hausdorff bigon in a leaf L € F 1 bounded by curves cy, ¢
such that c;Uc, C LN E for some E € 37‘2. Let {E;, &5 } the endpoints of the bigon,
where as above, 5; denotes the nonseparated point of the curves ¢y, ¢p. Then, we
have that all non-Hausdorff bigons in E (note that there is at least one since there
is no transversal in E from c; to ¢y) that are contained between c; and ¢, have its
nonseparated point in 5;.

In contrast with Remark 9.9 we notice the following:

Remark 9.12. If B is a y-invariant bigon in a leaf L € F 1and E € ?2 is the leaf
which intersects B in the boundary cy, ¢ € G, is such that the nonseparated rays
of ¢1, ¢ in L land in a point different from a(L), then, for every leaf L’ € F 1 close
to L intersecting E inside the region Br bounded by ¢; U ¢; contains a bigon B’
whose endpoints coincide with those of B and its boundaries correspond to the
intersection with E.

9.4. Putting all stability together. Let B be a non-Hausdorff bigon in L € F 1 with
boundaries ¢y, ¢; € G and endpoints 5; and &5 (recall that ";‘; denotes the endpoint
which is the limit of the nonseparated rays of ¢; and ¢;). Consider a transversal
7:[0,8) — L to G such that t(0) € ¢y, so that t((0, §)) is contained in B. Let
then E; € SN"z be the leaf through the point (). We will denote by Jp the closed
interval in 9H? which is the closure of the connected component of dH? \ {S;, &g}
containing «(E,), t > 0; that is,

-1 Jp = cCag) (OHA\ {4, &5 D).

We note that the definition of Jg is independent on the choice of T and ¢t > 0
(and also works if 7(0) € ¢, instead of ¢y).

Lemma 9.13. Let B be a y-invariant non-Hausdorff bigon in a leaf L € %1 with
boundaries cy, c3 € Gy such that (L) = &5 and y € w1 (M) \ {id}. Then, for every
L' € 7, such that a(L") € Ig (see (9-1)) we have that L' contains a non-Hausdorff
bigon B" with endpoints &, 5;;. In the same way if a (L) = 5; we also get that for
every leaf L' € F\ such that a (L) € g we have that L' contains a non-Hausdorff
bigon B’ with endpoints £, €.

Proof. Both ¥} and ?2 are transversally orientable. We choose an orientation such
that 1f w:(—e, e)—> M isa posmvely oriented path transverse to both foliations
.’7"1, 3"2 Then, if L, € 3"] and E; € ?2 are the leaves through 1(¢) then «(L;) and
o« (E;) move both clockwise. To see that this is possible, recall that when lifted to M
it follows that the transverse orientation induce a direction on which the point (L)
varies as L, varies in the leaf space of F ;. Note that since both foliations inherit
the orientation of the base (because they are horizontal) the transverse orientations
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match (recall that from Theorem 2.1 we know that there are homeomorphisms
inducing the identity in the base which maps the foliations J; to ), and so we
can speak of moving in the clockwise or counterclockwise direction in dH?.

Let E be the f;"z leaf containing c¢; U ¢7, and let Bg be the region in £ bounded
by ¢1 Ucs. Let T be a transversal to G, starting at ¢; and entering B.

The following happens: moving E; (the leaf through 7(¢), so Eg = E) moves
a(E;) in one direction of dH?, starting at 5;;, by definition «(E;) moves into Jg.
Without loss of generality, we can assume that o (E;) moves clockwise, equivalently
the leaves of %2 intersecting B are above Ej. In other words B is above Ej. Next
consider a curve n : (—=6,8) — Ej transverse to Gg,, such that n(0) € c;, and
parametrized clockwise; i.e., if Ly is the leaf of F 1 through the point n(s) then
o (Lg) moves clockwise as s increases.

Now if a(Lg) = &, the previous lemma tells us that the leaves L, which have
bigons bounded by the curves in E N L; are the leaves intersecting the region Bg
(see Remark 9.12). We saw above that the region B is above Ey and therefore Bg
is below L.

Therefore the leaves L; which have these bigons, satisfy that the point «(L;)
is locally counterclockwise to &, and thus in the same connected component as
a(Ey) (for small s) in 9H?\ {é;r, TN

Applying Lemma 9.3 we get that the full closed interval between Sg and &,
has a bigon with ideal points &, E;. If on the other hand we assume that «(E;)
moves counterclockwise when ¢ increases, we get that B is below Ej, and as above
it will follows that Bg is above Ly. One obtains the same result as above.

Finally we consider the case that (L) = ;. In this case the important fact
to note is that in the proof of Proposition 9.4 we obtain the half neighborhood
by moving in the opposite direction (see Remark 9.9), where we explain that the
L near Lo which intersect Ey forming a bigon in L; intersect Eg outside Bg (as
opposed to inside B in the previous case). Therefore with the conventions as in
the previous case we have the following: if «(E;) > a(Ep) (for t > 0), we produce
bigons in leaves Ly above L, so «(Ly) > a(Lg). Therefore a(E;) moves clockwise
and a(L;) moves clockwise. But o(E;) moving clockwise when ¢ increases means
that o (E;) moves inside Jg for t > 0, and henceforth « (L) moves inside Jg for
t > 0. Thus we obtain the second statement of the lemma. U

Putting together what we have shown, we can deduce:

Proposition 9.14. Let F\, F> be two transverse minimal foliations of M = T'S
and let G be their intersection. Then if G is not homeomorphic to the foliation
given by the geodesic flow of a hyperbolic metric, it follows that there are finitely
many disjoint simple closed curves s1, ..., s; in S such that for every periodic non-
Hausdorff bigon B in a leaf L € F i we have that 0Jp (equation (9-1)) corresponds
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to the endpoints of a lift of one of the curves s; to H2. In particular:

e If two periodic non-Hausdorff bigons share one endpoint, then they must share
both endpoints.

o The endpoints of two different periodic non-Hausdorff bigons cannot be linked.

o Up to deck transformations, there are finitely many periodic non-Hausdorff
bigons. Equivalently there are finitely many Reeb surfaces of G in F;.

Proof. Assume that a leaf L € F 1 has a y-periodic non-Hausdorff bigon B. Due to
Propositions 9.4 or 9.10 we know that we can push such a bigon to nearby leaves.
Then, thanks to Lemma 9.3 we know that every leaf L’ € F 1 with (L") € Jp has a
bigon joining the endpoints 51’; and &5 of B.

First, assume that Jg and Jp' share an endpoint, then, since y and Y’ must fix
those endpoints, we deduce that y” and y belong to the same cyclic group of 1 (M).
Thus, we deduce that both endpoints must coincide.

Now assume that there are two distinct non-Hausdorff bigons B, B’ such that B
is y-periodic and B’ is y’-periodic and that the ideal points of B, B’ are linked.

Again using Propositions 9.4 and 9.10, we can find bigons with same ideal points
as B in all leaves L” in F) in the interval defined by « (L") in the closure of one
complementary component of S;, & . The set of such (L") produces an interval
I of OH. The same holds for B’, with corresponding interval Ip:. So if the ideal
points link, it follows that the interiors of I, I intersect, and we can find a leaf L’
which has both a bigon with same endpoints as B and one which has both endpoints
as B’. This is a contradiction since bigons cannot cross (since they are bounded by
leaves of G,/ which is a foliation).

Finally, note that since a y-invariant non-Hausdorff bigon cannot cross with its
translates by other deck transformations, each such non-Hausdorff bigon corre-
sponds to a simple closed curve in S. Similarly, distinct periodic non-Hausdorff
bigons correspond to disjoint curves, and at most finitely many such disjoint curves
can exist in S.

To prove the final property: we may assume periodic bigons Bj, B; are associated
with same simple closed curve s; of S, and are both bigons in say F 1. There is a
unique element y of (M) which projects to s; in S and acts with fixed points
in g"i. This y has a discrete set of fixed points in the leaf space of F 1. So we may
assume up to fiber translates, that By, B; are in the same leaf of F 1. But then there
are finitely many such. This proves finiteness of Reeb surfaces in M. U

9.5. Creating new bigons. As in the examples of [35], it is possible that some
bigons do not have continuations beyond one half-interval of the leaf space. Thus,
to show that there are bigons in every leaf, we need to construct new bigons (i.e.,
which do not come from varying continuously from the original one) in order to
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Figure 20. How the nonmarker points move on the other foliation as one
considers the leaf associated to a transversal of G; .

produce bigons in the other half interval. This requires a careful analysis of the
orientation of the foliations.

We first show that the existence of some periodic bigon forces landing points of
rays to be rather restricted. We state this in somewhat more generality.

Lemma 9.15. Assume that there is a leaf L € F i that contains a leaf e € G, such
that a(L) ¢ {07 ®(e) Ud~ D(e)}. Assume also that 3T ®(e) # 0~ D(e). Let J be a
nontrivial interval in the leaf space of gri. Then there is a leaf L' in J fixed by a
nontrivial deck transformation B such that no leaf of Sy has one ideal point fixed

by B.

Proof. Decrease J if necessary so that (L") never attains either of 3T ®(e) or
9~ ®(e) for L' € J. In particular, « is injective in J. Leta; =37 ®(e), ap =9~ P (e).

Let I be an open interval in dH? contained in the connected component of
oH? \ {a1, a2} which does not contain «(L).

Choose a nontrivial deck transformation 8 with one fixed point in / and one in
a(J). Let L’ be a leaf of 5} fixed by B8, and we can assume that L' is in J. This
leaf satisfies the conclusion. Suppose that G;/ has a leaf ¢ which is not a bubble
leaf and has one ideal point fixed by 8. Without loss of generality assume that ¢ has
an ideal point in 7 which is fixed by 8. Then iterating by 8 or ~! we eventually
obtain a leaf ¢’ of G,/ with one ideal point in I and one ideal point in «(J). But
ay, ay link with I, a(J). This contradicts that ¢’ is a leaf of G,/ with ideal points
ay, az, which would cause crossing of different leaves of Gy-.
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If ¢ is a bubble leaf landing in a point fixed by 8, one can iterate and produce a
leaf which is not a bubble leaf and has the same characteristics. ([

Remark 9.16. If the leaf space of § is not Hausdorff, it follows from Theorem 8.1
that there are some non-Hausdorff bigons in some leaf, and by Proposition 9.14
that an open set of leaves contains non-Hausdorff bigons. Using minimality, we
deduce that every leaf L € 7, ; has infinitely many non-Hausdorff bigons with distinct
endpoints in dH? and therefore we are in the hypothesis of the previous lemma for
every L € HN’,-.

To produce new non-Hausdorff bigons we need to push to the other side of the
bigons which is more delicate. We first show the following:

Lemma 9.17. Let L € §1 and let E € §2 with a(L) # o (E) be such that there is
y € my (M) \ {id} fixing L and E. Let £y € E N L be a connected component of the
intersection such that {37 ® (£y), 0~ ®(Ly)} = {a (L), &} for some &y # a(L). Let
7:[0, 8) = L be a transversal to G, with t(0) € £y, and such that if E; denotes the
leaf through t(t) for t > 0 we have that «(E,) and t©(t) are in different connected
components of L\ £y. Then, for small t > 0, if £; denotes the curve of G through
() it follows that {07 ®(£;), 0~ ®(L,)} C {a(L), &} and at least one of the points
isa(L).

Proof. Consider I; the interval of the leaf space of ?2 made of the leaves E; with
s € (0, 1) and fix a small ¢ such that Proposition 3.4 applies for §2. For ¢t small
we identify 7, with | J{«(E), s € (0, 1)}. Consider then the set 5£(E, 1,) for this
foliation. It follows (see Proposition 2.7) that the set D, which is the projection
of Bg(E , I;) to L contains a complementary component of a neighborhood of
uniform size around the geodesic joining the points «(E) = a(Ey) and a(E;). This
complementary component has «(L) in its closure.

In particular, one can choose ¢ so small that D, is disjoint from the image of . In
particular, one gets that one of the rays of ¢, must converge to a(L). We now want
to understand the other ray. If «(E) # &g then, the same argument shows that the
other ray of ¢, converges to &y, so we will assume in what follows that «(E) = &.

We assume by contradiction that the other ray of ¢, starting at t(¢), that we
call r,, lands in some point £ ¢ {«(L), «(E)}. It cannot land in any point of the
interior of I, since it would need to intersect £.

We can thus apply Proposition 3.4 to the leaves E for s € (¢, 0) to obtain a family
of rays r; in L that start at t(s) and always land in &. To see this, note that while
ry intersects D, then the ray varies continuously with s, but if stops intersecting D,
it could in principle split into more than one ray. However, due to Proposition 3.9
the landing should occur in «(Ej) which is impossible since it would force the ray
to intersect £y. Finally, note that when s — 0 there could be splitting, but in this
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case we obtain that there is a curve in Eg N L (note that Ey = E) which goes from
a(E)to .

In conclusion, we have shown that if the result does not hold, then £ N L must
have a curve ¢’ from one of the fixed points of y to £. Since E and L are y-
invariant we can iterate this intersected curve ¢’ to obtain a sequence of distinct
intersections of £ N L landing in the same point (and since they do not admit a
common transversal, they must have some distance in between). This contradicts
the small visual measure property and completes the proof of the lemma. U

There is a similar phenomenon when the splitting goes in the opposite direction:

Lemma 9.18. Assume that § is not Hausdorff. 2 1etLeT 1and E € ?2 be such that
o (E) = a(L) so that there is y € w1 (M) \ {id} fixing both L and E. Let {o € ENL
be a connected component of the intersection such that {07 ® (L), 3~ P (£y)} =
{a(L), &0} for some &y # a(E) = a(L). Let T : [0, 8) — L be a transversal to Gy,
with ©(0) € Ly. Then, for small t > 0, if £; denotes the leaf of S through t(t) it
follows that {07 ®(£y), 0~ ®(Ly)} C {a(L), &} and at least one of the points is &.

Proof. Since E and L are y-invariant then, one must have that £( also is. Otherwise
£y is not y periodic, so we would get infinitely many distinct connected components
of EN L, all of them sharing the endpoint o (L) = «(E). But this contradicts small
visual measure since no two of such components can intersect a common transversal.
It follows that &y, (L) are the two fixed points of y.

Consider Is the interval of the leaf space of ?2 which consists of the leaves E;
through 7(¢) with ¢ € (0, §). The curve ¢, C E; N L is the curve of g passing through
7(t). Since &y # o (E) we can apply Proposition 3.4 to deduce that one of the rays
of ¢, converges to &. We now want to understand the other ray.

Consider for ¢ € [0, §) the other ray of ¢, starting at t(¢), which we call r,, and
let £ € dH? be the landing point of &. As in the proof of Proposition 9.4 we claim
that the point &; is weakly monotonic as we move ¢, that it is continuous at = 0 and
that either it is & = a(E;) or & is locally constant. Weak monotonicity is simpler
in this case, since if ¢’ > ¢ we have that ¢, separates £, from £y. Using the pushing
argument of Proposition 3.4 we get that if & is not ¢ (E;) then & must be locally
constant. Finally for continuity at 0: we assume that & # &y for some small ¢ (else
we get the result if & = & for all ¢ sufficiently small). Assume that «(L) is the
attracting fixed point of y. Then y"(¢,) converges to «(L) when n — oco. Since
y*(;) =4, with t, — 0, continuity of & at =0 follows.

Now suppose that & = «(E;) for a nontrivial interval J in (0, t). We identify J
with an interval in the leaf space of 5"2, which we can identify with an interval in 9H?
as well. As noted in Remark 9.16 we satisfy the hypothesis of Lemma 9.15. Hence

2This is a standing assumption in this section, but we emphasize it here because the proof makes
crucial use of Lemma 9.15.
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there is a leaf E; in J such that E, is fixed by a nontrivial deck transformation j
and no leaf of G, has one ideal point fixed by 8. However we know that & = «(E;)
and a(E,) is fixed by gB. This is a contradiction since ¢, has one ideal point &;.
Exactly as in Proposition 9.4, we deduce that if & is not constant and equal to
o (E) = a(L) then either it is constant and equal to &j or the function &; is locally
constant with jumps in a discrete set of (0, §) in points a,, — 0 such that for each
n we have ¢, lands in §, := a(E,,). This implies that the intersection of E,, N L
contains, besides ¢,, a curve joining &, and &,. These curves are accumulated by
the curves ¢, with ¢ € (a,—_1, a,) and therefore, due to Proposition 8.3 we know that
there is some y, € w1 (M)\{id} fixing E,, . This implies that E, has a non-Hausdorff
bigon joining &, with some point in the interval from & to &,_; not containing &,.
This contradicts Proposition 9.14 because it produces bigons whose endpoints are
linked or have a unique common endpoint. This completes the proof. ([

We can now prove the main result of this section:

Proposition 9.19. Let B be a y-periodic non-Hausdorff bigon in a leaf L € ?,' for
some y € w1(M)\ {id}. Then, one of the following options hold:

(1) there are y-invariant bigons By and B in L such that S;fl = 51;; and such that
jBIU 332 = 8”‘”2, or

(2) there is an even number ofordered13 y -invariant bigons By, By, ... By in L
such that consecutive ones have different nonseparated points. Moreover, if
the order is chosen so that By is the bigon such that & B = o (L) then one has
that Jp, is the interval which is separated from By by B.

Proof. Due to small visual measure, there are finitely many y-invariant non-
Hausdorff bigons in L, which we denote by By, ..., By in order (i.e., B; separates
B;_ from B in L). Each such y-periodic non-Hausdorff bigon B; € L corre-
sponds to the intersection of L with some E; € 5;2 such that «(E ;) € {§, n}, which
are the fixed points of y (and also the separated and nonseparated points of B).
Since L is y-invariant we know that o (L) € {&, n}. Moreover, if «(E;) = a(L)
then it follows that g;j = (L) while if @(E;) # a(L) then s;j #a(L).

There are also a finite number of y-invariant leaves of Gy, say fo, ..., &m,
corresponding to intersections with leaves F; € ?2 such that  (F;) € {£¢, n}. (Indeed,
these leaves are at some minimal distance away from each other and each one must
be uniformly close to the geodesic joining & and 7). We also consider these leaves
ordered in the same direction. Some of them are contained in the boundaries of the
bigons B;. We know that m > 1 since there is at least one y-periodic non-Hausdorff
bigon.

13This means that in L the bigon B; separates Bj_| from B forall j=2...k—1.
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Let D be the closure of the region in L bounded by £y, g,,,. Since m > 1 then D
is nonempty, with nonempty interior. Fix a transversal orientation to 3.

Consider, for every i € {0, ..., m — 1}, a transversal 7; : [0, §) — L such that
7;(0) € £; and that 7;(¢) is between ¢; and ¢;;. Denote by C; the (closed) interval
from & to n and containing o (H;) where H, € 3~"2 is the leaf such that 7;(¢) € H;.
This interval is well defined and is independent of the choice of 7; and 7.

Claim 1. C; UC;4; = dH>. The region between £; and £; 1 is a bigon if and only if
a(F;) =a(Fiqr).

Proof. The interior of C; is exactly the set of points v in dH? such that there is a leaf
E € ?2 that intersects the region between ¢; and ¢; in L and such that «(E) = v.
This is because both sets are y invariant and contain small neighborhoods of the
endpoints. Hence if one considers a transversal to Gy intersecting in the interior
the leaf £;,; (which is a connected component of L N F; ), one sees that C; and
C;+1 correspond to distinct intervals and thus C; UG, = 9H? as desired. O

To see the last property, notice that if the region is a bigon then F; = F; 4| so the
o’s coincide. Otherwise F;, F;1 are distinct, fixed by y, and there is no other y
invariant leaf between F; and F;;;. Hence when acting on the leaf space of ?2, it
follows that up to inverse, y is attracting in F; and repelling in F;; ;. This implies
that a(F;) # a(Fi11).

Claim 2. Consider Bj, Bj11 consecutive non-Hausdorff bigons in L. Then if

g;j = 51—;/41 we have jB/-U ij+1 = 8["”2’ ai’ld lf‘g;—] = gB_j+] [hen ij — jB

Jj+1°

Proof. In the first case one has between the boundaries of B;, B an even (possibly
zero, if B; N B intersect in some leaf £ ;) number of regions between consecutive
curves £;. Since each intersection makes a half turn in dH? without changing
orientation (because this only happens when one crosses a non-Hausdorff bigon) we
obtain that the leaves of §2 intersecting the interior of B; and Bj correspond to
different intervals in 9H? whose boundaries are {£, n} thus J B;YIp;,, = dH?. The

other case is similar, since one has an odd number of such regions in between. [J

Conclusion. Claim 2 implies that the only way that all non-Hausdorff bigons with
the same nonseparated point have the same associated interval is that adjacent
non-Hausdorff bigons must have distinct nonseparated points. Note that we still
could have that there is a unique such non-Hausdorff bigon.

To obtain that there are an even number of such bigons, we will use Lemmas
9.17 and 9.18. Using Lemma 9.18 we will deduce that £y and ¢, satisfy a(Fp) =
o (F,) # a(L). Indeed, suppose to the contrary that o« (L) = o(Fp). Then we can
apply Lemma 9.18 to the curve £y contained in L N Fy. It has ideal points &, 7,
which are distinct; one of them is « (L) = a(Fp), the other we call £&. Now consider
a transversal t starting in £y and exiting D and ¢ a curve of G, intersecting t
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outside D and near 7(0). Apply Lemma 9.18 to £g: it implies that the ideal points of
¢’ are contained in «(L), &. But that is impossible given the choice of £y: no curve
outside D has ideal points contained in {&, }. This shows that «(Fp) 7~ a(L). This
also applies to £,,, showing that «(L) # «(F,;). Hence a(F,;) = a(Fy) # o (L).

Moreover Lemma 9.17 implies that G is the interval of dH? \ {£, n} which is in
the opposite connected component of dH? \ {1, £} of £,, in L\ £o. Similarly, C,,_;
is the opposite interval, that is, the interval of dH? \ {£, n} which is in the opposite
connected component to £y in L \ £,,. In particular, the two intervals Cg, €, are
different.

We will now check the progress along leaves §"2 when we cross the region D
starting from ¢y all the way through £,,. Notice that crossing each periodic non-
Hausdorff bigon changes the orientation in which one makes progress in the leaves
of &?2. Lemma 9.17 implies that in both £y and £,, when one crosses into D, then
the o’s of the f;'"z leaves move in the opposite direction (e.g., when crossing £ it is
in the complementary component of ¢y which does not contain D). In particular,
crossing through £y into D and through ¢,, outside D, one needs to cross :”;'"2 leaves
with the same orientation. Thus there must be an even number of non-Hausdorff
bigons in between.

Finally, if we choose the order so that Bj is the one such that 5;1 =a(L) we
have that one needs to intersect an even number of curves ¢; after £y to get to B
(possibly ¢ is the boundary of Bj, in which case we do not intersect any). We get
that the boundary of B is of the form {62, U €y; 41} for some i > 0. This implies
that C,, = Co, because if G is the leaf of ?2 containing d By, then «(G) = SB This
completes the proof. (|

9.6. Proof of Theorem 9.1 and applications.

Proof of Theorem 9.1. By assumption we know that there is at least one leaf L with
a non-Hausdorff bigon B and some y € m1(M) \ {id} for which we have y B = B
and if we denote the endpoints as {&, 77} C 9H? these are also y-invariant. Without
loss of generahty we assume that L € 3"1 In particular, «(L) € {§, n} = {EB TN
Let E € 3"2 be such that the boundary of B is contained in EN L.

Denote by L aleaf in EFl such that a(L) € {&, n} and that a(L) # a(L). The
leaf L must also be y-invariant. It follows from applying either Proposition 9.4
or Proposition 9.10 that L contains at least one non-Hausdorff bigon which up
to changing L by a deck transformation associated to the fiber we can assume is
bounded by leaves of £ N L.

We now apply Proposition 9.19. If the first condition of the proposition happens
for either L or L, we get that there are y-periodic non-Hausdorff bigons B;, B; in
L (or L) with the same nonseparated point and such that J5UJg, = dH?. Applying
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Lemma 9.13 we deduce that for every L' € F 1 there must be a non-Hausdorff bigon
joining & and n in L’. This completes this case.

Thus, we can assume that both for L and L we have that the second option of
Proposition 9.19 holds. We need to show:

Claim 3. Ifwe consider B1, ..., By the y-invariant non-Hausdorff bigons in L
with a chosen order and use the same order in L and get y -invariant non-Hausdorff
bigons B Lo vvns ézm we have that k = m and that the nonseparated point of B, and
él coincide.

Proof. Using Lemma 9.13 we know that there is a closed interval J C dH? (with
boundary = {&, n}) such that each bigon B; in L pushes to a bigon in every L’
with a(L") € J. Moreover, if E; is the leaf of 5’2 such that E; intersects L in the
boundary of B;, then we have that every leaf L’ as above has the corresponding
bigon contained in between the intersection of L’ and E;. Note that Remark 9.11
implies that the nonseparated point of the corresponding bigons are in the same
direction.

Since the intersection of E; with the leaves L’ from L to L separates the region
between L and L, the order of the bigons cannot be reversed. We deduce that in L
we have bigons in the same order and the same directions. It remains to show that
there cannot be bigons in L that do not come from pushing those in L, but this just
follows by a symmetric argument. O

Conclusion. Assume that B; satisfies &, B = = (L), the other case is symmetnc In
this case we deduce from Claim 1 that E = oc(L) and hence E = a(L) By
Proposition 9.19 it follows that Jp U J; = = 9H?; to see this, ﬁrst apply it to L
so Jp, is the interval opposite to B;, i > 1 When seen in . U S! (L) we have that
J By is the interval in the same complementary component of L \ sz that contains
B). Now apply it to L: then J4 . 1s the component opposite from B) when seen
from sz Hence Jp,U JA = E)I]-[I2

Finally, applying Lemma 9.13, we deduce that for every L’ € F 1 there must be a
non-Hausdorff bigon joining & and n in L’. (]

Corollary 9.20. Assume that F| and F, are two transverse minimal foliations of
M = TS such that the foliation G obtained as their intersection is not homeomor-
phic to the orbit foliation of the geodesic flow for a hyperbolic metric on S. Then,
there are finitely many disjoint simple closed curves sy, ..., si in S such that for
every lift 5; of some of these curves, if &, n denote the endpoints of §; in dH?2, they
satisfy the following: for every leaf L € SN‘} we have that L has a non-Hausdorff
bigon joining & and 1.

Even if we fix the homotopy classes of the curves s; which contain Reeb surfaces,
it could be that the intersected foliations are not equivalent since there are possible
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variants to the Matsumoto—Tsuboi construction (see Remark 7.1). Thus we can
add several copies of T2 x I associated with the same s; and they will not produce
equivalent foliations. This statement gives a combinatorial way to describe the
possible intersected foliations.

Proof. 1t follows from Theorem 9.1 that once a leaf L contains a non-Hausdorff
bigon invariant by some y € m1(M) \ {id} then every leaf contains a non-Hausdorff
bigon joining the same endpoints. Note that since everything is equivariant under
the action of 7 (M) we get that every leaf must contain a non-Hausdorff bigon
joining the fixed points of all elements in (M) conjugated to y. Since non-
Hausdorff bigons cannot intersect, these form a lamination in H?2 (by this we mean
a collection of pairs of distinct points in dH? which are pairwise not linked) and thus
corresponds to a simple closed curve in § (see also Proposition 9.14). Moreover, if
there is another y’-invariant non-Hausdorff bigon, it must be also disjoint from the
first one, so we get that it is associated to a disjoint simple closed curve in S. Since
there are only finitely many homotopy classes of disjoint simple closed curves in a
surface S of genus g > 2 we obtain the result. ([

This section motivates the following:

Question. Let F1, F, be two transverse minimal foliations in a closed 3-manifold
M. Assume that the the lift G of the intersection foliation G = F1NF, to the universal
cover does not have Hausdorff leaf space. Is it true that M contains a m|-injective
torus T such that every leaf L € S’Fi contains non-Hausdorf{f bigons joining the
endpoints of the intersections of lifts of T with L In particular, is it true that if M
is atoroidal then two transverse foliations intersect with Hausdorff leaf space in the
universal cover?

10. Application to partially hyperbolic diffeomorphisms

A diffeomorphism f : M — M will be said partially hyperbolic if it admits a
D f-invariant splitting TM = E* @ E€ @ E* such that there is some n > 0 such that
for x € M and unit vectors v* € E*(x), v € E°(x) and v* € E*(x) we have

(10-1)  [IDf"*|| < 5 min{l, [Df"v))}, | Df"v"|| > 2max{1, | Df"v|}.

The problem of classification of partially hyperbolic diffeomorphisms in 3-
manifolds introduced in [7; 14] has seen a lot of activity in the last few years. In
particular, we point to [6; 4; 25] for the analysis when the 3-manifold is hyperbolic,
and more generally for diffeomorphisms homotopic to the identity in general 3-
manifolds. In [5] we have introduced a class of systems called collapsed Anosov
Sflows which would provide a natural and useful notion of classification of such
systems. In [25] we have shown that this class contains all partially hyperbolic
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diffeomorphisms in hyperbolic 3-manifolds. The proof involves a careful study of
pairwise transverse foliations, but also dynamics is introduced at several points in a
crucial way. As mentioned in the introduction, the goal of this paper is to see to
which extent we can extract dynamical information by using only the geometric
properties of transverse foliations.

We note that besides the classical examples of time one maps of geodesic flows
(or more generally, discretized Anosov flows [6; 33]), unit tangent bundles admit
many other classes of examples (see [8; 9]), some of which have been studied in
[3; 25].

The goal of this section is to prove Corollary B which states that every conserva-
tive partially hyperbolic diffeomorphism in M = T''S is a collapsed Anosov flow
up to finite cover and it is thus accessible (see [24]). This section will assume some
familiarity with standard results and notions of partial hyperbolicity; all of them
can be found in [5].

10.1. Preliminary results and precise statement. Recall from [14] that when a
partially hyperbolic diffeomorphism has orientable bundles whose orientation is
preserved by f, then it preserves transverse branching foliations W and W
tangent respectively to E°@® E€ and E€@ E*. In [30, Theorem 3.1] some conditions
are obtained which imply that these foliations do not have vertical leaves (for
instance, being volume preserving is one of such conditions). Vertical means the
leaf can be homotoped to be a union of Seifert fibers in M = T'S. If no vertical
leaves exist, then, arguments like in [6; 4] (see in particular [25, Proposition 8.3])
will allow us to prove the following:

Theorem 10.1. Let f : M — M be a partially hyperbolic diffeomorphism on
M = T'S where S is a surface of genus g > 2. Assume moreover that f preserves
branching foliations which do not have vertical leaves. Then, f is a collapsed
Anosov flow.

Here, being a collapsed Anosov flow means that there is a semiconjugacy between
f and a self-orbit equivalence of an Anosov flow of M (which by a classical result
of Ghys must be orbit equivalent to a geodesic flow, see [28]). The semiconjugacy is
required to have some technical properties relating the flow and the center direction.
We obtain the strongest such condition, called strong collapsed Anosov flow in [5].
Since we will deduce a property of the leaves that implies such condition by [5,
Theorem D] we will refer the reader to [5] for the actual definition of a collapsed
Anosov flow.

These are the two results we shall use to be able to apply Theorem A to partially
hyperbolic diffeomorphisms:

Theorem 10.2 (Burago and Ivanov). Let f : M — M be a partially hyperbolic
diffeomorphism preserving an orientation of its invariant bundles. Then, f admits
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branching foliations W and W which are approximated by foliations F¢° and
Fe". Moreover, if the branching foliations W and W are minimal, then one can
choose F°° and F to also be minimal.

We refer the reader to [5, § 3] for discussion of this result, in particular the final
property. The approximation is such that there is a collapsing map h: M — M
which sends leaves of F° to leaves of W (same for cu), is homotopic to the
identify, is C! along leaves, is e-close to the identity, and has derivatives along the
leaves which is C! close to the identity along the leaves, and has further properties.
Many properties transfer between the two foliations, in particular the topological
types of leaves of both W and F¢* is the same.

To obtain Theorem 10.1 we will then apply the following criterion given by [5,
Theorem DJ:

Theorem 10.3. Let f : M — M be a partially hyperbolic diffeomorphism preserv-
ing an orientation of its invariant bundles. If leaves of the foliation obtained by
intersecting F° and F are quasigeodesics in the universal cover of their respective
leaves, then f is a collapsed Anosov flow.

Accessibility and ergodicity then follow from [24, Theorem A]. We note that
Corollary B follows since the branching foliations of volume preserving partially
hyperbolic diffeomorphisms are what we call f-minimal, so they cannot have
vertical leaves, and therefore satisfy the assumptions of Theorem 10.1. We note in
fact that f-minimality is studied in [30] in many situations, including the case where
[ is chain-recurrent (something weaker than volume preserving or transitive) or
belongs to certain isotopy classes. It is also shown in [5, Proposition 4.8] that being
f-minimal is an open and closed condition on partially hyperbolic diffeomorphisms,
so that if some f is known to be isotopic to a chain recurrent one along partially
hyperbolic diffeomorphisms, then it will be in the hypothesis of Theorem 10.1.

10.2. Partially hyperbolic foliations do not admit Reeb surfaces. We now explain
why existence of a Reeb surface in the approximating foliations is not possible if
the branching foliations come from a partially hyperbolic diffeomorphism. This
will reduce the proof of Theorem 10.1 to showing that under its assumptions the
branching foliations exist and are minimal.

Proposition 104. Let f : M — M be a partially hyperbolic diffeomorphism
preserving branching foliations W and W which are approximated in the sense
of Theorem 10.2 by true transverse foliations F° and F". Then, the approximating
foliations do not have Reeb surfaces.

Proof. A Reeb surface of I is finitely covered by an annulus whose boundary
components are leaves of J* N F and whose interior is made of infinitely many
curves spiraling to the boundary. When collapsing to W and W<, these annuli
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collapse to “branched” annuli S contained in some leaf of W or W (say W**)
which is an annulus, the boundaries are leaves of the one-dimensional branching
foliation induced by the intersection and no transversal from one side intersects the
other. Using the Poincaré-Bendixson theorem we deduce that every flow transverse
to the boundaries of S must have a periodic orbit. Applying this to the flow generated
by a unit vector field tangent to E* we deduce the existence of a closed curve tangent
to E° which is a contradiction with partial hyperbolicity (because f would contract
the curve until you find a circle tangent to E* in an arbitrarily small ball). U

10.3. Proof of Theorem 10.1. Using Theorem 8.1, Theorem 6.1, and Theorem 10.3
it is enough to show that the approximating foliations F and F°“ given by
Theorem 10.2 are minimal. For this, it is enough to show that this is true for
the branching foliations under the assumption that there are no vertical leaves for
such foliations.

Theorem 10.2 shows that the collapsing map can be chosen to be a bijection
between the sets of leaves of 3 and T, (say), and the collapsing map preserves
their homotopic properties. Therefore F°, 7 do not have vertical leaves by
assumption.

Since F¢ is horizontal, the leaf space of Fes is homeomorphic to the reals R, and
F°* blows down to a minimal foliation (see [20]). By Theorem 2.1 this foliation
has only planes and annuli leaves. Hence W has only planes and annuli leaves
(here, the topology of the leaf is, by definition, the topology of the quotient of the
leaf in the universal cover by the deck transformations that fix the given leaf).

Since every leaf of W is a cylinder or a plane and the foliation is R-covered
we can argue exactly as in [25, Proposition 8.3] to get a contradiction with partial
hyperbolicity (the quasigeodesic property is used in the proof of [25, Proposition 8.3]
only to show that leaves are cylinders or planes). This completes the proof of
minimality.

10.4. Proof of Corollary B. Take a regular finite cover M, and iterate in order to
have orientability of the bundles as well as their preservation. As explained in [30,
§ 7], once we take a finite cover M, since the foliations will not have vertical leaves
they need to be horizontal. To show that there are no vertical leaves and that the
branching foliations are minimal in the cover M1, we use the volume preservation
assumption as in [30]. In [30, Lemma 7.1] and [30, Subsection 6.4] it is proved
that deck translations associated with the cover M| — M preserve the orientations
of all the bundles. This implies that the original bundles were horizontal and the
orientability conditions were satisfied in M.

Hence the partially hyperbolic diffeomorphism f is a collapsed Anosov flow.
It follows that f is accessible, and if f is C? (and volume preserving) then f is
ergodic (see [24]). This proves Corollary B.
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